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CTTAPTER I

THE BUCKLING PROBLEM

I .l Problem tc¡ be considered

Consider a thin cylindrical shell, of length L , radius a ' and

Ehickrress t , subject to aû external force. Elastic equilibriurn

occurs r,¡hen basic stresses and displacements occur for a particular

load and when the load is removed the shel1 refurns to its original

s tate .

NeuEraI equilibrium occurs, when Íot a particular 1oad, additional

displacements occur without any additional forces ' The smallest load

for which neuEral equilibrium occurs is the buckling load for the

cylindrical shell, and when it happens additional displacements occur

spontaneous lY .

problems of thi s type were first introduced to the author by the

South Australian Engineering and Water Supply Department' This

Department has large cylindrical vra¡er tanks and it was their practice

to backfill part or all of the outside of the tanks with soil so that

they would blend in with the countryside. However Ehe DeparEment was

concerned that buckling may take place due to the external soil

pressure when the tank would be emptied. A literature search showed

that no model could adequately preclict the buckling load caused by the

triangular load of the soil.
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l, (x,S)

----+
/.

Throughout this thesis the following notation is use<1

T

E
-D

Fie. 1. r. I

Length = 1,

Radius = a

Thickness = t

Young's Nlodulus = E

Poisson Ratio = v

Axial Coordinate = x

Circumferential Coordinate = þ

RadiaL Pressure = p. (x,Q)

Axial Compression = P

Shearing Force = T

Axial Displacement = u

Circumferential Displacement = v

Radial Displacement = w (+ve inwards)

L
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The sËresses caused by the external forces are as follows
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L.2 Review of Previous solutions

The solution to the buckling of a thin cylindrical shell was first

approached using the method whicir is nol^, knowtr as the 'Classical Small

Displacement Solution' From 1908 to 1932 the 'classical' buckling

formula was developed ancl is usually written in the form

I EE

a
(r.2.1)o

u ,tr(Ãz,

is the critical uniform axial sEress, v Poisson'swhere o
u

E Youngts

surface of

of the

ratio,

mi dd lemodulus, t the thickness and a the radius

the cylindrical shell. The associated axial \rave 1en gth I

of the buckle is given by

12(1-v2) /ar . (1 .2 .2)

The buckling pâttern predicced by the classical theory is a 'chessboard'

pattern as shown in Fig. L.2.L. However, this buckling Pattern has

never been observed in experiments. Also Ehe ratio of the experimental

buckling stress Eo the calculated stress from equation (t.2.1) was

approximately one half to two thirds. Two causes put forward for these

discrepancies were Ehat the boundary conditions are not exactly

satisfied in the classical solution and that the experimenEal cylinder

had smalI initial imperfections which caused the low critical buckling

load. However, these explanaEions did not resolve the poor correlation

between the theoretical and experimenral loads and consequently the

classical theory \^/as assumed to be inadequate for the complex buckling

problem and was only used as an approximation to the buckling load.

À=rI
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Fig. L,2 .I 'Chessboard' buckling paEEern

The major contributors Eo the classical theory are as follows:

' In 1908, R. Lorenz [3] developed the buckling formula for lhe

axisymmetric deformation of a thin walled cylindrical shell with simply

supported edges subjected to uniform axial compression. He represenLed

boEh Ehe initial elastic displacements and the additional buckling

displacements by a Fourier sine series, and hence was modelling a

rchessboard' buckling pattern. The critical buckling load was the load

at which the denominator of a particular soluEion vanished. EssenEially,

Lorenz derived equation (1.2..I) and (L.2.2) for the particular case of

V=0

' In 1910, S. Timoshenko [9] derived euqation (1.2.L) and (7.2.2)

firslly by using an energy method and by solving the eigenvalue problem

defined by a fourth order equilibrium equaÈion and the boundary

conditions.

. In 1911, R. Lorenz [4] again tackled the problem, but without the

restriction to axially symmetric deformations. By assuming the

displacements in the axial direction were negligibly small, he derived

a sixth order differential equilibrium equation with simply supported

boundary conditions.

' In 1-914 ,

cylindrical

R. Southwell [8] obtained buckling formula for a thina

shell simultaneously subjected to axí¿r1 compression ancl
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and laLeral pressure

. In 1932, I^1. Flügge It] ¿erived a more general solution for the

buckling stress for different loading condiEions and also obtained

formulas defining the axial and cir-cumferential wavelengths in terms

of each other. tle also explored the cliscrepancies bet\^reen theoretical

and experimental buckling loads.

1.3 Outline of current solution

This analysis is based on the same non-linear classical equilibrrum

equations, but unlike the previous solutions, the only simplifications

involve the deletion of the non-linear terms. Also the solut.ion given

in this thesis contains no approximations in the classical thin shell

elastic equaE.ions. Furthermore it defines a buckling shape to reflect

and model actual experimentally observed buckling patÈerns'

l'{. nehn [6], in his Ph'D. thesis, developed an exact general.

solution for the prebuckling elastic clisplacements on non symmetric

Ioaded cylindrical she11s. Using this, a complete solution to the

prebuckling deformation is constructed which can accurately predict

deformations resulting from complex Ioadíng conditions combinecl with

mixed boundary conditions. Chapter 2 sets out this solution in detail

since it is the basis of the solution to the buckling problem'

General non-linear equilibrium equations are used with terms

derive-<l from angular cl isplacements of the cylindrical sides ancl also

in-plane stretching of the midctle surface. substitution of general

stress-strain relations result in three equilibrium equations

involving known prebuckling deformations ancl unknown incremental

buckling displacements. IrrcreurerrLal quadratic r-crms arc then

ne9Lectecl which linearize the equilibrium equation'
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The equarions are then solved by using a double power series

solution for the displacements in the axial and circumferential

directions. This resulEs in recurrence relations v¡hich are then

solved using Ehe boundary conditions of Ehe buckling displaceììents.

A local buckling patch is proposed where buckling occurs and has on

iEs circumference zero incremenÈal displacements ' Due to iEs

flexibility, this boundary condition can effectively model the

experimentally observed buckling patterns as \^/el1 as solve the

complex equilibrium recurrence relations.

using the boundary conditions on the buckling rpatch' and the

recurrence relations a matrix is constructed and its determinant

vanishes at the critical load for the particular 'patch'' A search

is made to determine the 'patch'which has its associated determinant

vanishing aE the lowesE load. This load is the buckling load of the

cylinder.

The theory is versatile since

to complex combinations of lateral

mixed boundary conditions of free,

the cylinder.

it can analyse cylinders subjected

pressure, axial load and twist r^¡ith

pinned or fixed at either end of
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CHAPTER 2

ELASTIC PREBUCKLING SOLUTION

2,I Introcluc tion

The ain of Chapter 2 is to rigorously solve for tlte prebuckling

displacements when a thin cylindrical shell is subjected to complex

loading conditions. These displacements can then be used in a general

classical solution to the buckling phenomena.

The equilibrium equations used are found in most references on

this subject [2]. If. Rehn in his Ph.D. thesis t6l solves these

equations for the nonaxisymmetric case and also with si-mple loading

conditions.

The analysis which is original in this chapter i-s conEained in

section 2.3 : Axisymmetric Solution: ß = 0 and section 2,5 to 2'8

which solve the particular solution under complex loading conditions'

2,2 Prebuckling Equilibrium Equations

The three equations of equilibrium describing a thin cylindrícal

she1l are

t'
N +N

Q*

â

ãõ
ad

-dX

-N -N -OXQ Q 'X

Qx
Q*

ô
+ap

. (2 .2 .La)

.(2.2.Lb)

.(2 .2.Lc)

ax a
0

are

of rhe external

x

+N + N

a

a

+aP 0

0

0

Qx

+O

0 xX

N
x(-,

,N.,xq)

shears;

N

P
x

0
are thewhere N , Nx0x

the transverse

surface force;

0,zarethe

+N +N+to

p
a

0

xS
N

0
+N +aD

Qx 'rx
+

P

s tress resul tants ;

are the comPonents

a is the rnidclle surtace raciius of the cylinder; x,

axial, circumferential and inward radial coordinates;

() (
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The two equations of moment equilibrium are

0\o - *O - ** - "o* 
+ aQO

' Mo*

= 2 l+) (uo
a\¿/

å (Ð (zwo - uo * io)

(-l (2\,ro

ù
Çlx

+M

(uo + vo) .å(?) (uo - lJo )

...(2.2.2a)

(2 .2,2b)

. (z .2 .3c)

(2 .2 .3d)

(z . z .ze)

. . . (2.2.3f.)

(2 .2.4a)

. (2 .2 .4b)

+M M tQ*

Et 3

L2 1-v

0
x x a 0

where M ..1"1 ,xQ- e
I'l

x o
are the bendir-rg moments.

The generalised elastic law for rhe cylindrícal shell are descríbed

by the following set of equations

N, = ]cuo-w¡*vüol-$rwo*ïo) "'{r-'2'3a)
0a

N ? ,ü, * ,uo - vtro ) * å tüo> . Q,2.3b)
ax

N
Qx

N*o

M

å(
f-v\
,)

K
a'

K-z
a

K
d

* üo) . å (?) (vo *io)

(w a l,lo + VVJo )
0

M

Q6

equa t ion

0

x

M
$x

x

and V is Poisson's Ratio

and Q*

o + Vl,tro + Uo + VVo)

+ Vo)

il
W(

. .(z .2 .3s)

(2.2.3]n)

,l,lo areinthe x,0 tz directions

f ol lows

where the displacemenEs Uq , Vo

and the constants are defined as

D

K

M
0

can be expressed in terms of the bending momenEs from

The equilibrium equations Q'2'L) can then be expressed(2.2.2)
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in terms of sEress resulÈants an<l bending nìomenLs' Substituting

equat.ions Q.2.Ð for these resultan¡s gives the equilibrium equations

containing only displacements and external forces. The homogeneous

equations are as follows

lt
U *?üo Vo - Vl,/o+0

.i.[]û, ií, - ? 'í,]
+

Uo(x) cos ßQ

Ve(x) sín ß0

üle(x) cos ß0

.(z.z.sa)

. . .Q.2.5b)

...Q.2,7a)

. . .(z .2 .7b)

...(2.2.7c)

0

?üo+vo
1-v tl .

Vo - trlo

+k

+

t

t
J

2

1

(r-v)üo .?#,] 0

vúe + üo - lro . r. [?úo - úo - ?i',
trt .Jt I-ií0-2rt0- wo-zwo-"rl = Q "'Q'2'5c)

where the constant k is defined as follows

k = # ...(2.2'6)

Since the displacement components vary sinusoidally in the

circumferential direction, the following displacement equations are

wri tEen

U¡ =

Vo =

Wo =

where ß = 0,L,2,

Expression (2.2.7) satisfy the geometry of the eylinder and when

substituted into equation Q.2.5) a symmetric homogeneous system of

three simultaneous equations in Uo(x) , Vo(x) , Ws(x) resrtl t '
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[o'- !ø'(r+r)] u,<*l [+u'ì vo(x)

.iuo-

[ +so] uot*r +

. + u")] wo(x)u (o'

+ Irgn2 + Ks]',^io(x)

o ...Q.2.8a)

0 ...(z.z.au)

0 ...(2.2.8c)

0 ...(2.z.ga)

+

I
t

ß _ 3;u r.ßn, i'lo(x)

ß"+ l-v ( t+3t )02 Vo(x)
2

I
I

t
I
J

VD u (o' . ? u")] uo(x) +
3r'r.ßr'l voc*l

le

+ t (oa 282o2 + (ß'-r)2)lwo(")[-r

where D = a
A

+ . These equations are abbreviated in the followíng way
dX

Io2 rr luo (x) Irzo]r¡o (x) DIr, tz + x+ lwo ( x) 0 .(2.2.9a)

Irzr]uo ( x) + Ir5o2 r5Jve(x)+

t[x:t2 + rq]uo(x) +

*t = ? ß2(t+t<) Kz

It<zlt + Ke ]vo (x)

* [t<gla + Kr o D2 + Kr l ]wo (*) 0 (2 .2 .9 c.)

Ke ß

...(z.z.ro)

l+v
ß Ka

(ß2-r)2t

+ Kq)

Kg

KloD2 + Klr

k;Kq=-v+?g'nwhere
2

1-\ì
v'u = ï (1+3k) a2-Þ K7K5,

Klo zß2k KtlKe=-k -1

I,Iriting equation Q.2.9) in matrix form we have

-(r2 - rr) -KzD

-KzD K5D2 + K6

-o(rsD2 + Ka) K7D2 + Ks

Assume a solution with the form

-o(r312

K7D2 +

KeDq + ll
uo(x)

vo (x)

VIo ( x)

0

. . .(2.2.11)

us(x) A1,
Àx ve(x) 81,À* ; Ws(x) c9"

Àx (2 .2. L2)



\,rhere A,B,C,À are complex constants to be cletermined. SubstiEuting

( 3. B) into the matrix equation (3 '8) yietrls

C5 + xC6

I2

(2.3 .4b)

-(À2 - rcr) -KzÀ

-KzÀ KrÀ'

-À(rs À2 + Kq ) Kz À'

EquaEion (3.9)

matrix is ze-ro.

2.3 Axisymmetrrc Solution: ß

When ß

is also zero

Vo 0 and Kt

-À(KsÀ2 + K+)

K7 ).2 + Ks

KeÀ+ + Kl oÀ2 + Kt t

0

= Klo = Q

-k i Kti = -l-k

(2.3.1)

(2.3.2)

xAo (2 .3 .4a)

+ I(5

+ Ks

B

c

(2 .2.L3)

has non trivial solutions i f the cleterminan[ of ¡he 3x3

0

0 , the circumferential displacement Vo = Vo(x) sinßo

Equation (2.2.L3) therefore simplifies since

- I\2

1-v

- f\8-Ke =K7

(1+3k);and Ks kiK+=-ViKs Kg
2

so thaE equation (2.2.13) reduces to

t2 Àv - t<À3

kÀ3 -(r+t) - kÀq

À¡ x
Ue (x) A. ,Q,

I
* As

Vo (x)

ll:10Àv

The matrix equation (2.3.2) has non trivial solutions when the

determinant vanishes. This results in the following characEeristic

equation in À

12[r<(k-r)À4 - 2vkÀ2 + (v2-r-k)] = 0 ..'(z'3'3)

The solution to this equation Ehere forels

4

I
i =1

0

4

I
i=l

+

\,Jo ( x) [À' 
*

+ (2.3.4c)



Now Alr..., Ag, CI,'.', Ce are tl{elve comPlex consEants to be

determined by the six boundary conditions. Substitr-rting equations

(2.3.4) into ( 2.2 .8) gives the complex matríx equation

-vtr - kÀ3ii

-(l+k) - kÀ.
I

l3

(2.3.6b)

(2 .3 .1)

.(2.3.8)

4

I
=1

0

nÀ, t

l.
I

A5

,]t
A

I

C

A6

C5,

+
0

0 lt
0-v

-v -( l+k)x
0

-( l+k) C5

...(z.3.5)

The deÈerminant of the lefÈmost matrix is identically zero for each

i = l r..,rh since Ài's are the solution to the polynomial produced

by the determinant of an identical matrix. Equating coefficients of

powers of x gives the following

C5 0 (2 .3 .6a)

and

The homogeneous equation (2,3.

solutions and hence the raEios

A. /c.tl

A6
(t+t<) K]I 

^-ll- "s il'u rìsCs

A. /C. can be calculated.
ll

2) for i = 1'r..,4 has non trivial

Hence

[ -À,' -vÀ -kÀ3I 
t 1

0i 1, ,4

giving

n. = A./C. = -
ll¡

The displacement component exPressions

only 6 independent unknowns.

(2.3.4) can be rewritten with

n.c.I + (2.3.9a)

(2.3.9b)

(vÀ.- tcÀ.3 )

À
I

I
=t

ÀixUs(x)

Ve (x) 0

+C

4

I
=1

9"We (x) Àix
C5

rì sCsx + Ce,

..(2.3.9c)
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2,4 Non Axisymme tric Solution : ß L,2

In exactly the same \^ray as the symmetric case ß = 0 , the

displacement component expressions are calculated with eight independent

unknowns.

For ß the following is obcainedI

n. !,Àt 
* 

c.

,, gÀi*c
i

n [Ài*c'i i
uo (x)

Uo(x)

Vo (x)

ws (x)

+ Ct + xCs

...(2.4.1a)

...(2.4. rb)

.(2.4.lc)

(2.4.2a)

(2 .4.2b)

. (2 .4 .2c)

6

I
=1

6

r
t-
=l

5

I
Àix

!ùo ( x) 9"

v6(x) 4

C. +C7+¡Cs
I

and for ß
.) 3

I

I
=1

8

I
=1

8

I
=t

x
^rL c.

I

Àix
9" C.

I

where ni and 4 are for both equations Q.4.1) and Q.4.2) as

follows.

-[r3ruÀi* (ruru+K5K3-K7Kz) À3 * (t<qKo-t<atcz)À. ]
n.

I (K5-K1Ku+Ki)X: Ks-lLKs +

-[(rzr:**r)\u (t<zKq-rrr7+Ks ) À:+ KrKs l

.(2.4.3a)

.(2.4.3b)X.
I LKs 

^;
+ (rr-rrK5+Kã)À: - K¡K5J

2.5 Normal Pressure Loading

To allow for general pressure loatlings the norrual pressure

distribution is given by

qcq
oï

ß

Pi\.x) cx. --îutt
=O A

cos ß0 (2.s.1)
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\rhere q" is a constant independent of x and 0 and

o, , i = 0,,..,P are dimensionless constants independent of x and

0 , and P is a series limit.

The equì.librium equations then become

{j,.?ü, *llPí, vR\lo.u(+ü, *{ío ?oi) 0

frl,.ü, +

VUo + vo-wo

Ws 2Ws - l{e

+ 'T, 
- ùo *. (å ,r-v){lo

..(?Ú,-Ü,-?i/,
+

,u
We

3-v

x

a

0

(2 .5 .2a)

(2.5 .2b)

(2.5 .2c)

2

)
-qc iio,

[3=o i =o

0

P

¡
P

Iv
i =0

P

Iw
i=0

ilu -,tl
I^l 9 2Vtr o

cosß0

Ue VsA particular solution for the

found. When ß = 0 , then Vn

considered separately.

Par t

these cases have

displacemenEs

= Q so that

Wo 1s then

to be

2.6 Particular Solution : ß 2,3

For the particular solution when ß =

expressions are chosen for Ehe particular

UPar t
u å cosßO

a

2 3,. the following

solutions

x
s rnSOi -l

(2.6.La)

(2.6.Ib)

..(2.6.lc)

a

\^1 Par t
a

where U, , V, , 
", 

; i = 0,...,P are dimensionless constanEs

Substituting expressions Q.6.1) into equations (2.5.2) gives

X

- 

cosÉQ
l -l



P-2

i =O

-K3

+

P-3 i
X
i -1a

i -l

0

i -ra

P

i =0

. P_lx -K"I(i+r)vi -r I + I
¿ i =0

P-l

u I (i+1)wi+r
i =0

16.

. . .(2.6 .2a)

X

i -1

...(2.6.3c)

x
I ( i*r) ( i+z)u ^" l+l

x

-+

K¡IU,
a

- r<, I 11+1)ii+2)(i+3)I^/i +3
x

i =0
¡ -ra

p-2P-l i

r, I (i+1)u,*, å
i =0 a

+Ko
a

(2.6.2b)

P-4
+ Kg I (l*l)(i+z)(i+¡)(i+4)w. *o

i =0

+Ks I (i*r)(i+z)v
I

x
i+2 i -1a

P

Iu,
=oi =0

p-2 i
* rz I 1i+1)(i+z)w. *, å * o,

i=0 A

P

ïwLi
x

0
i -1i =0 a

P-3 i P-l i

( i+r) ( i+2 ) (i+3)u. ., å - ru I (i+l)u. n, +T
a 1=0 a

K7

P

IV,
=0

I
i =0

P-2

I
i =o

i

1i+1)(i+z)v.*, å * *,
d

x
i -1a

I
x
i -1aI

p-2 r

+ Kro [ {i*r)(i+2)w. *, å + Krr
i =O a

. .(Z .6 .2c)

where Ehe constants Kr,...rKtt have previously been defined by

express ions Q .2,L0) .

EquaEing coefficients of powers of x Eo zeto in equation (2 .6.2a)

g].ves

KrUp . . .(2.6.3a)

KrUr_, - K2(P)VP = Kr(P)Vln 0 . .(2 .6 ,3b )

Pi
eX

-d ) CIYcLii
i =O a

P

iwpl

=0

x
i -1

0

Kruu_, - Kz (P-1)V"_, - K,+(P-1)wo-,

K,.u, - Kz(i+1)v.+1 - K'*(i+1)w¡+r

- K¡(i+1)(i+2)(i+3)W +3 - o

_ (i+r)(i+z)u,*,

for i = 0,...rP-3

(r-r)(r)uo 0

. (2.6.3d)



L1

EquaÈing coefficienrs of powers of x to zero in equration (2 '6'2b)

. (z.o .+a)

KrVn _, + l(el'lu _, - Kz ( P )Up

KsVi + KsI,I. - Kz(i+1)U.*,

+ Kz(i+f)(i+2)W.*, = 0

g]-ve s

gave s

KoVp + Vs\

KsVp + Kl tlrtro

+ Ks(i+L)(i+2)V. *,
for i = 0r..',P-2

(2.6.4b)

(2.6 .4c)

(2 .6 .5 a)

. . .(2.6 .5b )

...(2.6.5c)

.(2.6.6a)

. . .(2.6 .6b )

0

O¿P-2

-o
'c

0

Equating coefficients of powers of to zero in equation (2.6'2c)

a(t-v2)
-qc

ET
0,

KrVn_, + KrrWp-r - f+(e)Un =

KrV,_, + KrrWp-z - K,*(P:I)Uo-, + Kz(P-r) (e)vo + Kr o (P-r) (r)w*

û,P-1

KrV"-, + Krrwp-: - K+(p-2)ur-, + Kz(p-z)(p-f)ur-, + Kro(p-z)(e-t)wr-,

a(l-v2 . . .(2.6 .5d )- K¡ (p-2) (p-r) (e)u, -qc ET
0" 

-a

KrV, + Krr\ - Kq(i1l)U¡ +r + Kz(i+1)( í+2)V. +2 + Kro(i+l)1i+2)\*z

- Ks(i+1)( i+2)(i+3)u¡ +r + Kg(i+1)( i+2)(i+3)li+4)W *o

r( t-v2 ) (2.6.5e)
=-o

^c EI

q"

U

V
P

0, for i = 0r...,P-4

Equations Q,6,3) to (2.6.5) give the following recurrence relations'

0

a(t-v2)
q

c EI cx
l,

W
-K a(l-v2)

)

)

(
\

P K5,K11-K
q" EI

cì,
P

(2 .6 .6c)
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U

(KzVp +Kr¡W, )
D' K,.

K a.( t_-v 2,)

EIKr l-K I
qc

-Ko -(i<5tr1r-Ki )
qc

a ( l-v2
EE

C[P-1

(Kzvp_, *Kuwo-, )

K1

. (z .o .ø¿)

. .(z .6 .6e)

...(2.6.6f )

...(z.6.6e)

. . .(2.6 .6h )

. ..(z.6.6i)

.. .(2.6.6 j)

. (2 .6 .6k)

.(2.0.øn"1

P-l

\/

I^l

(

(
\

CI,P-l

)

P -1

P -l

U (P-1)
P=2

1 I
L
Kr r(P-t) KrUo_, -r(K5V7+K7\ )

KuUr_, -P(KzVp +Kr oW, ) )

)

\/'P K5,K11-K B

- Ka [ (P-1) (
\

Ij

I^I

qc

(P-2)
Kr

+

(P-3)

or-, ]

-ra(P-1) KrUr_, -P (tcsv, +Kzlüo )
(
\P

+ Ks[(p-r) KuUr_,. -P(t<zV, +Kl oWp )
(
\

\
)

a( t-v2
qc EI on-, ]

tT 
-U-

P-3

V

(oruo-" *Kuwr-, +(P-r) (ur-, +Ks (p )!tp ))

G,ç*-RÐ [*' , r'-z )(*'uo-, - (p-r ) (rsvn-, *r'wn-, ))

- Kg [ @-z) (*uur-, - (p-r) (rzv"-, +rr olln-r ))

P-3

wn-a =

a( l-v2
qc

ET
d,

P -3

-re (P-2 ) Krun_r-(P-r) (Ksvo_, -KzlJo-, ) \)

rl

rl

(
\

Ks[ (p-21(ruu" 
-r-(Y-t) 

(rzvo-, **, o"n-, ))

a( r-V2
qc

ET
clP-3

UP-4 K1
KrVn_. +Kr.rl^lo_r +(p-2 ) (Un_, +Ks (p-t )wr-, )

\
)

0and for i ,P-4

,..(2.6.6m)



V,
I

1

(KsK¡ 1-K a)

a 1-v2)

+

a(t-v2)
EI

qc
ET

o, l

[*r , , 
i*r l(rzu. * ,-(í+2) (r5v. *, **r\ * , ) )

0;

i
X

- 

coSOi i -1-a

t
W.xt cosói -la
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. . .(2.6.6n)

. (2.6.6o)

(2 .6 .6p)

. . .(2.7.la)

(2.7.rb)

. (z.l .tc)

- Ka[(i+1) ( *-u *r-(í+2)(rrv. *r*Kro", -, ))

+ (i+1) 1i+2) (i+3) K,u,*¡-Kg(i+4)!1. *o

\^I 1"F+*-'T [ 
-*,, i+ 1 ) (Krui *, - ( i + 2 ) (r sv, *, *"'", *, ) )

Ks [ ( i+r >(*uu. * , - 
(i+2 ) (rzv. *, *K, n", ., ))

+ (i+1)(i+2)1i+3) KsU. . ^ -Kg (i+4)VJ." i+3 - r+4
\
)

qc or]

and also for i 0r,''rP-5

I
I

U
t-

Kl
KzV. +K+W. +(i+1) U, *, *Kr(i+2)I^1. +2

2.7 Particular SoluEion : ß 1

For the particular soluEion when ß = I the following expressions

are chosen for the parÈiqular solution

U

P

I
i =0

P

I
i =o

U

!ü.
1

Part

Par tV

WPa¡t

V 0 is chosen, since Ke,Kl t- Ka2 0 when ß=1
Part

Equations Q,6.2) are the same excePt the terms containing V.

are zero. This results in the following recurrence relaEions

s
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u* 0

I
=--a Kr r 'c

a(t-v2)
Et

. ..(2.7 .2c)

. (2 .7 .2a)

(2.7 .2b)

.(2.1.2ð)

(2 .1 .2e)

...(z.t.2f)

. . (2 .7 .2s)

. . .(2.8.lb )

I^¡
P

UP-l

I^l

Ka
K1

(r )w,,

ct
P

P-1
I a(r-v2 )- K- 9"--i!- *r,-r

u = I(s (p- r )w--P-2 Kr P-l

wr-, = ¡| fct-tl(*uur-,-r'o(p)wr)
I
I

and for i = 0,...,P-3

U
K1

1

Krr

If 
r.,,r(*-", *, +(i+2)u, *, +(i+2 ) (i+3)*r", ., )]

1

a(l-vz )
a" --- nl- 0P-2

a(t-v2)
q" ---ET- % _¡ . . .(z .7 .2]n)wn-a = (p-z) Kuu"_, -Kr o (P-1)wn_, I

I

and for i = 0 ,...,P-4

I^1.
I Krr

I ( i+1; uUi *, -Kr o (i+Z )", r ,(- )

i -l0a

+ (i+t)(i+z) (i+3) (
\

\
)

a( 1-v2 ) . (2 .7 .2í)
e" --Et - cl.

I

2.8 Particular Solution ß=0

I,rrhen ß = 0, the constants Kt = K2 = K6 = K7 = Ka = Klo = 0

The fol1owíng expressions are chosen for the particular soluEion

P rUx'
t (2. B. ra)U

Pa r t

I
I

I
I'

Part

P

I
I{x

I

P;¡ r t i -l0a
i^l

0

(2.B.rc)
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The particular solution results in the following recurrence relations

Kaq" a(1-v2 )c)¿p ..(2.8.2a)
UPr-I (Kì r +K4') (p+t )¡t

-9" a(1-v2 )0p
I^I

P

U
P

ET

Kaq" a( l-V2 )0P_1

(Kr l+K,*') (p)nr

-e" a(l-v2)%-1
(K11+¡ q')E t

Klt+ K l+

.(2.8.2b)

. (z .8 .2c)

(2 .8 .2d)
I^lP-1

U
I

)
I
t

K+ e" a ( 1-v2 )*o _, l
I- KsKr r (P-t) (r)wn ...(2.8.2e)

P-l (Kr r+K +') (P- t EI

\^I
1

G, t.Kð
g" a( l-v2 )o"-,

ET
+ K¡K+(P-r)(e)w" . (2 .8 .2f.)

. .(z .8 .2g)

...(2.8.2h)

...(2.8.2í)

-aP

U
1

qc a( l-v2 )oo-,
- Ks(p-2)(P-r)(r)u,

P-2 (Kl r +K +') (p-z)

- K¡Kr t(P-z ) (P-r )wr_,

-1
g" a ( l-v2- )on -,

w" -, (K1 1+K+')

I
L

K'+
ET

Ij

I
L Et - Ks (p-z ) (p- r ) (r )un

+ KsK+ @-z) (e-t )wn_, l
I

and for i = 0,. .. ,P-4

i+1 Tr.; +K?tGt
1

q" a( l-v2)ø
+ (i+1 )(t+z) (i+¡>(", <i+4X,¡. .o-*,u, ., ))Ka

ETU

- K¡Krr(i)(i+1)l'j. +2
I
J

W
t

q
c

a( 1-v2 )cl

ET
Ke (i+4)", 

*o -KrU, *,

I
l

+ KgKrr(i)(i+1)t,i.*z

+ (i+l)(i,+z)(i+3)

(2.8.2i)



2.9 Boundary Conditions

Bounclary conclitions aE the top and bottom of the cylinder: are

needed to full-y determine the prebuckling displacements. For ß = 0

and ß = r , only 3 conditions at each end are needecl) corlesponding

to Ehe U¡ , W0 , W0 displacernents and for ß = 2,3'' 4 conditior-rs

at each encl are needed, corresponding to the Uq , V0 , Wo , lig

displacements.

ThestressresultantscorrespondingtothediSPlâcell]entS

I-J¡ , Vo , W0 , !,i0 are N* , T* , S* , M* resPectively, where

ET

;õ-vrf + v (Vo -l,Jo ) +

Et
Zãfl.vt

"ll \Er"l,lo \
T2¡-r,T)
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(2.9.ra)

(2.9.lb)

(2.9.rc)

.(2.9.ld)

the unknown

2) the above

(z.g .za)

(2 .9 .2b)

.(z .g .zc)

N ('i 'x

x
N

xQT

l\l
xQ
a

(uo +vo )

.)
I

.t I
(wo+vo )

S ax

Mxö
a f 

-íí,-uií, -,10-ulo +( r-v,(-ti, *!¡ (üo -i',).1Et'
Tr;Íry,

12( 1+v )a3
Et3 (wo +vo )

x

M=
x ,l( r{"¡;" (,Í,.ú o +v( iio +ivo +ú o -0 

" )

Since all derivatives of U,V,W can be expressed in terms of

constants C, , i = 1,...,8 using equations (2'3'9) and (2'4

stress resultanrs are

N
x

T-
x

8

i =l
Inc.;

I

8

Ircui
i -l

5

M
X

S

I

I
,-1

l"l

8
t
L

C.
I

(2.e .2d)
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Boundary conditions for some conditions are

End 2 Ug=Vs=Wg Iio = Q ...(2.9.6b)

For ß = 0 and ß = 1 only 3 conditions are needed at each end and

since Vo = 0 , the condition for this direction is dropped.

The boundary condition matrix is then assembled and frorn thrs

the unknorm constants C, can be calculated. The following example

is for a cylinder, free at. Èhe top and pinned at the base.

Fixed or Clamped

Simple or Pinned

Free

AxiaI compression of

N with cl.amped ends

IUo=Vo=lrtro=l{0=0

Uo = V0 = WO = M* =Q

. (2.9 .3)

. (2 .e .4)

(2.9 .5)

(2.9 .6a)

NPartT

TPa¡tT

Spa¡t r
MPart T

UoP" 
r t B

Vopart g

WoPart 
B

Mn-Pa r t B

...(2.e

N =f =S =M =0
x x x x

End I : N = lif i Vo = l,lo = l,io = Q
x

Cr

C2

C3

Cq

C5

c6

C7

Cs

N
TOP

T
TOP

S
TOP

M
TOP

U¡.
Das 0

voou, 
"

hI o.
DA s e

M
base

Tt,

St,

M'

ut"

V

!t

M

¡tr ¡2r Nr, Nu, Nu, Nr, N7r Nt,

+ 0

B

B

B
Mt"

Each of the elements in

7)

the matrix equation can be found from one

For exampleof the expressions ( 2 .9 . f) .



Ur=.B

Tu, =

NPar t T

VPar t B

\^/h ere 6

Coefficient of C1 in expression

Coefficient of Ca in expression

= Particular solution for N* at

= Particular solution for V at

for U(x) at x = base

for T at x=toP
x

24

T

x=top

x = base.

In syurbolic form equation (2.9.1)

ô=G C+ô

1S

in equaEion

, C,*, Cs

(2.e.8)

Iu_ 
TOP

I Bx8]

P

matr 1 x

C3

(6-ôP )

(3.47)

c5 , c7

Tror'Stop'\op Uo"r" ' Vb"*" 'Wbur" '\u."]

G

C

T
c = [Cr , Q2 ,

ô = [N"P '^'PartT t'

rn equarion (2.9.8),

and hence, inversion

fo1lows.

cgl

G

\u, t s]

all the elements of ô , G ô can be determined
P

of matrix G gives the unknowrl constants C, AS

...(2.9.9)

ô^ are vectors of lengEh 6 and G is a 6x6
P

For

square marlx

ß = 0,1 ô C
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CHAPTER 3

BUCKLING EQUILIBRIUM EQUATION

3. I Introduction

The equilibrium equations suitable for buckling analysis are

constructed in this chapter. TTrese

known equilibrium equations set out

equations are based on the well

incorporate angular displacements of

in Flügge [Z] U"t they also

the cylindrical sides and also

in-plane stretching of the niddle surface'

Since these equations are large and complex, most authors neglect

terms which have small linear values at the outset of the consEruction

of the equations. For classical solutions, non-Iinear terms are also

neglected.

chapter 2 of this thesis calculates lhe exact prebuckling

displacement.s under various single or complex Ioading conditions' Due

to this, all terms containing prebuckLing terms a.re retained in the

construction of the equilibrium equations. The only terms which are

neglected are non-Iinear buckling <lisplacements which are ommitted a1l

classical soluEions.

Based on Flügge original equations, the establishment of the

equilibrium equaEions, contained ín this chapter' is original to this

thes is .

'3 .'2 General Non- linear Iiquilibrium Equations

The non-1j-near equilibrium equations for a thin cylindrical shell

which are gc.-neral enough for the following analysis are given by Flügge

12). They incorporate angular cti-splacemenls of the cylindrical sides
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and also in-plane stretching of the midclle surface, and are as follows
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=Q

(3.2.lb)

+aD = Q
^r

...(:.2.lc)

(3.2 .2a)

(3.2.2b)

=Q

(g.z .zc)

x

++
a

a

=

:i
E
a

./
\^I

a

n + +n
x0

/
qx ã

++ + t*Q

//
mxv

0

m
xQ

*o

n
__0.
a

n
x

a

n
ôx
a

nxô
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+L
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Uo + u

+n
xQ

n.
Qx

0
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m
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m.
Qx
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//
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a
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a

0

v
a

m
x

a
+

/
v
a

./
u/

a
+

*ro
a

./
\¡/

a
+

ThevariablesintheseequationsaredefinedinSectionl.l.The

bar over a variable refers to the sum of the prebuckling variable with

theadditionoftheincrementalbucklingvariable,forexample

where Us

direc t ion ,

and u ts

is the dimensionless prebuckling displacement in the 4

u is the dimensionless incremental buckling displacement

the total displacement in the x direction'

based on the elastic law for the
The stress-strain relations

cylindrical shell are as follows

n +N D (+-w+vú) 61ç+w) + N

l(,1+vv-vw)
//+Kw

oo(u+l) or<( ir-l) N

. . .(¡ .2.3a)

(3.2.3b)

(3 .2 .3c)

0

+Nn
Qx

0

x

0

= rì +N
X

Qx

+N

+ +
ôx

+=n
xQ

+N
x$

o¡ (u+l) or( l*#l

x

+N
xQ

. ( 3.2.3d)
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a

m
x

a

m
Qx

"
m

xQ

"

a
x

a

-r(w+vi+v#) + lt

m +lu1xx

m + If ,0a

Qx

m +M
XQ XQ

m +M
$x

ô

+M

MI-o p5 +M
a

x

t1

(3.2.3e)

(3.2.3f)

. . .(¡ .2.5a)

. . .(¡ .2.5b)

. , .(¡ .2.6a)

(3.2.6b)

(3 .z.t a)

- o K( 2#-n+() +M
{x

(3.2.3g)

-zor(*+l) +M 3 . 2 .3h)
x$

.(3.2.4a)

. . .(: .2.4b)

. (3 .2 ,4c)

4 and q are obLainecl by substituting equations

ß.2.2)

where D

K

6=
2

Et3
1zT1-fr)

l-v

Expressions for

Q . 2 .3) into equat ions

q
x

-Ku+OKu+

where

0

1"1

x0
a

( 1+v

Ð t - zorlz(
2

í-(- ) +

q

.M
- r(l + K!ßsll - K# - 2oKßri * -A ú

+f$5w+KS5w+Q +qr

- Kßrl + oKßu,., * (ro* . ?)*

- oKßsl - Kvßrv + r( l'-2ù( - Kßsw -
M

oxta 
1^7

+
M

0x
a

0

a

- 2oKßs# - K; - KvP3r^i - K\d + Q, + cz

Q" and QO are prebuckling stress defined by

.lMM
ô* * * + ß"aa

M
xó
a

M

= - -"--Ô +
a

ù
__0.

l'{

*ßej*ß,
M

ôx +L
aa0

and gl and gz involve only non-linear incremental displacements

er = zor(Gl*í) *¡1ç+vi+v#)tí-'íl

9z = -rí(#*uvi+,j+vù) - oK( 2l-i*(,)tí-,íl .(3 .2 .1b)
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Substitute expressions for A and õ. and also the sfress-strain'x 'O

relaÈions into equations Q,2.1a-c) to give the foLlowing 3 equations'

3.3 Subs Eitu Èion for DisplacemenEs

x-direc tion :

ir(,{*v./*v{r¡ , v'# * I l[r+n +lJ

+ [-D(,1+vù-vw) + r# + l¡ ]tÉ..+ll

+ too(ü+l) + or(ü-#) Itr+n +ll+N
$x x

+ [or(ù+l) + or(ú-#) * No*]tÈ,.*ll

- Q* ( gr*(!,) - c" { gr*()

- [op(,r*l) * or(l*il) + n**J[(l+EO)ßs + ßs(v-w) * (r+n*)l * l(;-r)]

- nO ( gr *l*,,l) - aO( g, *í#)

- [t(ü-w+vá) - r(f¡*iu) + N*l[ßs(r+nr) + (r+n*)<í--íl + ßs(v-w) + (ü-w)<í-,i>l

* "Px = Q ...(¡'3'r)
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$-direction

[o(ü-w*vil)-rc(ù+w)*Ñ lIr+n *.i'-"1
0

+ü-wl

ó

+ [o(;-"*vl') - I((w+w) + N ItÈ
ô 0

* top(l*l) * or(l*#) + I IIL+¡ +ù-wl
x$ 0

+ [or(ú+l) + or(l+rl) + N I tÉ *d-(,1aa
+ [p(l+vù-vw) * rll + N-]t(l+E-)ßs n ßrl + (1+E* >( .'"h

+ [or(,r+l) + or<(u-#) * ro*]ißs(1+Ex) + (1+E*lCí-il * ßul * k{í¡l

.//
vI

J
- x( + oKÍ - Kß¡il + oKßsü + M^*g. [(? * * Mx

x

- 9* (g,*l*rí) - Q* ( gr*#()

- oO(t+gu+v+i,r) - aO(t+$q+v+';) * .oO 0 ..(3.3.2)

z-direction:

_M
0

- 26Kþ3( T/ - oKßul - rcug,ü - r# + rvgr# - 2vr#+M
$x

- Kß¡(2o+1)# * ¡a, (! * Kßr(t-zo)# - u i * rçrl - rcvü

0.. 
HJ. 

Ox

-Kvßr;-r;+{ *ÖO *6t+iz

+ ¡oo(ù+l) * or(l*,1) + N.,ltßr(t+E.) + (l+E*l<l*#l + ßr('ü-w) + (ü-w)Cí*#llxQ-- 0 a

- [o(lr+vü-vw) + x(( + N ]t(l+E )Bz + (vn-)( + Bz( * Lh

+ [l(ü-w+vú) -61r+ù) **O][(l+n*)(t+ßq) + (l+Ii*)(v+;¡ + (v-w)(ü+w) + (t+ß+)(ü-w)]

+ [,oD(ú+í) + oK(ú-l) * ,O* ]tßr(l+E* ) + (l+E* lCl*#l + ßrl * íCí*;,1>l

* "p.[(t+E,.)(r+E.,,) 
+ (]+E*)(ü-r) + (l+E4,)i *,l("-t)l = 0 "'(3'3'3)
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3.4 Expansion of Equations

Eguations (3.3.1-3) are then manipulated to give 3 equations which

contain terms of multiples of prebuckling and incremental displacemenEs,

prebuckling displacements and products of incremental displacements '

Due to the lengEh of the 3 equations, only Ehe manipulations for Èhe

x-direction equation (3.3.1) is given.

3.5 Expansion of x-directiqn Equg{eq

Expanding equation (3.3.I) gives

(t+n )[o(l+ví-vll dih 1r+n-)( * Ñ í+ +

+ [ D( (*v l-vl) + K(!,1

* il t(rl+vü-vw¡ + r{lJ + N¡ I + (t+s )Ñ,xxxQx

(r+n* )[ol(u+l) + oK(ü-#)] * ltol(ü+í) + oK(üi#)l

x

x

( r+n*

/ r*v\
\z )

,j * u I * (!b(,1+vv-vw¡ + x#l

* ñ, í
Qx

+

+ É [on(,:+l) + or(ü+i,l)] * tltot(ú+l) + rK(u-#)l

' ./ //+N E +N u-ßzQ -Qw
ô* * $x -'x x

//qw
x

- gzl- Kll + orü + M* *l (K +M
0

)ßsN* ( t+r )ßrlol('+l) + 6r{í+#)]
0 0

[ßr (ü-w) * ( r*n*)ll tl(r;-'l l

) í - 2oKßsl - tdl + rvg5#

Kw 26Kgsv( * 
"01 

+ xguvi + KBuwl - ßzer

-N -N
xQ xQ

- [oD(ú+í) + 6K(í*#l]tlliv-wl

- [oo(ir+l) + or(l+,íllt- ß¡ (ü-w) + ( l+n
//l

Q,ßrq a0 (v+w) qo ( í+il)

0



- ßr[- rß¡l + oKßsú + (2oK+M )( * ¡'t í-or<ßrl-rvßr.'
Qxx

(3.5.r)

3r

)ßsvlu

+ K(1-2vl# - rgu'f - u

- ßrez - *0ßs(l+n*) - *

- *o(ù-')(ül#) - ßs(t+a

ID(ü-w+v,l) - r(w+w) ][ ( r*ri*) ('i-*) + ßs (ù-w) (ú-w) <í-,íl I

,Í - zot<Bu# - rr - rvßrw - tcwl

N ß s (v-w)
0

) [t(v-w+vl) - r(w+i;) ]

+

*( 
r+n*l fV-ll

(+)

)li * trßrlil + [(r+Erlu*tl

Qx

0

+aP

[¡( r+s
x

+ [- ßzM

0

)+N +Kß
x

0

0

x

+DE +N
x

) - ßrM

+ Kßrßs - D(t+s

x

Grouping the terms of the incremental displacements 81ves

+ [- oD(l+n )ße - oKßrßslù + [oD(1+n* ) + oK(1*E- ) - oKßz]ü + [oE- (l+i<)]ù

- ßr (2oK+M* )Jl

ö

+M

$x

Qx

x
( t+n )u

0 xQ

+[Dv(t+n ) +ol(l+E ) + ß2(K

+ Kßz l'(! * l- Kßr(1-2v;1;i + ¡rl,. - Q* - vKßzßs + Kß ßl(

( t+ti

1'í

N :l
x 0 0 0

+ [2sKS2p3 - oD(l+e )ßs - oK(l+n )ßg a,+oKßrßs+ÕDE'ox
0 0

+ [Pvn - ßsN + vI(ßrßs - ßsN - ßs(1+e ) Dlü
0 0 0x x

+ [K( l+E )
x

+ [Kßz

+ [ß rM

- oK(l+E )lv/+ [2orßzßs - oK(l+s )ßs o
a

+ 2oKßrßs - orn,. l#
0x

ßzM - Dv( l+n
$x 0 X

+ [Kvßrßs Kßzßs + r(l+E
0

[ßeN -VED-Kßzßs+ßsN

)ßuloi + [rg,]w

+
0 0xQ

+ pI * Ql 0

x
+ o( l+E

0
)ßs + K(t+n )ßslw

.Q.5.2)
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pr = [(t+n*)u*J' + [(l+e*)NO*]'
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(t+nr)[ßsN*O * ß5N*J - ßzQ* - ßrQq * "P*

. . .(:.5.3a)

ßzQr - ßrgz

and

o1 útoCl*ví-vl*o(.;*l) ) + r(#+o(ü-#) ) l

* lto(l+vu-vr) + rlll - e*# -

+ [ü-,v][- N
ot

No(l-,1) - (bo(u+{) * or(l*'í) )l
x

[or(u+l) + oK(í+#) ] [- ß: (ú-w) + ( l+E llt

0

- to(ú-\,¡+v'1) - K(w+io) l[ ( r+n ) (í-') + S 5 (ü-w) + (ù-w) (í-#) l
o

+ ú[oD(,:*l) * or(¿-#)] (3.5.3b)

3.6 Expansion of ó-direction Equation

proceeding exactly the same as the x-direction equation, the

Q-direction and z-direction equations (3.5.2) results in the following

trg r l( + [vo( t+s ) + oo( l+n u
ó 0

+ lvon + o(l+E )ßs + ß¡N + ßsN + Kße(1+ß,*)1,1 * [- orßr]ü
x $x

l

0 x

+ [oln + oD(l+n )ßs + oK(l+E )ßs - oK(1+ß4)ßslü
0 x

+ [oD(l+n ) + or( l+n
0

) + (l+E )N
x x

grM*0 (t+3u)(2oK+M*)Jl
o

+[N
x

+

+ [l( t+n )+

+M +
0

( t+n )N ( 1+gq )M lí
$x

+ ßr(r (Ð )
0

oDE

x $x

t + OKE + 2oKßrßg Q* + oD(l+Ex)g, +oK(1+ß,r)ßsll
0 a

N lü+[u + DE
0

+N
x$

+ vD(l+E )ße + vKßs(1+ß4) - Q
,þ 0 0

+ [Kß J{í * [oK(t+n ) - r(1-2v)(r+gu)l#
0

[r(l+u )ßg - vKßrßs + Kßs(t+gu)]# n trßrl#+
x

a
lv



.JJ

+ [(1+ß,])M
<þx +

+ [vKßr(1+ß,,) - KE

+ [_(D+K)E
+

* ¡orÉq + 2oKßrßr - Q* - oK( l+Ex )ßs + 2oK(l+ß,,)ßsl#

[(r*nr)u*J' + [( i+e*)u" *J'

N
x

N
xS

- ßrrf* - ( t+E* )NO* ll + [x( 1+ß'+ ) - r( r+nr) Jw

- Kßrßs - Q*lü + [K(l'r'pa) - D(l+EO) - K(l+E*) - n*J*

- ,o11+!J )ß: - Kßrßs - N lw

0

x 0

+p2+e2' 0 ...(s.6.r)

where

P2= + (l+E*)ß¡N* + (1+E*)ßsN6*

- $rQ* - (t+ßu)QO * tPO ..(¡.6.2a)

..(:.6.2b)

and

Qt = [o(ü-ri'*v,i) - r(ù+w) ][ü-w]

+ [t(v-w+v'1) - K(w+rï) ]tü-*l

+ [ot(;!*{í) * oK(l+#)][i'-']

+ [oo(¡+ú) + or(ú+il)]tí-il + u*'1{/

+ [t(,i+vù-vw) + r#][ßsú + (1+E*>( * ifi

- ßrer - e*tí*#l * *o*útí-il

+ [ot(¡*l) * or(,r+rl)][(r+n )(V-'i) + ßrú * ,ítí-úll

- ( t+gu )q, - t* (v+i^i)
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3 .l Expans i-on of z'direcEic-rrr ErtuaLion

Expancling, ;rs before, equation (3.5.3) results in the following

t-r<ll + [or]ü'+ [-xßr]l

+ [n(l+n )ßz Kßs ßrN* + r,lD(r+E0)(t+3u) + ßrN4* * ¿pr (r.+nr)Jr1
x

+ Ioxß s ]ü + Iorg t + o'D ( l+E )ßr ÕD(l+E ;6, + oK(1+8.. )ßrlú
X-X

-F

x

+
0

+
/ t+v\ -.,- 11 - K i----llv +

Q \¿/LM lv+
xQ I zor +M

iù
Qx

tl,r *ít -zaKßtf(x xQ

sliOKßM+ tr"r lü'+
xQ +

)ßr + or(t+n )ßr + (t+s )tl + oD(l+E )ßr + (t+n N )(.+ [-zorßs-oKßs+oD(l+E
0 0 o 0x x x $x

+ [-vrß ¡ ]ü + ßiN*0 + vD(l+Ex)ßz + D(r+n*)(r+gu¡ -t- ( r*ßq )N[-vrß s + )
+

J-

+ (l+E
O)NO 

* ap, (1+E* )ìü

l-rll{ll* [vr<ßu]# [-zvr]ü/ + [-Kß, (r+z-o)]#+

+ [vrS 5 + lt Kßs + K( l+s )ßz + N (t+n + [rßu ( L-2Õ)),;í)t#
0 x x x

+ or(1+n )ßr ( l+E )N
Q XQ

oK(t+E )ßr + (t+E+ N) wl+ [ -¡r 2oKß g

Qx
2.oKß s x Qx0 x

+

+

li,4 -M +rß.ll+-0 
Qx

t-rla + [-vrßs]ii

vo( 1+E )ßz l(l+n ) ( r+ß+ ) K( l+E )(r+gu¡ ( t+ßu )N
0

LKß s vKß s

ßrN,0

K x(1*EO) (t+gu ¡ + (r+E*)NOl\^;

+ LKß s 0x 4,

aP (1+E)lr+P3*Q3 = 0
xf

.(3.7.1)

where

P' a" + a + (t+r
,þ xþ)ßrN + (t+n )ßzN

0 x ó

+ (l+E* )ßrN4,* *- ¿pr (l+E* ) (r+E4,)

x
+ (l+E

0
) ( L-+ßu )t¡

. (3 .1 .2a)
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and

a 9l +qz +N (ù-w) <#r(> + l¡ ú# + N (ù-w) (ü+;¡
x

i ßr(v-w)

[ß,ú *

,Þ x ,Þ

+N

+t1 ( t+t

+uw rp, ú(ü-r)
$x

) (v+i¡) +
xtþ

Qx

0

+. ,' IBrú *
X

+n
4,

( t+¡ )(l
///
U\^/+ l

0

x

[(t*6u)(v-w) t (t+ti ¡1ç+ü) + (ü-w)(ü+i;)l

+n ( l+E ) (í+iíl * ú#]
x

(3.t .2b)
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CHAPTER 4

POI^IER SERIES SOLUTION

4.L Introduction

In this chapter, the general non-linear equilibrium equations,

established in Chapter 3, are linearízed by makit'tt ot'tt.I one assumption.

This i s to set. the terms ir-rvolving multiples of the incremental

displacements to zero. This step is employed by all auEhors who solve

the buckling problem using the classical method. The other alternative

is to neglect the majority of linear and non-linear terms and solve

Ehe resulting non-linear equilibrium equaLion. (See f1ügge IZ].)

Having linearized the equilibrium equations the coefficienEs of

the incremental displacements are set out in a form which can be solved

by a c ompu te r

The

so lution

relations

equations

in the x

for the

are then solved by

and Q directions

unknovm coefficients

double power series

results in 3 recurrence

. Due to the complexity

using a

. This

A,B,C

of the recurrence relations, the method of using these recurrence

relations is set out so that the solutíon can be solved by a computer

The basis

a differential

of this solution is a

equation, however the

standard power series solution to

equations set out in this chapter

are original to this thesis

4.2 Linearized Equilibrium Equations

Equarions (3.5.2), (3.6.1) and (3.7.r) are rhe generarízed non-linear

equilibrium equations in terms of the buckling displacement u,v,v/ and

their derivatives.



31 .

Now Pl , P' , Pt (eqrrations (3'5'3a), (3'6'2b)

are Ehe exact prebuclcling linear equilibrium equations

pI = p2 = P3 = Q

Qr , Q2 , Qt (equatior-rs (3'5'3b), (3'6'2b) and (3'7

terms containing multiples of buckling displacements

set of equations we set these terms to zero'

and ( 3.1 '2b))

so that

(4.2.r)

2b)) are the

To solve the

Qt=Q2 Q3 = 0 .(4 .2.2)

The 3 equations are now linear partial

the unknown buckling displacements of u,vrhr

po\,/er series solution and obtain recurrence

differential equations in

. To solve we assume a

relations.

Let

u= \'
I

i =0

æ

T
L A( i, j )xi Or

. .(+ .2.3b)

(4 .2.3a)

(4.2.3c)

@ærïLL
=o j =o

trLL
i =0 j =0

\^/ c( i, ¡ )*i 6j

AIso de f ine coe f f icier-rts for

the following notation. (l = ,t ;

the derivatives of u,v'\^I and use

M=v;N=w)

^r +P
duL(1,r,p) coe fficient of in equation x-direction.
a*' a6P

,f(:,2,r) coefficient of ü in equation in z-direction'

*
M(2, coefficient of ,1 in equation in Q-direction'1 r)
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4.3 Coefficients for x-direction Equation (3.5.2)

f(t,z,o)

i( r, r, r)

È(r,o,r)

f(t,t,t)

ülr,l,o)

lì*(r,o,r)

ñt,z,t)

l.r(

of{t,r,o)

f{ r,o,:)

u(t+ti ) + N
x

Kßz+ ...(t*.3.la)
x

N

+ o( t+n )l

vßs ( t+r

Kßrßsl

)tl 2oKß r
0 x$

. . .(+.3.Ic)

...(+.3.ld)

..(+.3.lb)

(4.3,le)

(4.3.2a)

.(4.3.3e)

..(+.3.3f)

.(4.3.3g)

(4.3 .3h)

..(+.3.3i)

Qx

t{t,t,o)

il(r,o,z) o[K( r+E -ß2 )

/ , -/N +N +Kßrßr+lLE
xQx-x

( l+E )N.Q9

l
0

X x

o[E (t+r) Dß: ( l+E )
x 0

utr,z,o) ßrM ( t+s
x

ßztt ßrM
$x

+ oIoÈ + ßrßsKx

VDE ßgN

1+v
+ [o ( r+n + Kßzl . . .(+.3.2b)

x

...(+.3.3a)

.(4.3.3b)

..(+.3.3c)

.(4.3.3d)

2
)

0

-ao + ß3(2Kß2-(1+E ) (l+t<) ) l (4.3 .2c)
0

ßsN + vKßrß¡ P( t+n )ßs . (4 .3 .2d)
(,x xQ 0

rtrr,:,0) r( t+¡ +Bz)
x

-Kß r ( r-zv)

L 12 r0) KE ax
+ r( ßrßs-vßzßs)

¡f( t, t, z) K[ßz o(l+n )l

x

0

ß,M

Kßr

x

f(t,r,t) -a + oK[2 ßz ß 3 E ( t+n ) ße 2ßrßsl+

Bzt4 +
$x 0

0

vo( l+e )

x

( 1+n )¡¡' 0'0 x

tf(t,o,z) K[ßr( r*n - ßz) + vßrßel
0

ti(t,o,t) Kßr

ñ(t,o,o) ßsN* ô * ßsNO VDE
x

Kßzßs + ßs(l+E*)1¡+K) (4.3.3j)
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4.4 Coefficients for ó-direction Equation (3.6 .1)

tl{z,z,o¡ Kßr

riz,t,t) t( 1+n ) (v+o)

..,(+.4.Ia)

4'

(4.4.rb)

(4.4.lc)

. (4.4. rd)

(4.4.Ie)

(4.4 .2a)

...(+.4.2b)

(4.4.3a)

. (4 .4 .3f)

(a.4.3s)

r,tz, t,o)

Itz,o,r)

++VDE + D( l+E )ßs + ßsN Kßs ( 1+ßq )
Qx

ß sN*
0 x

¡\z,o,z) -oKß r

OLDE + (I+u ) (r+r) g, ç(1+ga)ßsJ
0 x

rf(z,z,o) o( l+E

d(z,t,t) =}] +

ô

+ D( l+E

)(t+r) + (1+E* )t* - ßrM*0 (t+gu)(2or+u* )

e,(orr** (+)) + (r+E*)Nq* - (t*ßu¡***
xQ

ùi z, t,o) -Q* n ot(o+r)l* + 2Kßr3, + D(l+Ex )g, + K(r+ß,,)ßsl ...(t+.4.2c)

lìtz,o,z) N
0

(4 .4 .2d)
0

f1z,o,t)

rf(2, ¡,0 )

rfiz,z,o¡

f(z,r,o)

r[(r+n )ß¡

-a +
0

Kßr

N
+

+
0

+DE N
xQ

vo(1+E* )$r + vKB3(1+ß4) .".(+.4.2e)+

riiz,z,t) oK( 1+E K( 1-2v) ( 1+ß,. ) . (4 .4 .3b)

vßrßs + ß: ( r+ßq )l ...(+.4.3c)

(4.4.3d)

+ 2Kßrßg r(( 1+E )ßs + 2r(1+ß+)ßsl ... (+.4.3e)

)
0

¡(z,t,z) Kßr

ñtz,r,r) -o
X

oLrn+
0

0

x

--N ßrM ( t+n )N + (1+ß+)M
Qx qxx$

rf(2,0,:) K( ß4-E
0

E

)

,Þ 0
tftz,o,z) -a + K[vßs ( r+gu )

x

ßrßsl ...(4.4.3h)
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¡f(z,o,t)

No{2,0,o¡

_N ( 1+E ) (o+r) + r( t+ßu )
ô

(4.4,3i)

Kßißs ...(+.4.3j)

+

_N N (o+r)n yp(t+E )ßs
x$ 00 x

4.5 Coefficients for z-direc Eion Equatíon (3.7.1)

Lrt3,3,o) -K

if¡,r,2) OK

ßzN - r<ßs
x

+ D(l+E )
x

,)(r+gu) 
+ ap. (r+n*)

(4.5.ra)

(4.s.lb)

(4.5.lc)

...(+.s.ld)

. . .(4.5. te)

,T(¡,r,r)

f(: , r ,0)

f(:,0,2)

ß rN6* +

+ vD(l+E

oKß s

-Kß s

fi:,0,t) o[ró, + D(l+E )ßr + D(1+E )ßr + K(l+n )ßrl .(4.5.1f)
0 x x

tf,(:,:,0) M
x$

rf{:,2,t) l'1 +
0

f1: , 2,0 ) M+ 2oKß ¡

fi3,t,2)

rf(¡,t,t)

f{:,r,0¡

rf{:,0, z)

(l+E )N +0 *0

+ (o+r)(t+n

-vKß s

o[o( t+a* ) gt

- rßsl

. . .(+ .5.2a)

(4.5 .2b)

...(+.5.2c)

(4.5.2d)

.(+.s.ze)

(4.5.2f)

(a.5 .2g)

M
x

M
x

M
$x

/i:Ð\
\z )

K

x

M M oKß s
$x 0

( l+n

)ßr

)l¡ +*Q*
- 2Kßs

0

+
xQ

(r+gu)u* + (r+a*).0 *

+ vD(1+E )ßz + D(l+E

ap ( l+ti )^r x

)(r+ßq)
a

rf,(:,0,t) ßrN

vKßs (.4.1.2h)



4

...(4.5.3c)

. ' '(+.5 .3a)

...(+.5.3b)

I

N(

ü3,4,0)

f(

nt3,t,o)

Nt:,0,+)

3,3,0) vt(ß s

vKßs

- *t\

= -lr{

- -I\,

l,f{:,2,2) -2vI(

rft:,2,t) -Kß¡ ( t+zo)

nt:, z,o)

.(4.5.3d)

.(4.s.3e)

...(+.5.3f)

(a. 5 .3g)

(4.5 .3h)

..(+.5.3i)

...(+.5.3j)

. . .G.5.3k)

...(4.5.3.q.)

3 r 1,2)

Nt:,t,r)

3,0,2)

<þx

+ (l+E )n + (1+n )N.
Ô x$ * Q*

=![ M + Kßs
$x0

t'¡t ¡,0,:) -vKßs

t¿
N(

rft:,0,0)

(l+e*)N^ + rtós - vß3 - 1 - (r+nr)(r+ß,*)l
ae

-ßrN*ô - (1+P,*)Nq - ¿Pr (1+n*) * ró,

- vD ( 1+E* ) ßz - (l+r) ( 1+n 
*) 

( 1+ ß,* )

4.6 Summarv of Linear Buckli ng Eq uilibrium Equations

The 3 equilibrium equarions (z.s ,27 , (3. 6. l) and (3.7. 1) are

rewritten wiCh the coefficients <lefined in equations (4.3'1-3),

(4.4.1-3) and (4.5.r-3)'
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x-direcÈion

t(t,2,ù( il( r, r ,o )l + ri r,0,2)ü + fl r,o, r)"* rI(r,1,r)l +

,f( r,g ,o)',1! + No{l,z ,t)í( + uir,z ,o)# + oTir, r ,z)l + lf(r, r, r)#

'¡f(r,0,3)w + li(t,0,2)vi + u*{t,o,l)t

* f(z ,z,o)( * il'(2,1,1)í " üi 2,L,0)í * ¡ft 2,0,2)T + fi2,0,1)ù

r.f(z,z,o)(l + r'f(z,r,z)'r;' * ¡i(2,1,1)#

* f(: ,3,0)'( * ú(: ,2,L)'{ + i't*(3 ,2,0)í . ut 3,L,2)í * fi3,1,11í * fr3,1,0)l

* ¡i(: ,2,L)(l * Ñi: ,z,o)(l * rqo(3 ,t,z)'rl * Ñt: ,t,t),1 * ¡li:,1,0)*l

* #(r,2,0)( * oiIr,t,t)l * r'r'(r,1,0)í

f(z,z,o)ll + f(2,r, l)rl + f(2, r,o),1

+ lf(r,o,r)ú

+

* ñ*(t,l,o)ú + + ñ{ r,o,o)t 0

S-direction

(4.6.i)

(4 .6 .3)

+
)k.

N( 2 13 r0)

+ f( z,o, z)ü f(2,0, r)ù+

ñ(

0)i ñ'iz,o,3)w' + ff( z,o, z)ii ñ*{z,o,t)t ut 2,0, o )t 0

2+Vr/ 2

+ Ì,ï(

z-direction

il(

+

12

+wr)

3,3,0)l * f(:,1,2)Í

+

+

+ +

. (4.6 .2)

r;(¡,i,r)ú + f(: ,0)tl +I

* f(:,0,2)i #(:,0 , t)ù ut¡,+ ,o)!(!/ + nt¡,: ,o)/(/ + oÌo(¡,2 ,Ð'l/

+

+

¡f( :,0,4)'vi' + r.ik( :, o, :)'* + ñ'(: ,0 , 2)i; ñ3,0,0)t 0+

where L,M,N are clef ine<l by equations (+.:. l-3) , (4.4 - 1-3) and

(4.5.f-3) and tcrmc ccntcining rnuJ-riples of buck-Iing rlisplac.ements

are neglected.
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p

ì

N

i

I

l
¡

I
ì

I
I
I

I
I

4.7 Prebuckling Power Series Expansion

Since the prebuckling terms

are kno\^¡n funcEions of x and

and

0 (secEion 4.3-5) lheY can be

L(m,i,j,p,q)*t'Ou fi*,i,j)

fi,n,i,j) , rf{*,i,¡) ti"{*,i,5)

expressed by power series such as

P

I
=o

P

I
p=o

a

I
=0(¡

f(*, i, j )

.(4.7.r)

(4 ,t .2)
a

I u(*,i,j,p,q)*o0q
q=0

P

tL
a

I
q=0

N(m,i,j,p,q.)*oOo f(*, i, j ) . . .(4 .7 .3)
p 0

where P and Q are limi ts Eo Po\ter series '

4.8 Recurrence Relations x-direct ion

Substitute the po\^Ier series into (4.6.1) to give

x-dire c tion

Ï *t.u*j +'rf
q=0 \

æ@P

IIi
=o j=0 p=o

L(L,2,0,P,Q) R(i+2,j) (i+2) * (i+l)

+ L(1,1,1,p,q) e(i+f,¡+1) (i+r)(j+r)

L(1,1,0,P,g) A( i+1, j) o ( i+1)+

+

+ L(1,0,1,p,q) A( i , j+1)

+

L(I,0,2,p,q) A(i,j+2) ( j+z) 1 ¡+1 )

( j+r)

+ I,1(1,2,0,P,Q) l(i+2,j) (i+2)(i+1)

M(1,1,1,p,q) n(i+1,¡+1) (i+r¡(j+r)

+ M(1,1,0,p,q) * n(i+l,j) ( i+1)

I

+ M(1,0,1,p,q) e(i,j+1) ( j+r)
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+ N(l,3,o,Prq) * c(i+3,j) ( i+3) ( i+2) ( i+r)

N(1,2,1,P,Q) c(í+2,¡+1) (í+2)(i+l)(j+r)+

+ N( 1 ,2,0 , P, g) :k c(i+2,j) (i+2)(i+1)

+

+ N(1,1,1,P,g) C( i+t, ¡+l) 1i+1)(j+1)

+ N(1,1,0,P,g) c(i+1,j) o (i+r)

+ N(I,0,3,P,g) c(i,j+3) 1¡+3)(j+2)(j+r)

N(1,1,2,P,Q) C(i+l,i+2) (i+r)(j+z)(j+1)

+ N( 1,0,2,P,g) c( i, j+2)

0r... r-

(j+2)(j+r)

+ N( 1,0,1,P,q) c(i, j+1) ( j+r)

+ N(r,0,0,P,g) c(i,j) U . . (4.8. 1)

A(p+2,q) (p+2)(p+1)

Equating coefficients of power of x and 0 to zero in

equation (4.8.1) gives the following

x-direction for i

p=nÉx

0r...r*, i

i
\'
I
L
(o,l

j
ç
t
L

q=nìax ( o j -a) { 
L(r 

'2'o ' 
i-P 

' 
j-q)

P

+ L( 1,1,1, i-P, j-q) A(p+l,9+1) (p+l) (q+1)

+ L( 1,1,0, i-p, j-q) A(p+1, q) (P+r)

+ L( 1,0 ,2,í-p, j-q) A(p,q+2) (q+2)(q+l)

+ L( 1,0,1, i-P, j-q) A(p,q+l) 1q+1)

+ M(1,2,0,i-P,j-q) n(p+2,q) (p+2) (p+1)

+ M(1,1,1,i-p,j-c) B(p+l,q+1) (p+1)(q+1)rk

+ M(1,1,0ri-p,j-q) B( p+1, q) (p+r)
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+ Nf ( 1,0,1, i-p, j-q) B(p,q+l) (q+r)

+ N( 1,3 ,0, i-P, j-q) C(p+3,q) 1p+3)(p+2)(p+1)

+ N(1,2,r,i-p,j-q) C(p+2,q+1) (p+2)(p+1)1q+1)

N( 1, 2 ,0 , i-P , j-q) C( p+2 , q) (p+2)(p+I)

+ N( 1,1 ,2, i-p, j-q) C(p+l,q+2) (p+1)(q+2)(q+I)

N( 1,1,1, i-p, j-q) C(p+l,q+l) (p+r)çq+1)

+

+

+

+

+

+ N(1,1,0,i-p,j-q) C(p+l,q) (p+1)

N( 1,0 ,3, i-p, j-q) c(p,q+3) ( q+3 ) (q+2) ( q+1)

N( 1,0 ,2,í-P, j-q) C(p,q+2) (q+2)(q+1)

N( 1,0 ,1, i-p, -j-q) C(p,q+1) (q+1)

+

0+ N(r,0,0,i-P,j-q) c(p,q) )
Q.8.2)

for i, j 0 æ

Express A(i,j+2) in terms of other A,B,C as follows

A(i,j+2) L(L ,2,0 , i-p , j-q )A( p+2 , q ) ( p+2 ) ( p+1 )

p=rr,a¡< (o'i-P) q=rrnx (o'i-Q)

+ L( 1, 1, 1, i-p, j-q) A( p+1,9+1) ( p+1) ( q+1) L( 1,1,0, i-p, j-q)l(p+1,q) (P+1)+

+ L( 1,0, 1, i-p, j-q)^q(p, 9+1) (q+1) + M( 1, 2,0, i-p, j-q)s (P+2 ,q) ( p+2) (P+1)

M( 1, 1,1, i-p, j-q)B(p+1,e+1) (p+1) (q+1) M( 1, 1,0 , i-p, j-q)B(p+1, q) ( P+1)

I I

+

+ M( 1 , o , 1 , i-p , j-q ) B( p , q+] ) ( q+r) N( I ,3 ,0 , i-p , j-q)c ( p+3 , q) ( p+3 ) (p+z) ( p+i )+

+ N( 1 .2,1, i-p, j-q)C(p+2,q+ t ) (p+2) ( p+f ) (q*1) + ti( i,2,0, i- P,.j 9)c( p+Z 'q) 
(p+Z) (p+f )

+ N(1.1,2,i-p,i-q)c(p+l,q+2)(p+1)(q+2)(q+1)+N(1,1,1,i-P'j-q)c(p+r'q+l)(p+r)(q+r)
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N( 1 ,1 ,0 , i-p, j-q)c( P+1, q) (p+1) N( 1,0 ,3, i-p, j-q)c(p,q+3) (q+3) (q+z) (q+1)++

N( 1,0,2,í-p, j-q)c(p,q+2) (q+z¡ 1q+I) N( I,0, 1, i-p, j-q)C(p, q+1) (q+1)++

+ N( r,o,o,i-p, j-q)c(p,q)

I I L( 1,0,2,í-p, j-q)A(p,q+2) (q+2) (q+1) l
I

p=,,ux (ori-P) q=r,rar (o'i-a)

L(r,0 ,2,0,r)A(i, j+1)( j*r)( j) 
) l{"r1,0,2,0,0)( 

j+z)( j.iù+

4.9 Recurrence Relations : 0-direction

the same way, by substituting power serles

..(4.8.3)

exP ans l-ons

and 0 to

L(2 ,2,0, i-p, j-q)e( p+2, q) ( p*z) ( P+1 )

L( 2, 0,2,i-p, j-q).q( P,9+2) (q+z) (q+1)

In exactlY

into (4 .6.2) and

zero, and then exPressl.ng

the following.

B(i,j+2)

then equating coefficients of power of

B(i,j+2) in terms of other A, B,C gave s

¡l-{ r
I p="u¡< ( o ,))

J

\'
I.

-P) q=rrax (0, j

+

+ L(2,r,1, i-P, j-q) A(p+1,q+1) (p+1)(q+r)

+ L(2 ,L,0, i-p, j-q) A(p+1,q) (p+1)

+ L(2,0,I,i-p,j-q) o1o,q+1) ( q+1)

+ M(2 ,2,0 , i-P , j-q) B(p+2,q) (p+2) (p+1)

M(2,1,1,i-p,j-q) B(p+1,9+1) (p+1) (q+1)

+ M(2,1,0,i-p,j-q) B(p+1,q) (p+1)

+

+ M( 2,0 , l, i-p, j-q) B(p,q+1) (q+1)

+ N(2,3,0,i-p,j-q) C(p+3,q) (p+3) (p+2) (p+1)

+ N( 2,2, 1, i-p, j-q) :k C( p+2 , q+1 ) (p+2) (p+r) (q+1)
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+ N( 2, 2 ,0 , i-P , j-q) c(p+2,q) (p+2)(p+1)

+ N(2,112,í-p,j-q) C(p+1 ,q+2) )k (p+1)(q+2)1q+1)

+ N( 2, 1 ,1, i-p, j-q) :'< C(p+1,9+1) (p+r)(q+I)

+ N(2,1,0,i-P,j-q) C(p+1,q) (p+1)

N(2,0,1,i-P,j-q) C(p,q+1) qq+1)

+ N(2,0,0,i-p, j-q) c(p,q)

+ N( 2,0 ,3 , i-p , j-q) alo,q+3) (q+3)1q+2)(q+1)

+ N( 2,0 ,2 ,i-P, j-q) t1o,o+2) )k (q+2)(q+1)

+

I
I

+
a)

j
\l
L

q=rrux ( 0

i -l
I

p=nr¿r ( o, i -P)
M(2,0,2,í-p, j-q)S(P,9+2) (q+Z )(q+f ) I

I

+ M(2,0 ,2,0 ,1)B( i, j+r) ( j+r) , U\ l{", r,0,2,0,0) ( 5+z) ( j*1Ù

...(+.e.1)

4.10 Recurrence Relation z-direction

Subs ti tuE e

coefficients of

pO\¡/er serleS

x and 0

of other gives for i,j

expansions into equation (4.6.3) and equate

Lo zero and then express C(i,j+4) in terms

A,B,C = 0r1, æ

c(i,j+4) i
j

I
p=nrax (o,i-P) q=rnax (o,i-Q)

L(3,3,0, i-p, j-q)A(p+3, q) (p+3 ) (p+2 ) (p+1)

+ L(3, 1,2, t-p, j-q)A( p+1, q+2) (p+1 ) ( q+2 ) 1q+1)

+ L(3,1,1.,i-p,j-q) -k A(p+l,q+l) (p+1)(q+r)

+ L( 3,1,0, i-p, j-q) * ¡( p+1, q) (p+r)

+ L( 3,0 ,2 ,í-p, j-q) A(p,q+2) (q+2)(q+Ì)
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+ L(3,0,1,i-p,j-q) rk A( p , q+1) (q+1)

+ M( 3,3,0 , i-p, j-q) B(p+3,q) ¡k (p+3)(p+2)1p+l)

+ l"Í(3,2, 1, i-p, i-q) B(p+2, Q+ 1 ) (p+2) (p+1) (q+1)

+ \1(3 ,2,0 , i-p , j-q ) 3(p+2,q) (p+2)(p+t)

+ M(3,1,2,í-p,j-q) B(p+1 ,q+2) 1n+I) (q+2)(q+I)

+ If(3,1,r,i-p,j-q) B(p+1, q+1) (p+1)(q+l)

+ M( 3, r,0, i-p, j-q) B(p+1,q) .L (p+1)

+ M( 3 ,0 ,2 ,t-p, j-q ) B(p,q+2) (q+2)(q+1)

M( 3,0 ,1 , i-p , j-q) n(p,q+l) * (q+1)

N(3,2,1,i-p,j-q) C(p+2,Q+1) * (p+2) 1p+1) (q+1)

+ N( 3,4,0 , i-p, j-q) C(p+4, q) 1p+4)(p+3)(p+2)(p+1)

+ N( 3 ,3 ,0 , i-p, j-q) -* C(p+3,q) (p+3) (p+2 ) (p+l)

N( 3,2 ,2 ,í-p, j-q) C(p+2,e+2) (p+2) (p+l) (q+2) 1q+r)

+

+

+

+

+ N( 3,2,0 , i-P, j-q )
J C(p+2,q) * (p+2) ( p+1 )

+ N(3r112,í-p, j-q) C (p+1 ,9+2 ) (p+1) (q+2 ) (q+1)

+ N(3,1,1,i-p,j-q) C(p+1,e+1) :k 1p+1) ( q+1 )

+ N(3,1,0,i-p,j-q) c(p+1,q) I o+t)

N( 3,0 ,3 ,i-p, j-q) * C(p,q+3) (q+3)(q+2)(q+l)

+ N( 3,0 ,2,í-p, j-q) C(p,q+2)

+ N(3,0,0 , i-p, j-q) c(p,q)

(q+2)(q+r)
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(4.10. r)

4. 11 Sunrnary of Recurrence Relations

Equarions (4.8.3), (4.9.1) and (4.10.1) give expressions for

A(i, j+2) , s( í, j+2) , c(i,3+4) for i, j = 0,..',- in terms of other

A,B,C

r-r i r --ì

I I f 
llC:,0,4,i-p, j-q)c(P,q+4)(q+4)(q+3)(q+2)1q+t) 

i
p=max (O, i -P) q=rua:r (O, j -Q)'

N(3,0 ,4,o,1)c(i,¡+3)1¡+3) (i+z)(j+r)(j))/{-(3,0,4,0,0)(j+4)(j+:) (i+2)(j.1ù

Now

where

i=0

Jt

and

A(0 ,2 )

Als o

where

i=0

J¡{

and

B(0,2)

For

where

i=0

Jz

A(i,j+2)

< s*2 , iz
j=o

fA{A(0,1)

B(1,1)

c(l,o)

is a function of

j+2 js j+4

A(ir,jl) , B(iz,jz)

for i,j = 0,...,-

C(is,j3)

e. g. for

4(r,0)

3(2,0)

c(1,1)

A(1,1)

c(0,0)

c(1,2)

4(2,0)

ç(0,1)

c(2,0)

g(0,1)

ç(0,2)

c(2,1)

B( 1,0) ,

c(0,3) ,

c(3,0)Ì.

B(i,j+2) is

(j+2,js<

j=o

fB{A(0,1) ,

B(1,0) ,

c(0 ,2) ,

c(2,1) ,

a function of

j+2 jo j*4

B(is,js) , C(ia,js)

0r...,- e.g. for

¿(i4,jh)

for i, j

¡(0,2) ,

B(1,1) ,

c(0,3) ,

c(3,0)].

A(1,0)

3(2,0)

c(1,0)

A( 1, 1)

3(2,1)

c( 1,1)

A(2,0)

c(o ,o )

c(1,2)

3(0,1)

c(0,1)

c(2,0)

c(i, j+4) is a funcEion of \x(ít,it) , B(ia, ja)

(j+2, jr( j+2, jg<i*4 for í,j= 0.,,,'

j=o

C(ig,jg)

e.g. for

and
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c(0,4)

4.LZ MeÈhod Eo Solve Recurrenc e Relations

To solve Ehe

(a) Select limits to buckling Po\^ter series e'g' L*
0

L

fc{A(0,1) ,

B(0,1) ,

B(2,1) ,

c(1,1) ,

c(4,0 ) ] .

, A(1,0)

, B(1,0)

, c(o,o)

, c(2,0)

A(1,1)

B(1,1)

c(0,2)

ç(2,1)

A(1,2)

B(1,2)

c(0,3)

c,(2,2)

A(3,0)

3(2,0)

c(1,0)

c(3,0)

fo11ows.

A(0,2)

B(0,2)

B(3,0)

c(1,2)

recurrence relations the procedure is as

L

t

L

L s o that

i =0 ,¡ =0

L
ô

I'c(i,j)" OrUT T

L

[oeti,j)*'Oi v* I [0nCi,j)*'Oj w* I
L

i =o j =0

x

i =o j =0

xx

(b) For each i = 0r'..rL* there are 8 independent constants'

A(i,0), A(i,1), B(i,0) , B(i,1), c(i,0), c(i,t), c(i,2) ' c(i,3)

and the other ArBrC can be expressed in terms of these 8 constants'

(c) For each i set one of B constants to unity and the rest

This gives 8 (L* +1) cases .

to zero.

(¿) Use the recurrence relations Eo find

(1) c(L*,4) (producing n(l*,2) 
'

(2) B(L*,2) (producing R(1, ,z) )

(3) A(L* ,2 )

then (4) c(1,*-I,4)

(5 ) B(L" -r,2)

( 6) A(Lx -1 ,2)

and conLinuíng until

(7) c(0,4)

(8) B(0,2)

(9) ¡(0,2)

A,B,C in the following

A(L* ,2 ) )



then i rlcrement-

(io) c(L

( 1i) B(L

(12) A(r,

proceeding irr

for i = 0,...

j and caLcr,rl¿rte

,5)x

,3)x

,3)x

tlris nanner \,rÉì cån cil lcul¿rte A( j 
' .i 

) tr(i, j) c( i, j )

,L and j
x

0,,..,L
,þ

Once A,B,C

8 (L +l ) r.rtrltnorvrrs
x

eqr-rati-ons to solve the systen

are kno\m the urv,\ú ¿ire lcnowLr ' Íl i-nce there ¿re

rse rteerd the sane number of bourrdary condi tion
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CHAPTER 5

BOUNDARY CONDITIONS

5 . I Introduction

To solve the recurrence relations established in Chapter 4,

boundary conditions are needed which reflect experimentally observed

buckling patterns. A local buckling paËch is proposed where buckling

occurs and has on its circumference zero incremental displacenrent ' The

number of points chosen on the circumference is dependent on the number

of Lerms in the double power series expansion outlined in Chapter 4'

The shape of the local buckling patch is dependent on Ehe boundary

conditions of the cylinder, and also the applied external 1oad. A

number of examples are given for the more frequenEly analysed buckling

problems.

Once the shape of the loca1 buckling patch is decided upon, a

boundary condition matrix is set up. Buckling occurs for the particular

local buckling patch chosen, when the determinant of the boundary

condition matrix vanishes.

All Lhe work outlined in this chapter is original to this thesis'

5 ,2 Local Buckling Patch

In this theory any buckling pattern can be adopted. A loca1 buckLe

is assumed to occur over an area of the shell and defined by a boundary

on which the buckling displacements a1.e zeto. This is achieved by

boundary and at each Point settrngconsidering a number of points on the

the buckling clisplacemenËs u = v = \^/ 0
dw
dz



It was found that an ellipse was the best shape for Ehe local

buckling patch since it ha¿ no corners and could approximate b<¡th

the classical theoretical and the Yoshimura Buckling Pattern (10)

and the results of buckling patterns from experiments.

Difference loading cases and boundary conditions decide the

choice of Èhe buckling Patch.

External Pressure Simpl e Free B. C

E 1li
Pat c Free Top

Uni form
Ext erna 1

Pressure

---+

S imp 1y
Suppo rted
Base

External Pressure Clamped - Clamped B'C

Elliptic Buckling
Pa tch

Clamped Top

Uni form
Exte rna I
Pre s s ure
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The diagram shows a cylinder simply

supported at one end and free at the

other with a uniform external Pressure '

The buckling shape chosen is an ellipse

with circumferential axis on the free

top edge and with this axis dividing

the circumference of the cYlinder

integrally.

The diagram shows a cYlinder with

clamped edges with a uniform external

pressure. The buckling shape chosen

is an ellipse touching the edges and

with the circumferential axis being

an integral submultiPle of Ehe

circumference.

¡tic 
BucklinA

t
i
ú
:

T

f
*

f
t
t

Clamped Base



Axial Load - one end clamped the other held circular

Uni fo rm
Axial Load
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Ttie diagram shows a cylinder axially

loaded. The buckling Patch chosen

is an ellipse with circumferential

axis an integral submultiple of the

circumference and the axial axis an

integral submultiple of the length

of the cylinder.

on

EllipEic
Buckl ing
Patch

Clamped Base

5.3 Boundarv CondiEion Equatron

The local buckling patch is approximated by a number of points

the boundary of the patch aL which the buckling displacemenE ts zero

htithin this patch the buckling displacements are non-zero. At each

point we have

tl=w
ãw
ðz

0 ...(s.3.1)

This is 4

unknowns

give 8(L

equations for each boundarY point.

2(L +1)
x

(see section 4.12) we need

+l) equations' A matrix equation
X

Since there are 8(t-* +l)

boundary points which

is then set uP.



u

v/

w
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boundary

point I

boundary

point

2 (l +1)
x

Ho'( L +1), I
x

Htt

Hz r

Hsl

H,, i

Htz

11 zz

Hz s

Hz,*

91's1 
" 

+1) A(o,o)

A(0 , 1)

B(0,0)

B(0,1)

c(0,0)

c(0,1)

c(0,2)

c(0,3)

c(L*-1,0)

c(Lx-1,1)

c(Lx-1,2)

c(L* -r,3)

..(5.3.2)

0

0

u

v¡

VT

is the

0

0

"t(" *l),8(L +t)
x x

The H matrix is an 8(L*+1) square

coefficients of the jth unknown constant

condition equation.

Let the matrix g = [A(0,0) , A(0,1)

Then equation (5.3.2) can be rewritten as

For a non-zero matrrx

matrix where

.rh1n Ehe r

the H. .

t,

b oundary

c(L ,3)l 7

x

C

HC = g ...(r.3.3)

to exist which is the requirement for buckling

of the matrix must be zero.

is a function of the load and the shape and size o1.

load for which theBuckling occurs at the lowest

to occur the determinant

The H maErrx

the buckling patch.

deEerminant of tl goes to zero
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CHAPTER 6

COMPUTER RESULTS

6 . I Introduction

A computer program was ruritten which was based on the buckling

analysis of Ehis rhesis. The program was written specifically for

problems enountere<1 by the Engineering and Inlater Supply Department

alEhough it could be adapted for more general loading conditions' The

specific problem of interest l^/as whether or not it is safe to backfill

a cylindrical water tank, and if there is any likelihood of buckling

occurring, then by how much does the tank wal1 need to be thickened.

This chapter describes how the results from the computer Program

were analysed and then sets out the analysis of two cylindrical tanks

The program v/as written in FORTRAN IV on a CYBER 6400 '

All the work described in this chapter \Àras completed by myself and

is original to thís thesis

6.2 Computer Program

The following table outlines the program modules and the amount of

code involved.
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STAGE Amount of Code

INPUT 353 lines Input - dimensions of cYlincler

- elasticity of cYlinder

- loading of cylinder

- boundary conditions at each

end of cylinder

- local buckling Patch shaPe.

PREBUCKLING 750 lines Calculates Prebuckling deformation,

and stress resultants as outlined

in Chapter 2.

BUCKLING 2221 lines Converts prebuckling resulcs to

doub le pov/er s er ie s .

SeÈs up recurrence rela!ions

outlined in Chapter 4.

Forms bounding condition matrix

from the points on the buckling

patch.

Calculates the determinant of the

local buckling patch boundarY

condirion matrix.

OUTPUT 16 lines OutpuE results.

The di.mensions of the local buckling patch was fed in and not

automatically incremented since the çost of running the comPuter

program was high. For 10 terms in both the x and Q directions of

tTre clouLle puwer series expansion, calculating the de termi.nant look

65 CPU sec.

De s crrpt:-on
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6.3 Determ inine the Buckling Load

The buckling analysis "assumes" that buckling occurs and based

on this assuniption an tl matrix (section 5.3) ís formed from the

equations of equilibrium and the boundary condition on points on l-he

circumference of the local buckling patch. Each particular local

buckling patch has a buckling load which is found by incrementing the

applied load until the determinant of the H matrix vanishes. The

buckling load of the cylinder is found by calculating the buckling

load for various buckling patches and choosing the lowest of these

buc lcling loads .

6.4 Normalizine the Determinant

For each size buckling patch the order of magnitude of the

determinant is quite different. However, when the determinant plotted

against the load, it found that as the load increased from zero, the

corresponding determinant gradually increased or gradually decreased '

The determinant gradually increased when the buckling patch was large

and Ehen did not vanish. This may be due to t.he radj-us of convergence

of the power series.

For smaller buckling patches, the determinant gradually decreased

and as the load was increased the deEerminant would dramatically decrease,

then change sign, and then increase. The load at which this plunge to

zero occurred was the buckling load for the particular buckling patch '

To compare the results for different

determinanl is normalized by dividing the

load by the cleterminant for a zero load. The

chosen since buckling coulcl not occur at zeto

clebenninant would be s table ancl only ref lect

cleterminant and not tlie buckling phenomena '

srzed buckling

determinant at

zero load

patches, the

a particular

determinant was

load and hence the

Ehe magnitude of the
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6.5 Size of the Buckling Patch

There exists an optimum sized buckling pat-ch for a cylinder which

gives the lowest load. To find the optimum síze, the following method

\^/aS uSed.

(i) Choose the shape of the buckling patch based on the external load

and the boundary conditions of the cylinder' Sectio¡ 5'2 has a

few examples of choices of buckling patch shapes.

(ii) pix the axial diameter of the buckling patch

(iii) Let

t_A_
circumference of cylinder

circumferential diarneter of buckling ...(0.5.1)

- Õ a l.
- z , J ,+

patch

de terminant for zeroSÈart aE À

load and then a

and calculate the

,"* 
[

small

det ( load=ô )
ããETload=õT

small positive'l 
"e.i.," t À

À's unt-il at À=\ ,

is smooth and stable. By

load, say 6 Plot the graph of

The graph appears unstable for

say, and then for À ) À" the

calculating lhe buckling Ioadgraph

for À = 1 ,2,3,

(iv) ny varying the size of the

formed. The À" which has

it was found that the lowest buckling load

the largest

Thus À is
c

particular axial

axial diameter a set of À" are

occurred for the buckling patch when À = À. ,

buckling patch which has a stable determinant.

the criEical circumferential diameter for the

diameter of the buckling patch.

the largest value of log

buckling load.gave the correspondingly l.ower

6.6 Buckline Load

Having determined Ehe size and shape of the buckling patch as

outlined in 6.5 the critical buckling load is determined as follows
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The load is gradually increased and the determinant calculated' The

deEerminant gradually decreases , until for increasing loads, rapidly

decreases, and then changes sign, and then irrcreases' The buckling

load for the cylinder is v/hen the determinant changes sign or vanishes

above behaviour. The load isA graPhical method

on the horizontal axis

on the vertical axis.

normalized deterrninant

helps to see the

and the logaríthm of

buckling to occur

to -æ

the normaLízed determlnanf

the logarithm of theFor

clips

6.1 E le1 Failure of a Prestressed Concrete Tank

of a circular Prestressed conc re te re s e rvol- r ,

described and

collapse of the

backfill on a Part

of its circumf erence, v/as

analysed with buckling theory, ouElined in this

In 1966 the

backfilled over

analysed [5J.

This example

thesis to see if

the cylinder. If

phenomena.

was

the backfilled load

so the collaPse maY

was close to the

have been caused

buckling load of

by a buckling

fai lure

one half

The conclusion reached was that the

reservoir \¡/as caused by the Pressure exerted by t-he

of the circular walI.

Radius = 20 .09 14

Young's ì'fodulus =

buckling analYsis is as follows:

254 m; HeighE = 9.2964 m;

Poisson's Ratio = 0'I

The basic data needed for the

Thickness = 0m;

2 .31I5x107 KN/m2

Boundary Conditions F ree N
xTop

Base

ST
x

lJo

0

0

M
x

1"1

x

Simple : Us -- Vs

Loading condirions : The buckling analysis outlined in this thesrs can

accommoclate a triangular backfill pressure over only part of the

circular walI. However, when this example was analysed, the comPuter
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program had only the facility for a triangular load which was non-zero

at the top and uniform around the cylinder. The buckling load which

resulted from this loading condition would be greater than the buckling

load resulting from Ehe actual baclcfill Pressure over Part of the

cylinder.

For a soil load all around the tank, up to the EoP of the tank'

g.3 m high, the active pressure at the base of the wall is 52 KN/m2'

At the

which would

of the wall The

uni form around the

time of rhe collapse) a truck was also

re sul t in an adctitional 6 KN/m2 active

loading condition which is taken

circumference ' zero at the toP

on top of the soil

pressure at the base

is a triangular load,

and 58 KN/m2 at the

bas e
Cp = circumferential diameter of buckling patch

0.254 m

P 20 .0914 rn

Fig. 6.1 .I

Thelocalbucklingpatchusedishalfanellipse,withoneend

touching the base of the tank and the circumferential diameËer at the

top of the cylinder, as in the above diagram' TTre length of the

cylinder,s circumference enclosed by the circumferential diameLer of

the buckling patch is denotecl by Co which is an integral submultiple

of the circurnference of the cylinder'

Circumference ot

P

. . .(0.7. l)
À

C
P

9 .2964 m

-ï(

Loca I
Buckling
Patch

De f ir-re

Uy I inder
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then, À is an in¡eger. Ten terms were taken in the double Po\^Ier

series expansion, so that 22 points are used on the boundary of the

loca1 buckling patch to buíld the bounclary condition maErix (secEion 5.3).

The load used to determine the buckling load for each sized

buckling paEch is a triangular 1oad, zero at Ehe- top of cylinder, and

p KN/m2 at the base. For each buckling patch, P is gradually

incremented. until it vanishes, which is the buckling load for the Patch'

The smallest buckling load was obtained for l=4 , four buckling

lobes around Che cylinder, with Ehe associated buckling load of

82 KN/m2 aE the base of the cylinder. This buckling load is 4I"/" gteatet

Ehan the approximated load of 58 KN/m2 which caused the collapse of the

cylinder. Since the actual load was only on a portion of the cylinder,

the buckling load would be reduced, so that the collpase of the tank is

Iikely Èo be caused by buckling of the cylinder.

The following table shows the determinânt for increasing values of

À at loads of 0 and 0.0001 KN/mz.
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det load=O.001)
À Load Determinant

- o.362973 x

- 0.360258 x

log
deL load 0

2 0.0

0.0001

0.0

0 .000 1

0.0

0 .000 1

0.0

0.0001

0.0

0 .000 1

0,0

0.0001

0.0

0.0001

X

X

x 10218

10288

102I I

10237

r0237

J

4

5

- 0.6L4120

- o .6L4029

o .23837 6

o .238359

0.122188

0.L22181

0 .694866

0.694833

0 .248LL9

0 .248110

0 .132855

0.132851

- 0.003260

- 0.000064

- 0 .000032

- 0.000026

- 0.000020

- 0.000016

- 0.000013

6

7

X

X

X

X

X

X

X

X

X

10218

10206

10206

101e6

10te6

10r8s

10¡8s

I0r83

10183

I

inlhen the load was incremented for \=2 and À=3 the deÈerminant did

not vanish but rose dramatically. The following graph shows the

behaviour of the det.erminants for À=4,5,6 and how the deEerminant

vanishes for À=4 at 80 KN/mz, for À=5 at aPProximately 105 KN/m2,

and for À=6 at approximately 120 KN/m2. A total of 36 loads were

used in the calculation r¿hich took a total of 2300 CPU sec' ($540'00)

in computing time.

s
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det load)log,' 
o det I oad=O

1.0

0.5

0.0

-0

-r.0

-1.5

-2.0

-2 .5

-3 .0

5

À=4

\

À=5

a

-,- 
\=6

16040 r40L2080 1006020

\=2

À=3

Load
at
bas e
KN /m2

-3 .5

tì'i g. 6.7 .2 Failure of a Prestressed Concrete Tank
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6.8 Example 2 Backfilline a CvIindrical WaEer Tank

Thefollowinganalysiswasdonetoseeifacylindricalwater

tank could be safely baclcfilled. The dinensions of the tank were as

follows.

Radius = 23.0 nr

Young's Modulus

HeighE = 5.8 m; Thickness = 0.26 m

2,3715x1010 rN/m2; Poissonrs Ratio = 0.r

Loading Con<litions - Uniform backfill to height of tank, which gives

an active pressure at the base of 35 KN/# '

Boundary Condicion

To find

at both ends,

uni fo¡:m load.

0.26 m

Free at Top (N*

Pinned at tsase (Uo

Tx Sx Mx
0)

=Vo =LJo Mx
0)

an approximate buckling load, consider a cylinder pinned

twice the length of the cylinder in questíon, and with a

The approximate formula is given by Roark [71 as

ç12
0 .807 :

Y-r 7(+) t 518 KN/m2

The buckling patch chosen is half an ellipse as in Ehe previous

example. The buckling analysis produced the minímum buckling load of

400 KN/m2 for À=17

circumferential diame ter
i tr=17 l

400 KN/m2 23m

Fie. 6.8.1

Figure 6.8.1 shows the dimensions of the tank and the relative size

of the buckling patch.

q

*
,l

{ 5.Bmt
r

8.5 m

+ L'T
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The following table lists the determinant for a range of À's

and loads of 0 and 1 N/t'.

logLoad (N/m2 )À

3

5

6

a

0.

1.

U.

l.
0.

1.

0.

L
0.

1.

0.

1.

0.

1.

0.

1.

o

t.
0.

1.

0.

1.

0.

]-

0.

1.

0.

].
U.

1.

0.

1.

0.

l.

_ o .L2L3783 x 10e I

- 0 .12 L2834 x 10s 
I

0 .1087677 x 106 
6

0 .12271 58 x 10 
5 6

0.1r500g8 x 1064

o.rr47137 x 1064

0.5t27585 x 1064

0.5126050 x 1064

0 .1463673 x 106 
s

0.L463672 x 106s

0 .2048534 x 105 
s

0 .2048609 x 106 
s

o .L487267 x 106s

0 .1487317 x 106 
s

0.6020696 x 1064

0.6020g46 x 106 
4

0. 1420836 x 106 "

0.t420862 x 1064

0.19g0595 x 1063

0.tggo624 x 1063

0. 1570g53 x 105 
2

o .r570gt4 x 106 
2

0.4856390 x 1060

o ,4856417 x 106 
0

- 0.1510289 x 10s7

- 0.1510324 x lo57

0.9397369 x 10s8

0.93g7303 x 10s8

0 .31.8g807 )< 10s 
I

0.3188795 x 10s8

0.5961152 x 10s 
7

0.5961135 x r0s'
0.853 2lgg x 1056

0.853 2176 x L056

De te rminant
det( load=1)
det( load =0)

- 0.0003399

+ 0 .0526126

- 0 .00 r]-Lgl

- 0.000r300

0 .0000002

+ 0 .0000 159

+ 0 .0000 143

+ 0.0000108

+ 0.0000081

+ 0 .0000063

+ 0.0000056

+ 0.0000077

+ 0 .0000 10 1

- 0.0000031

- 0.0000017

- ú.üüÛ0013

a

9

10

11

t2

13

L4

r5

16

L1

18

19

20

Table 6.8.1

- 0.0000012
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Three types of buckling patches occur which ís observed when the

los,o["t"[ï#*åt$ß]] is plotted against À ' the number or

buckling lobes around the cylinder. These are

Type A

Type B

Type C

det (0)

det(0)

det(0)

> det( 1) and

< dec(l) and

< det( 1) and

det(0) > t

det(0) > I

det(o) < t

For À less than 17 the determinant aPPears unsEable, however for À

17 and greater, lhe deEerminant is stable' À=17 is then chosen for

the lowest stable buckling patch síze'

1o 'l log
1o deË(1))

det 0
l
I

67891011L213L415 L6 rt 18 L9 20

C

frvpe e.

Typ"- Type B

rATyp

III
À

0.0

-1

-z

-3

-4

-5

-6

_1

Fig. 6.8.1
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For ).> L7 the determinant decreases for increasing 1oads, and

for À=17 the deEerminant'decreases faster than for À>17 The load

is then incremented for À=17 until it vanishes' The following Èable

sets ouE the results of this incrementation of Ehe load.

r,oa¿ (rl/m2 ) Determinant (x10sB ) log

0.0

0.000r

l0 .0

110.0

250.0

300 .0

350 .0

400 .0

450 .0

500 .0

75 0.0

1000 .0

rhe 
'"'[*åtfååååàr]

v¡hich ís 400 KN/m2 .

0 .93914

.93973

.87 539

.40711

,10658

.05654

.02429

.00466

- 0.00625

- 0.01135

- 0 .0047 4

0.00314

- 0.000003

- 0.030802

- 0.363299

- o.945334

- r.220684

- r.587547

- 2,3044L5

- 2.L7.6839

- 1,918r35

- L.297 r07

- L.47 64L8

t-s then graphed to deEermine the buckling load,

A total of 48 loads were used in Ehe calculation, which at 65 CPU sec.

per load, Eook 3120 CPU sec. ($ZZO.00)'
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Fig. 6.8 .3 shows tlìat f or ).=17 buckling lobes

approximaEely 400 KN/m2. This occurs when the

vanishes or the log(der( 1.oad)) tends Eo -æ'

the critical load is

determinant first

In rhe graph Type A has det(load) > 0 ancl Type B has clet(load) < 0

det( load)
1og ãet1l.a¿=o )

1000 600

-Type B

^'Type A

\

200 300 400 500 1 oad
1rn/m2 )

-0.5

-1 .0

-r.5

-2.0

-2.5

-3 .0

Fig. 6.8.3
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CHAPTER 7

CONCLUS IONS

The method of soiution to the buckling of a thin walled

cylinclrical shell is based on an exact solution to the prebuckling

elastic deformation of the cylinder. once these prebuckling

<leformatiotls are calculated a hypothetical incremental displacement

is superimposed and tested for its existance. The smallest load for

which the increment-al displacement can exist is the buckling load for

the cylindrical she11.

since the prebuckling deformations are calculated independently,

the method of solution can be used for complex loading conditions as

well as complex boundary conditions of the cylinder' The inability

of the classical buckling solution to accurately model these two

fundamental conditions may be the rnain reason for the classical

solution overestimating the acEual bucltling load'

The method of solution attempts to minimize the approximations

to the governing equations ' The major approximaEion is the

Línearízation of the general non-linear equilibrium equations which

is a standard approach to the classical solution'

The solution of the buckling equilibrium equations involves the

introduction of a buckling 'patch'. The shape and si-ze of the 'paEch'

is unrestricted and is chosen to correspond with observed buckling

patterns. Previous classical solutions do not have this aPproach alld

instead constrain the buckling displacements to conform wiEh ttre

boundary conditions of the cylincler, whictr result in chessboard

pattet:ns which have never been observed experimentally.
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The method of solution accurately calculates the effecfs of

complex loading cor-rditions and complex boundary conditions as well

as modelling experimentally observed buckling patterns. The examples

given are not extensive or conclusive but do indicaEe thaE the

analysis predicts buclcling loads weIl below the classical buclcling

load which is generally nuch greater than the actual experimental

buckling load.
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