
 

 

 

 

Explicit Numerical Simulation of Microfluidic Liquid Flows 

in Micro-Packed Bed 

 

 

 

Moein Navvab Kashani 

 

 

 

A thesis submitted for the degree of Doctor of Philosophy 

 

 

 

School of Chemical Engineering 

The University of Adelaide 

Australia 

 

 

June 2015 

 



 

 i 

Declaration 

I certify that this work contains no material which has been accepted for the award of any 

other degree or diploma in my name, in any university or other tertiary institution and, to 

the best of my knowledge and belief, contains no material previously published  or written 

by another person, except where due reference has been made in the text. In addition, I 

certify that no part of this work will, in the future, be used in a submission  in my name, for 

any other degree or diploma in any university or other tertiary institution without the prior 

approval of the University of Adelaide and where applicable, any partner institution 

responsible for the joint-award of this degree. 

I give consent to this copy of my thesis when deposited in the University Library, being 

made available for loan and photocopying, subject to the provisions of the Copyright Act 

1968. The author acknowledges that copyright of published works contained within this 

thesis resides with the copyright holder(s) of those works.  

I also give permission for the digital version of my thesis to be made available on the web, 

via the University’s digital research repository, the Library Search and also through web 

search engines, unless permission has been granted by the University to restrict access for 

a period of time. 

 

Moein Navvab Kashani 

6 June 2015 

 

 

  



 

 ii 

Abstract 

Microfluidic systems are of tremendous technological interest as demonstrated by their use 

in chemical analysis (so called ‘lab-on-a-chip’) and biochemical analysis (e.g. to detect 

biomarkers for disease), and in process intensification. Packed beds of micro-sized 

particles possibly utilized for enhancing heat and mass transfer in microfluidic devices, 

where the flow regime is normally laminar, as well as provide significant increases in 

surface area per unit volume for analytical chemistry and biochemistry, and for separation 

and purification. Whilst macro-scale packed beds have long been well understood, the 

same is not true of their microfluidic counterparts, which we term micro-packed beds or 

µPBs. Of particular concern is the effect that the small bed-to-particle diameter ratio has on 

the nature of the bed packing and the hydrodynamics of the flow within them. This lack of 

understanding stems in part from the challenges that are faced in experimentally assessing 

µPBs and the flow through to them. The study reported in this thesis addresses these 

concerns through a two developments. In the first body of work, a new method is proposed 

for the accurate reconstruction of the structure of a µPB from X-ray micro-computed 

tomography data for such beds. The porosity obtained from µPB was, within statistical 

uncertainty, the same as that determined via a direct method whilst use of a commonly 

used technique yielded a result that was nearly 10% adrift, well beyond the experimental 

uncertainty. This work particularly addresses the significant issues that arise from the 

limited spatial resolution of the tomography technique in this context. In the second part of 

the work reported here, a meshless computational fluid dynamics technique is used to 

study Newtonian fluid flow through µPBs, including determination of their permeability 

and the by-pass fraction due to wall effects, which are important in these beds. This use of 

a CFD allows determination of parameters that are difficult to determine experimentally 

because of the challenges faced in measuring the small pressure drops involved and the 

absence of the limited spatial and temporal resolutions of various imaging techniques. The 

meshless method used here also overcomes the challenges normally faced when seeking to 

discretise the complex three-dimensional pore space of the packed bed. The developments 

here open the way to studying more complex µPB configurations, and other processes 

within them such as non-Newtonian flows and mass and heat transfer. 
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 1 

 Introduction Chapter 1:

Microfluidic systems are devices in which processing and manipulation of fluids is 

performed in conduits having dimensions of the order of tens to hundreds of micrometres 

[1-4]. The micro-packed bed (µPB), examples of which are shown in Figure 1-1 [5, 6], has 

wide applicability in many applications of microfluidics. It is particularly useful in the 

process intensification context [7-10] as its large surface-to-volume ratio and short 

transport paths allow control of highly exothermic reactions [11-13] and mass transfer-

limited reactions [14, 15]. The small volumes and short residence times of µPBs also mean 

they are ideal for rapid catalyst screening, allowing faster transfer of laboratory results into 

practise [16]. Beyond the process engineering context, they are widely used in clinical 

chemistry (also known as lab-on-a-chip) [17-20] and ‘Micro Total-Analysis-System’ 

(µTAS) [21], which has been since employed in a range of applications in chemical and 

biological analysis [22-26]. 

 

Figure  1-1 Multiphase-multichannel micro-reactor composed of 10 parallel micro-packed 

beds (µPB) (a); with micro-structured particles as packing catalyst (50µm particle size) (b); 

and complex µPB configuration (dimension of pressure drop channels is 40 µm wide, 1200 

µm long, and 20 µm deep) (c), (adapted from [6, 27, 28]). 

(c) 
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Whilst hydrodynamic studies on macroscale packed beds have been long-standing [29-32], 

the same cannot be said for their microfluidic counterparts. Such studies are necessary for 

a number of reasons. The first is the importance of the wall-region, which typically 

accounts for far more of the packed bed volume than in the macroscale counterparts due to 

the small bed-to-particle size ratio. A second primary reason is the pumping required to 

overcome pressure drop in µPBs is a major source of power consumption in microfluidic 

devices. Another incentive to study pressure drop is that it strongly influences two-phase 

heat transfer because pressure losses along the channel lead to a drop of the saturation 

temperature, which in turn impacts on the rate of heat transfer due to the higher driving 

temperature difference [33]. 

In principle, experimental study of µPB hydrodynamic character is straightforward in that 

it can mirror what is done at the macroscale. Such studies have been done. For example, 

hydrodynamic stability during start-up of three-phase µPB reactors has been investigated 

[34], as has residence time distribution (RTD) tests to determine global liquid holdup [35, 

36] and gas–liquid flow in µPBs [37], and pressure drop and liquid holdup hysteresis [38]. 

Pressure drop studies have been performed for microchannels in the absence of micro-PBs 

for single-phase [39, 40] and two-phase [33, 39] flows. No studies have, however, 

concerned themselves with single phase pressure drop in µPBs, including the investigation 

of the effect of the channel-to-particle ratio. The absence of such studies is primarily due to 

the small pressure drops involved along with the difficulty of constructing devices that 

enable their measurement [40, 41]. Models for predicting pressure drop in µPB are, 

therefore, desirable.  

Many models do exist for macroscale packed beds [42-44]. They may be wholly empirical, 

based on a theoretical considerations only, or a combination of both (e.g. based on a 

theoretical understanding but with an empirical coefficient to adjust the data) [42]. Ergun’s 

equation [45] is an example of such a semi-empirical model. However, it applies only for 

packed beds with large channel-to-particle diameter ratios. If the bed diameter is not large 

in comparison to the particle diameter as in the case of micro-packed beds, the pressure 

drop suggested by the Ergun equation is likely to differ considerably from measurements 

due to the wall effects [46]. Models aimed at addressing wall effects have been developed 

for macroscale packed beds [47-53]. Whilst these may be applicable for µPBs, no work has 
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been done to establish this one way or the other. Moreover, extension of such models to 

more complex configurations such as that illustrated in Figure 1-1(c) [28] has not been 

undertaken. 

Explicit numerical simulation (ENS) can in principle be used to replace experiment. In this 

approach, one attempts to model all the significant phenomena explicitly rather than in a 

mean field or average way as is done in many engineering models; in this sense, direct 

numerical simulation of turbulence is a class of ENS [54]. In the case of single-phase fluid 

flow in a real porous solid, ENS basically includes numerically solving the mass and 

momentum conservation equations of the interstitial fluid within the domain defined by the 

pore walls and any bounding surfaces such as, for a µPB, the bed walls. Explicit numerical 

simulation of flow in porous media requires two key elements: a model of the porous 

medium in question, particularly the pore space in which the fluid flows; and a method for 

solving for the flow within the porosity under a pressure gradient.  

In the case of the modelling of the porous solid, there are four broad approaches for 

describing the geometry relevant to packed beds. The first is the unit cell method in which 

flow is modelled in a simple cell under periodic or similarly simple boundary conditions 

such as illustrated in Figure 1-2 [55] is used. This approach is, however, limited to 

structured packings [56-58], and are not particularly suitable for disordered packings such 

as those that occur in µPBs. The second approach are particle packing algorithms [59-67], 

which seek to imitate to a greater or lesser extent the way the bed is made; for example, 

modelling the deposition of particles into a container [68, 69]. This approach is, however, 

notorious for the challenges in obtaining appropriate packings within reasonable 

computational resource [70]. The third approach to building models of granular-based 

porous solids is reconstruction [71-76], where a model of the solid is formed by forcing it 

to match some experimental inputs (e.g. porosity, particle-particle pair distribution 

function or data derived from images) or some statistics that capture the essence of the 

solid or pore structure (e.g. particle size distribution). This approach is, however, limited to 

cases where the material is homogeneous (i.e. lack of variation of porosity at the course-

grained scale, or at least slow spatial variation), something that does not hold in general for 

µPBs as we will see in the following chapters. The last method relies on direct, non-

invasive imaging of the beds [77-79] using techniques such as X-ray microtomography 
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[80]. The main challenge here, however, is the resolution of these methods compared to the 

geometric features in µPBs.  

   

   

   

Figure  1-2 Principle of a 2D unit cell model (coloured), by applying periodic boundary 

condition to all directions of this unit cell (grey colours), the fluid flow could be modelled to 

all arrays of this structure  

 

With regards to methods for solving for the flow within the porosity, computational fluid 

dynamics (CFD) is necessary when the flow domain is complex as in porous media. The 

standard CFD approaches such as those based on finite differences, elements and volumes, 

typically require the domain of interest to be ‘meshed’ as illustrated in Figure 1-3 [81, 82]. 

However, the generation of the meshes essential to such methods is not straightforward 

when the flow domain is complex in shape and, even more so, characterised by a range of 

length scales that necessitate a graduated change of mesh size. Such circumstances occur 

in µPBs. A potential solution to such challenges is to use so-called mesh-free methods. The 

most well-established of these is smoothed particle hydrodynamics (SPH) [83]. In SPH, a 

set of particles that interact with each other via a smoothing function carry fluid properties 

that evolve according to Navier-Stokes equations of fluid flow in their Lagrangian form 

[83]. In addition to removing the need to build a mesh, SPH also naturally clusters particles 

into regions where there are high spatial gradients; in effect, creating automatically the 

grading in the discretisation that is necessary when there are scale variations in the system 

of interest. 

Inlet flow  Outlet flow  
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Figure  1-3 An example meshing of the pore space of a packed bed for solving the fluid flow in 

the pore space [81]: (a) overview of mesh; (b) zoom on the mesh to illustrate the refinement in 

the characteristic dimensions of the mesh as it transitions between the bulk porosity and the 

fine pore spaces located near the particle contact points; (c) zoom on the mesh to illustrate 

the refinement in the characteristic dimensions of the mesh in the boundary layer region of 

the particles where the gradients are large. Note the complexity of the mesh to accommodate 

the complex geometry of the porosity and the need to refine the mesh near surfaces and 

otherwise. 

 

The aim of the work reported in this thesis was directed towards developing the application 

of mesh-free method to the explicit numerical simulation of liquid flows in the µPBs so as 

to determine their hydrodynamic character in general, and the effect of the wall region. 

The study reported here addresses these concerns through two related developments. The 

accurate reconstruction of the structure of a µPB from X-ray microtomography data of 

limited resolution relative to the characteristic dimensions of the bed represents the first 

development. This goal has been divided into two parts: the first involved generation of 

approximate structures (Objective I), and the second involved its refinement (Objective 
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II). The second development (Objective III) of the work reported here was concerned 

with a meshless computational fluid dynamics technique to study Newtonian fluid flow 

through µPBs, including determination of their permeability and the by-pass fraction due 

to wall effects. The developments described herein provide a basis for determining the 

hydrodynamic character of µPBs that are difficult to determine experimentally because of 

the challenges faced in measuring the small pressure drops involved and the absence of the 

limited spatial and temporal resolutions of various imaging techniques.  

The thesis is laid out as follows. Chapter 2 provides a literature review that identifies 

research gaps that support the aim of the work reported here, as well as the technical 

background of the methods used. Chapters 3, 4 and 5 report the work undertaken to 

achieve Objectives I, II and III, respectively; these chapters are papers, all of which were 

submitted to the Chemical Engineering Science. The final chapter draws together the work 

reported here to make overall conclusions and suggest future work. 
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 Literature Review Chapter 2:

2.1 Microfluidics 

 Microfluidics technology 2.1.1

Microfluidics, the science and technology utilized in the processing and manipulation of 

small amounts of fluids in channels having dimensions of the order of tens to hundreds of 

micrometers [1-4], is a fast developing research field with a broad variety of potential 

applications. Its genesis in the early 1990s [84] was in the form of what is now widely 

termed ‘Micro Total-Analysis-System’ (µTAS) [22-26], which has since been employed in 

a range of applications in chemical and biological analysis, including in clinical chemistry 

(also known as lab-on-a-chip or LOC) [17-20], medical diagnostics [85, 86], DNA analysis 

[22], cell biology (e.g. chemotaxis studies) and immunology [87]. This rising use is 

reflected in the growth of the biochip market from $400 million in 2001, to more than $2 

billion in 2004 and $5 billion in 2009 [88]. Microfluidics is also of relevance beyond 

µTAS, including in colloid science [89], plant biology [90], and process intensification [7-

10]. In the latter, specific applications include micro-chemical engineering technology [11, 

91-94], which leads to higher product yields and new reaction pathways not possible in 

larger scale systems [3, 16, 95, 96], and control of extreme reactions [11-13, 15, 97]. 

 Micro-packed beds (µPB) 2.1.2

Although microfluidic devices take on various shapes and structures (e.g. micro-coolers, 

micro-biochips and micro-reactors), rectangular micro-channels are the most frequently 

used due to ease of fabrication [98, 99].  Such a simple channel configuration does, 

however, bring limitations. One major limitation in many applications is the laminar flow 

within the channels due to their small dimensions and simple geometry, which leads to 

poor mixing and, thus mass and heat transfer [10, 100]; for example: the mixing length, 

which is the distance that a liquid must travel to become fully intermixed, can be of the 

order of centimeters or even meters, much greater than is available in typical microfluidic 

configurations where miniaturization is clearly the desired end-point. 
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One way of addressing the mixing challenge is to use a packed bed, also termed micro-

packed beds (µPB) or micro-fixed beds [101-103], such as those shown in Figure 2-1 and 

Figure 2-2. The first of these is a µPB of dp115 µm diameter catalyst particles within a 

channel of D400 µm square cross-section for gas-liquid-solid reactions [104]. The other 

figure shows a much shallower (400 µm length) µPB reactor of D500 m depth 

containing dp60µm glass beads [105]. The convoluted paths the particle beds  enforce on 

the otherwise laminar flow in microfluidic devices promotes heat and mass transfer [14, 

28, 106], making them suitable for highly exothermic [107, 108] and mass transfer-limited 

reactions [14, 109]. They also bring an increased surface area-to-volume ratio, which is 

useful if the particles within the bed act as an adsorbent or catalyst [109, 110]. The small 

test volumes and short residence times also make them ideal for rapid, high-throughput 

catalyst screening [16, 111]. 

 

Figure  2-1 An example micro-packed bed (µPB) gas-liquid-solid reactor constructed in glass 

and silicon [105]: (a) overview of chip; and (b) schematic of the µPB reactor. 

 

All else being equal, the pressure loss in a channel flow increases as the cross section 

decreases in size. As pumps are generally required to overcome pressure loss, this is a real 

challenge for microfluidic devices. The problem is, however, greatly exacerbated when 

µPBs are also present [112]. This means enhancements in mixing and all this brings must 

be traded off against energy consumption [113]. Whilst the pressure drop in packed beds 
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has long been known to depend on the mean porosity, particle geometry, particle size 

distribution, and Reynolds number [44, 114], hydrodynamic studies in µPBs indicate that 

the channel-to-particle size ratio, D/dp, is also important. This dependency has a couple of 

origins. 

 

Figure  2-2 An example shallow (400 µm) cross-flow micro-packed bed (µPB) reactor in 

silicon [103]: (a) overview of chip showing how the reactant stream is bifurcated into 64 inlets 

into the bed; (b) a scanning electron micrograph close-up of the µPB; and (c) an even more 

higher resolution image of the µPB reactor showing the 60µm glass beads 

Particles are typically randomly placed in packed beds (see Figure 2-1 and Figure 2-2, for 

example). The particles directly adjacent to the confining wall do not pack in the same way 

as those in the core of the bed due to the wall being impenetrable and, generally, smooth. 

As a result, there is an increased porosity next to the wall in comparison to the bed core, as 

seen at either end of the x-axis in Figure 2-3. In typical packed beds where the bed-to-

particle size ratio is large, the bed core accounts for much of the volume and, thus, the wall 

region does not play a major role in the performance of the bed [115]. The opposite is true, 

however, when the bed-to-particle size ratio is small as in µPBs because the wall region 

accounts for a significant fraction of the bed volume. Figure 2-4 illustrates one major effect 

(a) 

(b) 
(c) 



 

 10 

of the higher porosity near the wall – the fluid velocity range and the dominant velocity are 

both greater in this region compared to the bulk of the bed. Figure 2-3 also shows that 

inhomogeneities in the porosity may also be present throughout the bed if it is of 

sufficiently small size relative to the particle diameter [116]. This too can lead to 

differences in performance relative to more homogeneous beds of the same average 

porosity [117].  

 
Figure  2-3 Porosity distribution for a random sphere packing in a cylindrical cross-sectioned 

channel of channel-to-particle diameter ratio of D/dp10 and porosity of 0.42 (after [117]) 

 
Figure  2-4 Velocity probability distribution functions in the bulk (blue) and wall (red) 

regions of a circular cross-sectioned packed bed of channel-to-particle diameter ratio of 

D/dp10 (figure modified from [117]) 
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 Pressure drop and flow models for packed beds 2.1.3

Pressure drop in µPBs is of major concern because it is a significant source of power 

consumption in microfluidic devices [118]. Pressure drop also affects two-phase heat 

transfer in microfluidic devices because the pressure-dependence of the saturation 

temperature [33]. Being able to determine pressure drop in µPBs is, therefore, important.  

A generalized flow model for pressure drop, P, per unit length, L, of a packed bed is [42] 

∆𝑃

𝐿
= 𝛼𝑢 + 𝛽𝑢2 + 𝛾

𝜕𝑢

𝜕𝑡
  (1) 

where α, β and  are coefficients dependent on the fluid properties and the bed 

characteristics, and u is the volume averaged fluid velocity. The first term of Equation (1) 

is viscous in origin, the second relates to inertial effects, and the final term is connected to 

the acceleration of the flow. Under steady state or slowly varying conditions, which often 

hold, the third term can be ignored. The viscous term is dominant at low Reynolds 

numbers whilst inertial effects become increasingly important as Reynolds number 

increases. Since flow in µPBs is almost always characterised by low Reynolds numbers, 

the second term in Equation (1) can also be neglected, leaving just the linear term. This 

limit is termed Darcy’s Law, which is often written as [42, 43] 

∆𝑃

𝐿
= −

𝜇

𝑘
𝑢  (2) 

where µ is the dynamic viscosity of the fluid, and k is the bed permeability. The negative 

sign simply reflects the fact that the direction of the velocity flow is opposite that of the 

pressure drop. 

The permeability of a packed bed is the property that describes the ease with which a fluid 

can percolate through it and can be described as the bed’s hydraulic conductivity. Many 

expressions have been proposed for this quantity over the past 100+ years [42, 43]. Some 

are based on idealised models of the porous media. For example, modelling a packed bed 

of porosity  as a bundle of parallel tubes of diameter, dp, much less than their length, 

Kozeny [119] proposed the following based on the assumption of Hagen-Poiseuille flow. 



 

 12 

𝑘 =
72(1 − 휀)2

𝑑𝑝2휀2
  (3) 

The model is clearly an idealisation of a real packed bed; in reality, the pore space of 

randomly dumped particles is complex and tortuous, with interconnecting flow channels 

having no uniform geometry [119]. As a result, the fluid takes a longer path than simply 

the length of the theoretical tube. In one effort to account for this, Carman [120] used the 

work of Kozeny & Sitzber [119] to experimentally determine pressure drop through 

packed beds and concluded that the bed length should be multiplied by a constant (25/12) 

to account for the extra length [121]. This leads to what is commonly termed the Carman-

Kozeny or Blake-Kozeny equation [119, 120] 

∆𝑃

𝐿
=
150𝜇(1 − 휀)2

휀3𝑑𝑝
2 𝑢 

 (4) 

A range of other ‘model-based’ expressions, as well as ‘model free’ experimentally-

derived correlations for the permeability are also available for packed beds as summarized 

in Bear [42], Dullien et al. [43], Happel et al. [122] and Azzam et al. [123] amongst others.  

When the channel-to-particle diameter ratio is sufficiently small and, as a consequence, the 

flow mal-distributions and wall friction are non-negligible, there are some correlations for 

correcting the permeability for the ‘wall effect’. However, opinion to date about the effect 

of confining walls on pressure drop in packed bed systems is contradictory. For instance, 

some researchers state that the inhomogeneity presented by the container walls reduces the 

pressure drop [53, 124], whereas others report an overall increase of the pressure drop due 

to the added wall friction [47, 125] or even find no measurable influence [44]. This 

research is, however, restricted to very low Reynolds numbers (Re < 1), where it could be 

argued that the wall friction is dominant and the coefficient of drag is less dependent on 

particle geometry.  

In the case of low bed-to-particle ratio beds, the many and varied permeability models used 

for macroscale beds such as those mentioned above need to be modified to account for the 

significant influence of the wall region [49]. Gibilaro [51] proposes a simple model based 

on the division of the bed into two zones: the bulk or core that is unaffected by the wall, 
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and the wall region that is within a distance of dp/2 from the wall [126]. This two zone 

model leads to the following bulk velocity expression that is used in place of the 

superficial velocity in the Ergun equation above 

𝑈𝐵 =
𝑈

2.06 − 1.06(
𝐷 𝑑𝑝 − 1⁄

𝐷 𝑑𝑝⁄
)2

 
 (5) 

where U is total fluid flux, and a porosity, ε, value equal to that of the bulk region only. 

This equation models pressure drop relatively well at particle Reynolds number less than 

10, but deviates from the experimental results quickly as the Reynolds number increases 

beyond this. 

Based on the hydraulic radius theory and the Ergun equation, the following correlation for 

the pressure drop [118] proposed by Reichelt [127]  

∆𝑃

𝐿
=
𝜌𝑈0

2

𝑑𝑝
[
𝐾1𝐴𝑊

2 (1 − 휀)2

𝑅𝑒휀3
+
𝐴𝑊(1 − 휀)

𝐵𝑊휀3
]  (6) 

where U0 is superficial velocity, 𝜌 is density, K1 is an experimental coefficient, and AW and 

BW are wall correction terms given by 

𝐴𝑊 = 1 +
2

3(𝐷 𝑑𝑝⁄ )(1 − 휀)
    (7) 

𝐵𝑊 = [𝑘1(
𝐷
𝑑𝑝
⁄ )2 + 𝑘2]

2

    (8) 

In an attempt to improve the robustness of Reichelt’s model, Eisfeld & Schnitzlein [118] 

fitted it to 2300 data points from 23 different research articles. Tsotsas [128] argued, 

however, that wall friction and flow mal-distributions at the container wall cannot be 

accounted for by the correlations proposed by Eisfeld & Schnitzlein [118]. There is little 

weight to this argument as the equation of Eisfeld & Schnitzlein is derived from a range of 

the empirical data which correctly encompasses all of the various effects of flow 

channelling and increased wall friction in the range of experimental methods. It is perhaps 

more appropriate to say that the effects of flow channelling and increased wall friction 
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cannot be separated from the data. What is more, their model is intended to give an 

empirical approximation for dimensionless pressure drop, which is a bulk value, rather 

than wall friction and flow mal-distribution effects directly. However, the increased wall 

friction and flow inhomogeneities may account for the large spread of data at high 

Reynolds numbers. Eisfeld & Schnitzlein [118] conducted a survey comparing the data 

with other empirical correlations. The root mean square deviations of the surveyed data 

compared to other correlations varied from less than 0.3 [45, 129] to more than 0.7 in some 

cases [53, 130]. 

Choi et al. [49] propose a correlation which recognises the increased wall friction and 

porosity as a result of the confining wall to predict pressure drop per unit length over a 

wide range of Reynolds numbers. They modified the original equation proposed by Ergun 

to take into account the effect of the confining wall. 

∆𝑃

𝐿
=
150(1 − 휀)2𝜇𝑀2

휀3𝑑𝑝2
𝑈   (9) 

where M is defined as   

𝑀 = 1 +
2𝑑𝑝

3𝐷(1 − 휀)
  (10) 

This correlation fits some data with a reasonable degree of accuracy, e.g. with root mean 

square less than 10 for data reported in [131, 132], although not all, e.g. with root mean 

square more than 25 for data reported in [53]. On the assumption the experimental data has 

been collected competently, this reinforces the idea that there is no single correlation that 

can model every specific case accurately.  

In summary, it can be concluded that models such as Darcy’s Law and Ergun’s equation 

can be effectively used to model pressure drop in packed beds where the bed-to-particle 

diameter ratio is not small. However, their application to packed beds where this ratio is 

small, such as in the case of PBs, are less good [46] due to wall effects and porosity 

inhomogeneities. Additionally, they are not always well suited to beds whose porosity 

deviates substantially from around 0.4, something that will be shown in Chapter 3 is an 

issue also for micro-packed beds. Whilst various models have been suggested to address 
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these concerns, they are far from perfect in that it appears as if they are not entirely 

generalised. Thus, a method that allows the determination of pressure drop in micro-

packed beds in a general way is needed. As the amount of data available for such systems 

is scarce [133], in part due to the challenges of measuring the pressure drop in microfluidic 

channels [41], modelling has a part to play here. 

2.2 Explicit Numerical Simulation (ENS) of flow in porous media 

Explicit numerical simulation (ENS) is a general concept where one attempts to model all 

the significant phenomena explicitly rather than in a mean field or average way as is done 

in many engineering models; in this sense, direct numerical simulation (DNS) of 

turbulence is a class of ENS [54]. In the case of single-phase fluid flow in a real porous 

solid, ENS principally includes numerically solving the mass and momentum conservation 

equations of the interstitial fluid within the defined domain defined by the pore walls. A 

more complicated illustration of ENS may be reported in [69], where the suspensions flow 

of solid-fluid with deposition in porous media is studied. Such ENS approaches have been 

used in place of experiment to determine directly (i.e. from first principles) the 

permeability of porous media. As an example, Piller et al. [134] used pore scale CFD-

based ENS to compute the pressure fields and hydraulic permeability of real isotropic 

porous samples, using a model of the material derived from high-resolution X-ray 

tomography. Others (e.g. Vidal et al. [135] and references therein) have used Lattice 

Boltzmann Methods (LBM) in place of traditional CFD. None of the prior work has, 

however, concerned itself with µPBs, particularly with regards elucidating the wall effect. 

Explicit numerical simulation of flow in porous media needs two key elements: a model of 

the porous medium in question, particularly the pore space in which the fluid flows; and a 

method for solving for the flow within the porosity under a pressure gradient. The second 

of these is dealt with in the last main section of this chapter.  In the case of the modelling 

of the porous solid, there are four broad approaches relevant to packed beds, each of which 

will be outlined below. 

 Unit cell method  2.2.1

The first method for describing the geometry of a packed bed is to assume it is structured 

in a regular way. This allows the bed to be characterised by a unit cell in much the same 
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way as is done for a solid crystal. An example of such an approach is illustrated in Figure 

2-5 [136]. Figure 2-5(a) to Figure 2-5(f) displays a cross-sectional view of the geometry of 

six representative packing unit cells. Each individual cell contains of eight sphere quarters, 

as seen in Figure 2-5(a), and an obstacle in the form of either a tube, Figure 2-5(b), or a 

band of rectangular cross-section in vertical or horizontal form, Figure 2-5(c) and Figure 2-

5(d), or a triangular prism in different orientation to mean air flow, Figure 2-5(e) and 

Figure 2-5(f), respectively. As revealed in Figure 2-5(g), the uniform packing core was 

instead formed from cells “a” to “e”, while for example the near-wall region was filled 

with tubes to reduce the near-wall channelling effects [136]. 

 

Figure  2-5 (a) to (f) Cross-sectional view of meshed geometry of the representative packing 

cells, and (g) arrangement of packed bed composed of unit cells [137] 

If the unit cell is as simple as this and the flow sufficiently slow (i.e. low Reynolds 

number), then the permeability can be determined by analytical solution of the flow 

(a) (b) 

(c) (d) 

(e) (f) 
(g) 

Packing core 

Near-wall region  
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problem for the unit cell. A variety of such analytical approaches have been proposed over 

the years, including the isolated-sphere model [138], Happel’s model [29], Kuwabara’s 

model [137], Brinkman’s model [139] and the permeable sphere model [140-142]. The 

only slight distinction between “sphere-in-cell” type of models, like Happel’s and 

Kuwabara’s models, exist in the boundary conditions enforced on the surface of the fluid 

envelope. Tien et al. [143] compared the velocity profiles of the four models at different 

angular positions for a bed with porosity of 0.4. Both Happel’s and Kuwabara’s models 

produce necessarily the same results as anticipated; however in all cases, the values of 

Brinkman’s model are slightly lower. Direct evaluation between the isolated-sphere model 

and the other three models is not feasible, since the value of the approach velocity in this 

model cannot be undoubtedly related to the superficial velocity. Instead, it is obvious that 

the velocity profiles obtained from the isolated-sphere model would still lie lower than the 

profiles based on Brinkman’s model. Any one of these models can be employed to 

characterize granular media studies, excluding the isolated-sphere model [138]. For more 

complex unit cells and or flow scenarios, computational fluid dynamics (CFD) can be used 

on the unit cell [56-58]. 

Whilst the simplicity of the unit cell models is appealing, they are also limited in a couple 

of respects. The first is clearly the need for the solid structure to be open to being modelled 

as a regular packing – whilst exact regularity is not essential, the deviations cannot be 

large. Because the unit cell approach is predicated on a periodic symmetry, the models are 

also limited to bulk systems; wall effects cannot be considered – this is clearly an issue for 

µPBs where the wall effects are important.  

 Particle packing algorithm method 2.2.2

The second approach to modelling packed bed geometry is to mimic the way the bed is 

made. Many numerical algorithms for generating randomly packed beds have been 

advanced over the years, including those based on the discrete element method (DEM) 

[59-61] and Monte-Carlo based simulation [64, 65, 67, 144] amongst others [62, 145-147]. 

Discrete element method (DEM) [148, 149] is an explicit numerical model that solves 

Newton’s Laws of motion for an assembly of (typically) rigid particles interacting via 

interaction functions. These interaction functions may be characterised by mechanical 

elements such as springs and dashpots [150], or soft potentials [151, 152]. The Monte-
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Carlo based approaches mainly include the Monte-Carlo Rejection algorithm (overlap 

removal method) [153] and rain model Monte-Carlo method [154, 155]. The Monte-Carlo 

Rejection algorithm starts to generate the large collection of random points and then each 

random point is checked as to whether it is suitable as a particle centre coordinate. If a 

particle at that coordinate would overlap with other particles or structures in the core, it is 

rejected; otherwise it is accepted, and a particle is located at that position.  There are also 

hybrid models such as the ‘rain model’ in which the filling process is mimicked by random 

placement of the particles (raining) followed by a subsequent compression step with Monte 

Carlo shaking routine to increase the packing fraction of the bed. Irrespective of the 

approach used here, the high density of packed beds means particle packing algorithms 

suffer from a long computational time scale and find it difficult to approach porosities 

typical of real beds. This means that permeabilities derived from such models may not 

reflect well the actual values.  

 Reconstruction method  2.2.3

The third approach to defining the geometry of a packed bed is termed ‘reconstruction’. An 

efficient reconstruction method enables one to create structure and further analysis can be 

performed to achieve desired properties of the media. In this method, a model is created by 

forcing it to match some experimental inputs such as the porosity, particle-particle pair 

distribution function or data derived from images. This method becomes particularly useful 

when 3D imaging techniques are not available [156].  

The Gaussian field approach [71-76] has established the base of many ENS studies of fluid 

flow in real porous media. A widely reconstruction approach to produce the discrete values 

representing the phases of the structure, is based on sequentially passing a normalized 

uncorrelated random Gaussian field through a linear filter firstly and then a nonlinear filter 

[157]. One approach to form 3D reconstruction from 2D was extended by Quiblier [71].  

Alder et al. [158] performed the first studies with this method, considered reconstructed 

periodic images of sandstone resolved Stokes flow with periodic boundary conditions, 

using the finite difference method. The linear filter in this approach convolutes linearly the 

independent Gaussian field, giving another field that is still Gaussian distributed but 

correlated. Then, a threshold cut to the field performs by the nonlinear filter to create the 

last reconstructed structure. The statistical properties of the transformed field are 
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connected to that of the reference structure, through this nonlinear filter, and the problem 

leads to solving a nonlinear system of equations to find the coefficients of the linear filters. 

This technique has been further modified in [159, 160]. Another filtering approach is based 

on the linear filter with different functional form, which includes double level thresholding 

the corresponding correlated Gaussian random fields, initially proposed by Cahn [161], 

and was analysed in detail and employed by a number of researchers [162-165]. This 

approach is the basis for reconstructing many classes of non-particulate composite 

materials. However, the class of random media for which it works well is restricted, 

because of applying Gaussian random field [157]. 

Researchers have used models derived from the Gaussian field approach to study 

phenomena such as dispersion [68, 166, 167], flow with deposition in sandstone [168] and 

dissolution of mineral salt [169]. The convection–diffusion equation was solved in 

combination with the Stokes flow equation, to model immiscible two phase flow in 

reconstructed porous solids using the Lattice-Boltzmann method (LBM) [170], and LBM-

based ENS to determine the permeability of reconstructed sandstone [171, 172]. Regarding 

the accuracy of this method, however, there is a controversial discussion as some 

researchers mentioned that ENS resultant data using reconstructions does not correspond 

more nearly with experiment [158, 172]. Similarly, Yao et al. (1997) [166] found one 

result that matched quite well their experimental data, while a second estimate was about 

five times greater than their experimental data. Hazlett [171] compared the permeability 

for the reconstructions and permeability by ENS on the main images from which the 

reconstruction statistics were achieved and reported to up to 60% difference. Finally, 

Humby et al. [54] developed a suite of LGA-based ENS tools for single and multiphase 

fluids in porous media to improve basic understanding of closure models and determining 

closure model parameters. 

 Direct method  2.2.4

The last approach involves direct use of experimentally determined structure using 

methods such as serial sectioning [173-175] as well as non-invasive imaging methods such 

as computed tomography (CT). A variety of imaging techniques have been used to study 

the structure of porous media and µPBs. A number of researchers have used scanning 

electron microscopy [77-79] and transmission electron microscopy [176, 177]. These 
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techniques are, however, tedious to extend to quantitative characterization of the three-

dimensional (3D) structure of µPBs. Such analysis is possible using magnetic resonance 

imaging (MRI) [178, 179], scanning confocal microscopy [180], and X-ray micro-

tomography [80]. The X-ray micro-tomography has the advantage of being able to reveal 

the transport processes occurring within the pore space in addition to resolving the bed 

structure that yields the pore space. The other methods, however, limited to systems 

containing protons (i.e. either the solid phase or void space must be proton-containing), 

and require access to expensive to buy and operate machines as well as the expertise to run 

them. These issues are not faced with scanning confocal microscopy, but it can only probe 

an order of 100 µm into the media [181].  

X-ray micro-tomography offers a balance between the two methods: it can be used to 

image the entirety of a wide variety of materials, and easy-to-use bench-top systems are 

now available at modest prices [182]. This technique has been used in a non-destructive 

way to study multiphase flows[183], pores characterise of scaffolding in tissue [184, 185], 

tissue of bone analysis [186, 187], geosciences [188], cellular food products [189], fiber-

polymer composite foam [190] and materials science [191]. Of particular interest here is 

the study of packing structure, micro-CT could be used in particle shape analysis [192], 

packing structure measurements of packed bed [193, 194], voidage fraction distribution 

[195] and phase distribution measurements [196]. 

In X-ray micro-tomography, the sample is rotated between a fixed X-ray source and 

detector. The source produces a polychromatic spectrum, where the X-ray intensity is a 

function of the photon energy. The spectrum is dependent upon the acquisition parameters 

and passes through the sample, where they are attenuated. The intensities of the attenuated 

X-rays are measured by the detector, and by applying a mathematical algorithm [197]. X-

ray micro-tomography yields a series of planar images along an axis of a sample (e.g. 

along the length of the packed bed). These images are typically greyscale, with the grey 

level in a pixel being (allowing for noise) related directly to the solid density within the 

pixel. A more detailed explanation of the technique can be found in [197-199].  

The projection images generated by the micro-CT scanner contain Poisson-distributed 

random noise [200] and beam hardening effect [201], which the first one is due to x-ray 

and light photon production processes at the source and the scintillating crystal; and the 
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second one has been known to be one of the major sources of error that leads to inaccuracy 

and artefact in the reconstructed images. Figure2-6 shows a typical example of cross-

sectional reconstructed images from squared µPB by X-ray micro-CT, in which the 

particles are displayed bright (low grey values) and the background is dark (high black 

values).  

 

Figure  2-6 Cross-sectional image with X-ray micro-CT from a square µPB filled up with 

particles diameter of 38.5 µm 

 

A critical step in using these images to reconstruct a 3D image of the solid structure and 

the pore space defined by it is finding the grey level (the threshold) that defines the 

boundary between solid and void (i.e. that transforms the grey-scale image into a binary 

image) [202-205]. Because of this criticality, many thresholding algorithms have been 

developed over the years [203, 206-209], and reviews for which may be found in [210, 

211]. The plethora of thresholding methods that have been proposed reflects the common 

assertion that finding a threshold is a non-trivial task, and that there is no single threshold 

algorithm that is efficient for all sorts of problems. Whilst the threshold-identification issue 

is more an annoyance in many cases, it becomes a major issue for µPBs as the resolutions 

of bench-top X-ray micro-tomography systems are typically of the order of much of the 

pore space. In particular, as demonstrated below, small differences in the threshold can 

lead to significant changes in the pore structure and porosity. One alternative to 

thresholding are Hough Transform (HT)-based methods [212, 213]. However, the 

computational effort and memory requirements for such methods scales in a non-linear 

way with problem size [214], making them less than ideal for µPBs. Based on this need, a 

µPB wall 
Micro-particles 

Void space  
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new method is proposed for the accurate reconstruction of the structure of a µPB from X-

ray micro-computed tomography data in the second chapter of this thesis. 

Based on pore systems that obtained from tomographic images, some researchers have 

used ENS to model the flow in the complex interstitial pore space. From a number of 

volumes cut from X-ray tomographs of a sandstone, Spanne et al. [215] used a finite 

differences method to model the behaviour of the Stokes flow of a single phase Newtonian 

fluid. Also, for the ENS of immiscible multiphase fluid flow in pore systems obtained from 

X-ray tomographs of sandstone, Coles et al. [216] have used the LBM. LBM-based ENS 

have been used for single and multiphase flows on volumes cut from X-ray tomographs of 

sandstone [217, 218], with the finite-difference method used to solve the Stokes flow. In an 

effort to address issues related to the validity of this method, Mantle et al. [219] stated that 

LBM simulations on NMR-derived images of packed beds of several particles were in an 

agreement with the flow maldistribution detected by NMR velocimetry, reported by Manz 

et al. [220]. Bernsdorf et al. [221] performed the pressure drop analysis in a porous 

material and a bed packed with spherical catalyst particles by using LBM-based ENS on 

tomography-derived images. 

2.3 Computational Fluid Dynamics approaches  

The most realistic and extensively used approach to analyse the motion of a fluid within a 

complex heterogeneous structure is to use computational fluid dynamics (CFD) to solve 

the motion of a fluid mathematically from a set of governing equations. CFD can be 

broken down into two basic approaches, namely: (i) mesh-based approaches, and (ii) 

mesh-free approaches, which will be discussed with their details in the following sections. 

 Background 2.3.1

CFD simulation can give useful insight into system behaviour, and allows determination of 

parameters that are difficult to determine experimentally because of the challenges faced in 

measuring the small pressure drops involved in micro-devices. Moreover, data such as 

instantaneous pressure and velocity fields can be extracted along with a considerable 

amount of other data associated with the motion of a fluid in µPBs. CFD techniques are 

well defined and have established themselves as an accurate representation of fluid 
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behaviour. CFD can be broken down into two basic approaches, mesh-based approaches 

(Finite Element and Finite Volume methods) and mesh-free approaches. 

In mesh-based approaches, the finite element and finite volume methods solve the Navier-

Stokes equations by integrating the equations over a mesh of finite elements or volumes. 

The equations are coupled and non-linear and contain unknowns in which finite difference 

equations are substituted for the properties of the flow, which are solved using an iterative 

method. In order to solve the governing equations, the flow domain has to be suitably 

discretised into small volumes or elements leading to the solution of a partial differential 

equation. This process is referred to as meshing or grid generation. If a suitable grid or 

mesh is not produced, geometric fidelity issues occur with respect to the representation of 

the computational domain. Moreover, if a mesh of suitable quality is not created, 

instabilities occur when trying to solve the governing equations. Once a solution has been 

generated, properties of the flow can be extracted for each individual cell or element for 

analysis. 

Mesh-based CFD methods have been used to study flow in pores spaces despite the 

challenges faced in use of these methods. The first and most major issue is the difficulties 

faced in meshing the complex geometry of the pore space; constructing a grid for irregular 

or complex geometry has never been an easy task, which can be even more computation 

costly than solving the problem itself [222]. Furthermore, when spheres are in contact with 

each other they produce an infinitely small contact point, which is difficult for a mesh 

generation discretization algorithm to fully describe. This phenomenon has become one of 

the major constraints when analysing packed beds using mesh-based approaches. An 

additional major constraint is the relatively large meshes which are produced relative to 

computational resources typically available.  

On the other hand, mesh-free methods have been a most important research focus over the 

past years, for producing the next generation of more effective computational methods 

designed for more complicated problems. One preferable mesh-free method is Smoothed 

Particle Hydrodynamics (SPH) [83]. This method has two specific benefits in comparison 

with the long-established mesh-based numerical methods. Firstly, since SPH is a particle 

based method, by defining a suitable pore space, it is not needed to mesh the computational 
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geometry. Secondly, SPH is reasonably uncomplicated in numerical implementation, 

especially in comparison with mesh-based methods. 

 

(a) (b) (c) 
Figure  2-7(a) Square periodic array of infinite cylinders, (b) 2D unit cell of simulation and (c) 

configuration of fluid and boundary SPH particles after 5 seconds simulation [137] 

 

As an example, the distributions of SPH particles and solid boundary position in a complex 

pore space are illustrated in Figure 2-7. Figure 2-7(a) shows a periodic array of infinite 

cylinders and direction of flow [223]. As shown in the Figure 2-7(b), a model of such an 

array of cylinders simplified to the two-dimensional unit cell, due to existence of 

symmetry. Fluid particles positioned on uniform two-dimensional hexagonal grids are 

shown in blue, and those arranged within the bounds of the solid cylindrical grains are 

indicated as boundary particles and shown in black. Figure 2-7(c) shows the disordered 

long time configuration of fluid SPH particles, after 5 seconds simulation.  

For another instance of SPH particles distribution and solid boundary position, Jiang et al. 

[224] described a SPH based numerical model of the fluid flow in two-dimensional 

isotropic porous media. Figure 2-8 shows the predicted replacement due to the inserted 

body force of the SPH fluid particles through the void space enclosing the fixed porous 

material particles, where black solid diamonds indicate porous material particles, and grey 

open circles designate fluid particles. Flow direction is from left to right, where only the 

fluid particles with a stream wise velocity more than the x-direction average fluid velocity 

are shown. This model does not precisely determine the microscopic pore structures, 

however depicts the 2D porous structure, made by randomly embedding fixed position 

SPH particles inside the entire geometry of the porous system in terms of certain porosity, 
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where the desired porosity in Figure 2-8(a) and Figure 2-8(b) are 0.5 and 0.8, respectively. 

To investigate the influence of pore scale heterogeneity, in addition to the anisotropy of 

such flows, Tartakovsky et al. [225] developed a numerical model based on SPH to 

simulate immiscible and miscible fluid flows in porous media. By using randomly located 

non-intersecting circular grains of various sizes, models for heterogeneous porous media 

were created. Also, by randomly placing non-overlapping particles on either side of the 

gap between two fractal curves to generate a kind of micro-fracture, pore scale was 

introduced [225]. Figure 2-9 shows the moving of a more viscous, less dense non-wetting 

fluid (dark grey colour) by a less viscous, denser wetting fluid (light grey colour) in a 

fractured porous medium (black colour) in three consecutive time steps. In all these 

figures, the micro-fracture is in the direction of flow. It could be concluded, SPH method 

has to date only been applied to more regular or two-dimensional porous systems. 

 

 

(a) (b) 

Figure  2-8 Preferential flow paths in isotropic porous media with porosity equal to (a) 0.5, 

and (b) 0.8 [224]. 
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Figure  2-9 Displacement of a more viscous, less dense non-wetting fluid (dark grey colour) by 

a less viscous, denser wetting fluid (light grey colour) in a fractured porous medium [225] 

Although of less concern for the specific study here, simulation-based study of multiphase 

fluid flow in microfluidic devices requires the moving boundaries of the separate phases to 

be tracked, and forces such as those arising from capillary and other effects to be 

accounted for due to the large ratio of surface area-to-volume ratios involved. Inclusion of 

such effects in traditional Eulerian grid based numerical procedures, such as FDM, FEM 

and FVM, is very computationally intensive and difficult indeed due to the need to move 

the mesh and track interfaces. Lagrangian non-grid based methods such as SPH, on the 

other hand, do not suffer such problems. 

2.4 Smoothed Particle Hydrodynamics (SPH) method 

 Background 2.4.1

Smoothed particle hydrodynamics is an established mesh-free particle method. It was 

initially developed to solve astrophysical problems in three dimensional open spaces. The 

reason for that implementation was the similarity between the group motion of those 

particles and the transportation of a liquid or gas flow, which will be modelled by the 

governing equations of conventional Newtonian hydrodynamics [226]. In SPH method, a 
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set of particles that have material properties and have interaction with each other under the 

range restricted by a weight (smoothing) function, demonstrate the state of a system [83]. 

With the aid of these discrete particles, the discretization of the governing equations have 

been achieved and for calculating the acceleration, velocity and local density of the fluid, a 

diversity of particle-based formulations have been employed. Afterwards, the pressure of 

fluid is calculated and with the pressure gradient and density, the particle acceleration is 

obtained. In the following, first the equations of motion are presented, followed by a brief 

description of the incompressible SPH method and spatial derivative equations. Then, the 

time integration procedure is described. Finally, SPH solving algorithm and solution 

procedure are discussed.  

 Fluid flow equations  2.4.2

For modelling laminar incompressible Newtonian fluid flow, the mass and momentum 

conservation equations are: 

𝑑𝜌

𝑑𝑡
= −𝜌∇. 𝐕  (11) 

𝜌
𝑑𝐕

𝑑𝑡
= −∇𝑃 + 𝜇∇2𝐕 + 𝜌𝑔  (12) 

where 𝜌 is the fluid density, P is the pressure and V is the velocity vector. Also, g 

represents the acceleration of gravity and µ is the dynamic viscosity of the fluid [227]. To 

conclude this system of equations, it is necessary to bring an equation to explain the 

change of density with pressure. The SPH formulation is inherently compressible. For 

simulation of an incompressible fluid, it is necessary to enforce the incompressibility by 

additional equations (means achieving near incompressibility), such as Poisson equation or 

equation of state. It is possible to directly solve the Poisson pressure equation as Equation 

(13) [228]. 

𝛻2𝑃 = 𝜌
𝛻. 𝐕

∆𝑡
 (13) 



 

 28 

Solve the Poisson pressure equation is maybe computationally expensive and though this 

method makes it possible to use large time steps, it also carries a higher cost per time step 

[229-231]. 

 General SPH formulation  2.4.3

In SPH formulation the various influences of the Navier-Stokes equation are simulated by 

a set of forces that act on an individual particle at a location �́�, where these forces are given 

by scalar quantities that are interpolated at a location r by a weighted sum of contributions 

from all neighbouring particles inside a cut-off distance h in the space. This can be 

expressed in integral form as follows [232]. 

𝐴𝑖 = ∫𝐴(�́�)
 

Ω

𝑊(𝑟 − �́�, ℎ)𝑑�́�  (14) 

By approximating the integral interpolant by a summation interpolant, the numerical 

equivalent to Equation (14) is obtained [232]. 

𝐴𝑖 =∑𝐴𝑗𝑉𝑗𝑊(𝑟𝑖𝑗, ℎ)

𝑗

 (15) 

where j is iterated over all particles, 𝑉𝑗 the volume attributed implicitly to the particle j, 

𝑟𝑖𝑗 = 𝑟𝑖 − 𝑟𝑗, where r is the position of a particle, and finally A is the scalar quantity that is 

being interpolated. The summation is over particles which lie within the radius of a circle 

centered at 𝑟𝑖. The following relation between volume, mass and density applies. 

𝑉 =
𝑚

𝜌
  (16) 

where m is the mass and 𝜌 is the density. Combining this we get the basic formulation of 

the SPH interpolation function. 

𝐴𝑖 =∑𝐴𝑗
𝑗

𝑚𝑗

𝜌𝑗
𝑊(𝑟𝑖𝑗, ℎ)  (17) 
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where j repeats over all particles, 𝑚𝑗 is the mass of particle j, 𝑟𝑗 its position, 𝜌𝑗 the density 

and 𝐴𝑗 the scalar quantity at position 𝑟𝑖. This function can be used to approximate any 

continuous quantity field, and can be evaluated everywhere in the underlying space [232]. 

 Smoothing kernel  2.4.4

The function 𝑊(𝑟𝑖𝑗, ℎ) is the smoothing kernel, which is a scalar weighted function. The 

function uses a position 𝑟 and a smoothing length h. This radius can be seen as a cut-off for 

how many particles will be considered in the interpolation. This cut-off radius sets 𝑊 = 0 

for |𝑟𝑖𝑗|> ℎ [232]. 

 Spatial derivatives  2.4.5

In SPH, the derivatives of a function can be obtained by using the derivatives of the 

smoothing kernel that results in the Basic Gradient Approximation Formula (BGAF) [233]: 

∇𝐴𝑖 =∑𝐴𝑗
𝑚𝑗

𝜌𝑗
𝑗

∇𝑊(𝑟𝑖𝑗, ℎ) 
 (18) 

∇2𝐴𝑖 =∑𝐴𝑗
𝑚𝑗

𝜌𝑗
𝑗

∇2𝑊(𝑟𝑖𝑗, ℎ) 
 (19) 

These formulations can produce spurious results, and several corrected formulations have 

been developed. One of these is the Difference Gradient Approximation Formula (DGAF), 

which has the advantage that the force vanishes exactly when the pressure is constant 

[233]. 

∇𝐴𝑖 =
1

𝜌𝑖
∑𝑚𝑗  (𝐴𝑗 − 𝐴𝑖)

𝑗

∇𝑊(𝑟𝑖𝑗, ℎ) 
(20) 

The forces between two particles must observe Newton’s Third Law that for every action 

there is an equal and opposite reaction. Pair-wise forces must be equal in size with 

opposite sign (𝑓𝑖 = −𝑓𝑗). This means that the differentials in the Navier-Stokes equations 

that create these forces must be symmetrized. Monaghan developed a symmetrization, 

referred to as the Symmetric Gradient Approximation Formula (SGAF) [83]. This 
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formulation conserves linear and angular momentum exactly but is not as accurate as 

DGAF [233]. It is commonly used for the pressure gradient. 

∇𝐴𝑖 = 𝜌𝑖∑𝑚𝑗  (
𝐴𝑖
𝜌𝑖2

−
𝐴𝑗

𝜌𝑗2
)

𝑗

∇𝑊(𝑟𝑖𝑗, ℎ)  (21) 

An alternative symmetrical formulation is as Equation (22) [226]. 

∇𝐴𝑖 =∑
𝑚𝑗

𝜌𝑖
 (𝐴𝑖 + 𝐴𝑗)

𝑗

∇𝑊(𝑟𝑖𝑗, ℎ)    (22) 

The basic formulation of the Laplacian has been found to be somewhat unstable under 

certain conditions, and there exist a wide range of possible corrections. Shao and Lo 

established a correction well suited for the correction of the Laplacian in the viscous force 

[234]. 

∇. (
1

𝜌
∇𝐴) =∑𝑚𝑗  

8

(𝜌𝑖 + 𝜌𝑗)2
(𝐴𝑖 − 𝐴𝑗). ∇𝑊(𝑟𝑖𝑗, ℎ)

|rij|
2
+ η2

    (23) 

To remain the denominator non-zero, 𝜂 variable is used, which is equal to 0.1h. 

 Solid boundary treatment  2.4.6

Imposition of solid boundary condition is of prime importance to the solid-liquid 

modelling with SPH method, as the forces exchanged among the fluid and solid (i.e. drag) 

are decided via this condition. Solid boundary treatment in the SPH method includes three 

main techniques. The first technique uses dummy SPH particles, similar to the fluid SPH 

particles, which are attached like some layers of particles to the solid body [234, 235]. 

Potapov et al. solved a particulate flow problem using this approach for solid boundaries 

[236]. The second technique for imposition of solid boundary condition is to use the so-

called mirror SPH particles. These particles have the same properties as the fluid SPH 

particles and provide a mirror effect on the other side of the solid boundary [229, 237]. As 

a result, when a fluid particle approaches the solid boundary and attempts to leave the 

domain, a mirror particle does the same and attempts to enter the domain, hence imposing 

enough force to avoid the fluid particle from penetrating the boundary. Shao reported that 
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although this approach produces acceptable results, it can be computationally expensive 

[238]. Also, this approach may encounter difficulty for geometrically complex solid 

surfaces [227]. The third technique is to use a set of boundary particles which exert 

repulsive forces to the neighbouring fluid SPH particles. The repulsive force is obtained 

from either the Lennard-Jones force [226] or gradient of the kernel function and to obtain 

satisfactory results, the repulsive force function must be chosen carefully [227]. 

 Numerical time integration 2.4.7

To simulate the fluid flow each individual particle is moved through time by a global fixed 

time step. There are three different integration schemes, which will be explained in the 

following sections.  

2.4.7.1 Euler scheme 

In implicit Euler scheme the position is updated by Equation (24), however in explicit 

Euler scheme in addition to the position, velocity is updated in parallel by Equation (25) 

[239]. 

𝑟𝑡+∆𝑡 = 𝑟𝑡 + ∆𝑡𝑉𝑡  (24) 

𝑉𝑡+∆𝑡 = 𝑉𝑡 + ∆𝑡𝑎𝑡  (25) 

where 𝑎 is acceleration and 𝑉 is velocity. The semi-implicit Euler is no longer independent 

of the position and velocity updates, where the velocity update is the same as Equation 

(25), but the position update employs the result from the velocity update to calculate the 

new position [239]. 

𝑟𝑡+∆𝑡 = 𝑟𝑡 + ∆𝑡𝑉𝑡+∆𝑡 (26) 

2.4.7.2 Verlet scheme 

The Verlet scheme method initiates from molecular dynamics, and is based on the implicit 

Euler. The current velocity can be obtained using the forward first-order difference 

operator on positions given by [239]. 
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𝑉𝑡 ≈
𝑟𝑡 − 𝑟𝑡−∆𝑡

∆𝑡
   (27) 

Substituting Equation (25) into Equation (26) and using Equation (27) as the current 

velocity, the new position can be obtained as following. 

𝑟𝑡+∆𝑡 = 𝑟𝑡 + ∆𝑡 (𝑉𝑡 + ∆𝑡𝑎𝑡) = 𝑟𝑡 + ∆𝑡 ((
𝑟𝑡 − 𝑟𝑡−∆𝑡

∆𝑡
) + ∆𝑡𝑎𝑡)

= 2𝑟𝑡 − 𝑟𝑡−∆𝑡 + ∆𝑡
2𝑎𝑡 

 

  (28) 

The Verlet scheme, Equation (28), is one of the computationally fastest integrators and it is 

generally stable, as the velocity is given implicitly [239]. 

2.4.7.3 Leap-Frog scheme 

The integration structure in the leap-frog scheme, which has got its name from the fact that 

the velocities leap over the positions, is implicit Euler and yields: 

𝑟𝑡+∆𝑡 = 𝑟𝑡 + ∆𝑡𝑉𝑡+1 2⁄ ∆𝑡  (29) 

𝑉𝑡+1 2⁄ ∆𝑡 = 𝑉𝑡−1 2⁄ ∆𝑡 + ∆𝑡𝑎𝑡  (30) 

with the initial velocity offset determined by an Euler step: 

𝑉−1 2⁄ ∆𝑡 = 𝑉0 −
1

2
∆𝑡𝑎0  (31) 

The velocity at time t can be calculated by a midpoint approximation [239]. 

𝑉𝑡 ≈
𝑉𝑡−1 2⁄ ∆𝑡 + 𝑉𝑡+1 2⁄ ∆𝑡

2
 (32) 

Therefore, to solve the set of derived equations in time, a two-step predictor–corrector 

procedure is employed. First, velocity 𝑉 and density 𝜌 at the intermediate time step, 

denoted by 
*
, are evaluated. Pressure will be updated using 𝜌∗ in Equation (13). Then the 
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intermediate velocity and density are corrected, and the new values of velocity, density and 

position are computed as the average of the intermediate and corrected values [227]. 

2.4.7.4 Neighbour searching algorithm  

In the SPH method, only a limited number of particles are inside the support domain of 

dimension kh for the target particle, which are applied in the particle approximations. 

These particles in the support domain are usually mentioned to as nearest neighbouring 

particles (NNP) for that target particle. The procedure of detecting the nearest particles is 

known as nearest neighbouring particle searching (NNPS) [240]. Unlike a grid based 

numerical method, where the position of neighbour grid-cells are well defined once the 

grids are given, the nearest neighbouring particles in the SPH for a given particle can vary 

with time. The different NNPS approaches which can be used in SPH implementations 

include all-pair search, linked-list search algorithm, and tree search algorithm [83]. 

2.4.7.5 SPH algorithm   

The SPH algorithm approximates a function and its spatial derivatives through averaging 

or summation over neighbouring particles. The special features in the SPH coding are 

generally involved under the main loop of time integration process, including the 

smoothing function and derivative calculation, particle interaction calculation, smoothing 

length evolution, spatial derivative estimation, boundary treatment, etc. A typical 

procedure for SPH simulation includes three main steps and some sub-steps, as below. 

A. Initialization step: includes the input of the initial configuration of the problem 

geometry (dimensions and boundary conditions), discretization information of 

the initial geometry of particles, material properties, time step and other 

simulation control parameters.  

B. Main SPH step: contains the major parts in the SPH simulation, and is 

implemented in the time integration loop. The following steps are required to be 

considered into the time integration process: 

 Nearest neighbouring particle searching (NNPS)  
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 Calculating the smoothing function (for the summation density approach) 

and its derivatives from the generated information of interaction particle 

pairs 

 Calculating the density 

 Calculating the stress term (viscous force and pressure gradient), internal 

forces arising from the particle- particle interactions, and the body forces 

 Updating particle momentum, density, particle position, velocity, and 

checking the momentum conservation 

C. Output step: the time step reaches to a prescribed one or at some interval, the 

resultant information is saved for later analyses or post-processing.  

2.5 Conclusion  

To summarize, in micro-packed beds (µPB) as a consequence of channel-to-particle 

diameter ratio being sufficiently small, the flow mal-distributions and wall friction are non-

negligible. There are some correlations for correcting the permeability for the ‘wall effect’, 

however, their application to packed beds where this ratio is small such as in the case of 

µPBs is less good due to wall effects and porosity inhomogeneities. Furthermore, they are 

not always well suited to beds whose porosity deviates substantially from around fifty 

percent; something that we will show is an issue also for micro-packed beds. Also, they are 

far from perfect in that it appears as if they are not entirely generalised. Thus, a method 

that allows the determination of pressure drop in micro-packed beds in a general way is 

needed. As the amount of data available for such systems is scarce, in part due to the 

challenges of measuring the pressure drop in microfluidic channels, modelling has a part to 

play here. 

Explicit numerical simulation (ENS) of flow in porous structure is concerned with 

numerically solving the momentum conservation equations of the interstitial fluid inside 

the domain defined by the pore walls. ENS requires two key elements: a model of the 

porous structure, particularly the pore space in which the fluid flows; and a method for 

solving for the flow within the porosity under a pressure gradient. Among some broad 

approaches relevant to build 3D models of the porous structure of packed beds, X-ray 
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micro-tomography is the best method. It has the advantage of being able to reveal the 

transport processes occurring within the pore space, in addition to resolving the bed 

structure that yields the pore space with modest prices in comparison with other methods. 

A critical step in using X-ray micro-tomography images to reconstruct a 3D image of the 

solid structure and the pore space defined by it, is finding the grey level (the threshold) that 

defines the boundary between solid and void. Whilst this threshold-identification issue is 

more an annoyance in many cases, it becomes a major issue for µPBs as the resolutions of 

bench-top X-ray micro-tomography systems are typically of the order of much of the pore 

space. Based on this need, a new method will propose for the accurate reconstruction of the 

structure of a µPB from X-ray micro-computed tomography data in Chapter 3 and Chapter 

4 of this thesis. 

The most broadly used approach to analyse the motion of a fluid within a complex 

heterogeneous structure is to use computational fluid dynamics (CFD) to solve the motion 

of a fluid mathematically from a set of governing equations. Using traditional mesh-based 

CFD methods to study flow in pores spaces encountered with some challenges. The first 

and most major issue is the difficulties faced in meshing the complex geometry of the pore 

space; constructing a grid for irregular or complex geometry has never been an easy task, 

which can be even more computation costly than solving the problem itself. Another main 

constraint is the relatively large meshes which are produced relative to computational 

resources typically available. On the other hand, mesh-free methods are alternative 

approaches to avoid the mentioned challenges around meshing the pore space. The 

advantage of mesh-free particle method is that by defining a suitable pore space, it is not 

needed to mesh the computational geometry, in addition to the fact that these methods are 

reasonably uncomplicated in numerical implementation, especially in comparison with 

grid based methods. The mesh-free method also overcomes the challenges normally faced 

when seeking to discretise the complex three-dimensional pore space of the packed bed. In 

Chapter 5 of this thesis, a meshless computational fluid dynamics technique to study fluid 

flow through µPBs, including determination of their permeability and the by-pass fraction 

due to wall effects, which are important in these beds, will report. 
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Abstract 

Micro-packed beds (µPBs) are seeing increasing use in the process intensification context 

(e.g. micro-reactors), in separation and purification, particularly in the pharmaceutical and 

bio-products sectors, and in analytical chemistry. The structure of the stationary phase and 

of the void space it defines in such columns is of interest because it strongly influences 

performance. However, instrumental limitations – in particular the limited resolution of 

various imaging techniques relative to the particle and void space dimensions – have 

impeded experimental study of the structure of µPBs. We report here a new method that 

obviates this issue when the µPBs are composed of particles that may be approximated by 

monodisperse spheres. It achieves this by identifying in successive cross-sectional images 

of the bed the approximate centre and diameter of the particle cross-sections, replacing 

them with circles, and then assembling them to form the particles by identifying 

correlations between the successive images. The new method does not require 

specification of a threshold for binarizing the images and preserves the spherical geometry 

of the packing.  The new method is demonstrated through its application to a packing of a 

near-monodispersed 30.5 m particles of high sphericity within a 200 m square cross-

section column imaged using a machine capable of 2.28 m resolution. The porosity 

obtained was, within statistical uncertainty, the same as that determined via a direct 

method whilst use of a commonly used automatic thresholding technique yielded a result 

that was nearly 10% adrift, well beyond the experimental uncertainty. Extension of the 

method to packings of spherical particles that are less monodisperse or of different regular 

shapes (e.g. ellipsoids) is also discussed.  

 

Keywords: Micro-packed capillary; micro-packed bed; process intensification; porosity; 

X-ray microtomography; thresholding. 
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3.1 Introduction 

Micro-packed beds (PBs) are seeing increased use as miniaturization of processes 

becomes more prevalent. For example, they provide a means of greatly enhancing mixing 

and, thus, heat and mass transfer in the laminar flows that are inevitable in the 

microchannels encountered in process intensification [14, 28, 94, 106, 241]. They also 

bring an increased surface area-to-volume ratio that is useful if the particles within the bed 

are to act as an adsorbent or catalyst [109, 110]. The small test volumes and short 

residence times also make PBs ideal for rapid, high-throughput catalyst screening [16, 

111], and in the liquid chromatography context in the pharmaceutical sector [242]. They 

are also of relevance to micro-fluidized beds [243-246] in that they are clearly formed 

from packed beds. Beyond the process engineering context, PBs are used in Micro Total 

Analysis Systems (TAS), which have long been used for chemical and biochemical 

analysis [247], including in clinical chemistry (also known as lab-on-a-chip or LOC) [17-

20].  

Spherical particles are commonly used to form PBs as they tend to ease the formation of 

more homogeneous bed structures that are known to give the best heat and mass transfer 

performance [248]. Use of smaller particles relative to the microchannel size also improves 

bed structure homogeneity as well as reduce ‘wall effects’ [248], which lead to the fluid 

preferentially channelling along the walls rather than passing through the bed. However, as 

pressure drop and, therefore, pumping power tends to increase as the particle size drops 

[249-251], a trade-off in the particle-to-microchannel size must be accepted.  In order to 

assess this trade-off as well as other issues related to the structure of the PBs, a capacity 

to gain detailed understanding of the bed structure as a function of the particle 

characteristics and preparation conditions would be useful. 

A variety of techniques have been used to study the structure of PBs. A number of 

workers have used scanning electron microscopy [77-79] and transmission electron 

microscopy [176, 177]. These techniques are, however, tedious to extend to quantitative 

characterization of the three-dimensional (3D) structure of PBs. Such analysis is possible 

using magnetic resonance imaging (MRI) [178, 179], scanning confocal microscopy [180], 

and X-ray microtomography [80]. The last one has the advantage of being able to reveal 
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the transport processes occurring within the pore space in addition to resolving the bed 

structure that yields the pore space. It is, however, limited to systems containing protons 

(i.e. either the solid phase or void space must be proton-containing), and requires access to 

expensive-to-buy and operate machines as well as the expertise to run them. These issues 

are not faced with scanning confocal microscopy but it can only probe the order of 100 m 

or so into media [181]. X-ray microtomography offers a balance between the two methods: 

it can be used to image the entirety of a wide variety of materials, and easy-to-use bench-

top systems are now available at modest prices [182]. This technique has been used in a 

non-destructive way to study macroscale packed beds [193, 194], porous tissue scaffolds 

[184, 185], bone [186, 187], stone, rock, minerals and fossils [188], food products [189], 

and foams [190, 196] amongst other materials [191].  

X-ray microtomography yields a series of planar digital greyscale images along an axis of 

a sample (e.g. along the length of a packed bed). When the size of the pixels in these 

images is small compared to the characteristic dimensions of the pore space and particles, 

the underlying geometry (e.g. spherical if bed is composed of spheres) is easily discerned. 

This is, however, not the case for PBs where the resolution is comparable to the 

characteristic dimensions – here, instead, a sense of the underlying geometry is largely lost 

as illustrated in Figure 3-1, which shows a raw image and its binarized counterpart of a 

cross-section through a PB composed of essentially spherical particles. 

A second major issue in using typical X-ray microtomography imaging, which is 

encountered when seeking to reconstruct the 3D structure of PBs, is the conversion of the 

grayscale images into their binary counterparts as shown in Figure 3-1. This requires the 

identification of the grey level (the ‘threshold’) that allows the partitioning of the pixels 

between the solid and void phases [202-205]. Many thresholding algorithms have been 

developed over the years [203, 206-209], reviews for which may be found in [210, 211, 

252]. The plethora of these algorithms reflects the non-trivial nature of finding a threshold, 

and that there is no single algorithm that is successful for all problems. This threshold-

identification issue is more a problematic, when the pixel size is much smaller than the 

system characteristic dimensions. However, it becomes a major issue for PBs where a 

small change in the threshold leads to significant shifts in pixels from one phase to the 

other. 
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(a) (b) 

Figure  3-1 Typical images of a cross-section of a PB composed of near-monodisperse 30.5 

m diameter particles of high sphericity as derived from X-ray microtomography: (a) raw 

greyscale image; and (b) a binarized version of the raw image obtained using the Otsu [208] 

automatic thresholding algorithm. 

 

Here we propose an approach to constructing 3D models of PBs of near-spherical 

particles from X-ray microtomography images of them that avoids the two issues outlined 

immediately above. The method essentially involves two parts: (A) identifying 

approximate positions of the particles of the packing, and (B) ‘relaxing’ the particle 

packing from the first part using a Reverse Monte Carlo technique combined with 

simulated annealing. We provide details of the first part in this paper and demonstrate its 

validity by comparing the porosity obtained from the non-relaxed packing with a directly 

measured porosity. The second part and its application are outlined in an accompanying 

paper. 

3.2 Description of the new method 

The new method is composed of Parts A and B; attention here is restricted to the Part A, 

whilst the second part will be detailed in an accompanying paper, referred to as Part B 

hereafter. Part A is composed of the four steps that are summarized in Figure 3-2. The first 

two are applied to all the cross-sectional X-ray microtomographic images obtained along 

the length of the packing, Figure 3-2(a). The final two steps involve integration of the data 
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from all the cross-sectional images to form the 3D model. The four steps here have been 

implemented using the MATLAB Image Processing Toolbox [253] and ImageJ [254]. 

Integration of the functionality of these two pieces of software was achieved using MIJ, the 

MATLAB-ImageJ bi-directional communication package [255]. 

 Step 1. Pre-processing 3.2.1

This step is applied independently to all N cross-sectional images. An image is first 

cropped to include only the region of interest (ROI), which normally is defined as that area 

within the PB walls as illustrated in Figure 3-2(b). Smoothing is then applied to the image 

to supress as much noise [200, 201] as possible without destroying the edges of the solid 

phase; this is done by applying a symmetric 2-dimensional Gaussian filter of 3×3 pixels 

size and variance 0.5 to the image, Figure 3-2(b)→(c). An un-sharp mask is then applied to 

sharpen the edges without overly  enhancing any noise  remaining in the image [209] as 

shown in Figure 3-2(c)→1(d); this involves applying an average filter to the image, 

subtracting a blurred (un-sharp) version of the image from itself, and then adding the 

difference to the original image. Finally, the edges of the solid phase as detected by the X-

ray microtomography are identified by applying a Sobel mask filter in combination with a 

Laplacian of Gaussian (LoG) filter in the two Cartesian directions, Figure 3-2(d)→(e). The 

use of the LoG, which is a form of second-derivative filter, is motivated by the fact that the 

Sobel filter is commonly misled by noise, creating false edges [256]. Application of the 

Sobel and LoG filter together leads to an image like that shown in Figure 3-2(e). As 

indicated by the red circles in this figure, there are still some solid areas whose size and 

location relative to others suggest they should not be stand-alone – these are dealt with in 

the next step of the method. 
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Figure  3-2 The steps of the new method to construct a 3D model of a µPB from X-ray 

microtomographic images of the bed. 
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 Step 2. Identifying particle cross sections in the cross-sectional images 3.2.2

If the spherical particles were well resolved, the solids regions revealed by Step 1 would be 

circular in nature. As Figure 3-2(e) shows, however, this does not occur for PBs because 

the resolution of X-ray microtomography is limited relative to the particle sizes typical of 

PBs. To address this issue, two successive operations are applied independently to all the 

cross-sectional images. 

In the first of these operations, the solid regions in an image that are far from circular in 

nature are subdivided into a number of regions that each are sufficiently circular to be 

considered as part of a single particle. This is done by first evaluating the ‘roundness’ of 

each solid region within the image using the expression 

𝑅𝑂𝑖 = 4𝜋
𝐴𝑖

𝑃𝑖
2          (1) 

where Pi and Ai are the perimeter and area of the region-i, respectively. A perfect circle has 

a roundness of unity whilst, as seen in Figure 3-2(f), it takes on a value less than this for 

any other shape. Experimentation showed here that the roundness can be used to determine 

the number of particles merged within a single solid region as follows 

0.65Ro1regionsingle particle           (2a) 

0.4Ro0.65regiontwo particles            (2b) 

0.3Ro0.4regionthree particles           (2c) 

0Ro0.3 regionfour particles            (2d) 

If any but condition (2a) applies for a region, Watershed segmentation using the distance 

transform [252] is employed successively on the region and the ‘off-spring’ regions 

derived from it until their roundness falls within the condition (2a), Figure 3-2(g). 

Once all solid regions within the image have been determined to belong to a single 

particle, the image is subject to the second operation in this step, which sees each region 

replaced by a circle centred at the centroid of the region, Figure 3-2(h). The circle radius is 

determined by matching the area of the region with that which is closest to the cross 
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section selected from a sphere that has been sliced up into K segments (Kdp/R) as 

illustrated in Figure 3-3, where dp is the experimentally determined average diameter of the 

particles, and R is the inter-plane resolution of the X-ray microtomography machine used. 

 

Figure  3-3 Partitioning of a spherical particle into sequential circular planes of area Ai for i = 

0, ±1, …, ±K, where Ai=Ai 

 

 Step 3. Initial reconstruction of the bed particles 3.2.3

This step sees all the particles in the PB reconstructed by drawing correlations between 

circles in successive images starting from the top-most image. The top of a new particle is 

identified in an image when a circle of area AK (or AK-1 in recognition of the finite 

resolution) is detected, Figure 3-3. Appropriate circles in the successive images are added 

to the particle until its bottom is detected, which occurs when a second circle of area AK 

(or, if this is not detected, AK-1, in recognition of the finite resolution) is detected after 

passing through circles of initially increasing and then decreasing area with a maximum in 

between of A0.  

 Step 4. Estimating the centroid of the bed particles 3.2.4

For each particle, i, in the PB the coordinates of its centroid are finally estimated by 

applying triangulation to the slices identified for the particle 
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𝑋𝑖 =
∑ 𝑥𝑗
𝐾
𝑗=1

𝐾
 

          (3a) 

𝑌𝑖 =
∑ 𝑦𝑗
𝐾
𝑗=1

𝐾
  

          (3b) 

𝑍𝑖 =
∑ 𝑧𝑗
𝐾
𝑗=1

𝐾
 

          (3c) 

Where 

𝑥𝑗 = (
(𝑥𝑗

𝑙𝑧−𝑗
0 − 𝑧𝑗

0𝑥−𝑗
𝑟 )(𝑥−𝑗

𝑙 − 𝑥𝑗
𝑟) − (𝑥𝑗

𝑙 − 𝑥−𝑗
𝑟 )(𝑥−𝑗

𝑙 𝑧𝑗
0 − 𝑧−𝑗

0 𝑥𝑗
𝑟)

(𝑥𝑗
𝑙 − 𝑥−𝑗

𝑟 )(𝑧−𝑗
0 − 𝑧𝑗

0) − (𝑧𝑗
0 − 𝑧−𝑗

0 )(𝑥−𝑗
𝑙 − 𝑥𝑗

𝑟)
) 

          (3d) 

𝑦𝑗 = (
(𝑥𝑗

𝑙𝑧−𝑗
0 − 𝑧𝑗

0𝑥−𝑗
𝑟 )(𝑦−𝑗

𝑙 − 𝑦𝑗
𝑟) − (𝑦𝑗

𝑙 − 𝑦−𝑗
𝑟 )(𝑥−𝑗

𝑙 𝑧𝑗
0 − 𝑧−𝑗

0 𝑥𝑗
𝑟)

(𝑥𝑗
𝑙 − 𝑥−𝑗

𝑟 )(𝑧−𝑗
0 − 𝑧𝑗

0) − (𝑧𝑗
0 − 𝑧−𝑗

0 )(𝑥−𝑗
𝑙 − 𝑥𝑗

𝑟)
) 

          (3e) 

𝑧𝑗 = (
(𝑥𝑗

𝑙𝑧−𝑗
0 − 𝑧𝑗

0𝑥−𝑗
𝑟 )(𝑧−𝑗

𝑙 − 𝑧𝑗
𝑟) − (𝑧𝑗

𝑙 − 𝑧−𝑗
𝑟 )(𝑥−𝑗

𝑙 𝑧𝑗
0 − 𝑧−𝑗

0 𝑥𝑗
𝑟)

(𝑥𝑗
𝑙 − 𝑥−𝑗

𝑟 )(𝑧−𝑗
0 − 𝑧𝑗

0) − (𝑧𝑗
0 − 𝑧−𝑗

0 )(𝑥−𝑗
𝑙 − 𝑥𝑗

𝑟)
) 

           (3f) 

The (𝑥𝑗
𝑚 , 𝑦𝑗

𝑚, 𝑧𝑗
𝑚) in Equation (3d)-(3f) are the coordinates of the m

th
 peripheral point on 

circle j=1,…,K as illustrated in Figure 3-4 for the x-z plane. The uncertainty associated 

with these coordinates is also estimated in the form of the standard deviation from the 

average; this uncertainty is used in Part B. By continuing this procedure over the whole 

length of µPB, the 3D structure of packing will be obtained as presented in Figure 3-2(k). 

3.3 Experimental details for demonstrating the new technique 

The new technique is demonstrated here by using it to reconstruct the packing of near-

monodisperse 30.5 m particles of high sphericity within a square cross-sectioned micro-

capillary and estimating the porosity which is compared to the actual porosity determined 

directly. 
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Figure  3-4 An illustration of the triangulation procedure in the x-z plane. The lines between 

the opposite edges of circles ±k intersect to yield an estimate of the sphere centroid Ok. The 

average centroid and the standard deviation (uncertainty) are derived from the set of these 

centroid points. 

 

 Experimental setup 3.3.1

The µPB was composed of a borosilicate micro-capillary of D200 µm internal square 

cross-section and 100 µm thick walls packed to a height of between 40-45 mm with soda-

lime glass particles (Cospheric LLC; CA, USA) of average diameter dp30.5 μm with a 

1.5 μm standard deviation and sphericity of more than 95%. Figure 3-5(a) illustrates the 

method used to fill the µPB with the particles. A custom-built glass connector, details of 

which are provided in Figure 3-5(b), was used to connect a funnel to the top of the micro-

capillary. The bottom of the micro-capillary was embedded within a wickable surface 

(double sided adhesive tape) so as to quickly and effectively remove the ethanol used to 

initially suspend the glass particles from the micro-capillary, leaving behind the dry µPB 

of interest here. The micro-capillary was initially filled with ethanol before some of the 

particle-in-ethanol suspension was poured into it whilst being tapped to enhance particle 

settling. This process was repeated until the micro-capillary was filled to between 40-

45mm deep. 
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(a) (b) 

Figure  3-5 (a) Schematic of method for making micro-packed capillaries (µPBs) considered 

here; (b) the details of custom-built glass rig used for packing the µPB. 

 

A SkyScan1072 X-ray microtomography system (SkyScan, Belgium) was used (see Table 

3-1 for relevant details of this system and the scanning parameters for the study). The 

radiographic images were saved in TIFF format. 

Table  3-1 The X-ray microtomography system and scanning parameters 

Parameters Value 

In-plane and vertical spatial resolutions 2.28 µm 

Angular rotation step 0.45 degree 

Rotation step 180 degree 

Magnification 137.17 

Source (Tension/Current ) 55/110 kV/µA 

Exposure time 2.7 ms 

Filter material Al 0.5 mm 

Frame averaging 3 

 Evaluating the porosity from the reconstructed µPB 3.3.2

The porosity of reconstructions of PBs was estimated via Monte Carlo (MC) integration. 

This involves depositing M points randomly within a reconstructed packed bed and 

counting the number that fall within the particles, MS, and then using 

1MC SM M  
 

            (4) 
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In the study here, M = 2450000 points was found to give a stable estimate of the porosity. 

The final porosity estimate and its uncertainty were obtained from 10 repeats of the MC 

integration. 

 Direct measurement of the porosity of the µPB 3.3.3

The actual porosity of the PB was determined directly by measuring the mass of the glass 

particles in the bed and converting this to a solid volume using the density of the glass 

(2500 kg/m
3
), and then dividing by the total measured volume of the bed. The volume of 

the bed was set equal to the product of the cross sectional area of the micro-capillary and 

the height of the packing, which was measured with a precision of 15 m using a 

microscope. The mass of the glass particles was estimated as the difference between 

average mass of the PB and the empty micro-capillary, both of which were measured 

using a high-precision balance (Sartorius AG Semi-microbalance, Germany; 0.01 mg 

precision). Their average mass in each case was that of ten separate measurements.  

3.4 Results and Discussion 

Figure 3-6(a) shows the cross-section obtained from the new method that corresponds to 

that shown in Figure 3-1. It is clear from this figure that the underlying spherical geometry 

is retained in the reconstruction. Figure 3-6(b) shows, however, that the 3D structure 

obtained via the new method includes some overlapping particles, which are shaded. This 

reflects the uncertainties associated with the identification of the centres of the particle 

cross-sections in each image as well as the assumption that the particles are spheres of 

identical size. These two issues will be addressed in Part B.  

Figure 3-7(a) shows the 3D reconstruction of the PB considered here along with some 

close-ups of the model. Comparing this to the structure obtained using the traditional 

thresholding approach; Figure 3-7(b), clearly shows the new method described here retains 

the underlying spherical geometry whilst the traditional approach does not. Detailed 

inspection of the structure obtained by the new method reveals the differences in the 

particle packing between the wall and interior of the bed, compare Figure 3-7(c) and (d), 

something that is not the case from the traditional image as seen in Figure 3-7(e) and (f). 

Whilst the new method yields structures that are more intuitive, they are not perfect in that 
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there are examples of where particles are overlapping each other or the micro-capillary 

wall, Figure 3-7(g) and (h), or are suspended in mid-air as seen in Figure 3-7(i). 

  

(a) (b) 

Figure  3-6 Cross-sections derived from the new method: (a) that which corresponds to Figure 

1; and (b) one that includes particles that overlap with each other and the bed walls (shaded 

circles) due to the reasons explained in the text. 

As shown in Table 3-2, the porosity obtained from applying MC integration (MC) over the 

reconstruction of the PB is, within statistical uncertainty, the same as that obtained from 

the direct measurement (D). The same cannot be said, however, for the porosity obtained 

from applying MC integration to the reconstructions yielded through application of the 

Otsu automatic thresholding method [208], which is one of the most widely used 

thresholding methods at present. In this case, the estimated porosity is around 9.7% lower, 

significantly outside the error margins associated with the direct measurement method. 

 

 

 

 

 

 

Table  3-2 Porosity values (%) obtained with different methods 




𝝓𝑴𝑪
2
 𝝓𝑫

3
 Manual Automatic 

60% 70% 80% 

37.3 40.6 42.3 48.5±1.6 52±2 
1. Porosities derived from binarized images using different greyscale 

thresholds selected either manually or via the automatic Otsu method 

[208]. 

2. Porosity derived from applying Monte Carlo integration to the model 

built using the new method described here. 

3. Porosity obtained via direct measurement of the actual PB. 
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Figure  3-7 3D reconstruction of the PB with (a) traditional thresholding approach; (b) 

processed micro-CT images with the new model; near wall area with this model (c) and 

thresholding approach (e); middle of bed with this model (d) and thresholding approach (f); 

overlap of particle-particle (g) and particle wall (h); and a suspended particle (i). 

 

As anticipated in the Introduction to this paper, Table 3-2 also reveals that when 

thresholding is used as a basis for reconstructing a model of the PB, the porosity changes 

substantially with the threshold used. The increase in porosity with the threshold value is 

linear, with the rate being around 0.25% per percent-grayscale. Thus, using a greyscale 

threshold of 60%, the error in the voidage is around 15%, decreasing to around 10% for the 

threshold yielded by the Otsu automatic thresholding method [208] (i.e. 80%). 

(d) 

(e) 

(f) 

(c) 

(g) 

(h) 

(i) 

(a) 
(b) 
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Although the porosity yielded using the 3D structure obtained from the new method here 

cannot be statistically differentiated from the actual, it is lower than these values. This 

trend arises from the fact that the 3D structure yielded by the method includes overlapping 

particles, and particles overlapping with the micro-capillary walls as shown in Figure 3-7. 

This issue will be addressed in Part B. Although we have applied the new method to a PB 

composed of near-monodisperse particles of high sphericity, it is conceivable that it can be 

applied to less-ideal beds. For example, dispersion in spherical particle sizes, including 

multimodal particle sizes could be considered by selecting appropriately from a library of 

circular cross-sections in Step 2, rather than just the one as done here, in conjunction with 

establishing cross-correlations between slices. Extension to beds composed of particles 

whose cross-sections are elliptical in nature is also possible if this is done provided the 

roundness metric in Equation (1) and the associated criteria in Equation (2) are 

generalised.  

3.5 Conclusion 

Whilst benchtop X-ray microtomography systems can yield three-dimensional (3D) images 

of the structure and porosity of packed beds, they are generally of poor quality when the 

beds are part of microfluidic devices due to the low resolution of the X-ray systems 

relative to the dimensions of the particles and porosity. This manifests as a loss of the 

underlying particle geometry and the conversion of the grayscale images into binary 

counterparts being sensitive to the greyscale threshold used to partition the pixels between 

the solid and void phases. A new method is described here that obviates both these issues 

when the micro-packed beds (PBs) are composed of largely monodisperse particles of 

high sphericity. The method has been demonstrated by applying it to a PB. The recovered 

structure appears reasonable and has a porosity that is, within experimental uncertainty, 

equal to the value measured directly. In comparison, use of the well-known Otsu automatic 

thresholding method to partition the greyscale images into solid and void regions yielded a 

model in which the underlying spherical geometry and various other structural details were 

destroyed, and a porosity that was nearly 10% less than the actual. Whilst the new, 

alternative method described herein offers a major improvement over such commonly used 

methods, the monodispersity assumption and uncertainties associated with locating particle 
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centres in the packing means anomalies are present in the models yielded here; for 

example, some overlapping particles. A method for addressing this issue is outlined in Part 

B of this work. 
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Abstract 

The authors have reported elsewhere [257] a new method that derives models of micro-

packed beds (PBs) of near-spherical particles from X-ray microtomography grayscale 

images of limited resolution compared to the characteristics dimensions of the particles 

and porosity. The new method is distinguished by it not requiring a grayscale threshold to 

partition the images into solid and void phases, and its retention of the underlying spherical 

geometry, two issues that are particularly problematic when more traditional approaches 

are used to build models of PBs.  Here it is shown that a reverse Monte Carlo (RMC) 

algorithm combined with simulated annealing (SA) can refine the models obtained from 

this new method to eliminate particle overlaps and incorporate particle size distributions. 

Application of the RMC-SA to an initial model of a PB yielded a porosity estimate that 

was, within experimental uncertainty, the same as its directly measured counterpart. It was 

further shown that the porosity of PBs is near unity at the bed wall and oscillates in a 

decaying fashion normal to the wall up to a distance of around three particle diameters into 

the bed. This leads to the porosity decreasing with increasing channel-to-particle diameter 

ratio. The opposite was observed, however, for the average number of particle-particle 

contacts (the mean coordination number). This latter behaviour has two origins: a 

volumetric one in which the bulk of the bed where the coordination number is maximal 

and constant exerts increasing influence, and a packing one in which the packing density 

inherently decreases with the channel-to-particle diameter ratio. 

 

Keywords: Microfluidics; micro-packed bed (µPB); porosity; mean coordination number; 

wall effect; Reverse Monte-Carlo and simulated annealing. 
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4.1 Introduction 

Packings of near-spherical particles of 10s of microns diameter or smaller within channels 

of a few 100s of microns or less are commonly used in microfluidic applications ranging 

from microanalysis [22-26] through to process intensification [7-10]. Understanding the 

variation of the three-dimensional (3D) structure of such micro-packed beds (µPBs) as a 

function of the material characteristics and preparation conditions is critical to optimizing 

their performance [248]. There are a variety of experimental methods available for imaging 

the 3D structure of µPBs, but one of the most convenient is benchtop X-ray 

microtomography due to its modest cost and ease of use. However, its limited resolution 

relative to the porosity and particles in µPBs presents significant challenges when seeking 

to transform microtomography images of such beds into 3D models suitable for detailed 

quantitative analysis. The first challenge is the identification of an appropriate threshold 

for turning the grayscale images obtained from X-ray microtomography such as that shown 

in to Figure 4-1(a) into a binary image of solid and void only as shown in Figure 4-1(b) 

and (c). The second challenge is the loss of the underlying spherical geometry as also 

clearly demonstrated in Figure 4-1. 

 

(a) (b) (c) 
Figure  4-1 X-ray microtomography related images of a cross-section through a µPB 

composed of 38.5 µm diameter particles of high sphericity within a 200 m square capillary: 

(a) raw grayscale image ; (b) a binarized version of the greyscale image using a threshold of 

60% of the grayscale range; and (c) a binarized version of the greyscale image using a 

threshold identified by the Otsu [208] method (80% of the grayscale range). 

 

µPB wall 

Solid Void 

Solid 
Void 
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In the first part of this two-part contribution [257], hereafter referred to as Part A, we have 

outlined a method for converting benchtop X-ray microtomography grayscale images for 

µPBs into 3D models of sphere packings that does not rely on the identification of a 

grayscale threshold for partitioning the pixels between the solid and void phases. It was 

shown that this new method can yield a model of a µPB whose porosity is, within 

experimental error, equal to the directly measured counterpart. The models obtained by the 

method outlined in Part A are, however, imperfect in that they include particles that 

overlap each other and the channel walls, and particles that have no contact with any other 

particle. This reflects the fact that the method for identifying the particle positions is 

subject to some uncertainty and the particle sizes are all assumed equal to the 

experimentally determined mean (i.e. the particle sizes are not distributed as would be the 

case in reality). Here we detail the use of a Reverse Monte Carlo (RMC) simulation [258] 

combined with Simulated Annealing (SA) [259] to refine the structure obtained from the 

method described in Part A to address these two issues. The approach is first described and 

then demonstrated by using it to determine the porosity and topology of µPBs of near-

spherical particles as a function of the particle-to-bed diameter. 

4.2 Description of the new method 

In order to eliminate particle-particle and particle-wall overlaps and suspended particles, 

Reverse Monte Carlo (RMC) was combined with Simulated Annealing (SA) to shift the 

particle size distribution (PSD) towards the experimentally-determined distribution and 

move the particle positions within the confines of their uncertainty. This involved 

repeatedly applying with equal probability the following two types of ‘moves’ to randomly 

selected spheres in the model derived from the method described in Part A: 

1. Changing the size of the particle by an amount d within the constraints of the 

experimental PSD 

𝛿𝑑 = 𝛿𝑑𝑚𝑎𝑥(𝜉 − 0.5) (1) 

where dmax is the maximum possible change in the diameter allowed, and  is a random 

number selected in a uniform way from the range [0,1). 
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2. Displacing the position of the sphere in the three coordinate directions by δxα 

within the degree of uncertainty associated with the estimated positions of the 

sphere centroid 

𝛿𝑥𝛼 = 𝛿𝑥𝛼,𝑚𝑎𝑥(𝜉𝛼 − 0.5) (2) 

where 𝛿𝑥𝛼,𝑚𝑎𝑥 is the maximum possible displacement allowed in the -coordinate 

direction, and  are corresponding random numbers independently selected in a uniform 

way from the range [0,1). 

The maximum particle diameter change and displacement allowed were adapted so as to 

yield a move acceptance ratio (the ratio of accepted moves to total attempted moves) of 

between 30 and 50%. 

Each attempt at a move was accepted provided a random number selected uniformly from 

the range [0,1) was less than the probability given by [260] 

𝑃 = min(1, exp[−∆𝐹 𝑇⁄ ]) (3) 

where F is the change the move would create in the functional we are seeking to 

minimise if accepted, and T is a ‘temperature’ that decreases monotonically during the 

course of the simulation; the cooling rate over two successive steps of 𝑇(𝑠) 𝑇(𝑠 − 1)⁄ =

0.9 was used in the work reported here. Equation (3) ensures the move is always accepted 

if it brings a decrease or no change in the functional (i.e. F0) whilst allowing for it to 

also be accepted with a probability less than unity if the functional will increase with the 

move (i.e. F0). The use of the monotonically decreasing ‘temperature’ means the 

chances of such an ‘uphill step’ in F being accepted decreases from a maximum at the start 

of a simulation, all else being equal. 

The functional that was minimized is 

𝐹 = 𝑊𝑝𝑝𝐹𝑝𝑝 +𝑊𝑝𝑤𝐹𝑝𝑤 +𝑊𝑝𝐹𝑝 +𝑊𝑠𝐹𝑠 (4) 
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where the 𝐹𝑖 and 𝑊𝑖 are sub-functionals and associated weights, respectively, that relate to 

the differences that must be minimised in the simulation. The first term in this equation 

seeks to eliminate the particle-particle overlaps within the bed 

𝐹𝑝𝑝 =∑(
𝐷𝑖𝑗

𝑑𝑖𝑗
)

2

𝑖𝑗

 (5) 

where the summation is over all particle pairs, and 𝐷𝑖𝑗 is their overlap given by 

𝐷𝑖𝑗 = {  
‖𝐱𝑖 − 𝐱𝑗‖ − 𝑑𝑖𝑗 if ‖𝐱𝑖 − 𝐱𝑗‖ < 𝑑𝑖𝑗

0 if ‖𝐱𝑖 − 𝐱𝑗‖ ≥ 𝑑𝑖𝑗
 (6) 

where xi and xj are the vectors defining the centroids of the particles i and j relative to an 

origin, and 𝑑𝑖𝑗 is the minimum distance that may exist between them in the absence of an 

overlap, which is given by the sum of the particle radii 

𝑑𝑖𝑗 =
𝑑𝑖 + 𝑑𝑗

2
 

(7) 

The second term in Equation (4) is similarly aimed at eliminating the particle overlaps with 

the confining walls of the µPB 

𝐹𝑝𝑤 =∑(
𝐷𝑖𝑤
𝑑𝑖
)
2

𝑖𝑤

 (8) 

where the summation is over all particle-wall pairs, and 𝐷𝑖𝑤 is their overlap given by 

𝐷𝑖𝑤 = {  
(�̂�𝑤 ⋅ 𝐱𝑖 + 𝑝𝑤) − 𝑑𝑖𝑤 if (�̂�𝑤 ⋅ 𝐱𝑖 + 𝑝𝑤) < 𝑑𝑖𝑤

0 if (�̂�𝑤 ⋅ 𝐱𝑖 + 𝑝𝑤) ≥ 𝑑𝑖𝑤
 (9) 

where �̂�𝑤 is the unit normal to the wall-w and pw its distance from the origin, and 𝑑𝑖𝑤 is 

the minimum distance that may exist between the particle and wall in the absence of an 

overlap, which is given by the particle radius 

𝑑𝑖𝑤 =
𝑑𝑖
2

 
(10) 
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The penultimate term in Equation (4), which is aimed at limiting the displacement of the 

particle centroids to within a region around their initial position commensurate with its 

uncertainty, is of the form 

𝐹𝑝 =∑𝐷𝑖0
𝑖

 (11) 

where the summation is over all particles, and 𝐷𝑖0 is the amount the displacement of the 

particle from its initial position exceeds the uncertainty associated with the initial centroid 

position of the particle-i, which is given by 

𝐷𝑖0 = {  
‖𝐱𝑖 − 𝐱𝑖0‖ − 𝜎𝑖 if ‖𝐱𝑖 − 𝐱𝑖0‖ > 𝜎𝑖

0 if ‖𝐱𝑖 − 𝐱𝑖0‖ ≤ 𝜎𝑖
 (12) 

where xi0 is the position of the particle in the initial 3D structure obtained from the method 

described in Part A, and i is the standard deviation associated with this position. 

The final term in Equation (4) is aimed at minimising the difference between the 

experimental particle size distribution and that of the particle ensemble in the 3D model. It 

does this by considering the deviation between the mean, , standard deviation, , and 

skewness, , of the two distributions 

𝐹𝑠 =
(𝜇𝑒 − 𝜇𝑚)

2

𝜇𝑒2
+
(𝜎𝑒 − 𝜎𝑚)

2

𝜎𝑒2
+
(𝜅𝑒 − 𝜅𝑚)

2

𝜅𝑒2
 

(13) 

where the subscripts e and m refer to the values from experiment and the model, 

respectively. 

The weights for each term in Equation (4) are necessary to ensure the four terms are all of 

the same order. To achieve this, at the end of every 1000
th

 step the weights were adapted 

by multiplying them by 1.1 or 0.9 if their associated sub-functionals were above or below 

the average of all the sub-functionals. 

4.3 Application of the new method  

The new approach was applied to models of µPBs constructed using the approach outlined 

in Part A. The materials were also essentially the same as in Part A except, as specified in 

Table 4-1, a wider range of particle and channel sizes were used to give a total of eight 
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different channel-to-particle diameter ratios. The PSD for the 30.5 m sized particles, 

which was determined using a Mastersizer 2000 (Malvern, UK) fitted with an Hydro 

2000MU dispersion unit, is shown by way of example in Figure 4-2 with its standard 

deviation and skewness. 

Table  4-1 Characteristics dimensions of the µPBs considered in the study reported here 

Micro-capillary size
*
, D (m) Particle size

†
, dp (m) 𝐷 𝑑𝑝⁄  

200 38.5 5.2 

200 34.5 5.8 

200 30.5 6.6 

200 26.5 7.6 

400 38.5 10.4 

400 34.5 11.6 

400 30.5 13.2 

400 26.5 15.2 

* The micro-capillary cross-sections are square and they were filled to a depth of 50 mm. 

† The standard deviation in the diameters of the soda-lime glass particles is 1.5 μm, and their 

sphericity 95%. 

 

 

Figure  4-2 Particle size distribution (PSD) for the particles with an average diameter of 34.5 

μm. The standard deviation and skewness are e1.51 μm and e1.63, respectively. 
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As in Part A, the images of the µPBs were acquired using A SkyScan1072 X-ray micro-CT 

system (SKYSCAN, Belgium). The reader is referred to Part A for the methodological 

details. 

4.4  Results and Discussion 

 Overview of initial interpretation of X-ray microtomography images of 4.4.1

µPBs 

Figure 4-3 shows examples of cross-sectional images from the eight different µPBs 

considered in the study reported here; see Figure 4-1(a) for how to interpret these greyscale 

images. These illustrate the challenges faced in imaging the particles and pore space. In 

particular, the degree to which one can discern the spherical geometry diminishes rapidly 

as the particle size decreases much below the largest within the smallest micro-channel 

(i.e. for D/dp > 5.8), and the boundary between the solid and void phases is not easily 

discerned. 

By way of example, the transformation seen between Figure 4-4(a) and Figure 4-4(b) 

illustrates the outcome of application of the approach detailed in Part A to one of the cross-

sectional images in the 𝐷 𝑑𝑝⁄ =5.2 µPB. As the circles with the red outlines highlight, some 

of the circular cross-sections extracted using the method of Part A lead to particle-particle 

and particle-wall overlaps. These can be removed by application of the methodology 

detailed in Section 2 above. 

 Structural change during a RMC-SA simulation 4.4.2

Figure 4-5(a) shows a typical variation of the objective function in Equation (4); the 

corresponding changes in the four parts that make up this objective function (not shown) 

are similar to what is seen here for the overall functional. The simulation in this example 

continued for approximately 1.3M steps before the objective function ceased to change. 

The values of the objective functions typically dropped to between 1-10% of the initial 

value, indicating the ability of the approach to substantially eliminate overlaps and bring 

about a particle size distribution that matches the experimental one. These changes are 

illustrated in the transformation seen between Figure 4-4(b) and Figure 4-4(c), and in the 

shift in the character of the PSD as shown in Figure 4-5(b). The latter figure clearly shows 
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that the PSD of the model broadens over the course of the simulation from its initial non-

disperse character (black bar) to that seen experimentally (dotted bars vs. broken line). 

    

(a) (b) (c) (d) 

    

(e) (f) (g) (h) 

Figure  4-3 Example X-ray microtomography images of cross-sections of µPBs for channel-to-

particle diameter ratios, 𝑫 𝒅𝒑⁄ , equal to (see Table 4-1 for more details): (a) 5.2; (b) 5.8; (c) 

6.6; (d) 7.6; (e) 10.4; (f) 11.6; (g) 13.2; and (h) 15.2. 

 

   

(a) (b) (c) 

Figure  4-4 Example cross sections from key stages in the model construction: (a) a close-up of 

an X-ray microtomography image of a cross-section through the 𝑫 𝒅𝒑⁄ = 𝟓. 𝟐 µPB; (b) the 

particle cross-sections identified through application of the methodology in Part A to the X-

ray image, with the particles that are overlapping either each other or the walls shown with 

red outlines; and (c) the particle cross-sections shown in part (b) after application of the 

RMC-SA algorithm described herein to eliminate overlaps and obtain a PSD that is in line 

with the experimental one. 
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(a) 

 

(b) 

Figure  4-5 Variation of key structure-related metrics during a typical RMC-SA simulation: 

(a) objective function, F, (each point is an average over 100 steps); and (b) PSD (note the 

initial distribution is a single bar centred at 34.5 m) 

 Qualitative analysis of packing structure in PBs 4.4.3

Figure 4-6 shows a typical 3D model obtained from application of the RMC-SA algorithm 

on the processed images in the Part A. The random nature of the packing is revealed in the 

various zooms on the packing, particularly that shown in part (c). Part (e) of this figure 

shows the porosity is far more open near the bed wall, as anticipated. Interestingly, this 

part of the figure also shows that the model includes some particles that have no contacts 
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with surrounding particles when located near the wall. Whilst this may reflect the RMC-

SA algorithm is not entirely effective in removing non-physical occurrences, they were 

largely observed to occur near the wall, suggesting that surface forces between the 

particles and the capillary wall may be playing a role, something that some of the authors 

here have observed in other systems [261, 262]. Although few in number, Figure 4-6(g) 

also shows that some particle overlaps remain at the end of the RMC-SA. These overlaps 

are, however, very minor in nature, with the degree of overlap being generally less than 

1% (i.e. 𝐷𝑖𝑗 𝑑𝑖𝑗⁄ < 1%). Inspection of these defects in the model always revealed a 

situation where particle size and position adjustment would not remove the problem 

without compromising the functional, perhaps indicating that inclusion of non-spherical 

character may be of benefit (the sphericity of the particles was high, but not perfectly so). 

 Quantitative analysis of porosity in PBs 4.4.4

Figure 4-7 shows the variation of the PB porosity, determined via Monte Carlo 

integration on the reconstructed structures as described in Part A, with the channel-to-

particle diameter ratio, in addition to data drawn from the literature and the value we 

obtained via direct measurement for the 𝐷 𝑑𝑝⁄ = 6.6 PB (see Part A for details of this 

measurement). The first thing to note is the porosity obtained from the reconstructed 

structure of the 𝐷 𝑑𝑝⁄ = 6.6 PB, 53.61.4%, is statistically the same as that determined 

directly, 522%. This represents a further improvement on estimating the porosity 

compared to what was already a significant improvement gained in Part A, providing 

further reassurance that the model structures obtained here are representative of the actual.  
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Figure  4-6 A model of the 𝑫 𝒅𝒑⁄ = 𝟓. 𝟐 µPB shown from various perspectives: (a) complete 

bed; (b) a zoom on top third; (c) further zoom on top region of the bed to illustrate its 

random structure; (d) zoom on middle third; (e) further zoom on middle region of the bed to 

show the packing structure near the wall; (f) zoom on bottom third of the bed; and (g) 

further zoom on bottom region of the bed to show two particles that are still overlapping to 

some extent. 

(a) 

(b) 

(d) 

(f) 

(c) 

(e) 

(g) 
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Figure 4-7(a) shows that the porosity of µPBs essentially decreases monotonically with 

bed-to-particle diameter ratio. This behaviour reflects the decreasing influence of the 

confining walls on the packing structure on a volumetric basis as suggested by the axially-

averaged particle density maps shown in the Supplementary Information, which were 

derived by averaging the greyscale images obtained along the length of the PB. This 

decreasing trend is not dissimilar to that seen by De Klerk [263] for a macroscale PB of 

circular cross section. The overall porosities are higher here, however, due at least in part 

to the inaccessibility of the corners of the square cross-section of our PBs as indicated by 

the broken line in Figure 4-7(b), which shows the porosity is near-unity for a distance of up 

to ~25% of the average particle diameter from the corner. Another potential origin of the 

differences seen between the two data sets is the sedimentation method used to create the 

µPBs here, which is likely to result in a much looser packing compared to that obtained in 

macroscale beds where gravity effects are proportionately more significant and tapping is 

more effective. 
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(b) 

Figure  4-7 Porosity character of µPBs as derived from the models: (a) variation of porosity 

with the bed-to-particle diameter ratio (circles), and the direct measurement as described in 

Part A for the 𝑫 𝒅𝒑⁄ = 𝟔. 𝟔 PB (open square) and data obtained by De Klerk [263] for a 

macroscale packed beds of cylindrical cross-section (diamonds); and (b) variation of porosity 

with normal distance from the wall (solid line) and diagonal distance from the corner (broken 

line) for 𝑫 𝒅𝒑⁄ =7.54 (similar data for all the other µPBs are provided in the Supplementary 

Information). The lines are a guide for the eye only. 

 

Figure 4-7(b) shows that the porosity variation normal to the walls is highly 

inhomogeneous, with the porosity oscillating significantly for up to around three particle 

diameters before stabilising. These oscillations are also seen in along the diagonals, 

although shifted by around 40% of the particle diameter. These results mean that PBs 

whose bed-to-particle diameter ratio is less than 6 are dominated by these inhomogeneities 

(see Figure 4-S2 in the Supplementary Information for the data for all the other PBs).  

The contacts between particles in a packed bed can be joined to form a network [264]. 

These networks are characterised by a mean coordination number, 𝑍, which represents the 

average number of contacts experienced by the particles in the bed. Figure 4-8(a) shows 

that this coordination number increases with the bed-to-particle diameter ratio in an 

initially non-linear manner up to a diameter ratio of around 8 before it continues to rise in 

what appears to be a linear manner. The mean coordination number of the PBs whose 

diameter ratio exceeds around 10 take on values commensurate with those associated with 
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random packings of monodisperse spheres, which fall between 5.5 for ‘loose packings’ 

through to around 6.5 for ‘close packings’ [265]. It is not clear from the data available here 

if the mean coordination number will pass beyond this limit, but this may well occur due to 

the dispersity in the particles sizes.  

 

(a) 

 

(b) 

Figure  4-8 Coordination number variation with: (a) bed-to-particle diameter ratio; and (b) 

normalized distance from the bed wall for 𝑫 𝒅𝒑⁄ =5.2 (open diamonds); 5.8 (solid triangles); 

6.6 (open squares); 7.5 (solid circles); 10.4 (solid diamonds); 11.6 (open triangles); 13.1 (solid 

squares) and 15.1 (open circles) 
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This increasing trend with channel-to-particle diameter ratio can be understood by 

considering Figure 4-8(b), which shows the variation of the local mean coordination 

number with normal distance from the wall for the various PBs considered here. This 

reveals that the mean coordination number increases from a minimum at the wall – as 

expected due to the presence of the wall on the outside of the outermost layer of particles – 

until it reaches a plateau in the bulk of the bed. Thus, the increasing trend seen in Figure 4-

8(a) in part has its origins in the increasing influence the bulk of the bed has on the mean 

coordination number as the bed size increases relative to the particle size. The change-

down in the slope seen at 𝐷 𝑑𝑝⁄ ≈ 6 reflects the plateau in the local coordination number 

occurs at 𝑧 𝑑𝑝⁄ > 3. Figure 4-8(b) also reveals that the mean coordination number at a 

given normalised distance from the wall also increases with channel-to-particle diameter 

ratio. This clearly suggests that there is a second origin of the increasing trend see in 

Figure 4-8(a) beyond the volumetric one. As the values of the local mean coordination 

number in the bulk of the bed appear to fall between the ‘loose packing’ and ‘close 

packing’ limits, this suggests that the degree of packing achieved in the beds investigated 

here increases with the channel-to-particle diameter ratio. 

4.5 Conclusions 

In Part A [257], we reported a new method that derives models of micro-packed beds 

(PBs) of near-spherical particles from X-ray microtomography grayscale images of 

limited resolution compared to the characteristics dimensions of the particles and porosity. 

The new method is distinguished by it not requiring a grayscale threshold to partition the 

images into solid and void phases, and its retention of the underlying spherical geometry, 

two issues that are particularly problematic when more traditional approaches are used to 

build models of PBs.  Whilst the models obtained from the new method provide a far 

better basis for estimating the porosity of PBs, they contain defects in the form of 

particles that overlap each other and the bed wall, and which do not contact any other 

sphere (‘suspended particles’). It is shown here that a reverse Monte Carlo (RMC) 

algorithm combined with simulated annealing (SA) can eliminate these defects by 

addressing the two major issues in the approach taken in Part A: (1) shifting from a single 

particle size (equal to the mean) to the experimentally identified particle size distribution; 
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and (2) refining the particle positions within constraints defined by the uncertainty in their 

initial determination.  

A PB model obtained via application of RMC-SA to an initial model built using the 

approach in Part A yielded a porosity that was consistent with its directly determined 

counterpart.  This approach also yielded a variation of porosity with channel-to-particle 

size ratio that was consistent with this experimental data and, allowing for different bed 

cross-sections (square vs. circular) data published elsewhere. The porosity was found to be 

near unity at the wall of the PBs and to vary in an oscillatory manner normal to it for up 

to three particle diameters into the bed. The mean coordination number was also found to 

vary over the same distance from the bed wall where it was a minimum. The values of the 

mean coordination number in the bulk of the bed fell between that associated with ‘loose 

random packings’, which occurred for the bed of the smallest bed-to-particle diameter 

ratio, to ‘close packings’ in the largest beds relative to the particles. These observations 

suggest there are two origins for the variation in the mean coordination number with bed-

to-particle size ratio: a volumetric one in which the bulk value exerts increasing influence 

as the ratio increases, and the degree of packing, where this too increases with the size 

ratio. 

4.6 Supplementary information  

Figure 4-S1, which shows for the various PB the average cross-sectional solid density 

maps obtained by averaging all images taken along the length of the beds, indicates the 

particles adjacent to the capillary walls are well ordered in all the PBs. The rings of 

particles sitting immediately adjacent to the outermost ring are also well structured in all 

the PB, although the ordering is not as great except for all but the three smallest bed-to-

particle diameter ratios. The particles within the two outer rings are well ordered for these 

three smaller beds, whilst the opposite is true for the remaining PBs. These behaviours 

are reflected in Figure 4-S2. 
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(a) (b) (c) (d) 

    
(e) (f) (g) (h) 

Figure 4-S1 Solid density maps obtained by averaging over the X-ray microtomography 

images along the µPBs for 𝑫 𝒅𝒑⁄  equal to: (a) 5.2; (b) 5.8; (c) 6.6; (d) 7.5; (e) 10.4; (f) 11.6; (g) 

13.1 and (h) 15.1. 

 

Figure 4-S2 Variation of porosity with normal distance from the wall for 𝑫 𝒅𝒑⁄ =5.2 (open 

diamonds); 5.8 (solid triangles); 6.6 (open squares); 7.5 (solid circles); 10.4 (solid diamonds); 

11.6 (open triangles); 13.1 (solid squares) and 15.1 (open circles). 
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Abstract 

Knowledge of the hydrodynamic character of micro-packed beds (PBs) is critical to 

understanding pumping power requirements and their performance in various applications, 

including those where heat and mass transfer are involved. The report here details use of 

smoothed particle hydrodynamics (SPH) based simulation of fluid flow on models of PBs 

derived from X-ray microtomography to predict the hydrodynamic character of the beds as 

a function of the bed-to-particle diameter ratio over the range 5.2 ≤ 𝐷 𝑑𝑝 ≤ 15.1⁄ . It is 

shown that the permeability of the PBs decreases in a non-linear but monotonic manner 

with this ratio to a plateau beyond 𝐷 𝑑𝑝⁄ ≈ 10 that corresponded to the value predicted by 

the Ergun equation. This permeability variation was reasonably well-represented by the 

model of Foumeny (Intnl. J. Heat Mass Transfer, 36, 536, 1993), which was developed 

using macroscale packed beds of varying bed-to-particle diameter ratios. Five other 

correlations similarly determined using macroscale beds did not match at all well the SPH 

results here. The flow field within the PBs varied in an oscillatory manner with radial 

position (i.e. channelling occurred at multiple radial positions) due to a similar variation in 

the porosity. This suggests that use of performance models (e.g. for heat and mass transfer) 

derived for macroscale beds may not be suitable for PBs. The SPH-based approach here 

may well form a suitable basis for predicting such behaviour, however. 

 

Keywords: Porous media; micro-packed bed; pressure drop; permeability; smoothed 

particle hydrodynamics (SPH); Lagrangian. 
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5.1 Introduction 

Microfluidics, the science and technology utilised in the processing and manipulation of 

small amounts of fluids in conduits having dimensions of the order of tens to hundreds of 

micrometres [3, 95, 266], is a fast growing research field with a wide range of potential 

applications. Its genesis in the early 1990s [267] was in the form of what is now widely 

termed ‘Micro Total-Analysis-System’ (µTAS) [22, 23], which has since been employed 

in a range of applications in chemical and biological analysis, including in clinical 

chemistry [17, 19], medical diagnostics [85, 268], cell biology (e.g. chemotaxis studies) 

and immunology [87, 269]. Microfluidics is also of relevance beyond µTAS, including in 

colloid science [89, 270], plant biology [90, 271], and process intensification [7-9]. In the 

latter, specific applications include micro-chemical engineering technology [11, 91, 92, 

94], which leads to higher product yields and new reaction pathways not possible in larger 

scale systems [3, 16, 95, 96], and control of extreme reactions [11-13, 15, 97].  

Despite the many potential benefits of microfluidics, the laminar flow that arises from the 

small dimensions and often simple geometries involved [98, 99] means mixing and, hence, 

mass and heat transfer are poor [10, 100]; for example: the mixing length, which is the 

distance that a liquid must travel to become fully intermixed, can be of the order of 

centimetres or even meters, much greater than is available in typical microfluidic 

configurations where miniaturization is clearly the desired end-point. One way of 

addressing the mixing challenge is to use a packed bed, also termed a micro-packed bed 

(µPB) [101-103]. This approach also facilitates an increase in the surface area-to-volume 

ratio, which is useful if the particles within the bed are to act as an adsorbent or catalyst 

[28, 106, 109, 110]. 

Whilst µPBs take many shapes and sizes – see for example the simple, long and narrow T-

shaped bed of Jensen and co-workers [105] vs. their more complex, wide but shallow bed 

elsewhere [103] – they are generally characterised by small bed-to-particle diameter ratios. 

This small ratio leads to the bed walls having a significant influence on the µPB behaviour 

compared to the typical macroscale counterparts. The higher porosity near the walls [257, 

272] combined with the fact that the wall region constitutes a significant volume of µPBs 

means significant fluid flow may tend to channel along the walls [117, 118]. Further flow 
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inhomogeneities may also arise in beds constituted from particles of regular shape and size 

due to confined packing-induced oscillations in the porosity [53, 273]. These factors open 

up the possibility that the performance of the µPBs (e.g. in mixing) may be less than hoped 

for. They may also lead to the character of the pressure drop differing from that of typical 

macroscale packed beds, although opinion appears mixed on this point (see [53, 124] vs. 

[47, 125] vs. [44]). Given the pumping power required to overcome pressure drop is a 

significant issue in the microfluidic context, as is its performance under any circumstances, 

it is clearly desirable to be able to predict the hydrodynamic character of µPBs. 

Given the flow in microfluidic devices is in general laminar, it is anticipated that the 

relationship between the flow rate through a µPB and the pressure drop, ∆𝑝, along its 

length, L, will be described by Darcy’s Law, which may be expressed as 

𝑣 = −
𝑘

𝜇

∆𝑝

𝐿
 (1) 

where 𝑣 is the flow rate per unit cross-sectional area, often termed the superficial velocity, 

 is the fluid viscosity, and k is the bed permeability, a characteristic related to the nature 

of the packing. One of the earliest permeability models is due to Ergun [45] 

𝑘 =
휀3𝑑𝑝

2

150(1 − 휀)2
 (2) 

where  is the bed porosity and 𝑑𝑝 the diameter of the particles that it is made up of. There 

are many other expressions that have also been developed for the permeability of 

macroscale packed beds [42, 43], but many will probably not be valid for µPBs because 

their much smaller bed-to-particle diameter ratio [46], 𝐷 𝑑𝑝⁄ , means wall effects are likely 

to have greater influence. Expressions have, however, been developed for macroscale beds 

of smaller bed-to-particle diameter ratios. One of the earliest such permeability models is 

that of Mehta & Hawley [132], who derived the modified-Ergun equation 

𝑘 =
휀3𝑑𝑝

2

150𝑀2(1 − 휀)2
 (3) 
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where M is a factor that accounts for the bed-to-particle diameter ratio  

𝑀 = 1 +
2

3(1 − 휀)

𝑑𝑝

𝐷
 (4) 

As an alternative, Reichelt [127] proposed the expression 

𝑘 =
휀3𝑑𝑝

2

𝐴𝑤𝑀2(1 − 휀)2
 (5) 

where Aw is a parameter obtained from fitting the model to experimental data. Others have 

also used this expression more recently with other experimental data [48, 49], including 

Eisfeld & Schnitzlein [118], who used 2300 data points from a large number of sources. 

Foumeny et al. [53] used Equation (5) with the following expression 

𝐴𝑤 =
130

𝑀2
 (6) 

Combined with the diameter ratio-dependent porosity expression as 

휀 = 0.383 + 0.25 (
𝐷

𝑑𝑝
)
−0.923

.
1

√0.723
𝐷

𝑑𝑝
−1

                                                                          (7) 

whilst Raichura [50] obtained the following via use of other experimental data 

𝐴𝑤 =
103

𝑀2
(
휀

1 − 휀
)2 [6(1 − 휀) +

80

𝐷 𝑑𝑝⁄
] (8) 

Cheng [48] proposed the following expression based on a capillary type model  

𝐴𝑤 =
1

𝑀2
[185 + 17(

휀

1 − 휀
)(

𝐷

𝐷 − 𝑑𝑝
)2] (9) 

Finally, Di Felice and Gibilaro [51] proposed a model based on a sub-division of a packed 

bed into two zones to yield 
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𝑘 =

𝑑𝑝
2휀3(2.06 − 1.06 (

𝐷 𝑑𝑝⁄ − 1

𝐷 𝑑𝑝⁄
)
2

)

150(1 − 휀)2
 

(10) 

Whilst all the above expressions attempt to capture the effect of the bed-to-particle 

diameter ratio, they have all been determined using macroscale data; it is not known how 

relevant these are for µPBs.  

Assessing the validity of the Equations (2)-(10) for µPBs could be undertaken through 

experimental means. However, determination of pressure drop in such systems is 

challenging due to the relatively small pressure drops and the intricacies of their 

measurement arising out of the miniaturisation. An alternative is to simulate the flow in 

models of the pore space of real µPBs. This is done here using smoothed particle 

hydrodynamics (SPH) [274] on models of µPBs derived from application of a method 

recently developed by the authors [257, 272] to X-ray tomographic images of real beds of 

varying bed-to-particle diameter ratios. SPH has been used as it obviates the difficult task 

of building meshes in the complex three-dimensional (3D) geometry of the µPB pore 

spaces. 

The remainder of the paper is structured as follows. We first detail the governing flow 

equations and SPH formulation based on these along with the solution algorithm. The 

model is then benchmarked against the results for flow around a single sphere, which is 

prototypical of µPBs. Results are then presented for the µPBs and compared with 

expressions (2)-(9). Consideration of the correlation between the inhomogeneities in the 

bed porosity and localised flow profiles are also discussed before conclusions are drawn. 

5.2 Model 

 Governing equations 5.2.1

Smoothed particle hydrodynamics (SPH) is based on the Navier–Stokes equations in the 

Lagrangian frame. For isothermal fluid flow, these equations take the form 

𝑑𝜌

𝑑𝑡
= −𝜌 ∇. 𝐯 (10) 
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And 

𝜌 
𝑑𝐯

𝑑𝑡
= ∇. 𝛔 +  𝜌𝐠 (11) 

where 𝜌, v and 𝛔 are the fluid density, velocity and stress tensor, respectively, and g is the 

acceleration due to body forces at play such as, for example, gravity. The stress tensor for a 

Newtonian fluid may be expressed as 

𝛔 = −𝑃𝐈 + 𝛕 (12) 

where, P is the hydrostatic pressure, 𝐈 the unit tensor, and 𝛕 the shear stress tensor that may 

be expressed as 

𝛕 = −𝜇 [ ∇𝐯 + (∇𝐯)
𝑇 ] (13) 

where  is the dynamic viscosity of the fluid. 

 SPH formulation 5.2.2

In SPH [240], the fluid is represented by a discrete set of particles of fixed mass, mi, that 

move with the local fluid velocity, vi. The velocity and other quantities associated with any 

particle-i are interpolated at a position r through a summation of contributions from all 

neighbouring particles weighted by a function, 𝑊(𝐫, ℎ), with a compact support, h, as 

illustrated in Figure 5-1. 

 
Figure  5-1 An illustration of an SPH weighting function with compact support that is used to 

evaluate quantities at a point r such as, for example, the density as shown in Equation (15). 
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Kernel W(r)
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For example, the density of a particle-i is given by [275] 

𝜌𝑖 =∑𝑚𝑗
𝑗

𝑊(𝑟𝑖𝑗, ℎ) (14) 

where 𝑟𝑖𝑗 is the distance between particles i and j. 

The pressure gradient associated with particle-i is given by [275, 276] 

(∇𝑃)𝑖 = 𝜌𝑖∑𝑚𝑗  (
𝑃𝑗

𝜌𝑗2
+
𝑃𝑖
𝜌𝑖2
)

𝑗

∇𝑖𝑊𝑖𝑗 (15) 

where Pi is the pressure associated with particle-i.  

Finally, the divergence of the shear stress tensor attached to a particle-i is given by [277] 

(∇. 𝛕)𝑖 = 𝜌𝑖∑𝑚𝑗  (
𝛕𝑗

𝜌𝑗2
+
𝛕𝑖
𝜌𝑖2
)

𝑗

. ∇𝑖𝑊𝑖𝑗 (16) 

where the components of the shear stress tensor, which are derived from Equation (13), are 

given by 

𝜏𝑖
𝛼𝛽 = −𝜇 (∑

𝑚𝑗

𝜌𝑗
 𝑣𝑖𝑗
𝛽

𝑗

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛼 +∑

𝑚𝑗

𝜌𝑗
 𝑣𝑖𝑗
𝛼

𝑗

𝜕𝑊𝑖𝑗

𝜕𝑥𝑖
𝛽
) (17) 

where 𝐯𝑖𝑗 = 𝐯𝑖 − 𝐯𝑗. 

Combined, these equations lead to the following SPH formulation for the momentum 

equation 

d𝐯𝑖
𝑑𝑡

= −∑𝑚𝑗 (
𝑃𝑗

𝜌𝑗2
+
𝑃𝑖
𝜌𝑖2
)

𝑗

∇𝑖𝑊𝑖𝑗 +∑𝑚𝑗 (
𝛕𝑗

𝜌𝑗2
+
𝛕𝑖
𝜌𝑖2
)

𝑗

. ∇𝑖𝑊𝑖𝑗 + 𝐠 (18) 

A variety of weighting functions have been used over the past three or more decades [240].  

The stability properties of SPH simulations strongly depend on the second derivative of the 

weighting function [240]. Although the cubic spline is widely employed, the piecewise-

linear nature of its second derivative leads to instabilities in SPH simulations involving 

incompressible viscous creeping flows [240]. This can be avoided by use of higher-order 

splines [235, 240] such as the quintic spline that is employed here as a compromise 

between stability and accuracy requirements and efficiency 
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𝑊(𝑞, ℎ) =
3

359𝜋ℎ3
×

{
 

 
(3 − 𝑞)5 − 6(2 − 𝑞)5 + 15(1 − 𝑞)5              0 ≤ 𝑞 < 1   

(3 − 𝑞)5 − 6(2 − 𝑞)5                                         1 ≤ 𝑞 < 2   

(3 − 𝑞)5                                                                 2 ≤ 𝑞 < 3   
 0                                                                              𝑞 > 3           

 (19) 

 

where 𝑞 = 𝑟 ℎ⁄ . 

 Solution technique 5.2.3

A two-step predictor-corrector scheme is used to solve Equation (18) based on an explicit 

projection method in which the pressure required to enforce the incompressibility is found 

via projecting an estimate of the velocity field onto a divergence-free space, ∇. 𝐯 = 0, 

which this conforms with the continuity equation [229]. Here, the variables are updated 

from a previous time step, t, to a new time step, t+1. This is done firstly by estimating the 

particle positions and velocities using the shear stress and body force terms of the 

momentum equation in Equation (18) only (particle indices have been dropped for 

convenience) 

𝐯∗ = 𝐯𝑡 + (
1

𝜌
∇. 𝛕 + 𝐠)∆𝑡 (20) 

𝐫∗ = 𝐫𝑡 + 𝐯
∗∆𝑡  

 

(21) 

where 𝐯𝑡 and 𝐫𝑡 are the particle velocity and position at time t, respectively, and ∆𝑡 the 

time step size. The fluid density is then updated by using the intermediate particle 

positions, 𝐫∗, in Equation (14). 

The new particle velocities are then evaluated by applying a correction to the initial 

velocity estimates 

𝐯𝑡+1 = 𝐯
∗ + ∆𝐯∗∗ (22) 

where the velocity correction is evaluated using the pressure gradient term of the 

momentum equation only 

∆𝑉∗∗ = −
1

𝜌∗
∇𝑃𝑡+1 ∆𝑡 (23) 
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The pressure gradient at the new time, ∇𝑃𝑡+1 , is obtained by enforcing incompressibility 

where ∇. 𝐯 = 0 as per the continuity Equation (10). Therefore, by combining Equation (22) 

and Equation (23) and taking the divergence, we obtain  

∇. (
𝐯𝑡+1 − 𝐯

∗

∆t
) = −∇. (

1

𝜌∗
∇𝑃𝑡+1   ) (24) 

 

Imposing the incompressibility condition at the new time step, ∇. 𝐯𝑡+1 = 0, leads to the 

Pressure Poisson Equation (PPE) 

∇. (
1

𝜌∗
∇𝑃𝑡+1   ) =

∇. 𝐯∗

∆t
 (25) 

The left hand side of this equation is discretised using Shao’s approximation for the 

Laplacian in SPH [278], which is a hybrid of a standard SPH first derivative with a finite 

difference computation [229]  

∇. (
1

𝜌
∇𝑃)

𝑖

=∑ 𝑚𝑗  
8

(𝜌𝑖 + 𝜌𝑗)
2

(𝑃𝑖 − 𝑃𝑗). 𝐫𝑖𝑗 . ∇𝑖𝑊𝑖𝑗

|𝐫𝑖𝑗|
2
+ η2𝑗

 (26) 

where, η is a small value (e.g. 0.1 × ℎ ) to ensure the denominator always remains non-

zero. Likewise, ∇. 𝐯∗ in Equation (25) is discretised in SPH using the following equation 

(𝛻. 𝐯∗)𝑖 = 𝜌𝑖∑ 𝑚𝑗  (
𝐯𝑗
∗

𝜌𝑗
2 +

𝐯𝑖
∗

𝜌𝑖
2) . 𝛻𝑖𝑊𝑖𝑗

𝑗
 (27) 

Discretisation of the PPE equation leads to a system of linear equations, 𝐀𝐱 = 𝐛, in which 

𝐱 is the vector of unknown pressure gradients to be determined, and the matrix A is not 

necessarily positive definite or symmetric. In the present work, the bi-Conjugate Gradient 

algorithm [279] was used to solve this set of equations.  

The new particle positions are finally obtained using 

𝐫𝑡+1 = 𝐫𝑡 +
(𝐯𝑡+𝐯𝑡+1)

2
∆𝑡   (28) 

 Boundary and initial conditions 5.2.4

One of the challenges in the SPH method is the implementation of proper physical 

conditions at solid boundaries. In the work here, these boundaries were modelled using two 

types of virtual SPH particles as illustrated in Figure 5-2. Similar to what was done in 
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Libersky et al. [280], the virtual particles of the first type (show in orange in Figure 5-2) 

fill the interior of the solid by placing then as a mirror image to any fluid particles that fall 

within the smoothing area λhi outside the solid. These virtual particles have the same 

density and pressure as the corresponding real particles, but opposite velocities. These 

virtual particles are insufficient to prevent the real fluid particles from penetrating into the 

solid on occasion. To overcome this issue, virtual particles of a second type (shown in red 

in Figure 5-2) are located at the fluid/solid interface as done in Monaghan [281]. These 

particles, which are fixed, interact with the fluid particles via a similar expression of 

Lennard-Jones of the form 

𝐅𝑟𝑒𝑝 = {
휀 [(

𝐿0

𝑟𝑖𝑗
)
12

− (
𝐿0

𝑟𝑖𝑗
)
4

]

0

𝐱𝑖𝑗

𝑟𝑖𝑗
2

               𝑟𝑖𝑗 ≤𝐿0 

                  𝑟𝑖𝑗 >𝐿0 
  (29) 

where 휀 is a parameter chosen to be of the same scale as the square of the largest velocity, 

𝐿0 is the initial distance between the particles that was calculated using the number of  

SPH particles and size of the domain, and 𝐱𝑖𝑗 is vector between particles i and j.  

 

Figure  5-2 Illustration of solid particles made up of SPH particles 

Periodic boundary conditions were applied in all three dimensions for the benchmark 

problem, whereas they were applied only in the flow direction for the PB work. The fluid 

particles were initially distributed on a regular grid with spacing of ℎ = 1.5𝐿0, where 𝐿0 is 

the initial distance between particles. The number of SPH particles was also chosen based 

on this initial arrangement. The fluid, which was initially at rest, was driven by a body 

force that yielded the desired flow rate. 

Solid boundary 

Fluid’s SPH particles 
Virtual particles type 2 

Virtual particles type 1 
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 Benchmarking 5.2.5

The accuracy of the SPH model was verified by comparing an experimental drag 

correlation [282] against that obtained by solving for the flow around a sphere in a periodic 

simulation cell with the details given in Table 5-1. The drag force experienced by the 

sphere was computed by integrating the pressure and viscous stresses around the surface of 

the sphere to obtain the resultant pressure and viscous forces on the surface. Because of the 

symmetry of the flow, both of these resultant forces are directed downstream. It was found 

that one-third of the drag force could be attributed to the pressure force (pressure drag) 

with the remaining two-thirds being due to the viscous force (viscous drag), in line with 

literature for Re1 [283, 284]. Figure 5-3, which shows the drag coefficient obtained 

from SPH and the experimental correlation, shows that the SPH predictions tend to fall 

slightly above that of the correlation until Re0.05, with the average deviation being 

around 5%, whereupon it passes below the correlation with a similar deviation.  

Table  5-1 Details of benchmark SPH simulation 

Parameters Value 

Size of cell (L
3
) 200 µm200 µm200 µm 

Sphere diameter (dp) 100 µm 

Number of SPH particles (Np) 6859 

Initial distance between particles (L0) 6.25 µm 

Time step size (∆t) 2.510
5

 s 

Time steps to steady state (tss) 6500 

 
Figure  5-3 Variation of the drag coefficient of a sphere with Reynolds number as evaluated 

using SPH (broken line) and correlation [282] (solid line) 
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5.3 Micro-packed bed 

For simulation of flow through a µPB, the positions of the solid particles for beds of 

varying bed-to-particle diameter ratios were determined from experiment using a method 

developed by the authors [257, 272]. SPH-based simulation of flow in the µPBs was 

undertaken as explained in the following; the associated simulation parameters are given in 

Table 5-2. In order to allow solution of the flow problem through the µPBs using a single 

CPU, they were divided into Nn computational cells as illustrated in Figure 5-4. The 

simulation was then initiated by solving the flow through first cell, N1 under periodic 

boundary conditions in the flow direction until the pressure drop in the flow direction 

stabilised. At this point the SPH particles were then allowed to pass into the next cell, N2, 

and the process repeated. This was in turn repeated for all cells until all the cells along the 

bed length had been considered. The pressure drop across the entire µPB was equated to 

the pressure at the outlet of this last cell, Pn. The number of cells considered, Nn, was 

dictated by the need for the pressure gradient to no longer vary with the number of cells. 

 

Figure  5-4 The schematic geometry of µPB, computational cells and quasi-periodic boundary 

condition 

N1

Nn

SPH liquid particles leaving computational cell N1

SPH liquid particles entering computational cell N1

Liquid inlet

Liquid outlet

P0

P1

Pn-1

Pn

l
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Table  5-2 Details of SPH-based simulation of flow in the µPBs 

Parameters Value 

Size of computational cell (DDl) 200 µm200 µm2.2 dp µm 

Number of SPH particles (Np) 10240 

Number of cells (Nn) 454/𝑑𝑝  

Initial distance between particles (L0) 6.25 µm 

Smoothing length (h) 1.4L0 

Time step size (∆t) 110
5

 s 

 

5.4 Results and Discussion 

Figure 5-5, which shows the pressure drop as a function of the superficial velocity for 

µPBs of varying bed-to-particle diameter ratios, clearly indicates that Darcy’s law holds 

for the systems considered here. Linear fits to these data were excellent, with all lines 

passing through the origin with R
2
 being 96% or better. This figure shows that the pressure 

drop increases with increasing bed-to-particle diameter ratio, consistent with the fact that 

the surface area per unit volume of the µPB increases as the particle size diminishes 

relative to the bed size.  

 
Figure  5-5 Pressure drop variations against superficial fluid velocity for different bed-to-

particle diameter ratios equal to: 5.2 (solid diamonds); 5.8 (solid triangles); 6.6 (solid 

squares); 7.5 (solid circles); 10.4 (open diamonds); 11.6 (open triangles); 13.1 (open squares) 

and 15.1 (open circles), with the best fit straight lines (dash lines). 

Increasing D/dp 
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Figure 5-6 shows the dependence of the µPB permeabilities predicted here, which are 

derived from the slopes of the lines in Figure 5-5 as per Darcy’s Law in Equation (1), with 

the bed-to-particle diameter ratio. This figure shows that the SPH-derived permeability 

decreases with the bed-to-particle diameter ratio in a non-linear manner to reach what 

appears to be a plateau at the upper end of range that corresponds well to the values 

predicted by Ergun’s expression, Equation (2), which are also shown in this figure. The 

SPH-derived permeabilities do not, however, match those predicted by the Ergun equation 

at lower bed-to-particle diameter ratios except at 𝐷 𝑑𝑝⁄ = 5.8, where the two crossover. 

The fact that the SPH-derived results approach that yielded by the Ergun equation at the 

upper end of the bed-to-particle diameter ratio strongly supports the validity of the SPH 

results. The deviations at lower bed-to-particle diameter ratios, on the other hand, suggests 

that wall effects are important for µPBs whose bed-to-particle diameter ratio is less than 

10, although this limit could be located between this value and that associated with the 

next smallest ratio investigated, 𝐷 𝑑𝑝⁄ = 7.6. The decreasing trend to a plateau is 

consistent with the bed-to-particle diameter ratio dependency of the bed porosity shown in 

the insert as well as the volume-fraction of the bed over which the wall has a direct 

influence.  

 

Figure  5-6 Permeability change of µPBs with bed-to-particle diameter ratio as predicted here 

(open circles) and from the Ergun equation, Equation 2, (open squares); the corresponding 

dependence of bed porosity is shown as an insert [272]. The uncertainties in the permeability 

data is less than the size of the symbols. The broken and solid lines are a guide to the eye only 

for the permeability predicted here and the porosity, respectively. 
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Figure 5-7 compares the SPH-derived permeabilities of the µPBs with counterparts 

obtained from the correlations outlined in the Introduction of this paper; deviation of the 

points from the broken line indicate a discrepancy between the two permeability estimates. 

The corresponding bed-to-particle diameter ratios are shown in descending order on an 

axis on the right hand side of the figure to aid understanding. The SPH results compare 

most favourably to the values derived from the expression of Reichelt [127], where the 

average and median differences are 50% and 26%, respectively. The estimates yielded by 

the model of Foumeny [53] are on average around 90% out from the SPH-derived results 

(average of 87%, median 91%). The remaining models derived for macroscale packed beds 

that include the bed-to-particle diameter ratio all deviate substantially, 160% to 344% 

median differences, from the SPH-derived results. As the SPH-derived results appear to 

match well the Ergun estimate at larger bed-to-particle diameter ratios, the larger 

deviations seen here for the Eisfeld & Schnitzlein [118], Raichura [50], Cheng [48], and Di 

Felice & Gibilaro [51] suggest these models are not appropriate for µPBs. 

 

Figure  5-7 Comparison of the µPB permeability obtained by simulation with those 

determined via existing correlations determined from macroscale beds: Eisfeld & Schnitzlein 

(solid triangles); Reichelt (open triangle); Raichura (solid circles); Cheng (open circles); Di 

Felice & Gibilaro (solid squares) and Mehta & Hawley (open squares) and Foumeny (solid 

diamonds). 
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The variation of the porosity and axial fluid velocity with position across the radius of the 

PBs is shown in Figure 5-8 for the bed-to-particle diameter ratio of 15.1; the results are 

similar for all the other PBs considered here. It can be seen in Figure 5-8 that the porosity 

in the µPB decreases from unity at the wall to the bulk value in a damped oscillatory way 

some three particle diameters in from the wall. This inhomogeneity in the bed porosity 

leads to significant radial variation in the axial fluid speed, with the speed being locally 

maximal where the porosity is also similarly maximal, means the fluid not only channels 

along the wall, but also at annuli within the bed. This clearly has performance implications 

for µPBs compared to their macroscale counterparts, suggesting that models for their 

performance (e.g. heat and mass transfer characteristics) may not be appropriate for µPBs 

[53, 273]. 

 
Figure  5-8 The variation of PB porosity (solid circles) and dimensionless velocity (solid 

squares) for dp26.5 µm and D/dp15.1 

 

5.5 Conclusion  

The hydrodynamic character of micro-packed beds (PBs) have been investigated as a 

function of bed-to-particle diameter ratio, 𝐷 𝑑𝑝⁄ , using smoothed-particle hydrodynamic 

(SPH) simulation on models of the beds derived from X-ray microtomography. The 

permeabilities obtained from this work were in line with that given by the Ergun model for 

𝐷 𝑑𝑝⁄ > 10, suggesting the SPH results are valid.  The permeability decreased with the 
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bed-to-particle diameter ratio in a non-linear manner from around 10
5

 mm
2
 for the 

smallest ratio (𝐷 𝑑𝑝⁄ = 5.2), in line with a similar trend for the porosity change and 

volume of the ‘wall region’ relative to the total bed volume.  

Comparison of the SPH-derived results with a variety of models developed for accounting 

for bed-to-particle diameter ratio in macroscale packed beds suggests that the model of 

Reichelt [127] may be suitable for estimating the permeability of PBs, although the 

model of Foumeny [53] also yielded estimates that deviated less than 100% from the SPH 

results on average. The estimates yielded by the models of Eisfeld & Schnitzlein [118], 

Raichura [50], Cheng [48], and Di Felice & Gibilaro [51] all deviated significantly from 

the SPH-derived results. The largely empirical nature of these longer-standing macroscale-

based models means it is difficult to discern the origins of these poor comparisons. 

Finally, it is also shown that the local axial flow velocity in the PBs is inhomogeneous, 

with channelling being observed to occur not only at the bed wall, but also within the bed 

due to oscillatory porosity variation with radius. This suggests that performance models 

derived for macroscale beds may not be suitable for PBs. The work here suggests that the 

approach taken here could not only form a sound basis for predicting the hydrodynamic 

character of PBs, but also their heat and mass transfer and reaction characteristics. 
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 Conclusion  Chapter 6:

This thesis is focused on detailing work that was focused on developing the application of 

a mesh-free explicit numerical simulation method to the study of fluid flows in the micro-

packed beds (µPBs) so as to determine their hydrodynamic character in general, with 

particular focus on the effect of the wall region. This work was undertaken through two 

related developments. The accurate reconstruction of the structure of a µPBs from X-ray 

microtomography data o represents the first development. Modelling of fluid flow through 

these structures was the second development. 

The first development has been divided into two parts: the first involved generation of 

approximate µPB models, and the second involved their refinement. Although X-ray 

microtomography systems can yield three-dimensional (3D) greyscale images of the 

structure and porosity of µPBs, they are generally of poor quality because the resolution of 

the X-ray systems are generally low relative to the characteristic dimensions of the 

particles and porosity in the bed. This manifests as a loss of the underlying particle 

geometry (e.g. spherical if the bed is composed of spheres) in the model, and the 

conversion of the grayscale images into binary counterparts being sensitive to the 

greyscale threshold used to partition the pixels between the solid and void phases. The new 

method described herein obviates these issues when the PBs are composed of largely 

monodisperse particles of high sphericity. It achieves this by identifying in successive 

cross-sectional images of the bed the approximate centre and diameter of the particle cross-

sections, replacing them with circles, and then assembling them to form the particles by 

identifying correlations between the successive images. The new method does not require 

specification of a threshold for binarizing the images and preserves the spherical geometry 

of the packing. The method has been demonstrated by applying it to a PB. The recovered 

structure appears reasonable and has a porosity that is, within experimental uncertainty, 

equal to the value measured directly. In comparison, use of the well-known Otsu automatic 

thresholding method to partition the greyscale images into solid and void regions yielded a 

model in which the underlying spherical geometry and various other structural details were 

lost, and a porosity that was nearly 10% adrift, well beyond the experimental uncertainty.  
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Whilst the method outlined immediately above represents a significant improvement on the 

status quo, the models still contained defects in the form of particles overlapping each 

other and the walls, and suspended particles. These defects were in part due to the 

assumption that the particles were all of the same size equal to the experimental average, 

and that there is some uncertainty associated with determining the particle positions. In the 

second part of the first development, these defects were eliminated by applying a reverse 

Monte Carlo (RMC) algorithm combined with simulated annealing (SA) to shift from the 

single particle size to the experimentally identified particle size distribution, and refine the 

particle positions within constraints defined by the uncertainty in their initial 

determination. A PB model obtained via application of RMC-SA to an initial model 

yielded a porosity that was consistent with its directly determined counterpart.  This 

approach also yielded a variation of porosity with channel-to-particle size ratio that was 

consistent with this experimental data and, allowing for different bed cross-sections 

(square vs. circular) data published elsewhere. 

The new method was used to build models of the structure of eight PBs of increasing 

bed-to-particle diameter ratio.  Analysis of these models revealed that the porosity was 

near unity at the walls and varied in an oscillatory manner normal to it for up to three 

particle diameters into the bed. The mean coordination number is also found to vary over 

the same distance from the bed wall where it was a minimum. The values of the mean 

coordination number in the bulk of the bed fell between that associated with ‘loose random 

packings’, which occurred for the bed of the smallest bed-to-particle diameter ratio, to 

‘close packings’ in the largest beds relative to the particles. These observations suggest 

there are two origins for the variation in the mean coordination number with bed-to-

particle size ratio: a volumetric one in which the bulk value exerts increasing influence as 

the ratio increases, and the degree of packing, where this too increases with the size ratio. 

The second development of the work reported here was concerned with a meshless 

computational fluid dynamics technique to study Newtonian fluid flow through µPBs. The 

smoothed particle hydrodynamics (SPH) technique was used to study fluid flow through 

the µPB models derived from the method outlined above. This study included 

determination of the permeability and by-pass fraction due to wall effects in the PBs, 

which go to the issues of bed performance and pumping power requirements. These 
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developments provide a basis for determining the hydrodynamic character of µPBs that are 

difficult to determine experimentally because of the challenges faced in measuring the 

small pressure drops involved and the absence of the limited spatial and temporal 

resolutions of various imaging techniques.  

In terms of future work, there is clearly an opportunity to expand on the work concerned 

with building models of µPBs to allow the reconstruction of systems that are less mono-

disperse or which involve particles of different regular shapes (e.g. ellipsoids). Firstly, it 

would also be of interest to extend the method to bed geometries beyond the simplest such 

as the straight channels considered here; for example, those involving irregular channel 

shapes. Secondly, applying RMC algorithm combined with the other optimization 

algorithms would be of interest to see effectiveness of the structure refinement method, 

suggested for µPBs in this work. Finally in the case of the explicit numerical simulation 

work, this can be extended to these more complex beds in addition to fluids beyond that 

considered here, including non-Newtonian and multiphase, and non-isothermal conditions; 

all are of relevance to microfluidic applications. Before this happens, however, 

parallelisation of the code and adoption of more efficient methods for solving the Pressure 

Poisson Equation will be necessary.  
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