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Summary

A solution of the diffusion equation as applied to a meteor
trail is given. Equations that show the effect of the Earth's
magnetic field on the diffusion of the lonized column forming the
trail are derived and solved.

The scattering of a radio wave by the trail is considered and
formilae are obtained for the power received at a radioc receiver
on the ground in terms of the power transmitted.

The nonlinearities introduced by the space charges are considered
and perturbation calculations made. In order to assess the magnitude
of the effect of the space charges, a dimensional analysis is carried
out. This shows that the effect is large and the equations for
electrons and ions including the non linearities are then solved

by numerical methods using a high speed computer,
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Introduction

The theory of radio reflections from meteor trails is now
fairly well known, The radar equation for a column of ionized
air in the atmosphere was derived by Iovell and Clegg (1948) on
the assumption that the colum was narrow compared with the wave-
length used and that the incident wave could penetrate the column
without significant modification, A very comprehensive treatment
has been given by Kaiser (1953) for both low density (< 1otk per
meter) and high density trails and mention is made here of the
possible effects of the Earth's megnetic field which is likely to
modify the shape of the expanding ionized column.

An alternative treatment by Huxley (1952) treats the reflections
as occurring not throughout the colum but at the surface where the
density is critical for the radio wave, In this paper also the theory
of ambipolar diffusion is applied to the spreading of the meteor trail,

Welss (1955), in discussing the measurement of diffusion coeffici-
ents from the rate of dscay of meteor echoes, suggests that the
Farth's magnetic field could account for some of the scatter in the
experimental results obtained,

It seems that no quantitative results for the effect of the Earth's
field on meteor echoes have been obtained so far., In what follows
the diffusion of charged particles in a magnetic field is discussed
and this is applied to the reflection of a radio wave from a meteor

trail having various attitudes with respect to the Earth's field,



The Diffusion Iguation

The equation of diffusion of either electrons or ions in zero

magnetic field is given by o=

‘n =D‘.2r1

e

where n = number density, D = diffusion coefficient.
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i(x—xo)

where f = G- —5r=—-
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and n = lo. g where .o ig the initial number density.

If the source ho is a line rather than a point then
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where the line source is token along the Z axis.
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n

Liffusion of a charped particle in a magnetic field.

L charged particle moving with velocity v in a magnetic field
B will experience a force v x B, The effect of this will be to reduce the
rate of diffusion normal to the magnetic field, The reduction can be
described by a "magnetic" coefficient of diffusion DM so that for B /) Z

there is a flow of particles in the x-direction given by:-

S T D'L 3o ¢ In the y-direction the flow is given by:~

EAv Mooy DM 3. » The flow in the z-direction is not

influenced by the magnetic field so that the diffusion equation becomes: -

) ~ 2 —=
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solution for a line source //z [=

I

n
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for B // y the diffusion cquation to be solved is &= |
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Scattering of Ilectromacnetic Waves by a Meteor Trail.

The scattered field strength at range R from a single electron
moving in the x-direction with acceleration X° is in MeK«S«¢ units

uoeic' sin a / 4R

Where B = permeability of free space

o angle between the z~direction and the direction

to the field point.
The acceleration of a free electron due to an incident clectro-
magnoetic wosvo is —iline % (omitting the exponentisl time vo.rj.atinn.)
Considering only Backscattering 80 that sin a =1
Esc N 4

glice FEinc L * 7R

For a cloud of clectrons with number density n in a region v

r o
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Einc ‘“} bm R o
2
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. 29
vhere K is the wove number = .

R’l is the range to a reference point in the cloud and R2 ig
the range to each electron (See Figure 1)
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Replacing R? in the phase factor by R2 - R1 and changing to

cylindrical co-ordinates the integral in 4.1 becomes
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More accurately, (L4.6) should be multiplied by 1 + K"
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If D > D-Dn) then (4+7) tends to sere, |
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This means that the echo will vanish undex these eonditicma. |
|
This is probebly not a very real case to oansider, |
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Carxzying out the integratians in the same way as above the following
results are cbtained,



e
; k1-7
B

Comt,
¢ u oot Y .
o & Dh = ” ,
180 Paady W wensas  EE)
i D >im
a2 .0 ~ (8e11)
A0 D 39(DeDm)

PR = P” % Capture Area of Receiving Antenna

= P” X Qﬁi
2
o R -3:&? - (4e12)

By inserting inte (4.12) the scattering formulas previcualy dsrived,
e following Tesults are cbtaimed j=
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The power availeble at the receiver teminel is given by
|
|



4 Oont,
(b) Magnstis field ncemal to axis of meteer trail
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Thess results may be ecmpared with the fomulas obtained
nogleeting the Earth's magnetis field and given by Kaiser (1953)
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It 4» apparent that dons will eentribute very little to the
refleoted signal power,
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The "Magnetic" Diffusion Coefficient,

A charged particle in motion in a magnetic field with
velocity v attains an additional component of velocity given
by v X B, This méans that an electron moving parallel to the
field will be uneffected by the field while an electron moving
normal to the field will tend to spiral around the field lines.
It is then apparent that electrons moving with the velocity of
diffusion under the action of a concentration gradient will tend
to spread out more slowly in directions normal to the magnetic
field than along the field,

This effect is discussed by Chapman and Cowling (1952) where
it is shown that the velocity of diffusion normal to the magnetic
field is reduced in the ratio 1: ( 1-#5%; ). Here w = the gyro-
magnetic frequency and vV = the collisional frequency, The
diffusion coefficient oag then be said to be reduced in this ratio

A

50 that (D-Dm) =D (~e—m——s ) (5.1)
{2 . w2

The gyromagnetic frequency w is given by %E with ¢ and m
the particle charge and mass respectively and B the magnetic
field strength,
The magnitude of Barth's mgnetic field is taken as
0.6 x 10-b'webers/équare meter at ground level in the neighbourhood
of Adelaide, The field strength reduces with height by about
6 milligeuss per 40 kilometers but is slightly modified by atmos-

Pheric charges so that in the region of the E-~layer at 95 kilometers
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the magnitude is 0,536 x 10_4'webers/équare meter. This height
is typical for meteors. These figures for the Earth's field were
kindly communicated by Mr., B, Rofe of The Weapons Research Estab-
lishment, Salisbury, South Australia whose help in thig matter is
gratefully acknowledged.

Taking e =1.6 x 10719 coulombs and m = 9,1 x 1073 kilograms,
w for electrons = 107.

The collisional frequency for electrons in the atmosphere is
difficult to measure directly. Deductions have been made from
measurements made in pure nitrogen at low electron mean energies
and an empirical formula, quoted by Crompton, Huxley anl Sutton
(1953), derived, A later result commuﬁicated privately by Dr,
Crompton is used here, this being V- =1.2 x 108p where p is the
atmospheric pressure in millimeters of mereury,

The atmospheric pressure expressed in millimeter of mercury
is given as 1.6 x 10_h at 100 kilometers, 0.9 x 10-3 at 95 kilo=~
meters, and 1.0 x 10-2 at 80 kilometers, Hence the electron
collisional frequency v = 2.0 x 10% at 100 kilometers, 1.0 x 107

at 95 kilometers, and 1.2 x 106 at 80 kilometers,

D x 4.0 x 10’6 at 100 kilometers.

1!

Using (5.1) (D-Dm)
=D x 1.0 x 10-4'at 95 kilometers.

=D x 1.4 x 10—2

at 80 kilometers.
Electronic diffusion is strongly effected by the Barth's

magnetic field right through the meteor region, The explanation

is found in consideration of the diffusion process, In the absence
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of externel farces, particles moving with initial thermal
velooities will tend, after encounters with other partioles,
to move fram regions of high concentration to regions of lower
comsantration and travel in straight lines Letween collisions,
When a magnetic field is prement, the charged particles tend teo
spiral the fiesld lines and in the regiocn considered above are
desoribing a minimm of 100 crbits between collisicms., The effect
of a collision will be to disturb the arbit slightly, the tendenoy
being to inorease the radius o the orbit egain following the
cordentretion gradient but moving in highly curved paths rather
than straight lines,

This means that the moteor trail would temd to attain a high
degree «f ellipticity end the effeet on the radio signel power
reflected would be great, By choosing the value of ¥ corresponiing
to 95 kilamters, so that (D-Dic) = D x 10", the results of sectiom
4 show that the magnetic field has no effeoct an PR when the metecr
is parallel to the field but causes a reduction of up to 10* times
when the trail is nowmal or oblique to the fields These variations
in the reflected signal are mush larger than indicated by practical
results, The positive ions, although ineffective as scatterers of
the radio weves, are likely %o exert comsidarable influence on the
motion of the electrons and so modify these results,



[
Ambipolar Diffusion 2 3

The diffusion coefficient for electrons in the atmsphere at
95 kilometers is about ‘IOLF square meters per second, while fhat
for ions is about 10, that is 1,000 times smaller than for electrons.
Immediately after formmbtion a meteor trail will start to spread out
with electrons moving out more rapidly than ions. The separation
of the charges will produce an electrostatic field tending to
oppose the separation. This problem has been discussed by Huxley
(1952) to whom the following relations (6.1) to (6.4) are due.

The equations of diffusion for electrons and ions can be

written: =

-i—il;—e =De 9 2 pe ~ div (ne We)
(6.1)

.03 @2 ni + qiv (ni Wi)
where n = number density

D = coefficient of diffusion

W = drift velocity in electric field E
Div B = (ne -ni) s_e

o
Subscripts e and i refer to electrons and ions respectively,
Since W = ME where M = mobility (6.1) can be written

one

2 = MiDe w % ne - Mi Me div (ne E )

Mi
(6.2)
Me -;‘-_f;—% Me Diw ° ni + e Mi div (ni E)

2 (MiDg ne + Me Di ni) -

-\(}—
ot
Mi Me div (ne - ni) E

Adding, (Mi ne + Me ni) =¥
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Agsume that ne =ni =n

2n =DG’2n

sl A

Mi De + Me Di

where D, =

A Me + Mi

(6.3)

(6.4)

On the basis of Kinetic Theory it has been shown by Kaiser (1953)

le e
120558 De ~ K Te

where ¢ is the electronic charge, K is Boltzmann's constant, and Te is

the electron temperature,.

. . Mi _ e
Likewise i = ---—K T3
. Me Di + Mi De
S Me + i
That is D W

Di + i 22

Mo if Me > Mi
Dy . MiK Te
e
Mi K T3 Mi K Te
e e
zmlez{ Ti e e
oDi (6.5)

These relations rely on the validity of (6.3), that is the

assumption that ne = ni,

Although this is certainly true at the

instant of formation of a meteor trail it is not obvious that it

should remain true.

be made,

It is desirable that further investigation

If it is assumed as a first approximation that the ions remain near

the origin, then the equation for electrons is:-

DD
LA
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2

2 2

v ax DYy z

where B is taken to be //4

bzn bZn a2n =
=D——§ + D — + D > - MndivE - M grad n
da ¥b vz
ni /D
where a = @—_ x , b = D y
.Jﬁ:bm HDm

2 2
> R .
22 _ (p-pm 21, (pDm 2B +D1._L£_Mdiv(n@

This can be further aporoximated by leaving off the last term

on the right so that

is given by :-

N .2 2 2
y N D n V'n 2°n . 2
=~ =D == 4+ D Z + D - ~“~Men
ot e BB 22
eo?ooo
- ]
Write 7n = j_J , dadbdznexpi(ka + 1b + ma)
(Zﬂ)i o= o=
2
and%+D(k2+12+m2;=--S-

where S is the Fourier Transform of M e m2

(6.6)

(6.7)

The solution of the homogeneous equation corresponding to (6-.7)

:?10 exp - Dt (k2 . 7 +m2)

s

Wheren=noatt =0

—
b

sl

7

"

0

=

7

S--

sl

A
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S—

o]

1

o}

N

d
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ey 1 1jf J n .7 {exp,m[(k_k,)z e 1.)2.7
(on)2_d

=00 *=00 =0

+ (m -~ m')2 +x? 102 m'ZJ' exp = D% ("2 s 22, -'2,}&('&1'0{»\'

In this last equation account is taken of the presence at the

origin of the ions so as to make S = o when t =o

ot

Integrating gives§ = ! B0 ?1.02 ;‘r{exp- PE
(4Dt) 2

(k2 + 12 + mz)} -Jéj
2 2

.’.Z:I—IGGXP—Dt (k2+1 +m2) - exp - Dt (k2+1 +m2)x

- 2
t n .
j at —= [exp ot (k2 T mz)-‘@ exp Dt (k2 Calie mz)]

(1Dt) % :
B 2 t = 3
The integral = —2 ( at t 2 (exp é—t-#%exp At)
(1pt) 2 7

where A =D(‘l«[2 + 12 + m2)

Integration by parts gives s~

-1 1 \ 53
-2t “ (exp %-@exp At) + 1t° (% exp %t- N34 exp At) - '_% £ 2
Z
4 A g2 16,2 A7 At £.3
(4 exp 3 -7€A exp At) + 15 t (8 exp =5 JgA exp At)

where higher order terms are discarded for smll t.
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2
51
Hence n =n_ exp - Dt (® + 1% ¢ ) + —%—:{[exp-%&

D242

n

___o; (k% + 1% & n? t%iﬁ%exp--%(k2+12+m2)] -.,61

2D

72 3,

+ 03 (k2+12+m2)2t2D§{[;1;exp-%b-(k2+12+m2)} "\/g}
a2 2 3

-2 % (k2+12+m2)3t2D2{[%exp—%(kz-rlze-mz)] -\@}

Inverting this gives :=-

n

n = exp - (a2 e T z2)/ LD
8(mtD) 2
Men
+ exp ~ (a° + b2 4 z2)/ 2D
2 3 2
82 D7 ¢
2
3Me n
+ = exp-(a2+b2+z2)/2tD
L 3
z21t2 D3 t2
2
Men
o) 2 2 2
- exp - (a bz 2tD
1 3 P ( + )/
2%m 2 phd
2
5M.e n
t _20 exp - (a® + e z2)/ 2tD
o%n 2p3¢?
104 o noz(az + b2 + 29) e
= 3 3 exp - (a° + ©v° + z%)/2tD

3 22 P Dl"tz'

7o
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€e comt,
Men (. + b2 4 89)°

ﬁlﬁk op - (& PR +s)/2tD
t

Collesting terms and integrating with respeet to = %o
represent a lins sowrve i~

& ot ap < AL - 3 g Ny, -p - S22 )
Axt{DeDm) &$(D=Dn) 2%( Dn)

jliouoz(xz-ry:") (l"*-lz)
znyz(-n-nm)]’/g e 24( D=ii)

2

n 2 2 ‘
+%_ . x = [ o) (6.8)
Gmt (

Deiim) 72 2¢(D+Dm)

It ia obwviocus fram this very approximate caloulation that the
elootric £inld built up by spparation of the chargss will have a
eonsidershle offeot on the elestran distribution, It will be difficuld
to esiimate the magnituis of the effest fram this ealoulation with any
degres of ascursey and better methods are ruquired,
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Dimengionsl Analysis

The differential equations for electrons and ions are :=

n
e 2 c =)
St =D,V n - M div (n, E)
D n.
i 2 ; . =
ST _;D_iV ng + M, div (ni E)

M. n +M n,.
e i

M+ M.

e i

n = n.
and n ="e i

Men
soth:a.tne=N+M .
M. n
— - 1
a.ndni_N TR
@ 31
b Men 2 Men
Then == (N +g—737) =D, V" W+y—03) -
e i e i
Men -
Medlv(N+m) o
e i

D Min 2 Min
and TFE(N-W) =Di§7 (N-m)+

M. n
i

M, div (N—m) . B
e %

. 2N : 2 .
..(Mi+Me) 3T _(Mi,De+MeDi)V N+(De Di)
M, M

e 2
TR
[ 1

n-M M, div (aE)
e 1
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. - A
N Mi De +Me Di y &2 (De Di) Me l/Ii g 2
or 5% = S5=% R LI, 2 n
e i (M + M)
& 1
MM, _
" T i v (nE) (7.1)
e 1
& t 7 M +Mi n+(De-i -(e+i
div (N E) - (i, - i) div (n E) (7.2)

In order to estimate the size of the various terms in these
equations it is useful to express the parameters in dimengionless form,
The dimensions of the parameters in terms of length (L), time (D),

mass (M) and charge (Q) are :-

Diffusion Coefficient D_ or D, = 12

Mobility I or M, =x"rg

Charge e =Q

Electric field strength E =M L12 "
Dielectric Constant €_ =u" 13 2 g2

The last parameter €, is included since div E = 259-
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In order to express E in dimensionless form write:-

22 8 b gb b o0 md =34 (24 (24

LT "M "T Q Q@ M Q
L: 22 - 33 =1 , a=2d+% , a =2
M: =b -4 =1 5 b = -4 -1 ; b o==2
Ty -8 +b 424 = -2 , %d-%«d—1+2c1=-2 , a =1
Q: b +c¢ +2d = =1 , © = =1
o 2
:-AO e 2
Hence a dimensionless form of E = - E =% sSay.
D ".e
e "0

It looks as if the equations (7.1) and(7.2) could be given
in terms of the diffusion coefficients, mobility and a length

(a). By writing:-

n
)
N

L: 2a - 33 =1 . a=-§d+% , &
M: =b-d =0 s b =-=d 9 b =1

T: =-a +b +24d =0 , -%—gd-d+2d=0 s, d ==

R: b +c +24d =0 s e =il
M ., e
it is seen that ee D has the dimension of length
M e
and @ = ="———  is dimensionless
a E:O De

M.

D,
also B = D—l' and ¥ =.I'\_/[—;L- are dimensionless,
e e
2
D €
hence B = —25—° £ =De &

30
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e (7.1)can be written

M, D, 5 D, M
R - S S _ iy i
o8 _ Y% D & +5 2N+D M (1 De)l\fe )
- L ] h
o 5 AN
; i M- (1 +_41)
M (1 + e ) @ T
e e
Mi
M62 (EE B
- divnE
Mo(1 + 1)
Wl
e
= o + . o . 1v
( n De f, N
i aa
. B 2 De - X . 3
Now write % = > s & = " and change the variables in

a

the derivatives so that

'?.N =L".‘_p_ < 2N+ (1 -9 .vézn— ﬂ{—-m divé

(n€) (743)
In the same way

3n 1 +8 y 2 : 2 1+ . A
2. LY L9, 0 (1 - 65, v- =L oaiw, (WE)

- 1—-;:-1 div, (» £) (7.8
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Yy and B reflect the electron - ion mass ratio and can each

be taken to be 10-3.

- ) 10° x 107"7 _
BIEE D8 ax10 1 ¢ q0k

e

ax 10
A typical length for the system could be the length corresponding
th the duration of the radio echo from a meteor trail, A duration of

the order of 0,1 second is quite common, =o in terms of dimensions

e

L =JT D_ = about 30
that is a = 30

Tt a:3x1o'6

AN - -
e L 2x103'<72N+’|03<77,2

= y n - 300 div, (n€) (7.5)

32

2 : i -
5. =9, nt Q;'é N - 3 x 107 div, (ng ) -3x 10° dlv;(fo} (7.6)

If the terms involving £ are regarded as a perturbation then

the equations to be solved are: -~

AN = 2

= © 209 N + A%  n (7.7)
2 2 2

= =9 n+9°N (7.8)

-3

in which A = 10
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1
Writing N' = 2 J‘
(2m) 2 4,
1 S
2 =

then %}\rg:_ ZIH-CZN' slﬂzz n'

&' g2 B
dr

Now let Y, (p) = “;

& kNexpik.?

Sd k nexp L k.

dt N' (T)exp - pT

vy (P) = jo at n' (1) exp ~ pt

and N! =Né for T =0
n' =zofort =0
Then - N' +py +2Al.c2y +A1'£2y =0
o 1 1 2

Fral)
-2 =0
P -+
=2
N (P + k)

(7.9)

)

o
o]
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and hence Yo =

~N' &2
O

p2 +]‘o'122 (24 + 1) +AE1"

(7.9) and(7.10) have poles at p =1‘22E— (1 +24) +

That is p_ = k> (1 + 24 - J1 + 4A%) /2
=2 i 2\ y
p, ==k" (1 +20 +/ 1 +44% ) /2
B C ~ =2
3 = e and B(p- C (p- =
° Y1 %5 * g, (p-p,) +C (p-p) =p +k
p, + & p, + K
B =it O oz
P, = Py RSN
Bl Cl -.2
=~ ] - ! - —
% =3 * pp, 3 (p-p,) +C' (p-p,) k
=2 =2
B! =k F or = Fela
po-p’l Py ™ B

N (-1 + 24+ AT
2 ST in®

- 2\
_Llc_f‘ T(1+2A+f1+hA2)J
2

Resulting in N' = exp

o (-1 +oa - HFT) . [

2 -
3 w( 1 + 28 - /1 +14.A2)J
2 J1 + LA

V] Frgl

N! =2 ’
"o o -k 2y
and n —\1'_,_1#3‘2 exp [21‘(1+2A+ /’|+}.,A,J

34

(7.10)
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N! =2
\-}1*__?__11? exp - [%— (1 +28 =1 ¢ L,Az)]
+

And to a reasonable approximation:-

N' =A NS exp = 122_ © (144) = (A=1) N! exp - % oA (7.11)
-2 _2
n!:Nc')exp-k T(1+A)-Nc')exp,.k T A (7.12)

For a line source //Z (7.12) gives for n

N N
n = 0 exp - Z"z 2 exp - —-i— (7.13)

8rt (1 + 4) hol1a) - Gl g
Now‘Vz ¢ = %‘E‘
o
Me2 e
and a dimensionless ¢, say ¢ = ¢p— >
aD ™ g
e
2
. a De & 1 9 2 g§ - Gan
] - 2 L 2 é eo
M~ e a
e
a:ndvé2g5 = a2 a® n
- 3 X 10-7 n

So with cylindrical symmetry i~

14 (& _ -7
7 o (;dé) =3x10 'n
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agd 3 X 1077 & Uil
Ceqp s Ty (faz g on(g))

- N N 2
__5__________::107 ( =2 exp - -Oexp--é-—) L.
- Z 47 4T(1+4) 4w LTA z
Continuity at the origin gives
&g _ J_X10-7 (NO exp - - o .1\.T9.e,¢p-.£._2)

&g = g L 47(1+4 L LTA

_ .4
but € = =

= N 2 N 2
X0 ) -% . © - "%_Y
= 7 ( T OXP = Ton T P " Tl )

2
N 2
. -7 o] é
w7 &1 =3x 10 ——iiid YD, -
E’ [ 32“2 T(1 +.A.) 2’!7(1 +A)
2 ) 2
I\To g‘zg 1+2¢1) No
~ Wi exp m G mimemm—e=l exp
32717 (1 +A) 301" TA
2 =
_ 42 (1+24) N N0 . 522
LAt 327\:2 TA : 2%A
o N " 2
Hence divé (n{) °= 3 x 10 _"O'é'_é' exp - 2= (7.14) where
2n T

the terms with A in the denominator of the exponent are omitted.

In the same way (7.9) gives for a line source //Z.-

AN 2 (A=1)N 2
_ "7 - Z - ——ES w e e
N = Bt (144) e¥Xp Lr(41+4 BnTA xp L T A

36
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N 4 Z° 2 AN
< W | o oxp - ol a5 Sl
e 32m 0 (144)° be(1+4) B 2 (1+4)
.2
exp = Lm(1+Ai
\ 2 ,
NO (la."'af) Z_’, .\4‘2 (.A. = 1 N-O 2
" 32 e 5 XP = T T4
32w 7 A B 8t A
o 2
N Z N 2
L A) & - 2] exp - = (7.15)

Comparing the sizes of (7.14) and (7.15) it is seen that the
perturbation becomes as large as the linear temms in (7.5) at a small
«
value of 7 = "z -
This means that the electric field associated with charge separation
very soon reaches a large size and will tend to dominate the motion of

the particles, It is desirable to attempt a more exact solution of the

equations,



8. Numerical Solution

The diffusion equations for electrons and ions can be written in

dimensionless form :-

vn 2

S -1 & .
5= =V n -7 dv (n, &)
éni
AT

=Y _ .
= BN " n, + :OIC div (n; £ )

In cylindrical co-ordinates these become

dn : a2 n 2 3
e _ 1 3 ~_ e a_a ey eyl
dr T Z g (& aé) N x e Mo ni) a
RS
6’ D%
on % n; -
i _ B 2 1 Yy & & - X
» £ & (z;?)é) o 0y (ne nl) * 2
n.
i
L7 =%
As shovm in section 7, the electric field £ is given by
i:—%—%:-aza3.% J Z;'(ne"n)ut dé'
2
. 2)ne_ 3 ne . 1 bne ne ne—nl) N 1 (bne)
ol 32;2 Z ¥ Z 11 < IS4
Z
Lj Z;(ne-ni) o dé]
2
1033ni= bnl i 1 bni ) n, (ne_nl) _’l___?’ni
DT 542 £ vé 11 11 &
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These equations which are of the parabolic type can be solved
by numerical methods provided a high speed electronic computer is
available,

If the space (Z) variables are replaced by finite differences,
there results a system of ordinary differential equations since all
the variables become functions of T only, and one differential equation
appears at each interval., So in the equation for electrons replace
n, (2, ) by A (jh, ©) where h is a suitable step length along the
Z axis and j runs from O to 20. Strictly Jj should be taken to a
value such that at the end point A (Jjh, 'r) remains constant for all
T thus imposing a boundary condition, However 20 is taken here as the
upper limit in order to keep the calculation within practical limits
even using a high speed computer, To simplify the notation A (jh, T)
is now called 4 (J) it being remembered that & (J) is a function of
T only,

In the same way n; (%, ©) becomes B (J).

The equations to solved are now :-

L9 . [a+1) - 2a() + a0} [ 5° * e [MIH) - A= )] /2

- -1-1— . A(J) [A(J) - B(J)J + 113”1 .E’L(J” )Zh— Alg-] AN 81(J)

(8.3)

dgTJ): [B(JH) Z B B(J+1)]/hz +3% . [B(J+1) - B(J-H:l /2n

+

ﬁ . B(J) Ex(J) - B(J)] - 11}}1 ) LB(JH%h— B(J-1)Jx SI(J)(B )
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In these equations J can take on the values 1 to 19. SI(J) is (
& number calculated for each value of J and is the result of evaluating
the integrals on the right of equations (8.1) and (8,2) according to
Simpson's rule,

In order to obtain starting values for the caleculation it can
be assumed that the initial distributions for electrons and ions are
gaussian, This is thought to be true in practice,

Let the distribution be of the form ;-

2
r

20_2

There arec then a total number in the group given by

B 2
c\g dr r exp - —25
B 20
R
=c F (exp -p?) Joop . Jo o ap
o]

2

B 00'217— exp-—g—R-;Z +1]

choosing ¢ 62 :iNo

2
R
2

and exp - = % so that R becomes the distance from the

origin at which the distribution has dropped to half the size at the
origin :-~

2
"Then

= log 2f
2
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4 loo 2
20 R

and the initial distribution has the form

2 N_ log 2 -
5 °xp -~ >
R R
2N 2
. . oxp - r2
- g2 R

The distance R is taken to be about 2 mean free paths which at

95 kiloneters altitude represents % metre or-z% in dimensionless (é)

form,
The step length h for the finite difference approximation can
now be chosen so as to have 3 steps inside the region extending out
to R. That is h is taken as &= .
The initial distribution is then calculated by the computer in
the form :-
A(5) =B(J) =2 N x 60° x exp - (60° x J° h°)
2

=20 x 60° x exp = g J =0, 20

The functions SI(J) can now be calculated in the form

SI(1) =

Wi

. b (a(1) - B(1))

h

SI(L) + SI(L~-1) + 3

. Ih, (A(L) - B(1)) + 3.(~1)n. (A(L~1)
-B(L~1))

L = 2,4:6.-000-095 18
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ot

SI(M) = ST(M-1) + 3

» Mh (A(M) = B(M)) + 1. (M"‘)h, (A(M—-1)

-B(ii~1))

3 Dl OO oo o o AR S5

This form of calculation is well suited to a high speed computer.

The initial values of the derivatives DA(J) and DB(J) are now
caleculated by the computer, Since every term on the right of (8.3)
and (8.4) is now known this is a straightforward caleulation,

Using the information now stored in the computer the difference
equations can now be integrated by means of the Runge-Kutta process,
The fourth order process which is very accurate is used, In this
method, four estimatezs of the slope are made over a suitable 7T
step-length and new values of the dependent variables 4 and B are
obtained., This is carried out for each equation in turn and the whole
process repeated for as many steps as desired, After each integration
step the computer can be male to print out the new values of A and B,

Owing to the non-linear terms in the equations (8.3) and (8.4)
it is difficult to predict the best step-length to be used for the
integrations and trial and ervor methods have to be used, If the step-
length is chosen too smrll it requires an unnecessarily large nunber
of integrations to show the behaviour of the system of particles. If
the step-length is chosen too large, inaccuracies associated with the
finite difference approximation can become very large and the process
can become unstable,

The correct step length is related to the value chosen for Nb

since this governs the size of the non-linear terms, TFor N = 105, 80

I
@}
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that A and B are about 107

T = 10—6. Tor NO = 1010 and A and B about 1O1h'the step-length

at the origin, the step-length for
required is 10—13. As it happens this latter case would require an
impossibly large number of integration steps to show how the system
behaves since it turns out that the spreading out of particles is
controlled by the comparatively slowly moving ions.

With NO = ‘IO3 and a T step~length of 10—6 the integrations
have been carried out over 3,000 steps and the resulting values of
A and B plotted against Z. As a check the linear equations for electron
diffusion and ion Jdiffusion each separately have been integrated in
exactly the same way as described above. The linear equation for
Ambipolar diffusion has also been integrated in the same/zay.
The results shown as Figure 2 indicate that for densities

greater than about 105

per cubic meter the electrons and ions move
out together at the Ambipolar diffusion rate., Below this figure the
charges tend to separate indicating that the electrostatic forces are
no longer powerful enough to prevent separation due to differential
diffusion,

It can be inferred that for an initial distribution of about
1014, which is the practical case for low density meteor-trails, the
charges will spread out at the Awmbipolar diffusion rate for the duration
of a radio echo, This inference has been tested by increasing No

by a factor of 10 and carrying out the integrations as before with

a shorterstep-length, The results are shown on Figure 3 from which
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it can be seen that the effect of the increase is to keep the electron

and ion distributions more nearly the same further away frowm the origin.
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9« Conclusion
The results of sesticn 8 indieate that the assuspticm (6.3),

that electrons and dons diffuse at the same rate, ia valid, In the
sheenee af = magnetic field o ip direstioms parallel to the field
the oceffieient of dAiffusion D, = ., In direstions normal to the
nagwtie £ield, as showm in sestion 5, the diffusion cosfficient
r«mumu&ssmn.«oiuum
are aasumed ot tc be effested Ly the magnetic field, It can bDe
ocpaluied that in this case D, = Do

In the notatim of section 3 1«

(D-N)-D*
D -ﬂ)"

The results of sestion 4 now show that the Barth's magnstic
fisid has no effest on the refleoted signal power wham the metecs
trail is parallel to the field direstiom, Vhen the treil is
normal to the field there is a redusticon in ths reflected power
Ly a fastor of 2. This is the worst case for signal redustion.
The cbliqus case will be between fastors of 1 and 2 depending
oo the angle which the treil makes with the field,

The redusticns ahould be cbservable amd it is thought that

experimertal data at present being analysed at Adelaics may give
some eonfimation,
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