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T-duality, Jacobi forms and Witten
gerbe modules

FEI HAN AND VARGHESE MATHAI

In this paper, we extend the T-duality Hori maps in [3], inducing
isomorphisms of twisted cohomologies on T-dual circle bundles, to
graded Hori maps and show that they induce isomorphisms of two-
variable series of twisted cohomologies on the T-dual circle bundles,
preserving Jacobi form properties. The composition of the graded
Hori map with its dual is equal to the Euler operator. We also
construct Witten gerbe modules arising from gerbe modules and
show that their graded twisted Chern characters are Jacobi forms
under an anomaly vanishing condition on gerbe modules, thereby
giving interesting examples.
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Introduction

Motivated by string theory, people have been attempting to generalize many
concepts such as, vector bundles, Dirac operators, the Atiyah-Singer index
theory and so on to free loop spaces. Let V' be a rank r complex vector
bundle on a smooth manifold M and V =V — C" in the K-group of M.
In the theory of elliptic genera ([12HI4) [16] 17, 19, 22H24]), one considers
the Witten bundles V and V', elements in K (M)[[¢"/?]], as follows (in
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the classical theory of elliptic genera, there are actually four such Witten
bundles. For simplicity, we only discuss two of them here in the introduction.
See (3.8) for explanation of the notions):

V = ® A,qj71/2 (‘7) & ® quj*1/2 (‘f_;)
i=1 j=1
= ® qu—l/z (‘7) & ®qu*1/2 (‘:}
i=1 j=1

(0.1)

They are formally viewed as vector bundles over the free loop space LM.
As Witten remarked in his lecture notes [24], physically, this analogue is
important because they arise in heterotic string theory.

Let {2my/—1x;}, 1 <i <7, be the formal Chern roots of V and ¢ =
ez’rﬁT, 7 € H, the upper half plane. In terms of Jacobi theta functions
(see Appendix), the Chern characters of V and V' can be expressed as

=TT ¢ eerqan o,
(0.2) =

H w2

Equip V with a connection V", using the Chern-Weil theory, the Chern
characters chV,ch)’ can be represented by holomorphic functions on H,
taking values in the even degree closed differential forms on M.

Suppose one has

(0.3) %pl(V) = oy (V)2 = 265(V) = bl (V) = 0,

where p1(V),c1(V), c2(V) and ch(V') stand for the first Pontryajin class, the
first and second Chern class and the Chern character respectively, then the
degree p (with p even) components chPl(V) and chP!(V') are modular forms
of weight £ over I'g(2) and T'g(2) respectively (see appendix for the meaning
of notations and c.f. [7] for details).

Let (E, E') be a gerbe module pair over manifold M with flux H (see
Section [3| for the brief introduction). In this paper, we want to understand
the Witten gerbe modules arising from (F, E’), an infinite dimensional
analogue of the Witten bundles V, )V’ constructed from a vector bundle V/
as in . Such Witten gerbe modules can be formally viewed as “gerbe
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modules over loop space”. We give the constructions of the Witten gerbe
modules in Section [3l

When expanding V and V', one gets ¢-series with coefficients being vir-
tual vector bundles manufactured out from V. If one expands the Witten
gerbe modules, the coefficients in the g¢-series are virtual gerbe modules
manufactured out from the gerbe module pair (E, E’). Since the construc-
tion involves exterior powers of F and E’, these virtual gerbe modules are
not only with twist H, but a mixed sum of modules with twists mH, m € Z
of various levels. Hence to take the Chern character of the Witten gerbe
modules, we have to take into account of the levels of twists and apply the
twisted Chern character ([2]) of twist mH when the module has twist mH
and mix them. This motivates us to introduce the graded twisted Chern
character, which is first constructed in [I1I]. Unlike V and V' arising from
vector bundle of finite rank, the gerbe modules E, E’ are infinite dimen-
sional, and therefore there are some analytic difficulties to overcome for the
convergence of the graded twisted Chern characters. We use the Holomor-
phic functional calculus and Fredholm determinant to deal with this.
See Section [3 for details.

The target space of the graded twisted Chern character are g-series
with coefficients being differential forms on M, who are sums of (d + mH)-
closed differential forms for various m. To distinguish these (d + mH )-closed
forms for various level m, we introduce a formal variable y such that if
a form w is (d+mH)-closed, we write w-y". Then the graded twisted
Character of the Witten gerbe modules take values in Q*(M)[[y,y !, q]] or
QO (M)[[y,y~,¢"/?]]. One can formally view them as spaces of twisted dif-
ferential forms on free double loop space, and a model for the configuration
space for Ramond-Ramond fields on this space. See some other loop space
perspectives of T-duality in [9] [10, [15].

We find that, analogous to that ch(V) and ch()’) have modularity under
the anomaly vanishing condition ch[4](V) =0, the graded twisted Chern
character of the Witten gerbe modules are Jacobi forms (see definitions in
Section [2)) over certain subgroups in SL(2,7Z) under the anomaly vanishing
conditions C’hg](E,E’) =0, C’h%](E,E’) = 0.

T-duality is an equivalence between two a priori distinct Type II string
compactifications and backgrounds which nevertheless are indistinguishable
from a physical point of view. These backgrounds can have different ge-
ometries, different fluxes, and strikingly can even be topologically distinct
mar/l\ifolds as first shown in [3, 4]. Let Z,Z be circle bundles over X and
H, H be H-fluxes on Z, Z respectively such that (Z, H) and (Z,H) are T-
dual pairs, see Section [I] Then a key result proved is that the Hori map,
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T: Q% 2)T - QF1(Z)T, where k>0 and k =k mod 2, is a chain map
which is an isometry upon choosing a Riemannian metric on M and con-
nections on the circle bundles Z, 7. This induces an isomorphism of twisted
cohomology groups, T : H¥(Z, H) — H**1(Z H).

In view of the the above discussion about the target space of the graded
twisted Chern characters and the Hori map in the T-duality, we generalise a
central result in [3] as follows, referring to Section [I] and Section [2] for more
details. Let AF(Z )( d+m)—e denote the space of holomorphic functions on H

except for a set of isolated points, which take values in Q¥(Z )( dmH)—cl the
T-invariant (d + mH )-closed complex-valued differential forms on Z with
degree of parity k. Let H*(Z,mH) denote the space of holomorphic func-
tions on H except for a set of isolated points, which take values in the
twisted cohomology H*(Z,mH) with degree of parity k. In Section [2, we
introduce the graded Hori map, which is a chain map and prove that it
is an isomorphism,

(0.4) )

IT.: @ ADmmav" = D AT D iy V™

meZ,m#0 meZ,m#0

Passing to cohomology, we get the induced isomorphism

05 LT: @ H@ZmH) -y @ HIZ,mH) Y
meZ,m#0 meZ,m#0

One can similarly define the graded Hori map LT « and LT on the dual side.
We prove that if the graded Hori maps are applied twice,

(0.6) IToLT, LToLT

are equal to the Euler operator —y-<- 8 in the variable y. It is easy to see that
when restricted to the level m = 1 component, the Euler operator —y-% ay
—Id. So restricting ourself to level m = 1 and a single point in H, we recover
the results in [3], see Remark We will also prove that the graded Hori
map sends Jacobi form elements to Jacobi form elements. We summarize
these results in Theorem [2.2

The paper is organized as follows. In Section (1|, we give a brief review
of T-duality. In Section [2| we introduce the graded Hori map and study
the T-duality about it. In Section [3] we construct the Witten gerbe modules
arising from a gerbe module pair (E, E’) and study the graded twisted Chern
character of them as well as the effect of the graded Hori map on them. We
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also study the odd analogue of Witten gerbe modules. Some basics about
Jacobi theta functions used in the paper are provided in the Appendix.

The results of this paper are for non-interacting strings. We plan to
study the interacting case [21I] in the near future, and are grateful to Chris
Hull for pointing this out to V.M..
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1. Review of T-duality

Let Z be a smooth manifold endowed with an H-flux which is a presentative
in the degree 3 Deligne cohomology of Z, that is H € Q3(Z) with integral
periods (for simplicity, we drop the factor of 27

Here we briefly review topological T-duality arising for the case of princi-
pal circle bundles with a H-flux. For such a case, one begins with a principal
circle bundle 7 : Z — X whose first Chern class is given by [F] € H*(X,7Z),
along with a H-flux given by some [H] € H3(Z,Z). The aim is to then de-
termine the corresponding data arising after an application of the T-duality
transformation.

One method for determining the T-dual data is by focusing on the Gysin
sequence associated to the bundle 7 : Z — X, given by:

_FA,

. —— H3(X,Z) = H3Z,Z) -~ H%*(X,Z) — HYX,Z) —

Letting [H] € H3(Z,Z), define [F] = m([H]) € H?*(X,7), and make the
choice of some principal circle bundle 7 : Z — X with first Chern class [F ].
Having made such a choice, we then consider the Gysin sequence associated
to the bundle Z over X,

[F] A

- — H3(X,2) & H3(Z2,7) = HX(X,7) =5 HA(X,Z) ——
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Now using exactness, and the fact that [F] A [F] = [F] A me([H]) = 0, there
exists an [H] € H3(Z) such that [F] = #.([H]). The following theorem gives
a a global, geometric version of the Buscher rules [5].

Theorem 1.1 ([3]). Letw:Z — X denote a principal circle bundle whose
first Chern class is given by [F] € H*(X,Z), and let [H] € H3(Z) denote a
H-flux on Z.

Then there exists a T-dual bundle 7 : Z — X whose first Chern class is
denoted [F) € H%(X,Z) and a T-dual H-flux on this bundle given by [H] €
H3(2,Z), satisfying

[F] = m([H]),
[F] = m.([H]).

Furthermore, letting Z xx Z = {(a,b) € Z x Z|n(a) = #(b)} and con-
stdering the following commutative diagram of bundle maps

H
q

I
=

Zxx 2
then if the two H-fluzes, [H| and [ﬁ], satisfy

the T-dual pair is unique up to bundle automorphism, and thus defines the
T-duality transformation.

Theorem 1.2 ([3]). Let A, A denote connection forms on Z and Z re-
spectively, choose an invariant representative H € [H] and H € [H], and let
(Q*(Z)Sl,dJrH) denote the H-twisted, Zo-graded differential complex of
invariant differential forms.

Then the following Hori map:

T:(Q2)5,d+ H) — (UTH2)S", —(d+ H))

w = w A e_A/\A,
Sl
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18 a chain map isomorphism between the twisted, Zo-graded complexes. Fur-
thermore, it induces an isomorphism on the twisted cohomology:

T:Hj py(Z) — H;I}I(Z).

2. Jacobi forms and graded Hori maps

Let T" be a subgroup of SL(2,Z) of finite index. Let L be an integral lattice
in C preserved by I'. Denote H the upper half plane. A (meromorphic)
Jacobi form (c.f. [8,[I7]) of weight s and index [ over L x I is a (meromor-
phic) function J(z,7) on C x H such that

() 7 (. 224) = (er + Ve er) gz, )

(i) J(z + AT + p, 7) = e~ 20V -LUNVTH222)) 1 (g, )| where

Yer
In this paper, we will use a slight extension of the above definition of
Jacobi forms, namely, (i) we will allow J(z,7) to take values in the differen-
tial forms on a manifold M; (ii) as J(z, 7) takes values in differential forms,
we don’t require the singular points be poles but only remain undefined.
Let M be a manifold with H-flux. Let A*(M )(d+mH)—c denote the space

of holomorphic functions on H except for a set of isolated points, which take
values in Qk(M)(d+mH)_Cl, the (d +mH)-closed forms on M with degree

?

et (

o

parity k. Let H¥(M,mH) denote the space of holomorphic functions on H
except for a set of isolated points, which take values in H*(M, mH).

Denote g = eQWﬁT,T €H and y = efzﬂﬁz, z€ C. On M, consider
the 2-variable series

w(z,7) € EB HE(M,mH) cym
MeEZ
with the following properties: w(z, ) is represented by

(2.1) Z win (7)Y

meZ

with wp,(7) € AE(M)(d+mH)7cla m € Z such that the degree p (with p = k)
component

(2.2) > wmlm)Py™

MEZ
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is the expansion at y = 0 of a Jacobi form of weight 22~ + and index 0 over

L x T'. Denote the abelian group of all such w(z, ) by jo (M,H;L,T).
Now consider the situation of T-duality with pair (Z, H),(Z,H) as in
Section [I} For m € Z, define the level m Hori map by

(2.3) Tym(G) = / emmANM G
T
for G is an T-invariant form on Z and (d + mH )G = 0. As we have
(2.4) mH = mH + d(mA A A),
it is not hard to see that 7% ,,G is a T-invariant form on Z and
(d+ mI)(Ten(G)) = 0,

similar to the m =1 case.
Denote A*(Z )?d mH)—cl the space of holomorphic functions on H ex-

cept for a set of isolated points, which take values in Q’}( )& )l

the T-invariant (d + mH)-closed forms on Z with degree parity k. Denote

Ak( )E (dsm) el the similar stuff on the dual side. Define the graded Hori
map
k k+1 1 T
(2.5)  LT.: @ AN D) (gmry—a Y™ = @ AT )(d+mH) a Y
MEZ MEZL
by
(2.6) LT, (Z Wm(T)ym> = Z T*,m(wm(T))yma
mEZ MEZL
for

Zwm m)y" G@A Narmmy—c Y™

meZ meZ
Passing to cohomology, we have the graded Hori map

(2.7) LT : @ HNZmH) -y™ - @ HFZ,mH) -y
meZ MEZ

One can similarly define on the dual side,

(2.8) LT, @Ak Z)t (d+mH) gy %@Akﬂ )(d+mH) ey

MmeZ MEZ
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and

(2.9) LT: @HE(ZA,mH)‘ym% @HW(Z,mH)-ym

meZ meZ

Remark 2.1. Z and Z are circle bundles. As treated in [3], one considers
T-invariant forms on Z and T-invariant forms on Z. However, on the level
of cohomology, invariant twisted cohomology is same as the usual twisted
cohomology.

Theorem 2.2. Let H(H) denote the space of holomorphic functions on H.
The following identities hold:

(i)
o /10 9 /19

2.10 LToLT =— N Y IToLT = — A
( ) ° yay o2r 0z’ ° yay 2 82

in particular when restricting to m # 0 parts, we get isomorphisms of H (H)
modules,

(2.11)
_ Ry k+1(\T .
LT* : @ ./4 d+mH) cl y — @ A - ( )(d—i-mH) el ym7
meZ,m#0 meZ,m#0
(2.12)
= L/ AT E+1 1
LT* : @ A Z d+mH) cl y - @ A * ) (d+mH)—cl ym'
MEZ,m=£0 meZ,m#0

(i) Restrcting to the Jacobi forms, we have

(2.13) LT (jf(Z,H;L,F))) TN, LT
and therefore get a map of abelian groups,

(2.14) LT : JF(Z, H; L,T)) — JE (2, H; L,T);
dually, we have

(2.15) LT (jOE(Z,ISI; L r)) C JE Yz, H,L,T)
and therefore get a map of abelian groups,

(2.16) LT: J8(Z,H;L,T) - JF(Z,H; L,T).
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Proof. (i) Take a representative

(2.17) D wmlr)y™,

meZ

with wy, (1) € Ak(Z)?‘derH)_cl, m € 7. Then each wy,(7) must be of the form
(2.18) Fo (1) + G (7)A,

with F,,(7), G (7) being holomorphic functions on H valued in Q%(X) and
QkH(X ) with isolated singular points respectively; and A is the connection
on Z as in Theorem [[.21

Applying the level m Hori map, we get

T (Fp(7) + G (1) A)
(2.19) =i/e‘mAAAU%AT)+C%ATP®
=(—T1)’“+1(Gm(7) +mFp(1)A).
Applying the reverse level m Hori map, we get

(~D)*H(Gn(7) +mE(r)A))
(Gm

+1 mA/\A A
(2.20) /Te T) + mFn(1)A))
( V(=1 mGy ()+(—1)kmFm(7))
m(Fm(7) + Gm(T)A).

Therefore we see that

LT, o LT, (Z wm(T)ym>

meZ

= Z T*Jn o T*,m(wm(’r))ym

meZ

(2.21)
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So the first equality in (2.10]) is proved. Similarly, one can prove the second
equality.

(ii) Let w(z,7) € jol_“(Z,H; L,T")) be represented by

> wm(my™,

meZ

with wm(T) € Ak(Z)’éTd—i-mH)—cl’

S wn(r) bl

meZ

m € 7Z such that the degree p component

is a Jacobi form of weight 2T~ +k and index 0 over L x I
Let wi (1) = Fp(1) + G (7)A. Then it is not hard to see that

(2.22) > Fp(r)Flym

meZ

is a Jacobi form of weight # and index 0 over L x I" and

(2.23) Z G (T) Py

MEZ

is a Jacobi form of weight # and index 0 over L x I'.
By the proof of (i), we see that

(2.24) <Zwm )

meEZ
= (O (D Gy 4 (S Far)deym ) ).
2my/—1 0z
meZ meZ
Clearly 3", .7 G (7)[Ply™ is a Jacobi form of weight @ and index 0

over L x T
From (i), (ii) in the definition of Jacobi forms, it is not hard to see that
if J(z,7) is a Jacobi form of weight s and index 0 over L x I, then £ .J(z, )
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is still a Jacobi form of weight s and index 0 over L x I'. Therefore

5 <Z<Fm<7>ﬁ>m 'y’"> -5 (Z(me)@-” -ym> A

meZ meZ

is a Jacobi form of weight Iﬂrzﬂ and index 0 over L x I'.
This shows that

meZ

meZ
€ JH(Z,H;L,T).

Hence

~

L7 (2 H; L)) € Z7 (2, B L),

One can similarly prove the dual side. O

Remark 2.3. [t follows from the results of this section that T-duality ac-
cording to [3] can be repackaged as follows. Let ), wny™, with wp €
Qk(Z)(d+mH) asm € Z, and let Ty ,, be the level m Hori map, and T), be the
sum EBmT* m- Stmilarly, let T* .m be the level m Hori map, cmd T be the sum
@mT*m Then it follows formally from Theorem |2.2 that T oT, = yay

and Ty o Ty = —ys ay, where the Euler operator appears and this agrees with
[3] when m = 1. This repackaging is particularly useful when one considers
the Chern character of tensor products of gerbe modules.

3. Witten gerbe modules

In this section, we construct the Witten gerbe modules arising from a
gerbe module pair (F, E’) inipired by the classical theory of elliptic genera.
The graded twisted Chern character of them give examples of elements in
Jok (M, H; L,T"), under an anomaly cancellation condition. We will also study
effect of the graded Hori map on these Jacobi forms.

3.1. Even case

Let M be an oriented closed smooth manifold of dimension 2r. Let H be a
closed 3-form on M with integral periods. Let B, € Q2?(U,) such that dB, =
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H|a. Let Aag S Q(Uag) such that B, — Bﬁ = dAag. Let {(Lag,d—i- Aaﬁ>}
be geometric realization of the gerbe (with connection). Then we have

(3.1) (VEy)? = FLy = By — Ba.

Let E = {E,} be a collection of (infinite dimensional) separable Hilbert
bundles £, — U, whose structure group is reduced to Uy, which are unitary
operators on the model Hilbert space $ of the form identity + trace class
operator. Here J denotes the Lie algebra of Us, the trace class operators on
$. In addition, assume that on the overlaps U, there are isomorphisms

(3.2) qba/g : Laﬁ ® Eﬁ = F,,

which are consistently defined on triple overlaps because of the gerbe prop-
erty. Then {E,} is said to be a gerbe module for the gerbe {L3}. A gerbe
module connection VE is a collection of connections {VZ} of the form
VE =d+ AF where AL € Q1(U,) ® J whose curvature F¥= on the overlaps
Uap satisfies

(3.3) Gy (FP)pag = FL2 I + FP2.
Using equation ({3.1]), this becomes
(3.4) Gop(Bal + F)pap = Bgl + Ff.

It follows that exp(—B) Tr (exp(—F¥) — I) is a globally well defined differ-
ential form on M of even degree. Notice that Tr(I) = oo and that is why we
need to consider the subtraction.

Let E={E,} and E' = {E/,} be gerbe modules for the gerbe {L.g}.
Then an element of twisted K-theory K%(M, H) is represented by the pair
(E,E"), see [2]. Two such pairs (F,E’) and (G,G’) are equivalent if F &
GoK=FE &G® K as gerbe modules for some gerbe module K for the
gerbe {Lq3}. We can assume without loss of generality that these gerbe
modules E, E' are modeled on the same Hilbert space §, after a choice of
isomorphism if necessary.

Suppose that V¥, VE" are gerbe module connections on the gerbe mod-
ules E, E' respectively. Then one can define the twisted Chern character
as

Chy : K°(M,G) — H®*"(M, H)

(3.5) Chy(E,E") = exp(—B) Tr (exp(—FE) — exp(—FE/))
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That this is a well defined homomorphism is explained in [2]. Clearly the
degree 0 component of the Chy(FE, E") is 0. The degree 2 component is

(3-6) Chi (B, E') = Te[FP — FP'| = {Tx[FP~ — FP4)}.
The degree 4 component is

Tr[(B + F)? — (B + F')?
(3.7) cnllg, gy = BB+ H) . (B+F)%

[ Tt[(Ba + FFe)? — (By + FEa)?]
- 2 }

Recall that for an indeterminate ¢ (c.f. [I]),

M(E)=Clyy +tE+ 2 N2 (E) +-- -,
(3.8) +(E) =Clym (E)

S{(E) = Cly +tE +t*S*(E) + - -

are the total exterior and symmetric powers of E respectively. The following
relations between these two operations hold,

(3.9) S(B) = 1 ME-F) =D
On U,, define
(3.10) O(Ea) = QA g (Ea) @ Q) Agu(Ea).
u=1 u=1

In the Fourier expansion of ©(FE,), the coefficient of ¢" is integral linear
combination of terms of the form

N (Eq) @ A?(Eq) ® -+ A (Ea) @ N (Eq) @ N?(E) ® -+ N' (Ey).
Pick out the the terms such that (iy +ix+---ig) — (j1i +jo+---Ji) =m

and denote their sum by W,,,,(F). Note that for each m, there are only
finite many nonvanishing Wy, ,(E,). Then we can express

(3.11) O(Ea) = Z(Z Wm,n(Ea)qn)‘

meZ n=0
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The isomorphism ¢, induces an isomorphism (which we still denote by ¢
to abuse notation)

bap L ® A (Eq) @ N (Ey) @ -
A (E ) @ N (Eq) © h( Ba) ® -+ N (Eq)
— A" (Eg) @ \?(Eg) ® - -+ A" (Eg ) ® N (Eg) @ N?(Eg) @ -+ N' (Eg).
Therefore we can see that {W,, ,(E,)} gives a gerbe module for the gerbe

(mH, mBq, mAgyg) for each m € Z. Denote them by W, »,(E).
On U,, define

(3.12) O1(Fn) = () A (o) & R A (B
u=1 u=1
(3.13) Os(E,) = éA_qué ) ® ®A v 1(Ea)
v=1
(3'14) @3(Ea) = ® Aqv—% (Ea) ® ® Aqv—% (Eoc)
v=1 v=1
One similarly can express
(3.15) O1(Eq) = Z (Z Apn(Ea)d"),
meZ n=0
(3.16) O2(Ea) = Z (Z Bm,n(Ea)qn/Q)a
meZ n=0
(3.17) 03(Ea) = Y (Y Conn(Ea)d™),
meZ n=0

where {4 n(Ea)}, {Bmn(Ea)} and {Cy,n(Eq)} are gerbe modules for the
gerbe (mH, mBq, mAa,g) for each m € Z. Denote them by Ay, ,,(E), Byn(E)
and Chy, »(E) respectively.
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We call the systems
@(E) = {@(Ea)}’ el(E) = {el(Ea)}a
©2(E) = {02(Ea)}, O3(E) ={O3(Ea)}

Witten gerbe modules arising from the gerbe module F.
Now consider the quotient

@(Ea) _ ®ZO:1 A*q“ (Ea) ® ®ZO=1 A*q“ (?a)
O(EL)  Quti Mg (EL) ® Quly Age(EL)

As the bottom starts from the trivial bundle C, we can use the power series
expansion of 14%90 to formally expand at x = 0 for the bottom and arrange

as in (3.11)) in the following way

O(Fa) _ Q1 Mg (Ea) @ Qg A
O(EL) Queq Age(EL) @ Qg Age(

- Z (Z Wm,n(Eom E(/))qn)’

meZ n=0

(3.18)

(3.19)

)

(e
o)
e

(3.20) g

where Wy, (Ea, EL) = Win(Ea, EL)T © Wiy n(Eq, EL)™ is a virtual bun-
dle. Wy n(Eq, EL)T is a Hilbert bundle of finite sum of tensored exterior
powers of E, and exterior powers of E/, with each summand having total
tensor power m. Wy, »(Eq, E,)~ has similar property. As when E, = E,
855&; = C, one sees that neither W, ,,(Eqs, E)" or Wy, n(Eq, EL)™ van-
ishes.

The isomorphism ¢,g deduces an isomorphism (which we still denote by

$ap to abuse notation)

Gap : Lo @ Wi n(Ba, EL)" = Winn(Ea, Ep)*

Let FWrnn(FeB)* be the induced curvature on the bundle W, ,(Eq, EL)*.
As FE« is trace class and Wy, n(Eq, E!,)¥ is constructed from tensor powers
of E,, we see that FWnn(BasBLD® g also trace class.

Then similar in , one can see that

(3.21) exp(—mB,)Tr (exp(—men(Ea, E)T) — exp(—Wpn(Eaq, E;)_))

patch together to be a d + mH closed form even form on M. We simply
denote this twisted Chern character by

(3.22) Chypg (Winn(E, E')).
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Denote the collection {G(E"‘)} by Q)
o) [ P 8
Similarly construct
©1(E7,) ®°° A ) ® ® (E&)
= (Z Am,n(Eaa E(/))qn);
meZ n=0
(3.24) 03(Ea)  Ouia A3 (Ba) @ Q0 Aoy (Ea)
' ©2(E,)  @pii A1 (BL) @@l A1 (EL)
= (Z Bin(Ea, E&)Qnm);
meZ n=0
(3.25) 03(Ea) oz A3 (Ba) @ Q21 Aoy (Ea)
. O3(EL)  Qoey Aqv—% (EL) @ @2y Aqv—%( “)
= (Z Crmn(Ea, E:x)qn/Q)
meZ n=0
and denote the collection {8% ;} by S ((g,)), ; = 1,2,3. One can similarly

define the twisted Chern characters for Apn(E,E"), By n(E,E") and

Comn(E, E).

Define the graded twisted Chern character (c.f. [1

)-

(3.26) GChy (S(E
(3.27) GChy (Sll (f/))

>:

1]):
> ZChmH mn(E, EN))d)y™
meZ n=0
e P (M) asmmy—aldl - y™,
meZ

Z (Z ChmH(Am,n(E> El))qn)ym

meZ n=0

e P o

mEZ

Vdtmm)—cld] - Y™,
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(3.28) GChpy < GQ(E) ) = Z (i ChmH(Bm,n(E, El))q”/Q)ym
2

meZ n=0

€ @ QGU(M)(d+mH)—Cl [q1/2] : ym’

MEZ

meZ n=0

e P o (M) wrmm)-ald] - y™

meZ

It is not hard to see that when sinh(7my/—1z) # 0 (and therefore
sinh(mv/—1z + mv/—1B,) # 0 since B, is a differential form),

fa) = sinh(myv/ =1z + 7v/—1By + %) .
= sinh(my/=1z + m/—=1B,)

is a holomorphic function for z € C and £(0) = 0. As F¥= is trace class, and
the Banach algebra of trace class operators is closed under the holomorphic
functional calculus, we see that

sinh(my/—1z + mv/—1B, + FF« /2)
sinh(mv/—1z + mv/—1B,)

(3.30) —1

is also trace class. Let

det (I + {Sinh(grﬁgﬁigzifam - 1])

be the Fredholm determinant [20].
The form

(3.31)

(3.32) det (Sinh@ﬁz +7v/~1Ba + FEa/z>> |

sinh(my/—1z + m/—1B,, + FF« /2)

then can be understood as

dot <I+ [sinh(gﬁj—%;/jﬁ%é’j‘”ﬂ) — 1})
det <I N [sinhi?Iﬁng%;j& /2) _ 1}) .

(3.33)
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{dot (SR AR |

By 1’ It is not hard to see that
M)(derH)fcl . ym Denote it by

patch to be a global form in ,,., Q°(

det (sinh(w\/TIZ +7mv/—1B + FF¥)2) )
¢ sinh(my/~1z + 7/ —1B + FE'/2) )

(3.34)

One can similarly construct

(3.35)
cosh(my/—1z + m/—1B + FE 2 v m
det < ( / )> e @ (M) (gmt)—a - Y™

cosh(my/—1z + m/—1B + FE' /2) fhert

Define

(3.36)
N sinh(my/—1z + 7v/—1B + F¥/2) O(E)
W(E, E) = det (sinh(ﬂx/jlz +7/—1B + FE'/Q)) GChy ( >

€ @ QGU(M)(d—&—mH)—Cl [(]] ’ ym’

meZ
N cosh(my/—1z + mv/—1B + FE)2) 01(E)
AE, ) = det <cosh(7r\/jlz +7m/—1B + FE'/Q)) GCha (@1(E’)>

e P 2 (M) amy—aldl - y™,

MEZ
Oy (E
B(E.2) = G ( G455 ) € D O M (wrmin-ola] 4"
€L

o(8.5) = Gt (G55 ) € D O (M) wsmin-ala” ™

meZ

Passing cohomology, denote the corresponding cohomology classes by

W(E,E') € @ H*(M,d +mH)[q] - y™,
meZ
A(E,E') e @ H®(M,d+mH)[q] - y™,
meZ
(3:37) B(E,E') e é H(M,d +mH)[g"/?] - y™
meZ
C(E,E) ¢ é H (M, d+mH)[g"?] - y™.

meZ
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Theorem 3.1. If Chi2(E, E') = 0 and ChY)(E, E') = 0, then

(3.38) W(E,E') € JO(M, H; 72, SL(2, 7)),
(3.39) A(E,E') € JO(M, H; 72, To(2)),
(3.40) B(E,E') € J)(M, H; Z*,T°(2)),
(3.41) C(E,E') € J0(M, H;Z? Ty(2)).

Proof. When 0(z,7) # 0 (and therefore 6(z 4+ B, T) # 0), consider the func-

tion

0(z+ By +x,7T)
0(z + Ba,T)

(3.42) g(x) = —1.

It is a holomorphic function for 2 € C and g(0) = 0. As F'F« is trace class,
0(2+Bo+FFa 1)

by the holomorphic functional calculus, we see that SOt Ba) 1is also
trace class. Let
0(z + B + FEo. 1)
3.43 det | I -1
(3:49) (1 [ En

be the Fredholm determinant.
As before the form

0(z + Ba, +FE“,7')
44
(3.44) det(ﬁ(z+Ba+FE&,T))

can be understood as

det (I [9(z+f+EFTa T ])

det ( [H(Z+E+JJ§F: T ])

(3.45)

Similar to (3.34)), the forms {d ( (4 Byt F oo ;) } patch together to be
M)

6(z+B., +FE'
a global form in ,,c; (M) (at-mm)—aldl - y™
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Like the finite dimensional case for projective elliptic genera [I1], the
following identity holds,

(3.46) W(E,E') = det <9(z + B+ FE,T)>

0(z+ B+ FEF 1)

Applying the transformation laws 1 , when C hf} (E,E") =0 and
C’h%}(E, E’) = 0, we have for the even degree p component,

0(2+B+FE 1) v
det T —
(2 + B+ FE -1)

(3.47) % det

()" 0+ (B + PP, }M
1/2

A1) 0+ T(B+FP),T)

7(B+ FE),7)\"

T(B+FE'),T)>

(z+B+FF 1)\

9(z+B—|—FE',T)>’

- ok

= det <g((§

= 7P/2 det (

< T+

det (9<Z+B+FE,T+1> )m — det <€”79(2+B+FE,7))
B+ FE 1)
(3.48) 0(z+ B+ ,T) +

i (0GB FEDNT (04 B+ PP )\
(3.49) Nozr1+B+FF . )) ~\Z0G+ B+ FE,7)

e [+ B FE )\
B 0(z+B+FE 7)) 7’
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g [(BGFT+ B FE )\
¢ 0(z+717+B+FF 1)

_ { 6_2wﬁ[Tr(z+B+FE)_Tr(z+B+FE’)]

e*”ﬁTG(z +7+B+FF 1) w
x det
e™V=IT9(z + 7+ B+ FF 1)

e (e +BAFE )\
N 0(z+ B+ FF 7))

(3.50)

As SL(2,7) is generated by S : 7 — —%, T:7— 71+1, it is not hard to
see from the definition of Jacobi forms that

W(E,E') € J)(M, H: 7?, SL(2, 7).

Similarly, we can show that

O3(z+ B+ FF 1
93(Z+B+FE/,

. 01(z+ B+ FF 1)
A(E»E)—det(gll(z+B+FE’, ))

z Er
(3.51) B(E,E'):det<99;((zi§i;’, ))>
)

7)

C(E,E') = det <

)

Then by the transformations laws (in the appendix) of the corresponding
theta functions, the fact that the generators of I'g(2) are T, ST2ST, the
generators of I'°(2) are ST'S, T?ST'S and the generators of I'y are S, T? and
the definition of Jacobi forms, we have

A(B,E') € J)(M, H;Z2,To(2)),

B(E,E') € J0(M, H; 72, T°(2)),
C(E,E') € J(M, H; Z2,Ty(2)).
|

In the T-dual situation, when M = Z or Z, applying Theorem and
the proof of the above theorem, we have the following,
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Theorem 3.2.
(LT, o LT,)W(E, E')
\/—1Qdet (9(2 +B+F¥P 1) >

(352) ~ " T2r 02 0(z+ B+ F¥ 1)
— / E / E’
_ v 1W(E,E’)"h~ ¢(z+ B+ F ,T)_G(z—i—B—&—F/,T) ;
27 0(z+ B+ FF,7) O(z+B+FF 1)

(LT, o LT.)A(E, E')
V—lgdet <91(z+B+FE,T)>

(353) — 2r 02 01(z+ B+ FF 1)
— / E / E’
:_\/ 1A(E,E’)Tr 0i(z+ B+ F ,T)_Gl(z—i—B—i—F /,r) ;
27 01(z+ B+ FE 1) 601(2+ B+ FF' 1)

(LT, o LT,)B(E, E')
VL O et (02(z+B+FEm)>

(3.54) ~ " 21 02 O2(z+ B+ FF T1)
:_7\/_:I-B(E7EI)TI' 9/2(Z+B+FE7T)_95(2+B+FE:’T) :
27 Os(z+ B+ FE 1) Oy(z2+ B+ FE 1)

(LT, o LT,)C(E, E')

__\/—12(“ 03(z+ B+ FE 1)
(355) ~ T2r 9z '\ @3z + B+ FF, 1)
=— —”2_10(E,E/) Tr [

™

05(z+ B+ FE 1) B 04(z+ B+ F¥ 1)
O5(z+ B+ FE,7) 603(2+ B+ FF' 1)

Remark 3.3. When 0(z,7) # 0, the trace part in is well defined.
Actually,

T 0(z:+B+FF7) 0 (z+B+F" 1)
0(z+ B+ FE 1) 6O(z+ B+ FF 1)
should be understood as

<9’(z +B+FP ) 0z +B’T)>

0(z+ B+ FE 1) 0(z+ B,7)

_(0(z+B+F", 1) 0(z+B,7)
0(z+ B+ F¥, 1) 6(z2+ B,7)

Tr
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Note that if 0(z,7) # 0, then 0(z + B,7) # 0. As the manifold M is finite

dimensional, the Taylor expansion of m as a polynomial of F¥ has

only finite many terms and leading term6<12.+13077)1 the other hand, The function
O(z+B+z,7)—0(2+B,7)
a holomorphic function for x € C and takes 0 when x = 0 and therefore,
0(2+B+FE 1) -0 (2+ B,7)

is traceable. Therefore

0'(z+B+FE 1)

0'(:+B+FF. 1) 0(z+B,7) _ “oe+Bn 0+ B,7)
0(z+B+FE 1) 0(z+B,7) 9('29?114;?7) 0(z+ B,T)

is traceable. The term about F¥' is similarly traceable. Formulas ,

and all have similar meaning.

3.2. Odd case

In the following, we give examples of Jacobi forms of odd degrees. Let
{(H,Bq,Asp)} be a gerbe with connection on M as in Section 3.1. Let
E = {FE,} be a Uy, gerbe module with module connection V¥ = {VFa}.
Let ¢ = {¢o : Eo — Eq} be an automorphism of the gerbe module E that
respects the Uy, gerbe module structure, that is, ¢ € Uy, (E), then ¢~ 1VF¢
is another module connection for E. As explained in [18],

(3.56) (pa FEe o + Bo)* — (FPe + B, )k

are differential forms with values in the trace class endomorphisms of F,
and

(3.57) Tr[(¢g ' P ¢a + Ba)* — (FF + Ba)"]

patch together to be an even degree differential form on M. Denote it by
Tr[(¢~'FP¢ + B)* — (F¥ + B)"].
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Let VE(s) = s¢7'VF¢ + (1 — 5)V¥ be a path joining ¢~ 'VF¢p and VF.
Let A(s) = 0;VE(s) = p7'VF¢ — VF, which satisfies

(3.58) Aa(s) = b 5 Ap(8)Pap-
Following [18], one defines the odd Chern character form
359 Chi(VE.0) = —exp(-B) | ' 4 TH[A(6) exp(~ FE(s))].
Clearly the degree 1 term is
(3.60) Chi (V".6) =~ Tr[A(9)),

and the degree 3 terms is

(3.61) chBl(vE ) = /0 s Tr[A(¢)(B + FE(s))].

In view of (3.46)) and (3.51)) and Chern-Simons transgression, define

1 [ 0 (z+ B+ FE(s), T
W(V®.¢) = _/ dsTr | A(9) 9((ZIB;|:FE((S)),T)):|

0 I
e P M) gimm)-aldl -y

meZ

1 01(z+ B+ FE(s), 7
A(VE, ¢) = _/ ds Tr _A(¢)91EziBiFEES;’T;:|

0
€ P M) gy -aldl -y

(3.62) mez ]

1 ! ( E $),7) ]
B(VE,¢) — / dsTr _A(Qb)zzézi?i?EES;:T;_

0
e P M) s -ald?] - y™,
MmEZ

1 ' E $),7) ]
C(VE,¢) — _/ dsTr _A(Qf’) ziéziiiiEES;T;_

0
e P M) @smmy-ala?] -y

mEeZ

Remark 3.4. Note that if 0(z,7) # 0, then 0(z+ B,7) # 0. As the man-

ifold M is finite dimensional, the Taylor erpansion of as a

0(z+B+FFE (s),7)
6(2+B,7)



1260 F. Han and V. Mathai

polynomial of F¥(s) has only finite many terms and leading term 1. Also

A(¢) is trace class. Hence A(aﬁ)%/((ﬁrgf—m is also trace class.

Theorem 3.5. If Chi(VE, ¢) =0 and ChEN(VE ¢) =0, then

(3.63) W(VE, ¢) € Ji(M, H; 22, SL(2,Z)),
(3.64) A(VE ¢) € T3 (M, H; (Z)%,To(2)),
(3.65) B(VF, ¢) € i (M, H; (Z)?,T°(2)),
(3.66) C(VP, ¢) € T (M, H; (Z)?,Ty(2)).

Proof. By the transformation laws ({A.5), we have

(3.67)
0'(v,7+1) = eWFG’(v,T

1/2
( T ) eﬂﬁTv2(2F\/j1TU9(TU,T)+T9/(TU,T));

0l (v,7+1)=e"7 0)(v,7

0 (v,—1/7) =

ﬂH
T 2

~—

)

1/2
0 (v,~1/7) = ( \/LJ ™I (9 [~ 1rus (10, 7) + 70 (1, 7));
0y (v, 7+ 1) = O4(v, 7),
05 (v, —1/7) = (h)m ™I (9n /10y (T, 7) + 70 (10, 7))
0y(v, 7+ 1) = Oy(v, 7),
0} (v, —1/7) = < U RRPVE (2mV/=1rv0s (v, 7) + 704(Tv,7)).

By the transformation laws (A.9), we have



T-duality, Jacobi forms and Witten gerbe modules 1261

(3.68)
P 1r) =~ (erm), 0+
— —e ™2 (2 1) 4 2w/ —Te ™V T2 (2 1),

0(z+1,7) = -01(2,71), 01(z+7,7)
— e~V -l 22) gt 1z, 1) — oy —1e ™ T+22)91(z,7),

0y(2 +1,7) = 05(2,7), O5(2 +1,7)
= —e_“ﬁ(T’LQZ)Hé(z, T)+ 2Wﬁ6_“ﬁ(7+22)92(z, 7),

Hé(z +1,7)= Qé(z T), Qé(z +7,7)
= e ™V (2 1) — 2/~ 1e ™I 25 (2 7).

Applying these transformation laws and the condition C’h[é] (VE, ¢) =0
and Chf}] (VE, $) = 0, we have for the odd degree p component,
! 0'(2+ B+ FE(s),—1)
dsTr Z 1
0 0(2+ B+ FF(s),—7)

_ (/01 T {Aw) (w/(z +7(B+ FE(si),T)

A(9)

0(z+7(B+ FE(s)),7)
(3.69) 7]
+ 27V —17(2 + B —i—FE(S)))])
Iz (]
s e
0 T

T

A(9)

(3.70) (
<

9@+1+B+Jﬂ@%ﬂ]>m

0(z+1+ B+ FF(s),7)
O(z+7+B+F%s).1)]\"

(kﬁ[(@9@+T+B+FW$JJ> ’

(3.71) (
(



1262 F. Han and V. Mathai

1 [ 0G4+ B+ FEs), )]\
0 dsTr _A(qb) 9(z+7——|—B—|—FE(S)7T):|>
)

(
3.72) - < Ty :A(¢) <9’(z+B+FE(3 ) +27T\/?1>]>[p]
(

6(z+ B+ FF(s),7)

0(z+71+B+ FE(S),T)DM
0(z+7+ B+ FE(s),7) )

= /0 LT :A(QS)

As SL(2,7Z) is generated by S and T, it is not hard to see by the definition
of Jacobi forms that

W(E, ¢) € Jo (M, H;Z* SL(2,Z)).

By the transformations laws the corresponding theta functions, the fact
that the generators of I'g(2) are T,ST2?ST, the generators of I'°(2) are
STS,T?STS and the generators of I'g are S, T2 and the definition of Jacobi
forms, we have

A(E, ¢) € Jg(M, H; Z*,To(2)),
B(E,¢) € Ji(M, H; Z*,1°(2)),

C(E,¢) € Jg (M, H;Z2,T(2)).

Appendix A. The Jacobi theta functions

A general reference for this appendix is [6].

Let
- {(1 )

as usual be the modular group. Let

=(1 ) (o)

be the two generators of SLs(Z). Their actions on H are given by

a,b,c,d € Z, ad — bc = 1}

1
S:t—>——, T:7—>71+1.
T
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Let
¢c=0 (mod 2)},

>GSL2(Z)‘I)EO (mod 2)}

|
(@)
[\
S~—
Il
—N
VR
o 9
Qo

F9={<Z Z)GSLQ(Z)‘
(e a)=(o V)or(V o) w2

be the three modular subgroups of SLy(Z). It is known that the generators
of Ty(2) are T, ST?ST, the generators of I'°(2) are ST'S,T2STS and the

generators of Ty are S, T?2. (cf. [6]).
The four Jacobi theta-functions (c.f. [6]) defined by infinite products are

o)
(A1) O(v,7) = 2¢"/®sin(mv H (1= ¢?)(1 = 2™V T0gd) (1 — e 27V Togh)],

Jj=1
(A.2)
01(v,7) = 2¢"/% cos(mv) H 1— @) (14 ™V g (1 + e 27V 1)),
j=1

<A3) H 1 _ q 1 62’”\/—71qu—1/2)<1 _ 6_2ﬂquj_l/2)],
7=1

[(1—¢)(1+ e2mﬁqu—1/2)(1 + 6—2nﬁqu—1/2)]’

—

<
Il
MR

(A4)  O3(v,7)=

where ¢ = e2™V~1I7 ¢ H.

They are all holomorphic functions for (v,7) €
complex plane and H is the upper half plane. The theta functions satisfy

C x H, where C is the



1264

F. Han and V. Mathai

the the following transformation laws (cf. [6]),

(A.5)

(A.6)

(A.8)

(A.9)

(A.10)

(A.11)

(A.12)

w/—1

Ov,7+1)=e€e < O(v,7)

1/2
00, -1/) = —— ,%) eI (10, 7)
01(’0,7— + 1) = ewF01<v7T)7
S\ 12
o, -1/m) = (5 ) eV I o)
GQ(UvT + 1) = 93(U, T)v

th (U +1, T) = _91(1}7 T)u th (U + 7, T) = eiﬂ'\/jl(TjLQv)el (Uv T)7

Os(v+1,7) =602(v,7), O2(v+7,7) = —e_”‘/?l(”?”)&z(vm),

O3(v+1,7) = O3(v,7), O3(v+7,7) = e ™V ITH2)g5 (4 7).

References

[1] M. F. Atiyah, K theory, Benjamin, New York, 1967.

[2] P. Bouwknegt, A. Carey, V. Mathai, M. Murray and D. Stevenson,
Twisted K-theory and K-theory of bundle gerbes, Comm. Math. Phys.
228 (2002), 17-49.

[3] P. Bouwknegt, J. Evslin and V. Mathai, T-duality: Topology change
from H-fluz, Comm. Math. Phys. 249 (2004) 383-415.



T-duality, Jacobi forms and Witten gerbe modules 1265

[4]

, On the topology and flux of T-dual manifolds, Phys. Rev. Lett.
92 (2004) 181601.

[5] T. Buscher, A symmetry of the string background field equations, Phys.
Lett. B 194 (1987), no. 1, 59-62.

[6] K. Chandrasekharan, Elliptic Functions, Springer-Verlag, 1985.

[7] Q. Chen and F. Han, Elliptic genera, transgression and loop space
Chern-Simons forms, Comm. Anal. Geom. 17 (2009), no. 1, 73-106.

[8] M. Eichler and D. Zagier, The Theory of Jacobi Forms, Progress in
Mathematics, Vol. 55, Birkhauser Boston Inc., Boston, MA, 1985.

[9] F. Han and V. Mathai, Exotic twisted equivariant cohomology of loop
spaces, twisted Bismut-Chern character and T-duality, Comm. Math.
Phys. 337 (2015), no. 1, 127-150.

[10] F. Han and V. Mathai, T-duality in an H-fluz: exchange of momentum
and winding, Communications in Mathematical Physics 363 (2018),
no. 1, 333-350. Comm. Math. Phys., 363 (2018), no. 1, 333-350.

[11] F. Han and V. Mathai, Projective elliptic genera and elliptic pseudod-
ifferential genera, Advances in Mathematics 358 (2019), 106860, 25pp.

[12] F. Hirzebruch, T. Berger, and R. Jung, Manifolds and Modular Forms,
Aspects of Mathematics, vol. E20, Vieweg, Braunschweig 1992.

[13] M. Hopkins, Algebraic topology and modular forms, Plenary talk, ICM,
Beijing, 2002.

[14] P. S. Landweber and Robert E. Stong. Circle actions on Spin manifolds
and characteristic numbers, Topology 27 (1988), no. 2, 145-161.

[15] A. Linshaw and V. Mathai, Twisted chiral de Rham complex, generalized
geometry, and T-duality, Commun. Math. Phys. 339 (2015), no. 2, 663—
697.

[16] K. Liu, Modular invariance and characteristic numbers, Commun.
Math. Phys. 174 (1995), 29-42.

[17] K. Liu, On modular invariance and rigidity theorems, J. Differential
Geom. 41 (1995), 343-396.

[18] V. Mathai and D. Stevenson, Chern character in twisted K-theory:
equivariant and holomorphic cases, Comm. Math. Phys. 236 (2003),
161-186.



1266 F. Han and V. Mathai

[19] S. Ochanine, Sur les genres multiplicatifs définis par des intégrales el-
liptiques, Topology 26 (1987), no. 2, 143-151.

[20] B. Simon, Trace ideals and their applications. London Mathematical So-
ciety Lecture Note Series, 35. Cambridge University Press, Cambridge-
New York, 1979.

[21] E. Witten, Noncommutative geometry and string field theory, Nuclear
Phys. B 268 (1986), no. 2, 253-294.

[22] E. Witten, The index of the Dirac operator in loop space, in: Ellip-
tic Curves and Modular Forms in Algebraic Topology (Princeton, NJ,
1986), volume 1326 of Lecture Notes in Math., pages 161-181. Springer,
Berlin, 1988.

[23] E. Witten, FElliptic genera and quantum field theory, Comm. Math.
Phys. 109 (1987), no. 4, 525-536.

[24] E. Witten, Index of the Dirac operators, Quantum Fields and Strings:
A Course for Mathematicians, Vol. 1, 2 (Princeton , NJ, 1996,/1997),
AMS (1999) 475-511.

DEPARTMENT OF MATHEMATICS, NATIONAL UNIVERSITY OF SINGAPORE
SINGAPORE 119076
E-mail address: mathanf@nus.edu.sg

SCHOOL OF MATHEMATICAL SCIENCES, UNIVERSITY OF ADELAIDE
ADELAIDE 5005, AUSTRALIA
E-mail address: mathai.varghese@adelaide.edu.au



	ATMP-2021-0025-0005-a003(2).pdf
	Introduction
	Review of T-duality
	Jacobi forms and graded Hori maps
	Witten gerbe modules
	Appendix The Jacobi theta functions
	References


