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The cross section for back-to-back hadron pair production in eþe− annihilation provides access to
the dihadron fragmentation functions (DiFF) needed to extract nucleon parton distribution functions
from the semi-inclusive deep inelastic scattering (SIDIS) experiments with two detected final state
hadrons. Particular attention is given to the so-called interference DiFF (IFF), which makes it possible
to extract the transversity parton distribution of the nucleon in the collinear framework. However,
previously unnoticed discrepancies were recently highlighted between the definitions of the IFFs
appearing in the collinear kinematics when reconstructed from DiFFs entering the unintegrated fully
differential cross sections of SIDIS and eþe− annihilation processes. In this work, to clarify this
problem we re-derive the fully differential cross section for eþe− annihilation at the leading-twist
approximation. We find a mistake in the definition of the kinematics in the original expression that
systematically affects a subset of terms and that leads to two significant consequences. First, the
discrepancy between the IFF definitions in the cross sections for SIDIS and eþe− annihilation is
resolved. Second, the previously derived azimuthal asymmetry for accessing the helicity dependent
DiFF G⊥

1 in eþe− annihilation vanishes, which explains the nonobservation of this asymmetry in the
recent experimental searches by the BELLE collaboration. We discuss the recently proposed alternative
option to extract G⊥

1 .

DOI: 10.1103/PhysRevD.97.074019

I. INTRODUCTION

The understanding of the complete spin-dependent
structure of the nucleon has been at the forefront of studies
in nuclear physics in recent decades. Particular attention

has been given to studying the so-called transversity parton
distribution function (PDF), which describes the correlation
of the transverse polarization of the nucleon with the
transverse polarization of its constituent partons (see e.g.
[1]). The chiral-odd nature of the transversity PDF makes it
much harder to measure compared to the unpolarized and
helicity dependent PDFs. Two approaches have been
recently employed in phenomenological extractions of
the transversity [2–5]. The first method uses the Collins
effect [6], that describes the correlation between the trans-
verse momentum of a produced hadron with the transverse
polarization of an initial quark in the hadronization process.
The convolution upon the transverse momenta of initial and
final partons of the transversity and the Collins fragmenta-
tion function (FF) can be measured in a SIDIS process
with a single measured final state hadron [7], while the
convolution of two Collins FFs are accessible from the
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semi-inclusive production of two back-to-back hadrons in
eþe− annihilation [8]. The second method, based on DiFFs,
leverages the correlation between the relative transverse
momenta of two produced hadrons with the transverse
polarization of a quark in its hadronization, which is
quantified by the IFFH∢

1 . Similarly to the previous method,
here again the SIDIS process with two final state hadrons
being measured is used to access a structure function
containing the transversity PDF and an IFF [9–12], while
the semi-inclusive production of two back-to-back hadron
pairs in eþe− annihilation provides access to IFFs [13–15].
The advantage of the dihadron method compared to using
the Collins effect is that it is possible to work in the
collinear framework where the corresponding SIDIS
structure function factorizes in a simple product of the
transversity PDF and the IFF, while for the single hadron
case the transversity is convoluted with the Collins function
via an integral involving their transverse momentum
dependences. The same is true for the structure functions
containing the IFF and the Collins FF, respectively, in the
eþe− annihilation cross section. Moreover, in the collinear
framework the same combination of transversity PDF and
IFF can be explored also in proton-proton collisions
leading to the semi-inclusive production of dihadron pairs
[16,17], while this possibility is in principle precluded
for the Collins effect due to factorization breaking
contributions. Finally, the evolution equations connecting
the IFF at different scales of the various processes
have a simple standard form [18], while the evolution of
a transverse-momentum dependent PDF is more compli-
cated and depends on non perturbative parameters [19].
A major experimental effort to measure the various

azimuthal asymmetries involved in extracting the trans-
versity PDF using the dihadron way has been made by
several collaborations, such as HERMES [20], COMPASS
[21,22], and BELLE [23,24]. The IFFs from eþe− mea-
surements at BELLE were fitted in Refs. [15,25]. In turn
these were used in Refs. [4,25,26] to successfully extract
the transversity PDF using HERMES and COMPASS data.
Recently, the STAR collaboration released also dihadron
data for azimuthal asymmetries in proton-proton collisions
with a transversely polarized proton [27,28] which can be
included in an attempt of extracting the transversity PDF
from a global fit [29].
Recently, systematic model calculations of both FFs and

DiFFs for unpolarized hadrons have been performed
within the extended quark-jet model, which for the first
time provides a self-consistent description for the hadro-
nization of a quark with an arbitrary polarization [30–33].
The two DiFFs, H∢

1 and H⊥
1 , describing the correlations

between the relative and the total transverse moment of the
hadron pair with the transverse polarization of the quark,
respectively, were studied in Ref. [33]. There, it was
observed that the integrated IFF built from the DiFFs
entering the unintegrated SIDIS cross section is different

from the one that is built from the corresponding unin-
tegrated cross section for eþe− annihilation derived in
[13]. In particular, in SIDIS the integrated IFF contains
both the zeroth Fourier cosine moment of the fully
unintegrated H∢

1 , along with the first Fourier cosine
moment of H⊥

1 . This admixture of H⊥
1 did not appear

in the original derivation in Ref. [11] but was later
included in Ref. [34]. On the other hand, the integrated
H∢

1 in eþe− annihilation in Ref. [13] contains only the
zeroth Fourier cosine moment of the unintegrated H∢

1 . The
model estimates of these two definitions of IFFs in
Ref. [33] produced almost a factor of two discrepancy
between them.
Another prediction of Ref. [13] concerned a particular

azimuthal modulation that provides access to the first
Fourier cosine moment of the quark helicity dependent
DiFF G⊥

1 . However, the recent preliminary results from the
BELLE collaboration showed no signal for this modula-
tion within the experimental uncertainties [35,36]. The
recent COMPASS studies [37] also yielded no significant
signal for SIDIS. Even though the model calculations of
Ref. [32] suggest that the integrated G⊥

1 appearing in
Ref. [13] is naturally smaller in magnitude than the H∢

1 ,
this was still a surprise given the precision achieved in the
BELLE analysis.
In this work, we rederive the unintegrated cross section

for the semi-inclusive production of two back-to-back
hadron pairs in eþe− annihilation, first performed in
Ref. [13]. We then recalculate the azimuthal asymmetries
used for extracting the IFFs and the helicity dependent
DiFF in order to resolve the above discrepancies.
This paper is organized in the following way. In the next

section we briefly review the formalism for DiFFs. In
Sec. III, we describe the kinematics of two hadron pair
production in eþe− annihilation and rederive the corre-
sponding cross section. In Sec. IV, we rederive both
azimuthal asymmetries involving H∢

1 and G⊥
1 . We present

our conclusions in Sec. V.

II. FIELD-THEORETICAL DEFINITIONS
OF THE DIFFS

The fragmentation of a quark q of an arbitrary polari-
zation s into two unpolarized hadrons h1, h2 is fully
described at the leading twist approximation by four
DiFFs, see Refs. [9–11,13,34]. The relevant kinematics
is described by the momentum k and mass m of the
quark q, and the corresponding momenta P1, P2 and
masses M1, M2 of the h1, h2 pair. In the definitions of
the DiFFs, the momenta P1 and P2 of the individual
hadrons are replaced by their total, P≡ Ph, and relative,
R, momenta

P≡ Ph ¼ P1 þ P2; ð1Þ
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R ¼ 1

2
ðP1 − P2Þ; ð2Þ

with P2
h ¼ M2

h the squared invariant mass of the pair.
The ẑ axis is defined along the spatial component of the

total momentum Ph and the components of three-vectors
perpendicular to the ẑ direction are denoted by subscript T ,
as schematically shown in Fig. 1.
The light-cone momentum fractions of the hadrons are

defined as the ratios of the plus components1 of their
four vectors to the quark momentum, zi ¼ Pþ

i =k
þ. The

following light-cone momentum fractions are used in the
definitions of the DiFFs

z ¼ z1 þ z2; ð3Þ

ξ ¼ z1
z
¼ 1 −

z2
z
: ð4Þ

The two-hadron fragmentation of a quark is described by
a quark-quark correlator [9,11,13,38]

Δijðk;Ph; RÞ

¼
X
X

Z
d4ζeik·ζh0jψ iðζÞjPhR; XihPhR; Xjψ̄ jð0Þj0i;

ð5Þ

which, for the case of unpolarized hadron pair and at the
leading twist approximation, is parametrized via four
DiFFs

1

32z

Z
dk−Δðk; Ph; RÞjkþ¼Pþ

h =z

≡ Δðz; ξ; kT;RTÞ

¼ 1

4π

1

4

�
D1=nþ −G⊥

1

ϵμνρσγ
μnνþk

ρ
TR

σ
T

M2
h

γ5

þH∢
1

σμνR
μ
Tn

νþ
Mh

þH⊥
1

σμνk
μ
Tn

νþ
Mh

�
; ð6Þ

where D1 is the unpolarized DiFF, G⊥
1 is the helicity

dependent DiFF, H∢
1 is the IFF, and H⊥

1 is the analogue of
the Collins function for the dihadron case. The lightlike
vectors n− and nþ are defined as for any 4-vector a,
namely a� ¼ a · n∓, and nþn− ¼ 1, n2þ ¼ n2− ¼ 0. All four
DiFFs are functions of z; ξ; jkT j; jRT j, and kT · RT ¼
jkT jjRT j cosðφk − φRÞ, where φR and φk denote the azimu-
thal angles of the vectors RT and kT . Thus, the DiFFs only
depend on the cosine of the difference of the azimuthal
angles φk − φR, that we denote as φKR. The DiFFs can be
further expanded in an infinite series of Fourier moments
with respect to angle φKR, as done in Ref. [33] (see also
Ref. [39] for an alternative expansion). It is clear, that all the
sine terms vanish, as the DiFFs are even functions of φKR.
For D1 we have

D1ðz; ξ; k2T;R2
T; cosðφKRÞÞ

¼ 1

π

X∞
n¼0

cosðn · φKRÞ
1þ δ0;n

D½n�
1 ðz; ξ; jkT j; jRT jÞ; ð7Þ

and similarly for the other DiFFs.
The invariant mass of the hadron pair Mh is used to

replace the magnitude of RT

R2
T ¼ ξð1 − ξÞM2

h −M2
1ð1 − ξÞ −M2

2ξ: ð8Þ

These Fourier decompositions will prove valuable when
examining the azimuthal dependence of various structure
functions of the eþe− cross section which we rederive in
the next section.

III. THE e + e− CROSS SECTION

In this section we rederive the eþe− → h1h2 þ h̄1h̄2 þ X
cross section at the leading twist approximation, following
the framework set out in the original work of Boer et al.
[8,13,40]. First, we briefly lay out the kinematics in the next
subsection, followed by the evaluation of the cross section
itself in the subsequent subsection.

A. Kinematics

A schematic depiction of the kinematic setup is shown in
Fig. 2. Here, the electron with momentum l annihilates with

FIG. 1. The dihadron fragmentation coordinate system, where
the ẑ axis is taken along the total 3-momentum of the two
hadrons, P. The components of 3-momenta perpendicular to ẑ
axis are denoted with a subscript T .

FIG. 2. The kinematics of eþe− annihilation.

1The light-cone components of a 4-vector a are defined as
a ¼ ðaþ; a−; aTÞ, where a� ¼ 1ffiffi

2
p ða0 � a3Þ.
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a positron of momentum l0, creating a quark-antiquark pair.
The time like momentum of the intermediate boson in this
hard process is denoted as q ¼ lþ l0 and we define
q2 ¼ Q2. In this work we use Q as the hard scale and
will ignore all the contributions of order 1=Q. The quark
and antiquark hadronize, producing two back-to-back jets.
We choose a hadron pair h1, h2 with momenta P1, P2 and
massesM1,M2 from one of the jets. From the other jet, we
choose the second hadron pair h̄1, h̄2 with momenta P̄1, P̄2

and masses M̄1, M̄2. Here again we define the total and
relative transverse momenta for each pair, as done in
Eqs. (1), (2), and denote the corresponding momenta for
the h̄1, h̄2 pair as P̄h and R̄. In the “leading hadron
approximation,” where we assume that a significant frac-
tion of the energy in each jet is carried by the two pairs, we
can write Ph · P̄h ∼Q2. Then we decompose the momenta
Ph, P̄h and q in light-cone coordinates in a frame where
PhT ¼ 0 and P̄hT ¼ 0, to identify the corresponding dom-
inant terms

Pμ
h ¼

M2
h

zhQ
ffiffiffi
2

p nμ− þ zhQffiffiffi
2

p nμþ ≈
zhQffiffiffi
2

p nμþ; ð9Þ

P̄μ
h ¼

z̄hQffiffiffi
2

p nμ− þ M̄2
h

z̄hQ
ffiffiffi
2

p nμþ ≈
z̄hQffiffiffi
2

p nμ−; ð10Þ

qμ ¼ Qffiffiffi
2

p nμ− þ Qffiffiffi
2

p nμþ þ qμT; ð11Þ

where

zh ¼
2Ph · q
Q2

≈ z; ð12Þ

z̄h ¼
2P̄h · q
Q2

≈ z̄; ð13Þ

and

−q2T ¼ Q2
T ≪ Q2: ð14Þ

We can project the components of 4-vectors transverse to
n� using the tensors

gμνT ¼ gμν − nμþnν− − nνþnμ−; ð15Þ

ϵμνT ¼ ϵμνρσnþρn−σ; ð16Þ

where gμν is the metric tensor.

The coordinate system in Fig. 2 is defined by taking the ẑ
axis opposite to the 3-momentum P̄h, while the components
of the vectors perpendicular to ẑ are denoted with a
subscript ⊥ in a frame where q⊥ ¼ 0. It can be easily
shown, that Ph⊥ ¼ −zqT , up to negligible correction of
order Q2

T=Q
2 ≪ 1. We can then define the two orthogonal

unit vectors in ⊥ direction

ĥ ¼ Ph⊥
jPh⊥j

¼ −
qT
jqT j

; ð17Þ

ĝi ¼ ϵijT ĥ
j ¼ ϵ0ij3ĥj; ð18Þ

where the following convention is used ϵ0123 ¼ þ1.
To keep consistency, we will define all the azimuthal

angles with respect to the lepton frame. Then, we can
parametrize these two vectors using the azimuthal angle ϕ1

of ĥ

ĥ ¼ ðcosðϕ1Þ; sinðϕ1ÞÞ; ð19Þ

ĝ ¼ ðsinðϕ1Þ;− cosðϕ1ÞÞ; ð20Þ

so that the azimuthal angle of ĝ is simply ϕg ¼ 3=2π þ ϕ1.
The lepton plane in Fig. 2 is spanned by the ẑ axis and

the transverse component l⊥ of the electron momentum l.
The unit vector l̂⊥ can be parametrized using the lepton
plane angle φL in the laboratory frame. However, all the
following results are independent of the orientation of the
scattering plane with respect to the laboratory frame, hence
the φL dependence will be ignored. Here we can also define
the associated normalized 4-vector

l̂⊥ ¼ l⊥
jl⊥j

: ð21Þ

Similar to the light-cone frame, we can now define a set
of orthogonal normalized 4-vectors

t̂ ¼ q
Q
; ð22Þ

v̂ ¼ 2
P̄h

z̄Q
− t̂; ð23Þ

where the spacelike vector v̂ is denoted as ẑ in
Refs. [8,13,40]. Here we changed the notation to avoid
any possible confusion with the notation of the ẑ axis. The
orthogonal projections of the 4-vectors can be again
achieved using the tensors

gμν⊥ ¼ gμν − t̂μt̂ν þ v̂νv̂μ; ð24Þ
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ϵμν⊥ ¼ −ϵμνρσ t̂ρv̂σ; ð25Þ

The two perpendicular projection tensors can be related

gμν⊥ ¼ gμνT −
nμþqνT þ nνþq

μ
T

Q
: ð26Þ

In this work we neglect all terms of order QT=Q, Mh=Q,
M̄h=Q. Thus we also neglect the differences between the T
and ⊥ components of vectors.

B. Cross section

The cross section for this process is given by the
convolution of leptonic and hadronic tensors

2P0
12P

0
22P̄

0
12P̄

0
2dσ

d3P1d3P2d3P̄1d3P̄2

¼ α2

Q6
LμνW

μν
ð4hÞ; ð27Þ

where

Lμν ¼ Q2

�
−2AðyÞgμν⊥

þ 4BðyÞv̂μv̂ν − 4BðyÞ
�
l̂μ⊥l̂ν⊥ þ 1

2
gμν⊥

�

− 2CðyÞB1=2ðyÞðv̂μl̂ν⊥ þ v̂ν l̂μ⊥Þ
�
; ð28Þ

and

AðyÞ ¼ 1

2
− yþ y2; ð29Þ

BðyÞ ¼ yð1 − yÞ; ð30Þ

CðyÞ ¼ 1 − 2y; ð31Þ

with

y ¼ Ph · l
Ph · q

≈
l−

q−
¼ 1þ cos θ2

2
: ð32Þ

The last equality holds in the center-of-mass frame, where
θ2 is the angle between the 3-momentum of the electron l
and the ẑ axis.
The hadronic tensor is defined as

Wμν
ð4hÞðq;Ph; R; P̄h; R̄Þ ¼

1

ð2πÞ10
X
X

Z
d3PX

ð2πÞ32P0
X
ð2πÞ4δðq − PX − Ph − P̄hÞ

× h0jJμð0ÞjPX;Ph; R; P̄h; R̄ihPX;Ph; R; P̄h; R̄jJνð0Þj0i: ð33Þ

Using the parton picture, we can decompose the hadronic tensor in terms of the quark-quark correlators Δ and Δ̄ for the
production of the two hadron pairs in the fragmentation of the quark and the antiquark

Wμν
ð4hÞ ≈ 3ð32zÞð32z̄Þ

X
a;ā

e2a

Z
d2kTd2k̄Tδ2ðqT − kT − k̄TÞTr½Δ̄ðz̄; ξ̄; k̄T; R̄TÞγμΔðz; ξ; kT;RTÞγμ�; ð34Þ

where a denotes the flavor of the fragmenting quark and the prefactor is the number of active colors NC ¼ 3.
Following the transformation of the phase space factor detailed in Ref. [13], the cross section expression can be written as

dσ

d2qTdzdξdφRdM2
hdz̄dξ̄dφR̄dM̄

2
hdydφL

¼ α2

128Q4
zz̄LμνWμν: ð35Þ

Up until this point we have followed the same formalism and definitions as in Ref. [13]. The next step is to evaluate the
trace in Eq. (34) and contract the resulting expression for the hadronic tensor with the leptonic tensor in Eq. (28). The
resulting expression follows
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dσðeþe− → ðh1h2Þðh̄1h̄2ÞXÞ
d2qTdzdξdφRdM2

hdz̄dξ̄dφR̄dM̄
2
hdy

¼ 3α2

πQ2
z2z̄2

X
a;ā

e2a

�
AðyÞF ½Da

1D̄
ā
1� þ cosðφR þ φR̄ÞBðyÞ

jRT j
Mh

jR̄T j
M̄h

F ½H∢a
1 H̄∢ā

1 � þ cosð2ϕ1Þ
BðyÞ
MhM̄h

F ½ð2ðĥ · kTÞðĥ · k̄TÞ

− ðkT · k̄TÞÞH⊥a
1 H̄⊥ā

1 � þ sinð2ϕ1Þ
BðyÞ
MhM̄h

F ½ððĝ · kTÞðĥ · k̄TÞ þ ðĥ · kTÞðĝ · k̄TÞÞH⊥a
1 H̄⊥ā

1 �

þ cosðϕ1 þ φRÞ
BðyÞjRT j
MhM̄h

F ½ðĥ · k̄TÞH∢a
1 H̄⊥ā

1 � þ sinðϕ1 þ φRÞ
BðyÞjRT j
MhM̄h

F ½ðĝ · k̄TÞH∢a
1 H̄⊥ā

1 �

þ cosðϕ1 þ φR̄Þ
BðyÞjR̄T j
MhM̄h

F ½ðĥ · kTÞH⊥a
1 H̄∢ā

1 � þ sinðϕ1 þ φR̄Þ
BðyÞjR̄T j
MhM̄h

F ½ðĝ · kTÞH⊥a
1 H̄∢ā

1 �

− AðyÞ jRT j
M2

h

jR̄T j
M̄2

h

ðsinðϕ1 − φRÞ sinðϕ1 − φR̄ÞF ½ððĥ · kTÞðĥ · k̄TÞÞG⊥a
1 Ḡ⊥ā

1 �

− sinðϕ1 − φRÞ cosðϕ1 − φR̄ÞF ½ððĥ · kTÞðĝ · k̄TÞÞG⊥a
1 Ḡ⊥ā

1 �
− cosðϕ1 − φRÞ sinðϕ1 − φR̄ÞF ½ððĝ · kTÞðĥ · k̄TÞÞG⊥a

1 Ḡ⊥ā
1 �

þ cosðϕ1 − φRÞ cosðϕ1 − φR̄ÞF ½ððĝ · kTÞðĝ · k̄TÞÞG⊥a
1 Ḡ⊥ā

1 �Þ
�
; ð36Þ

where the convolution F is defined as

F ½wDaD̄ā� ¼
Z

d2kTd2k̄Tδ2ðkT þ k̄T − qTÞwðkT; k̄T;RT; R̄TÞDaðz; ξ; k2T;R2
T; kT · RTÞDāðz̄; ξ̄; k̄2T; R̄2

T; k̄T · R̄TÞ: ð37Þ

There are several important differences between the expression in Eq. (36) and the original expression in Eq. (19) of
Ref. [13], apart from the different mass normalization. First, the terms multiplying ĝ are multiplied by a factor of −1 in our
expression. Second, the factor AðyÞ in front of theG⊥a

1 Ḡ⊥ā
1 terms is also multiplied by a factor of−1. Lastly, the dependence

on angle φL vanishes altogether, as in this work all the azimuthal angles are defined with respect to the lepton plane.
These differences allow us to rewrite the cross section in a much more compact form

dσðeþe− → ðh1h2Þðh̄1h̄2ÞXÞ
d2qTdzdξdφRdM2

hdz̄dξ̄dφR̄dM̄
2
hdy

¼ 3α2

πQ2
z2z̄2

X
a;ā

e2a

�
AðyÞF ½Da

1D̄
ā
1�þBðyÞF

�jkT j
Mh

jk̄T j
M̄h

cosðφkþφk̄ÞH⊥a
1 H̄⊥ā

1

�

þBðyÞF
�jRT j
Mh

jR̄T j
M̄h

cosðφRþφR̄ÞH∢a
1 H̄∢ā

1

�
þBðyÞF

�jkT j
Mh

jR̄T j
M̄h

cosðφkþφR̄ÞH⊥a
1 H̄∢ā

1

�

þBðyÞF
�jRT j
Mh

jk̄T j
M̄h

cosðφRþφk̄ÞH∢a
1 H̄⊥ā

1

�
−AðyÞF

�jRT jjkT j
M2

h

jR̄T jjk̄T j
M̄2

h

sinðφk−φRÞsinðφk̄−φR̄ÞG⊥a
1 Ḡ⊥ā

1

��
: ð38Þ

We obtain the cross section in collinear kinematics by integrating upon d2qT . This integration trivially breaks up the
convolution between kT and k̄T in Eq. (37). In the last line, we have the product of two terms of the following form

Z
dφk sinðφKRÞG⊥a

1 ðz; ξ; jkT j; jRT j; cosðφKRÞÞ ¼ 0; ð39Þ

that trivially vanishes by changing the integration variable φk → φKR. By replacing in Eq. (38) the remaining DiFFs with
their Fourier cosine decompositions in Eq. (7), we have
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dσðeþe− → ðh1h2Þðh̄1h̄2ÞXÞ
dzdξdφRdM2

hdz̄dξ̄dφR̄dM̄
2
hdy

¼ 3α2

πQ2
z2z̄2

Z
d2kT

Z
d2k̄T

X
n;m

cosðnφKRÞ
πð1þ δ0;nÞ

cosðmφK̄ R̄Þ
πð1þ δ0;mÞ

X
a;ā

e2a

×

�
AðyÞDa;½n�

1 D̄ā;½m�
1 þ BðyÞ

MhM̄h
ðcosðφk þ φk̄ÞjkT jH⊥a;½n�

1 jk̄T jH̄⊥ā;½m�
1 þ cosðφR þ φR̄ÞjRT jH∢a;½n�

1 jR̄T jH̄∢ā;½m�
1

þ cosðφk þ φR̄ÞjkT jH⊥a;½n�
1 jR̄T jH̄∢ā;½m�

1 þ cosðφk̄ þ φRÞjRT jH∢a;½n�
1 jk̄T jH̄⊥ā;½m�

1 Þ
�

¼ 3α2

πQ2
z2z̄2

Z
dk2T
2

Z
dk̄2T
2

X
a;ā

e2a

�
AðyÞDa;½0�

1 D̄ā;½0�
1 þ BðyÞ

MhM̄h
cosðφR þ φR̄ÞðjkT jH⊥a;½1�

1 jk̄T jH̄⊥ā;½1�
1

þ jRT jH∢a;½0�
1 jR̄T jH̄∢ā;½0�

1 þ jkT jH⊥a;½1�
1 jR̄T jH̄∢ā;½0�

1 þ jRT jH∢a;½0�
1 jk̄T jH̄⊥ā;½1�

1 Þ
�

¼ 3α2

4π3Q2

X
a;ā

e2a

�
AðyÞDa

1ðz; ξ;M2
hÞD̄ā

1ðz̄; ξ̄; M̄2
hÞ þ BðyÞ cosðφR þ φR̄Þ

jRT j
Mh

jR̄T j
M̄h

H∢a
1 ðz; ξ;M2

hÞH̄∢ā
1 ðz̄; ξ̄; M̄2

hÞ
�
; ð40Þ

where

D1ðz; ξ;M2
hÞ≡ z2

Z
d2kTD

½0�
1 ðz; ξ; jkT j; jRT jÞ ¼ 2πz2

Z
dk2T
2

D½0�
1 ðz; ξ; jkT j; jRT jÞ; ð41Þ

H∢
1 ðz; ξ;M2

hÞ≡ z2
Z

d2kT

�
H∢;½0�

1 ðz; ξ; jkT j; jRT jÞ þ
jkT j
jRT j

H⊥;½1�
1 ðz; ξ; jkT j; jRT jÞ

�

¼ 2πz2
Z

dk2T
2

�
H∢;½0�

1 ðz; ξ; jkT j; jRT jÞ þ
jkT j
jRT j

H⊥;½1�
1 ðz; ξ; jkT j; jRT jÞ

�
; ð42Þ

and similarly for the barred functions.
Following Ref. [12], we can expand the above DiFFs in the relative partial waves of the hadron pair system. In the center-

of-mass (c.m.) frame of the pair, we can change the ξ dependence to ζ ¼ 2ξ − 1 ¼ aþ b cos θ, where a, b are functions
only ofM2

h and θ is the angle between the direction of the back-to-back emission in the c.m. frame and the direction of Ph in
the target rest frame. The Jacobian of the transformation is dξ ¼ jRj=Mhd cos θ. Then, we have

2
jRj
Mh

D1ðz; ξ;M2
hÞ ¼ D1ðz; cos θ;M2

hÞ ¼ D1;OOðz;M2
hÞ þ cos θD1;OLðz;M2

hÞ þ � � � ð43Þ

2
jRj
Mh

H∢
1 ðz; ξ;M2

hÞ ¼ H∢
1 ðz; cos θ;M2

hÞ ¼ H∢
1;OTðz;M2

hÞ þ cos θH∢
1;LTðz;M2

hÞ þ � � � ð44Þ

If we insert these expansions in Eq. (40) retaining only the first nonvanishing term after integrating in d cos θ (d cos θ̄), and
we further change the y variable as in Eq. (32), then the collinear cross section can be written as

dσðeþe− → ðh1h2Þðh̄1h̄2ÞXÞ
dzd cos θdφRdM2

hdz̄d cos θ̄dφR̄dM̄
2
hd cos θ2

¼ 1

4π2
3α2

8πQ2

1þ cos2θ2
4

X
a;ā

e2aDa
1;OOðz;M2

hÞD̄ā
1;OOðz̄; M̄2

hÞ

×

�
1þ cosðφR þ φR̄Þ

sin2θ2
1þ cos2θ2

sin θ sin θ̄
jRj
Mh

jR̄j
M̄h

P
a;āe

2
aH

∢a
1;OTðz;M2

hÞH̄∢ā
1;OTðz̄; M̄2

hÞP
a;āe

2
aDa

1;OOðz;M2
hÞD̄ā

1;OOðz̄; M̄2
hÞ
�

¼ 1

4π2
dσ0½1þ cosðφR þ φR̄ÞAðcos θ2; cos θ; cos θ̄; z;M2

h; z̄; M̄
2
hÞ�; ð45Þ
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where RT ¼ R sin θ (and similarly for R̄T), dσ0 is
the unpolarized cross section, and A is the so-called
Artru–Collins asymmetry.
The above expression is identical (up to a numerical

factor) to the one used in Ref. [15] to extract the IFF from
the BELLE experimental data for the Artru–Collins asym-
metry [23]. The same IFF occurs also in the SIDIS cross
section for the semi–inclusive production of hadron pairs
off transversely polarized targets [12], and it is used to
extract the transversity distribution from a suitable single-
spin asymmetry [4,25,26]. Without expanding the DiFFs in
relative partial waves and by directly computing the
cosðφR þ φR̄Þ moment of the cross section in Eq. (40),
the resulting Artru–Collins asymmetry is also formally
identical to that in Eq. (23) of Ref. [13] (see next section).
The crucial difference is in the definition of Eq. (42),
namely in how the integrated IFF entering the asymmetry is
built in terms of unintegrated DiFFs. Starting from the
correct cross section of Eq. (36), the expression in Eq. (42)
(multiplied by jRT j) is now consistent with the definition of
IFF entering the azimuthal asymmetry in the SIDIS cross
section [33] (see also Ref. [34]). The same consistency
could not be achieved from the cross section in Eq. (19) of
Ref. [13]. Thus, the discrepancy is indeed resolved.

IV. THE AZIMUTHAL ASYMMETRIES

In this section, we will review and discuss the azimuthal
asymmetries that allow to extract the IFF and the helicity
dependent DiFF from the cross section listed in Eq. (38).
For this purpose, we define the average of an arbitrary
function I as

hIi≡
Z

dξ
Z

dξ̄
Z

dφR

Z
dφR̄

Z
d2qTI

×
dσðeþe− → ðh1h2Þðh̄1h̄2ÞXÞ

d2qTdzdξdφRdM2
hdz̄dξ̄dφR̄dM̄

2
hdy

: ð46Þ

We first calculate the integral of the unweighted cross
section, that appears as denominator in all of the azimuthal
asymmetries. Following the same steps leading to Eq. (40),
we have

h1i ¼
Z

dξ
Z

dξ̄
Z

dφR

Z
dφR̄

Z
d2qT

×
dσðeþe− → ðh1h2Þðh̄1h̄2ÞXÞ

d2qTdzdξdφRdM2
hdz̄dξ̄dφR̄dM̄

2
hdy

¼ 3α2

πQ2
AðyÞ

X
a;ā

e2aDa
1ðz;M2

hÞD̄ā
1ðz̄; M̄2

hÞ; ð47Þ

where

Da
1ðz;M2

hÞ ¼
Z

dξDa
1ðz; ξ;M2

hÞ; ð48Þ

andD1ðz; ξ;M2
hÞ is given in Eq. (41) (and similarly for D̄ā

1).

A. Artru-Collins asymmetry

In Ref. [13], the Artru-Collins asymmetry is defined as

Aðy; z; z̄;M2
h; M̄

2
hÞ ¼

hcosðφR þ φR̄Þi
h1i : ð49Þ

Following the same steps leading to Eq. (40), we have

hcosðφRþφR̄Þi¼
3α2

2πQ2
BðyÞ

X
a;ā

e2aH
∢a
1 ðz;M2

hÞH̄∢ā
1 ðz̄;M̄2

hÞ;

ð50Þ

where

H∢
1 ðz;M2

hÞ ¼
Z

dξ
jRT j
Mh

H∢
1 ðz; ξ;M2

hÞ; ð51Þ

with H∢
1 ðz; ξ;M2

hÞ given in Eq. (42) (and similarly
for H̄∢ā

1 ).
Finally, the Artru–Collins asymmetry results

Aðy;z; z̄;M2
h; M̄

2
hÞ ¼

1

2

�
BðyÞ

X
a;ā

e2aH
∢a
1 ðz;M2

hÞH̄∢ā
1 ðz̄; M̄2

hÞ
�

×

�
AðyÞ

X
a;ā

e2aDa
1ðz;M2

hÞD̄ā
1ðz̄; M̄2

hÞ
�
−1
;

ð52Þ

which is identical to Eq. (23) of Ref. [13], but now
H∢a

1 ðz;M2
hÞ is given by Eq. (51) consistently with the

definition entering the azimuthal asymmetry in the SIDIS
cross section [33] (and similarly for H̄∢ā

1 ðz̄; M̄2
hÞ).

B. The asymmetry for the helicity dependent DiFF

Another important consequence of the new expression
for the cross section in Eq. (38) is that the so-called
longitudinal jet handedness azimuthal asymmetry, sug-
gested in Ref. [13] to address the helicity dependent
DiFF, identically vanishes. This asymmetry is defined as

A⇒ðy; z; z̄;M2
h; M̄

2
hÞ ¼

hcosð2ðφR − φR̄ÞÞi
h1i : ð53Þ

The contributions to hcosð2ðφR − φR̄Þi from terms in
Eq. (38) involving BðyÞ vanish, which is easy to check
using similar steps to those used in the derivations of
Eq. (40), where we quickly end up with an expression
multiplied byZ

dφR

Z
dφR̄ cosð2ðφR − φR̄ÞÞ cosðφR þ φR̄Þ ¼ 0: ð54Þ

The only remaining contribution is by the last term in
Eq. (38), which we can again transform to a much simpler
form by redefining φk → φKR, φk̄ → φK̄ R̄ after integrating
upon dqT :
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hcosð2ðφR − φR̄ÞÞi ¼ −
3α2

πQ2
AðyÞ

X
a;ā

e2a

Z
dξ

Z
dξ̄

Z
dφR

Z
dφR̄ cosð2ðφR − φR̄ÞÞ

× z2z̄2
Z

dkT

Z
dk̄T sinðφkÞ sinðφk̄Þ

jkT jjRT j
M2

h

G⊥a
1 ðz; ξ; jkT j; jRT j; cosðφkÞÞ

×
jk̄T jjR̄T j
M̄2

h

Ḡ⊥ā
1 ðz̄; ξ̄; jk̄T j; jR̄T j; cosðφk̄ÞÞ ¼ 0: ð55Þ

Thus, the asymmetry of Eq. (53) identically vanishes. In fact, any moment of the cross section that depends only on angles
φR and φR̄ would get no contribution from the terms involving G⊥

1 , as can readily be seen from the derivation in Eq. (55)
since the integration upon dqT already yields a zero.
It is interesting to investigate if there is a specific moment that allows to single out the helicity dependent DiFF G⊥

1 . If we
include in the weight information on jqT j, following the same steps as before for example we get

hq2T cosðφR − φR̄Þi ¼
3α2

πQ2
AðyÞ

X
a;ā

e2aMhM̄hf2Da;½1�;ð1=2Þ
1 ðz;M2

hÞD̄ā;½1�;ð1=2Þ
1 ðz̄; M̄2

hÞ

− ðG⊥a;½0�;ð1Þ
1 ðz;M2

hÞ −G⊥a;½2�;ð1Þ
1 ðz;M2

hÞÞðḠ⊥ā;½0�;ð1Þ
1 ðz̄; M̄2

hÞ − Ḡ⊥ā;½2�;ð1Þ
1 ðz̄; M̄2

hÞÞg

≡ 3α2

πQ2
AðyÞ

X
a;ā

e2aMhM̄hf2Da;½1�;ð1=2Þ
1 ðz;M2

hÞD̄ā;½1�;ð1=2Þ
1 ðz̄; M̄2

hÞ −G⊥a
1 ðz;M2

hÞḠ⊥ā
1 ðz̄; M̄2

hÞg; ð56Þ

where

D½n�;ðpÞ
1 ðz;M2

hÞ≡ z2
Z

d2kT

�
k2T
2M2

h

�
p Z

dξD½n�
1 ðz; ξ; jkT j; jRT jÞ; ð57Þ

G⊥;½n�;ðpÞ
1 ðz;M2

hÞ≡ z2
Z

d2kT

�
k2T
2M2

h

�
p Z

dξ
jRT j
Mh

G⊥;½n�
1 ðz; ξ; jkT j; jRT jÞ; ð58Þ

G⊥
1 ðz;M2

hÞ≡G⊥;½0�;ð1Þ
1 ðz;M2

hÞ −G⊥;½2�;ð1Þ
1 ðz;M2

hÞ; ð59Þ

are k2T–moments of order p of the Fourier cosine moments of order n of the involved DiFFs (and similarly for the
barred functions). Note, that this definition of G⊥

1 ðz;M2
hÞ is different than that in Ref. [13]. Therefore, weighing the

cross section with a function of φR, φR̄ and q2T is not enough to isolate its contribution coming from the helicity
dependent DiFF.
Such new weight has been recently proposed in Ref. [41], that also involves the azimuthal angle φq ¼ φ1 þ π of qT to

exactly cancel out the contributions from the unpolarized term in the cross section:

hq2Tð3 sinðφq − φRÞ sinðφq − φR̄Þ þ cosðφq − φRÞ cosðφq − φR̄ÞÞi
¼ hq2Tð2 cosðφR − φR̄Þ − cosð2φ1 − φR − φR̄ÞÞi

¼ 12α2

πQ2
AðyÞ

X
a;ā

e2aMhM̄hG⊥a
1 ðz;M2

hÞḠ⊥ā
1 ðz̄; M̄2

hÞ; ð60Þ

where G⊥
1 ðz;M2

hÞ is defined in Eq. (59) (and similarly for Ḡ⊥
1 ðz̄; M̄2

hÞ).
Finally, it is worth noticing that since hq2T cosðφR − φR̄Þi ≠ 0 and hcosðφR − φR̄Þi ¼ 0, the latter moment can

contain terms that survive the integration upon φq but vanish because of the integration upon the modulus jqT j. If we
perform all the integrations indicated in Eq. (46) except for the one upon djqT j, the only surviving contribution is (see
Appendix)
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hcosðφR − φR̄Þiðq2TÞ ¼
3α2

πQ2
AðyÞ

X
a;ā

e2a

Z
dφqF a

1ðq2T; z; z̄;R2
T; R̄

2
TÞ

¼ 3α2

πQ2
AðyÞ

X
a;ā

e2a2πF a
1 ≠ 0 ð61Þ

where

F a
1ðq2T; z; z̄;R2

T; R̄
2
TÞ ¼

Z
d2kT

Z
d2k̄TδðkT þ k̄T − qTÞ cosðφk − φk̄Þ

×

�Z
dξDa;½1�

1 ðz; ξ; jkT j; jRT jÞ
Z

dξ̄D̄ā;½1�
1 ðz̄; ξ̄; jk̄T j; jR̄T jÞ

−
1

4

Z
dξ

jkT jjRT j
M2

h

ðG⊥a;½0�
1 ðz; ξ; jkT j; jRT jÞ −G⊥a;½2�

1 ðz; ξ; jkT j; jRT jÞÞ

×
Z

dξ̄
jk̄T jjR̄T j
M̄2

h

ðḠ⊥ā;½0�
1 ðz̄; ξ̄; jk̄T j; jR̄T jÞ − Ḡ⊥ā;½2�

1 ðz̄; ξ̄; jk̄T j; jR̄T jÞÞ
�
: ð62Þ

If hcosðφR − φR̄Þi ¼ 0 vanishes because of the integra-
tion upon the modulus jqT j, it means that this moment,
when considered as a function of q2T , must have a node.
Indeed, some preliminary measurements from the BELLE
collaboration indicate a non vanishing hcosðφR − φR̄Þi
which could be due to the limited coverage in q2T [42].
However, it is not evident which combination of moments
of DiFFs in Eq. (62) is responsible for a node in Eq. (61). In
principle, both terms could contribute in changing the sign

of hcosðφR − φR̄Þi because the Fourier cosine moment D½1�
1

is not necessarily a positive definite function.

V. CONCLUSIONS

The DiFFs provide a very rich source of information
concerning the hadronization process. Moreover, in recent
years they have been used to explore the structure of the
nucleon using two-hadron semi-inclusive electroproduc-
tion. The information about the DiFFs extracted from the
two back-to-back hadron pair semi-inclusive production in
eþe− annihilation plays an absolutely vital role in these
studies. The fully unintegrated cross section for this process
and the relevant azimuthal asymmetries for accessing the
different DiFFs were first derived in Ref. [13].
We recently observed in Ref. [33] that the integrated IFF

built from the DiFFs entering the unintegrated SIDIS cross
section is apparently different from the one that is built
from the corresponding unintegrated cross section for eþe−
annihilation obtained in Ref. [13]. In this work we
rederived these quantities following the same kinematic
setup of Ref. [13]. In Sec. III B, we found a mistake in the
definition of the kinematics that impacts a subset of terms
in the cross section having significant implications for the
relevant asymmetries. The most important result derived in

Sec. IVA is that with the corrected cross section the
apparent discrepancy between the definitions of the inte-
grated IFF in terms of unintegrated DiFFs occurring in the
SIDIS and eþe− cross sections is resolved. Although the
procedure used in the extraction of the transversity PDF
using the dihadron method in Refs. [4,25,26] is formally
correct, it is nevertheless important to have a consistent
underlying formalism, which has been established here.
The second important result, derived in Sec. IV B, is

that azimuthal asymmetry previously proposed for access-
ing the helicity dependent DiFF G⊥

1 actually vanishes. The
reason is the complete decoupling of the quark and
antiquark transverse momenta in these asymmetries, as
a consequence of which the modulations of their respec-
tive hadron productions are lost. This naturally explains
the absence of the corresponding signal in the recent
analysis at BELLE [35,36]. Further, we discussed the
azimuthal asymmetry recently proposed in Ref. [41] that
allows to access G⊥

1 . We have also analyzed another
azimuthal asymmetry based on the relative azimuthal
orientation of the planes containing the two back-to-back
hadron pair momenta. Interestingly, this asymmetry van-
ishes independently of the various angular integrations,
because it displays a node as a function of the size of the
imbalance between the transverse momenta of the two
back-to-back jets. As a consequence, incomplete integra-
tion on the imbalance size would generate a nonvanishing
result, as well as including also the imbalance size as an
additional weight.
An important next step is to extend these calculations to

beyond the leading-twist contributions, both in the kin-
ematic factors and the DiFFs themselves. The need for this
is motivated by the upcoming and planned next generation
experiments.
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APPENDIX: COSINE MOMENT OF RELATIVE
ORIENTATION OF HADRON PAIRS PLANES

By performing all the integrations indicated in Eq. (46)
except for the one upon dqT , the hcosðφR − φR̄Þi moment
becomes

hcosðφR − φR̄ÞiðqTÞ ¼
3α2

πQ2

X
a;ā

e2a

Z
dξ

Z
dξ̄

Z
d2kT

Z
d2k̄TδðkT þ k̄T − qTÞ

×
Z

dφRdφR̄ cosðφR − φR̄Þ
X
n;m

cos nðφk − φRÞ
πð1þ δ0;nÞ

cosmðφk̄ − φR̄Þ
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H̄⊥ā;½m�
1 − AðyÞ sinðφk − φRÞ sinðφk̄ − φR̄Þ

jkT jjRT j
M2

h

G⊥a;½n�
1

jk̄T jjR̄T j
M̄2

h
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H̄⊥ā;½1�
1

Z
dξ

jRT j
Mh

ðcos 2φk̄H
∢a;½0�
1 þ cos 2φkH

∢a;½2�
1 Þ

�

− AðyÞ 1
4
cosðφk − φk̄Þ

Z
dξ

jkT jjRT j
M2

h

ðG⊥a;½0�
1 −G⊥a;½2�

1 Þ
Z

dξ̄
jk̄T jjR̄T j
M̄2

h
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The integral on dφq of the hcosðφR − φR̄ÞiðqTÞmoment in Eq. (A1) is nonzero. In fact, the first term of the last line gives
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where F̂D
1 , F̂

G
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1 ,
ˆ̄FḠ
1 ) are the inverse Fourier transforms of FD
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1 ), respectively.

Following similar steps, it is easy to verify that
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and similarly for Fa
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