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 11 

ABSTRACT 12 

Novel mechanics based closed form solutions for the long- and short-term serviceability 13 

deflections and crack widths of fibre reinforced concrete (FRC) and ultra-high performance 14 

fibre reinforced concrete (UHPFRC) beams are presented. These solutions incorporate the 15 

bond properties from bond tests directly and as such obviate the need for a constant bond stress 16 

simplification and consequently the need for member calibration as is commonly required in 17 

code approaches. The closed form solutions are validated on 12 simply supported and 4 18 

continuous UHPFRC beams as well as 10 normal strength FRC beams with good correlation. 19 

A design example is also included for a UHPFRC T-beam demonstrating the application of the 20 

solutions. 21 

INTRODUCTION 22 

Excessive deflections and crack widths under service loads have a significant negative impact 23 

on the long-term functionality, aesthetics and durability of reinforced concrete structures 24 

(Gilbert & Ranzi 2010; Standards Australia 2014). The addition of discontinuous fibres to 25 

either normal strength concrete to create fibre reinforced concrete (FRC) or to high strength 26 
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mortars to create ultra-high performance fibre reinforced concrete (UHPFRC) has the potential 27 

to reduce the deflections and crack widths by allowing the transfer of stresses across flexural 28 

cracks (Stang & Aare 1992; Schumacher 2006).  29 

The design of FRC materials is complicated by the variety of metallic and non-metallic fibres 30 

of different shapes and sizes that are now commonly available. Further, these fibres can be 31 

used at varying volumes (Brandt 2008) and in concretes of widely varying mix design ranging 32 

from normal strength mixes with coarse aggregates (Schumacher 2006) to very high strength 33 

mixes without coarse aggregates (Graybeal 2006; Oesterlee 2010; Sobuz et al. 2016). Design 34 

is made even more complicated due to the option to blend fibres (Park et al. 2012; Banthia et 35 

al. 2014; Fantilli et al. 2018; Visintin et al. 2018a; Sturm et al. 2018a). Hence, to be able to 36 

efficiently characterise the service deflections and crack widths of members with these 37 

materials, generic analysis techniques are required which can be related directly to the results 38 

of basic material tests without the need for member calibration. 39 

In this paper, it is shown how a rational design approach for predicting instantaneous and time 40 

dependent deflections of FRC and UHPFRC materials can be developed based on fundamental 41 

partial interaction mechanics. Significantly, the proposed expressions are not based on 42 

experimental calibration, but rather on the direct application of material properties which are 43 

easily obtainable from simple, low cost experiments.  44 

In the following, a literature review of current serviceability analysis approaches is first 45 

presented. This is followed by a description of the segmental approach (Visintin & Oehlers 46 

2017; Sturm et al. 2018a) upon which the design procedure is based. It is then shown how the 47 

segmental approach can be used as the basis for developing a simplified design approach for 48 

quantifying the instantaneous and time dependent deflections and crack widths of simply 49 

supported and continuous FRC and UHPFRC beams. The approach is then validated against 50 
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26 existing test results covering a range of material properties. Finally, in the supplementary 51 

material, a realistic worked example is presented to determine the serviceability behaviour of 52 

a continuous T-beam. 53 

REVIEW OF EXISTING ANALYSIS AND DESIGN APPROACHES 54 

Existing serviceability analysis and design approaches for UHPFRC and FRC members are 55 

largely based on modifications of traditional sectional moment-curvature analyses that are 56 

solved either numerically (Barros & Figueiras 1999) or analytically (Taheri et al. 2011; 57 

Mobasher et al. 2015). Approaches suggested by national codes of practice such as the fib 58 

Model Code 2010 (fib 2013) for normal strength FRC and the AFGC (AFGC 2013) for the 59 

design of UHPFRC are also moment-curvature based approaches. Approaches based on 60 

computing a flexural rigidity have been suggested by Amin et al. (2017) and AS3600-2018 61 

(Standards Australia 2018). Approaches based on the rotation of a segment rather than the 62 

curvature of a cross section have also been suggested by Barros et al. (2015) and Visintin & 63 

Oehlers (2018), in their current form they are however more suited for numerical 64 

implementation.  65 

As the focus of this paper is on design, the following review focuses on the critical points of 66 

analytical models as well as those proposed in the design standards rather than on more 67 

complex numerical models. 68 

When considering the contribution of fibres post cracking, a number of existing approaches 69 

(Mobasher et al. 2015; Amin et al. 2017; Standards Australia 2018) assume a constant post 70 

cracking stress. Although leading to relatively simple analytical solutions, the limitation of this 71 

assumption is that it is known that the tensile stress resisted by fibres reduces with continued 72 

crack opening (Wille et al. 2014). Hence calibration is required to determine the most 73 

appropriate magnitude for the constant post cracking stress based on the expected crack width. 74 
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To improve the versatility of the solution, in this paper a piecewise linear stress crack width 75 

relationship is considered. 76 

In the fib Model Code 2010 (fib 2013) and the AFGC recommendations (AFGC 2013). The 77 

tensile stress/crack width relationship is converted into a stress strain relationship by dividing 78 

by a characteristic length. In AFGC (2013) this is taken as 2/3 the depth of the section, while 79 

in fib (2013) the characteristic length is taken as a function of the crack spacing. The approach 80 

taken in the fib Model Code (2010) is followed in this paper as it considers the mechanical 81 

relationship between crack widths, crack spacings and deformation in the tensile zone of the 82 

beam. 83 

When considering the impact of fibres on tension stiffening behaviour, existing approaches 84 

have been found either to not consider the effect of tension stiffening (Taheri et al. (2011), 85 

Mobasher et al. (2015), AS3600-2018 (Standards Australia 2018)), or to consider tension 86 

stiffening as a constant decrease in curvature (Amin et al. 2017). In Amin et al. (2017) the 87 

magnitude of tension stiffening is derived based on the assumption of a constant bond stress 88 

between the reinforcement and surrounding concrete. Experimentally it is observed that the 89 

bond stress increases with slip (Harajli et al. 1995) and hence this assumption requires 90 

calibration based on the expected slip of the reinforcing bar.  91 

In AFGC (2013), tension stiffening is allowed for by multiplying the curvature by the ratio of 92 

the reinforcement strain at the crack and the mean reinforcement strain along the tension chord. 93 

The mean reinforcement strain is calculated using the expression of the mean difference in 94 

strains between the concrete and the reinforcement in the crack width expression and includes 95 

a bond factor which needs to be calibrated for new combinations of materials.  96 

A number of other tension stiffening models are available in the literature which could be used 97 

in conjunction with flexural models to predict the tension stiffening effect. For example the 98 
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widely applied bond factor approach of Bischoff (2003) has been extended to FRC, but as with 99 

the model proposed by AFGC (2013) calibration is required for new materials. Models based 100 

on the assumption of constant bond stress have also been suggested by Yuguang et al. (2009).  101 

In contrast to these design oriented models, Lee et al. (2012) has suggested a fully non-linear 102 

tension stiffening model in which a non-linear bond slip relationship is considered between the 103 

reinforcement and the concrete as well as the  pull out of each individual fibre. Although this 104 

model fully captures the mechanics of tension stiffening, in the context of the work proposed 105 

here it is considered too complex for application in a closed form analytical solution. 106 

Hence, in this paper the tension stiffening model proposed by Sturm et al. (2018b) will be 107 

adopted to compute crack spacing and the response of the tensile reinforcement as it avoids the 108 

need for calibration by considering a realistic non-constant tensile stress/crack width response 109 

of the tensile concrete and bond stress-slip behaviour of the interface, while still resulting in 110 

closed-form solutions. In Sturm et al. (2018b), this model has been validated against 18 tension 111 

stiffening specimens ranging from normal strength to ultra-high performance FRC. The model 112 

demonstrated good fit to both the experimentally observed load-deflection and load-crack 113 

width behaviour.  This model also allows for the effect of shrinkage to be considered by 114 

offsetting the strains between the concrete and reinforcement. The age-adjusted effective 115 

modulus method can be used with this model to allow for the creep effects (Gilbert & Ranzi 116 

2010). 117 

Considering the methodologies adopted to determine the neutral axis depth, the majority of 118 

approaches suggest either an iterative approach or require the solution of a higher order higher-119 

order polynomial (fib 2013; AFGC 2013; Amin et al. 2017; Standards Australia 2018) which 120 

can be done numerically. Alternatively, Taheri et al. (2011) and Mobasher et al. (2015) do not 121 

require iteration to solve for the neutral axis depth but the expressions presented are complex. 122 
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To apply the solution technique of Taheri et al. (2011) the moment and curvature need to be 123 

evaluated over a range of tensile strains to obtain a smooth curve, and hence the approach is 124 

not suited to design by hand calculation. Mobasher et al. (2015) does provide a simplified 125 

bilinear moment curvature relationship defined using the moment and curvature at yield and 126 

then at ultimate. However, this is seen to be more suitable for analysis at the ultimate limit 127 

state, because assuming that the flexural rigidity at serviceability is given by the secant stiffness 128 

through the yield point appears to be overly conservative. Hence in this paper the moment and 129 

curvature will be solved for in terms of the bottom fibre strain removing the need to iterate for 130 

the neutral axis depth. Also to remove the need to evaluate the moment and curvature for a 131 

large number of these points a simplified bilinear moment-curvature relationship is developed. 132 

In terms of crack widths, fib (2013), AFGC (2013) and AS3600-2018 (Standards Australia 133 

2018) all provide relationships in terms of a crack spacing multiplied by a mean difference in 134 

strains between the concrete and the reinforcement. However, all the expressions are dependent 135 

on the definition of semi-empirical factors. Amin & Gilbert (2018) have also suggested an 136 

approach for finding the crack width based on the tension stiffening model in Amin et al. (2017) 137 

which is based on the assumption of a constant bond. Other approaches have been suggested 138 

by Barros et al. (2018), Fantilli & Chiaia (2018) and Visintin & Oehlers (2018) however these 139 

approaches are not suitable for hand calculations. In this paper a crack width model is proposed 140 

that is based on the tension stiffening model in Sturm et al. (2018b) which uses realistic non-141 

constant bond-slip and tensile stress/crack width relationships. 142 

Another important factor for the deflection and cracking behaviour is the influence of time 143 

effects. In fib (2013) and AFGC (2013) shrinkage is allowed for by evaluating a shrinkage 144 

curvature and creep is considered using an age adjusted effective modulus. In AS600-2018 145 

(Standards Australia 2018) time effects are allowed for by multiplying by a factor which is a 146 

function of the quantity of compressive reinforcement. In this paper shrinkage is allowed for 147 
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directly by considering an offset in strains between the reinforcement and the concrete and the 148 

effect of creep is allowed for using an age-effected age adjusted modulus (Gilbert & Ranzi 149 

2010). 150 

FRC and UHPFRC COMPONENTS OF RC BEAM 151 

Having reviewed existing approaches and identified the desired features for the new approach, 152 

consider the response of the components that comprise the RC beam in Fig. 1(a).  153 

 154 

Fig. 1. Tension stiffening prism with an initial crack 155 

 156 

Concrete in Tension 157 

Wille et al. (2014) have suggested that the tensile response of UHPFRC can be divided into: 158 

(i) a strain based ‘linear elastic’ portion in the stress/strain relationship in Fig. 2(a); (ii) a strain 159 
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based ‘strain hardening’ portion; and (iii) a crack opening based ‘softening’ portion in the 160 

stress/crack-width relationship in Fig. 2(b). During the first linear elastic phase in Fig. 2(a), the 161 

concrete is uncracked. During the strain hardening phase, microcracks are distributed 162 

throughout the volume. Finally, during the softening phase in Fig. 2(b), the deformation 163 

localises at a singular macrocrack.  164 

 165 

Fig. 2. Tension stress response of FRC 166 

 167 

The stress in the concrete σct in Fig. 2 can be represented analytically as a piecewise linear 168 

function of the strain εct and half crack width Δ as:  169 

𝜎𝑐𝑡 = 𝐸𝑐𝜀𝑐𝑡; 𝜀𝑐𝑡 ≤  
𝑓𝑆𝐻

𝐸𝑐
     (1a) 170 

𝜎𝑐𝑡 = 𝑓𝑆𝐻 + 𝐸𝑆𝐻 (𝜀𝑐𝑡 −
𝑓𝑆𝐻

𝐸𝑐
) ;

𝑓𝑆𝐻

𝐸𝑐
< 𝜀𝑐𝑡 <

𝑓𝑐𝑡

𝐸𝑐
+ 𝜀𝑖𝑛𝑒𝑙  (1b) 171 

𝜎𝑐𝑡 = 𝑓𝑖 − 𝑚𝑖Δ; Δi−1 < Δ < Δi 𝑓𝑜𝑟 𝑖 = 1, … , 𝑛   (1c) 172 

where in Fig. 2(a), Ec is the elastic modulus of the concrete, fSH is the stress to cause 173 

microcracks, ESH is the hardening modulus, fct is the tensile strength and εinel is the permanent 174 

strain due to microcracking. In Fig. 2(b), the stress fi, where the subscript i is an integer, is the 175 



9 
 

intercept with the stress axis, mi is the slope and Δi is the right hand limit of the ith component 176 

of the stress/half-crack-width relationship. The parameters in Eq. (1) can be obtained by fitted 177 

to the tensile response obtained from either a direct tension test or via inverse analysis of a 178 

flexural prism test. 179 

It is also worth noting here that the post macrocracking response given by Eq. (1c) is 180 

represented as a stress/crack width relationship, and this can be rewritten here in terms of the 181 

half crack width by dividing the abscissa by 2. This approach is taken for convenience as it will 182 

be shown in the following that analysis can be conducted on a segment of half the crack spacing 183 

due to the presence of symmetry.  184 

Having defined the stress-deformation relationship of the tensile concrete in Eq. (1), the axial 185 

force in the tensile concrete can be determined by integration as follows 186 

𝑃𝑐𝑡 = ∫ 𝜎𝑐𝑡𝑑𝐴
𝐷−𝑑𝑁𝐴

𝑑𝑁𝐴
= 𝜎𝑐𝑡−𝑎𝑣𝑒𝐴𝑐𝑡    (2) 187 

where, in Fig. 1(a) Act is the area of concrete in tension and in a rectangular member this is 188 

b(D-dNA). Further, the average stress in the tensile concrete σct-ave in Eq. (2) can be 189 

approximated as a function of the strain at the bottom fibre εD in Fig. 3 by simply dividing the 190 

area under the stress/strain curve by the strain at the bottom fibre εD.as follows:   191 

𝜎𝑐𝑡−𝑎𝑣𝑒 ≈
∫ 𝜎𝑐𝑡

𝜀𝐷
0

𝑑𝜀

𝜀𝐷
     (3) 192 

and which is exact if the area of tensile concrete has a constant width b.  193 
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 194 

Fig. 3. Effective stress/strain relationship for the tensile concrete 195 

 196 

To determine the average tensile stress for a section with macrocracks, the post-peak-197 

stress/crack-width relationship needs to be converted to an equivalent stress/strain relationship. 198 

This is determined by considering that the elongation between two points is given by the strain 199 

in the material multiplied by the distance between the two points plus the opening of any 200 

fractures between the two points (Hillerborg 1978). Hence, the effective strain at a given depth 201 

is given by this elongation divided by the gauge length. The effective strain within the cracked 202 

region is therefore given by 203 

𝜀𝑐𝑡 =
Δ

(
𝑆𝑝

2
)

+
𝜎𝑐𝑡

𝐸𝑐
+ 𝜀𝑖𝑛𝑒𝑙    (4) 204 

where Δ/(Sp/2) is the contribution due to crack opening, σct/Ec is the component due to the 205 

elastic deformation of the concrete between the cracks, and εinel is the component due to 206 

microcracking.   207 

As a simplification to reduce the number of parameters that need to be defined, in this model 208 

it is assumed that the loading and unloading stiffnesses for the uncracked concrete are the same, 209 

even if the material is strain hardening. At this stage, this assumption is justified on two bases, 210 

firstly very little experimental work exists in which the unloading stiffness has been reported 211 
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and secondly, Wille et al. (2014) has observed experimentally that for strain hardening FRCs 212 

the unloading stiffness is softer than the loading stiffness. Hence when determining the 213 

stress/crack width relationship by subtracting the elastic deformation from the total measured 214 

deformation between two points crossing a crack the assumption of an overly stiff unloading 215 

modulus results in a smaller predicted crack width, but as the predicted elastic deformation is 216 

greater the overall elongation is conserved.  217 

Applying the above transformation to the stress/crack width relationship in Fig. 2(b) yields the 218 

stress/strain relationship in Fig. 3 where the lever arm of the tensile concrete lct, calculated with 219 

respect to the neutral axis is 220 

𝑙𝑐𝑡 =
∫ 𝜎𝑐𝑡(𝑦−𝑑𝑁𝐴)𝑏∙𝑑𝑦

∫ 𝜎𝑐𝑡𝑏∙𝑑𝑦
𝐷−𝑑𝑁𝐴

𝑑𝑁𝐴

= 𝜂(𝐷 − 𝑑𝑁𝐴)   (5) 221 

In Eq. (5) η is the ratio of the distance of the centroid of the stress distribution from the neutral 222 

axis divided by the depth of the concrete in tension and is  223 

𝜂 =
(

∫ 𝜎𝑐𝑡 𝜀 𝑑𝜀
𝜀𝐷
0

∫ 𝜎𝑐𝑡
𝜀𝐷
0  𝑑𝜀

)

𝜀𝐷
=

∫ 𝜎𝑐𝑡 𝜀 𝑑𝜀
𝜀𝐷

0

𝜀𝐷
2 𝜎𝑐𝑡−𝑎𝑣𝑒

     (6) 224 

which is exact if the area of tension concrete has a constant width. That is, Eq. (6) is the centroid 225 

of the area under the stress/strain curve, illustrated in Fig. 3, divided by the strain at the bottom 226 

fibre εD. 227 

Concrete in Compression 228 

Under serviceability loading, the concrete acting in compression is assumed to be linear elastic 229 

as defined by the elastic modulus Ec. Hence for a rectangular compressive section in Fig. 1(a), 230 

the axial force in the compressive concrete is  231 

𝑃𝑐𝑐 = ∫ 𝜎𝑐𝑐
𝑑𝑁𝐴

0
𝑑𝐴 =

1

2
𝑏𝑑𝑁𝐴

2 𝐸𝑐𝜒   (7) 232 
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and the location of the compressive concrete lever arm with respect to the neutral axis is 2/3 233 

dNA. 234 

Reinforcement in Tension 235 

Crack Spacing 236 

The crack spacing, Sp is required to determine both the contribution of the tensile concrete and 237 

the width of the cracks. The analysis procedure for determining the crack spacing is based on 238 

the partial- interaction bond/slip analysis of an axially loaded prism and this general approach 239 

has been widely applied to similar problems in a variety of concretes in the past and with 240 

various bond stress slip relationships (Gupta & Maestrini 1990; Wu et al. 1991; Balazs 1993; 241 

Choi & Cheung 1996; Muhamad et al. 2012; Zhang et al. 2017; Sturm et al. 2018). Here the 242 

approach of Sturm et al. (2018) is taken as it has been explicitly formulated to accommodate 243 

both the influence of fibres as well as concrete creep and shrinkage with a non-constant bond 244 

stress slip relationship. 245 

For analysis, the shaded region centred on the tensile reinforcement in Fig. 1(a) can be 246 

considered as an effective tension stiffening prism, as shown in Fig. 1(b). When an axial force 247 

Prt is applied to the end of the reinforcing bar in the tension-stiffening prism in Fig. 1(c), the 248 

reinforcing bar slips Δ relative to the position of the crack face. This slip Δ also stresses the 249 

fibres spanning the crack width causing an axial force Pct to be developed and the concrete to 250 

extent Dc from its original position. The shear stresses τ(x) in Fig. 1(d) develop along the 251 

reinforcing-bar/concrete interface, transferring the axial force into the surrounding concrete. 252 

These shear stresses are a function of the slip of the reinforcing bar δ(x) as given by the 253 

interface shear-stress/slip relationship in Fig. 4 and for which several material models for fibre 254 

reinforced and UHPFRC concrete are available (Harajli 2009; Yoo et al. 2015; Marchand et al. 255 

2016; Sturm & Visintin 2018). The transfer of stresses along the reinforcing bar/concrete 256 
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interface results in the distribution of stress in the concrete in Fig. 1(e) which is at a maximum 257 

at Sp as shown. From this distribution, it can be seen that there is a minimum distance Sp from 258 

the existing crack within which a new crack cannot form as the concrete stresses are below the 259 

maximum. The stress in the concrete varies from the post-cracking stress fpc at the existing 260 

crack in Fig. 1(e) due to the fibres spanning the crack to the tensile strength fct at the position 261 

of the new crack.  262 

 263 

Fig. 4. Bond stress-slip relationship 264 

 265 

By considering the definition of the slip δ(x) and force equilibrium for an infinitesimal segment 266 

of the tension stiffening prism, the following classical governing equation for the partial 267 

interaction behaviour along a bonded interface between two elastic materials as first developed 268 

by Volkersen (1938). 269 

𝑑2𝛿

𝑑𝑥2 = 𝛽𝜏       (8) 270 

where  271 

𝛽 = 𝐿𝑝𝑒𝑟 (
1

𝐸𝑟𝐴𝑟𝑡
+

1

𝐸𝑐𝐴𝑐−𝑡𝑠
)      (9) 272 

Considering the boundary condition that full interaction is reached at the new crack where the 273 

slip δ and the slip-strain dδ/dx is zero, and taking the non-linear ascending bond slip 274 
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relationship in Fig. 4, the following expression for the crack spacing is derived (Sturm et al. 275 

2018b) 276 

𝑆𝑝 = [
2𝛼(1+𝛼)

𝜆2(1−𝛼)1+𝛼
]

1

1+𝛼
[

𝑓𝑐𝑡−𝑓𝑝𝑐

𝐸𝑐
(

𝐸𝑐𝐴𝑐−𝑡𝑠

𝐸𝑟𝐴𝑟𝑡
+ 1)]

1−𝛼

1+𝛼
   (10) 277 

where 278 

𝜆2 =
𝜏𝑚𝑎𝑥𝐿𝑝𝑒𝑟

𝛿1
𝛼 (

1

𝐸𝑐𝐴𝑐−𝑡𝑠
+

1

𝐸𝑟𝐴𝑟𝑡
)    (11) 279 

and τmax is the maximum bond stress, δ1 is the slip at the maximum bond stress and α is the 280 

power of the fitted power law all of which can be determined from the bond-slip relationship 281 

in Fig. 4. Equation (10) is also a function of the post-cracking stress in the tensile concrete, fpc 282 

and this is defined as the stress corresponding to the first change of slope in the tensile 283 

stress/half crack width relationship and this is shown in Fig. 2(b). 284 

The bond-slip relationship in Figure 4 is determined from pull out tests performed on 285 

reinforcing bars embedded in concrete prisms. Several recommendations exist for performing 286 

these simple material tests, for example RILEM has recommendations on how to perform this 287 

test for ordinary reinforced concrete (RILEM 1994) and several more recent studies have 288 

considered an extension to fibre reinforced concrete  such that the suggested material properties 289 

are generally available (Harajli et al. 1995; Hota & Naaman 1997; Jungwirth & Muttoni 2004; 290 

Campione et al. 2005; Chao et al. 2009; Oesterlee 2010; Yoo et al. 2014, 2015; Marchand et 291 

al. 2016; Sturm & Visintin 2018). An inverse analysis can be performed to determine the local 292 

bond stress-slip relationship from the results of this test, however, as the bonded length is 293 

typically very short (2 bar diameters for UHPFRC, 5 bar diameters for normal strength FRC), 294 

it is usually sufficient to assume that the local bond stress-slip relationship is equivalent to the 295 

average bond stress versus slip obtained from these tests. 296 
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In the approach described above, the concrete tension stiffening prism has been taken to be 297 

symmetrical about each layer of the reinforcement as this ensures that a strain gradient is not 298 

introduced into the tension stiffening prism which cannot be accommodated for in this analysis. 299 

This approach has previously been applied in the numerical analysis of ordinary reinforced 300 

concrete (Visintin et al. 2013), fibre reinforced concrete (Visintin & Oehlers 2018) and beams 301 

combining prestressed and non-prestressed reinforcement by Knight et al. (2013; 2015).  This 302 

is also the simplest approach to defining the area of the effective tension stiffening prism which 303 

is an advantage when analysing systems where different types and sizes of the reinforcement 304 

are considered. Alternatively, the fib Model Code 2010 (fib 2013) provides an expression for 305 

calculating the effective area which is not symmetrical, however this requires the use of an 306 

effective diameter of reinforcement when reinforcing bars of different sizes are combined or 307 

reinforcing bars and tendons are combined. It also requires the neutral axis depth to be known 308 

which is an issue for applying this approach as the crack spacing and the effective stiffness of 309 

the tensile reinforcement (see next section) are evaluated before the neutral axis depth is 310 

determined. The different choices in effective area of concrete results in negligible difference 311 

in the load-deflection response as shown in Fig. 5(a) and 5(c) using the properties of beams C1 312 

and M1 from Table 1. The crack widths determined are also similar as shown in Fig. 5(b) and 313 

5(d).  314 
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 315 

Fig. 5. Effect of the area of the effective tension stiffening prism 316 

 317 

Axial force in the reinforcement prior to macrocracking 318 

Before the formation of macrocracks, that is for strains less than fct/Ec+εinel, compatibility exists 319 

between the reinforcement and the surrounding concrete, therefore the force in the tension 320 

reinforcement in the beam in Fig. 1(a) is  321 

𝑃𝑟𝑡 = 𝑛𝐹𝐼𝐴𝑟𝑡𝐸𝑐𝜒(𝑑𝑡 − 𝑑𝑁𝐴) + 𝑃𝑟𝑡0   (12) 322 

where the compressive force due to the applied shrinkage strain, εsh is  323 

𝑃𝑟𝑡0 = −𝐸𝑟𝐴𝑟𝑡𝜀𝑠ℎ     (13) 324 

nFI is the modular ratio Er/Ec and χ(dt-dNA) is the strain at the level of the tensile reinforcement 325 

assuming a linear strain profile defined by a curvature, χ and neutral axis depth, dNA. These are 326 

defined in the next section discussing the segmental method. 327 

Axial force in the reinforcement after macrocracking 328 
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After the formation of macrocracks, that is for strains greater than fct/Ec+εinel, compatibility no 329 

longer exists between the concrete and the reinforcement. Hence an effective tension stiffening 330 

prism needs to be considered as shown in the cross-sections Figs. 1(a-b) and the elevation 331 

between two cracks in Fig. 6.  332 

 333 

Fig. 6. Tension stiffening prism with two primary cracks 334 

 335 

Considering the governing equation (Eq. (8)) and the new boundary conditions in Fig. 6, the 336 

following expression is obtained for the axial force in the reinforcing bar (Sturm et al; 2018a,b) 337 

𝑃𝑟𝑡 = 𝛾𝑛𝐹𝐼𝐴𝑟𝑡𝐸𝑐𝜒(𝑑𝑡 − 𝑑𝑁𝐴) + 𝑃𝑟𝑡0     (14) 338 

where χ(dt-dNA) is the strain at the reinforcing bar as defined by a linear strain profile 339 

parameterised in terms of a curvature, χ  and neutral axis depth, dNA. These are defined in the 340 

next section discussing the segmental method. The force due to the applied shrinkage strain  341 

and fibres is given by 342 

𝑃𝑟𝑡0 = −𝐸𝑟𝐴𝑟𝑡𝜀𝑠ℎ − (𝛾 − 1)𝐸𝑟𝐴𝑟𝑡 (
𝑓𝑖

𝐸𝑐
+ 𝜀𝑖𝑛𝑒𝑙) ≈ −𝐸𝑟𝐴𝑟𝑡𝜀𝑠ℎ   (15) 343 

Further, in Eqns. (14) and (15) γ represents the increased stiffness due to tension stiffening 344 

(Sturm et al. 2018a) and is defined by 345 

𝛾 =
𝜉−𝑛𝑓

1−𝑛𝑓+
𝜉−1

(
𝐸𝑐𝐴𝑐−𝑡𝑠

𝐸𝑟𝐴𝑟𝑡
+1)

    (16) 346 

where the fibre contribution is given by 347 
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𝑛 𝑓 =
𝑚𝑖

𝐸𝑐

𝑆𝑝

2
     (17) 348 

and the contribution due to the bond is  349 

𝜉 =
𝜆1

𝑆𝑝

2

tanh(𝜆1
𝑆𝑝

2
)
     (18) 350 

where 351 

𝜆1 = √𝑘𝐿𝑝𝑒𝑟 (
1

𝐸𝑟𝐴𝑟𝑡
+

1

𝐸𝑐𝐴𝑐−𝑡𝑠
)    (19) 352 

 353 

In Eq. (19) k is defined as the effective linear bond stiffness in Fig. 4 and Eqs. (15) and (16) 354 

are functions of fi and mi of which there are several possible values. The correct magnitude of 355 

Δ can be determined by checking that the slip at the reinforcing bar, is less than Δi and greater 356 

than Δi-1 for the given load Prt. In order to check this it is necessary to determine the slip of the 357 

reinforcement from the crack face, based on the partial-interaction mechanics above, Sturm et 358 

al. (2018b) has defined the relationship between Prt and Δ as 359 

Δ =

𝑃𝑟𝑡
𝐸𝑟𝐴𝑟𝑡

+𝜀𝑠ℎ−(
𝑓𝑖
𝐸𝑐

+𝜀𝑖𝑛𝑒𝑙)

𝜉−𝑛𝑓
(

𝑆𝑝

2
)      (20) 360 

Significantly, Eq. (14) is in the same form as the expression for the full interaction case in Eq. 361 

(12) except that the stiffness of the reinforcement has been increased by the tension stiffening 362 

parameter, γ and there is an additional term in Prt0 which is a function of the strain in the tensile 363 

concrete. This shows that it is possible to directly incorporate the rational basis of tension 364 

stiffening and cracking without significantly changing the form of traditional design 365 

expressions. 366 

It is also of note that in Eq. (15) a simplification has been suggested based on the observation 367 

that the additional stiffness of the reinforcement due to tension stiffening is usually on the 368 

order of 10% and hence in the second term of Eq. (15) (γ-1) is approximately 0.1. Further, 369 
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since the shrinkage strain and (fi/Ec+εinel) are of similar order of magnitude, the first term of 370 

Eq. (15) is an order of magnitude larger than the second, and hence the second can be ignored 371 

without significant loss of accuracy. 372 

 373 

Reinforcement in compression 374 

The compression reinforcement in Fig. 1(a) is assumed to be linear elastic. Therefore, the axial 375 

force in the reinforcement is  376 

𝑃𝑟𝑐 = 𝑛𝐹𝐼𝐴𝑟𝑐𝐸𝑐𝜒(𝑑𝑐 − 𝑑𝑁𝐴) + 𝑃𝑟𝑐0   (21) 377 

where the additional force due to the shrinkage strain is given by 378 

𝑃𝑟𝑐0 = −𝐸𝑟𝐴𝑟𝑐𝜀𝑠ℎ     (22) 379 

FRC AND UHPFRC SEGMENTAL ANALYSIS 380 

Qualitative description 381 

Having now defined the internal forces in each component of a fibre reinforced concrete 382 

member, let us now consider how they can be incorporated into a flexural analysis procedure.  383 

To determine the moment-rotation behaviour of a beam, first consider the uncracked segment 384 

in Fig. 7(a), where due to symmetry, for analysis the deformation length is Ldef set equal to the 385 

half crack spacing (for an uncracked segment, any segment length is valid as there is no 386 

localisation, it is however convenient to set it to the half crack spacing). The initial position of 387 

the end of the segment is shown as profile A-A. Over time, a shrinkage strain develops in the 388 

segment and if the reinforcement were unbonded, this shrinkage would result in a contraction 389 

to profile B-B. However, due to the bond between the concrete and the reinforcement this 390 

contraction induces compressive forces in the reinforcement and to maintain equilibrium, 391 

tensile forces in the concrete. This results in the deformation profile C-C at a rotation θsh. If an 392 
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external moment is applied, the rotation θ increases, to achieve force and moment equilibrium, 393 

resulting in the deformation profile D-D.  394 

 395 

Fig. 7. Deformation, strain, stress and forces within a segment 396 

 397 

The profile B-B in Fig. 7(a) represents the point at which the stress in the concrete is zero and 398 

profile A-A represents the point at which the stress in the reinforcement is zero. The result of 399 

this is that the effect of shrinkage can be modelled as an offset in concrete and reinforcement 400 

strains as illustrated Fig. 7(b) (Visintin et al. 2013; Sturm et al. 2018a); as such, the concrete 401 
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strain εc is defined as the strains in the concrete that result in stress development. The effects 402 

of creep can also be allowed for by adjusting the elastic modulus of the concrete in accordance 403 

with the age adjusted effective modulus method (Gilbert & Ranzi 2010).  404 

Dividing the deformation profile in Fig. 7(a) by the half segment length, Ldef, results in the 405 

strain profile shown in Fig. 7(b), which represents the strain after the application of the 406 

shrinkage strain and external moment. Importantly a stain profile in Fig. 7(b) is defined for 407 

both the concrete and the reinforcement, and these are offset by the shrinkage strain. For further 408 

analysis dNA will now be defined as the depth to the position where the strain is zero in the 409 

concrete.  410 

Having now quantified the deformation and strain profiles, applying appropriate constitutive 411 

laws, the strain profile then results in the stress profile in Fig. 7(c), integration of which results 412 

in the force profile in Fig. 7(d). Using force and moment equilibrium, this system can then be 413 

solved to yield the relationship between the applied moment M and the rotation of the system 414 

θ and consequently from θ/Ldef the moment and the curvature.  415 

As the moment on the half-segment in Fig. 7(a) is increased, eventually the strain at the bottom 416 

fibre εD reaches the microcracking strain, fSH/Ec. After this, the segment in Fig. 7(a) is replaced 417 

by Fig. 7(e). The presence of microcracks result in the hardening of the stress observed in Fig. 418 

7(g) and when εD reaches the macrocracking strain, fct/Ec+εinel, macrocracks form as illustrated 419 

in Fig. 7(i). In this situation, the width of the macrocrack w is equal to the twice the difference 420 

between the deformation profile and the extension of the concrete in the tension stiffening 421 

prism given by Eq. 20. This also results in the softening in the tensile response illustrated in 422 

Fig. 7(k). At this stage, tension stiffening occurs increasing the effective stiffness of the tensile 423 

reinforcement. This is represented by multiplying the axial rigidity of the reinforcement by the 424 

tension stiffening parameter given by Eq. (16). 425 
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Hence by applying this moment/rotation approach, the moment/curvature and moment/crack-426 

width relationship can be obtained and this allows us to assess the deflections and crack widths 427 

within the section.  428 

Quantitative analysis 429 

Having defined qualitatively the manner in which the segmental method can be applied using 430 

Fig. 7, and having previously established constitutive relations for both the crack spacing and 431 

the axial force/deformation relations for the various components of the beam, a procedure is 432 

now established for obtaining the moment/curvature and moment/crack-width relationships. 433 

As this approach is derived directly from the segmental analysis without modification, it will 434 

be referred to as the exact approach.  435 

First a strain at the bottom fibre of the beam εD is imposed. The average stress in the tensile 436 

concrete σct-ave and the lever arm parameter η can now be evaluated from Eqs. (3) and (6) 437 

respectively and from Figs. 7(b), 7(f) and 7(j), the curvature is: 438 

𝜒 =
𝜀𝐷

𝐷−𝑑𝑁𝐴
     (23) 439 

The neutral axis depth can be determined by considering force equilibrium and the expression 440 

for the curvature in Eq. (23). For a rectangular section and from Eqs. (2), (7), (14) and (21), the 441 

following is obtained 442 

0 = 𝛾𝑛𝐹𝐼𝐴𝑟𝑡𝐸𝑐𝜒(𝑑𝑡 − 𝑑𝑁𝐴) + 𝑃𝑟𝑡0 + 𝑛𝐹𝐼𝐴𝑟𝑐𝐸𝑐𝜒(𝑑𝑐 − 𝑑𝑁𝐴) + 𝑃𝑟𝑐0 + 𝜎𝑐𝑡−𝑎𝑣𝑒𝑏(𝐷 − 𝑑𝑁𝐴) −443 

1

2
𝑏𝑑𝑁𝐴

2 𝐸𝑐𝜒 (24) 444 

Substituting Eq. (23) into Eq. (24) and rearranging gives the following quadratic equation for 445 

the neutral axis depth 446 

0 = 𝑎0 + 𝑎1𝑑𝑁𝐴 + 𝑎2𝑑𝑁𝐴
2      (25) 447 
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where 448 

𝑎0 = 𝐸𝑐𝜀𝐷(𝛾𝑛𝐹𝐼𝐴𝑟𝑡𝑑𝑡 + 𝑛𝐹𝐼𝐴𝑟𝑐𝑑𝑐) + (𝑃𝑟𝑡0 + 𝑃𝑟𝑐0)𝐷 + 𝜎𝑐𝑡−𝑎𝑣𝑒𝑏𝐷2 (26a) 449 

𝑎1 = 𝐸𝑐𝜀𝐷(𝛾𝑛𝐹𝐼𝐴𝑟𝑡 + 𝑛𝐹𝐼𝐴𝑟𝑐) − (𝑃𝑟𝑡0 + 𝑃𝑟𝑐0) − 2𝜎𝑐𝑡−𝑎𝑣𝑒𝑏𝐷  (26b) 450 

𝑎2 = 𝜎𝑐𝑡−𝑎𝑣𝑒𝑏 −
1

2
𝑏𝐸𝑐𝜀𝐷     (26c)  451 

Having solved for the neutral axis depth in Eq. (26), the curvature can be evaluated using Eq. 452 

(23) and the forces in the concrete and reinforcement can then be evaluated using Eqs. (2), (7), 453 

(14) and (21). From this, the external moment M on the section can be determined. The crack 454 

width at a given depth can also be evaluated as the crack width w is equal to 2Δ, hence, 455 

rearranging Eq. (4) gives 456 

𝑤 = 𝑆𝑝 [𝜒(𝑦 − 𝑑𝑁𝐴) −
𝜎𝑐𝑡

𝐸𝑐
− 𝜀𝑖𝑛𝑒𝑙] ≥ 0   (27) 457 

Using this process, the moment/curvature and moment/crack-width relationships can be 458 

evaluated parametrically for a range of bottom strains εD.  Note that Eq. (27) gives the 459 

maximum crack width of the section due to the assumptions made when deriving the crack 460 

spacing in Sturm et al. (2018b) which result in the definition of the minimum crack spacing. 461 

This is deemed sufficient as the maximum crack width is the parameter of interest in design.  462 

This approach is applicable to all three segment types shown in Figs. 7(a), 7(e) and 7(i). For an 463 

uncracked segment: (εD<fSH/Ec) , γ=1, σct-ave=(1/2)EcεD and η =2/3 and in this case, w=0 for 464 

any value of y and a2 is equal to zero from Eq. (26c). The neutral axis depth dNA can then be 465 

evaluated as -a0/a1.  466 

For a microcracked segment (fSH/Ec≤εD<fct/Ec+εinel), γ=1 while σct-ave and η are given by the 467 

stress/strain relationship in Fig. 3 and the crack width, w is still taken as zero. The moments to 468 

cause micro- and macrocracking can be evaluated by substituting in the appropriate strains at 469 
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the bottom fibre εD. For determining the moment at microcracking, a bottom strain of fSH/Ec is 470 

applied while for determining the moment at macrocracking fct/Ec+εinel. For a segment with 471 

macrocracks (εD>fct/Ec+εinel), γ is calculated by Eq. (16) and σct-ave and η are given by the 472 

stress/strain relationship in Fig. 3.      473 

SIMPLIFIED FRC AND UHPFRC SEGMENTAL ANALYSIS 474 

The above approach is not ideal for hand calculations as it requires the evaluation of the 475 

moment, curvature and crack width over a range of bottom strains εD to obtain a smooth curve. 476 

To simplify this problem, the continuous moment/curvature relationship in Fig. 8(a) is replaced 477 

by a bilinear approximation.  478 

 479 

Fig. 8. Simplified moment-curvature and moment-crack width relationships 480 
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 481 

The functional form of the bilinear curve is 482 

𝜒 = 𝜒0,1 +
𝑀

𝐸𝐼1
; 𝑀 < 𝑀𝑡   (28a) 483 

𝜒 = 𝜒0,2 +
𝑀

𝐸𝐼2
; 𝑀𝑡 < 𝑀 < 𝑀𝑦  (28b) 484 

where χ0,1 is the curvature at zero moment due to shrinkage. The slope of the first portion of 485 

the bilinear curve is 486 

𝐸𝐼1 =
𝑀𝑡

𝜒𝑡−𝜒0,1

     (29) 487 

The slope of the second portion of the bilinear curve is 488 

𝐸𝐼2 =
𝑀𝑦−𝑀𝑡

𝜒𝑦−𝜒𝑡
     (30) 489 

and the intersection of the second portion of the bilinear curve with the curvature axis is  490 

𝜒0,2 = 𝜒𝑡 −
𝑀𝑡

𝐸𝐼2
    (31) 491 

Curvature at zero moment χ0,1  492 

In this section, the curvature at zero moment is derived for a rectangular section as in Fig. 1(a). 493 

When the concrete is uncracked (εD<fSH/Ec), the axial force is given by integrating the stress 494 

σc  495 

𝑃𝑐 = ∫ 𝜎𝑐
𝐷

0
𝑑𝐴 = 𝑏𝐸𝑐𝜒0,1 ∫ (𝑦 − 𝑑𝑁𝐴0)

𝐷

0
𝑑𝑦 = 𝑏𝐸𝑐𝜒0,1 [

𝑦2

2
− 𝑑𝑁𝐴0𝑦]

0

𝐷

= 𝑏𝐷𝐸𝑐𝜒0,1 (
𝐷

2
−496 

𝑑𝑁𝐴0) (32) 497 

In Eq. (32) the stress in the concrete is assumed to be linear elastic because the strain is less 498 

than fSH/Ec. The stress is therefore taken to be the elastic modulus, Ec multiplied by the strain, 499 
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which is itself expressed as a function of the  curvature, χ0,1, neutral axis, dNA0 and distance 500 

from the top of the section, y, as χ0,1(y-dNA0).    501 

From the reinforcement response Eqs. (12) and (21), force equilibrium gives 502 

0 = 𝑛𝐹𝐼𝐴𝑟𝑡𝐸𝑐𝜒0,1(𝑑𝑡 − 𝑑𝑁𝐴0) − 𝐸𝑟𝐴𝑟𝑡𝜀𝑠ℎ + 𝑛𝐹𝐼𝐴𝑟𝑐𝐸𝑐𝜒0,1(𝑑𝑐 − 𝑑𝑁𝐴0) − 𝐸𝑟𝐴𝑟𝑐𝜀𝑠ℎ +503 

𝑏𝐷𝐸𝑐𝜒0,1 (
𝐷

2
− 𝑑𝑁𝐴0)(33) 504 

Which upon rearranging in terms of the curvature yields  505 

𝜒0,1 =
𝐸𝑟𝜀𝑠ℎ(𝐴𝑟𝑡+𝐴𝑟𝑐)

𝐸𝑐(𝑆0−𝐴0𝑑𝑁𝐴0)
     (34) 506 

where the first moment of the transformed area about the top fibre is 507 

𝑆0 = 𝑛𝐹𝐼𝐴𝑟𝑡𝑑𝑡 + 𝑛𝐹𝐼𝐴𝑟𝑐𝑑𝑐 +
1

2
𝑏𝐷2   (35) 508 

and the area of the transformed section is 509 

𝐴0 = 𝑛𝐹𝐼𝐴𝑟𝑡 + 𝑛𝐹𝐼𝐴𝑟𝑐 + 𝑏𝐷   (36) 510 

The moment about the top fibre due to the concrete forces is  511 

𝑀𝑐 = ∫ 𝜎𝑐𝑦
𝐷

0
𝑑𝐴 = 𝑏𝐸𝑐𝜒0,1 ∫ (𝑦 − 𝑑𝑁𝐴0)𝑦

𝐷

0
𝑑𝐴 = 𝑏𝐸𝑐𝜒0,1 [

𝑦3

3
− 𝑑𝑁𝐴0

𝑦2

2
]

0

𝐷

=512 

𝑏𝐷2𝐸𝑐𝜒0,1 (
𝐷

3
−

𝑑𝑁𝐴0

2
)(37) 513 

Hence from moment equilibrium at the top fibre 514 

0 = 𝑛𝐹𝐼𝐴𝑟𝑡𝐸𝑐𝜒0,1𝑑𝑡(𝑑𝑡 − 𝑑𝑁𝐴0) − 𝐸𝑟𝐴𝑟𝑡𝑑𝑡𝜀𝑠ℎ + 𝑛𝐹𝐼𝐴𝑟𝑐𝐸𝑐𝜒0.1𝑑𝑐(𝑑𝑐 − 𝑑𝑁𝐴0) −515 

𝐸𝑟𝐴𝑟𝑐𝑑𝑐𝜀𝑠ℎ + 𝑏𝐷2𝐸𝑐𝜒0,1 (
𝐷

3
−

𝑑𝑁𝐴0

2
) (38) 516 

Rearranging (38) in terms of curvature gives 517 

𝜒0,1 =
𝐸𝑟𝜀𝑠ℎ(𝐴𝑟𝑡𝑑𝑡+𝐴𝑟𝑐𝑑𝑐)

𝐸𝑐(𝐼0−𝑆0𝑑𝑁𝐴0)
   (39) 518 
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where the second moment of the transformed area about the top fibre is 519 

𝐼0 = 𝑛𝐹𝐼𝐴𝑟𝑡𝑑𝑡
2 + 𝑛𝐹𝐼𝐴𝑟𝑐𝑑𝑐

2 +
1

3
𝑏𝐷3   (40) 520 

Equating Eqs. (34) and (39) gives the neutral axis depth 521 

𝑒(𝑆0 − 𝐴0𝑑𝑁𝐴0) = 𝐼0 − 𝑆0𝑑𝑁𝐴0   (41) 522 

where 523 

𝑒 =
𝐴𝑟𝑡𝑑𝑡+𝐴𝑟𝑐𝑑𝑐

𝐴𝑟𝑡+𝐴𝑟𝑐
    (42) 524 

Such that 525 

𝑑𝑁𝐴0 =
𝐼0−𝑒𝑆0

𝑆0−𝑒𝐴0
     (43) 526 

Having obtained the neutral axis depth using Eq. (43), the curvature at zero moment can be 527 

evaluated using Eq. (34) or (39). 528 

Moment My and curvature χy at yield 529 

The process for determining the moment at yield can be simplified as follows. The bottom 530 

strain εD in Fig. 3 is unknown at the onset of yield, and is required to determine the average 531 

stress in the tensile concrete, σct-ave and the lever arm of the tensile concrete, lct. As a 532 

simplification to allow closed form solutions for the yield moment, the portion of the effective 533 

tensile stress-strain curve up until microcracking (εD<fSH/Ec) is ignored, and a linear 534 

relationship is proposed instead (shown in Fig. 9), where the intercept with the stress axis is 535 

given as f1 and the slope is Ef. This simplification is justified as the yield strain, εy is typically 536 

an order of magnitude larger than the microcracking strain, fSH/Ec, hence the height of the crack 537 

has almost reached the neutral axis. Therefore, from Eqs. (3) and (6): 538 

𝜎𝑐𝑡−𝑎𝑣𝑒 = 𝑓1 −
1

2
𝐸𝑓𝜀𝐷 = 𝑓1 −

1

2
𝐸𝑓𝜒𝑦(𝐷 − 𝑑𝑁𝐴,𝑦)  (44) 539 
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and  540 

     𝜂 =
1

2
𝑓1−

1

3
𝐸𝑓𝜀𝐷

𝜎𝑐𝑡−𝑎𝑣𝑒
       (45) 541 

Setting Prt to the force at yield fyArt and rearranging Eq. (14) gives the effective yield strain 542 

𝜀𝑦 =
1

𝛾
(

𝑓𝑦

𝐸𝑟
+ 𝜀𝑠ℎ)    (46) 543 

Consequently, the curvature at yield is 544 

𝜒𝑦 =
𝜀𝑦

𝑑𝑡−𝑑𝑁𝐴−𝑦
     (47) 545 

An expression can now be developed for the neutral axis depth. For a rectangular section: the 546 

force in the tensile reinforcement is fyArt and the force in the compressive reinforcement is 547 

given by Eq. (21); the force in the compressive concrete is given by Eq. (7); and the force in 548 

the tensile concrete by Eq. (2). Hence, from force equilibrium 549 

0 = 𝑓𝑦𝐴𝑟𝑡 + 𝑛𝐹𝐼𝐴𝑟𝑐𝐸𝑐𝜒𝑦(𝑑𝑐 − 𝑑𝑁𝐴−𝑦) + 𝑃𝑟𝑐0 + [𝑓1 −
1

2
𝐸𝑓(𝐷 − 𝑑𝑁𝐴−𝑦)] 𝑏(𝐷 − 𝑑𝑁𝐴−𝑦) −550 

1

2
𝑏𝑑𝑁𝐴−𝑦

2 𝐸𝑐𝜒𝑦  (48) 551 

Substituting Eq. (47) into Eq. (48) gives 552 

0 = 𝑏0 + 𝑏1𝑑𝑁𝐴−𝑦 + 𝑏2𝑑𝑁𝐴−𝑦
2      (49) 553 

where 554 

𝑏0 = (𝑓𝑦𝐴𝑟𝑡 + 𝑃𝑟𝑐0)𝑑𝑡 + 𝑏𝑓𝑖𝐷𝑑𝑡 + 𝜀𝑦 (𝑛𝐹𝐼𝐸𝑐𝐴𝑟𝑐𝑑𝑐 −
1

2
𝐸𝑓𝑏𝐷2)  (50a) 555 

𝑏1 = −(𝑓𝑦𝐴𝑟𝑡 + 𝑃𝑟𝑐0) − 𝑏𝑓𝑖(𝐷 + 𝑑𝑡) − 𝜀𝑦(𝑛𝐹𝐼𝐸𝑐𝐴𝑟𝑐 − 𝐸𝑓𝑏𝐷)  (50b) 556 

𝑏2 = 𝑏𝑓𝑖 −
1

2
𝑏𝜀𝑦(𝐸𝑐 + 𝐸𝑓)     (50c) 557 
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After the neutral axis depth is evaluated using Eq. (49), the curvature can be evaluated using 558 

Eq. (47) and then the moment can be determined after first evaluating the forces and lever arms, 559 

then calculating moments.  560 

 561 

Fig. 9. Simplified tensile stress/strain curve 562 

 563 

Moment Mt and Curvature χt at transition point  564 

The first step to determine the transition point is to determine the uncracked flexural rigidity 565 

EIuncr and the fully cracked flexural rigidity EIcr. The uncracked flexural rigidity can be written 566 

as 567 

𝐸𝐼𝑢𝑛𝑐𝑟 =
𝑀𝜇𝑐𝑟

𝜒𝜇𝑐𝑟−𝜒0,1
    (51) 568 

The moment and curvature at initiation of microcracking, Mμcr and χμcr are determined by 569 

imposing a bottom strain εD of fSH/Ec and following the procedure in the previous section. The 570 

fully cracked flexural rigidity is estimated by taking the secant stiffness through the yield point 571 

and the point where the bottom fibre strain is equal to 50% of the bottom fibre strain at yield, 572 

that is 573 

𝐸𝐼𝑐𝑟 =
𝑀𝑦−𝑀ℎ𝑦

𝜒𝑦−𝜒ℎ𝑦
    (52) 574 
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where Mhy and χhy are the moment and the curvature, respectively, determined by setting the 575 

bottom strain, εD to 0.5χy(D-dNA-y) and following the solution procedure in the previous section.  576 

Having determined the uncracked and fully cracked flexural rigidities, the intersection between 577 

the two curves as illustrated in Fig. 8(a) can be found. Equating the curvature at the intersection 578 

given by the two curves, gives the curvature at the intersection 579 

𝜒𝑖𝑛𝑡 = 𝜒0,1 +
𝑀𝑖𝑛𝑡

𝐸𝐼𝑢𝑛𝑐𝑟
= 𝜒𝑦 −

𝑀𝑦−𝑀𝑖𝑛𝑡

𝐸𝐼𝑐𝑟
    (53) 580 

Rearranging Eq. (53) also gives the moment at the intersection  581 

𝑀𝑖𝑛𝑡 =

𝑀𝑦

𝐸𝐼𝑐𝑟
+𝜒0,1−𝜒𝑦

1

𝐸𝐼𝑐𝑟
−

1

𝐸𝐼𝜇𝑐𝑟

     (54) 582 

Hence the moment can be evaluated using Eq. (54) and then the curvature at the intersection 583 

from Eq. (53). The transition point is chosen to have the same bottom strain as for this 584 

hypothetical intersection point. To determine this, it is assumed that the bottom strain εD is 585 

proportional to χ. This is justified as εD is equal to χ (D-dNA) and the variation in (D-dNA) is 586 

significantly smaller than χ. The bottom tensile strain at transition is found by linearly 587 

interpolating between the strain at microcracking and 0.5χy(dt-dNA) as a function of the 588 

curvature which gives  589 

𝜀𝐷,𝑡 =
𝑓𝑆𝐻

𝐸𝑐
+ [0.5𝜒𝑦(𝐷 − 𝑑𝑁𝐴) −

𝑓𝑆𝐻

𝐸𝑐
]

𝜒𝑖𝑛𝑡−𝜒𝜇𝑐𝑟

𝜒ℎ𝑦−𝜒𝜇𝑐𝑟
   (55) 590 

Having determined the bottom strain, εD,t, the neutral axis depth can be evaluated with Eq. (25), 591 

the curvature with Eq. (23) and the axial forces in the reinforcement and concrete can with Eqs. 592 

(2), (7), (14) and (21). The moment, Mt can then be evaluated by multiplying these forces by 593 

their lever arms. The flexural rigidities of each portion of the curve can then be evaluated from 594 

Eqs. (29) and (30).  595 



31 
 

Estimating crack widths 596 

As shown in Fig. 8(b), the crack width can be estimated by linearly interpolating between the 597 

crack widths evaluated at macrocracking (εD= fct/Ec+εinel), transition (εinel=εD,t)  , half yield (εD 598 

is 50% of the value at yield)  and yield. 599 

VALIDATION 600 

Simply Supported Beams 601 

In Fig. 10 the predicted load-deflection curves are compared to experimental results for simply 602 

supported UHPFRC beams and in Fig. 11 the predicted load-deflection curves are compared 603 

to experimental results for normal strength FRC beams. The details of each test specimen 604 

including the geometrical and material properties are summarised in Table 1.  605 

For the UHPFRC beams reinforced with steel bars the bond properties were estimated using 606 

the material model detailed in Sturm & Visintin (2018), while for the GFRP reinforced beams 607 

tested by Yoo et al. (2016), the bond properties are estimated from the pullout tests contained 608 

in Yoo et al. (2015). In all cases, the tensile properties were obtained by fitting the tensile 609 

response model in Eq. (1) to the results from associated direct tension tests, however if direct 610 

tension test results were not available, inverse analysis of flexural prism tests to yield the 611 

stress/strain and stress/crack width behaviour could have been applied.  612 
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 613 

Fig. 10. Comparison of experimental to predicted load deflections for simply supported 614 
UHPFRC beams 615 

 616 

For the normal strength FRC specimens the bond properties were estimated using the model of 617 

Harajli et al. (2009) and the tensile properties were back calculated from prism tests using the 618 

design expression in AS3600-2018 (Standards Australia 2018).  619 
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The shrinkage strains were determined directly from associated shrinkage tests, or if these were 620 

not available the shrinkage strain, εsh was assumed to be 500 μϵ for UHPFRC beams. The 621 

shrinkage strain, εsh was assumed to be zero for the FRC beams as they were tested shortly 622 

after casting. 623 

In the comparisons in Figs. 10 and 11, the mid-span deflection of the beam under four point 624 

loading with two different flexural rigidities can be derived using the proposed approach by 625 

considering the bending moment diagram under four-point loading. The curvature distribution 626 

can then be obtained from Eq. (28). Doubly integrating this curvature distribution while 627 

applying the boundary condition that the deflection is zero at the supports the following is 628 

obtained 629 

Δ𝑚𝑖𝑑 =
𝐹(𝐿−𝑎)

96𝐸𝐼2
[3𝐿2 − (𝐿 − 𝑎)2] +

1

8
𝜒0,2𝐿2 −

1

6
𝐹𝑥1

3 (
1

𝐸𝐼2
−

1

𝐸𝐼1
) −

1

2
(𝜒0,2 − 𝜒0,1)𝑥1

2(56) 630 

where the boundary between the regions with different flexural rigidities is at 631 

𝑥1 =
2𝑀𝑡

𝐹
     (57) 632 

and in which F is the applied load (under four point loading it is the summation of the load 633 

applied at both load points), L is the span, and a is the spacing between the load points (this is 634 

zero for three point loading).  635 

It can be seen in Figs. 10 and 11 that both the full (labelled Pred.) and approximate (Simplified 636 

Pred.) solutions give accurate predictions of the observed load-deflection behaviours (Exp.) for 637 

both conventional steel and glass fibre reinforced polymer reinforcement, as well as normal 638 

strength FRC and UHPFRC.  639 

In Fig. 10 the results using the models in AFGC (2013), fib (2013) and AS3600-2018 640 

(Standards Australia 2018) approaches are compared to the proposed approach. It is observed 641 

that the AFGC (2013) approach tended to underestimate the deflections, while the AS3600-642 
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2018 (Standards Australia 2018) approach overestimated the deflection and fib (2013) 643 

approach gave similar results to the approach given in this paper. 644 

In Fig. 11 the curves obtained using the approaches suggested by Amin et al. (2017), fib Model 645 

Code 2010 (fib 2013) and AS3600-2018 (Standards Australia 2018) are shown for comparison 646 

for the FRC test results. For the beams tested by Conforti et al. (2013) and Meda et al. (2012) 647 

it was found that all the approaches gave similar results for the load-deflection. For Ning et al. 648 

(2012) the approaches in this paper were accurate for N1 and N3 while underestimating the 649 

deflection for N2 and N4. Amin et al. (2017) underestimated the deflection for N2. fib Model 650 

Code 2010 overestimated the deflection for N1 and N3 while AS3600-2018 overestimated the 651 

deflection in every case. 652 
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 653 

Fig. 11. Comparison of experimental to predicted load deflections for simply supported 654 
normal strength FRC beams 655 

 656 

The maximum predicted crack widths from the expressions in this paper are compared against 657 

the experimental maximum crack widths for the beams tested by Sturm et al. (2018a) (St1-St6 658 

in Fig. 12). The crack widths were measured at the depth of the reinforcement. The fit is deemed 659 

to be sufficient as the crack widths are characterised by significant random variation 660 

particularly in the presence of fibres as discussed in Deluce (2014). The AFGC (2013) 661 
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expressions underestimates the crack widths in all cases while the fib (2013) and AS3600-2018 662 

(Standards Australia 2018) expressions are close for the St1, St2 and St3 while they 663 

overestimate the crack widths for St4, St5 and St6. 664 

 665 

Fig. 12. Comparison of experimental to predicted crack widths for Sturm et al. (2018a) 666 

 667 

Continuous Beams 668 

The experimental and predicted results of two-span continuous UHPFRC beams tested by 669 

Visintin et al. (2018b) are shown in Fig. 13 and the properties of these beams is also 670 

summarised in Table 1.  671 
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 672 

Fig. 13. Comparison of experimental to predicted load deflections for Visintin et al. (2018) 673 

 674 

The deflection can be evaluated using any recognised structural mechanics approach using the 675 

flexural rigidities and curvature under zero moment presented in this paper. For the comparison 676 

with the experimental results, in this paper the deflection of the two span continuous beam 677 

loaded at the midpoints with different flexural rigidities in the hogging and sagging regions 678 

was obtained by doubly integrating the curvature along the beam to give 679 

Δ𝑚𝑖𝑑 =
7𝐹𝐿3

768𝐸𝐼𝑠𝑎𝑔
−

1

8
𝜒0,𝑠𝑎𝑔𝐿2 +

𝐹𝑥1

192
(

1

𝐸𝐼ℎ𝑜𝑔
−

1

𝐸𝐼𝑠𝑎𝑔
) (18𝐿2 − 51𝐿𝑥ℎ𝑜𝑔 + 44𝑥ℎ𝑜𝑔

2 ) −680 

1

2
(𝜒0,ℎ𝑜𝑔 − 𝜒0,𝑠𝑎𝑔)𝑥ℎ𝑜𝑔(𝐿 − 𝑥ℎ𝑜𝑔)  (58) 681 

Where the point of contraflexure is xhog=(3/11)L, EIsag is the flexural rigidity and χ0,sag is the 682 

curvature under zero moment due to shrinkage in the sagging region. Similarly, EIhog is the 683 
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flexural rigidity and χ0,hog is the curvature under zero moment due to shrinkage in the hogging 684 

region.  685 

From Fig. 13, it can be seen that predicted load/deflections were accurate for three of the four 686 

beams. The main contributory factors to any inaccuracy is that only two direct tension tests 687 

were performed along with the original beam tests and so any scatter in the tensile material 688 

properties is difficult to capture. Further, the shrinkage strains were not measured and here are 689 

assumed to be 500 με based on later work done on the same concrete cured under the same 690 

conditions. The AFGC (2013), AS3600-2018 (Standards Australia 2018) and fib (2013) 691 

approaches were also compared where all three were found to underestimate the deflections of 692 

the continuous beams however fib (2013) was the closest to the approach suggested in this 693 

paper. 694 

CONCLUSION 695 

In this paper, a closed-form approach has been introduced for determining the short- and long- 696 

term deflections and crack widths in FRC and UHPFRC beams at serviceability. The advantage 697 

of this approach is that the model inputs are directly related to the results of basic material tests 698 

such as uniaxial compression, tension (or indirectly if the appropriate inverse analysis is 699 

applied), pull-out of embedded reinforcement, shrinkage and creep. Tensile stress/crack width 700 

and bond stress/slip relationships can be used in a non-linear form and as such, this approach 701 

is not semi-empirical and so does not have to be calibrated with the results of beam tests over 702 

a wide variety of beam sizes. The approach should therefore be being useful in the development 703 

of new materials, where it can be applied without the need for calibration to beam test results. 704 

These closed form solutions were validated with 12 simply supported and 4 continuous 705 

UHPFRC beams as well as 10 normal strength FRC beams where a similar level of accuracy 706 

was obtained using a range of code approaches. Some of these beams also included glass fibre 707 
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reinforced polymer reinforcement demonstrating the versatility of the model. A detailed 708 

worked example is given in the supplementary material to determine the serviceability 709 

deflections and crack widths in a UHPFRC T-beam. This procedure could be used in 710 

developing design charts for use in practice for any new type of UHPFRC or FRC.  711 
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NOTATION 717 

The following symbols are used in this paper: 718 

A = area; 719 

Ac-ts = area of tension stiffening prism; 720 

Act = area of tensile concrete; 721 

Arc, Art = cross-sectional area of the compression and tension reinforcement, respectively; 722 

A0 = transformed area; 723 

a = distance between load points under four point bending; 724 

a0, a1, a2, b0, b1, b2 = coefficients to quadratic equation; 725 

b, bf, bw = width of section; width of flange and width of web, respectively; 726 

D = total depth of the section; 727 
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Dc = extension of concrete in tension stiffening prism; 728 

dc, dt = depth of the compressive and tensile reinforcement, respectively; 729 

df = depth of flange; 730 

dNA, dNA-y, dNA0 = neutral axis depth; neutral axis depth at yield and zero moment, respectively; 731 

dδ/dx = slip strain; 732 

e = centroid of the total reinforcement; 733 

Ec, Er = elastic moduli of concrete and reinforcement, respectively 734 

Ec-eff = age adjusted effective elastic modulus of the concrete; 735 

Ef = slope of the simplified tensile stress-strain relationship in Fig. 9 736 

ESH = strain hardening modulus; 737 

EIcr, EIuncr = cracked and uncracked flexural rigidity, respectively; 738 

EIhog, EIsag = flexural rigidity in hogging and sagging, respectively; 739 

EI1, EI2 = slopes of each part of the bilinear moment-curvature relationship; 740 

EI1,hog, EI2,hog = slopes of each part of the bilinear moment-curvature relationship in hogging; 741 

EI1,sag, EI2,sag = slopes of each part of the bilinear moment-curvature relationship in sagging; 742 

F = point load; 743 

fct = tensile strength of concrete; 744 

fi, f1, f2, f3 = stress intercept of stress-half crack width relationship; 745 

fpc = post-cracking strength of concrete; 746 

fSH = stress to cause microcracking; 747 
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fy = yield stress; 748 

I0 = second moment of area of transformed section about the top fibre; 749 

k = stiffness of linear ascending bond-slip relationship; 750 

L = span of beam; 751 

Ldef = deformable length; 752 

Lper = bonded perimeter of reinforcing bar in tension chord; 753 

lct = lever arm of the tensile concrete; 754 

M, Mhy, Mint, Mt, My, Mμcr = applied moment; moment at half yield, intersection, transition 755 

point, at yield, microcracking, respectively; 756 

Mc = moment due to concrete;  757 

mi, m1, m2, m3 = slope of stress-half crack width relationship; 758 

nFI = modular ratio of reinforcement; Er/Ec; 759 

nf = modular ratio of fibres; 760 

P, Pc, Pcc, Pct, Prc, Prt = axial force; axial force in the concrete, compressive concrete, tension 761 

concrete, compressive reinforcement and tension reinforcement, respectively; 762 

Prc0, Prt0 = residual load due to shrinkage and fibres in the compressive and tensile 763 

reinforcement; 764 

Sp = primary crack spacing; 765 

S0 = first moment of area of transformed section about the top fibre; 766 

w, wmid, wsup = crack width; crack width at midspan and support, respectively; 767 
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why, wt, wy = crack width at half yield, transition and yield; 768 

x = position in beam measured from support; 769 

xhog = distance from support to point of contraflexure; 770 

x1 = location of the transition moment in beam; 771 

y = depth measured from top fibre; 772 

α = non-linearity of non-linear ascending bond-slip relationship; 773 

β = axial rigidity parameter; 774 

γ = increase in stiffness due to tension stiffening; 775 

Δ = half crack width; slip of the reinforcing bar at the crack; 776 

Δi, Δ0, Δ1, Δ2 = half crack width at the change in slope of half stress/crack width relationship  777 

Δmid = midspan deflection;  778 

δ = slip; 779 

δ1 = slip at maximum bond stress;  780 

ε, εD, εD,t = strain; strain at the bottom fibre; strain at the bottom fibre at the transition point;  781 

εct = effective strain in the tensile concrete;  782 

εinel = permanent strain due to microcracking;  783 

εsh = shrinkage strain; 784 

εy = yield strain;  785 

η = ratio of the centroid of the stress/strain relationship to the strain at the bottom fibre; 786 

θ, θsh  = rotation; rotation due to shrinkage; 787 
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λ1, λ2 = bond parameter for a linear ascending and non-linear bond-slip relationships, 788 

respectively;   789 

ξ = tension stiffening parameter; 790 

σ, σc, σcc, σct, σrt = stress; stress in concrete, compressive concrete, tensile concrete and tensile 791 

reinforcement;  792 

σct-ave = average tensile stress; 793 

τ = interface shear stress; bond stress; 794 

τmax = maximum bond stress; 795 

ϕ = creep coefficient; 796 

χ, χhy χint, χt, χy, χμcr, χ0,1 = curvature; curvature at half yield, intersection, transition, yield, 797 

microcracking, zero moment, respectively;  798 

χ0,hog, χ0,sag = intercept with the curvature axis in hogging or sagging, respectively;    799 

χ0,2 = intercept with the curvature axis for the 1st part of the bilinear moment-curvature 800 

relationship; 801 

χ0,1,hog, χ0,1,sag = χ0,1 in hogging and sagging, respectively; 802 

χ0,2 = intercept with the curvature axis for the 2nd part of the bilinear moment-curvature 803 

relationship; 804 

χ02,hog, χ02,sag  = χ0.2 in hogging and sagging, respectively;  805 

 806 

SUPPLEMENTARY MATERIAL 807 
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The supplementary material contains a detailed worked example to demonstrate the application 808 

of the approach to determine the serviceability deflections and crack widths in a UHPFRC T-809 

beam.  810 

 811 

REFERENCES 812 

AFGC (Association Francaise de Genie Civil). (2013). “Betons fibres a ultra-hautes 813 

performances- Recommandations [Ultra high performance fibre reinforced-concretes – 814 

Recommendations].” Paris, France 815 

Amin, A., Foster, S. J., and Kaufmann, W. (2017). “Instantaneous deflection calculation for 816 

steel fibre reinforced concrete one way members.” Engineering Structures, 131, 438-445. 817 

Amin, A. and Gilbert, R. I. (2018). “Instantaneous Crack Width Calculation for Steel Fiber-818 

Reinforced Concrete Flexural Members.” ACI Structural Journal, 115(2). 819 

Balazs, G. L. (1993). “Cracking analysis based on slip and bond stresses.” ACI Materials 820 

Journal, 90, 340-340. 821 

Banthia, N.,Majdzadeh, F., Wu, J., and Bindiganavile, V. (2014) “Fiber synergy in Hybrid 822 

Fiber Reinforced Concrete (HyFRC) in flexure and direct shear.” Cement and Concrete 823 

Composites, 48, 91-97. 824 

Barros, J. A., and Figueiras, J. A. (1999). “Flexural behavior of SFRC: testing and modeling.”  825 

ASCE J. Mater. Civ. Eng., 11(4), 331-339. 826 

Barros, J. A., Taheri, M., and Salehian, H. (2015). “A model to simulate the moment–rotation 827 

and crack width of FRC members reinforced with longitudinal bars.” Engineering Structures, 828 

100, 43-56. 829 



45 
 

Barros, J.A., Taheri, M, and Salehian, H. (2018). “A model to predict the crack width of FRC 830 

members reinforced with longitudinal reinforcing bars.” SP-319-2, American Concrete 831 

Institute, Farmington Hills. 832 

Bischoff, P. H. (2003). “Tension stiffening and cracking of steel fiber-reinforced concrete.” 833 

ASCE J. Mater. Civ. Eng., 15(2), 174-182. 834 

Brandt, A. M. (2008). “Fibre reinforced cement-based (FRC) composites after over 40 years 835 

of development in building and civil engineering.” Composite structures, 86(1-3), 3-9. 836 

Campione, G., Cucchiara, C., La Mendola, L., and Papia, M. (2005). “Steel–concrete bond in 837 

lightweight fiber reinforced concrete under monotonic and cyclic actions.” Engineering 838 

Structures, 27(6), 881-890. 839 

Chao, S. H., Naaman, A. E., and Parra-Montesinos, G. J. (2009). “Bond behavior of reinforcing 840 

bars in tensile strain-hardening fiber-reinforced cement composites.” ACI Structural Journal, 841 

106(6), 897. 842 

Choi, C. K., and Cheung, S. H. (1996). “Tension stiffening model for planar reinforced 843 

concrete members.” Computers & Structures, 59(1), 179-190. 844 

Conforti, A., Minelli, F., and Plizzari, G. A. (2013). “Wide-shallow beams with and without 845 

steel fibres: a peculiar behaviour in shear and flexure.” Composites Part B: Engineering, 51, 846 

282-290. 847 

Deluce, J. R., Lee, S. C., and Vecchio, F. J. (2014). “Crack model for steel fiber-reinforced 848 

concrete members containing conventional reinforcement.” ACI Structural Journal, 111(1), 849 

93. 850 



46 
 

Fantilli, A.P., Kwon, S., Mihashi, H. and Nishiwaki, T. (2018) “Synergy assessment in hybrid 851 

Ultra-High Performance Fiber-Reinforced Concrete (UHP-FRC).” Cement and Concrete 852 

Composites, 86, 19-29. 853 

Fantilli, A.P. and Chiaia, B. (2018). “Conventional and unconventional approaches for 854 

evaluating the crack width in FRC structures.” SP-319-4, American Concrete Institute, 855 

Farmington Hills. 856 

fib (International Federation for Structural Concrete). (2013). “CEB-FIP Model Code 2010.” 857 

Lausanne, Switzerland. 858 

Gilbert, R. I., and Ranzi, G. (2010). Time-dependent behaviour of concrete structures. CRC 859 

Press, Boca Raton, Florida. 860 

Graybeal, B. A. (2006). “Material property characterization of ultra-high performance 861 

concrete” FHWA-HRT-06-103, Federal Highways Administration, McLean, Virginia.  862 

Gupta, A. K., and Maestrini, S. R. (1990). “Tension-stiffness model for reinforced concrete 863 

bars.” J. Struct. Eng., 116(3), 769-790. 864 

Harajli, M. H., Hout, M., and Jalkh, W. (1995). “Local bond stress-slip behavior of reinforcing 865 

bars embedded in plain and fiber concrete.” ACI Materials Journal, 92(4), 343-353. 866 

Harajli, M. H. (2009). “Bond stress–slip model for steel bars in unconfined or steel, FRC, or 867 

FRP confined concrete under cyclic loading.” J. Struct. Eng., 135(5), 509-518. 868 

Hillerborg, A. (1978). “A model for fracture analysis.” Report TVBM-3005, Division of 869 

Building Materials, Lund Institute of Technology, Lund.  870 

Hota, S., and Naaman, A. E. (1997). “Bond stress-slip response of reinforcing bars embedded 871 

in FRC matrices under monotonic and cyclic loading.” ACI Structural Journal, 94(5), 525-537. 872 



47 
 

Jungwirth, J., and Muttoni, A. (2004). “Structural behavior of tension members in Ultra High 873 

Performance Concrete.” Proc. International Symposium on Ultra High Performance Concrete. 874 

Knight, D., Visintin, P., Oehlers, D. J., and Mohamed Ali, M. S. (2013). “Short-term partial-875 

interaction behavior of RC beams with prestressed FRP and steel.” J. Compos. Constr., 18(1), 876 

04013029. 877 

Knight, D., Visintin, P., and Oehlers, D. J. (2015). “Displacement‐based simulation of time‐878 

dependent behaviour of RC beams with prestressed FRP or steel tendons.” Structural Concrete, 879 

16(3), 406-417. 880 

Lee, S. C., Cho, J. Y., and Vecchio, F. J. (2013). “Tension-Stiffening Model for Steel Fiber-881 

Reinforced Concrete Containing Conventional Reinforcement.” ACI Structural Journal, 882 

110(4). 883 

Marchand, P., Baby, F., Khadour, A., Battesti, T., Rivillon, P., Quiertant, M., Nguyen, H.-H., 884 

Genereux, G., Deveaud, J.-P., Simon, A., and Toutlemonde, F. (2016). “Bond behaviour of 885 

reinforcing bars in UHPFRC.” Materials and structures, 49(5), 1979-1995. 886 

Meda, A., Minelli, F., & Plizzari, G. A. (2012). “Flexural behaviour of RC beams in fibre 887 

reinforced concrete.” Composites Part B: Engineering, 43(8), 2930-2937. 888 

Mobasher, B., Yao, Y., and Soranakom, C. (2015). “Analytical solutions for flexural design of 889 

hybrid steel fiber reinforced concrete beams.” Engineering Structures, 100, 164-177. 890 

Muhamad, R., Ali, M. M., Oehlers, D. J., and Griffith, M. (2012). “The tension stiffening 891 

mechanism in reinforced concrete prisms.” Advances in Structural Engineering, 15(12), 2053-892 

2069. 893 



48 
 

Ning, X., Ding, Y., Zhang, F., and Zhang, Y. (2015). “Experimental study and prediction model 894 

for flexural behavior of reinforced SCC beam containing steel fibers.” Construction and 895 

Building Materials, 93, 644-653. 896 

Oesterlee, C. (2010). “Structural response of reinforced UHPFRC and RC composite 897 

members.” Ph.D. Thesis, Ecole Polytechnique Federale de Lausanne, Lausanne. 898 

Park, S.H., Kim, D.J., Ryu, G.S. and Koh, K.T. (2012). “Tensile behavior of ultra high 899 

performance hybrid fiber reinforced concrete.” Cement and Concrete Composites, 34(2), 172-900 

184. 901 

RILEM (International Union of Laboratories and Experts in Construction Materials, Systems 902 

and Structures.) (1994) “RILEM recommendations for the testing and use of constructions 903 

materials. RC 6 bond test for reinforcement steel. 2. Pull-out test, 1983.” E & FN SPON. 904 

Schumacher, P. (2006) “Rotation capacity of self-compacting steel fibre reinforced concrete.” 905 

PhD Thesis, Delft University, Delft. 906 

Singh, M., Sheikh, A. H., Ali, M. M., Visintin, P., and Griffith, M. C. (2017). “Experimental 907 

and numerical study of the flexural behaviour of ultra-high performance fibre reinforced 908 

concrete beams.” Construction and Building Materials, 138, 12-25. 909 

Sobuz, H. R., Visintin, P., Ali, M. M., Singh, M., Griffith, M. C., and Sheikh, A. H. (2016). 910 

“Manufacturing ultra-high performance concrete utilising conventional materials and 911 

production methods.” Construction and Building Materials, 111, 251-261. 912 

Standards Australia (2009) “Concrete Structures”, AS3600-2009, Sydney, Australia 913 

Standards Australia (2014). “Concrete structures-Commentary (Supplement to AS3600-914 

2009).” AS3600 Supplement 1:2014, Sydney, Australia. 915 

Standards Australia (2018) “Concrete Structures”, AS3600-2018, Sydney, Australia 916 



49 
 

Stang H and Aarre T (1992) “Evaluation of crack width in FRC with conventional 917 

reinforcement.” Cement and Concrete Composites, 14(2), 143–154. 918 

Sturm, A.B. and Visintin, P. (2018) “Local bond slip behaviour of steel reinforcing bars 919 

embedded in UHPFRC.” Structural Concrete, in press. 920 

Sturm, A.B., Visintin, P., and Oehlers, D.J. (2018a) “Mechanics of the flexural behaviour of 921 

UHPFFRC beams under instantaneous and sustained loading.” Departmental Report, No. R 922 

200, School of Civil, Environmental & Mining Engineering, The University of Adelaide, 923 

Adelaide 924 

Sturm, A.B., Visintin, P., Oehlers, D.J. and Seracino, R. (2018b) “Time dependent tension 925 

stiffening mechanics of fibre reinforced and ultra-high performance fibre reinforced concrete.” 926 

J. Struct. Eng., 144(8), 04018122. 927 

Taheri, M., Barros, J. A., & Salehian, H. (2011). “A design model for strain-softening and 928 

strain-hardening fiber reinforced elements reinforced longitudinally with steel and FRP bars.” 929 

Composites Part B: Engineering, 42(6), 1630-1640. 930 

Visintin, P., Oehlers, D. J., and Haskett, M. (2013). “Partial-interaction time dependent 931 

behaviour of reinforced concrete beams.” Engineering Structures, 49, 408-420. 932 

Visintin, P., and Oehlers, D. J. (2017). “Fundamental mechanics that govern the flexural 933 

behaviour of reinforced concrete beams with fibre-reinforced concrete.” Advances in 934 

Structural Engineering, 1369433217739705. 935 

Visintin, P., Sturm, A.B., Mohamed Ali, M.S., and Oehlers, D.J. (2018a). “Blending macro 936 

and micro fibres to enhance to the serviceability behaviour of UHPFRC”, Australian Journal 937 

of Civil Engineering, in press. 938 



50 
 

Visintin, P., Ali, M., Xie, T., and Sturm, A. B. (2018b). “Experimental investigation of moment 939 

redistribution in ultra-high performance fibre reinforced concrete beams.” Construction and 940 

Building Materials, 166(1), 433-444. 941 

Volkersen, O. (1938) “Die Nietkrafverteilung in zugbeanspruchten Nietverbindungen mit 942 

konstanten Laschenquerschnitten.” Luftfahrtvorschung, 15, 41–47.  943 

Wille, K., El-Tawil, S., and Naaman, A. E. (2014). “Properties of strain hardening ultra high 944 

performance fiber reinforced concrete (UHP-FRC) under direct tensile loading.” Cement and 945 

Concrete Composites, 48, 53-66. 946 

Wu, Z., Yoshikawa, H., and Tanabe, T. A. (1991). “Tension stiffness model for cracked 947 

reinforced concrete.” J. Struct. Eng., 117(3), 715-732. 948 

Yoo, D. Y., Shin, H. O., Yang, J. M., and Yoon, Y. S. (2014). “Material and bond properties 949 

of ultra high performance fiber reinforced concrete with micro steel fibers.” Composites Part 950 

B: Engineering, 58, 122-133. 951 

Yoo, D. Y., Kwon, K. Y., Park, J. J., and Yoon, Y. S. (2015). “Local bond-slip response of 952 

GFRP rebar in ultra-high-performance fiber-reinforced concrete.” Composite Structures, 120, 953 

53-64. 954 

Yoo, D. Y., Banthia, N., and Yoon, Y. S. (2016). “Flexural behavior of ultra-high-performance 955 

fiber-reinforced concrete beams reinforced with GFRP and steel rebars.” Engineering 956 

Structures, 111, 246-262. 957 

Yuguang, Y., Walraven, J. C., and den Uijl, J. A. (2009). “Combined effect of fibers and steel 958 

rebars in high performance concrete.” Heron, 54(2-3), 205-224. 959 

Zhang, T., Visintin, P., and Oehlers, D. J. (2017). “Partial-interaction tension-stiffening 960 

properties for numerical simulations.” Advances in Structural Engineering, 20(5), 812-821. 961 



51 
 

SUPPLEMENTARY MATERIAL: DESIGN EXAMPLE 962 

It will be shown how to determine the midspan deflection as well as the maximum crack width 963 

for the beam illustrated in Fig. S1. This procedure could be used in developing design charts 964 

for use in practice for any new type of UHPFRC or FRC.  965 

 966 

Fig. S1. Beam for design example 967 

 968 

The effective elastic modulus of the beam allowing for the effect of creep is given by Gilbert 969 

& Ranzi (2010) as 970 
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𝐸𝑐−𝑒𝑓𝑓 =
𝐸𝑐

1+𝜙
=

50 𝐺𝑃𝑎

2
= 25 𝐺𝑃𝑎    (S1) 971 

The modular ratio nfi is then given as Er/Ec-eff=8.  972 

To determine the deflection, first consider the sagging portion of the beam with the cross-973 

section illustrated in Fig. S1(a).  974 

Moment/curvature of sagging section 975 

Crack spacing & increased stiffness due to tension stiffening 976 

From Eq. (11)  977 

𝜆2 =
(40 𝑀𝑃𝑎)(352 𝑚𝑚)

(0.5 𝑚𝑚)0.4 [
1

25000 𝑀𝑃𝑎(39200 𝑚𝑚2)
+

1

200000 𝑀𝑃𝑎(2480 𝑚𝑚2)
] = 56.4 × 10−6𝑚𝑚−1.4978 

     (S2) 979 

and, therefore, from Eq. (10) the crack spacing is given by 980 

𝑆𝑝 = [
20.4(1.4)

(56.4×10−6𝑚𝑚−1.4)(0.6)1.4]

1

1.4
[

8 𝑀𝑃𝑎−6 𝑀𝑃𝑎

25000 𝑀𝑃𝑎
(

25000 𝑀𝑃𝑎(39200 𝑚𝑚2)

200000 𝑀𝑃𝑎 (2480 𝑚𝑚2)
+ 1)]

0.6

1.4
= 78.4 𝑚𝑚 981 

  (S3) 982 

From Eqs. (17), (18) and (19), the parameters for the increased stiffness due to tension 983 

stiffening are given by 984 

𝜆1 = √80
𝑀𝑃𝑎

𝑚𝑚
(352 𝑚𝑚) [

1

25000 𝑀𝑃𝑎(39200 𝑚𝑚2)
+

1

200000 𝑀𝑃𝑎(2480 𝑚𝑚2)
] = 0.0092 𝑚𝑚−1985 

     (S4) 986 

𝜉 =
0.0092 𝑚𝑚−178.4 𝑚𝑚

2

tanh(0.0092 𝑚𝑚−178.4 𝑚𝑚

2
)

= 1.04      (S5) 987 

𝑛𝑓 =
13.3

𝑀𝑃𝑎

𝑚𝑚

25000 𝑀𝑃𝑎

78.4 𝑚𝑚

2
= 0.0209      (S6) 988 
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Substituting Eqs. (67), (68) and (69) into Eq. (16) gives the increased stiffness due to tension 989 

stiffening as 990 

 991 

𝛾 =
1.04−0.0209

1−0.0209+
1.04−1

(
25000 𝑀𝑃𝑎(39200 𝑚𝑚2)

200000 𝑀𝑃𝑎 (2480 𝑚𝑚2)
+1)

= 1.03      (S7) 992 

 993 

Equivalent tensile-stress/strain relationship 994 

The tensile-stress/crack-width relationship is converted to an equivalent stress/strain 995 

relationship by considering that the macrocrack forms at a strain of 996 

𝜀𝐷,𝜇𝑐𝑟 =
𝑓𝑆𝐻

𝐸𝑐
=

8 𝑀𝑃𝑎

25000 𝑀𝑃𝑎
= 320 𝜇𝜀   (S8) 997 

The stress/crack-width relationship than changes slope at a crack opening of 0.3 mm. From Eq. 998 

(4), this corresponds to a strain of 999 

𝜀𝑐 =
0.3 mm

78.4 𝑚𝑚
+

6 𝑀𝑃𝑎

25000 𝑀𝑃𝑎
+ 0 = 0.0041      (S9) 1000 

Note that the inelastic strain due to strain hardening is zero in this design example as given in 1001 

Fig. S1. This gives the effective stress/strain relationship in Fig. S2 1002 

 1003 

Fig. S2. Effective stress/strain relationship 1004 

 1005 

Curvature under zero moment 1006 

From Eq. (42), the eccentricity parameter is given by 1007 
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𝑒 =
(2480 𝑚𝑚2)(502 𝑚𝑚)+(1240 𝑚𝑚2)(64 𝑚𝑚)

2480 𝑚𝑚2+1240 𝑚𝑚2 = 356 𝑚𝑚  (S10) 1008 

The transformed area of the section is given by 1009 

𝐴0 = 𝑛𝐹𝐼𝐴𝑟𝑡 + 𝑛𝐹𝐼𝐴𝑟𝑐 + (𝑏𝑓 − 𝑏𝑤)𝑑𝑓 + 𝑏𝑤𝐷 = 8(2480 𝑚𝑚2) + 8(1240 𝑚𝑚2) +1010 

(1000 𝑚𝑚 − 200 𝑚𝑚)(120 𝑚𝑚) + (200 𝑚𝑚)(600 𝑚𝑚) = 246 × 103𝑚𝑚2 (A11) 1011 

where bf is the width of the flange, bw is the width of the web and df is the depth of the flange. 1012 

The first moment of area about the top fibre of the transformed section is given by  1013 

𝑆0 = 𝑛𝐹𝐼𝐴𝑟𝑡𝑑𝑡 + 𝑛𝐹𝐼𝐴𝑟𝑐𝑑𝑐 +
1

2
(𝑏𝑓 − 𝑏𝑤)𝑑𝑓

2 +
1

2
𝑏𝑤𝐷2 = 8(2480 𝑚𝑚2)(502 𝑚𝑚) +1014 

8(1240 𝑚𝑚2)(64 𝑚𝑚) +
1

2
(1000 𝑚𝑚 − 200 𝑚𝑚)(120 𝑚𝑚)2 +1015 

1

2
(200 𝑚𝑚)(600 𝑚𝑚)2 = 52.4 × 106𝑚𝑚3  (S12) 1016 

The second moment of area about the top fibre of the transformed section is given by  1017 

𝐼0 = 𝑛𝐹𝐼𝐴𝑟𝑡𝑑𝑡
2 + 𝑛𝐹𝐼𝐴𝑟𝑐𝑑𝑐

2 +
1

3
(𝑏𝑓 − 𝑏𝑤)𝑑𝑓

3 +
1

3
𝑏𝑤𝐷3 = 8(2480 𝑚𝑚2)(502 𝑚𝑚)2 +1018 

8(1240 𝑚𝑚2)(64 𝑚𝑚)2 +
1

3
(1000 𝑚𝑚 − 200 𝑚𝑚)(120 𝑚𝑚)3 +1019 

1

3
(200 𝑚𝑚)(600 𝑚𝑚)3 = 19.9 × 109𝑚𝑚4  (S13) 1020 

Hence from Eq. (43), the neutral axis depth is given by 1021 

𝑑𝑁𝐴0 =
19.9×109𝑚𝑚4−356 𝑚𝑚(52.4×106𝑚𝑚3)

52.4×106𝑚𝑚3−356 𝑚𝑚(246×103𝑚𝑚2)
= −35. 4 𝑚𝑚   (S14) 1022 

From Eq. (34), the curvature is then given by 1023 

𝜒0 =
(200000 𝑀𝑃𝑎)(500×10−6)(2480 𝑚𝑚2+1240 𝑚𝑚2)

(25000 𝑀𝑃𝑎)[52.4×106𝑚𝑚3+35.4 𝑚𝑚(246×103𝑚𝑚2)]
= 0.244 × 10−6𝑚𝑚−1 (S15) 1024 

Moment at microcracking 1025 

Note that γ=1 before microcracking and from Eq. (15) and (22)  1026 
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𝑃𝑟𝑡0 = −(200000 𝑀𝑃𝑎)(2480 𝑚𝑚2)(500 × 10−6) = −248 𝑘𝑁   (S16) 1027 

𝑃𝑟𝑐0 = −(200000 𝑀𝑃𝑎)(2480 𝑚𝑚2)(500 × 10−6) = −124 𝑘𝑁   (S17) 1028 

The average tensile concrete stress is 1029 

𝜎𝑐𝑡−𝑎𝑣𝑒 =
1

2
(25000 𝑀𝑃𝑎)(320 × 10−6) = 4 𝑀𝑃𝑎    (S18) 1030 

𝜂 =
2

3
     (S19)  1031 

To evaluate the neutral axis depth, first determine the value of the coefficients assuming that 1032 

the neutral axis is in the web. 1033 

𝑎0 = 𝐸𝑐𝜀𝐷 [𝛾𝑛𝐹𝐼𝐴𝑟𝑡𝑑𝑡 + 𝑛𝐹𝐼𝐴𝑟𝑐𝑑𝑐 +
1

2
(𝑏𝑓 − 𝑏𝑤)𝑑𝑓

2] + (𝑃𝑟𝑡0 + 𝑃𝑟𝑐0)𝐷 + 𝜎𝑐𝑡−𝑎𝑣𝑒𝑏𝑤𝐷2 =1034 

(25000 𝑀𝑃𝑎)(320 × 10−6) [8(2480 𝑚𝑚2)(502 𝑚𝑚) + 8(1240 𝑚𝑚2)(64 𝑚𝑚) +1035 

1

2
(1000 𝑚𝑚 − 200 𝑚𝑚)(120 𝑚𝑚)2] − (248000 𝑁 + 124000 𝑁)(600 𝑚𝑚) +1036 

4 𝑀𝑃𝑎(200 𝑚𝑚)(600 𝑚𝑚)2 = 196 × 106 𝑁𝑚𝑚        (S20a) 1037 

𝑎1 = −𝐸𝑐𝜀𝐷[𝛾𝑛𝐹𝐼𝐴𝑟𝑡 + 𝑛𝐹𝐼𝐴𝑟𝑐 + (𝑏𝑓 − 𝑏𝑤)𝑑𝑓] − (𝑃𝑟𝑡0 + 𝑃𝑟𝑐0) − 2𝜎𝑐𝑡−𝑎𝑣𝑒𝑏𝑤𝐷 =1038 

−(25000 𝑀𝑃𝑎)(320 × 10−6)[8(2480 𝑚𝑚2) + 8(1240 𝑚𝑚2) + (1000 𝑚𝑚 −1039 

200 𝑚𝑚)(120 𝑚𝑚)] + (248000 𝑁 + 124000 𝑁) − 2(4 𝑀𝑃𝑎)(200 𝑚𝑚)(600 𝑚𝑚) =1040 

−1.59 × 106𝑁 (S20b) 1041 

a2=0 before microcracking therefore from Eq. (25) the neutral axis depth is given as 1042 

𝑑𝑁𝐴,𝜇𝑐𝑟 =
196×106 𝑁𝑚𝑚

1.59×106𝑁
= 124 𝑚𝑚    (S21) 1043 

From Eq. (23), the curvature is then given by 1044 

𝜒𝜇𝑐𝑟 =
320×10−6

600 𝑚𝑚−124 𝑚𝑚
= 0.672 × 10−6𝑚𝑚−1    (S22) 1045 

From Eq. (14), the axial force in the tensile reinforcement is given as 1046 
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𝑃𝑟𝑡 = 8(25000 𝑀𝑃𝑎)(2480 𝑚𝑚2)(0.672 × 10−6𝑚𝑚−1)(502 𝑚𝑚 − 124 𝑚𝑚) − 248 ×1047 

103𝑁 = −122 𝑘𝑁    ( 23) 1048 

From Eq. (21), the axial force in the compressive reinforcement is given as  1049 

𝑃𝑟𝑐 = 8(25000 𝑀𝑃𝑎)(1240 𝑚𝑚2)(0.672 × 10−6𝑚𝑚−1)(64 𝑚𝑚 − 124 𝑚𝑚) − 124 ×1050 

103𝑁 = −134 𝑘𝑁     (S24) 1051 

From Eq. (2), the axial force in the tensile concrete is given as 1052 

𝑃𝑐𝑡 = (4 𝑀𝑃𝑎)(200 𝑚𝑚)(600 𝑚𝑚 − 124 𝑚𝑚) = 381 𝑘𝑁 (S25) 1053 

By considering that the compressive concrete behaves linear elastically, the following two 1054 

components are obtained 1055 

𝑃𝑐𝑐 = −0.5(1000 𝑚𝑚)(124 𝑚𝑚)2(25000 𝑀𝑃𝑎)(0.672 × 10−6𝑚𝑚−1) = −129 𝑘𝑁(S26) 1056 

𝑃𝑐𝑐2 = 0.5(1000 𝑚𝑚 − 200 𝑚𝑚)(120 𝑚𝑚 − 124 𝑚𝑚)2(25000 𝑀𝑃𝑎)(0.672 ×1057 

10−6𝑚𝑚−1) = 0.108 𝑘𝑁 (S27) 1058 

Hence, the moment to cause microcracks is given as 1059 

𝑀𝑚𝑐𝑟 = −122 𝑘𝑁 (0.502 𝑚 − 0.124 𝑚) − 134 𝑘𝑁(0.064 𝑚 − 0.124 𝑚) +1060 

381 𝑘𝑁 (
2

3
) (0.6 𝑚 − 0.124 𝑚) + 129 𝑘𝑁 (

2

3
) (0.124 𝑚) + 0.108 𝑘𝑁 (

2

3
) (0.12 𝑚 −1061 

0.124 𝑚) = 93.5 𝑘𝑁𝑚 (S28) 1062 

From Eq. (51), the uncracked flexural rigidity can be estimated as 1063 

𝐸𝐼𝑢𝑛𝑐𝑟 =
𝑀𝑚𝑐𝑟

𝜒𝑚𝑐𝑟−𝜒0
=

93.5×106𝑁𝑚𝑚

(0.672−0.244)×10−6𝑚𝑚−1
= 218 × 1012𝑁𝑚𝑚2  (S29) 1064 

Moment at yield 1065 

From Eq. (46), the yield strain is given by 1066 
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𝜀𝑦 =
1

1.03
(

500 𝑀𝑃𝑎

200000 𝑀𝑃𝑎
+ 500 × 10−6) = 0.0029   (S30) 1067 

To determine the neutral axis depth, assume the neutral axis is in the web, hence 1068 

𝑏0 = (𝑓𝑦𝐴𝑟𝑡 + 𝑃𝑟𝑐0)𝑑𝑡 + 𝑓1𝑏𝑤𝐷𝑑𝑡 + 𝐸𝑐𝜀𝑦 [𝑛𝐹𝐼𝐴𝑟𝑐𝑑𝑐 −
1

2
𝑛𝑓𝑏𝑤𝐷2 +

1

2
(𝑏𝑓 − 𝑏𝑤)𝑑𝑓

2] (=1069 

[(500 𝑀𝑃𝑎)(2480 𝑚𝑚2) − 124 × 103𝑁](502 𝑚𝑚) +1070 

(8 𝑀𝑃𝑎)(200 𝑚𝑚)(600 𝑚𝑚)(502 𝑚𝑚) +1071 

(25000 𝑀𝑃𝑎)(0.0029) [8(1240 𝑚𝑚2)(64 𝑚𝑚) −
1

2
(0.0209)(200 𝑚𝑚)(600 𝑚𝑚)2 +1072 

1

2
(1000 𝑚𝑚 − 200 𝑚𝑚)(120 𝑚𝑚)2] = 1.45 × 109𝑚𝑚−1 (S31a) 1073 

𝑏1 = −(𝑓𝑦𝐴𝑟𝑡 + 𝑃𝑟𝑐0) − 𝑓1𝑏𝑤(𝐷 + 𝑑𝑡) − 𝐸𝑐𝜀𝑦[𝑛𝐹𝐼𝐴𝑟𝑐 − 𝑛𝑓𝑏𝑤𝐷 + (𝑏𝑓 − 𝑏𝑤)𝑑𝑓] =1074 

−[(500 𝑀𝑃𝑎)(2480 𝑚𝑚2) − 124 × 103𝑁] − (8 𝑀𝑃𝑎)(200 𝑚𝑚)(600 𝑚𝑚 + 502 𝑚𝑚) −1075 

(25000 𝑀𝑃𝑎)(0.0029)[8(1240 𝑚𝑚2) − 0.0209(200 𝑚𝑚)(600 𝑚𝑚) + (1000 𝑚𝑚 −1076 

200 𝑚𝑚)(120 𝑚𝑚)] = −10.5 × 106𝑚𝑚−1  (S31b) 1077 

𝑏2 = 𝑏𝑤𝑓1 −
1

2
𝑏𝑤𝐸𝑐𝜀𝑦(1 + 𝑛𝑓) = (200 𝑚𝑚)(8 𝑀𝑃𝑎) −1078 

1

2
(200 𝑚𝑚)(25000 𝑀𝑃𝑎)(0.0029)(1 + 0.0209) = −5.80 × 103𝑚𝑚−1  1079 

 (S31c) 1080 

Substituting in these coefficients and solving the resultant quadratic equation gives a neutral 1081 

axis depth of dNA=129 mm. 1082 

From Eq. (47), the resultant curvature is 1083 

𝜒𝑦 =
0.0029

502 𝑚𝑚−129 𝑚𝑚
= 7.77 × 10−6𝑚𝑚−1   (S32) 1084 

The strain at the bottom fibre of the section is, therefore, given as 1085 

𝜀𝐷,𝑦 = 𝜒𝑦(𝐷 − 𝑑𝑁𝐴,𝑦) = (7.77 × 10−6𝑚𝑚−1)(600 𝑚𝑚 − 129 𝑚𝑚) = 0.0037 (S33) 1086 
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The axial force in the tensile reinforcement at yield is then  1087 

𝑃𝑟𝑡 = 500 𝑀𝑃𝑎(2480 𝑚𝑚2) = 1240 𝑘𝑁    (S34) 1088 

The axial force in the compressive reinforcement is given by Eq. (21) 1089 

𝑃𝑟𝑐 = 200000 𝑀𝑃𝑎(1240 𝑚𝑚2)(7.77 × 10−6𝑚𝑚−1)(64 𝑚𝑚 − 129 𝑚𝑚) − 124 ×1090 

103𝑁 = −249 𝑘𝑁   (S35) 1091 

The average stress in the tensile concrete is given by Eq. (44) 1092 

𝜎𝑐𝑡−𝑎𝑣𝑒 = 8 𝑀𝑃𝑎 −
1

2
(0.0209)(25000 𝑀𝑃𝑎)(0.0037) = 7.04 𝑀𝑃𝑎  (S36) 1093 

Therefore, the total axial force in the tensile concrete is given by 1094 

𝑃𝑐𝑡 = 7.04 𝑀𝑃𝑎 (200 𝑚𝑚)(600 𝑚𝑚 − 129 𝑚𝑚) = 663 𝑘𝑁  (S37) 1095 

From Eq. (45), 1096 

𝜂 =
1

2
(8 𝑀𝑃𝑎)−

1

3
(0.0209)(25000 𝑀𝑃𝑎)(0.0037)

7.04 𝑀𝑃𝑎
= 0.477      (S38) 1097 

Hence from Eq. (5), the lever arm is given by 1098 

𝑙𝑐𝑡 = 0.477(600 𝑚𝑚 − 129 𝑚𝑚) = 225 𝑚𝑚   (S39) 1099 

By considering that the compressive concrete remains linear elastic, the axial force are given 1100 

as 1101 

𝑃𝑐𝑐 = −
1

2
(1000 𝑚𝑚)(129 𝑚𝑚)2(25000 𝑀𝑃𝑎)(7.77 × 10−6𝑚𝑚−1) = −1620 𝑘𝑁(S40) 1102 

𝑃𝑐𝑐2 = 0.5(1000 𝑚𝑚 − 200 𝑚𝑚)(120 𝑚𝑚 − 129 𝑚𝑚)2(25000 𝑀𝑃𝑎)(7.77 ×1103 

10−6𝑚𝑚−1) = 6.29 𝑘𝑁 (S41) 1104 
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The moment at yield is then given as 1105 

𝑀𝑦 = 1240 𝑘𝑁(0.502 𝑚 − 0.129 𝑚) − 249 𝑘𝑁 (0.064 𝑚 − 0.129 𝑚) +1106 

663 𝑘𝑁(0.225 𝑚) + 1620 𝑘𝑁 (
2

3
) (0.129 𝑚) + 6.29 𝑘𝑁 (

2

3
) (0.12 𝑚 − 0.129 𝑚) =1107 

767 𝑘𝑁𝑚 (S42) 1108 

The stress at the bottom fibre is given from the equivalent stress/strain relationship in Fig. 14 1109 

as 1110 

𝜎𝐷 = 8 𝑀𝑃𝑎 + (6 𝑀𝑃𝑎 − 8 𝑀𝑃𝑎)
0.0037−0.000320

0.0041−0.000320
= 6.21 𝑀𝑃𝑎  (S43) 1111 

The crack width at the bottom of the section is then given by Eq. (27) as 1112 

𝑤𝑦 = 78.4 𝑚𝑚 (0.0037 −
6.21 𝑀𝑃𝑎

25000 𝑀𝑃𝑎
) = 0.271 𝑚𝑚   (S44) 1113 

As this is less than 0.3 mm, the correct assumption has been made in Eq. (S7) with respect to 1114 

the choice of fi and mi. 1115 

Moment and curvature at half yield 1116 

The strain at the bottom fibre is equal to 0.0037/2 which is 0.00185. Note that the stress at the 1117 

bottom fibre is given from the equivalent stress/strain relationship as 1118 

𝜎𝐷 = 8 𝑀𝑃𝑎 + (6 𝑀𝑃𝑎 − 8 𝑀𝑃𝑎)
0.00185−0.000320

0.0041−0.000320
= 7.19 𝑀𝑃𝑎  (S45) 1119 

Therefore, from Eq. (3) 1120 

𝜎𝑐𝑡−𝑎𝑣𝑒 =
0.5(8 𝑀𝑃𝑎)(0.000320)+0.5(8 𝑀𝑃𝑎+7.19 𝑀𝑃𝑎)(0.00185−0.00032)

0.00185
= 6.97 𝑀𝑃𝑎 (S46) 1121 

From Eq. (6), 1122 



60 
 

∫ 𝜎𝑐𝑡 𝜀 𝑑𝜀
𝜀𝐷

0
= 7.19 𝑀𝑃𝑎(0.00185)(0.000925) + 0.5(8 𝑀𝑃𝑎 −1123 

7.19 𝑀𝑃𝑎)(0.00185)(0.000617) = 12.7 × 10−6 𝑀𝑃𝑎  (S47) 1124 

𝜂 =
12.7×10−6 𝑀𝑃𝑎

(0.00185)2(6.97 𝑀𝑃𝑎)
= 0.532    (S48) 1125 

To determine the neutral axis depth, the following coefficients from Eq. (S2) are evaluated as 1126 

𝑎0 = 𝐸𝑐𝜀𝐷 [𝛾𝑛𝐹𝐼𝐴𝑟𝑡𝑑𝑡 + 𝑛𝐹𝐼𝐴𝑟𝑐𝑑𝑐 +
1

2
(𝑏𝑓 − 𝑏𝑤)𝑑𝑓

2] + (𝑃𝑟𝑡0 + 𝑃𝑟𝑐0)𝐷 + 𝜎𝑐𝑡−𝑎𝑣𝑒𝑏𝑤𝐷2 =1127 

(25000 𝑀𝑃𝑎)(0.00185)[1.03(8)(2480 𝑚𝑚2)(502 𝑚𝑚) + 8(1240 𝑚𝑚2)(64 𝑚𝑚) +1128 

0.5(1000 𝑚𝑚 − 200 𝑚𝑚)(120 𝑚𝑚)2] − (248000 𝑁 + 124000 𝑁)(600 𝑚𝑚) +1129 

6.97 𝑀𝑃𝑎(200 𝑚𝑚)(600 𝑚𝑚)2 = 1.05 × 109 𝑁𝑚𝑚 (S49a) 1130 

𝑎1 = −𝐸𝑐𝜀𝐷[𝛾𝑛𝐹𝐼𝐴𝑟𝑡 + 𝑛𝐹𝐼𝐴𝑟𝑐 + (𝑏𝑓 − 𝑏𝑤)𝑑𝑓] − (𝑃𝑟𝑡0 + 𝑃𝑟𝑐0) − 2𝜎𝑐𝑡−𝑎𝑣𝑒𝑏𝑤𝐷 =1131 

−(25000 𝑀𝑃𝑎)(0.00185)[1.03(8)(2480 𝑚𝑚2) + 8(1240 𝑚𝑚2) + (1000 𝑚𝑚 −1132 

200 𝑚𝑚)(120 𝑚𝑚)] + 248000 𝑁 + 124000 𝑁 − 2(6.97 𝑀𝑃𝑎)(200 𝑚𝑚)(600 𝑚𝑚) =1133 

−7.14 × 106 𝑁 (S49b) 1134 

𝑎2 = 𝜎𝑐𝑡−𝑎𝑣𝑒𝑏𝑤 −
1

2
𝑏𝑤𝐸𝑐𝜀𝐷 = 6.97 𝑀𝑃𝑎(200 𝑚𝑚) −1135 

0.5(200 𝑚𝑚)(25000 𝑀𝑃𝑎)(0.00185) = −3230
𝑁

𝑚𝑚
 (S49c) 1136 

The neutral axis depth is then given as 138 mm. Hence the curvature is given as 1137 

𝜒ℎ𝑦 =
0.00185

600 𝑚𝑚−138 𝑚𝑚
= 4.00 × 10−6𝑚𝑚−1    (S50) 1138 

From Eq. (14), the axial force in the tensile reinforcement is 1139 

𝑃𝑟𝑡 = 1.03 (8)(25000 𝑀𝑃𝑎)(2480 𝑚𝑚2)(4 × 10−6𝑚𝑚−1)(502 𝑚𝑚 − 138 𝑚𝑚) −1140 

248000 𝑁 = 496 𝑘𝑁  (S51) 1141 
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From Eq. (21), the axial force in the compressive reinforcement is 1142 

𝑃𝑟𝑐 = 8(25000 𝑀𝑃𝑎)(1240 𝑚𝑚2)(4 × 10−6 𝑚𝑚−1)(64 𝑚𝑚 − 138 𝑚𝑚) − 124000 𝑁 =1143 

−197 𝑘𝑁 (S52) 1144 

From Eq. (2), the axial force in the tensile concrete is 1145 

𝑃𝑐𝑡 = 6.97 𝑀𝑃𝑎(200 𝑚𝑚)(600 𝑚𝑚 − 138 𝑚𝑚) = 644 𝑘𝑁  (S53) 1146 

By considering that the compressive reinforcement remains linear elastic 1147 

𝑃𝑐𝑐 = −0.5(1000 𝑚𝑚)(138 𝑚𝑚)2(25000 𝑀𝑃𝑎)(4 × 10−6𝑚𝑚−1) = −952 𝑘𝑁(S54) 1148 

and 1149 

𝑃𝑐𝑐2 = 0.5(1000 𝑚𝑚 − 200 𝑚𝑚)(120 𝑚𝑚 − 138 𝑚𝑚)2(25000 𝑀𝑃𝑎)(4 ×1150 

10−6𝑚𝑚−1) = 13 𝑘𝑁 (S55) 1151 

From moment equilibrium, 1152 

𝑀ℎ𝑦 = 496 𝑘𝑁 (0.502 𝑚 − 0.138 𝑚) − 197 𝑘𝑁(0.064 𝑚 − 0.138 𝑚) +1153 

644 𝑘𝑁 (0.533)(0.6 𝑚 − 0.138 𝑚) + 952 𝑘𝑁 (
2

3
) (0.138 𝑚) + 13 𝑘𝑁 (

2

3
) (0.12 𝑚 −1154 

0.138 𝑚) = 441 𝑘𝑁𝑚 (S56) 1155 

From Eq. (52), the cracked flexural rigidity can be estimated as 1156 

𝐸𝐼𝑐𝑟 =
𝑀𝑦−𝑀0.5𝑦

𝜒𝑦−𝜒0.5𝑦
=

(767−439)×106𝑁𝑚𝑚

(7.77−4)×10−6𝑚𝑚−1 = 87.0 × 1012𝑁𝑚𝑚2  (S57) 1157 

Note that the crack width at the bottom fibre is given by Eq. (27) as 1158 

𝑤ℎ𝑦 = 78.4 𝑚𝑚 (0.00185 −
7.19 𝑀𝑃𝑎

25000 𝑀𝑃𝑎
) = 0.123𝑚𝑚  (S58) 1159 

Moment and curvature at the transition point 1160 



62 
 

From Eq. (54), moment at the intersection of the cracked and uncracked curves is 1161 

𝑀𝑖𝑛𝑡 =
767×106𝑁𝑚𝑚

87×1012𝑁𝑚𝑚2+0.244×10−6𝑚𝑚−1−7.77×10−6𝑚𝑚−1

1

87×1012𝑁𝑚𝑚2−
1

218×1012𝑁𝑚𝑚2

= 187𝑘𝑁𝑚  (S59) 1162 

and the curvature at the intersection is given by Eq. (53) as 1163 

𝜒𝑖𝑛𝑡 = 0.244 × 10−6𝑚𝑚−1 +
187×106𝑁𝑚𝑚

218×1012𝑁𝑚𝑚2
= 1.10 × 10−6𝑚𝑚−1 (S60) 1164 

From Eq. (55), the strain at the bottom fibre at the transition point is given by 1165 

𝜀𝐷,𝑡 = 0.00032 + [0.00185 − 0.00032]
(1.10−0.672)×10−6𝑚𝑚−1

(4−0.672)×10−6𝑚𝑚−1
= 517𝜇𝜀  (S61) 1166 

Following the same procedure as for the half yield point, Mt is 172 kNm, χt is 1.17× 10-6 mm-1167 

1 and wt is 0.0166 mm. 1168 

Moment/curvature  1169 

Based on these calculations, the moment/curvature relationship is as shown in Fig. 15. From 1170 

Eq. (29), the slope of the first part of the curve is given by 1171 

𝐸𝐼1,𝑠𝑎𝑔 =
172×106 𝑁𝑚𝑚

(1.17−0.244)×10−6 𝑚𝑚−1 = 186 × 1012𝑁𝑚𝑚2   (S62) 1172 

and the intercept is given as χ01,sag = 0.244× 10-6 mm-1.  1173 

The slope of the second part of the curve is given by Eq. (30) as 1174 

𝐸𝐼2,𝑠𝑎𝑔 =
(767−172)×106 𝑁𝑚𝑚

(7.77−1.17)×10−6 𝑚𝑚−1
= 90.2 × 1012𝑁𝑚𝑚2   (S63) 1175 

and the intercept is given by Eq. (31) as 1176 

𝜒02,𝑠𝑎𝑔 = 1.17 × 10−6𝑚𝑚−1 −
172×106𝑁𝑚𝑚

90.2×1012𝑁𝑚𝑚2 = −0.737 × 10−6𝑚𝑚−1 (S64) 1177 
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Similar calculations can be performed to determine the moment/curvature under hogging as 1178 

well. The results of these calculations are illustrated in Fig. S3 where hogging is represented 1179 

by the negative portion of the curve. 1180 

 1181 

Fig. S3. Moment-curvature and moment-crack width relationships for example 1182 

For the hogging portion of the curve, the slopes are EI1,hog=116×1012
 mm-1and EI2,hog=74.2× 1183 

1012 mm-1. The intercepts are χ01,hog=0.179× 10-6 mm-1 and χ02,hog=-0.531× 10-6 mm-1. The 1184 

cracking moment is 78 kNm, transition moment is 146 kNm, half yield moment (where half 1185 

yield refers to the moment when the effective strain at the bottom fibre is half the value at yield) 1186 

is 409 kNm and the yield moment is 751 kNm. The crack width at the transition point is 0.0131 1187 

mm at half yield is 0.0924 mm and at yield the crack width is 0.206 mm. 1188 

Deflections and crack widths 1189 
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The midspan moment is 208 kNm and the end moment is -417 kNm which are both greater 1190 

than the transition moments, hence EIhog=EI2,hog, χ0,hog=χ0,2,hog, EIsag=EI2,sag and χ0,sag=χ02,sag. 1191 

The midspan deflection of a continuous beam under a uniform distributed load is  1192 

Δ𝑚𝑖𝑑 =
𝑤𝐿4

384𝐸𝐼𝑠𝑎𝑔
−

1

8
𝜒0,𝑠𝑎𝑔𝐿2 −

𝑤𝑥ℎ𝑜𝑔

24
(

1

𝐸𝐼ℎ𝑜𝑔
−

1

𝐸𝐼𝑠𝑎𝑔
) (−𝐿3 + 4𝐿2𝑥ℎ𝑜𝑔 − 6𝐿𝑥ℎ𝑜𝑔

2 + 3𝑥ℎ𝑜𝑔
3 ) −1193 

1

2
(𝜒0,ℎ𝑜𝑔 − 𝜒0,𝑠𝑎𝑔)𝑥ℎ𝑜𝑔(𝐿 − 𝑥ℎ𝑜𝑔) (S65) 1194 

where xhog=0.211L. Substituting in the values gives 1195 

Δ𝑚𝑖𝑑,22 =
(50

𝑁

𝑚𝑚
)(10000 𝑚𝑚)4

384(90.2×1012𝑁𝑚𝑚2)
+

1

8
(0.737 × 10−6𝑚𝑚−1)(10000 𝑚𝑚)2 −1196 

(50
𝑁

𝑚𝑚
)(2110 𝑚𝑚)

24
(

1

74.2×1012𝑁𝑚𝑚2 −
1

90.2×1012𝑁𝑚𝑚2) [−(10000 𝑚𝑚)3 +1197 

4(10000 𝑚𝑚)2(2110 𝑚𝑚) − 6(10000 𝑚𝑚)(2110 𝑚𝑚)2 + 3(2110 𝑚𝑚)3] −1198 

1

2
(0.531 + 0.737) × 10−6𝑚𝑚−1(2110 𝑚𝑚)(10000 𝑚𝑚 − 2110 𝑚𝑚) = 17.2 𝑚𝑚 (S66) 1199 

The maximum crack width at the midspan can be found as 1200 

𝑤𝑚𝑖𝑑 = 0.0166 𝑚𝑚 + (0.123 𝑚𝑚 − 0.0166 𝑚𝑚)
208 𝑘𝑁𝑚−172 𝑘𝑁𝑚

441 𝑘𝑁𝑚−172 𝑘𝑁𝑚
= 0.031 𝑚𝑚 (S67) 1201 

Over the support, the maximum crack width is 1202 

𝑤𝑠𝑢𝑝 = 0.0924𝑚𝑚 𝑚𝑚 + (0.206 𝑚𝑚 − 0.0924𝑚𝑚 𝑚𝑚)
417 𝑘𝑁𝑚−409 𝑘𝑁𝑚

751 𝑘𝑁𝑚−409 𝑘𝑁𝑚
= 0.099𝑚𝑚1203 

 (S68) 1204 

 1205 

 1206 


