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Non-Abelian Electrons: SO(5) Superspin Regimes for Correlated Electrons
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We analyze critical and massive SO(5) superspin regimes for correlated electrons on a two-leg ladder.
We identify fundamental low energy excitations, which carry the quantum numbers of a free electron
and can be probed in (inverse) photoemission experiments. These excitations do not obey the usual
Pauli principle but are governed by specific forms of the so-called non-Abelian exclusion statistics.
[S0031-9007(99)08808-0]

PACS numbers: 71.10.Pm, 05.30.—d, 11.25.Hf

It is well known that the quantum statistics of particlessetting for this is the so-called SO(5) superspin regime for
in one or two spatial dimensions are not necessarilycorrelated electrons on a two-leg ladder. The excitations,
bosonic or fermionic. In two spatial dimensions all thatwhich we call “non-Abelian electrons,” can be probed
is needed is a representation of the braid group, and thiga (inverse) photoemission and, in principle, the non-
allows for various alternative possibilities. A particularly Abelian nature of their exclusion statistics can be tested
intriguing possibility is that of non-Abelian braiding sta- in experiments.
tistics, in which case the braiding of particles is repre- Before discussing the SO(5) ladder models and the
sented by nontrivial matrices acting on multicomponentassociated non-Abelian electrons, we briefly discuss the
wave functions. A prototype example is the quasihole exexclusion statistics properties of the spinons and holons of
citations over the Pfaffian quantum Hall state [1]. free or weakly interacting electrons in one dimension. In

In a recent paper [2], one of us investigated the exclua continuum description, free electrons in one dimension
sion statistics properties of the edge quasiholes over thare described by a CFT, with the electron degrees of
Pfaffian quantum Hall state. A key quantity is the thermo-freedom represented by four real (Majorana) fermion
dynamic distribution functiomg(€), which describes the fields
expected occupation of specific one-quasihole states and
which generalizes the Fermi-Dirac distribution for fermi- W0 e, Pu-e Y- - (2)
ons. The edge quasihole distribution, which was com-These fields transform as a vector under the SO(4)
puted in [2], has the following characteristic features: symmetry. Through non-Abelian bosonization, the free

fermion CFT is equivalent to an SO(4) Wess-Zumino-
ngn(€) ~ 8 fore < u, 1y Witten theory with levek = 1 [SO(4), WZW].
~ V2 PEW fore > pu, (1) As soon as (weak, repulsive) interactions are introduced
in a one-dimensional electron theory, a separation of spin
with B8 = (kzT)~! and u the chemical potential. The and charge sets in and the fundamental excitations are
nontrivial prefactory/2 in the high-energy Boltzmann tail found to be spinons (carrying sp%and no charge) and
of the distributionng,(e) is a direct manifestation of holons (carrying chargere and no spin). An explicit
the non-Abelian nature of the braiding statistics of theexample is theU > 0 Hubbard model, where one may
guasiholes over the Pfaffian quantum Hall state [2]. use the exact Bethe ansatz solution to demonstrate the

One may demonstrate that, in general, non-Abeliafundamental role of the spinon and holon excitations [5].
braiding statistics in a conformal field theory (CFT) leadThe free electron CFT may equally well be described in
to nontrivial prefactors in the Boltzmann tails of the terms of spinons and holons, which we write as
corresponding thermodynamic distribution functions [2,3].

We therefore propose the term “non-Abelian exclusion (@1, ¢0). (@e.b-c). (3)
statistics” for all forms of exclusion statistics that exhibit Together, the spinon and holon fields form a spinor
such nontrivial prefactors. In the theoretical literature, arepresentation of the SO(4) symmetry. In Fig. 1 we show
number of examples, other than the Pfaffian, have beeim an SO(4) weight diagram the quantum numbers of the
discussed [3,4]. electron, spinon, and holon fields.

In this Letter we focus on situations where excitations This brings us to the statistics of the spinons and holons
with the quantum numbers of free electrons obey specifiin a free-electron theory. That these statistics are unusual
forms of non-Abelian exclusion statistics. The concretecan be demonstrated by the following argument. We
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v J) charge spin quasiparticle formulations of level-1 WZW models. For

the case S@);, we obtained explicit results for the
e 172 exclusion statistics of quasiparticles transforming in the
o spinor of SO(4), which consists of the spinon and holon
X X fields combined. The result may be phrased in terms of

a quantity A(x;", x), which is the approximate partition
sum for a single one-particle level in the spectrum. This
—° 0— partition sum depends on the one-particle enesggnd

on chemical potentialt;, u> for the various spinor
components through the quantitieg, = ¢#*~9. In

X X [3] we showed that
T A x) = A x )M x,), (4)
with the A(x ™, x ) related to the single-level partition sum

FIG. 1. SO(4) weight diagram, showing the quantum numbergu(x, z) for spinons in the S(2); WZW model [8],

of the vector (electron) representatigh, +.) (open dots) and

of the spinor (spinon and/or holon) representati@h,, ¢-.) Alxz,xz7 1) = w(x,z)

(crosses). )

2 N

. . . =14+ +z7°)—

consider the capacitance of the free-electron gas, i.e., the 2

amount of chargeAQ pulled from the Fermi sea by an N

applied voltageV. In the electron picture, this response +(z+2z7hH E\/(Z —z7)2x2 + 4.

is generated by the four fermionic fields, Eq.(2), of charge

*e. In the spinon and/or holon picture, the response ()

is generated by the holons alone, i.e., by two fields Otl'he parameter is related to a chemical potential for

charge*xe. Assuming fermionic statistics for the holons _ . ;
thusgleads to a misr%atch by a factor of 2 between th pinons and keeps track of their SU(2) quanium number

two approaches. As it turns out, the actual, fractional,t e i dTeﬁitfaggizaﬂogugg '>S< gut(jér)ec;t ?ﬁg?g#?gsg of
statistics of the holons are such that the response toﬁ y I ! !

ltage ndeed extbis an enhancement b a facorof - 18 ST sastos encoded o) agree
with respect to free fermions (see below). '

The appropriate framework for discussing the s,tatistics":‘m's'tICS matrix given by

of spinons and holons is the notion of “fractional exclu- (1/2 1/2>
G = :

sion statistics,” which was introduced by Haldane in [6] 12 1/)2
and elaborated on in [7]. The early applications of this

new paradigm in many-body theory have hinged on therom Egs. (4) and (5), the spinon and holon thermody-
specifics of exactly solvable models of quantum mechannamics are easily derived. The thermal response follows

ics with inverse square exchange. In an important stepom 4 (x,z = 1) = (1 + x)?, leading to a CFT central
forward [8], it was demonstrated that a fractional statis-chargecCFT = 1 for both spinons and holons. The re-

tics assignment can be done as soon as an effective Cikshonse to a field follows from
for low-energy behavior has been identified. The method

introduced in [8] is based on recursion relations for trun- 2x(z — z7Y)

cated conformal spectra. In the meantime, a large number 20; loglp(x, 2)] = Je -+ 4 6)

of examples of this “statistics from field theory” approach

have been worked out [2—4,8,9]. The above-mentioned factor of 2 in the holon response

To obtain the exclusion statistics of spinons and holonsto a voltage is established by comparing the integral
we rely on our recent results, presented in [3], fprexpressions (withe s = *eV andp the density of states)

o0 e*,B(e*eV) _ e*,B(e+eV) 5
A Qrermion(B. V) = pefo de (1 + e Ble=eV)) (1 + ¢~ BleteV)) =pe’V,
2(8*/3(676V) _ e*,B(ewLeV)) (7)

p—i - = 2
AQholon(ﬁ, V) pej;) de \/(e,BeV — e*BeV)2€*2,BE + 4 zpe Y

for a single charged fermion and a holon, respectively.
The low-temperature behavior of a one-dimensional electron gas (away from half filling) in the presence of weak
repulsive interactions is described by the Luttinger liquid, which is parametrized by a single interaction pagmeter
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and two velocities:. andu, for gapless excitations. The for their exclusion statistics. After that, we consider the
above discussion of the spinon and holon statistics isnassive SO(5) GN theory and argue that also in this
easily generalized to the general Luttinger liquid. Themassive phase non-Abelian electrons are present. We
absence of a nontrivial paramet&; makes it clear that shall also explain how these excitations can be probed in
the spinon statistics in a Luttinger liquid are identical tophotoemission-type experiments.
those in the free-electron theory, while a nontrivial value Through non-Abelian bosonization, the critical GQ
K. # 1 will lead to a modification of the holon statistics. WZW theory is equivalent to a theory of five free
We now turn to a specific system of strongly correlatedfermionsy,,. These fermions carry the quantum numbers
electrons, in which the fundamental degrees of freedom besf the SO(5) vectomn,, Eq. (8), which was formed as a
long to the spinor representation of SO(5) and are radicallyilinear in the original electron operators on the ladder.
different from the spinons and holons in the weakly inter- In close analogy to the spinon and/or holon formulation
acting case. SO(5) symmetry has recently been proposedt the free electron CFT, we here propose a formulation
as a structure that unifies antiferromagnetic (AF) orderingf the SQ5); WZW theory in terms of fundamental
and d-wave superconductivity (dSC). As such, it may bequasiparticlesp that transform in the (four-dimensional)
invoked in attempts to sort out the competition between AFspinor representation of SO(5). Inspecting the quantum
and dSC ordering in the cuprate superconductors [11]. Aaumbers for spin and charge, one finds (see Fig. 2) that
a laboratory for studying the implications of SO(5) sym-the four spinor components carry the quantum numbers
metry, Scalapino, Zhang, and Hanke (SZH) [12] have in-§? = J_r%, g = *e of a free electron:
troduced a class of two-leg ladder models with exact SO(5)
symmetry [13]. In their paper, SZH give a strong-coupling (@) .0 Pu—or b)) (10)
phase diagram for these models, as a function of the COlg

lingsU, V within a single rung. Among others, they iden- . ; )
'ﬁfy g so-called SO(5) g']s,upersgpin phasge (caliad, wr):ere [3]. Animportant aspect of this analysis has been the fact

the electron degrees of freedom on a single rung reduce {gat, group theoretically, a product of_two SO(5) SpInors
an SO(5) vecton,(x),a = 1,...,5, composed of electron contains both the vector representation and the singlet.

bilinears that represent the AF and dSC order parameter ,h|s means that, fo_r_ example, a state constru_cted from
the vacuum by exciting twabp-quanta can be either an

n = A*;A N N M__A (8) SO(5) singlet (i.e., a neutral, spinless excitation) or an
¢ 2 peTEe g ' SO(5) vector carrying the quantum numbers of the SO(5)
In the superspin phase, interrung interactions lead to afrder paramete,. If we consider a 44 state and insist
effective SO(5) spin chain, with the fundamental “spins” inthat it forms an SO(5) singlet, we have contributions from
the vector representation of SO(5). This may be comparefivo distinct “fusion channels” depending on the nature of
to an SO(3) spin chain with spins in the vector representhe intermediate state with the first twe-quanta in place.
tation, which is ar§ = 1 spin chain. On the basis of this When building the full spectrum in terms @ quanta,
analogy, one expects that generic interrung couplings ifn€ has to specify a fusion channel for each mélstate,
an SO(5) ladder lead to a “Haldane gap.” A particular ex-2nd this gives a degeneracy factor of 2 for every oo
ample of a gapped phase (the so-called Affleck-Kennedyduanta that are added. The geometric average of these
Lieb-Tasaki point) was studied in [12]. One also expects

The exclusion statistics of spinor quasiparticles in the
QO(5); WZW theory have been obtained in our paper

a single critical point, which avoids the Haldane gap, and charge

which is analogous to the integratfie= 1 chain. It will e

be represented by interrung interactions n L
DlarL L)) + aa(Ls L)) 9 P
7 ¢ < « 172

with L the ten generators of SO(5) and the ratig/ a;
tuned to a critical value. Deviations from the critical

ar/a; will be relevant and will destroy the critical —o 0 0—
behavior.

These qualitative expectations are in agreement with
the perturbative renormalization group analysis of [14], X X

which has identified two SO(5)-invariant fixed points: a
massless point, described by the (9 WZW theory
and a massive point corresponding to the so-called SO(5) T
Gross-Neveu (GN) field theory.

In what follows, we shall first focus on the critical £ 5 50(5) weight diagram, showing the quantum numbers
SQ(5)1 WZW theory, where we establish the existenceof the vector (order parameter) representation(open dots)
of non-Abelian electrons and give full quantitative resultsand of the spinor representatigi, +.) (crosses).
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degeneracy factors equalf2 per ¢ quantum and this The physical processes by which non-Abelian electrons
factor ends up in the Boltzmann tail of the generalizedcan be excited inside the SO(5) ladders, both in the critical
distribution for these quasiparticles. and in the massive phase, are easily described and can
Summarizing, we see that the spinor quasiparticles ipossibly be realized in experiments. The physical setup
the SQ@5); theory, which carry the quantum numbers ofis a photoemission process, where a high energy photon
a free electron, obey a form of non-Abelian exclusionejects an electron from the ladder. After such a process,
statistics and are properly called non-Abelian electrons. or its inverse, one of the rungs in the ladder violates the
In our paper [3], we obtained quantitative results for theSO(5) superspin condition, and the ladder finds itself in an
exclusion statistics of S@); spinor quasiparticles. These excited state with the quantum numbers of a free electron.
results can be phrased in terms of a single-level partitiols we discussed, such excited states correspond t@ the
sum A(x), with x keeping track of the various chemical quanta, i.e., to the non-Abelian electrons.
potentials and energy. For the case where one gives equalWith regards to the prospect of experimental detection
weight to all four components; = ¢#* =€) with u an  of effects of non-Abelian statistics, there is the compli-
overall chemical potentiali(x) is a solution of cation that, to establish either the critical 8@ WZW
A= (2 + 3xY)A + phase or the massive SO(5) GN phase, one needs a fine-
| tuning of parameters which is easily destroyed by relevant
(Bx* = (x> = DA* = x*(> = 1)’ =0. (11) perturbations. One may argue, however, that some of the
The generalized Fermi-Dirac distribution is given by qualitative features, possibly including the effects of non-
ng(€) = [xaxlog A(x)] (x = B9y (12) Abelian statistics, of the GN phase persist in other mas-

i i . i sive phases [16]. Clearly, this important issue deserves
From (11) one immediately derives the properties

further study.
Ax) ~x* forx > 1, (13) The authors thank A. de Visser, S. Guruswamy,
per level of each of theb quanta, and F. Wilczek for discussions. This research was supported

_ 2 in part by the Australian Research Council and by the
Aw) = 14425 + 007 forx <1, (14) foundation FOM of the Netherlands.
which implies the prefactox/2 in the Boltzmann tail of
n¢(€).
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