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ABSTRACT

Considerations of the number of 1abe11ing oPeTators

in a general state 1abel1ing problem inply that for two-

rowed irreducible representations of U(N), 1abe1led

[n,e,o,..ro], jusE one additional commuting labelling

operaÈor, Â , í" required for the soluÈion of the U(N) = 0(N)

state labe1ling problem. A detailed investigation of the

U(N)) O(N) reduction via tensor rePresentaEion, f."a, to a

proposal of an integral label x , irplying a non-orthogonal

l_abelling s cheme. A simp 1e u (N) ) O (N) branching theorem

for two-rohled representations is formulated in teïms of 1 .

The additional labe11ing operator A , with eigen-

value tr, ís to be defined inplícitly by an equation of

ttre form f(A,iÞ,"') - o, where f i" a polynomial inA;

Ëhe additional O (N) invariants (D in the represenËatí on

subduced by U(N) [pr9ro,..,o] , and other known labels and

invariants. The o(N) invariants, which are cubic and

quartic in the generators of U(N) ' are discussed. Tech-

níques developed by Green and nt""k"rr(1) for the U(3) ) SO (3)

problem are used Èo evaluate the single independent cubic

ínvariant, and it is shown how this is used in obtaining

the desired inplícit operational definition of A

A cubic characteristic polynomial identity, satisfied

by the generaÈors of U (N) in two-rowed rePresentatíons, is

also found using these teehniques.

Some possible physical applications of the U(N)> 0(N)

state labelling problem are briefly discussed.

t
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1. INTRODUCTION

Many problerns in different fields of physics can

be víewed in a more abstract way as partícu1ar ceses of

certain general prob Lems ín group representation tt "ory.
Of this kind is the state Labelling problem, in which it

ís required to find commuting 1abelling operaÈors whose

common eigenstates specify a basis for an irreducible

represenÈatíon of a group G, in such a way as to exhibít

its irreducible contents as a representation of one of its

subgroups, Go. Such sÈate labelling schemes must take

account of the circumstarice that a particular irreducible

represenlation of Go may occur multiply wíthin a given

irreducible representation of G; the labe1s to be defined
uusË distinguish between such equivalent representations,

and remove the degeneracy. This is the case for the state
labe1ling problem to be studíed, that of. U(N), Èhe group

of NxN unitary matrices, and íts subgroup 0(N), the group

of NxN orthogôna1 matrices.

In Sec. 1.1 is given a general discussion of the

irreducible representaËions of U(N) and O(N), âDd of the

counting of state 1abel1ing operators. rn sec. L.z sone
,

physical applicarions of rhe U(N)> o(N) srare labe11ing

problem, are discussed, together with solutions which have

been proposed ín previous work. .



2.

1.1 Irreducible Representations and Abstract Bases

Irreducible representations of semísimple Lie groups

are characterised by Ëheir highest rüeights, the components

of which coincide with the maximum eigenvalues t.t.r, by

certain of the group generators in the representation(2).

In the case of U(N), Èhe irreducible representatíons are

label1ed [nr, ..., px], where the p1 are nonnegative

integers satisfying(3)

Þ, ). Prr' ' ' ' Pr¡-r ), Px>. o. ( t )

In the case of O(N), the irreducible representations are

labe1led (1L, ..., 4¡N/z)), the square brackets denoting

integer part, where Èhe ¿í are !r.onnegative, and either all

íntegers or all half -integers , s atisf yir,g ( 4 '5 '6)

2. >, 17>. ' ' . >r 2çr¡¡ >, o (z)

The correspon díng labe1ling operaÈors having these

eigenvalues in the írreducible represenÈation, are denoted

Pl, ..., PN, and Ll, ... ' L [n¡zJ , for U(N) and o(N) '
respectively. These 1abe1ling operators are given in

terms of a complete set of invariants, ¡uhich are known

polynonials in the group generators. For example, in the

case of 0(3), the Ëotal angular momentum operator L ís

defined in the familiar way through

a

4L t'L
L,L'J+ + L(t-+t). (¡)
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Sec. L.2 shor¡s , f or the particular case of U (N)

and O(N), the physical significance of the general G f Go

state labelling problem of finding a complete seË of

commuting operators, whose common eigenstates prbvide a

basis for the carrier space of a representation of G, such

that Ëhe subduced representation of Go is in completely

reduced form. The number of label1ing operators required

for a general abstract basis of G may be determined as

fo11o""(7), Let the group manifold of G have dinension

n, so that elements of the group can be specífied 1oca11y

by coordinates (E'r!t,.''rE"). The matrix elements

<0'lU0> = 1Q' lU(5', '..,5n),Þ) , of group transf ormations with

respecÈ to abstract basis vectors Ô,0' in a representation

U of G, provide a system of independent functions of n

varíables (whieh are orthogonal in a unitary representation),

which therefore reguire n labe1s for their specifícation.

llow the labe1ling operaÈors specifying the irreducible

representaÈion will provide n such labe1s, where m is the

rank of Ehe group (the dimension of the Cartan sub-algebra).

The remaining (n-rn) labels will distinguish functions within

the same írreducible representatíon, with I (tt-t) Labels

associated with the rows, and å(n-n) with the colurnns, of

the matrix elements. The abstract basis vectors wí11

therefore require m+å (n-r) = | (n+n) 1abeLs.

For U(N) and O(N), such abstract bases, with the

requisite number of 1abe11íng operaËors, are the Gelrfand

bases, For Èhe case of U(N)(3), the 1abe1s are those



specifying the irreducíble

its subgroups (U(n), 1 I n

representatíon decomPoses

the chain

4.

representation of U(N), and of

3 N, inÈo which the given

upon restrictionr êccording Èo

The 1abe1ling operators commute, and ar.e llermitían. The

corresponding system of common eigenstates (the abstract

basis) is therefore orthogonal. The labe11ing scheme is

nondegenerate, for a Particular irreducible rePresentaÈion

of U(n-1) occurs at most once within a given irreducible

representation of U(n). It is complete, for irreducible

representations of U(1) are one-dimensional . The absÈract

basis vectors are denoted

þi þi-'
gx 5l-l12l2 (5 )

, rt-l
b
I rl-l

where column n specifies the irreducible rePresentation

of U(n), and where all values of the labels'

inequalities

ÞiI

þl

Fn
LPt r . . . )

sati sfying

nJ
PoJ

the

þi > þi-' ,, Þnr r, þl-, t')¿
ñ-l
n-lÞ

,rÞ ñ (6 )ñ,

öccur in the basis.

For the case of O(N)
(4,s)

,

constructed according to the chaín

the Gelrfand basis is
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o(N)>o(¡¡-r) Ð " > o(n) ) - - . r o(5) > so(z). (7 )

and has similar properties to the above If (N) basis. The

abstract basís vectors are denoted

¿I ¿i-'
¿l ¿l-' t,q

¿i (E)

2n+ I

i"
il

0vt

where column n specífies the irreducible representation

lli, ..t , t"lnlrl) of o(N), where the labels are either all

integers or all ha.lf-íntegers, and where all values of the

1abe1s, satisfying the inequalities

r,¡- |
QÍ"-vr:,

1, t¿l

2n
¿ >rl

ln+ I
z)¿1 >/

2n
l

2n-l

,, ¿T",. l! >, o, zcn+[r/zJ,

> lT, > t'!;,',, t!, zsn.<fi,t/rl,

¿ >¿ l1îl > o,

occur in the basís.

The numbers of 1abel1ing operators for the

bases of U(N) and O(N) agree with those prescribed

counËíng procedure outlined above. For U(N) and

dinension, rank and number of 1abel1ing operatols

h

N1

åN(N-0

å(n + n¡

i tl(tt+t)

þr/rJ [rr+ t/2]

(e )

Ge1 | f and

by the

o (N) the

are

U(N)

o(N)

tn

N

tn/"J

(lo )
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: The abstract basís in the U(N) f, O(N) state

labe1ling problem is assocíated ¡sith the non-canorlical

chain

U(N) I O(¡¡) > o(N-r) i . .- o(3)2 So(z) ( ¡r )

However, the first link of the chain, the U(N) 2 O(N)

reducÈion, is degenerate (examples are gíven ín Secs. 2.4

and 2.5). IIence additional labe1ling operators, denoted

A,r...rAf , l¿hich commute with the other labe11ing

operators of this chain, and amongsÈ themselves, must be

introduged, Ëo distinguish between equivalent írreducible

representaÈions of 0(N). The abstract basis vectors wí11

be denoted

h

where xrrÀrr.

The nunber f

G f Go state

requirement

N
I

¿iv¿

1,

1'

a+

L

(tz )

',lf are the eige.nvalues of Â,rAr,"' , Af

of additional lab1es requíred in the general

1abe1ling problem can be determíned from the

!(n+m) = tir if + i(no+mo)t (rs)

f å(n-m-no-^o)r

¿:

þN

r¿here ro, ro ref er to Go . For the U (N) f

labe1ling problem, from Eq. (10),

0 (N) state

(t+¡
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å(N'-N-zþt/zJ),

Of prímary interest in

of irreducible representations

rowedtt, thaÈ ís, of the f orm

+ (ts ¡

the first few values of which are

N N+I

{il f*+ [vrJ (rø )

a clas s

tt two -

the following will be

of U(N) called here

[Þ,rþrro, " ',oJ = fþ,,þ.,o"-t] = E¡,oti .
( t7)

The subduced irreducíb1e rePresentations of O(N) will then

also be two-rowed, of Èhe form

(1r,2r,o,. . ., o) = (!rr!r,of"lz7-z¡ = (-t,rn). (¡s)

The corresponding Ge1 rfand paÈterns t

1n
(¡9 )

1'

contain, reFpecËive1y, 2N-1 and 2N-4 nonvanishing 1abe1s.

The number f(t) of addit ional nonvanishing label l ing opera-

tors¡ têquired in the case of two-rowed rePresenÈations, is

therefore given by

2N-t = Z+f(Ð1(zx-+), (2o)

ff = O I 23+ 5 67
+=ooot2+69

þ*-'
g*-'

Þ- ¿rr ¿wt

tn* nN{

,
¡+
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that is, only a single nonvanishing 1abelling operator A

is required.

In thís respect ' the U(N) > 0(N) state 1abe11ing

problem for two-roüred represenÈations is sinilar. to the

ancient one of U(3)) o(3) where, again, only a single

additional 1abel1ing oPerator is required; however a

considerable generalisatíon ís obtained by allowing

arbítrary N.

ct""rr(2) has shown that the matrix of generators of

U(N) saÈisfies a certain characteïistic polynomial identiÈy

of degree N in an irreducible rePresentation. The restric-

tíon to two-ror¿ed repïesentations effectively reduces the

rank of the algebrâ. Correspondingly, it is shown in

Sec. 4.2 that the matrix of generators of U(N), in two-rowed

representations, satisfies a third degree characterístic

polynomial identity, which Proves Èo be sirnply a factor

of the general polynomía1 identity.

By the same reasoning as led to Eq. (20)' if only

r-roned irreducíb1e U(N) representations are considered,

then at mosË

f(') = r, r(r - r) f 
(r+') (zt )

adilitional nonvanishing commuting labe11íng oPerators are

required. A1so, there should exisÈ a characteristic

pôlynomia1 identity of reduced degree (r+1) for the matrix

of U(N) generators,

The abstract basis vecÈors for thto-rowed irreducible

¡(r)
= t * Í,



representations U(N) prg will be denoted

¿+

L ¿f.I
m m¡-l
oo
??

9.

(zz )I

Þ
q.

o

? lr
P^
I, 0+

ttl

ooo

where I is Èhe eigenvalue of A . The irreducibl-e represen-

taËions of O(N), occurring in the red.uction of U(N)[p,q]+O(N),

r¿i11 be denoted (p,q; I ; &,m) or ( I ; .c,n).

A suitable choíce of the labe1 X, is proposed ín

Sec. 2.3 from an analysis of Èhe Èensor representations.

A sinple U(N): 0(N) branching theorem in this scheme is

also derived. 
^ 

proves Èo be íntegraL in rhe range

o ( 2ì . Þ, while the bounds of (1,+n) and m are símply

related to p¡9, and 1

The additional 1abe1 ì here proposed has a natural

meaning in irreducible tensor representations of U(N).

Ilowever, in order to ensuïe a completely representatíon-

independent formulation, and fo.r physical applications, it

is necessary to give an abstract definition of the corre-

sponding labelling operator 
^ 

. Although this cannot be

done explieitly in Eerms of the U(N) generators, it is

possible to provide an implicit operational definition,

of the form

{(rt,Q,"')= o, (zg )

where + (Sec.4.5) is a polynomial in Â, and other known

labelling operators and invariants (compare Eq. (3)).



Chs. 3 and 4 are devoted to the derivation of such an

equation. The quesÉion of the uniqueness of such a defi-

nition is not pursued in the fol-lowing

A theorem proved by nt".r,(7) in discussing the

U(3) f 0(3) state labelling problen, gives inrportant

ínformation about the operator Â , íf it is assumed to be

valid in general . The result is that, if the state labe1-

ling scheme is orthogonal, then the diagonal matrix elements

10.

(z+ )(À | xl') (ÀlyX¡, l 1

in this,basis of cerËain independent O(3) invariants x r V '
cannot be polynonials in ¡ llowever, Ëhis concltrsion is

contradicÈed by the eval-uation in Sec. 4.4 of what is

essentially the cubic invariant 
^ 

(aparÈ from a Èerm

índependenÈ of X ). Hence, the state labe11ing scheme

here proposed is non-orÈhogonal, and Èhe operaÈor 
^ 

is non-

Ilermitian. Sec. 4,4 shows in addition thaË the selection

ru 1e

A1 = o,È1 (zs)

investigated by n"""h(7) as the simplest non-orthogonal

case, is saËisfied in the scheme proposed.

The U (N) >

appears in applícations instead as U(N) > S0(N) r o! SU(N) >

SO(N), where SU(N) and SO(N) are the groups of NxN uni-

modular unítary and orthogonal matrices, respectíve1y.

I.f ith appropriate modif icatiorrs, a solutíon of Ëhe U(N) > o(N)



state

these

1abe11íng probl-en will also

other problems.

Irreducíb1e representatioos

provide soluÈíons of

(rl odd ) ,

(ñ ev¿n ).

fnrr. '.,n¡-f
satisfying

of SU(N) are 1abe11ed

, where the pi are nonnegaËive intègers

Þr). >. þ*-, >, o. (ze )

representation U(N) [nrr n*'. . "P¡-1,P¡J

þa)'

the irreducible

reduces as (8):

u(N)[Þ,r..., Þ*-,,p..J.t, su(N) = su(N)[p,-Þ","', þ*-,-Þ"]. (27 )

Irreducible rePresentations of S0 (N) are 1abel-1ed

(2rr2^, "', å¡xtel) r where the l¿ are either all integers

or all half-integers ' satirtyiog(9)

0rv lr r, >t âgelz7 >t o

1, ), [tr, ' ' 7¡ l{t¡l"ll >' o (ze )

The irreducible rePresentation O(N) (Lr,2., ' ,ØWr)

reduces as(3r5)

ocñ) (!,,...,4¡-rr1)ù sO(N) = so(N) (2r'"',4¡,1.1). çr'roAA)

O(N) (1r,.-., o)J, So(N) = So(ñ) (2,,.-., o). (Ne"cn,{rnlrl=o)

o(N)(¿,,..' r4t"lrl)¿ so(N) = so(N) (€,,....261rJ) ('Nev"n,

O So(¡¡) (r,,...,-4r*r.l). 4¡"r.1ro) ( zg )

The absËracË bases for the U(N) t SO(N) and

SU(N) ) S0(N) state labe11ing problems are associated with

the chains



u(N) r so(N) I so(N-t) >

su(N) > so(N) f so(N-r) >

r so(s) > so(z) ,
a So (¡) : So(r) ,

L2.

(so )

(sr )

respectively. The abstract basís vecÈors

Eq. (L2), r¡here no\,¡ the labels of columo n

írreducible representatíon of SO(n), as in

saÈisfy the inequalities

are given by

specify an

Eq. (9), and

2'rn" '. t?n >' I

¿
1Ìr

.L

> ¿':" >. l¿2:l > o .>.

l¡- I >, ,a 2a ) >2tI-,' 
4'

2n-l
r!-l

ta (sz )2
>, I t¡

of U(N) >

(30), can

SO(N), the fírst link in the

be expanded as

u(N) > o(N) > so(ñ). (33)

(29) , the addi tional l abe1- I ing

U(N) ) 0(N) state 1abelling þrob1en,

SO(N) degeneracy in the case of

SU(N) ) SO(N), Ëhe irreducible rePre-

E lr,...,PN-lrol , with Èhe same S0(N) con-

of u(N) Ð so(N).

2li+t
7.

t),

In

subgroup

the case

chain, Eg.

Thus, in view of. Eqs.

operators A for the

will also remove the

u(N) D s0(N).

In the case of

sentation SU (N)

tents. IIence

Fina1ly,

ttre díagram

the problem

fron these

reduces to one

observations, and Ëhe fact that

u(h¡)

U -r 
o(N)

\U
srr(N) 

- 
so(N)

(?+ )
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commutes, in the sense of subduced rePresentaËions, it

should be remarked that Èhe II(N) > o(N) state 1abel1ing

scheme, here proposed for tlro-rowed rePresenËations, can

be consictered as an U(N) :l SO(N) state 1abelling'scheme

for the special- class of irreducible representations of

U(N) having N rows, of the form [p, 9r s' s' "" s] 
'

s].nce

u(N) [ Þ,e,,s,.-',s].1, so(N) u(¡¡)[þ-s,e-S, o , "',o7ü So(u). ( 35 )

S0(¡) state 1abe11íngIn particular,

problem, can be

the compLete U(3) )

treated.

I.2 Phvsical Applications

Perhaps the most studied orthogonal groups are

so(3), the group of roËations of three-dimensional Eucli-

dean space, and O(3), which includes the reflections '

The f irst applícations of ah." U(N) =) O(N) state 1abe11ir.g

problem concerned Èhis case.

Elliott(10) pursued the .quesÈion of the appearance

of. rotational band structures in certain nuclear shell

model calculations (involving oscillator Hamiltonians),

which agïeed with rotational model predictions and certain

observed nuclear sPectra. This indicated a classification

of states should be soughË using as a 1abel the Èotal

angular momentum, t , of states arising as mixtures from

two or more degenerate 1eve1s, with angular momenta 1., 2p, ,

In particular, for simple harmonic oscillator 1eve1s, the

degeneracy being a'ssccíated with the U(3) syEmetry of the



t4.

harmonic oseillator IIamiltonian, the U(3) = S0(¡) state

labe1-Ling problem âËosê. A whole number labe1'

essentially the X of Sec. 2.3, Itas PToposed, buÈ this

did not appear as the eígenvalue of any operator.

Bargmann and Moshinstr(rr) later consídered the

N-particle sinple harmonic oscillaÈor with a quadrupole-

quadrupole interaction. In order to specify a compLete

set of constanÈs of the motíon an invariant had to be

found commuting wíth the U(3) and S0(g) invariants, thus

solving the staËe label1ing problen. A Hermitian oPerator,

with nondegenerate eigenvalues , \üas r¡ritten down expl icitly

ín terms of the generators; however Èhe eigenvalues were

in general irxaEional, and could only be found by solving

a system of linear equations (agreeing with the theorem of

Racah concerning orthogonal labe1ling s chemes , Sec. 1 .1) .

Moshinsky and syamala o"ti(12) eonsidered the

U(3) ) SO(3) state 1abe11ing problem in t.he context of

fractional paTentage coefficients, in building states of

definite orbital angular momenÈum and symmetry of N identi-

cal, noninteracting particl-es, from those of N-1 Particles.

Again an integraL label was introduced, r¡hich did not

appear af¡ an eigenvalue of any ope rator. It ltas howeve r

related to certain polynomials ín operators creating the

basic states in Èhe rePresentation from a vacuum staÈe. 
.;

By this means the transformation,coefficienÈs between the

canonical U(3) basis and the non-orthogonal basis could

be calculated. More recently Louck and Gal.bttitt (3)

I



have us ed an II (N) r S0 (N) embedding as a means of con-

structing such N-particle states (realised as homogeneous

polynomial solutions of Laplacets equation ín N dimensions).

Ilughes(13) has given an algorithnic solution of

the U(3) >

basis.

Tþe general state labe1ling problem for the case

N=4 is of importance in relaÈivistic applicaÈions, in Çhe

form U(3,1) t O(3r1) ' where 0(3'1) is the grouP of Lorentz

transformations of Minkor¿ski space. (In Èhe analysis of

f inite .límensional representations, which will be studied

ín the fo1lowíng, it is necessary only that the meËric

tensor be nonsingular; no ParÈicular signature need be

specified. ) Thus suppose a physical description in terms

of quantities of the form (compare Green and Brack"rr(1) ¡ :

s(.'.)

15.

e ltY (36)

The four-vectors fF could be Particle sPace-time co-

ordinates, momentum operaËors, f matrices, and so on;

S is a given scalar functíon of the tþ. The tensors

Lrrr... rnay be regarded as belonging to a tensor repre-

sentatíon of U(3r1), whether or not this is present as

a symmeËry group. The analysis of the t^nr... into

írreducible represenËations of O (3 r 1) may therefore be

made by firstly projecÈing out the irreducible U(3'1)

representations, and then using the solution of the

U(3r1) t O(3,1) state labelling problem to project further

¿ t -.t¡ èr. ty "



on Èo

if^

to the

the irreducible 0(3r1) constítuents '

is an o ( 3, 1) 1abe1 1íng oPeraËor, the

subspace 1abe11ed by its eígenvalue

16.

For example,

proj ect.ion .on

aO

^ 
15

(sz )

where 2l runs oveï all possible values occurring within

the particular irreducible U (3 
' 
1) rePresentation

Unitary symmetry schemes in models of elenentary

particles have been much ín vogue in recenÈ years. In

the fundamental u(3) classificatioo(t4), the isospin is

associated wi th the labe1 of the irreducibl-e SU (2) con-

stituents contained within an irreducible rePresentation

of U(3), while the hypercharge distinguishes equivalent

SU(2) consÈituents. 'However, there is an alternative

scheme(1 'L5) io r¡hich isospin and hypercharge are related

to the 1abe1s of the írreducible SO(3) constituents con-

tained wíthin an irreducible rePresentation of U (3) , with

two values of the hypercharge for each isospin submultipt.t (1)

Just such a schene is required in an order 3 generaLísed

parafermi statistics quark model (15) ' an extension exists

to order N parastatistics.
\

There is also the Possibility that the U(3'1-) r O(3'1)

st,ate labe1ling problem may arise in a relativistic elemen-

tary particle model, in which the Poincare or Lorentz Etoup'

is embedded nontrivially in a larger group (whether or not

a strict symmetry).

Finally, it should be remarked that certain state



L7.

1abe1ling problems in the classical groups are inÈer-

related, so that a solution of one provídes indirectly

solutions of related ones. The connecËions between

various embeddings and irreducible rePresentatiohs have

been discussed for example by Quesne(16).

2. THE U(N) Ð O(N) REDUCTION VIA TENSOR REPRE SENTATIONS -

Irredueible rePresentations of the compact grouP

U(N) are finite dinensional (and nay be chosen to be uni-

tary), and rnay be realised on a space of finite-rank

tensoïs.lover an N-dimensional vector sPace. The aim of

this chapter is to use the U(N) t O(N) reduction in thís

concrete framework, to provide some guidance Èowards the

solution of the abstracÈ U (N) ) O(N) state labelling

problem.

Secs. 2.L and 2,2 give a review of some standard

results concerning the irreducible terisor rePresentations

of U(N) and o(N) (ltanermesþ(t)). In Sec. 2-3, consídera-

tions of the decomposition of i.rreducibl-e tensors into

their traceless partsr give rise to a simple U(N) = 0(N)

branching theorem for the case of two-rowed rePresentations,

ínvolving an additional 1abe1, 
^ 

, with a natur¿rl inter-

pretation. In Sec. 2.4, some results of Littlewood(17)

are stated, concerning the characters of U(N) and 0(N).

These are used to provide an alternative method of carrying

out the U (N) >

in Sec. 2.5 for a parËicular example. Finally, Sec. 2.6



gives the

stituents,

according

explicit

for some

o (N) con-

tefisors,

18.

of

to have

s ome

(3)

re iluction to irreducible

sirnple irreducible U(N)

to the rescription of Sec. 2.3.
P

2,L Irreducible Ten sor RepresenÈations

A tensor t of rank f i" att f -linear' mapping

f -tupl-es of vecËors belonging to some space (taken

finíte dimension N), to scalars (conplex numbers) '

Consequently t can be specifíed, with resPect to

chosen basis, by Nf comPonenÈs

ta'"'aí |6 ?ltt.''r?(f ( N

If a different basis is chosen, related to the original

by soDe non s ingul ar maËrix iD , their ín the new b as i s C

must have components (summation over rePeated indices)

ët 
r'"'x+ 0 n! V'í En( 

"'rí

(r )

(z)

some matrix

to rttrans-

f tettsors themselves form a vector sPacet

If tr€ G, the linear trarisf ormation

(urt¡''"'n* \t'tí "' l"'ní tt( r(

cl

If only basis transformations corresponding to

subgroup G of Gt(N) are considered, Ê is said

form under Gtt.

Th rank
1
+denoted T

Ur' Tf

is r¡e11-def ined,

uapping f r+ Ur

if r€sç , rhe

independently of the basis

ís a representat.ion of G on

Tf

chosen; the

T+ . Also

symmetric group on f synUols, the linear Ut,



t-r "' arf

19.

(+)U"' Tf * Tç, ( Urb ¡'' 
"' '+ t

is well-defíned, independently

if Õ is any rlonsíngular basis

of the bas is chos.en, f or

transformation,

,

iÞ u,. U.0 $teSa. (5 )

The mapping rrr+ U* ís a rePresentation of Sf on Tf

The fact that U* commutes wíth nonsingular basis

transformaËions has the conseguence that

U"Ur= UrU' VreS+,l€G (6)

and thís means that if TI is a subspace of Tf ínvaríant

under Sf, it musË also be invariant under G. Now the

irreducible invariant subspaces of T+ under S+ are those

of the form YT{, where Y , a linear combination of the

Uú , is a Young operator, with symmetry corresponding to

some partition of f . For' G = GL(N), GL(tl,n), sL(N),

SL(N,R), U(N) and sU(N), the YTf "t. also irreducible

ínvariant subspaces undet c(8).

A further reduction is Possible for cerÈain grouPs

G corresponding to basis transformations leaving invariant

a quadraÈic form $ . Tf I is symmetric, the subgroup is

O(N) (the orthogonal groupr or a pseudo-orthogonal group).

If g is antisymmetric, the subgroup is Sp(N) ( N must be

even if g is to be nonsingular). The fundamenËal- property

of the group transformations is that

I nr,^,ln! *, f "1", 9x,n, ,
(z)



and from

obtained

f tensor

,where f-f" is

representation

any product of

arbitrary, then

this it follor¡s that a tensor of rank

by contraction of , sêY, indices 1 and

t , with the metric tensor
I

i

I

4t"'aç
Gr)

t g r,r. t 
tttttt 1+

zo.

l-z may be

2 of a rank

(8)

índependently of the basis chosen. In fact, íf t denotes

any collection of such pairs of index 1abe1s, Èhen the

operation of conËraction with the metric tensor' or taking

the trace ' over these pairs, satisfies

f f VteG, (9)Tf - Tf., t* t, , (Urt). = U;

even, t

ofGon
! has

Tfo

rank f" , and r"Ui is the

9- denotes

boe Tfo is

9r(urot') V re G.

9 t s, with rank

Moreover if

f -f" , and

ur( g. t" )

us ed t,o

0 (N) and

(1o )

obtain further

sp (N) :

The following general result may be

ínvariant subspaces for the grouPs

Theorem l:
\

Let Tf , Tfo ,

UrrUr , úÞU; , of

subspace of Tfo under

f"s f c arry

a group G.

G. Let

representations

Let Tl" be an invari ant

f : Tf - Tf" be a

linear Ërarisformation such Èhat

ui rc t'uru VtéTÍ,leG ( lr )



2L.

Then rhe pïe-image Tl = l:-'(fj.) is also an invariant

subspace under G: In particular, the kernel of l- is

en invariant subsPåcê.

-lThus from Eq. (9), the sPace Tr of comPletely

traceles s tensors , each of whose pair traces vanishes ,

f orms an invariant subspace. For O(N), SO(N) and Sp(N) '
the irreducible invariant subspaces are simply those of

.Ëhe form YTf , where Y is a Young oPeratot(8) '

Not every ParËition of f yields an independent
lrnonvanishing írreducible invariant subspace YTf or YTf

For GL(N), and hence for u(N) and su(N), ât most N-rowed

partitions suffice. For O(N) and SO(N), 4t most *1,

(¡l even) or N-t/, {* odd) suffice. Murnaghan(18) Provides

modifícation rules for relatíng other irreducible tensors

to the independent ones. (See also Sec. 2'4')

Murnaghan also gives dimension formulae for the irreducible

tensor rePresentations.

2.2 Svmmetries of Irreducible Tensors

(8)
A Young operator Y is obtained

of a standard tableau corresPonding to a

f or e ach ch.o i ce

given partition

(tz )

fof has the form

Y (ire) ftr r) ,

where the, P(Q) symmetrísation (antisy-rnstrisation)are

operators on the

(columns) of the

index 1abe1s occurring in Ëhe roIüs

tableau, respectivel-y. The Y oPerators



so obtained

The scalars,

are

E

where Z. , 7*

corre sp onding

dard tableau

Y = YrL, ' Z"Y* '

are residues, and Y.

to any column or roht

, Y* are Young operators

subtableaux of the stan-

orthogonal, and essentially idenpotenË'

, required to make the Y idemPotenÈ '

22.

(13 )

(1+ )

I

)t= E,. EY,YEY
a

(

are given by Littlel¡lood(17), P' 73'

Asubtableauofagive4standardtableauwillbe

taken to mean a tableau in sÈandard form obtained by

choosing some subset of the ro\¡ls r or some subset of the

colunns, of the given tableau. For example, [!t] has

the f ollovring rorÀ7 subtab leaux: [!t] , [' t] ' [11 ' and

the following column subtableaux: tltl ' t'l] ' ["1

In the following, Young operators will be written

as Ytåt], etc.¡ to indicate their symmetry type' Com-

ponents of irreducible'tensors will be written as [i'r"'] ,

etc,, to indicaÈe their symmetry ÈyPe, where l-abe1s.in the

corresponding standard 'tableau are always assumed to be

assígned in the natural order, [i"] ' etc" All indices

are assumed Ëo be contravariant'

Theorem 2

Any Young operator Y may be htrítten

ofY
Proof:

Let ?. t Q. be antisymmetrisation and symmetrisation



operators for some column subt,ableau, and (ffh

duct of the remaining column antisymmetrisation

Cle ar1 y

(nrP. XTr p)

(T p.), fiTh)

( (nr)

commute, th at

and since

=O

respe ctively. Then

an irreducible

Let Y. be the

of the standard

such Èhat

tensor, with the

Young operaÈor for

tableau of Y

23.

) .t," pro-

operators.

(15 )

(16)

,

refer to different labels ' theY

(noXnp) = (nq.Xn'oXnp) 
,

(TrQXTr'OXnp.Xnp) = (rro.Xnp.Xlr'exnp),

7*Y^ is similar.the proof fot Y

Corollary:

Let t=Yf be

symmetïy type of Y .

any column subtableau

Let Y." , to , o' be

Y.' Y. Uo.I

Y. Z.

-C

so

Y

Y

Y

, o t €Ur' Y.Y.

Y.e

Y.'t

d

- O,

t t

Iu particular, t is symmetric,¡¡íth respect Èo interchanges

of columns of equal length, âod antisymmetric with respect to

permutaËions ¡¡ithin each columo

The corollary may be used to discover additional

symmetries of irreducible Lensors . For exampl-e s ince



t

I

d

1

I
{

I

nlll Y[irl

it follows that for rank

to the partition (2r2r1-) 
'

ttrl'. [î*l

5 tensors of symmetry corresponding

24.

çrz )

(18)

(19

o,

symmetry properties of irreducible tensors belonging

to two-rowed represefitations, that is, haVing two-rowed

tableaux, are specifíed by the following addítíonal con-

ditions:

Hl"'l

lFlr ar
Ltt t*

[l*]
lli'"1

[l'.'']
frr r, 'l
[*. x;J )

The

Eqs. (19) '
stands for

following identities, easily derived from

will find extensive üsê. The rePeated index

contracËion with the (covariant) met'ric tensor:

[:,i ']

[i i' ']

II:

ì[j j ^']

iû*r
l.at

¿i ¡r
\rr

å[i: "]
I l t l'][r, i

1..r,

iô r'
ÍùI

'1

I.j

't

,i
rl

I

I
I

t'] l fd i ¡'ï
Lt. I



l-a,r. å i 1Lrrr, J

üåJ' l

[;;'lt]

I

[:,:,"'.] r I
di ¡.rar
fta+ l-[:å.'*J -[;,i*;'".1

25.

(20)

[j,:J']

,r¿¿ ã'l
u Ljj a'J

, [,1,",'"-1

r f ùt 1r'11LJJ J

ãr
h

rluliL;; l
41
k

t
í ltat
j¿ j

T
ð c Crl(r
j j r¡{+ l

COJJ
ã, *s a¿l¡-2 lt

2.3 U (N) :r O (N) Branching Theorem for Two-Rowed Tensor

Representations

As shown in Sec. Z.L, the spaces YTf of Eensors

irreducíb1e with Ìespect to u(N) ín general admit a further

reductíon under O(N), because of the ProPerties of the

trace operation. The reduction to irreducible 0(N) con-

stituenÈs may'be pictured in tIüo stages: f irstly, the

decomposítion inÈo a direct sum of subsPaces of traceless

tensors; and secondly, the aPPlication of Young oPerators

to each of these subsPaces.

The following result ís proved by !Íey1(19), P' 150:

Theorem 3:

EverY tensor

taro summands,

teT{ can be uniquely deeomposed into

1+utt (zr )



where ¡ is comPletely traceless, and u is of the form

,f'"' tç
tr'rr ¡¡orfr "'af

,

26.

(zz )

(zs ¡

with

gonal,

if (f - 1)

in the

summands;

sense that

+

mor eover t and l are ortho-

TT tÅr,-..¡f =O (23)

Final-ly, the corresponding subspaces of

invariant.

af are bo th

This Process can be aPPlied to each of the

of u , and so on; eventually a decomPosition of

a sum of producÈs of comPletely traceless tensors

metric Èensor r is obtained.

Let!ldenoteanarbitrarytraceoftheËensor't

By contraction of both sídes of Eq. (2L) over the paírs of

indices labe11ed bY T,

br = ur , (2+)

-E*' "

s ince t

Eq. (22) ,

summands

f of the

for some scalars

å s:" Uo(9,t.)

summands

t into

with the

is completel-y traceless. By substituÈion f rom

a system of linear equations is obtained for the

of u . The solution leads to a decomposition of

form

l= I+ t

Ê'5tt( ¡¡ith t € Sf For example,

(9*t"*, tq,r¡p.,¡)''
,+

í.r' f'4+ täl;,.," (26)



27.

Applying this Process to each of the ft in turri' leads to

t E S,, Uo ( g.Î, )
"lf

, (27 )

(za )

where each of the cr is coIDPletelY tracel-ess :

>(...)+ï"br=

as ín Eq. (25) above. By Th' 3, the E" aÏe uniquely

specif ied bY the corresPonding f?

The decomposition of Eq' (27) may not be unique'

In Particular, symmetry' consideraÈions may allor^l arbitrary

t,races if b to be exPressed in terms of traces ín stan-

dard f orm, in which case the summation on t in Eqs ' Q5)

and (27) runs only over these Erace.s ''

The aPPlicaÈion of Young operators Èo each of the

E, produees a sum of irreducíb1e O (N) tensors. Different

i" may produce identical irreducible o(N) tensors; after

grouping such Lerms, the various distinct irreducible 0(N)

constituents (whether equivalent or inequivalent) are

found. These constituents are necessarily unique (up to

equivalence), whatever choice is made for the decomposition

inÈo traceless parts, Eq. (27)' A more explicit form for

these constituents is given in Sec' 2 '6 '

Attention is restricted in the following to t\ro-

rowed tensor rePresentations, that is, tensors whose

symmeËry type corresponds to a trüo-rowed parÈition' The

spaces of irreducible tensor represenLations of U(N) and 0(N)

of this Èype are denoted, resPectively, T [p,q:l and l(g'm)'



of a Èensor of two-rowed symmetrY

Each component of an arbitrary trace of a tensor of

two-ro\¡red symmetry Èype, with partition (p'q)' can be

expressed as a linear combination of components of Èraces

in st,andard form¡ specified by three non-negative integers

(r rÀ, p ) . Graphícally' comPonents of these standard-

form traces are rePresented:

28.

result provides a choice of standardThe fo llowing

form for the traces

Eype.

Theorem 4z

+
where:

O.(

o{
o{

(4,r{r,9¡ , li, r¡)

(g,,1.,4r, lrrr)

f q. f lt + 9t ï 'i t ?/ +

q, + r=p-r +

2x t a¡.

2x>q.

(2e )

(30)

(st )

(32 )

2À ( P , o { 2rÅ I N t 1> }À,

r ( min (2x-2*,Þ'4), 2l ( 4 ;

Ë < min (+- 21¿ ,?-2À) , 2À > 4 i

. (2p,1'2\ + *r21-'?¡i.-K, E,P-l-É ),

- (Zp,k, q,-zf-Ê', 2^+E-1¡ P-21 - F),

unshaded portions of the diagram rePresent free

indices not, contracted. Shaded portions rePresent con-

tracËíons (of adj acenr pairs) . Ilere (f +,¡r) is the total

number of pairs conEracted, þ is the nuuber of 2x2 blocks

corieracted, and (r-¡) Ëhe number of additional paírs



contrâctêd, The location of Èhese additional paírs ís

sPe cíf ied bY tú .

For example, the ('tr+rz) trace of a Ëensor of

symmetry tyPe (15,10) is:

f ü, L, ¿¿¿l 3¡ 533 ¡ 3+ 3r tc j. u, utut r.'l
fi,j, iri, t, t¡t¡ js j¡ J1 J

29.

(¡5 )

(2,4rL) Èrace of a tensor of symmetry tyPe (L1'6)and Èh e

is:

t lL, å, s, 5¡ t¡ s ¡ h. k, h.k. tl,
i, j, t, t¡ j¡j¿ (5+ )

(55 )

(e)

where the repeated index stands for contracÈion:

[¿ ¿] [¿j] g¿¡

Proof:

By induction. Consider the effect of an additional-

contraction on a trace of a tensor of symmetry type (p'q)

which is already in standard f orm (r<,1, ¡) . In the

table below are set out the location of Ëhe indices over

which the additíona1 (pair) contraction is to be performed,

the standard form(s) in Ëerms of which the nerl Ërace can

be expressed, and the symmetry property req.qired to make

this connection, Ëhe letters referring to Parts of Eq. (20):

S¡5r .Sfi or Ttft

S¡5¡

U.U.

5253 or T.S,

(r4r-z,q,r*2,,)

(4,*Zrrif 2,, )

(r¡ rr+ 2 r?a'L)

(q,*2 rr Q,-Z,,) (h)



30.

SrU, or TrU, (4reven) t ( , 9r'1 ,4¡+ l, r, +1, rr- l)

SrU, or TrU. (q, oJJ) ' (r4r't,¿lr+1,r,+l,tr-r) t (4rr2,qr'¡,lr-lrr,-1,r.+t) (f )

S¡U. !' (qrrz,, 4¡-2,r,-1, rrtl ) ( a)

TherangeofvaluestakenbyBisdeterminedby

the range of Qrrro , for fixed X and þ

The t,races in the standard forms (r,À,rr) are not

.al1 independent. For example, Eqs. (20erdreri) could be

used to express all Èraces in terms of traces in reduced

ls¡andard form with Kéo , and ,^-O unless 2\>¿4'l '

Eowever, as wí11 be seen, the (rrXrlr) standard form is

closelyrelatedtotheirreducible0(N)content.
' Each of the traces in standard form (rc,1,r¡) cânr

by the application of Young operators, be f urt,her broken

up into a sum of traces in symmetrised standard form;

whieh of these occur ís given by Èhe following result.

Theorem 5:

Each component of an arbitrary trace of a tensor of

two-rohled symmetry tyPe, with Partition (p 
' 
q) ¡ c€to be

expressed as a linear combination of components of traces

in syErnetrrised sËandard form, sPecified by three non-negative

integers (r,x, A) , with values gíven by Eqs' (fo¡ and

(31), and symmetry type (q.*|t+(tr 4^) , it the notaÈion

of Eqs; (29) and (SZ¡ .

For exampl-e, the symmetrised (Lr412) trace of a ten-

sor of symmetry tyPe (15r10) is denoted

l----- e'
L---- E,

3¡ 51 3ç SS S6" - !(¡ llaGt3 lÂ4'
trt3- - - l (s¿ )



and has

ttace of

31.

symnetry tYpe (10r3) while Èhe symmetrised (2'4rL)

a Èensor of symmetry tYPe (11'6) ís

(37 )

and has symmetrY ËYPe (5 12) .

P roof :

NotallYoungoperatorscorrespondingtopartitions

of lengrh (p+q,) - 2(À+¡) , the rank of the unsymmetrised

Ëïace (tc,l ,/), wilL yield a nonvanishing tensor, when

appLied Ëo (t,t,¡) . By Eg. (16), anÈisymmetrisation

over three or more indices of a tensor of tr¡o-roI^7ed Sym-

metry type, gives zero, Also, by Eq' (16) 
' a Young

operaËor Y [tp:] , wíth Pr<4, , can be writÈen as zs '

where S denotes symmeÈrisation over the indices of grouPs '

S"rSa and U2 , and some subset of Tz ' Therefore 5

annihilates (KrXrr ) , since the latter is antísymmetric

in corresponditg indices of groups S, and 1' Hence

the only nonvanishing contributions aríse from the appli-

carion of Vtl:] , with Pr.>.4r- , to (r,1'¡) ' rn

parricular, Y[Xi. 7z+rt] nroduces the symmetrised sÈandard

rrace (s,X,,^). Bur by Eqs. (20d) and (2Oi), additional

antisymmetrisatibns beEI^/een indices of 53 and U¿, o!

anongst 5¡ , corresponding to the ef f ecÈ of Y tPP:] , with

Þ.> X, ,. "pplied Ëo (r,i, A) , will produce symmetrised

standard traces (s'r^', F), with different values of the labe1s'

IIence the disEinct symmetrised standard traces occurring

l---t,31 S!3.?----¿¡1
L--È,t.- - J



are just the symmetrised (r,1, É) '

It f o1lor¿s f rom Th. 3 that to each of the

standard t,races (prfr/) there will correspond a

traceless tensorr of Ëhe same rank and symmetry

namely (qr* 1>+ rz, 1r') , which Ëherefore belongs

irreducible rePresentatíon 0(N) ( { 'n), where

(p-zr-L,4-2^+E),
((?,q)-z(x,y) -", L ),

symnetrised

completely

tYPe t

Lo the

(5s )

(¿,^) =

(c,^) =

Z?,,< I,
2 >q"

Now by :h" arguments accomPanying Eqs' (25) to (27) ' the

irreducible o (N) coftsËituents, oecurríng in the reduction

of the irreducible representation U(N) [e,C J , will be

products of such symmetrísed, coErpletely traceless tensors

(.rX,/ ) , with the metric tensor (compare Eq' (51))'

since the latter is invariant under o(N), these irreducible

O(N) const,ituents ¡si11 belong to essentially the same

írreducíb1e representation as ("r1, l^) (Eq. (10) ) . ReLaEing

ß and f to I" an<l m by means of Eq. (32) , the irreduciblê

O(N) constituents may be labelie<t O(N) ( Â ; 4 'n) ' and the

corresponding irreducible subspaces of tensors ' 
T(^l{,rn) '

Eqs. (30), (31) and (ra1 lead to the following branch-

ing theorem of U(N) > O(N) for tr¡o-rowed tensor represen-

tations.

Theorem 6:

frl),*: tÞ,+lùO(x)

NÉ5t [Þ,q]lo(5)
N=2,Ep,q7f o(r)

ZoO leir,',,) ( ¡ç )

(:o9 (r¡ ¿ ))@(ro.@ 1r'; z)' )

(:P (x¡¿))@(zoP (r¡a)*lO( zo.9(r¡e'o¡*).Ê



Dl = D¡-r(n"o)

D" o Dr'r(m'o)

33.

(+o )

D*or({=n= l).

D...(m = t)

D*,, (tn' l)

is the representatíon

alternating character

tDi

Di D;* -

*Ilere (2 )

ilifferíng by the

determinant). The modificatíon rules

used to obtain the branching Ëheorems

Ttre domain Dr, for fixed I is

case 2^< q, , þ-21 < q ,

associate to (¿ ) ,

(the sign of the

(Sec . 2.4) have been

for N=2 and N=3.

shown bel-ow for the

( 4+m) - (p- 2x)

7

7'2,.

nt

7-2^ Þ-1À

The branching theorem of U(N) p S0(N) for two-rov¡ed

tensor representations is given by Theorem 6, excePt that

associated representations becone identical, and for the

cases N=2 ar.ð, N=4,

Drt
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(+t ¡o(+) ({,m).! So(4) !

o(z) ({ ) {, so(2) =

({,rn )@ (4 , - m)

(¿) o(-4)

¡m * o),
({*o),

according to Eq. ,(1.29) .

Theorem 6 bears out the statement of sec. L.2 that

another independent 1abe1, ín addition to Èhe invariants

(4 , m), musL be íntroduced in order Èo remove the O(N)

degeneracy in the U(N) > O(N) reduction for Èh7o-rowed

representations. That the label x introduced here

actually distinguishes equivalent rePresentations is clear

from the facÈ that for fixed 
^ 

and (4, m), ( {'+m, n)

lies in Dl aË most once. In fact, the multíplicity of

rhe irreducible representation O (N) ( ¿ , m) within U (l{) [p ' 
q]

iÈ j ust rhe number of X such Èhat (Z+rn, ur) líes in Dl .

By rearrangemenË of Eqs. (40) :

mâ1(((Þ-!.),11-m)) < 2t.( rnin((p+4)-(4+n),þ-n). (+2 )

The U(N) r O(N) reduction is intrinsicalLy more com-

plicared than, f or example, u(N) ) U(N-1) or O(N) 2 O(N-1).

The branching Lheorem for two-ror¡ed rePresentationst however,

is not unmanageable as formulated here (an exampl-e is given

in sec. 2r5). 0ther branching Èheorems are given (for
\\ (.20)

three-ro\úed representaËions) by Brunet and Resnikoff ' '
and (for the case U(3) t sO(3)) by Elliott(tg), and Green

and Brack"o(1). wt ippr"o(6) discusses a different approach.

The remaining chapters are devoted to the aim of

obtaining an operational definition of the label X , which

so far has a natural significance only in the context of



terisor rePresentations .

shíp is shown between Th.

analysis.

Fírstlyr however '
6 and the methods

35.

the relation-

of character

2.4 U(N) f 0(N) ReducÈion by Character Ànalvsis

purely algebraic methods of character aná1ysis have

been applied to the problem of deternining branchíng

mu1Ëiplicities in Èhe classíca1 groups(21). IIowever, in

the context of tensoï representations, iÈ is more natural

to consider the group approach, in particular as given by

l,ítt1ew,!od(17).

LeË f be a Partition of { of N rows '

lu = (/Lt¡."r/rx),

lL¡+ "' +/¡ = f , þr> l¿t>t "'>lrtù O '
(+3 )

To each such A there corresponds an' irreduciUle tensor

represenrarion EfJ of U(N). The corresponding sinple

character of U(N), whieh is a certain symmetrised function

(,,Schur,,-f unction(17) ) of Èhe eigenval-ues of elements of

U(N) (tlxtl unitary matriees), is also denoted E¡l' To

each irreducible rank + tensor belonging to u(u)[p] there

corresponds according to Th. 3 a unique comPletely trace-

less tensorr of the same rank and symmetry tyPe, whích

belongs Èo an irreducible representation of O(N), with

sinple characÈer (,P ) .

Ilowever, not all of Lhese símp1e characters are in-

dependent. They can be expressed in terms of símple



characters ()L) with at most Ir'l/r] -rowed partitions,

( rr') ( r^rr"',fs*l.t)

36.

(44 )

and the associated símPle

modification rules, given

is defined by

characters (¡r )* ,

(18)
by Murraghan' ,

t

by means of

p . 282. U*)*

(r)* e (t) (45 )

where € is the alternaËing character of o(N). For uni-,

fornity the trivial character of O(N) is denoted (o).

For Ewo-rowed representations the modífication rules

are necessary for N=2 and N=3. They are:

N

Theoren 7

2 | (l^,rl^r) -- o ¡ç

(y,,2) = -(¡,)*
(¡rrrr) = O ¡ç

(t,l) = (o)* ..

Ft) 2

l',> 1

N=3 , (þ.,ft)= O ,f ttùL

ff,,r ) = (¡,)*

(46 )

(+7 )

\
The siurple characters, occurring in Èhe product

tÉJlfl of rwo sinple characËers of U(N), have Young

tableaux which are buílt from that of EÉJ by addinE )^,

idenËica1 symbols 1, ltz identical symbols, 2, and so oû r

sub j ect to:



(i)

(ii)

Proof:

Lí tÈ lewo o d p. 94.

37.

after the additíon of each seÈ of identical symbols,

a standard tableau results with no two ídentical

symbols in the same column;
l

if the set 'of additional symbols is read from right

Lo left in the consecutive rows of the fínal

tableau, a latËice permutation of '¡ 
Pr 1l¡e 5l¡r

results (the number of symbols L ¿ the number of

synbols 2, and so oûr aÈ each point).

(1i)

Theorem 8

- Let Efl and (f)

and 0(N) corresponding t'o

t¡l = (,^)

where the sumnaËion extends over

even parts (2) , (4) , (2 12), (6) 
'

all partitions Y such Èhat tf]

t6ltvl with multiplicity Srru

be the símple characters of U (N)

apartition¡. Then

+ (v) (48 )

all partitions 6 into

..., and so o[r and over

occurs in the Product

ã 5rn'

Proof:
(17)l,itt lewood P . 24O.

Thís theorem enables the ir.redrnible O(N) constituents

of any iræducible representation of U (N) to be f ound. The

modification rules can be used to express the U) and (v)

s imp 1ein the right-hand side of Eq. (48) in terms of
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characters of O(N) of the form gíven by

The Procedure is illustrated for

u(s)[+,s,2,L,o] üi o(s).
i

[s ] tnl

Eq. (44).

the case

oo00
001
oo
1

I

l,2J 0

Iol 0000
oo0
o0
o

001
ool
o0
0

oo0 1
001
01
I

ool 1
002
o2
o

000 1
001
o2
2

001 1
oL2
o2
1

oo 11
o22
03
3

011 I
o22
13
3

0001
000
01
o

oool
oL2
o2
o

0001
ooo
L2
2

001 1
002
11
2

oo11
oo2
23
3

ool 1
TL2
'23
3

0001
000
00
L

000 1
002
01
2

o000
011
o2
2

000 1
011
L2
2

0001
oLz
23
3

o000
001
o1
o

oo1 1

002
oo
2

0000
oo1
L2
2

0000
ooo
01
1

[¿]

lzzl

ItrzT

lzzz)

f+zzJ
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(+,3,2,t) + (1,2,2,1) t (3,5, l,¡) + (ar3,z) +

+ (+,z,t,t) + (+rz,?.) + (+,3,t) + (3,2,¡) +

+ (2,2,1,f ) + (3,1,t,t) + (3r7,¡)'t (2,2,2) + (?,2,1) +

+ (lrl) + (+,t,t) + (+,2) + (z,t,l) + (2,2) +

+ (3,r) + (2,t, t) + (z,z) + (r,t¡ + (lrt) ' (z,o).

Aft.er applying the urodif ícaton rules,

u(5) [+, g,2,r,o] .1, o(5) z(t,t)* @ (r,o)'@ (¡,s ) @ (+, l)* @ (+, z) @

2(z,r)t@z(z,z) @z(a,r)@ (z,o) @ (r,t) ,

l+13,2,1, o]

with dimens ional-

1OL+ = 2'loSt

check

30* + 8'l ++ lsrlt + 22O + 2.15- + 2'!5 + 2'81 + ¡'f + lo.

2.5 Comparison of Branching Theorem and CharacÈer AnalYs is

for the C as e u (4) L9 ,4f.

The method

for the reduction

te I tv l
t ol t94l

t20 I l92l
t40I te 0l

f227 Ltzl
t60l t70l
Í,42J [70]
t80 I [s0]
c62l ts0l
Í,4 4J ts 0l
r82 I [¡o]
Í.641 [30]
t84 I [101

of character analysis of Sec. 2.4 gives

of U(4)19,41 r¿ittr resPect Ëo O(4):

+ t83l
+ [811

+ t741
+ l72l + t63l + 1.541

+ ts2l + [4 3]

+ Í521

+ [61]
+ f61l
+ [41]
+ [41]

+ lzrl

+ lszl



u(4)|e,4).t o(4) =

40.

+L20+

+,80+40+64 +96+,64 +36 +

+ 32 +36 +48 +24 +16+

+ 16 + 4

the branching Lheorem of Sec. 2.3 leads to:

(o i g,+) @

(r ¡ 9, z)@(¡ ¡ 8,3)@(r i 7,4)@(r i r, z)@

(t ¡ 9,o)@ (r¡ e,' )@ (2¡ 7,2)@ (zr s, a)@ (z is,+ )@( 2¡ z,o)@(z¡ a, I )@(z i 5, 2)

(zi s,o)@(3¡ z,o)@ (3¡ 6,r )@ (¡¡ s,z)@ (3¡+,3)@ (3i5,o)@(si+'r )@(¡¡ c, z)

(? i 3,o)@(+,s,o)@ (4¡ +,r )@ (+¡ 3,o)@ (+',2,t¡ @ (+¡ r,o)

IIere each occurrence of the degenerate rePresent¿ition's ôf

o(4) in rhe reduction is distinguished by a differenÈ

value of the additional label X , of Th. 6' Evidently

2^ is just the length of Èhe leading ro!Í of Ëhe parLition

t of Th. 6.

The dimensional check in this example is:

19 80 168 +

+ L92 +

+100+

+ 64 +

+ 36+

144 +

160 +

96+

48+

96

tr?
64

16

2.6 Explicít Tensor Reduction for Some Special Cases

The branching theorem of sec. 2.3 leads to a reduction

of the carrier space of U(N)tprqJ'ínto írreducible subsPaces

(orthogonal when ({ ,n) + (4t ,mt ) ) ,

T [þ,q] >flr(p,qtÀi4,m) (+e )

The irreducible O (N) constituents were found' to be certain



products rtiÈh the

traceless tensors

form of tensors of

fact define

41.

meËric tensor of symmetrised, cQDpletely

associated with cerÈain traces in standard

two-rowed symmetrY tYPe (P'q). In

(51 )

Q¿,rl Tl" .* J(4,m) (50)

Eo be the projection operator from the space of tensors of

rank (4 + n) on to the irreducible subsPace of Ëensors of

symmetry tyPe (2 rm) , Ëhe carrier sPace of O (N) (4 'n) '

Then if tr.r,tie some standard trace of kÉT[prqJ, and 9c¿-)

the corresponding producÈ of 9's, the associated irreducible

O(N) const.ituent is of the form

I l" Y uo ( g¡..¡ F È,.,", )

The Young operator Y is Present as a result of the

uniqueness of the decomPos ition

t -t*u 
'

(52-)

(53 )YT f ! Y-Ë + Yu ,

of Th, 3. Therefore each summand must have the symmetry

type (p,q). The summaËion over d €Sp'i only extends to

permutations resulting in distincË tensors after the

applicatíon of Y .

This argumenË leads to a

procedure for the evaluation of

is written

recurs ive comPutational

f'e,g, . For if Eq. $2)

)C =i = Ë-tf, ,Qr,* (5+)
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and it is supPosèd thaË all l-t¿rt) of lower rank,

occurring as summands of tÅ t ate known, then F,f,rt can

be found by solving for the 5* the system of linear

equations obtained by making arbi trary contracti'ons of -t 
,

which is comPleEelY traceles s .

Nor^r Th. 1wi11 lead to a ilirect sum decomposiÈion

similar to that of Th. 3 f or afly invariant subspace. one

such is Tþ*t , the subspace of all double-traceless

tensors, that is, tensors which vanish upon contracÈion of

two pairs of indices with the metric tensor. 7Þ++ is

of course a subspace of îÞ*n . A deconposition in two

stages,

t' tt^E

È
-t tlr t-u,-u" (55)

is then possible, with each sÈage involving a system of

linear equations (i." fewer unknown coefficienÈs than for

the single-stage decomposítion) .

The first method can be used for tensors of 10w

rank, while the second is more economical for higher-rank

tensors. The decompositions of 12,O7, [3,0] , 1,2,L7, [4r0J '

Ig,rJ, 12,21 , 1,g,2! and Ig,g] are given in the aPPendix,

Sec. A,2.6. The degenerate case Í,4r2] is treated there by

the second method.

AND O N) INVARIANTS3 u N

As shown in Sec. 1.1, the solutíon of'the U(N) 2 O(N)
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state 1abe11ing probLem for two-rorved rePresenEaÈions

requires the introduction of a síng1e additional 1abelling

operator A which commuËes wíth the O(N) labeLling oPerators

L. Nor"r Ëhe latter can be given in terms of f unctions of

the o (N) generator, (9) . Hence 
^ 

neces sarily commutes

with the o(N) generators; that is, it musË be an O(N)

ínvariant, and therefore a functíon of a complete set of

O (N) invariants . Ilowever, if 
^ 

involved invariant

f unctions of on1-y Èhe O(N) generators, it would not be

independent of the oPerators L' Hence 
^ 

must involve

certain additional 0 (N) invariants '

This chapter concerns the determination of additional

O (N) invaríants r as a preliminary step towards their use

in def iníng an additional 1abellíng oPelator ,\ , with

the eigenvalue X defined in Sec' 2'3'

A class of such invariants, monomials in the u(N)

generators ' is des cribed in Sec ' 3 ' 1 ' The independent

invarianÈs cubic and quartic in Èhe U(N) generaÈors are

found in Sec. 3.2. The thto-ro$red represenÈations are

treated as a special case in Sec ' 3 ' 3 '

3.1 General Properties

The generaÈors
(2)

reIaEl0ns

a ', of U(N) have the commutation

[6'¿a*j - å'ràt¿] l.< irj, (1)h,t -< FlIa¿¡,at¿J

The generators o( ti of the

matrices leaving invariant

subgroup o(N)c u(N) of all NxN

a notsingular bilinear quadraËic



form g are given bY

44.

l.< ûri $ N ¡ (z)

(3 )

(4 )

as matrices â a c{

(2)

c(
a .¡

J t ê j À' Jt

ât, G àjt - 3:eg"
t

À t ,

with commutation relations

[tr¡,e ¡e] 9r¡*,c - 1un¡¡ - gria¡¿ + 
9¡e 

cni '

The

Fo 1 lowíng

def ined '

generaËors

Bracken and

for example

may be regarded

G=""rr(9), matríx products maY be

(a")'¡ at r À*j

(d-')'r Àt¡(a" )'¡ (5)

Traces of such maÊrices aïe oPeraÈors, and will be denoted

<a> a C¿i - (c), (6)

where sunmation over repeated lndices is understood.

The fol-lowing resulÈ gives a general form of U(N)

and o(N) ínvariants in Èerms of such t,races. Not all of

these are independent; nor are all invariants necessarily

of this form.

Theorem 1:

(i) If u,v are

relations

U(N) tensor operators' having commutation

t

t

Tu[*t, , arr"] Et. ,t ¡à ju¿ (7 )



(ii)

(iii)

( iv)

(v)

45.

r¡ith the generators of U (N) , then the maËrix product

r^v is also a U(N) tensor oPerator.

If u is a U(N) tensor operator, then the trace (u)

is a U(N) invarianE. In Particular, tt.t"s of the

form <4"> are U(N) ínvariants.

If ü , V are O(N) tensor operators, with commutation

fel ations

[*i¡ r*¡¿] 9l¡ u¡, - Q:tut¡ - 9¡i Bj¿ + !¡¿ trri (s)

with the generators of O (N) , Èhen the

lv is also an O(N) tensor oPerator.

If u is an O(N) tensor operator, then

is an 0(N) ínvariant. In Particular,

form <o{n> are O(N) ínvariants.

Traces of the general form

matrix product

Èhe trace

traces of

(q)

Èhe

(9)
t

monomial in the generators of u(N)r âI'e o(N) invariants.

Proo f:

(íii)

fti'i , t¡vk¿] u ¡- f 9¡r, Vi¿ + g¡ev^r - gavnt - 9¿- v¡e ] +

+ [ 9¡r u ûr', + $¡r't{li - 9¿,'uU - 9¿t*¡-] t"¿

*tjtia + gj¿ 4Vri - 9'auv2¡ - rr¡¿v.¡{ +

* 9¡h tl.V¿¿ + [r¡¿V¡C - uhjvt¿ - grpuv¡L

|¡tuvlc '9¿¿ uvri ' gr¡uv¡l + lie kVt¿[*,¡ , ,^ur. ]



( iv) [t,¡, **.] gk' , ij - ,rij - c¡i + lr¡i -o

the quadratic

square of the

46.

o (N)

toÈal

(v)

For examPle, for the

ínvariant (¿t) is just Èhe

angular momentum.

the following result

índependent O(N) invariants

9¡Ara - 9æâ¡j - 9rià¡¿ + 9¡¿àai

1u,¡-arc -9¿¿ãri - 9r¡ã¡g + 9;¿ãri -

fcrj, a.¿]

tn,¡ , ã..]

. f aO -å¡i,â¡¿]

= [Â,: - å¡i, a¿¡]

case N=3

f ami 1i ar

aids the determination of

of.the form given bY Eq'

the

(e).

Theoreml2:

(i) F' ãî" NF <a") Vn>l

(ii) (å^tt- ãtt'> <ã(a-' - ã" )> V'>, I

(iii) (â-ãn > <-a"a- ) fn>lrn>, I

+

Proof: Sec. A3. 1_

Ilence ã¡, --À" can'

ã, 
^ 

resPectivelY, with

ínvariants.

as polynomials in

which are O(N)

(ro )

( rr )

(12 )

b e exPres sed

coefficients

3.2 Indep en den t Invariants

An o(N) invariant of the form given by Eq' (9) above

can be related to other o(N) invarianËs of Ehe same form,

either by transposition, or by cyclic rearrangement of the

facËors, using the commutatíon relatíons',

For fifth order or lower invariants, the following

combinations can be chosen as the independent ones, with



i
L

i
I
I

J

I

I
!
I

i

j
{
'i

I
I

I
I
ì

I.
I
I
I
l
l

{

l

reepect to these maniPulaÈions:

{(a+ã¡

47,

( t3 )

(t4)

(15 )

(t6)

(t7 )

(¡)

(1)

(t2 >

<3> .
(t3) É

i(aã + ãa7 =

l<a'+-a. )

(a)

<at) E

(aã) É

<ã)

<ã')

(ãa>

¡<ar * ãP)

å(aãa + ãÀâ )

j

l

I

i
I

<+> å<e* + ã+)

(l+) å(aãaã, + âaâa)

<z+> å<a.ã. + ãta') < atã') (ã1a¿2

<t+> å(aãt + ãa3 )E

15> l(as + ãt)

<15> å<aãaãa + ãaãaã)

<35> å< a'ã3 ãtat )+

<45> l(aã+ + ãa+ >a

r.\'
and quartic

il1 suffice Ëo in detail onlY the cubic

cêsês. The

tre at

results ate as follows:

Theorem 3:

ts:Invar i a

<aã2> E¡

<ã.À1) '

<ãza)

(a1ã)

(a'- aã )

(ar - aã>

- <aãa) -
- (ã¡ã) +

(i) Cu



<à3-ã3> ñ <Àa) - <e>¡

<aeÀ - ãa-a > 2 <aa> - çx+z)(aã)' + (¡>1

48.

(18 )

(19 )

<at >

<ã3 >

(aãa¡

<ãaã >

(a'ã>

<l*a) C

I

ika3*ãt¡ 'ä(a'> - å<.>"

i(a3 * ãr) - l. (at> * ¿<af

å(aãa +áaã) - itH+z)(aã) + (aa) + !(a)¿

å(aãa +ãaã¡ + i(r.r+r)(rã) - <a') - à<.>'

(ãa'> = ¿<aã¿+ãaã¡ + Ë<tã> - å<^>'

<aã'> Ë icaãa+ãaã> - !<aâ> * å<a>"

F ã3 +.zuãz + t¡'ã - <a)ã - (<a"> + u(a)) ( 20 )

(ií) rtic Invarian

<a'> ¡ <ãt ) zr.¡ <ã!) x'<-Â.> - <a>( 2(a1> + ñ(å) )+ +

4aãa¿) = (ãa') + (å') - (x+r¡<ãat) + (a)(az) =<fãa)

<ãaãt) = (aã3) - <ãt> + (N+r)<ðãa) - (a>(a*> =(ã'aõ)

(aãta) = <ã'a') + 1åt) -(u+r¡(ãra¡ + <À'><e)

<ãa.ã> = (åaã¡) - <a3> + (r+r)<¡'ã> - <a¿><e)

<a+- ã+ > ¡ ¡.¡(a3+ ãâ) z <a><at)

(aãf-¿¡a¡ = -N(aãa+ãaã) + (a)(aã) + (a)(a1) ( at )
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I

<ãaãa) = !"<aãaã+ãaãa)

<ã'å') = å(a5' + ã'å')

(a"ã^> + ¡<ar+ãr) - å(¡+r)(aãa + ãaã) +

+ åì¡(N+r)(åã) - ï(a'> + (å)(<a') - å<.>)

<a^å.) - å(at+ ã!> + i(x+r)(aã¡ + åeã) +

+ lr.r(r.r+r)(aã) - Ë<at> - <a>(<a') + Ë<å) )

(ã3a> É å(ae!+ãa!> - !(aãa+ãa-a7 + i(a><aã+a'¡

<arã> . !<aãr + ãðt) + t<aãa + ãeã) - t(a)<aã+ a"¡

(azãa) = å(aã3+ãat) - l<at+ã3> - å<åãa+ ãaã2 +

Ë(".> - iu(r.r+r)(aã> - <a>(È(aã> -å<a'> - i<a>)

(ãz¿ã) q å<eãt,rãa!) + i<a!+ ã3) + i(eãa +ãeã> +

T<a.> - ix(.N+r)4aã) + <a>(å<aã> -å<a'> * Ë<a>) ( zz )

(iii) Invariants in 4 = å-ã

<a+) =

<ã"> =

<aãaã > =

<âtã') =

<aã'a ) =

<ãa'ã> =

<aãl) =

<5 a¡> s

(aãaa> =

(ãaãl¡ =

È. <.t +ãt )

l<ar. ãt>

- <å><¡a)

+ (å><at>

+

+

<4> =

ao.t> \=
<o(t) =

<{+) =

(a-ã) = o

11a-ã)'> = 2 (ð1- aã )

<(a-ã)3> = l(rr-z)(<")

<(a-ã)+> = (âa+ã+¡ + <aã¿ã + ã¿ãe> + z(åtãt+ãta'> -

+(aãl+ãaa) + 5N ((¡.¡)<aã) - <aa) - <¿)t)

1za)
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By direct evaluation of the commutation

!üorking for the quarÈic case is carried out in

50.

relations.

Sec. A,3.2.

3. 3 Invariants for Two-Rowed Representations

In general further relationships exist between the

cubic and quartie o(N) ínvariants given in Eqs. (15) and

(16). In particular, the invariants <a") can be ex-

pressed in Ëerms of the U(N) labels (in principle, by

direcC evaluation). Thus the cubic and quartic invariants

<åe> 1"d <e+) are in principle known.

Síni1ar1y, the invariants (a(ñ) can be expressed in

terms of the o(N) 1abels. Thus <o/4> is in principle

known. In fact if N 1 4, it may be evaluated explicitly

by means of Èhe pol-ynomial identity of degree N saÈisfied

by the O(N) generators oa , given by Bracken and Gt""rr(9),

and Gr."rr(2) . For example, in the o(4) representation

labelled (4,m),

('(¿ )

<x? )

and the ídentity is

from which

= 24({ + z) + zulF

= (o(2 >

(t-l - z7ça- m - I )(ot + m - r )(< +4 ) o

çz+ )

(zs ¡

<4+) 2(1(1+z) + ¡¡")¡ + z(1Q+2)* -") - 4m'(1+t)a ( zø )

Eence because of Eq. (23d) an additional relationship exlsts
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between Èhe quartic O(N) ínvarianÈs'

The concl-us ion f rom the above considerations is

that in general there is one índependent cubic invariant
I

of O(N), namely !<aãa +ãaã) t and there are twb indepen-

dent quartic invaríants of o(N) ¡ saY å<aã¡ã + ãaã¡) '

and å<aãt + ãa?)

For the case of two-rowed rePresentaËions, the num-

.6er of independent invariants is further reduced. As

will be shown in sec. 4.2, in this case Lhere is a cubíc

I polynomial identity satisfied by the U(N) generaÈors â

This enables the quartíc invariant å<aã"+ãaã) ' and

incidentally the invariants å<å3 * ã3 ) , å (a++ ã+) '

to be evaluated exPlieitlY.

From Eqs. (4.34) and (4.35), the cubic identities

ere

a3 (<a> * 2ñ-3) ¿¿ + i((a') -(â>'- (ex-s)(a> - 2(H-¡)(¡t-z))a

ir (<a>-3)ã¿ + å(<a')-<å)a-(r-z)(¿)-+)ã t(<a'> -(e)"-(N-3)<ê>) ( zt )

Ifence, taking care that guantities rearranged actually

commute t

<ar> =

(ã3) =

<åã3 )

(zr.r-3)<a'> + å (sca'> -<a>' - (¡¡-s)<¡> - z(r¡-rXx-z))(a)

(u-r)<ð¿) + å(¡<a'> - (a)'- (¡r-7)<a> - z(u-r)(x-z))<e) ( 28 )

å(<¡) -:)(aãa +ãaã ) + tz(<a'> - <¡)'-(2N-7)(¿) + (au-+))(aã2

+ i(z(a1¡ - (a)'- (zx-3)(å))<¡)

å(<"> + 2x-3) (aãa +ãaã ) * å(("'> - <å)'- (2N-5)(e) + (3N-+))(êã)

- å(<e') + (2N-3)<ð))<ð) (zq )

(ãa3> =



Therefore:

<ât-ã3>

i(ar + ã1)

-¡, - I(aa--ar¡

Ë(aã3*ãe3>

52.

H <at) - <a>"

â(x-z)<a") + È(g<az) - (a)'-3(N-+)<å) -z(u-¡Xrl-r))(a>

- ¡¡ (aãa + ãaã> + <e><aã> + (aXå2)

å(<a>+ r-a)(aãe +ãaã) + i((a'> -(a)'- ¿(x-¡)(a) +(a¡¡-+)Xaã)

+ i ((a1) - <e>' - (zn-¡)<a>)<a> .
(so )

sinilarly, (â*) , (åt) and i4f tã4> could be

writ,ten dor^zn.

For the case of Ès7o-roÌÁIed represerttations ' theref ore '

there is one independenÈ cubic invariant of' O(N)' and one

índependent quarÈíc invariant of O(N) ' namely icaãa +ãaãi

and å(aãaã +ãaãa) , resPectivelY'

4. EVALUATION OF INVARIANTS

ro this chapr,er cerrain of rhe u (N) and 0 (N) invariant s ,

described in ch. 3, will be evaluated, io the tensor repre-

sentations TIPrq] and T(P,q; â ; f, rn)'

In Sec. 4.L, some results are Proved which facili-

tate Ëhese evaluatíons, using Secs ' 2'3 and 2'6' In Sec'

4.2, a technique used by Green and Bt""kt"(1) for the

evaluation of invariants in !ensor representations, for Ëhe

U (3) f So(3) problem, is adapted for the iase of general

trùo-rohred representations, and a shorË-hand notation intro-

duced. The cubic characteristie polynomial identiÈy'

satisfied by the m¡trix of u(N) generators in two-rowed
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repreçentations (Sec' 1'1) ' 
is found by this means' As

a further check of the method, the quadratic O(N) invariant

<aã> ¡ <¿z> - rr14^) is found by direct evaluati'on ín

Sec. 4.3. In Sec ' 4 '4 Ëhe cubic O (N) invariant

å<"ãa +ãaã> is evaluated' Finally in Sec' 4'5

ítisshownhowthisevaluatíonisused'ioobtainingan

inplicit <ief inition of Èhe label-1ing oPerator A '

Most of the details of the calculations are given

in the aPPendix, Secs ' A'4 '2 A'4 '4

4.1- Preli mln ar 1e s

The arguments of Secs ' 2 '3 and 2 '6 showed that aTl

arbi Erary tensor t e T EÞrqf can be reduced into a sum of

irreducible o(N) corlstituents belonging to the invaríant

subspaces T(xlf,m) ' corresponding to traces b(ri4m)

ofEinstandardform.Eachirreducibleconstituentis

a linear combínation of tensors of the forrn (Eq' (2 '51) )

[ü'lbc^,¿-l = Y(9<',t-lli¿-rE6^'o'>)' 
(l )

where tì,ï, stands f or the Pro ces s of Pro j ection on to the

subspace of comPleËe1y traceless tensors' effected by ft¿tt'

appropriate combination with the metric tensor' and sym-

Eetrisation. The sPace T(f;2,^) ís therefore sPanned by

tensors of this form' The shift oPeraÈors axe defined

orl T[þ,ql through their actions orl these tensors:

At ( Få-r l¡r¡e.))

¡t(Fie-l tle¡c-))

F[-¡ tqrt,,r-) (o < z(rt l) '< Þ),

o ( otherwise ), (2)



úsing Eq. (2.4Oa).

If 0 is an arbitrary invariant of O(N) in

presentation carried by TlÞ'q], Ëhen a modified

Oo is def ined on TEþ,qJ = Z(DT(l¡{,m) bv

0't lji-r (Q E)¡r¡e-) t e T(tr¡¿,-)'

ur(Þ'e U, l' i.-l( þt) ¡x ¡ e-l

(3)

The proof is gíven by the following theorem'

Theorem 1

0o , defined by Eq. (3), is an o(N) invariant'

Proof:

-ler È€T(li4,m) , and f€ o(N). Then by def inition

In víew of

the re-

ínvar i anÈ

(+ )

cont ract ion s ,

Eqs . (2.6) ,

No¡r fii¡.l ís some combínation of permutaËions,

and products with the metric tensor.

(2.9) and (2.10)' resPectivelY,

U¡ Oot

Since 0o is an o(N)

is an ínvariant subspace.

label X , leaving the 0(N)

Få'1 ( Ur 0t ),^,.-)

rì;) (0 u' b )rr,*-) Õ" Urt (s)
,

using the facÈ that 0 is an 0(N) iovariant'

invariant, the image QtT(f ¡4,m)
:oltoreover 0- can onlY mix the

1abels fixed. Therefore

T(f ¡I,m) --+ E OT(l¡¿,m)0 ,¡

The -ae

o

rath.t than the 0 r are more readilY

(6)
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evaluaEed in the framework

a function onlY of the O(N)

invariant, then

iDtcL 0n= 0

developed here.

generators, ot 1s

f,Ihen 0 is

an U (N)

(7)

ThefollowingresultsPertaintosituationsarising

in the subsequent calculaÈions '

Theorem 2

Let t € T(f i2,^) and tc¡¡€nr) the corresponding

standard trace. LeË 0 be an arbitrary O(N) invariant
Iin the rePresentation carried by TtP'ql ' âod 0o the

related invariant. Let g be some scalar factor. Then

(i) if. (Þt)(licn) = ! E1r1em) , then Õ"t = SC '

(íí) if (0t)crr¿..) = lU"t(t¡{n) , where lic',¡t11,¿-, is

syr'metric under the permutatíon a € 5{*- , then q'b = f t '

( ííi) if (Qt ) (r¡tn) is a (non-standard) trace ' o! com-

binationofstandardtraces'antísymmetricinsome

pairofindiceswhicharesymmetrisedbyÈheappli-

cation of lì¿-l , Èhen $"t = o '

(ív) if (0t)(r¡€w.¡ =Ê9nt1r;c-¡trwhere t denotes a trace dis-

j oint f rom Ëhe st andard trace (xilrnT , then (p"t = o .

(v) if (Ot),^,.-) =! U* t1^tt,c"')rwhere l't.-¡ Ë (1¡tn) is symmetric

under the PermutaÈíon rÚ € S¿a¡¡ , Èhen Õ"t = S AÊC

Proof:

(í),

(3),

(ii) and (iii): by substitution, using Eqs' (1) and



(iv):

(v) :

let ue Tt*t; the contraction of 9tÈ(r,¿-)t with

ftlc-¡ u i a completely traceless tensor, must vanish

,because of. the Presence of the factor gn: since tr

I

is arbitrary, ['(a-) 9r tca,¿-) t = o ' '

by substitution, using Eqs' (1), (2) and (3)'

In general, it rùí11 be found that

(Õb)¡x,¿-¡ ! U¡ t1r;e-¡ + !*U.* tq1.¡¡¡-¡ * 9.U.,- t6-r¡e.¡r( I )

, in the subsequent

on índices which

Therefore from Th

0" t + EtA' 3'^-, (e )

calculations r where d, rr! € S¿*- all acÈ

are symmetrised by the aPPlication of l't¿tl'

. 2(ii), (v),

I
+

where the scalar factors I !t are polYnomials in the

parameters N; P r 9i À; C rm'

4.2 U (N) Invariants and Cubi c Polyn omial- IdentitY

The action of the

representations is given

(al , b¡t,"'*t

Such substitution oPerators,

represented in the following

generators of U(N) in tensor

by(2)

gr,, ¡irr"'rl + ,at. ,rr...r{-rù. ( io )+

and their Products r maY be

r^ray(1) '

{=

t¡ =

et;f,. =

(),

6'¡ (l) ,

S', (:'l) t-, t'r(l)8.,J
+ t



â¿3 il.¡¿ f, ,. 6t'j 5', t" '( )

(xlY)t ¡

ðhn
tt* 

^
+ ttr 5"

å'rå"" t'

57.

(rz )

, å*^(l)

å"" (:,Ï ) t",
( rl )

where the index label r runs over the indices of the

index seË, namel y a., ' , af , and r¿here Ëhe bracket (l)

.indicates that for each of these values, the label û ís to

be substituted in the aPPropriaÈe location'

; It is convenient also to introduce a more contracted
I

notation for substitution operators¡ involving only the

index sets X, Y, 2r. ", and the 1abels to be substituted:

(x )t¡ ' å* j(l) ,

6 
*,, å".

l

afl'î

+
^ 
(l,l) . 5-¿ 5*,,(:'l),

n1 ,

I

¡' ,(! "") ,

(xlx)¿, = ô'i (l,f) ,

E-j(;t"^),3(x lvz)'¡

(x lv) (xlv)¿ ¿ t
(l ",)

(xv) E

\ (xYlz) z

and so orrr where *eX,

ít (:'") g,¡

{'('r"tt) g¡ 90(:i")gu+

Y€Y r ..., and

over the same index set, do not take

taneously. Index sets separated by

contribute only ínternal summatíons.

As shown bY Bracken and Green

indi ce s t,x'c l\ runn ing

the same value simul-

a vertical stroke

(e)
, and Green

(2) the
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whence, f rom Sec. 
^4.2 

agai.n,

t
¿ (1+x-z)alr¿ t (p-q* r)(p+x-r)6"¿(l)+ (9*r-r) [6i([Ë) E'¡(l.Ë)l ceo )al +

Comparing rvith Eq, (fa¡ gives

ar (þ*++ 2N -3)a" - (p+ r.r -lXç + N -2)À . (zt )

The correspondíng calculation for the conjugate

is given without comment:

ãrj = âj¿ = âtr(i) s'r(i)+ + å'.(i.) ,

(2+)

(zz )

(za¡

(zs¡

(z¿)

ât-t . a'¡S¿ = (þ++)årj( )

-aâ¡ (Þ++) år¡ ( ) qa-z¡ [s'¡ (! )

+ å'j (11)
,

+s'.,G )Jt + (p-') å*¡(L) .+

* [¡'¡(]. i) +

* ù
k (þ *+) ã rh (c-z) i.'r e-++ r ) 5*¡ ãri (t )+

+

+

r.j (I i)l ,

(p-r)[ô'¿(lî). 6'i(lt)J,

+

+ [t'., ã', 
j ([: ) å'¡ã,r(1".)],+

-?A.
h (p+4) ã¡ r (q,- z) ã'r r (þ-r)(þ+') ôþ¿( ) +I

ç -c.+¡Xp-r)S",(l) +

ã3 E (v*+-3)1" - (p(q,-r) - z(q,-r) - zp)-a zp(+-t) , ( zt )

and is carríed out as f or a3 , using the resrrtts of Sec.

A4.2.
(e) the general characteristic

, satisfied by the generators

Bracken and Green g]-ve

polynonial identity' of degree N



in an arbitrary irreducíble represenÈation of U(N). For

two-rowed rePresenÈations, of the form Eprq¡o¡ "r¡ oJt

ttris reduces to

(a-o)(a-o-tX"'Xa-o- N + 3Xa-g- N+¿Xa-þ -N+t) = o,

(ã-o+N-1Xä-o +N-2X"'Xâ- o + 2Xã -4 + r)(ã-þ)= o, (ze )

while from Eqs. (21) and (27) above,

(ã+zXã -q,+)Xã -Þ) zo (zs )

Thus for Èhe two-rowed representations, a cubic

characterisÈic "polynomial 
identity exists, which is a

factor of.the general identity of degree N.

For the irreducíb1e rePresentaÈions U(N)fPrP,o,

in a similar manner, quadratic ídentities are found:

a(e-þ- N + z) o, (go )

(e+z)(Ã-P) =O

values of the quadraËic and

be found from

60.

(gr )

cubic invariants of

the above (comPare

(gz)

(aa )

oJ,

u (N)

Se c.

the

(Sec.

3.3) :

3.1) may also

<e> = (ã) Prl ,

(a1) = (ã¡) þ(Ptil-r) +q(q,+N-3),

at=((e)+Zr.r-3)aa å(<a') - <af - (3N-sXe> - 2(N-tXñ-:))a, ( sr. )+

1e =ga) -3)t * å(<a'> -<.t-(ì¿-7)<r)-+)ã + (<a') -êf - (x-3)(a)), ( ss )
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(a3) (zN-3)<ea) + i (34,a¿) -'<a>t - Ca,.l-s)(a> - z(N-r)(l-2))(a>, ( ae )

<ã3) = (¡-sxaz) + i(rcal> - (a)'- (¡x-?)<a> - 2(N-tX¡-z))(a). ( ¡Z )

4 .3 O (N) Invari ant (aâ¡ = ç¿'¡ å<o(">.

lrom Eq. (1lb), the O(N) invariant <aã>

terms of substitutíon oPerators by

<aã) =

(aã) =

<aã> r

The direct

with the identity

. <aã)

The evaluation is

Sec. 4.L, and the

gi'j åt . ¿i. t h¿

1S g]-ven ]-n

(38 )

,

¡'¡.(l) +

out

the

{'' ()iì 9,¡ ,

using Eq. (3) and Th. 2,

standard trace labelLed

(a) + (xx).

evaluaÈion of <aã> should be corlsistent

!"(az) .
(3e )(aa)

carrie d

form of

(x¡2,m) . 
"

Forexample,considerthespecialcaseoftheirre-

ducíb1e representaÈions O (N) (n'r ,0) contained within the

irreducible rePresentation U (N)[n,O] ' The corresPonding

tensors are completely symmetrical. The associated stan-

dard trace has the form,

I nr + ñ¡É n-ñr +

-{- nt + Ã2.2n',- +
(+o )
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contractions. The sub-wtrere shaded Portions

stítution oPeracor to

represenË

be found 1S

(xx ) (x,x,) + (x.xr) + (x,x¡)

+ Zgr.í,þßz t.7 2gr,írþ,1i,t) .

(+t )

(+z )

(+g )

(++)

and ís evaluaLed by consiitering special cases. Tensor

componenËs aPpear in square brackets; a1I- indices are

Èaken to be contravariant. RepeaÈed indices stand for

contractions. The general resulÈs fo1low from

(x,x, ) [r,*r ] zgn'n'vl7

(x,xr) fx,z'ú,i.r] 2gt'i'1/-z.zlLzJ + 2gã'iz l2xrt,2,J +

+

whence, applying the standard trace, and using Th' 2'

(x,X,)[x,xr.J + o, (x,x,) -r o (rn.z1iu))i

(x.xr)[i, i,] I zN VlJ (ni = r ) ,

(xrx.¡[i,i'i, i.] + (+¡¡ + a )l¿¿ ^m) (ni =z),

(x.x") nz(^r+ N - 2 ) ¡ (rr.. Ztil)i

(x,x")[r,e'ù,i.] + 8[x,e.{{]. (x,x') + 2nrn, .

l¡here the notation.+ indicates the result after

the standard trace, and the aPproPriate Part of

Adding these results, and using <a> = n'

applying

Th. 2.

gives

(xx) h.a + 2ñ,n, + (x-r) n. )
(+¡ )



<az> , n(n+r.t -t) - n,(h, + ¡ -2)r

in agreement with the

In general Èhe

the form given bY Eq.

gene ra 1

s t andard

(2.29) ,

I

II

depending uPon whethet 4!,1,

where shaded Portions indícate

Eqs. (2.32) , (2.38) 
'

| .ùt + 9z + ç=zgi I |,-!t' + 1.

+e, .h { ir.z6*l l-| r¡-lr2rf { 1, +

63.

(+e )

result, Eq. (55).

trace labe11ed (À¡4,rt) has

+

(+? )

are boLh even

contractions t

or both odd,

and from

1r+ît+aLz = 4 ,

t+ fr É r = ?'1I

(+e )

4r= 2lL = CÞ+q, - (l+nr) - 2l ,

1t-- lc + Ìie7( (orq,-zl) = frl r

}t- 1- z¡ - te - ñaa (o,q,. 2?.) = ¿- (p-21),

r, a K +ñar (orq,-Zl) - (q,-zl) = n1- (q-ZA),

ÍL= Þ-2^ - E -nrz(oro¡-21) = (þ-2X) - tî i
(+s )

l= 4z+c¡s+?z¡

Irr a 4t. (ão )

In terms of. substitution operators ín this scheme,

Ta

s¡ S¡ u¡

t
t

to be evaluated is"



g*'(åi,) 9,¡

zgo Gti)g,¡

+ (T "') + ( ul
)

(iil) . (Iít)

(ì:') ' (ì:"')

64.

(5t )

(sz)

A4. 3.

The

g"'(li,) Tij + 9*'(l ÐSu

z9'"(!i) 1ii * 2uc"(å'")gu

+
0 +

+

or = (+: )
/s.S'\\t' r' / . (?:ì:)

5r
Ta(I',')

S,
ï + +

+

)
s!
T3

(St
\r'' t UU)'(+

+ (T',).

Þo = (++)

, (Tu') "

+ /SrSrì
\r.rtJ

(Tu.)

+ (í;"ï'') - (ït) . (T ì1") * (i:?i") + (uu) *

(iì'') * (1:u') * (?l'"u') * (+r"u'). 1 sa )

The details of the calculation are gíven in Sec'

The method used ís the same as in the above example'

symmetry proPerties of traces of two-rowed tensors'

(Z.ZO), are also needed' The resulÈ for both cases

Eqs.

ís

O a Zq? . ql * *e,gn+ 4q,4t+ 24r9t 2(r.l-3)q, + (tt-4)4t *+

å <"(">

rr/ + 2r,r, + (¡ -2) rt + 2qú + 24r'., + 24{t + 2qrr' s (s+)

<aã) (q,*qrr4trr,+ r.)(4, +42+4s+l+r, + N-l) + (1¡* 4"+42)(1,* 1r+1,r+N-s)

(4r* q, + Y^)(4r.+ 4t + rr * il - 2) 4z(92+ N -4),

or¡ using Eqs. (48), (50)'

+

(aã) = P$+u -ù + q(ø+¡t-¡) - t(z+N-2) - m(tn+¡¡-a)'

The resulÈ is, as required' in agreement with

i dent ity

(ss )

the

(a¿ <a" > ,
(s6)



65.

since the right-hand terns tt"(2'9)
(aa) s p(p+ N - ¡) + 4(++ N- 3),

<rr'z'> 2A(1+ N-2) + 2m(m+N-+), (57)

in two-ror^ted rePresentations '

4.4 0 (N) Invar i an t ¿4eãa + ãa-a)

From sec. 3.2, there is a singl-e índependent additional

o(N) invarianr which is cubic in the u(N) generators å' and

i,takentobei<aåa+ã'aã)Forcomput'ationalPurPoses

it is more convenient to evaluate (iat¡ , f or r¡hich ' f rom

Eq. (3.19) ,

i(a¡a + iaã) (ãa'>-ä<"ã>+i<a)'. (s8 )

In Ëerms of substituÈion operators' from Eq' (18) 
'

dt, (+*¡- z)ai¡ + (Þ-+*r) ô*¡(å) . [â'¡(ii) t å'r(it)] , ( 5e )

(ãa'¡ = â'i â" t gt" gr*

(åa') ' (ç+x-z)(aã) + (p-4.+,) g*Jai¡(l^)g,** [g'iai¡(ii) * gtia'¡(lt)f gn,(

g"iC¡(I.)g,r = (p-+) * [g*'(ll)g,^ * g*(it)g1^) ' [g*'(i,L.)g,.J ,

gda' r([i)g,r * g'iå'¡ (it) g,r

60)

(e¡ )

Ig"'(lil') + g"( ) + 9"(iË L)ø,¡ e'*(l.Íi) . g*(L.{i) ' s*'(lii.)J0,, nrr¿j
É5È +

5Ú
gt (tl)l g,t+(:',.,) gt* [('^i) * (:.t)] ,+

and obtaíning the last !erm from Sec' 
^4'2,

(62 )



66.

<ãa') (þ-c.Xþ+l) + (q,+H-z)(aã) * (Þ-4+r)i[¡ + (p+c-z)0¡ * iDr, ( 63 )

!<aãe+åaã> - (Þ-+)(Þ+r) +;(p+4)¡ +(q+Ë-¡)<aã) +(p-q+r)!. + (p+1-2)Qo * (Þs , ( e+ )

ö,

0t and 0o

of the calculation

have been found in

are glven

even. In

(ss)

Sec. 4.3. Details

in Sec. 
^4.4 

for the

the scheme of Eq.

[g*'(li,) g,¡ ]

i¡o = [ g'"(li) * g'"(l'*)J g,¡ ,

0¡¡ = [9o'(;:¿,)' e"(l:¿) . e"(lîi) . g*(l.ii.¡' 9'*(:.T'") . g"'(llå)l s.,

of

case when 4trr, are both

(47) ,

0,

0, UU( ) (u,u') + (u.u.) + (rt,u'),

2(Þr = (I'') * (ïl*) . (+'.'') . ("':") ' (+,'') * (11'Ð ,

Õ,= (?;Tl') . (i:?;l') ' (i3i:l') * (ï?:lu) .(ílillu) * (i:i;l').

(î''1") . (Tu'l') * (11''l') '(il"l') *(":''l')'(i:"1'), (66)

with values

Õt = ?rz + 2rrr, + (r't-z)q, (67)

Þo- 4Ít+ 4zr, + 4¡r, t 4r?t , (øs)

Qra= (+irr, q,?r., qlsc, + ú!,r,¡ t 4t1,2 +4rrlL + 2q,,4,rît + ?4,4{1+ 2qrq{r+

2ere3rz,+ 2q,^q,rrr+ lq,rrr, + q,zvt\ + qiî.?tt (x-r)4,r, + (x-l)4¡ + (u-+)q.a)

+ eÂ* (q,,rl - q,,rr) '.rf (q1., + 24.ltr, + (l-'t) lrr,), (6e )



0r beíng evaluaÈed in

(3) and Th,2.. The Parameters

funcËions of Þ,eilil,ñ ¡ given

accordance with

4t¡4zr 4l r f,, r.

by Eqs. (49).

67,

Eqs. (2) ,

are 1ínear

]-n-,

1n

(zo )

A! can be

operator Â

4.5 0peraiional Definition of 
^

The evaluation

variant i<aãå +iaã)

t.hís chapter, gives

The functions f

N ¡ þr4;l ¡ 2,rd i

ñi 4t,4t,4g,fr rrz

f *' Zqrrr(r^-t)

Another equation

found by commuting Eq.

in Sec. 4.4 of the cubic O(N)

, by the techníques develoPed

expression of it" forman

lengthy constant term ln

the invariant term 0 on

0 Atf *(þ,c¡ t¡4,,tn) + ÂT-(¡,q¡\i4,ïr) ,

r^rhere the

sorbed in

Eq.

the

(69) has been ab-

left hand side.
t .t" polynomials in Ëhe 1abe1s

in terms of the related Parameters

2 ç'2^ - rnx þ-21- tn - l )(p*1- zx - 2 - r,')

f-= -å W,(+f 24r+N-4) ' å(p-ze -¿l(q-zl-mxÞ-21 -1-2t¡-N++) (tt )

in Ëhe shift

(zo¡ with the

operators

1abelling

\ [¡,¡t] !At,

Eqs. (70) and (73) give

ñf*(p,c i\it,m) - ñ{'(p,¿li\¡2,m) . ( 73 )

4^tA- f 'f 
- (çr,QJ * Qxt^,Þl - 0) (z+)

(f2)

,0 ][^

+ !o

)få'Now in the abstract basís t2
\¡r ) for the irreducible



representation O(N) (prq; X ; 4 rm),

68.

<L,(e:.)ll^(*)) ( zr > o )zt < Þ-ù

o ( othcrwise) (7s)

(! r(*)l^*^- lå^(i))

<P4{Gàl^'^-lå^ (f"))

4s" o

lr¡--- o

f¿= 1

from the definition of 
^!

However, since from Eq. (49)

(L = o) ,

(rr= Þ) ,

(zx= þ-t) ,

then the product

max].mum or m1fì. lmum

(76 )

{tf- vanishes, whenever 
^ 

takes on íts

value:

{*{- = O (Z¡, = o, 21 = þ or 21= þ-, ). ('tr )

Eence, ir the irreducible representaÈion 0(N) (p,q;l i 4 ,m),

1T*&)l ^+Nrr-lä^ 
(å)) = <'*r(#,)l{'f-l l^(å)>

(78 )

so thaÈ Eq. (74) becomes

+f'f-(e,o¡AiL,A)'([^,0]*0X't^,Ol-O) = Q (79)

providing an inplícit operational definition of A

Another, somewhat more explicit, definition can be

given when there exists a second equation

{ A*gt (?,q,r il,m) A i(Þ,q¡\ir,^) (Êo)+

of the type of. Eq. (70). For example, Sec.

for tr¿o-rowed ïepresentations, there is just

additional quartic. O(N) invariantr taken to

3.3 shows that,

one independent

be



å(aãaã r ãaia) ; an evaluation

Sec. 4.4 would produce such an

'Eqs. (Zo¡ and (80)'

69.

of this along Ëhe lines of

equation. Then conbining

(et )A*^- ({'g- - gr{.-)' (0g-'19{-Xõ9'-u{*) = o ¡+

leading to an inplicit operaÈional definition of 
^ 

ín the

irreducibl-e representaÈion o (N) (p, q; X ) I ,Ã) ,

(f'g-(n) - g'f-(n))". (Õg-(¡)- ryç-(n)xÕ9'(n) - üf*(n)) = o, ( sz )

provided that the Products

dítion of nq. (71'¡.

{*g' , g'Ç satisfy the con-

A disclaimer must be added in connection with Eqs.

(79) and (82). Since a definite choice of n.ormalísation

of rhe abstract basi" l'"?,(å)) has noË been given, the

operaror A appearing in Eqs. (79) and (82) should possibly

be accompanied by a normalisation facÈor r¿hích is a further

polynomial function of the 1abe1s. Thís could also be

accomplished by a subsequent redefinition of the unnormalised

labellingoperator 
^. 

.

Finally, it shoul-d be remarked also that, bY the

arguments of sec. 2.3, and the explicit construction of

common eigenstaÈes of Sec. 2.6, the operator A , íntroduced

by Eq. (zr¡ or (82¡, does indeed commute with the oÈher

1abe1ling operators ' as required.



APPENDICE S

112.6

The following results shor¿ the reductíon qf several

tow-rank irreducible u(N) tensors of two-rov¡ed symmetry

type, to their irreducíb1e O(N) constituents' according to

Èhe urethod outlined in Sec. 2,6 .

Tengor components are arranged betr¡een brackets lJ

to indicaËe the symnetry type. Traceless and double-trace-

less tensors are written -i and - respectively. A1-1

indices _are assumed to be contravariant. Repeated indíces

indicaÈe contraction wíth the metric tefisor. Dashes indi-

caËe that the Ëensor is obtaíned by aPplication of an

appropriate Young operator to a trace of a higher-rank

tensor,

The Young

normalisatíon.

disËinct terms,

Thus Y t:l L 3n'^' l*'"*1)

and the highest common

operators have variable (tut definite)

has only

fact or t

+!t-
z! zl

is divided

out.

[z,o] (z,o) @ (o,o)

ffi
F]
E(')

E¡rl.l - E.ot g2t,2<.ã

[¿i]
*l-,N

[¡.ol = (5, o)@(r,o)

- L?(, atxsT

= fr<,iLJ
I(ffii

[x,- - ]
:(t) = +

_ Et,) y I g*^t't",-] I



7L.

fzr,J - (z,r)@(r,o)

m- h;"] -!("Ylg"*'FJ]
ffi - [t,rJ

So) -*ff¡

f+,ol n (4,o) @ (z,o) @ (o,o)

{¡,1xrl - l''1,,trz..)

F,*,"1 = f<,2^iiJ

f- I = ILL i t J

ft = *fa¡

f(")Y f g*aa.W.=11 - S"tYf g*''.g"tr+ p]]

* gt,*- [¿¿ iiJ

S(4 = *ffio

f¡,¡J - (s,r) @ (2,o) O (r,¡)

f.r,r.caLa+ - E(-) ylg"n'Fæll - ç(',)y l g''-rrE:- J

+ lT,^,if

f*ÍrTjlLx+ J

Frl
r'i.-l

arlL L
L

l
lt

ti;t t J
s(*t -2Ñ Sutt - * ãlltî)

lz,z7 . (z,z) @ (z,o) O (o,o)

T\n
gq
r-=l
lot

Liil'.J

[î,i'J

_ S,_,y [s"".[tl¡;
- * g''*[i!]

- S(or y [g','. ,^r". pf 
J

ri i l
- +t¡-j E"t = +ffij

Ltr"J = (s,2) @ (s,o) @ (z, r) @ (r,o)

tæ;lL¡+x¡ J [Íli:.'] - !G') y fs*.^" Fl- I - s(-)Y [so.'ffflJ -

- Eot Y f 9''*' tz.*fi)f
[l¡, i."'] * ['l'.tr 

*,J + [frl,irJ
- .å ( gn'"' tiÍ "'] + grrse [jj -'J + gqt*' tiÍ -.] )

¿

fr'fr¡L-- J



Ffl4+=('r)l (r-l)9+ = (.+f

(r+N)(r-N)tr" =
¡

.l

r-)l
(z-NXr+N)'t+" S (ù+N)(r-N)(r+N)N +

(o"lt)- Z
(r+ NXr + rr) N -

t''liTt
tÆ.b'#:l

t'"*J'l] . [d * tt,""l'l'] - [-'*r'l'i] * t.].'',å.Ð - Þii]
tt--ï::l'",,s I Å 

-¡

1t- N)

(r+ N)Nzz
(ot ! a)I

¡ ?:Srcl
L*rtrtr",rl

¡ tr5:1
LtÉ t)¿ tt¿l:¿l

I t*if] =

Ir,ìl].,,,6 [ - [ rr,l,]l
to,iil.'.'6* - [to{i] =

I t--::] rrr,6'r,,6rr,16 ] 
^ 

¡oo¡I -

[[,,..,::] rr.*4*,16] Å.-,irl - [['r,,::] r¡s,6,r,r6 ì 1,..,,'r.5 - ['r'rdï;] =

(o¿o) Or{o'z) @ (.'r) @ (l'e ) O(o'r) @ (¡'rr)Iz'+]

I

I'

N
I

?tivtz
f ¡r¡ ll

+-t'ol
r - -tt-t
L -- ''J r íiïl

r t 1)21
L rx"¡tpj

. - -ÞÉr
L tr. trttJ

r?v,3x lvl
l-'*'*',J il

(r'r¡@çr'e)@(c'c)= [9'C]

(z+x)0-¡¡)z * o 
þDå 

(r+N)Ê *s
(rt)-

(z- N)É
I+-

t, íí:
nos

r --'l LE: - -J

[ - .;',1]

'cL

( [,,11]-,'*6 - t*fi]'*,*6 ) ry
I tz't

zrt*J



73.

À3 .1

Theorem 2t

ãF' - âF + r.¡T <a^)

<å"'--t'''> - (ã(S-ãn)>

<ã-a"> = 14^ã-)

(ii)_
< antt )

Vr, ¿r

Vni ì

V-rr. t, I

= Jå^'h

= <ãJ)

= f,üÀü

(ã'a'¡

tvr+l

h=ah
a

J
h

tl
a

aj t 
"'hj

j

J

[åjL, *"*j ]

[6t *<a^>

( tF - <a'>)

Ð

<å- rt'> <ã^'å-)

<ãe->

gÐ"î ) =

Vr,'.< ,,-\

ñ t.]Â'

+

( t tll-¡,

<a-ã^>

dI t,ada''*i ( Itt <ã¿').

a'o arj(ã"-').i

a.i aî (ã^-,)., - Ka-)*, (ã"'').t - (""),* (ã"-').t J

^\t"i a¿"{en-")rt <

(ã.)i¿f,,j (ã"-"[ _ -aihIg,¡(a-){, - s.r(f,)a](a'*L, - (...)

(ã'Y.a-,j (ã*').' - <ã Fã^-'> * (ã FF'> - (.'.)

(ãÊã¡)

<EI*F ã>

-_- 

_a(ã^-'a- a )

<Få_-ã'-"> *

<ã F -4""> *

<-J-,F >

<ã"-'Tã >

<-dn-rF3>

<ã'Ffl'>
<ã FF>

+

+

+

è + <F ã-.. >
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The expansion above can be written as a sum of pairs of

the form

<il*"-- -an-n'-r ¡ - (-ê.-"'-r tri .

Using the result

a polynonial of

effieients,

of.(i),

degree m

ã^'-¿- -

{ can be

wirh o (N)

exp res sed as

invariant co-

s lnce

ínã,

whence by the induction

it follows that each of

ln =n'¿4

hypothesis,

these pairs

Since n -n'-1 ( n-l ,

cancels.

L3.2

Commut aË í on RelaÈions:

[a.j,e*.] = thjâi¿ - 9iqåh¡

¡a¡¡,a¡rJ - arj -â¡i

[.*r, at ¡] = eU - êii

[a.¡, ar¡J - * au 9q (a>

[a.¿, ¿¡ ÞJ = 9¿j <a> - r't å¡i

t

Lô,¡, år¿J =

¡aa,ã¡rJ =

[ar,,,ãt¡] '

[a,.,ãt, ] =

[a¡¡ ,ã¡ 
rJ 

=

n ê¡r

9.¡eãri -

9E(a>

ã¡,

4ji

9¡1ã.¡e

94íe)

N ã,¡

a
U

ã ùJ



75.

tl
ôãtôit J

[a,j , aãr¿l - $¡¿ ååli - år.tå4¡

= N åãjü (â) å¡i

= Irj (aã> - (â) å¡i

= åã.¡i - ê'g

= aã¡i - å.'l1i

Ia¡1,aãt,¡]

["r., "ã\J
["1 , "ã¡ 

hJ

[a,,, ãa..]

[å¡k, ãåjRJ

Lali , ã. t¡]

[a¡, ãat¡J

[au , ã.';I

3u, ðâ¡¿

9ç¡ (ãa¡

r.t ãai¡

=n 
tj

ã"i¡

Quartic' Invariant,s:

et + zñ ãt + N'ã - <a>ã - ((at> + tl<e>)

= <aãt> + zñ <aã'> + ¡¡1<aã> - (a)(aã> - <ê>(<a') + Ñ<:>)<ãar) = <..= >

<aã3-ãf> = -l¡ <aãa + ãaã> + (ê)(¡ã> + <a)(ê') i

F = ã+ + 3Ì.1¿3 + (s*t-<e))ãt + (ñi-zñ<¿>-<e^>)ã -(<a3>+ñ(a') * ñ'<e>)

(å+) = (ã'+) + z¡<ã3> + N1(ã") (e) (z<e') + l(a))

<a+-3a) = x (ê3+ã3> - z<a)(e')i

<a'ãa > a¿, aãta"",,

aãi¿åi¡à'i + ("ã"t-ã'i¿ * rtaã¿¡ -(e)è¿¡)èrr

Àå + <aã'> - (ãa¿) + N<¡ãe> - <ô><eã)

aãira¿¡ai¡ + aãi¿(åf¡<a>-.tar3) + N(aãe) -(a)(eã)

3

-

i ^i ^l¿d j d ¿

(eãa'> +

(aã¿'> '+

(aã><e> - ¡l<aãa) + u<¡ãa) -<a><aã>

[<aã), <">J .
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(aÁa/Y s ât; a¡j atl i

o 
"at 

å¿.¡ åtk ¿ +

- åríâ¿¡å'L¡ +

= åL.jåthia¿¡ +

= (ãa?> + <a">

(*t* - a.t)a'r¿

<at) - (ãa'¡

ati( 6r.; <"*) - r.ta'k.¡ ) + <at> - <ã"'>

- (H+¡)<ãet) + (a)(a') i

(ã"¿ã> a¡iâriaãtI

(5i:(a) - rlahl)"ãt¿

<e><aã) - ñ(5eã>

e ari aãt,ej' * ..'(uaã"j - nti<å> + uã;t - n'*i) + (" ')

I (ã¿ã'> + ñ<5ðã) -(aã><E> +<f,ã>-<ãa'> +(€)<ãê> - ru(ãaã>

a.i ajtaãti

.; L -F,eraj eå t

r _J
C¡Þå¡(-asã'> =

ai t åjL ã'h i

É

- +

+

-zkå

(aã'a> etj ã'i håt ¿

ã'j r Â'

-¡.: L&'là

< ã'a" )

(atr -a¡¿)ã'hi

<¿ã'> - <ã3)

ain(*ãttj -tt¡<ã'>) + <eã') -<ã3>

+ (ñ+l)(aã1¡ - <a><at> ;

(ã"rü - ã¿'.)"t..
ã*i" (6r.¡(å) - ña'j) * <-at> -(ã'a)
(t+r) <ã'e ) + (e')<e) ;

ai r å¡'ã'" ,

3i ¡ ã"k¿ ð¡ ¿

-t<ðå->

+

+

+

<å->

k

¿i hè-ta¿ e

(e"ã'> '

+

e¡ +

å

"jta'iaJi'

<ã3>+

k
Âtå¡-^¿èh'a È (a"¡ - e'*i) a,'

a'ir(n¡"jk- ãrj<ê)) + (a¿ã> -<a3)

+ (ru rr) <e'ã > - <ea)(â) ¡

+

+

<ã e'ã >

J

<al >



<ãaã a >

L4.2

8et.

-

-

a.¡Laãjþôt.,

aãjt"jtat,. + (ãtL <"ã) - (á) årt

+ (aã )(ê> - (a><aã> +

+ aãj¡("¡t-at¡) +

77.

. åãt ¡ - ã"¡) ari

<¿ãa) - (ã'a>

(¿ãa) - (ã'a2

(ã'a>

aãi¡a¡¿
i

aãi ¡Àþ¡

<a5eã >

(a5aã >

h
e L

åjo

The various substítution operators occurring in the

calculation of * , ån , à? , zt are found by evaluating

then in various special cases, using the symmetry ProPerties

of tensors with Ëwo-rohred symnetry tyPe, Eqs' (2 'L9) '

Siace the scalar factors occurring are polynomial in Ëhe

parameters p and q (aË most quadratic, for these calculations),

they can be found from a l-inited number of special cases.

The notaÈion for substituÈion oPerators inÈroduced

io Sec. 4.2 is followed; tensor components at'pear in square

brackets, indicating the symmetry tyPe' In the proofs,

external indices, appearing in 6 -factors' are held fixed,

and the others are summed over their apPropriate index



Substitutions
a 

-]forâ-.A Âr. itt
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(r = 5)

¡1,: iJ.)

[i::J k=s)

j)

)'

U

S
T

(u

(

3

5*r(
L rr'\
u: ul +-q-r) t*¡(i)

(q.'z) å'r(!)- (: :)J

E"j (:. i)
s'¡ (lt)

(t 5', I

c

B

i

(:,

s'¡[(il) - (: i)J
t',[(:'") - (LÐ]

Kî"*) . (

t(;.: :)

:')

ir¡s'
rt s/t

î i)l('l+)
('l'?)'.,
('l'i)"
(u lui)"
1s ¡uu)';

u

c

Proof:

U

s''i[(t"'l;).
5'¡ (ltí)
E'¡[( )

l?)"
lï)'¡

"*. 
(i,)

a'. (i)

(;,:_aa,

s'j

8.,

L lt tl1
r¡- e s/J)t(
rî,íI

+(

.(

@-z) å"j (t)

q.5*¡ (l)

+(r-çX )

= (+-2) ¡' , (l i)
= (1- z) 6'¡ (lt)
= q.ç-q- ¡) 6*.¡(l)

= C? -r-,) 5'; (li)
= çE'¡(i.î) - cp-q)å',(!)

= {.E'.¡(lï) - Q-ùå'.¡(t),

tiú
t,t't

(i'":)l
:,It)]

i)l

lslr
l+

e
).(å'¡[(

u)"
u 
)t,

E,'( )

( þ-c, )

Ls't*
s'|r s

+

i,sú
5ab

= q-q,l ti''( )

'^'r(i) = zq

)*.',(iî) = +

atrt"¡(3) = (r* N -1) å'i(:) +

at .. E'¡ (t) = (s * or -t) s'; (t) +

at. t'¡ (l') = (p+ I - ù s"¡ (L)

a'r å'¡ (li) = (þ * I -') t'¡ (li)
at r 6"¡ ([\) = (þ+ n -,) 5'; (tî).

(p-q-,) E',(i) . [å',('*î) .5',('"tf
* qå*,(i) * (q-z)tå'{¿) " å"(t)]

6,i( ) * c"(Þ-q* ,¡ 6^i(i) + 6q-z¡[E=¿('":) * ¡'..(it)

+

( u)¿, [*,'r*J t*., ( [,.r¿ *rl + [urarÜ] ) = z E''¡ [å ,r^*31

Eo¡(f i':],+ [s.,s'i]r'[t'::J, +[l', l],*('l ?)' ¡ [i: i:i:]
JJ*. ft,: Ê:l tt,

sl
Et', ( l's¿ i

Ltrt, + l.) t



(ul?)', [t:"'J
( lu ?)' , lti"']

('l"i)', [ï:i:"]
('lui)'; tï:ì:'.: "J

('l'+)', [:1"'"'J

(" l")'., [".ì"'"']
(" l?')'.¡ [Êli:"1

A4. 3

Substitutíons for 1â'â) ; .

T (4s= 2q n

79.

E"';([!,"'J * [Tt']) 5*'i [td 
tJ (c. = ,)

(q' ')
6'', (['ii:t]. * [ii?'.'], * [:iìt], ) = o g -- z)

E"'¡ ([i'i':'Jr* ¡-",:1'tJ,* ft,: :tJ, + ff'*,. 
¿J; * [Þ: ;,1J.)

S''.¡([lli;:t].* ¡¡i:lìtJr' tiîîi.'1.) = t"'itïi:"+'l

6"'r([tît"] * [;'.t't]) = E''j [".i'"'] (" = z)

E"'; ([t;*t] - [tit "] ) . õ"' j ([ï t "'] * [il"'¿])

E''¡ ([Ë:'!^"], * [î';ì't * ltiì"'])
å''¡ ([ïi',t] " [".'ii'J ) = 6''.¡ ("[î':t] - [i:"'l)

2rt' ) 'II ( 4a= Zqi?+t y¡ = Zr(+l)

E

- 5''¡ [ï'J

åt¡ a'r,( I4
r¡ú ) = s'j [t'*(:î:,) . å*-(:!) . 5'r(Lî;) .5ï(l:t) 'l'.(:,-:)]

E s'¡ [u (ï,,ï) . (p-+)(i) *(:,Í:) .(l:ï) . (l'Í:)J

= (p* N -') â"¡(l:)

a

(?:T)

(?: i)
(ì:i)
(u,u,) + (u.uJ +(qu^)

/Sr S¡l
\T, T¿ /

(i ì:)
/ srss\
\T2 Tr /

'-> 2q,(e,+u-r)

+ô

-+ g, (q,r+ ¡¡ -+)

-+ r, (",+ 2f¿ + N-Z)

+ *grlt

+ 1a$t

--Ð Z4res

+ 24,r,(i; "')

ft:I) -Ð 2q,(q,,* ¡ -¡)

(ti) + o

(?:*i:n) + (q¡-D(+r-t+u-4) +4e,r+z¡-6

(Uu,) +(u,ur¡ + (u,u.) + (C- r)(q-t +zr'+ u -z)

(i+, + 1q',4t

(i?i") +*ø,(qs-t)*64,

(il?!") + L$z(ir-rl +(4,

(+:u') -t 2q,,(r,-r)
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(+l'l
(+:',)

¡/s¿Url
\T2 ,'

(+:u')

> 24{t

+ Lqrll

+ô

+ L4"1,

+o

({:9
(í:q)

(i:9
(?;u'u')

I ss Uo uuì
\fr t(i:*)

Ò

+ 24rr,

+ 24r(Jr't)

-Ðo
+ 2(+;Ù(r,-r)++(t-r)

+ 6+2r,

Proof I:

The terms are calculated in special cases' and the

general formulae deduced therefrom. The symmetry proPer-

ties of Ëraces of two-rowed tensors' Eqs. (2.20), are

used throughout. The .aPProPriate section of th' 2

being invoked is indicated in each cêsê'

All terms can be' deduced from three general

evaluations:

(í:i:) [:ri:] egn"'I ttÈrt.] * zgt,"[22.] * zg*q[t,'ij r zg""'l'¿orJ|

(ii)tï;l:ì:i:l =

(luì['.','å""J ,g*'[1i'j.^]

* 2g'n'['ìt{"]

rr',"'[Í:]ti! + zgtEff,;:j;Í,l * ,9" tlÍihi . ,g'*[:iÍ,ål .

* ,etþ,tii:?i.J - zei"[¡]it!l * 29t''[j,'ii'l:] * zgÀt'[T:2t,'.'] '
* ,d, ffjl?:J * 'zg¿''TÍ,j.,';å{ * 2g'"'[t¡',f,"ii',1 * zgtt'[j,Í.I:¡] *

+ zgittrJ;ti:l + zgj'"¡¡'5'".11J * zg¡''Hî,'t,i'.1 * 29jf'[::'i;:tJ,

+ zgt""[t!:*t] * zg*''[iìÍj "'J * zr'*üÍ:''J .

2 g'*'ft'.'"'¿] r zgqqfi''i¿"J * zgt'"'[t:1'"'1i+

and applying the standard trace

the pre s cription of Eq . (4 .3) .

appropriaÈe1y, following

The notatíon (...)



indicaÈes terms whose general form has already been

deduced.

(iil)tîjll à 2ñ[j] * znrgjl "t;tJ * z[ij] + (+H-+)4i.

(ii) [:i:ïï] - (...) . rc [iii¿] . ,.[f.t]l + (+r-+)4i + a((ci-t).

(ï:ï:)ll:i;] 'Ð o + zu $'i'l . +[i]l -Ð (er.r-+){',,

(?:?:)tj:l:li,lll * ('") . +[j'i']"iJ . +tii'.";'J +

:;iHii;l :iiilil :Hiil :',ffi]:

81.

+ o -> +4ifir-it + z(u-z) 4r- (n.z(¿),r¿l).

( e9. (e-+s)).

(í;ì) Ii: i'i:il,l * (' ' ') - I [",':"t't]
(n,u,) *(u^u.) *(u,ur) -> t(1+2r¡.+ u-z)

(iìJ [i:::",1t] --
(ì:itlti:lii:l *
(+: i:)ti:i:l:ìll "-
(T '') [:i: 

* ''] '-
(íln)[li:''*'] *
(i;'l[iti:"'"lJ *
(+: *)[:]:'''J -
(ï")[]:i: '''l *

'. [:: ï:i:] *
e [iii'.]'l'] *
.. [i?t] *
'n [jï"] -
a [t;',;*t] -
,. []i" nJ *
r ['r'*J +

' ['l;i"1 +

ø qiq^.

4q,r1'".

" lii il^] -
u[Íi"]->
* qr,r'

r [ij "'"'J *
* [5T*"] *
, []'l;''i] *

tø qîlt -

a í,rí.

Iqî r' .

a [';¡h¡] *

" [';]"1 *
B4;,.i

"[i.:."''] -- o.

Proof II:

The results of I

except where the index

general evaluations ate

(íi"ï: u') [i:"'] z g""'[tÍJ

are used (with modified

set U. aPpears. Three

needed:

+ ,g"""lti'J

' zgno [i:t"'J
r 2 g",r.[t;¿ h'¿]

4t r r¡ )

additional

2 g*' [1."'t*']
* ¿g*t'[t"'o'']

,g"''[t'""t t']

,gt"'[?"'k'r J

t(1, '" 
u' 

) [?. "" 
*' 

"]
+

+
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(í;i: ") ü:j:".:"'l zg¿,c" [j,j:':"'] +

zgo"l:,,::;-'j +

,5t''"ltJ:T"J *

,gt*"L!,I"i'"1.

,s""|:,tìli'J * zg\"'[ii:i'.'] +

*,iolJ:!,t ""1 * rgt'nt:ii:".'l +

, zí'fljiÍ,n'f * ,g"f¿::?!l +

+ 4i&1j,,'tt."1 * ,gt*l!|;"r:"J +

(í;%i: %) [îli{ * (er - z¡[J'i] + (zx - r)

(i:"ii ") tj:i..i:tJ - ((. . .) + (zr.r-z)) []'r"'I tl

(iìl ") [:::;ï'1
(i:ì:") [.n,i'.i'{
(?i "*)[i;j' 

n'r'¡

(i:'"")[i:'"*'"J

+([j"j'ltJ . [:,;"lt])

-(qs-r)(l¡-t+N-+) t (zx-z) + +(q,.-t) (rr.r.zt¿l).

+(...) ",.[]l"l + lr,(er-r¡ + 6I..

Ð(...) + e[i:i:"it] + 1e.(9.-r) + 1i^.

Ð(...) + .[j"it*] - zlt{¡Xn-r) + +(ri-r).

+ (...) * *[Ti"'"'] + 4fs.,r^jj] - o + 2rz+ o 1n. ztut).

+

v

L4.4

Substitutions for *<e1a+ãaã) ( 4s 2qtt , r, 2rí ) z

(i Tl')
(t+1')

(ïi;l')
(i i:l')
(ììl')
(i:ïl)
(?;nl')

(ï:ul')

(i:''1")

(i;%l')

(ï'1')
(i*l')

.>

+

+

å

+

è

à
-Ð.

+!(n+r.¡ + (rr-5) 4,(r,+r.)

2q,,e^",

2q,,9¡ rr

2grrt",

Q,rrrt +

4.r'z +
¡arr, +

(N -+)95rì - i¿| (+jr, + (¡-+)q¡r,)

t 2414^",

+ zqrïtlt

- ñqrar?,

41vrrz

%\1.

9g1rîz

zÀ+ g,rt(r.- l)à l"r'Y,. +

->ó

o'

rl,, ,

+ô
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Proof:

Agaín the terms are calculated ín special cases '
using Èhe symrnetry properties of traces of two-rowed tensort

Eq. (2.20), and the general formulae deduced therefrom.

The appropriate secÈion of Th. 2 being invoked is indicated

in each case. Internal summations over the U indices

are evaluated in two sËages, over the Ur and U. separate-

ly.

All terms can be deduced fron four general evalua-

tions:

(ilïl')ft::?:ii"'".]
+

+

+

+

+

+

+

+

+

+

+

+

+

..+

r*(î::1i'j'{ . [i ]:î: ::'.1 . [îï:ti"-''] * [1,]:îì ;i''u])

gB(tî:il';Í,' T * ti::i:il'"] - tîiïlltJ''l * [1,:]::î:"'ul)

g" [i:îli,';,' "l . ü: iî: i'i I * [i: î.' 1,".i' 
n] . [:::,".i?,*'u ])

g*fi!:î: iti "1 * []Í.',1i',t "J * [;]î,",:f,"'tl * ti:11;,îT't])

g¿Ê,[i' :lX ?',' "1 " ¡j, ];";,"'.t 
"J - tî,t;':T' 

nJ . tÍ,1:';1il' 
t])

e''Iü,'j:i.?'I * ti ::'¿l;l I . ff:;:'¿:;"''J * ç.;i',iî.""''l)

g'r(ü:î:i?.' I - t:lÍ,';ij "J . [i:îii':ï''] . [i: j,î:;J''])

g*(tl î:".1'¡' 
uJ' 

[:: Íi,'"i' "l " I i:î:'.: r"'' ] - ti:,{::;J'' ] )

/''[r,::ti'i "J ' [tiìt::'j "J . [î;*i'""'*] . É:ìî:i:"''l)
du([:il?Í.' "J * [;' ;:i,îi' "J' [l',""'¿Í:''] * Éj,.?,î:*''l)

g- 
q 

[l',:: ";',:" ] . [å',î ii:t "1 . [:;;'.'¿",'J''] . [¡';: il',T'n])

ye([ ï ]:.';,ir' "J - [i :l ?,:.',' 
ul - [:l',..i,'i"'' ] . [å, 

j:i: :.',", 
t 
])

¡"'6iliti'."l . [j:ï ::i'.'*J . [î.ïi::"''J " [:: ïî:;,'"''i)
g#1Û;ll i:Í.'"'] - ti,?'r',i',t "'J " [i:;:'¿tl'' J * ¡;; t?:iÍ''J)

dn([:: Ii i.'. ] . [:?';i',"J - [i:l.-l;il-''] * [i:i' L::*'J)

*t([:: Ll i,i,' "J * 
ü: ;' Ë; LÍ "J * [:ïï].¿"'' I * $;] ï:i'i'' ])



(ïiJ"ì[Í:",:*'*J = r"'1[i:T"1 . [fËl'"J * ffi'¿¡ " [f,t.*'t])
- g*,([Ti,tT " [f,'"ìt "J * [ä;i-",tJ . É'¿."tJ)

. t'-''([iäl'"J * tfÍlI . EiÍ''] * EÍJ''J)
I

, g.*{[,t."J * [i;ì."1 , ffi*al * fc,¿'-,¿],

(T''1")[i:i:*'t'*'*'] = ,''t'([ïi:r""7* [î:::"'"'tJ) * gt'f"([îi;.'o't'uJ *[îJ"'t"'*J

r gj't' ( [;',:'j 
t'' ..J . ft::'j 

t'^'t]) - gat ([],'r,*'t 
t "1 * [;:','.t'n "'o]

+ g¿.r, Giîj 
*.rT . [::::' 

..",r]) * srh([:îj,.,.. "-] . [î,î:',. 
*,,]

, t /,r,(üli.ir*t"j .[:;:¿..u,4]), d..ft:ï,.,.."J * [!ilio'{"'l

(T ''l n)[::!:'''{ gtn'[]:Í'] . r"'[:jjl"] . s'¡'[i:!l"l
n g¿''[i'j','*J ' dt[',i::."J * l¡ ti:lj']

84.

and applying the standard trace apProPriately, following

the prescription of Eq. 1/rif) . The notation (. . . )

indicaÈes terms whose general form has already been

deduce d .

)

)

)

),

ft:TIo) > (au-")[j:]j''t'] = (+x-+) [:ii:,''t'] + <+n-+)ql(.

(ïi;l'')[::]:l:l:',*1 +(..') . n*[::T;ij:''"] -- (...) * 8q'(q,;-,)r:.

(i;il'ltj:îi]'J * (+x-+) [i:î;t'J = (zrt-z) ü:::"'] + çzrt-z)Q'fr..

(iï;1")tj:j:ì::"'J -t("'¡ * rz[;'i']:jl"l ->('- ') + +c:(ci-)r,.

(i:i:!")[ii:t't'] * *(g""[tÍ.*'t'J * gq"[lÍ]''J - 9l"[:l:'t'J -s*q[ÍÍi't'J)

-r(gl"ü'l't'tl * gq"[åä'*I - g''"[tt'^''] - g*[ï!j'tJ)

(ilTl'9[¿::',] * g"r(['t:fj] . tt,iÍl) * et"([î,j.'] . ttï'l)
v'*(t:;tll . [l^t',']) - I'r'([î;í.'] - ß,tf l).

(lï1,,) -(tïlu.)*o +o (rn.zt¡"t).
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(?:i:l''Xj;l:o'^'l - .9'"' [j,j,n'o'J + (+u-r)ß:ït'oJ -(2ñ-+)ft'!:*'{ .

(?;i;lu)[::i,"]:'io'"] + (.") + (g''"([i,'!,]:1'.''''l *t[tt,ilii"']) * "')*
- *( [i;]:T:l'.''''l . [i;]:î:]j',''J - [::îT:"#'''] .''' )*

I . *(E:',,',',.11''tJ . [ì:ï:]'iit'*J . [iiiiî:ï''''] . [:ii::i'.''''l) .

(ï:ì:l'') +o+(+¡¡-a)r!"'-(zr¡-+)tíq\n'+o+o+}qiîi-ù,,'- +Ñq!"(ii-t)r,'.

(i:ï:l'ì[î:l',"J à 29!rte[î:Í,'] - {'r-z¡(fti¡¿l .['diì"J)å o+o (Ih.z(üi),(¿u)).

(ïil"')[:]:]lli"'l*(e''åHl:i].'l * e''"[iÍîii:']. "') + (tïii?i:"1 + '"') +

-(tli:iì:'l - tiil"-,]:*l * tÍi'.]l"¿ol " "').
(ïï1") Ðo +o +o (rrr.z(iir)'(io)).

(iïl'')Li::l.*{ * re [ii!jï' 
*']

(îi:I")tïi:".:"'J * s [:ïi:''J

= r[i:!:"'t'*'] * arí

= nßl:,',",] * ++i

4r4' .

4rr,

(i: ì;l-)[:]:1,,-.''-J -- "[i:,1 ],li-'J ='rßi:l:l:''''l *,cqiqí n'.

(i i3l'.¡¡;il:l:l:"'l å,. [ï:i,ì:]:''l - r[!:i:]j.."'l + ø q.ii's"^.

(ï:i;l')Ëljîll''"1 - *(s"u[!13,T"'] . g'o[ï]lÍ"J - "') * e[i:3:i:''*']

(T.ïl'') - o + eq,^q!rr,' - +ñq.4lr,'. (rn. zt ) ; eq.Q.zoÐ) .

(+:i:l'rË:::::"'l -' g"*([î;j,]:t] . tt:,::'l) * 9"'"([äjj:!,"] * [t,];1'¿1¡ -

*g''"([i:Íi:t]. fdï';ltJ) + et'sa1F.l',:Ítl . [1jîï']) -

+ 2 (t?:'¡?11 - [í:i.i:"]) à o + o (rn.z(ur),(zu)).

\

(T''lu')[i:i',t'n{ * r [:;!ln'*'] - e r,,,' .

(i *l*)[j:i't'k'k'h'1 * (' : ') + 16 [3:T: ''t'*"'] * ,e S];k'¡' 
i'þ'J

* (.. .) r Bqiq, (r,- r) .

(i*1")[j:i:.,*'n'] * B[î:::k,k'¿'] = *ß:j:.,r,",J - +sirl r^ .
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(ïî"'lu')[i:t'*1 + +[".ik,h,] ->+q.ri .

(íiu'l'') ¡s'k'krkrk+] + (''') * a ([lît'hr¡rte] * hj'h't'hl)
+ (" ' ) + 4q^((r,'- t) .

(xr,lq)[i: h,k.u'] * .([t:¡,tr'',] * f;f,o,t,J) = 2fs'h'k'a,J + zq.r¡r,.

(í;''lu')t::iio'o"l * r[i:ii*'t'] - 6qi;:

(ì:''l'')[i]Í;o'o'o'L] + (" ') * (re [í:ll''h'''k:] * e[Tiïo""t"J)

+ (...) + ,6[ïjlk,h,h.lrJ

(iiu'f u') * (. . ') + aiir,' (r,'- t)

(ilu'l'r[",:j:t'0"'] -. .(E:î;þ'r's{ + [îJiio'o'''] * liiiîo'o'''] * [j:i.',0't'j'J)

+ +q!rr,'r,

(ïql'')[::i:o'0""'] -> 8[l:îj*'*'t'] = *Hj:,,.'*,] - +q,{r,,r,

(i:'^1")[jiil"'"1 - r [îji,'.''"]
(Tt.l'l[:]ruruear] > .[îjî:,,ó.ßr] + s ftlîl¿,i,*,] . elîjîló,iru1]

(T %lt, -> 4A'qi,,þ.- t) (rn. zr.¿).

(ï:"1u,)['¿,0'"*'] +' 2us'*t[t:'*'tJ * zgt'"'Þh'h'¿] + o (rr,.zøl).

(ì:"1'.)[t,''*'] -> g''n'[tl"] + g''ue[*,{{J * g',",[i,.'¡] * gt'".t1,','ol

(flql'l +ô (rn.zc¡,1).

\

(i:*l',)[:::)t'""J *.(g''"'ff,1..,0'*'t] * g""'[J;Í,t't,o]) *,(['r,'*',.,hiJ *f,i]:t,t,j,]).

(ï:u'lu') -> o+o (Trr. z(a),(¡")).

(î;ql9[:::ì"'"'] - (gqn'[î,';,"t] " gt"'[î:].?""f * -")+ .([i'å',i'i'J *[i.f*ìi'i:]).

(f "1") -> o+o (rn.z('i¿¿),c¡¡l).
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