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Abstract

Fatigue analysis is one of the most important and challenging aspects in the design

and evaluation of engineering structures working under fluctuating mechanical or

thermal loading. Although extensive research has been undertaken over the past two

centuries to improve fatigue life prediction methods, there are still many issues and

problems remaining, which warrant further study. One such issue is adequate

modelling of the evolution of the shape of structural defects (cracks) in structural

components subjected to fatigue loading.

Procedures and methods that are currently employed for fracture and fatigue failure

forecasting are largely based on two-dimensional (2D) stress or strain field

assumptions, which simplify the actual geometry of the structural components and

defect shapes. As documented in many previous studies, these simplifications can

lead to significant errors and to non-conservative predictions. There is also much

experimental evidence indicating the significant influence of three-dimensional (3D)

effects on fatigue crack growth, as well as on brittle fracture initiation. The 3D effects

include, but are not limited to, the variation of stresses and stress intensity factors

along the crack front, the presence of the 3D corner (vertex) singularities and the

existence of coupled fracture modes, in addition to the classic fracture modes (modes

I, II and III). In addition, there is the strong effect of the out-of-plane constraints on

fatigue crack closure and crack growth rates in plate and shell components.

Therefore, an account of more realistic (3D) shapes of structural defects and the 3D

effects associated with these geometries is of a great importance in order to gain

more confidence in fatigue life predictions, decrease the cost of inspections and

maintenance, and allow structures to operate beyond design service life predictions.

In addition, the implementation of 3D fatigue models can help to reduce various

uncertainties and assumptions associated with the current 2D modelling.
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Direct numerical simulations of 3D fracture and fatigue problems remain difficult.

Therefore, this thesis aims to develop new, simplified, semi-analytical methods for

the evaluation of front shapes of fatigue cracks and fatigue life in typical structural

components, such as plates and round bars, which utilise more realistic geometries

of structural defects. The thesis further elucidates the role of plasticity-induced crack

closure and the 3D corner singularity on the crack front shape and its evolution.

It is expected that the new methods, which are developed in this thesis, may provide

more accurate predictions of crack growth and fatigue life expectancy for typical

structural components. This hypothesis is supported by extensive validation studies

and comparisons against previous theoretical results and experimental data.

The main body of the thesis (Chapters 4 - 7) is presented in the form of a collection

of published journal and conference articles authored by the candidate, who made a

significant contribution to the conceptualisation, data analysis, calculations and

drafting involved. A compilation of the candidate’s publications relating to the main

topic of the thesis but with less significant involvement is also provided in the

Appendix. In addition, several Chapters (Chapters 1 - 3 and 8) are included to

communicate the context, significance of this work and cohesive presentation, as

well as to summarise the main outcomes of this thesis.
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1.1 Introduction

The integrity, safety, and efficiency of operation of machines are largely affected by

the presence of structural defects, which can lead to premature fatigue failures. In

accordance with various estimates, from 60 to 90% of all structural failures are

attributed to fatigue-related mechanisms. The direct cost of these structural failures

can reach up to 4% of the Gross domestic product (GDP) or billions of dollars

(Teixeira 2017). The dollars are important, but the cost of the many failures in human

life and injury is infinitely more so.

A distinct feature of fatigue failures is that the peak design loads themselves are

insufficient to cause immediate failure of a structural component weakening due to

defects. However, these defects can grow under fluctuating loading, which is very

common in many engineering applications. The growing defects can eventually

reach critical shapes and sizes, causing premature failures, even under design loading

conditions, during the design life span of the structural component. Therefore, it is

very important to predict the rates of the propagation of defects accurately, as well

as their critical shapes and sizes, notably those that cannot be sustained by the

components under specified loading conditions. Fracture Mechanics addresses these

challenges by developing methods and procedures for fracture and fatigue life

assessments in the presence of crack-like defects.

Many of these methods and procedures are currently incorporated into industrial

standards, codes, and guidelines. A brief overview of the main developments in the

area of fatigue modelling is provided below. This overview will give an outline of

the current state of the art in fatigue modelling, its challenges, the motivation behind

this PhD project and the specific research gaps to be addressed in this thesis.  A more

comprehensive review of the research area will be presented in the next Section,

which is devoted to a systematic literature review.
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Fatigue was initially recognised as an important engineering problem in the

beginning of the 19th century when railway and bridge engineers in Europe

discovered that bridges and railroads were cracking when subjected to fluctuating

(or cyclic) loading conditions. As the century progressed and the use of metallic

materials significantly expanded with the increasing use of machines, more and more

fatigue failures of structural components subjected to fluctuating loading conditions

were encountered.

Today, fatigue has assumed an even greater importance for human society as a result

of the ever-increasing use of advanced materials and the desire for higher strength,

durability and performance from these materials, the increasing scale and complexity

of machine and structures, and a greater reliance on these machine and structures in

both the global economy and everyday life.

The stress and strain-based approaches were the earliest, but these are still the most

common approaches for fatigue life assessments across many industries and

engineering applications for High-Cycle Fatigue (HCF) and Low-Cycle Fatigue

(LCF) regimes, respectively. Both approaches have a strong curve-fit ability and rely

on several material constants, which must be determined from extensive, quite

expensive and time-consuming fatigue tests. Therefore, a huge effort has been

directed to link these constants to common material properties (e.g., yield tress,

ductility, hardness, etc.), which can be obtained from simple, inexpensive and short

uni-axial or indentation tests. However, this effort has had only partial success as

many other factors can affect the fatigue life of structural components, e.g., the

environment, surface finish and presence of stress concentrators.

An alternative approach to failure prediction is based on Continuum Damage

Mechanics (CDM), which is a relatively new development in the mechanics of

materials.  The general concepts and fundamental aspects of this approach were

described by Kachanov (1986). Chaboche and Lesne (1988) were the first to apply

CDM to fatigue life predictions.
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For the one-dimensional case, they postulated that the fatigue damage evolution per

cycle is a function of the load and damage parameter, d, 0 ≤ d ≤ 1, where d = 0

corresponds to the damage-free state and d = 1 to failure. Several linear and non-

linear damage summation rules or principles were introduced to evaluate the failure

conditions due to variable amplitudes of loading or in the presence of several damage

mechanisms, e.g., fatigue and creep. The latter is considered to be the main

advantage of CDMs.

All the above approaches have one common significant deficiency: there is no

consistent definition of what the failure state is. It may be defined as, for example,

when the first small detectable crack is found, or after a certain percentage decrease

in stiffness, or as the actual complete fracture of the component. The differences in

fatigue life predictions according to these fuzzy definitions of failure conditions may

be small or appreciable. As mentioned above, failures are significantly affected by

many controllable and uncontrollable factors, e.g., the quality of and procedure for

material processing and manufacturing, geometry, stress states and the environment.

The combined effect from all these factors can, and normally does, lead to a large

scatter in fatigue life. This in turn dictates the utilisation of large safety factors in the

design and evaluation of the safe life of structural components. Larger safety factors

in design mean heavier, more expensive, and less efficient operation; meanwhile,

larger safety factors in the safe life evaluation led to more frequent safety inspections

and higher maintenance costs.

Many the above deficiencies of early approaches to fatigue life assessment have been

eliminated using the fatigue crack propagation (FCP) approach. The first attempts at

predicting the fatigue crack propagation length were based on Linear Elastic Fracture

Mechanics (LEFM). The LEFM approach was first introduced by Paris et al. (1961),

who equated the fatigue crack growth rate to the stress intensity factor range, which

was considered the driving force of a propagating crack.
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Later, researchers found that the crack growth rate curve as a function of the stress

intensity factor range is not linear but normally has a sigmoidal shape for many

structural metals and alloys, and is significantly influenced by the R-ratio, or the ratio

of the minimum to maximum stress intensity factors during cyclic loading. To reduce

the amount of fatigue testing, several empirical equations were suggested in the

1970s to extrapolate experimental fatigue data over different R-ratios. At the same

time, the damage tolerance approach, as an alternative to the safe life approach, was

developed and first applied in design procedures for aircraft structures, which require

a high strength to weigh ratio and reliability. The application of the damage tolerance

approach, together with ultrasonic defect detection methods, enabled a significant

decrease in safety factors, a reduction in manufacturing and maintenance costs, and

made it possible to realise some advanced designs and engineering solutions.

However, the main challenge was (and remains) how to predict the fatigue life of a

structure or component subject to a diverse (e.g., variable amplitude) loading history

from limited materials data, which is very often available for the case of uniaxial

cyclic loading at constant amplitude. Elber’s discovery (1970) of fatigue (or

plasticity-induced) crack closure, some 50 years ago, held out the prospect of

addressing this challenge and delivering significant advances in this area.

A large amount of theoretical, computational, and experimental work has been

carried since this discovery. Unfortunately, the initial expectations remain largely

unsettled (de Matos & Nowell 2009). There are a number of reasons for this apparent

lack of progress over the past five decades. These include: (1) the complexity of

crack closure phenomena, which incorporate plasticity, roughness, and oxidation

closure mechanisms; (2) difficulties with experimental measurements and significant

inconsistencies in these measurements across different methods; (3) theoretical crack

closure models are extremely computationally demanding and normally limited to

two-dimensional (2D) geometries. The latter limitation represents another significant

challenge in Fracture Mechanics and fatigue life assessments (Pook 2013) and it is

the focus of the current thesis.
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The three-dimensional (3D) effects are currently largely ignored despite the

enormous amount of theoretical and experimental information that has been

published over the past five decades. Contemporary stress analyses of cracks and

fatigue life evaluations are based on the fundamental fracture mechanics concept of

the stress intensity factor or effective stress intensity factor, as proposed by Wolf

Elber in his thesis at UNSW Sydney in 1968.

In general, a stress intensity factor describes the linear elastic stress field in the

vicinity of a crack tip, which has the inverse square root singular behaviour (ିݎଵ/ଶ).

In actual 3D geometries, this is not the case in the vicinity of a corner point where a

crack front intersects with a free surface. The singular behaviour at this corner point

is different, and sometimes is called a vertex or 3D corner singularity, and is an

important source of 3D effects. For example, it was demonstrated in a number of

experimental and computational studies that the 3D corner singularity can influence

the crack growth rates and shape of the crack front near free surface and fatigue life

estimates.

Another important 3D effect is the out-of-plane stress distribution, which in the case

of plate components with through-the-thickness cracks can be causally related to the

plate thickness (Kotousov 2007). Contemporary Fracture Mechanics utilises two

assumptions with respect to the out-of-plane or transverse conditions: plane stress or

plane strain. The application of the plane strain assumption to fracture problems has

a physical justification. When the plastic zone size is small in comparison with the

specimen thickness, experiments indicate that it must be less than 2 percent of the

plate thickness, then the fracture is dominated by plane strain conditions. There have

been several 3D computational studies that have demonstrated that the plane stress

conditions (or zero transverse stress) are never achieved near the crack tip, regardless

of the plate thickness.
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The effect of the out-of-plane stress on fatigue can be more profound, leading to

significantly different crack growth rates in specimens of different thickness under

the same applied stress cycle. The latter is often attributed to the change in the

plasticity-induced crack closure with the change of the specimen thickness, which is

larger for thin plates due to the reduction in the out-of-plane constraints.

The 3D corner singularity and out-of-plane constraint effects can lead to a very

complex crack front evolution even for plane/plate problems with through-the-

thickness cracks. The current fatigue evaluation procedures are largely based on

simplified or idealised crack front shapes, e.g., a straight front for through-the-

thickness cracks or part-elliptical for surface cracks, which may be not accurate

enough to model the fatigue failure of actual structural components. Therefore, it is

important to understand the situations when these idealised crack front shapes are

appropriate and when these simplifications can lead to noticeable errors in

evaluations of fatigue life expectancy. These two research questions motivated the

current PhD project.

The overall aim of this thesis is to investigate theoretically, numerically, and

experimentally the influence of the crack front shapes on the evaluation of the fatigue

life of structural components. The ultimate goal of this research is to improve, or at

least provide the limitations of, current fatigue life procedures by considering more

realistic shapes of structural defects, which reflect the complex fatigue crack growth

mechanisms.
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2.1 Introduction 

Given that Fracture Mechanics covers a wide range of theoretical, experimental, 

numerical, and practical developments, the focus of the current literature review is 

those specific aspects that are important for the current research. The present 

literature review consists of two parts: the first part is an introduction to three-

dimensional (3D) Fracture Mechanics and the second part provides a general 

overview of fatigue phenomena, focusing on 3D effects associated with the evolution 

of crack front shapes during cyclic loading. 

 

The first part was submitted and published as an invited review paper in the 

International Journal of Fracture. It offers an overview of three-dimensional linear-

elastic fracture mechanics. A copy of the paper is provided below. 
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2.2 Part 1: Introduction to 3D Fracture Mechanics 

An extensive investigation was conducted to provide a brief review of 3D Fracture 

Mechanics and the outcomes of the latest research in this area. The following 

research article is largely focused on linear-elastic materials. 
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2.3 Part 2: Introduction to Fatigue of Structures and Materials

2.3.1 Fatigue Phenomenon

Fatigue crack propagation is a complex phenomenon, which can be affected by

several interacting factors. Fatigue crack propagation can be associated with cyclic

plasticity, sliding or physical contact (fretting and rolling contact), environmental

damage (corrosion fatigue), or elevated temperatures (creep fatigue) in mechanical

components and structures (Milne et al.  2011). Therefore, there are many theoretical

and experimental approaches, as well as predictive models, to analyse the fatigue

phenomena. The scope of the current work is restricted to the crack growth

associated with fatigue loading.

The current view on fatigue failure, shared by many researchers, is that it is a

cumulative process consisting of three main stages: crack initiation, propagation, and

final fracture of a component. During cyclic loading, localised, irreversible, plastic

deformations may occur at sites with a high stress concentration, e.g., those

associated with grain apexes or surface grains. These irreversible plastic

deformations induce permanent damage to the material, leading to the development

of micro-cracks. As the material experiences an increasing number of loading cycles,

the length of the micro-cracks increases, and cracks can coalesce, progress or arrest.

After a certain number of cycles, the dominant crack is formed, and when the

dominant crack length reaches its critical size, the component fails by rupture (Lee

et al. 2005).

2.3.2 Historical Overview

Fatigue phenomena have been studied for more than 170 years. The first studies were

undertaken in the 19th century during the industrial revolution in Europe when some

heavy-duty locomotives and boilers failed under cyclic loading conditions. It was

William Albert who in 1837 first published an article on fatigue that established a

correlation between the magnitude of the cyclic load and the durability of the

structural component.
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Two years later, in 1839, Jean Victor Poncelet, the designer of cast iron axles for

mill wheels, officially used the term ‘fatigue’ for the first time in his works published

at that time (Bhat 2011).  Fatigue was recognised well over a hundred and fifty years

ago; however, systematic research in this area started around the 1850s when August

Wöhler conducted his classic cyclic load tests, which led to the development of the

so-called S-N curves or S-N diagrams for various materials and conditions (Etube

2001). He is often named as the founder of design procedures against fatigue failures.

In the period between 1858 and 1870, Wöhler published several papers on the fatigue

strength of railway axles, as well as the outcomes of fatigue tests of small-scale

specimens made of steel, iron and copper. From these tests he obtained the basic

fatigue properties, which were further utilised to predict fatigue failures and guide

the design of structures subject to cyclic loading (Zenner & Hinkelmann 2019).

A fundamental step in the understanding of fatigue phenomena at the micro-level

was made at the beginning of the 20th century by Ewing and Humfrey (1903) who

carried out the first microscopic investigation of fatigue failure in specimens made

of iron, which failed due to cyclic bending. In particular, they observed the localised

cyclic slips in surface grains and the formations of pronounced surface marks on

failure surfaces. These microscopic observations demonstrated that crack initiation

can be associated with the localised slip generating extrusions and intrusions on free

surfaces; and that fatigue crack propagation is a process of a crack advance during

each fatigue cycle.

In the middle of the 20th century, Peterson (1950) and Timoshenko (1954) provided

comprehensive reviews of early studies in the area of fatigue and design against

fatigue. Peterson considered fatigue as a material phenomenon from an historic

perspective, highlighting the significance of the concept of the endurance limit

introduced by Wöhler. He regarded this endurance limit as a material property, which

can be used in the design of engineering structures and machines. Timoshenko

emphasised the significance of stress concentrations around notches and recognised

the necessity for theoretical analysis of stress distributions near the stress risers or

stress concentrators (Schijve 2003).
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The next key development in fatigue was associated with a revolutionary idea

proposed by Paris and Erdogan in the early 1960s. They suggested that the range of

the stress intensity factor is the driving force, and it fully describes the rate at which

fatigue cracks grow during cyclic loading (Paris & Erdogan 1963).  This idea was

very fruitful and led to the development of many methods for assessing the

acceptability of manufacturing or in-service defects, as well as fatigue life

expectancy in the presence of crack-like defects. However, it was quickly realised

that many other factors in addition to the stress intensify factor range influence the

rate of propagation of fatigue cracks. These factors (e.g., the R-ratio or

overload/underload ratio) were introduced as parameters into several empirical

models aiming to improve fatigue life predictions.

Significant research effort has been directed to the study of the fatigue crack closure

phenomenon, first introduced by Elber, to explain the experimentally observed

features of fatigue crack growth in aluminum alloys (Elber 1970). He argued that a

load cycle is only effective in driving the fatigue growth of a crack if the crack is

fully open. Since his pioneering study in the 1970s, the number of scientific studies

on this topic has grown progressively. In particular, it was later found that there are

many different sources for crack closure, not just the plasticity-induced crack closure

observed by Elber (Suresh & Ritchie 1984). The roughness of crack surfaces

(roughness-induced crack closure) and oxides due to corrosion processes (oxide-

induced crack closure) can also produce crack closure and influence the rates of

fatigue crack growth (Rodrigues & Antunes 2009).

Plasticity-induced fatigue crack closure is a complex extrinsic mechanism, which

has a shielding effect due to the change in deformation behaviour near the crack tip.

Elber’s discovery of fatigue crack closure, nearly 50 years ago, was a promising

development with the prospect of significant advances in fatigue life predictions of

structural components (Khanna & Kotousov 2020). A large amount of experimental,

analytical, and computational work has been conducted since this discovery (de

Matos & Nowell 2009). Unfortunately, the initial expectations have largely faded in

the face of unprecedented difficulties in theoretical modelling.
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The early two-dimensional crack closure models, which were based on the classic

Dugdale or yield-strip model, were incorporated into several fatigue life-prediction

codes, such as FASTRAN and NASGRO. These codes demonstrated encouraging

results, specifically in predicting the R-ratio effect in the case of constant amplitude

loading. The safety factors and conservative assumptions were used to address the

inherent uncertainties associated with service loads.  However, blind predictions of

fatigue crack growth under variable loading conditions are usually disappointing

(Khanna & Kotousov 2020).  This is because real cracks are inherently three-

dimensional (Kotousov et al. 2013) and the three-dimensional aspects of the

problem, e.g., the plate thickness, have a significant effect on the crack closure

mechanism (Roychowdhury & Bodds 2003). Further details about the plasticity-

induced fatigue crack closure mechanism and the developed methods can be found

in the following sections.

2.3.3  Fatigue Regimes

Three distinct regimes of fatigue behaviour are normally identified in the S-N

diagrams for structural materials: Low Cycle Fatigue (LCF), High Cycle Fatigue

(HCF) and Ultra High Cycle Fatigue (UHCF). The total fatigue life, N୘, can be

decomposed into the following stages (McDowell & Dunne 2010):

N୘ = N୊ + N୑ୗ + N୔ୗ + N୐ (2.1)

where N୊ is the number of cycles required to form a crack, and N୑ୗ, N୔ୗ and N୐

represent the number of cycles to propagate a crack through the microstructurally

small, physically small and long crack growth regions, respectively. The fraction of

N୊ in the total fatigue life is normally very small in an LCF regime, but it may

comprise a significant fraction of N୘ in HCF (up to 107 cycles) and fully dominates

the total fatigue life in UHCF (up to 109 cycles and beyond). Various studies indicate

that N୊ can range generally from 10% to 50% of the total fatigue life in HCF,

depending on the material, its microstructure, and the presence of pre-existing

defects (Mughrabi 2013).
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The discrepancies between various studies may be partially attributed to the

differences in the definition of N୊, which, according to some researchers, should

incorporate crack growth through several strong microstructural barriers (e.g., grain

boundaries) in metals and alloys. There are also other decompositions of the total

fatigue life to be found in the literature, e.g., Schijve (1967) and Miller (1987).

With the progress in technological development, the required fatigue life for many

components may well exceed 108 load cycles. Nowadays, Very High Cycle Fatigue

(VHCF) constitutes one of the main design challenges for several applications in

aircraft, automobile, railway, and other industries. Some examples of such

components are gas turbine disks, car engine cylinder heads and blocks, ball

bearings, high frequency drilling machines, diesel engines of ships and high-speed

trains (Kazymyrovych 2009). Nonetheless, the VHCF regime is beyond the scope of

the current PhD project, which is limited to the HCF regime.

HCF is a type of fatigue caused by small elastic strains under a high number of load

cycles (typically > 104 cycles) before failure occurs. The fatigue damage comes from

a combination of mean and alternating stresses. The mean stress is usually due to the

residual stress, the assembly load, or non-uniform temperature distribution. The

alternating stress can be a mechanical or thermal stress at any frequency.

2.3.4 Fatigue Analysis

Contemporary fatigue analysis usually utilises one of three main methodologies,

which are based on 1) the stress-life, 2) the strain-life, and 3) Fracture Mechanics

approaches. In addition, Continuum Damage Mechanics (CDM) is the fourth main

methodology, which applies to problems involving multiple damage mechanisms of

different natures, e.g., creep, fatigue, and corrosion. However, CDM is not very

popular in fatigue analysis, as the predictive capabilities of CDM-based models are

generally lower than for their competitors. The current Section will briefly overview

two first approaches and will specifically focus on the Fracture Mechanics approach

as the most advanced and most accurate for fatigue life predictions.
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2.3.5 Stress-Life Methodology

Fatigue failures can occur at stresses well below the monotonic loading levels that

cause static failure. Since the pioneering systematic studies of August Wohler in

1890, it has become customary to represent fatigue data using the so-called S-N

diagrams, where the stress amplitude is plotted versus the number of cycles to failure.

The stress-based approach was the earliest, but it is still the most common approach

for fatigue life evolutions across several industries. In this approach, the number of

cycles to failure, N, in an HCF regime is related to the applied stress range or stress

amplitude, S, as a power function, called Basquin’s law (Basquin 1910):

S = C × N୫ (2.2)

where C and m are material constants, found from fitting this equation to the

experimental data. However, the life predictions with this approach have a large

scatter. As discussed above, this scatter is due to many factors affecting fatigue life,

which are not explicitly included in Basquin’s law, e.g., the stress concentration and

surface roughness. Many similar simple equations have been suggested over the past

hundred years for different materials and loading conditions (Kim & Zhang 2001).

These equations may be more accurate for any given specified conditions or

materials and may partially reduce the large scatter (Kim et al. 2001) that is common

for this methodology.

2.3.6 Strain-Life Methodology

Special attention should be paid to fatigue assessment of geometrical discontinuities

in the fatigue design, as most engineering components experience variable amplitude

loadings during operation.  Examples of structural discontinuities are joints, welds,

and junctions between components of different diameters or thicknesses. In these

cases, any strong stress concentrations present in the component may result in crack

initiation and local cyclic plastic deformation. The strain-life approach is commonly

used in situations where local plasticity may occur.
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The strain-life methodology assumes that the material at the notch root behaves in

the same way as a smooth laboratory (un-notched) sample, for which fatigue

resistance can be tested at various loadings. At the relatively high stresses where

plastic deformation can occur, the Coffin–Manson fatigue design approach has been

widely applied in the past to undertake fatigue assessments in Low Cycle Fatigue

regimes (LCF); the correlation between the plastic strain amplitude and the fatigue

life is expressed by:
∆ε୮

2 = ε୤ × (2N୤)ୡ (2.3)

where ∆ε୮ is the plastic strain range, ε୤ is the fatigue ductility coefficient and c is the

fatigue ductility exponent (Dewa et al. 2017).  Similar to S-N diagrams (equations),

the Coffin–Manson equation currently has many modifications, which may provide

better accuracy of the theoretical predictions (Wang et al. 2016).

2.3.7 Hybrid Approaches

Numerous hybrid approaches have been suggested, largely based on experimental

data and concepts of merging equations for LCF and HCF regimes. For example, a

hybrid method was proposed by Szala and Ligaj (2016) for calculations of fatigue

life for C45 steel under multi-stage loads. The proposed hybrid method consists of

an assumption that the overall fatigue properties of steel in the range of low cycle

fatigue are defined by the Manson-Coffin equation, whereas in the HCF regime, the

cyclic properties of this steel are described by the standard S-N diagram. In general,

hybrid approaches can provide an adequate evaluation of fatigue life in the case of

combined (LCH + HCF) loading; however, the accuracy and applicability of such

predictions may be quite limited (Goedel et al. 2018).
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2.3.8 Fracture Mechanics Approach

As an alternative to the Stress-life, Strain-life and Hybrid methods, the Fracture

Mechanics approach was developed in the 1970s and is now widely applied to

evaluate the remaining strength of structural components with defects in many

industries and advanced applications. This approach tracks the propagation of

structural defects, mainly cracks, and can predict the remaining life of structural

components more accurately, avoiding both scatter and excessive conservatism.

Below, a brief introduction to the Mechanics of Cracks is presented. It is not intended

to cover all aspects of this approach.

Fatigue cracks usually start from the surface of a component, where fatigue damage

begins on crystallographic slip planes. Free surfaces after cyclic loading normally

exhibit some additional roughness, which is formed by intrusions and extrusions

along the slip planes, as illustrated in Figure 1. Stage I is characterised by a rapid

decrease in the crack growth rate, which is accompanied by a decrease in the cyclic

plastic zone size. Behaviour in this stage is dependent on the microstructural features.

Figure 1. A schematic representation of crack formation and growth in

polycrystalline metals, adopted from Cui (2002).
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Previous studies have demonstrated that at least five major factors should be

considered when attempting to establish the relationship between microstructure and

fatigue crack propagation. These include the strain distribution, slip length and

plastic zone size, crack path and crack extension forces, morphology, and properties

of constituents in multiphase alloys and the environment (Cui 2002). After a transient

region (Stage II), crack growth continues in a direction normal to the applied stress,

or predominantly in mode I. The rate of crack propagation in Stage II increases

rapidly until final fracture. This region corresponds to the onset of unstable and rapid

crack growth and is characterized by either the material’s fracture toughness or, in

the case of ductile materials, by plastic instability. The environment has little effect

in this region and deformation mechanisms are similar to those characteristics of

monotonic loading (Etube 2000).

Microstructurally short and long cracks should be distinguished for fatigue analysis.

Experimental studies of crack propagation for various materials and loading

conditions (10 μm to 1 mm) have shown that small cracks grow much faster than

would be predicted from the large crack data. (Newman et al. 1999). Typical fatigue

growth behaviours for small and large cracks are shown in Figure 2.

                                    (a)                                                               (b)

Figure 2: (a) Typical fatigue-crack-growth behaviour for small and large cracks,

reproduced from Zerbst et al. (2016); (b) Schematic fatigue crack growth curve for

large cracks.
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Small cracks can also propagate below the long crack threshold stress intensity range

(Chowdhury & Sehitoglu 2016).  Short-crack growth behaviour might be explained

by the concept of nonlinear or elastic–plastic Fracture Mechanics. However, the

abnormal behaviour of small cracks is beyond the scope of the current thesis, which

is focused on prediction of long cracks or cracks larger than 0.5 mm.  It has been

found that the fatigue crack growth models can be broadly classified into three main

categories: (a) linear elastic, (b) geometrical, and (c) plastic accumulation models

(Chowdhury & Sehitoglu 2016).

Linear Elastic Models

Linear elastic-based models have been widely used for analysis of the

microstructure-insensitive stable propagation of a stage II crack in brittle and

moderately ductile materials, provided the region of plastic deformation is small in

comparison with all other geometry sizes (showing negligible or non-existent

plasticity). This condition is called the Small-Scale Yielding (SSY) condition and

the stress intensity factor governs the local plastic stresses. In this case, the plastic

zone is in the order of a few percent compared with the characteristic dimensions of

the crack, such as the component’s thickness. Under these conditions, the growth

rate depends only on the continuum parameters, such as the stress range far away

from the crack, the crack length, and load ratio.

The first and most important empirical relationship of Stage II crack extension was

proposed by Paris and his colleagues in the early 1960s (Paris and Erdogan 1963). It

was observed experimentally that the linear region accounts for a significant portion

of the overall lifetime, especially for specimens or structures with pre-existing cracks

or sharp notches. They demonstrated that crack growth can be described as a function

of the stress intensity factor caused by a remote load or residual stresses.

da
dN

= C × K୫ (2.4)

Parameters a and N are the crack length and the number of load cycles.  The constant

values of C and m are experimentally determined values for the different materials.
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Later, the stress intensity factor K was replaced with the stress intensity factor range,

∆K. ASTM international standard (E647-13 2013) provides the method for the

determination of fatigue crack growth rates from near-threshold to maximum stress

intensity factor (K୫ୟ୶) controlled instability.

Paris’ law limitations have been well documented in the literature. For example, it is

demonstrated that the proposed empirical crack growth rate law only models stable

fatigue crack propagation behaviour (propagation regime II) and is also unable to

account for the effects of the stress ratio in the crack growth rate. Many alternative

fatigue crack propagation relationships have been proposed to overcome the

limitations of Paris’ law and also to deal with variable amplitude loading (Correia et

al 2014). Nevertheless, Paris’ law continues to be used frequently to model fatigue

crack growth under constant amplitude loading due to its attractive simplicity.

Numerous improvements have also been suggested by the industrial standards, with

the intention of being able to model the full spectrum of fatigue crack growth. As an

example, a two-stage power law relationship is recommended by BS7910 Guide on

methods for assessing the acceptability of flaws in metallic structures to reduce the

conservatism associated with crack growth near the fatigue threshold.

The fatigue design curves are normally given by simplified equations and are plotted

in the design and safety standards for the welded and un-welded structures. There

are a number of design and safety standards available in different industries and

applications. In the most industrial standards, the front of the existing or postulated

crack for different structural components is modelled by an idealised geometry such

as straight, semi-elliptical or circular crack. The crack growth idealisation means that

a flaw or crack with a complex shape is modelled with the conservative dimensions,

so that the idealised crack geometry is severe, and the estimated design life is less

than the actual design life. In addition, the variations of stress intensity factors across

the crack front, coupled modes, and 3D corner (vertex) singularity effect are all

currently ignored in industrial standards.
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Geometrical Models

The geometrical models were developed based on the ΔK-dependent Paris law. One

specific objective of these models is to consider the component’s geometry,

including thickness, crack shape, and stress concentrators. The geometrical model-

based approaches were motivated by consideration of crack tip plasticity effects

ahead of, behind and along ‘wings’ extending either side of the crack front, i.e.,

planes of shear. For example, Suresh and Ritchie (1982) presented a geometric model

for the simulation of plasticity-induced fatigue crack closure by fracture surface

roughness. This model specifically addressed the contribution from both Mode I and

Mode II crack tip displacements in addition to considering the nature of the fracture

surface morphology.

Plastic Accumulation Models

The third group of fracture mechanics-based fatigue crack growth models are

dedicated to the investigation and simulation of the plastic zone and plastic wake for

both small and large-scale yielding conditions. The purpose of the plastic

accumulation-based predictions is to consider the plasticity in expressing the growth

rate, da/dN. In these models, most attempts to model crack closure usually involve

greatly simplifying crack tip plasticity phenomena: for example, the use of the

plasticity-induced crack closure concept for consideration of the part of the load

cycle when the crack tip is fully open. The main assumption of this concept is that,

when the crack is closed, the external load produces negligible fatigue damage ahead

of the crack tip.

The crack closure concept is often attractive to explain many aspects of fatigue

behaviour in cracked components. It is now commonly accepted that the contribution

of the plasticity-induced crack closure (PICC) is the most important mechanism on

the crack closure under small-scale yielding conditions (Pippan & Hohenwarter

2017). Therefore, understanding and development of plasticity-induced crack

closure models is essential for accurate evaluation of fatigue crack propagation

behaviour as a function of the loading condition.
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Therefore, the Paris crack growth rate equation can be re-defined by the following

relationship:

da
dN

= C(∆Keff, R)୫ (2.5)

where R is the load ratio (σ୫୧୬ σ୫ୟ୶⁄ ).

The crack closure phenomenon is a direct consequence of the permanent tensile

plastic deformations left in the wake of the propagating crack. Plasticity-induced

crack closure is based on the idea that any residual plastically deformed material

ahead of the crack tip will remain on the crack faces. This approach employs a

modified linear elastic stress intensity factor range (an effective stress intensity

range) as shown below:

∆Kୣ୤୤ = K୫ୟ୶ − K୭୮ (2.6)

where K୫ୟ୶ and K୭୮ are the maximum and opening stress intensity factors.

Many models have been developed for calculation of the opening load stress

intensity factor in the past, but very little work has been undertaken for modelling of

crack closure in three-dimensional bodies. A relatively small number of efforts have

considered three-dimensional centre-cracked plates, and even fewer have focused on

the more complex surface flaws (Skinner & Daniewicz 2002). Since crack closure

dominates in the wake of the crack tip, and for short cracks this wake is limited, it is

expected that short cracks will be subjected to a smaller degree of crack closure than

long cracks. Differences in the local crack tip environment, plasticity-grain boundary

interaction and crack deflection for short and long cracks may also be major factors.

For long cracks, the cyclic stress range is small, and a threshold will occur, while for

short cracks the cyclic stress range can be large enough to overcome the obstacles

and thus the short crack stress intensity factor range will be lower than that of long

cracks, or possibly even disappear (Bu & Stephe 1986).
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The numerical simulation of plasticity-induced crack closure using, for example, the

Finite Element (FE) method is very attractive; however, it has some inherent

difficulties related to the mesh refinement and the crack growth scheme, which

usually consists of releasing nodes ahead of the initial crack tip and the region at

which crack is allowed to grow in the component. Therefore, most of the numerical

simulations have been developed based on simplified models of plasticity-induced

crack closure.

As an alternative to numerical simulations, application of an analytical model for

calculation of the effective stress intensity factor, based on classic plasticity-induced

crack closure, allows for a significant reduction in the complexity of the evaluation

procedure (He et al. 2014). For example, Codrington and Kotousov (2009) developed

a simplified 3D analytical model of the analysis of plasticity-induced closure cracks

in plates of finite thickness.

2.3.9  Crack Front Shape Evolution Modelling

The experimental studies largely confirm that the classic crack tip solutions cannot

accurately describe the stress states in the close vicinity of the crack tip for three-

dimensional (3D) problems. Despite great progress being made over the past two

decades, obtaining 3D solutions for fatigue crack propagation still represents a

technical and research challenge in linear and non-linear formulations. The

derivation of the exact analytical 3D solutions is difficult, and these are usually

limited to very simple problems. Numerical techniques can be utilised in practical

situations as an alternative to the analytical solutions.

2.3.10 Numerical Procedures

Several numerical methods have been developed to predict the fatigue crack front

shape’s evolution and its effect on the crack growth rates. Different formulations of

Finite Element Analysis (FEA) have been successfully employed to characterise the

3D stress and displacement fields near the crack tips over the past decade.
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These include direct numerical techniques as well as simplified procedures. The

direct numerical procedures for fatigue phenomena can be broadly divided into five

main steps: (1) develop a numerical model of the cracked body, including all relevant

geometry characteristics. The model needs to represent the component geometry,

materials, boundary conditions, applied loads and initial crack shape accurately; (2)

calculation of the effective stress intensity factors along the crack front; (3)

application of the crack growth model and calculation of the crack front advance,

normally by using a Paris-type law (4) comparison of the results along the crack front

(5) determination of a new crack front. The different successive simulations need to

be carried out until a stabilised crack front shape (or final fracture) is attained. The

new crack front shape can normally be determined using two developed approaches:

namely, the two-degree of freedom and multiple-degree of freedom models.

The two-degree of freedom models are based on the fitting equations, tables, and

diagrams, and are available in the literature for node propagation in particular crack

front shapes (i.e., elliptical shapes). In these methods, only the displacement of the

deepest interior point, or both the deepest interior and the surface intersection points,

or a limited number of key crack front points need to be considered. On the other

hand, the displacement of crack front nodes should be analysed separately in the

multiple degree of freedom models. These models take into account the more

realistic fatigue crack front shapes (i.e., irregular crack shapes) as well as the effects

of plasticity-induced crack closure and 3D corner singularity on the front shape

evolution during fatigue growth. Some representative examples for the two-degree

of freedom and the multiple-degree of freedom models are given in the following

section.

2.3.11 Simplified Shape Modelling Approaches

Past experimental studies have demonstrated that for many structures subjected to

cyclic loading surfaces, cracks normally maintain an almond shape up to the final

region (fracture) of propagation (Carpinteri & Vantadori 2008).
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It has also been found that the front of almond-shaped fatigue cracks can be

approximated quite accurately by an elliptical curve (Brighenti & Carpinteri 2013).

This finding greatly simplifies the crack growth modelling by reducing the number

of variables describing the crack front. This simplification also allows for advanced

design optimisation through parametric and sensitivity studies of various structures

with surface defects (Couroneau & Royer 1998).

Fatigue crack front shape evolution and fatigue life can be simplified by reasonably

assuming the crack geometry using classic linear elastic Fracture Mechanics, or with

more advanced two-dimensional (2D) or three-dimensional (3D) fatigue models

incorporating the crack tip plasticity effects, out-of-plane constraint, plasticity, or

roughness-induced closure phenomena, etc.   Kassir and Sih (1966) were among the

first researchers who examined the general characteristics of the three-dimensional

stress field near a crack tip. Hartranft and Sih (1970) developed an approximate

theory for the stress distribution in an infinite plate containing a through-the-

thickness crack by application of quite sophisticated integral equations. This work

has demonstrated that the 2D elastic solutions are not valid near the free surface.

Further improvements in the predictions were obtained by using an asymptotic

solution near the fatigue crack front (Yosibash and Shannon, 2014). In this approach,

the presence of a 3D corner (vertex) singularity at the points where the crack front

intersects the plate’s free surfaces is ignored.

The displacement stress fields and the power of singularities near the intersection of

the crack front and the free surfaces (the boundary layer region) were investigated

by Shivakumar and Raju (1990). Their log-log regression analysis along the crack

front showed that finite sized cracked bodies have two singular stress fields

(cylindrical and vertex) near the free surface and the strain energy release rate is an

appropriate parameter to measure the severity of the crack.  De Matos and Nowell

(2008) employed a comprehensive 3D finite element analysis to finite thickness

plates with a central through-thickness crack to understand the effect of the 3D corner

point singularity and elastic constant (i.e., Poisson’s ratio) on the stress intensity

factors and elastic stress fields near the crack front.



51

The elliptical surface cracks in round bars under cyclic axial and pure bending loads

have previously been studied by means of the Paris law as a function of bar diameter

(Shin & Cai 2004). The crack aspect ratios of the initial flaw are normally utilised to

vary from 0 (a straight crack front) to 1 (a circular-arc crack front) under stable

conditions. Carpinteri and his colleagues have conducted extensive numerical studies

to establish a link between the applied cyclic tension or bending loading and crack

shape evolution in a round bar using the simplified models (Carpinteri et al. 1992,

1993, 1995, 2013). It was found that the propagation path is independent of the stress

range of the cyclic axial loading, and the aspect ratio of the surface crack, defined by

the ratio of its semi-axes, can be changed during fatigue growth. It has also been

argued that the intersection angle between the crack front and the external surface of

the bar (the critical angle) is barely affected by the normalised loading eccentricity

parameter, which is the loading distance to the centre of the bar, divided by the bar

radius (Carpinteri & Vantadori 2009).  Similar conclusions have been derived by

Couroneau and Royer (1998) using a two-parameter numerical model. It was

demonstrated that a few parameters, namely the initial crack aspect ratio, the

exponent in Paris law and the type of loading, have an influence on the crack front

evolution.

Toribio et al. (2011) employed an elastic 3D finite element analysis to cylindrical

geometries with transverse surface cracks subjected to axial tensile loading to

understand the effect of fatigue crack growth parameters on the stress intensity

factors. In this work it was proved that materials with higher values of the Paris

parameter, m, produce slightly greater dimensionless compliance and a better

convergence between the results for straight or circular initial cracks. He et al. (2014)

proposed an efficient numerical technique for the evaluation of fatigue crack front

shapes and their effect on the steady-state fatigue crack growth rates in plate

components. The proposed simplified procedure is based on several implicit and

explicit assumptions and utilises the earlier-developed analytical model (Codrington

& Kotousov 2009) for plasticity-induced crack closure in plates of finite thickness.
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So far, the available simplified solutions to 3D crack problems are usually limited to

very simple problems, such as through-the-thickness cracks in an infinite elastic plate

or semi-elliptical surface cracks in round bars. In addition, the simulation of

plasticity-induced crack closure using FEA has some inherent difficulties related to

the mesh refinement or the crack growth scheme, which usually consists of releasing

nodes ahead of the initial crack tip and the region in which the crack is allowed to

grow. The numerical study can be performed at minimum load, maximum load or

during the loading/unloading cycle. Therefore, the outcomes of such numerical

simulations should be treated with caution.

2.3.12 Direct Shape Modelling Approaches

Many numerical investigations in the past have focused on the development and

optimisation of the multiple degree of freedom models. These methods can be

generalised for many geometries and boundary conditions, specifically, for which

the other approaches may not work or be costly (e.g., experimental validations).  The

most popular methods for investigating fatigue crack growth using direct shape

modelling approaches is the use of finite element simulations with empirical

correction factors. The use of finite element analysis allows for engineering problems

to be examined in greater detail than was previously possible.

The different formulations of finite element analysis have been applied successfully

over the last decades for simulation of the front shape evolution at stable fatigue

crack propagation. Smith and Cooper (1989) were the first to apply multiple degree

of freedom models with no shape constraints for the analysis of fatigue crack growth

problems. In these models, the crack front needs to be divided into several segments

and the nodes are connected to each other using straight lines or curves. Since their

pioneering study, the number of scientific publications has grown progressively. For

example, Lin et al. (1998, 1999a, 1999b) have demonstrated that numerical

simulations developed using multiple degree of freedom models predict about thirty

percent more accurate fatigue life estimations for engineering components in

comparison with the results of two degree of freedom methods.
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Lin and his colleagues examined the fatigue crack growth and characteristics of a

range of different surface defects in finite thickness plates under tension and bending

loads.

Branco and his colleagues (2008a, 2012 and 2015) developed the three-dimensional

automatic fatigue crack growth technique to predict crack shape evolution and the

number of fatigue cycles in various practical geometries such as plates and round

bars. The automatic fatigue crack growth technique has since been extended in many

of the following works, with incorporation of the plasticity-induced crack closure

effect during fatigue growth up to failure (Branco et al., 2008b and 2014). In these

studies, it was demonstrated that the crack closure has a significant effect on the

independent tunnelling parameter (crack depth over thickness). The developed

modified three-dimensional automatic fatigue crack growth techniques were

validated successfully via a separate experimental study.

The automatic fatigue crack growth techniques utilised in numerical simulation are

shown in Figure 3. The procedure comprises five main steps: (1) the initial step is

setting up a three-dimensional finite element model. This step includes the definition

of the geometry, boundary conditions, loadings, initial crack shape, and material

properties; (2) calculation of the displacement field in the crack front nodes; (3)

calculation of the stress intensity factors along the crack front using point matching

techniques (the stress extrapolation method, displacement extrapolation method,

hybrid extrapolation method, etc.) or energy-based methods (J-integral method,

domain integral approach, etc.); (4) determination of a new crack front with the

application of crack advance schemes; (5) move the location of the corner and mid

side nodes using a parametric curve depending on the crack front shape and corner

node position (i.e., cubic spline function). This process continues until a specified

crack advance or final fracture is achieved.
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Gardin and his collaborators have used two independent numerical models with

increasing levels of complexity (parabolic and elliptical) for 3D numerical

simulations of the plasticity-induced crack closure of through-thickness plane cracks

(Gardin et al. 2016).  Figure 4 illustrates the adopted scheme of the 3D adaptive re-

meshing technique adopted by Gardin for prediction of crack front shapes. Sevcik et

al. also developed an iterative technique for the estimation of a fatigue crack front

shape based on linear elastic Fracture Mechanics using values of the stress

singularity exponent. It is found from the careful numerical studies that the more

significant influence of free surfaces on the stress singular behaviour is apparent in

the case of thin-wall structures (Sevcik et al. 2012).

In general, traditional 3D FEMsare rather difficult to adopt for 3D crack propagation

modelling, see Fig. 4. Moreover, these methods can be either mesh-dependent and

require the incorporation of sophisticated re-mapping and re-meshing techniques.

(a) (b) (c) (d) (e)
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Figure 3: Schematic presentation of the 3D finite element automatic crack growth

technique (a) crack front definition; (b) calculation of the displacement field of crack

front nodes; (c) calculation of stress intensity factors at front nodes; (d) calculation

of the advances of crack front nodes; (e) relocation of the corner and intermediate

nodes of crack front (Branco et al. 2014)
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Figure 4: Prediction process for crack front shape estimation with re-meshing

techniques (Gardin et al. 2016)

In order to eliminate the need to conduct frequent remeshings and reprojecting the

solution on the updated mesh, Belytschko and Black (1999) presented a new mesh-

independent method, which significantly reduced number of remeshing procedures

during crack growth simulations. This method was further advanced (Moës et al.

1999) into a fully mesh-independent method without any need for re-meshing. The

method has later become known as the eXtended Finite Element Method (X-FEM),

and it has become widely popular for solving continuum mechanics problems

containing discontinuities like cracks and material interfaces (Rege and Lemu 2017).

The X-FEM is now considered as a powerful numerical technique for obtaining

approximate solutions of problems which involve singularities, discontinuities,

localized deformations, and complex geometries.
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In XFEM, the treatment of a discontinuous displacement field along the crack surface

is accomplished by simply introducing additional discontinuous functions into the

FE formulation. Furthermore, when XFEM is combined with level sets, the entire

representation of the feature, such as the geometry and the displacement field of a

crack, can be constructed in terms of nodal values at the nodes of the original mesh.

An appealing feature of the XFEMs is that it can be applied to fracture problems with

curved crack fronts in a straightforward manner without concern for element

meshing details along the crack front (Ayhan 2011). However, control of the

accuracy of numerical calculations remains the main drawback of XFEMs as well as

other similar numerical methods, e.g., mesh-free methods.

2.4 Conclusion

An important advance in modern engineering analysis has been the introduction of

techniques to evaluate the remaining life (fatigue assessment) of structures that have

been in operation. These techniques are mostly based on Fracture Mechanics, and it

is therefore important to acquire an understanding of Fracture Mechanics and its

application in detail.

The overall conclusion is that the direct numerical approaches are able to describe

the shape evaluation of fatigue cracks; however, the application of direct numerical

approaches to particular problems is very difficult and may not work for specific

conditions. The validation and convergence of the models are also major issues with

direct numerical simulations. In addition, direct methods suffer from the many

inconsistences associated with the effects of the 3D corner (vertex) singularity,

contact conditions as well as various material and geometry related non-linearities.

Hence, it is more promising to investigate 3D fracture and fatigue problems using

simplified analytical or semi-analytical approaches. The latter is the focus of the

current thesis.
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Chapter 3

Gaps, Objectives and Organisation of the Thesis
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3.1 Research Gaps

Considerable amounts of research on the fatigue crack growth phenomenon have

been conducted over the years. Despite the significant effort, there are still many

issues that need to be investigated and addressed in order to improve theoretical

predictions. In particular, it is not possible to accurately predict fatigue crack front

shapes and their evolutions during cycling loading with the current methods for

various structural components of practical interest. The influence of the idealised (or

simplified) shapes utilised in the current standards and assessment procedures in

terms of the accuracy of the existing fatigue life evaluation procedures is also unclear

and has not been well investigated to date.

It was also found from the review of the relevant literature that application of the

current numerical techniques for fatigue crack growth evaluation is highly complex

and normally very demanding in terms of time and computational effort. Moreover,

the numerical techniques suffer from many uncertainties and still frequently require

calibration or validation against experimental results.

The current project aimed to address the issue of 3D modelling of fracture and fatigue

problems through the development of new simplified methods, which incorporate

more realistic 3D crack front shapes into fatigue and fracture analysis. The outcomes

of the current 3D analysis of fatigue and fracture problems are compared with

previous experimental studies for several materials and a range of load conditions

and geometries. The developed methods have been found to be in good agreement

with past experimental studies and agree well with the outcomes of numerical

simulations.



67

3.2 Objectives

The overall objective of the present PhD research project is to understand and

elucidate the role of 3D stress states in fracture and fatigue phenomena and consider

the influence of more realistic 3D crack front shapes on fatigue lifetime evaluations.

The specific aims of this project are as follows:

Ø Investigate the effect of 3D corner singularity on stress and displacement

fields, as well as on the fatigue crack front shape evolution near free surfaces.

Ø Develop and verify new simplified modelling methods for the front shape

evaluation in typical structural components, e.g., plates and circular bars.

Ø Investigate and incorporate the plasticity induced crack closure effects into the

simplified models and validate these models against past experimental studies.

3.3 Organisation of the Thesis

This thesis is presented in the form of a compendium of publications in high impact

international journals. It is comprised of published articles, which represent the main

outcomes of the research undertaken by the author, united by the same research

objectives, as specified above.  The articles, which form the main body of the thesis,

are also united within a common framework, which is 3D Fracture Mechanics.

This thesis is organised into eight chapters. In the Introductory chapter, the overall

significance of the research undertaken in the areas of fatigue and fracture is

described. The historical development of the field and the main motivation of the

current research are also provided. The second chapter is devoted to the literature

review. The literature review was divided into two main parts: (1) Introduction to 3D

Fracture Mechanics and (2) General overview of fatigue phenomena, focusing on 3D

effects associated with the evolution of crack front shapes during cyclic loading. The

provided literature review identified research gaps in the current knowledge and

methods in relation to the role of the 3D stress states in deformation and failure

phenomena. Chapter 3 covers the research gaps and objectives and provides the

organisation of the thesis.
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The specific investigations and developments undertaken in this study can be found

in each of the research articles published or submitted for publication by the

candidate in collaboration with his colleagues.

The outcomes of the thesis are described in separate articles representing four

chapters of this thesis. One additional paper, which is relevant to the topic of the

thesis and a limited contribution of the candidate, is also provided in the Appendix.

The purpose of the following sections is to provide a brief description of Chapters 4

to 7.

Chapter 4: Understanding the influence of 3D corner singularity on crack front

shapes near a free surface

The chapter is devoted to the investigation of the 3D corner (vertex) singularity’s

effects on the crack front shapes and the conditions that can affect the shape of the

crack front near free surfaces. Contrary to the in-plane singularities, for which the

strength is described by the inverse square root behaviour, the strength of the corner

singularity also depends on Poisson’s ratio, alongside the intersection angle between

the crack front and the free surface.

Many experimental studies and test results have demonstrated that fatigue crack front

shapes are not straight. There are at least two main phenomena responsible for this

experimentally-observed phenomenon: plasticity and 3D corner singularity effects.

The concept of the critical angle, which has been widely investigated experimentally

in recent years, is tested against past experimental results for different geometries

and loading conditions. It is demonstrated in this chapter that the critical angle is a

valid hypothesis if the plastic (or process) zone is much smaller than the size of the

region controlled by the 3D vertex singularity.
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Chapter 5: Development of simplified methods to describe the front shapes of

through-the-thickness fatigue cracks

Four different semi-analytical models for the evaluation of front shapes of fatigue

cracks under quasi-steady state conditions are developed in this chapter. These

simplified models are based on the Stress Singularity Matching concept, the use of

first-order shear deformation theory, modelling effects of the out-of-plane and

in-plane constraints on crack closure levels, and the iso-K criterion.

Chapter 6: Development of simplified methods to describe the front shape evaluation

of surface-breaking fatigue cracks

The major outcome of this chapter is the development of a new analytical approach

for the evaluation of fatigue growth of surface flaws to a wide range of practical

situations. One of the desired outcomes of this part of the research was to develop a

simplified approach capable of incorporating plasticity-induced crack closure into

the developed tools. In this study, analytical equations were developed based on two

characteristic points for distribution of the stress intensity factor along the front of

elliptical or part-elliptical cracks. A very good agreement is observed between the

present results and the experimental data. This agreement could be further improved

by introducing the crack closure effects.

The second objective of this chapter was to develop an effective new method based

on the compliance function (the ratio of displacement to applied force) for the

evaluation of elliptical, semi-elliptical and part-elliptical cracks. A theoretical

relationship is derived for the distribution of stress intensity factors along the fatigue

crack fronts from energy considerations in the linear-elastic materials. The technique

presented in this thesis is applicable to a wide range of practical geometries and

loading conditions.
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Chapter 7: Development of simplified analytical models to investigate the effects of

plasticity-induced crack closure on the front shape evolution of fatigue cracks

A new, combined, semi-analytical method was developed to simulate the fatigue

growth of surface cracks in round bars subjected to cyclic tension and/or bending. It

is assumed that the crack has elliptical or part-elliptical shapes. The developed

method is capable of incorporating plasticity-induced crack closure models. This

procedure is based on the concept of equivalent thickness using the out-of-plane and

in-plane constraints for evaluation of the plasticity-induced crack closure effect.  It

is demonstrated that fatigue crack growth is very sensitive to the initial crack length,

the initial crack shape, the exponent of Paris law, the loading scenario, and plasticity-

induced crack closure effects. Comparison with the experimental results

demonstrated a good agreement.

The overall conclusions and suggestions for further work are provided in the last

chapter. An Appendix is also included, which represents a compilation of the

candidate’s publications related to the main topic of the thesis.
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Abstract: The front of through-the-thickness fatigue cracks in plates made of the various materials is 
often notably curved, specifically near the plate surfaces. However, for the sake of simplicity, the crack 
shape front and its evolution during crack propagation are normally disregarded in the current 
procedures of the fatigue crack growth evaluation. Our long term objective is to understand this 
phenomenon, develop modelling tools and incorporate more realistic crack front shapes into fatigue 
failure analysis. These modelling tools are expected to better predict failure and life-time of plate and 
shell components subjected to the cycling loading. 
 
In this study, the steady-state front shapes of the through-the-thickness cracks are investigated. When 
the size of the plastic zone is very small, the angle at which the crack front intersects the free surface is 
governed by the three-dimensional (3D) corner singularity or by a critical angle, which is a function of 
Poisson’s ratio. The steady state conditions of fatigue crack propagation also require the uniform 
distribution of the local effective stress intensity factor range along the crack front. This parameter is 
evaluated numerically for different crack front shapes using 3D Finite Element Analysis (FEA). This 
paper presents the methodology, selected results of the numerical simulations, and a comparison 
between the obtained results and the outcomes of the experimental studies. 
 
Keywords: Numerical study, Crack front shape, Small scale yielding, Through-the-thickness cracks, 
Fatigue life estimation 

1. INTRODUCTION  

Fatigue growth of cracks in plate components is often simplified with the plane geometry i.e. assuming 
that the crack front is straight and all points along the crack front are subjected to the same loading 
conditions. This assumption allows the evaluation of fatigue crack propagation with the classical linear 
elastic fracture mechanics or with more advanced two-dimensional (2D) fatigue models incorporating, 
the crack tip plasticity effects, out-of-plane constraint, plasticity or roughness induced closure 
phenomena, etc. The plane models (2D) are capable to accurately evaluate the fatigue life of structural 
components in many cases. However, recent studies provided numerous evidences that these fatigue 
models may lead to the inaccurate predictions when applied to the certain practical situations. For 
example, Bellett et al. [1] demonstrated that commonly used methods for notch fatigue assessment are 
not able to predict the behaviour of 3D stress concentration features in both welded joints and features 
machined from solid steel. Therefore, the further progress is necessary towards the development of 
more adequate fatigue life evaluation procedures. The three-dimensional modelling of the crack 
geometry can improve upon the prediction of plane models as the real fatigue cracks are inherently 
three-dimensional [2]. 
 
Many experimental studies and test results demonstrated that fatigue crack front shapes are not straight 
but curved [3,4]. There are at least two main phenomena responsible for the experimentally observed 
curvature of the front of fatigue cracks: the thickness effect and 3D corner singularity effect. In plate 
components of finite thickness, the stress state near the plate surfaces approaches plane stress, 
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whereas in regions away from the plate’s free surfaces, the stress state is tri-axial. The variation of the 
out-of-plane (transverse) stresses leads to a variation in the constraint factor and the plasticity-induced 
crack closure values across the initially straight crack front. Therefore, the crack front shape normally 
evolves during fatigue crack propagation until it can (or cannot) reach a steady-state conditions. This 
condition corresponds to the uniform distribution of the fatigue crack driving force along the crack front. 
The local stress intensity factor is often considered regarded as the fatigue crack driving force in high 
cycle fatigue propagation. 
 
The other phenomenon leading to the crack front curvature is the presence of the 3D corner (or vertex) 
singularity at the points where the crack front intersects the plate free surfaces. In 3D crack problems, 
the order of the singularity at the free surface depends on the Poisson’s ratio and the intersection angle 
of the crack front with the free surface. Bazant and Estenssoro [5] argued from energy and other 
considerations that the front edge of a propagating crack must terminate at the free surface at an oblique, 
critical angle βc, see Fig.1. The critical angle is a function of the Poisson’s ratio ensuring inverse square 

root singularity (r−1/2) at the corner points, same as the other points on the crack front. An analytical 
solution for the critical intersection angle is not available, although several numerical results can be 
found in the literature. The concept of critical angle was widely investigated experimentally in the recent 
years. It was demonstrated in several studies that when the plastic zone at the fatigue crack front is very 
small, the front edge intersects the free surface at the critical angle as predicted theoretically. For 
example, Heyder et. al. [6, 7] reported experimental measurements of the angle, at which the crack 
fronts break the free surface for the transparent specimens (PMMA) under four-point bending conditions. 
These measurements have shown that the crack front is shaped so as to ensure the same singular 
behaviour at the intersection of the crack front with the free surface and in the rest of the crack front for 
fatigue crack growth under pure fracture mode I.   

 

 

 

 

 

Figure 1. Elliptical-arc crack front shape for geometrical parameters crack propagation 

Despite many experimental evidences supporting 3D considerations, only a limited number of 3D 
studies have been conducted on fatigue crack growth propagation. This is primarily because 3D 
simulations are far more complex, more time consuming and demand more powerful computing 
resources. The simulation of plasticity-induced crack closure using the FEA has some inherent 
difficulties related to the mesh refinement, crack growth scheme, which usually consists of releasing 
nodes ahead of the initial crack tip, and the stage at which crack is allowed to grow. The numerical study 
can be performed at minimum load, maximum load or during the loading/unloading cycle. Therefore, the 
outcomes of such numerical simulations should be treated with caution. 
 
In this paper, we present a simplified procedure for the evaluation of the fatigue crack front shapes under 
steady-state growth when the plastic effects at the crack front are very small in comparison with the 
other dimensions, and in particular with the size of the region controlled by the 3D corner singularity. In 
this case, the angle at which the crack front intersects the free surface is very close to the critical angle 
in accordance with the previous experimental studies. The smallness of the plastic zone allows utilising 
the local elastic stress intensity factor range as the fatigue crack driving force. By considering a simple 
parametric family of the shapes of the crack front we select the one, which provides a more uniform 
driving force along the crack front. This is accomplished with the help of a series of careful 3D finite 
element simulations. In this paper, we present the selected outcomes of the FE simulations and provide 
a comparison between the obtained numerical results and the outcomes of experimental studies. 
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2. METHODOLGY  

In this section, we briefly outline the adopted methodology for the evaluation of the steady-state front in 
the through-the-thickness cracks. First, we approximate the shape of the crack front by a two-parameter 
elliptical curve, which can be described as: 

x = b√1 −
z2

a2
              − h ≤ z ≤ h (1) 

where a and b are the major and minor axis of ellipse as shown in Fig. 1. As discussed in the Introduction, 
when the plasticity effects are small, the crack front tends to intersect the free plate surface at the critical 
angle, βc. The critical angle is a function of Poisson’s ratios and type of loadings. It is found that the 
critical intersection angle can be approximated by the following formula [8]: 

tan βc =
ν − 2

ν
 (2) 

The above empirical equation suggested by Pook is only valid for the brittle materials. When the size of 
the plastic zone is greater than 1% of the plate thickness (typically), the stress state near the vertex 
location is not controlled by the elastic singularity. In these cases, the plasticity effects become more 
important and together with the vertex singularity effect leads to the greater critical angles for elastic-

plastic materials. To find b, we need to make sure that  

∂x

∂z
|

z=±h
= −

bh

a√a2 − h2
=  

ν

ν − 2
   (3) 

From the previous equation: 

b =
aν

(2 − ν)
  √

a2

h2
− 1 (4) 

Substituting Eq. (4) into Eq. (1): 

                          x(z) =
aν

(2 − ν)
√

a2

h2
− 1  × √a2 − z2             − h ≤ z ≤ h (5) 

This equation meets the condition that the crack front intersects with the free surface at the critical angle 

given by Eq. (2), and represents a parametric curve with one single parameter, a. Further, the Paris law 
is utilised to identify the steady state shapes. In accordance with the Paris law the speed of the crack 
growth, V,  is given as:   

V = C(∆K)m  (6) 

where ∆K is the stress intensity factor range of fatigue driving force, C and m are the material constants. 
The steady-state condition of the crack propagation requires that the projection of the crack growth 

speed along the crack propagation direction (which is x-direction, see Fig.1) to be constant for all points 
along the crack front, or  

Vx(z) = V (z)cos α = Constant (7) 

This condition cannot be satisfied exactly with any multi-parametric equation describing the possible 
crack front shapes. However, the shape, which minimises the difference of the crack growth speed (7) 
along the crack front, can be considered as a first approximation of the actual fatigue crack front shape. 
The standard deviation approach can also be used to quantify this difference at different values of the 
parameter a in Eq. (5):  

SD(Vx) =
1

2h
∫ (Vx

avg
− Vx(z))

2

dz

h

−h

 (8) 

where Vx
avg

 is the average speed of the crack front.  
 
In other words, we determine the value of parameter a, which minimises the standard deviation of the 
crack growth rate along the crack front (−h ≤ z ≤ h), or SD(Vx) → min to identify the realistic crack front 
shape. The local stress intensity factor range, ∆K, in Eq. (6) is evaluated numerically using the 3D finite 
element method. The modelling approach is briefly described in the next section. 



 

3. 3D FINITE ELEMENT MODELLING APPROACH 

The finite element geometry of a through-the-thickness crack in an elastic plate is shown in Fig. 2. By 
taking advantage of the symmetry conditions, only a one quarter of the crack problems is modelled. The 
crack front is normal to the free surface. The radial dimension of the FE model is taken approximately 
seven times larger than the plate thickness. In accordance with the previous studies, this is sufficient to 
accurately describe the 3D effects near the crack front [9].  
 
The FE models corresponding to different values of the parameter, a, are meshed with 20 node 
hexahedral elements. The global and local meshes are shown in Fig. 2. A more dense mesh is applied 
near the crack front where the stress gradient is expected to be maximum. Further details of the 
modelling approach can be found in papers published by the present authors [10,11,12]. The numerical 
simulations were carried out using APDL scripts and ANSYS finite element software package, version 
17.2. 
  

      
 

Figure 2. Finite element mesh around crack front 

The opening mode is a major mode of the crack propagation and failure in components with the cracks. 
As such, Mode I fracture is the focus of our discussion and crack front estimation in the elastic materials. 
The displacement boundary conditions are applied on the plate edges corresponding to pure mode I. 
The plane-stress displacements far from the crack tip were calculated in accordance with the William’s 
solution [13]: 

ux(r, θ) = (
r

2π
)

1/2 (1 + ʋ)

E
[KI

∞fx
I(θ)] (9) 

uy(r, θ) = (
r

2π
)

1/2 (1 + ʋ)

E
[KI

∞fy
I(θ)] (10) 

where 

fx
I(θ) = cos

θ

2
(k − 1 + 2 sin2

θ

2
) (11) 

fy
I(θ) = sin

θ

2
(k + 1 + 2 cos2

θ

2
) (12) 

Here r is the distance from the crack tip, θ is the angle measured from the symmetry line, and KI
∞ is the 

remotely applied mode I stress intensity factor. k is Kolosov’s constant for plane stress and plane strain 
conditions. The plane stress k value has been considered in the boundary conditions: 

k =
3 − ʋ

1 + ʋ
 (13) 

Bakker [14] showed that a cracked plate under plane stress undergoes a change to plane strain 
behaviour near the crack tip.  He adds that the radial position where the plane stress to plane strain 
transition takes place strongly depends on the position in the thickness direction. The degree of plane 
strain is essentially zero at distances from the tip greater than five times of thickness, even in the middle 
plane of the plate [15].   
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4. SELECTED RESULTS  

In this section, we show the influence of Poisson’s ratio, ν, and Paris law exponent, m, on the crack front 
shapes at the condition of the steady-state propagation. It is clear that the constant C in the Paris law 
does not affect the calculations and the minimisation of the standard deviation (Eq. 8).  

 

Figure 3. Effect of the Poisson’s ratio on the crack front shapes 

Fig. 3 shows the effect of Poisson’s ratio on the crack front shapes. The shapes become more curved 
and deeper with the increase of Poisson’s ratio as the critical angle, βc, becomes larger at the greater 
Poisson’s ratios, see Eq. (2). It is interesting to note that the 3D corner singularity effect is normally 
confined to a close vicinity of the vertex region, typically to the distance of several percent of the plate 
thickness, however, its effect on the crack front shapes is quite significant. This can be explained by the 
intersection angle governed by the 3D corner singularity, which significantly affects the shape. This is 
because the shape cannot be changed in an abrupt manner, so it follows this initial direction given by 
the critical angle. 

 
Figure 4. Crack front shapes corresponding to various values of fatigue constant m 
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Contrary to the strong effect of Poisson’s ratio on the crack front shapes, it seems, the effect of the 
fatigue crack growth material constants, C and m is quite small. The whole range of possible fatigue 
exponent corresponding to structural materials was investigated with the proposed method for the 
particular geometry and loading conditions. However, these material constants are expected to have a 
large effect on the evolution of the front shape in the case of changing in the loading or boundary 
conditions. 

5. COMPARISON AGAINST EXPERIMENTAL RESULTS 

The proposed method for the evaluation of the steady-state crack front shapes was compared against 
an experimental study of Borrego, 2001 [16].  In this study, the centre-cracked panels with a thickness 
of 3mm were subjected to the constant fatigue loading. The panels were made of 6082-T6 aluminium 
alloy. The fatigue properties and parameters of fatigue loading are given in Table 1. The fatigue cracks 
were grown over a sufficiently large distance from the initial notch to ensure the quasi-steady state 
conditions of propagation (Fig 5).  

Table 1. Material properties and cyclic loading conditions for an aluminium plate with a through-
thickness crack under fracture opening mode [Borrego, 2001] 

Poisson’s 
ratio (ν) 

Young’s 
Modulus (E) 

Load ratio 

(R) 

Crack length 

(2a) 

Exponent in 
Paris' law (m) 

Material yield 
stress (Ϭy) 

0.33 74GPa 0.25 8mm 3.456 307MPa 

 

 
Figure 5. The experimental crack front shape with a through-the-thickness crack [16] 

Fig. 6 shows a comparison of the experimental crack front shape and the one, which was obtained with 
the proposed method. It can be stated that the experimental results and theoretical predictions are in a 
good agreement.  

  

Figure 6. Comparison between the predicated and experimental crack front shape 
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Table 2 presents some intermediate results of numerical simulations, from which the realistic shape is 
selected. Parameter a  is changed from 1 (this value corresponds to straight crack front) to 1.5, which 
results into the aspect ratio of the principle axis of the elliptical curve 0.34. A finite element model was 
developed for each parameter a, and the standard deviation of the crack growth rate along the crack 
front, S(Vx), was evaluated in accordance with the procedure presented in Sections 2 and 3. 

Table 2. Comparison between the maximum stress intensity factor and standard deviation of the 
average crack speed under Mode I loading (m = 4.224, 2h = 3mm, ʋ = 0.33, R = 0.25) 

a h⁄  1.00 1.05 1.10 1.2 1.50 

b a⁄  0.00 0.06 0.09 0.15 0.22 

Tunnelling effect, Pt 0 0.023 0.029 0.035 0.042 

S(Vx) 2.38E-05 2.87E-06 2.06E-07 1.06E-06 8.07E-06 

 
From Table 2, it follows that a/h = 1.10 provides the minimum error, which corresponds to the steady 
state condition. In addition, the tunnelling effect, Pt, which is the ratio of the crack depth to the plate 
thickness, is also determined from the numerical simulations. This tunneling effect for the steady state 
shape is 0.03. The obtained tunnelling effect is in an agreement with the previous numerical studies, 
which were focused on the evaluation of this parameter [17,18].  
 
The corresponding estimated life cycles without consideration of the crack closure effect for the different 
crack front shapes are summarised in Table 3. The plate thickness and crack length were set at 3mm 

and 23.52mm. The values of the maximum stress intensity factor analysed were 20MPa√m with zero 
minimum stress intensity factor (Kmin = 0), which corresponds to R = 0. 

Table 3. Comparison between the maximum estimated design life (m = 3.456, C = 2.5054E-11) 

 Straight crack front Present study 

Max. Stress Intensity Factor at the Crack Front 21.282 21.002 

Estimated Life Cycles 2.42E+07 2.53E+07 

6. CONCLUSION 

In this paper, a new method and the outcomes of the numerical simulations of the steady-state crack 
front shape are presented. The main conclusions, which can be drawn from these simulations, are:  
 

• Poisson’s ratio has a strong effect on the fatigue crack front shapes; 

• The depth of crack front curvature increases with an increase in the Paris exponent. The effect 
of fatigue constants on the steady state shape of fatigue through-the-thickness crack was found 
to be small. However, these constants are expected to play a significant role in the evolution of 
the crack front shape until it reaches the steady-state (or quasi-steady-state) shape.  
 

The comparison with experimental results is quite encouraging and demonstrates the validity of the 
underlying assumptions, which were utilised in the present study: (1) the crack front shape intersects 
the free plate surface at the critical angle, (2) the local stress intensity factor can be considered as the 
fatigue crack driving force, which leads to the formation of the crack front shape under high cycling 
loading. The above assumptions might not be correct in the case of sufficiently large plastic effects near 
the crack tip. In this case, the plasticity induced closure, which is significantly different along the crack 
front, will be the one of the most influential factors affecting the crack front shape. The future work can 
be directed on the incorporation the plasticity induced crack closure effects into the calculation of the 
fatigue driving force, and the more complex geometries and crack shapes.  
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Abstract. A direct three-dimensional (3D) finite element modelling of fatigue crack growth in
structural components still represents a formidable task due to a complex singular behaviour of the
stress field along the crack front as well as strong non-linearities associated with material plasticity
and the change of contact conditions between crack faces during the loading cycle. The complexity
of the 3D numerical modelling of fatigue crack growth largely motivates the development of
simplified approaches. This paper describes several possible approaches for the evaluation of front
shapes of fatigue cracks. These approaches are based on (1) the elimination of the corner singularity
effect, (2) predictions based on the first-order plate theory, (3) the equivalent thickness concept, and
(4) the Iso-K criterion. This paper briefly outlines these simplified approaches and presents some
theoretical predictions for the case of through-the-thickness cracks propagating in plates under quasi-
steady-state conditions. The theoretical predictions are also compared with experimental
observations.

Introduction

The evaluation of fatigue failure of structural components is of permanent and primary interest for
engineers. Hence, significant research effort has been directed towards the development of fatigue
crack growth models over the past four decades. In particular, numerous early publications were
dedicated to the study of the fatigue crack closure concept, which was first introduced by Elber [1] to
explain the experimentally-observed features of fatigue crack growth in aluminum alloys. The number
of publications grew rapidly since his pioneering study, reaching a maximum around 1970. It is now
commonly accepted that the contributions of various mechanisms of crack closure, specifically the
plasticity-induced closure, are significant, particularly at the near threshold fatigue crack growth, in
retardation effects associated with overloads and acceleration of crack growth rates of physically short
cracks [2]. In accordance with this approach, the crack growth and the shape evolution are governed
by the effective stress intensity factor, K  , which is defined as:

K = K K = U K = U(K K ) (1)

where K  and K  are the maximum and minimum values respectively and U is the normalised load
ratio parameter (or the normalised effective stress intensity factors) which is often used to describe
the effects of loading and plate geometry on crack closure.

Prior to 1970, the plasticity and crack closure mechanisms were intensively investigated for two-
dimensional (2D) geometries utilising both plane strain and plane stress simplifications. With
advances in numerical modelling and the increase in computational power, it became possible to study
more realistic three-dimensional (3D) geometries as well as investigate the various near crack front
3D effects. A number of finite element (FE) models have been developed in the past to evaluate the
effective stress intensity factor, K , and normalised load ratio parameter, U, for various geometries
and loading conditions. However, these methods are difficult to implement in fatigue analysis due to
convergence and repeatability issues. One of the reasons behind the difficulties in modelling plasticity
and contact nonlinearities is the complex 3D singular stress fields, specifically near the vertex (corner)
points.
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In 3D problems the order of the singularity at the intersection of the crack front with the free surface
depends on the Poisson’s ratio and intersection angle. From energy considerations, it follows that
shape of the fatigue crack front must evolve to preserve the inverse square root singular behaviour
along the entire crack front. Therefore the fatigue crack has to intersect the free surface at a critical
angle, , which is a function of Poison’s ratio, . Several experimental studies, specifically for quasi-
brittle materials, have confirmed this prediction for mode I fatigue cracks. Other studies have
indicated that the effect of 3D corner singularity might not be very significant in the presence of a
sufficiently large crack front process zone. This is because the 3D corner singularity effect is a point
effect and is quite localised. The experimental results for surface fatigue cracks in round bars show
that the fatigue front preserves a semi-elliptical shape rather than the critical angle [3].

In this paper, we briefly outline four simplified approaches for the prediction of front shapes of
fatigue cracks. We also describe the application of these approaches to through-the-thickness cracks
as well as a comparison with experimental data.

Methods for Evaluating the Front Shapes of Fatigue Cracks

In this Section we briefly describe four simplified approaches for evaluating the front shapes of
fatigue cracks propagating in plates under quasi-steady state conditions. These approaches are based
on (1) the elimination of the corner singularity effect; (2) predictions based on the first-order plate
theory; (3) incorporation of plasticity-induced fatigue crack closure effect using the equivalent
thickness concept; and (4) the Iso-K concept.

1. Approach Based on the Elimination of Corner Singularity Effect

This approach is based on the so-called stress singularity matching. In accordance with this
assumption, the evolution of the crack front occurs in a manner that all points over the crack front
(including the corner points) have the same inverse square root singularity of the stress field. This
assumption implies that the angle, , is the same during the crack front evaluation and equal to the
critical angle, = , (see Fig. 1) at the condition of the steady-state propagation [4]. The critical
angle is a function of Poisson’s ratio only; for example, for  = 0.3,  100.40. It is interesting to
note that in accordance to the experimental study by Heyder et al. [5], in structures with flat free
surfaces, such as beams of rectangular or trapezoidal cross-sections, the fatigue crack front appears
to follow the stress singularity matching assumption; however, it is generally not supported by
experimental observations for structures with curved surfaces such as round bars [6].

Fig. 1. Critical angle, , in the case of a through-the-thickness crack propagating in a plate

An application of this approach to a steady state fatigue crack propagation requires the fulfilment
of two conditions: (1) stress singularity matching (or =  at the intersection with the free boundary)
and (2) the same value of the stress intensity factor along the crack front (Iso-K approach). The
practical realisation of this approach can be based on a minimisation of the stress intensity factor
variation along different front shapes, which can be described by a multi-parametric equation.

2. First-Order Plate Theory Predictions
Another approach for the front shape evaluation is based on first-order theory predictions. This

simplified theory is a natural extension of the classical plane stress/plane strain theories. The first-
order plate theory explicitly incorporates the plate thickness and the transverse stress components into
the governing equations, which retain the simplicity of 2D models.

za a

b
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Crack front
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Based on this theory, and utilising Budiansky-Hutchinson crack closure model [7], Codrington and
Kotousov [8] provided the following solution for the normalised load ratio, U, in the case of the small-
scale plasticity:

U(R, ) = a( ) + b( )R + c( )R (2)
where R is the load ratio; a, b and c are fitting functions given by the following equations:

a( ) = 0.446 + 0.266 e . ; b( ) = 0.373 + 0.354 e . ; c( ) = 0.2 0.667 e . (3)
where = K (h ) is a dimensionless parameter, K  is the maximum stress intensity factor, h
is the half-plate thickness, and  is the flow stress.

These equations correctly recover the limiting cases of very thin and very thick plates, i.e. when
 or 0, respectively. The details of the derivation of these equations can be found in the

original paper [8]. The application of this solution to the evaluation of the front shape of through-the-
thickness cracks can be found in He et al. [9], and will not be repeated here due to page restrictions.

3. Equivalent Thickness Concept

Several researches suggested a concept which simplifies the evaluation of the plastic constraint
effect on the plasticity-induced crack closure [10,11]. For example, based on an extensive 3D elasto-
plastic FE analysis for through-the-thickness cracks, She et al. [12] proposed to define the equivalent
thickness for arbitrary point, P, located on the crack front, see Fig. 2, as follows:

h = h z h (4)
where z is the distance from the mid-plane and h is still the half-thickness of the plate.

(a) (b)
 Fig. 2. Schematic illustration of the equivalent thickness method in the through-the-thickness cracks

The normalized load ratio is defined as:

U =
1 R

(5)

where  (see Eq. (6)) is a function of R and a global constraint factor, .

=
(1 R ) (1 + 10.34R )

1 + 1.67R . + 1
0.15

. (6)

The global constraint factor is a thickness (t) and Poisson’s ratio ( ) dependence parameter:

=
1 + t

1 2 + t
(7)

The normalized load ratio increases with an increase in the constraint factor at the constant applied
stress ratio. In the last equation, t can be calculated from the following equation:

t = 0.2088
r

h
+ 1.5046

r
h (8)

with the plastic zone size, r , as a function of flow stress, , defined as:

r =
16

K (9)

The practical realisation of this approach is normally accomplished by a simple crack advance
scheme, in which each point along the crack front moves in accordance with the effective stress
intensity factor range, K , see Eq. (1), with U  provided by relationships (5) – (9).
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4. Iso-K approach

In accordance with the Iso-K approach, the steady state fatigue crack propagation requires the
uniform distribution of the local stress intensity factor range along the crack front. The stress intensity
factor range can be evaluated numerically using 3D linear-elastic FEA.

The practical realisation of this approach for a steady-state propagation of through-the-thickness
cracks in plates can involve the evaluation of the stress intensity factor for two characteristic points:
at the middle, z = 0 and at the surface, z = h for a two-parametric set of equations representing the
front shapes, e.g. elliptical shapes. Further, the higher value of the crack closure at the free surface
may be incorporated into the theoretical predictions using various empirical equations for crack
closure proposed in the past, e.g. the one suggested by Newman and Raju [13].  The steady-state crack
growth requires the same fatigue crack growth rate, or

da
dN

= C ( K ) =
db
dN

= C( K ) (10)

where K  and K  are the stress intensity factor ranges at the surface and the mid-thickness points
of the crack front; C and n are Paris constants, which can be obtained experimentally for different
materials. Newman and Raju proposed the following relationship between the Paris coefficients at the
surface and deepest points for the plate components with a semi-circular crack under pure tension
cyclic loading condition [13]:

C = 0.9 C (11)
In this study we also utilized a coefficient of 0.8 for both selected materials to get a better agreement
with experimental data.

Comparison of Different Approaches

The proposed approaches for the evaluation of the steady-state crack front shapes were compared
against experimental studies [5,14]. In these studies, the centre-cracked panels were made of 2024-
T3 aluminum alloy and Polymethylmethacrylate (PMMA) with a thickness of 6.35mm and 40mm,
respectively. The advantage of PMMA material is its transparency which enabled an in-situ evaluation
of the crack front shape.

For the aluminum alloy specimens such an evaluation was done using benchmarking technique
and post-mortem analysis of fracture surfaces. Both specimens were subjected to constant amplitude
fatigue loading. The fatigue cracks were grown over a sufficiently large distance from the initial notch
to ensure the quasi-steady state conditions of propagation.

(a) (b)

Fig. 3. Comparison between the predicated crack shapes and experimental data for the specimens made of
a) 2024-T3 aluminium alloy, and b) Polymethyl methacrylate (PMMA)
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As it follows from the analysis of Fig.3, the simplified approaches work a bit better for the quasi-
brittle material (PMMA); and the Iso-K approach provides the best correlation with the experimental
results. Unfortunately, none of the approaches is capable to accurately describe the front shape of
fatigue cracks. This can be explained by the complexity of the crack closure phenomenon, which
currently represents one of the major challenges in 3D Fracture Mechanics.

Conclusion

The capability of several simplified approaches for the evaluation of the shape of fatigue crack
fronts has been studied using experimental results for a steady-state propagation of fatigue through-
the-thickness cracks in different materials. It is demonstrated that none of the approaches is capable
to accurately describe the shape of the fatigue cracks. An empirically introduced crack closure
equation allows for a better matching of the theoretical and experimental predictions. The outcomes
of this work and the comparison justify a need of further research in this area.
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Abstract: Fatigue failure of structural components due to cyclic loading is a major concern for
engineers. Although metal fatigue is a relatively old subject, current methods for the evaluation of
fatigue crack growth and fatigue lifetime have several limitations. In general, these methods largely
disregard the actual shape of the crack front by introducing various simplifications, namely shape
constraints. Therefore, more research is required to develop new approaches to correctly understand
the underlying mechanisms associated with the fatigue crack growth. This paper presents new
tools to evaluate the crack front shape of through-the-thickness cracks propagating in plates under
quasi-steady-state conditions. A numerical approach incorporating simplified phenomenological
models of plasticity-induced crack closure was developed and validated against experimental results.
The predicted crack front shapes and crack closure values were, in general, in agreement with those
found in the experimental observations.

Keywords: crack front shape; structural plates; through-the-thickness crack; steady-state loading
conditions; small-scale yielding

1. Introduction

The evaluation of fatigue life and failure conditions of structural components is of
permanent and primary interest for engineers. Over the past five decades, significant
progress has been made toward the development of more appropriate fatigue crack growth
models and life assessment procedures. Significant research effort has been directed to the
study of the fatigue crack closure phenomenon, which was first introduced by Elber [1] to
explain the experimentally observed features of fatigue crack growth in aluminium alloys.
The number of publications grew rapidly since this pioneering study, and continues to grow.
It is now commonly accepted that the contributions of various crack closure mechanisms,
specifically plasticity-induced crack closure, roughness-induced crack closure, and oxide-
induced closure, are significant, and these mechanisms are capable of explaining many
fatigue crack growth phenomena, e.g., the influence of thickness on crack growth rates,
retardation effects associated with overloads, or higher propagation rates of small cracks in
comparison with long cracks [2].

It is well-established that for relatively long cracks propagating in a non-aggressive
environment, the plasticity-induced crack closure dominates over the roughness-induced
crack and oxide-induced closures. The plasticity-induced crack closure models rely on far
fewer assumptions than the two other closure mechanisms. The first theoretical model was
developed by Budianski and Hutchinson [3] based on the two-dimensional Dugdale strip-
yield model [4]. The theoretical results demonstrated that opening stress intensity factor
is surprisingly high, and increases with an increase in the R ratio. All early crack closure
models for plate components utilised both plane strain and plane stress simplifications,
although real cracks are inherently three-dimensional (3D). To examine the thickness effect
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on crack propagation rates, empirical constraint factors were often used, demonstrating a
stronger correlation with experimental results. With the advance of numerical methods and
the increase in computational power, it became possible to eliminate these simplifications
and study more realistic geometries, as well as various 3D effects [5,6].

In 3D problems, the order of the singularity at the intersection of the crack front with
the free surface depends on Poisson’s ratio and the intersection angle. From energy con-
siderations, it follows that fatigue cracks have to preserve the 1/

√
r singularity. Therefore,

the fatigue crack has to intersect the free surface at a critical angle, βcr, which is a function
of Poisson’s ratio. Several experimental studies have reported that, at least, the Mode I
fatigue crack front is shaped to ensure the square root singular behaviour along the entire
crack front. However, it seems that the effect of 3D corner singularity is not very significant
in the presence of a sufficiently large crack front process zone [7]. This is because the 3D
corner singularity effect is a point effect, and is very much localised. Therefore, it might
be negated by the plasticity and damage formation near the surface. For example, in an
experimental study of steel circular bars subjected to bending and torsion, the experimental
intersection angles were found to be very different from the theoretically predicted critical
angles [8].

Considerably less effort has been directed toward the study of the effects of the
3D corner singularity and elasto-plastic constraints on plasticity-induced crack closure.
Generally, the direct 3D elasto-plastic simulations of fatigue crack growth demand much
greater computational resources [9]. These simulations have many issues associated with
the validation of the numerical solution and the accuracy of the obtained results. A number
of factors affect the accuracy, which are difficult to control: the mesh refinement, the type of
finite element, the crack advance scheme (which usually consists of releasing nodes ahead
of the crack front), contact conditions, and the local criterion of crack front opening. Branco
et al. [10] recently provided an exhaustive review concerning these aspects. The overall
conclusion was that the direct numerical approaches are capable of describing the shape
evaluation of fatigue cracks. However, the application of these approaches to particular
problems can be quite cumbersome. Each problem needs a large effort to calibrate the
solution and verify the results. These efforts are usually focused on the reduction in the
number of finite elements, the number of simulations required in the analysis, or, eventually,
the computation time, which cannot be considered to be of practical relevance [11].

In the present paper, a simplified procedure for the evaluation of the fatigue crack front
shapes of through-the-thickness cracks propagating under the cyclic loading conditions
is presented. The procedure is based on simplified methods for the evaluation of the
plasticity-induced crack closure effect, namely the equivalent-thickness method introduced
by Yu and Guo [12,13], as well as the analytical model developed by Kotousov et al. [14,15].
The outcomes of the simulation are compared with available experimental results obtained
at the same propagation conditions for validation purposes. The paper is organised as
follows: Section 2 addresses the method used to evaluate the crack front shape, as well
as the models introduced to evaluate the crack closure along the crack front. Section 3
describes the finite element model developed to calculate the stress intensity factors along
the crack front. Section 4 compares the predicted crack front shapes with those obtained
experimentally for different materials and propagation conditions. The paper ends with
some concluding remarks.

2. Crack Shape Simulation and Crack Closure Models

The main idea behind the evaluation of the steady-state shape of a fatigue crack
front proposed in this paper is to select a curve from a parametric family that minimises
the deviation of the fatigue driving force along the crack front. In other words, we first
specified a possible parametric set of curves in the crack plane (e.g., parabolic, hyperbolic,
or elliptical shapes) and then evaluated the local fatigue driving force using a finite element
model, along with simplified plasticity-induced crack closure models. In this study, the
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local fatigue driving force was defined by the effective stress intensity factor range, ∆Keff,
given by the formula:

∆Keff = U·∆K = U·(Kmax − Kmin) (1)

where U is the normalised load ratio parameter, or normalised effective stress intensity
factor, which is often used to describe the effects of loading and geometry on crack closure,
and ∆K is the traditional linear-elastic stress intensity factor range [16] defined by the
maximum and minimum values of the stress intensity factor experienced for a given load
cycle. The load ratio is therefore given by R = Kmin/Kmax. In the case of 3D problems,
this normalised load ratio is not a constant, but rather a function of the position along the
crack front, U = U(z). Thus, the local crack growth rate is a function of the effective stress
intensity factor range, i.e.,

∆Keff(z) = Kmax(z) − Kop(z) = U(z)∆K(z) (2)

where Kop(z) is the local opening load stress intensity factor, which corresponds to the
minimum load at which the crack faces, at point z, which are fully separated.

A number of sophisticated finite-element (FE) models were developed to evaluate
U(z) for different geometries and loading conditions. However, as discussed above, these
models have many limitations, and are quite difficult to apply in fatigue calculations.
Below, we consider two simplified methods for the evaluation of the normalised load ratio,
the equivalent-thickness model introduced by Yu and Guo [13], and the analytical model
proposed by Kotousov et al. [14,15], which are addressed in Sections 2.1 and 2.2, respec-
tively. These methods will be further incorporated into the 3D linear elastic finite element
simulations to evaluate the shape of the through-the-thickness cracks. This evaluation
will be performed via the corner singularity method [17], which is briefly presented in
Section 2.3.

2.1. Equivalent-Thickness Model

For through-the-thickness cracked plates, She et al. [17] proposed defining the equiv-
alent thickness based on a numerical analysis of the 3D distribution of the out-of-plane
stresses and constraint factor, Tz, which is defined as:

Tz =
σz

σx + σy
(3)

where σx, σy, and σz are the normal stresses. This method is illustrated in Figure 1. The
equivalent thickness, 2heq, for point P on the crack front is identified as the plate thickness,
which leads to the same distribution of Tz at the mid-plane.
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where σx, σy, and σz are the normal stresses. This method is illustrated in Figure 1. The 
equivalent thickness, 2heq, for point P on the crack front is identified as the plate thickness, 
which leads to the same distribution of Tz at the mid-plane. 

  

(a) (b) 

Figure 1. Schematic illustration of the equivalent-thickness method in the through-the-thickness cracks: (a) original
straight through-the-thickness cracked geometry; (b) final straight-through-the-thickness cracked geometry with equivalent
thickness.
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An empirical equation was suggested to evaluate the equivalent-thickness as follows:

heq

h
= 1−

( z
h

)2
(4)

where z is the distance from the mid-plane and h is the half-thickness of the plate. The
normalised load ratio parameter in this method can be calculated as follows:

U =
3
√
κ

1− R
(5)

where κ is a function of the R ratio:

κ =
(1− R2)

2
(1 + 10.34R2)(

1 + 1.67R1.61 + 1
0.15π2αg

)4.6 (6)

and αg is a global constraint factor, αg, defined by the formula:

αg =
1 + t

1− 2ν+ t
(7)

where ν is the Poisson’s ratio and t is given by:

t = 0.2088
√

r0

heq
+ 1.5046

r0

heq
(8)

with:

r0 =
π

16

(
Kmax

σ0

)2
(9)

where σ0 is the flow stress. These empirical equations were extended to the corner, and
surface cracks and were extensively validated using 3D finite element analyses.

2.2. Analytical Model for the Evaluation of Crack Closure

Another method for the evaluation of local plasticity-induced closure is based on a
simplified 3D analytical model. In accordance with this model, the parameter U for Mode
I loading under small-scale yielding conditions can be approximated from the following
expression:

U(R,η) = a(η) + b(η)R + c(η)R2 (10)

where the fitting functions a, b and c can be written in the form:

a(η) = 0.446 + 0.266 · e−0.41η

b(η) = 0.373 + 0.354 · e−0.235η

c(η) = 0.2− 0.667 · e−0.515η
(11)

where η = Kmax/(h
√
σf) is a dimensionless parameter.

The above equations were obtained within the first-order plate theory based on the
Budiansky–Hutchinson crack closure model [3,15]. The results, which correspond to the
classical two-dimensional theories (or plane stress state, or plane strain state), can be
obtained as limiting cases of very thin and very thick plates, i.e., when η→ ∞ or η→ 0,
respectively. The details of the derivation of these equations can be found in the original
paper by Codrington and Kotousov [14].
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2.3. Corner Singularity Method

In this study, the evaluation of the steady-state front in the through-the-thickness
cracks was carried out using the corner singularity method. First, we approximated the
shape of the crack front by a two-parameter elliptical curve, which can be described as:

x = b

√
1− z2

a2 − h ≤ z ≤ h (12)

where a and b are the major and minor semi-axes of an ellipse, respectively, as shown in
Figure 2.
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Figure 2. Elliptical-arc crack front shape for geometrical parameters crack propagation.

The crack front tends to intersect the free plate surface at the critical angle, βc, when
the plasticity effects are small. The critical angle is a function of the Poisson’s ratio and the
type of loading. We found that the critical intersection angle can be approximated by the
following formula [18]:

tan βc =
ν− 2
ν

(13)

where ν is the Poisson’s ratio. Typically, when the size of the plastic zone is greater than
1% of the plate thickness, the stress state near the vertex location is not controlled by the
elastic singularity. In these cases, the plasticity effects become more important, and together
with the vertex singularity effect, lead to greater critical angles for elastic-plastic materials.
To find b, we need to make sure that:

∂x
∂z
|z=±h = − bh

a
√

a2 − h2
=

ν

ν− 2
(14)

where b is defined by:

b =
aν

(2− ν)

√
a2

h2 − 1 (15)

Substituting Equation (15) into Equation (12), we obtain:

x(z) =
aν

(2− ν)

√
a2

h2 − 1 ·
√

a2 − z2 − h ≤ z ≤ h (16)

This equation meets the condition that the crack front intersects with the free surface at
the critical angle given by Equation (13), and represents a parametric curve with one single
parameter, a. Further, the steady-state condition of the crack propagation requires that
the projection of the effective stress intensity factor along the crack propagation direction
(x-direction, Figure 1) is constant for all points along the crack front. This condition cannot
be satisfied exactly with any multi-parametric equation describing the possible crack front
shapes. However, the shape that minimises the difference of the effective stress intensity
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factor along the crack front can be considered as the best approximation of the actual
fatigue crack front shape.

3. Numerical Approach

This section describes the numerical model developed in this research to determine the
stress intensity factor ranges along the crack front. The stress intensity factor ranges, along
with the crack closure models described in the previous section, enabled the computation
of the local fatigue driving force, which was used to obtain a steady-state crack front
shape. The steady-state crack front shape was selected as the one producing the minimum
deviation of ∆Keff along the crack front. This evaluation needs to be completed for each
curve from the parametric set.

To reduce the computational overhead, we developed a simplified geometry by intro-
ducing adequate boundary conditions, capable of describing 3D effects near the crack front.
Section 3.1 describes the details of the numerical modelling, and Section 3.2 addresses the
boundary conditions considered in this paper. The last section, Section 3.3, is devoted to
the validation of the stress intensity factor values obtained with the proposed approach.

3.1. Finite Element Model Description

The typical finite element geometry, developed here to study a through-the-thickness
crack in an elastic plate, is shown in Figure 3. As can be seen, the rectangular cross-section
geometries were modelled to evaluate the stress and displacement fields near the crack tip.
The size of the finite element models is sufficient to avoid the effect of the finite boundaries
on the stress state. By taking advantage of the symmetry conditions (i.e., XY symmetry,
XZ symmetry, and YZ symmetry), only one-eighth of the crack problem was modelled.
The height of the FE models taken was approximately ten times larger than the plate
thicknesses. In accordance with the previous studies, this is sufficient to accurately describe
the 3D effects near the crack front [19,20].
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The FE models corresponding to different values of a (Figure 1) were meshed with
linear 8-node hexahedral elements of type C3D8R. A reasonably uniform element grid with
a structured mesh was considered. A denser mesh, with a spider-web pattern (Figure 3c)
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was used near the crack front, where the stress gradients were expected to be maximum
(Figure 3b), consisting of 5 concentric rings centred at the crack tip with a radial discretisa-
tion of 10◦ (Figure 3c). Thirty nodes along the plate half-thickness (Figure 3b) were used to
define the crack front shape. The specimen was subjected to uniaxial loading applied at
the bottom surface (i.e., at the XZ-plane with a Y-coordinate equal to H/2). The assembled
mode is exhibited in Figure 3a. Further details about the modelling approach can be found
in papers published by the present authors [19,21].

The numerical simulations were carried out using Abaqus/CAE 2020 (© Dassault
Systèmes, 2019), assuming a homogeneous, isotropic, and linear-elastic behaviour. The me-
chanical properties inserted into Abaqus/CAE 2020 to perform the numerical simulations
were the Young’s modulus and the Poisson’s ratio of the tested materials (Table 1). The
displacement field far from the crack tip was calculated in accordance with the William’s
solution using MATLAB R2020b, and the obtained results were applied for the boundary
conditions. The 3D solutions of the J-integral were used to calculate the stress intensity
factor near the crack front. One layer of elements surrounding the crack front was used to
calculate the first contour integral. The additional layer of elements was used to compute
the subsequent contours. The different contour solutions were approximately coincident
after eight contours. The results from averaging contours five through eight was considered.
A similar strategy, either in terms of mesh framework or simulation analysis, was carried
out for all geometries and crack configurations studied in the present paper.

Table 1. Mechanical properties of the selected materials.

Material Young’s
Modulus, E Poisson’s Ratio, ν Fracture

Toughness, KIC

Exponent of
Paris Law, m

6082-T6 74 GPa 0.33 20 MPa·m0.5 3.456

PMMA 3.6 GPa 0.365 1.6 Pa·m0.5 0.91

3.2. Boundary Conditions

The plane-stress displacements far from the crack tip were calculated in accordance
with William’s solution [22]:

ux(r, θ) =
( r

2π

)1/2 (1 + ϑ)

E
[K∞

I f I
x(θ)] (17)

uy(r, θ) =
( r

2π

)1/2 (1 + ν)

E
[K∞

I f I
y(θ)] (18)

Being:

f I
x(θ) = cos

θ

2

(
k− 1 + 2 sin2 θ

2

)
(19)

f I
y(θ) = sin

θ

2

(
k + 1 + 2 cos2 θ

2

)
(20)

where r is the distance from the crack tip, θ is the angle measured from the symmetry line,
K∞

I is the remotely applied Mode I stress intensity factor, and k is Kolosov’s constant for
plane stress and plane strain conditions. The plane stress k value was considered in the
boundary conditions, i.e.,

k =
3− ν

1 + ν
(21)

where ν is the Poisson’s ratio. Bakker [23] showed that a cracked plate under plane stress
undergoes a change to plane strain behaviour near the crack tip. He proved that the radial
position, where the plane stress to plane strain transition takes place, strongly depends
on the position in the thickness direction. The degree of plane strain is essentially zero at
distances from the tip greater than five times the thickness, even in the middle plane of the
plate [24].
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3.3. Validation Study

The numerical results obtained for the maximum stress intensity factor are presented
in Figure 4 as a function of the thickness for a Poisson’s ratio of 0.3. The classical results for
both the plane stress state and the plane strain state are also given in Figure 4. It is evident
from Figure 4 that the stress intensity factor changes with the thickness of the plate until
the thickness exceeds a critical value. In this particular problem, the results showed that
the critical thickness is 25 mm. Once the thickness exceeds the critical dimension, the stress
field in the vertex singularity region has a negligible impact on the behavior of the whole
structure. The stress intensity factor becomes relatively constant in the sufficiently thick
plate, and is equal to the value for plane strain conditions.
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4. Crack Front Shape Evaluation and Comparison with Experimental Studies

The proposed method for the evaluation of the steady-state crack front shapes was
compared against two independent experimental studies. The specimen geometries used
in the experimental tests are exhibited in Figure 5, and were made of 6082-T6 aluminium
alloy and polymethyl methacrylate (PMMA), separately. The main mechanical properties
of both materials are listed in Table 1. The former (Figure 5a) consisted of a standard
middle-crack tension specimen with a thickness of 3 mm [11,25]. The tests were conducted
under constant-amplitude axial loading using a stress ratio equal to 0.25. Figure 6a shows
an example of the typical fracture surfaces obtained in the tests. Fatigue cracks grew over a
sufficiently large distance from the initial notch to ensure the quasi-steady-state conditions
of propagation. The beach-marking technique was applied to mark the crack front at the
fracture surface.
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and (b) polymethyl methacrylate (PMMA). All dimensions are in mm.
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Figure 6. The crack front shapes observed in the experiments for the: (a) 6082-T6 aluminium alloy reprinted with permission
from ref. [11], copyright 2021 Elsevier and (b) polymethyl methacrylate reprinted with permission from ref. [26], copyright
2021 Elsevier. Propagation direction is from left to right in case (a) and from bottom to top in case (b). All dimensions are in
millimetres.

Regarding the latter (Figure 5b), the specimen geometry was made of polymethyl
methacrylate. It had a rectangular cross-section (Figure 5b), with a thickness of 40 mm [26,27],
and an initial straight notch at the middle of the specimen. The tests were conducted
under four-point bending loading conditions using a stress ratio equal to 0. The crack front
shape was evaluated in situ using a high-resolution digital camera. As in the previous case,
fatigue cracks propagated over a sufficiently large distance from the initial notch to ensure
the quasi-steady state conditions of propagation. An example of the crack front shapes
observed in the experiments is exhibited in Figure 6b.

Figure 7a,b displays a comparison of the experimental crack front shapes and those
obtained with the proposed methods for the 6082-T6 aluminium alloy and PMMA, re-
spectively. Overall, the results showed that the equivalent-thickness method provides a
satisfactory approximation for the fatigue crack propagation under small yielding condi-
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tions. Moreover, the experimental results confirmed that the angle at which the crack front
intersects the free surface is greater than the proposed empirical equations in the sufficiently
plastic materials. We think that the careful combination of the hyperbolic and elliptical
functions might provide accurate crack front shape estimation in the presence of residual
stresses or large crack closure effects. The good agreement demonstrated in the previous
analysis confirmed the possibility of the accurate evaluation of stress intensity factors using
the proposed approach in materials controlled by 3D corner singularity effects.
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This methodology can also be applied to conduct parametric studies associated with
the main variables affecting the fatigue crack growth of through-the-thickness cracks.
A subject that can be analysed with the developed approach is the effect of the stress
ratio on crack closure values. Figure 8 plots the ratio of the opening stress intensity
factor (Ko) to the maximum stress intensity factor (Kmax) along the crack front for both
materials. As shown, the plane stress curve represents the upper limit, while the plane
strain curve represents the lower limit. The values of Ko/Kmax are between two limiting
cases, and decrease with an increase in the stress ratio. In addition, at lower stress ratios,
the differences between the maximum and minimum values of Ko/Kmax are higher for
PMMA and tend to be closer for the aluminium alloy.

Figure 9 plots the variation in the Ko/Kmax ratio at the crack surface obtained from
the presented 3D FE simulations against previously published relationships based on
experimental tests that incorporated plasticity-induced crack closure. Notably, the results
of the presented procedure agree well with the outcomes of the experimental and theoretical
studies reported in the literature [1,16,27–29]. The variation between the presented method
and published data decreases with an increase in the R ratio, as the size of the reverse
plasticity zone (or monotonic plastic zone) becomes smaller in the fatigue crack growth
rates. These results provide further support to and validation of the numerical technique
outlined in this paper.
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values obtained by the proposed methodology are quite close to those found in the 
literature for the same propagation conditions. 
The comparison with experimental results is encouraging, and demonstrates the va-

lidity of the underlying assumptions: (1) the crack front shape intersects the free plate 

Figure 9. The ratio of the of the opening stress intensity factor to the maximum stress intensity factor as a function of the
R ratio along the crack front and past published functions: (a) 6082-T6 aluminium alloy; (b) polymethyl methacrylate.

5. Conclusions

In this paper, new numerical modelling tools capable of simulating the crack shape
development of through-the-thickness fatigue cracks in finite plates were presented. The
proposed approaches assume a pre-defined crack front shape, and include plasticity-
induced crack closure. The methodology was successfully tested for cracked rectangular
cross-section geometries when subjected to Mode I loading. The following conclusions can
be drawn:

1. The maximum stress intensity factor becomes relatively constant in the sufficiently
thick plates and is equal to the value obtained for plane strain state conditions. The
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plane strain fatigue models (2D) may lead to inaccurate predictions when applied to
the analysis of fatigue crack growth of thin structural plates;

2. The proposed methodology leads to satisfactory crack front predictions, either for
ductile materials or brittle materials. Moreover, it is sensitive to the plate thickness,
enabling good results for both thin and thicker geometries. In addition, it is capable
of dealing with different stress ratios;

3. The opening stress intensity factor increases with increasing values of stress ratio,
maximum stress intensity factor, and distance from the centre of the crack. Predicted
values obtained by the proposed methodology are quite close to those found in the
literature for the same propagation conditions.

The comparison with experimental results is encouraging, and demonstrates the
validity of the underlying assumptions: (1) the crack front shape intersects the free plate
surface at the critical angle; ad (2) the local stress intensity factor can be considered as the
fatigue crack driving force, which leads to the formation of the crack front shape under
high cycling loading. The above assumptions might not be correct in the case of large
plastic effects near the crack tip. In this case, the plasticity-induced crack closure, which is
significantly different along the crack front, will be the one of the most influential factors
affecting the crack front shape.

Future work will be directed to the application of the proposed methodology to more
complex problems in terms of geometry, loading scenario, and crack shape configuration.
Lastly, the simplicity and speed of calculation of the proposed approach, compared to
the current numerical solutions used for the same purpose, make it quite attractive for
simulating the fatigue crack growth, in both practical applications and parametric studies.
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8.1 Summary  

Theoretical, numerical, and experimental studies in the fracture and fatigue fields 

often highlight the significance of 3D stress states and 3D effects. However, the 

current failure assessment procedures and design codes largely disregard the 3D 

nature of the stress distribution near stress concentrators and cracks, and the 3D 

nature of fatigue phenomena as discussed in the Introduction and Literature Review. 

In addition, these procedures and codes usually utilise simplified crack front shapes 

(e.g., straight or semi-circular) for evaluations of fatigue life and fracture. All these 

simplifications and assumptions can have a significant effect on the accuracy of 

theoretical predictions. At the same time, there is a general expectation in the 

structural integrity and fracture community that consideration of and accounting for 

3D effects will help to improve the accuracy of these theoretical predictions, as well 

as contribute to our understanding of fracture and fatigue phenomena. 

 

Despite the great progress made over the past two decades, obtaining exact 3D 

solutions for crack problems is not possible in the near future, except for in very 

simple cases, e.g., penny-shaped and elliptical cracks in infinite linear-elastic media. 

Approximate analytical solutions have also been derived over the past fifty years and 

have largely been focused on through-the-thickness cracks in linear elastic plates. 

However, these cases represent a small portion of the practically important 

situations. Numerical techniques (i.e., Finite Element method) can be useful to 

analyse 3D geometries; however, there is no generally-accepted methodology that 

can be applied to analyse 3D fatigue phenomena. Therefore, many 3D effects, such 

as the effect of the crack front shape on fatigue crack growth and fatigue crack 

closure, or the effect of the 3D vertex singularity on crack front shape evolution 

remain poorly understood.  

 

The primary objective of this research was to advance knowledge in the areas of 3D 

Fracture Mechanics, which is a relatively new area in Solid Mechanics. This was 

achieved by developing the new simplified semi-analytical methods for evaluation 

of fatigue life in various engineering components with defects (cracks).  
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The more realistic fatigue crack front shapes, as well as the effects of plasticity-

induced crack closure and the 3D corner singularity on front shape evolution were 

investigated using these methods under steady-state conditions. The theoretical 

results from the developed methods have been extensively validated against the 

outcomes of past numerical and experimental studies. 

 

There is no doubt that there are still a large number of significant gaps in our 

knowledge in relation to the role of 3D effects in Fracture and Fatigue. Therefore, 

this work can be considered as an initial step towards the development of 3D Fracture 

Mechanics, which does not rely on various simplifications and assumptions. General 

recommendations and suggestions for future research directions are briefly outlined 

below. 

 

8.2 Conclusions 

The outcomes of the thesis can be broadly divided into four main categories. The 

purpose of this section is to provide a brief summary of the major outcomes of this 

thesis.  

 

1. Understanding the influence of 3D corner singularity on fatigue crack front 

shapes near a free surface 

It has been shown that the critical angle concept is a valid hypothesis if the plastic 

(or process) zone at the crack tip is much smaller than the size of the region controlled 

by the 3D vertex singularity. The latter is related to the problem geometry. A new 

parameter, i.e., the ratio of the 3D vertex singularity characteristic size to the radius 

of the plastic zone, has been suggested to describe the applicability of the critical 

angle concept to fatigue problems. Another important observation was the strong 

effect of the problem geometry changes during fatigue crack propagation and 

transient loading conditions on the validity of the critical angle concept.  
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2. Development of simplified methods to describe crack front shapes of through-the-

thickness fatigue cracks 

A number of analytical and semi-analytical methods based on different hypotheses 

regarding fatigue crack front shape evolution have been investigated. The accuracy 

of the developed methods has been evaluated against selected experimental studies. 

In addition, it has been demonstrated that empirically-introduced crack closure 

equations allow for a better matching of the theoretical predictions and experimental 

data. 

 

3. Development of simplified methods to describe the front shape evaluation of 

surface-breaking fatigue cracks. 

A new, effective, analytical method has been developed for the evaluation of fatigue 

growth of surface flaws in structural components. This theoretical development 

largely enables avoidance of time-consuming numerical simulations, without 

compromising the accuracy of the final results. The analytical method and numerical 

results collapse into a single curve describing the shape evolution of surface defects. 

 

4. Development of simplified analytical models to investigate the effects of 

plasticity-induced crack closure and 3D effects on front shapes of fatigue cracks 

The effect of plasticity-induced crack closure was incorporated into the earlier 

developed models. A new combined analytical-numerical methodology was 

developed in order to evaluate crack front shapes for various geometries, including 

through-the-thickness cracks in plates and surface cracks in round bars under quasi-

steady-state loading conditions. It was shown that the fatigue crack growth in such 

components is very sensitive to the initial crack length and crack shape, the exponent 

of the Paris law, the loading scenario, and is significantly affected by plasticity-

induced crack closure for the higher intensity of the applied loading.  

 

Finally, the outcomes of the thesis are expected to help to improve the accuracy of 

the theoretical predictions and, as a long-term outcome, reduce the risk of structural 

failures and decrease the cost of inspections and maintenance procedures.  
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8.3 Recommendations for Future Work 

In the present study, the accuracy of the numerical techniques was validated against 

limited experimental data, as well as the earlier, published 3D analytical solutions. 

It is important to compare the crack front shape between both numerical and 

experimental results for a wider range of the practical geometries in order to provide 

further support for practical applications of the developed methods. Experimental 

studies could include the examination of the crack front shape evolution and crack 

growth rates for different materials, specimen geometry, and loading conditions. 

 

The critical stress intensity factors (or fracture toughness) provide the most 

important relationships between the critical crack size and the maximum allowable 

stresses for brittle and quasi-brittle materials. These parameters are currently utilised 

for assessing the acceptability of flaws in many fatigue and fracture evaluation 

procedures across many industries and applications. The current industrial standards 

and failure assessment codes assume that structural failure occurs when the stress 

intensity factor or a combination of stress intensity factors in modes I, II and III 

exceed the critical value or fracture toughness. In reality, structural failure does not 

happen simultaneously across the crack front. Further development of brittle fracture 

criteria could introduce and incorporate a new parameter for consideration of the 

most critical locations along the crack front into the assessment procedures. The 

critical location could be dependent on the applied loading, crack and problem 

geometries, etc.  The incorporation of 3D effects into the brittle fracture initiation 

criterion is expected to improve the accuracy and applicability of fracture toughness-

based criteria.  
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Asymptotic Analysis of Out-of-plane Strain and Displacement 

Fields at Angular Corners 
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