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Abstract

This paper studies the agency problem between a firm and its research employees in a dy-
namic optimal contracting setting. We implement the optimal contract by a risky security,
which can be created using the equity of the firm, and a sequence of performance-based hold-
ing requirements. This result provides a rationale for using performance-vested equity-based
compensation in R&D-intensive start-up firms.
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1 Introduction

In high-tech start-up firms, equity-based compensations have become an important compen-
sation scheme for research employees. Twitter, one of the most successful start-up firms in the
last decade, went public in 2013. During the same year, it spent $380 million in equity-based
compensation for its research employees, which accounted for 64% of its total R&D expenses.
Equity-based compensation helps to provide incentives to research employees by providing a direct
link between the employees’ compensation and the firm’s performance and is particularly attrac-
tive for cash-constrained firms. Regarding provision, equity-based compensations vest over time.
Over the last two decades, a general trend observed in equity-based compensation practice is the
shifting from traditional simple time-vesting provisions to performance-vesting provisions.? Per-
formance-vesting, contrary to time-vesting, helps with incentive provision when the firm’s growth
depends crucially on the stochastic outcomes of its R&D projects, and hence is particularly useful
in R&D-intensive start-up firms.

This paper provides an example of an environment in which, under some conditions, perfor-
mance-vested equity-based compensation arises as an optimal outcome. We use an optimal con-
tracting approach to analyze the agency problem between a firm and its research employees. A
major methodological contribution of this paper is the tractability of the contracting problem which
has a closed-form solution. The key question is what kind of compensation scheme could implement
the optimal contract, and how it is related to the performance-vested equity-based compensation
observed in practice. Our findings indicate that the optimal contract can be implemented by using
a risky security with a sequence of holding requirements that will be relaxed once a performance
target is achieved. Sharing the main features with performance-vested equity-based compensations,

these results provide a motive for using performance-vested equity-based compensation in start-up

IThis calculation is based on Twitter’s Form 10-k for the fiscal year ended December 31, 2013. “Research and
development expenses consist primarily of personnel-related costs, including salaries, benefits and stock-based com-
pensation, for engineers and other employees engaged in the research and development of products and services”

(Twitter Form 10-k 2013).
2In a report by Salary.com, a leading consumer and enterprise resource for compensation data, Whittlesey (2007)

stated that the most notable change in equity-based compensation provisions for both executive grants and all-
employee programs is “the widespread introduction of performance-based plans with a wide variety of features.”
Bettis, Bizjak, Coles, and Kalpathy (2018) documented that “the usage of performance-vesting equity awards to top

executives in large U.S. companies has grown from 20 to 70 percent from 1998 to 2012.”
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firms that rely on R&D from the theoretical point of view.

We set up the contracting problem using the model studied in Shan (2017). Briefly, a risk-
neutral principal hires a risk-averse agent to perform a multi-stage R&D project. The multi-stage
feature captures the observation that the performance of research employees is usually linked to the
completion of a sequence of milestones rather than their day-to-day practice. At any point in time,
the agent can choose whether to put in effort or shirk. Subject to the agent investing effort, the
transition from one stage to the next is a Poisson process with a constant arrival rate. The progress
of the innovation process is publicly observable, and the principal cannot monitor the agent’s
action, which causes a dynamic moral-hazard problem. Shan (2017) characterized the optimal
contract under the assumption that the principal has full control over the agent’s consumption.
In the optimal contract, using a “carrot and stick” strategy, the principal punishes the agent by
lowering his compensation over time in case of failure and rewards him by a discrete increase in the
payment after each success.

Using this model, the current paper provides an implementation of the optimal contract and
discusses how it connects to existing compensation practice. We show that the optimal contract can
be implemented by a state-contingent security that appreciates in case of success but depreciates
in case of failure. At any point in time, besides the effort choice, the agent also chooses how
much to consume and how much to invest in the security for savings subject to a sequence of
holding requirements on the risky security. Different from the optimal contract, in which the
principal controls the agent’s consumption directly, the agent chooses the consumption process in
this implementation, which nonetheless generates the same effort and consumption process as the
optimal contract. The key finding of the implementation results is how the design of the holding
requirement depends on the agent’s performance. In the implementation, the principal requires the
agent to meet a minimum holding requirement on the state-contingent security till the completion
of the project and gradually relaxes the holding requirement as the project progresses. Our model
shows that the principal uses the state-contingent security to compensate the agent to encourage
him to bear some risks in return for incentives, and the holding requirement in the implementation
guarantees the minimum amount of risks that the agent has to take for incentives. When the R&D
project progresses, the uncertainty of the project reduces, and hence the holding requirement can
be relaxed.

In general, the payoff structure of the state-contingent security that implements the optimal
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contract depends on the utility function of the agent. There may not exist a financial asset that
has the exact payoff of the security. However, the firm can use its equity and other available
financial assets to approximate the payoff of the security and use the performance-vesting provision
to mimic the performance-based minimum holding requirements. We also consider an example in
which, under some conditions, the state-contingent security can be directly linked to the firm’s
equity. Assuming that the agent has a logarithmic utility function, the contracting model has a
closed-form solution. In this case, the state-contingent security has the property that its value
increases proportionally after each success, and hence it can be created by a portfolio of the firm’s
equity and a risk-free asset if the firm’s value also grows proportionally after each breakthrough of
its R&D project. In this example, the implementation becomes surprisingly simple. The principal
only needs to adjust the fraction of equity in the compensation portfolio when the project progresses
to the next stage and can leave all other decision problems to the agent. The proportionate growth
assumption on the evolution of firm’s value is a key assumption to derive these results. In practice,
most R&D-intensive start-up firms are backed by venture capital, and whether a firm can receive
further rounds of financing depends crucially on the development of its main research project.
We show that this proportionate growth assumption is consistent with the growth pattern of firm
valuation at each financing round for firms that are backed by venture capital.?

Theoretically, the optimality of equity-based implementation requires that the firm’s value de-
pends only on the progress of the R&D project and that the firm has an accurate prediction about
how its value is affected by the project. In practice, however, the firm’s value is also affected by
other factors, for example, market aggregate risks, or the performance of other R&D teams when
several projects are performed simultaneously. In these cases, equity-based incentive compensa-
tion exposes the agent to risks that are not related to his action and becomes less efficient. For
these situations, we provide an alternative implementation of the optimal contract using a savings
account plus performance-based bonuses after each success. In this implementation, the principal
offers the agent a savings account with an initial balance. At any point in time, the agent can
withdraw money from the savings account for consumption. The principal rewards the agent with
a performance bonus and deposits it into the savings account after each success. Similar to the

equity-based implementation, this implementation also generates the same effort and consumption

3The proportionate growth property is also called Gibrat’s law which states that the proportional rate of growth

of a firm is independent of its absolute size.
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process as the optimal contract. Comparing these two implementations, the advantage of equity-
based implementation is its simplicity for which the principal only needs to adjust the composition
of the compensation portfolio according to the progress of the project. It is attractive to cash-
constrained start-up firms because it allows them to spend cash in other important areas. However,
it may expose the agent to the risks that are not related to his action. If the principal is able to use
cash bonuses, the alternative implementation prevents the agent from bearing unnecessary risks,
but it requires the principal to monitor the balance of the savings account because the agent is
risk-averse and hence the size of bonus depends on the balance of the savings account.

The rest of the paper is organized as follows. Section 2 provides a review of the related literature.
Section 3 describes the benchmark model and the optimal contract. In Section 4, we present an
implementation of the optimal dynamic contract and discuss how it relates to performance-vested
equity-based compensation. Section 5 considers an example in which the agent has a logarith-
mic utility function. We provide an alternative implementation via performance-based bonuses in
Section 6. Section 7 presents the conclusions. Some extensions of the paper are discussed in the

Appendix.

2 Literature Review

The CEO compensation literature provides extensive research on equity-based grants. Edmans,
Gabaix, Sadzik, and Sannikov (2012) studied the optimal CEO compensation in a dynamic frame-
work and provided an implementation of the optimal contract using a “Dynamic Incentive Account”
that comprises cash and the firm’s equity. The main difference between their model and our model
is the approach to model how the agent’s action affects his performance. Since CEQ’s effort often
has an important impact on the operation of the firm, in Edmans, Gabaix, Sadzik, and Sannikov
(2012), the earnings of the firm in each period are determined by the CEQ’s effort and a random
noise. In continuous-time settings, this agency problem is usually modeled by the Brownian-motion
process in which the agent’s unobserved effort controls the drift (for example He (2009)). For re-
search employees’ incentive problem, since the effort invested in research today will not necessarily
lead to a discovery tomorrow, we assume that the agent’s effort affects the probability of success
and model the innovation process as a Poisson-type process. In both papers, the equity-based

compensation features vesting which ensures that the agent has sufficient equity in the future to
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induce effort, and the equity compensation fully vests at the time after which the agent’s action
cannot affect the firm’s value anymore (when the agent retires in Edmans, Gabaix, Sadzik, and
Sannikov (2012) and when the agent completes the whole project in our model). The difference
in assumptions about how the agent’s unobservable actions affect the firm’s value also leads to
different features in implementation regarding vesting. In Edmans, Gabaix, Sadzik, and Sannikov
(2012), the vesting of equity-based compensation is time-based because the agent’s action affects
the drift of the firm’s value. In our model, the agent’s action controls the arrival of a series of
innovations, and hence the vesting is performance-based.

With regard to researchers’ compensation, Anderson, Banker, and Ravindran (2000), Ittner,
Lambert, and Larcker (2003), and Murphy (2003) have documented that executives and employ-
ees in research intensive firms receive more equity-based compensation than their counterparts in
traditional industries. Sesil, Kroumova, Blasi, and Kruse (2002) compared the performance of 229
research intensive firms offering broad-based stock options with that of their non-stock option coun-
terparts. They showed that the former have higher shareholder returns. For performance-vesting
provisions, Bettis, Bizjak, Coles, and Kalpathy (2010), found that “performance-vesting provisions
specify meaningful performance hurdles and provide significant incentives.” Also, “performance-
vesting firms had significantly better subsequent operating performance than control firms.” Our
paper contributes to this literature by establishing a specific role for performance-vesting provisions
in the optimal contracting problem.

In terms of methodology, this article follows the rich and growing literature on continuous-time
dynamic contracting. Sannikov (2008) analyzed a continuous-time principal-agent model, in which
the output is a Brownian-motion process with drift determined by the agent’s unobserved effort.
A similar Brownian motion framework is often used to model agency problems in fields such as
CEO compensation and corporate finance (DeMarzo and Sannikov (2006); He (2009); He (2011)).
Recently, a few scholars have studied the dynamic moral hazard problem using a Poisson process,
where the agent exerts unobservable effort that controls the arrival rate. In Biais, Mariotti, Rochet,
and Villeneuve (2010) and Myerson (2015), bad events happen with higher Poisson arrival rate when
agents do not put enough effort to prevent such events. In Sun and Tian (2017), the principal needs
to provide the incentive for the agent to exert effort to raise the arrival rate of a Poisson process.
Most of these studies have assumed that the agent is risk neutral. The risk-neutrality assumption

implies that the agent does not receive any payment until the continuation utility reaches a payment
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threshold (Biais, Mariotti, Rochet, and Villeneuve (2010); Myerson (2015)), or only receives bonuses
upon arrivals (Sun and Tian (2017)). Shan (2017) studied a similar contracting problem in which the
principal faces multiple risk-averse agents. With a risk-averse agent, besides providing the incentive
to work, the optimal contract also needs to account for consumption smoothing. Therefore, the
agent’s payment is contingent on the entire history and varies over time. In Shan (2017), the
optimal contract is written in terms of the agent’s continuation utility, which is an abstract term.
Also, the agent’s consumption is controlled by the principal, which is not realistic. Based on the
theoretical model of Shan (2017), the current paper provides an implementation of the optimal
contract in which the agent makes both effort and consumption decisions. The implementation
uses the standard instruments that are available in practice and provides a justification for using
performance-vested equity-based compensation.

The implementation of the optimal contract overcomes the problem pointed out by Rogerson
(1985) which is that, if the agent is allowed access to credit, he will adopt a joint deviation of
shirking and saving some of his wages, because of a wedge between the agent’s Euler equation and
the inverse Euler equation implied by the principal’s problem. In our implementation, however,
the return on savings is state contingent. When the state-contingent rates of return are chosen
appropriately, the agent’s Euler equation mimics the inverse Euler equation; put differently, the
wedge between the Euler equation and the inverse Euler equation disappears. A similar problem
arises in the dynamic optimal taxation problem studied by Kocherlakota (2005), in which the agents
in the economy are privately informed about their skills. In Kocherlakota (2005), to prevent joint
deviations, the return on savings is made to be stochastic by tailoring the tax rates on saving to the
agent’s announcements of his private information, and hence the government needs to keep track of
the entire history of the agent’s announcements to set the tax rates. In our model, the problem is
much more tractable, especially for the logarithmic utility case in which the principal only needs to
know the current stage level of the project because the holding requirement only varies with stage

level.

3 The benchmark model

The benchmark model is similar to the single-agent model studied in Shan (2017), in which the

principal has full control over the agent’s consumption. In this model, time is continuous. At time
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0, a principal hires an agent to perform an R&D project. This project has N stages, which must be
completed sequentially, i.e., to develop the stage n (0 < n < N) innovation, the agent must have
completed the innovations of stage n — 1. The transition from one stage to the next is modeled
by a Poisson process, which is affected by the agent’s choice of effort. For simplicity, the agent is
assumed to have only two effort choices: he can either put in effort or shirk. If the agent puts in
effort, the arrival rate of completing an innovation is A. If the agent chooses to shirk, he fails with
probability 1, and the Poisson arrival rate is equal to zero.

The agent’s action cannot be monitored by the principal. However, the principal can observe
exactly when each stage of the R&D project is completed. Let H? be the history of the agent’s
performance up to time ¢. It records the number of stages completed and the time taken by the agent
to complete each stage. By assumption, H? is publicly observable, which is the only information
that the principal can use to provide incentives to the agent.

At time 0, the principal offers the agent a contract that specifies a flow of consumption c;(H?)
based on the principal’s observation of the agent’s performance. Let T" denote the stochastic stop-
ping time when the agent completes the last-stage innovation. After time 7', the principal does
not need to provide any incentive for the agent to work, and hence the agent receives a constant
payment over time, which is equivalent to a lump-sum consumption transfer at time 7.

We assume that the agent’s utility function has a separable form U(c) — L(a), where U(c)
is the utility from consumption, and L(a) is the disutility of exerting effort. We assume that
U :[0,4+00) — [0,+00) is an increasing, concave, and C? function, and satisfies the Inada condition
lim. 4o U'(c) = 0. The agent’s choice of effort is binary, indicated by a € {0,1}. a = 1 means
that the agent chooses to put in effort, and a = 0 means that the agent chooses to shirk. Moreover,
the disutility of putting in effort equals some [ > 0, and the disutility of shirking equals zero, i.e.,
L(1) =1 and L(0) = 0.

Given the contract, at any time ¢, the agent makes the effort choice based on the observation of
H'. The effort process is denoted as a = {a;(H"),0 <t < co}. The agent’s objective is to choose
the effort process a to maximize the total expected utility. Thus, the agent’s problem is

T
{a,,,orél?iioo} E[/O re " (U(ct) — L(ay))dt + e " U(er) |,

where r is the discount rate.* Moreover, the agent has a reservation-utility vo. If the maximum

4We normalize the flow term by multiplying it by the discount rate so that the total discounted utility equals the



201

202

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217

218

219

expected utility he can get from the contract is less than vy, then the agent will reject the principal’s
offer.
We assume that the agent and the principal have the same discount rate. Hence, the principal’s

expected cost is given by .
E [/ re "teidt + e " Teor|.
0

We assume that the completion of R&D is quite valuable to the principal; therefore, he always
wants to induce the agent to work.” Hence, the principal’s objective is to minimize the expected cost
by choosing an incentive-compatible payment scheme subject to delivering the agent the requisite
initial value of expected utility vy. Therefore, the principal’s problem is

T
min E / re "te,dt + e " Tor
{ct,0<t<+o0} 0

s.t.
E[ /0 e e —l)dt—i—e_’“TU(cT)} > vo.

Finally, to simplify the analysis, we could recast the problem as one where the principal directly
transfers utility to the agent instead of consumption. In the transformed problem, the principal
chooses a stream of utility transfers u;(H*) (0 < t < +00) to minimize the expected cost of

implementing positive effort. Then, the principal’s problem becomes

T
min FE [/ re "t S (ug)dt + e_TTS(uT)]
0

{us,0<t<+00}
s.t.
T
E {/ re” " (uy — U)dt + BTT’U,T:| > v,
0

where S(u) = U~1(u), which is the principal’s cost of providing the agent with utility u. It can be
shown that S(u) is an increasing and strictly convex function and lim, 1o S'(u) = 4o0.

The contracting problem can be analyzed recursively using the agent’s continuation utility v,
which is the total utility that the principal expects the agent to derive at a given point in time. At

any moment in time, given the continuation utility, the contract specifies the agent’s utility flow u,

utility flow when the flow is constant over time. Thus, the agent’s total discounted utility at time T equals U(cT).
5By assumption, the project has finite number of stages. Moreover, the arrival rate of success when the agent

exerts effort is fixed. Hence, if the revenue of completing the project is sufficient high, it is always optimal to induce

the agent to work.
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the continuation utility v if he completes an innovation, and the law of motion of the continuation
utility if he fails.

The details of the derivation of the recursive form can be found in Shan (2017). Intuitively,
when the agent exerts effort, he raises the arrival rate of success from 0 to A. After a success, his
continuation utility changes from v to ¥. Hence his expected benefits of exerting effort is A(7 — v).
His costs of exerting effort is r{. To provide incentive to work, the contract should satisfy the

following incentive-compatibility condition:
Ao —wv) >rl.

Thus, in any incentive compatible contract, the agent’s continuation utility increases by at least 771
after each success. For the evolution the agent’s continuation utility in case of failure, since the
continuation utility can be explained as the value that the principal owes the agent, when the agent
exerts effort, his continuation utility grows at the discount rate r and falls because of the net flow
of utility r(u—1) plus the gain of utility o — v at rate X if the agent completes an innovation. Thus,
his continuation utility in case of failure evolves according to

dv _
a—rv—r(u—l)—/\(v—v).

Let C,,(v) be the principal’s minimum cost of delivering continuation utility v when the project
is at stage n. Next, we characterize the evolution of the principal’s continuation value Cy,(v). Since
the principal discounts the future at rate r, his expected flow of value at a given point in time is
given by

rCp(v).

This must equals to sum of the expected instantaneous cash flows 7S(u) and the expected rate of
change in the continuation value. The later equals to the sum of the variation of the principal’s
costs brought by the change in the agent’s continuation utility and the variation of costs when the
project progresses to the next stage at rate A. This yields

PS(u) + Cole) G + MCasa(0) = Cal0)

The principal controls v and ¥ to minimize his continuation value. In the recursive form, the
principal’s problem is to solve the following Hamilton-Jacobi-Bellman (HJB) equation

rCn(v) = Iiugl rS(u) + C’,’L(v)% + AChi1(0) — Cp(v)]

10
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s.t.

% = rv—r(u—1)— Av—v),

Ao—v) > rl

As the agent is assumed to have limited liability, the continuation utility cannot be less than
0, because the agent can guarantee a utility level of 0 by not putting in any effort. Therefore, a
negative continuation utility is not viable.

In the HJB equation, to solve cost function C,,, we need to know the functional form of C, 1.
Note that after the agent completes the final stage, he receives a lump-sum transfer, which implies
that Cn41(v) = S(v). Then the whole problem can be solved by backward induction starting from
the last stage-N problem. Shan (2017) uses a diagrammatic analysis to characterize the solution
of the HJB equation. The main properties of the optimal contract are summarized in Proposition

3.1.
Proposition 3.1 The optimal contract has the following property:

(i) The principal’s expected cost at any point is given by an increasing, convex and differentiable

function Cy,(v), which satisfies
rCn(v) = r8(u”(v)) + Cp(V)[r(v = u* (V)] + A[Cny1(0) = Cr(v)],

and the boundary conditions: C},(0) = S’(0) and Cy,(0) = )‘C%l)f%) The cost function when

the agent completes the last stage innovation is given by Cn41(v) = S(v).
(ii) The instantaneous payment u*(v) satisfies S’ (u*(v)) = C,(v).

(iii) When the agent completes an innovation, he enters the next stage and starts with the con-

tinuation utility v, which satisfies v = v + %l

(iv) In case of failure, the continuation utility v smoothly decreases over time and stays at 0 when

it reaches the lower bound 0.

(v) The minimum-cost functions satisfy Cp,(v) > Cpy1(v) and Cy,(v) < Cry1(v+45L) for all v > 0.

Its derivative satisfies lim,_, o, Cl,(v) = +o0.

11
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Proposition 3.1 indicates that the optimal contract combines rewards and punishments. The
principal rewards the agent by an upward adjustment in the compensation after each success and
punishes the agent by cutting his compensation for unsatisfactory performance. Thus, the principal
induces the risk-averse agent to bear some risks by introducing some uncertainties into his compen-
sation. Otherwise, the agent lacks an incentive to work. Proposition 3.1 also shows that the costs
of delivering the same level of continuation utility is higher at an earlier stage of the project (Figure
1). This is because, at an earlier stage, the uncertainties about the future are higher. Hence, the

cost of delivering the same level of continuation utility to a risk-averse agent is higher.

Minimum Costs

Figure 1: Cost functions.

4 Implementation of the optimal contract

The optimal contract presented in the benchmark model relies entirely on the continuation util-
ity, which is an abstract concept. Moreover, in the benchmark model, we make a strong assumption
that the principal controls the agent’s consumption directly, i.e., the agent consumes all the pay-
ments from the principal at any point in time. In this section, we present an implementation of the

optimal contract, which uses monetary terms rather than the abstract continuation utility, and in

12
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which the agent also makes consumption decisions besides choosing the effort. Yet, we show that
the implementation generates the same consumption path as the original optimal contract. In this
implementation, a primary component of the agent’s compensation is a state-contingent security
that appreciates when the project succeeds and depreciates when it fails. The agent is required
to meet a sequence of minimum holding requirements that is relaxed after each success until the
whole project is completed. Capturing the main features of performance-vested equity-based com-
pensation, the implementation results show that the principal can use this compensation scheme
to mimic the theoretical optimal contract derived with the assumption that the principal has full
control over the agent’s consumption, thereby providing a rationale for using performance-vested
equity-based compensation from a theoretical point of view.

The setup is the same as the benchmark model except that the consumption is decided by the
agent rather than controlled by the principal. To implement the optimal contract, the principal
designs a state-contingent security, whose return is higher in case of success than in case of failure.
Before the project starts, the principal provides the agent with initial wealth y°, a part of which
is paid in terms of the security. The agent can also invest in this security for saving purpose.® At
any point in time before the whole project is completed, the agent decides whether to exert effort
or shirk, how much to consume, and how much to invest in this security subject to a minimum
holding requirement v, which depends on the stage level n. The principal’s objective is to design
the security and the minimum holding requirements properly so that the agent will always exert
effort and, more importantly, choose the same consumption path as the one in the optimal contract
derived in Section 3 that minimizes the principal’s costs.

To describe the design of state-contingent security, we first explain how the value of the security
changes over time across different states in a more intuitive discrete-time approximation of the
continuous-time setting. In the discrete-time approximation, each period lasts At. At the beginning
of each period, the outcome of the project and the value of the security that the agent takes from
the last period are realized. Then, the agent makes effort, consumption, and investment decisions
based on his observation of the outcomes (Figure 2). If the agent exerts effort, the project succeeds
with probability approximately AAt and fails with probability 1 — AA¢, and the result will be
realized at the beginning of the next period. If the agent shirks, the project fails with probability

6We first assume that investing in this security is the only saving technology of the agent. A case with hidden

saving is studied in the appendix.
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Figure 2: The timeline

1. For the valuation of the security, suppose the project is at stage n in period ¢ and that the
agent holds in period ¢ the amount of security that would be worth y;11 in period ¢ 4+ 1 if the
project fails. Denote by Y,11(y¢+1) the value of such a security in state of success. The value
of this amount of securities in the current period ¢ is determined by the fair-price rule assuming
that the agent exerts effort, i.e., the value equals the expected present value, which is given by

Po(yir1) = ﬁ[(l — AMAByr1 + AALY, 11 (ye41)] (Figure 3). For easier tracking of the agent’s

Period ¢ Value Period ¢t + 1 Value

Yn 1 (yt+1 )
Succey/ +

P (y41) <

Fail\\

Yt+1

Figure 3: The design of the state-contingent security

wealth level, we write the value of the security in the current period and in the next period in
case of success as functions of its value in the next period in case of failure. Given this design
of state-contingent security, if the agent allocates P, (y:+1) of his current wealth to the security,
then in next period his wealth level equals y;+1 in case of failure and Y,,41(y:+1) in case of success.

Letting y; denote the agent’s wealth in period ¢, his budget constraint in period ¢ is

T’CtAt + Pn(yt-i-l) = Yt
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where the first term on the left-hand side is his consumption in the current period, and the second
term is his investment in the security if he wants a guaranteed wealth level of 3,1 in case of failure
in the next period.”

To derive the evolution of the agent’s wealth in continuous time, we first substitute the expression

of P, (y:+1) into the agent’s budget constraint

TCtAt + [(1 — )\At)yt+1 + >\At}/n+1(yt+1)] = Y-

1+ rAt

Multiplying both sides by 1 + rAt and rearranging the equation, we can get
Yer1 — yr = Aty — (L +rAt)re, At — AAHY; 11 (Ye1) — Y]

Dividing both sides by At and letting At converge to 0, we can obtain the evolution of the agent’s
wealth in case of failure

dy

It =ry—rc—AYoi1(y) -yl

Thus, when the project is at stage n, the agent’s wealth in case of failure grows at rate r and
decreases because of consumption spending ¢ and the loss on investment in security A(Y,+1(y) —y).
If the agent succeeds, his wealth raises to Y;,4+1(y).

Now, the agent’s problem is to choose an effort process and a consumption plan to maximize
his discounted expected utility. In the recursive form of the agent’s problem, the state variable
becomes his wealth level y. Let V,,(y) be the maximum expected utility that the agent can get
given wealth level y when the project is at stage n. The HJB equation of the agent’s problem is

V() = maxr[U() — al] + V. (0) % 4 aA Vs (Yisr (9) — V()

a,c dt
s.t.
dy
e ry —re— A[Yny1(y) —yl,
y =y -

3

Different from the benchmark model, the agent now chooses both the action and consumption. If

the agent decides to work (@ = 1), he incurs the costs of exerting effort in exchange for a higher

"The functional form of Y;,+1(y) and Py, (y) depend on the agent’s utility function, and therefore they are nonlinear
for general risk-averse utility functions. In the next section, we will provide an example for a special case where both

Yn+1(y) and Py, (y) take a simple linear form.
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return on his securities when the project progresses to the next stage. If the agent shirks (a = 0),
although he does not suffer any costs of working, he loses the chance to receive the higher return
from his securities. In continuous time, the value of the agent’s investment in the security converges
to his wealth level y at any point in time. Since the agent is required to meet a minimum holding
requirement that he invests at least v, of his wealth in the security, it imposes a lower bound of
the state variable y at y ~when the project is at stage n.

The next proposition shows that if the principal sets the initial wealth, the payoff in case
of success, and the minimum holding requirement appropriately, this implementation is able to
generate the same consumption path and effort choice as the original optimal contract. The proof

is in the appendix.
Proposition 4.1 Suppose the principal provides the agent with initial wealth 1°
y’ = C1 ("),

and at stage n
Cot (Cit ) +]) iy = Cu(0),

Yota1(y) =
207 Gt if0 <y < C,(0)
.0 Y vy nY),

and he chooses the same consumption process as the one in the optimal contract and always exerts

effort until he completes the last-stage innovation. The minimum holding requirement satisfies

yn > yn+1 :

For the payoff in case of success Y,41(y), note that C,41(Cyl(y) + %) is well defined for
y > Cp(0). When y > C,,(0), we have Y,,11(y) is increasing in y, and Y, 11(y) = Cri1(C  (y) +
%l) > Cn(C1(y)) = y, which means the payoff of the security in case of success is higher than its
payoff in case of failure. For y < C,,(0), intuitively, the payoff Y,,11(y) should satisfy the following
conditions. Firstly, the payoff should be higher when the agent holds more security, which means

Y, +1(y) is strictly increasing in y. Secondly, the payoff in case of success should be higher than the
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payoff in case of failure, which requires that Y, y1(y) > y. Finally, the payoff should be zero when
the agent does not hold any security, and hence Y;,11(y) = 0 when y = 0. In this “off equilibrium
region”, we could choose any function that satisfies these conditions. In Proposition 4.1, we choose
the simplest linear function that connects the origin and (C,(0), Crp1(5)).

The premise of this implementation lies in the fact that the agent’s utility maximization problem
is the dual problem of the principal’s cost minimization problem in Section 3. Given continuation
utility v, Cp,(v) is the minimum expected cost to finance the incentive-compatible compensation
scheme. From the dual perspective, given the expected wealth y = C,,(v), the maximum expected
utility that the agent can achieve should equal v. Further, the consumption allocation should be
the same. In this implementation, the agent invests in the risky security for saving purpose, and
hence the return on savings is state contingent. When the state-dependent rates of return are
chosen appropriately, the agent’s Euler equation mimics the inverse Euler equation implied by the
principal’s problem. In other words, the wedge between the Euler equation and the inverse Euler
equation, as stated in Rogerson (1985), disappears.

In this implementation, the state-contingent security plays a key role in incentives. As discussed
in Section 3, the principal has to let the agent bear some risks; otherwise, the agent will shirk his
work. In the implementation, the risks are embedded in the state-contingent security. The gap
between the value in case of success and in case of failure guarantees that the agent will exert
effort. The minimum holding requirement arises because, by assumption, the agent has limited
liability and hence can guarantee a utility level of 0. It is binding when the highest expected utility
the agent can achieve reaches the lower bound 0. At this point, the principal has to make sure that
the agent holds enough securities so that the payoff of these securities in case of success is sufficient
to deliver the agent with continuation utility %l, which is the lowest level in case of success for the
agent to exert effort. Otherwise, the agent will not have any incentive to work. Hence, the minimum
holding requirement ensures the lowest level of risk that can incentivize the agent to exert effort.
Proposition 4.1 shows that the minimum holding requirement is relaxed after each innovation. This
is because when the project progresses to the next stage, the uncertainty of the project reduces,
and the minimum level of risks to be borne by the agent for incentive purposes also becomes less.

The design of security depends on the agent’s attitude towards risk, which is determined by his
utility function from consumption. In the next section, we explicitly show how to use the equity

of the firm to create the security when the agent has logarithmic utility. For general cases, in the
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financial market, there is no asset that has the exact same payoff structure as the state-contingent
security used in this implementation. However, firms can still design equity-based compensation
to approximate the security that implements the optimal contract. Since these firms rely heavily
on R&D, the performance of the employees in the R&D units greatly influences the firms’ per-
formance outcomes, which closely links employees’ performance and the return on firms’ equities.
In particular, each breakthrough in R&D is followed by a notable increase in the firm’s equity
price. The absence of such developments in a firm over a period generally leads to a drop in its
equity price. Thus, among all available assets, the firm’s equity has the closest payoff-pattern to
the state-contingent security. Another feature of this implementation is the sequence of decreasing
minimum holding requirements that the agent has to meet until the completion of the project. In
practice, this feature is mimicked by using performance-vesting provisions, under which a part of

equity grants is vested when the research employee achieves a predetermined performance target.

5 The optimality of equity-based compensation under loga-
rithmic utility

In this section, we consider an example in which the agent has the logarithmic utility function.
In this case, the contracting problem has a closed-form solution, which allows us to create the
security that implements the optimal contract in Section 4 using the equity of a firm under some

assumptions about how the development of the project affects the firm’s value.

5.1 The optimal contract and equity-based implementation

If the agent’s utility from consumption is U(c¢) = In ¢, we can show that the principal’s minimum
cost function takes a simple form—a constant times e”, where the constant only depends on the
parameters of the model and the stage level of the project. The following proposition summarizes

the property of the optimal contract.

Proposition 5.1 When the agent’s utility from consumption is U(c) = lnc¢, the minimum cost of
delivering continuation utility v when the project is at stage n is given by C,,(v) = p,e”, where the

constant p,, is determined recursively by
PN+1 = 17
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rl
TP 10 P + Apn = Appy1e™>,

and satisfies p, > ppy1. When the agent completes an innovation, he enters the next stage and
starts with continuation utility v which satisfies v = v + %l In case of failure, the continuation

utility v evolves according to % = —rlnp, <O0.

The optimal contract for the logarithmic utility example is consistent with the results of Propo-
sition 3.1: (1) the continuation utility decreases over time in case of failure and increases by %l
after each success; (2) p, > pp+1 implies that the cost of delivering the same level of continuation
utility is higher when the project is at an earlier stage.

The closed-form solution allows us to derive some comparative statics results regarding how
the principal’s cost is affected by the agent’s cost of exerting effort and the difficulty of the R&D
project, which are captured by [ and A respectively. The principal’s cost will be higher when the
agent incurs a higher cost of exerting effort because the principal needs to compensate the agent
more to cover his cost of effort. How the difficulty of the R&D project affects the principal’s cost
is unclear. When the arrival rate of success A is very small, which means the R&D project is very
challenging, the principal needs to provide a stronger incentive for the agent to exert effort. On the
one hand, the agent will receive a higher reward in case of success which increases the principal’s
cost, but on the other hand, the principal will punish the agent harder when he fails by lowering
his continuation utility quicker, which leads to a lower and more rapidly decreasing consumption
path in case of failure. In other words, the principal provides a stronger incentive for the agent by
making his consumption path more volatile. The following corollary shows that the net effect is to

increase the principal’s cost.

Corollary 5.2 The principal’s cost of delivering continuation utility v at any stage n is higher

when the agent has a higher cost of exerting effort, or a lower chance of success, i.e.,

Opn Opn
ﬁ > (0 and ﬁ < 0.

To implement the optimal contract, we consider a security with the same payoff structure
described in Section 4. As shown in Section 4, when the agent invests in this security for saving
purpose, at stage n, the agent’s wealth in case of failure grows at rate r and decreases because of

consumption spending ¢ and the loss on investment in security A(Y,,+1(y) —y). Hence, the evolution
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of the agent’s wealth in case of failure satisfies

dy

G ryre= AlYoy1(y) =yl

If the agent succeeds, his wealth raises to Y,,+1(y). To replicate the consumption path of the optimal
contract, based on the results of Proposition 4.1, the value of the risky security should increase from

y to

rl n rl rln n
Voal) = Cunr (Gt + 5 ) = ety = (T5E2 1)y

in case of success, which is a linear function of y.® The following proposition confirms that the

implementation indeed replicates the optimal contract.
Proposition 5.3 Suppose the principal provides the agent with initial wealth 1°
y* = C1(v°) = pre®,

and at stage n

rinp,
Yn+1(y)< h\ +1>y.

Then, given income y, the highest discounted expected utility the agent can achieve is

Vn(y) = lny - lnpna

and he chooses the same consumption process as the one in the optimal contract and always exerts

effort until he completes the last-stage innovation.

From Proposition 5.3, the risky security that implements the optimal contract has a simple
structure: (1) the value of the security increases proportionally by (HHT”" + 1) times when the
project progresses from stage n to stage n + 1; (2) by fair-pricing rule, in case of failure, the value

of the security evolves according to

dy

dt=ry—/\(y—y)=ry—AK

rinp,

1)y y| =l

Note that, in case of failure, the value of the risky security also changes proportionally, and its return
equals (1 — Inp,). Since the logarithmic utility function is unbounded from below, the minimum

holding requirement in Proposition 4.1 no-longer exists. In the logarithmic utility example, to

rl
8The last equality is due to 7py, Inpy, + Apn, = Apny1e > from Proposition 5.1.
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provide incentive, the value of the security increases proportionally by Tln% 4+ 1 times in case of
success and depreciates at rate r1lnp, in case of failure. Since p,, > ppt1, Proposition 5.3 implies
the security is more volatile at an earlier stage. The intuition behind this result is again that the
principal needs the agent to bear some risks in order to provide an incentive to work. When the
project progresses to the next stage, the uncertainty of the project reduces, and hence the risk that
the agent needs to take for incentive purpose also reduces.

Proposition 5.3 shows that the value of the risky security that implements the optimal contract
increases proportionally after each success. If the firm’s value changes in a similar pattern, then we
might be able to create the security using the firm’s equity. It requires that: 1) the firm’s value is
only affected by the performance of the project; 2) the firm’s value increases proportionally when
the project progresses to the next stage. This pattern is consistent with the development of R&D-
intensive start-up firms because the development of these firms usually starts with one main research
project and the firms’ value depends crucially on the performance of the project. Regarding how
the performance of the project changes the firm’s value, although it is difficult to find data about
how a specific project affects the value of the firm, most R&D-intensive start-up firms are backed by
venture capital, and the valuation of the firms at each financing round is publicly available. Since
whether a start-up firm can receive further rounds of financing depends on the development of its
main project, an alternative approach to examine how the development of its main project affects
the firm’s value is to look at the change of the valuation of the firm at each financing round. From
2007 to 2011, Twitter received seven rounds of financing, and its valuation increased roughly three
times at each financing round. A similar proportionate growth pattern is documented in Venture
Pulse Report published quarterly by KPMG.

If the firm’s value increases proportionally by R,, times when its project progresses from stage
n to stage n + 1. We first assume that R,, is certain and discuss how the uncertainty of R,, affects
the results in the next subsection. Let k be the value of the firm. Under this assumption, the firm’s

value in case of failure evolves according to

% =1k — MRpk — k) = [r — A(Rn — D],

which implies that the return of the firm’s equity in case of failure equals [r — A(R,, — 1)]. Consider

the following portfolio of the firm’s equity and a risk-free asset with interest rate r, in which the
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fraction of equity in the portfolio «,, satisfies
Oy * [T - )‘(Rn - 1)] + (1 - an) = 71(1 - lnpn)v

or equivalently
rinp,

Ry — 1)

By construction, the return of the portfolio in case of failure equals to (1 —Inp,,), and the value of

Qy =

the portfolio increases by au, - Ry + (1 —ay,) -1 = % + 1 times when the project progresses from
stage n to stage n + 1.° Thus, the payoff of the portfolio matches exactly with the payoff of the
risky security that implements the optimal contract. The construction of the portfolio also requires
that R, > % + 1 so that «, € [0,1] for any n. It means that the growth rate of the firm’s
value in case of success is higher than the required return of the security in case of success, which
is also a sufficient condition on the return of the project so that it is always optimal to implement

the positive effort. The following proposition summarizes these results.

Proposition 5.4 Suppose the value of the firm increases by R,, times when the project progresses
from stage n to stagen + 1. If R, > rln% + 1 for all n, then the risky security that implements
the optimal contract can be created by a portfolio of the firm’s equity and a risk-free asset with

interest rate r. The fraction of equity, cv,, satisfies

_ rlnp,
T NR, - 1)

Proposition 5.4 shows that the fraction of equity in the portfolio depends only on the stage level
of the project and the parameters of the model. To implement the optimal contract, the principal
can offer the agent a wealth level of pie'® before the project starts, let him have access to the
portfolio for investment for future consumption, and adjust the fraction of equity in the portfolio
according to the stage level of the project. The agent makes all the remaining decisions, including
consumption, investment, and effort choices. Proposition 5.3 shows that the agent will choose the
same consumption path as the one in the optimal contract and always exerts effort. This result
again shows that the composition of the equity-based incentive compensation should depend on the

agent’s performance. From the determination of the fraction of equity in Proposition 5.4, if the

9Since the value of the risk-free asset dons not depend on the outcome of the project, the fraction of the risk-free

asset 1 — a, is multiplied by 1.

22



511

512

513

514

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

firm’s value increases by the same proportion after each success, then the fraction of equity in the
compensation portfolio decreases when the project progresses to a higher stage and a fraction of
equity vests after each success.

A direct implication of Corollary 5.2 is how the share of equity in the optimal portfolio changes
with the cost of exerting effort, the difficulty of innovation, as well as the impact of innovation on

the firm’s value R,,.

Corollary 5.5 The share of equity in the optimal portfolio is higher when the agent has a higher
cost of exerting effort, a lower chance of success, or a lower growth rate of firm value in case of

success, i.e.,

0 0 0
&>O,&<O, and dn

ol BN <0

OR, ’

The intuition of these comparative statics results is straightforward. When the agent has a higher
cost of exerting effort or a lower chance of success, the principal needs to provide stronger incentive
for the agent to work, and hence the optimal compensation portfolio should include more of the
firm’s equity. Holding everything else constant, when the firm’s value is very sensitive to the
development of the R&D project, a small share of equity is enough to ensure incentive. Some testable
implications of these results are that research employees receive more equity-based compensation
when each breakthrough of the project takes longer time on average, or when the variation of equity

price is smaller when any news of the development of the project is revealed.

5.2 The limitation of equity-based compensation

In this subsection, we briefly discuss the limitations of the equity implementation results. In the
previous subsection, we assumed that the firm’s value grow by a certain proportion when the project
progresses from one stage to the next. In reality, however, the firm’s value faces two important types
of uncertainty. Firstly, the firm faces the aggregate uncertainty of the market which will also affect
its equity price. Secondly, the valuation of the firm’s R&D project may also be uncertain, i.e., the
growing proportion of the firm’s value in case of success, R,,, is uncertain. For these situations, using
equity-based incentive compensation lets the agent face the uncertainties that he can not control,
and as a result, the principal needs to compensate the agent more for bearing the unnecessary risks.
It implies that the second-best consumption allocation of the optimal contract cannot be achieved

by using equity-based incentive compensation when these two types of uncertainty exist. When the
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firm is cash constrained and chooses to use equity-based incentive compensation for its research
employee, to increase efficiency, the firm should try to reduce the unnecessary risks faced by its
employees as much as possible. For aggregate uncertainty, one approach is to add a short position
of a market portfolio (for example a short position of index future) in the compensation portfolio to
hedge the aggregate risk so that the research employees are effectively paid according to the firm’s
performance relative to a benchmark. The approach of using the relative-performance evaluation
scheme to remove the market aggregate risk inherent in equity-based incentive compensation has
been extensively discussed in executive compensation literature since the theoretical prediction
in Holmstrom (1982), which suggests that “the market component of a firm’s returns should be
removed from the compensation package since executives cannot affect the overall market by their
actions and it is costly for executives to bear the related risks.” For the uncertainty of valuation of
the firm’s research project, however, it is difficult to find a financial tool to hedge the risk. Next,
we use a two-period model to explain how it affects the efficiency of equity-based compensation.
Now, suppose a research project lasts for two periods. In period 0, the agent decides whether to
exert effort or shirk. Conditional on exerting effort, the agent succeeds with probability p in period
1. If he chooses to shirk, he fails with probability 1. The agent consumes in both period, and the
utility function from consumption equals U(c) = Inec. The agent’s initial requisite utility equals vg.
Let [ be the disutility of exerting effort and 8 be the discount rate. As to how the performance of
the project affects the firm’s value, in general, the firm’s value equals to its real value plus a random
noise. Specifically, the firm’s period-1 value equals k + ¢ in case of failure, and its value equals to
Rk + 0 in case of success, where the random variable R captures the uncertainty of the valuation of
the project and random variable o captures the aggregate uncertainty. Since we want to focus on
the effect of the uncertainty of the valuation of the project, we consider an extreme case in which
the firm can hedge the aggregate uncertainty perfectly, and the only uncertainty comes from the
firm’s value when the project succeeds. In this case, for a certain amount of the firm’s equity, its
period-1 value in case of success equals R times its value in case of failure. We also assume that the
return of the project is sufficient high, which satisfies F(In R) > /317’ so that it is optimal to induce

positive effort. We have the following result.

Proposition 5.6 If R is certain and equals R, then the second-best outcome (the optimal contract)
can be implemented by a portfolio of the firm’s equity and a risk-free asset. If R is a random variable

with mean R, then the firm still can use a portfolio of the firm’s equity and a risk-free asset to
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induce incentive, but incurs higher costs of delivering the same level of initial requisite utility vg to
the agent than the second-best outcome. The efficiency loss is lower when the distribution of R is

more concentrated around its mean R.

The implication of Proposition 5.6 is that if the firm can make an more accurate prediction of the
valuation of its project, then it can achieve very close to the optimal contract by using equity-based

compensation.

6 An implementation via performance-based bonuses

Equity-based compensation is attractive to cash-constrained start-up firms because it can in-
centivize their research employees without spending their precious cash. However, it also has some
limitations as discussed in the previous section. In firms with enough cash flow, performance-
based bonus is another commonly used compensation scheme to provide incentive for research
employees. In this section, we provide an alternative implementation of the optimal contract via
performance-based bonuses for situations in which equity-based compensation becomes less efficient.

We keep the assumption that the agent has logarithmic utility function. Before the project
starts, the principal offers a savings account to the agent with an initial balance of 4°. When the
project is at stage n, the principal sets the return on this account at r, in case of failure. In case of
success, the principal rewards the agent with a performance bonus and deposits it into the savings
account to increase its balance from y to Y,,11(y). Note that the size of the bonus depends on the
balance of the savings account and the progress of the project. At any point in time, the agent
can withdraw money from the savings account for consumption subject to the constraint that the
balance of the savings account is nonnegative. Then, the balance of the savings account in case of
failure evolves according to

dy

i rny — Te.

In case of success, the balance of the account increases from y to Y, 11(y). Similar to Proposition
5.3, we can show that if the principal chooses y°, r,,, and Y, 11(y) appropriately, the agent will

always exert effort and choose the exact same consumption allocation as the optimal contract.

Proposition 6.1 Suppose the principal provides the agent with initial balance
,yO =D EUO,
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and sets

rn =1(1 —Inpy,),
rlnp,
Yoi1(y) = ( Ap + 1>y.

Then, the agent chooses the same consumption process as the one in the optimal contract and

always exerts effort until he completes the last-stage innovation.

The balance of the savings account y in this implementation plays a similar role to the agent’s
wealth level y in the equity-based implementation in Subsection 5.1. Both of them capture the
agent’s expected income from the contract and serve as the state variable in the agent’s utility
maximization problem. Therefore, if the evolutions of y are the same, then both implementations
generate the same consumption allocation as in the optimal contract. The main difference between
these two implementations is the approach to control the evolution of y. In equity-based implemen-
tation, the principal adjusts the fraction of equity in the compensation portfolio according to the
stage level, and then the equity-based compensation scheme automatically determines the evolu-
tion of the agent’s wealth y. In performance-bonus implementation, the principal manually controls
the evolution of the balance of the savings account y through the bonus for success. Comparing
these two implementations, the advantage of using performance-based bonuses is that the agent
does not bear any unnecessary risks brought by equity-based incentive compensation. However,
the principal needs to monitor the balance of the account since the agent is risk-averse and hence
the size of the bonus for success depends on the balance. The advantage of equity-based incentive
compensation lies in its simplicity for which the principal only needs to adjust the faction of equity
in the compensation portfolio depending on the development of the project and can leave all other

decision problems to the agent.

7 Conclusion

To examine the optimality of the equity-based compensation scheme that is widely used by R&D-
intensive start-up firms for their research employees, we study a dynamic contracting problem in
which a principal hires an agent to perform a multi-stage R&D project. The R&D process is modeled
by a Poisson process. In the optimal contract, the principal provides incentive to the agents in two

ways: (1) the agent’s compensation increases to a higher level when he completes an innovation
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(reward); (2) if the agent fails to complete the innovation, his compensation decreases continuously
over time (punishment). We show that the optimal contract could be implemented using a risky
security that appreciates when the project succeeds and depreciates when it fails. Until the agent
completes the whole project, he is required to meet a sequence of holding requirements which are
relaxed each time when the project progresses to the next stage. In this implementation, instead
of the principal directly controlling the agent’s consumption as in the optimal contract, the agent
chooses both consumption level and effort level. We show that this implementation yields the same
consumption allocation as the one in the optimal contract. We also provide an example in which
the contracting problem has a closed-form solution and explicitly describe how to use the equity
of the firm to implement the optimal contract. This implementation suggests that the structure of
equity-based compensation should relate to the research employees’ performance, and it provides
a rationale for using the performance-vested equity-based compensation in R&D-intensive start-up

firms from the theoretical point of view.

Appendix A: Proofs

Proof of Proposition 3.1

The proof of Proposition 3.1 in Shan (2017) proves points (i) to (iv). Cyp(v) > Cpy1(v) for all
v is by Corollary 3.2 in Shan (2017). Proposition 3.1 in Shan (2017) shows that the derivative of
the cost function C,,(v) satisfies S'(v) < Cp(v) < Cp (v + 5). Since the utility function U(c)
satisfies the Inada condition lim,_, . U’(c) = 0, we have lim,_, { oo S’(v) = +00, which implies that

AChyr (5

lim, 4o Cly (v) = +00. Since C(v) < Cry1(v+ %) for all v and C,(0) = o ) < Crs1(5),

it follows that Cy,(v) < Cppq(v+ %) for all v.

How to replicate the inverse Euler equitation in a two-period model

Before proving Proposition 4.1, we first illustrate the principle of the implementation in a two-
period model in which the agent chooses action and consumption in the first period and the outcome
of the project is realized in the second period. If the agent works in the first period, the project
succeeds with probability . If he shirks, it fails with probability 1. In the first period, the agent’s

chooses the consumption ¢ and security holding y given initial wealth level y subject to the following
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budget constraint
c+ P(g) =y.

The price of security are given by the discounted expected value of the security

P(y) = Bl(nY (y) + (1 — wy)l;

where y is the payoff of the security in case of failure, Y'(y) is the payoff in case of success, and j3

is the discount factor. Thus, the agent’s problem is
max U (¢) — al + flapU (Y (y)) + (1 — pa)U(y)]

s.t.
c+ Bl(rY (y) + (1 —pwy)l =y.

If the principal set Y (y) = U~ (U(y) + ﬁ), consider the agent’s choice of effort, we have

1+ BlpU(Y (y) + (1 — w)U(y)] = BU(y).

It implies that the agent is indifferent between working and shirking no matter what consumption
level he chooses. For the consumption choice, if the agent decides to save one unit consumption

and invest it in the security in the first period, then in the second period

L and AY (y) = V')
BluY'(y) + (1 — )]’ = BleY'(y) + (1 —p))

When the agent chooses to shirk a = 0, the optimal consumption choice satisfies the following Euler

Ay:

equation
_ U'(y)
Y (y) + (L)
When the agent chooses to work a = 1, the Euler equation becomes
U'(c) = 1Y (y)U' (Y (y)) 1-pUiy)
pY'(y) + (1 —p)  pY'(y)+0—p)

Note that Y (y) = U~ (U(y) + 4 ). Hence, Y'(y) = %, which implies that

U'(c)

Bu
1Y (U (Y (y)) (1-pwU'(y) U'(y)
wY'(y)+(1—p)  pY'(+Q—p)  pwY'(y)+0—p

Thus, for both actions the agent chooses the same consumption level because they satisfy the same

Euler equation
U/
U'(c) = - ) )
pY'(y) + (1 —p)
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Thus, if the principal set Y (y) = U~ *(U(y) + ﬁ), the agent is willing to exert effort, and the joint
deviation strategy of shirking and saving can be ruled out. Finally, taking the reciprocal of both

sides of the Euler equation, we have

Note that

1 , 1 U'(y)
Ty (1Y (y) + (1 — p)]

Then, the Euler equation of the agent’s consumption choice problem becomes

_ N M 1—p
v ree) T T v T o

1 _ o +1—,u
Ul UX(y) Uly)’

which is exactly the inverse Euler equation implied by the principal’s problem. This result confirms

that the implementation rules out the joint-deviation strategy.

Proof of Proposition 4.1

Since C,, is a strictly increasing and differentiable function by Proposition 3.1, C; ! exists and
is also differentiable. We first show that V,,(y), which is the maximum expected utility that the
agent can achieve given the expected wealth y, equals C,, *(y) for any n (0 <n < N + 1). This is
obviously true when the agent completes the last stage and receives a lump-sum transfer, because
Vni1(y) = Uly) = S~ (y) = Oyl (y). Next, for any stage n, taking V,,11(y) = C,,}1 (y) as a known
function, we verify that V,,(y) = C,,1(y) is one solution to the value function of the following HJB

equation for the agent’s problem under the conditions of Proposition 4.1,

V() = maxr{U(e) — al] + V) 2 + aA[Coh (Yaar () — Va (W)

a,c dt
s.t.
dy
o = Tyores AYoi1(y) — vl
y =z y -

n

Next, we show that V,,(y) = C,;(y) is the true value function for the agent’s utility maximization

problem in stage n, and hence the consumption path implied by the value function is a true solution

29



683

684

685

686

687

688

689

690

691

692

693

694

695

696

697

to the agent’s problem. If this is true, then we can show that V,(y) = C, !(y) is the true value
function for the agent’s problem for any n (0 < n < N + 1) by backward induction.

Step 1: Verify that V,,(y) = C;;*(y) is one solution to the HJB equation.
To verify that V,(y) = C,;!

n

(y) satisfies the HIJB equation, we plug V,(y) = C, (y) and its

derivative V! (y) = m into both sides of the HJB equation and show that the equation holds.

For the right-hand side, we first consider the agent’s decision for action a. Letting V;,(y) = C,;(y),
we have
rl

) =Gt )] =l

AC H (Yas1(0) = Va)] =7l = AC, 1 (Crpa (C N (y) + h

Then, for either choice of action a, the right-hand side of the HJB equation becomes
RHS = maxrU(c) + V, (y){ry —re = Al¥ni1(y) — o}

Taking V! (y) = and Y;,11(y) = Cny1(C;  (y) + 5L) into the expression above, we have

1
CL(Crt (y)
ry —rc — ACnt1(Cr t(y) + le) -]

RHS = max rU(c) + A=) ;
B . (r+ Ny — re*(y) — ACoi1(Crt(y) + 5)

where ¢*(y) is the optimal choice of consumption which is determined by the first-order condition

U W) = gre-my-

The next step is to find the expression for Since, from principal’s problem, C,, (v)

1
CL(Crt ()’
satisfies the following differential equation

l
(r+A)Cn(v) = rS(u”(v)) + Cp (v)[r(v = u ()] + ACnya (v + %),
where u*(v) is the optimal choice of utility flow and satisfies S’(u*(v)) = CJ,(v). Then we have

1 r(v—u*(v))

Cl(v) — (r+A)Cn(v) — rS(u*(v)) = ACpir (v + 5)

Letting the continuation utility v equal C;!(y) in the equation above, we can get

b r(Ct (y) — vt (CL ()]
CL(Ca () (r + N)Cn(Cr ' (y)) — rS(u* (C  (y) — ACrp1 (Cr M (y) + 2)
r(Crt (y) — v (Ch (v)]

(r+ Ny = rSu(Ca' () = ACpsa(Ca' (y) + 5)
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and u*(C,; (y)) satisfies S"(u*(C;, 1 (y))) = C(C; 1 (y)). Note that S(u) = U~!(u), it implies that

n

S"(u) = grsray- Then we have C(Crt(y)) = S'(u*(Cyy 1
(

0D = T
it follows that U’(S(u*(C,;*(y)))) = U’(c*(y)). Because the utility

) Since c¢*(y)

satisfies U'(c*(y)) = W,

function U is strictly concave, we then have S(u*(C,'(y))) = c*(y), and hence u*(C, 1(y)) =
(

n

U(c*(y)). This result shows that ¢*(y) = S(u*(C;, 1(y))) because they satisfy the same first-order

condition. Therefore,

1 B rCt(y) —U(e*(®)]

CLC () (r+ Ny —re*(y) — ACopa(Cr ' (y) + 51)

Taking this expression for into the right-hand side of the HJB equation, we have

(r+ Ny —rc*(y) = ACn1 (Cr () + 5)
CL(Cat(y)
= rU(c* () +7Cy M (y) = U(c*(y))]

RHS = rU(*(y)+

For the left-hand side, we have
LHS =1V, (y) = rC; ' (y).

n

Thus, V,(y) = C,;1(y) is one solution to the HIB equation of the agent’s problem.

Step 2: Check that the path of wealth y (or security holding) implied by the HJB equation given
value function V,(y) = C; 1

1(y) does not violate the minimum holding requirement y > Y, -

Since the payoff of the security in case of success is strictly increasing in y, if the agent invests
less than y, in the security, by the design of the security, the payoff in case of success is less than
Cri1 (%l), and hence the expected utility that the agent can derive from this amount of wealth when
he enters stage n+1 is less than Cn__il (Cry1(5L)) = 5L To induce incentive, the agent’s continuation
utility needs to increase by at least %l Since in stage n the agent can always guarantee 0 utility by
doing noting, if he knows that the highest utility he can receive in case of success is less than %l,
he will not have any incentive to work. Intuitively, the minimum holding requirement ensures that
the agent has sufficient equity in the future to induce effort. The minimum holding requirement
imposes a condition at the lower bound of y that Y > 0 when y reaches the lower bound v, because
y cannot decrease any further when it hits the lower bound. Our next task is to check this condition
is satisfied given V,,(y) = C,;(y). Since y, = Cn(0), we have

rl rl

Yoii(y,) = Cnia(Cr M (y,) + 3) = Cnn(5)-
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When y reaches the lower bound Y, the agent’s choice of consumption satisfies

where u*(0) = 0 is because from Proposition 3.1 we have S’(u*(0)) = C/,(0) and the boundary
condition C,(0) = S’(0) = 0 when the continuation utility reaches the lower bound 0 in the

principal’s problem. Then, at y = Yo

dy * rl
2t = Y ¢ (Y,) = Al¥ana(y,) — g, = 7Ca(0) = AlCaia(5) = Cu(0)] = 0,
where the last equality is because C,,(0) = )‘C%l/\(%) from Proposition 3.1. Therefore, the boundary

condition for y is satisfied.
Step 3: Verify that V,,(y) = C, X(y) is the true value function of the agent’s mazimization
problem and the consumption path implied by the HJB equation given value function V,(y) = C;;7(y)
is the same as the consumption path of the optimal contract.
Let the time when the stage n problem starts be 0 and let y9 be the wealth at the beginning of
stage n. When the project remains in stage n, the state variable y; evolves according to
dy

gt = Y~ re = Al¥ar(y) —yl.

Since Cp,(v) < Cry1(v+ 5), we have Yi,41(y) = Cns1(Crit(y) + 5) > Cu(Crt(y)) = y, which

implies that

dy

o =Y e AlYar(y) —yl <ry.
Hence, for any feasible path of the state variable {y:}:>0, we have y; < €"yo. Since C,(v) is
a strictly increasing function and satisfies lim,_, o CJ,(v) = +o00, we have V,(y) = C,*(y) is
a strictly increasing function and satisfies and limy, o V;;(y) = 0. Since Vy(y ) = 0, we have

Va(y) >0 for all y >y . It follows that for all feasible paths of the state variable {y:}:>o,

V. rt V/ rt rt
0< lim e "Vy(y) < lim Vul€™ o) _ lim Va(eyo)yore™
t=+00 t—foo et t>+o00 rert

207

where the first equality is by L’Hépital’s rule. It shows that V,,(y) = C,;!(y) satisfies the transver-

n

sality condition lim;—, 1 e "V, (y;) = 0 for any feasible path of the state variable {y;};>0.°

10This condition is the continuous-time version of the condition in Theorem 4.3 in Stokey and Lucas (1989). In
the supplement of this paper, we provide a proof that if a function is one solution to the HJB equation and satisfies

the transversality condition, then the function is the true value function.
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Therefore, V,(y) = C,, 1(y) is the true value function of the agent’s maximization problem, and the
consumption path implied by the HJB equation given value function V,,(y) = C,;!(y) is the true
solution to the agent’s problem.

Our next task is to show that the consumption path chosen by the agent is the same as the
consumption path of the optimal contract. We can interpret V,(y) as the agent’s “continuation
utility” given wealth y. In case of success, the agent’s “continuation utility” changes from V,,(y) to

Crit1(Yai1(y)), which satisfies

Cob a0 = Oty (o (04 5 ) ) =G+ =l + -

Thus, if Y,41(y) = Cry1(Cy (y) + %) then the agent is always indifferent between working and
shirking no matter what his consumption choice is. Moreover, the agent’s optimal choices of con-
sumption for the two actions are the same because they satisfy the same first-order condition
U'(c) = V!)(y). Thus, the agent is always willing to exert effort and cannot achieve higher utility
through the joint-deviation strategy by shirking and saving. In case of failure, his “continuation
utility” changes smoothly and evolves according to

dVi(y) T
dt =Va

()% = rValy) ~ U ),

where ¢*(y) is the optimal choice of consumption given y and satisfies U’ (¢*(y)) = V.. (y), and the
last equality is derived from the agent’s HIB equation. From the principal’s problem in Section 3,
since the incentive-compatibility condition is always binding so that v = v + %l, in case of failure,

the continuation utility evolves according to

% =rv—ru*(v),

where u*(v) is the optimal choice of utility flow and satisfies S’ (u*(v)) = C/,(v). The previous proof
has shown that if v = V,,(y) = C,;1(y) then u*(v) = u*(C,; 1 (y)) = U(c*(y)), which means that the
optimal utility flow given continuation utility level C; !(y) in the principal’s problem equals the
agent’s utility from the optimal consumption choice given wealth level y in the agent’s problem.
Therefore, given the same continuation utility, the agent chooses the same level of consumption as
the optimal contract, which further induces the same dynamics of the continuation utility. Thus,

the optimal consumption path for the agent’s problem is the same as the consumption path of the

optimal contract.
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Finally, since we have verified that Viy11(y) = Cy;(y), we can show that V;,(y) = C,(y) is
the true value function for the agent’s problem for any n (0 < n < N + 1) by backward induction.

Therefore, given the same continuation utility, the implementation and the optimal contract
choose the same consumption level, which further induces the same dynamics of the continuation
utility.  Y,41(y) = Cns1(Cr (y) + 5) guarantees that the agent is always indifferent between
working and shirking. The initial condition that y° = C(v") guarantees that the agent starts with
initial continuation-utility v°. Thus, the implementation and the optimal contract generate the
same consumption path under all possible realization of the agent’s performance and the agent is
always willing to exert effort.

For the value of the minimum holding requirements, since y = C,,(0) and Cy,(0) > Cpr41(0) by

Proposition 3.1, it follows that the minimum holding requirement satisfies Yy > Y1

Proof of Proposition 5.1

For logarithmic utility function U(c) = In(c), the cost of delivering u is S(u) = €%, and the cost
of delivering the one-time transfer when the project is completed is Cyy1(v) = €. Suppose the
stage n + 1 cost function is Cp41(v) = ppt1€¥, where p,41 is a constant. We first use a guess-and-
verify method to show that the solution to the stage n HJB equation C,,(v) also takes the form of
pne’—a constant times e".

Taking Cp11(v) = ppyie? and the guess C,(v) = p,e¥ into the HIB equation, the left-hand

becomes rp,e’.

If we can show that the right-hand side also takes the form of a constant times
e’, then we can pin down the constant p,, from the HJB equation, and the guess is verified. The

right-hand side of the HJB equation is given by

d ~
RHS = minre" + pnevl + )‘(anrlev - pnev)
u,v

dt
s.t.
dv _
e rv—r(u—1)— Ao —v),
Av—v) > 7l

Utility-flow u satisfies the first-order condition S’(u) = C/, (v). Therefore,

€ =Dpnt,
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which implies that © = v + Inp,,.

The incentive compatibility constraint must be binding, otherwise the principal can lower costs

rl

> Which implies that ‘C%’ =rv —ru = —rlnp,. Taking the

by offering a lower v. Hence, v = v +

solution for u and v into the right-hand side of the HJB equation, it becomes

RHS rppe’ + ppe’(—rlnp,) + )\(ane”*rTl — pne?)

(Tpn —rp,Inp, + )\pn+16%l - Apn)eva

which also takes the form of a constant times e”. Finally, letting the left-hand side of the HJB

equation equal the right-hand side, we have
rl
rppe’ = (rpn — rpn 0Py + Apni1e> — App)e?,

which implies that
rl
TP I py + Apr = App1e ™.

v

Therefore, if Cy,11(v) = ppy1€?, then C,(v) also takes the form of p,e”, where the constant p,, is
determined by the above equation given p,+1. When the agent completes the project, the principal’s
cost of delivering the one-time transfer is Cy11(v) = e”, and hence pyy1; = 1. Then, by backward
induction, the cost function at any stage n equals C,,(v) = p,e¥, where p,, is determined recursively
starting from pyy1 = 1.

Next, we show that the constants satisfy p, > p,4+1 by backward induction. Since py41 = 1,

pn satisfies

rpy Inpy + Apy = )\e%l.

If py = 1, then we have

rpyInpy +Apy =rlnl+ A =)A< Ae’ .

Since rpy Inpy + Apy is an increasing function of py, it implies that py > 1 = pyy1-

For any 0 < n < N, we have

rl
TppInpy, + App = Appyie>,

rl

TPn—1 1npn—l + )\pn—l = Apne A

Thus, pp, > ppy1 implies that p,—1 > p,. We have shown that py > py41. Applying backward

induction, we can show that p, > pp4+1 for all0 <n < N.
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Proof of Corollary 5.2

Since p,, is determined recursively by

pn NPy + Apn = Apniie™ .

By Implicit Function Theorem, we have

L Opn+t1
_ Il

or rinp, +r+ A

% TPn+1€ 5 + dex

Since p, > 1 and p,4+1 > 1, it implies that if dp"“ > 0, then % > 0. Note that py41 = 1 and

hence 22 =57~ = 0. Then, ap ~ > ( for all n by backward induction.

Similarly, by Implicit Function Theorem, we have

5 = L 9 n
% _ _Dn + (TXI —1)expng1 — Aex p/\“ -  Pn = Pnt1 — e p/\ﬂ
2 Tlnp7:,+7’+)\ Tlnpn+7’+)\ ’

rl

where the last step is because (7 — )eTTl > —1.1 Since p, > pny1 by Proposition 5.1, it implies
that if 2 5 <0, then % < 0. Once again, we can show that ap" < 0 for all n by backward

induction starting from the fact that 9p 5t =0.

Proof of Proposition 5.3

The proof is similar to the proof of Proposition 4.1. When the agent completes the last stage,
his utility from the lump-sum payment equals Vii1(y) = Iny — Inpyy1, where py11 = 1. Next,
given Vyy1(y) = Iny — np,y1 and Vig1(y) = (2522 + 1)y, we verify that Vi, (y) = Iny — Inp,, is

the solution to the value function of the following HJB equation for the agent’s problem,

rValy) = maxr{lne —al] + Vi(y )% + aM[In(Yni1(y)) — npnya] = Va(y)}

s.t.

dy

e (r—rlnp,)y —re.

If this is true, then we can show that V,,(y) = Iny — Inp,, for any n (0 <n < N + 1) by backward

induction.

Hlet f(x) = (z — 1)e® + 1. We have f(0) = 0 and f/(z) = xe® > 0 for all z > 0. Hence, f(z) = (x — 1)e® +1 >0
for all > 0. This implies that (%l — 1)6%1 > —1.
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To verify V,,(y) = Iny — Inp,, is the solution of the HIB equation, we plug V,,(y) = lny — lnp,
and its derivative V) (y) = i into both sides and show that they are equal. For the right-hand side,

we first consider the agent’s decision for action a. Letting V,,(y) = Iny — Inp,, we have

MI(Yoi1 (9)) — pnis] — Vo)) = A{[n(" 22
— A{[In

(rpn Inp, + Ap,

Apn+1

— Alne> — 7l

+ 1Dy —Inpypt1] — (lny —lnp,)} —rl

rinp,

+1)+Iny—lnpypt1] — (Iny —Inp,)} —ri
= A ) —rl
= O7

where the forth equality is because p,, satisfies
rpn Ny + Ap, = )\pnﬂe%l.
Then, for either choice of action a, the right-hand side of the HJB equation becomes
RHS = mcaxrlnc + Vi (y)[(r — rinp,)y — rd].

Taking V;;(y) = 4 into the above expression, we have

1
RHS =rlny+ ;[(r— rlnp,)y — rd.

The optimal choice of consumption satisfies the first-order condition =~ = ¥, and hence ¢ (y) =y.
Then,
1
RHS =rlny+ —[(r —rlnp,)y —ry] =r(Iny — lnp,).
Y

For the left-hand side, we have
LHS =7V, (y) =r(Iny — lnp,).

Thus, V,,(y) = Iny — Inp, is one solution to the HJB equation of the agent’s problem.
For the dynamics of state variable y, we have

dy

g = = rlnpa)y —re*(y)] = (=rlnpa)y.

Thus, suppose the stage n problem starts at time 0 with wealthy level yy. If the project remains

in stage n till time ¢, the wealth implied by the first-order condition of the HJB equation is y; =
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e~"mpaty, . Given value function V,,(y) = Iny — Inp,, on the path of wealth {y;};>0, we have

1
lim e "V (y)yf = lim e™'————
t——4o00 n(yt )yt t——4o00 e—rln pn,tyo

rt e " Inppt

y():O.

This transversality condition implies that {y;}:>0 is the true solution of the agent’s maximization
problem, and hence V,,(y) = Iny — Inp,, is the true value function of the agent’s maximization
problem.!?

Next, we show that the implementation generates the same consumption path as the optimal
contract. As in the proof of Proposition 4.1, we can interpret V,,(y) as the agent’s “continuation
utility” given wealth y. We have shown that the agent is always indifferent between working
and shirking because his “continuation utility” increases by %l after each success. Hence, the
agent is always willing to exert effort. Given wealth level y, the optimal choice of consumption
satisfies ¢*(y) = y. Given “continuation utility” V,,(y), the utility flow from consumption equals
rinc*(y) = rlny = V,,(y) + lnp,. In case of failure, his “continuation utility” changes smoothly

and evolves according to

Wolt) _ vi) % = wv(9) —rU(e (1) = riny —Inp) —rlny = —rlnp,,

where ¢*(y) is the optimal choice of consumption given y and satisfies ¢*(y) = y. For the principal’s
problem, Proposition 5.1 shows that given continuation utility v, the optimal choice of utility flow
equals v 4+ Inp,, and, in case of failure, the continuation utility evolves according to

dv
= Inp,,

Therefore, given the same continuation utility, the agent chooses the same level of consumption as
the optimal contract, which further induces the same dynamics of the continuation utility. The
initial condition that y° = C(v°) guarantees that the agent starts with initial continuation-utility

v°. Thus, the implementation and the optimal contract generate the same consumption path under

all possible realization of the agent’s performance, and the agent is always willing to exert effort.

Proof of Proposition 5.6

To implement the optimal contract, the proof of a two-period implementation problem before the

proof of Proposition 4.1 shows that the optimal contract can be implemented by a risky security that

12We provide a proof that the transversality condition plus the first-order conditions are sufficient in the supplement

of this paper.
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satisfies the following property: 1) if the payoff of a certain amount of the security in case of failure
equals y, then its payoff in case of success equals Y (y) = U‘l(U(g) + Bl—u) = eﬁg; 2) the period-0
price of this amount of security is determined by fair-pricing rule and equals S(uY (y) + (1 —p)y) =
B [ueﬁ% + (1 — p)]y. We first consider the case in which R is certain and equals R. For a certain
amount of the firm’s equity, if its value equals y in case of failure, then its value equals Ry in case
of success. In this case, the risky security can be created by a portfolio of the firm’s equity and a
risk-free asset where the fraction of equity « satisfies aR + (1 — a) = P . Therefore, if there is no
uncertainty about the value of the project, the optimal contract (the second-best allocation) can be
implemented by the equity of the firm. Given this portfolio, the agent is always indifferent between

working and shirking. If his initial wealth is yg, the highest expected utility he can achieve is the

solution to the following optimization problem

V(yo) = max Inc+ B1n(y)

s.t.
e+ B{lulaR + (1 = a)] + (1 — 1)}y = yo.

Next, we study the case in which the value of the project is uncertain so that R is random and
calculate the third-best outcome when the principal can only use the firm’s equity and a risk-free
asset to compensate the agent. Consider a portfolio of the firm’s equity and a risk-free asset where
the fraction of equity equals /. Then, if the value of the portfolio in case of failure equals y its

value in case of success equals [/ R + (1 — o )ly. The period-0 cost of this portfolio equals

BE{ul/ R+ (1 — ")y + (1 - py} = B{ula’ R+ (1 = )] + (1 - )}y
If the agent exerts effort in period 0, his expected utility in period 1 equals E{p In[o/ R+ (1 —a)]y+

(1 = p)Iny}. If he chooses to shirk, his utility in period 1 equals Iny. Thus, to provide incentive

for working, the portfolio needs to satisfies the following IC constraint
B{E{um[a'R+ (1~ a/)ly + (1 - p)Iny} —Iny} > 1,

which implies that
- l
E{ln[d’R+ (1 -]} > —.
{In[ ( )1} i
To minimize the cost, the IC constraint must be binding, and hence the principal should choose a
o that satisfies E{In[o/R+ (1 — &/)]} = ﬁl—ﬂ Since logarithmic function is concave, we have

E{ln[o’R+ (1 — )]} <In{E[e’R+ (1 — )]} =In[a’R+ (1 - a)].
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Note that In[aR + (1 — a)] = ﬁ Then, we have In[a’R + (1 — o/)] > In[aR + (1 — «)], which
implies that o/ > a. The difference between o and o’ depends on the distribution of R, which
becomes smaller when the distribution of R is more concentrated around its mean R. Similar to
the certainty case, given this portfolio, the agent is always indifferent between working and shirking.
The highest expected utility that he can achieve with initial wealth g is the solution to the following
optimization problem

Vyo) = max Inc+ B1n(y)

s.t.
c+ B{ula’R+ (1 - a)] + (1~ )}y = yo.

Comparing the above problem with the agent’s maximization problem when R is certain, the only
difference is the “price” of the portfolio, which is higher when R is random because o/ > a. Hence,
we have V(yo) < V(10).

To summarize, given the same initial wealth yg, the agent can achieve higher expected utility
when the firm’s value in case of success is certain than when the firm’s value is random. In other
words, when the firm’s value is random, the principal needs to compensate the agent more to deliver
the same level of promised utility. The efficiency loss is caused by letting the agent bear risks that
are not affected by his action. The proof shows that the efficiency loss depends on the difference
between o/ and «, which further depends on the distribution of R. When the distribution of R is
more concentrated around its mean, the efficiency loss of equity-based compensation compared to

the optimal contract is less.

Appendix B: Extensions

A multi-agent model

So far, we have assumed that the principal faces a single agent, while in practice a research
project is usually performed by multiple agents in research teams. In this subsection, using the
“team-performance case” studied in Shan (2017), we extend the benchmark model to a multi-agent
model. In this multi-agent model, the research project is performed by a research team that consists
I > 2 research agents, and the principal can only observe the progress of the project. The objective

of the principal is to design an incentive-compatible contract for each agent so that every agent is
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willing to exert effort, i.e., exerting effort is a Nash equilibrium strategy played by all the agents
at any point in time. For simplicity, we assume that all these agents in the research team have the
same utility function U(c) — L(a), which satisfies the same assumptions in Section 3. Let A be the
arrival rate of success if all agents exert effort and A_; be the arrival rate if all agent except agent
1 exert effort. Consider the contracting problem for agent i. Conditional on all other agents exert
effort, agent ¢ increases the arrival rate of success of the team from A_; to A if he chooses to exert
effort. Hence, his benefit for exerting effort is (A — A_;)(9 — v), and his costs of exerting effort is

rl. Then, the Nash-incentive-compatibility condition is given by
A=2_y)(v—v) >l

Let C; ,(v) be the principal’s minimum cost of delivering continuation utility v to agent ¢ when the

project is at stage n. The cost function satisfies the following HJB equation

d
rCip(v) = minrS(u) + C’{m(v)dfj + ANCins1(0) = Cin(v)]
s.t.
Z—: = rv—r(u—1)— v —v),

A=2_)(w—-v) > rl
The properties of the optimal contract are summarized in the following proposition.

Proposition B.1 The principal’s expected cost at any point is given by an increasing and convex

function C; ,(v) that satisfies

rCin(v) = rS(u(v)) + Cj,(v)[rv —ru”(v) = Ai(© = v)] + A[Cin41() = Cin(v)],

)

and the boundary condition

ke )\—i l
o Al \ )\Ci,nJrl(i()\—t)_i) )
DA =AL) T4+ A ’

The cost function when the team completes the last stage innovation is given by C; n4+1(v) = S(v).

The instantaneous payment u*(v) satisfies S'(u*(v)) = C;,(v). When the team completes an

rl

pe In case of

innovation, agent i’s continuation utility increases to v, which satisfies v = v +

A_ql
A=A_;

when it reaches the lower

failure, the continuation utility v decreases over time and stays at

bound A)f)\lf . The instantaneous payment u has the same dynamics as the continuation utility v.
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The only main difference between this case and the single-agent case is the positive lower bound

Al

on the implementable continuation utility =—.

To provide an incentive, the principal should

reward agent i by raising his continuation utility by —— after success. Thus, even if agent i

X—X_
shirks, he still can receive the reward by free-riding on his coworkers’ work and guarantee a positive

Al 13
A—A_;"

expected utility of

Since including multiple agents only affects the lower bound on the implementable continuation
utility and the minimum reward in the incentive-compatibility condition, for the implementation
results, the only two modifications are the payoff in case of success and the minimum holding

requirement, which are given below:

Cimt1 (Cip () + 35=)  ify > Cin (3355,
Yin41(¥) = § 0o (25 4 nt ‘
S

Al
R (i
Yin =i (/\/\_i>

For general utility functions, the principal needs an individually-designed security for each agent,

All other results go through.

which seems unrealistic. Like the single-agent problem, if the agents’ utility function from consump-
tion is logarithmic, we can obtain a closed-form solution and provide a practical implementation
using the equity of the firm. The agents’ compensation packages differ only in the holding require-
ment (the required fraction of equity) depending on how an agent’s action affects the performance
of the team. The results of the optimal contract and the implementation for the logarithmic case

are summarized in the following proposition.
Proposition B.2 In the multi-agent model, if the agents’ utility from consumption is U(c) = Inc:

e The minimum cost of delivering continuation utility v to agent i when the project is at stage
n is given by C; ,,(v) = g; ne”, where the constant g; ,, is determined recursively by

)\_ﬂ“l

rl
m + /\> Qin = AGint1€”,

¢iN+1 =1 and rq;n,Ing; , + (

and satisfies ¢; p, > Gi n+1. When the project progresses to the next stage, agent i’s continu-

rl
A=A_;"

. dv Al
evolves according to G = —rlng; o <0

ation utility increases from v to v = v + In case of failure, the continuation utility v

13The derivation of the lower bound on the implementable continuation utility can be found in Shan (2017).
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e Suppose the value of the firm increases by R,, times when the project progresses from stage n

arl

+/\()\ Py

rlnqZ n

to stagen+1. If R, >

5+ 1 for all n, then the risky security that implements
the optimal contract can be created by a portfolio of the firm’s equity and a risk-free asset

with interest rate r. The fraction of equity (3; , depends on the stage level and satisfies

A_;rl
ring;n + x5

T T me

PrROOF OF PROPOSITION B.2: Similar to the proof of Proposition 5.1, we first use a guess-and-
verify method to show that the solution to the stage n HJB equation C; ,(v) takes the form of
Gine” given Cipny1(v) = giny1e”.

Taking C),(v) = gne¥ and C; p4+1(v) = giny1€¥ into the HIB equation, we have

dv -
RHS =minre" + ¢ ne’— + AM¢in+1€” — ¢ine’)
U,

dt
s.t.

dv
dt
A=2_))@—-v) > rl

= rv—r(u—1)— N7 —-v),

Utility-flow u satisfies the first-order condition S’(u) = C; ,(v). Therefore,

el = qi,ne’u7
which implies v = v +1Ing; ,. The binding incentive compatibility constraint implies that v =

o A_irl A_irl . .
v+ )\fiﬂ_, which implies that %% = rv — ru — o = —ring, — = . Taking the solution for

u and v into the right-hand side of the HJB equation, it becomes

A_;rl [ -
RHS = th,nev + Qi,nev(fr ln(h,n — 7)\ _Z)\ ) + )x(qim_HeU A=A qimev)
—1
A_;rl S -
= (r¢in—rqinlng, — Yo din + AGinp1> =1 — Agin)e’
—1

which also takes the form of a constant times e”. Finally, letting the left-hand side of the HJB
equation equal the right-hand side, we have

A_;rl

)\_7)\_1(]177, +>\Q1 n+16 Ai— >\Q1 n) 5

v
rqin€ = (r(h,n —Tqin In Qin —

which implies that
/\_i’l“l
A=A

Tl

rin N g, + ( + A) Qijn = AQiny1€ 0.
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Hence, we have verified that if C; ,,41(v) = ¢;.nt1€¥, then Cpy1(v) also takes the form of a constant
¢i,n times e”, where g; ,, is determined by the equation above. Finally, since ¢; n+1 = 1, by back-
ward induction, the cost function at any stage n equals C; ,,(v) = ¢; ,€”, where g; ,, is determined

recursively by
)\_i’l“l
A=A

Next, we show that the constants satisfy ¢; , > ¢;,n4+1 by backward induction. Since ¢; 41 =1,

Tl

Tqin NG p + < + )\) Gim = Mimp1€> 1.

g;, N satisfies

)\,Z‘l —rl
rain gy + (o A g = AT
El El )\_A_Z )
If g;, v =1, then
A_;rl A_;rl Arl rl ol
N Ing; ——— A g n=rlnl+ —— A< ————F A= A I+ —— Ae A,
Tqi N nq7N+<)\_)\_i+ >q7N rin +)\_)\_i+ <)\_)\_i+ <+/\_/\_i)< e

Since the left-hand side is an increasing function of ¢; , it implies that ¢; v > 1 = ¢; N41-
For any n, we have
/\_i’l“l
A—A_;
)\,iT'l
A=A
Then, ¢;n > gin+1 implies that ¢;n—1 > ¢i.n. We have shown that ¢; y > ¢; v+1. By backward

Tl

Tin Ingin + ( + /\) Gin = Mint1e” " 0.

rl

TQin—110qn_1 + < + >\> Qin—1 = AGine” 1.

induction, we can proof that ¢; , > ¢; n41 for all n.

When the agents have the logarithmic utility function, we have

Cin(v) = qine’ and V; ,(y) = Cil(y) =Ilny—1Ing,.

, ,n

In case of success, the value of the risky security that can implement the agent i’s contract increases

from y to
_ rl Qint1 55 ring; A_irl
Y; =C; c! = XATi g = : 1
l,n+1(y) z,n+1< in (y) + N\ — )\z> Gim € Yy Y + )\()\ — )\71.) + Y,
which is a linear function of y. Hence, the value of risky security rises by an"’” + )\(ijﬁi) +1

times when the project progresses from stage n to stage n+ 1. We could replicate the payoff of the
security using a portfolio of the firm’s equity and a risk-free asset with interest rate r, in which the
fraction of equity in the portfolio f3;,, satisfies

ring; A_irl
i n - R 1—8;,) 1= ' 1,
Bim - Rn+ (1= Bin) 3 +/\()\_)\7i)+
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or equivalently

4 ring n + ,\/\:,(ilq,
i,n — (Rn — 1)/\

Finally, R, > “n/\‘“*" + A(:\\ZZ;\Tfi) + 1 guarantees that the security can always be created by the
firm’s equity.

Q.E.D.

As the single-agent case, the risky security can be created by a portfolio of the equity of a

firm and a risk-free asset, where the fraction of equity, 3; ,, only depends on the stage level and

exogenous parameters of the model. To implement the optimal contract, the principal requires that

agent ¢ invests f3; ,, fraction of his wealth in firm’s equity when the project is at stage n.

Hidden saving

In the main body of the paper, we assume that the agent cannot engage in hidden saving.
In the benchmark model, the contract determines a consumption path contingent on the agent’s
performance. At any point in time, the agent consumes all the payments from the principal and
cannot save or borrow. In Section 4 and Section 5, although the agent chooses how much to
consume, he can only invest in the state-contingent security for saving purpose. An important
feature of the optimal contract in Section 3 is that the principal punishes the agent by cutting
his consumption in case of unsatisfactory performance. A well-known result, first documented by
Rogerson (1985), shows that the optimal contract is impracticable if the agent can save secretly due
to a precautionary saving incentive.'* Aware of the risk of lower compensation in case of failure,
a risk-averse agent would save some of his income for consumption smoothing purpose. In some
cases, the agent may adopt a double-deviation strategy by shirking to avoid the costs of working
and saving secretly to smooth consumption, which makes the problem even more complicated for
the principal.

To see how hidden saving affects the optimal contract derived in the main body of the paper, we
first examine the case when the agent can save secretly at the same rate of return r as the principal.
For illustration, consider the following one-period deviation in the discrete-time approximation.

Suppose from time t to t + At, instead of working and consuming all the payments received from

14This problem only arises when the agent can save secretly. If the principal can monitor the agent’s saving, then

the principal can offer a contract contingent on the agent’s saving.
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the principal, the agent shirks and saves some of the payments at time ¢t and consumes the saving
at t + At. Because of shirking, the agent will fail. The marginal effect of shifting consumption in

this way is

—ru(c;) At + [ru’(gt+At)At](l +rAt) = rAt[u’(gH_At) —u'(ct)] > 0.

1
1+rAt
The inequality is due to the result that the principal cuts the agent’s compensation in case of
failure so that ¢;, oy < ¢; and the assumption that the agent is risk averse. This result suggests
that if the agent shirks then he could receive higher utility through hidden saving. Under the
consumption allocation of the optimal contract, the agent is indifferent to working or shirking
because the incentive-compatibility condition is always binding. It further implies that if the agent
shirks and shifts some consumption from the current period to the next period, his deviation payoff
is higher than the payoff on the equilibrium path. Therefore, if the agent can save secretly at the
same rate as the principal, the principal cannot punish the agent by cutting his compensation for
unsatisfactory performance. Otherwise, the agent will adopt a double-deviation strategy, and the
optimal contract becomes invalid. This result is similar to the observation in He (2012).

However, if the agent incurs a cost on account of hiding his saving, then the low return on hidden
saving will mitigate the agent’s precautionary saving incentive. If the return is considerable low, it
may restore the optimality of the contract derived in the previous sections. Note that the agent’s
saving incentive depends on his marginal utility of consumption. To simplify the notation, we use
my, where m; = U’(¢;), to denote the agent’s marginal utility of consumption at any time ¢ given
the contract. Suppose the agent can save secretly at rate r’. The following proposition provides

sufficient condition under which the agent has no incentive to save.

Proposition B.3 Given contract {c¢;(H"),0 < ¢t < +oo}, if in case of failure the agent’s marginal

utility of consumption satisfies
dlnmy

dt

S _(T/ - T)v

then the agent has no incentive to conduct hidden saving. At any point in time, he consumes all

the payments from the principal and exerts efforts until the project is completed.

PrROOF OF PROPOSITION B.3: We show that under the condition in Proposition B.3 the agent
will not engage in hidden saving by checking the agent’s precautionary saving incentive at any

time ¢. Since the contract punishes the agent by cutting his consumption in case of unsatisfactory
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performance, the lowest consumption path from time ¢ to ¢’ that the agent may receive is the one
when he fails to complete any innovation during this period time. Since the agent’s utility function
is concave, he has the strongest incentive to save when he receives this “worst” consumption path.
Thus, if we can show that the agent has no incentive to save even on this “worst” consumption path,
then it implies that the agent has no incentive to save on any other consumption paths. The marginal
cost of saving at time t equals m;. Since the rate of return on hidden saving is r’, the marginal

' (t'—t) (r'—=r)(t' —t)

benefit of saving at time ¢ and consuming it at /(' > t) is e "' "¢ my =e myr.

If in case of failure the agent’s marginal utility of consumption satisfies

dl
e

then on this “worst” consumption path
Inmy —Inmy < —(r' —7r)(t' —t).

It implies that

Inm; > Inmy + (r' —r)(t' —t).
Taking exponential to both sides, it becomes

(r'=r)(t' —t)

me > e My .

Thus, the marginal cost of saving exceeds the marginal benefit, which implies that the agent has no
incentive to save on the “worst” consumption path. It further implies that the agent has no incentive
to saving on any other consumption paths. Therefore, if % < —(r' — r) in case of failure, the
hidden saving problem can be ignored. If the agent will not deviate from the consumption path
offered by the principal, the incentive compatibility condition then guarantees that the agent will
always exert effort. Q.E.D.

Proposition B.3 indicates that if the return on hidden saving is very low so that r/ < r — dnme
for all {c;(H"),0 < t < +oo}, then the optimal contract in Section 3 is still optimal as the agent
will not deviate from the consumption path suggested by the principal and always put effort at

work. In a general setting, this sufficient condition is difficult to ascertain because it has to be held

at any time ¢ on all possible consumption paths. However, note that

dlnm; dlnU'(¢;)  U"(¢y) dey

dt dt U'(ce) dt
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U”(Ct)

) is a constant number. It can be shown

If the agent utility function has CARA form, then

that 9 is bounded.'® Therefore, for CARA utility function, there exists an upper bound of r’ such
that the sufficient condition in Proposition B.3 is satisfied.
For logarithmic utility, we are able to derive a closed-form upper bound of 7’ that satisfies the

sufficient condition in Proposition B.3.

Proposition B.4 If the agent has logarithmic utility, the agent has no incentive to conduct hidden

saving if save the rate on hidden saving is not higher than r(1 — Inp,) for the single-agent case

' <r(l-Ing,)— )f‘:;il_ for all i for the multi-agent case), and hence he will not deviate from

the consumption path offered by the principal.

PrROOF OF PROPOSITION B.4:  For logarithmic utility function, the marginal utility from

consumption satisfies

1 1
m=U'(c)=~-=—=¢e"
c et
Hence, dl;‘tm = —%, and the no saving condition in Proposition B.3 becomes that % >r' —r.

For the single-agent case, when the project is at stage n, we have u = v + Inp,,, which implies
that
du dv

—=— = —rlnp,.
dt — dt " Pn

Thus, the no-saving condition becomes —rlInp, > r’ — r, which implies ' < r(1 — Inp,). Since
p1 > pp forany 1 <n < N, v’ < r(1—Inp;) guarantees that 7/ < r(1 — Inp,,) for all n. Hence,
the agent has no incentive to conduct hidden saving if the rate on hidden saving is not higher than
r(1 —Inp;), and hence he will not deviate from the consumption path offered by the principal.

For the multi-agent case, we have

du  dv | A_;rl
2 g, — 2TV
dt ~ dt fin =N
Hence, the no-saving condition becomes that ' < r(1 —1Ing;,) — ,\/\:;\T,l,-' Similarly, " < r(1 —

Afi’l‘l

Ing;1) — y=— guarantees that ' < r(1—1Ing; ) — A—irl

A=A

for all n. Hence, agent ¢ has no incentive

5Note that ¢ = S(ut) and wu; is determined by S’(ur) = C'(vt). Hence, c; is a continuous function of the

continuation utility v¢. Proposition 3.1 shows that dd% = r(v¢ — ut). Therefore, % is also a continuous function
of vt. The highest level of continuation utility that the agent can achieve is vg + N/\” when the agent completes all

N innovations instantly. Therefore, % is bounded. This implies that

dcy

T is bounded because ¢; is a continuous

function of vy.
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to conduct hidden saving if the rate on hidden saving is not higher than r(1 —Ing;1) —
Q.E.D.

This result is easier to observe from the aspect of implementation. For the single-agent case,
the value of the security raises % + 1 times when the project progresses from stage n to stage
n + 1, and its return in case of failure equals 7(1 — Inp,,). Then, it is obvious that if the return on
hidden saving is not higher than the lowest return on the security in case of failure, r(1 — Inpy),
then the agent will not have any incentive to engage in hidden saving and deviate from the optimal
consumption path. A similar analysis applies to the multi-agent case. The interpretation of this
result is that when the firm adopts equity-based compensation and the return on equity-based
compensation is higher than the return on hidden saving, then the employees prefer to hold the
equities for saving instead of saving secretly. Thus, the firms can almost mimic the optimal contract

even if they cannot monitor their employees’ hidden saving levels.
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