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Moments of isovector quark distributions from lattice QCD
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We present a complete analysis of the chiral extrapolation of lattice moments of all twist-2 isovector quark
distributions, including corrections frold7 andA 7 loops. Even though thA resonance formally gives rise
to higher order non-analytic structure, the coefficients of the higher order terms for the helicity and transversity
moments are large and cancel much of the curvature generated by the wave function renormalization. The net
effect is that, whereas the unpolarized moments exhibit considerable curvature, the polarized moments show
little deviation from linearity as the chiral limit is approached.
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I. INTRODUCTION Because the PDFs cannot be calculated within perturba-
tive QCD, the approach commonly used in global analyses
Resolving the quark and gluon structure of the nucleorof high energy data is to simply parametrize the PDFs, with-
remains one of the central challenges in strong interactioput attempting to assess their dynamical origa-7]. Once
physics[1]. Information about the nucleon’s internal struc- fitted at a particular scale, they can be evolved to any other
ture is parametrized in the form of leading twist parton dis-scale through the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
Fributi_on fun(;tions(PDFs)_, which are ir?t.erpreted as probabil- (DGLAP) QZ%-evolution equation$8]. The focus in this ap-
ity distributions for finding specific partonsiquarks,  proach is not so much on understanding the non-perturbative
antiquarks, gluonsin the nucleon in the infinite momentum confinement physics responsible for the specific features of

frame. PDFs have been measured in a variety of high energy,e pprs put rather on understanding the higher order QCD
processes ranging from deep-inelastic lepton scattering to

Drell-Yan and massive vector boson production in hadron orrections for high energy processes.
- N proau : In a more ambitious approach one would like to extract
hadron collisions. A wealth of experimental information now .

) I . . |r}formation about non-perturbative hadron structure from the
exists on spin-averaged PDFs, and an increasing amount BDFS However, without an analytic solution of QCD in the
data is being accumulated on spin-dependent ARFEs ' ' y .

The fact that such a vast array of high energy data can b@w energy rea"T‘ one must rely to.va.rylng.degre.es on mod-
analyzed in terms of a universal set of PDFs stems from th&!S Of (or approximations oQCD within which to interpret
factorization property of high energy scattering processes, itf'€ data. An extensive phenomenology has been developed
which the short and long distance components of scatteringVer the years within studies of QCD-motivated models, and
amplitudes can be separated according to a well-defined prd? Some cases remarkable predictions have been made from
cedure. Factorization theorems allow a given differentiathe insight gained into the non-perturbative structure of the
cross section, or structure functioR, to be written(as a nucleon. An example is thd—u asymmetry, predictef9]
function of the light-cone momentum fractionat a scale on the basis of the nucleon’s pion cloLiD], which has been
Q?) in terms of a convolution of hard, perturbatively calcu- spectacularly confirmed in recent experiments at CERN, Fer-
lable coefficient functionsC;, with the PDFsf;, describing milab and DESY[11]. Other predictions, such as asymme-
the soft, non-perturbative physi€3]: tries between strange and anti-stranpE2], and spin-

dependent sea quark distributiods,— Ad [13], still await

definitive experimental confirmation. Note that none of these
2y _ 2,2 2
FxQ )_Z j dz G(x/2,Q%u%,ay(1%)) could be anticipated without insight into the non-perturbative
) structure of QCD.
X fi(z,as(p?)), 1) Despite the phenomenological successes in correlating

deep-inelastic and other high energy data with low energy
where u is the factorization scale. The coefficient functions hadron structure, thad hocnature of some of the assump-
are scale and process dependent, while the PDFs are procdissms made in deriving the low energy models from QCD
independent, and hence can be used to parametrize a witgaves open questions about the ability to reliably assign sys-
variety of high energy data. tematic errors to the model predictions. One approach in
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which structure functions can be studied systematically fronversity distribution in the nucleon, lattice calculations of sev-
first principles, and which at the same time allows one tceral low transversity moments provide predictions which can
search for and identify the relevant low energy QCD degreebe tested by future measurements. In order to make these
of freedom, is lattice QCD. predictions reliable, it is essential that the lattice calculations
Lattice QCD is rapidly developing into an extremely use-be reanalyzed to take into account the chiral corrections en-
ful and practical tool with which to study hadronic structure tering extrapolations ten"™>.
[14]. There, the equations of motion are solved numerically The remainder of this manuscript is structured in the fol-
by discretizing space-time into a lattice, with quarks occupyJowing manner. In Sec. |l we (_:iescribe the calculations of the
ing the lattice sites and gluons represented by the links behoments of PDFs from matrix elements of local operators,
tween the sites. Meaningful numerical results can be ob@nd summarize the details of extant lattice calculations. In
tained by Wick rotating the QCD action into Euclidean Sec. Il we first examine the constraints from chiral pertur-

space. However, because the leading twist PDFs are Iigh?hatlon theo;y afnt?] the heavéqlt@gkt!'m't on thfe b(?[hav'(}rtﬁf
cone correlation functionginvolving currents with space- € moments ot the various distributions as a function ot the

time separationz?— (ct)2~0], it is, in practice, not possible quark mass. The importance of higher order terms in the

to calculate PDFs directly in Euclidean space—in this case chiral expansion is then investigated within a model which

I ‘ id ) h i it Breserves the non-analytic behavior of chiral perturbation
nulfl vector would require €ach space-ime component to alot'heory. This information is used to construct effective param-

proach zero. Instead, one uses the operator product expaggi,ations of the quark mass dependence of these moments,
sion to formally express the moments of the PDFs in termghich are then used to extrapolate the available lattice data
of hadronic matrix elements of local operators, which canp sec. |v. Finally, in Sec. V we discuss the results of this
then be calculated numerically. analysis and draw conclusions.

In relating the lattice moments to experiment, a number of
extrapolations must be performed. Since lattice calculations L. LATTICE MOMENTS OF PARTON DISTRIBUTION
are performed at some finite lattice spacimag,the results ' FUNCTIONS
must be extrapolated to the continuum linat,—~0, which
can be done by calculating at two or more values.oFur- A. Definitions
thermore, finite volume effects associated with the size of the . ;
lattice must be controlled—working with a volume that is . The moments of the spin-independent; 9" +q, helic-

=al—qg! i =g —qgt istribu-
too small can result in the omission of important physics,'ty’ A9=q q° and transversitysq=q_—q-, distribu
. tions are defined as
arising from the long-range part of the nucleon wave func-
tion. Finally, since current lattice simulations typically use 1 _
quark masses1:" above 30 MeV, an extrapolation to physi- (XM)q= fo dx X'[a(x)—(—=1)"a(x)], (23
cal massesmghys~5 MeV, is necessary. Earlier work on
moments of spin-averaged PDHS,16 found that whereas N
the lattice palculations yielded result_s typicall?]/ 50% larger <Xn>Aq:f dx X'TAQ(X)+ (—1)"Aq(x)], (2b)
than experiment when extrapolated linearlynd™, inclu- 0
sion of the nonlinear, non-analytic dependencemgrarising
from the long range structure of the nucleon removes most of N 1 =
the discrepancy. (X") 5= . dx x'[8q(x)—(—1)"sq(x)], (20)
In this paper we extend the analysis to the polarized sec-

tor, which is important for several reasons. Firstly, for Manyyhereq’ (1) corresponds to quarks with helicity alignéhti-
years lattice calculations of the axial vector chage, have

i i aligned with that of a longitudinally polarized target, and
tended to lie 10% or more below the experimental value gned 9 y P 9

. : ; q' ™) corresponds to quarks with spin alignethti-aligned
determined from neutrof decay. Since this represents one ;. ; ; :
. ; . o with that of a transversely polarized targéit leading twist,
of the benchmark calculations in lattice QCD, it is vital that yp g 9

o ) < S these moments depend on ground state nucleon matrix ele-
the source of this discrepancy be identified. A prellmlnaryrm,_}ntS of the operators

analysis of the effects of chiral loops fouhti7,1§ that the
inclusion of the leading non-analyti¢. NA) behavior asso-
ciated with7rN intermediate states in the extrapolationgqf
to mghysdecreased the value gf, thereby making the dis- -
agreement worse. On the other hand, one knows thaAthe O’A‘é"'““=i“‘lwy{"ly5D”2- - -DHy, (3b)
resonance plays an important role in hadronic physics, so a

more thorough investigation of its effects on spin-dependent apq ... o1

PDFs is necessary before definitive conclusions can be O =it “poliaysDiz. - Dily, (309
drawn. Indeed, we find that although thke contributions

formally enter at higher order im_, the coefficients of

these next-to-leading non-analytic terms are large, and their'Note that from their definition, Eq€2), the moments alternate
effects cannot be ignored in any quantitative analysis. In adsetween the totalq+q) and valenceq— q) distributions, depend-
dition, since there are currently no data at all on the transing on whethem is even or odd.

Og,l...,un:in*lay{,ulDﬂz. . .Dl’“n}l/l, (33)
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respectively. Thus, for a nucleon of madgs momentump, either Oga(}:Eysv{le}lﬂ or O(Abc;:Z,yS,y{aDA}w. Once

and spinS, one has again, since the operat(ﬂ(Aag requires non-zero momentum,

(P,S|O" (.S we shall keep only the data corresponding to the better de-
a terminedO ) operator. The operators required to calculate
=2<x“‘1)qP{“l- .. P#nt—traces, (4a) other moments in Eq42) are described in Ref20].
For spin greater than 3, there are no unique, irreducible
(P,S|(9Zé' “Hp,S) representations in ¢4) for the twist-2 operators. This means
e | that the operators for momemis>3 will inevitablymix with
=2(x""1),gMS/#1P#2. .. Pral —traces, (4b)  jower dimensionalor lower spin operators. To unambigu-
N ously extract information about these moments, one would
(P.SO5* "P.S) need to consider all representations for a given spin, and,

with sufficiently accurate data, deduce the matrix elements of
the high spin operators from the low spin operators with
where the braces{---} ([---]), imply symmetrization which they mix. Because of these difficulties, all lattice cal-
(anti-symmetrizationof indices, and the “tracestcontain- culations have so far been restricted to moments with
ing contractiongy*i*i, etc) are subtracted to make the ma- <3. Nevertheless, some features of the PDFs can be reason-
trix elements traceless in order that they transform irreducably reconstructed from just the lowest few moments, as de-
ibly. At higher twist (suppressed by powers of@%), more  scribed in Ref[16].
complicated operators involving both quark and gluon fields Further subtleties arise when we consider the non-
contribute. perturbative renormalization of these operators and their
matching to other renormalization schemes. An operator,
B. Lattice operators O.an(@), calculated using the lattice regularization scheme, is
¢ connected to other schemes, for exaniyg, by a renormal-

=2(x"" 1) oM Sepiralpra. . prnl—traces,  (40)

The construction of the relatiorid) between moments of '
PDFs and matrix elements of local operators relies on th&ation factor:
symmetry group of the Euclidean space in which one works. _
When formulated on a discrete space-time lattice, the sym- Ons(1)=2Zo(1,8) Ora(@),
metry group is reduced and the discretized implementation
of these operators introduces several technical complications. . — . .
The discrete nature of the lattice topology means that thgvhere,u is the renormalization S(.:ale-. To proy|de results in
symmetry group of the Euclidean continuum, the orthogonapt@ndard schemes, the renormalization functiahs, must
group Q4), is broken to its hyper-cubic subgroug4) (the therefore be ca_lculat(_ad for each opergtor used. While th|§ is
group of 192 discrete rotations which map the lattice ontcgdone pertgrbatlvely in most calculations, non-perturbative
itself) [19]. Unfortunately, operators in irreducible represen-determinations now exig®1]. In what follows, results are
tations of @4) may transform reducibly under() and this ~ presented in thé/S scheme at a renormalization scalé
may result in mixing with operators from lower dimensional ~4 Ge\2,
multiplets under renormalization. Consequently, care must be
exercised in the choice of operators on the lattice. For ex- _ _
ample, the continuum operatd?;”, which corresponds to C. Lattice calculations
the momentum carried by quarks, can be represented on the The first calculations of structure functions within lattice
lattice by eitheroga):zpy{lD“}zp(belonging to @ represen- QCD were performed in the late 1980s by Martinelli and
tation) orOgb)=¢y4D4¢—%Ei3:1¢y'D'w (belonging to &8  Sachrajda. Their pioneering calculations of quark distribu-
representation This may be regarded as an advantage sincd0ns of the pior{22] and nucleorj23] were ambitious, given
in the a—0 limit these operators are identical and any dif- (e Speed of the computers available at the time. More re-
ference at non-zero lattice spacing allows for an estimate gf€ntly, various calculations of greater precision have been
the remaining finite size lattice artifacts to be made. In pracPerformed[19,20,24-37. In the present analysis we will

tice, this is currently somewhat ambitious, as the operatof?CUS mainly on the more recent QCDSYB0-33 and
0@ requires that the hadron source should have non-zerpHPC-SESAM simulationg19,34,2Q. The older data sets
d om Guptaet al. [35] have large uncertainties associated

momentum components, which leads to a statistically less L . - >
with renormalization, while the statistical precision of Refs.

well deFermmed result, Consequeptly, f%r the operadr [25,26] is comparatively low. In addition, several group®-

we ret_aln only the data corres_pondlngﬂ?(ﬁI . The operators tably the KEK[27,28§, Riken-BNL-Columbia RBC) [36,37)

a_ssomated with the unpolarizes=2 and 3 moments are ;.4 SESAM 29] Collaborationg have put particular empha-
iven by OM4-133 o4 and oMyol228 L :

9 {nsay 1254 2<i=2-q q q sis on then=0 moments of the helicity and transversity
—O0q 7 —0g"", respectively. distributions—the axial and tensor charges. The simulations

For the spin-dependent moments, the operator corrghaye been made using various quark and gluon actions, on
sponding to the axial charge is given l@if by y3. different lattices and at different couplings. They have been
However, for then=1 moment one can have on the lattice performed primarily in the quenched approximation, al-
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TABLE I. Simulation parameters for lattice calculations of the moments of PDFs included in our analysis.
Q/U corresponds to quenched/unquenched simulations, and NPIC denotes the nonperturbatively improved
clover quark action. “All” moments correspond tx'), for i=1,2,3, ('), for i=0,1,2, and(x') 5, for i
=0,1. The symbols shown in the final column correspond to those plotted in Figs. 8, 9 and 10.

Reference Q/U  Quark action  Lattice a (fm) m, (GeV) Moments Symbol
QCDSF[30] Q Wilson 16x32 0.1 0.6-1.0 All A
QCDSF[31] Q Wilson 28x32 0.1 0.35-0.6 All [ ]
QCDSF[32] Q NPIC 16x32 0.1 0.6-1.0 All X
QCDSF[33] Q NPIC 16x32 0.1 0.65-1.2 (1)rq, (X)aq ¢
Q NPIC 28x48 0075 0.7-1.2  (1)pq, (X)aq )
Q NPIC 32x48 005  0.6-1.25 (1)zq, (X*)aq *
MIT [20] Q Wilson 16x32 0.1 0.58-0.82 All *
MIT-SESAM [20] U Wilson 16x32 0.1 0.63-1.0 All o
MIT-SCRI [20] U Wilson 16x32 0.1 0.48-0.67 All O
KEK [27,28 Q Wilson 16x20 0.4  0.52-0.97 (1)rq, ()5 v

though more recently the LHP{20] and UKQCD/QCDSF ferenceof u andd moments. Therefore, until more complete
[33] groups have begun to investigate the effects of uniattice simulations become available, one can only compare
qguenching. In Table | we summarize the data used here, fdattice moments of the flavor non-singlet-d distribution
which PDF moments and the corresponding pion masses avéith moments of phenomenological PDFs-6].
published. Whilst the chiral behavior of quenched QCD is different
Before including the data sets in our analysis, we imposdrom that of full QCD[38], in the region where current lat-
a simple cut to reduce finite volume effects. In lattice calcu-tice data from both quenched and unquenched simulations
lations of any observable, one must ensure that the latticare available, the differences are well within the statistical
size is large enough for results not to be dependent on therrors, indicating that internal quark loops do not play a sig-
(unphysical boundary conditions. This applies particularly nificant role over this mass range. As calculations begin to
to calculations involving low energy states such as theprobe lighter quark masses, the differences should become
nucleon where the effects of the pion cloud are known to benore apparent and it will become necessary to analyze
especially important. Being the lightest, and therefore longquenched and unquenched data separ®8ly Until the dif-
est range, asymptotic correlation of quarks and gluons, pionferences become statistically distinguishable, however, we
are most sensitive to the boundary conditions. To avoid thesghall combine the data from the two sets of simulations.
difficulties, we require that the lattice volume is large enough

that a pion will fit comf(_)rtably within it without “feeling the IIl. CHIRAL BEHAVIOR OF PDF MOMENTS
edges of the box.” A pion of mass:,. has a corresponding
Compton wavelength of order,.~1/m_, and, to avoid in- To compare the lattice results with the experimentally

terference of the pion with its periodic copies, we requiremeasured moments, one must extrapolate the data from the
that the smallest dimension of the lattice X satisfies the lowest quark mass used~G0 MeV) to the physical value
constraint (~5 MeV). This is commonly done by assuming that the
moments depend linearly on the quark mass. However, as
discussed in Refl15], such a linear extrapolation overesti-
mates the experimental values of the unpolarized isovector
momentd4—6] by some 50% in all cases. Since the discrep-
The factor of 4 in this formula is populdrl9], although ancy persists in unquenched simulatigi8,20,34, it sug-
somewhat arbitrary. This argument indicates that the lowesjests that important physics is being omitted from either the
mass data point of Ref31] and the lightest unquenched |attice calculations or their extrapolations. In Ref$5,16
points from Ref[20] should be excluded from the analysis. the chiral behavior of the moments of the unpolarized is-
In terms of quark flow, the evaluation of matrix elements ofovector distributions was found to be vital in resolving this
the operators in Eq$3) includes both connected and discon-

nected diagrams, corresponding to operator insertions ir

quark lines which are connected or disconnectercept é

through gluon lines with the nucleon source—see Fig. 1. - /‘*\ T~
Since the numerical computation of disconnected diagrams i:(‘ OIN) ~ N~ + N~ ——

considerably more difficult, only exploratory studies of these (a) (b)

have thus far been complet¢@9], and the data analyzed

here include only connected contributions. However, because FIG. 1. Connecteda) and disconnectetb) contributions to the
the disconnected contributions are flavor independént  matrix elements of an operatéindicated by the crogsSuch dia-
equalu andd quark massgsthey exactly cancel in thdif-  grams occur in quenched QCD as well as in full QCD.

L>4A\ 4 5
v (5)

m
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discrepancy. Here we summarize the results of the earlier A similar analysis leads to analogous lowest order LNA
unpolarized study, and extend the analysis to the moments glarametrizations of the mass dependence of the spin-
the spin-dependent isovector distributions in the nucleon. dependent momen{48]:

2

A. Chiral symmetry and leading non-analytic behavior ) m’,
1+ ACLNArn,n_Ing—2
m_+ u

(XM au-ad=Aa,

The spontaneous breaking of the chiral [$N)
X SUg(N;s) symmetry of QCD generates the nearly massless
Goldstone bosongpions, whose importance in hadron m
structure is well documented. At small pion masses, hadronic +Ab
observables can be systematically expanded in a series in
m,—chiral perturbation theoryPT) [40]. The expansion
coefficients are generally free parameters, determined frorﬂnd
phenomenology. One of the unique consequences of pion 5
loops, however, is the appearance of non-analytic behavior in n _ 2 mZ
the quark mass. From the Gell-Mann—Oakes—Renner rela- (x >5u5d_5a”( 1+5CLNAmw|°gW
. . 2 . T M
tion one finds that? ~m, at smallm,, so that terms in-
volving odd powers or logarithms ah, are non-analytic me
functions of the quark mass. Their presence can lead to + by ————, €)
highly nonlinear behavior near the chiral limim(—0) M+ M.
[41]. Because the non-analytic terms arise from the infrared o )
behavior of the chiral loops, they are generally model indeWhere the LNA coefficients are given bfciya=—(1
pendent. +2g3)/(4nt,)?  and  Scina=—(1+4gR)/[2(4mf )’

The leading ordefin m,) non-analytic term in the expan- [43]. In the heavy quark limit, bothAu(x)—Ad(x) and
sion of the moments of PDFs was shown in Bé®] to have  du(x) — 8d(x) are given by5 6(x— 1/3) [44], which leads to
the generic behavian?logm, arising from=N intermediate  the constraints
states. This was later confirmed yPT [43], where the co-
efficients of these terms were also calculated. In RES] a )
low order chiral expansion for the moments of the non- Abn:3n+1_Aan(1_M Acina), (10)
singlet distributionu—d, was developed, incorporating the
LNA behavior of the moments as a function mf, and also
connecting to the heavy quark limiin which quark distri-
butions becomé functions centered at=1/3) [16]. For the

®

moments of the unpolarized isovector distribution, these con- Sb.= > — a,(1— u28Cpn) (11)
siderations lead to the following functional form for the mo- N gn+l nt ST HOBINAS:
ments[16]:

2 These are the most general lowest order parametrizations of

the twist-2 PDF moments consistent with chiral symmetry

m
X" y_g=an| 1+ c yamilog———
(u-a=an AT mE + w2 and the heavy quark limits of QCD.

2
m - .
+p—T (6) B. Phenomenological constraints

n [
mf,+m§,n In Refs.[15,16] we presented analyses of unpolarized
. - data based on Ed6), where it was concluded that current
where  (for n2>0) the chiral - coefficient c.ya=—(1  |agtice data alone do not sufficiently constrain the extrapola-
+30a)/ (47t ;)” [43], andb, is a constant constrained by tjon of these moments, and more accurate data at smaller
the heavy quark limit: quark massesn,=<15—20 MeV) are required to determine
the parameteru. In that work, a central value ofu
b =i—a (1— 1%CLnn) ) =500 MeV (550 MeV when the heavy quark limit was not
nTgn GntET A EINAJ: included [15]) was chosen as it best reproduced both the
lattice data and the phenomenological values at the physical
The n=0 moment, which corresponds to isospin charge, igoint. However, the systematic error on this parameter is
not renormalized by pion loops. The parameteis intro-  Vvery large; indeed, the raw lattice data are consistent with
duced to suppress the rapid variation of the logarithm forw=0 (a linear extrapolation
pion masses away from the chiral limit whey®T breaks In order to make the phenomenological constraintuof
down. Physically it is related to the size of the nucleon coremore quantitative, we employ the following measure of the
which acts as the source of the pion fig#tl]. Finally, the —goodness of fit of the extrapolated valu@s m"™9 of the
fits to the data are quite insensitive to the choicengf, (as first three non-trivial unpolarized moments to the phenom-

long as it is largg and it has been set to 5 GeV for al[16]. enological vaIues(x‘)ﬁX_pé, as a function ofu:

054501-5
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0.5 In the limit that theA is degenerate with the nucleon,
AM=M,—M—0, the leading non-analytic contribution
04 from the A is of the same order as that arising from the

nucleon, namelynZlog . In the limit AM — e, theA con-
- tribution can be integrated out, and it formally does not make
X any non-analytic contribution. For a finite, but non-zarl,

02 the vertex renormalization involving th# is not a leading
non-analytic term, but instead entersray/AM. However,
the coefficient of this next-to-leading non-analy(ldLNA)

0 term is huge49]—roughly three times bigger than tme®
03 04 05 06 07 08 term in the expansion of the nucleon m§45§|. Faced with
#1GeV] such a large coefficient, one cannot rely on naive ordering

FIG. 2. The goodness of fit of the extrapolated values of the firserguments alone to identify the important physics.

three non-trivial moments to the phenomenological values as a The solution adopted by Leinwebet al. [45] in the

0.3

0.1

function of u calculated using Eq(12). analysis of the chiral behavior of baryon masses was to cal-
culate corrections arising from those pion loop diagrams re-

3 (X () g — (x1)EXPL)2 sponsible for 'ghe most rapid variation with,. The finite
x(p)= , (120  spatial extension of the pion source leads naturally to an

i=1 (X 5P)? ultraviolet cutoff at thewrNN and #NA vertices[50]. The

parameterA ~ 1/R (with R the size of the sourgessociated

We assume that both the lattice data for the unpolarized mowith these vertices is constrained phenomenologically. This
ments and their extrapolation based on Eg).are correct, approach ensures that the LNA and NLNA behavio&T
and use the phenomenological values for these moments assareproduced in then,— 0 limit, while the transition to the
constraint. heavy quark limit (,>A), where pion loops are sup-

The behavior of the functiog(w) is shown in Fig. 2, and pressed as inverse powersmf., is also guaranteed. Alter-
the best value ofx is indeed found to be 500 MeV. This natively, one can study the variation of PDF moments with
value is also comparable to the scale at which the behavian_ within a model, such as the cloudy bg4j7,51, which
found in other observables, such as magnetic moments aralso ensures the full LNA and NLNA behavior gPT, and
masses, switches from smooth and constituent quark-likgn addition provides a simple physical interpretation of the
(slowly varying with respect to the current quark mass  short-distance contributiongn this case through the MIT
rapidly varying and dominated by Goldstone boson loopsbag model. Rather than rely on a specific model, in the
For fits to lattice data on hadron masses, Leinweltesl.  present analysis we adopt the approach of R&f] and cal-
found values in the range 450 to 660 MPA5] when a sharp  culate the pion loop integrals with hadronic vertices con-
momentum cut-off was used. The similarity of these scalestrained phenomenologically.
for the various observables is not coincidental, but simply The overall renormalization of the forward matrix ele-
reflects the common scale at which the Compton wavelengtments of the operators of Eg&) in nucleon states is then
of the pion becomes comparable to the size of the bargiven by
nucleon. The value of is also similar to the scale predicted
by the x? fits to the model discussed in the following section

Z;
M1 ] [y
(see also Re1[15]). <N|Oi |N>dressed' Zi <N|Oi |N>barer (13)

C. A Intermediate states i=q,Aq,38q, whereZ, is the wave function renormalization

When we come to the calculation of polarized PDFs, thereonstant,
is considerable phenomenological evidence to suggest that
the A resonance will play an important role. Within the
cloudy bag mode(CBM), a convergent perturbative expan-
sion of the physical nucleon, in terms of the number of vir-
tual pions, required the explicit inclusion of thie isobar  and z; are the vertex renormalization constants described

[46,471—see also Ref48] for a recent, fully relativistic in-  pelow. TheN and A contributions to the wave function
vestigation. Without thé, the ratio of the bare to renormal- renormalization, illustrated in the first row of Fig. 3, are

ized pion-nucleon coupling constant was found to be veryiven in the heavy baryon linfitoy [51]

large (as in the old Chew-Wick modelWith it, they typi-

cally agree to within 10—15 %. The essential physics is that———

the vertex renormalization associated with coupling toAhe  2yyhjle the heavy baryon limit applies strictly when, <M, the

or to anN—A transition compensates almost exactly for theform factor,u(k), strongly suppresses all of these integralsrigr
reduction caused by wave function renormalization. Ofapove 400 MeV and thus the heavy baryon expression provides an
course, the same mechanisms apply to the renormalization @biequate description of the meson loops in the region where they
the axial chargeg,, as to the pion nucleon coupling,.y - are large and rapidly varying.

Z,'=1+25+23, (14
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FIG. 3. Contributions to the wave function and vertex renormalization of the nucleon matrix elements of the op‘léf*étorgn, i
=q,Aq,dq, in Eq.(3). Solid, double and dashed lines denote nucléoand pion propagators and the crossed circle and box indicate the
insertion of the relevant operators. Diagraﬁg‘sandzé denote the contributions to wave function renormalizatederivative with respect
to the external momentum is impligd

2 o ledr12 1
] I as R
7l;)°J0  w
+ 7T 278 (180
o 40 304 fw k4u2(k)dk 16 5Z1p T 521,
279 :
9 giNN (47t )?J0 w(K)(w(k)+AM)? The contributions from the coupling to nucleon intermediate

states are given by
where (k) = \k?+mZ is the pion energy, and(k) is the

form factor parametrizing the momentum dependence of the ZNN_ _ 9/2; f@k“uz(k)dk 19
7NN and7NA vertices, for which we choose a dipole form, YW a2l wdk)
A4 and
uk)=———. a7
(k2+ A2)2 w1 ga [ektui(k)dk
Zip=3 f : (20)
T 34wt )% wi(k)

The numerical calculations are performed with a character-

istic momentum cut-off scalé =0.8 GeV, just a little softer  for the unpolarized and polarized operators, respectively.
than the measured axial form factor of the nucl€®2,53—  One can explicitly verify that the LNA behavior of these

although the results are relatively insensitive to the precis@ontributions ism2logn?.. The A contributions to the unpo-

7NN couplings can be determined from &Y symmetry

(9-na/9-nn= VT72/25); however, in the numerical calcula- 20 g2 2
e ﬂ' . . AA AA 9aNa 9a
tions we consider a range of values for the ratio(@dym- ZLU:Zlez—7 TR
metry is also used to relate matrix elements of the twist-2 gonn (4mfr)

operators in the bard and N-A transition to those in the
bare nucleon. In the future, lattice calculationsdfor N
— A transition matrix elements will test the reliability of this
approximation.

The renormalization constants for the spin-independentwhile the NA transition contributes only to the spin-
helicity and transversity operators are given by dependent operators,

" 4,2
Xf k4u2(k)dk o1

0 w(K)(w(k)+AM)2’

na_ 16 Ons  OR

Z,'=1+20+ Z35+2Z%8, (183 NA_ 9
T2T gl (4mf)?

A
Z38=2

Zii- 1+ 2 2 2t i 2

- 4,2
XJ k4u2(k)dk .

+ 20T+ Z3 0T, (18b 0 w2(K)(w(K)+AM)
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These contributions are illustrated in the middle row in Fig. 0.4
3. Expanding these terms for smafl., one finds that the
leading non-analytic terms associated with thh@ndN—A

transition contributions enter at ordems’logn? and m3, 02| v

respectively. The contributions from the tadpole diagrams, A
which are independent @f,, are also identical for the un- 0.1 Y\
zAA

0.3

polarized and polarized cases, and given by 0.0 270
R4y
o le3112 _0.1 fad
z‘fﬂ:z‘fg:— 2 Zf k Uz(k)dk. 23 0. 1,0
(4mf)"Jo  w(k) -02
00 02 04 06 08 10 12 14
The tadpole contributions also enter at ordgfogn? [43], m 1Gal]
as can be verified directly from E@®3). 04
While the inclusion of theA resonance is important for
guantitative descriptions of baryon structure, we also know 0.3
from phenomenological studies that the higher ofitem.,) i
Weinberg-Tomozawa contact tefffi4,55 plays a vital role o2 L2
in low energyS-wave pion—nucleon scatterif§6]. Because 0.1 .
of the Adler-Weisberger relatiob7] betweenN cross sec- gﬁ;&iz’?\
tions andg,, any term which affectstN cross sections 0.0 zNy
should also have some effect gp [58]. In fact, within the o /PE//
CBM Morganet al.[58] found that this term largely resolves ’ ’
the discrepancy between the bag model valueyof 1.09 —02
and the empirical value ofg, for bag radii R g | &0, [ng/] L BE 0

€(0.9,1.1) fm. In the present treatment, since we do not use
the CBM explicitly, but rather parametrize the pion source
via the phenomenological form facter(k), we determine
the overall strength of the Weinberg-Tomozawa term so as t
reproduce the cont.ribution f.oun.d in the CBM’ as outlined intion renormalizations Z’Q‘,Z%) and spin-independent operator
Ref. [5,8]' The rglatlve contributions Qf the dlag_rams with renormalizations. The lower panel shows the contributions to the
andA intermediate states, however, illustrated in the last roWenqrmajization of spin-dependent operators, and the shaded region

of Fig. 3, can be fixed by %)_SymmGIVY- These contribu- s an estimate of the uncertainty in the Weinberg-Tomozawa term,
tions to the operator renormalization can then be written ZWT=ZNWT 1+ Z8WT | Theg,na /9.y COUpling constant ratio is set

to the SU6) symmetric value ofy72/25.

FIG. 4. Contributions to the pion loop renormalization of the
matrix elements of the twist-2 operators required to evaluate the
fhoments of the PDFs. The upper panel shows nucleon wave func-

, (24 renormalized—additional contributions from operator inser-
tions on the pion propagator cancel those shown in Fig. 3.
The pion mass dependence of the various contributions to
s (= KuZ(k)dk the wave function and operator renormalization is shown in
2 fo o(K)(w(K)+AM)’ Fig. 4. For the ratio of the coupling$),na/d-nn, SUB)
(25) symmetry is assumed. The relative size of the tezi’$ and
Z3% in the spin-dependent and spin-independent cases al-

for theN andA intermediate states, respectively, wh&g,  ready makes it clear that intermediate states involving
is the overall normalization. For the above rangeRpfthe ~ resonances are much more significant in the former case. In
physical value ofy, can be reproduced to within a few per- particular, whereaz?,,ﬁ‘ does little to counter the effect of the
cent for the corresponding range®fyr< (0.21,0.30). Inthe wave function renormalization, thd contributionsZ35,
following numerical analysis, we use this range as an estiz?yé, andzfg essentially cancel its effect.
mate of the systematic error on the Weinberg-Tomozawa To explore the sensitivity of the results to the strength of
contribution. Even though the non-analytic behavior of thethe A contribution, in Fig. 5 we show the combined effect of
integrals in Egs(24) and (25) is mi or higher, their contri- the pion dressing on spin-averag@gper pangland spin-
butions are found to be significant. Note, however, that thelependentlower panel nucleon matrix elements in E¢L3)
Weinberg-Tomozawa terms contribute only to spin-for a range of values of the rati@,ya/g.nn- FOr illustra-
dependent matrix elements, and make no contribution to urtion we choose values af, na/9,nn €qual to zerono A
polarized matrix elements. state$, \72/25(SU(6) coupling and 2(the phenomenologi-
With the exception of the matrix elements of the unpolar-cal value needed to reproduce the width of the physical
ized, n=0 operator, the renormalization of each moment ofresonancke In the unpolarized case, the effect of this varia-
the various distributions is independentrofThen=0 op- tion is relatively small—less than 3% over the entire range of
erator, which corresponds to the isospin charge, is nopion masses considered here. In contrast, the effect of the

J”k”’uz(k)d k
0o w?(k)

CWT
Z3pT= g (1 V2)
97NN
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1.1 FIG. 6. Dependence of the renormalization of the nucleon ma-
trix elements in Eq(13) on the dipole mass parametar, at the
physical pion mass, for the $6) value ofg s /g NN -

K ing nucleon intermediate states, and the respedivdia-

K grams formally give rise to LNA contributions. Leaving the
O.na /9w Fatio free, the coefficients of the LNA contribu-
tions (the m?logn? term) to the various matrix elements can
then be written

0.8

L _ —LNA LNA
0.0 02 04 o.smf [cgj/] 10 12 14 ((le oy na=2Z5 -Z5
1 16 92
FIG. 5. Pion dressing of the matrix elements of the spin- - _ 259ana gz+l
independentupper pangland spin-dependefiiower panel opera- (47Tf'n')2 27 giNN A '
tors in Eq.(3) for various values of the ratio of coupling constants,
0.na/9-nn - The shading in the lower panel indicates the variation (279
about the dashed curve {ya /9.nnv= V72/25) caused by the un- y LNA SLNA
certainty in the Weinberg-Tomozawa term. The behavid ofZ 5, <(9Aa' TIMINA=Zs  —Zag
is similar to that ofZ,/Z,.
B _ _ 1 497
on the helicity and transversity momeiitsatrix elements of - (4rf )2 2- 9 9 -19at 1],
the spin-dependent operatas: " and 051~ #") is far i 7NN
more significant. If the contribution from th& (and theN (27b)
—A transition matrix elemenfsis ignored @,na/9-nN
=0), Z5/Zyglmp=0.90, while including these contribu- (0% na=Z5"" = Z5"
tions with SU6) couplings increases this t#,/Zq|mphys 1 4 g2 1
=1.01, and toZ,/Z | mpvs=1.04 at the phenomenological = ||p-_-m2 g2+=|.
4 (4mf )2 9 g2 A2
valuegna /d.nn=2. Consequently, when the effects of the K NN
A are included with a coupling constant which is consistent (270

with phenomenology, one finds that there is almost no cur-

vature in the extrapolation of the spin-dependent momentslhis makes it clear that, whereas an increasg.ifs /9. »nn

This result is relatively stable against variatidi®,53 in ~ from 0 (no A contributiong tends to increase the effective
the dipole mass parameter,A, in the range coefficient of the chiral logarithm in the unpolarized case, for
~0.7-1.0 GeV—especially for the spin-dependent mo-the spin-dependent operators it acts to suppress it. Indeed,
ments, as illustrated in Fig. 6. Matrix elements of the twist-2assuming the bare axial coupling,=1.26, atgna/9nn
operatorg3) in bare nucleon states will necessarily be ana- =2.43 the LNA coefficient for the polarized moments is
lytic functions of the quark mass‘r(q~m727), so the one pion zerg and for larger values it even becomassitive Whilst

loop renormalization described above is the only possibléhis exact cancellation is an artifact of settidd =0, it
source of LNA contributions. Consequently, the LNA behav-highlights the significant role played by tieresonance.

ior of the matrix elements in Eq13) will be given by From this analysis and the numerical results shown ear-
lier, one can conclude that the inclusion of theresonance
(080 W=Z5"=ZM | i=q,Aq,89. (26)  will cause only a minor quantitative change in the extrapo-

lation of unpolarized moments, and in practical extrapola-
If the N—A mass splitting is artificially reduced to zerf, tions of lattice data thé\ can be neglected with no loss of
intermediate states become degenerate with the corresponakcuracy, given the current uncertainties in the data. In con-
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TABLE Il. Fits to the dependence cnnfT of the calculated renormalization factors, obtained by varying
a;, Bi andy; in Eq. (28). The LNA coefficients and the mass paramefersire shown for various values of
theg,na /9w ratio: 0(noA), 72/25(SU(6)), 2 (phenomenological valjeand 1.85average of S(6) and
phenomenological valugs

2,12, Z,1Z,q Z,1Z4,
gana /9anN CLnA un (GeVv) ACina w (Gev) OCLNA un (GeV)
0 3ga+1 0.45 29a+1 0.28 203+ 3 0.32
JZ gi+1 0.39 3292+1 0.25 3292+3 0.29
1.85 451g3+1 0.38 0.48%+1 0.25 0.4%5%+3 0.30
2 Bog2+1 0.37 £92+1 0.24 £92+3 0.29

trast, theA leads to a qualitatively different picture for the equally good. It is remarkable that the LNA for(28) is
extrapolation of the spin-dependent moments amestbe  indeed able to reproduce the full calculationszgf/Z; with
included there. such high accuracy, given that the full calculations include
There are a number of possible approaches that can hfigher order effectsin m,) associated with theA and
taken to account for tha contributions. One strategy would Weinberg-Tomozawa contributions. The best fit valueg pf
be to include the one-loop renormalizations numerically inghown in Table I1, are only slightly smaller than those found
the extrapolations, along the lines of the calculation of selfyy earlier work[15,16]. Note that the functional form in Eg.
energies in the hadron mass extrapolations in R8845. (g goes not include the modifications designed to ensure
One could also replace the momentum integrals in the eXga  correct heavy quark limit, as in Eqg6)—(9)—

pressions forZ, and Z, with discrete sums over momenta .o morating this constraint leads to only marginal changes
which are available on the lattice, [d°k in th tey, [16]

IN)(27la)3S whereV is the spatial volume of N fhe parametey. i . . .
= Ke oKy kg2 As discussed above, excluding the isospin charge, all mo-

the lattice, as in the analysis of theneson mass in Ref59]  ments of each operator are renormalized in the same manner.
(see alsd60]). Because of the discretization of space-timeyance our conclusions regarding the inclusion of shiso-
on the lattice, the lattice momenta are restricted to vaIueBar apply equally well to extrapolations gfy=(1),,- sq

u—

kﬂzzw.nl‘/".’”‘ﬂ' whereITM is the number of lattice sites in and all other moments of the helicity and transversity distri-
the u direction and the integer,, runs between-L ,/2 and butions

+L,/2. We have checked that at large. the differences '
between the integrals and discrete sums are only a few per-
cent or less; however, at smahIfT values the momentum gap
betweenk,=0 and the minimum momentum allowek,,

==*2l/al,, may introduce corrections. . .
I -
Although this procedure is more accurate in principle, in . Having estabhshed_ thgt the LNA formula, E@.S)’ pro-
vides a good approximation to the full calculation, in this

practical extrapolations of lattice data it is not as straightfor-_ =~ . . :
ward to implement as an extrapolation formula based on gectlon we examine the effects of extrapolating the available
simple functional form would be. For this purpose it is more

useful to preserve the simplicity of a single formula which 12
interpolates between the distinct realms of chiral perturbation
theory and contemporary lattice simulations, as proposed in o
Refs.[15,16]. In order to test whether one can continue to Y™ ZlZg
apply a modified form of the extrapolation formula in E6)

to lattice data for the spin-dependent moments, as well as the 0.8
spin independent, we attempt to fit the pion mass dependence

of the renormalization factors shown in Fig. 5 using the form

IV. EXTRAPOLATION OF LATTICE DATA

2o/2,q

0.6
2
2 Yi,LNA 2 T
Zy1Zi= aj+ gimz+————mzlogl ———|, (28) 0.4
(4wt ) ma+ i 00 02 04 06 08 10 12 14

mZ [GeV]

|=q,4q,5q, W'th ai, Bi andu; treated as free para.lmeter.s, FIG. 7. Fits to the calculated renormalization factdrs/Z; ,i
but with y; .na fixed to the values obtained analytically in _ 4 Aq sq, in Eq.(13) using the functional form in Eq28) as a
the limit AM—0, as shown in Table Il. The fits #,/Z;  fynction ofm2. The #NA to =NN coupling ratio has been set to
(i=q,Aq,0q) are illustrated in Fig. 7 for the average of the the average of the S6) and phenomenological values
Oxna/9xnn Values from SWUB) symmetry ((72/25) and phe-  (g,na/g.nn=1.85), andg, to the tree level value, 1.26. The cor-
nomenology(2). Fits for other values of the coupling are responding values g are given in the third row of Table II.
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FIG. 8. The lowest three non-trivial moments of the unpolarized FIG. 9. The lowest three moments of the helicity distribution
distribution u—d, extrapolated using a naive linear filashed Au—Ad, extrapolated using a naive linear extrapolati@hort-
lines) and the improved chiral extrapolatidsolid lineg. The stars  dashed linesand the improved chiral extrapolation described in the
indicate the experimentally measured moments at the physical piotext. In each panel, the long-dashed lines correspond to fits with no
mass, and the lattice data are taken from the sources listed in Table and the LNA coefficient determined fromPT, while the solid
I, where the various plotting symbols are defined. lines are fits obtained using,na/9,nnv=2 (upper solid curves

. . . and+/72/25(lower solid curves The lattice data are taken from the
lattice data on the twist-2 PDF moments using the fo(@s sources Iist(ed in Table . 5

(8) and(9), with the LNA coefficients determined in the limit
AM —0. Rather than show the moments versus the scale and
renormalization scheme-dependent quark mass, Figs. 8, 9

and 10 give the moments of the unpolarized, helicity and 1.6
transversity distributions, respectively, as a function of the
pion mass squared. The data have been extrapolated using a F—t——t B
naive linear extrapolatiofshort-dashed lingsas well as the
improved chiral extrapolations with the LNA chiral coeffi- !
cients and values gk given in Table II, withm,, , fixed at 5
GeV[16].
For the spin-dependent moments, four curves are shown 0.6
in Figs. 9 and 10: the long-dashed curves correspond to ig- 0.0 02 04 ‘;;g 08 10 12
noring A intermediate statesg(;y,=0), while the central 08
solid lines in each panel of the figures include the effects of
the A with a coupling ratiog?TNA /g..nn=1.85 (the average 06l ‘I'
of SU(6) and phenomenological valuyesnd the central value b — I -------- H I _____ |
for the Weinberg-Tomozawa coefficiert,,=0.255. The & ¥ R ¢
upper and lower solid lines correspond dona /9 nn=2, v o4
Cwt=0.30 andg.na/9-nn= V72/25, Cy71=0.21, respec-
tively. Because the effect of the is almost negligible for the 0.2
unpolarized moments, these curves are all essentially collin- 0.0 02 04 g'g 08 1.0 12

ear, and for clarity only one is shown in Fig. 8. The extrapo-
lated values are shown in Table Ill, along with the associated FIG. 10. The lowest two moments of the transversity distribu-
errors(which are described in the Appendgliand the experi- tion su—&d. All curves are as described in Fig. 9.
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TABLE IIl. Values of the unpolarized, helicity and transversity moments, extrapolated to the physical
pion mass using Eq$6), (8) and(9) and the parameters in Table Il. The experimental and systematic errors
listed here are described in the Appendix. For comparison, experimental values of the moments where known
[unpolarized values from moments of distributions of Rpfs-6], helicity moments from Ref7] in scenario
I (NLO)] and the best fit parametera,(,Aa, ,da,) are also listed.

Moment Value Extrapolation errors a,,Aa,,da,
Experimental Extrapolated Statistical A, WT states o

(X)u_g 0.1454) 0.176 0.012 0.0008 0.022 0.141
(x)y_qg 0.0541) 0.054 0.015 0.0003 0.007 0.044
(X3, _q 0.0221) 0.024 0.008 0.0001 0.003 0.019
(1) au-ag 1.2674) 1.124 0.045 0.020 0.022 1.084
(X)au-ad 0.21025) 0.273 0.015 0.005 0.005 0.262
(X2 su-ad 0.07011) 0.140 0.035 0.003 0.003 0.135
(1) 5u- s — 1.224 0.057 0.019 0.025 1.187
(X) pu—ad — 0.506 0.089 0.008 0.010 0.490

mental values for the unpolarized and helicity momentsand the extrapolated moments is acceptable. Clearly the scat-
[4-7] (there are currently no data for the transversity mo-ter in the lattice data for the second moment means that at
ments. Note that even though there is no curvature expectegresent we cannot have much confidence in the predicted
for large m_., the slopes of the linear and LNA fits differ value. We do note, in addition, that this is one case where
slightly at largem,, values due to the constraints of the heavythere is a tendency for the full QCD points to lie somewhat
quark limit incorporated into the form@®), (8) and (9). below the quenched QCD results. It is obviously of some
With respect to the moments of the unpolarized PDFs, thigmportance that this issue be resolved in future lattice simu-
analysis confirms our earlier finding that it is essential tolations.
incorporate the correct non-analytic behavior into the chiral
extrapolation. When this is done, there is goqd agreement V. CONCLUSION
between the extrapolated moments at the physical pion mass
and the corresponding experimental data. On the other hand, The insights into non-perturbative hadron structure of-
for the polarized PDFs we have the surprising result thafered by the study of parton distribution functions makes this
once theA resonance is included, the effect of the non-an extremely interesting research challenge. It is made even
analytic behavior is strongly suppressed, and a naive lineanore important and timely by the tremendous new experi-
extrapolation of the moments provides quite a good approximental possibilities opened by facilities such as HERMES,
mation to the more accurate form. COMPASS, RHIC-Spin and Jefferson Lab. Lattice QCD of-
In the case of the axial chardghe n=0 moment ofAu fers the only practical method to actually calculate hadron
—Ad), the extrapolated value lies some 10% below the exproperties within non-perturbative QCD, and it is therefore
perimental value, with an error of around 5%. Howexgy, vital to test how well it describes existing data. Because cur-
appears to be particularly sensitive to finite volume correctent limitations on computer speed restrict lattice simulations
tions, with larger lattices tending to give larger valueggf  to quark masses that are roughly a factor of 6 too large, one
Furthermore, there is some sensitivity to the choice ofmust be able to reliably extrapolate the lattice data to the
action—simulations with domain wall fermionéDWF), physical quarkior pion) mass in order to compare with ex-
which satisfy exact chiral symmetry, are found to give largerperiment.
values than those with Wilson fermiof36]. As almost all of Traditionally such extrapolations have been made using a
the currently available lattice data are obtained from verynaive linear extrapolation as a function aﬁ (or quark
small lattices [ ~1.6 fm), we consider the current level of mass. In Ref.[15], Detmoldet al. showed that it was essen-
agreement quite satisfactory. tial to include the leading non-analytic behavior of chiral
Additionally, there is some uncertainty arising from the perturbation theory in this extrapolation procedure. Only
inclusion of the heavy quark limit in our fits; if this con- then were the existing lattice data for the moments of the
straint is omitted, the Iargmi behavior of our fits coincides unpolarized parton distribution functions in agreement with
with the linear fits that are shown as one would expect. Fothe experimental moments. Here we have confirmed this
(XY su—sa ({(X)au_ag), @ fit ignoring the heavy quark limit conclusion by calculating the next-to-leading non-analytic
gives a physical value of 0.55@.25% rather than 0.506 behavior within a chiral quark model, including theisobar,
(0.273 as given in Table lll(with a smaller effect in the and showing that it led to precisely the same conclusion.
other moments We have also investigated the variation of the moments of
The uncertainty in the experimental determination of thethe polarized parton distributions to next-to-leading order. In
higher moments of the spin-dependent PDFs is considerablis case the inclusion of thA-isobar makes a dramatic
larger, and from the current data one would have to concluddifference. Indeed, once the is included, the helicity and
from Fig. 9 that the level of agreement between experimentransversity moments show little or no curvature as the chiral
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limit is approached and a naive linear extrapolation formula APPENDIX: STATISTICAL AND SYSTEMATIC ERRORS

s reasonaply acgurate. In case a more ac_curate extrapolgtion In this appendix we describe the estimates of the statisti-
procedure is desired, we propose convenient formulas whichy| ang systematic errors in our fits that are presented in
suitably build in the non-analytic behavior in both the unpo-Taple |11. To determine an estimate of the error associated
larized and the polarized cases. The valueggfextracted  with the statistical uncertainty of the lattice data, we use the
from the extrapolation procedure at the physical pion mass igstimated standard deviation. For ddta, and weightsw, ,
within 10% of the experimental value. Given the sensitivity given at abscissas; (i=1,...,), the estimated standard
of this quantity to lattice volumécurrent simulations use deviation of a fitting formf(x;&) with parameterg} is

quite small latticesand quark actioridomain wall fermions
tend to give a larger value @f, than Wilson fermiong we
consider this a very satisfactory result. We look forward with
great anticipation to the next generation of lattice simulations .
of parton distribution functions at smaller quark masses antvhere a are the best fit parameters. The statistical errors
on larger volumes. assigned to the fits are then determined by varying the fit
parametersd,,Aa,,da,) from their optimal valueggiven

in the right-most column of Table Nto obtain an increase of
unity in the standard deviation.

In order to estimate the systematic errors arising from the
form of our fits, we first consider the uncertainty in the val-
We would like to thank D. LEinWEber, M. Oettel, S. Ohta, ues Ofgﬂ'NA /gﬂ'NN and CWT! tak|ng half the difference be-
S. Sasaki, G. Schierholz and R. Young for helpful discustween the physical values of the moments obtained with

sions. This work was supported by the Australian Researcl_y,/g,nn=2, Cwr=0.30 and g,na/9.nn=\V72/25,
Council, the University of Adelaide and the U.S. DepartmentC,,=0.21. We also consider the uncertainty in the fit pa-
of Energy contract DE-AC05-84ER40150, under which therameteru by taking half the difference between the physical

n
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n—1
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