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The elementary construction of formal
anafunctors

David Michael Roberts

Abstract. This article gives an elementary and formal 2-categorical con-
struction of a bicategory of right fractions analogous to anafunctors, starting
from a 2-category equipped with a family of covering maps that are fully
faithful and co-fully faithful.

1 Introduction

Anafunctors were introduced by Makkai [7] as new 1-arrows in the 2-category
Cat to talk about category theory in the absence of the axiom of choice.
The aim was to make functorial those constructions that are only defined
by some universal property, rather than by some specified operation. One
also recovers the characterisation of equivalences of categories as essentially
surjective, fully faithful 1-arrows. The construction by Bartels [1] of the
analogous bicategory Cat g, (.S, J), whose 1-arrows are anafunctors, starting
from the 2-category Cat(S) of internal categories was extended in [10] to
variable full sub-2-categories Cat’(S) — Cat(S). The canonical inclusion
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184 D.M. Roberts

2-functor Cat'(S) < Cat/,,(S,J) was there shown to be a 2-categorical
localisation in the sense of Pronk [8] at the fully faithful functors which are
locally weakly split in the given pretopology J on S.

In these notes I show that given a 2-category K equipped with a (strict)
singleton pretopology J whose elements are fully faithful and co-fully faithful
arrows, one can construct an analogue K of the bicategory Cat.,, (S, J).
The 1-arrows of K are formal 2-categorical versions of anafunctors, here
dubbed J-fractions. The construction of K is elementary in the sense of only
needing the first-order theory of 2-categories, and the construction is Choice-
free. The original 2-category K is a wide and locally full sub-bicategory of K
and the inclusion 2-functor A;: K — K is a bicategorical localisation; this
result uses Pronk’s comparison theorem from (8], but it should be possible
to prove directly using the construction given here.

The following quote from [13] should be kept in mind when reading the
elementary calculations in these notes, as no such details have fully appeared
in the literature, let alone at the level of generality here:

Nonetheless, it is interesting to note the prevalence of formula-
tions leaving “to the reader” parts of the proofs of details of the
localization constructions. ... Another interesting reference is
Pronk’s paper on localization of 2-categories [21]!, pointed out
to me by I. Moerdijk. This paper constructs the localization of a
2-category by a subset of I-morphisms satisfying a generalization
of the right fraction condition. ... the full set of details for the
coherence relations on the level of 2-cells is still too much, so the
paper ends with:

[21 |, p. 302:] “It is left to the reader to verify that the above de-
fined isomorphisms a, [ and r are natural in their arguments
and satisfy the identity coherence axioms.”

One pleasant feature of the current approach, at least for the author, is
that one could take the opposite 2-category everywhere in the current notes
and everything will still work fine, only exchanging pullbacks for pushouts
everywhere. In this way, one could also localise suitable 2-categories using
cospans, rather than spans, for instance 2-categories whose objects are more

! 8] in the References below.
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algebraic in nature, rather than geometric, like Hopf algebroids. It is not
clear that for alternative presentations of the localisation, say one using of
left-principal bibundles, such an approach would still work, or what should
play the role of the 1-arrows when one is working with a general 2-category
and not a 2-category of structured or internal groupoids.

Remark 1.1. This article has had a long and tortuous history. It started
out as the second half of what was published as [12], in an attempt to give an
elementary and completely self-contained proof ommitting no details of the
results of 8] dealing with 2-categories of stacks as bicategorical localisations.
In this the author was partially influenced by the late Vladimir Voevodsky’s
insistence on details and constructions in what might otherwise seem merely
bureaucratic proofs. The appearance of [9] gave a much more satisfactory
(and conceptual) proof of these results, after which the author lost hope
that there was any merit in the current naive approach. However, work in
preparation using cospans to localise 2-categories of topological groupoids
required the machinery of the present paper, in its dual incarnation, so it is
hoped there is some merit in the elementary approach in it.

2 Preliminaries

We refer to 3, Chapter 2| for background on bicategories.

Definition 2.1. If P is a property of functors, then we say that a l-arrow
f:x — yin a 2-category K is representably P (or just P) if for all objects
z of K we have that f.: K(z,2) — K(z,y) has property P.

The most important case for the present paper is the property ‘fully
faithful’, and we will abbreviate ‘representably fully faithful’ to ff, and will
denote by ff the class of ff 1-arrows in a 2-category. Note however that
Definition 2.1 can be rewritten as a first-order property of a l-arrow in a
2-category (and even in a bicategory).

Definition 2.2. A l-arrow f: x — y in a bicategory is ff if for all g, h: w —
x and a: fog= foh thereis a unique a: g = h such that a = 1 o a.

Example 2.3. Any equivalence in a 2-category is ff; it is a neat exercise to
directly construct the required 2-arrow a. It is less easy to do the analogous
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construction for an equivalence in a bicategory, showing that such a 1-arrow
is ff in an elementary fashion, but still possible.?

Lemma 2.4. If f:y— z € ff and g: x — y is any other arrow then g € ff
if and only if fog e ff. If h: y — z is another arrow that is isomorphic to
fin K(y, z) then h € ff. Moreover, if f is isomorphic to f':y' — 2’ (in the
arrow 2-category) then f’ € ff.

The following lemma will be a major workhorse in the construction be-
low.

Lemma 2.5. Let p: u — a be an ff I-arrow in a 2-category K. Then for
any 1-arrow f: b — a and any two lifts k,1: b — w of f through p, there is
a unique 2-arrow k =1 lifting the identity 2-arrow on f through p.

The proof of this lemma follows almost immediately from the definition
of ff arrows.

Example 2.6. Given an ff l-arrow p: v — z in K such that the strict
pullback ux  u exists, then there is a unique 2-arrow £,,: pry = pro: ux,u —
u lifting id: p = p.

In this paper, all pullbacks are likewise strict.
Example 2.7. Consider a commutative triangle

¢
Uy——>

%

with ¢: v — z ff. Then assuming the relevant strict pullbacks exist, there is
an equality

pry pry
Y ¢ X TN
U Xy U Wp U———v = uxxuiwjxwiq v
\/ \_/
pry pry

between the pasted 2-cells, as the source and target 1-arrows all lift u x,u —
x through q.

2In fact the computation shows that a l-arrow with a representably faithful pseudo-
retract is ff, but we don’t need this level of generality.
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Example 2.8. A more complicated example is the equality of pasted 2-cells

m
Pris U XU pry
r
pro ﬂﬁp pry

Axid, Y
UXpgU——UXp U Xgp U U = uxmuﬂfp U
u

pry Y)
NP pro
Pr23 U Xgp T Pr2

The structure of a site on a 2-category is not a common notion so we need
to specify what we mean. There are at least two different ways to describe
this in the 1-categorical case, namely using sieves and using pretopologies,
and it is not clear a priori that they generalise to the same thing for 2-
categories. Our definition will be as follows, as this paper only deals with
unary sites.

Definition 2.9. A singleton strict pretopology on a 2-category K is a class
J of 1-arrows which contains all identity arrows, is closed under composition
and the strict pullback an element of J exists and is again in J. We will as-
sume that specified strict pullbacks are given—rather than merely assuming
they exist—and that the pullback of an identity 1-arrow is again an identity
l-arrow.

Since this is the same thing as a singleton pretopology on the 1-category
underlying the 2-category, we refrain from placing the prefix ‘2-’ in the name.
If one merely asks for existence of pullbacks, then one may use a global axiom
of choice to make the pullback of a cover an operation.

Example 2.10. Let K be a 2-category which admits specified strict pull-
backs. Then ff is a singleton strict pretopology.

This is in some sense a degenerate example. The following is more of
interest.

Example 2.11. Let S be a finitely complete category with specified limits
and Jy a singleton pretopology on S. Then we have the 2-categories Cat(.5)
and Gpd(S) of internal categories and groupoids. Let J denote the class of
internal functors in either of those 2-categories whose object component is
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an arrow in Jo. Then J is a singleton strict pretopology on both Cat(.S) and
Gpd(9).

In addition, we need to consider a 2-categorical version somewhat anal-
ogous to subcanonicity, and here we cannot avoid involving the 2-arrows.
This makes the notion essentially 2-categorical, and not just a structure on
the underlying 1-category as is the case for Definition 2.9.

Definition 2.12. Given a singleton strict pretopology J, we will call it bi-ff
if every j: u — x in J is ff and also co-fully faithful (co-ff): forall g,h: =z — y
and a: goj = hoj there is a unique a: g = h such that a = 1 0 a.

In this paper we do not need to descend 1-arrows down a cover in the pre-
topology (which is a consequence of representable presheaves being sheaves),
but only 2-arrows, so the weaker notion of ff + co-ff is sufficient. We will not
here dwell on how this relates to 2-dimensional sheaf theory a la Street [14].

Example 2.13. Continuing Example 2.11, if we additionally assume the
pretopology Jo consists of regular epimorphisms (hence is a subcanonical
pretopology on S), then J is a bi-ff singleton strict pretopology on Cat(5)
and on Gpd(S). Indeed, the arrows in this pretopology are also regular
epimorphisms, though we do not need this here.

This example partly recovers the examples that were used in [10, Sec-
tion.8|; variants on this definition will give all examples from loc. cit.

The main object of study of this paper are 2-categories K with a choice
of bi-ff singleton strict pretopology J. We shall just refer to these as 2-sites
for brevity, though properly speaking it is a very special case of this notion.

As a consequence of our definition of 2-site, we don’t just get descent of
2-arrows along covers, but along maps between covers.

Lemma 2.14. Given a 2-site (K,J), and a diagram
'
V———w
N
x

where k,j € J, then r is also co-ff.

3For the sense in which this deserves to be considered a type of subcanonicity, cf [2,
Lemma 52|, which states that an ff regular epimorphism is also co-ff.
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The following proof, simplifying the author’s, is due to the anonymous
referee.

Proof. Recall that r being co-ff means that given a 2-arrow a: for = gor,
there is a unique 2-arrow a: f = g such that aoid, = @. From our definition
of 2-site, j and k are both ff and co-ff. This also implies that the two
projection maps pry, pry in the next diagram are in J, hence are both co-ff.
Since j opry = joropry and j is ff, there is a unique lift of idjopr, to an
invertible 2-arrow r o pr; = pry:

=N

V Xg ’U)‘)QU

\\) Jj
jopry x

But pr, is co-ff, implying r o pry is co-ff, and since pr; is co-ff, then so is r
(applying two of the cases of Lemma 2.4 in K°P). O

3 The bicategory of J-fractions

We are aiming to localise a 2-category, and in time-honoured tradition we
shall call the arrows in the localised 2-category fractions. Fractions are
defined relative to a strict pretopology.

Definition 3.1. Let (K, J) be a 2-site. A J-fraction is a span z ERPTER Y
in K where j € J, to be denoted (7, f).

For example, given any l-arrow f: x — y in K, we have the fraction
(idg, f). In particular, we have for any object a the identity fraction, which

is (idg, idy)

Definition 3.2. Let z & u i> y and x LEWIEN y be a pair of J-fractions in
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K. A map of J-fractions (j, f) = (k, g) consists of a 2-arrow

Sometimes we will also write the 1-arrow x <— u X, v in such a diagram for
emphasis, so that the O-source object is clear.

There are certain maps of fractions which are easier to describe and to
compose, and the coherence maps of the bicategory we are going to define
all turn out to be examples, so we shall spend some time detailing these.

Definition 3.3. A renaming map® r from the fraction (4, f) to the fraction
(k, g) is a map of spans in a 2-category of the form:

A1
ANy

v

X

We can compose renaming maps and so get a category K JR(a:, y) with objects
the fractions from x to y and arrows the renaming maps.

As we shall see, we will also have a category Kj(x,y) with objects the J-
fractions and arrows the maps of fractions, and a functor including K f(a:, Y)
into this latter category. For now we will be content with giving the defini-
tion of the arrow component of this functor, without proving functoriality;

“Note that, as presented, this 2-arrow alone does not allow us to reconstruct its
(1-)source and (1-)target; we take the source and target as implicitly part of the data
(cf the definition of arrow in the category of ZFC-sets).

®The ‘renaming transformations’ of [7, Section.1] in the case when K = Cat are a
special case of the notion here. Makkai requires that r is invertible and a, is the identity
2-arrow.
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namely, a renaming map r from (j, ) to (k, g) as above is sent to the map
t(r) of fractions specified by the 2-arrow

ﬂar y | (3.1)

where the 2-arrow on the left is the canonical lift of the identity 2-arrow
koropry; = kopr, through the ff arrow k, using Lemma 2.5.

Definition 3.4. The identity map 1: (j, f) = (4, f) on a J-fraction x <
u s y is given by ¢(id,,).

The (vertical) composition of maps of J-fractions proceeds as follows.
Given

t1: (J1, f1) = (o, f2)

ta: (Jo, f2) = (43, f3)
Ji

where = <— u; £> b, consider the 2-arrow t; @ to filling the diagram®

Ul Xg U2 — U1

VAN

Ul Xgp U Xgp U3 Uy —fo— Y (3.2)

N A

U9 Xz U3 — U3

which we shall call the precomposition of t; and to. We need to show that
this 2-arrow descends along the arrow u; X, us Xz us Phis, Uy Xz ug € J.

50ne might be concerned with the bracketing of the triple pullback here; for concrete-
ness we can take (u1 Xz u2) X4 us, it would not change the final result if we used the other
option.
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But pr;3 is co-ff, and the source and target of t; @ ta factor as u; X5 ua X,

U3 Phi, U] Xgp U3 — U £> y for i = 1 and i = 3 respectively. Thus
t1 @ to descends uniquely, and we call this descended 2-arrow t; + to (note
that + is not a commutative operation!), and it gives a map of J-fractions

(u, f1) = (us, f3).

Remark 3.5. If uq X, us X, ug — uq X, uz has a section, then the vertical
composition t1 + to is the whiskering of ¢ @ t5 on the left with this section.

An example of such a section arises when composing two maps of J-
fractions, where one of the maps arises from an invertible renaming map.
Here we say a renaming map with data (r, a,) as in Definition 3.3 is invertible
if r is an invertible l-arrow and a, is an invertible 2-arrow. We record a
special case of this as a lemma for future reference.

Lemma 3.6. Let z < u s y and x LLASTREN y be J-fractions, t: (j, f) =
(k,g) be a map of fractions, and let r: u' — w be a renaming map from
e L y to (4, f), with j' = jr and a,: f' = fr. Then (r) 4+t is given
by the 2-arrow

u' Xy uZ s U f!
Pria M,Z/z o Priz
T aTlL
GTU’
u Xpv——u XpuXzv uv—f—y = ' Xgv u—f—y

pry Jl Py tﬂ

Prag g Pra3 9
U Xy V=V UXg V5V

Hence if a, = id, ¢(r) + t is given by the 2-arrow

u>< UHU

2NN N

u’ XZU*WU, Xg U XgU u—f—y = uXIUH H

N Ny

u Xg V=0
Further, given an invertible renaming map q from (k, g) to x LAY Y,
with k = k'q and g = ¢'q (hence ag = id), the composite t + 1(q) is given by
the 2-arrow
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u><z1)—>u

MXIU*>LL><IU><I U*>y—u>< Uﬁux v M
id x¢q
k/‘ %1 A \ /

V Xy U*)U

Corollary 3.7. The assignment ¢ is a functor K{{(z,y) — K,(z,y).

Proof. Apply the first case in Lemma 3.6 to when ¢ = (') for an arbitrary
renaming transformation ¢ and use Lemma 2.5. O

Proposition 3.8. We have a category K,(x,y) with objects the J-fractions
from x to y and arrows the maps of J-fractions.

Proof. That 1; 5y is the identity arrow for z R i> y follows from the

second and third cases of Lemma 3.6, taking » = id,, and ¢ = id,, respectively.
We thus need only to show composition is associative. Consider the
diagram

H\y (3.3)
/ :

\/

U3y —— U4

where u;_ . = u; X, ... Xz ug. The bold objects form a sub-diagram we will
refer to below. We will show that the composites

f1

U234 —— U4 ||@ Y

<

fa
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are equal to (3.3) for a = (t1 +t2) +t3 and a = t1 + (t2 + t3). First consider
(t1 +t2) + 3

SN SN

Up934 —— uyg (itt2)+ts "y = wjozg ——>uizg —— uyg (Gitt) s Ty

ey

= U234 — U134 Ud *> Y

\

U123 — u13
/ \4»152

= Uu1234 — U134 ua 4> Yy

\

Omitting some of the labels on the 1-arrows for clarity. Now the whiskered
2-arrow in the subdiagram on the bold symbols above is equal to the com-
posite 2-arrow in the subdiagram of (3.3) on the bold symbols, hence the
whole diagram equals (3.3). A symmetric argument shows that ¢; + (t2 +
t3) © Luyggs—sus, 18 also equal to (3.3). By uniqueness of descent, composition
of maps of J-fractions is associative, and K(z,y) is a category. O

ts

t3

3.1 Defining the bicategory K; Now we want to show that K;(z,y)
is the hom-category of a bicategory, so we need a composition functor. Com-
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posing l-arrows is easy:

Definition 3.9. The composition of J-fractions is the composite span

where recall we are assuming we have specified pullbacks of 1-arrows in J,
so this is well-defined.

We shall define the composition in the bicategory Kj by defining left
and right whiskering functors and proving the interchange law as outlined
in [7, pp 126-127| for the case where K = Cat and J is the class of fully
faithful, surjective-on-objects functors.

Definition 3.10. Let ¢t be a map of fractions from z < u ER ytox v Ly
The right whiskering of t by the J-fraction y dwly s given by

wa7fu

/ \fc:prQ
h
w—->2z

TA——U Xz V——W Xy £ (U X3 V) Xgy W P(w,h)t

N7

U Xgqy W

where the 2-arrow p(,, p)t: prqy = pry is the unique lift through I: w — y of

W Xy (U Xg V) XgyW—"UXg v t Y.

"Makkai says, helpfully, “Next, we need to verify that thus we have defined functors
... we leave the task to the reader.” [ibid. page 127]
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Proposition 3.11. Right whiskering with y Lw s s a functor K;(z,y) —
Ky(z,z).

Proof. First, let us show right whiskering preserves identity 2-arrows. That

is, the horizontal composition of a pair of identity 2-arrows is the identity

2-arrow of the composition of the l-arrows. Let z < u EN y be a fraction

and consider the right whiskering of the map id; sy by (/,h). This is the
map of fractions given by

pTy
Y
z ——w xy ul?l x, w ll w—Ls (3.4)
Pry
where the 2-arrow is the unique lift of
pry

the unlabeled maps being the obvious projections. But we have the equality

pry Pria
[2] /_\( o [2] /—\[ fOpI‘l
W Xy U Xy w w = wXyut X, w U Xy Y —— W
PTy PT34
hence (3.4) is

Pbris

2] hofopr; o id

T W Xy U Xy w U Xy W—2Z = 1A(,n)o(j,f) -
N AN

Pr3q

Thus whiskering is unital.

Now to prove that right whiskering preserves composition we will again
use uniqueness of descent, and prove equal a pair of 2-arrows with O-source
a cover of the 0-source of the 2-arrows we are interested in. Without loss
of generality, we can right whisker by the fraction (I,id) = y dow 4, w,
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as the component of the fraction pointing in the forward direction plays no
substantial réle in what is to follow.
Consider the composable pair of maps of fractions given by the data
fiopry faopry
Y Y
UL Xg U \U,al y and  ug Xgug ﬂ,az Y .
N _A N A
faopry faopry
Let w123 := w1 X, us X, uz and similarly for wuis, us3, and consider the

diagram

U2 — U1

NN |

U123 uQ—>y<—wxyw\bw_
pr.
\ ///@A ’
U3 — U3

We need to prove equal the pair of 2-arrows (p(;aya1) + (piaya2) and
Pia) (a1 + az) between the two l-arrows (w X, u1) Xz (U3 Xy w) = w Xy
U Xy w 5 w, for i = 1,3.

In Figure 1 the sub-diagram consisting of just the solid arrows together
with the 2-arrows between them 2-commutes, so the precomposition (p( jqya1)®
(P@,ia)a2) is given by the top layer of the diagram, namely

W Xy U123 Xy W WXy U Xy W—— W

Y
\ W
pr
W Xy U2z Xy W 3

and (p(;,ia)@1) +(p(1ia)az) is given by the unique descent of this 2-arrow along
p. The 2-arrow marked (x) is the whiskering p( iq)(a1 + az2), and forms a
2-commuting diagram with a; + a2 and the l-arrows w X, u13 Xy w — u13
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w Xy Ur2 Xy W
\ &p(l id) @1

wxyu123><yw w X ugxyw—mu

p
o N,
P U —fo—>y
- g a
P - — a2/[3
e
W Xy U3 Xy W — — Ugg — > U3

/\
\) u13 U«al-i-az Yy

\_/

Figure 1: Right whiskering is functorial

and w — y. The 2-cell

pry
//—\\
< N
W Xy U123 Xy W ——= W Xy U3 Xy W ll/(*) Xw
\\ _
5r3

in Figure 1 is, by uniqueness of lifts through p and w — y (both in J) equal
to (p@ia)a1) @ (paiayaz). Thus the descent of (p(a)a1) @ (p@iayaz) along p
is just p(Md)(al + ag), which is what we needed to prove. O

The definition of the left whiskering is slightly more complicated, as
it is such that it doesn’t permit us to nearly ignore half of the span as
we can for right whiskering. What we shall do is define left whiskering
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by a general J-fraction x <ou i) y in two cases, using the factorisation

3.1.1 Case I: left whiskering by (id,, f)

. h
Let a be a map of fractions from y < v1 % z to y < vy — 2z, and f: u — y
an arrow in K. The whiskered 2-arrow will be a map of fractions from
pr gopr pr hopr .
u—u Xy V1 T s tou+—u Xy V2 —2 2, and so the desired 2-arrow

in K will be of the form
gopry
xyo |
u V12 z
Yy Y

hopry

where v1g 1= v1 Xy va.

Definition 3.12. The left whiskering of the map a of J-fractions by the

fraction u 4% 4 i> y is given by the 2-arrow )\é du. ) defined as

U Xy V12 — V12 z .

/\
\(lb
3.1.2 Case II: left whiskering by (7j,id,,)

We have v; — y = u J-covers for ¢ = 1,2, and now here v13 := v1 X, vo. We
also let V1o := v1 X, vo, and there is a canonical map vio — Vi fitting into
a commutative diagram

vi2 — Va2

L]

U—mm™
J

where the left, bottom and right arrows are all in J. Thus from Lemma 2.14
we have that the top arrow is co-ff. Notice also that there is a trivial fac-
torisation of pr;: via — v; as vig — Vi LN V.

Definition 3.13. The left whiskering of the map a by = EINTLNWER given
by the 2-arrow )\I I )@ in K defined via unique descent along the co-ff arrow
V19 Xz V1o — Vig by the equation
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) V12
gopry //’) le
TN |
a z

pra I
V12 Xz Vig —— V12 A(j,id)a\H/ z = v Xy Vig——; ﬂ

I |
. Arz
Via

Left whiskering by an arbitrary fraction x L i) y will then be the
composite of the two (putative) functors given by cases I and II.

hopry,
P

/

Proposition 3.14. Left whiskering with x Lol y is a functor K,(y,z) —
K_j (.Cl?, Z)

The proof that left whiskering preserves (vertical) composition will be
deferred to appendix A, as it is a sizable calculation.

Proof. (Left whiskering is unital) We want to do the whiskering

J f TN g
x U Yy V Xy v @a v—— 2z .
~_"
Note that without loss of generality we can assume g = id,, the general
case follows exactly the same argument merely with g right whiskered onto
all the 2-cells involved. We treat case I and case II of the definition of left
whiskering separately.

Case I. Note that vz in this case is v X, v. The left whiskering of the identity

map on y < v 14, has 2-cell component
Y
U Xy (U Xy V) —= 0 Xy v o v

but u x, (v Xy v) >~ (u Xy v) Xy (u Xy v), and by Lemma 2.5 this is

equal to
N
(u Xy v) Xy (u Xy v) lla U Xy U ——V

and this is the identity map on the composite u < u x, v — v, as
required.
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Case II. Again, in this case, v1s2 = v X, v, which for now will be denoted v
and Vi9 = v X, v. Recall that the 2-cell component of the whiskered

identity map will be the unique 2-cell A := )\{j )@ in the diagram
VXgp U
b1y ll / {1“
ol %, (v Xy v) — 0 XIU/JPU = vl %, (v xg v) — v ﬂ v,
pry k\ %

U Xgv

which exists by descent along the J-cover vl %, (v Xz V) = vV Xz 0.
However, by Lemma 2.5 the canonical 2-arrow pr; = pry: v Xz v = v
fits into such an equation of 2-arrows, and this is none other than

the 2-cell component of the identity 2-arrow on the composite fraction

J id
T < vV—0.

Putting case I and case II together, we have that left whiskering
G Ky, z) = Ky(w, 2)
preserves identity maps. ]
With Propositions 3.14 and 3.11 we can define a composition functor.

Lemma 3.15. Left and right whiskering fit together to give a functor
KJ(x’y) X KJ(y,Z) - KJ(LU,Z).

Proof. The only thing that remains to check is that middle-four interchange
holds, as per the hypothesis of [6, Proposition I1.3.1]. This proof is deferred
to Appendix C. O

In order for this to be the composition functor for a bicategory we just
need to now show that it is coherently associative and unital. In fact, by
virtue of Definition 2.9, this composition is strictly unital, since the com-
position of any fraction with the identity fraction of its source or target
is unchanged. We define the left and right unitors to be the appropriate
identity 2-arrows.
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Lemma 3.16. The unitors are natural.

Proof. Recall that the unitors are meant to be natural transformations as
in the diagram (of categories)

Ky(z,y)—— K)(z,y) x K;(y,y) Ky(z,y)—— K)(z,z) x K)(z,y)
= =

Kj(x,y) Kj(z,y)

Our unitors consist of identity arrows, so we need to prove that these di-
agrams commute on the mose. This is true at the level of objects, so we
just need to check that the appropriate wiskerings of an arbitrary map of J-
fractions (i.e. an arrow in K(z,y) by identity fractions result in the original
map of fractions.

In the case of r;, we can apply Definition 3.12, whiskering by the fraction
(idg,id;). But then we just get the original map of J-spans. Thus the left
triangle above commutes and 7, is natural.

In the case of [, we use Definition 3.10, with y Ll being (idy,id,).
But then w Xy ¢ (u Xz v) Xgy w = u Xz v, and we are lifting through an
identity arrow, and then whiskering (in K') with id,. The result is then the
original map of J-spans, making the right triangle above commute and so [,
is natural. O

Definition 3.17. The associator for the 3-tuple of composable fractions

NN

is the invertible map ¢(auww): [(1,h) o (k,9)] o (j, f) = (I, h) o [(k, ) o (. f)]
of J-fractions associated to the renaming map arising from the canonical
isomorphism

~

Qupw: U Xgy (U X gy W) — (U X gy V) Xgy W

over x1, together the appropriate identity 2-arrow.
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Lemma 3.18. The associator 2-arrow in Definition 3.17 is natural.
Proof. This is proved in Appendix B. O

We can check that the associator satisfies the necessary coherence dia-
grams in the bicategory of fractions and renaming maps, since it will then
hold in the bicategory of fractions and maps of fractions. In fact, since
the renaming map in question is the associator for products in the strict
slice K/x1 (i.e. strict pullbacks in K), it satisfies coherence by the universal
property of pullbacks.

Remark 3.19. If we do not assume that pullbacks of identity arrows are
again identity arrows, then we do get nontrivial unitors, but they are, like
the associator, renaming maps, and one can check they are coherent.

We have thus proved:®

Proposition 3.20. There is a bicategory Kj with the same objects as K,
fractions as 1-arrows and maps of fractions as 2-arrows.

We now define an identity-on-objects strict 2-functor Aj: K — K as

follows. For a 1-arrow f: z — y of K, let Aj(f) be the fraction z PPN Y.

Given a 2-arrow a: f = g: x — y in K, let Aj(a) be the map of fractions
(idg, f) = (idg, g) determined by

TXpgZ =2 Y,

f
a
NN
g
To check that Aj is a strict 2-functor, we need to check first that it is
functorial for vertical composition of 2-arrows. In the definition of vertical
composition of 2-cells, the diagram (3.2) in the case of maps of fractions in
the image of Aj collapses as all objects u; and their fibre products reduce
to x, with all arrows between them identity arrows. The descended 2-arrow

is then just the vertical composite in K, and so A; preserves vertical com-
position. It is also simple to show that A preserves identity 2-arrows.

8cf Bartels, who says “The various coherence conditions in a (weak) 2-category are now
tedious but straightforward to check.” [1]
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Secondly, we need to show that Aj is functorial for horizontal composi-
tion. Identity 1-arrows are preserved strictly, as is composition of 1-arrows,
S0 it is just a matter of checking that horizontal composition of 2-cells is pre-
served. Since horizontal composition is defined via left and right whiskering,
we need to check that whiskering a map of fractions in the image of Aj by
a fraction in the image of Aj is of the same form. The right whiskering

of Aj(a: f1 = f2) where f1,fa:x — y by y & y L 2 involves a 2-cell
P(id,g)@ (see Definition 3.10). Since our fractions are in the image of A, the
diagram again collapses so that all appearances of u X, v are equal to x, and
w =y, so that piq4a = a, and the final result has the 2-cell component
the right whiskering of a by ¢g. The left whiskering we need is case I, so
we consider Definition 3.12. Consider the map of fractions Aj(a: g1 = g2)

where ¢g1,¢92: y — z and whisker it by x ey i> y. Now in the definition
of the 2-cell )\(Iid’f)a, we have vio = v; = v9 = y, the maps between them
are identity maps, v = x, and u X, vi2 — v12 is just f. Thus the whiskered
map of fractions is again in the image of Aj, and we have proved that A; is
a strict 2-functor.

Lemma 3.21. The 2-functor Ay is locally fully faithful, that is, K(x,y) —
Ky(z,y) is fully faithful for all objects x and y of K.

Proof. A map of J-fractions (id,, f) = (idy, g) is precisely the same data as
a 2-arrow f = ¢ in K. O

Definition 3.22. Given J, a l-arrow in ¢: * — y in K is J-locally split if
there is an arrow j: u — y in J and a diagram of the form

!

J

u

with the 2-arrow invertible. A l-arrow in K is a weak equivalence if it is ff
and J-locally split. Denote the class of weak equivalences by Wj.

Clearly J C Wj as we are assuming all arrows in J are ff,; and every arrow
in J is trivially J-locally split.

Proposition 3.23. Let f be a I-arrow of K. Then Ay(f) an equivalence if
and only if f € Wj.
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Proof. First assume f: z — y is in J; we will show (id,, f) is an equivalence,
with quasi-inverse (f,id;). This is because (id, f) o (f,id,) = (f, f), which
is isomorphic to (idy,id,) by the invertible map of fractions

X
idy \f//
f H
Y<—— id Yy
f\\ A
)

In the other direction, (f,idy) o (idy, f) = (pry, pry), where pr;: & xy & — «,
i = 1,2, are the projections (both of which are in J). There is the canonical
invertible 2-cell £¢: pry = pry, which gives an isomorphism of J-fractions

ml/\

e, x\ /

In the other direction, let f: x — y be a 1l-arrow in K such that (id;, f)

is an equivalence in K, i.e. there is a J-fraction y & w2 2 such that
2. (idg, ids) = (4, 9) o (idg, f)

Point 1 implies that we have an isomorphism of J-fractions
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The right hand half of this diagram means that f is J-locally split. Since
(id,, f) is an equivalence it is ff in the bicategory K. Then as Aj is locally
fully faithful it reflects ff 1-arrows, hence f is ff in K. Thus f is both J-locally
split and ff, hence is in W}. O

For a number of diverse examples of weak equivalences in various cate-
gories of internal categories and groupoids, see [10, Section.8|.

3.2 K, as a localisation Given a 2-category (or bicategory) B with a
class W of 1-arrows, we say that a 2-functor Q: B — B is a localisation of B
at W if it sends the 1-arrows in W to equivalences in B and is universal with
this property. This latter means that for any bicategory A precomposition
with @,

Q*: Bicat(B, A) — Bicaty (B, A),

is an equivalence of hom-bicategories, with Bicaty, meaning the full sub-
bicategory on those 2-functors sending arrows in W to equivalences.

Theorem 3.24. A 2-site (K,J) admits a bicategory of fractions for Wy,
and the inclusion 2-functor Ay: K — K| is a localisation at the class W of
weak equivalences.

Proof. That (K, J) admits a bicategory of fractions for W is [12, Theorem 6]
(the weaker hypotheses there on 2-sites are implied by the ones here). The
proof that Aj is a localisation proceeds via Pronk’s comparison theorem
[8, Proposition 24|, the conditions of which imply that the canonical 2-
functor K[W; '] — K is an equivalence of bicategories. Here K [W; '] is the
bicategory of fractions constructed by Pronk, and we recall the conditions
of the comparison theorem for ease of reference, using the current notation:

EF1. Aj is essentially surjective,

EF2. For every l-arrow f of K there are 1-arrows w € Wj and g of K such
that A;(g) = f o Ay(w),

EF3. Aj is locally fully faithful.

We now show these conditions hold. To begin with, the 2-functor A; sends
weak equivalences to equivalences by Proposition 3.23.
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EF1. Aj is the identity on objects, and hence surjective on objects.

EF2. This is equivalent to showing that for any J-fraction x L i) y there
are l-arrows w, g in K such that w is in W} and

(4, ) = As(g) o Ay(w)

where Aj(w) is some pseudoinverse for Aj(w). We can take w = j and
g = f, since by the proof of Proposition 3.23, (j,1id,) is a pseudoinverse
for (idy,j), and the composite fraction of (j,id,) and (id,, f) is just

(4. f)-
EF3. This holds by Lemma 3.21.

Thus Aj is a localisation of K at Wj. O

As a last remark, one would like to know if the localisation of K at the
weak equivalences is locally essentially small. This can be assured by the
following result, where we have used the condition WISC from [10], which
states that every object x of K has a set of covers that are weakly initial in
the subcategory of K/z on the J-covers.

Proposition 3.25. If the locally essentially small 2-site (K,J) satisfies
WISC, then K is locally essentially small, and hence so is any localisation

of K at Wj.

Notice that local essential smallness in not automatic, as there are well-
pointed toposes with a natural numbers object, otherwise very nice cate-
gories, for which the 2-category of internal categories fails the hypothesis
of Proposition 3.25. For example the toposes of material sets in models of
ZF as given by Gitik (see [15]) and Karagila [4], or the well-pointed topos
of structural sets arising from [11|. Karagila has also described an explicit
model of ZF in which the category of anafunctors from the discrete groupoid
N to the one-object groupoid B(Z/2) is not essentially small.”

Finally, note that nothing in this paper relies on K being a (2,1)-category,
namely a 2-category with only invertible 2-arrows. This is usually assumed

9See the answers to the MathOverflow question
https://mathoverflow.net/q/264585/. User ‘aws’ also gave a model of ZFA—choiceless
Zermelo—Fraenkel set theory with atoms—with the same property.
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for results subsumed by Theorem 3.24, but is unnecessary in the framework
presented here. The following example will be treated in a forthcoming

paper.

Example 3.26. Take a pretopos E with stable reflexive coequalisers, and
define K to be the wide, locally full sub-2-category of Cat(E) taking only
those internal functors whose object component is a coproduct inclusion,
which we shall call a complemented cofibration. Let J consist of the class
W of complemented cofibrations f: X — Y that are ff and essentially sur-
jective (i.e. Xo Xfvp,s Y1 % Yy is a regular epimorphism). Then W
consists of ff and co-ff arrows, contains all identity arrows, and is closed un-
der composition and—most crucially—pushout. This makes (Cat(E)?, W)
a 2-site as defined in this paper, and the constructions here involving W-
fractions in Cat(F)° correspond to analogous dual constructions involving
left W-fractions (certain cospans) in Cat(F). The analogous result holds
for Gpd(E) in place of Cat(FE), and in this case E can be an arbitrary
pretopos.

This gives a bicategorical perspective on a generalisation of the case of
small groupoids, studied in [5] using cofibration categories as a presentation
of (o0, 1)-categories.
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Appendices

A Proof that left whiskering in K, preserves vertical com-
position

The definition of left whiskering in K is slightly more complicated, as it is
such that it doesn’t permit us to ignore half of the span as we can for right
whiskering. Recall that we define left whiskering by a general J-fraction

e dulds y in two cases, using the factorisation (7, f) = (idy, f) o (J,idy).

A.1 Case I: left whiskering by (id,, f) Recall the definition of case
I of left whiskering (Definition 3.12).

Definition A.1. The left whiskering of a: (j,g9) = (k, h) by (idy, f) is given
by the 2-arrow )\([i an® defined as

U Xy V12 — V12 au z .

~_ 7

We now show left whisking by (id, f) preserves composition. In the
following, let A (—) = )\{id n=)

U Xy V123
U Xy V123
/I_\ _ ” Xy v13

ai+az

~_ v
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U Xy V123 U Xy V123
Vg — V1
/ \11“\
— V123 —
V123 Vg — 2
\ /azﬂ/
V23 — U3
U Xy V12 — U Xy V1
/ \ alU \
U Xy V123 U Xy Vg —2
: / - \
V123 Vg ——— 2
\ /azﬁ/

U Xqy V13 A1a1+>\1a2ﬂ z

-~

By uniqueness of descent, A (a1 + a2) = May + Mas.
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A.2 Case II: left whiskering by (7,id,) Recall the notations Vy5 :=
V1 X2, Vij. 1= v; X4 0j X4 . ... and the canonical maps v;;.. — V;... Recall
the definition of case II of left whiskering (Definition 3.13):

Definition A.2. The left whiskering of a: (j, g) = (k, h) by (j,id,) is given
by the 2-arrow )\{ H 1@ in K defined via unique descent by the equation

b
b

We now prove left whiskering by (j,id,) preserves composition. In the
following, let M1(—) := )\{Jfld)( )

&

pra
V12 Xz Vig —— V12 ’\(j,idWH z = w2 Xz Vo *>U1

é

V123

V123 Xz Vigz V123 Xz V123 /

V123 Xg V123 4> 1)123

// \ V123
v13 Xz Vi3 — \

— 013 Xz Vis *)’013 a1+az

\\ / /V”’\

V13 a1ta2 z

/\
Vig aMl(ay +a2)u z
Vis
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7 V\

V123 Xg V123 —> V123 a1®az z

A

‘/—123 —_— ‘/12

>
N,
N

v123 Xz V123 — v123

/t
g/
A\

‘/123 — ‘/23

‘/-123 — ‘/12

vi2 — V12

/X
23 Vg — 2
i

vz — Va3

=

= w193 Xz V123 —

<
-

<

‘/-123 — ‘/23

v12 Xz V12 — V12

T

= 123 Xz V123 vy — 2

e

V23 Xg Vo3 — v23
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(where the subdiagrams on the bold symbols are equal)

v12 Xz Vig — Vi — 11

- AN

= v123 Xz Vi23 V2%
Sy Y
Vo3 Xy Vog — Vag — v3
v123 Xz V123 Vig — 11

RN

= Vg — 2

RNV

Vaz — v3

V123 Xz V123

|

_ Va3

|

‘/13 )\Ijal—‘r)\jjagﬂ/ z

By uniqueness of descent, we have A (a1 + az) = M a; + Mas.
Putting the two results this appendix together, arbitrary left whiskering
preserves vertical composition.

B Proof that the associator is natural

We will use [6, Proposition I1.3.2], which says the naturality condition for
a transformation between functors A x B x C' — D can be checked in each
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component separately. Thus we only need to show the putative associator
for K is natural for 2-arrows arising from double right whiskering, double
left whiskering and left-+right whiskering:

O
NN N

\b
where these 1-arrows are J-fractions, and the 2-arrows are maps of J-fractions.
The major tool here is Lemma 3.6, in particular the second and third
cases, since the associators arise from invertible renaming transformations.
For the rest of this appendix, fix composable triples of J-fractions:
J1 f1 J2 f2 J3 f3
T1<— Ul —> T2 T Uy —> T3 T3 < U3 — T4

k g1 k g2 k g3
$1<—1U1—>ZE2 132(—2U2—>$3 :L'3<—3’U3—>a74

and maps of fractions a;: (j;, fi) = (ki,g:;) for ¢ = 1,2,3. Each step will
only use one of ay,as or ag at a time.

We also need some notation for pulled back arrows, else there will be
a confusing proliferation of projection maps. So, given f,g in the pullback
square below (in our given 2-category K), the projection maps will be de-
noted f and 7 as shown:

J
T Xy 2z ——

z
If we need to pull an arrow g back along two different maps ELN y and

zo 2 y, the results will be denoted ¢/* and ¢/2 respectively. To save space,
horizontal composition will be denoted by juxtaposition (in function compo-
sition order), and the identity 2-arrow in K on a l-arrow f will be denoted

1f.

B.1 Double right whiskered See Definition 3.10 for how right whisker-
ing is defined. We need to both right whisker a; twice in succession (by

(j2, f2) and (js, f3)), and also whisker it by (js, f3) © (j2, f2) = (j2js. f3.f2)-
The results then need to be vertically composed with associators in the
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U1U2 us
) (f2f1)™

/

[(uru2)us] Xz [(viuz)us]

\

(viu2)us

/

ULUQ Xxl V1U2 a1

\

V1u2

_

iy

[

X

s

V]

— 2
<~

f3
U3 ——> T4

f2g1)~

Uiuz

J2 Uy —— I3

f2

N

N

e \
Figure 2: Constructing the double right whiskering

appropriate order and compared. Namely, we need to show the following
2-arrows are equal:

?

Pjoga, fafa) 1 + (@ g us) = (Quy uz,us) + p(]syfs)(p(jz,fz)al)

Or rather, we will show

?

—1
T p(]z]s f3f2)a1 + L(avl u2 “3) = p(j&fs)(p(jz,fz)al)'

(t(@us,us,u3))

Denote the 2-arrow data of P a1 by Pty iy and the 2-arrow data of

ja73.f3f2)
p(j37f3)(p(j2,f2)a1) by pg(ppa). Then pg(ppa) == 1g(1pa
the diagram in Figure 2, where (ujug)ug := (u1 Xg, u2) Xzq usg, (’Ul’LLQ)U3 =
(V1 X gy U2) Xy ug and similarly for ujug and viug. The 2-arrows aj® and

@)™, as shown
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U2U3) = 3273
/ f\/;
@27 f2 f3
[ul(ung)] Xz Ul U2U3 UU3 —> U3 —> T4
\ glj2]3 _ .
v (ugus) 7 J3
™ Uy —— I3
f2
/ \ ’

Figure 3: Constructing the right whiskering by the composite

(1 fQ'd]f)N are the unique 2-arrows satisfying

Ly (1p,a17)"~ = 1paf1, (B.1)
1]'2&/{2 = (Lllp (BQ)
respectively, using the fact j, and jz are ff. Wealsohave p, s a:=1p1pa ]2]“,
as shown in the diagram in Figure 3. Again, using the fact jo73 is ff, a]2J3 is
the unique 2-arrow satisfying
1, 1]3a”]3 =al, (B.3)
Finally, we note that we have
T = pq (B.4)
where & = (Quyupus X Guyusus) *- Using Lemma 3.6, we see that

(L(aul,uz,w))il + Pagarfafa) ™ + t(@yy ug,us) 18 given by
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()] Xy [(0102) 03] — [i1 (uziz)] Xy [o1(zug)] 5], g 225

We can thus calculate

1, 1j3a{2]3 lg = a1lgly using (B.3)
=a1lpl, using (B.4)
= 1j26{2 14 using (B.2)

and hence, since js is ff, we have 15 ]2]31a = @]*1,. Continuing,
1,17, @B, = 14,1531, by definition of f and J3
= 1J'3a12 1

=1;,(15,a7)~  using (B.1),

but now since j3 is ff, we have 1 af” lo = (1f25{2)~, and hence

(L(am,uz,w))_l F PlGsgs fa )™ T Uy uz,us) = 1f31f CLJZJSI
- 1f3(1f2a1 )~

= Ps. 1) (Pla, f2)@1);

which is what we needed to show.

B.2 Double left whiskered See Definitions 3.12 and 3.13 for how left
whiskering is defined. We need to both left whisker a3 twice in succession

(by (j2, f2) and (j1, f1)), and also whisker it by (ja, f2)  (j1, f1). The results
then need to be vertically composed with associators in the appropriate order
and compared. Namely, we need to show the following 2-arrows are equal:

?

>‘(j1,f1) ()‘(J'z,fz)a3) + (@ uz,03)

What we will show is the following

2

)‘(j17f1)()‘(j27f2)a3) = 1Ay up,ug) + )\(j1]~27f2f~1)a3 + 1@y ugvs)

L(au1,u27u3) + A(j1]~2,f2fl)a3
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We can give a direct construction of the left whiskering, combining the
two cases given in Definitions 3.12 and 3.13, as follows.!°

Lemma B.1. Let y < vy EN Y bl va L 2 be J-fractions. The left
whiskering of the map a: (j, f) = (k,g) by x Loayly y s given by the 2-
arrow A\a that is the unique descent of a o 15 along the co-ff arrow i in

Rt xho
the following diagram
U Xy V1
/ \
(u Xy v1) Xo (U Xy v2) —— (u X, v1) X (uxyv
y V1l u y U2 y UVl 2
M) /
U Xy V2
o pT2
hf xh9
/ AN f
V1 Xy U2 ﬂ z
prp /

V2

Proof. We first need to verify that ¢ is indeed co-ff. But this follows from
the fact it fits into a commutative square

) TL (u Xy v2) —t, (u Xy v1) ><f (u Xy v2)

x
l

(u Xy vy

where the left and right vertical arrows are in J (and ! € J by assumption),
hence i is a map between J-covers, and we can apply Lemma 2.14.

10This construction was found during revision of the article, after referee comments. I
thank Fosco Loregian for the whimsical suggestion to call it the “teapot lemma”.
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J3pry

/\)
[uq (ugus)] Xty X gy 12 [u1 (ugvs)] - (ugug) Xy, (ugvs) —— 7 usv3 {Jas T4

Q UL X gy U U - T3

B ) faf2prig
J2 q

[u1(ugus)] Xu, [u1(ugvs)] (ugtig) Xa (ugvs) |[Aras x4

J2
g3f2pray

ip U —————————— T2

J

[u (ugu3)] Xz, [u1(ugv3)] ———— 21
Figure 4: Constructing the double left whiskering

We thus need to verify that the left whiskerings (in K) of A\ )a and Aa
with ¢ are equal, since then 7 being co-ff means A ya = Aa. But this follows
from the definition of the left whiskering of A4, »)a with (I,id,). O

We first construct the 2-arrow Ap, (Ar,a3) specifying A¢;, ¢y (Ao, f2)@3),
using the diagram in Figure 4.
Where Ay,a3 is the unique 2-arrow satisfying

(Apa3)ly, = asly. (B.5)
The last step is that Ay, (Af,a3) is the unique 2-arrow satisfying
(An(Apa3)li, = (Apas)lp (B.6)
Note that from the diagram we also have
pQ = igP. (B.7)

We next construct the 2-arrow A AL specifying )‘(1132 o) @35 using the
diagram in Figure 5. Here )\ 7,03 is the unique 2-arrow satisfying

(>‘f2]71a3)1i7r = a3ly, (B.8)

and we note the identities
irQ = aipQ (B.9)
qP = ma (B.10)
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fa(f2f1)~ pry

[ul(u2ru3)] Xz [’“1(U2v3)} > [(u1u2)u3] X, [(u1ug)1)3} u/\hflu;; 24
ZPT g3(f2/1)~ pry
(w1 (ugug)] Xy, [u1(ugvs)] in

QT fapry
/—\

[ (ugu3)] Xy gy [ (U203)] —== [(wau2)us] Xuy s, us [(urug)vs] —— ugvs xﬂm/m

g3 Pry

uUi1U T xs3
2J1

1
Figure 5: Constructing the left whisking by the composite

Further, we have that the map of J-fractions
-1
U@uyuzpus) ™+ )\(jﬁé,fzﬁ)a?’ + (G uz v5)

is specified by the 2-arrow ()\fmylag)la. Hence we can make the following
calculation

()\f2f~1a3)1aliPQ = ()‘fgﬁa3)1iﬁ15 using (B.9)
=a3lyly using (B.8)
=aslylp using (B.10)
= ()\f2a3)1iq 1P using (B.5)
= (Apa3)lplg using (B.7)
= ()‘fl ()\f2a3))1ip1Q using (B6)
Notice that @ is co-ff as j3 is a J-cover, as well as the other two maps in the
square defining (), and we can apply Lemma 2.14. Since i, is also co-ff (by

the proof of Lemma B.1), and co-ff 1-arrows are closed under composition,
we have (Ay, (Af,a3)) = A s, a31a, as we needed to show.

B.3 Left+4right whiskered We need to both whisker as by (j1, f1)
and (J3, f3), in that order, and also whisker it by (j3, f3) and (j1, f1), in that
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order. The results then need to be vertically composed with associators in
the appropriate order and compared. Namely, we need to show the following
2-arrows are equal:
?
)\(jlzfl)(p(j37f3)a2) + [’(CLULU%UB) - L(aul7u27u3) + p(js,fs)(/\(jhfl)a?))'
What we will show, though, is the following:
? _
p(j37f3)()‘(j1,f1)a3) = L(aulﬂuz,u:s) t4+ )‘(j1,f1)(p(j3,f3)a2) + L(am,vz,m)v
where (@ ugus) T+ AGr,f1) (PGs, £3)@2) + (G 0,us) 18 specified by the 2-
arrow

[(urug)us] Xz, [(urv2)us] —> [ug (ugus)] Xz, [v1(uousz)] Ay (pfgaz)ﬂ T4

where Ay, (pfsaz) specifies the map A(j, 1,)(0(js,f5)a2) of J-fractions.

We first construct the 2-arrow data of A(;, 1,)(p(js,1;)02), using the dia-
gram in Figure 6. We have pyas := 1y,a2 where ap is the unique 2-arrow
satisfying

lj,as = azlze. (B.11)

Similarly Af, (ppa2) := 1p, Ay, (a2), where Ay (a2) is the unique 2-arrow sat-
isfying

Ap (a2)1;, = az1,. (B.12)

We next construct the 2-arrow data of p(j, £,)(\(j,,)a3), using the dia-
gram in Figure 7. We have py, (Af a2) := 15, (Apa2)™, where (Af az)™ is the
unique 2-arrow satisfying

1j3()\f1a2)N = ()\f1a2)1]~312 (Bl?))
Similarly, Af az is the unique 2-arrow satisfying
()\flag)liq = (Iglq. (B14)

Finally, we note that we have commutative squares

J a
uU1U2 Xul ULV (U1UQ)U3 Xu1 (ulvg)u;z, T ul(uQU3) Xul ul(vgu;>,)

| ] ;

UTUQ X gy UV W (ugug)us Xz, (u1va)us % ug(ugug) Xz, u(vous)
3

(B.15)
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uy (ugus)
/ Rl
ul (’LL2U3) Xz ’LL1(UQU3) >\f1 a2)ﬂ us
\ /2f”'
Uy (UQUS)
ip
/ o

Ul (UQU3) up U1 (UQUQ,) *) U2U3 Xz VU3

\

vous

U3 ——— T4
f3

N

J3 J3

/
T,

U2 Xy z3

VA

(31 xT9

I

Figure 6: Constructing the right then left whiskering
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U1U2
/ )\ \ .
(U1UQ)U3 Xxl U1U2 (A 2)/' U3 ——> T4
U1U2
‘7'512 j3
Uru2
/ %
ULU2 Xgy UIV2 T3
\ 4
U1v2

1q

ULUL Xy ULV2 ﬁ U2'U2

T3

VA

Cal
1

Ji

I

Figure 7: Constructing the left then right whiskering
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and we need to show that

~ ~ ? ~
Af (pf:sa?)la = 1f3(>‘f1a2)104 = 1f3()‘f1a2)104 = 1f3(>‘f1a2) = pf3(>‘f1a2)'
(B.16)
We can now calculate:

Ljy(Apa)l;, = 1j,a21, using (B.12)
= aglze2ly using (B.11)
= a21q1J15_1
= (Afa2)1;,1515 using (B.14)
= ()\flag)lﬁu 171-1&—1 using(B.lS)
= 1j3(/\f1a2)N17r1571 using (B13)
= 1j,(Apa2)~ 14115, using(B.15) .

Since j3 is ff and i, is co-ff, we have (Af (a2))1la = (Afa2)™, from which
(B.16) follows.

This completes the proof of Lemma 3.18.

C Proof that the middle-four interchange holds

We need to show the following equality of vertical compositions in Kj:

D =0
N N

— —

© |

O
N

(Here the 1-arrows are J-fractions, and the 2-arrows are maps of J-fractions.)
For the rest of this appendix, fix composable pairs of J-fractions

1&U1f—1>$2 1‘2<]—2UQf—2>:C3

8

1 91 ko 92
1$— V1 — T2 X2<$— V2 — T3

8

and maps of fractions a;: (ji, fi) = (ki,g;) for i = 1,2. In everything that
follows, unlabeled 1-arrows are canonical projection maps.
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We first calculate Pja,f2)a1 + )\(917,{1)@. Define the arrows p: viug Xg,
VU2 = UgV2, Gy V1UL Xy, V1V2 — VU2 X 4, V1V2, and Jo = pry3: , and fora,b €
{u, v}, the notation a1bs := aj X4, ba. The arrow i), is, by Lemma 2.14, co-ff.
Using the definition of right whiskering (Definition 3.10), and left whiskering
as in Lemma B.1, we get that the 2-cell representing p(j, r,)a1 + A(g, k,)a2
is the unique descent along the co-ff arrow ujus X4, (viug Xz, viv2) —
uUg Xz, V102 (using Lemma 2.14) of

ULU2 Xz V1U2 — UTU2

B NN

UIU2 Xgy (Ulu2 Xy Ulvz V1U2 — u2 *ﬁﬂs
Agq @
\ / 5 QH %
V1U2 Xgy V102 V1V2
91
(C.1)

where @ a ? is the unique lift through js of a11j; (using j is ff), and Ay az is
the unique descent of a1, along the co-ff arrow i,.

We next calculate )\(jhfl)ag + P(ky,go)1- Define the arrows q: ujug Xy,
U1V2 — UV2, iq: UTUZ Xqyq ULV2 — UTUZ Xz ULV, and %2 = Prig: U1V2 Xz,
vive — wivy. The arrow i, is, by Lemma 2.14, co-ff. Then the 2-arrow
representing A, 7,12+ P(k,,g,)01 is the unique descent along the co-ff arrow
UTUY X gy (UIV2 X gy V1V2) = ULUL Xz, V1V2 (using Lemma 2.14) of

J2

UTU2 Xz UV uULU2
f2
ULU2 Xy (Ulvz Xy Ul'U2 UV ——> V2 —— T3

\ / AN fi}q N

ULV Xgq V1V — V1V2
(C.2)
where Zi’l” is the unique lift through ks of a; 15 (using ko is ff), and Ay as is
the unique descent of a1, along the co-ff arrow i,.
From here, we will left whisker (in K) both of p(j, f,)a1 + Ag, k)2 and
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AG1,f1)32 T P(ks,g2)@1 by the co-ff 1-arrow

! ('LLl'LLQ)UQ Xy (Uva)UQ — UTU2 Xz, V1V2

(again using Lemma 2.14) and show the resulting 2-arrows are equal. Here
(urug)vy = (Ug X4, ) X4, v2 and similarly for (vive)us. From this it will follow
that p(j,, £,)@1+A(gy k)82 = A(j1,f1)@2F P(ks,92)01, and hence that middle-four
interchange holds.

Note first that using (C.1), the 2-arrow (p(j27f2)a1 + )\(ghkl)ag) 1. is equal

to
ULU2 Xgq VU2 — UTUQ
772

~jo 1

a
1

/ \ 1,// -~ .
(U1UQ)U2 X (U1U2)U2 —> ULU2 X gy (Ul'lLQ Xz ’011)2) V1UQ 4) U9 — I3
l \ / /\na?H /
V1U2 Xy, V102 - V1U2 Xz V1V2 — V102 % V2

ip

ULU2 Xgy VU2 — ULU2

/ \6}2/\%{

— (U1UQ)’U2 Xz (’Ul’UQ)UQ ViU — U2 *2> T3

T Ty

V1U2 Xy V1V2 T> UV —> V2

(uﬂLQ)’Uz Xz (1}1U2)U2 U2 4> 3

T F AL

V1U2 Xgy V102 T UV — V2

where the last equality holds as ugve — us is ff, so we can lift 5{2 to aj.
We note that a; is a lift of a;1g through usvy — 2, for Q: (uiuz)ve Xy,
(U1U2)UQ — U1V1.

Now using (C.2), the 2-arrow (A(jl’fl)ag + p(kQ,gg)al) 1, is equal to
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i g
iq 2

1
ULU2 Xy UIV2 ULU2 Xgq UV — ULU2 — U2
T / \)\flaQM Y
(U1UQ)1)2 Xzq (vlvg)u2 — ULUZ X gy (ul’Ug Xzq 1)11}2 ulvg H V2 —> T3

ULV2 Xgq V1V — V102

q
ULUZ Xy ULV — U2V —> U2

— 1
= (U1UQ)’U2 Xml Uﬂ)g ULV —> V9 7 &3

\ /a S i

ULV2 Xgy V102 — V102

q
UTU2 Xy UV — UV — U2

(u1u2)vg X1 (’011}2 V2 ? T3

where the last equality holds as usve — wvo is ff, so we can lift al2 to af.
But now @} is also a lift of a;1¢g through ugvy — x2, hence a; = @}. This
give us ('O(j2,f2)a1 + )\(glJfl)a?) Iz = (/\(J'17f1)a2 + p(k2792)a1) Lz, and hence
the desired result, using the fact 7 is co-ff.
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