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Abstract

This thesis presents fuzzy model based stability analysis and controller design
techniques for nonlinear systems using functional observer considering time-delay;,
external disturbances and model uncertainty. A novel fuzzy functional observer
based robust fault detection technique for delayed nonlinear systems is also in-

cluded in this thesis.

Takagi-Sugeno (T-S) fuzzy model represents a nonlinear system as a fuzzy
summation of linear models around the operating points that are expressed by
respective fuzzy rules. As this approach uses singleton consequent parts, the de-
fuzzification process of the whole system is straightforward: the overall system
dynamics and output are determined by the fuzzy summations of the linear con-
sequent parts. As a result, existing linear tools and techniques can be applied for
analysing the stability of the system and designing controller accordingly. Paral-
lel distributed compensation (PDC), a fuzzy blending of the linear compensators
designed for the linear subsystems of the fuzzy model, is an effective technique for
synthesising a fuzzy controller for a nonlinear system. In case the system states

are not readily available, fuzzy observers are employed to obtain PDC controllers.

Functional observer directly estimates a function of states in one step rather
than doing it in two steps, i.e., estimating the states and computing the func-
tion of the estimated states. It reduces the real-time computational effort of the
observer. Unknown input observer can decouple external disturbances from the
observer error dynamics. This research investigates the existence and stability
conditions for the functional observers for nonlinear systems represented by T-S
fuzzy models. The main challenge of designing a functional observer for a T-S
fuzzy system is obtaining the observer parameters so that the estimation error ap-

proaches zero not only for the individual linear subsystems but also for the whole

xii



xiil

observer after fuzzy blending. The fuzzy functional observer is employed to ob-
tain a PDC controller. Apart from reducing the real-time computational burden,
this controller design technique reduces the observer size to the dimension of the
controller. Considering time-delays and model uncertainties, a new set of stabil-
ity conditions are presented. Lyapunov-Krasovskii functionals are used to obtain
the stability conditions for delayed systems. Free-weighting matrices are used for
obtaining delay dependent stability conditions to increase the solution domain of
the stability conditions. This technique is applied to design fuzzy power system
stabilisers for single machine infinite bus system.

The proposed fault detection technique uses a fuzzy functional observer to
obtain a residual. The main advantage is that this technique does not require
any calculation of a threshold for the real-time comparison with the residual. The
concept of the unknown input observer is used to decouple external disturbances
from the error dynamics of residual generation and fault estimation observers.

The stability conditions obtained from the Lyapunov stability analysis ap-
proach appear in the form of convex inequality conditions. If the inequalities are
not linear, the stability conditions are transformed as linear matrix inequalities so
that observer parameters can be constructed by solving these inequalities.

Keywords: Nonlinear systems, T-S fuzzy systems, fuzzy controller, functional

observer, unknown input observer, time-delay, fault detection.
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Chapter 1

Introduction

The dynamics of many real systems are nonlinear. Designing controllers for the
stability of nonlinear systems is a difficult problem because of the complex dynam-
ical behavior of the systems. This problem becomes more acute when the systems
are subject to time-delays, model uncertainties, and external disturbances, which
are inherently present in most of the systems. Fuzzy logic based modeling of
nonlinear systems is found to be more effective because the system can be de-
scribed as a group of locally linear models using the plant operators knowledge,
and controllers can be designed by employing existing techniques applicable for

linear systems.

1.1 Preliminaries and recent research directions

1.1.1 Fuzzy logic controller

The idea of fuzzy logic based controllers originated from the theories of fuzzy sets
[1], and now it is quite a mature area of research. The fuzzy logic controller was
first introduced in control engineering to control a steam engine [2, 3]. Many
modern systems are successfully controlled by fuzzy controllers. A simple fuzzy
logic controller comprises of four basic units: fuzzification block, fuzzy knowledge-
base block, fuzzy inference engine and defuzzification block as depicted in Figure
1.1. The input, which is crisp in nature, is fuzzified using membership function
that uses linguistic variables to describe different ranges of crisp data. A fuzzy

inference engine is the knowledge base containing a set of rules that are fired

1



2 Chapter 1. Introduction

Knowledge
base
Controller Fuzzy Fuzzy Controller
inputs Fuzzification | inputs Inference inputs Defuzzification | outputs
interface engine interface

Figure 1.1: Basic structure of fuzzy model

depending on conditions of those rules. After the decision is made, the actual
control signal is produced by using the defuzzification process.

Fuzzy logic controllers can be broadly categorised as the traditional fuzzy con-
troller, fuzzy PID controller, neuro-fuzzy controller, fuzzy sliding-mode controller,
adaptive fuzzy controller, and Takagi-Sugeno model based fuzzy controller [4, 5].
A fuzzy PID controller uses different sets of proportional, integral and derivative
gains depending on the rules used to define different operating points of the system
[6-8]. The gains can be calculated using the conventional techniques for obtaining
PID controllers for linear systems. A neuro-fuzzy controller combines the precise
learning ability of a neural network with the imprecise qualitative knowledge ob-
tained from the plant operators’ expert knowledge. In a fuzzy neural network,
either the input signals and/or connection weights and/or the outputs are fuzzy
subsets or a set of membership values to fuzzy sets [9-12]. A fuzzy sliding mode
controller uses a variable structure controller to drive the system trajectories onto
the so-called sliding surface in a finite time and maintain on it thereafter [13].
Sometimes a fuzzy PID controller or any model based fuzzy controller is accom-
panied with a supervisory sliding mode controller to guarantee robust stability in
case of modeling uncertainties [4].

When the parameters of the plant dynamic model are unknown, or plant pa-
rameters change in time, the controller has to be able to adjust with the modified
situation in real-time. The combination of a fixed controller and adaptive fuzzy
controller can track the desired trajectory in the vicinity of an uncertain environ-
ment and change in manipulator dynamics [14]. The error learning is a vital part
of this kind of controller. The fuzzy error learning approach is better than a crisp
error learning scheme, although it requires increased control activity. A model
free fuzzy adaptive controller along with a feedback error learning strategies is a

good combination for handling situation with uncertainties [15]. A fuzzy model
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reference learning control [14], on the other hand, uses the reference model for the
smooth tracking of the fixed reference trajectory. The learning system observes
the plant errors in the outputs and adjusts the membership functions of the rules
in a direct fuzzy controller by using another fuzzy inverse controller. The ability
of learning from the system through interaction with the environment has made
fuzzy adaptive controller better fitted for controlling disturbances of systems that

depend on the states [16, 17].

In recent years, a significant interest has been shown to the T-S fuzzy model
to analyse nonlinear systems and to design controllers for the systems [18-27].
This approach defines system dynamics as linear time invariant models as conse-
quent parts for different rules representing different operating points of the system.
As a result, the overall system dynamics is expressed as a convex summation of
linear models. Fuzzy controllers obtained using this T-S fuzzy model have been

successfully applied in control problems [28-37].

1.1.2 T-S fuzzy model

T-S fuzzy models are regarded as universal function approximators for their ability
to approximate any nonlinear functions to any degree of accuracy in any convex
compact region [4, 18, 38, 39]. With linear models as the consequent parts, this
approach enjoys the advantage of using existing linear tools and techniques for

investigating the overall stability of a nonlinear system.

Mathematical expression of a T-S fuzzy model

A T-S fuzzy model is basically described by a number of “IF-THEN” statements.
The “IF” statement consists of premise variables that are compared with different
possible linguistic variables, and are connected to each other by logical operator
“AND” to define a particular operating condition of the system described by a
rule. The consequent part, “THEN” statement, consists of a linear state-space
representation of the system at the particular operating point for which the rule

has been stated. The ¢th rule of a T-S fuzzy model is expressed as
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IF &i(t) is M} and --- and &(¢) is M}
THEN  #(t) = Az(t) + Byu(t) (L.1)

where z(t) € R" is the state, u(t) € R™ is the input, y(t) € RP is the output,
&1(t),...,&(t) are the premise variables, M}, ..., M! are the fuzzy sets for the
respective premise variables for the ith rule, A; € R B; € R and C; € RP*"
are the matrices representing the linear state space model of the ith rule.

As the consequent parts of a T-S fuzzy model are not fuzzy, the overall rep-
resentation of the system dynamics is straight forward. Considering » number of

rules, and using product T-norm and center-average defuzzifier, the overall system

dynamics is expressed as

Zui D{ A () + Bau(t)}
(1.2)

Zuz N{Cia(t)},
where

0 =[a a0 - an].
) = [T M () and

hi(€(t))

mlE0) = S5 ey

with M (&, (t)) being the membership function that defines the degree of belong-

ingness of premise variable & (t) to fuzzy set M}.

Construction of a T-S Fuzzy model

System matrices A;, B; and C; may not be readily available for expressing a nonlin-
ear system as a T-S fuzzy model. These matrices can be obtained by following two
distinct ways: by identifying parameters using input-output data; or by deriving
from a given nonlinear system equations [18]. The first procedure mainly includes

structure identification and parameter identification. It is applicable when phys-
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)

: av(t)

Figure 1.2: Local sector linearity

ical plants are too complex to be defined by mathematical models. The second
approach can be used when the plant can be described by a true mathematical
model. The premise parameters are determined from the true nonlinear model by
applying linearisation technique of the nonlinear model around stable operating
points [40, 41].

Obtaining a global fuzzy model for a nonlinear system is a difficult task. Even,
in some cases, it may not be possible. More importantly, the global model may
be too conservative. A pragmatic way would be defining the system in a local
region of the operating points in which the system can be linearised with less
conservativeness. This technique is known as “sector nonlinearity”. A detailed
procedure to obtain a T-S fuzzy model using the sector nonlinearity concept can
be found in [42]. For a nonlinear system o(t) = f(v(t)) with v(t) € R and f(0) = 0,
the local sector —d < v(t) < d can be found such that 0(t) = f(v(t)) € a1, az]v(t)
as depicted in Figure 1.2. Consequently, the fuzzy model can be obtained to
represent the nonlinear system more accurately in the local region described by

—d <o(t) <d.

Stability of T-S fuzzy systems

The individual stability of local linear models of a T-S fuzzy system does not

necessarily imply the overall stability of the system after fuzzy summation. A
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sufficient condition that guarantees the stability of such a system can be obtained
from Lyapunov’s direct method [43, 44]. The equilibrium of T-S fuzzy system (1.2)
with no control effort, i.e., with u(t) = 0, is asymptotically stable if a common

positive definite matrix P can be found such that

ATP 4+ PA; <0 (1.3)

fori=1,2,...,r.

Finding an efficient way for searching this common P matrix attracted re-
searchers for a long time. In [45], the authors investigated a fuzzy model of two
spring-mass systems with damping for the existence of a real common P matrix
that would satisfy the condition. They proposed a simple algebraic approach to
find critical conditions for the existence of a common P-region. However, this ap-
proach is too exhaustive, and it becomes very complex to tackle when the number
of subsystems of the model is high. Indeed, the stability conditions in (1.3) is a set
of matrix inequalities and convex in P. The recent development of convex optimi-
sation introduced mathematical tools that are numerically efficient to solve these
linear matrix inequalities (LMIs) [46]. If the stability conditions are not readily
in the form of LMIs, different techniques can be applied to recast the inequalities

into LMIs [42, 47], which can be numerically solved by using existing tools.

If the system is not stable, a stabilising controller can be designed using paral-
lel distributed compensation (PDC) technique. In this technique, linear feedback
controllers are obtained for individual subsystems, and the fuzzy control law is
determined by aggregating the feedback controllers by applying the fuzzy summa-
tion to ensure the stability of the whole system [48-51]. The following equation
describes the PDC controller for the system described in (1.2):

u(t) = Z 13 (§(8)) K (1),

where K; € R™*" is the gain matrix for the jth subsystem. Stability conditions
can be obtained for the closed loop system in the form of LMIs by using a Lyapunov

function, and controller gains can be determined from the solution of the LMIs [47,
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52, 53]. In the recent decades, there has been a significant development in terms of
reducing the conservativeness of the stability conditions for T-S fuzzy systems by
using different types of Lyapunov functions such as quadratic Lyapunov functions,
piece-wise Lyapunov functions, fuzzy Lyapunov functions, and Lyapunov functions

with higher order derivatives [54-56].

A PDC controller requires the states for obtaining stabilising control vector
u(t) for the system. If the states are not directly measurable, observer based PDC
controllers are employed to stabilise the system [23, 57, 58]. The observer design
procedure for T-S fuzzy systems uses the similar procedure of distributed compen-
sation technique: obtain the linear observers for the subsystems, and aggregate
the observers using the fuzzy summation. Most of the work to date uses full order
state observer in what measured output and control input are used to estimate

the states so that the estimation error approaches zero asymptotically [59].

An observer based PDC controller for the system defined in (1.2) can be ex-

pressed as

Z i (§ (1)1 A (t) + Biu(t) + Li(y(t) — 9(t))}
Zuz D{Ciz(t)}

Z,Uz DGR},

where z(t) € R" is the estimated state and L; € R™P is the observer gain.
Order reduction of this fuzzy observer has been an interesting area of research.
Considering the full row rankness of C;, a reduced order observer can be obtained
by partitioning system matrices A;, B;, and C; [60-62]. The stability conditions
for the observers are presented as LMIs, and the observer gains are obtained by

solving the inequalities.

1.1.3 Linear matrix inequalities

Considering F; = FI' € R™" are known, an LMI is [46]
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F(v) £ Fy+ > vF; >0, (1.4)

i=1
where v; is the ith element of decision vector v € R™. The positive definiteness
of F(v) is defined as 27 F(v)x > 0 for all x € R™. This is a special type of LMI

where decision variable v; is scalar. However, an LMI can be of the form
F(X)=ATX + XA <0,

where A € R™" is known and X = XT > 0 is unknown. This LMI can be
converted to the form of (1.4) by using the elementary matrices of the symmetric
matrix, F'(X). This matrix inequality is called an LMI in X, i.e., the decision

variable is matrix X.

The LMI problem is convex in its decision variables. The recent advancement in
convex optimisation techniques has made it possible to obtain the global optimum
solution of LMIs by using numerical optimisation methods. The LMI problems
can be classified into two major kinds: the feasibility problems and optimisation
problems. Feasibility problems deal with finding only the existence of a solution
satisfying the set of constraints. Optimisation problems, on the other hand, not
only look for the feasibility of the problem but also obtain the best solution that

optimises the objective function.

In control systems, sometimes, matrix inequalities may appear in non-convex

form as

Q) — ST ()R (v)S() > 0, (L5)

where R(v) = RT(v) > 0, Q(v) = QT (v) > 0, and S(v) are affine in v. By Schur
complement, this matrix inequality problem can be converted as an LMI problem

as below:

Qv) ST(v)
S(w) R(v)

> 0.

Once the constraints are converted into LMIs, the problems can be solved
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efficiently in polynomial time. By solving the problem we understand looking for
the feasibility of the problem, and obtaining a feasible point for which the objective
function exceeds the global minimum only by a prefixed precision. There are
existing software packages for MATLAB that can be used to solve LMI problems,
such as SOSTOOL [63], LMITOOLBOX [64] and CVX [65].

1.1.4 Functional observer

Functions of states are often required to be obtained in many dynamical systems.
Although a function of states can be obtained once all of the states are estimated
using full state observers, the direct estimation of the function of states is found to
be efficient in terms of saving real-time computational effort. A functional observer
is a special kind of observer particularly designed for estimating a function of states

using the input and output measurements [66]. Considering a linear system

t(t) = Az(t) + Bu(t)
y = Cux(t)

with state vector z(t) € R, input vector u(t) € R™, output vector y(t) € RP, and
matrices A, B, and C' of appropriate dimensions, a function of states z(t) € R?

can be estimated by employing the following functional observer:

w(t) = Nw(t) + Jy(t) + Hu(t) (1.6)
2(t) = Dw(t) + Ey(t), |

where 2(t) € R? is the estimated function of states, w(t) € RY is the state of
the observer dynamics, and N, J, H, D and E are real matrices of appropriate
dimensions that are determined such that estimation error e(t) = z(t) — 2(t)
approaches zero asymptotically. The operating principle of a linear functional
observer can be understood from the block diagram presented in Figure 1.3.

The ability of a linear functional observer of estimating the function of states
attracted considerable interest in the recent past [68-72]. The observer construc-
tion procedure including the necessary and sufficient conditions for the existence

of these observers are well established [66, 73-77]. The main advantage of a func-
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Figure 1.3: Linear functional observer [67]

tional observer is that it estimates only the function of our interest instead of all
states of the system. The dimension of observer state w(t) defines the order of
the observer. This dimension can be reduced to the dimension of the function of
states z(t) if the dimension of the function of states is less than the dimension of

the measured output vector of the system, and output matrix C' has full row rank

(66, 68, 78].

1.2 Motivation and purposes

In many cases, the mathematical model of a nonlinear system is known. However,
due to the complexity of the nonlinearity, designing a suitable controller analyti-
cally may not always be possible. In such cases, the T-S fuzzy model based control
design technique is more pragmatic than model identification based or model free
control techniques. A PDC controller can be used for stabilising the system. The
competitive advantage of using the T-S fuzzy model based approach compared

with any model identification approach is that the stability of the system can be
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analysed using Lyapunov functions. As the PDC approach of designing a con-
troller uses local feedback controllers of all linear models of the fuzzy model, this
controller, in fact, is a fuzzy summation of linear functions of states. Therefore, we
can employ linear functional observers to obtain a fuzzy controller for a nonlinear
system.

The existence of the fuzzy functional observer for T-S fuzzy systems has re-
cently been studied, and the observer is used as a fuzzy controller for the system
in [60, 79]. The stability of the observers is investigated and stability conditions
for the observers are presented. However, these works do not consider time-delays,
model uncertainty and/or external disturbances. More importantly, the observer
construction procedures require some algebraic calculations that may violate the
stability conditions. Hence, the stability conditions need to be improved.

Considering the current trend of convex optimisation techniques, LMIs are
better options for the formats of the stability conditions because the observer
parameters can be constructed from the numerical solutions of the inequalities.
The stability conditions can be improved to accommodate time-delays and model
uncertainties in the plant models. Besides, the linear functional observer is not
yet used for fault detection of nonlinear systems. These research gaps are the
key motivations for investigating the application of functional observers for the
stability and fault detection of nonlinear systems using the T-S fuzzy model.

The main purposes of this research include improving design techniques of the
fuzzy functional observer by involving LMI based stability conditions considering
time-delays and model uncertainty, and employing the observer for obtaining PDC
controller and fault detection scheme. The formation of stability conditions as

LMIs capitalises the recent advancements of convex optimisation techniques.

1.3 Main contributions

Considering a given mathematical model of a nonlinear system, the matrices that
describe the T-S fuzzy model are assumed to be known. This thesis investigates the
existence and stability conditions for the fuzzy functional observer for a nonlinear

system. This fuzzy functional observer is employed for designing controllers and
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detecting faults of the system considering time-delays, external disturbances and

model uncertainty. The main contributions of this research are listed below.

1. A fuzzy functional observer is proposed to estimate the function of states
of a nonlinear system described by a T-S fuzzy model. The proposed func-
tional observer is obtained by fuzzy summation of linear functional observers
for individual subsystems. The stability conditions are formulated as LMIs
so that the observer gains obtained from the solution of these constraints

guarantee the asymptotic convergence of the estimation error to zero.

2. The observer is applied to estimate the control vector of a T-S fuzzy system
considering time-delays and model uncertainty. As the functional observer
estimates the control vector directly, the fuzzy aggregation of the control
signal for a PDC controller is not required. More importantly, the observer

size is reduced to the size of the dimension of the control signal.

3. The observer is employed for the fault detection and fault estimation of
the nonlinear system considering time-delay and external disturbances. The
residual generator of the fault detection scheme is designed using the fuzzy
functional observer so that the real-time calculation of threshold is not re-
quired. External disturbances are decoupled from the estimation error dy-

namics by applying the unknown input observer concept.

4. Power system stabilisers are designed by applying the functional observer
based PDC controller. The effectiveness of the stabiliser is verified using

benchmark examples.

1.4 Structure of Thesis

The rest of this thesis is organised as follows. Chapter 2 presents the functional
observer design procedure for nonlinear systems using T-S fuzzy models. This
chapter also includes functional observer based PDC controller design technique.
Chapter 3 investigates the functional observer based PDC controller for the T-S

fuzzy system with constant and time varying time-delays. The combined effect
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of time-delay and model uncertainty is studied and the robust observer construc-
tion procedure is presented in Chapter 4. Delay dependent stability conditions
are derived for the asymptotic stability of the observer. Chapter 5 deals with
the functional observer based robust fault detection technique for T-S fuzzy sys-
tems considering time-delay and external disturbances. Chapter 6 describes the
application of the proposed functional observer based PDC controller for obtain-
ing a power system stabiliser. Chapter 7 summarises the research findings and
concludes the thesis with remarks for future research directions.

The description of the symbols that have common meanings across the chapters
is explained in List of Symbols. However, considering the mathematical involve-
ment of this thesis, each chapter introduces the variables and the plant models
separately. The notations are explicitly described in the respective chapters to

enhance the readability.






Chapter 2

Fuzzy functional observer based

controller

This chapter is concerned with the existence and stability conditions of the fuzzy
functional observer for a T-S fuzzy model. A fuzzy functional observer can be
constructed as a fuzzy summation of linear functional observers for the respective
linear subsystems of a T-S fuzzy model. Necessary and sufficient conditions are
provided for the existence and stability of the observer. The fuzzy functional
observer is employed to obtain a PDC controller for the T-S fuzzy model. The
main advantage of designing a fuzzy controller using functional observer is that the
fuzzy functional observer estimates the control vector directly, and the order of the
observer is equal to the dimension of the control vector. Lyapunov functions are
used to obtain stability conditions for the observers. The stability conditions are
derived in LMI form; the observer parameters are determined using the solution

of the LMIs. The main results of this chapter are published in [80, 81].

15
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2.1 Introduction

A linear functional observer estimates the function of states directly. The existence
and stability conditions of the linear functional observer are well established. A T-
S fuzzy model is expressed as a fuzzy summation of linear subsystems. Therefore,
a set of linear functional observers can be constructed for the respective linear
subsystems of a T-S fuzzy model, and the linear functional observers can be fuzzy
summed together to obtain a fuzzy functional observer. The main difficulty of
designing a fuzzy functional observer is to guarantee the stability of the observer
that we get after the fuzzy summation of the linear observers. By the stability of
an observer, we mean the asymptotic convergence of the estimation error to zero.

A PDC controller is constructed as a fuzzy summation of the state feedback
controllers of the linear subsystems of a T-S fuzzy model [47]. The state feedback
controller, by the nature of its construction, is a linear function of states. When
the states are not measurable, all the states are estimated using fuzzy observer;
and the PDC controller is obtained from the estimated states [22]. As a PDC
controller is a fuzzy summation of feedback controllers, which are linear functions
of states, this controller can be obtained by applying the fuzzy functional observer
if the states are not directly measurable. This technique reduces the observer
order and the real-time computational effort of the controller.

The existence of fuzzy functional observer and its application for T-S fuzzy
systems is an interesting research topic. In [60], authors investigated the problem
of construction of a fuzzy functional observer for nonlinear systems represented
by T-S fuzzy model and provided an observer construction procedure by solving
interconnected algebraic equations. The application of a functional observer for
designing a PDC controller is studied in [79]. Both of the procedures require
stability checking after the calculation of the observer parameters. To the best of
the authors’ knowledge, systematic synthesis procedure of functional observer for
T-S fuzzy model to obtain PDC controller has not been studied fully.

This chapter proposes improved stability conditions for the fuzzy functional
observer to ensure the asymptotic convergence of the estimation error to zero.
The fuzzy functional observer is applied to obtain a PDC controller. It is shown

that the separation principle holds. Therefore, the control gain for each linear
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subsystem is determined by applying the existing LMI based controller design
technique for T-S fuzzy model [42]. Using this control gain, a functional observer
is designed and stability conditions are attained in the sense that estimation error
approaches zero asymptotically. The order of the observer is equal to the control
gain matrix of the linear subsystems. To improve the functional observer based
controller construction method for T-S fuzzy systems in [60, 79|, the stability
conditions are transformed into LMIs, so that the observer parameters can be
obtained by solving these LMIs.

Notation: In this chapter R" and R™*™ mean n dimensional real vector and
n x m dimensional real matrix respectively. Superscript (.)~, (.)* and (.)* denote
inverse, Moore-Penrose generalised inverse and orthogonal basis of corresponding

matrix, respectively. I, denotes identity matrix of p x p dimension.

2.2 Model description and problem formulation

Consider a continuous T-S fuzzy model of a nonlinear system with » number of

rules. The ith rule of this model is given by

IF &(t) is M! and --- and &(t) is M}
THEN  &(t) = A;z(t) + Byu(t) (2.1)
y(t) = Cux(t),

where x(t) € R™ is the state, u(t) € R™ is the input, y(t) € RP? is the output
and & (t),...,&(t) are premise variables. Real matrices 4; € R™", B, € R™™
and C' € RP*" represent the ith local model of the system, and MF represents
the fuzzy set for & (t) in the ith rule with MF(-) being the respective membership
function. Considering £(t) € R! represents the vector [51 (t).. .gl(t)}, the system

dynamics is expressed by

where
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[Ty ME(&(®))
Sy [Ty ME(SK(1)

ni(§(t)) =

with

> ulé(t) =

Given a pair of x(t) and u(t), the final output of the T-S fuzzy model is inferred
by (2.2). Each subsystem represented by each rule in (2.1) is a linear model.

A fuzzy functional observer can be expressed as

Zﬂz IANw(t) + Jiy(t) + Hyu(t)}
(2.3)

Z(t) = w(t) + Fy(t)

where z(t) € R%,w(t) € RI, F € R*P N; € R4 J; € R”P and H; € R™™™. In
this observer, Z(t) is the estimation of z(¢), which is a linear function of z(¢) and

is defined by

z(t) = Lx(t),

where L € R9*" is a known matrix. Membership functions of this observer are con-
sidered to be similar to those of the plant model described in (2.1). Existence and
stability of the observer is ensured in the sense that estimation error approaches
zero asymptotically if the observer is properly designed. The estimation error of

observer (2.3) is defined as

e(t) = La(t) — 2(t)
= Tx(t) —w(t),

(2.4)

where T' = L — FC. After taking derivative in (2.4), the error dynamics of the

functional observer is expressed as

Z p(EAN{Ne(t) + (TA; — N;T — J;C)a(t)
(2.5)

+ (T'B; — H;)u(t)}.
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The error dynamics in (2.5) reduces to

é(t) = D (€0 Nielt) (2:6)
if we have

TB; — H; = 0. (2.7b)

As H; can be obtained from (2.7b), the functional state reconstruction problem
is turned into finding F, J; and N; so that (2.7a) holds and the error dynamics in
(2.6) is asymptotically stable.

2.3 Fuzzy functional observer

2.3.1 Existence of fuzzy functional observer

Without loss of generality it can be assumed that C' is a full row rank matrix.
Therefore, we can obtain a nonsingular matrix P = [CT C*], such that CCT = I,
and CC* = 0,,_,. Using invertible matrix P, the conditions in (2.7a) and (2.7b)

are written as

(Ll — F)Aill + LQAZQl - NZ<L1 - F) == Jz (28&)
NiLg — (Ll — F)Ailg — LQAZ'QQ =0 (28b)
Aill Ai12

where CP = [Ip 0], P71AP = and LP = [Ll LQ} Considering

Ai21 Ai22

the fuzzy functional observer as a fuzzy summation of linear functional observers
for each linear subsystem of the T-S fuzzy model, it is required that the existence
condition of each linear functional observer holds. The existence condition of the

fuzzy functional observer is given in the following lemma.

Lemma 2.3.1. Necessary and sufficient condition for the existence of the observer
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(2.3) for each rule can be given by

Ly Ao
Atz
rank [ A,, | =rank (2.9)
Loy
Ly

Proof. According to [66], necessary and sufficient condition for the existence of

linear functional observer for each linear model of the T-S model can be given by

LA;
CA;
CA,;
rank =rank | C (2.10)
C
L
L

Multiplying the full ranked matrix P with the right hand side of (2.10) we get [67]

CA; CA,P
rank C | P| =rank | CP
L LP
CPP'A,P
= rank CP
LP
A Ao
1 0
Ao Ajao
= rank
1 0
L) ]
A A
= rank I, 0
| L1 Ly

Therefore,
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CA;
Ao
rank | ¢ | =p+rank (2.11)
Ly
L

Using similar procedure in the left hand side of (2.10) it can be shown that

LA;
LyAins
CA;
rank =p+rank | A;, (2.12)
C
L,
L
Therefore, (2.9) follows from the equality of (2.11) and (2.12). O

2.3.2 Stability of fuzzy functional observer

The functional observer is expected to estimate function of states z(t) asymptoti-
cally. Therefore, it is required that the error system is asymptotically stable, i.e.,
the estimation error approaches zero asymptotically. Considering error dynamics
(2.6), and the identities in (2.8a), (2.8b) and (2.8c) the stability condition for the

observer is stated in the following theorem.

Theorem 2.3.1. The observer defined in (2.3) is asymptotically stable if there

exists a positive definite symmetric matriz X such that

XN;+ N'X <0, (2.13)

and the conditions in (2.8a), (2.8b) and (2.8c) hold.

Proof. The error dynamics in (2.6) directly follows from (2.5) if conditions (2.8a),
(2.8b) and (2.8¢c), which are other forms of conditions (2.7a) and (2.7b), are sat-
isfied. Consider a Lyapunov function V = e (t)Xe(t) for (2.6) such that X is a

positive definite symmetric matrix. Consideration of X > 0 implies that

V > 0.

Taking the derivative of V' we obtain
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V =¢l(t)Xe(t) + T (1) Xeé()
—Zﬂz ))TX@ XZNZ Nie(t))

—Zﬂz H(NX + XNye(t).

It can be concluded that V' < 0 if (2.13) holds and the error dynamics will asymp-

totically approaches zero. O

From Theorem 2.3.1 it can be seen that the LMIs in (2.13) are not the only
constraints that determine the observer parameters; it also requires that the iden-
tities in (2.8a), (2.8b) and (2.8c) hold. This problem can be tackled in a different
way: identities (2.8a) and (2.8¢c) can be used to obtain J and H in terms of N
such that the calculation of N ensures (2.8b) and (2.13) hold. Therefore, we post-
multiply (2.8b) by a full rank matrix [L;“ LQL], and separate this identity into

two parts as below:

Ni = TlAilQL;_ + LQAiQQL;— (214&)

T1AisLy = —LoAip Ly, (2.14b)

where |:T1 TQ] = [Ll —F L2i| CODSidGI‘ng (I)z = —LQAZ‘QQL%', Qz = AﬂgLé‘7
Nj1 = LyAss LT and Ny = AjpL7, (2.14a) and (2.14b) can be rewritten as

Ni = Nil + TlNZ‘Q (215&)

TiQ; = ®; (2.15b)

As a consequence, the stability conditions of the observer can be redefined using

the relationships expressed in (2.15a) and (2.15b).

Corollary 2.3.1. If conditions in (2.8a) and (2.8c) hold, the observer defined in
(2.3) will be asymptotically stable if there exist a positive definite symmetric matriz

X and a matriz'Y of appropriate dimension such that

XNy + NYX 4+ YN+ NLYT <0 (2.16a)

YQ; — X&; =0, (2.16b)
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where Y = XT].

Proof. Replacing N; of (2.13) by its expression in (2.15a) and considering Y =
XTi, we obtain (2.16a). Furthermore, (2.16b) is obtained from (2.15b) by applying
Ty = X~ 'Y. Therefore, (2.13) and (2.8b) hold if (2.16a) and (2.16b) hold. This
completes the proof. O

Having the stability conditions stated in (2.16a) and (2.16b), it is evident that
the functional observer can be obtained by solving those equations. One can ob-

tain the functional observer by following the design steps outlined below.

Fuzzy functional observer construction procedure

Step 1: Obtain P = [C+ Cd‘i| and calculate Ai117 A“Q, Aigl, AiQQ’ L1

and Ly. Using condition (2.9) check existence of the observer;

Step 2:  Obtain N;1, N, ; and ®; from their definitions in (2.15a)
and (2.15b);

Step 3: Compute 7} from the solutions of LMIs (2.16a) for X and
Y with constraints (2.16b);

Step 4: Obtain N; = N;; + T1N;s, and subsequently F' from the
definition 77 = L — F'; and

Step 5: Find J; and H; from (2.8a) and (2.8c), respectively.

Remark 2.3.1. The LMI conditions of (2.16a) with equality constraints in (2.16b)
can be numerically solved [82]. There are a readily available software packages,

which can be used to solve such LMIs numerically.

Remark 2.3.2. Equation (2.15b) for all r number of rules can be augmented as

below.

where

Q=0 @ ... ol
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P = (I)l CI)Q (I)r]

There exists a solution of Ty in equation (2.17) if and only if [83]

)]
rank = rank [Q}
Q

General solution of Ty is given by
Ty =®Q "+ Z(I —QQh)

where Z is an arbitrary matriz, and I is identity matrix of appropriate dimension.
This general solution can be applied to obtain stability conditions for the observer

as LMIs without any identity constraints.

Remark 2.3.3. When rank(Ls) = ¢, (2.8b) can be directly converted into the

following form by post multiplying the equation by Ly*:
N; = T1 Ao Lyt + LoAio Lyt (2.18)

The new definition of N; in (2.18) can be expressed as (2.15a) by considering
Ny = LgAmLQ_l and Ny = Ailngl. In this case, there will be no equality
constraints. Therefore, Ty can be obtained by solving (2.16a) only. Same design

procedure is applicable with new definition of N;1 and N;o as stated in this remark.

Remark 2.3.4. A fuzzy functional observer for a discrete time T-S fuzzy model
can also be designed by following the similar line of design procedure. The stability
conditions for the discrete time model will be different from the ones for continuous
time models. In that case (2.16a) will be replaced by the following equation while

all other conditions will remain the same.

X (XNiy + Y Ny)"
>0
XNil + YNZQ X
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Example 2.1

Consider a dynamical system with two rules having their corresponding conse-

quents are as below.

0 1.0000 0 0 0
29.2529 —0.3149 0 44.1811 —1.9280
Al = ) Bl = ’
0 0 0  1.0000 0
—1.2637 0.0136 0 —16.7096 0.7292
1 50.0000 O 0 0
22.7267 —0.2958 0 20.7525 —0.9056
AQ — ’ B2 - )
0 0 0  2.5000 0
—0.9818 0.0064 0 —15.6975 0.6850

1 000
0 01

o

Membership functions for the plant for two rules are assumed to be

1.0 1.0
M1 <x1<t>) - <1 - 10 n 6_7-0(731(75)_7"/6)) 1.0 + e—?.o(l‘l(t)-‘rﬂ'/ﬁ) ) and

pa(1(t)) =1 — (1 (t)).

Consider that the plant is controlled by parallel distributed compensator, and

corresponding control gain matrices are as below:

Ky = [48.8886 18.0979 1.2032 26.8854],

Ky = [810.2971 324.7614  28.0250 110.7137].

Our objective is to find a functional observer such that it can estimate the z(t) as

a function of states, i.e. z(t) = Lxz(t), where L is

L = {1.0000 0.0100 1.0000 0.0300] -

By following the steps stated in fuzzy functional observer construction procedure,
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the observer parameters can be obtained as below. LMITOOLBOX of MATLAB

has been used to solve the matrix inequalities.

N, = —03.8016, H, = 0.0026, .J, = [0,2440 —(),2486} ,
Ny, = —14.2300, Hy = 0.0115, Jo = [0.1553 —0.9306} ,

F =11.0028 1.0654]-

Considering initial states of the plant z(0) = [—,65 0 0 0} , the performance
of the observer is simulated in MATLAB environment, and the estimated function
of states is compared with the desired function of states in Figure 2.1. It is evident
that the proposed functional observer estimates the desired function of states very

closely, and estimation error approaches zero asymptotically.

0.5

-0.11 —
'012 . .......... ;:f(t)
-0.13E
Of _~ 01016
\(_\2/
-05} ]
-1 ‘
0 2 4 6 8 10

Figure 2.1: Function of states z(t), and estimated function of states zZ(t)

2.4 Functional observer based fuzzy controller

Using the same set of premise variables of (2.1), a PDC controller, u(t), can be

designed as

Z 1 (§(8)){u;(8)}

—Zug DGE(8)},

(2.20)
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where u;(t) = K;z(t), and K; can be obtained by solving the following LMIs for
X and Y; [42]:

XA+ AX +Y"Bl +BY; <0, i=12,...,r (2.21a)
XAT + AX + XAT + A;X

+Y'Bl + B)Y; +Y"B] + B;Y; <0, i<}, (2.21b)

where X = X7 > 0 and Y; = K;X. Considering all states are not measurable,
a linear functional observer can be employed for each rule to estimate w;(t) as
a function of states, i.e., K;x(t). Then, the overall PDC control vector can be
calculated from the fuzzy summation of estimated control vectors u;(t) for all

7 =1,...,r. The proposed functional observer based PDC controller is as follows:

- Z pa(€ () {Niw; () + Jigy () + Higa(t)}
a;(t) = w;(t) + Fyy(t) (2:22)

Z 15 (€(8){a;(0)},

where wj(t) € R™, Fj e R™*P, Nij e Rmxm, Jij e R™*P and H,‘j e R™*™ | Here
4;(t) is the estimation of w;(¢), which is a linear function of states z(¢) and is

defined in (2.20). The estimation error can be expressed as

e;j(t) = u;(t) —a,(t)
= Kjx(t) — (w;(t) + Fyy(t))
= (KJ — F}C)l’(t) - wj(t)

— Tya(t) - wy(t),
where T; = K; — F;C. Taking derivative of e;(t) we obtain

TZM N{Az(t) + B; Zm t)+ Fy(t)}

— Z,uz DA{Nw(t) + Jiy(t) + Hyj Zﬂl )+ Fiy(t))}
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s s

= 3 i EDmENT A~ Ny Ty — Ty Cal)

i=1 [=1

+ (1;B; — Hij) Cx(t) + (T;B; — Hij)w(t) + Nije;(t) }.

This error dynamics reduces to

ZZM (£){Nije; (1)}

i=1 =1 (2.25)
= Zﬂz DANize;(8)},

provided the following conditions hold:

T;B; — Hy; = 0. (2.26b)

Therefore, the functional observer construction problem reduces to finding matri-
ces Tj, N;; and J;; such that N;; is stable, and conditions in (2.26a) and (2.26b)
hold. With a proper choice of K, it can be shown that the overall system is stable

with this functional observer.

The closed loop system dynamics of the T-S fuzzy model can be expressed as
Zuz D Aw(t) + Bi(r))

—Zul N{A;x(t +BZuk —ex(t)}

—ZZMZ (IN{(As + BiE)a(t) = > pul(€() Biex(t)}-

i=1 [=1 k=1

Therefore, the state and error dynamics can be expressed as

- Y wteoaten | . e

é(t) i=1 =1 0 N;| |e(t)

where
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Bi = | u(¢()B; —pma(60)B: ... —m(E(t)Bi].
Na 0 . 0] e (1)]
R R B P o
_0 0 0 Nir_ _er<t)_

Since, eigenvalues of each linear model of the augmented system (2.27) are
the union of eigenvalues of A; + B;K; and Nj, it follows that seperation principle
holds for this functional observer based PDC controller of the T-S fuzzy model.

Therefore, the controller and the observer can be designed independently.

Remark 2.4.1. In existing observer based PDC controller design techniques, an
observer estimates system state x(t). Estimated state Z(t) is used to obtain the
control input as a(t) = Y7, p;(E(E){K;(t)}. The observer is constructed by
using known system matrices and an unknown observer gain matriz that is obtained
so that estimation error, e,(t) = x(t) — &(t), converges to zero. The observer
dynamics is described by Z(t) which is of the same order of system state x(t). The
proposed functional observer, on the other hand, estimates control vector u;(t)
directly as a function of states. Estimation error e;(t) of the functional observer
based PDC' controller is different from estimation error e,(t) of existing full order
observers. The order of observer state w;(t) of the functional observer may be
different from the order of system state x(t). Unlike existing observer construction
procedures, the proposed functional observer employs different observer parameters,
Nij, Jij, Hij, and F; for the observer dynamics. These observer parameters are

unknown and are to be constructed so that the estimation error approaches zero.

The main objective of obtaining the functional observer based PDC controller
for a T-S fuzzy system is converted into obtaining observer parameters such that
the error dynamics in (2.25) is stable provided that the conditions in (2.26a) and
(2.26b) hold. Considering that state feedback gain K; can be calculated from
(2.21) to stabilise a T-S fuzzy model, the following subsections focus on obtaining
functional observer parameters, N;;,Ji;, H;; and Fj to fulfill this objective. The
key idea is to use the equality in (2.26a) to express N;; such a way that the so-

lution of the stability condition can be used to obtain the unknown parameters
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of the observer. Depending on the transformation of the equality in (2.26a), fol-
lowing subsections provide two different approaches of synthesising the functional

observer based PDC controller.

2.4.1 Synthesising functional observer based controller: Ap-

proach I

Without loss of generality we assume that output matrix C' has full row rank.
Observer size can be reduced considering the rank of output matrix. A nonsingular
matrix can be constructed as P = [CT C*], where CCt = I, and CC* = Opyn—p-

This implies CP = [Ip 0]. Consider K;P = [Kﬂ sz], T, P = [Tﬂ T; } and

_1 Aill Ai12 . .
P AZP = s where ,,le = Kjl — Fj, ]}'2 = Kjg. By post—multlplylng

Ai21 AiZQ

(2.26a) by P, it can be converted into the following two equations:

Tj1Ajn + TjAjpr — NijTh = Jj; (2.29a)

Nijfrjg — ]}'1Ai12 — 7_"]'2147;22 =0. (229b)

The observer parameters can be found by solving (2.29b) such that N;; en-
sures stability of the observer to guarantee that the estimation error approaches
zero asymptotically. The following theorem states the stability condition for the

observers in the form of LMIs.

Theorem 2.4.1. The functional observer described in (2.22) is asymptotically
stable if there exist a positive definite symmetric matriz X and matrices Y; of

appropriate dimensions such that

XNijl + Nng - Y}'NijQ - NZZ;QY;T <0 (230&)
YiQh; — X, =0 (2.30Db)
for all 1, 7,

where

Nijl = Kleﬂ?Kj—E + KjQAZ‘QQKj—E, Nij2 = AilQKj—57
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(I)ij = Klei12KjJ§ + szAijJé, Qij = AilQKjJé and

Y, = XF.
Proof. The identity in (2.29b) can be equivalently written as
(NijTj2 — T Aina — TjoAino) [K;g KJLQ] =0 (2.31)

since [ K K JLQ} is of full-rank. After some algebraic manipulation (2.31) can be

converted into two equations:

Nij = leil?Kj—E + szAmK;E (2.32a)

ElAilQKjé = —KJQAQQKJJQ (232b)

Considering (I)ij = KleilQKjJé—i_KjQAiQQKjJé, Qij = Az‘ngjJé, Nijl = Klei12Kj—5+

KjoAiga Ky and Nijo = Ajp Ky, (2.32a) and (2.32b) can be reformulated as

respectively. Equation (2.33a) is a familiar observer equation where F; can be
obtained such that 1V;; is stable. Recall that stability conditions of the T-S fuzzy
model are independent of the stability conditions of the proposed functional ob-
server, which allows us to obtain V;; and K; independently. Therefore, we consider
a Lyapunov function V' = el (t)Xe;(t) for error dynamics (2.25) of the observer,
where X is a symmetric positive definite matrix.

Consideration of X > 0 implies that
V>0
The derivative of V is

V= &7 (0)Xes(t) + T (1) X6, (1)

= Z pi(€(1)) (Nije; (1) Xe;(t) + e (1) X Z 11:(§(t)) (Nije;(t))
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T

= > mil€(®)ef (NINGX + X Nij)e; (t).

=1

USil’lg Nij = Nijl - F}'Nijg, we obtain

V= Z 11:(€ (X Nij1 + NEX — YjNys — NLY. e (), (2.34)
where Y; = X F;. From (2.34) it is evident that V < 0 if (2.30a) holds, and the
error dynamics will be asymptomatically zero. The identity of (2.30b) can be
obtained from (2.33b) by multiplying X on its both sides.

It requires to show that the error dynamics of the observer can be expressed as
(2.25). If (2.33a) is used to obtain N;; using Fj that satisfies (2.30a) and (2.30b),
(2.29b) is guaranteed to hold. Condition (2.29a) can always be ensured to hold if
Jij is calculated by using N;; and T}, which are obtained by using F};. Therefore,
(2.26a) holds. Finally, calculation of H;; using (2.26b) implies that this condition

also holds, and the error dynamics can be expressed in the form of (2.25). O

Corollary 2.4.1. A necessary condition for the existence of the functional ob-

server 1s
A
[Kjl sz} ” ’Cj
rank Ao = rank [,AHICJ} (2.35)
A IC
where Ay = |:A112 Agiz ... A, An = [A122 Ao ... Ar22:|
cmdle:diaug([Kjl2 K# ... K3l

Proof. The identity (2.30b) holds if (2.33b) holds. By definition,

O, = j1A112KjJ§ + KjQAiZQKjJi

Ai12

= [Kjl sz} Kjé.

122

Therefore, (2.33b) can be rewritten as
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Ai12

FiAns K = [Kﬂ Kﬂ} Kb, i=1,2...r j=12. r (236
122

Considering all ¢ for each j, (2.36) can be rewritten as

A
ALK, = [Kjl Kj2i| ” K;, (2.37)

22
where A2, Az and KC; are defined in (2.35). The equality conditions in (2.33b)
is equivalent to (2.37). In (2.37), the only unknown is Fj. Therefore, the equality
condition in (2.33b) requires the existence of solution of F} in (2.37). A necessary

and sufficient condition for existence of solution of F} is [83]

rank [Kﬂ Kﬂ} Ao K = rank [Aulcj]. (2.38)

This rank equality ensures the solution of (2.33b), i.e. the equality condition,
but it does not necessarily ensure the inequality condition of (2.33a) will have a
solution. Therefore, this is a necessary condition for existence of the functional

observer. O

Remark 2.4.2. Inspection of (2.33a) reveals that F; can be obtained such that
N;j is Hurwitz by assigning suitable poles with negative real parts, and equality
constraints in (2.33b) hold. In this approach general solution of (2.33b) can be
obtained and (2.33a) can be reformulated using this general solution. Then, F; can
be obtained such that N;; is Hurwitz for each rule to ensure that each subsystem
of the T-S fuzzy model is stable [79]. However, it will require to check whether the

whole system is stable.

Remark 2.4.3. The equality condition in (2.30b) can be modified as minimis-
ing problem [84]. The whole set of feasibility problem can be converted into a

minimising problem as
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minimise ¢

X,Y1,Ya,....Ys
subject to
XNiji + NEX = YNy — NLYT <0, foralli,j, — (2:39)
oI Y;Q — X, o
>0, forallu,y,
(Y, - X0)T ol

where X is a symmetric positive definite matrixz. By minimising d to zero observer

parameters can be obtained.

Remark 2.4.4. When Kjs is a square matriz and rank(Kj2) = m, we can obtain
Ny = lei12Kj_21 + Kngigng_Ql (2.40)

by post multiplying (2.29b) by Kj_gl . This equation can be expressed as (2.33a) if
we consider Nijl = Kleingj_zl + KjQAiZQKjEI and Nijg = Az‘ngj_Ql. As a ’I”@SUZt,
the equality constraints will be eliminated. Therefore, we can obtain F; by solving

(2.30a) only.

Remark 2.4.5. As finding existence conditions and designing a functional ob-
server based fuzzy controller of a T-S model are the primary objectives, this work
considers the simplest form of quadratic Lyapunov function with its first-order
derivative to construct the stability condition. However, higher order derivative of
Lyapunov functions, and other kinds of Lyapunov functions, such as fuzzy Lya-
punov function and piece-wise Lyapunov function can be explored to find the con-
troller and consequently the observer parameters to increase the solution domain
by reducing conservativeness. Stability conditions in LMI form can be modified

further to reduce conservativeness.

Functional observer based controller design procedure: Ap-

proach I
Step 1: Obtain Kj by llSiIlg (221) Determine Aill; Ailg, Aigl,
Aigo, Kj1 and K5 from their definitions;

Step 2: Find F; by solving LMIs in (2.30). Calculate N;; from
(2.33a);



2.4. Functional observer based fuzzy controller 35

Step 3: Calculate T}, and T}, and find T} by using its definition in
(2.29);

Step 4: Find J;; from (2.29a); and

Step 5: Obtain H;; from (2.26b).

2.4.2 Synthesising functional observer based controller: Ap-

proach II

In this approach (2.26a) is treated in a different way. The following theorem
gives stability conditions by which functional observer based controller can be
obtained. Same control gain K obtained from (2.21) is used for calculating the

observer parameters.

Theorem 2.4.2. The observer defined in (2.22) is asymptotically stable if there
exist a positive definite symmetric matriz X and matrices Y1; and Ys;; of appro-

priate dimensions such that

XEZij 4+ 25X = Y0 — VLY — Yoyl — T Yay; < 0 (2.41a)
Yi;CAij + Yoi;C; — XK;A;; =0 (2.41b)
for all i, 7,
where
Mi' - Jij - Nz’j}?j’ Eij — KJAzK;r,
flij:Ai(I—K;“Kj), Cj:C(I—Kij).

Proof. Considering K;r the Moore-Penrose generalised inverse of K, (2.26a) can

be equivalently written as

(T;A; — N1, — J;;C) [Kj I— Kj*Kj =0 (2.42)
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since |K ]+ I—-K ;F Kj] is a full row rank matrix. Using the definition 7T; =

K; — F;C, (2.42) can be expressed as a set of two equations:

(K; — F;C) Al — K K;) — Nyj(K; — F;O) (I — K[ Kj)

Considering K" K; = I, (2.43a) and (2.43b) can be converted into

= F,CA; + M;;C; — K; Ay, (2.44D)

where EU = K]AZK;_, \I’” = CAZK;'_, F] = CK;'_ and MU = JZ] —NZ]F} Consider
V = el (t)Xe;(t) as the Lyapunov function for error dynamics (2.25) such that X

is a positive definite symmetric matrix. When X > 0, we have V' > 0.
The derivative of V' is

= D mal€() (Nige; (1) Xes(t) + ef(t)XZm(ﬁ(t))(Nmej(t))
= D mil€)ef (ONGX + X Nig)e; (1),
Applylng Nij = Eij — F}\I/Z] — MijI’j, we obtain

V= Z i (€ )(XEy + ELX — Yy 0 — UYL 05

— Yai; T — T Yaij)e (1),

where Yy, = X F; and Ys;; = X M;;. From (2.45) it is evident that V < 0if (2.41a)
holds, and the error dynamics is asymptomatically stable. Furthermore, (2.41b)

can be obtained from (2.44b) by pre-multiplying it by X.

It requires to show that the error dynamics of the observer can be expressed

s (2.25). If (2.44a) is used to obtain NV;; from the solutions of F; and M;;

ij
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which are obtained from the solutions of the conditions in (2.41a) and (2.41b),

(2.26a) eventually holds. H;; can be calculated by using (2.26b) to ensure that

this condition holds. Therefore, it is ensured that the error dynamics can be

expressed in the form of (2.25).

]

Remark 2.4.6. Using similar line of proof in Corollary 2.4.1 it can be shown that

the controller exists if the following condition holds:

KA, _
_ CA;
rank | CA; | =rank | 7|,
_ C;
C;
where A; = [Alj Ay ... Ar]’]z M; = [Mlj Ms; ... Mrj] and
C; 0 0
o ¢ 0
Cj = .
0 0 C;

(2.46)

Design steps of the functional observer based controller using Approach II are

described below.

Functional observer based controller design procedure: Ap-

proach II

Step 1: Obtain K; from (2.21). Calculate =,;, ¥;;, I';, A;; and Cj;

Step 2: Find F; and M;; by solving LMIs with the equality condi-

tions in (2.41);
Step 3: Calculate N;; from (2.44a);
Step 4: Find Jij from the relation Mij = Jij - NZJFJ, and

Step 5: Obtain H;; from (2.26b).

Remark 2.4.7. The main difficulty of obtaining functional observer is to en-

sure that the error dynamics in (2.25) converges while the conditions in (2.26a)
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and (2.26b) hold. The identity of (2.26b) is used directly to obtain H;;. How-
ever, (2.26a) requires some transformation so that N;; can be expressed such that
the calculation of N;; ensures (2.26a) holds. The two approaches, described in
Subsections 2.4.1 and 2.4.2, basically differ from each other on the methods of
transformations of condition (2.26a). In Approach I, the advantage of full row
rank of matrixz C' is utilised. An invertible matriz P = [CJF CL] 18 constructed,
and (2.26a) is converted into two equations as given in (2.29a) and (2.29b). It
requires some numerical calculation for finding pseudo inverse and orthogonal ba-
sis of C. Afterwards, (2.29b) is again transformed into two sets of equations in
(2.32a) and (2.32b). Approach II, on the other hand, does not use the transfor-
mation of (2.26a) using P. It transforms (2.26a) using a full row rank matriz
[K;f I — K;Kj] , and obtains two sets of equations (2.43a) and (2.43b), which
are then used to construct the stability conditions. Therefore, each of the ap-
proaches has its own numerical characteristics. Approach I is convenient when
output matriz C' is in the canonical form, such as [[p 0} , and the whole procedure
18 less error prone. More importantly, Approach Il uses one set of transformation
that requires numerical calculation of pseudo inverse of K;, whereas Approach I
uses two sets of transformations that requires calculation of pseudo inverse and
orthogonal basis of C and Kjs. Therefore, Approach I is convenient to use when

C' is in the canonical form.

Remark 2.4.8. The proposed method of obtaining functional observer based PDC
controllers for T-S fuzzy systems in this work is more convenient than the exist-
ing methods presented in [60] and [79]. The method proposed in [60] requires to
solve number of equations to obtain the observer parameters, and then to check
the stability of the whole system. The method in [79], on the other hand, uses
transformation of (2.26a) and obtains N;; such that it is Hurwitz to ensure lo-
cal stability of each subsystem of the error dynamics, and then uses the stability
condition for checking the stability of the whole system. If the whole system is
not stable, another set of observer parameters have to be calculated and the sta-
bility of the whole system has to be checked again. To overcome this difficulty,
the proposed procedure uses LMIs as the stability conditions such that the observer

parameters can be obtained solving these LMIs. Therefore, the proposed method
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is more efficient than the existing methods, because N;; are calculated to ensure

overall stability of the observer.

Example 2.2

This example demonstrates the proposed method of synthesising functional ob-
server and to verify the effectiveness of the method. LMITOOLBOX and MAT-
LAB are used to solve the LMIs and to simulate the systems. A two-rule based
T-S fuzzy system is considered to illustrate the functional observer based PDC

controller construction procedure. System data is as given below:

—-02 7 -1 1 -1 6 1.1 2
-1 -8 -1 1 -2 -6 —-1.1 2
Alz AQZ )
—2 0 -1 1 -1 0 -1.1 2
-1 11 2 -10 1 1.1 2 —10.5
0.1 0.15
—-0.2 —0.30
Blz ) B2: )
0.5 0.40
0.2 0.25
1 0 00
C—
0010

The membership functions of the T-S fuzzy model are as below:

1 1
pi(€(t)) = {1 14 e—?(r1(t)—7r/6} 1 4+ e T@i(t)+n/6

p2(E(t) =1 — m(&(t).

In this system, states z1(t) and x3(t) are measurable. Therefore, we need to
estimate the states to obtain the conventional observer based PDC controller.
However, considering the fact that the PDC controller is the fuzzy summation of
the state feedback controllers of the linear subsystems of the T-S fuzzy model, we
construct functional observer to estimate the control signal directly. Considering

the structure of output matrix C', we can apply Approach I. We find invertible
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transformation matrix P and PDC control gain matrices K and K, as below:

Ky = [22.0295 33.8170 4.8844 —14.0792]>

S = O O
_ o O O

o o O =
o O = O

Ky = [25.8307 54.1962 9.7697 —31.1781]-

Using transformation matrix P we get the following matrices:

02 -1 71
A111: 9 A112: 9
9 1 01
11 8 1
A121: 9 A122: 9
1 9 11 —10
1 11 6 2
A211: 9 A212_ 9
111 0 2
9 11 6 9
A221: ) A222_
1 9 11 -105
K = [22.0295 4.8844}, Ky = [33.8170 —14.0792],
Koy = [25.8307 9.7697}, Koy = [54.1962 —31.1781].

After solving the LMIs with the equality conditions in (2.30), we obtain the

following parameters for the functional observer:

F = [17.9800 76.2628} : b= [18.1564 145.1705} :
Nii = —7.6197, Ny, = —7.6416,
Nay = —5.7395, Nyy = —5.7832,

Ji = [153.0648 —538.5316} . Jn= [304.8924 —1023.505} :
Ja1 = [8.8576 —400.9709} : Jog = [32.5379 —764.5234] ,
Hyy = —44.8635, Hyy = —84.0079,
Hyy = —41.6088, Hayy = —T77.0626.

The time response of the system states of the closed loop system with the



2.4. Functional observer based fuzzy controller 41

15

05 -

a(t)
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Figure 2.2: States of the system with proposed functional observer based controller

T T

—— Proposed Method

---------- Conventional full order observer
Ma and Sun (2001) N

----- Fadali (2005)

15 20 25 30

Figure 2.3: Estimated control signal, (t), using different methods

functional observer based controller is displayed in Figure 2.2. The closed loop
system is stabilised asymptotically. It should be noted that, the main objective of
the functional observer is to estimate the control signal asymptotically, where the
control signal stabilises the system. The performance of the proposed procedure
for obtaining observer parameters can be compared with the procedures proposed
in [60, 79] by comparing the estimated control signal with the conventional full
order observer based PDC controller. Figure 2.3 depicts the control signal esti-
mated by different methods with the conventional full state observer based PDC
controller. It can be witnessed that the proposed method estimates the control

signal effectively to stabilise the system.
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2.5 Conclusion

The fuzzy functional observer is obtained by applying the fuzzy summation to
the linear functional observers of linear subsystems of a T-S fuzzy system. This
observer can estimate the function of states of nonlinear systems expressed by
T-S fuzzy models. Considering the PDC controller as a fuzzy summation of linear
functions of states of a T-S fuzzy model, a fuzzy functional observer has been
employed to stabilise the system asymptotically. The proposed functional observer
based PDC controller reduces the observer size and directly obtains the control
vector by treating the control vector as a function rather than doing it in two steps:
estimating the states and computing the function of estimated states. Stability
conditions are obtained using a quadratic Lyapunov function. LMIs in the stability
conditions can be solved by readily available tools and observer parameters can

be obtained.



Chapter 3

Functional observer based
controller for T-S fuzzy systems

with time-delay

This chapter investigates the construction of a fuzzy functional observer for nonlin-
ear systems with time-delays, and the application of the observer to estimate the
state functions of the PDC controller for stabilising the system. Two types of time-
delays are considered: constant and time-varying delays. The time-varying time-
delay is bounded by upper and lower bounds, and its time-derivative is bounded
above. Stability conditions are obtained using the Lyapunov-Krasovskii functional
approach; and the conditions are transformed into linear matrix inequalities. Func-
tional observer construction procedures are presented considering both constant
and time-varying time-delays. The proposed methods are illustrated and verified

using an example. The main results of this chapter are published in [85]

43
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3.1 Introduction

As time-delays generally cause instability of dynamical systems, designing a con-
troller for a system with delays has been an attractive research area. Time-delay
can be constant or time varying. If the time-delay is time varying the stability con-
ditions can be obtained using the upper bound of the time-derivative of the time
delay. Depending on the nature of the time-delay and the choice of Lyapunov-
Krasovskii functional to analyze the stability, stability conditions may appear in
different forms, which can be classified into two broad categories: delay dependent

conditions; and delay independent conditions [86].

The functional observer and unknown-input observer for linear systems with
time-delay are studied, and observer construction procedures are proposed in [87—
89]. In [90], the authors investigated the existence of delay free low order observers
using the concept of designing a functional observer. In [73, 91], the existence of
the linear functional observer with time-delay has been investigated, and necessary
and sufficient conditions for the observer have been proposed in the form of rank
equality. In [72], the authors presented a functional observer construction proce-
dure considering multiple time-varying time-delays of interconnected systems; and
provided an LMI based stability condition using Lyapunov-Krasovskii approach.
The time-delays were considered to include the internal state delay as well as the
delays introduced due to the communication between the subsystems. Although
the functional observer construction problem with time-delays for linear systems
has been investigated in many works, its application for nonlinear systems with

time-delay is still an open field of research.

To the author’s knowledge, the controller design for nonlinear time-delay sys-
tems using functional observers has not been investigated fully. This chapter
presents the existence of the functional observer based PDC controller for T-S
fuzzy systems with time-delay. Using Lyapunov-Krasovskii functional, stability
conditions of the fuzzy functional observer are obtained so that estimation error
converges to zero asymptotically. Considering constant type delay and bounded

time varying delay, stability conditions are formulated in terms of LMIs separately.
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3.2 Model description and problem formulation

Consider a continuous time T-S fuzzy model of a nonlinear system with time-delay
with r number of rules. In this work, we consider time-delay in the state. The ith

rule of this model is

IF £(t) is M} and --- and &(t) is M
THEN @(t) = Aix(t) + Agiz(t — 1) + Biu(t)

8
—
~
S~—
I

o(t),te[-1,0],i=1,...,r,

where x(t) € R™ is the state vector, u(t) € R™ is the input vector, y(t) € R? is
the output vector, &i(t),...,&(t) are premise variables, and 0 < 7 < oo is the
time delay. Real matrices A; € R™*", Ay € R™" B, € R™™ and C' € RP*" are
the system matrices to represent the ith state space model of the system. MF is
the fuzzy set for £ (f) in 4th rule. Considering {(t) = |£,(t),...,&(t)|, the overall

dynamics can be represented by

Z 1 (E){Aix(t) + Agw(t — 7) + Bau(t)},
(3.2)

y(t) = Cx(t),

where

0 TTho MEER(®)
,Uz(g(t)) = z;zlknlﬁgzl MF (& (1))

with 1,(£(1) > 0 and S, ul&() = L.

Each rule in (3.1) represents a linear model of respective subsystem. Using
same premise variable vector £(t), PDC control vector u(t) can be designed to

stabilise the fuzzy system as [42]

Z 1 (§(8)){u; (1)}

—Zug DGz(8)},
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where u;(t) = K;x(t). Considering the constant type time-delay, K; can be ob-
tained by solving the following stability condition of the system [42]:

AX + XAT + BY; + Y B, + AzW, AL, X .
<
* -W (3.4)

fori=1,2,....r, j=1,2,....7,

where X = X7 > 0, W = WT > 0 and Y; = K,;X. By the definition, wu;(t)
is a linear function of states. Our goal is to obtain the control vector u;(t) for
each rule using a linear functional observer when all or some of the states are not
accessible. We apply the PDC concept to design the fuzzy functional observer of
the T-S fuzzy model. Using the same degree of firing strength 1;(£(t)) of the ith
rule and time-delay 7, we propose the following functional observer to obtain the

control signal:

w;(t) = Z i (§(E){ Nijw;(t) + Nagjw;(t — )

+ J”y(t) + Jdijy(t — 7') + szﬂ(t)}

(1) = w;(t) + Fyy(t) (3.5)
a(t) = Zﬂj(f(t)){ﬁj(f)}
w;i(t) =0 forallte[-7,0],

where w;(t) € R™, F; € R™® N;; € R™™, Nyg; € R™™, J; € R™P Jy €
R™P and H;; € R™*™. Considering the fact that u;(¢) is the linear function of
states x(t), and 4;(t) is the estimated function of states, the estimation error can
be expressed as
¢;(t) = u;(t) —4;(t)
= Tja(t) — w;(t),
where T; = K; — F;C. Consequently, the error dynamics of the functional observer

is
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T

é;(t) = Z 1i(§(8)){Nije; () + Nage;(t — 7)

i=1
+ (T3A; = Ny Ty = Ji;C)a(t) (3.6)
+ (TjAdz — NdijTj — Jdl]C)l'(t — T)
+ (1;B; — Hy;)a(t) }.

The dynamics in (3.6) can be simplified as

é;(t) = Z (i (§(#)){ Nije; (t) + Naije;(t — 1)} (3.7)

if the following conditions hold:

Therefore, our functional observer based controller construction problem is
now converted into the problem of finding observer parameters such that the
error dynamics in (3.7) approaches zero while the conditions in (3.8a), (3.8b) and

(3.8¢) hold.

3.3 Stability conditions

Two types of time-delays are considered in this work: constant type time-delay,
and time-varying interval type time-delay with upper and lower bounds. The
following subsections deal with obtaining the stability conditions for the observer

considering these two types of time-delays individually.

3.3.1 Constant time-delay case

We need to design N;; and Ng; such that the error system described in (3.7)
asymptotically stable, and the conditions in (3.8a) (3.8b) and (3.8¢) hold. To
achieve this objective, we obtain general expressions of NN;; and Ng; by using

the conditions in (3.8a) and (3.8b), and then establish stability conditions by
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employing a suitable Lyapunov-Krasovskii functional to guarantee the asymptotic
convergence of the error system to zero. The following theorem states the stability

condition for the observer.

Theorem 3.3.1. The functional observer described by (3.5) is asymptotically sta-
ble if there exist positive definite symmetric matrices P and R, and matrices Y1,

Yoi; and Yaq;; of appropriate dimensions such that

PEij + EZ-T]-P — Ylj\I/Z»j — \I@Yfg _
— Pidz‘j - Y1j‘1/dij - YZdiij
Yol =15 Y5, + R <0 (3.9a)
* —R
Y1;Qaij + Yaaij®; — PAaij =0 (3.9¢)

fori=1,2,...0r, 7=12...,r,

where
=i = KAKT, Eaij = KjAuKT,
Mij - Jij - Nij-Fj’ Mdij - Jdij - Ndij-Fj7
j=CK], ®; = CK},

Proof. Without the loss of generality, K is assumed to be a full row rank matrix.

Hence, post multiplying (3.8a) by the full rank matrix [ K ;F K jl} , we obtain

(K; — F;C)A; [Kj Kﬂ - Nij(K; = F;C) [Kj Kﬂ

(3.10)
—J. + gl =
J;C [Kj K ] — 0.
After some algebraic manipulation, (3.10) can be rewritten as

where
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Mij:Jij_Niija F]:CK;F,
QUZCAZKJL, (I)chtf(JL and

Similarly, (3.8b) can be converted into

Ndij = Edij — F}'\I/dij — Mdiij (312&)
0 = F’]'Qdij + Mdijq)j - Adij7 (312b)
where
Eaij = KjAu K, Va5 = CAGK,
Mgi; = Jaij — Naij Fj, Qi = CAg K- and
We define

V(e;(t)) = ejT(t)Pej(t) + /t eJT(s)Rej(s)ds

as the Lyapunov function, where P = PT and R = RT are positive definite
matrices. Taking derivative of V' (e;(t)) along the trajectory of the error dynamics,

we obtain

V(ej(t)) = 2€f(t)Péj(t) + ef(t)Rej(t) — e?(t — T)Re;(t — 1)
= 2¢j ()P Z 11:(§(E)){ Nije;(t) + Nagje;(t — 1)}

+ ejT(t)Rej(t) — e]T(t — T)Re;(t — 1)

=D ml€O){e] (1) (PNy; + NP + R)e;(t) — €] (t — 1) Re;(t — 1)

=1

+ e (t)PNgije;(t — 1) + €] (t — T)Ng;; Pe;(t)}.

dij

From the fact that for any matrix Z, the positive definite matrix R, and any

vectors z; and xg, we have [42]

ol Zay+ 2l 770y < 2P ZR1Z% 2y + 2 Ray, (3.13)
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we can write

Z (€ (t)(PNi; + NEP + R)ej(t) — el (t — 7)Re;(t — 7)
e (t)PNdin_lNg;jPej(t) + e;fr(t — T)Rej(t — 1)}

— Z e (t)(PNij + NP+ R+ PNg;R™ "N P)e;(t).
Therefore, if the inequalities
PNij+ NiP + R+ PNy R™'Ng,P <0 (3.14)

hold, we have V (e;(t)) < 0, which implies the asymptotic convergence of the error
dynamics to zero. By applying the Schur complement, (3.14) can be re-expressed

as
PN;; + NTP + R PNy

* -R

(3.15)

Using the expressions of N;; and Ng; in (3.11a) and (3.12a), respectively, we
can rewrite (3.15) as (3.9a) where Yi; = PFj, Ya;; = PM,;; and Yaq; = PMy;.
Multiplying (3.11b) and (3.12b) by P we have (3.9b) and (3.9¢), respectively.

To write the error dynamics as (3.7), N;; and Ny;; are obtained from identities
(3.11a) and (3.12a), respectively. J;; and Jy; are calculated from the definitions
of M;; and My;;, respectively. Finally, H;; can be obtained from (3.8c), and all

the requirements for simplifying the error dynamics are fulfilled. m

The functional observer based PDC controller for T-S fuzzy systems with con-

stant time-delays can be constructed by following the procedure outlined below.

Functional observer based PDC controller synthesis for constant

time-delay systems

Step 1: Find K, using (3.4). Calculate Z;;, Z4;, V5,
®;, A;; and Ay; as defined in (3.11) and (3.12);

‘Pdija F]7 Q Qdija

R

Step 2: Solve the LMIs with the equality constraints of (3.9). Calculate

Fj, M;; and Mgy;; from Yi;, Ys;; and Yag;, respectively;

Step 3: Calculate N;; and Ng; from (3.11a) and (3.12a), respectively.
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Obtain Jij and Jdij from Jij = Mz'j + NUP} and Jdij = Mdij + NdijF

7
respectively; and

Step 4: Find H,; using (3.8c¢).

3.3.2 Interval type time varying time-delay case

We consider the time varying time-delay with lower and upper limits, and a
bounded rate of change. Time-delay 7 in (3.7) is assumed to be a continuous

time-varying function 7 = 7(t) that satisfies

™ > T(t) > T (3.16a)

) <p<l, (3.16b)

where 7, and 7, are known positive scalars that define upper and lower bounds
of the time-delay, and p determines the upper bound of the derivative of the time-
delay function. PDC controller gain K; of the T-S fuzzy model with time varying
time-delay can be obtained by solving the LMIs [42, 86]

[ QAT + A ]
G+ 4G AuQs  BQAT + YT BT
+Y/ Bl + BiY; + Qs
<0 (3.17)
* —(1=p)Q- B AL
| * * — B ]

for some positive definite symmetric matrices )1 and ()2, and matrices }7] of

appropriate dimensions, where

Y, = K;Q, and 8 =1301+ (T — )20

with given positive scalars oy and o,. Our main focus is to design the functional
observer such that it estimates the function of states, u; = K;z(t), directly. The

following theorem gives the stability condition.

Theorem 3.3.2. The functional observer described by (3.5) with interval type
time-delay with assumptions in (3.16) is asymptotically stable if for given positive

scalars (1 and (5 there exist positive definite symmetric matrices Py and Py, and
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matrices Y1;, Yai; and Yaq; of appropriate dimensions such that

=TP + P,
—WLYE = Y10 P - G (E5 P Co(Tar — Tim)
Eaij — Y1;Vai;
ITY) YD, TP gryr (=Tp _uTyl
7 T2 J=J Y F C P g~ 1g 17 g+ 1g
2dijlj — CP1
—(G+ )P —I'7Y50) —I7Y5))
+Ps
. ( ) <0
ClTMEi‘pl Co(Tm — T
—(1=p)P, <de =T T T
x 2, P WYy (P — VY, Y
—20 P,
_FJTY?dij ) _Fgryzgi j)
* * _Clpl 0
i * * * —C2P1 i
(3.18a)

YijQij + )6@'@]' - PlAij =0 (318b)
}/ideij + Y’zdijq)j — PlAdij =0 (318C)

forio=1,2....r, 7=1,2,...,r,

where

= = KjAKS, g = KGAGKS
Uy = CAKS, Wiy = CAGKS,

M;; = Jij — N;; Fj, Mgyij = Jaij — Naij Fj,
r; =CK;, ®; = CK,

Q= CAKL, Quij = CAGKL,

Aij = KA K, Aaij = KjAqi K.

Proof. Consider a Lyapunov-Krasovskii functional

Vie;(t) = Vale; (1)) + Vale; (1)) + Vs(e; (1)) + Vale; (1)),

where
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Vilej(t)) = e () Pre;(2),

w@ﬁ»:/ )P,

6] = TM/ / P36] dsd@
—71n J 40

Vile;(8)) = (mar — 7o) m/ (5) P (s)dsdb,

™

with symmetric positive definite matrices P;, P», P3 and P,. By taking the deriva-

tive of V(t) along the trajectories of the error dynamics, we obtain

V(t) = 2¢] (1) Pré;(t) + e (1) Paej(t) — (1 — 7(t))el (t — 7(t)) Pae; (t — 7(t))

+ TM€ ( VPsé;(t) — TM/t é;‘-F(s)Pgéj(s)ds + (7 — Tm)Qé;‘-F(t)Rléj(t)

— (rar = 7o) /t T (6 Pity(s)ds

—TM

= 2¢] (t)Pié;(t) + €] (1) Poe;(t) — (1 — 7(t))el (t — 7(t)) Pae;(t — 7(1))

+ &7 (8) (3 Ps + (Tar — ™) 2 Pa)é; (1) — Tt /t_ eT'(5)Pacy(s)ds

t—Tm

t—7(t)
— (T — Tm)/t éjr(s)P4éj(s)ds — (m — Tm)/ é?(s)P4éj(s)ds.

—TMm t—7(t)

Applying Jensen’s inequality and the assumption 7(¢) < p < 1, we have

V() < 2¢j (8) Pré; (1) + €5 (t) Peej(t) — (1= p)e (t — 7(t)) Pae;(t — 7(1))
+ 6? t)(TﬁPg + (TM — Tm)2p4)éj(t)

ropt T t
- / éj(s)dsl Py [/ éj(s)ds]
LJ t—7nr t—7nr (321)
[ pt—7(t) T
- / é;(s)ds
i t—Tm
rpt—Tm T t—Tm,
- / éj(s)ds} P, [/ éj(s)ds} :
LJ t—7(t) t—7(t)

Taking n;1(t) = €;(t) — €;(t — i), np2(t) = e;(t — 7(t)) — €;(t — 7ar) and n;3(t) =
e;(t — ) —ej(t — 7(t)), (3.21) can be written as

Py

V(t) < 0 (H)Gn;(1), (3.22)
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where
Py + (r — )2 Ps P 0 000
P Py 0 0 0 0
G- 0 0 —-(1—=-pP~ 0 0 0
0 0 0 —P; 0 0
0 0 0 0o -—-P 0
i 0 0 0 0 0 —P4_
and

) = |67 (0" et — ) 00 nal)” )
Furthermore, considering the error dynamics (3.7), and defining

I =3 m(§() Ny — > pi(§(t))Nagg 0 0 0
0 —1 I I -1 0

AG:

we can write

Njn;(t) = 0.

As a consequence, the error dynamics in (3.7) asymptotically approaches zero if

for all n;(t),
n; ()Gn;(t) <0

subject to N;n;(t) = 0. Using Finsler’s lemma this condition can be equivalently

expressed as N7-"G;N;- < 0. Therefore, considering

o1 i(§() Ny Doy i (E(t)) Naij

JYat

1
0
I
0
1

N N O N O

the inequality, N;""GN:- < 0, can be written as
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iy, Hio
M TR g, (3.23)

where

Hm—Pz—Pg—P4+P12uk Nk]+2m t))NS Py
k=1

+TJ%/[ZMi(§(t))N5PSZNkj
(T3 = Tm) Zuz N&Zuk ))Nij,

Higj = -+ P Z,Mk ) Nagj + Tir( ZMZ Nij) P3Z/~Lk; )) Nag;
k=1

+ (TM - Tm)z(z Nz(é( zg P4 Z ,uk Ndk] and

Hazj = —(1— p)Pp — 2P, + 73 Z,Lbz ))Naij)" P Z,Uk )) Naj

TM - 7—m Z,uz Nd'L] P4 Z ;uk Ndkg

We can obtain the stability condition using (3.23). Taking quadratic terms apart,
and applying the Schur complement and the expressions of N;; and Ng;; from

(3.10) and (3.11), we obtain the stability condition as

Ez;Pl -+ PIEij PlEdij TM(:TP3 (TM - Tm)
=g _
—VEFIP — PLF;Wy;  —PiFUg; VT FT P (E55 1
~VEFT Py
—F]TMgPl — PIMyly —PiMg;l FT;\/[;P ) _\Ijz;FJTP4
—|—P2—P3—P4 _P4 ’ ! _F?MZ,I;PZJO
™ — Tm
(=T Py S <0 (3.24)
¥ —_T
—(1=p)P P (Zdi; Pa
—2P, o —Vai,; F5 Py
I My Ps) P
* * —P; 0
* * * _P4

fore=1,2,...,r, and j =1,2,...,r
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The LMI of (3.24) is a sufficient condition for the error dynamics to approach
zero. Our objective is to obtain Fj, M;; and Mg;; from the solution of this LMI. It
can be seen that F;, M;; and My; are multiplied with multiple LMI variables P,
P3 and P,, which would lead to multiple values of F}, M;; and Mg;;. Therefore,
considering P; = (1P, and Py, = (o P, for positive scalars (; and (5, and defining
new matrix variables Yi; = P Fj, Yy; = Py M;;, and Yaq; = PiMg;j, we obtain
(3.18a) where (; and (, are given scalars. Furthermore, multiplying (3.11b) and
(3.12b) by P, we have (3.18b) and (3.18c¢), respectively.

So far, the asymptotic convergence of estimation error to zero is ensured. To
write the error dynamics as (3.7), N;; and Ng; are calculated from (3.11a) and
(3.12a), respectively. J;; and Jy; are calculated from the definitions of M,;; and

Mg;;, respectively, and H;; is obtained from (3.8c). ]

The fuzzy functional observer based PDC controller for the T-S fuzzy model
with time-varying time-delay can be constructed by following the procedure as

outlined below.

Functional observer based PDC controller synthesis for time

varying time-delay systems

Step 1: Find K; from (3.17). Calculate Z;;, Z4ij, Vij, Yaij, I'j, Q4j,
Q;;, ©;, Aj; and Ay;; from their definitions in (3.11) and (3.12);

Step 2: Specify the range of (; and (5, and respective increments

A(; and A(s. Set ¢4 and (5 to the minimum values of the range;

Step 3: Solve the LMIs with the equality constraints of (3.18). If

a solution is found go to Step 5 else go to next step;

Step 4: Increase (; and (5 by their respective increments and go to
Step 3;

Step 5: Calculate Fj, M;; and Mg;; from Yy, Ys;; and Yoq;,, respec-
tively;

Step 6: Calculate N;; and Ng; using (3.11a) and (3.12a), respec-
tively. Obtain J;; and Jg;; from J;; = M;; + N F; and Jg; =
Magi; + Ngi;j Fj, respectively; and
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Step 7: Find H;; using (3.8c).

Remark 3.3.1. Observing Theorem 3.3.1 and Theorem 3.3.2 reveals that the equa-

tions,

ifleij + }/27;]‘®j - PlAij =0 (325&)

require to have solutions for Yi;, Ya;; and Yaq;. Considering all values of i and

multiplying by P, the identity in (3.25a) can be expressed as

O I U
, 0 ... 0
|:F‘] Ml] MQ] R MT]] 0 ®J R E - A‘lj A.QJ R AT‘] .
0 0 o,

(3.26)

Clearly, (3.25a) has a solution if (3.26) has a solution. Therefore, one necessary
condition for verifying the existence of the fuzzy functional observer is to check

the rank equality [83]

Ay Ao A, - _
QM QQJ 0 j s e
17 2j TJ q)j 0 o 0
® 0 - 0
rank =rank | 0 P,
0 @
0 0 o,
0 0 o, - .

Using (3.25b) and by following the similar line of proof, another necessary exis-

tence condition is given in (3.27).

Remark 3.3.2. The LMI condition in Theorem 3.53.2 is a feasibility problem.
Solution of the LMIs in (3.18) depends on the choice of (; and (3. The ranges

and the increments of the two constants play an important role in finding the
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Aai; Aaoj

[Qa1; Qaoj Qari
Qarj Qan Qar 5 0 0
o 0 - 0 i .
rank 0 @ .| =rank O CI?j (3.27)
L0 0 ®; | L0 0 b

solutions. The solution domain can be increased by choosing smaller values of the
increments and by increasing the ranges. In addition, it should be noted that the
stability conditions are derived by using quadratic Lyapunov-Kravoskii functional.
However, more relaxed stability conditions can be obtained by using fuzzy Lyapunov
functions [92, 93]. Future work will consider using this technique for obtaining

functional observer of T-S fuzzy systems.

Example 3.1

A T-S fuzzy model with two rules is used to illustrate the synthesis procedures
and to verify the stability conditions stated in Theorem 3.3.1 and Theorem 3.3.2.

The plant data for the two-rule model borrowed from [42] are as below:

1 —-0.5 -1 —-0.5
Al = s A2 = )
1 0 1 0
0 -0.2 0 -0.1
Adl - ) Ad2 = )
02 O 0.1 0
1 0.6
Bl - B2 = ;
0 0
=11 1.

In this example, the premise variable is state x1(¢), and the fuzzy sets for
rule 1 and rule 2 are as depicted in Figure 3.1. We calculate K; and K5 using
(3.4) to obtain the PDC controller gains. Then following the functional observer
based PDC synthesising steps considering constant time-delay, we find the observer

parameters as below:
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15

M (z1(8)) M (z1(1))

05

Degree of membership

-1 -0.5 0 0.5 1
1 (t)

Figure 3.1: Fuzzy sets of membership functions

Ky =|-6.3592 —5.0072|, Fy = —6.4750,
Ny, = —1.2142, Ny = —1.0428,
Ji1 = 1.7243, Jog = 1.4728,
Hyp = 0.1158, Hy = 0.0695,
Ng11 = —0.2343, Ngop = —0.1171,
Ja1 = 0.3207, Jao1 = 0.1604,
Ky =1-6.3592 —5.0072], Fy, = —6.4750,
Nyp = —1.2142, Ny = —1.0428,
Jio = 1.7243, Jog = 1.4728,
Hyy = 0.1158, Hy, = 0.0695
Ny = —0.2343, Ny = —0.1171,
Jar2 = 0.3207, Jao2 = 0.1604.

The dynamics of the closed loop system with the functional observer based
PDC controller is simulated for constant time delay 7 = 1 considering different
initial conditions ¢(t) = [1 1]T and ¢(¢t) = [3 1.5]7. Figures 3.2 and 3.3 show
the time responses of the states. It is evident that the functional observer based
controller stabilises the system asymptotically as expected. The performance of
the functional observer based PDC controller is compared with the conventional
PDC controller in both the figures. It shows that the functional observer based

controller is comparable with the PDC controller in the event that all states are
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4 \ \ \ \ \

- - = Functional observer with ¢(t) = [1 1]"

3L Conventional PDC controller with ¢(t) = [1 1]T B
Functional observer with ¢(t) = [3 1.5]7

---------- Conventional PDC controller with ¢(t) = [3 1.5]7

~+

Figure 3.2: Time response of state x1(t) for different input conditions considering
constant time-delay

2.5 T T 1 1 1
- = = Functional observerwith ¢(t) = [1 1]”
oL e, Conventional PDC controller with ¢(¢) = [1 1]7
# Functional observer with ¢(t) = [3 1.5]7
N N (peesosooos Conventional PDC controller with ¢(t) = [3 1.5]7
15F 7

Figure 3.3: Time response of state x(t) for different input conditions considering
constant time-delay

Control input u(t)
&
I=

Figure 3.4: Functional observer based control input u(t), and PDC control input
u(t) for initial condition ¢(t) = [1 1]" considering constant time-delay

not available. It should be noted that the convergence time can be enhanced
by the suitable choice of LMI conditions considering the pole placement in the

preferred region. The main focus of this study is to construct the functional
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04! 4

-15

Control input u(t)

-20 4

-25 b

Figure 3.5: Functional observer based control input u(t), and conventional PDC
control input u(t) for initial condition ¢(t) = [3 1.5]" considering constant time-
delay
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Figure 3.6: Time response of state x;(t) considering time varying time-delay

observer that estimates the control signal directly without estimating the states. It
can be witnessed from the simulation output that the objective has been achieved
successfully. Figures 3.4 and 3.5 compare the estimated control input (¢) with
the objective PDC control input u(¢). In both the cases u(t) converges to wu(t)
asymptotically as the estimation error of the functional observer approaches zero
asymptotically.

Now we consider the time varying time-delay for the same plant. The time-
varying delay is considered to have upper and lower bounds as 7, = 1.5 and
Tm = 0.1, respectively. The time derivative of the delay is considered to have the
upper bound as p = 0.9. Two parameters for the LMI conditions are considered

to be (; = 0.1 and (5 = 0.5. The observer parameters are obtained as below:
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25 T
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Figure 3.8: Functional observer based control input u(t), and PDC control input
u(t) for initial condition ¢(¢) = [1 1]" considering time varying time-delay

Ky = |—-6.1671 —3.6549| , Fy = —4.5957,
Ni; = 0.3651, Ny = —0.7193,
Ji1 = 0.1288, Jo1 = 1.4118,
Hyy = —1.5714, Hy = —0.9428,
Ny = 0.0122, Nyop = 0.0048,
Ja1 = 0.2429, Jao1 = 0.1206,
Ky = |—4.3757 —2.7581|, Fy = —3.4306,
Ny = 0.2163, Ny = —0.7560,
Jis = 0.1519, Jos = 0.0762,
Hip = —0.9451, Hay = —0.5671,

Nd12 == —00115, Nd22 - —00049,
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Jdlg = 01515, Jd22 - 00758

Figure 3.6 and Figure 3.7 depict the time response of the plant. In both cases,
the system state stabilises asymptotically. In addition, Figure 3.8 confirms that

the estimation error approaches zero asymptotically.

3.4 Conclusion

This work explores the effect of time-delay on a fuzzy functional observer and its
application as a PDC controller for T-S fuzzy model. Both the constant type and
time varying time-delay are considered. The time varying time-delay is considered
to have upper and lower bounds with a bounded rate of change. Stability condi-
tions are derived in the form of LMIs with equality constraints. Design method-
ologies for the observer are based on solving the LMIs. Stability conditions are

verified by simulations of numerical examples.






Chapter 4

Robust fuzzy functional observer
for stabilising uncertain T-S fuzzy

systems with time-delay

This chapter presents the stabilisation of an uncertain T-S fuzzy model with time-
delay using a functional observer based fuzzy controller. The model uncertainty
is considered to be norm bounded. The sensitivity of the estimation error to the
model uncertainty is reduced by minimising a cost function, which is formulated by
using an Lo gain constraint. The time-delay is considered to be time-varying with
upper and lower bounds, and a bounded time derivative. Lyapunov-Krasovskii
functionals are used to construct the stability conditions as LMIs. Free-weighting
matrices are employed to obtain delay dependent stability conditions. Due to
the use of the free-weighting matrices, the stability conditions in this chapter
are more relaxed compared with the ones in the previous chapter. Furthermore,
the equality conditions are eliminated from the set of stability conditions for the
observer. Solutions of the LMIs are used to obtain the observer parameters. The
proposed method is verified and illustrated using examples. The main results of

this chapter are published in [94]

65
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4.1 Introduction

Mathematical models of systems may not always describe the dynamics of the
systems accurately because of the approximation of the true dynamics and the
existence of some natural phenomena, e.g., neglected nonlinearities, unmodeled
high frequency dynamics, variation of system parameters due to the change of
the environment, shifting of the operating points, wear and tear of the plant
components, etc. The modeling error affects the stability and performance of
control systems and observers. This modeling inaccuracy, in general, is time-
varying and can be expressed as norm bounded uncertainty in the mathematical
model [95]. The robust stabilisation of a system is acknowledged as guaranteeing
the stability of the closed loop system in spite of the parameter uncertainties. The
robust controller design problem for T-S fuzzy system is a mature field of research
[42, 96, 97].

A functional observer is said to be robust if it estimates the function of states
asymptotically even in the presence of the parameter uncertainty. In [98], authors
investigated the existence and design of robust functional observer for uncertain
fractional order system and presented stability conditions in the sense that the
estimation error approaches zero asymptotically even in the presence of the un-
certainties.

This chapter presents the problem of obtaining a PDC controller using a ro-
bust functional observer considering the time varying time-delay and model un-
certainty. The sensitivity of the estimation error to the model uncertainty is min-
imised by employing the L, gain minimisation technique. Having the upper and
lower bounds of the time varying time-delay, delay dependent stability condition
is formulated as LMIs by using Lyapunov-Krasovskii functional. The functional
observer can be constructed by solving the LMIs.

Notation: R™™ denotes n x m dimensional real matrix and R™ denotes n di-
mensional real vector. I, represents p x p identity matrix. Superscripts ()", (.)*
and (.)~ mean Moore-Penrose generalised inverse, orthogonal basis of correspond-
ing matrix and inverse, respectively. Symmetric components of respective blocks
of a symmetric matrix are denoted by %, and diag(X, X, ..., X) represents a block

diagonal matrix.
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4.2 Model description and problem formulation

Consider a nonlinear system approximated by a T-S fuzzy model with time-delay

and model uncertainty. The ith rule of this T-S fuzzy model is

IF & (t)is M! and --- and &(t) is M}
THEN #(t) = (A; + AA;(1)z(t) + (Aai + AAg(t)z(t — 7(t)) + Biu(t) (1)

z(t) = ¢(t),t € [-7(¢),0],i=1,...,m

where u(t) € R™ is the input, y(t) € RP is the output, z(t) € R" is the state,
7(t) is the time varying time-delay, and & (¢),...,&(t) are the premise variables.
Premise variable & (t) belongs to fuzzy set MF in the ith rule with the degree
of membership defined by membership function MF(&,(t)). Matrices A4; € R™™,
Ay € R B, € R and C € RP*™ represent the ith linear sub system.
Time varying terms AA;(t) and AAg(t) represent the model uncertainty. Taking
§(t) = [&1(t),. .., &(t)], the fuzzy summation,

(t) = Z pi(E(O){(Ai + AA () (1)

+ (Agi + AAy(t))z(t — 7(t)) + Biu(t)} (4.2)

y(t) = Cx(t),

where

l—l Mik : T
ualE() = iSO with puy(§(1) > 0 and Y, w(&() = 1,

represents the overall nonlinear plant dynamics.
The upper and lower bounds of the time-delay are denoted by 7, and 7,,
respectively. The time derivative of time-delay 7(¢) is bounded above; 7(t) < p <

1. The time varying model uncertainties are assumed to be

AAl(t) :RZUZ(t)SZ, 1= 1,2,...,7“ and
AAdi(t) == RdiUdi(t)Sdia 1= 1, 2, Lo, T
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such that time-varying uncertain parameters U;(t) and Uy (t) of appropriate di-

mensions satisfy

UrtU;(t)<I, i=1,2,...,r and (4.3a)

UlbUgu(t) < I, i=1,2,...,m (4.3b)

where R;, S;, R4 and Sy are known real constant matrices of appropriate dimen-

sions.

Remark 4.2.1. The plant model uncertainties, which in many cases may not be
exactly modeled by mathematical expressions, can be generally treated as uncer-
tainties over-bounded by the condition UL (t)U;(t) < I. While U;(t) carries the
actual information of the uncertain nature of the systems, matrices R; and S; link

this uncertainty with the nominal system [99)].

A PDC controller for system (4.1) can be expressed as

u(t) = 3 1s(§()u (1)
= 3 e Ka)

where K corresponds to the linear feedback gain of the respective subsystem.
The procedure for calculating stabilising feedback controller gain K is described
in the next section. Considering all states are not accessible, our main focus is to
employ a linear functional observer to estimate u;(t) for each linear subsystem,
and to obtain u(t) using the fuzzy summation. The proposed functional observer

based PDC controller is as described below:

w;(t) = Z 1 (§ () { Nijw;(t) + Nagjw;(t — )

+ iy (t) + Jaijy(t — 7) + Hia(t)} (4.4a)

(1) = w; (1) + Fyy(t) (4.4b)
u(t) = Z i (E()){a; (1)} (4.4c)

w;(t) =0 for all t € [—7,0], (4.4d)
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where wj(t) e R™, Fj € R™*P, Nij e R™m™, Ndij e Rm™>m, Jij € R™*P, Jdij €
R™*? and H;; € R™*™. Here 4;(t) is the estimated function of states, where u;(t)
is a linear combination of the states x(t) and is defined by w;(t) = K;x(t). The

estimation error can be expressed as

where T; = K; — F;C.
The error dynamics can be expressed as

é;(t) = Z 1(E){Nije;(t) + Naije;(t — 7(1))

+ (TJAdz — Ndz’jTj — Jd@'jc + Tdez’Udi(t)Sdi)x(t - T<t))
+ (1B — Hij)u(t)}.

Error dynamics (4.5) reduces to

é;(t) = Zﬂ(f){Nijej (t) + Naize;(t — 7(t))

(4.6)
+ TyRZUZ(t)SZZL‘@) + T‘deiUdz‘(t)Sdix(t - T(t))}
if we have
TjAdl- - NdijTj - JdijC’ - 0 (47b)

Therefore, the controller design problem for the uncertain T-S fuzzy system
with time-delay using the functional observer turns into obtaining matrices N;;,
Naij, Jij, Jaij, Hij and Fj; such that error system (4.6) is asymptotically stable and
conditions (4.7) hold.
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4.3 Stability condition for the uncertain model

PDC gain matrices K; can be calculated by solving the LMIs presented in the

following lemma.

Lemma 4.3.1. The fuzzy time-delay system described by (4.2) is stable if, for
some given constants 61, 0o, Tm, Tar and p, there exist positive definite symmetric

matrices P, and P, and matrices Y; of appropriate dimension such that LMIs in

(4.8) hold

Py, + AP,
+P AT + B;Y; AyiPy sk(PAT +Y'Bf) R,
+Y;' B}
* —(1=p)Py kP AL 0
* * —T,G9 Py 0
* * * —I
* * * *
* * * *
* * * *
* * * *
I * * * * (4.8)
Ry 0 0 BST 0|
0 0 0 0 PSE
0 kR, kRy 0 0
0 0 0 0 0
-1 0 0 0 0 <0
* —=I 0 0 0
* * -1 0 0
* * * ~1r 0
* % * * —%I_

fori=1,2,....rand j=1,2,... 7.

for k = Tp (01 + 72). PDC controller gain matrices K; can be obtained from the

relation }_/j = ijl.
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Proof. Proof is given in the appendix. O]

Having obtained gain matrices K;, our goal is to construct robust functional
observer (4.4) that estimates the fuzzy summation of function of states Kj;x(t)
directly. The error dynamics of the observer is sensitive to the model uncertainty.
Therefore, our goal includes two aspects: first, to ensure that the estimation
error approaches zero asymptotically if there is no model uncertainty; second,
to minimise the sensitivity of estimation error to uncertainty. The sensitivity
minimisation problem is formulated in the form of minimising a cost function
subject to Ly gain bound constraint. We say that the functional observer is robust

if there exists a positive scalar v such that

lus(t) — 0, lles 0],
Ol @, =

where ||-||, is an Ly norm as expressed below:

9 o
ool = [ ul steyae
The following theorem describes the stability condition of the functional observer.

Theorem 4.3.1. The functional observer described by (4.4) with time varying
time-delay with upper bound Ty and lower bound T,, 1s robustly asymptotically
stable if, for given scalars o1 and o, there exist positive definite symmetric ma-
trices Py, P21, P22, P23 and P24, and matrices W11, Wia, War, Wao, W31, Wss and
Y; of appropriate dimensions such that the optimisation problem in (4.9) has a

solution considering

= = Lo+ PN+ VNG + (NG Py (NG)TY + Py o Py o+ P+ W + WA,

511]2 = PlNdlij + Y}Nc%ij — Wiy + W5+ Way — Wiy,

s 1

25 = 5o+ o) (V) P+ (N)TY),

—1,11 =112

=5 = (PT; + VTR, Z;° = (PT; +YiT})Ra,

522 = (1= p)Py = Wiz — Wiy + Way + Wy, — Wiz — W5,

v

s 1
= = §TM(U1 +09) (Nyg) " Pu+ (N3)'Y5),
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minimise y > 0

subject to
=00 2 W W Z 00 0
* 5322 —W22 ng 5325 0 0
* x =P} 0 0 0 0
x % x —=P5 0 0 0
* * * * Eff 0 0
* * * * * Efj’-G 0
* * * * * * EZJ
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * *
* * * * * * * (4'9)
TMW11 7~'W21 7~'W31 E;ju 53512 0 O ]
TMW11 7~'W22 7~'W32 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 o o0 0 = =t
0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
= 0o 0o 0o 0 o o0|~"
* =0 0 0 0 0
*  E0 0 0 0
* * * —1I 0 0 0
* * * * —1I 0 0
* * * * * —1I 0
* * * * * * —1I
B = —tmoaPr,  E5 =100+ 02) (P + YT R,
E?J’-M = 7'M(O'l + UQ)(Plle + Y;Tf)RdZ,
= = K K+ gSiTSia = =—(—p)P + gSi-Sdi,
E?jB = —Tyo P, E?J’»Q = —T7(01 + 09) P, Eilj(-]’w = —Too P,

lesz—Fle, T]?:_FJ?C, Y; =P Z;, T=Tm— Tm,

N2

and NL, N2 N} i

YK 157 dij’

F} and F} are defined in (4.12a), (4.12b) and (4.12¢).

Proof. Using the definition, 7; = K; — F;C, and considering all values of 7, (4.7a)
and (4.7b) can be expressed as
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nlex cal o ) [7 0
= [KJ.A Kj.Ad} )
where
./\/j = [Nlj Ny ... Nrj} ; Ndj = [Ndlj Naoj
M;; = Jij — Nij Fj Maij = Jaij — Naij
M; = [Mlj My ... Mrj] , My = |:Md1j Mg
A= [Al Ay .. Ar} ) Ag = |:Ad1 Ag
(K, 0 ... 0] o 0
0 K, ... 0
=L 0] c—
0 0 .. K i

The general solution of the unknown matrices of (4.10) can be given as

Fi N; M Ny Mdj] =007 7
(cA oA
K, o
where ¥; = C
0 K,
0 C

arbitrary matrix of appropriate dimension. Nij, Naij,

expressed as

Nij = Nj; + Z;N},
Naij = Né@j + Zer?ij

Mij = Mj; + Z; M,

Maij = My + Z; M

Fy=F} + Z;F?,

C

(] - W]\Pj)v

73

Nd'rj} )

Mdrj:| ’

(4.11)

0 and ®; = [KjA KjAd} are known, and Z; is an

Mygi; and F; can be

4.12a

(4.12e
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Ml

2
N, dij’

dij’

where NL N2 NI

iir WVijr Naigs M2 F! and Fj2 are extracted from (4.11) by

dij> ©j

partitioning ®; and ¥, properly. Consider a Lyapunov-Krasovskii functional

V(t) :ef(t)Plej(t) + /t_ Y e?(S)PQ]-Bj(S)dS +/t ef(s)Pzzej(s)ds

—T™

+/ el (s)Pje;(s )ds+/ o7 (s)Pyx(s)ds (4.13)

/ / (s)Psé;(s d5d9+/ / (s)Paéj(s)dsdb,
—71r J 40 - t+0

where Py, P}, P?, PJ, P}, P; and P, are positive definite symmetric matrices,
and 7,,, and 7); are lower and upper bounds of delay 7(t), respectively. Taking the

derivative of (4.13) along the error dynamics, we have

V(t) = 2¢] () Prié;(t) + e (t) Pyej(t) — (1= 7(t))e] (t — 7(t)) Pye;(t — 7(t))
+ej () Pye;(t) — e (t — mar) Pye;(t — mar) + ] (t) Pye;(t)
— e (t — ) Pie(t — 7o) + a7 (t) Py (t)
— (L= 7(®)x" (t — 7(t) Pya(t — 7(t))

+ &5 () (T Py + (Tar — 7o) Pa)é; (1)

[ dereea- [ dwn o
< 2el (t)Pré;(t) + €] (t)(Py + P§ + P)e;(t)
— (L= p)ej (t = 7(t)) Pyej(t — 7(8)) — ef (t — mar) Pyej(t — 7ar)
— el (t = T)Pie(t — 1) + aT () Pya(t) — (1 — p)a” (t — 7(t)) Pya(t — 7(t))

+ é]T(t)(TMPs + (T — i) Pa)€;(t) — /t o éJT(S)Pgéj(s)ds

t—7(t) t—Tm
- /t ET()(Py + Py)é(s)ds — / &7 () Py (s)ds.

—TM t—7(t)

By using the Leibniz-Newton formula, we can obtain the following identities:

2(e] ()Why + €] (t — (1)) Wia)

(ej(t)—ej(t—T(t)— t éj(s)ds>:O (4.15a)
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2(ef(t)W21 + ejT(t —7(t))Wae)
t—7(t)
e;j(t—7(t)) —ei(t —1ar) — / éi(s)ds ] =0 (4.15b)
t—Tn

2(6?(25)W31 + ef(t — T(t))W?,Q)

t—Tm
(ej(t —Tm) —€(t —7(t)) — / éj(s)ds) =0, (4.15¢)
t—7(t)
where Wy, with k = 1,...,3 and [ = 1,2 are matrices of appropriate dimensions

with real entries. By using the identities in (4.15) and defining augmented vector

¢H(t) = [ejr(t) ej(t—7(t) el (t—7a) el (t—7m) € (t) z"(t) x"(t— T(t))] :

we obtain

_/t_ o €5 (s)Psé;(s)ds
= 205 ()Wae;(t) — 2G5 () Wae;(t — 7(1)) + T(£) G ()WL L5 WY ()

_ /t_ (t)(CjT(t)Wl + éf(S)Pg)P?)—l(WlTCj(t) + Psé;(s))ds, (4.16)

t—7(t)
- /t_ ¢7()(Py + o) (s)ds
= 9T (1) Wae(t — 7(0)) — 27 () Wae, (¢ — 7

+ (ar = ()¢ (O)Wa(Ps + Pa) ™ W5 (1)

t—7(t)
- / (T (OWy + T (5)(Py + F)(Ps + Pr) !

(W3 '¢;(t) + (Ps + Py)é;(s))ds and (4.16b)
_ / o é]T(s)Pgéj(s)ds
t—7(t)
= 207 (t)Wse;(t — 1) — 2¢] (1) Wse; (t — 7(t))

t—Tm

(1 () — )T (WP WG (1) — / GIOLE

t—7(t)

+ ¢1 (s)Py) Pyt (W4 G(t) + Paé;(s))ds, (4.16¢)

where
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Wi Way Wi

Wiz Was Wia
0 0 0
Wi=|o0 |, Wo=1|0 ]|, andWs=| 0
0 0 0
0 0 0

0] 0] 0]

Using assumptions U (t)U;(t) < I and UL (t)Uy(t) < I, the following inequal-

ities can be obtained:

2¢; () PIT; RU; (1) Sia(t) <el () (PITiR;) (P TiR;) e;(t)
o' (t)SE Sz (t) (4.17a)
2¢ () PIT; RaiUqi (1) Swic(t) <el (£)(PiT;Rai)(PiT;Rai) " e;(t)
2T () ST Sux(t). (4.17D)

Applying inequalities (4.17a) (4.17b), it can be shown that

2 P1€] < Z[},Z (PlNij + N5P1>6](t)

+2¢] (1) PiNayje; (t — () + e ()P T R(PIT R) ej(t)  (4.18)
+ el (1) PIT;Rai (P T Ra;) " e;(t) + x” (¢)S] S (t)

2 (t — 7(t)) Sy Saix(t — 7(1)) }

and

5 () (T Ps + (Tar — 7o) Pa) € (t)

= >~ m(EW) {T OANGE (O + | TRUWS: Ty Ralla(t)Su] 7(1)

T
5B OA DR TR [TR TiRa] A6
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+§jT(t) . T(t) — Tmé; (t)Paé;(t) ¢, (4.19)
0 SerSdZ

where e (1) = [eT(¢) eT(e —7(t)], 2" (t) = [2T(t) 2T (e —7(t))], Nij = [Ni;  Nay]

and A = 7/ (P;+ Py). Using the identities in (4.16a), (4.16b) and (4.16¢), and the

inequalities in (4.18) and (4.19), we can write

V(t) < ZCJT(t) (Gij + TuWi Py "W+ (tar — 1) Wa(Ps + Py) "' Wy
i=1

+(Tar — )W Py WE + T00) G(8),

where ~ )
gt g2 Wy Wi  GP 0 0
*x  GB® Wy Wy GF 0 0
x x =P} 0 0 0 O
Gyi=|x * x =P} 0 0o 0|,
* * * *  —T,Pr 0 0
* * * * * fo 0
* % * * * * Gl
with

Gi; = PiN;; + N; Py + Py + P + P} + Wiy + Wi,

gilf = P Ngij — Wiy + Wiy + Woy — Wiy,

Gl = NI,
gi2j2:_(1_p)P21_W12_W1€+W22+W2€_W32_W3€a
gin5 = %Ng;j/\7

3 3

and
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(PT,R, PT,Ry 0 0 |

0 0 0 0

0 0 0 0

[y = 0 0 0 0
0 0 IATyR, LATR,

0 0 0 0
0 0 0 0|

To minimise the effect of parameter uncertainties on the error dynamics, we

assume a positive scalar v and consider

dl/g—it) +ej (He;(t) — 7"’ () K] Kjz(t) < 0. (4.20)

By integration we can write
V(00) — V(0) < / (=T (8)e;(s) + 7% (s) KT K () ds. (4.21)
0

Under zero initial condition, (4.21) eventually implies

/OOO(%T (s)e5(s) — 7% (5) KT Ka(s))ds < 0 = 150l

lw@n, <7 @

Therefore, a sufficient condition for the error dynamics to approach zero asymp-
totically with minimised effect of parameter uncertainty on the convergence of
error can be given as minimising v subject to (4.20). Considering P3; = o1 P; and
P, = 05 P, and applying the Schur complement, it can be shown that the inequali-
ties in (4.20) hold if the inequalities in (4.9) hold, where N;; and Ng;; are obtained

from (4.12a) and (4.12b), respectively. This completes the proof. O

The robust functional observer based controller construction procedure for sta-
bilising a T-S fuzzy system with model uncertainty and time-delay is outlined

below.

Synthesising steps for the robust functional observer

Step 1: Calculate K; from the solution of (4.8). Obtain N};, N2,

i)
Ngij» Nij, M, MZ, My, M3, Fj and F7 from (4.12);
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Step 2: Specify the ranges of o1 and o5, and increments Aoy and

Aoy. Take the minimum value of the ranges of o and oy;

Step 3: Solve the minimising problem in (4.9). If no solution is
obtained, increase o and oy by their respective increments and
repeat Step 3, else follow the next step;

Step 4: Calculate Z; using the values of Y;. Then, calculate N;j,
Nyij, Fj, M;;, and My;; as defined in (4.12);

Step 5: Calculate J;; and Jy;; using the relations J;; = M;; + N;; F}
and Jy; = My;; + NgijF), respectively; and

Step 6: Obtain H;; using (4.7c).

Remark 4.3.1. [t is evident that (4.10) requires to have a solution for some Z;
such that Ni;, Ngij, Mi;, Mg;; and F; can be expressed by (4.12). Therefore, one
necessary condition for the existence of the functional observer is given as the rank

equality as below [83]:

KjA KjAd B T
CA CA,
CA CA,;
K; 0
K; 0
rank =rank | C 0 .
C 0
0 KC;
0 K
0 C
0 C - -

Remark 4.3.2. The solution of the optimisation problem in (4.9) depends on
choosing two scalars o, and oy. This solution depends on the ranges and the
increments of these two scalars. We can increase the solution domain by choosing

smaller increments and larger ranges.

Remark 4.3.3. This chapter considers an uncertain T-S fuzzy model of a delayed
nonlinear system for obtaining the functional observer based PDC' controller. If
there is no model uncertainty in the system, this problem reduces to the problem
investigated in the previous chapters. Therefore, this chapter investigates a more
generalised problem compared with the problems dealt in Chapters 2 and 3. More-

over, the equality constraints of the stability conditions for the observer presented
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Figure 4.1: Membership functions of fuzzy sets My and M}

in Chapter 3 are eliminated in the stability conditions for the observer in this

chapter.

Example 4.1

In this example we apply the proposed method to a two rule T-S fuzzy model for
illustrating the main results. The matrices of the linear systems representing the

two rules are as below:

1 —0.5 -1 =05
Al == 3 A2 - )
1 0 1 0
0 —-0.2 0 —-0.1
Ap = Agp = ;
02 0 0.1 0
1 0.6
Bl = P B2 = 3
0 0
-03 0
C:[l 1], Ry =Ry =Rq =Ry = ;
0 0.3
—0.05 0.02 —0.05 —0.05
S1=5 = ) Syt = Sap =
0 0.04 0.08 —0.05

State variable 1 (t) is considered to be the premise variable. Membership functions

for the x1(t) are displayed in Figure 4.1.
We consider 7, = 0.85, 7, = 0.05, and p = 0.95. By following the steps
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5 1 1 1 1

— — ~FO based controller with ¢(t) = [4 2]T

Conventional PDC controller with ¢(¢) = [4 2]

ar FO based controller with ¢(t) = [-2 — 4]

---------- Conventional PDC controller with ¢(t) = [-2 —4]T
3 7
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Figure 4.2: Time response of state x;(t) for the system in Example 4.1

3 T 1 1 1
\ — — ~FO based controller with ¢(t) = [4 2]
oh Conventional PDC controller with ¢(t) = [4 2] i
3 FO based controller with ¢(t) = [-2 —4]"
1 1 Conventional PDC controller with ¢(t) = [-2 — 4]
| - \ -
OF I
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Figure 4.3: Time response of state xo(t) for the system in Example 4.1

given in Section 4.3, we obtain the observer parameters. SOSTOOLS toolbox in

MATLAB has been used to obtain the results of the optimisation problem of (4.9).

The observer parameters are as follows:

Ky = [—9.7763
Ji = 2.3363,
Ngij = —0.0799,
Hyy = —2.2003,

Ky = [—9.7763

—2.4474] , Ny = —0.3084,
Jo1 = 5.5453,

Ny = —0.0400,

Hy = —1.3202,

—2.4474] : Npp = —0.3084,

Ny = —0.7320,
Fy = —7.5760,
Jai1 = 0.6054,
Jao1 = 0.3027
Ny = —0.7320,
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Figure 4.5: Control signals generated for initial condition ¢ = [-2 — 4]7 in
Example 4.1
J12 = 2.3363, Jao = 5.5453, Fy = —7.5760,
Ng1o = —0.07909, Ng2o = —0.0400, Ja12 = 0.6054

ng - —22003, HQQ - —13202 Jdgg - 03027

Considering two input conditions ¢(t) = [4 2]7 and ¢(t) = [-2 —4]7 system
performances are simulated in MATLAB environment. Figures 4.2 and 4.3 display
the state responses of the system with the proposed functional observer based
PDC controller and the conventional PDC controller [52]. It can be observed

that the proposed functional observer based PDC controller stabilises the system
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asymptotically. Figures 4.4 and 4.5 compare the control signals for these two
methods under two initial conditions. In these figures u(t) is the desired control
input generated using the conventional PDC controller considering all states are
measurable while 4(¢) is the estimated control input obtained by the functional
observer. It can be seen that 4(t) converges with desired u(t). The convergence is
depicted with enlarged graphs in Figure 4.4. In comparison with the conventional
PDC controller, the proposed method can stabilise the fuzzy system satisfactorily.
Nevertheless, its performance can be enhanced by choosing suitable stabilisation

conditions. Future work may consider this point.

Example 4.2

In this example we apply the proposed method to the benchmark problem of
truck trailer system represented by the delayed uncertain T-S fuzzy model [97] for
verifying its applicability. The system is expressed as a two rule T-S fuzzy model

with the following matrices.

—apt 0 0 —agt 0 0
A = aL”—ti 0 0], Ay = aL”—ti 0 0f,
(- 0 0 —(1—a)L 0 0
An=| (1-a) 0 0|, Ap=| (1-a) 0 0f,
_(1—a);§§2 U _(1—a)% U
0.255 o
Ry =Ry =Rgq = Rpp= [0.255] , Bi=DBy= 10|,
0.255 0

S1=5 =S50 =8 = [0.1 0.1 0.1} ;

where a = 0.7, v = —1.0, t = 2.0, t, = 0.5, L = 5.5, [ = 2.8, d = 2. By solving
the LMIs in Lemma 1 for 7y = 0.5, 7, = 0.1, p = 0.4, 51 = 0.01, and 75 = 0.02,
we find PDC gain matrices K; = Ky = [7.0648 —30.1913 0.7873]- This PDC
controller uses state vector x(t) to obtain control law u(t) = > 7, n:(6(¢)) Kjz(t),

where
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Figure 4.6: State responses of the close loop truck trailer system
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Figure 4.7: Control law for the closed loop truck trailer system

1 1
m(B() = (1 1+ exp(3(—06(t) — 0.57r))) 1+ exp(3(=0(t) + 0.57))’
p2(0(t)) =1 = m(6(1)).

Our objective is to design a functional observer based PDC controller so that

the control input is estimated directly without estimating the states. Considering

0 1
C = and following the steps described in Section 4.3, we find the
0 01

functional observer parameters as below.
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Ny = —0.8062, Nps = —0.8062,

Ny = 0.4950, Nyy = 0.4950,

Ngi1 = —2.2310, Ng1o = —2.2310,

Ngo1 = —2.2310, Ngoo = —2.2310,
F = :—78.9713 31.3140] ) Fy = :—78.9713 31.3140] 5
Jin = :161.4356 —24.612(): ) Jig = :161.4356 —24.6120: )
Jo1 = :170.1920 15.1114} ) Jo1 = :170.1920 15.1114} )
Ja1 = :108.8304 —68.1065: ; Ja2 = :108.8304 —68.1065: ;
Jiz1 = —108.8304 —68.1065: : Jizo = :108.8304 —68.1065: ;

H11 = H12 = HQl = HQQ = —10.0926.

The performance of the proposed controller for the truck trailer system is
simulated for an initial condition ¢(t) = [3 -2 5]T. The time-varying delay
is considered to be 7(t) = 0.4 + 0.1sin(¢). Both the conventional fuzzy control
law and proposed functional observer based fuzzy control law are applied to the
closed loop system. The state responses for both cases are displayed in Figure
4.6. The system is stable under the effect of model uncertainty and time-delay.
The functional observer based controller is compared with the conventional PDC
controller in Figure 4.7. Estimated control input 4(t) obtained by the functional

observer converges with the desired control input u(t) as expected.

4.4 Conclusion

A systematic synthesis procedure for obtaining a robust fuzzy functional observer
for an uncertain fuzzy system with time varying time-delay is presented. This
functional observer is employed to estimate control signal that stabilises the sys-
tem asymptotically. The stability of the observer is guaranteed in the sense that
the estimation error approaches zero asymptotically. The sensitivity of the esti-
mation error to the uncertainty of the model is minimised using a performance
index. Lyapunov-Kravoskii functionals are used to ensure asymptotic stability

of the observer and the system; the stability conditions are formulated as LMIs.
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Solutions of these LMIs are used to construct the observer. The proposed design
methodology is illustrated using two examples; the simulation verifies the effec-
tiveness of the proposed method. Future work will consider improving the stability

conditions to guarantee the finite-time convergence of the observer.



Chapter 5

Functional observer based fault

detection of nonlinear system

This chapter presents a new fuzzy functional observer based fault detection tech-
nique for T-S fuzzy systems with time-delay and exogenous disturbance. The
estimation error of the fuzzy functional observer is used to obtain a residual to de-
tect the fault. The proposed fault detection scheme does not require any threshold
to compare with the residual. The exogenous disturbance is decoupled from the
error dynamics using the concept of unknown input observers to ensure the robust-
ness of the residual generator. The time-delay is considered to be time-varying
and bounded. Sufficient conditions are presented to ensure the asymptotic stabil-
ity of the observers by applying LMI approach. A robust fault estimator design
technique using the functional observer is also included in this chapter. The pro-
posed design techniques are illustrated and tested using examples to demonstrate
the effectiveness. The revision of a manuscript containing the main results of this

chapter is under review for publication [100].

87
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5.1 Introduction

Systems are often subject to faults caused by the sudden breakdown or malfunc-
tion of actuators, sensors or other components of the system. A wide range of
work has appeared in the recent decades for diagnosing the faults of both linear
and nonlinear systems considering different aspects including time-delays, uncer-
tainties, exogenous disturbances, and measurement noise [30, 101-107]. The fault
diagnosis process consists of three major steps: detection, isolation and estimation
[104]. The model-based fault detection technique has attracted much attention as
it requires no redundant hardware [108]. The key idea of this technique is to con-
struct a residual that indicates the presence of a fault. The observer based residual
generation technique is regarded as the most useful technique when the system
model is known. An observer is employed to estimate the output, and the residual
is generated using the estimation error, the difference between the estimated out-
put and measured output. The residual is compared with a real-time threshold,
and the fault is identified if the residual exceeds the threshold. It is worth noting
that the calculation of the threshold, in some cases, is a computational burden of
a fault detection scheme. In addition, the order of the observer is of concern when
the system order is high.

The linear functional observer, which estimates the function of states without
estimating the whole set of states, is inherently a lower order observer compared
with a full-order observer. Functional observers for diagnosing faults, however,
received less attention. In [109], the authors presented a functional observer based
residual generator where the observer order is reduced to one. However, it does
not consider time-delay in the system. In [110], the authors extended the approach
of functional observer based fault detection considering time-delay for a linear sys-
tem. However, it does not consider the effect of disturbance on the fault detection
procedure. In [111], the authors presented a functional observer based fault de-
tection technique for a linear system considering model uncertainty. Although the
proposed method considers model uncertainty, it does not consider time-delays.
More importantly, most of the work to date on functional observer based fault
detection considers linear systems. To the best of the author’s knowledge, fuzzy

functional observer based fault detection for nonlinear systems with time-delays
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in the presence of external disturbance has not received much attention.

When the system is subject to external disturbances, an L, norm based per-
formance indicator is calculated to measure the impact of the disturbances on
the residual. The value of the performance indicator is minimised to an accept-
able amount to reduce the sensitivity of the residual to the exogenous disturbance
[103, 112]. Nonetheless, the disturbances can be decoupled from the residual by
considering the disturbances as unknown inputs [113]. In [101], the authors showed
that the unknown input observer can be used to design robust fault detection fil-
ter where the residual possesses the directional property so that the faults can be
isolated as well. Time-delay is another unavoidable phenomenon that makes the
fault diagnosis scheme vulnerable. A holistic approach of fault diagnosis technique
should not only focus on the residual generation, but also consider that the system
may be subject to the time-delay and external disturbances. The residual should
be sensitive by an acceptable amount or, if possible, should be insensitive to the

external noise.

Considering the recent interest of using T-S fuzzy modeling approach for fault
detection of nonlinear systems [103, 106, 107, 112, 114-117], this chapter presents
a novel residual generator and fault estimator for a nonlinear system using the
fuzzy functional observer. The system is subject to time-delay and external distur-
bances. The time delay is bounded by known upper and lower bounds. Lyapunov-
Krasovskii functional is used to construct stability conditions for the observers in
the form of LMIs. The exogenous disturbance is decoupled from the residual
using the concept of unknown input observers. The main advantage of using the
proposed fuzzy functional observer based fault detection method is that, unlike ex-
isting fault detection procedures of nonlinear systems, the proposed method does
not require the calculation of any thresholds. Therefore, considering the real-
time calculation burden, the proposed method is less computationally involved.

Furthermore, it is an inherently reduced order observer.

Notation: R™ denotes n dimensional real vectors, R, denotes positive real
numbers, and R"*™ represents n x m dimensional real matrices. I, denotes a
p X p identity matrix. Symbolic superscripts (-)~, ()7, (-)*, and (-)* mean in-

verse, Moore-Penrose generalised inverse, orthogonal basis, and transpose of corre-
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sponding matrix, respectively. Numeric superscripts and subscripts (+)¥

i; are used

to distinguish among different matrices. In a symmetric matrix, x represents the

symmetric elements of respective blocks.

5.2 Model description and preliminaries
Consider a T-S fuzzy system with the following r number of rules:
IF £1(t) is M} and --- and &(t) is M!
THEN &(t) = Ajz(t) + Agx(t — 7(t)) + Biu(t) + E; f(¢)

y(t) = Cx(t)
x(t) = o(t), t € [-7(1),0),i=1,...,7,

(5.1)

where z(t) € R", u(t) € R™ and y(t) € R? are the state, input and output vectors
respectively, &(t),...,&(t) are the premise variables, and 7(t) is the time delay.
System matrices A; € R™", Ay € R™" B, € R™™ and C' € RP*" describe
the 7th linear subsystem of the T-S fuzzy system for the ith rule. Fault vector
f(t) € R™ affects the state dynamics of a subsystem through a known fault
signature matrix E; € R™™f. The fuzzy set for premise variable & (t) in the
ith rule is denoted by MF. Considering £(t) = [51 (t).. -&(t)}’ the overall system

dynamics can be represented by

Zﬂz D{Aix(t) + Agz(t — 7(1)) + Bu(t) + Ei f(1)} (52)

y(t) = Ca(t),

. — H2:1 Mzk(gk(t)) ; . > r X —
Where Ml(f(t)) er:l Héc:l Mbk(fk(t)) Wlt’h H’Z(g(t)) - 0 and Zi:l Iul(g(t)) L.

The upper and lower bounds of the time-delay are 7); and 7,,, respectively,
i.e., s > T(t) > 7. Without loss of generality, it is assumed that rank(C') = p,
rank(E;) = my, and the faults are linearly independent. The premise variables

and time-delay parameters are known at all times.

Suppose w(t) € R™ is the fuzzy summation of w;(t) € R™, which are linear

functions of states x(t) for respective rules as given below:
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f(t)
u(t) System

y(®)

\I Rule 1 } 21(t)>|| Rule 1 %
. : r(t)

Fuzzy
e summation

\I Z(t \l/ r(t)
I Ruler I Zr()>|| Rule r l%

Fuzzy Fuzzy residual
functional generator
observer

Figure 5.1: Fuzzy functional observer based residual generation scheme of a T-S
fuzzy system

w(t) = 3" w(E®)uy()
= > lE@)La(e)

where L; € R™*" is chosen such that rank(L;) = n,. The procedure of obtaining
L; is discussed in the following. The following fuzzy functional observer is proposed

for detecting the fault of system (5.2):

w;(t) = Z i (§(#){ Nijw;(t) + Naggo(t — 7(1))

+ Jijy(t) + Jaijy(t — 7(t)) + Hyu(t) }

wj(t) = wjovt € [_T(t)v O) )

where Nij € RMoxno, Ndij € RMexno, Jij € R™*P, sz‘j € R™*P and Hij € RmMexm,
In the no-fault condition, i.e., f(t) = 0, w(t) is an asymptotic estimation of w(t).

The residual can be obtained as
r(t) =Y i (E() (Rjbs(t) + Fyy(t)), (5.4)
j=1

where R; € R*70 and F; e R™P are determined such that
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lim r(t) = Qi f)=0 (5.5)

e cif f(t) #0,

with ¢ # 0. Therefore, 7(t) = 0 implies a fault-free condition of the system,
whereas r(t) # 0 implies faulty condition of the system. The functional observer

based residual generation scheme for a T-S fuzzy system is depicted in Figure 5.1.

Defining the estimation error e;(t) = L;z(t) — w;(t), the error dynamics can

be expressed as

é;(t) = Z i (§ () { Nije;(t) + Naije;(t — 7(1))

+ (LA — NigLj — J;;C)a(t)
+ (LjAdgij — NaijLj — Jai; C)x(t — 7(1))
+ (L;Bi — Hij)u(t) + L Ei f (1) }. (5.6)

The dynamics in (5.6) reduces to
é(t) = Z PN €;(t) + Nagge; (t = 7(8)) + L Ei f (1)}, (5.7)

if the following conditions hold:

Lin - Niij - JIJC =0 (58&)

Observer (5.3) estimates L;z(t) asymptotically in the absence of fault f(t) if

the error system
¢;(t) = Z pi(§(0){Nije;(t) + Naije; (t — 7(£))} (5.9)

is asymptotically stable and the conditions in (5.8a), (5.8b) and (5.8¢) hold. Fur-
thermore, by using the definition of the estimation error, the residual generator in

(5.4) reduces to
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ZMJ ) Rje;(t), (5.10)
if

By rewriting condition (5.11) as
EREE (5.12)
C

we can chose L; such that (5.11) holds.

Remark 5.2.1. As C is a full row rank matriz, L; can be chosen to be any linear

combinations of the rows of C' such that (5.12) holds. Then we can obtain the left
null space of the matriz 7 , and take any row of the null space matriz to obtain
R; and Fj.

The residual generation problem is transformed into a problem of obtaining
the parameters of the fuzzy functional observer such that error system (5.9) is
asymptotically stable and conditions in (5.8) and (5.11) hold.

The following lemma is used to develop the stability conditions for the fault

detection observers in the next section.

Lemma 5.2.1. [118] For any real matrices X;, Y;, and S > 0 with appropriate

dimensions, we have

2 Z Z hih; XTSY; < Z hi(XTSX; +YTSY;) (5.13)

i=1 j=1

where h; >0 and Y ;_, h; = 1.

5.3 Fault detection and estimation

5.3.1 Fault detection

We present the following theorem that describes the stability condition for the

observer as LMIs. The observer parameters can be obtained using the solution of
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these inequalities.

Theorem 5.3.1. For given scalars Ty, Tm, 01 and oo, fault detection observer
(5.3) is asymptotically stable if there exist positive definite symmetric matrices
Pl, P21, P22 and P23, and matrices Y;‘j, Wn, W12, WQl, ng, W31 and W32 with

appropriate dimensions such that

E;j‘l Eif —War Wiy myotWi 7o+ 02)War  TooWs E;J%S
* 51‘252 —Way Wi mpyorWia T(o1 + 09)Wae  TooWso Efj’.S
* ox  =P7 0 0 0 0 0
x ok ok =P 0 0 0
<0
x * * *x  —TyorP 0 0 0
x * * * * —7(01 + 09) Py 0 0
* * * * * * —To9 Py 0
* * * * * * * —kP;
(5.14)

forallv=1,2,....,r, j=1,2,...,r, where

Eif = PIN}; + (N " PL+ Yy NZ + (N2)TYE + Py + Py + Py + Wi + Wi,

Ezlj2 = PlNéij + Yide2ij + Wiy — Wiy + Way — Wiy,
B2 = —(1— p)Py + Wia + W5 + Wy + Wy — Wiy — Wi,

T=TM — Tm, K=01Tym + 0oT,

2 = ’f((Nz‘lj)TPI + (Nzgj)T)/;?)ﬂ = = “((Njij)Tpl + (Nc%ij)TYr)

=i =ij ij

with N, N2

57 57

Ny;; and Ng; being defined in (5.20a) and (5.20b).

Proof. Without loss of generality, we assume that L; has full row rank. Therefore,

we can obtain a full rank matrix @); = [ Lf Lﬂ Post multiplication of (5.8a)

by Q; gives
Ni;L; [Lj Lﬂ + J;;C [Lj Lﬂ — LA, [Lj Lﬂ = 0. (5.15)

After some algebraic manipulation, (5.15) can be rewritten as
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JijCLy = Ly AL
Similarly, (5.8b) can be converted into

JauijCL; = LjAg; L.

By augmenting (5.16b) and (5.17b) we obtain
[Jij Jdij] ;= Wy,
CL;y 0

0 COLt
solution of (5.18), we can write

where ®; =

Jaig = [V ®F + Zij (I, — ;9])] )

95

(5.16a)
(5.16b)

(5.17a)
(5.17b)

(5.18)

and V;; = [Linijl LjAdz'jLH . By using the general

(5.19a)

(5.19D)

where Z;; is an arbitrary matrix. Using (5.16a), (5.17a), (5.19a), and (5.19b),

observer parameters N;; and Ng; can be expressed as

Niyj = Nj;+ Zij N},

Ndij = Nc%ij + Zich%ija

I
where N, = LA LT — ;08 | 7| CLY, N} = (9;0] — I,)

0

0
Ny = LA LT —V;0f CLI, Nj

dij

Consider a Lyapunov-Krasovskii functional,

= (2,0 — Iy)

(5.20a)

(5.20b)

CL}

77

CrLY.
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Vi(t) = el (t)Pre;(t) +/t el (s)Pye;(s)ds —{—/t e (s)Pje;(s)ds

(1)

t
+/ el (s)Pse;(s) ds+/ / s)P3é;i(s)dsdd (5.21)
—71r Jt+0

/ / (s)Pyé;(s)dsd,
—Tv  Jt+0

where matrices P, Py, P§, Pj, P3 and P, are symmetric and positive definite. By

taking derivative of V;(t), we obtain

Vi(t) = 2e] () Préj(t) + el () Pyej(t) — (L—7(t))el (t — (1)) Pyej(t — 7(t))
+el (t)Pej(t) — el (t — Tar) Piej(t — Ta) + €] (t) Pyej(t)

— e]T(t — Tm)Pg’ej(t —Tm) + éJT(t)(TMPg + (T — T ) Pa)é;(t)

_ /:TM ¢7(3) Py (s)ds — /tt;m é7(5)Paé;(s)ds

< 2¢f (t)Préj(t) + ef (t)(Py + Py + Py)e;(t)
— (1= plej (t = 7(t)) Pye;(t — (1)) — € (t — Tar) Pyej(t — )
— e (t = Tm) Piej(t — 7)) + € (0)(Tas Ps + (Tar — Ton) P1)é(t)
_ /:T(t) ¢ (5) Pae;(s)ds — /t o ¢7(s)(Py + Py)é;(s)ds

oy

t—Tm

—/ & (s)Paé;j(s)ds.
t—(t)

By using the Leibniz-Newton formula, the following identities can be written:

(T ()W + 11— ()W)
ej(t) —ei(t—7 — éj(s)ds )| =0, 5.23a
(e =est=rn = [ cias) (5.230)

2(e] (t)War + €] (t — 7(t))Was)

—
(ej(t C () — e(t — ) — /t éj(s)ds) 0, (5.23b)

—T™M

2e; ()W + e (t — 7(t)) W)

(ej(t ) — et — 7(t)) — /t o éj(s)ds> 0, (5.23¢)

—7(t)
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where Wy, for k =1,...,3 and [ = 1, 2 are any matrices with appropriate dimen-
sions. By using the identities of (5.23a), (5.23b), and (5.23c), and defining an

augmented vector

we obtain

_ /t () Py(s)ds

)
= 207 ()Whe;(t) — 2] (O)Wae;(t — 7()) + T()¢7 (WP W G(1)

_ /t ) @(CjT (W5 + T (s)Py) Py (WG (8) + Paés(s))ds, (5.24a)

t—r(t)
— /t & (s)(Ps + Py)é;(s)ds

—T™

= 2C7 () Wae;(t — 7(t)) — 2¢T () Wae; (t — Tar)

+ (1ar = T(0))¢ ()Wa(Ps + Py) T Wy ((1)

t—7(t)
- / (W + N (s)(Py + P))(Py + 1)

—TM™

(W5 G(t) + (Ps + Pa)é;(s))ds, (5.24b)

t—Tm
- / el (s)Paé;(s)ds
t

—7(t)
=207 (t)Wse;(t — 1) — 2¢] () Wse; (t — 7(t))

+(7(t) = )G (W Py Wy G(1)

t—Tm
_ / (CT(O)Ws + 7 () Py Py (WEG () + Paty (5))ds, (5.24¢)
t—7(t)
where _ _ ~ _ _ _
Wiy W Wy
W W, W
W — 12 W, = 22 and Wy — 32
0 0 0
0 0 0

By using (5.9) and (5.13) we have

e (t)(Tar Ps + (Tar — 7o) Pa)€;(t)
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- Z Z €€ (Vs (1) + Ny ¢ — 7(0)7A
T ) 4 Nl —)
< Zl i (€(t)) (Nijej(t) + Naje;(t — 7(t) A
_ (Nije;(t) + Naje; (t — 7(t)), (5.25)

where A = 73y Ps + (Tar — 7 ) Py By using (5.24a), (5.24b), (5.24c¢) and (5.25), we

can write

‘/J(t) S ZCT(t) {Qz] + TMW1P§1W1T + (TM — Tm>W2(P3 + P4)71W2T
i=1

(5.26)
H(Tar — ) W P W5+ NGATINT G (0),
where
gilj’l gz-lj’z —Wa Wy NEA
x G2 Wy W NI A
gij _ ij 22 32 and ./V;'j _ dij
x % =P} 0 0
x % x =P} 0
with
Gi' = PNy + NSPi + Py + P; + Py + Wiy + WY,
gilj’z = PNdij + WS — Wi+ Wy — Wy and
Gii' = —(1 = p) Py + Wiz + Wiy + Wy + Wy — Way — Wi
Therefore, the asymptotic stability condition, V (t) < 0, holds if we have
Gij + TMW1P3_1W1T + (Tar = o) Wa Py + Py) Wy (5.27)

+ (Tar — Ti) W3 Py ' WS + NG AN <0

foralli=1,2,...,7rand j = 1,2,...,r. Applying the Schur complement, inequal-
ity (5.27) can be rewritten as
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Egjl 5}52 Wy Wiy Wiy TWo Wi NEA
* 512]2 —Way Wiy mWia TWa TWsy  NgiA
x % =P} 0 0 0 0 0
x % x =P} 0 0 0 0
<0, (5.28)
* * * * —T1ubPs 0 0 0
*  x * * * —7(Ps+F) 0 0
* * * * * * —iP, 0
* * * * * * * —A
where

Ei' = PNy + NEP + Py + Py + Py + Wiy + WY,

511]2 = PyNyij + Wiy — Wiy + Way — Wy and

B2 = — (1= p)Py + Wia + W5 + Wag + Wiy — Wiy — Wi,

Using the expressions of N;; and Ng; in (5.20a) and (5.20b) respectively, and
defining P3 = 01P, Py = 02F, and Y;; = P, Z;; for some positive scalars o7 and
oy the LMIs in (5.28) can be written as (5.14). Furthermore, if J;; and Jy; are
obtained from (5.19a) and (5.19b), respectively, using the solution of Y;; of the
LMIs in (5.14), and H;; is obtained from (5.8c), then all of the conditions of (5.8)
will be satisfied. ]

Remark 5.3.1. Observer matrices N;; and Ng;; can be expressed in the form of
(5.20a) and (5.20b), respectively, if J;; and Jy; have solutions. The existence

conditions of these solutions can be given as a rank equality condition as below:

cLt o
rank 0 C LjL = rank
LinLj L]-AdiLjL

CLF 0

(5.29)
0 CLF

The procedure for constructing a functional observer based residual generator

of a time-delay T-S fuzzy system is outlined below.
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Fuzzy functional observer based residual generator design

algorithm
Step 1: Find L, following the procedure described in Remark 5.2.1;

Step 2: Specify the ranges and increments of o; and o5. Set oy

and o, to the lower limits of the ranges;

and N?

dij

Step 3: Obtain N}, N2 N}

i Nizs Naij using (5.20a) and (5.20b);
Step 4: Solve the LMIs of (5.14). If there is a solution, jump to

Step 6, else proceed to the next step;

Step 5: Add the increments with ¢; and o5 and jump to Step
3;

Step 6: Obtain Z;; using the solutions of the LMIs and calculate
N;; and Ny;; using (5.20a) and (5.20b) respectively;

Step 7: Calculate J;; and Jg;; using (5.19a) and (5.19b), respec-

tively; and

Step 8: Obtain H;; using (5.8¢).

Remark 5.3.2. The proposed method for constructing the observer applies the
technique of parameterising observer matrices N;;j, Ngij, Ji; and Jg; using the
general solution of respective equations in terms of unknown matriz Z;; and known
N2%, N}

. 1 2 .
matrices Ni;, Niz, Ny, Ny, ®; and Wy; calculated from known system matrices

ij
A;, Agi and C. We can obtain Z;; from the solution of the LMI based stability
condition for the observer. Therefore, the construction of the observer matrices
ensures the asymptotic stability of the observer. Although the parameterisation
imwvolves more algebraic calculation compared with existing observer based residual
generation techniques, the proposed residual generation method eliminates the re-

quirement of real-time threshold calculation as well as reduces the observer size

significantly.

Remark 5.3.3. If the system has a single output, i.e., C' has one row, we cannot
obtain L; by following the procedure stated in Remark 5.2.1. We can obtain L,
by applying the concept of functional observability. Each subsystem of (5.2) is
functional observable for Lq if and only if [76]
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C
CA;
: C
C’A}‘_1 CA;
rank = rank
Ly
LyA,; (]A?_1
n—1
_LOA]. |
Considering Ly = C, we can obtain L; = ~O , where [~/j 18 constructed such that
J
it belongs to the row space of i i
C
CA;
CA;?’l

Remark 5.3.4. If L; is nonsingular, we do not need to calculate pseudo inverse

L;r and orthogonal matriz L. As a consequence, we have

I
1 _ -1 2 p -1
1 —1 2 ]P —1
Jij 0
0 Juij

Once we find Z;; from the solution of the stability condition for the observer, J;;

and Jgi; can be calculated by partitioning Z;;.

5.3.2 Robust fault detection

It is common that the fault detection process is subject to external unknown
disturbances. In this subsection we present a functional observer based resid-

ual generator that is robust against external disturbances. Consider a T-S fuzzy
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model:

Z i (E(E){ Ag(t) + Aqi(t — 7(t)) + Biu(t) + E; f(t) + Dyd(t)}
(5.30)

y(t) = Cx(t),

where d(t) € R™ is unknown external disturbance, D; € R™ and the other
matrices are as defined in (5.1). We use the following fuzzy functional observer

for constructing a robust residual generator.

= Z i (§(E){Nij 2 (t) + Naijzi(t — 7(1))

+ Jigy(t) + Jaizy(t — 7(t)) + Hyu(t)} (5.31)
Zj(t) = Zjp, L € [_T(t)7 0)

wi(t) = z(t) + Myy(t),

where Nij c Rnoxno, Ndij S Rnoxno’ Jij S Rnoxp’ Jdij S Rnoxp’ Hij c Rn"xm, and

M; € R"*P. The estimation error dynamics can be written as

Z wi(E(t)){ Nije(t) + Naje(t — 7(t))

+ (Tj Ay — Nij Ty — J;;C)x(t)

5.32
+ (TjAdgi; — NaijTj — Jai C)a(t — 7(t)) (5:32)
+ (T;Bi — Hij)u(t)
+TGE f(t) + T;Dyd(1)},
where T; = L; — M;C. The dynamics in (5.32) reduces to
Z HE{Niyes (1) + Nage; (t = 7) + TES (1)} (5.:33)
if the following conditions hold:
iTJAZ - warj - JZ]C =0 (534&)

j}Adij - NdijT’j - JdijC = O (534b)



5.3. Fault detection and estimation 103

T;B; — H; = 0 (5.34c¢)

L;D; — M;CD; = 0. (5.34d)

Remark 5.3.5. If T; = 0, the estimation error e(t) approaches zero when the
observer is stable even if f(t) # 0; as a result, (5.10) will not produce any residual.

Therefore, one condition that the proposed observer can be used to generate residual

is T; # 0. Furthermore, (5.34d) holds if
D= D1 D2 Dr

has left null space. Therefore, considering the order of the observer (5.31), T can
be obtained as any combination of rows of the left null space of D. Considering

the full row rank of C, one solution of M; can be given as
M; = (L; — T;)Ct(cc™y—'. (5.35)

We use the residual generator in (5.4) to construct the residual for detecting
the fault. The stability condition for observer (5.31) is provided in the following

theorem.

Theorem 5.3.2. For given scalars Ty, Tm, 01 and oo, fault detection observer

(5.31) is asymptotically stable if there exist positive definite symmetric matrices

Pl, PQI, P22 and P23, and matrices Y;‘j, Wn, ng, ng, WQQ, W31 and W32 with

appropriate dimensions such that

(=11 z12 - - =18 ]
‘:ij ‘:'ij —W21 W31 TMO'1W11 T(O’l + O'Q)WQl TUQng :‘ij
=22 Wy W Wiy 7 Wy FouWsy Z2°
* o=y —Was 32 TmMO1Wi2 7'(01 + 02) 22 TO2W32 =y
x % =P} 0 0 0 0 0
x ok *x =P 0 0 0 0
<0
* * * * —TMO'1P1 0 0 0
* * * * * —7(01 + 09) Py 0 0
* * * * * * —To9 Py 0
* * * * * * * —kP

(5.36)
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forallv=1,2,....,r, j=1,2,...,r, where

=i = PUNG + (NG Py Yy NG o+ (NG)TY )+ Py o+ Py o Py o W+ W,

St =
éll]2 = PlNéij + ffijNa%ij + Wiy — Wiy + Way — Wy,
Eit=—(1—p)Py + Wiz + W + Wag + Wy — Way — W,

T=TmM —Tm, K=01Ty + 09T,

By = “((Nz‘lj)TPI + (Nl%)T}Z‘?)’ B = “((Néz’j)Tpl + (Nc%ij)TY/T)v

=1 7 i

and N%, N2, N!

ij7 K dij

and Ngij are as defined in (5.40a) and (5.40Db).

Proof. Post multiplication of (5.34a) and (5.34b) by @), gives

Ny = TjA L] — S;CL], (5.37a)
Si;CLy = Ty ALY, (5.37b)
Nyj = T ALY — SaiyCLT, (5.37c)
SaijCL; = T;Ag; Ly, (5.37d)

where Sij = Jij — NijMij and Sdij = Jdij — NdijMdij- By augmenting (537]3) and
(5.37d) we obtain
Sy Say| @5 = Uy (5.38)

where U;; = [TjAZ--L.L TjAdijLﬂ and ®; is defined in (5.18). By using the

I
general solution of (5.38), we can write

Sij = [‘i’ij@ + Zij(Ip — <I>j<1>j)]

J

(5.39a)

J

Saij = [‘T’ij@* + Zij(1yy — <I>j<1>j)] (5.39h)

where Z;; is an arbitrary matrix. Using (5.37a), (5.37c), (5.39a) and (5.39a), N;;

and Ng; can be expressed as below

Nij = Nj; + Zi; N}, (5.40a)
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Naij = Njyj + Zig N, (5.40b)
where N}j, ij, N 4i; and N2 ; can be expressed by following the partition technique
used in (5.20). Following the similar line of proof in Theorem 5.3.1 we can obtain

the stability condition in (5.36) O

The procedure for constructing a functional observer based robust residual

generator for a T-S fuzzy system is outlined below.

Fuzzy functional observer based robust residual generator

design algorithm

Step 1: Find L, following the procedure in Remarks 5.2.1 and 5.3.3.
Calculate T and M; as described in Remark 5.3.5;

Step 2: Specify the ranges and the increments of o; and o5. Set o4

and o, to the lower limits of the ranges;

\/2
N2,

Step 3: Obtain N}

17

(5.40a) and (5.40b);

Njij and Ngij using their definition in

Step 4: Solve the LMTs of (5.36) and calculate Z;;. If there is a

solution jump to Step 6, else proceed to the next step;
Step 5: Add the increments with oy and o and jump to Step 3;
Step 6: Obtain N;; and Ny; using (5.40a) and (5.40b) respectively;

Step 7: Obtain S;; and Sg; using (5.39a) and (5.39b) respectively.
Then calculate Jij = Sij + Niij, Jdij = Sdij + Ndiij; and

Step 8: Find H;; using (5.34c).

5.3.3 Fault isolation

This subsection presents the fault isolation technique of a T-S fuzzy system by
applying a functional observer. If the gth fault is to be detected, the other faults
can be considered as disturbances for the fault residual generator dedicated for

the gth fault. Therefore, the model described by (5.30) can be re-written as
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#(t) = Z pi(€ @)/ Aix(t) + Aga(t — (1)) + Bau(t) + €] fo(t) + Dyd(t)} (5.4)

y(t) = Cx(t),

where e} is the gth column of E;, f,(t) is the gth fault of the fault vector f(¢),
E! € R™Mm=1 is the matrix composed of the columns of FE; except the gth
column, f, € R™ 1 is the fault vector except the gth fault,
b= | Ol ana d(t) = d(f)
0 Ef fa
Using the similar technique for residual generation considering external distur-
bance described in the previous subsection, we can design the functional observer
to isolate the faults. In this case, we need to construct my number of observers
to detect the faults independently. The procedure for constructing the proposed

fault isolator is outlined below.

Fuzzy functional observer based robust fault isolator design

algorithm
Step 1: Calculate D; using its definition in (5.41); and

Step 2: Follow the steps described in Steps for obtaining fuzzy func-
tional observer based robust residual generator in Subsection

5.3.2 by replacing D; with D;.

5.3.4 Fault estimation

We consider the T-S fuzzy system with time delay subject to external disturbance
as described in (5.30). The fault estimator estimates faults asymptotically. The
time-derivative of the time delay is assumed to have an upper bound, p < 1. The

following fuzzy functional observer is proposed to estimate the ¢th fault:

zi(t) = Z i (§ () { Nij2i(t) + Naijzi(t — 7(1))

+ Jy(t) + Jugy(t — 7(8)) + Hyu(t) + Ky f1(t)}

Zj(t) - Zjovt € [_T(t)a O)
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- T Z 1i(§(8))Gize;(t)
fa ) = Z i (€) F1(2)

where Nij € RTLOXTLO, Ndij c Rnoxn(), Jij c RnOXp, Jdij c RnoXp, Hij € Rnoxm, and
I' € R, is the learning rate.

By defining the estimation error of the functional observer as e;(t) = w;(t) —

L;x(t), the overall error dynamics can be expressed as

= Z Hi(EONNie; (1) + Naiges (t = 7(8)) + Ky f](8) = TEf2(8)}, (5.43)

if the following conditions hold:

T']AZ - NZ]T‘] - JZ]C = 0, (544&)
TYjAdZ‘j - NdijI} - sz‘jc = 0, (544b)

where Tj = L; — M;C'. Defining the estimation error of the ¢th fault as €} (¢) =
ff(t) — f9(t), and considering f(t) = 0, error dynamics (5.43) can be further

reduced to
é;(t) = Z pi(§(){Nije;(t) + Nayge; (t — 7) + Kyjef (1)} (5.45)

if we have

The stability condition for the proposed fault estimator is presented in the

following theorem.

Theorem 5.3.3. Fuzzy functional observer (5.42) estimates the fault asymptot-
ically if the conditions in (5.44c), (5.44d) and (5.46) hold, and for some given
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positive scalar p < 1 there exist positive definite matriz Py and matrices Y;; such

that
Na! 1T \72 \2\Tv T 2
PN + (N;)" Py + Yy NE + (N5) Y PlNdzj + YmNdzg <0, (5.47)
* ~(1=p)P
foralli=1,2,...,r and j =1,2,...,r, where N}], ij, Njw, and Ngz] are given

n (5.40a) and (5.40b).

Proof. We construct D; and d(t) as described in Subsection 5.3.3, and obtain N;
and Ng; by following the similar line of proof in Theorem 5.3.2. We consider the
following Lyapunov-Krasovskii functional to establish the stability condition such

that the estimation error approaches zero asymptotically:

Vi(t) = ejT(t)Plej(t) +/t “ e]T(s)Pgej(s)ds + ey, (t )= efj( ), (5.48)

where matrices P, and P, are positive definite and symmetric. Taking the deriva-

tive of V (t), we have

Vi) = 2¢] (1) Pré;(t) + €5 (t) Pae;(t)
— (L= 7(t))ej (t — 7(t)) Pac;(t — 7(t)) + 2ep, (1) T~ Vég, (2)

T

< 2el (t) Py Z i (§(){Nije;(t) + Naige;(t — 7(t)) + Kijep; (1)} (5.49)

+ () Paes (1) — (1= )el (¢ = (1)) Pac (¢ — 7(0))

426, (LT e (1),
Using (5.45) and considering f(t) = 0, we can have

2y, (t) T ey, (1) = 2ef.<t>Tr-1<fj<t> — f(1))
= ey, (t) FZMZ ))Gize;(t)) (5.50)

= _QZM (t)Gije;(t).

Using (5.40a) and (5.40b), inequality (5.49) can be expressed as
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Vi) < 2] ()Pr Y (€O (NG + ZigNes () + (Niy; + ZiyNag e (t — 7(2))}

i=1

+ej () Paej(t) — (1= plej (t — 7(1)) Paes(t — 7(t))

o7 ; PlNilj + (Nilj)Tpl + Y;jNiZj + (szj)TY‘]T PlNéz‘j + }/;jNgij (t
=1 (t) n;(t)
* —(1=p)P,

(5.51)
where Y;; = P, Z;; and ni(t) = [e](t) el (t — 7(t)] if we have Gy = K[ P
Therefore, the LMTs in (5.47) ensure Vj(t) < 0, which eventually ensures asymp-
totic convergence of the estimation error to zero and guarantees the asymptotic

estimation of the gth fault f7(¢). O

The procedure for constructing the proposed functional observer based fault

estimator for nonlinear system is outlined below.

Fuzzy functional observer based robust fault estimator de-

sign algorithm

Step 1: Calculate D; using its definition in (5.41). Take a positive

real number for p;
Step 2: Solve the LMIs in (5.47); and

Step 3: Follow the Steps 6, 7, and 8 described in “Steps for obtain-
ing fuzzy functional observer based robust residual generator”

in Subsection 5.3.2.

Example 5.1
Consider a T-S fuzzy system with two rules to illustrate the fault detection, isola-
tion and estimation technique described in this chapter. The system matrices of

the T-S fuzzy model are as follows:

-02 7 -1 1 1 0 -1 0

-1 -8 -1 1 -8 —4 -1 0
Al — 9 Adl - Y

-2 0 -1 1 0O 0 -1 0
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-1 6 -1.1 2 1.2 0 -1 0
-2 —6 —1.1 2 -3 4 -1 0
AQ = Ad2 =
-1 0 -1.1 2 0 0 -1 0
1 11 2 -10.5 —22 14 2 =35
0.1 0.15
—0.2 —0.30
Bl = s B2 = )
0.5 0.40
0.2 0.25
10 1
11 1
E1 - E2 = y Dl = D2 = ,
0 1 1
0 0 0
1 00
010

The subsystems of the fuzzy model are interconnected by weighting functions

pi(ze(t)) = 17tanh(($;(t)71)/10) and po(x1(t)) = 1 — py(x1(t)). The external distur-

bance is assumed to be zero-mean Gaussian white noise with standard deviation
5. The time-delay is considered to be 7(t) = 0.2 + 0.1 sin(¢). Suppose the fault
vector has two faults. Fault 1 is a step fault starting at the 10-second mark un-
til the 50-second mark. The second fault, Fault 2, starts at the 30-second mark
and continues until the 70-second mark. There is an overlapping between these
two faults during the period from 30 seconds to 50 seconds. A unit step input is
applied to the system at ¢t = 2 seconds. The system outputs subject to the faults

and the disturbance are shown in Figure 5.2.

Our objective is to obtain residuals such that each fault can be identified
individually even though there is an overlapping period between the faults. The
residuals should be insensitive to the disturbances. Using the technique described
in Remark 5.2.1, we consider the functions for the fuzzy functional observer to be
Ly =1Ly = [1 00 ()] . By following the procedure described in Subsection 5.3.3
we obtain the observer parameters. The LMIs are solved using LMITOOLBOX of
MATLAB. Considering the bounds of time delays 73, = 0.4 second and 7,,, = 0.01
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20 I
—— Output 1
15 ——Output 2
Output 3
10+

System output

Figure 5.2: Outputs of the plant

second, and scalars 0; = 0.1 and 09 = 0.3 the observer parameters are obtained

as given below.

The observer for generating the residual to detect Fault 1:

Nip = Nig = Noy = Nog = —1.3910, Ngi1 = Na12 = Nao1 = Ngoz = —1.2188,
Ju = Jio = [2.1910 13.6090 O} ; Jor = Jag = [2.3910 10.6090 O] )
Jin = Jae = [10.2188 2.7812 0} o Jaz = Jae = [5.4188 —5.2188 0} )
Hy, = Hyp = 0.30, Hy = Hyy = 0.45,

M1:M2:[0 1 0}, Ri =Ry =2

Fi=F= [—2 0 0}-
The observer for generating the residual to detect Fault 2:

Ni1 = Nig = Ngp = Npp = —1.3910, Nai1 = Nai2 = Nag1 = Naoz = —1.2188,
Ji = Ji2 = [—1.0000 6.6091 1.3909} ;o Jan = Jw = [1.0000 4.6091 1.3909} )
Ja1 = Ja2 = [8.0000 2.7813 1.2187} v Jaz = Jag2 = [3.0000 —5.2187 1.2187] 5

Hyy = Hip = Hy = Hayy = 0.70, M, = M, = [1 1 —1} ;
Ri=Ry=2, F=F=|-20 0
The fault detection residuals generated by the proposed functional observer

is depicted in Figure 5.3. The fault detectors can generate residuals to isolate

the faults from each other. The residuals are not affected by the disturbance.
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12
—fi(t)
10+ — fR®ON
N ri(t)] |
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Figure 5.3: Residuals to detect and isolate the faults

The main feature of the functional observer based fault detection is that this
method does not require any calculation of thresholds. The graphs of the residuals
demonstrate this feature.

Now, the faults are estimated using the functional observer. The upper bound
of the derivative of the time-delay p is taken as 0.5, and we consider I' = 1. The
observer is constructed by following the procedure stated in Subsection 5.3.4. The
fault estimation observer parameters are as below.

The observer parameters for estimating Fault 1:

Ni1 = Nig = Ny = Nyy = —4.8596, Nai1 = Ng12 = Nga1 = Nggo = 0,

Jin = Ja = [—5.6596 —10.1404 o] ;o Ju=Jop = [—5.8596 —7.1404 0} ;
Jai1 = Jaz = {—9.0000 —4.0000 0} ;o Jazn = Jaz2 = [—4.2000 4.0000 0} ;
Hy, = Hyy = —0.3000, Hy = Hyy = —0.4500,

K11 = Kip = Ko = Ky = 1.0000, My = M, = [2 —1 0] '
The observer parameters for estimating Fault 2:

Ni1 = N1z = Ny = Nayy = —4.8596, Nai1 = Ngi2 = Ngoa1 = Ngzz2 = 0,
Ji=Jr = [~10000 3.1404 4.8506], Jar=J = |L0000 11404 4.8506],
Jan = Je1 = |8.0000 4.0000 0], Jon = Jea = [3.0000 ~4.0000 0],
Hyy = Hyp = 0.7, Hyy = Hyy = 0.7,

Ky = Ky = Koy = Kay = —1.0000, My=My=[1 1 —1].
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Figure 5.4: Estimated faults using the fuzzy functional observer

The simulation output of the fuzzy functional observer based fault estimator
is displayed in Figure 5.4. It can be seen that the proposed method estimates
the faults asymptotically without being affected by the external disturbances and
time-delay.

Example 5.2: Fault detection of a truck-trailer system

In this example we apply the proposed fault estimation method to a benchmark
problem of the delayed T-S fuzzy model of a truck-trailer system with exogenous

disturbance [119]. The matrices that describe the linear subsystems are

—a#ﬁo 0 0 —a#ﬁo 0 0
A= a L%o 0 0], Ay = a L”ﬁo 0 0f,
v2g2 vt v2g? dvt
|—035m i O —adgnn w0
—(1—a) 0 0 —(1—a)f% 0 0
An=| (1-a)L 0 0f, Ap=| (1-a)2- 0 0f,
U2? U??
_(1—a)2LftO 0 0 _(1—a)gL—l§0 00
T 0
Bi=B= 0], Dy=Dy= |4,
0
0 0

where z1(t) is the angle difference between the truck and the trailer, z5(t) is the
angle of the trailer, x3(t) is the vertical position of the rear end of the trailer, u(t)
is the steering angle, a is the retarded coefficient, v is the constant backing up

speed, [ is the length of the truck, and L; is the length of the trailer. The premise
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Figure 5.5: Time response of the truck-trailer system
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Figure 5.6: Comparison of estimated faults with the actual fault for the truck-

trailer system

variable £(t) = wy(t) + agtai(t) + (1 — a)QU—Lflxl(t — 7(t)) and the membership

2L,

functions are

1

1

pa(§(t) =
p2(E(t) =1 — m(&(t)).

(1 1+ exp(3(=£(t) — O.57r))) 1+ exp(3(—£(t) + 0.57))°

Considering a = 0.7, v = —1.0, t = 2.0, to = 0.5, L; = 5.5, 1 = 2.8, d = 10%

and following the observer construction steps described in Subsection 5.3.4. for

™ = 05, 7, = 0.1, p =04, and L; = Ly =

observer parameters:

[1 1 1], we find the following

Ny = —4.8596, Nyp = —4.8596,
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Ny = —4.8596, Ny = —4.8596,
Nagin =0, Naio =0,
Ngo1 =0, Nazo = 0,
Ji = [53687 0 0|, Ji2 = 53687 0 0|,
Jor = 53687 0 0], Jor = [5.3687 0 0],
Jan = [0.2182 0 0], Juz = 02182 0 0],
Jan = 02182 0 0], Ji = 02182 0 0],

H11 - H12 - H21 == H22 - —14286, Kll - KIQ = K21 - KQQ == —14286,

Ml = M2 = |:0 1 1] ) Gll = G12 = Ggl = Ggg = —7.1429.

The performance of the observer is simulated for estimating a step fault applied
to the system. Figure 5.5 displays the time response of the system states. Figure
5.6 compares the performance of the proposed method with conventional adap-
tive fault estimation method [120] and learning observer based fault estimated
method [119]. It can be seen that the estimated fault converges to the actual
fault asymptotically. It is evident that the proposed method estimates the fault
satisfactorily.

Example 5.3: Fault detection of bearing fault of DC Motor
This example employs the proposed fault detection scheme for detecting the bear-
ing fault of a permanent magnet DC motor. The dynamics of a permanent magnet

DC motor is expressed by

ta(t) = —%ia(t) - %w(t) + %u(t)
o(t) = K71Ti“<t) _ fw() J;lfpcu (t) TO(t)J:r T1’

where i,(t) is the armature current, w(t) is the rotor speed, u(t) is the armature
voltage, R, is the armature resistance, L is the inductance of the armature, J; is
the normalised inertial moment, f, is the friction coefficient due to the bearing
lubrication condition, f, is the friction coefficient due to aerodynamics, 7j is the
friction torque, and T3 is the load torque. A common source of fault for this kind

of machine is the breakage of the bearing system. The fault at the bearing causes
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a sudden high friction torque Ty. The torque produced due to the bearing fault is
significantly high compared with the torque during a normal operating condition.
Therefore, it can be assumed that the total torque produced by the motor is equal

to the fault torque f(t).

The dynamics of the permanent magnet DC motor is nonlinear. Hence, the
dynamics of this motor can be expressed as a two-rule T-S fuzzy model. The

matrices representing the linear models of respective subsystems are

_Re _Ke _Re _Ke
Al = L _L 5 AQ = L L )
ﬁ fT+wfp ﬁ fr"l“j)fp
J1 J1 J1 J1
1 0
Bl — BQ = ; El - E2 = 1 )
0 T
Cir=0 = [0 1} ;

where system state x(t) = [ia(t) w(t)] T, premise variable £(t) = w(t), and weight-
ing functions p (t) = %“’g) and po(t) = 1 — pq(t) with @ and w being the upper
and lower limits of the rotor speed respectively. It should be noted that output
matrix C' has only one row. Therefore, we cannot obtain a one-dimensional ob-
server for the residual generation purpose. We follow the procedure outlined in
Remark 5.3.3 to obtain L; for j = 1,2. Considering R, = 0.6 €2, L = 0.012 H,
K. = 0.001 V/rpm, K7 = 0.3 N.m/A, J; = 0.20 N.m.s, f. = 0.35 N.m/rpm,
fp = 0.0007 N.m/rpm?, @ = 100 rpm, and w = 120 rpm, we obtain the following

observer parameters by applying the observer construction procedure described in

Subsection 5.3.1.

0 1.0000 0 1.0000
L, = , Lo =
1.5000 —2.1700 1.5000 —2.1000
—16.0128  1.0000 —16.0828  1.0000
Ny = ) Nip = )
—42.6755 —52.1700 —39.0285 —52.1000
—16.0128  1.0000 —16.0828  1.0000
Ny = ) Ny = )
—42.6755 —52.1700 —39.0285 —52.1000
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Figure 5.7: States of the permanent magnet DC motor under fault and normal
running condition
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125.0000

Hll = H12 - H21 = H22 -

Ny and J; are zero matrices with appropriate dimensions.

The performance of the system is simulated with the torque due to the fault

equal to 3 N.m, where the torque due to the friction and load under normal op-

erating condition of the motor is assumed to be 0.01 N.m. The state response of
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Figure 5.10: Fault and residual for detecting bearing fault

the system is displayed in Figure 5.7. It can be seen that the rotor speed reduces
significantly and the armature current increases during the faulty condition. The
change in the armature current during the fault is depicted by enlarging the ver-
tical axis in this figure. Figures 5.8 and 5.9 show the functions of the states and
the estimated functions of states. Figure 5.10 shows residual r(¢) and actual fault
f(t). It is evident that the fault can be detected from the residual generated by

the fuzzy functional observer based residual generator.

5.4 Conclusion

Fuzzy functional observers can be used effectively for fault detection, isolation and
estimation of nonlinear systems subject to time-delays and external disturbances.
The functional observers are lower order compared with the observers used in ex-

isting observer based fault diagnosis techniques of T-S fuzzy systems. This fault
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detection method does not require the calculation of any thresholds. Taking the
disturbances as unknown inputs enables us to decouple the exogenous disturbances
from the residual generator. Using suitable Lyapunov-Krasovskii functionals, the
stability conditions are formulated such that the conditions are delay dependent
to ensure more generality compared with delay independent conditions. The ex-

amples verify the effectiveness of the proposed technique.






Chapter 6

Functional observer based power

system stabiliser

Power systems are complex networks with synchronous generators as the major
contributors as power sources. It is of prime concern that the generators operate
with asymptotic stability in case of any sudden changes in the network. A power
system stabiliser is used to damp out the oscillation of a synchronous generator
due to the sudden changes. If the power systems network is too large and com-
plex, the whole network is simplified as a generator connected to an infinite bus,
which is recognised as a single machine infinite bus system in the literature. The
mathematical model of a single machine infinite bus system is nonlinear; hence it
requires linearisation for obtaining the power system stabiliser. T-S fuzzy model
can be used to express the system as a fuzzy combination of linear models so that
the system is defined for a range of operating points instead of a single operat-
ing point. This chapter presents fuzzy functional observer based power system
stabiliser for a single machine infinite bus system. The contents of this chapter
are presented as practical examples for the theoretical developments of functional

observer based PDC controllers published in [81, 85].

121
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6.1 Introduction

In general, the synchronous generators are connected to the loads through a large
and complex network. The capacity of the network is much greater than that of a
synchronous generator alone; it is often assumed that the network is not affected
at all by any change in the synchronous generator. While designing a power
system stabiliser for a generator, it is generally considered that the generator
is connected to an infinite bus through a transmission line. There are existing
methods to simplify the whole network as a single machine infinite bus system.

A block diagram of such a system is displayed in Figure 6.1. The mathematical

Mechanical
p(w Generator Transmission Infinite
line bus
V
= ' Ao
\’
Excitation Vpss Power system Vi
system stabiliser
Reference
voltage

Figure 6.1: Single synchronous generator connected to infinite bus

model of a single machine infinite bus system is nonlinear. Therefore, the model
is linearised at a stable operating point, and a power system stabiliser is designed
using this linearised model.

Heffron-Philip [121] model is the most widely used linearising technique for
this emulated system to design such stabiliser. This model uses six constant
parameters that are obtained using the stable operating condition of the network.
As a result, the power system stabiliser may not be robust against the changes
in the operating conditions of the network. A T-S fuzzy model can be used to
obtain the constant parameters of the Heffron-Philip model so that the model will
remain valid for a range of operating conditions rather than a specific operating

point [122-124]. Consequently, a functional observer based PDC controller can be
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obtained for the T-S fuzzy model of a single machine infinite bus system to design
the power system stabiliser. The following sections present the design technique

of the functional observer based power system stabiliser.

6.2 Single machine infinite bus system

A single machine infinite bus system simplifies the network complexity and is
viewed as a synchronous generator connected to an infinite bus through a trans-
mission line. A one line circuit diagram is presented in Figure 6.2 considering Vj,
is the infinite bus voltage, X, and R, represent the transmission line impedance,
V; is the terminal voltage of the generator, I; is the line current, P + j(Q is the

complex power generated by the generator.

| Re+jxe | /”— ~~‘\

/\/ Y YN ’ Large \
1 1
‘ N ﬁ ‘ v Network -
Synchronous P+iQ t
generator

——————

Figure 6.2: One line circuit diagram of a single machine infinite bus system

6.2.1 System model

The dynamics of a three phase synchronous machine is generally expressed with
respect to two synchronously rotating quadrature axes, known as d-q axes where
d-axis is the direct axis and g-axis represent the quadrature axis. The derivation
of the d-q axis transformation of the generator model can be found in any standard
power system textbook. This model gives the relation among real and reactive
components of power, terminal voltage, terminal current, line impedance, and
infinite bus voltage. Considering the third order model of a synchronous generator,
the system is expressed by (6.1) where Vi, X¢, V; and I; are the terms as defined
in Figure 6.2, and Xj is the direct axis reactance, X, is the quadrature axis
reactance, X is the transient reactance, ¢ is the angle between g-axis and Vjoo, M
is the inertia coefficient, 17, is the open circuit time constant, wy is the synchronous

speed, K is the gain of the excitation system and Tg is the time constant of the
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1
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exciter.

6.2.2 Small signal model

The angular positions of different voltage and current parameters with respect to
d-q axes are portrayed using a phasor diagram in Figure 6.3. In this figure, I,
is the direct axis component of the terminal current, I, is the quadrature axis
component of the terminal current, v, is the direct axis component of the terminal
voltage and v, is the quadrature axis component of the terminal voltage. This
phasor diagram considers infinite bus voltage V., as the known reference voltage;
real power P, reactive power () and transmission line reactance X, are known for
a stable operating point; and transmission line resistance R, is negligible. We can
obtain the terminal current and the angle between the terminal current and the

infinite bus voltage as
P—jQ
L| ¢ = —F——.
Then we can obtain terminal voltage V; and load angle ¢ from the following equa-

tions:

Vil £0 = Vioo L0 + j X || £
E 26 = [Vi| 20+ j X, |IL] Zo.

Once relative angular position ¢ of g-axis and the angles of the terminal voltage
and current with respect to the infinite bus voltage are calculated, we can obtain
the direct and quadrature axes components of the terminal voltage and current
from Figure 6.3. These direct and quadrature axis components are used for finding

the small signal model of the system.
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Figure 6.3: Phasor diagram of a single machine infinite bus system

The system often experiences small perturbation resulting in sustained oscil-

lation in the steady state condition. This phenomenon is studied by obtaining

a small signal model of the system. This small signal model linearises nonlinear

system dynamics (6.1) at a known steady state operating point defined by P, Q

and X, for known V.. The state space model of the linearised small signal model

of this system at a specific operating point can be expressed as

e
Aw
AE,

AE,

0 Wo
_ kL _D
M M
_ k4 0
T30
_ Kgks
Tg 0

k2
M
__1

Tc/lok3

_ Kgks
Te

0

Ad
Aw
AE;

AEfd

Kgp

| Tk

A‘/ref, (62)

where Ad, Aw, AE; and AE;; are the deviations of power angle, rotor speed,

induced voltage and excitation voltage, respectively, and k1, ..

, kg are constants.

These constants can be obtained from the following set of equations for given real

power P, reactive power () and transmission line impedance X, [121]:

_Xq_Xc,l

1= —Xe n Xé]q%oosiné +
Voo
b=y
e+ X,
X, + X!
by = et

X+ X,

X, + X,

E,Viooc0s0,
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Xa— X, )
L= XeTX:ijoosm(S,
X Va X/ (Y
hy = ——94 2V cosd — ——4 1V, sind
5 Xe—l—Xq‘/tb COSs Xe—l—X(/i‘/;bSln’
Xe Vd
kg = ——— 2.
X+ X,V

Note that vg, vg, 14, I;, and 6 can be determined from the angular positions
of the terminal voltage and terminal current with respect to the reference bus

voltage, i.e., infinite bus voltage as described at the beginning of this subsection.

6.2.3 Fuzzy small signal model

Constants ki, ..., ke in (6.2) are calculated using the steady state values of P, @
and X.. This is common that the operating condition changes due to any changes
in the network, such as change of mechanical power input to the generator, any
faults in the network or tie line, change of loads, etc. Therefore, it is pragmatic
to represent the small signal model not only at a single operating point, but, if
possible, at a range of operating points. To accommodate a range of operating
points, the following fuzzy rules can be applied considering the upper and lower

bounds of parameters P, ) and X,:

Rule 1: IF Pis P and Q is Q and X, is X,
THEN x(t) = Ayz(t) + Bu(t),

Rule 2: IF P is P and @ is Q and X, is X,
THEN #(t) = Asx(t) + Bu(t),

Rule 3: IF P is P and Q is Q@ and X, is X,
THEN x(t) = Asxz(t) + Bu(t),

Rule 4: IF P is P and Q is Q and X, is X,
THEN #(t) = Asx(t) + Bu(t),

Rule 5: IF Pis P and Q is Q and X, is X,
THEN 2(t) = Asx(t) + Bu(t),
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Rule 6: IF Pis P and Q is Q and X, is X,
THEN x(t) = Agx(t) + Bu(t),

Rule 7: IF P is P and @ is () and X, is X.
THEN &(t) = A7x(t) + Bu(t),

Rule 8: IF P is P and @ is Q and X, is X,

THEN x(t) = Agz(t) + Bu(t),

where
Ad 0 Wo 0 0 0
Au B p o m 0
Q?(t) = 9 Al = 2{ M ]\14 1 ) B = 9
/
AE, T, Y oTmEm o1 0
Kgpki Kgkt 1 K
[ AEyd] el U =l =) |7 ]
for i = 1,2,...,8 and u(t) is control effort of the power system stabiliser upgs.

In the above rule set, over bar (+) and under bar () denote the fuzzy sets corre-
sponding to the high and low ranges of the premise variables, respectively. The
membership functions for the fuzzy sets are displayed in Figures 6.4, 6.5 and 6.6.
Constants ki, ..., ki can be obtained using the upper and lower bounds of P, Q

and X, for the respective rules.

15

o]
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Degree of membership (M (P))

P P
min max

Real power (P)
Figure 6.4: Membership or real power P
Considering £(t) = [ P Q Xe} the vector of premise variables, and M} (& (t))

the membership functions of the fuzzy set for the kth premise variable of the ith

rule, the overall fuzzy small signal model of the single machine infinite bus system
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Figure 6.6: Membership of line impedance X,
can be expressed as
Zuz D{Asw(t) + Bu(t)}, (6.3)

L ME(E(
where j1;(£(t)) = ngﬁskzl ];;gff@).

6.3 Functional observer based fuzzy power sys-

tem stabiliser

We use the fuzzy functional observer to estimate upgs(t) such that the system

becomes asymptotically stable under sudden perturbation.
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6.3.1 Power system stabiliser without time-delay

The fuzzy model derived in Section 6.2 does not consider the time-delay in the
feedback loop. We can obtain the stabiliser as a function of the states of the
system. Therefore, we can directly apply the fuzzy functional observer based
PDC controller described in Chapter 2 for designing a power system stabiliser.
The following example illustrates the design procedure and performance of the

functional observer based power system stabiliser.

Example 6.1

This example uses the following data in per unit (pu) system for calculating con-
stants ki,..., ks and the respective linear time invariant models of each rule of

T-S fuzzy model.

P e [0.7 1], Q€ [—0.2 .3}, X, € [0.2 0.4},
X, = 1.6, X!, =0.32, X, = 1.55, M=T,
Ky = 100, Ty = 0.01, T, =6, wo = 314.16.

Considering the ranges of real power, reactive power, and line reactance, we
can obtain eight sets of constants for different rules and we can obtain the T-S
fuzzy model of the system. Table 6.1 displays the values of k¢, ... k& for different

rules.

Table 6.1: ki, ..., ki for different fuzzy rules without time-delay

Rule | P Q X K} K K K, kL ki

1 low low low | 1.3818 1.2923 0.2889 1.6541 0.0314 0.3168
low low high | 1.1429 0.9731 0.3600 1.2456 0.0133 0.4814
low high low | 1.4464 1.7930 0.2889 2.2950 -0.0057 0.1904
low high high | 1.0148 1.3288 0.3600 1.7009 -0.0508 0.3152
high low low | 1.6188 1.5227 0.2889 1.9490 -0.0069 0.2882
high low high | 1.2937 1.1310 0.3600 1.4476 -0.0400 0.4595
high high low | 1.5303 1.8559 0.2889 2.3756 -0.0651 0.1758
high high high | 1.0509 1.3585 0.3600 1.7388 -0.1252 0.3301

00 3 O U i~ W N

Power system stabiliser is meant to stabilise the electromechanical oscillation
in the system caused by any abrupt changes in the power system. The stabiliser

takes the change of the rotor speed as input and generates the control signal that
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Figure 6.8: Deviation of rotor speed

is fed back to the exciter to damp out the electromechanical oscillation. In this
example, we apply the functional observer to generate the control signal as a
function of states, which are the deviations of the four parameters: namely power
angle, rotor speed, induced voltage, and field voltage. By following the procedure
stated in Section 2.4 of Chapter 2, the functional observe parameters are obtained.
The effect of a small perturbation in the system for different initial conditions are
simulated in MATLAB environment, and the results considering initial condition
[0,1 00 ()]T are presented in the following figures. The electromechanical
oscillation of the system in terms of the deviations of power angle, rotor speed,
induced voltage, and field excitation voltage are depicted in Figures 6.7 to 6.10.
Each figure contains two graphs to compare the stabilising performance of the
functional observer based controller with the full state observer based controller.

It can be seen that the oscillation damps out asymptotically. Figure 6.11

compares the control signals generated by these two controllers. From the ob-
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Figure 6.11: Control signal generated by the fuzzy power system stabiliser

servation of all the figures, it is evident that the functional observer based PDC
controller stabilises the system asymptotically and it performs better than the full
state observer based controller in terms of overshoot and setting time. Note that
the convergence of the deviation of system states to zero can be made faster by

choosing different control gains K; using different algorithms, and the functional
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observer for that set of control gains can be designed accordingly.

6.3.2 Power system stabiliser with time-delay

Considering delays in the excitation system, the overall T-S fuzzy model of the

system can be expressed as

Z pi(§(){ Ai(t) + Agiz(t — 7) + Bu(t)}, (6.4)
where ~ ) ) )
Ad 0 Wo 0 0
Aw _Ho_p B
.le(t) - 1 ’ Al - 2;1[ . ]\14 1 ’
AL B
|AEjq | 0 0 0 7|
0 0 0 0 0
0 0 0 0 0
Adl - 9 B = Y
0 0 0 0 0
Kkl Kpki K
T O~ O | 7 |

and wu(t) is control signal of the power system stabiliser, and p;(£(t)) is calculated
from respective fuzzy rules as described in the previous subsection. The power
system stabiliser can be directly obtained by following the procedure for synthe-

sising PDC controller for a T-S fuzzy system with time-delay stated in Subsection

3.3.2 of Chapter 3.

Example 6.2

The following data is used to illustrate the stabiliser construction procedure con-

sidering time varying time-delay:

Pe {0.7 1.0] , X. e [0.2 0.4] Qe [—0.2 0.3],
X, = 181, X! =103, X, = 1.76, M=

T, =8, Ty = 0.01, Ky = 100, wo = 314.6,
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Figure 6.12: Deviation of rotor speed considering time-delay in excitation system

The values are in per unit basis. Eight sets of constants for different rules are
obtained for the T-S fuzzy model. Table 6.2 displays the constants, k!, ..., k&, for

different rules.

Table 6.2: ki, ... ki for different fuzzy rules considering time-delay

Rule | P Q X K} K K K, kL ki

1 | high high high | 1.5555 1.8285 0.2488 2.7610 0.0156 0.2131
high high low | 1.1092 1.3373 0.3167 2.0194 -0.0170 0.3480
high low high | 1.4470 1.3075 0.2488 1.9744 0.0452 0.3343
high low low | 1.2043 0.9658 0.3167 1.4583 0.0319 0.5022
low high high | 1.6692 1.9102 0.2488 2.8844 -0.0452 0.1939
low high low | 1.1661 1.3816 0.3167 2.0862 -0.0937 0.3536
low low high | 1.7096 1.5540 0.2488 2.3465 0.0101 0.3051
low low low | 1.3733 1.1358 0.3167 1.7150 -0.0165 0.4792

00 3 O U i~ W N

Considering the upper and lower bounds of the time-delay as 73, = 0.5 seconds
and 7, = 0.005 seconds, respectively, the upper bound of the derivative of time-
delay as p = 0.2, and the constants (; = 0.5 and (, = 0.6, the observer parameters
are obtained by following the procedure outlined in Subsection 3.3.2 of Chapter 3.
SOSTOOLS [63] is used to solve the LMIs. The closed loop system performance
is simulated considering the initial power injection in the infinite bus as 0.85 +
70.25, and a 10% step increase of the mechanical power input to the synchronous
generator at time ¢ = 1.0 second. The initial load angle dy = 0.8274 rad. The
time varying time-delay, in seconds, is taken as 7(¢) = 0.1 sin(¢) + 0.4.

The simulation outputs, displayed in Figures 6.12 and 6.13, reveal that the

system is stable with the proposed fuzzy functional observer based power system
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Figure 6.13: Deviation of load angle considering time-delay in excitation system

stabiliser when the system is perturbed. The load angle settles to a new value,
and the deviation of the rotor speed approaches zero asymptotically. The system
without any stabiliser, on the other hand, is not stable under the perturbation.
With this observation, it can be said that the fuzzy functional observer based power
system stabiliser can be used for damping out the electromechanical oscillation of

a single machine infinite bus system.

6.4 Conclusion

The T-S fuzzy model based approach increases the operation domain of the power
system stabiliser because the constants of the Heffron-Philip model are determined
using a range of the operating conditions. The fuzzy functional observer is found
to be effective and useful to obtain the stabilising signal for the small signal model.
Future work may consider external disturbance in the fuzzy model and finite time

convergence of the deviation of the system states to zero.
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Conclusions and future work

7.1 Conclusions

A fuzzy functional observer can be designed as a fuzzy summation of linear func-
tional observers for linear subsystems of a T-S fuzzy model of a nonlinear system.
Chapter 2 presents the construction procedure of a fuzzy functional observer by
solving LMI based conditions that guarantee the stability of the observer. It has
been demonstrated that the functional observer can be employed to estimate the
control signal for stabilising a nonlinear system directly. The order of the observer
reduces to the dimension of the control vector. As the separation principle holds,
the observer and controller gains can be obtained separately.

Time-delay, model uncertainty, and external disturbances are naturally present
in the plant operating conditions. Chapter 3 and 4 investigate the effects of time-
delay and model uncertainty on the functional observer and present the existence
and stability conditions for the observer to minimise the effect of time-delay and
model uncertainty on the estimation error dynamics. The functional observer is
applied for obtaining PDC controllers considering time-delay and model uncer-
tainty in the plant model. The stability conditions for time-delay systems are
formulated using Lyapunov-Krasovskii functionals. Free-weighting matrices are
introduced to obtain delay dependent stability conditions. An Ly gain based per-
formance indicator is used to minimise the effect of model uncertainty on the error
dynamics. The concept of unknown input observer is applied in Chapter 5 for de-

coupling external disturbances from the error dynamics of the fuzzy functional

135
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observer.

The fuzzy functional observer is employed for fault detection scheme consid-
ering the effect of time-delay and external disturbance. The residual is generated
using the proposed observer so that the fault detection procedure does not require
to compare with any threshold. A fault observer is designed using the functional
observer to estimate the fault vector asymptotically. The fault detection scheme
is robust against the external disturbance as the disturbance is decoupled from
the error dynamics.

The proposed techniques are verified using examples; the performances of the
techniques are simulated and compared with existing results. The proposed fuzzy
functional observer based PDC controller is applied to design a power system
stabiliser for a single machine infinite bus system. The simulation outputs show
the satisfactory damping of electromechanical oscillation of the system due to a

sudden disturbance in the power network.

7.2 Future research directions

Future work may consider the following improvements to the results presented in

this thesis.

e The stability conditions for the observers can be improved by applying fuzzy
Lyapunov function, higher order derivatives of Lyapunov functions, or triple
integration terms for Lyapunov-Krasovski functionals. The application of
these kinds of Lyapunov functions will increase the solution domains of the

LMI based stability conditions.

e The time-delays that are considered in this thesis are deterministic. How-
ever, the plant may experience stochastic time-delays. The plant itself can
be stochastic rather than becoming a deterministic one. These issues are in-

teresting for studying the stability of the system using functional observer.

e This thesis considers continuous time models for designing the observers.
Discrete time models, in some cases, may be more pragmatic for defining

a system and designing the controller considering the computational efforts
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for analog to digital, and digital to analog converters. More importantly,
some systems are discrete time by nature. Therefore, having the present
developments of the theories for continuous time models, future work may
consider the extensions of the proposed techniques for applying in discrete

time and sampled-data fuzzy models.

e In recent years, the interval type-2 T-S fuzzy model has attracted many
researchers for its ability to define the modeling uncertainties as intervals of
the degree of membership. The proposed techniques may be extended for

nonlinear systems defined by interval type-2 T-S fuzzy models.






Appendix A

Proof of Lemma 4.3.1

With the PDC controller u = > 7" u;(£(t)) Kjz(t), the system described in (4.2)

can be expressed as

ZZM (IN{(A; + AA; + BiK))x(t) + (Agi + AAg)z(t — (1)} (A1)

=1 j=1

Consider a Lyapunov-Krasovskii functional

t
V(t) =2" (t)Pix(t) + / s)Pyx(s)ds +/ / s)Psxz(s)dsdd
t T(t —7rm J 0

+ / / s)Pyx(s)dsdb,
v J 40

where Py, P», P; and P, are positive definite symetric matrices. Taking derivative

(A.2)

along the state dynamics and considering the assumption 7(¢) < p we can obtain

V(t) =227 (t) Pri(t) + a7 (t) Pyx(t) — (1 — 7(t))aT (t — 7(t)) Pox(t — 7(t))

+ 3T () (T Ps + (Tag — 7o) Pa)(t) — /t @7 (s)Pyi(s)ds

- / T T (5) Pai(s)ds (A-3)

—T™M

<227 () Pa(t) + 2T () Poyx(t) — (1 — p)a’ (t — 7(t)) Pox(t — 7(t))

+ & () (T Ps + (Tar — 7o) Pa) (1),
By using (A.1), and the assumption of (4.3a) and (4.3b), it can be shown that
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2T () (T Ps + (Tar — Ton) Py) (1)

= Y e i) €1 { iTON A+ BE, A7)

0 Udi (t)SdZ

+aT(t) |:AR1' ARdz} [ z(t) — TmitT(t)Pm(t)}
(A4)

< S S €D E) { FON A+ B, Ag] 5()

+37(t) [AR, AR4| [AR, ARQTaw
STS, 0

A0l ] #(t) — " (1) Pri(t) } ,

where 77 (t) = [xT(t) o7 (t — T(t))] and A = 73/ (Ps + P;). Applying some alge-

braic manipulation, it can also be shown that

20" () Pr(t) <Y ) () (€(1) 2" (1)

i=1 j=1
(A.5)
* 0
PiR; PRy (PLR)T 0 STS; 0 -
+ z(t).
0 0 (PLRg)T 0 0 SESu

Therefore, using (A.3), (A.4) and (A.5) we get

V() <D0 mal€)ms(E@)n" (1)

i=1 j=1
Py + PA; + ATP
S ! PiAu LA+ BiK;)TA
+P,B;K; + K'BI'P,
* —(1—=p)P, SAZA
* * —Tm Py
(PLR)T 0 0
PR, PRy O 0
(PiRi)T 0 0
+1 0 0 0 0
0 0 RTA
0 0 AR, ARy
0 0 RTA
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STS;, 0 0
+21 0  SLSs 0] [n(),
0 0 0

where n"(t) = [2T(t) 2T(t—7(t)) &7(t)|. As a result, the asymptotic stability
condition for the closed loop fuzzy system can be given as

Py + PLA; + AT P,

PlAdi %(Az + BZKJ)TA
+PBK; + K'Bf Py

) S1-pP bATA
* * —TmPa
(PlRl-)T 0 0
PR, PR; O 0
(Plei)T 0 0
+ 0 0 0 0
0 0 R;‘FA
0 0 AR; ARy
0 0 RdTiA
SiTSi 0 0
+2 0 SLSs 0| <O.
0 0 0

By Schur complement, we get (A.6). Considering Py = 7, P, and P, = 65P;, and
pre-multiplying and post-multiplying (A.6) by nonsingular block-diagonal matrix

diag(pyt P* PY T T T 1 I 1),

we obtain (A?), where Pl = P1_1 PQ = plpgpl, }7] = ijl, KR = TM(ETl + 5'2) for
some known scalars g1 and 5. This completes the proof.

Equations (A.6) and (A.7) are displayed in the next page.
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[ P+ PLA; + AT Py

Appendix A. Proof of Lemma 4.3.1

+P B,K; + KI'BI' P, PiAy  3(AT+ KI'BIA PR,
o —(1—=p)Py %AQA 0
o * —Tm Py 0
* % . 7
* % . N
* % " N
* % . N
* % . N
- * * * * (A.6)
PRy 0 0 ST 0
0 0 0 0 ST
0 AR; ARy O 0
0 0 0 0 0
-I 0 0 0 0 ]<o0.
* —1 0 0 0
x % =1 0 0
* * * —%] 0
R
Py + AP, + PLAT ] o
i;yj _i %TélT Aai Py Ie(PAT +YTBT) R
* —(1—=p)P, %/ﬂf’lAdTi 0
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* % . N
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