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Sr-rnirnarv

A solution of the ilìffusion equation as applied. to a neteo¡r

trail is given. Equations that show the effect of the Earthrs

nragnetic field. on the d.iffusion of the ionized. column forming the

tr:ail are d.eriveil ancl solved..

The scattering of a rad.io lvave by the trail i-s consiclered. ancl

fornuLae are obtained. for the power received. at a rad-io receiver

on the grouncl j¡r terms of the trþ\lrer transrn-itted..

The nonli-nearities jltrod.uced by the space charges are considered-

and, perturbatíon calculations npd.e. In ord.er to assess the ne'gnituil-e

of the effect of the space charges, a d-ì-uensional analysis is carried-

out. This shows that the effect is large and. the equations for

electrons ¿rnd- ions i¡c1ud.ing the non linearities are then solved'

by nunrerical rethod.s using a high speed. computer'
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1 I -f{r!¡"d,tg!æ!

The theory of ra.d.io reflections from neteor trails j-s now

fairþ well kno¡¡vn. The rad.ar equation for a column of ionized.

air in the atnosphere was d.erived by lovell and. Clegg (t 948) on

the assumption that the colurrr lvas narrôï¡ compared. with the r,¡Iave-

length used. anrL tha-b the incid.ent wave could penetrate the colurnn

r,vithout signifícant r¡od.i-fication. A very comprehensive treatnent

has been given by lbiser (llSl) for both low d.ensity (< to14 p"

meter) afld. high d_ensity trails and. nrention is racle here of the

possible effects of the Earthts rnagnetic ficl-d. which i-s likely to

nod.ify the shape of the expand.ing ionjzed" column.

An altermtive tr.eatment by Huxley (lgSZ) treats the refleetions

as occurring not thncughout the colurrr but at the surface where the

d"ensity is critic¿.il- for the re.d.io v/ave, In this paper also the theory

of ambipoLrr d.iffusion is applied. to the spread.ilg of the meteor trail.

rTeiss (lgfÐ, in d-iscussing the measurement of d.iffusion coeffici-

cnts flrcm the rate of d.ecay of meteor echoes, suggests that the

Earthts rnagnetic field. could. account for some of thc scat-ter i¡ the

experi:nental results obtaj-ned..

It seems that no quantitative results for the effect of the Ea::thrs

field- on meteou echoes have been obtained- so far. In what follows

the d.iffusion of clrarged. particles in a re.gnetic field. i-s d.iscussed.

and. this is applied. to the reflection of a radio wave frrcrn a meteor

trail having various attitud.es with respect to the Earthf s fi-eld.
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2. .Ch.e Diffus:þn Eqqation

The equation of d.iffusion of either electrons or iorus in zeto

magnetio field is given by l-
2n = ljr. nIt

vr¡here n = rruinbe:' deirsit¡.] D = dj'fflr.sion coefficient.

'Ihe G¡rer¡rie Functi-or¡ for (2.1) g( xryrzrt', xoryoruorto) satisfies

).fu, * D V's - -ö(x - xo) o(y - vo) a(z - zo) ô(t - to)
i:t

vïrùte g =
(å>ur[i:l" exp -"ß-,.o)'p(y-y,) +^d,z - ".t x

tr( art3,Yrt)d.ddtlðY

¿u:cr siirce ò(x - xo) o(y - yo) ô( z - zo) =C*f j-_l J:
-i-,e)cp -i i-0.ç* - *o) +0(l- - yo) + y(z - ,r)J dad9rlY

dF _/2 ^2 2-,_. 1then Ë * o (,0' .*p' .r'r''¡7, =ø)1; 6 (t - to)

.;¿hc;nce , =C*> L 
e:ç t i-o(o' nþ2 *yz)-i ,o* t, , to

anicl g 1æ, j:.i:i:ie,cp i {ø(x - xo) +B(y -;,o) *r(" -',)j X

e>ç -tl( ø2+11

o" e =(#')J

2

elql
l*); i-ì r

i - -^-..-t

2,+i)
<þ

-Ç1

d'l

,ly',-r ¿d- il

j

-i

CLß exl-)

. oi f *
I / \ Lt ,.

i rø( x - ä^) -tl)d, i ì
L v - ,,-oo

d.B e:qr ip(y - yo)I

-tD9

The firs't inte¡5rr"I = da exp - -' - \ Ji\ftD A - a(X - X r rá \ Ô, ,I _ ---- J.r- 2 l.t)
"*p¡ -(x - xo)

i ïG--!- +t'J)

z-'à )

r
lt"(

.-- ¿
-îÐY l

I
J

¿ ¿

aq)

-l

/_

dl erp

4-tD
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where þ = ø- 9n)
ztD

tî

.,fir

, ,2exÞ - (x - x )o'
¿rtD

whence g =

aud n = llo" g v,rhcre r:o is th.: irritial nurnber d-ensity.

If the sou.rce llo is a line rather -ûhan a point then

17
ð(xtl;)f

erç -i (x - xo) 2 *(y - yo) 2 * (z - zs)7r/ *

n= d,z
;

I
I

z

2
o

.* -l(x - xo)' * (u - yo)'{. - .Jt] hn

=-g ere -[t" - *^)2 .. o1

h.ot t' o' (r-r'o)'l/+n

where thc line sor-rrce is -b¿.ken along the zo axis.

(z.z )
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t

l:. chargeci paltícle noving r¡/ith velocity î in a magnetic f.iel-d.

ã will elqperience a force î * E. The effec'c of this vrill- be to red-uce the

r¿rte of cliffusion nomral- bo the magnetj-c fieid.. The reduction carr be

cÌescribecl by a t'mag,netict coefficj-ent of cliffusion DL{ 
"o that f or É // ,

there is a flor,.r of parricl_es j_n the x-d-irection given by:-

.ìn.D *D,t òy In the y-d-ì-rection the fl_ov¡ is given by: -D-
I

ii- n
lx

I
i' lt 12

Á\ -.'-,* i- -\ D - t):ni

:2
+ I)tj*n

-LiZ

.:-.! rl

.l -r

"11

*\n ) n )n- l'' )T * 
'i',t '+l - "tt ) ' the fl-orv in the z-d-írcctjon is not

infJuenced. by the maglnetic fielcl so that the d-iffusi..on equation becomes:-
\,.'^ ..2
aÏ = (ii - Du) ,+ + (l - nno)

tJX '\2
L, \¡

,L

2_

C-n
G.t¡

Ìíor,y 'vi¡rite

becomes

èn

'l

" \2LÌ- tiD 1 ytut
\D - Dm,¡

'.. ,f

=iJL'n +.:ffi4 e,1
I) {"}1,

x,

(

arrd (3.1)

u¡hich from ( 2.2) inas

solution foi a line source //z i-
.22')("' *"rr' .n Z') / ¡+n

tL1.{l: +v')\+/
lat(t; - Dm)

for ã // y tine rliffusioir equaLtì-on to be solvecL is i-

ItIo
11 ç

o
)+r, (3.2)

¿'t = (l' - l_rur)
n +D

tZi.,' 11 + (n - trn)
'r2at -n

'ðF arrd- in tho same^2i] :.-

-rr,/¿ry ¿r.s for, ( j.l) tne solr_ttic¡a is given by

No 2a f
E+$p-

lr{D - n} tlfD
(1.¡)
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!f OG3.

t-tl¡ügIüddrHú¡rES¡¡
tr êüñrto r¡ntlr n br Gttt¡

ò¡

=- =(D-È¡r¡ø)dt þ 
+(D-Ðþ +(D-bcr)Þ

þra;u tü¡ rd¡r

â¡ Èf¡l l¡b mût*ûo ftr r llr ru //. y ¡lrr¡ sr ¡-
¡a JEr !Pr +

J
lrdD - hll (t - m .r¡É)t fr(n"¡ dlr C) +t(o¡)

(¡.¡)
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4- ScatterinA of Electrornagnetic ì'üaves by a I'.[eteor lr.aiI.

'Ihe scattered- fiel-d. strength at range R from a si:¡gle electron

moving i¡ the x-d.irection r,yith acceleratj-on íc' i-s i¡r ]VI"K.S. un_its

p eft'sj:ra/+"n'o
rÅIhere Fo = pernreabillty of free space

c, - a-ngle betv,¡een tlne z-direction a¡¡J. the d-irectíon

to -bhe fie1d. point.

The acceleration of a free electr'on due to an incid.ent electro-

nurgrrotio 'urrr-"'o : q -fJint fi ( omittirrg tho exponential. tj¡r¡o .¿arj.a.tinru )

Consid.ering on1-y þacksc:rttering so that sin ø = 1

rsc -l-roe 
4-urrçii 

-- 
= 

--- 
-À +--H.iLnc ¿¡¡:r Ttti

For a cIoucl of electrons li'ith nurnber d.ensity n in a regj-on v
¿

Itrsc
ninc

l-[ c
U._/"t - xnrlvI

lv
2

x 1

tR

l-ro . J-
di.

1

("
I
I
I
I'v

No
E@õ-3ry

4m
nexp2iKR2 dv

',,.here K is the .¡;avc rrumber = 4
À

R., j-s the ra.nge to a referetlce point in the cloud. arid- iì,
the rarige 'co each electron ( See Figr;re 1)

l_g

torÉ // z n

No
rñ{)-lõ eqr
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2
l-,o . 2^ Esc:io =:-$r nc

1_ a dv erqr - +{iir rr]ì.
1

2 j-KB.2-t
i

2

(4.r)

Nov,r R, = (n, + r" cos O)2 ,2o¿

2iK

-Ð
- 

IL

+ z +T2

+

2 2

2
sl-i

I
+ 2r rì.,, cos o o ,2 * 22

Iìe rl-
1

.> .¡1
+ 2rLt-, oos 0 + r'' + Z')z( ¿

Rr (t +
2r- cos 0

R

12
)

I

22

õ-r 2
ïr t. fCOS0

\ 1 + -T-'--tt1
+z

2 )I

z+a

Æ,

r
a a 17z -R

1
: rccs0+

2\

Replacir:g R, iri the phase facior bf R, - R,, and. changi:rg to

cyli:rdrical co-orüina.tes the integra_l j:r )+-1 bccci:res

oo ,,2x .æ i - 2
,tu. I dol ð.2 | r.rq, | +ft; m) +oo Jo i__ i 

'Lç
Ij

t ., r +Z
( r cos iJ + G,7-*'1

\-l,']

I
L

L
:t: + 2 i J-\ r cos 0 +

I
(_

J, oo .,,. 2 I Zr.

=l dzexpÉl uo
r-@ 1 .ìc

æ

._- 2
l-lf-11

I
I

l1
R

o
CLr r erp

4r(D-Dm)

(L.z)
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The f irst part otr ( ¿*. Z)

d Ø(exp - _ttq þ

oF

=l
-A

2 o 1r-i

K
R.

1

d.z erç

1+i
I1 Jî

)2

J",, G

(

=J- ) a

,lì
r,'rhere ø =l* ,

(r . .) JEî

,ti
1+i, dØ = ðz

glvr-1].g
2

'Ihe ¡'emaining pcrt of ( 4- 2) ae dr r e:spJ"

2tc(

J"

(4-3)

-2iKrcos0

_-2
K

2

g,

f
I

L

I'""

oo

i-Kr 2

l

2

+2i Krcos0 +

d.0 clT' r el{) - 2?
c

[*.,-Lti.(o-nm)J
¿FtRj (D-Dm)

r^
I

.¡
I
I

L

I
I

vrriting a
[t\-4tiK(o-:gl

l+tR., (D-Drn)

ð0

2

dco
J.-

2n
t'

l
o

2tr

2tt

f
U

c

o

dr r cqr - a (r - ) e](-f)

r
I d.0 exp - i.(2 

"o"2 o
q. f dz"r e4; - a (r - )

J

C.0 exp -

l(f ç-qf +

-ûXc¡ó

,.-2---.2^fr*tr coi-0J I ad (Ø .*p - o ø2 * i L,go$.0- erq] - oø 2)
q. 

I l 
'*P' \)ø e4¡) - w tu r 

c/.

-'o

I+

a

{Pr¡f ( 4- ¿.)
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But

h

Í. do

¡Fû

F

Since a

cos0=0

Lr. e

.= '- *ì-:- 
o

¿Hir

b lfrn¡ .¡q tb tr¡l¡¡r Ét i O ÉDr. r > > ß

2x
-r^ 1 --- K2"o=20qú 

- 
¿:;a' -¿q.*d

so (4-4) = 
-f "

" -r2
,t lt= (ä "4 - -¿ã. ctþ- cxp K2

ã "oslL

n ,r2 =-z= (fi.'q,-äl . 2ttTo (ä)
'lvhere fo is thc üroiliÍ'etL ¡esse1 tr\r¡.ction of bhe first kincL

c,urcl zercr ord.er

. tl K?-,
= \u; e>,,: - 2ã) . ztr (r + (o) rt4)

d0 exp -
,2K cos20

2ø

L
2q.

e>æ
trl
_t\

ã" c1X, e¡p S=*-

2

n 2lr

(h"*-*,i"

( )

ñ

Ij
-1\

t-here L= n - 20

)
¡tt2\
)o

|u" ",D-l}iri) 
e,.p - fztçr-r*, "'J! il.r 

n i& i2 (n-¡¡r)'l {+.r)

fu,,-rÉ" rnree R,

Esc
iilii:.c

1 l,ro rftt, n
ffiu- ' /+Ít(D-r.n)cq: -

1

ao

f zt(L;-no)"'J

îR I



15
4. Corrt.

2ue
= -'o, .!i[c.

4JIT i#)lJ"b r e{p - ['*ço-r'o.,r<2] (4'6)

K¿F (D-Dto)
2 2

Iiilore acci-:rertely¡ (l-.6) shor:-ld' be rnultiplied by 1 +

but j¡r pr.rctice this vril-I d-iffer lit ble from unity'

porÉ//Y (4.2) becomes

2r

t

æ

o

2
cos 0dr r eiç (- +

4@õ*)

of r.,rhich the first pcrt gives the resul-t (4.3)

rhe re'¿'.inu"" =f: aoj* a" " .*i -u.-"1¡5=r

iL.,,tn-1,";côn2o 
+ R,,D ""Jo - l¡-'bD(D-:l),n/ jJ(J + 2i K " "t*e|

Þ 
u,hich in the s¿une y'/ây ¿rs for (4.41 yields

2tcI
I

2tD(D-Dn/R

R1 ( D-Dml 0 +R., e - LtD(D-Dm; iJ{D

K2 
"o*20 

l*t D(D-Dnj

R,,, (D-Dm/eta + R,,D AD9 - 4tD(D-Dn) iK

1tz
e fto(>L:ylìrJ Z

[n to-nors.o 'o * R.'l soeZo - htD(D-Dm/ jK

I
t

d.0 e4J

it(cos0 n+T-

I
t
)

a

o

I
) à

= f," ou f.*-o - 4il2 "oå10-to(l-o'n; ì '-rotffiJ
D-Dni [( o-,- **' 0 +D ,]T* u2

2
22t:Di

f r>unr gcr2o + eoa-o ] fI

2Z.¿, ¿
6tz pz
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5. The rrMtagnetic'f Diffu sion Coeffici-ent

A charged_ particJ_e in rption in a nagnetic fiel-d. with

veloci-ty î attains an ad.d.itional component of vel-ocity given

uy î x n. This means that an electron rnrving para.rIeI to the

field. vrill be uneffected. by the field- while an electron nnving

normal to the fiel,c. wilr tend. to spiral around. the field. l_ines.

rt is then apirarent that electrons rnrving r,.¡ith the velocity of

d.iffusion und-er the action of a concentration grad_ient will ten,L

to spread- out rnore slo',,;ly in d-irections noriral 'r:o the iragnetic

fie1d. than along the field.

This effect is cLiscussed. by chapm.n ¿Lnd. covrling ?grz) wheze

it is shor.¡n that the velocity of d.iffusion norrrLal- to the nngnetic
2

fieldis red-uced inthe ratio 1: ( f +i). Here o =the gyro-
,l'

nagneti-c frequency and. y' = the collisional frequency. The

d-iffusion coeff i-cient can 'bhen be sai-d. to be red.uced_ in this ratio
r1

so urar (o-om) =o (#i ) (f.r)
ï +(Ð

The gyrornagnetic ÍÌrecluency ar is given 'o.v I with e and. m

the particle charge and- nass respectively anrl B the rrurgnetic

field. strength.

The m.rgnit'"ro.e of Earthrs nagnetic field. ís taken as

0.6 x 1O-4 r,vebers/square meter at ground. l-evel i¡ the neighbourhood.

of Ad.elaide. The field. str-ength red-uces vrith height 'by about

6 ni1]igauss per [o kilo,rreters but is slightþ mod-ified. by atmcs-

pheric charges so that in the region of the E-layer at gD kiroreters
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the ne.gnitud.e is O.!56 x tO-4 webers/square meter. This height

is typical for ne-beors. These figr-rres for the Ear-thrs field. lyere

kindly cornnuriricated. by Mr. B. Rofe of rhe vfeatrnns Research Estab-

lishment, salisbury, south 1\ustr-alia whose help in this ns.tter is
gratefu lly acknovrleclged. .

raki¡g e =.1 .6 x 10-19 courombs and. m = 9.1 * lo-31 kilograms,

ul for electrons = jO7 .

'rhe corrision¿rl frequency for electrons in the a'bniosphere is
d-ifficrrlt to measure d.irectry. Ded.uctions have been ne.d.e from

measurements r¡lad.e in pure nitrogen at 1ov,¿ electron nean energies

and. an enrpiricar fonirula, quoted. by crrrmpton, Huxley anl sutton

(lgSÐ, d.erived.. A la"ter result comnrunicated_ privately by Dr.

Crrcmpton is used. here, this beingr'. -- 1.2 x lOgp wirere p is the

atuosi:heric pressure in millineters of rrercury.

The atmospheric pr€ssure expressed. i:r millirneter of mercury

is given as 1 .6 x 1O-4 at 1OO kiloneters, O.9 x 1O-3 at gD k1Lo-

neters, and. '1 .o x 1cr-2 at Bo kilometers. Hence the erectron

collisiorurl frequ-encyy' = 2.o x to4 at 1oo kilo¡neters, 1.0 x 105

at 95 kilometers, and. 1.2 x 106 at BO kilometers.

Using (5.t1 (l-lm) = D x 4.0 x 10'6 at 1OO kitometers.

=D x 1.0 x 1O-4 at !! kilometers.

= D x 1.L x 1O-2 at BO kilometers.

El-ectronic cliffusic¡rr is strongly effected. by the Earthrs

rna-gnetic fie1cl right through the neteor region. The explanation

is found. in consid.eration of the d.iffusion process. rn the absence
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å. Ocat"

d øüo¡¡pjl fæco" ¡nrtlolea Eortng rftb llfü.t t}crurl
v¡ü.osltt¡¡ c{,ll t€ü0Å, sftæ ooor¡rtr¡c çlth oth¡r ¡rsrtlolæ¡
to wo far@ ncglør of hfgh oonorntnrtlo¡r to rcglæra cú lqcr
ooæûttr¡tloa rncl travol ln st&atgþt trlu l¡otroæ ooLlL¡l,s¡¡.

whm ¿ nagiltlË f,lol.è le ¡reent, tl¡c ohargcd ¡nrtlolcr td. to

e,pt¡r.1 ti¡ç f,t¡lô llnr¡ ¡nå tn thc rcglot oon¡ldond, aþæo ar¡

dãorlÞfs5 r, nl¡lna d 10O qËttr ùcùr¡æ sollf¡tre¡. ßhc cffcd
d a ælll¡1o r11I bo te åtuhr¡þ thr ebit rllghtty, the tønden:o¡r

bfr¡g to Lærsr¡c thc ¡rdü¡¡ cf tbc orÞtrt ¡grln follrrlng tho

sçpc¡-rtntiø grad.tæt but ncri.qg f¡¡ ht€hlt qE?cô Fùth! rrthcr

thaa ¡tüNldht lln.s.
thl¡ rr¡¡ W¡rt thÊ ætse trrl.l. rcl¡ld. td, to ¡ttrln e hfuþ

dÉgroc cû rll{¡rtloúty ed, thc oûfloeti csr thc ¡rÀÅo llgnr.¡. poüoû.

tdto€tcû rou¡"cl bc gruetr By ohooolng tùe vEllp of, t' oorzropodå.ng

3o 95 ElætorË, ro tÀat (D+io) = D ¡ 1O4, tlrc ¡rc¡r¡ltg cf scetlæ

lr ahcm th¿t &e nrgactlo flêld, hsg no c*f¡ot * PB ;bcn tJrc æto*
f^o pa¡rUrf to ürc f,toldl tn¡t oarx¡e E rcchrotlm cf u¡r to lú Uæs

rûut thG tlt.tl fs aom¿l æ obllqrn to ths fl.rldl Ihocc variatlc¡¡s

ln tù¡o ¡rffLoqtod, Bfgn&l a¡ç nrph larpr tl¡a¡ l¡d,fo¡tcð by ¡restloal
rceultso lhr poeitlro tooe, aXthor4þ lHf;fcotXvc ¡¡ scrttcæns of

thç radio raÍtlsr a¡c lth¡y to s¡ccrt oo¡r¡ld,sr¡ble laf,i'¡g¡oc s ths

Eotf,o of th¡ ¡lootrou¡ r¡À ao uodlfy ü¡¡¡¡ ¡lrcult¡.



6. Ambipolar DiJfus:þa

ltre cli-ffrrsion coefficient for slectrons j¡r the atuospherre at

!! kiloreters is about 104 squane npters per second., while that

for ions is about 10, that is I rOOO tinres snp.l-ler than for electrons.

Immeiliateþ after forne.tion a neteor trail will start to spread out

with electrons nrovi-ng out rcre rapid.ly than ions. The separation

of the charges will prod.uce an. electrcstatic fieLd. tend.ing to

oppose the separatjon. This problem has been d.iscussed. by Huxley

(lglz) to'whom the following re]a.tions (6.r) to (6.4) are ilue.

The equations of d.iffusion for electrons anrl ions can be

written: -

H = Dee 2 ne - div (ne fre)

(6.t)

flÍ¿

.ui
òt =Di \7 ni -r div (ni W-i)

¿

where n = nurnber d.ensity

D = coefficient of d.iffusion

fr = d.rift velocity in electric fieh. E
Div E - ("u -nr) *

o

subscripts e and. i refer to electrons and. ions respectiveþ.

Si¡ce ff = lÉ uhere M = rnobility (6.f ) can be written

+ne
= Mi- De sr ne - Mi iúe dj-v (n E )

2turi òt
(6.2)

Me #= n/Ie Di ç 2 nL + ivie }ti aiv (ni ã')

Aaains, $ (mi ne + Ir[e ni) = V 2 (Mi]t ne + Me Di ni)
i{i Nie cliv (ne - ni) E
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6. cont.

Assunp that ne = fii = n

-ãn-2arìd. î" = DOV - n

(6.1)

(6.+)

Mi De Diwhene DO

that

Me + ì,{i

0n the lcasis of Ki'etic Theory ít has been shown by Kaiser (lgçl)
l',[e e
D" = lTã

where e ís the electronic charge, K is Boltznp,nnrs constant, and. Te is
the electron temperaturs.

Likewise Mi
Di

a Ivie Di + Iv{i De
Me + },i.i

--. DeuL + lvtl --lvle

2IVii K Ti

-

a if Me >> Mi

MiKTeul- +

MiKTi ilii K îe
e

if Te =TÍ

+
e

e

That is D¿ = Ðí (6.5)

These relations rely on the vaLidity of (6.1), thÊ"t is the

assumption that ne - ni, Although this is certainþ trr:e at the

instant of fonna'bion of a r¡eteor trail it is not obvious that it
should. renain true. Tt is ilesirable that firther investigation
be rm.il,e.

If it is assuned- as a first apprcxinntion that ttre ions renain near

the origin, then the equation for electrons j-s:-
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òn t^ '2 2 -2
;; =1u-Dm) \c+(o-om)- + D 

--Mdiv(,r.Ðtx- \y' \z'

uùrere B i" tu.L"n to be //Z

_2 -? 2^<-\-rt D + + D +_ Mndivn_NE gr:aitn= ";P * uo' èz-

v¡here a=q x, b =Jt y...b-n* -,b*-õ-*

this can be furtlrer approxir¡s.ted. by leavÍlg off the last term

on the right so that

+-D ++DÞi-+D+-Men2 $'6)r\t 
ù az r bz lr2

¡r'rrite ; J-= i^i^t da db dz n exp i (k' + 1b + mz)
(2o,)â 

_d)-oo_æ

and.
iLn
d.t

+ n ( ro2 * f n^Z)-n S (6.t)

u¡trere E i" tt-r" Fourier Transform of ilI e r¡2

The sohrtion of the horngeneous equation correstrnnrlíng to (6.1)

is given by :- ; =io exp - ü (Ê * f * tt?¡

wheren=n att=o
o

=1æooooNow S = -..; ï î I ttt* n.n exp i (k" + Ib + mz) d.a .Jb clz
,-,4 1 J )
lztt) 2 -å: -o, ro,

7
2

I

ì
f ri) j J

)Ztr

; ( Iç.k', l-1', m-mt) ã ( k', 1', H') d.k'dild:n'
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-l

#Jjj ão , ïo i.* - o*[(r< - r'¡2 +.(1 - rr

+ (ni - m')2 +k'2 + !'2 * r,tJ-cD -gl (¡.Ê.1,8..r¿ùd<'¿f'¿d
In this last equation accorrnt is taken of the preserrce at the

orì-gin of the ions so as to ne.ke E = o i¡ihen t = o

Integrating gives S =-:
(4Dt) z

-2 f ( Dtn i ./exÞ--oL2

L!,

(k2 * r2 * *2)) 4
.'. ; = i. "*p - ot (t2 * 12 * ^2) - exp - Dt (k2 * 12 * ^2) *

Dt
2

â[

t
!

2

¿Lt elcp
n

o

4Dt(

(t2 * tz *,Ê).fiexpDt (Ê * U -*r_J

1z
the integral = o-

I(¿¡t) 2

d.tt 2 (o*p f-{fexn rt)
t

{I

wþeree =o(t2 *t2 *r#)

Integration by parts gives :-

-r.-å lexn $-{l.xp et) n 4tt (å "* f -Vto exp At) - I ,1,

,t' .*n i {^' exp Ar) . fr râ € u*p I -,i.rr exp at)

where higher ord.er terrns are d.lscaniled. for sûÞ.ll t



6. cont.
¿fi

Henoe ; =;o e:!p - ft (É * f * #) +

-2n
o

{rexl) - Dt
21.

)1Dotz

(n2 * r2 * *2f -r/S

(r.2 * t2 * 
^2) 

-* [[t e:!p - T t n, * r2 * *2)] 4
-cn

o
-Tgz
-2n
--9-, ( t2 * 12 *^2¡t rãoåt

-2
-2 þ(12* :r2*^2¡3

[+"*-ic t"2 *f **t)] -J4

{ [+ "* ^2. rn'* r2 * '2)] t]

+

+

+

57
t2 o2

11 =

Inverting this gives :-

exp - (u2 * a2 * u2¡/ urn
n

o

I
B(tttP) z

,Me n'
o exp - (u2 *a2 * 12¡/ zto

ercp - (^2 nv2 * u2¡/ z+n

exp - (u2 * u2 u2) / za

+

2en,o3M

oLtJ
J7

z7n 2

3

7zô
SttZ D) t'

71
u2 n2 oj t2

lÄ en 2

5L,l.e n 2

L',7
zzn %3t2

exp - (u2 * ø2 * u2¡/ zto

10}i e n 2, 2 .2 2,\a +þ +z)
17

z2 ,P oLt3

ercp - (u2 * a2 * ,2¡ ¡zto
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6. sût

ç spr("2.t.ari¡¡em

Aoffrctfa t¡u d lntqr¡üf¡Nt rtth ¡rqðt te r to
æ¡nuqt a lto rq,¡Err¡ to

t*.êt zh 2

8.
Ëo

{pr
¡do"u,) ¡}{Dù)

+ Qpr
tJ.it
e{o*)

Çp- tJ*Jt
a{pa}

(6.8)

¡t lr ü"q¡¡ ßõ thf.c tu¡t ry¡pøu,ts oafqú¡tte thrt tb.
al,sotrl¡ ftslÀ hå¡¡.t W by ænt¡on af tüe chüttõ dll þrrr r
qrfdasf¡ dT¡ct c fu d¡atna ðlrühtlso I3 ;111 Èû ü.Îfþult
to stl¡qtr tb Ergnfälûr cf tüü úfæt f}lo tbt¡ crls¡l¡tlæ rith q¡¡

t¡e¡r rf ærnry ¡d þ¡tt¡r ctåofu ur trqulnil¡
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7. Dfurensional Analvsis

the iti.fferentjal eqr.rations for electrons and. ions ar¡e :-

ìn
f =DuV'n" - Iv! ctiv ("" E)

# =Iro' n, *ir,r. aiv (r,i E)

writilg N =

_tlAnC[n = e

a¡d. n.
l_

n.
a

Mn
sothatn =ÌrI+'*--------þ 'M +M.e1

=N -

Then
\MIl

# (N * çg:;T: )
ea

\ lt'i. n
Et^'-M.If.eL

2-D v

Mn
},Åu iliv (Id + M +M.et-

).8e

and. )
. IvI. n

=Di\7'(r,--ffiT:) +
el-

M, aiv (N - ).8

,'. (u. + iur" ) H = (ur,D. + M. Di ) V z N + (Du - oi)

M. Ivi

tþ;vz n - Mu Mi d'iv (,rE-)
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M.
l_

D +IVI D
e 92m* tD -D.' M ]/I^(er) ei

-

g2r,N
ùt

e l-\o?

I

Nr tIU.--leL (M^ + l,I,)2
<'I

div (n ñ)
ilÎ

e
l[
+ I/I.

a

Charge e

(t.t¡

(7.21

1\,1

e

\__ D I{ +D. M.

"*ffi = (å, )92n + (D" -or)v 2 iv - (r\L *iúi)
e-

aiv (rv -n) - (m" - *r) c.ív (n ñ)

Ïn or¡iter to estirnate the size of the various terrns i¡r these

equations it is useful to express the parameters i'di¡neaflignless form,

The ilimensions of the ¡rarameters in terms of length (t), tinæ (n),
nrass (ivl) and oharge (q) are : -

Diffusion Coefficient D or
e

I'{obility M =M ' T Qor ¡,.i.
L

c-4D. = L' T '
L

= l,{-'1 f3 12 q2

=Q

trlleotric field strength E = i\f L t-2 e-1

Dielectric Constant e
o

ne
o

The last parameter e
o

is includ.ed. since d.iv E =
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L:2a-3d.-1 ,

I¡1: -b -d -- 1 ,

I: -a +b +2ð. - -2 ,

Q: b +c +2ð. = -1

(o) . By writ5ng: -

L: 2a-Jð,=1 '
M¡ -b-d.=0 ,

T: -a+b+2d.=0 ,

Q: b+c+2d,=O

it is seen that

I{ence a d.i:nensionless form of E =

]a - å - a - r

" =þ * g
b =-il

-L+

ln orcler to express E in dimensionless form wríte:-

*u r-u yib rb Qb Qo M-d. r-ld 12d Q2d.

" =3. d * å

+2â, =-2

a =2

b =-2
iL =1

C =-1

b=-d.-1

, E =f say.

It looks as if t}re eqr-rations (7.1) and(7.2) could. be given

in terms of the d.i-ffusl-on coefficients, nobility ancl a length

,

,

a =-1

b =1

tL =-1

c =1

-iL +2d. = 0 t

t
M ¡ê
;gõ- has the d.jmension of length
oe

and, d =

I{e
a6 Doe

D.
also P = # and.f =

e

o2 e

hence I; = -}--3 . t
I,I- e

e

is d.iirpnsionless

M.
I
M

are C.inrensionless.

D .$.

e
M

e
aq.
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(7.1) can be written

àt

^ D. Iú..- Z ,. a r 1,u ,.r" (1 - q-, q>N

M
e

1,/.
.l-r

1¡t

ç2 N *

(1 +v)

(r

M. D.
nLD"(mi.#)

ee
1trtlil.

1',[ (1 *il
e\ ll/I t

9

cLiv

2

2 j'.[.
1

¡r
t-

2
T{ )e

e

2(

(r
e

+
divnE

lv'L

))

ùN
ìiã

it.
t_

't.,I

e

)e

1r+g) D.Y(1-9)
2 2v N q

C + 2

(

'l +Y

nD I
L-e

i\li
e

o.d

Now vl'rite Í

)

t 4 ä ancL charige the variables in

the d-erivatives so that

r-r3
1+Y

2.ç N+
1 o'9y fl-

1

Y
q(1 +r) d.iva2

(n€)

ïn the sârie 'vray

1+Y

(zrl)

ðn
bc

1 + 9J .Qr' n+(1-þ)Vz2w- # dit (Ng)

-ffai", ('å) (7.4)
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y and. B reflect the electr-on - ion rnass ratio an<L can eaoh

-zroe taken to be 70 r.

d=
O x to-191O

z

2 22its 1\+Ât n

2 ¿v n+V N

uxlo-11x1OL a x 10a DÞ 4oe

/\ typical length for the system corrlcl be the length corresprcndi:rg

tb the d.uraticn of the rad.io echo from a meteor trail, ¡\ cluration of

Lhe ord.er of 0.1 secouil is qtrite comllrf,n, so i:r'berms of d.imensions

L = "/T D. = about 50

th¿rtis a=10

... q = 3 x to-6

_òN -7 2 -1 2nn¡r .: 2 x 1O-)V,'N + 1Q-) 9.,' n - 3OO div" (nL) (7.5)*'* ìT I /3 -'- "(. '--' '

òn
ã; n + VZ N - J x 1o5 aiva (n É ) - 3 x rc5 aivr(N4 (7.6)<-

If the tenns irrvolving E *" rega-rd-erl as a perturbati-on then

the equabions 'co be solved atein

òl
þt

(7.7)

Þ-s
òr (7. B)

i-n ';'¡hích :\ = 1O
7
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Writing Nl
z-¿' k lu erçp i -k. Z

and nr =æ I / r-newL-k,E

then #=-zrft1q'-.4.Ë2*'

dn
clc

nl- -2lc I\T 
I-9K

Now let ts., (p) = .t clc I\' (t)e:ç - pr

and. Nr = Nå f,or t -= 5

nl =ofort=o

Then -Nå *Þx.i +zti.zyr*Ñ2 :v2=o

-t -)
9 JZ*k'Y2 +k-Yi =0

æ
v2(p) = j

o

Y1 =

cl'r nr (") ercp - Pt

-Nå*pyr+ a\k- y1 æQ

N'
o

N
-,(p + k-)

p
p+ .D

zl\k'
+pk (2À+1) + nça

(7.9)
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and. hence y,
-D-N! k-

* pÊ2 (ze + r) * eÊ4

o (7.t o¡

Q.ù an¿(7.10) have poles at p = 
-t2[- 

Cr * a) I

./G ú:irr) /z

That is po = -82 I t + zL - {T1 ,rrr2l lz

p1 = -lr2 ç t + z\ +.ffixz )/z

cro y1 = *- . ;fo. arlr n(p-p,,) + c (p-po) = p * E2
^ '1

-2k- -2
P1 +k-

B_

-2
p

p +

p -p
o

Ct Pt-Po

arla B' (n-n, ) * c' (n-ro) = - irz

-o-K

o

Br
,FÐ

at
Y2 + p-p

1

P1-Po
ñl-K

P.-P1
B ,

Resulting in N' =

(-t + 2Ã -t- .fl=--uA2)
*D2 A +tA'

Nr
o

erq)

2

r
I
L

É2 x3+z\+ffin()

Nå(-r +2L-

-)

2 J1 + ^l¡A-

l
exp

I\T '
arrC. nf = --9,-_

'/TTu\¿
exp - V" , 1 + 2t+ + fr - ,A'>J
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exp -

N
o

2aD 6
oe

i -2K +ôa(1 +2A-./1 +44')I2

Arrtt to a reasornble apprÒxÍ¡nation: -

Nr = A NJ e'cp - [2 r (t+e) - (a-r) m¿ exp - Ê2, t

nf =Nr exp -Ë2 r (t +A) - NJ u* - Ê2 at

For a li¡re source //Z (l.lZ¡ gives for n

( 7.tt ¡

(7.t2¡

(t.t3¡*
--¡-4(1+A)

?N
ll= exp -

2
,e

2aDe €o

ern
e¿

o

exp -
SrrT (t + A)

Nowl7'þ=P
o

4rA

eIVI

and. a clinensionless Ér say f = p

2-
a4;- I =

Ò 1

2a2

23=o( a-n

M
e

e a

2
artd V þYb

-7-JxlO n

So with cyliniLrical symmetry : -

!
z

¿t r, lLt
d4 r'' ctã t = J x 10-7 n
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qd
a4

-71x1O ( Jã u¿ ' E'n (ã,) )

*
lac( 1 +A)

72

4rÀ

42
L'(îÐ

-2¿-\
f+l.É^'

Y

(

t

N
o

tÍ\ exp - o exp *
N

+rt ) + L
4

Contirruity at the origin gives

!þ
d4

-73x10 o
N

exp -

exp -

Nj
llt exp r(

4 4it

tbut ù sø
d4

1 Nj
4i\

exp -

-7

_2NCO+
4îA 4ß

10

¡

(

4nL -3xto

o exp

3iz¡2 ,(t *t)
*TrT+Afr

L

N
2

o

exp -

exp -

2 2
o

2

2'tL

(rl-t )wo

I'I N
exp

3zrc2"(t *)

42 (t *zt)

321t
,TA

2
+4\r

321t2 'u.t\

Hence Ur"¿ ( a 3x1A-7 (7.ltr) rn¡herer'Ê )

the te¡ms with ..-t in the denominator of the erçonent are omitted..

In the sane ïvây (l.g) gives for a line sor:rc" //Zi-

exp - 42ÉTfÐ Encl\
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.?\N 72ÀN
ll

ñ

2

4c.A

elq) -

+

$t

extr)

32tr (1 *Ð

e*¡t -
Äf

Ât 1 o
2&x "c /l

erq)
72

4rA

- 

-ffi2
1¿Tt t

72rcTI

t

2

I
N 7

I-6'

N
I't

o erq) -

Comparing the sizes of (7.th) and (7.15) it ís seen that the

perturbation becomes as large a.s the linear terrns in (7.5) at a small

o (7.i5)

val-ue of r i a

This neans that the electric fíe1d associatecl with charge separation

very soon reaches a 1-arge sjze anil wil-l tend. to d.onrinate the nption of

the particles. It is d.esirable to attempt a more exact solution of the

equations.
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The iliJfusion equations for electrons a:rd- ions can be written ín

d.imensionless form :-

ïn-e
T'? v

""-* div (n É.)
2

ò 
^d,

ò,r

.ì n
L, àä

2BV + (niL )I
q.

n.
l_

div

In cylind.rical- co-ordj¡rates these becorne

l-"u ! -l- ì'n^ o2uJ^ t-ò,r z òã (ð#) +5;L'"(n"-ni) I
c

q,
Ê.
Y13

/!s shol-\ra in section 7, tlte electri-c field- É is given ty

n. (n - n.)l- \e r'

ã'(re - t-tr)¿ dZ

n (n -n.)e\er'
11

+ +

n.
L

Ç

.. dó 2t = -=+ = - A\y dÇ

n.
1

òr

L

a a

I
I
¡

L

10

.4+tÇ)
z

a.

ðt*
s:r -'r, b

1

Ç

r t Ð'1i
' 1b4

+ T+z (
èt"._
ÒÇ )

7

J ä'('. - .i) z, d4'
ì

I

_t
(8.t)

2
ò à n.

l_
n. (n n.)l- \ e- !'

11
:
114

LÍ

3

¿'(n - *i) ð. ua']

+

(8' 2)
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these equations which are of the parabolic type can be solved.

by numerical nethod.s proviiled. a hígh speecl eleotrr:nic comlxlter is

available.

If the space (ã) variables are repl.aced. by finite clifferences'

there results a system of ordinary clifferential- equations since all

the variables beconæ functions of 'r only, anil one d.ifferentía]- equation

appears at each i¡rterwal. So i¡r the equation for electrons replace

n" (4, c) by ¿ (ift, r) .,vhere h is a suitable step length along the

1 axis and. j rr-rns from O to 20. Str|ctly j shoulil be tal<en to a

v¿rlue such that at the enrL point ¡ (ift, t) rernains constant for all

Í tirrrs imposing a bound.ary cond.ition, However 20 is taken here as the

upper limit in ord.er to keep the cafculation v¡ithin pre.ctical lirni'l;s

even using a high speed. cora;outer. To si-rnplify the notation A (ih' T)

is now c¿rlled A (J) it being remembered. that * (.i) is a function of

Í only.

In the sarre ,$ay n, (4, t) becones B (J) .

The equations to solved. are norr :-

_d,,tÐ 1

Jl2
jal.r*r) - ,r(.i-r) 

|L-i
/zn

d.c = [e(,r*r) - z"(.i) + r(;-t \l "' +

-+.a(.i)[a(;l -B(¿)]
(e-¡)

'*Å. 
-[n(.r*r) -e(J-1)J /zn

[n(.r*rl -- e(.T-r \ìx sr(.i7
' 2h (8 'l+)

x Sr(,r)I-.r(.r*t) -:r(.r-r)]
2h

æ(¿)
dT = f,e(.r*r ) - B(r) * n(;*r ¡l /r.

+ 1f, . e(;) !r(.r¡ - ts(r)] I 1Jh
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rn these equations J can take on the values I to j9. sr(J) is
et number calculated. for each val-ue of J' and. is the result of evaluating

the integrals on the right of equations (g.t) 
"rrd 

(g.2) according to
Simpsonrs nrle.

ïn ord.er to obt.rin starting v.rlues for the calculation it çan

be assumed. that the initial c.istributions for electrons ancl íons are

gaussian. This is thought to be true in pra.ctice.

Let 'che distribution be of the forro : -

There are then a total number in the grþup given by
R
l
ì

\j
d.r r exp -

40

expc
2.t

æ

ô
LT
2

N"
R

F r.*p -p2) ..ã.rp . .ão ap
Jo

= "ê -exp- R2

2êt +1

choosing c c2 N
o

and. exp - + so 'uhirt R becomes the d.istance fr.om the

origin at which the d.istribution has d"roppecl -bo half the size at the

origin :-

2
Þ

fthen j- = Iog 2.
20'
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1 Ios, 2_

^2llzc2

and. the i:rítiaI d.istributlon has the form
2N loo2o"

R2

2[I
o

R
2

È

elq) -

2
Tercp - T
R

The ilistance R is taken to be about 2 me¿rn free paths which at

)J klroneters artitud.e represents f nretre o" # i:r d.imensionless ( f,)

fortn.

The step length h for the finite difference approxins.ti-on can

rrov¡ be chosen so as to have J steps insid-e the region extend.ing out

to R. That 1s h is taken u." fr .

The j¡ritial d.istribution is then carcuLated. by the computer in

the forn :-

A(J) =B(J) =2No*6o2 xexp-(6o2*f n2¡

=2r.d *6o2 J2
-.,o-----xexp-9- J =0r20

The functions SI(J) can now be calculated. in the form

sr(1)=+.n(a(r)-e(r))t
sr(L) + sr(Lr) .r 

å . r¡1. (,r(r, - ¡(i,) ) + l.(r-r)rr. (,r(r-r)

-¡(rr))
L = 21416.r...D.ro 1B
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sr(r,r) = sr(M-1) . r,ih (.a(1Ð - B(I0) * 1. (m-r)ir, (e(m-r)+

-n(i'r-r; )

irl = J r5r7.........o. .... 19.

This f'orrn of calculation is well suited. to a high speeil computer.

The ínítia1 values of the d.erivatives D;(.f) and. DB(.f) are no\iu

calculrted- by the corrrputer. Sj:rce every ter¡n on the right of (8¿¡

and. (8.4) is norv known this is a" straLightforward caleulation.

Using the i¡fornration novr storeå in the compr-rter the d.ifference

equa'r;ions can novr be integrateo by me:ìns of the lìunge-I(utta process.

The fourth ord.er process lvhich is very accurate is use,l . In this

method., four estinates of the slope are iru.d.e over ir suitable t

step-length and. new values of the clepend.eirt variables ;r and. B are

obtaine,-L. 'Ihis is c¿rrried. out for eerch equation in turn and. the whole

process re,oeelted. for as u'an¡' steps as d.esired.. l\fter each integration

step the computer can be ¡n¿lie to print out the new values of .\ ancl B.

Owing to the non-linear terms in the equations (8.1) anct (8.4)

it is d.ifficLrlt to pred.ict the best ste,o-length -bo be useô for the

integrations and. trial and- enrcr method.s have to be used-. If the step-

length ís chosen too srrulll it requires a-i'r. unnecessâriil.y large number

of integrations to show the behaviour of the system of particles. If

the step-lengbh is chosen too large, inaccuracies associated. with the

finite d,ifference approximation carr become very large and. the process

can become unstabl,e.

The conrcct step length is related- to the value chosen for No

since this governs the size of the non-linear terms. For No = 1OJ, so

I
3
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that lt a¡d- B are about 1 07 at the origin, the step-length for
I ¿r¡

'u = 1O-b. l¡or No = 1O1o anl. A anr-l tl about 1O1L tt " step-lcngth
)-'

required. is '10-rf . As it happens this latter case wou1c1 require an

iml:ossärþ ìarge number of i:rtegrati-on steps to show how the system

behaves since it turns out that the spread-ing out of ¡.ertícles is

controlfed. by the comtrnratively sl.owly rrcving ions.

With N = 1O3 and. a r step-length of tO-6 t¡r" integrations
o

have been carried. out over Jr000 steps and. the resulti-ng values of

.i and. B plotted against {,. As a check the lj¡rear equations for electron

d.iffusj-on and. ion Jiffusion each separately have been integra.ted. in

exactþ the sarrÞ way as d-escribed- above. The l-inear etua\ion for
/rlmbipolar d.j-ffusion'has also been integrated- j¡r the sàme/way.

The results shovrn as Figure 2 ind.icate that for densities

greater than about 1O5 per curoic meter the electrons anil ions npve

out together at the ilmbipolar d.iffusj¡:n raie. Below this figure the

charges tencl to separate ind.icating that the electrostatic forces arÌg

no longer powerfrrl enough to preven'c separation d.ue to d.jfferential

d.iffusion.

It oan be inferred. that for an i¡ritial d.istribution of about
4t

1O'*, whi-ch is the practical case for 1or,.¡ Clensity meteor-trails, the

charges will spread. out at the ,lnlcipohr d.iffusion rate for the d.uration

of a rad.io echo. This inference has been tested. by increasing No

by a factor of 10 and. carrying out the integrations as befoi:e with

a shorterstep-length. The results are shovm on I.'igrrre J ffrm whích
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it cari be seen th¿rt the effect of the incre¿rse is to keep the electron

and. ion d-istributions nr:r<; neai',ì-y tho sanre further a,¡'ay frorn the origin.
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8br rmrft¡ d ¡rtfo ô Siaû. tb.t tùl r¡¡rytl,c (6"5)r

thrt d lfl üfihlr ú tb lr ¡rt¡, lr rrll& Ia tt
rb¡æ ú ¡ l¡8pttp fttl,l c l¡ a¡t¡sÈl,er lrn¡¡rf to üt ftclÂ

tbc octilrilãB d êfíV¡|,* DO r Ð¡r l¡ allr$l.s¡ mt te tÐ
Ërüt*t ff¡¡Ër e¡ rhn l¡ ¡¡tto tr tÞt dlflhrls ¡dìîtalmt
fc GorÞ tr ¡rabd d rt F ll,lrt¡r D. .@1 It b lof
sÐ üaÐrdt d tc Då .tlËûtll ry tbr nûErtf. flrlår Xt ou bc

cdtd¡al tbt lD tùl¡ sarc Dn r D1.

tn tbr EÉ¡Èrtt¡r¡ ú ¡cetlq¡ I t-
(D.ù) ¡ Dl

D.å)l

lb¡ ¡sultr d .dle l¡ rs thrr t¡¡t thÊ ¡r¡türr nep,t!¡
ff.fô bu æ úf.d o tb ¡rûlroffi Égnltr ¡ilr rb ttr ctcc
tutü t¡ fanüt¡l, to Ër ftâ¡å ôl¡rdfc¡ rlhþ thÊ traü lc
nrrf to tb flt¡å tùñ lr ¡ rrihrtte ls tbr ¡slfooüal Doñ

þ r fútæ ú 2, fhb tr Ð wlt orr fc .l''gnrl nahrtlcor

m¡ ôl,lqrt srr Llt Þc bctma frËcr ú I d e õ¡fæal¡¡g

a th. rûgþ Êlth tbp t¡ril nbr rlth th¡ fl¡ti¡
tr ¡S¡stlm¡ res¡lô b órcærÞ d tt t¡ tüc¡8$ tftåt

qD.Etrdrr {bb rt Ft¡d b.f¡g lnr¡yrr ¡t ad¡lrl¡Ûr qy ellrr

rn reúl¡rl$ær
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