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Abstract— In this paper, the analysis of induction machines 

using five separated subdomains including the rotor slot, rotor slot 

opening, airgap, stator slot opening, and stator slot regions is 

considered. The Maxwell equations of each region are solved 

considering the boundary conditions. Uniform distributions of the 

current density in the rectangular slots of both the rotor and stator 

are considered to find the energy of the winding and to calculate 

the machine inductances using the energy equation. The calculated 

flux density of each subdomain is used to find the flux distribution. 

The calculated magnetic flux intensities are required to estimate 

the saturation level of the motor cores and correct the saturation-

related values such as the leakage and magnetizing inductances. 

The machine core losses are calculated based on the Steinmetz 

equation at the no-load condition. The calculated inductances and 

resistances are used in the equivalent circuit of the squirrel-cage 

induction machine (SCIM) for the performance prediction. The 

results demonstrate the reliability of the saturation model in the 

prediction of the saturation influence in a wide range of 

magnetization levels. The accuracy of the proposed model in the 

prediction of the performance of the SCIM is validated using 2D 

and 3D finite element analysis (FEA) results. A sensitivity analysis 

with 75 different geometries was conducted to show the capability 

of the model for the performance prediction of a wide range of 

induction machines.  

 
Index Terms— Induction motor, magnetic vector potential, 

performance prediction, saturation effect, subdomain model. 

I. INTRODUCTION 

NDUCTION MACHINES are utilized in many industrial and 

domestic applications. Therefore, the optimal design of them 

improves the performance of the electric devices and reduces 

the energy consumption. Finite element analysis (FEA) is one 

of the widely used numerical methods for electric machine 

design studies. The optimal design of electric machines using 

numerical methods such as FEA is time consuming. Analytical 

models can predict the electric machine performance faster than 

numerical methods. Hence, a high-accuracy, reliable analytical 

method is useful to reduce the time of an optimization study.  
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The non-numerical methods of the analysis of electric 

machines are categorized into empirical models and analytical 

techniques [1-3]. The empirical methods developed based on 

experiments are not reliable to be applied to all sizes/rated 

powers of a certain electric machine [4]. 

The magnetic equivalent circuit (MEC) modeling based on 

Maxwell equations is another type of the analytical model. 

Many nodes and reluctances must be considered to prepare an 

accurate MEC model. The increase of the number of elements 

in a model not only makes the modelling process more complex 

but also increases the processing time of the simulation. The 

MEC accuracy can be improved by consideration of magnetic 

saturation where the investigation of the nonlinear 

characteristics of the magnetic materials is required [5].  

The consideration of slotting in different parts of the machine 

has been a difficulty in applying Maxwell’s equations [6, 7]. 

The slotting effect has been modeled using some permeance 

dependent models [6-8]. The definition of the Carter’s 

coefficient, conformal transformation, and Schwarz-Christoffel 

mapping techniques are the main contributions of the 

researchers in modeling the slotted parts in the analytical 

methods. The use of these techniques makes the analytical 

model more complex and only provides limited accuracy 

improvement of the machine performance [9]. These 

permeance related models are not able to accurately include 

magnetic saturation [10].  

The subdomain models (SDMs) [11, 12] were introduced to 

consider the slotting effect directly based on the solution of the 

Maxwell equations. The SDM, which is also called the semi-

analytical model, separates the machine geometry into different 

regions and solves the Maxwell equations for each region based 

on the boundary conditions. The SDM was comprehensively 

studied for permanent magnet machines [13]. 

Due to the difficulty of the eddy-current estimation in the 

rotor bars of a squirrel-cage induction machines (SCIMs), there 

is limited literature on this topic [14-19]. The eddy currents are 
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outer and inner stator diameters, rotor diameter

shaft diameter

length

number of stator and rotor slots

Stator and rotor slots geometry

End ring dimension

End winding dimension

Nominal power

Nominal voltage

Nominal current

Number of turns

Stator fill factor

Rotor fill factor

Determination of the stator and rotor slots angles (θs,θso,θr,θro), 

copper and rotor bars sizes and their location in the slots considering 

the fill factors, number of turns, and nominal values.

Calculation of the machine vector potential using the Maxwell 

equation in five different subdomains. 

Leakage and magnetizing inductances using energy equation, without 

consideration of the saturation effect.

Rotor resistance.

Stator resistance.

Power factor

No-load current

Nominal torque

Nominal slip

Stator ohmic losses

Rotor conductive losses

Efficiency

Calculation of no-load current where the rotor current is zero and the 

stator current is the only source of energy for the Maxwell equations. 

Calculation of the yoke and tooth flux density in the stator and rotor.

Calculation of core losses using Berttoti equations. 

Design: Machine geometry and electric characteristics:

Preliminary study: 

Calculation of the 

machine performance 

parameters using the 

determined equivalent 

circuit: 
Calculation of the equivalent circuit parameters:

Core loss calculation:

Consideration of an ampere loop around phase to model the 

saturation effect. 

Define a saturation factor. 

Modification of the inductances and core equivalent resistance by 

means of the calculated saturation factor.

Saturation modeling:

 
Fig. 1. The flowchart of the proposed analytical model.

calculated by solving the Helmholtz equation [14-17]. The 

calculation of the eddy currents by estimation of the voltage of 

the rotor bars using the flux linkage is another technique [18-

19]. In all these methods, to predict the SCIM performance, the 

time stepping method simulates the rotor motion in the SDM of 

SCIMs. It increases the simulation time due to the consideration 

of the magnetic field transient. 

The previously discussed papers ignore the effect of 

saturation in the iron parts. The inductance variation caused by 

the saturation affects the electrical machine’s torque generation, 

torque ripple, power factor, and efficiency. So, the saturation 

investigation is of great importance to predict the machine 

performance accurately.  

The Cauchy’s product theorem was proposed to model the 

saturation effect by consideration of the permeability of linear 

soft magnetic material [20]. The authors in [20], explained that 

the non-linear iron can be modeled based on the proposed 

method during an iterative procedure. Also, an iterative search-

based approach has been introduced in [21] for saturation 

consideration of the permanent magnet synchronous machine. 

The utilization of such search-based iterative methods is not 

computationally efficient. An average equivalent permeability 

is defined in the saturation model of the permanent magnet 

motor presented in [22]. This model considered the saturation 

effect in the back-iron and ignored the rotor part and stator tooth 

which leads to a lower accuracy in prediction of the saturation. 

The analytical modelling of the saturation effect in induction 

machines is mostly carried out with consideration of the state-

space equations and assumption of availability of the stator and 

rotor currents as the state variables [23-25]. The magnetic 

nonlinearity is modeled as a function of stator and rotor currents 

or the magnetizing flux [26, 27]. When the stator and rotor 

currents are used to develop the saturation function, the 

magnetizing inductance function should be differentiated with 

respect to time. The consideration of the magnetizing flux does 

not need the differentiation, but the simulation will be more 

complex [28].  These models are application dependent [29] 

and have been employed for modeling of induction generators, 

loss calculation, fault analysis, and transient analysis [29, 30]. 

It is necessary to implement the dynamic model of induction 

machines to predict the saturation level using these methods.  

The calculation of the airgap flux harmonics plays a 

prominent role in predicting the magnetization level [31]. The 

accuracy of the airgap flux harmonic technique, introduced in 

[32], was improved in [33] by separation of the fundamental 

and third harmonics of the airgap flux density. However, the 

presented results in [34] were limited to the variation of the 

saturation factor and the paper did not report the inductance 

variation influenced by the saturation effect.  

The dynamic based models need the motor parameters to 

simulate and calculate the current harmonics and find the 

saturation factor at different current. In [35] and [36], a constant 

saturation coefficient was defined based on the flux linkage of 

the machine. These models cannot follow the saturation model 

in all magnetization levels and just consider a correction factor 

to model the machine at the rated condition. The saturation 

effect modeling at all magnetization levels is important when 

the SCIMs are studied in a driving cycle where an inverter 

drives a SCIM. Thus, there is a lack of an accurate and fast 

technique for the analytical modeling of the saturation effect 

over a wide range of voltage and speed.  

The skin effect and high order harmonics on the rotor bars 

has a lower impact on the performance of the machine at 

smaller slips. In [37], it has been shown that the electric 

equivalent circuit (EEC) is a suitable tool to predict the steady-

state performance of the SCIM. Therefore, an accurate 

calculation of the EEC parameters enables predicting the SCIM 

performance properly. Hence, instead of the calculation of the 

eddy current of the rotor bars studied in [14-19], the proposed 

model uses the EEC to predict the rotor current at the steady-

state operation. The use of EEC increases the speed of the 

performance estimation because it does not need the time-

stepping technique for calculation of the field transients.  

In this paper, the Maxwell equations are solved in five 

subdomains to consider the rotor, airgap, and stator slotted parts 

like the considered subdomains in [17]. According to the 

flowchart of the proposed analytical model presented in Fig. 1, 

the magnetic vector potentials (MVPs) are used to find the EEC 

inductances using the energy equation and also the core losses. 

The core loss resistance is computed using the calculated iron 

loss from the SDM. The EEC is completed by calculation of the 

rotor and stator resistance based on the sizing equations.  
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TABLE I. COMPARISON OF THE CONTRIBUTIONS OF THIS STUDY WITH 

PREVIOUS SDM MODELS OF SCIM. 

Ref. no. 

Reported performance 
magnetic 

flux density 
saturation 

consideration current torque 
core 

loss 

power 

factor 
efficiency 

[14], [15], 

[16] 
✓ ✓ ✗ ✗ ✗ ✓ ✗ 

[17], [18] ✓ ✓ ✗ ✗ ✗ ✓ ✗ 

[19] ✓ ✓ ✗ ✗ ✗ ✓ ✗ 

[38] ✓ ✓ ✓ ✓ ✓ ✓ ✗ 

This paper ✓ ✓ ✓ ✓ ✓ ✓ ✓ 

This paper is the continuation of our earlier work presented 

in [38]. Compared to [38], firstly, the calculation of the EEC 

inductances in this paper using the energy equations is 

improved by consideration of the mutual inductance between 

the stator windings. This improves the accuracy of the 

calculated inductances from the MVPs. Secondly, a saturation 

model based on the calculated MVPs in the no-load condition 

is introduced. It uses a saturation factor to correct the calculated 

values of the EEC inductances which improves the performance 

prediction capability of the model. To the best of the authors’ 

knowledge, the proposed saturation model is the only saturation 

model in the modelling of the SCIMs based on the subdomain 

techniques. Compared to the previous literature which 

estimated the saturation level using the dynamics model of the 

system, the proposed model predicts the saturation without 

dynamics analysis. This leads to improvement of calculation 

speed by eliminating time stepping analysis which has been 

necessary for the former subdomain models.  

Table I compares the contribution of the paper with the 

former SDM based studies and demonstrates that the proposed 

model includes the calculation of the saturation model 

compared to the previously introduced models. The presented 

results show the capability of the model in the prediction of the 

saturation effect at different magnetization levels. Also, the 

core loss, efficiency, and power factor of the SCIMs which has 

not been reported in the most previous SDM models, are 

reported in this paper.  

II. THE PROPOSED METHOD 

The proposed model consists of three main calculation steps 

to model an SCIM and assess its performance. According to 

Fig. 1, the machine geometry and electrical characteristics of 

the machine are given as the initial values of the model. In the 

next step, the quasi-magnetostatic equations of the machine are 

obtained. Finally, a saturation factor is defined based on the 

consideration of an Ampere loop over a pole. The core loss at 

no-load is calculated to find the core loss resistance of the EEC. 

A. The quasi-magnetostatics problem 

The considered regions for the definition of the 

magnetostatic problem are shown in Fig. 2. All the slotted parts 

consisting of the rotor bars, rotor slot opening, airgap, stator slot 

opening, and rotor slots are investigated in separate 

subdomains. The MVP is formulated by the Poisson’s equation 

shown in (1) where 𝝁𝟎 is the magnetic permeability of air and 

𝑱 shows the current density. 

r5 r4 r3 r2

r1

θs

θso

θr

R

θ

A
Ik

A
IIk

A
IIIkA

IVkA
Vk

r6

 
𝜃𝑠: slot angles of the stator 𝜃𝑟: slot angles of the rotor 

𝜃𝑠𝑜: slot opening angle of the stator 𝜃𝑟𝑜: slot opening angle of the rotor 

𝑟1to 𝑟6: the radius of the different 

subdomains 

𝐴𝐼𝑘to𝐴𝑉𝑘: the magnetic vector 

potentials inside of each subdomain 

Fig. 2. The cross-section of the studied SCIM illustrating the five subdomains 

and parameters used to write the Maxwell equations in the 𝑅 − 𝜃 plane. 

∇2𝐴 = {
−𝜇0𝐽         Through the stator and rotor slots
0                                                         Otherwise

 (1) 

 

The boundary conditions of the different subdomains are 

obtained based on the continuity of the magnetic flux density 

and Ampere’s law. We have previously discussed the procedure 

of the derivation of the magnetic vector potentials in each 

subdomain and the details of the boundary conditions in an 

earlier paper [38]. According to the presented equations (17)-

(22) in [38], the MVPs consist of three different matrices called 

the geometry (𝐺), excitation (𝐾) dependent, and unknown 

variables matrices (𝑋). The calculation of the unknown 

variables using 𝐺 and 𝐾 allows the computation of the MVPs 

for each excitation and geometry. 

It was shown that the matrix 𝑮 is independent from the 

variation of the excitation and needs to be calculated only once 

for a certain geometry. As shown in (2), the unknown variables 

of the magnetic vector potentials in each subdomain are updated 

based on the current density of the stator windings and rotor 

bars. 

𝑿 =  𝑮−𝟏𝑲 (2) 

The unknown variables and consequently MVPs can be 

updated for each set of excitations. This characteristic of the 𝑲 

matrix is used to write an equation set derived from the energy 

equation with five unknown variables (i.e., the turn-ratio (𝒏𝒓𝒔), 

stator and rotor leakage inductance, the magnetizing 

inductance, and the mutual inductance between the stator 

windings). Five equations are needed to find these five 

unknowns. According to the energy equation presented in (3), 

the magnetic energy results from the integration of the products 

of half of the current density by MVP’s over the volume of the 

slots.  

𝑾𝒎 =
𝟏

𝟐
∑∭(𝒋𝒔𝒌𝑨

𝑰𝒌 + 𝒋𝒓𝒌𝑨
𝑽𝒌)𝒅𝒗

𝒗𝒌

 (3) 

In (3), 𝒋𝒔𝒌 and 𝒋𝒓𝒌 are the stator and rotor current density of the 

kth slot in the stator and rotor slot subdomains. If the saturation 
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effect is ignored, the energy equation can be expanded as 

below:  

𝑾𝒎 =
𝟑

𝟐
(
𝟏

𝟐
(𝑳𝒍𝒔 + 𝜷𝑴𝒔𝒔 + 𝑳𝒎)𝒊𝒎𝒔

𝟐

+
𝟏

𝟐
(𝑳𝒍𝒓

′ + 𝑳𝒎)𝒏𝒓𝒔
𝟐 𝒊𝒎𝒓

𝟐

+ 𝒏𝒓𝒔𝑳𝒎𝒊𝒎𝒓𝒊𝒎𝒔) 

(4) 

where 𝑳𝒍𝒔, 𝑳𝒍𝒓
′ , and 𝑳𝒎 are the stator leakage inductance, rotor 

leakage inductance referred to the stator side, and the 

magnetizing inductance, respectively. Also, 𝑴𝒔𝒔 is the mutual 

inductances between the stator windings. 𝜷 is defined to 

consider the number of the mutual inductances for different 

current distributions in the windings. The stator and rotor 

currents are shown by 𝒊𝒎𝒔 and 𝒊𝒎𝒓, respectively. Note that the 

stator and rotor leakage inductances (i.e., 𝑳𝒍𝒔, 𝑳𝒍𝒓
′ ), magnetizing 

inductance (𝑳𝒎), stator winding mutual inductance (𝑴𝒔𝒔), and 

the turn-ratio are the five unknowns of these equations which 

are required to define the EEC parameters used in [38]. 

According to (4), the calculated values of the inductances are 

independent of the amplitude of the current (ignoring 

saturation). So, determination of some arbitrary values for 

excitation of the windings is possible for the analysis. As such, 

the current distribution over the slots is important to calculate 

valid values for the inductances. 

In [38], it was assumed that the stator leakage inductance and 

rotor leakage inductance transformed to the stator side are 

equal. This enables the definition of three sets of excitations for 

creation of three equations to find the unknown variables. This 

assumption is logical especially for analysis of the induction 

machine at rated condition using the EEC. So, four independent 

equations are required to find 𝑳𝒍𝒔, 𝑳𝒎, 𝑴𝒔𝒔, and 𝒏𝒓𝒔 whereas 

𝑳𝒍𝒔 = 𝑳𝒍𝒓
′ .  

Considering (4), the summation of the stator leakage and 

magnetizing inductances are obtained when the rotor current 

(𝒊𝒎𝒓) is zero and 𝒊𝒎𝒔 is injected into the stator winding. A single 

layer winding structure is assumed for the distribution of the 

current in the slots to simulate this condition. The red solid line 

(𝑰𝒔𝒕) in Fig. 3(a) shows the distribution of stator current for the 

calculation of the energy by (4). Note that the current of phase 

C is zero in this excitation and consequently 𝜷 is 1. So, the 

calculated energy (𝑾𝒎𝒔) is equal to the summation of the stored 

energy in the leakage inductance, mutual inductance, and a 

magnetizing inductance. Considering the rated frequency (𝒇) 

and the synchronous electrical angular frequency (𝝎 = 𝟐𝝅𝒇), 

the first equation of the four required equations is obtained as 

follows:  

𝑋𝑙𝑠 + 𝑋𝑀𝑠𝑠 + 𝑋𝑚 = 4𝜔𝑊𝑚𝑠 3𝐼𝑠𝑡
2⁄  (5) 

A sinusoidal current (𝑰𝒓𝒕) shown in Fig. 3(b) is distributed in 

the rotor bars whereas the stator current is zero (𝑰𝒔𝒕 = 𝟎). In this 

excitation condition, the second term of the energy equation 

(𝑾𝒎𝒓) is non-zero. It enables writing the second required 

equation which is presented in (6). 

𝑋𝑙𝑟
′ + 𝑋𝑚 = 4𝜔𝑊𝑚𝑟 (3𝐼𝑟𝑡

2 𝑛𝑟𝑠
2 )⁄  (6) 

The third set of the combination of excitation is prepared 

when the stator slots are supplied by the solid red lines in Fig. 

3(a) and rotor bars are excited by the current presented in Fig. 

3(b). The resulted equation (𝑾𝒎𝒓𝒔) from this excitation is 

employed to write the third required equation presented in (7). 

  
(a) stator excitations (b) rotor excitation 

0.0 1.0 1.8

B
 [

T
]

 

  
(c) The flux density distribution when 

the Ist is injected to the windings in 

magnetostatics analysis. 

(d) The flux density distribution when 

the Iser is injected to the windings in 

magnetostatics analysis. 

Fig. 3. (a) and (b): the distributed currents in the stator and rotor slots used to 
write the energy equations, (c) and (d): flux density distributions. 

𝑋𝑚 = 2𝜔(𝑊𝑚𝑟𝑠 − 𝑊𝑚𝑠 − 𝑊𝑚𝑟) (3𝐼𝑠𝑡𝐼𝑟𝑡𝑛𝑟𝑠)⁄  (7) 

The above three equations are driven from (4) in different 

excitation conditions. In the single layer excitation shown with 

the red line in Fig. 3(a), the flux encompasses a pole (see Fig. 

3(c)). Hence, the resulting mutual inductance is the inductance 

between the windings of phases A and B. If an excitation is 

defined to create a flux pattern like the single layer winding 

excitation, the mutual inductance will be equal to the 

summation of several mutual inductances, leakage inductances, 

and magnetizing inductance when the machine operates at the 

no-load condition. The blue line excitation in Fig. 3(a) which is 

called the series excitation (𝑰𝒔𝒆𝒓) is defined to calculate the 

energy from (3). In this excitation, the flux linkage equation is 

written by (8) and the energy equation calculated from the 

integral of the flux linkage is shown in (9).  

𝝀 = 𝑳𝒍𝒔𝑰𝒔𝒆𝒓𝒂 + 𝑴𝒔𝒔𝑰𝒔𝒆𝒓𝒄 + 𝑴𝒔𝒔𝑰𝒔𝒆𝒓𝒃 + 𝑳𝒎𝑰𝒔𝒆𝒓𝒂

+ 𝑳𝒍𝒔𝑰𝒔𝒆𝒓𝒃 + 𝑴𝒔𝒔𝑰𝒔𝒆𝒓𝒄 + 𝑴𝒔𝒔𝑰𝒔𝒆𝒓𝒂

+ 𝑳𝒎𝑰𝒔𝒆𝒓𝒃 + 𝑳𝒍𝒔𝑰𝒔𝒆𝒓𝒄 + 𝑴𝒔𝒔𝑰𝒔𝒆𝒓𝒂

+ 𝑴𝒔𝒔𝑰𝒔𝒆𝒓𝒃 + 𝑳𝒎𝑰𝒔𝒆𝒓𝒄 

(8) 

𝑾𝒎𝒔𝒆 =
𝟑

𝟐
(𝑳𝒍𝒔 + 𝟐𝑴𝒔𝒔 + 𝑳𝒎)𝑰𝒔𝒆𝒓

𝟐  (9) 

The resulting energy is equal to the stored energy in the three 

phase inductances. The flux density distribution presented in 

Fig. 3(d) shows the similarity of the flux patterns in both 

excitations (red line and blue lines in Fig. 3(a)) when they are 

distributed on the stator slots. The calculated energy (𝑾𝒎𝒔𝒆) is 

used as the fourth required equation to write the four-equation 

system. The relationship between the calculated energy and the 

inductances is written in (10).  

𝑋𝑙𝑠 + 2𝑋𝑀𝑠𝑠 + 𝑋𝑚 = 2𝜔𝑊𝑚𝑠𝑒 3𝐼𝑠𝑒𝑟
2⁄  (10) 
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Fig. 4. Sinusoidal and cosinusoidal distribution of the current under a pole used 

for calculation of the core losses. 

All the derived equations (5-7,10) are solved to determine the 

leakage and magnetizing inductances required for the EEC. The 

stator and rotor resistances (i.e., 𝑹𝒔 and 𝑹𝒓
′ ) are other important 

parameters of the equivalent circuit. The stator resistance is 

calculated based on the presented equation in (11). 

𝑹𝒔 = (𝟏 + 𝜶∆𝜽)
𝝆((𝒓𝟓 + 𝒓𝟔)𝝅 𝟐𝑷 + 𝟐𝑳)𝑵𝒔𝒔𝑷 ⁄

𝟑𝜽𝒔(𝒓𝟔
𝟐 − 𝒓𝟓

𝟐)𝒌𝒇𝒔

 (11) 

where  𝜶 is the temperature coefficient and ∆𝜽 is the difference 

of the stator winding temperature with 25˚C. 𝝆 is the resistivity 

of copper at 25˚C. 𝑷 represents the number of pole pairs. 𝑳 and 

𝑵𝒔𝒔 are the stack length and number of stator slots, respectively, 

and 𝒌𝒇𝒔 is the fill factor of the windings. The rotor bar resistance 

(𝑹𝒃) and end-ring equivalent resistance (𝑹𝒆𝒓) are obtained by 

(12) where the number of bars is shown by (𝑵𝒃) and the bars 

and end ring cross section areas are indicated by 𝑨𝒆𝒓, 

respectively. Aluminum resistivity is shown by 𝝆
𝑨𝑳

. Also, the 

rotor fill factor is presented by 𝒌𝒇𝒓.  

𝑅𝑏 = 𝜌𝐴𝐿𝐿𝑏𝑎𝑟 (𝜃𝑟(𝑟2
2 − 𝑟1

2)𝑘𝑓𝑟)⁄  

𝑹𝒆𝒓 = 𝝆
𝑨𝑳

(
𝝅(𝒓𝟏 + 𝒓𝟐)

𝑵𝒃

) (𝑨𝒆𝒓 sin𝟐 (
𝝅𝑷

𝑵𝒃

))⁄  

𝑅𝑟
′ =

Nb

3
(𝑅𝑏 + 2𝑅𝑒𝑟) 𝑛𝑟𝑠

2⁄ = 𝑅𝑟 𝑛𝑟𝑠
2⁄  

(12) 

In (12), 𝑹𝒓, 𝑹𝒓
′  are rotor resistances seen from the rotor and 

stator side, respectively. The length of a bar is presented by 

𝑳𝒃𝒂𝒓. The core resistance (𝑹𝑪) will be the last element of the 

EEC which is computed by the calculation of the core loss at 

the no-load condition. The core loss computation method is 

discussed in the next section. 

B. Core loss calculation 

The calculation of the core losses can be done using the 

prepared machine model by applying the time stepping method 

to the magnetostatic analysis. Due to the rotation of the rotor in 

the time stepping, the geometry matrix (𝐺) is changed in each 

rotor position. So, all the calculations must be done again which 

increases the analysis time. To reduce the simulation time, two 

different excitations called sinusoidal and cosinusoidal 

excitation are distributed on the stator slots, separately (see Fig. 

4). The flux density in each area (i.e., rotor and stator tooth and 

yokes) are calculated with each excitation. The maximum value 

of flux density in each area is chosen to calculate the core loss 

using the Steinmetz equation similar to the procedure 

introduced in [38]. The average value of the calculated core 

losses from the two types of excitations is reported as the core 

loss.  

 

Bg

By

Bt

Injection of no-

load current  
(a) Ampere loop for no-

load condition 

B

H

H2

B1
X1 X2

H1  
(b) The principle of the 

proposed saturation 
model. 

A1kA3,k

Wy

 
(c) Flux density 

distribution of the stator 
yoke and teeth. 

Fig. 5. The considered Ampere loop and the strategy of the saturation modelling 
using the MVPs.   

C. Saturation modeling 

In this section, the saturation effect, which has not been 

studied in previous SDM related literature about the SCIM, is 

modelled to increase the accuracy of the calculation of the core 

loss and machine performance using the SDM and EEC. The 

magnetic flux density of an ideal core is similar to a motor with 

a real steel core with a same supply voltage because the flux 

density is a function of voltage and frequency. Therefore, the 

magnetic flux density of the motor with the real steel core can 

be calculated based on its B-H curve. The calculated magnetic 

field strength are required to estimate the saturation level of the 

motor cores and correct the saturation-related values in the EEC 

parameters. 

According to Fig. 5(a), an Ampere loop is assumed around a 

pole in the proposed estimation method of the saturation effect. 

In an ideal core, with infinite permeability, the ampere-turns 

produce the magnetic field in the air subdomain. However, in a 

steel core, in addition to the air subdomain, the iron parts are 

magnetized according to Ampere’s law formulated in (13). So, 

Ampere’s law should be separately written for both iron and air 

areas. 

The flux density in the iron parts depends on the core relative 

permeability in the stator and rotor teeth and yokes (𝜇𝑟𝑡 and 

𝜇𝑟𝑦). According to (13), these values are required to find the 

exact value of the mmf in each region (i.e., rotor and stator teeth 

and yokes). In the proposed method, the flux density of the iron 

parts is calculated when the relative permeability of the core is 

equal to infinity (shown by X1 in Fig. 5(b)). Then, the 

corresponding magnetic field strength (H2 in Fig. 5(b)) of the 

calculated flux density based on the real B-H curve is obtained. 

In other words, the method ignores the relative permeability of 

the core to find the flux density (i.e., assuming an ideal core) 

but updates the magnetic field strength value based on the flux 

density of the real B-H curve.  

The ampere-turns (mmf) for the stator/rotor teeth and yoke 

are demonstrated in (13a) and (13b), respectively. Because 

some of the rotor/stator teeth under a pole are saturated, 

especially at higher magnetic loadings, the magnetic flux 

density of the airgap is usually distorted. Therefore, the average 

value of the neighboring teeth under a pole is considered to 

increase the accuracy of the estimation of the magnetic flux 

density in this modeling method.  

The ampere-turns in the air regions consisting of airgap and 

rotor slots are formulated in (13c) and (13d). In (13c) and (13d), 

flux density is calculated based on the radial component of the 

curl of magnetic vector potential in the relevant subdomain.  
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TABLE II. AMPERE LAW EQUATION FOR A SINGLE POLE AS ILLUSTRATED IN FIG. 6 (THE REQUIRED VECTOR POTENTIALS FOR (13) ARE PRESENTED IN APPENDIX). 

 ∫ 𝐻⃗⃗ . d𝑙⃗⃗  ⃗
𝑖𝑛 𝑐𝑜𝑟𝑒

  ∫ 𝐻⃗⃗ . d𝑙⃗⃗  ⃗
𝑖𝑛 𝑎𝑖𝑟

 
 

    
 

 (a)  In rotor stator⁄ teeth  (b)  In rotor stator⁄  yoke segments  (c)  AIn the airgap region  (d)  In the rotor slot  

∑𝑇𝑠𝐼𝑠𝑘
𝑘

= 𝑟6 − 𝑟4
𝜇0

(
𝐵𝑡𝑠𝜋

𝜇𝑟𝑡𝑠𝜋
+

𝐵𝑡𝑠0

𝜇𝑟𝑡𝑠0
) +

𝑟3 − 𝑟1
𝜇0

𝐵𝑡𝑟0

𝜇𝑟𝑡𝑟0
 + (

2𝜋

𝑁𝑠𝑠𝜇0
)∑

𝐵𝑦𝑠𝑘

𝜇𝑟𝑦𝑠𝑘
𝑘

+ (
2𝜋

𝑁𝑏𝜇0
)∑

𝐵𝑦𝑟𝑘

𝜇𝑟𝑦𝑟𝑘
𝑘

 + 
1

𝜇0
∫ (𝐵𝑔0 − 𝐵𝑔𝜋)d𝑟

𝑟4

𝑟3

 + 
1

𝜇0
∫ 𝐵𝑟𝑠d𝑟

𝑟2

𝑟1

 (13) 

 ⇓  ⇓  ⇓  ⇓  

𝑟6 − 𝑟4
𝜇0

[
(𝐴1,𝜋𝑠 − 𝐴2,𝜋𝑠)

𝜇𝑟𝑡𝑠𝜋𝑊𝑡𝑠
+

(𝐴1,0𝑠 − 𝐴2,0𝑠)

𝜇𝑟𝑡𝑠0𝑊𝑡𝑠
] +

𝑟3 − 𝑟1
𝜇0

(𝐴1,0𝑟 − 𝐴2,0𝑟)

𝜇𝑟𝑡𝑟𝜋𝑊𝑡𝑟
 

2𝜋

𝑁𝑠𝑠𝜇0
∑[

𝐴3,𝑘𝑠

𝜇𝑟𝑦𝑠𝑘𝑊𝑦𝑠
]

𝑘

 +
2𝜋

𝑁𝑏𝜇0
∑[

𝐴3,𝑘𝑠

𝜇𝑟𝑦𝑟𝑘𝑊𝑦𝑟
]

𝑘

 ∑[
(𝐴𝑛

𝐼𝐼𝐼 − 𝐵𝑛
𝐼𝐼𝐼)(1 − (−1)𝑛)

𝑛𝑃
]

𝑛

 ∑[
𝐴𝑛

𝑉𝑘𝜃𝑟(−1)𝑛

𝑛𝜋
]

𝑛

 

𝑘𝑠𝑎𝑡 = (∫ 𝐻⃗⃗ . d𝑙⃗⃗  ⃗
𝑖𝑛 𝑐𝑜𝑟𝑒

+ ∫ 𝐻⃗⃗ . d𝑙⃗⃗  ⃗
𝑖𝑛 𝑎𝑖𝑟

) (∫ 𝐻⃗⃗ . d𝑙⃗⃗  ⃗
𝑖𝑛 𝑎𝑖𝑟

)⁄  (14) 

𝑋𝑚
𝑛𝑒𝑤 = 𝑋𝑚/𝑘𝑠𝑎𝑡; 𝑋𝑙𝑠

𝑛𝑒𝑤 = 𝑋𝑙𝑠/𝑘𝑠𝑎𝑡; 𝑋𝑙𝑟
𝑛𝑒𝑤 = 𝑋𝑙𝑟/𝑘𝑠𝑎𝑡 (15) 

𝐴1, 𝐴2, 𝐴3: vector potential values at the positions indicated in Fig 5(c), other indices indicate rotor/stator, and the position of the tooth or yoke segment (e.g., 

start/end of pole or kth slot).    

𝐴𝑇, 𝑇𝑠, 𝐼𝑠𝑘: ampere-turns, number of turns per slot, no-load current of turns 

in kth slot 
𝐵𝑡𝑠𝜋, 𝐵𝑡𝑠0: magnetic flux density in the first and last stator teeth of a pole, (Fig 5(a)) 

𝐵𝑡𝑟0: magnetic flux density in the first rotor tooth of a pole, (Fig 5(a)) 
𝐵𝑔0, 𝐵𝑔𝜋: radial component of magnetic flux density in the start and end of a pole, 

(Fig. 5(a)) 

𝑊𝑡𝑠, 𝑊𝑡𝑟, 𝑊𝑦𝑠, 𝑊𝑦𝑟,: width of stator and rotor teeth and yokes, (Fig 5(c)) 
𝐵𝑦𝑟𝑘, 𝐵𝑦𝑠𝑘, 𝜇𝑟𝑡, 𝜇𝑟𝑦: magnetic flux density of kth stator and rotor segments, relative 

permeability of the rotor or stator tooth and yoke where r and s indices indicate the rotor 

and stator, respectively.  

𝑘𝑠𝑎𝑡: saturation factor 𝑁𝑠𝑠, 𝑁𝑏 , 𝑃: number of stator slots, rotor bars, and pole pairs. 

 
(a) B-H curve of the core lamination materials and the estimated core relative 

permeability on the basis of the B-H curve.  

 
(b) The airgap and iron mmf drops and the saturation factor as a function of 

magnetizing current. 

Fig. 6. The graphical description of the proposed saturation model. 

Then, the integral of the magnetic field strength over the closed 

loop gives the required ampere-turns.   

The saturation factor is defined around an Ampere loop 

which includes the mmf drops in the rotor and stator teeth and 

yokes as well as the airgap (see Fig. 5(a)). In each saturation 

level, the magnetic field strength in the iron parts (stator/rotor 

yokes and teeth) are obtained through the explained procedure 

for derivation of (13a) and (13b). As the considered Ampere 

loop shown in Fig. 5(a) includes a rotor slot, the mmf drop in 

the airgap and rotor slot are obtained using (13c) and (13d). The 

summation of the calculated mmfs in the core and iron regions 

results in the numerator of (14). The denominator of (14) is the 

sum of the calculated mmfs in only the air regions.  

As indicated in (15), the EEC magnetizing and leakage 

reactances are updated by dividing the magnetizing and 

stator/rotor leakage reactance values by 𝑘𝑠𝑎𝑡. 

The following pseudocode summarizes the procedure of the 

estimation of the saturation level in SCIMs using the proposed 

method.  

- Find MVPs at each subdomain at no-load condition. 

The no-load current is found using the calculated 

reactances before consideration of saturation.  

- Calculate 𝐴1, 𝐴2, 𝐴3 using the presented equations in 

Appendix I at each position in the considered Ampere 

loop.  

- Calculated the required flux densities in each region 

(𝐵𝑡𝑠𝜋, 𝐵𝑡𝑠0, 𝐵𝑡𝑟0, 𝐵𝑦𝑠𝑘 , 𝐵𝑦𝑟𝑘). The relationship of the 

flux densities with the calculated 𝐴1, 𝐴2, 𝐴3 are 

formulated in (13a) and (13b).  

- Find the magnetic field strength associated with the 

calculated flux density in each region from the real iron 

B-H curve.  

- Find ampere-turns by multiplication of the obtained 

magnetic field strength with the length of the iron for 

each area of iron.  

- Calculate the summation of obtained ampere-turns in 

each region to obtain iron mmf drop (i.e., ∫ 𝐻⃗⃗ . d𝑙⃗⃗  ⃗
𝑖𝑛 𝑐𝑜𝑟𝑒

).  

- Use (13c) and (13d) to find the mmf drop in the air 

regions (i.e., ∫ 𝐻⃗⃗ . d𝑙⃗⃗  ⃗
𝑖𝑛 𝑎𝑖𝑟

).  

- Calculate saturation factor using (14).  

- Update inductances by means of the obtained saturation 

factor using (15).  

 

The core B-H characteristic and the estimated permeability 

of the studied machine is presented in Fig. 6(a) to show the 

variation of the core permeability as a function of magnetic field 

strength. The red rectangle in Fig. 6(a) shows the initial flux 
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density and the corresponding magnetic field strength for an 

ideal core. The green rectangle is the updated magnetic field 

strength obtained from the real B-H curve.  

Fig. 6(b) shows how the iron and airgap mmfs and saturation 

factor changes as a function of magnetizing current. At low 

values of current, the flux density is low, and the iron has a high 

value of permeability and hence the airgap mmf drop is 

dominant. At higher values of current, the iron permeability is 

reduced by saturation which brings about an increase of the iron 

path reluctance and hence a larger iron mmf drop. The 

saturation factor is thus near unity at low values of current but 

increases significantly at higher values of current. 

III. VALIDATION OF THE PROPOSED MODEL 

A 7.5kW machine with a rated frequency and voltage of 50 

Hz and 380 V is considered for the validation of the model. The 

machine geometry and specifications are reported in Table III. 

The validation of the proposed model is carried out through a 

comparative study with FEA results. The software used is 

Ansys Electromagnetics 2020® [39] which executes the time-

domain based FEA model. The time step used is 0.2 ms for both 

3D and 2D FEA simulations. A three-phase sinusoidal voltage 

source was used to model the supply. The effect of inter-bar and 

in-plane currents are ignored in the FEA model.  

The rotor bar end connection resistance (𝑅𝑒𝑟) was calculated 

using (12) and used as the user-defined end ring resistance in 

2D FEA model. The effect of the end ring resistance is 

automatically considered in 3D FEA. Table III includes the 

height and width of the end rings used for the 3D FEA model. 

The stator resistance is calculated from (11). The Ansys FEA 

package uses the Steinmetz equations to estimate the core 

losses. Similar Steinmetz equations and constants are used to 

estimate the core losses in the analytical model.   

A. Validation of the model in estimation of field and EEC 

parameters  

In the first step, the airgap radial and axial flux density 

estimated by the proposed method is compared with the 2D and 

3D FEA results. Fig. 7 shows that the model can successfully 

predict the radial and tangential airgap flux density.  

To validate the accuracy of the model in the estimation of the 

saturation level of the core, the magnetization current versus 

no-load voltage is obtained and compared with the 2D FEA 

results (see Fig. 8(a)). The variation of the magnetizing and 

leakage reactances with the magnetizing current is plotted in 

Fig 8(b). It shows the effectiveness of the saturation factor to 

estimate a correct value for the inductances. 

 

  
a) Radial flux density  (b) Airgap tangential flux density  

Fig. 7. The airgap flux density at the full-load condition, comparison of the 
analytical results of SDM with 2D and 3D FEA. 

TABLE III. THE GEOMETRY AND PROPERTIES OF THE INVESTIGATED 

MACHINE FOR THE MODEL VERIFICATION.  

Core material M19-24 
Number of turns per slot 14 

Number of pole pairs 2 

Air gap [mm] 0.5 
Stack length [mm] 250 
Stator outer diameter [mm] 210 
Stator inner diameter [mm] 148 
Rotor inner diameter [mm] 48 
Number of stator slots  48 
Number of rotor slots  44 
Stator slot height [mm] 12.9 

Rotor slot height [mm] 12 

Rotor bar length [mm] 254.5 

Rotor bar height [mm] 10.8 

Stator yoke height [mm] 18.1 

Rotor yoke height [mm] 37 

Stator wedge height [mm] 0.8 

Rotor half-wedge width [mm] 0.5 

Rotor inner end ring width [mm] 8 

Rotor inner end ring height [mm] 8 

 

 
(a) Magnetizing current versus no-load line voltage 

 
(b) magnetizing and leakage reactance variation vs. magnetizing current 

changing as the result of core saturation.  
Fig. 8. The performance of the proposed SDM in prediction of the core 

saturation level. 

 
Fig. 9. The performance parameter values compared to the 3D FEA results 

(dashed line shows the 3D FEA results in p.u.).  
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TABLE IV. DESIGN PARAMETERS OF THE STUDIED 7.5 KW SCIM 

Parameter Value Parameter Value 

Nominal power [kW] 7.5 
Nominal frequency 

[Hz] 
50 

rms line voltage [V] 380 Number of pole pairs 2 

Current [A] 17.4 Torque [Nm] 51 

Efficiency [%] 83 Speed [rpm] 1418 

Core loss [W] 131 Power factor [%] 86 

Conductive loss [W] 1381 -- -- 

Stator winding fill 

factor 
0.49 Rotor fill factor 0.91 

 

 
(a) Rotor current versus speed 

 
(b) Torque versus speed 

Fig. 10. The performance prediction of the machine as a function of speed 

(comparison of the 2D FEA with the proposed model). 

 

B. Validation of the proposed model in prediction of the 

performance parameters  

The extracted performance parameters of the studied 7.5 kW 

SCIM from 3D FEA, reported in Table IV, are investigated as 

the rated values of the machine. Table V shows the calculated 

values of the equivalent circuit parameters for the case study. 

Having these parameters enables the calculation of the machine 

performance parameters using the EEC model used in [38]. A 

bar graph is provided to compare the results of the proposed 

model with the conventional analytical model and 2D FEA. The 

bar graph presented in Fig. 9 demonstrates the proposed model 

accuracy in the prediction of the SCIM performance. Note that 

all values are per unitized where the 3D FEA results are 

considered as the base value. 

The stator current and electromagnetic torque against speed 

of the machine are presented in Fig. 10(a) and (b), respectively. 

These curves demonstrate the ability of the proposed model to 

predict the performance parameters. Note that the torque is not 

completely matched in low speeds because of the rectangular 

shape of the considered slots which affects the flux paths and 

increases the high order harmonics at the current of the bars. 

The crawling effect resulting from the presence of the high- 

order harmonics of the rotor bar currents cannot be predicted 

because only fundamental harmonic is considered in EEC 

model.  

  

 
(a) Stator current prediction using EEC. 

 
(b) Efficiency prediction using EEC. 

 
(c) Power factor prediction using EEC. 

Fig. 11. Comparison of the predicted performance parameters using the 

saturation considered model and non-saturation model with the 2D FEA 
results. 

 

The model can be improved by the consideration of the three-

cage model [38]. However, the prediction of the torque at lower 

speeds is not so important when the steady-state loaded 

performance of a machine is the main objective of the study. 

Fig. 11 shows the machine performance with different loads. 

The EEC results with consideration of the saturation effect has 

an acceptable accuracy. The current of the machine with 

consideration of the saturation at no-load matches well with the 

FEA results. It shows that the magnetizing current and stator 

leakage inductance are properly calculated. Also, the phase 

current has a good agreement with the 2D FEA results which 

shows the appropriate calculation of the rotor branch elements. 

Fig. 11(b) shows the efficiency variation in different loads and 

demonstrates the acceptable ability of the saturation model in 

the calculation of the efficiency. Efficiency can be correctly 

calculated when the ohmic and core losses are computed 

correctly. It must be highlighted that the correct estimation of 

the rotor side losses shows the correct estimation of the slip 

because the value of the slip determines the amplitude of the 

current in different loads. 

A sensitivity analysis was carried out by changing the 

machine length, machine outer diameter, airgap, and number of 

turns resulting in 75 machine design variations. The 2D FEA 

results of 75 designs are compared with the saturation and non-

saturation proposed models as shown in Fig. 12. The results of 

the analytical model have a good agreement with the results of  
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TABLE V. EQUIVALENT CIRCUIT PARAMETERS FOR THE STUDIED MODELS AT RATED VOLTAGE. 

EEC parameters 
SDM model (without 

saturation consideration) 

SDM model (with saturation 

consideration) 

FEA EEC parameters (Results of locked rotor 

and no-load simulations) 

𝑅𝑠(stator side) 0.4 Ω 0.4 Ω 0.4 Ω 

𝑅𝑟(rotor side) 0.0131 Ω 0.0131 Ω 0.0137 Ω 

Rr
′

 (stator side) 0.86 Ω 0.86 Ω 0.90 Ω 

𝑋𝑙𝑠(stator side) 0.62 Ω 0.51 Ω 0.48 Ω 

𝑋𝑙𝑟
′ (stator side) 0.62 Ω 0.51 Ω 0.48 Ω 

𝑋𝑚(stator side) 23.1 Ω 19.3 Ω 19.6 Ω 

𝑅𝑐(stator side) 1585 Ω 1310 Ω 1251 Ω 

 
(a) Accuracy validation of the model in prediction of output power. 

 
(b) Accuracy validation of the model in prediction of efficiency. 

 
(c) Accuracy validation of model in the prediction of power factor. 

Fig. 12. The capability of the saturation and non-saturation models in 

performance prediction of the induction machines with 75 different 
geometries via 2D FEA analysis. 

the 2D FEA in prediction of the performance parameters. The 

error of the output power is not exceeding 3% for different 

geometries. Also, the efficiency error of the proposed model is 

lower than 5% in all considered geometries which demonstrate 

the low difference in the value of the machine losses and 

calculated EEC parameters. Also, error of 10% for the power 

factor is shown in Fig. 12(c).  

The comparison of the required simulation times of the 

proposed analytical model against 2D FEA demonstrates the 

analytical model’s superiority in terms of speed. A Core i9-

7900X (3.30GHz) computer with 128 GB RAM completes each 

2D FEA analysis in about 1,000 seconds. In comparison, the 

performance prediction of a SCIM is completed in 12 seconds 

using the proposed SDM. The ability of the model for the fast 

prediction of the machine behavior helps speed up the process 

of the design of an optimum machine for a specific application. 

 

 

TABLE VI. COMPARISON OF 3D FEA RESULTS OF THE CASE STUDY WITH AND 

WITHOUT CONSIDERATION OF THE INTER-BAR CURRENTS.  

Rotor core 

conductivity [MS/m] 
0.00 2.00 

Rotor speed [rpm] 0.00 1450 0.00 1450 

Torque [Nm] 325.9 36.61 326.6 36.60 

Current [A] 134.3 9.28 137.1 9.20 

Bar loss [kW] 45.83 0.190 45.56 0.189 

 

C. Validation of the model in prediction of the performance 

parameters in presence of the inter-bar current 

The current which flows through the core material between 

the adjacent rotor bars is defined as the inter-bar current [40].  

The amount of the inter-bar current depends on the conductivity 

of the rotor core material.  The influence of inter-bar currents 

on the performance of the case study is examined in this part.  

As the inter-bar current distribution varies with the slip of the 

machine [41], the 3D FEA is performed both at locked rotor and 

1450 rpm (about three-quarters of rated load). A conductivity 

of 2 MS/m was used for the core material [41].  

The 3D FEA calculated torque, current, and rotor bar losses 

performance results with and without consideration of the inter-

bar currents are reported in Table VI. In general, inter-bar 

currents were found to produce only a small effect on the 

performance. The most sensitive parameter is the input current 

at locked rotor which increased by about 2% when including 

inter-bar currents. Therefore, the proposed analytical model 

which ignores the effect of the inter-bar current is fairly 

accurate.  

It should be noted that the proposed model is not intended for 

transient performance simulation of SCIMs. The time-stepping 

based models proposed in [15, 16] are slow, but can be used in 

the real-time simulation when the transient performance is 

required. 

IV. CONCLUSION 

An improved subdomain model with capability of the 

consideration of the saturation effect in iron parts was 

introduced in this paper. The leakage, magnetizing, and stator 

mutual inductances were calculated using the magnetic vector 

potentials (MVPs) obtained from the induction motor (IM) 

subdomain model. The iron loss was predicted based on the 

calculated flux density in different parts of the iron based on the 

magnetic vector potentials at the no-load condition. The electric 

equivalent circuit was used to study the machine performance. 

To improve the accuracy of the model, the saturation of the core 

was estimated using the MVPs at different voltage levels. A 

saturation factor was defined to find the different values of the 

saturation dependent components of the IM electric equivalent 

circuit at different saturation levels. The capability of the model 
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in the prediction of the machine inductances was validated 

using finite element analysis (FEA).  

The proposed model was used to predict the performance of 

a 7.5kW induction motor under different loading conditions. 

The model was compared and validated against the results of 

2D and 3D FEA. The results demonstrate that the improved 

model is more precise compared to the non-saturation model 

proposed in [38].  

A sensitivity analysis was conducted using different machine 

geometries and used to demonstrate the generality of the model. 

The effect of inter-bar currents was also investigated using 3D 

FEA analysis and found to be small. Thus, the proposed model 

showed acceptable accuracy and fast execution time suitable for 

optimal design of induction machines with different variables.  

In future work, the effect of the eddy-current correction 

factors, Kr and Kx, for the rotor resistance and reactance can be 

added to the model to improve the accuracy of the results at 

lower speeds. The proposed method will be used for optimal 

design of SCIM. The optimum design will be validated against 

experimental results from a prototype machine.  

V. APPENDIX I 

As discussed above, all the required boundary conditions and 

magnetic vector potentials have been presented in [38] and the 

extracted terms to calculate the vector potentials to model the 

saturation are as follows. 

To calculate A1 and A2, the magnetic vector potential 

equation at the stator slot (i.e. equation (17) in [38]) at the 

middle of the slots with the radius of 
𝑟4+𝑟5

2
 is investigated. 

Equation (16) shows the required MVP for calculation of A1 and 

A2. Note that these values are not equal because of the current 

distribution in all the stator slots.  

𝐴1,2
𝑘 = ∑𝐴𝑛

𝐼𝑘
𝜃𝑠

𝑛𝜋

P (
𝑛𝜋
𝜃𝑠

,
𝑟5 + 𝑟6

2
, 𝑟6)

E (
𝑛𝜋
𝜃𝑠

, 𝑟5, 𝑟6)
cos(

𝑛𝜋

𝜃𝑠

(𝜃 − 𝜃𝑠
0𝑘))

𝑛

+ 𝑎1𝑘

− 𝜇0𝑗𝑣 (
1

4
(
𝑟5 + 𝑟6

2
)2 −

1

2
𝑟5

2 ln(
𝑟5 + 𝑟6

2
)) 

(16) 

 where jv is the current density of the slot and a1k is obtained 

using the following equation:  

𝑎1𝑘

= 𝑎2𝑘 −
𝜇0𝐼𝑘𝑠

𝜃𝑠𝑜

ln 𝑟5

− ∑𝐴𝑛
𝐼𝑘

1

𝜃𝑠𝑜

(
𝜃𝑠

𝑛𝜋
)
2 P (

𝑛𝜋
𝜃𝑠

, 𝑟5, 𝑟6)

E (
𝑛𝜋
𝜃𝑠

, 𝑟5, 𝑟6)
[sin (

𝑛𝜋

𝜃𝑠

(𝜃𝑠𝑜 + 𝜃𝑠𝑜
0𝑘

𝑛

− 𝜃𝑠
0𝑘)) − sin (

𝑛𝜋

𝜃𝑠

(𝜃𝑠𝑜
0𝑘 − 𝜃𝑠

0𝑘))]

+
𝐼𝑘𝑠𝜇0

𝜃𝑠(𝑟6
2 − 𝑟5

2)
(
1

2
𝑟5

2 − 𝑟6
2 ln 𝑟5) 

 

(17) 

and a2k which depends on the MVPs at the airgap subdomain 

(i.e. equation (19) in [38]) is achieved by (18).  

𝑎2𝑘 =
𝜇0𝐼𝑘𝑠

𝜃𝑠𝑜

ln 𝑟4 −
1

𝜃𝑠𝑜𝑁𝑝
2𝑛2

[𝐴𝑛
𝐼𝐼𝐼

2

E(𝑛𝑁𝑝, 𝑟4, 𝑟3)

+ 𝐵𝑛
𝐼𝐼𝐼

P(𝑛𝑁𝑝, 𝑟3, 𝑟4)

E(𝑛𝑁𝑝, 𝑟3, 𝑟4)
] (cos(𝑛𝑁𝑝(𝜃𝑠𝑜

+ 𝜃𝑠𝑜
0𝑘)) − cos(𝑛𝑁𝑝𝜃𝑠𝑜

0𝑘))

+
1

𝜃𝑠𝑜𝑁𝑝
2𝑛2

[𝐶𝑛
𝐼𝐼𝐼

2

E(𝑛𝑁𝑝, 𝑟4, 𝑟3)

+ 𝐷𝑛
𝐼𝐼𝐼

P(𝑛𝑁𝑝, 𝑟3, 𝑟4)

E(𝑛𝑁𝑝, 𝑟3, 𝑟4)
] (sin(𝑛𝑁𝑝(𝜃𝑠𝑜

+ 𝜃𝑠𝑜
0𝑘)) − sin(𝑛𝑁𝑝𝜃𝑠𝑜

0𝑘)) 

(18) 

A3 is another required vector potential to calculate the saturation 

factor which is derived from the stator slots MVPs. Equation 

(17) in [38] is used to find A3 by consideration of the maximum 

radius in the stator yoke. So, A3 is attained using (19). 

𝐴3
𝑘 = ∑𝐴𝑛

𝐼𝑘
𝜃𝑠

𝑛𝜋

2

E (
𝑛𝜋
𝜃𝑠

, 𝑟5, 𝑟6)
cos (

𝑛𝜋

𝜃𝑠

(𝜃 − 𝜃𝑠
0𝑘))

𝑛

+ 𝑎1𝑘

− 𝜇0𝑗𝑣 (
1

2
(𝑟6)

2 −
1

2
𝑟6

2 ln(𝑟6)) 

(19) 

The saturation study is conducted in the no-load condition 

where the rotor current is zero. So, the excitation related term 

of the equation (21) from [38] is zero and A1r and A2r for the 

saturation consideration is obtained using (20). 

𝐴1𝑟,2𝑟
𝑘 = ∑𝐴𝑛

𝑉𝑘
𝜃𝑟

𝑛𝜋

P (
𝑛𝜋
𝜃𝑟

,
𝑟1 + 𝑟2

2
, 𝑟1)

E (
𝑛𝜋
𝜃𝑟

, 𝑟2, 𝑟1)
cos (

𝑛𝜋

𝜃𝑟

(𝜃

𝑛

− 𝜃𝑟
0𝑘)) + 𝑎5𝑘 

(20) 

where a5k is calculated using (21).   
𝑎5𝑘

= 𝑎4𝑘 +
𝜇0𝐼𝑘𝑟

𝜃𝑟𝑜
ln 𝑟2

− ∑𝐴𝑛
𝑉𝑘

1

𝜃𝑟𝑜
(
𝜃𝑟

𝑛𝜋
)
2 P (

𝑛𝜋
𝜃𝑟

, 𝑟2, 𝑟1)

E (
𝑛𝜋
𝜃𝑟

, 𝑟2, 𝑟1)
[sin (

𝑛𝜋

𝜃𝑟

(𝜃𝑟𝑜 + 𝜃𝑟𝑜
0𝑘 − 𝜃𝑟

0𝑘))

𝑛

− sin (
𝑛𝜋

𝜃𝑟

(𝜃𝑟𝑜
0𝑘 − 𝜃𝑟

0𝑘))] +
𝐼𝑘𝑟𝜇0

𝜃𝑟(𝑟2
2 − 𝑟1

2)
(
1

2
𝑟2

2 − 𝑟1
2 ln 𝑟2) 

(21) 

 

Based on the solutions of the Maxwell equations, a4k is 

calculated using the following equation:  

𝑎4𝑘 = −
𝜇0𝐼𝑘𝑟

𝜃𝑟𝑜

ln 𝑟3

−
1

𝜃𝑟𝑜𝑁𝑝
2𝑛2

[𝐴𝑛
𝐼𝐼𝐼

P(𝑛𝑁𝑝, 𝑟4, 𝑟3)

E(𝑛𝑁𝑝, 𝑟4, 𝑟3)

+ 𝐵𝑛
𝐼𝐼𝐼

2

E(𝑛𝑁𝑝, 𝑟3, 𝑟4)
] (cos(𝑛𝑁𝑝(𝜃𝑟𝑜

+ 𝜃𝑟𝑜
0𝑘)) − cos(𝑛𝑁𝑝𝜃𝑟𝑜

0𝑘))

+
1

𝜃𝑟𝑜𝑁𝑝
2𝑛2

[𝐶𝑛
𝐼𝐼𝐼

P(𝑛𝑁𝑝, 𝑟4, 𝑟3)

E(𝑛𝑁𝑝, 𝑟4, 𝑟3)

+ 𝐷𝑛
𝐼𝐼𝐼

2

E(𝑛𝑁𝑝, 𝑟3, 𝑟4)
] (sin(𝑛𝑁𝑝(𝜃𝑟𝑜

+ 𝜃𝑟𝑜
0𝑘)) − sin(𝑛𝑁𝑝𝜃𝑟𝑜

0𝑘)) 

(22) 

In (21) and (22) the value of the Ikr, which represents the rotor 

current, is zero for the calculation of the saturation factor 
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because the saturation factor is determined based on the no-load 

condition. The rest of the vector potentials required for the 

calculation of the Ampere loop has been presented in [38]. 
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