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Abstract

Recently, research interest has deepened in developing technologies that are
capable of generating electricity from renewable sources. Ocean wave energy
is one such source, and is gaining attention due to its high energy density
and favourable variability properties compared to other sources such as solar
and wind. Although many Wave Energy Converter (WEC) prototypes have
been proposed over the years, there is still no convergence on the best design.

An emerging subset of WEC designs are ‘multi-mode converters’, which
are capable of absorbing power from multiple hydrodynamic modes. This
allows them to generate more energy from incoming waves compared to
most other WECs, which typically use only one Degree-of-Freedom (DOF)
for power absorption. However, one of the key challenges in the design and
control of multi-mode WECs is the strong coupling between hydrodynamic
modes, which can potentially lead to sub-optimal performance. The effect
of this coupling on the device performance may also be further exacerbated
when nonlinear hydrodynamic effects are considered.

This thesis is dedicated to building an understanding of the impact of
nonlinear coupling between hydrodynamic modes on the power absorption
efficacy of a submerged, multi-mode, point absorber WEC with a flat cyl-
indrical geometry. From this, the project also intends to provide general
recommendations regarding the control and design of multi-mode WECs for
increased performance. Three specific research questions were investigated:
(i) what is the effect of nonlinear hydrodynamic coupling forces, caused
by the change in projected surface area with large pitch motions, on the
performance of multi-mode WECs, (ii) how should the surge, heave and
pitch hydrodynamic modes be tuned to enhance the performance of WECs
subjected to nonlinear coupling forces and (iii) what design parameters can
be implemented to passively tune the hydrodynamic modes in a nonlinear,
under-actuated WEC device. To address these questions, various numerical
models were developed and compared, ranging from low fidelity models in
the frequency-domain based on linear hydrodynamic models, to a weakly
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nonlinear hydrodynamic code based on the weak-scatterer approximation.
Initially, it was necessary to gain a fundamental understanding of the

nonlinear hydrodynamic forces acting on a device forced to undergo large
pitch motions and oscillate in multiple hydrodynamic modes simultaneously.
To this end, initial investigations assumed a simple WEC system with fully
idealised kinematic control, wherein the pitch and surge motions could be
explicitly defined. It was found that simultaneous surge and pitch motions
changed the radiation forces acting on the WEC, resulting in significant
reductions to the maximum power that could be absorbed by the device.

Different approaches for adjusting the dynamics and resonance behaviour
of the multi-mode WEC through tuning of the hydrodynamic modes were
then investigated. Under the effects of nonlinear coupling between hydro-
dynamic modes, tuning the surge, heave and pitch modes to the same natural
frequency was demonstrated to result in significant reductions in power
absorbed, especially when the pitch amplitude was high. Recommendations
were therefore made to decouple these modes when developing multi-mode
WECs in the case where the design does not limit large pitch amplitudes.
From the models investigated, this tuning approach also demonstrated a po-
tential for improving the broadband power absorption efficacy of the device
in irregular waves.

In the final stage of this project, the impact of nonlinear coupling in an
under-actuated system was investigated. A sensitivity study was conducted
to investigate the effect of adjusting the geometric design of a three-tethered
WEC on the resonance behaviour of each hydrodynamic mode. It was con-
cluded that for maximum power absorption, two out of three of the device’s
planar rigid body modes should be utilised to harvest energy from incid-
ent waves. Furthermore, for this WEC geometry and design, these rigid
body modes should contain predominantly surge and heave motions. Sub-
harmonic excitations caused by nonlinear forces arising from the tether
arrangement and hydrodynamic interactions were also found to significantly
reduce the performance of the device compared to the predictions from
linear theory. It was determined that the power absorbed by the device was
most sensitive to the arrangement of the tethers, while adjusting parameters
related to the mass distribution resulted in little benefit to the overall device
performance.
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Chapter 1

Introduction

1.1 Background and motivation

In recent years, there has been an unprecedented momentum for develop-
ing sustainable technologies which are capable of harvesting energy from
renewable sources to generate electricity. Around the world, governments,
industries and research communities are devoting considerable resources
into establishing reliable, affordable and renewable energies to address the
problems of rising world energy consumption and the damaging effects of
climate change.

Global energy demand continues to grow every year as a result of emer-
ging markets and developing economies, such as China and India. In 2021,
it was estimated that this demand increased by 4.6%, surpassing even pre-
Covid-19 levels [12]. However, the global energy mix is currently dominated
by fossil fuels, which contributed approximately 83% to the total energy
produced in 2020 [3]. Their continuous and widespread use has led to serious
environmental issues, namely global warming, i.e. an increase in the Earth’s
mean surface temperature. In response to this growing problem, nearly 200
countries adopted the Glasgow Climate Pact at COP26, all pledging to the
goal of limiting global warming to less than 1.5° above pre-industrial levels
and achieving net-zero CO2 emissions by 2050. There is a broad consensus
that renewable sources and technologies are the only viable solutions for
meeting this target [14].

Among the available resources, ocean wave energy is emerging as a vi-
able contributor to the renewable energy mix. Compared to other renewable
sources such as solar and wind, ocean wave power has one of the highest
energy densities and more predictable variability properties [22]. Wave en-
ergy has also been considered as a potential solution for providing off-grid
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electricity in places where solar and wind energies may not be feasible, such
as small remote island communities or offshore industrial projects [18]. As a
result, ocean wave power is attracting significant attention from the research
community and industry sectors alike.

1.2 Ocean wave energy resource

Ocean wave energy can be considered as a concentrated form of solar energy.
Heat from the sun results in temperature differences across the globe, which
in turn causes winds to blow across the surface of the ocean [5]. Even with
relatively small solar energy input rates of 0.01-0.1 W/m2, ocean waves
can build up to energy densities averaging over 100 kW/m [1]. Once fully
developed, these waves can travel for thousands of kilometres with virtually
no loss of energy.

The distribution of average annual wave energy around the globe is
illustrated in Figure 1.1. Previous estimates from a decade ago placed the
global annual mean power of wave energy at around 21,100 to 37,000 TWh/yr
[8, 17], although recent studies have suggested that the current value could
be even greater [21]. It has been estimated that approximately 10-25% of
this energy can be feasibly extracted [1]. For perspective, the total world
consumption of electricity in 2019 was 25,027 TWh [13]. Ocean wave energy
therefore has the potential to contribute a significant amount towards the
worldwide present-day electricity requirements.

As can be seen in Figure 1.1, Australia has one of the best wave energy
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Figure 1.1: Distribution of average annual wave energy density and direction
around the globe, based on [8].
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resources in the world, particularly along its southern coastline. This has been
credited to strong westerly winds blowing over large uninterrupted distances,
or fetch, across the Southern Ocean [11]. The resource along Australia’s
southern margin alone has been estimated to be 1455 TWh/yr, as taken at a
25 m depth contour [10]. It has been estimated that extracting only 10% of
this energy could be sufficient to satisfy roughly half of Australia’s current
electricity demands [2]. However, this requires significant investments; a
more modest estimate predicts that wave energy could provide up to 10%
of Australia’s total energy needs by 2050, after taking into account external
factors such as capital costs and projected uptake [9].

1.3 Wave energy converter development and modelling

To date, over a thousand Wave Energy Converter (WEC) prototypes have been
proposed, covering a wide variety of designs and operating principles [15].
Despite this, there is still no consensus on the best design. Most devices are
still in the early stages of development, with only a few having been tested
at full scale in a real sea environment. There are also currently no devices
which are economically viable for large-scale deployment. The challenge
lies in not only increasing the energy conversion efficiency of the device
but also reducing the Levelised Cost of Electricity (LCoE) delivered. This
is a particularly complex problem with WECs due to their harsh operating
environments, which results in increased development times and costs.

Of the total number of prototypes available, the Point-Absorber (PA)
design is the most common, accounting for over half of all designs [16].
Most PAs are designed to absorb energy from one hydrodynamic mode
only. However, in this category of WECs, there is an emerging subset of
devices which can be classified as ‘multi-mode converters’ due to their ability
to absorb energy from multiple hydrodynamic modes simultaneously. This
allows for increased power absorption compared to single Degree-of-Freedom
(DOF) systems, which typically only rely on one hydrodynamic mode for
power absorption [6, 7].

Due to the high cost and lengthy time-frames required for physical
experiments and testing, numerical simulations are typically employed for
the design, optimisation and performance assessment of WECs in the early
stages of development. Traditionally, numerical models based on linear
hydrodynamic theory have been widely used for these purposes [19]. Linear
hydrodynamics can be modelled in Frequency Domain (FD), allowing for
fast and efficient computations of the system response. Much of the theory
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regarding the behaviour and performance of WECs has been formulated
based on these linear models [7].

Recently, there has been an increased research interest in utilising higher
fidelity models for performance assessment of WECs. In order to achieve
maximum power absorption, it is often desired for the WEC to be mech-
anically resonant with the incoming waves. This can be achieved through
the geometric design (e.g. if the device size allows it to resonate naturally
with the incoming waves) or through the application of control strategies
which modify the device response in order to achieve resonance. However,
operating at resonance can lead to several problems with regards to WEC
modelling. Resonance amplifies the system response, which can consequently
invalidate the fundamental assumptions of linear hydrodynamic theory, the
most relevant being the assumption of small WEC and wave motions. Apply-
ing linear models in these cases can result in inaccurate estimates of the WEC
performance [20]. Employing higher fidelity models could therefore provide
a more accurate understanding of the system behaviour in these conditions.

1.4 Thesis

1.4.1 Aims and scope

This project focuses specifically on developing an understanding of the
performance and behaviour of a submerged, disk-like, multi-mode PA WEC
when subjected to nonlinear hydrodynamic forces. The WEC design featured
in this project is inspired by the CETO-6 device developed by Carnegie Clean
Energy in Perth, Western Australia [4]. One of the key design features of
the CETO-6 is the use of three tethers which allow it to capture energy
from the full orbital motion of the waves. While this multi-mode design has
demonstrated better power absorption compared to an equivalent single-
tether device [23], it has also introduced many challenges associated with the
control of the WEC.

For multi-mode converters, due to coupling between hydrodynamic
modes, it is not always possible to achieve an optimal power absorption
by applying the typical control strategies designed for single-DOF devices.
This problem can be further exacerbated by nonlinear hydrodynamic effects
when the device oscillates in multiple modes simultaneously. This is particu-
larly true for the flat cylindrical buoy employed by the CETO-6 device, which
may also induce further coupling effects between hydrodynamic modes.
Compared to other buoy geometries, the flat cylindrical design has demon-
strated improved WEC performance with regards to LCoE [23]. However,
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the chosen geometry also means that the projected surface area of the buoy
can change significantly with pitching motions. Consequently, the magnitude
of the hydrodynamic forces acting on the WEC in the other translational
directions are also affected, resulting in enhanced and nonlinear coupling
between hydrodynamic modes. The exact impact of this nonlinear coupling
on the performance of multi-mode WECs is not well understood, with very
few studies addressing these effects in the existing literature.

The overall aim of this thesis is to therefore investigate the behaviour of
multi-mode WECs in the presence of significant nonlinear coupling between
hydrodynamic modes. This knowledge is intended to aid in development of
appropriate control strategies for multi-mode WECs in order to maximise
their power absorption capabilities. The specific project objectives can be
summarised as:

(i) to investigate the effect of nonlinear forces caused by coupling between
hydrodynamic modes on the performance of multi-mode converters,

(ii) to investigate the resonance behaviour of the coupled surge, heave and
pitch modes in a device with hydrodynamic nonlinearities present,

(iii) to develop recommendations for tuning each hydrodynamic mode in
multi-mode systems where nonlinear coupling effects are significant,

(iv) to identify design parameters which can be adjusted to achieve the
optimal tuning conditions in an under-actuated three-tethered device,

(v) to assess the potential advantages of tuning the hydrodynamic modes in
a multi-mode system to different frequencies for increased broadband
power absorption in real sea states.

The initial project objectives are dedicated to building a fundamental
understanding of the response and behaviour of a general multi-mode WEC
system when significant hydrodynamic coupling effects are present. To this
end, simplified cases with idealised control are initially considered. With
each subsequent objective, the complexity of the systems and corresponding
models are increased, with the final step involving a specific case with
an under-actuated three-tethered system. The progression of the project
objectives is shown graphically in Figure 1.2. The analysis performed in
this Thesis is limited to pure numerical modelling, using hydrodynamic
models based on both linear potential flow theory and the Weak-Scatterer
(WS) approximation (with more details given in Chapter 3).
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Figure 1.2: With each project objective, additional complexities are added to
the WEC system, beginning with (a) kinematic control of each hydrodynamic
mode, followed by (b) independent spring-damper control of each mode
and finally to (c) a more realistic case with an under-actuated three-tether
system. This is done to progressively build up a fundamental and generalised
understanding of nonlinear multi-mode systems.

1.4.2 Outline

The main chapters of this thesis are a collection of manuscripts and conference
proceedings that have been published or are currently under review. This
is prefaced by a literature review and a chapter outlining the background
theory relevant to ocean waves and modelling of WECs.

The literature review is presented in Chapter 2. Existing WEC prototypes
and classifications are briefly outlined, with the main discussion devoted to
the review of multi-mode prototypes. This chapter also addresses the import-
ance of high-fidelity hydrodynamic modelling for wave energy applications.

Chapter 3 covers the background theory relevant to the work performed
in this Thesis. Topics covered include the linear potential flow theory and
the WS approximation. The mathematical theory behind the main modelling
approaches used in this project are also presented.

In Chapter 4, the nonlinear hydrodynamic forces acting on a submerged
cylindrical WEC oscillating in multiple directions simultaneously are invest-
igated. The main assumption here is the use of a fully idealised controller
where the WEC motions in surge and pitch can be explicitly defined, as
illustrated in Figure 1.2(a). The resultant nonlinear hydrodynamic forces and
their subsequent impact on power absorbed is assessed and compared to the
predicted results obtained from the linear theory.

The effect of nonlinear coupling between hydrodynamic modes on the
resonance behaviour of multi-mode WECs is explored in Chapter 5. The
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role of the surge, heave and pitch natural frequencies on the response of
a WEC with a simple Power Take-Off (PTO) system modelled with spring-
damper control is analysed. This is illustrated graphically in Figure 1.2(b).
The potential broadband performance of a multi-mode WEC in real waves
when the modes are tuned to different natural frequencies is also explored.

Chapter 6 considers a passive approach for tuning of an under-actuated
WEC system subjected to nonlinear coupling forces. A sensitivity study is
performed to investigate the effect of various design parameters on the power
absorbed and resonance behaviour of a three-tethered WEC, as shown in
Figure 1.2(c). This study also analyses the effect of nonlinear forces caused
by the tether arrangement and hydrodynamic coupling on the response of
the three-tethered device.

Finally, chapter 7 summarises the main conclusions and contributions
of this research. A number of recommended areas for future work are also
provided.

1.4.3 List of publications included as part of the thesis

1. Tran, N., Sergiienko, N. Y., Cazzolato, B. S., Ding, B., Ghayesh, M. H.
and Arjomandi, M. (2020). “The impact of pitch-surge coupling on the
performance of a submerged cylindrical wave energy converter”. In:
Applied Ocean Research 104, p. 102377

2. Tran, N., Sergiienko, N. Y., Cazzolato, B. S., Ding, B., Wuillaume, P.-Y.,
Ghayesh, M. H. and Arjomandi, M. (2021). “On the importance of non-
linear hydrodynamics and resonance frequencies on power production
in multi-mode WECs”. In: Applied Ocean Research 117, p. 102924

3. Tran, N., Sergiienko, N. Y., Cazzolato, B. S., Ghayesh, M. H. and Ar-
jomandi, M. (2022). “Design considerations for a three-tethered point
absorber wave energy converter with nonlinear coupling between hy-
drodynamic modes”, Manuscript submitted to Ocean Engineering

1.4.4 Additional publications relevant to the thesis but not
forming part of it

1. Tran, N., Sergiienko, N. Y., Cazzolato, B. S., Ghayesh, M. H. and Ar-
jomandi, M. (Oct. 2020). “The effect of nonlinear pitch-surge coupling
on the performance of multi-DOF submerged WECs”. In: Proceedings of
the 30th International Ocean and Polar Engineering Conference, pp. 144–151.
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Chapter 2

Literature Review

The overall aim of this Thesis is to build understanding on the impact of
nonlinear coupling between hydrodynamic modes on the performance and
control of multi-mode WECs. To provide context and justification for this
research, this chapter will review the following topics:

(i) a broad overview of WEC development to date,
(ii) oscillating body converters and factors impacting their performance,

(iii) nonlinear hydrodynamic modelling for WEC applications.

Particular emphasis is placed on developments specific to the design,
control and modelling of multi-mode converters. In this project, the term ‘multi-
mode’ refers specifically to devices that are designed to absorb power from
multiple hydrodynamic modes (i.e., surge, heave or pitch) simultaneously
during normal operation. This is distinct from other converters which may
oscillate in multiple directions or have more than one rigid body mode, but
still rely only on one dominant hydrodynamic mode for power absorption
(e.g. heave).

2.1 Categories of wave energy converters

Since the conception of wave energy harvesting in the late 18th century,
and its subsequent dissemination to the broader research community in
the 1970s [97], it has been estimated that over one thousand patented wave
energy devices have been developed [37]. However, despite the many years
of development, there is still no consensus on the best design with regards
to power absorption efficiency or economic viability. As a result, there is
a considerable variation across all the different available prototypes, from
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the method of energy extraction, to the size, shape and intended operating
location of the device.

Several studies have attempted to categorise the different wave energy
technologies [25, 31, 64, 98]. However, this can be a challenge in itself since
there are also many possible methods of classifying converters [107]. For
example, it is possible to sort converters according to [72, 98]:

• Operating principle, or interface with the sea,
• Orientation relative to the incident wave direction,
• Reaction source,
• PTO mechanisms,
• Location relative to the water, sea-bed or land.

Of these options, the two most commonly used methods for classifying
WECs in the literature appear to be [9]: (i) orientation and (ii) operating
principle.

Orientation

Initially, WECs were typically classified according to their dimensions and
orientation relative to the incoming waves [107]. The different device types
are shown schematically in Figure 2.1. These labels are still often used as
additional qualifiers when describing WECs.

Figure 2.1: Schematic of WEC types by dimensions and orientation relative
to the incoming wave, based on [107]

Attenuators, or line absorbers, are large devices with lengths comparable
to or larger than the incident wavelength. They are aligned to the direction of
wave propagation, allowing them to progressively absorb more energy from
the wave as it travels down the length of the device.

Terminators are similar to attenuators in that they are also long structures.
However, these devices are orientated perpendicular to the direction of wave
propagation.
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Point absorber (PA) WECs have dimensions that are significantly smaller
than the incident wavelength. More precisely, a device can be classified as
a PA if its characteristic length is smaller than 1/20th of the wavelength
[18]. Compared to terminators and attenuators, they are insensitive to the
direction of wave propagation.

Quasi-point absorbers are devices that are also insensitive to the wave
direction. However, they do not fit within the formal definition of PAs
due to their large dimensions relative to the wavelength. This classification
was introduced by Falnes and Hals [36] to describe devices with operating
conditions between PAs and line absorbers.

A study performed by the International Renewable Energy Agency sug-
gests that PAs (including quasi-PAs) are the most common technology among
existing WEC designs [72]. The breakdown of device types according to ori-
entation is shown in Figure 2.2, based on a shortlist of 36 active, commercial
WEC technologies.

Figure 2.2: Breakdown of WEC types by orientation, based on [72]

Operating principle

Currently, it is more common to categorise the various WEC technologies
based on operating principle. A widely referenced example, originally pro-
posed by Falcão [31], is shown in Figure 2.3. Using this classification method,
WEC prototypes can be divided into three main categories: oscillating water
columns, oscillating bodies and overtopping converters.

Oscillating water columns (OWCs) use a moving air-water interface to
capture energy from waves. These are partially immersed hollow structures
with the lower end open to the sea. Passing waves cause the pressure of the
air trapped inside the structure to oscillate, compressing the air at the upper
end and forcing it through a turbine coupled to a generator [28, 32].

Oscillating body WECs transfer the energy of the waves to the motion of
a structure, or group of structures. A PTO system connected to the structures
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Figure 2.3: Wave energy converter classification by operating principle with
examples, based on [31].

is used to convert the mechanical motion into electricity. The devices in
this class of converters are more complex compared to those in the other
categories, and hence it has only been mainly in the past decade that many
oscillating body prototypes have reached the full-scale testing stages [31].

Overtopping devices use the action of the waves to capture and deposit
water into a reservoir located above the mean free-surface level of the sur-
rounding sea. The water is then returned to the sea via a low head turbine,
converting the potential energy of the stored water into electricity [31, 72].

Using this classification of WECs, Babarit [3] attempted to compile a data-
base to compare the hydrodynamic efficiency (defined as the capture width
ratio), of devices in each of these three categories. Although performance
differed significantly between devices in the same category, the approximate
mean efficiency of each category of converters is listed in Table 2.1. In this
study, the oscillating body class of WECs was further divided into subcat-
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egories to differentiate between heaving and surging devices (referred to as
‘essentially translation’ and ’essentially rotation’ in Figure 2.3, respectively).
A distinction was also made between surging devices with fixed and floating
references. Note that the only ‘multi-mode’ WEC in the database, according
to the definition used in this Thesis - the Bristol Cylinder - was included as a
variant of the ‘fixed surging converter’ subcategory of oscillating bodies.

Table 2.1: Mean hydrodynamic efficiency of various WEC technologies, as
categorised by operating principle, based on [3].

WEC type Efficiency %
OWC 29
Oscillating body

- heave 16
- surge (fixed) 37
- surge (floating) 12

Overtopping 17

From this brief overview, it is clear that it would be much beyond the
scope of single project to explore all possible WEC categories, given the
wide variety of existing designs. Therefore, this Thesis will focus solely on
oscillating body type WECs, specifically multi-mode devices which include
power absorption from surge as a key aspect of their design. This is based on
their potential for the highest power absorption efficiency compared to other
WEC types, as suggested in Table 2.1. Accordingly, the following sections
will be dedicated primarily to the review of oscillating body-type converters.

2.2 Oscillating bodies

2.2.1 Wave energy absorption principles

The law of conservation of energy entails that, to successfully absorb energy
from waves, a converter must act in such a way that reduces the amount of
wave energy present in the surrounding sea. For an oscillating body device,
this is achieved by generating a wave that interferes destructively with the
incident sea waves [11]. A good wave absorber must therefore also be a good
wave generator [35].

Any body oscillating in the water will produce waves. However, to effect-
ively cancel and therefore absorb energy from an incident wave, the radiated
wave generated by the oscillating body must also have the correct amplitude
and phase [34]. The amplitude of the radiated waves is dependent on both
the size of the body and the amplitude of its oscillations. A small body can
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radiate equally large waves as a bigger body, provided that it oscillates with
a larger amplitude.

The pattern of the radiated wave also affects the ability of an oscillating
body to absorb power from the waves, which in turn is dependent on the
mode of motion of the body [27, 36, 108]. The motion of a WEC is usually
decomposed into six hydrodynamic modes, as shown in Figure 2.4. However,
for simplicity, future discussions will assume that the wave is travelling
purely in the xz-plane, meaning only motions in the surge, heave and pitch
modes will be considered. An axisymmetric body oscillating in heave will
produce symmetrical monopole, or source-type, waves which radiate away
in a circular pattern as shown in Figure 2.5(a). Motions in surge or pitch will
radiate asymmetric dipole-type waves, as shown in Figure 2.5(b).

Figure 2.4: Modes of motion of an oscillating body. The numbers in paren-
thesis are often used as indexes for each mode.

Figure 2.5: Pattern of the radiated waves produced by an axisymmetric body
oscillating in (a) heave (monopole waves) and (b) surge or pitch (dipole
waves), adapted from [3].

The principle of wave energy absorption by an oscillating body is visually
summarised in Figure 2.6. It can be seen that, by moving in both the heave
and surge/pitch modes together at the correct amplitude and phase, it is
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Figure 2.6: Wave absorption principle of an oscillating body, adapted from
[34]. The total wave is a superposition of the incident and radiated waves.

possible for a device to achieve highly efficient power absorption from the
incident wave. An infinitely elongated body with the same cross section as
shown in Figure 2.6 (i.e. an infinitely long terminator-type device) could
even theoretically achieve 100% absorption from the wave by oscillating in
this manner [27, 76]. This is the primary motivation behind the development
of the Bristol cylinder, one of the first ‘multi-mode’ oscillating body WEC
prototypes (more details will be given in Section 2.2.2).

For point absorbers, although it is not possible to achieve 100% absorption
from waves, there is still a clear benefit to using a combination of modes for
energy extraction. Assuming no motion constraints, the maximum power
that can be absorbed by an axisymmetric body is given by [27, 34]:

Pmax = α
J
k

(2.1)

where J is the wave-energy transport per unit frontage of the incident wave
and k is the wave number. The coefficient α is related to the radiated wave
patterns generated by the body, and hence depends on the mode of oscillation:

• α = 1 for heave,
• α = 2 for surge or pitch,
• α = 3 for a combination of surge-heave, or heave-pitch.
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A multi-mode axisymmetric PA converter utilising a combination of surge
and heave, or heave and pitch, can therefore theoretically absorb up to three
times more power compared to a device operating in heave only. The relation-
ship given in Eq. (2.1) also explains why surging and pitching converters are
reported to have, on average, higher power absorption efficiencies compared
to heaving devices [6], as observed in Table 2.1.

It is important to note that since surge and pitch both radiate dipole-type
waves, it is not possible to increase the efficiency of a device by using both
modes simultaneously for power absorption [34]. Instead, the two modes
are coupled hydrodynamically, and the optimal motion in one mode will
depend on the motion of the other. For example, if a WEC pitches arbitrarily
and radiates waves, the surge motion should be adjusted accordingly to
ensure that the total dipole-type waves radiated by the device still interferes
optimally with the incident wave.

2.2.2 Multi-mode converter prototypes

Although multi-mode converters have a clear advantage over single-DOF
converters in terms of power absorption efficiency, the number of existing
prototypes is still relatively limited. This is likely due to the increased com-
plexity of multi-mode systems, especially in the design of the controller and
actuators. These challenges will be discussed in more detail with respect to
specific multi-mode WEC prototypes in the following subsection.

One of the first multi-mode concepts was the Bristol cylinder, which was
proposed in 1979 by Evans et al. [29]. This device features a fully submerged,
long horizontal cylinder that undergoes both heave and surge motions to
absorb power from the waves, similar to the principle illustrated in Fig-
ure 2.6 and following the theory originally derived in [76, 109]. As shown
in Figure 2.7, the original design featured a 75 m long cylinder with a 15 m
diameter, with a total of six hydraulic PTO systems for energy conversion.
Despite predicted efficiencies of up to 65%, the project was deemed econom-
ically unfeasible due to the high costs of installation and power take-off, and
hence was abandoned in 1982 [87].

In another early concept, Srokosz [105] suggested applying multi-mode
motion for energy extraction in a point absorber device. The design featured
a fully submerged spherical buoy attached to three inclined tethers, which
were used to anchor the device to the sea floor. Each inclined tether was
also attached to a power generator, allowing the device to capture wave
energy from all translational motion modes. Various tether angles were also
investigated as part of the study. Results showed that for certain angles, the
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Figure 2.7: Sketch of the Bristol Cylinder concept from [87]

three tethered configuration was able to absorb power from a crest length of
incident wave greater than its diameter, implying a hydrodynamic efficiency
higher than 100% which was not possible with an equivalent single-tether
heave-only configuration. However, the study was purely conceptual and,
like the Bristol cylinder, this device was never tested in real seas.

More recently, several commercial multi-mode prototypes have been
developed by various wave energy companies around the world. One such
device is the CETO-6 by Carnegie Clean Energy, Australia [13]. The device
is fully submerged and anchored directly to the sea floor by three inclined
tethers connected to an individual PTO unit. The design is therefore similar
to the concept proposed by Srokosz, although the CETO-6 uses a flat, cylinder
buoy instead of a sphere, as shown in Figure 2.8. Additionally, given the
proposed dimensions of the device, it is more accurate to describe the CETO-
6 as a quasi-PA type WEC. The buoy shape was chosen based on studies

Figure 2.8: CETO-6 WEC by Carnegie Clean Energy [13]
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which demonstrated a better performance with regards to LCoE compared
to other possible geometries [86, 103]. However, this shape also introduces
complications due to increased hydrodynamic coupling between surge and
pitch, which can negatively impact power absorption [101].

The WaveSub [68] is another fully submerged multi-mode device, de-
veloped by Marine Power Systems in collaboration with the University of
Bath, UK. In contrast to the CETO-6 device, the WaveSub uses the relative
motion between a submerged moored inertia platform (the ‘reactor’ body)
and a submerged buoy (termed the ‘float’) to generate energy. Initial designs
for the WaveSub featured only a single spherical PA-type float. Subsequent
modelling, experimental and optimisation studies [38, 39, 40] explored the
use of multi-float arrays, with an example shown in Figure 2.9(a), placed in
various orientations relative to the wave direction. The most current design
features a horizontal cylinder float which appears to operate similar to the
Bristol cylinder, as shown in Figure 2.9(b). The original single float concept
has been tested at 1/4 Froude scale in real seas [68], while the multi-float
concept has been tested at 1/25 scale in wave basin experiments [39]. How-
ever, given that the WaveSub is a commercial product, no further information
regarding its efficiency is publicly available.

(a) (b)

Figure 2.9: Design concepts of the WaveSub device by Marine Power Systems,
(a) multi-float design, adapted from [38] and (b) current design, adapted
from [68].

The Triton WEC by Oscilla Power [78] is a quasi-PA device featuring
a floating buoy with an optimised asymmetric geometry [96]. The device
uses a submerged reactor body, similar to the WaveSub. In this case, the
floating buoy is attached to a ring-shaped reactor body via three flexible
tethers (termed ‘tendons’), as shown in Figure 2.10 [17]. Despite having
multiple tethers, they are arranged almost vertically between the buoy and
the reactor body. This means the device relies predominantly on heave for
power absorption, while energy converted from surge and sway motions
is limited. Since relative rotational motions are difficult to achieve with
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non-rigidly fixed reference structures [3], pitch and roll are also unlikely
to contribute much to power. This may explain why the efficiency of the
device, calculated as 23.5% based on 1/20 scale testing results in irregular sea
states [110], is only slightly higher than the mean efficiency of an oscillating
body-type WEC operating primarily in heave (as given in Table 2.1).

Figure 2.10: Triton WEC by Oscilla Power, adapted from [17]

The NEMOS device is another commercial, floating multi-tethered WEC
prototype, developed by NEMOS GmbH [74]. This device consists of an
elongated terminator-like buoy which follows a curved trajectory upon the
surface of the water. Initially, the device was designed to be anchored directly
to the sea floor using three tethers, with a fixed tower above the mean water
level to store the winches and generators used to convert the buoy motion
into electrical energy. This initial design was capable of a hydrodynamic
efficiency of up to 60% in real sea states, based on testing at 1/5 scale [84]. In
the most current design iteration, the floating body is instead connected to
a submerged reactor body via an inclined spring-loaded belt drive. Unlike
the initial concept, this design does not require a fixed structure and can

(a) (b)

Figure 2.11: Design concepts of the NEMOS wave device by NEMOS GmbH,
(a) original design, adapted from [84] and (b) current design, adapted from
[74].
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be deployed as a standalone floating unit [75]. Full-scale testing of this new
prototype in the Belgian North Sea was completed in 2019; however, no
information on the efficiency of this new design is publicly available.

Wave energy converter devices with full six-DOF control have also been
proposed by various research groups, as shown in Figure 2.12. These devices
operate using a similar principle to the Stewart-Gough Platform (SGP), which
is a parallel mechanism with six independent actuators and was first pro-
posed for use in a wave energy device by Lofti and Huang [66]. The concept
shown in Figure 2.12(a) features an upper floating component consisting of
three rigidly interconnected floats, connected by six legs to a lower fixed
base which acts as a reaction platform. Cases where the floats operate in
heave-surge-sway were found to result in up to 10% more power absorbed
than cases where only heave motions were allowed [43]. Conversely, in the
concept proposed by Gao and Yu [44] shown in Figure 2.12(b), the upper
platform is instead fixed while the movement of the floating lower platform
is used to generate energy. The effect of various buoy parameters on the
power absorbed by the surge, heave and pitch modes were analysed, leading
to an optimised cone-cylinder geometry which the authors claim can achieve
roughly 48% power absorption in irregular seas [44].

(a) (b)

Figure 2.12: WEC concepts with six-DOF control, such as the (a) WEC-SGP
concept, adapted from [43] and (b) floating cone-cylinder concept proposed
by Gao and Yu [44]

In contrast to previous concepts, which all feature multi-tethered devices,
Meng et al. [69] proposed a single-tether, multi-mode submerged spherical
point absorber with an asymmetric mass distribution. Multi-mode power
absorption is achieved with the introduction of an offset mass, allowing the
surge, heave and pitch motions of the device to all couple strongly with
the tether elongation and PTO unit, as shown in Figure 2.13. Improved
performance was observed for offset mass locations which resulted in strong
motion coupling between surge and heave, resulting in a power output of
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Figure 2.13: Schematic of the spherical point absorber with asymmetric mass
distribution, showing motions in (a) surge, (b) heave, (c) pitch and (d) all
three DOFs combined, adapted from [70].

up to 3 times higher than a generic heaving spherical point absorber when
optimised, even with nonlinear surface piercing effects [70]. However, control
of the device is complex since there is only one tether for actuation. While
the resonance behaviour of the heave mode can be adjusted through the PTO
control parameters, the surge natural frequency is primarily sensitive to the
initial tether length which cannot be easily changed during operation.

The CECO wave converter, currently in development at the University
of Porto, Portugal [41], is another multi-mode device that does not use
multiple moorings for power capture. Instead, a single inclined DOF is used
to capture energy from both the surge and heave motions of the waves, based

(a) (b)

Figure 2.14: Original CECO design (a) schematic, adapted from [65] and
(b) motion under wave action, adapted from [95].
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on concepts initially proposed by the University of Edinburgh in the 1990s
[81, 82, 83, 99]. The CECO concept is illustrated in Figure 2.14(a). The main
floating structure consists of two floaters rigidly attached to a sliding frame,
which moves along an inclined axis relative to the vertical under the action
of the waves, as shown in Figure 2.14(b). Since its inception, improvements
to the device have included optimisation of the the PTO inclination angle,
damping parameters and floater geometry [65, 92]. Experimental testing of
the initial CECO design reported absorption efficiencies of up to 30% in
irregular seas [91], although it is claimed that the new optimised floater
geometry can achieve efficiencies of more than twice this amount in certain
sea states [93].

A number of other scale multi-mode WEC devices have also been featured
in experimental tests performed by independent studies [104, 116]. While
these studies confirm that using multiple modes results in greater power
absorption than a single mode, the featured WECs appear to be designed
purely for testing rather than full-scale deployment. Furthermore, control of
these devices was limited only to passive damping control.

Concluding remarks for multi-mode WEC prototypes

Despite the comparatively small number of multi-mode prototypes, it can
be seen from this review that there is still considerable variation between
the available designs. It is difficult to make an objective comparison between
the performance of all the various designs, especially given that several are
commercial in confidence and information regarding their development is
limited. However, it is clear overall that multi-mode devices offer improved
efficiency over their traditional, heave-only counterparts.

One commonality between designs is the use of inclined DOFs to achieve
power absorption from multiple modes simultaneously, with the degree
of inclination affecting the relative contribution to power from each mode.
However, the number of moored tethers or actuators varies between designs.
While more tethers and PTO units can increase the controllability of the
device, the cost of the system can also be expected to increase accordingly.
Conversely, reducing the number of actuators leads to under-actuated sys-
tems where there are fewer control inputs than the number of operational
degrees of freedom. In such systems, some DOFs may not be fully control-
lable, requiring more complex control solutions such as passively tuning
certain DOFs through the geometric design of the device.

It is noted that most designs appear to favour the surge and heave modes
for power absorption, while the pitch mode is either not utilised or neglected
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in these cases. While this is acceptable for spherical buoys, this may not
be the case for WECs with non-spherical geometries. For these geometries,
hydrodynamic coupling between pitch and the other modes may introduce
challenges with regards to the control of the system. There also appears to
be a trend towards larger devices, especially for the commercial prototypes,
which may also have implications for the hydrodynamic modelling of these
devices.

2.2.3 Control of wave energy converters

All WECs require a PTO to convert the energy from waves into useful
electrical power, which can be controlled to maximise the energy absorption
of the device during its operation. It is expected that control systems and
technology will be critical for improving the LCoE of WECs [14, 90]. However,
while the principles behind the control of oscillating body WECs have been
known for decades [11, 27], there are still many challenges regarding their
implementation in real devices.

As previously described in Section 2.2.1, an effective oscillating body
converter must act in such a way that it generates waves that interfere
destructively with the incoming waves. The main goals of a control system
are to therefore ensure that [34]:

1. the body oscillates at an amplitude such that the radiated waves are of
an optimum amplitude relative to the incident wave,

2. the velocity of the body has the correct phase relationship relative to the
dynamic pressure (and hence excitation force) of the incoming wave,
including the diffraction forces.

Ideally, these conditions are met by tuning the resonance frequency of
the device to the incident wave frequency. This can theoretically be achieved
through providing an optimal stiffness and damping that matches the in-
trinsic impedance of the system, also known as complex-conjugate control [34,
57]. However, optimal control is often difficult to apply in practice due to
several issues [90]:

• The system impedance is dependent on the incident wave frequency,
making application in real seas difficult since they contain a broad
spectrum of frequencies,

• The control force required to achieve the optimality conditions is acausal
(or non-causal) [33], meaning it relies on future knowledge of the
excitation force,
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• The PTO may need to supply power to the system during some parts
of its oscillation cycle, meaning that storage and release of energy is
required over the cycle when tuning for different frequencies,

• Physical constraints, such as limits on the maximum WEC displacement
or PTO forces, are not taken into account in this control strategy,

• High transmitted loads and control forces can restrict physical imple-
mentation in real-life PTO system.

Many alternative control strategies have therefore been proposed in the
literature for WEC applications. Some recent reviews can be found in [67,
79, 111], while comparisons of a select number of strategies can be found
in [16, 57]. In general, most control strategies can be sorted into two broad
categories: (i) passive and (ii) reactive control [111].

Passive control strategies only require the PTO to extract energy; power
does not need to be supplied back into the system. The simplest strategies are
purely resistive, where the PTO system only provides a velocity-dependent
damping force to the device. While simple to optimise for regular waves, this
strategy has extremely reduced effectiveness in real sea waves, which are
irregular [67].

An alternative passive control strategy is latching control, which involves
locking the motion of the device during a part of its oscillation cycle to ensure
that its velocity remains roughly in phase with the excitation force [4]. A
similar strategy is declutching control, which operates using a similar principle
except that the PTO is alternatively switched on and off instead [7].

Reactive control strategies require the PTO to store and then return
some energy back into the system during parts of the oscillation cycle to
maintain the optimal amplitude and phase conditions. In this strategy, the
PTO provides a stiffness force which is proportional to the WEC displacement
as well as a damping force to control the WEC system. The complex-conjugate
control described previously is an example of a reactive control strategy.

Other reactive control strategies have been proposed to address the vari-
ous problems related to complex-conjugate control. Model Predictive Control
(MPC) is one such strategy, which can be used to take into account the
physical constraints of the device [56]. However, MPC is computationally
intensive and sensitive to modelling errors, which makes its physical imple-
mentation difficult [30, 88]. Another strategy is Velocity Tracking Control (VTC),
which was proposed by Fusco and Ringwood [42] to address the problem of
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acausality. In this strategy, only the current (as opposed to future) value of
the excitation forces are required, from which a reference velocity signal is
computed and tracked by the PTO machineries using a feedback control loop.

An illustrative comparison between the effectiveness of reactive and
passive (including latching) control strategies in regular waves is shown
in Figure 2.15. Radiation limits, as defined by Eq. (2.1), and volume stroke
limits imposed by motion constraints and WEC size [12] are also indicated in
the figure. It can be seen that reactive control is the most efficient strategy,
since it ensures that the amplitude and phase optimality conditions are
satisfied during all parts of the the oscillation cycle. While slightly sub-
optimal, latching control satisfies the phase optimality condition and hence
also has a relatively high efficiency. Purely resistive passive control, when
not optimised for the incoming wave, is insufficient to ensure the phase
optimality conditions and hence results in very poor efficiency compared to
the other strategies.

Figure 2.15: Example of power that can be absorbed by an oscillating body-
type converter in regular waves using reactive and passive (including latching)
control strategies, adapted from [36].

Multi-mode control problem

The vast majority of control strategies proposed to date predominantly
focus on single-DOF WECs. Comparatively, the existing literature focusing
specifically on the control of multi-mode WECs is relatively limited. One of
the key challenges in the design of multi-mode WECs is the issue of coupling
between hydrodynamic modes. This can arise due to various factors, such
as through the geometric design of the device or hydrodynamic interactions
between modes (e.g. surge and pitch). Depending on the design of the device,
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failing to take into account such effects can result in noticeably reduced
performance and power absorption efficiency [101].

In one of the first studies to address the effects of hydrodynamic coupling
on control, Yavuz [115] suggested that coupling between surge and pitch
could be potentially beneficial for enhancing the performance of a floating
WEC device with active control. This was later contradicted in a study by
Abdelkhalik et al. [2], who considered the Multiple-Input-Multiple-Output
(MIMO) control of a floating WEC operating in surge, heave and pitch
simultaneously. Instead, the authors recommended using only either surge
or pitch for power absorption - but not both - to decrease the number of
actuators required. It was proposed to take advantage of hydrodynamic
coupling to shift power from one mode to the other to maintain the same
maximum available power, which supports the discussion regarding diople-
modes in Section 2.2.1. Several other theoretical MIMO controllers have also
been developed for similar floating WEC devices operating in heave, surge
and pitch [1, 61, 117]. Experimental testing of a MIMO controller for a floating
3-DOF WEC in a more realistic ocean environment has also been conducted
[15]. However, in all of the aforementioned studies, independent control
inputs were assumed for each degree of freedom, which is very difficult to
realise in practice.

Regarding under-actuated systems, an optimal MIMO controller for a
three-tethered floating buoy was initially considered in a study by Scruggs
et al. [100]. Following this, Sergiienko et al. also considered the control of a
three-tethered cylindrical WEC based on the CETO-6 device [101, 102], using
a VTC strategy which was extended to the MIMO system. An interesting
conclusion from both [100] and [101] was that some of the tethers may be
required to operate as actuators at all times during the operation of the
device. Another important conclusion from [101] was that the pitch mode,
over which the device had poor control authority, was responsible for losses
of up to 15% of the total power absorbed in certain cases due to coupling
with the surge mode. VTC was also considered for a multi-DOF system based
on the WaveSub device in a separate study by Hillis et al. [59]. In this study,
a significant attempt was made to consider the controller performance in
realistic operating conditions, including nonlinear kinematic and viscous
forces and irregular sea states. The controller was demonstrated to have
improved device performance by up to 80% compared to a well-tuned,
passively damped system.

Overall, the importance of proper control in WEC systems cannot be over-
looked. Some notable progress has been made towards developing MIMO
controllers specifically for multi-mode WECs. Several studies have high-
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lighted the importance of surge-pitch hydrodynamic coupling in the design
of the controller in particular [2, 115]. Further studies have pointed out the
need to better understand the effect of this coupling on device performance,
especially in the case of under-actuated systems [101]. It is also noted that
most controllers have been designed using linear hydrodynamic models. This
is an important consideration, given that control strategies developed based
on linear hydrodynamic models have consistently led to overestimations of
power when compared to results from higher fidelity models [20, 23, 48]. It is
therefore necessary to consider any relevant nonlinear effects when designing
controllers for multi-mode WECs, in order to avoid potentially misleading
results.

2.3 Nonlinear hydrodynamics for wave energy
applications

The development of wave energy converters relies heavily on numerical
modelling to accurately estimate the behaviour and performance of the
system during its operation. Modelling of WECs has typically been based on
linear theory and tools previously developed for various marine applications,
such as ships or offshore structures [52, 85]. These linear models have been
used to formulate much of the fundamental theory regarding wave energy
absorption [34].

One of the complications of employing traditional linear models is that,
unlike ships or other marine applications, most WECs are instead designed
to undergo relatively large motions to maximise power absorption. A WEC
may therefore encounter nonlinear dynamics not only in survival mode and
extreme wave conditions, but also during its normal operation in power pro-
duction mode as shown in Figure 2.16. Higher fidelity models are therefore
recommended in these instances to capture any important nonlinear effects
and provide a more accurate assessment of WEC behaviour and performance.

Figure 2.16: Operating regions of wave energy converters, adapted from [90].
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In this section, the importance of nonlinear effects for modelling of WECs
will be discussed. A number of available numerical modelling approaches
will also be briefly reviewed. The scope of the discussion will primarily focus
on hydrodynamic nonlinearities associated with the interactions between the
device and the surrounding fluid, rather than those caused purely by the
wave itself, geometric nonlinearities or the PTO system. The highly nonlinear
operating region associated with extreme waves and survival mode, as
indicated in Figure 2.16, is also considered outside the scope of this study.

2.3.1 Nonlinear hydrodynamic effects

There are several hydrodynamic forces which can act on a WEC during its
operation and result in nonlinear dynamics. The main forces that are relevant
for the modelling of oscillating body-type WECs are [85]:

• Froude-Krylov (FK) force - generated by the unsteady pressure field of
an undisturbed wave in the absence of any bodies in the fluid,

• Diffraction force - caused by the disturbance of an incident wave due
to the presence of a body in the fluid. In linear models, this is combined
together with the FK force to form the total excitation force acting on
the body.

• Radiation force - the load associated with waves radiated by a moving
body, assuming no incident waves are present,

• Viscous forces - comprising both form and skin friction drag, and
oppose the relative motion between the body and fluid,

• Parametric excitations - are an amplification of motions caused by
the nonlinear coupling between the DOFs of a moving body. This
usually occurs when the incident wave frequency is approximately
twice the resonant frequencies of the roll, pitch or yaw modes, or when
hydrodynamic modes have resonances which are multiples of other
modes.

• Slamming - occurs when the body impacts the sea surface. This may
occur when a converter rises above the free surface, followed by an
impact as it falls.

The relevance of these hydrodynamic nonlinearities for various oscillating-
body WEC devices is summarised in Table 2.2, based on a review by Penalba
et al. [85]. The types of WECs featured in Table 2.2 are categorised based on
size and mode of oscillation:
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• Heaving point absorbers (HPA),
• Oscillating pitch converters (OPC),
• Oscillating surge converters (OSC).

Table 2.2: Relevance of nonlinear hydrodynamic forces for various WEC types,
based on [85].

Relevance of nonlinear effects
WEC type Particular effects Froude-Krylov Diffraction Radiation Viscous
HPA Parametric excitation High Low Low Low
OPC Parametric excitation

Slamming
High - - High

OSC Slamming Low Not proven Not proven High

Particular nonlinear effects or phenomena that are important only for
certain device types are also outlined in Table 2.2. For example, OPC and OSC
devices may encounter slamming effects during operation if large pitching
motions raise part of the device above the free surface. Parametric excitations
have also been observed during experimental testing of HPAs and OPCs,
leading to amplified pitch, roll and yaw motions of the device [77, 106].

Regarding the remaining forces listed in Table 2.2, Giorgi et al. [47, 50]
have demonstrated in a number of studies that nonlinear FK forces can
significantly influence the performance of HPAs. OPCs may also benefit
from nonlinear modelling of FK forces for the prediction of parametric
excitations [5]. For diffraction and radiation forces, their importance has
only been considered for HPAs and OSCs [47, 50], as shown in Figure 2.17.

(a) (b)

Figure 2.17: Contribution of various forces to the total hydrodynamic force
acting on an (a) HPA and (b) OSC under controlled conditions in regular
waves. The total hydrodynamic force (F) and torque (T) have been decom-
posed into their static FK (FKst), dynamic FK (FKdy), diffraction (D), radiation
(R) and viscous drag (vis) components. Adapted from [47].
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While Figure 2.17(b) suggests that they are the dominant forces in OSCs, the
impact of nonlinear diffraction and radiation effects on the performance of
these devices has not been definitively investigated in any of the existing
literature. Additionally, despite the reportedly low importance of diffraction
and radiation effects for HPAs [71], this is more likely due to the size of the
device as opposed to the mode of oscillation [34]. It is unknown if nonlinear
diffraction and radiation forces have a greater impact on larger quasi-PA
devices. Finally, out of the oscillating body-type devices, nonlinear viscous
forces are most important for modelling of OPCs and OSCs [5, 10].

It is critical to note that most of the available literature has only considered
the relevance of nonlinear effects for WEC devices which oscillate primarily
in one hydrodynamic mode. There is almost no literature addressing the
importance of nonlinear forces acting on multi-mode devices which oscillate
in multiple modes at the same time. Table 2.2 suggests that most of the non-
linear hydrodynamic forces listed above may be relevant for their modelling
and performance assessment. While a number of studies have applied fully
nonlinear modelling approaches to spherical [19, 70] and long horizontal
cylinder [54] WECs moving in surge, heave and pitch simultaneously, the
geometries investigated in these studies are only minimally affected by pitch
motions. For other geometries, some literature exists addressing the nonlinear
hydrodynamic forces acting on vertical cylinders [58, 114] and rectangular
boxes [94] oscillating in multiple directions simultaneously; however, these
cover various marine applications unrelated to WECs, such as ships and
cargo. It is unknown how these nonlinear forces may affect the performance
and control of multi-mode WECs with similar, non-spherical geometries.

2.3.2 Modelling approaches

With the increase in computational capabilities in recent years, various math-
ematical and computational tools are now available for modelling of non-
linear wave-body interactions. According to Penalba et al. [85], modelling
approaches can be divided into three main categories: (i) Navier-Stokes Com-
putational Fluid Dynamics (CFD) and Smoothed-Particle Hydrodynamics
(SPH), (ii) potential flow models and (iii) models from data.

CFD and SPH are fully nonlinear modelling approaches based on solving
the Navier-Stokes equations [85]. CFD models use a mesh to discretise the
numerical domain, while SPH models are mesh-free and use an array of
particles instead. Meshed domains used to generate waves in CFD codes
are also known as Numerical Wave Tanks (NWT). When validated against
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experimental results, CFD and SPH are among the most accurate of all the
available modelling techniques [112]. However, their main drawbacks are
high computational time and costs, as well as the considerable experience
required by the analysts.

In potential flow models, the fluid velocity is described as a gradient of
the velocity potential. By solving for this velocity potential, typically using
boundary element methods (BEM), the pressure and hydrodynamic forces
acting on a body can then be computed. The potential flow formulation can
be applied in various ways:

• In fully linear models, the hydrodynamic parameters are calculated
using only the mean free-surface level and nominal position of body.
This may lead to reduced accuracy in cases with steep incident waves,
large device motions or significant changes to the wetted surface during
operation [113].

• Partially nonlinear potential flow models extend the linear model
by including some additional nonlinear effects. A common extension
involves recalculating the nonlinear FK forces at each time step using
the instantaneous wetted surface area of the body [45, 46, 49, 55].

• Weakly nonlinear models consider both the nonlinear free surface and
body-exact conditions, while simplifying some aspects of the potential
flow formulation. For example, using the weak-scatterer (WS) approx-
imation [80], the incident component of the velocity potential becomes
a model input so only the diffracted and radiated components need
to be determined [62]. Another approach is to assume shallow-water
conditions and eliminate the vertical component of the velocity terms
in the potential flow equations, thereby reducing the computational
domain to 2D [21, 26, 89].

• Fully-nonlinear models apply the complete potential flow formulation
with no simplifications [8, 53, 54].

Viscous losses can also be included into potential flow models through an
additional damping term or through the Morison equation [73]. More detail
regarding potential flow theory will also be given in Chapter 3, Section 3.2.

Models from data can be applied in instances where the physical system
is too complex or computationally demanding to model in its entirety. The
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data for these models can be obtained from real-life wave tank experiments
[51, 60] or NWT simulations [22]. However, the accuracy of these models
is dependent on the validity of the data that it was built from. Data from
experiments may be subjected to measurement errors or reflection effects,
while data from NWTs may be unreliable unless previously validated against
experimental results [85].

Computation versus fidelity

In order to select the most suitable modelling approach, it is important to
consider both the device and whether the dominant requirement of the
model is either: (i) high fidelity (accuracy) or (ii) low computation (speed). A
comparison of the relative fidelity and computational costs of the different
modelling approaches is illustrated in Figure 2.18.

Figure 2.18: Relative computational cost and fidelity of various modelling
approaches, adapted from [85]. L refers to linear, P-NL is partially-nonlinear,
W-NL is weakly-nonlinear, F-NL is fully-nonlinear.

Based on these considerations, Penalba et al. [85] made a number of
recommendations for suitable modelling approaches for various oscillating
body-type WECs, which are given in Table 2.3. Overall, when the main model
requirement is low computation, potential flow models with viscous drag
effects are the recommended approach for all devices. Since FK forces are
responsible for most of the nonlinear effects in HPAs, partially nonlinear
potential flow models with viscous drag are recommended for higher fidelity
modelling of these devices, having demonstrated good agreement with
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Table 2.3: Suggested modelling approaches for different WEC types and
model purposes, based on [85]. Fvisc refers to viscous forces, which can be
externally included in potential flow models.

WEC type High fidelity (accuracy) Low computation (speed)
HPA P-NL potential theory with Fvisc P-NL potential theory with Fvisc

OPC P-NL potential theory with CFD P-NL potential theory with Fvisc

OSC CFD Linear potential theory with Fvisc

experimental results [106]. If higher fidelity is required for OPCs and OSCs,
CFD approaches were suggested due to the higher relevance of radiation and
diffraction effects [50].

Concerning suitable modelling approaches for multi-mode WECs, while
partially nonlinear potential flow models appear to be the most versatile
approach from Table 2.3, they may be unable to capture all the relevant
nonlinearities for devices oscillating in heave, surge and pitch simultaneously.
As previously discussed, most partially nonlinear potential flow models
in the literature only consider the nonlinear FK forces. While suitable for
small or heaving buoys, it is unknown whether this is sufficient to accurately
model larger, surging or pitching devices where diffraction and radiation
forces are more significant [50]. CFD may also be prohibitive for performance
assessment and design optimisation purposes which have low computation
requirements. Weakly or fully nonlinear approaches may therefore be suitable
alternatives in this case. There are also many prospective avenues of research
using these modelling approaches, since they are still in the early stages
of development and have not been widely considered in the literature. The
weak-scatterer approach is particularly promising, with early studies showing
good agreement with fully nonlinear potential flow models [63] and CFD
[24], whilst still achieving faster computational times.

2.4 Concluding remarks and perspectives

In this chapter, some relevant literature pertaining to the work done in
this Thesis was presented. From the broad overview of existing prototypes,
it can be seen that the design of WECs is extremely diverse. Compared
to other WEC types, multi-mode WECs have the potential to be the most
hydrodynamically efficient, resulting in more power absorbed from waves.
However, given that many existing prototypes are designed as single-mode
devices, there are many aspects of multi-mode converters that are not well
understood, such as those related to their design, control, and the effect of
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nonlinear hydrodynamics on performance.
As discussed in Section 2.2.2, most multi-mode prototypes appear to

favour surge and heave as the main modes of absorption, while the effect of
pitch is often overlooked. While this may be suitable for smaller or spher-
ical WECs, the assumption of negligible pitch may not be valid for larger
converters with non-spherical geometries. The nonlinear hydrodynamics
and control of such devices may also be consequently affected. Furthermore,
Section 2.3 indicated a large gap in the literature regarding the impact of
nonlinear hydrodynamic effects on the performance of multi-mode WECs
which oscillate in multiple directions simultaneously. Additionally, the effect
of nonlinear diffraction and radiation forces on pitching and surging con-
verters is also not well understood. These gaps are therefore addressed in
Chapter 4, which considers the impact of nonlinear hydrodynamic forces on
the performance of a flat cylindrical quasi-PA WEC oscillating in surge and
pitch simultaneously. Special emphasis is placed on the nonlinear diffraction
and radiation forces resulting from both surge and pitch motions.

An effective controller is critical for increasing the efficiency of wave en-
ergy devices. While a number of controllers have been developed specifically
for multi-mode WECs, it was identified in Section 2.2.3 that these control-
lers have all been designed under the assumption of linear hydrodynamics.
Given that most WEC controllers aim to increase power absorption through
resonance and large amplitude motions, linear hydrodynamic models may
be inadequate and overestimate power absorption. Therefore, Chapter 5 con-
siders the spring-damper control of a multi-mode WEC in surge, heave and
pitch, and compares the performance of the device between a fully linear and
weakly nonlinear potential flow model. From the results of this investigation,
an alternative approach where the natural frequencies of each hydrodynamic
mode are tuned to different frequencies is also examined to explore the
potential for increased broadband performance in real seas.

In addition to coupling between hydrodynamic modes, another complic-
ation related to the design and control of multi-mode WECs is the issue of
under-actuation. While controllability can be increased with the number of
actuators, this comes at the expense of increased capital and operational costs.
The three-tethered configuration appears to provide a good compromise
between both controllability and cost, as evidenced by its use in a number
of different multi-mode WEC designs. As identified in Section 2.2.3, many
control strategies for multi-mode WECs have only considered ideal or in-
dependent control for each oscillation mode. Studies that consider physical
devices with proper actuation systems only include hydrodynamic forces
based on linear potential theory. Therefore, to address this gap, Chapter
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6 studies a multi-mode WEC with an under-actuated three-tether config-
uration subjected to various nonlinear forces, including those caused by
hydrodynamic coupling between modes. Several device parameters, such
as the tether angles, location of the centre of gravity and rotational moment
of inertia, are also examined for passive tuning of the pitch mode in partic-
ular, given that the three-tethered configuration does not have full control
authority over this mode.
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Chapter 3

Background theory

The purpose of this chapter is to introduce and provide details on the
main methods used throughout this Thesis to model ocean waves and fluid-
structure interactions. This includes a brief discussion on methods of char-
acterising ocean waves and the overarching concepts behind potential flow
theory, which all the hydrodynamic models used in this Thesis are based
upon. Considerations specific to linear wave theory are then presented, fol-
lowed by an overview of a modelling approach based on the Weak-Scatterer
(WS) approximation.

3.1 Ocean waves

Regular waves

Despite the large amount of variation between different types of ocean waves,
the simplest waves can be represented by a monochromatic, sinusoidal func-
tion. There are a number of basic parameters that can be used to characterise
such a wave [13, 36]:

• λ - wavelength,
• T - wave period,
• H - wave height,
• h - water depth,

• s = H/λ - wave steepness,
• k = 2π/λ - wave number,
• ω = 2π/T - wave frequency,
• Aw = H/2 - wave amplitude.

Of these parameters, the wave steepness and water depth can affect the
nonlinearity of the wave profile. This consequently affects the suitability
of various modelling approaches that can be used to represent the waves.
Generally, waves in deep water (h > λ/2) and with low steepness (s < 0.01)
can be adequately approximated using sinusoidal functions and linear wave
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theory. For shallower water depths and steeper waves, the wave profile
becomes more nonlinear due to sharper crests and flatter troughs, which
necessitates the use of higher-order wave models. An example of increasing
nonlinearity in the wave profile with decreasing water depth is shown in
Figure 3.1. It is worth noting that linear wave theory is often used even for
nonlinear wave profiles, since higher-order wave models can be extremely
difficult to apply to anything other than regular waves [13].

Figure 3.1: Examples of linear and nonlinear wave profiles with varying
water depth, adapted from [14]. Deep-water waves with low steepness can
be approximated as a sinusoidal function, while shallow-water and higher
steepness waves have more nonlinear profiles.

Irregular waves

In reality, most ocean waves cannot be fully represented by a single sinusoidal
function. Instead, they often have irregular shapes since waves are constantly
overtaking and crossing each other on the surface of the sea [36].

For a more accurate, short-term description of a sea-state, a spectrum
can be used to characterise the waves. In this case, the surface waves are
represented as a linear superposition of many sinusoidal waves of different
frequencies, amplitudes and phases. A wave spectrum may be defined by
two main parameters: (i) the spectral peak period Tp and (ii) the significant
wave height Hs, which is defined as the average height of the third highest
waves in the spectrum.

One of the most commonly used spectra for ocean waves was developed
by Pierson and Moskowitz [29]. Termed the Pierson-Moskowitz (PM) spec-
trum, this can be used to describe fully developed seas where the wind has
blown across the surface of the water for a sufficiently long time, such that
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the energy input is balanced and the waves no longer grow. An example of
the PM spectrum is shown in Figure 3.2(a). The spectral variance density is
given by [29]:

Sη(ω) =
APM

f 5 exp
(
−BPM

f 4

)
, (3.1)

where f is the wave frequency in Hz, and APM and BPM may be paramet-
erised in terms of Tp and Hs [35]:

APM =
5

16
H2

s
T4

p
, BPM =

5
4T4

p
. (3.2)

For long-term descriptions of a sea site, it is common to use a scatter
diagram to illustrate the probability of encountering an irregular wave with
a particular peak frequency and wave height at a given location. An example
of a scatter diagram is shown in Figure 3.2(b).

(a) (b)

Figure 3.2: Examples of characterisation of irregular waves using (a) PM
spectrum for short-term sea states and (b) scatter diagram for a long-term
description of the wave climate at a particular location.

In this Thesis, Chapters 4 to 6 feature regular wave analysis. Irregular
wave analysis involving a PM spectrum and scatter diagram is also applied in
Chapters 5 and 6 to consider the performance of a multi-mode WEC system
in a more realistic sea state. Having defined the wave input, the next step in
the modelling process is to consider the interactions between the wave and
the body of the converter itself.

3.2 Potential flow theory

Potential flow theory is a mathematical formulation that can be used to model
fluid-structure interactions based on the assumption of an ideal fluid. In other
words, the flow is assumed to be inviscid, irrotational and incompressible. In
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this section, the main considerations and equations which form the basis of
all potential flow models will be presented.

Laplace equation

The Laplace equation forms the basis for the potential flow problem, and is
derived from the conservation of mass, i.e. the continuity equation [10]:

∂ρ

∂t
+∇ · (ρυ) = 0, (3.3)

where ρ is the mass density of the fluid and υ(x, y, z, t) is a the velocity of
the fluid particles. Since the flow is assumed to be incompressible, Eq. (3.3)
becomes:

∇ · υ = 0. (3.4)

Next, the assumption of irrotational flow requires that the curl of υ is
zero [1], hence:

∇× υ = 0. (3.5)

At this point, a scalar property of the fluid is then introduced, known as
the velocity potential ϕ(x, y, z, t). Using the fact that the curl of a gradient
vanishes, described by the vector identity ∇×∇ϕ = 0, and equating this to
Eq. (3.5) gives:

υ = ∇ϕ. (3.6)

Substituting Eq. (3.6) into (3.4) then results in the Laplace equation:

∇2ϕ = 0, (3.7)

which must be satisfied throughout the fluid domain.

Boundary conditions

The solution for the velocity potential must also satisfy a number of boundary
conditions in the fluid domain, which are defined at:

• The free surface (i.e. the air-water interface),
• Body surface,
• On the sea floor.

The fluid domain and boundaries are illustrated in Figure 3.3. The xyz
Cartesian coordinate system is used to describe the domain, with the z-axis
pointing upwards and z = 0 located at the undisturbed free surface level. Any
elevation of the free surface relative to this level is defined as z = η(x, y, t).
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Figure 3.3: Fluid domain for potential flow theory, adapted from [10]. Unit
normal vectors on wetted surfaces (i.e. interfaces between water and rigid
bodies) are denoted by n, while u denotes the velocity vector of a particular
point on the body wetted surface SB.

It is assumed that the fluid domain has a constant depth h and that waves
propagate in the xy-plane.

Two conditions are applied on the free surface: a (i) dynamic and (ii) kin-
ematic boundary condition. The dynamic free surface boundary condition
can be found by considering the Bernoulli equation, which reflects the prin-
ciple of conservation of energy for an ideal fluid flow. When applied on
the exact free surface position at z = η, where the pressure in the fluid is
assumed equal to the air pressure, this becomes [10]:

∂ϕ

∂t
+

υ2

2
+ gη = C − pa

ρ
on z = η, (3.8)

where C is an integration constant and pa is the atmospheric pressure. Given
that the right-hand side of Eq. (3.8) must vanish in still water conditions (i.e.
C = pa/ρ), and using the expression in Eq. (3.6), the dynamic free surface
boundary condition can therefore be written as:

∂ϕ

∂t
+

1
2
∇ϕ · ∇ϕ + gη = 0 on z = η. (3.9)

The kinematic free surface boundary condition requires that a fluid
particle on the air-water interface will always remain on the free surface and
follow the motion of the waves. Mathematically, this is expressed by having
the substantial derivative of (z − η) vanish on the free surface [12, 26]:

D
Dt

(z − η) =
∂η

∂t
− ∂ϕ

∂z
+∇ϕ · ∇η = 0 on z = η, (3.10)
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where D/Dt is the substantial derivative.
Since there is no fluid flow through the solid body, any fluid particles on

its wetted surface must also have the same normal component of velocity as
the body itself. The boundary condition on the wetted surface of the body SB

is therefore:
∂ϕ

∂n
= u · n on SB, (3.11)

where u denotes the velocity vector of a particular point on SB, while n
denotes the unit normal vector on the wetted surface.

Finally, there is a no flow condition on the sea floor at z = −h, which
gives the seabed boundary condition:

∂ϕ

∂z
= 0 on z = −h. (3.12)

The above conditions in Eqs. (3.9) to (3.12), along with the Laplace equa-
tion in Eq. (3.7), form a Boundary Value Problem (BVP) which can then be
solved for the velocity potential ϕ = ϕ(x, y, z, t). From this, a number of other
important properties can subsequently be derived, such as the fluid velocity,
pressure and wave elevation.

The total hydrodynamic forces acting on the body can also be determined
by integrating the pressure exerted by the surrounding fluid over the wetted
surface area of the body:

Fhyd = −
∫∫
SB

pndSB. (3.13)

It can be seen that the nonlinear free surface boundary conditions in
Eqs. (3.9) and (3.10) contain nonlinear terms and are expressed using the exact
position of the free surface z = η. However, this is also one of the unknowns,
which makes the fully nonlinear potential flow problem difficult to solve.
Various assumptions can therefore be applied to simplify the formulation.

3.3 Linear potential flow models

3.3.1 Linear wave theory

In linear theory, the free surface conditions may be linearised by assuming
that the dynamic variables such as ϕ and η and all their derivatives are small.
Consequently, the nonlinear terms in Eqs. (3.9) and (3.10) can be neglected.
The boundary conditions are also imposed on the undisturbed position of
the free surface z = 0, rather than the instantaneous position. As a result,
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the linearised form of the free surface boundary conditions in Eqs. (3.9) and
(3.10) become, respectively [1]:

∂ϕ

∂t
+ gη = 0 on z = 0, (3.14)

and
∂η

∂t
+

∂ϕ

∂z
= 0 on z = 0. (3.15)

The time derivative of the linearised dynamic boundary condition in
Eq. (3.14) can be combined with the kinematic condition in Eq. (3.15) to give
a single free surface boundary condition:

∂2ϕ

∂t
+ g

∂ϕ

∂z
= 0 on z = 0. (3.16)

Once a solution for the velocity potential is obtained, the velocity of the
fluid can then be determined from Eq. (3.6). The linearised hydrodynamic
pressure can be found using the dynamic part of the Bernoulli equation,
disregarding any nonlinear terms [10]:

p = −ρ
∂ϕ

∂t
. (3.17)

The wave elevation can also be determined using the linearised dynamic
free surface boundary condition in Eq. (3.14):

η = −1
g

∂ϕ

∂t
. (3.18)

3.3.1.1 Harmonic waves

As previously discussed in Section 3.1, the assumption of small wave amp-
litudes in deep-water allows the use of sinusoidal functions to represent the
motion of the fluid. The velocity potential can therefore be separated into
spatial and temporal variables to further simplify the fluid-body interaction
problem [10]:

ϕ = ϕ(x, y, z, t) = Re
{

ϕ̂(x, y, z)eiωt
}

, (3.19)

where ^ denotes the complex amplitude.

55



Chapter 3 Background theory

The linear BVP can therefore be re-written as:

∇2ϕ̂ = 0 in the fluid domain

−ω2ϕ̂ + g
∂ϕ̂

∂z
= 0 on z = 0

∂ϕ̂

∂n
= ûn on S0

∂ϕ̂

∂z
= 0 on z = −h,

(3.20)

where un = u · n is the component of u along the normal to the body surface
and S0 is the mean wetted surface area of the body in its equilibrium position.
Additionally, a fluid domain extending out to infinity must also satisfy a
‘radiation condition’, which will be discussed further in Section 3.3.1.2.

Other physical variables, such as the fluid velocity, pressure and wave
elevation, can also be re-written in terms of complex amplitudes [10]:

υ̂ = ∇ϕ̂, (3.21)

p̂ = −iωρϕ̂, (3.22)

η̂ = − iω
g

ϕ̂ on z = 0. (3.23)

3.3.1.2 Hydrodynamic force decomposition

To determine the hydrodynamic forces acting on a body in linear theory,
the pressure is integrated over the mean wetted body surface area. Using
Eqs. (3.13) and (3.22), the complex amplitude of the linear hydrodynamic
force acting on an immersed body can be expressed as:

F̂hyd,j = iωρ
∫∫
S0

ϕ̂njdS0, (3.24)

where the subscript j (j =1, 2, ..., 6) denotes the j-th hydrodynamic mode
and nj is the j-th component of n.

The linearity assumption also allows the total wave field and forces acting
on an immersed body to be decomposed into several components [1]:

ϕ̂ = ϕ̂i + ϕ̂d + ϕ̂r, (3.25)

where ϕi, ϕd and ϕr are the incident, diffraction and radiation components,
respectively. The incident and diffraction components can be considered
together to describe the total excitation force acting on the body.
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Excitation problem

The excitation force is defined as the incident wave load acting on a fixed
body with no motion (and hence no radiated waves). Since the body is
assumed to be fixed, the boundary condition on the body wetted surface in
Eq. (3.20) becomes:

∂ϕ̂0

∂n
+

∂ϕ̂d

∂n
= 0 on S0, (3.26)

which the incident and diffracted velocity potentials must then satisfy.
As previously discussed, there is also a ‘radiation condition’ for diffracted

waves propagating away from the body at infinite distance, given by [22]:

lim
kx→±∞

(
∂ϕ̂d

∂x
∓ ikϕ̂d

)
= 0. (3.27)

The excitation force in the j-th mode due to the incident and diffraction
loads is then given by [10]:

F̂exc,j = iωρ
∫∫
S0

(ϕ̂i + ϕ̂d)njdS0. (3.28)

In cases where the body is sufficiently small compared to the wavelength,
it is acceptable to neglect the diffracted component of the wave field when
considering the excitation force. This means that the diffracted velocity
potential ϕ̂d does not have to be solved in the BVP, which can help reduce
computational costs [1, 10].

Radiation problem

The radiated component ϕ̂r is the result of waves generated by a body’s mo-
tion in the absence of an incident wave. The total radiated velocity potential is
the superposition of potentials caused by oscillations in all six hydrodynamic
modes [10]:

ϕ̂r =
6

∑
j=1

φjûj, (3.29)

where uj is the j-th component of u and φj = φj(x, y, z) is the coefficient
of proportionality, which corresponds to the radiation potential amplitude
caused by a unit velocity in mode j. The coefficient of proportionality must
satisfy the body condition:

∂φj

∂n
= nj on S0, (3.30)
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as well as the Laplace equation, along with all the other free surface and
seabed boundary conditions.

The radiation force in the j′-th mode due to oscillations in mode j can
then be written as [10]:

F̂rad,j′ = iωρ
∫∫
S0

φjûjnj′dS0, (3.31)

or alternatively:
F̂rad,j′ = −Zj′ jûj, (3.32)

where Zj′ j represents the radiation impedance and is given by:

Zj′ j = −iωρ
∫∫
S0

φjnj′dS0. (3.33)

The radiation impedance is complex, and so Zj′ j can be written in terms
of its real and imaginary parts:

Zj′ j = Bj′ j + iωAj′ j, (3.34)

where Bj′ j and Aj′ j are coefficients of the radiation damping Brad and added
mass Arad matrices, respectively. The real part of the radiation impedance
Bj′ j represents a resistive or dissipative effect due to energy from the body’s
motion being transferred into the water and propagating away. By itself, the
term Aj′ j can be interpreted as an additional mass of surrounding fluid that
is displaced and accelerated along with the body as it moves [26]. As a result
of this fluid motion, kinetic and potential energy is stored in the water, which
is then added to the mechanical system before flowing back into the water
again. This reactive effect is reflected in the imaginary part of Eq. (3.34).

3.3.1.3 Solving the boundary value problem

The BVP given by the Laplace equation and various boundary conditions
can be solved using either analytical or numerical approaches. Generally,
analytical solutions are limited mainly to very simple geometries, such as
spheres [23] or cylinders [15, 16]. For numerical approaches, this usually
involves Boundary Element Methods (BEM), wherein a boundary integral
equation satisfying all the conditions of the linear BVP is applied to the
discretised mean wetted surface of the body. Widely known BEM solvers
based on this approach include WAMIT [17], ANSYS AQWA [3] and NEMOH
[5]. Separate computations are performed for the excitation problem to obtain
the incident wave loads on the fixed body, as well as in each individual
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hydrodynamic mode for the radiation problem. The solutions are then used
to output the relevant hydrodynamic parameters, such as the excitation force,
added mass and radiation damping coefficients [1].

3.3.2 Modelling approaches for WECs

In order to model an oscillating body WEC, the forces acting on the system
must be considered together. Using linear wave theory, it is convenient to
decompose the total hydrodynamic forces acting on a body into various
components. Using Newton’s second law, the governing equation describing
the dynamic motion of the WEC can therefore be written in the time-domain
as:

Mẍ(t) = Fexc(t) + Frad(t) + Fbuoy(t) + Fvisc(t) + FPTO(t), (3.35)

where M is the mass matrix and ẍ is the acceleration at the centre of gravity
of the buoy. The main forces acting on the buoy, Fexc, Frad, Fbuoy, Fvisc and
FPTO are the excitation, radiation, buoyancy, viscous drag and PTO forces,
respectively.

The corresponding equation in the frequency-domain can be written as:

Mâ(ω) = F̂exc(ω) + [−Arad(ω)â(ω)− Brad(ω)û(ω)]︸ ︷︷ ︸
F̂rad(ω)

+ [−Ksx̂(ω)]︸ ︷︷ ︸
F̂buoy(ω)

+ [−Bvisc(ω)û(ω)]︸ ︷︷ ︸
F̂visc(ω)

+F̂PTO(ω),
(3.36)

where â, û and x̂ denote the complex body acceleration, velocity and displace-
ment vectors, respectively, while Bvisc and Ks denote the linearised viscous
damping and hydrostatic stiffness matrices, respectively.

In certain cases, such as when determining the optimal control require-
ments, it is more convenient to write Eq. (3.36) in terms of the intrinsic
impedance Zi of the system [10]. Using â(ω) = iωû(ω) = −ω2x̂(ω), this
gives: {

iω(M + Arad(ω)) + (Brad(ω) + Bvisc(ω))− i
ω

Ks

}
û(ω)

≡ Zi(ω)û(ω) = F̂exc(ω) + F̂PTO(ω).
(3.37)

More detail regarding modelling of the various forces in Eqs. (3.35) and
(3.36) will be provided in the subsequent discussions.
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3.3.2.1 Excitation force

Having obtained the excitation force coefficients from the solution of the BVP,
as discussed in Section 3.3.1.3, the complex excitation force vector can be
calculated as [10]:

F̂exc(ω) = f̂exc(ω)η̂(x0, y0, ω), (3.38)

where f̂exc is the complex excitation force coefficient vector, representing the
excitation loads per unit wave elevation, and η̂ is the wave elevation measured
at the reference position (x0, y0), which usually taken as the projection of the
centre of the body on the water surface.

In the time domain, assuming regular, monochromatic waves, the wave
elevation and excitation force in the j-th mode can be expressed as [30]:

η(t) = Aw cos(ωt), (3.39)

Fexc,j(t) = | f̂exc,j(ω)|Aw cos(φexc(ω) + ωt), (3.40)

where | f̂exc,j| and φexc are the amplitude and phase of the frequency depend-
ent excitation force coefficient, respectively.

For irregular waves, the complex wave elevation for each frequency
component in a spectrum can be calculated as [2]:

η̂(ωk) =
√

2Sη(ωk)∆ωkeiφη(ωk), (3.41)

where the subscript k(k = 1, 2, ..., N) denotes the k-th frequency component
and φη is a phase angle, which can be taken from real life data or randomly
generated assuming a uniform distribution between [0, 2π).

Eq. (3.41) is substituted into Eq. (3.38) to find the complex excitation
force amplitude for each frequency. The resultant irregular excitation force
time-series containing N frequency components can then be calculated as:

Fexc(t) =
N

∑
k=1

Re
{

F̂exc(ωk)eiωkt
}

. (3.42)

3.3.2.2 Radiation force

As previously shown in Eq. (3.36), the radiation force in the frequency domain
is often expressed in terms of the added mass Arad and radiation damping
Brad matrices.

In the time-domain, another common method of expressing the radiation
force is by means of Cummins’ equation [7]:

Frad,j(t) = −Ajj′,∞ ẍj′ −
∫ t

−∞
k jj′(t − τ)ẋj′(τ)dτ, (3.43)
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where Ajj′,∞ = lim
ω→∞

Ajj′(ω) is the added mass at infinite frequency and

k jj′(t) is the radiation impulse response, obtained from the inverse Fourier
transform [30]:

k jj′(t) =
1

2π

∫ ∞

−∞

(
Bjj′(ω) + iω(Ajj′(ω)− Ajj′,∞)

)
eiωtdω. (3.44)

The convolution integral term in Eq. (3.43) is also known as a memory
function. Physically, this means that part of the radiation force acting on the
body at a particular time instant is caused by changes in the fluid which
remain from a previous motion of the body [2]. Directly evaluating the
convolution integral can be computationally expensive, so an alternative
approach is to approximate this term using a state-space representation:

ṗ(t) = Arp(t) + Br ẋj′(t)∫ t

0
k jj′(t − τ)ẋj′(τ)dτ = Crp(t),

(3.45)

where Ar, Br and Cr are state space matrices and p(t) is an intermediate
state vector. The MATLAB MSS FDI toolbox developed by Perez and Fossen
[28] can be used to obtain the coefficients for the state space matrices, based
on pre-calculated values of the added mass Ajj′ and radiation damping Bjj′

coefficients.

3.3.2.3 Hydrostatic restoring force

For fully submerged bodies, the hydrostatic restoring force (or buoyancy
force) is constant since the volume of displaced water and gravitational forces
acting on the body remain the same. This force acts purely in the heave
direction and can be calculated as:

Fbuoy,3(t) = g(ρV − mb), (3.46)

where V and mb are the volume and mass of the body, respectively. A body
less dense than the water will be positively buoyant and will require tension
from the PTO mechanisms to remain submerged.

In cases where the centre of buoyancy does not coincide with the centre
of gravity, the buoyancy force may also result in a spring-like hydrostatic
restoring moment which acts in the rotational modes. Care should be taken
to ensure that the static stability of the system is not negatively impacted in
such cases [24].
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3.3.2.4 Viscous force

Apart from the radiation damping, viscous effects of the fluid flow will also
lead to energy being dissipated from the system. Although these effects are
neglected in the potential flow formulation due to the assumption of inviscid
flow, they can be included in the WEC model as an additional viscous force
or moment term. In the time domain, the Morison [4, 25] equation can be
applied to obtain:

Fvisc,j(t) = −1
2

ρCd,j A⊥,j|ẋj(t)− υj(t)|
(
ẋj(t)− υj(t)

)
, (3.47)

Mvisc,j(t) = −1
2

BQ,j|θ̇j|θ̇j, (3.48)

where A⊥,j is the cross sectional area of the body perpendicular to the flow
and θ̇ is the angular velocity. The drag and quadratic roll damping coefficients,
denoted Cd,j and BQ,j respectively, are dependent on the properties of both
the body and the fluid. For simple shapes such as spheres, cylinders and flat
plates, these coefficients can be obtained from published test results in the
literature.

The relative velocity (ẋj(t)− υj(t)) between the body and fluid flow is also
required for the viscous force calculations. Assuming only planar motions
in the xz-plane, the undisturbed fluid velocity components in the horizontal
and vertical directions can determined as [26]:

u(t) =
∂ϕ

∂x
=

gAwk
ω

cosh k(z + ds)

cosh kds
cos(kx − ωt), (3.49)

v(t) =
∂ϕ

∂z
=

gAwk
ω

sinh k(z + ds)

cosh kds
sin(kx − ωt), (3.50)

where ds is the submergence depth of the body.
In order to include viscous loads in the frequency domain, the quadratic

terms in Eq. (3.47) and (3.48) must be linearised. The Lorentz linearisation
approach [34] can be applied to obtain an approximate expression for the
viscous drag forces and moments, which was shown previously in Eq. (3.36).
The matrix containing the linearised viscous damping coefficients Bvisc must
be calculated for each wave height and frequency condition.

3.4 Weak-scatterer model

In this Thesis, a weakly nonlinear potential flow model based on the WS
approximation was employed to study the effect of nonlinear hydrodynamic
forces acting on a multi-mode WEC. This approach was implemented using

62



3.4 Weak-scatterer model

the WS_CN solver developed by the LHEEA laboratory of École Centrale de
Nantes [18, 37]. The fundamental theory and numerical implementation used
in the WS model is presented in this section.

3.4.1 Weak-scatterer approximation

First introduced by Pawlowski [27], the WS approximation is an alternative
approach to simplifying the fully nonlinear potential flow formulation. Here,
the velocity potential and free surface wave elevation are decomposed into
an incident ϕi and perturbed ϕp component:

{
ϕ = ϕi + ϕp

η = ηi + ηp.
(3.51)

It is assumed that the effect of the perturbed component, which consists of
radiation and diffraction effects, is small compared to the incident component:

{
ϕp = O(ϕi)

ηp = O(ηi)
(3.52)

This approximation allows the free surface boundary conditions to be
linearised about the instantaneous incident wave elevation z = ηi(x, y, t),
which is explicitly known and used as a model input. Therefore, only the
perturbed components need to be solved in the BVP. The hydrodynamic
forces are also evaluated using the instantaneous position of the body.

Compared to linear wave theory, the WS approach provides an improved
modelling accuracy in cases with steep incident waves and large body
motions. Regarding numerical simulations, the approximation in Eq. (3.52)
means that incident waves do not have to be propagated throughout the
entire fluid domain and perturbed waves do not have to be meshed, resulting
in shorter computation times compared to CFD solvers [19].

It is necessary to note that for a WEC operating with reactive control, the
assumption in Eq. (3.52) may not always be satisfied due to large radiated
waves caused by significant body motions. Despite this, the WS method
is still likely to be more accurate than linear wave theory in these cases.
This was demonstrated for heaving PA WEC operating in steep waves with
large body motions, where the WS solver remained capable of producing
results comparable to CFD with only small errors of within 8%, compared to
discrepancies of up to 37% from the linear solver [9].
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3.4.1.1 Boundary value problem

Within the framework of the WS approximation, the free surface boundary
conditions need to be transposed onto the position of the incident free surface.
The WS decomposition in Eq. (3.51) is therefore introduced to the dynamic
free surface boundary condition in Eq. (3.9) [18]:

∂

∂t
(ϕi + ϕp) +

1
2
∇(ϕi + ϕp) · ∇(ϕi + ϕp)

+ g(ηi + ηp) = 0, on z = η.
(3.53)

A Taylor expansion on the perturbation component is then applied at the
incident free surface position. The higher order terms of the perturbation
components can be neglected using the WS assumption in Eq. (3.52). This
gives the WS dynamic free surface boundary condition [18, 37]:

∂ϕp

∂t
=− ∂ϕi

∂t
− 1

2
∇ϕi · ∇ϕi −∇ϕi · ∇ϕp − g(ηi + ηp)

− ηp

(
∂2ϕi

∂z∂t
+

∂∇ϕi

∂z
· ∇ϕi

)
, on z = ηi.

(3.54)

A similar decomposition and expansion process is applied to Eq. (3.10) to
obtain the WS kinematic free surface boundary condition:

∂ηp

∂t
= −∂ηi

∂t
+

∂

∂z
(ϕi + ϕp)−∇ϕi · ∇ηi −∇ϕi · ∇ηp −∇ϕp · ∇ηi

+ ηp

(
∂2ϕi

∂z2 − ∂∇ϕi

∂z
· ∇ηi

)
, on z = ηi.

(3.55)

The WS decomposition in Eq. (3.51) is also applied to the other equations
in the BVP, giving [19, 37]:

∇2ϕp = −∇2ϕi = 0, in the fluid domain, (3.56)

on the surface body:

∂ϕp

∂n
= −∂ϕi

∂n
+ u · n on SB, (3.57)

and finally, on the sea floor:

∂ϕp

∂z
= −∂ϕi

∂z
on z = −h. (3.58)
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3.4.1.2 Fluid-structure interaction

Since the force decomposition used in linear wave theory cannot be applied,
the governing body motion equation used in the WS model takes a slightly
different form:

Mẍ(t) = Fhyd(t) + Mg + Fext(t), (3.59)

where Fhyd is the total hydrodynamic force (including hydrostatic), g =

[0, 0,−g] is the vector acceleration due to gravity and Fext denotes external
forces, which in the WS model includes viscous drag, PTO and mooring
effects.

The WS model uses the instantaneous wetted surface of the body and
includes the nonlinear terms in the Bernoulli equation when determining the
hydrodynamic forces. Therefore, from Eq. (3.13), the nonlinear hydrodynamic
force acting on the body is:

Fhyd = ρ
∫∫
S

(
∂ϕ

∂t
+

1
2
∇ϕ · ∇ϕ + gz

)
ndSB. (3.60)

Most of the terms in Eq. (3.60) can be evaluated from the velocity poten-
tial and boundary conditions. The only exception is the time derivative of
the velocity potential ∂ϕ/∂t, which can be determined using either of two
methods depending on whether the body is:

(i) ‘forced’ to undergo a prescribed motion, or
(ii) left ‘free’ to respond to the incident wave excitation.

If the body is undergoing ‘forced’ prescribed motion, Eqs. (3.59) and (3.60)
do not need to be solved to continue the simulation. Instead, ∂ϕ/∂t and the
subsequent hydrodynamic loads at each time step can be calculated at the
end of the simulation using a finite difference scheme [19].

For a body undergoing ‘free’ motion, the problem is more complex. The
body motion in Eq. (3.59) is dependent on the hydrodynamic force, which in
turn requires knowledge of the motion of the body. In this case, an implicit
boundary method [8, 33] is applied in the WS_CN solver. This introduces a
second BVP involving the time derivative of the velocity potential [19, 37]:
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∇2 ∂ϕp

∂t
= 0 in the fluid domain

∂ϕp

∂t
=− ∂ϕi

∂t
− 1

2
∇ϕi · ∇ϕi −∇ϕi · ∇ϕp

− g(ηi + ηp)− ηp

(
∂2ϕi

∂z∂t
+

∂∇ϕi

∂z
· ∇ϕi

)
on z = ηi

∂2ϕp

∂n∂t
= − ∂2ϕi

∂n∂t
+ ẍ · n + q on SB

∂2ϕp

∂z∂t
= − ∂2ϕi

∂z∂t
on z = −h,

(3.61)
where q is an advection term (more details can be found in [20]).

The coupled nature of the fluid-structure problem is apparent through
the appearance of ẍ in the body condition in Eq. (3.61). The second BVP is
then extended to include Eqs. (3.59) and (3.60) to solve for the body motion
and hydrodynamic forces simultaneously.

3.4.2 Numerical implementation

3.4.2.1 Incident wave modelling

In the WS decomposition in Eq. (3.51), the incident components are assumed
to be known and can therefore be used as a model inputs. Two methods are
used in the WS_CN solver to model the incoming wave field:

1. The Airy wave theory:

ηi(x, y, t) = Awcos(kx − ωt + φ), (3.62)

2. The stream function theory of Rienecker and Fenton [31]:

ηi(x, y, t) =
NRF

∑
n=1

Bncos(n(kRFx − ωRFt) + φRF), (3.63)

where NRF is the order and Bn is the n-th coefficient of the Fourier
series, while kRF, ωRF and φRF are the wave number, frequency and
phase of the Rienecker and Fenton’s regular wave.

Both theories use the dispersion relation, which is given as:

ω2 = gktanh(kh), (3.64)
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where g is the gravitational acceleration.
At the start of the simulation, a ramp function is also applied to the

incident components of the body conditions given in Eqs. (3.57) and (3.61).
This prevents any non-physical waves from being generated by the abrupt
appearance of the body in the flow. The ramp function is given by the
expression:

f (t) =


0 when t ≤ T1

1 when t ≥ T2

1
2

[
1 − cos

(
π

t − T1

T2 − T1

)]
otherwise

, (3.65)

where T1 and T2 are the start and final time for the application of the ramp
function, respectively.

3.4.2.2 Discretisation

A collocation BEM is applied in the WS model to solve the BVPs given in
Section 3.4.1. The numerical domain is discretised and a boundary integral
equation is applied to a set of nodes on the surfaces of the domain. Green’s
second identity is used to transform the perturbed velocity potential condition
in Eq. (3.56) into the following boundary integral equation [6, 38]:

Ω(xl)ϕp(xl)−
∫∫
Sj

[
∂ϕp

∂n
(x)G(x, xl)− ϕp(x)

∂G
∂n

(x, xl)

]
dSj = 0, (3.66)

where the subscript l denotes a point on the mesh element j, G is the Rankine
source and Ω is the solid angle at the point with coordinates xl .

Triangular elements are used to discretise the fluid domain surfaces in
the WS_CN solver. Linear approximations are assumed over each element for
the velocity potential and its normal derivative. This method was chosen over
other constant panel and higher order discretisation approaches, such as those
used in NEMOH, to achieve shorter computation times. The approximation
results in a linear system of equations that can be represented as [21]:

Gl j
∂ϕp

∂n
− Hl jϕp, (3.67)

where Gl j and Hl j are influence matrices. The matrix G contains all integrals
of the Green’s function while H contains all integrals of the normal derivative
of the Green’s function, as well as all solid angle terms Ω. An iterative
Generalised minimal residual method [32] is used to solve the system of
equations in Eq. (3.67).
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A number of techniques are employed in the WS_CN solver to reduce the
computational load required to calculate the influence matrices [19]:

• Partial calculation - influence matrices are only updated on boundaries
which have changed in the previous time step,

• Symmetries - halves the number of required mesh elements. For ex-
ample, for purely planar motions in surge, heave and pitch, symmetry
can be applied along the xz-plane,

• Numerical beach - dissipates perturbed waves before they reach the
domain walls, allowing for open domain simulations (i.e. involving
only the body and free surface) and avoiding reflection effects.

3.4.2.3 Mesh generation

Since the geometry of the fluid domain changes with the incident free surface
elevation and body motions, the mesh needs to be updated accordingly at
each time step. To avoid remeshing the domain at each time step, which
is computationally slow and expensive, mesh deformation algorithms are
implemented instead. However, over long simulations, this can cause the
mesh to become highly distorted. The free surface and body wetted surfaces
must therefore be completely remeshed in these cases to avoid numerical
errors.

The WS_CN solver is able to use an advance front method to automatically
generate an unstructured mesh for the fluid domain [6]. A grid is first
generated on the edges of a surface to form an initial front, which is then
advanced out into the field, forming new triangular elements until the entire
surface is covered [37]. The shape and size of the mesh elements can be
controlled in the WS_CN solver by quality metric functions, allowing for the
mesh to be refined closer to the free surface and body. An example of a mesh
generated using this method in the WS model is shown in Figure 3.4.

3.4.2.4 Time marching scheme

A modified fourth-order Runge-Kutta (RK4) scheme, known as geometry-
locked-RK4 [11], is used for time marching in the WS_CN solver. The normal
RK4 method requires the BVP to be solved for four different mesh config-
urations at each time step, which in turn implies four calculations of the
influence matrices. To reduce computation times, the free surface and body
geometries are kept fixed during each of the four RK4 substeps. Therefore,
the influence matrices only need to be calculated once for each time step.
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Figure 3.4: Example of a mesh used to discretise the numerical domain in the
WS model.

3.5 Concluding remarks

In this chapter, a number of common modelling approaches in the wave
energy sector were presented, with a particular focus on potential flow theory
for modelling of fluid-structure interactions. It was shown that fully linearised
potential flow theory can be used to develop simplified hydrodynamic models
which may be applied in both the frequency- and time-domain. Linear wave
theory assumes small wave elevations, calculates the forces about the nominal
position of the device and allows the hydrodynamic forces acting on a wave
converter device to be conveniently decomposed into its various components.
In comparison, the weakly-nonlinear potential flow model based on the WS
approximation linearises the free-surface boundary conditions about the
incident wave elevation only, and calculates the hydrodynamic forces about
the instantaneous position of the device. Hydrodynamic models based on
the WS approximation can therefore provide higher accuracy in cases with
steep incident waves and large body motions, which may not be sufficiently
modelled using linear wave theory alone.
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Chapter 4

The impact of nonlinear
pitch-surge hydrodynamic
coupling on multi-mode WEC
performance

The focus of this Thesis is on oscillating-body type WECs which utilise
multiple modes simultaneously for improved power absorption. From the
literature review presented in Chapter 2, it was identified that most existing
multi-mode prototypes are designed to absorb power primarily from heave
and surge, while the effect of the pitch mode is often neglected, even for
larger non-spherical converters where there is strong hydrodynamic coupling
with surge. It was also unclear from the existing literature how nonlinear
hydrodynamic forces may further affect the behaviour and performance of
WECs which oscillate in multiple directions at the same time.

This chapter aims to address these gaps by investigating the effect of
nonlinear hydrodynamic forces and coupling on a multi-mode WEC forced
to oscillate simultaneously in surge and pitch. Taking inspiration from the
CETO-6 design, a submerged flat cylindrical geometry is used in the analysis
to highlight the effect of pitch on the device response, which may not be
apparent in more spherical geometries. From this, the following research
question is explored: What is the effect of nonlinear hydrodynamic coupling forces,
caused by the change in projected surface area with large pitch motions, on the
performance of multi-mode WECs?

The analysis in this chapter assumes full kinematic control of the WEC
(as shown in Figure 1.2(a)) according to an explicitly prescribed motion while
ignoring coupling with other hydrodynamic modes, such as heave, as well

73



Chapter 4 The impact of nonlinear pitch-surge hydrodynamic

coupling on multi-mode WEC performance

as the influence of PTO and viscous drag forces. This was done in order to
simplify the problem in the case of a plane incident wave and to isolate the
effects of hydrodynamic pitch-surge coupling on performance. Numerical
models based on the linear potential flow theory and WS approximation, as
previously introduced in Chapter 3, are developed and compared in order
to emphasise the importance of the nonlinear forces on the performance of
the device. By developing a fundamental understanding of the effects of
the nonlinear hydrodynamic forces acting on a multi-mode WEC during its
operation, the knowledge developed in this study forms the basis for the
analysis performed in the subsequent Chapters 5 and 6 of this Thesis.

This chapter consists of the published journal article:
Tran, N., Sergiienko, N. Y., Cazzolato, B. S., Ding, B., Ghayesh, M. H. and
Arjomandi, M. (2020). “The impact of pitch-surge coupling on the perform-
ance of a submerged cylindrical wave energy converter”. In: Applied Ocean
Research 104, p. 102377

The article in its published format is available at https://doi.org/10.
1016/j.apor.2020.102377.
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4.1 Introduction

The impact of pitch-surge coupling on the performance
of a submerged cylindrical wave energy converter

N. Tran, N. Y. Sergiienko, B. S. Cazzolato, B. Ding, M.H. Ghayesh,
M. Arjomandi

Abstract

Multi-mode wave energy converters are able to generate power
from multiple degrees-of-freedom, typically delivering increased power
absorption from ocean waves compared to devices operating in heave
or surge only. However, the control of such systems is complex due
to strong coupling between different degrees-of-freedom. This study
aims to understand the effect of both linear and nonlinear pitch-surge
hydrodynamic coupling on the performance of a submerged cylindrical
wave energy converter. Results showed that when nonlinear coupling
effects were considered, pitch had a much larger effect on device per-
formance than what was predicted from a linear model. The maximum
power that could be absorbed by the device at lower frequencies was
significantly reduced as pitch amplitude increased. In terms of control,
from linear theory, for any given pitch amplitude and phase, only the
surge amplitude and phase was required to tune the device for max-
imum power absorption from the wave. However, when a nonlinear
model was used, results showed that proper tuning of the pitch phase
was also required to achieve maximum power absorption. As the pitch
amplitude increased, nonlinear hydrodynamic effects caused by the
combined pitch-surge motions became more significant, which in turn
affected power estimates. Care should therefore be taken, since linear
hydrodynamic models could potentially provide misleading predictions
regarding the performance and control of multi-mode wave energy
converters.

4.1 Introduction

Recently, there has been an increased focus on developing technologies for
harvesting energy from renewable sources, one of which is wave energy.
Compared to other renewable energy sources, such as solar or wind, wave
has one of the highest energy densities and good variability properties [22].
As a result, many Wave Energy Converter (WEC) prototypes have been
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proposed to date. Despite this, there is still no convergence on the best design
for a WEC and many still remain in the pre-commercial stage of development.

Point Absorbers (PAs) feature most commonly in WEC prototypes and
account for more than half of the existing designs [18]. However, many of
these PAs are intended to operate in heave only, which theoretically limits the
power that can be absorbed to one third of what is possible from an incident
wave [17]1. Therefore, to improve the efficiency of these devices, several
multi-mode PA designs have been proposed that are capable of harvesting
power from more than one Degree-of-Freedom (DOF).

One of the challenges with multi-mode WEC design is the coupling
between DOFs, which can pose a challenge in terms of control. For a single
DOF WEC, it is well known that power absorption is maximised when
the device operates at resonance and the conditions of optimum phase
and amplitude are satisfied. However, the strong hydrodynamic coupling
between the surge and pitch DOFs means these conditions may not result
in maximum power absorption for multi-mode WECs [9]. For example, in
a study of a multi-mode, three-tethered submerged WEC by Sergiienko et
al. [23], a Multiple-Input Multiple-Output (MIMO) controller was applied to
optimise the heave and surge motions, while hydrodynamic coupling effects
between surge and pitch were neglected. As a result, it was found that up
to 15% of the total power was lost through the pitch DOF. Although these
considerations suggest that the best design choice would be to constrain
either surge or pitch, this can be very difficult to achieve in practice. It is
therefore necessary to consider optimum control of both surge and pitch
simultaneously, such that the power losses caused by pitch-surge coupling
can be minimised or alternatively, in an ideal situation, utilised to further
enhance the power absorption efficacy of the system.

The vast majority of designs feature devices operating in only one DOF
and, consequently, comparatively little work has been done on the control
of multi-mode WECs [6]. The existing literature related specifically to the
simultaneous control of pitch and surge is even more limited. In an early
study by Yavus [29], the performance of a floating WEC with and without
coupling between pitch and surge was compared. Here, the author claimed
that coupling between the pitch and surge modes could be used to improve
the performance of the WEC, especially if active control was applied. In a
later study by Abdelkhalik et al. [1], simultaneous control of surge, pitch
and heave for a floating three-DOF WEC was considered. The behaviour of
the WEC in surge and pitch was considered separately from heave. When

1Assuming that the WEC has available only the six rigid body modes of a single body.
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the energy absorbed by the surge DOF alone was compared with the total
energy harvested from the pitch and surge DOFs combined, there appeared
to be configurations where the energy from surge was greater than the total
energy absorbed. The results suggest that the addition of the pitch DOF was
therefore detrimental to power absorption in these cases. Korde et al. [14]
also considered the three-DOF control of a floating multi-mode WEC, but
due to the geometry of the buoy considered the effect of surge and pitch
on the total power absorbed was relatively minimal. It is also important to
note that in all these studies, only linear hydrodynamics were considered
in the performance assessment of the WEC. A more recent study featured
experimental testing of a MIMO controller for a floating 3-DOF WEC in a
more realistic ocean environment [5]. Although the coupling between surge
and pitch was considered in the controller design, the impact of this coupling
on performance was not studied in detail.

This study aims to provide an understanding of pitch-surge coupling on
the performance and control of a flat, cylindrical multi-mode submerged
WEC. The shape of the WEC is inspired by Carnegie Clean Energy’s CETO-6
device, which is a submerged quasi-PA with a three-tether mooring config-
uration. The flat, disk-like design is used to achieve the best performance
with regards to the cost of electricity associated with the Power Take-Off
(PTO) forces and actuation [24]. However, the choice of shape also means
that pitching motions can significantly change the projected surface of the
WEC in surge, which will result in enhanced and nonlinear hydrodynamic
coupling between these two DOFs. Similar hydrodynamic nonlinearities have
been observed previously in a number of studies [3, 11, 30]; however, their
effects on WEC efficiency have not been investigated. Furthermore, in these
studies, only nonlinearities in the hydrodynamic forces due to combined
pitch-heave motions were discussed, while combined pitch-surge motions
were not addressed. Considering that there is already a strong hydrodynamic
coupling between surge and pitch, even in the linear models, the effect of
the enhanced coupling due to changes in projected surface area on the per-
formance of multi-mode WECs also needs to be determined. The results have
important implications for the design of an appropriate control strategy, since
the majority of the literature to date has only considered control of WECs
with the assumption of linear hydrodynamics.

The current research therefore attempts to provide a comparison of the
performance of the flat cylindrical WEC based on both linear theory and
results from a weakly nonlinear potential flow model [15]. Specifically, this
study focuses on the nonlinear hydrodynamic coupling effects caused by
oscillations in the surge and pitch DOFs exclusively, in order to decouple and
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simplify the problem in the case of a plane incident wave. The knowledge
built in this study can therefore be considered a preliminary step towards
building a complete understanding of important nonlinear coupling effects
in a full 6-DOF system. The analysis assumes full kinematic control of the
buoy in both surge and pitch according to an explicitly prescribed motion, so
that the hydrodynamic forces resulting from this motion can be examined.
Nonlinear hydrodynamic coupling of surge and pitch with other DOFs, such
as heave, and the influence of other forces on the submerged buoy, such as
PTO and viscous drag forces, were not considered in order to isolate the
effects of hydrodynamic pitch-surge coupling on performance. Additionally,
nonlinearities associated with wave breaking and surface piercing were also
considered outside the scope of this study.

The rest of the paper will be structured as follows. The WEC system
considered in this study is discussed in more detail in Section 4.2. Section 4.3
briefly describes and compares the linear and nonlinear hydrodynamic mod-
els used in this study. The impact of pitch-surge coupling on the maximum
power is presented in Section 4.4, while its effects on the required control
parameters are presented in Section 4.5. Differences between the linear and
nonlinear surge and pitch hydrodynamics are discussed in Section 4.6. This
is then followed by a brief discussion of the findings in Section 4.7 with a
conclusion in Section 4.8.

4.2 System description

The WEC used in this study features a flat, cylindrical buoy, with parameters
similar to Carnegie Clean Energy’s CETO-6 device [4]. In the CETO-6 con-
ceptual design, a three-tether mooring configuration is used to anchor the
buoy to the seafloor. The tethers are also directly integrated with the PTO
system, allowing the WEC to harvest power from heave, surge and pitch
simultaneously. However, in this study, kinematic control of the WEC was
applied to focus specifically on understanding the hydrodynamic coupling
effects on performance. Therefore, the effect of tethers on the behaviour of
the WEC system was not considered in the analysis performed in this paper.

The parameters of the WEC are listed in Table 4.1, while a schematic
is shown in Figure 4.1. The buoy is fully submerged, with a submergence
depth of ds = 6.5 m as measured from the buoy centre. Since this study will
involve relatively large pitch amplitudes, this submergence depth was used
in order to prevent the WEC from breaking the free-surface. As illustrated
in Figure 4.1, as the submerged WEC moves in pitch x5, the instantaneous
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Table 4.1: Buoy parameters.

Parameter Value
Radius, a 12.5 m
Height, H 5 m
Mass, m 1.99 ×106 kg
Water depth, d 30 m
Submergence depth, ds 6.5 m

Figure 4.1: Schematic of the flat cylindrical buoy. Increasing the pitch angle
x5 can lead to significant changes in the instantaneous projected surface area
of the buoy in surge SB(t). Not to scale.

projected surface area of the buoy in surge SB(t) will also change relative
to its nominal projected surface area SB,0. This will affect the instantaneous
hydrodynamic forces acting on the buoy in surge and lead to an increased
coupling between the surge and pitch DOFs.

Although the CETO-6 device is designed for motion in all six DOFs, the
focus of this study was on the surge x1 and pitch x5 DOFs only. Therefore,
for simplicity, only the motion in the xz-plane was considered. Furthermore,
in order to isolate the effect of pitch-surge coupling on the nonlinear hydro-
dynamics, and because the hydrodynamic coupling between surge-heave and
pitch-heave is not as significant, the heave DOF was also fully constrained
in this study. The buoy was excited by linear, monochromatic waves which
propagate along the positive X-direction. A constant wave amplitude of 0.5
m was used for all cases considered. The wave amplitude was selected to be
large enough such that nonlinearities in the hydrodynamic forces could be
observed, while still being reasonable as to avoid compromising the validity
of the weakly nonlinear potential flow model used in this study.
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4.3 Hydrodynamic modelling

When assessing the performance of WECs, linear analysis based on potential
flow theory is the most commonly used modelling technique. However, linear
analysis is not always accurate and, for the cases presented in this paper,
were unable to fully capture the hydrodynamic interactions between surge
and pitch. Therefore, nonlinear analysis was also required in this study to
provide a more accurate assessment of the WEC performance.

Nonlinear analysis can be done in several ways. Experiments best ap-
proximate full-scale real-world performance, but can be expensive and time
consuming to set up, making it difficult to perform sensitivity studies because
design parameters cannot be easily changed. Another increasingly common
method used in wave energy is Computational Fluid Dynamics (CFD). How-
ever, the high computational requirements of this technique also limits its
usefulness for the purposes of performance assessment and optimisation,
where many cases need to be studied [21].

An alternative approach to modelling nonlinear hydrodynamics is the
use of weakly nonlinear potential flow solvers [21]. In this study, one such
numerical model based on the Weak-Scatterer (WS) approximation and de-
veloped by École Centrale de Nantes was used [15]. Although this modelling
technique is also based on potential flow theory, unlike in the linear models,
the hydrodynamic forces are calculated about the exact position of the WEC
at each time step in a meshed numerical tank, allowing it to capture more
complex hydrodynamic interactions than the linear models. The model has
been shown capable of providing a good match with CFD results, even under
nonlinear conditions with large motion amplitudes [8]. In another compar-
ison between the WS model and a fully nonlinear numerical wave tank, the
WS model was found to be approximately one order of magnitude faster in
terms of computational time [16]. The faster simulation times therefore made
the WS model a more appropriate choice for conducting sensitivity studies
and investigating the effect of different parameters on the performance of
the WEC in this study.

As a result, the WEC hydrodynamics and its effect on the power pro-
duction was studied using two different approaches: (i) a linear frequency
domain (FD) model based on analytical equations [12, 13] and (ii) a nonlinear
WS numerical model developed by École Centrale de Nantes. Since linear
models are commonly adopted in literature for performance assessment and
design optimisation, it is important to understand how nonlinear hydro-
dynamic pitch-surge coupling may affect the actual behaviour of the WEC
compared to the results predicted by linear theory. By comparing these two
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modelling approaches, the limitations of the linear model and the impact
of these nonlinear coupling effects on the performance of the multi-mode
WEC can be clearly highlighted. More detail about the modelling theory and
assumptions of these two techniques, which are both based on potential flow
theory, are presented below.

4.3.1 Potential flow theory

From potential flow theory, assuming that the fluid is irrotational, incom-
pressible and inviscid, there is a velocity potential ϕ, a scalar quantity that
can be used to compute the velocity of the flow.

In linear wave theory, in order to calculate the hydrodynamic forces, this
velocity potential can be decomposed into several components [2]:

ϕ = ϕi + ϕd + ϕr (4.1)

where ϕi, ϕd and ϕr are the incident, diffraction and radiation components,
respectively. The incident and diffraction components are considered together
to describe the total excitation force acting on the buoy, while the radiation
force can be expressed in terms of the added mass and radiation damping
coefficients. These forces are dependent on both the wave frequency and the
geometry of the buoy. The excitation and radiation forces can then be added
together to determine the total hydrodynamic force acting on the WEC:

Fhyd = Fexc + Frad (4.2)

where Fhyd, Fexc and Frad are the total hydrodynamic, excitation and radiation
forces, respectively.

In this study, the linear excitation force and radiation coefficients for a
submerged cylindrical body were determined using analytical expressions
[12, 13]. For the WEC considered in this study, values of the linear excitation
force amplitude |Fexc| (Fig. 4.2(a)) and phase ∠Fexc (Fig. 4.2(b)) are shown in
Figure 4.2. The added mass and radiation damping coefficients are usually
expressed in terms of matrices A and B, respectively, with individual matrix
elements for this WEC shown in Figure 4.3. Note that due to reciprocity
relation, A15 = A51 and B15 = B51 [9].

In the WS approximation, the velocity potential and free-surface wave
elevation are decomposed into incident ϕi and perturbed ϕp components. It
is assumed that the effect of the perturbed component, which consists of
radiation and diffraction effects, is relatively small compared to the incident
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(a)

(b)

Figure 4.2: Surge excitation force and pitch excitation moment (a) amplitude
and (b) phase

component [19]: {
ϕ = ϕi + ϕp

ϕp = O(ϕi)
(4.3)

This approximation allows the free-surface conditions to be linearised
about the instantaneous incident wave elevation z = ηi(x, y, t), which is
explicitly known and applied as an input to the system. Only the perturbed
components need to be solved in the boundary value problem. These assump-
tions mean that the incident waves do not have to be propagated throughout
the entire numerical domain and the perturbed waves do not have to be
meshed, which reduces computation time when compared to CFD solvers
[15]. The total hydrodynamic forces are then obtained by integrating the
pressure p of the surrounding fluid over the instantaneous wetted surface of
the body SB(t).

It is necessary to note that for a WEC operating with reactive control, there
will likely be cases where the assumption in Eq. (4.3) may not be satisfied due
to large body motions. However, results from the WS model are still likely to
be more accurate than those obtained from linear theory, which also requires
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(a) Surge-surge

(b) Surge-pitch

(c) Pitch-pitch

Figure 4.3: Added mass and radiation damping coefficients

additional assumptions of small amplitude motions and wave steepness that
are often not fulfilled in these cases either. It has also been shown that even
when the assumption in Eq. (4.3) is broken, such as in the case of a heaving
PA WEC operating in steep waves with large body motions [15], the WS
model remained capable of producing results comparable to CFD with only
small errors of within 8% [8]. This gives confidence that WS model can still
be expected to provide a reasonably accurate representation of the actual
WEC system, especially in comparison to linear theory when large motion
amplitudes are considered.

The key differences between the WS, linear potential flow and CFD
models with regards to the computation of hydrodynamics are summarised
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in Table 4.2. More detail about the WS model can be found in [15, 27, 28],
while a more detailed comparison of the different modelling methods can be
found in [8].

Table 4.2: Differences between linear, WS and CFD hydrodynamic modelling,
from [8]

Linear potential
flow model

Weak-scatterer
model

Navier-Stokes
based CFD models

Hydrodynamics
decomposition

ϕ = ϕi + ϕd + ϕr ϕ = ϕi + ϕp N/A

Meshed free
surface

z = 0 z = ηi(x, y, t) z = η(x, y, t)

Meshed body
surface

SB,0 SB(t) SB(t)

Hydrodynamic
force computation

Fexc + Frad
Integration of p

over SB(t)
Integration of total

stress over SB(t)

Drag force
Morison term can

be added
Morison term can

be added
yes

Fluid vortices no no yes
Wave breaking no no yes

Surface piercing no yes yes
Computational

speed
fast medium slow

4.3.2 Verification in linear conditions

The two models used in this study were first verified in linear conditions
with small wave amplitudes and body motions. A comparison of the hy-
drodynamic forces and moments obtained from both models is shown in
Figure 4.4 for a selected number of incident wave frequencies. The incident
wave and surge amplitude were both set to 0.1 m, while the pitch amplitude
was set to 1°. For all cases, the WEC was forced to oscillate in surge and pitch
at the same frequency as the incident wave, or ωexc = ω1 = ω5. The phases
of both the surge and pitch oscillations were 0° relative to the incident wave.

Recommendations for the time step and size of the smallest mesh elements
given in [15] were initially applied to the WS model. In order to follow the
numerical set-up suggested in the aforementioned study, a 1:50 scale was
applied to the WEC system detailed in Table 4.1 due to the difference in buoy
sizes used. The choice of scale should not affect results since the model is
based on potential theory and the effects of viscous drag were neglected.
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(a)

(b)

(c)

(d)

Figure 4.4: Comparison of the hydrodynamic forces and moments from the
FD and WS models for relatively small incident wave and surge motion
amplitudes of 0.1m and a pitch amplitude of 1°. Validation cases are shown
for frequencies ω of (a) 0.4 rad/s, (b) 0.6 rad/s, (c) 0.8 rad/s and (d) 1.0
rad/s.
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The small-scale values obtained from the WS model were then converted to
full-scale using Froude scaling laws as given in [20].

Since the set-up in [15] was only for oscillations in a single DOF, it was
found that the recommended time and mesh settings led to inaccurate power
estimates when the WEC was moving in surge and pitch simultaneously. It
was determined that a time step of ∆t < τ/115 was more appropriate for
the cases required in this study, where τ is the wave period, which is only
slightly less than the recommended value given in [15]. In contrast, it was
found that the size of the smallest mesh element should be approximately
four times smaller than the recommendation in [15], or dx < λ/80, where
λ is the incident wavelength. This setting was required for cases with large
pitching motions, which caused the edges of the WEC to move very close to
the free surface.

Overall, in Figure 4.4, a good match was achieved between the hydro-
dynamic forces and moments obtained from the two models, hence the WS
model was considered successfully verified for linear conditions.

4.4 Effect of pitch on available power

In order to determine the effect of pitch-surge hydrodynamic coupling on the
power absorption efficacy of the flat, cylindrical WEC, its dynamic motion
must first be considered:

Mẍ(t) = Fhyd(t) + Fbuoy(t) + FPTO(t) + Fext(t) (4.4)

where M is the mass matrix and ẍ is the acceleration at the centre of gravity
of the buoy. The main forces acting on the buoy, Fhyd, Fbuoy, FPTO and Fext

are the hydrodynamic, buoyancy, power take-off (PTO) and external (such
as viscous drag, mooring, etc.) forces, respectively. In both the FD and WS
models, it was possible to prescribe the motion of the buoy explicitly in order
to implement the kinematic control assumption used in this study. As a result,
it was not necessary to directly calculate the exact PTO forces required in the
models. Instead, the PTO controller was simply assumed to be fully ideal,
including being able to account for any coupling present between surge and
pitch (both linear and nonlinear). Additionally, since the focus of this paper
was specifically on the effect of hydrodynamic pitch-surge coupling on power,
the buoy was assumed to be neutrally buoyant (achieved through explicit
and kinematic control of the buoy) and external forces were not considered
(Fbuoy = Fext = 0, where the overbar denotes the long term average).
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Therefore, to calculate the power that can be absorbed by the system, only
the WEC motions and hydrodynamic forces were required:

P = FT
hydẋ. (4.5)

For the linear model, since there are no control or mooring forces, a
frequency domain analysis is sufficient. The motion of the buoy can therefore
be kinematically controlled by specifying a complex displacement for surge
and pitch:

x̂ =

(
|x1|e−i∠x1

|x5|e−i∠x5

)
(4.6)

where ^ denotes the complex amplitude and |x1| and |x5| are the surge and
pitch amplitudes, respectively. The phases of the surge and pitch displace-
ment relative to the incident wave elevation are denoted by ∠x1 and ∠x5,
respectively. The heave DOF is assumed to be fully constrained.

Similarly in the WS model, the buoy can be controlled by simply specify-
ing the amplitude and phase of surge and pitch modes:

x(t) =

(
|x1| cos(−ωt +∠x1)

|x5| cos(−ωt +∠x5)

)
(4.7)

From this, Eq. (4.5) can then be re-written to give the time-averaged power
absorbed by the WEC in the FD domain [9]:

P =
1
4
(F̂∗

excû + û∗F̂exc)−
1
2

û∗Bû. (4.8)

where û refers to the velocity in of the WEC in the frequency domain and *
refers to the complex conjugate transpose. The total power in the FD model
can also be decomposed into the individual surge and pitch components
using:

P1 =
1
4
(

F̂∗
exc,1û1 + û∗

1 F̂exc,1
)

−1
2
(

B11|û1|2 + B15|û1||û5|cos(∠û1 −∠û5)
)

,
(4.9a)

P5 =
1
4
(

F̂∗
exc,5û5 + û∗

5 M̂exc,5
)

−1
2
(

B55|û5|2 + B51|û5||û1|cos(∠û5 −∠û1)
)

.
(4.9b)
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where |u1| and |u5| are the surge and pitch velocity amplitudes, respectively,
while ∠u1 and ∠u5 denote the phases of the surge and pitch velocity relative
to the incident wave elevation, respectively.

In the WS model, the average total surge and pitch power over each cycle
is given by:

P =
1
τ

∫ τ

0
FT

hyd(t)ẋ(t)dt, (4.10a)

P1 =
1
τ

∫ τ

0
Fhyd,1(t)ẋ1(t)dt, (4.10b)

P5 =
1
τ

∫ τ

0
Fhyd,5(t)ẋ5(t)dt. (4.10c)

4.4.1 Optimal power absorption from linear theory

From linear theory, it is possible to find the optimal surge and pitch motions
required to achieve maximum power absorption from the incident waves. To
do so, the WEC velocity must fulfil both the amplitude and phase optimality
conditions, also known as the complex conjugate control criteria [9]. If these
conditions are met, for a single body oscillating in one DOF and assuming no
motion constraints, the maximum power that can be absorbed by the WEC is
[9]:

Pmax =
1
4

F̂∗
excûopt =

1
2

û∗
optBûopt. (4.11)

The following condition must therefore be met:

Bûopt =
1
2

F̂exc. (4.12)

For a body operating in only surge in the absence of pitch, the optimal
velocity can then be determined using the following equation:

û1,opt(ω) =
F̂exc,1(ω)

2B11(ω)
(4.13)

However, when both surge and pitch motions are combined, the radiation
damping matrix B becomes singular, meaning that Eq. (4.12) cannot be solved
for both û1 and û5 simultaneously. As a result, the optimal velocity in surge
becomes dependent on the velocity in pitch, and vice versa. In practice, it
is often difficult to control or constrain the pitching motions of the WEC.
Therefore, the surge motions required to compensate for the presence of
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pitch in the system were considered. Given any arbitrary pitch velocity, the
surge velocity required for maximum power absorption becomes [9, 23]:

û1,opt(ω) =
F̂exc,1(ω)− 2B15(ω)û5(ω)

2B11(ω)
(4.14)

This relationship can be explained physically by considering the fact that
both surge and pitch motions radiate dipole-type waves. In order to absorb
maximum power, the WEC must radiate waves to interfere destructively with
the incident wave [9]. If pitch is moving arbitrarily and radiating waves, the
surge motion can be adjusted accordingly to ensure that the total dipole-
type wave radiated by the WEC still interferes optimally with the incident
wave. Hence according to linear theory, for any given pitching motion, it is
always possible to absorb the maximum possible power from the incident
wave, provided that the conditions given in Eq. (4.14) are fulfilled. The only
requirement is for the surge amplitude and phase to be correctly tuned, in
order to compensate for the amount of pitch present in the system.

To fulfil the conditions in Eq. (4.14), the required optimal surge amplitude
|x1|opt must also change as pitch amplitude increases. This relationship is
illustrated in Figure 4.5. Note that in reality, the exact value of |x1|opt will also
vary with pitch phase; however, for clarity only the required surge amplitudes

Figure 4.5: Optimal surge amplitude from the linear FD model for a range of
incident wave frequencies and pitch amplitudes. Note that these amplitudes
were obtained assuming no viscous drag forces or motion constraints.
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for a pitch phase of ∠x5 = 0° are shown. The major trends discussed here are
also consistent across all pitch phases.

It is also important to note that the CETO-6 WEC used in this study is
classified as a quasi-PA due to its size relative to the incident wavelength.
Proposed by Falnes and Hals [10], this category of WECs is used to describe
devices with operating frequencies between PAs and line absorbers. The
different operating ranges of these WEC categories is also indicated in Figure
4.5. For a WEC to be classified as a PA, its size must be very small relative
to the incident wavelength λ. If the length of the WEC is given as 2a, then
for a PA it is required that 2a << λ, or more precisely 2a < λ/20 [7]. In
contrast, a line absorber is defined as a structure with a dominant lengtLah
that is comparable to at least one wavelength, or 2a ≥ λ. Hence, given that
the wavelength can also be defined as λ = 2π/k, where k is the wavenumber,
the intended operating range of quasi-PA is between π/20 < ka < π. The
cases investigated in this study were therefore limited to within this range of
frequencies.

From Figure 4.5, it can be seen that the required surge amplitude from
Eq. (4.14) grew significantly at particular frequencies. At these frequencies,
both the surge radiation damping B11 and pitch-surge coupling B15 terms
dropped close to zero, hence from Eq. (4.14), the required surge amplitude
increased to infinity. In reality, however, there are several external factors
that limit the maximum surge amplitude of the WEC. In the case of surge
motions, the PTO machinery, mooring systems and viscous drag effects are
most likely to limit the maximum allowable amplitude, which in turn may
affect the amount of power that can be absorbed [25]. As this increase in
surge amplitude occurs within the intended operating range for this WEC,
these amplitude limitations are also required when assessing performance.

When pitch was added to the system, the sharp increase in surge amp-
litude occurred across a much wider range of frequencies. In Figure 4.5, this
is most evident in the range of frequencies between ω = 1.2-1.7 rad/s. This
is because the magnitude of the coupling term B15 reached its peak values at
these frequencies. As a result, the system was much more sensitive to changes
in pitch for these cases, resulting in large increases in surge amplitude as
pitch increases. From a practical viewpoint, this means that the effect of
the surge amplitude limitations on maximum power is experienced across
a wider range of frequencies than for the case without pitch. In contrast,
at frequencies where the pitch damping term B55 was small, such as below
ω < 0.7 rad/s, the optimal surge amplitude |x1|opt was unaffected by pitch
amplitude.

In addition to the surge amplitude, the surge phase was also dependent
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on pitch. The relationship between the phases of these two DOFs for different
frequencies is shown in Figure 4.6. Note that the phases of the surge and
pitch velocities are shown, to better relate the results back to the well-known
complex control criteria. Initially, when there was no pitch in Figure 4.6(a),
the optimal phase of the surge velocity matched the phase of the excitation
force, which was expected from the conjugate control criteria. As the WEC
began to pitch, the optimal surge phase also changed depending on the phase
of the pitching motions. At higher incident wave frequencies, the surge phase
could shift significantly from its initial value, compared to the results at lower
wave frequencies which only showed a small variation in surge phase. Again,
from linear theory, it appeared that the WEC was not as strongly affected by
pitch when operating at lower frequencies.

(a)

(b)

Figure 4.6: Relationship between optimal surge and pitch phases in the linear
FD model, as pitch amplitude increases from (a) 0° to (b) 8°.

4.4.2 Effect of pitch on power absorption with hydrodynamic
nonlinearities

The effect of pitch on maximum power available with nonlinear hydro-
dynamic coupling was then considered. The WEC was forced in both surge
and pitch simultaneously in the presence of an incident wave in the WS
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model and neglecting viscous drag forces. Assuming kinematic control, the
power that could be absorbed by the WEC was a function of the surge and
pitch amplitudes and phases, or P(|x1|, |x5|,∠x1,∠x5). By varying these para-
meters in the WS model, it was possible to find the optimal surge and pitch
motions which resulted in the maximum power absorbed by the WEC at
each incident wave frequency. Two key steps were used to optimise the WS
results, which are outlined in the following sections.

4.4.2.1 Step 1 - Optimisation of surge amplitude and phase

From linear theory, for any combination of pitch amplitude and phase, max-
imum available power is always possible provided that the surge amplitude
and phase are correctly tuned. However, it was unknown whether this condi-
tion will remain the same when nonlinear hydrodynamics are considered.
Therefore, to check this hypothesis and as a first step, the pitch amplitudes
and phases were varied incrementally in the WS model while values of the
surge amplitude and phase were optimised using the inbuilt Matlab function
fminsearch.

For each set value of frequency, pitch amplitude and pitch phase, Eq. (4.14)
was used to calculate the linear estimates for the optimal surge amplitude and
phase, which were then used as initial values for the optimisation function.
The optimisation was then repeated for multiple incident wave frequencies,
pitch amplitudes and pitch phases. For completeness, the full range of pitch
phases across −180° < ∠x5 < 180° was tested in the WS model. In the real
CETO-6 system, the arrangement of the tethers determines the actual range
of pitch phases that may be experienced by the device during operation.

At certain frequencies, it was found that the required surge amplitude
reached unreasonably large values in excess of 10 m, which would not be
possible in reality due to constraints imposed by the PTO equipment and
viscous drag effects. Volume stroke limitations, as given in [25], were therefore
considered for constraints on the surge amplitude. In the study, the author
suggested many practical limitations for body motions in surge; however,
these limits were still too large to be feasible in a real-world case. Therefore,
an arbitrary limit of |x1|max = 5 m was chosen as the maximum allowable
surge amplitude. In these cases, a modified version of the function fminsearch
was used to apply this constraint to the optimisation problem.

The results of this optimisation procedure for a frequencies of ω = 0.4,
0.6, 0.8 and 1.0 rad/s are shown in Figure 4.7. From this step, it was found
that the maximum power absorbed by the WEC in the WS model was
clearly dependent on pitch phase. However, the exact pitch phase resulting
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(a)

(b)

(c)

(d)

Figure 4.7: Power available from the WS model at different pitch amplitudes
and pitch phases (relative to the incident wave). Results are shown for
incident wave frequencies of (a) 0.4 rad/s, (b) 0.6 rad/s, (c) 0.8 rad/s and
(d) 1.0 rad/s. Surge amplitude |x1| and phase ∠x1 are optimised for each set
value of pitch amplitude and phase.
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in maximum power changed depending on both the incident wave frequency
and pitch amplitude. As the pitch amplitude increased, the variation in power
with pitch phase became much greater, with some phases resulting in negative
net power. This outcome was not consistent with linear theory, whereby the
maximum power can always be absorbed from the wave regardless of pitch
amplitude or phase. The results from the WS model therefore suggest that the
pitch phase has an effect on the nonlinear hydrodynamic coupling between
the surge and pitch DOFs. Hence, when nonlinear dynamics are included,
the pitch phase must also be tuned in order to achieve maximum power.

4.4.2.2 Step 2 - Optimisation of surge amplitude, surge phase and pitch
phase

Following this, the process was then adjusted such that for set values of pitch
amplitude, three variables were optimised: (1) surge amplitude, (2) surge
phase and (3) pitch phase. To increase the chances of reaching a global
maximum, values of (1)-(3) from the previous optimisation step were used
as initial values for the optimisation routine at each frequency and pitch
amplitude. As such, the first step in this optimisation procedure could be
considered analogous to a coarse grid search, while the second optimisation
step involved a finer search across all three variables.

The maximum power obtained from the WS after this second optimisation
step, with surge amplitude constraints applied, are shown in Figure 4.8. For
comparison purposes, the maximum estimated power from the FD model
with amplitude constraints are also shown on the same graph.

In the linear FD model, it was observed that adding pitch slightly in-
creased the maximum power absorbed by the system at frequencies ω < 0.7
rad/s. This can be explained by the fact that for ω < 0.7 rad/s, the surge
amplitudes required to fulfil the optimality conditions were greater than
the applied limit of |x1|max = 5 m. Physically, this means that the radiated
waves generated by the surge DOF alone were not sufficient to cancel out
the incident wave due to the applied amplitude constraints. The addition
of pitch would aid with the generation of radiated waves; hence the power
absorption ability of the WEC increased slightly with pitch amplitude in the
linear model for ω < 0.7 rad/s. For ω > 1.1 rad/s and a pitch amplitude
of |x5| = 16°, the amplitude limitation completely negated the ability of the
WEC to absorb any useful power.

Comparing the FD and WS results, it can be clearly seen that the linear
model greatly overestimated the power that could be absorbed, especially as
the pitch amplitude increased. It was noted that even without the presence
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of pitch, at frequencies of ω = 0.5-0.6 rad/s, differences between the two
models could already be observed, with the WS results showing less max-
imum power absorbed than the values obtained from the FD model. This is
likely due to the relatively large wave amplitude and high surge amplitudes
required for optimal control in these cases, which can introduce nonlinearities
in the hydrodynamic forces even without the addition of pitching motions.
When pitch was added, the power available obtained in the WS model for
frequencies ω ≤ 0.7 rad/s and ω ≥ 1.0 rad/s decreased with pitch amp-
litude. For ω ≤ 0.7 rad/s and at a pitch amplitude of |x5| = 16°, this led to
approximately 50% less actual power absorbed than the estimates given from
the linear model. For ω ≥ 1.0 rad/s, the maximum power absorbed became
negative in certain cases, indicating that the surging and pitch WEC was
actually consuming power rather than generating useful power. Note that
total loss of power may possibly be mitigated with the inclusion of the heave
DOF for power absorption, leading to better overall performance. However,
given the significant power losses observed as pitch was added to the system,
it is clear that the effects of nonlinear pitch-surge coupling should not be neg-
lected in the design of multi-mode WECs. Using linear hydrodynamics alone
is insufficient for an accurate assessment of performance, since the linear
model may be unable to predict the large losses in available power at high
pitch amplitudes and wave frequencies. For ω = 0.8 and 0.9 rad/s, a better
match was observed between the two models with regards to power available.
Provided that the pitch phase was correctly tuned, the maximum absorbed
power could still be achieved despite increases in the pitch amplitude.

The power absorbed by the individual surge and pitch DOFs was also
compared between the two models. The power available from the surge alone
P1 is shown in Figure 4.9, while the power available in pitch P5 is shown in
Figure 4.10.

For the linear FD results, for each set value of frequency and pitch
amplitude, the optimal surge and pitch power resulting in maximum total
power varied with pitch phase ∠x5. This variation is therefore shown as a
shaded area on the plots. Results correspond to the full range of pitch phases
across −180° < ∠x5 < 180°, which again was considered for completeness.
In the WS model, there was only one unique and optimal value of ∠x5 that
resulted in the maximum power at each frequency and pitch amplitude. The
values of P1 and P5 shown in the plots are for the WEC which was oscillating
at this optimal pitch phase.

It was observed that for most cases, when the motion parameters of the
WEC were fully optimised, the surge and pitch power obtained from the
WS model lay within or close to the expected bounds given in linear FD
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Figure 4.8: Power available at different pitch amplitudes and incident wave
frequencies, as obtained from both the FD and WS models. The surge amp-
litude |x1|, surge phase ∠x1 and pitch phase ∠x5 have been optimised for
each set frequency and pitch amplitude.

model. However, some exceptions were noted at ω ≤ 0.6 rad/s for |x5| =
8° and 16°. For |x5| = 8°, the WS pitch power at ω = 0.5-0.6 rad/s was less
than the expected values given from the linear FD model, while for |x5| =
16° the values of surge power from the WS model for ω ≤ 0.6 rad/s were
all significantly reduced compared to the linear estimates. These differences
indicate that there may be some nonlinear effects occurring at these cases
which could not be captured by the linear model.

4.5 Effect of pitch on control

In this section, the optimal parameters (surge amplitude, surge phase and
pitch phase) obtained from Section 4.4.2 resulting in the maximum power
absorbed by the WEC are considered. The sensitivity of the optimally tuned
system to variations in surge and pitch phase is also briefly addressed in this
section.
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4.5.1 Optimal surge amplitude

The optimal surge amplitudes required to absorb the maximum power in
both the FD and WS models at different incident wave frequencies and
pitch amplitudes are compared in Figure 4.11. In the FD model, for cases
where pitch motions were present, the optimal surge amplitude resulting in

(a) |x5| = 0 deg

(b) |x5| = 8 deg

(c) |x5| = 16 deg

Figure 4.9: Comparison of the power absorbed in the surge DOF at different
incident wave frequencies and pitch amplitudes of (a) 0°, (b) 8° and (c) 16°,
for cases with maximum power in the FD and WS models. The shaded areas
indicate the variation in optimal surge power due to pitch phase in the FD
model.
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maximum power varied with pitch phase. This variation in optimal amplitude
is therefore also shown as a shaded area in the plots.

In Figure 4.11(a), when no pitch was present in system, a relatively good
match is achieved between the two models. The only notable exception was
at ω > 0.6 rad/s, where the amplitude from the WS model was slightly less
than the predicted values from the linear model. This result may explain the

(a) |x5| = 0 deg

(b) |x5| = 8 deg

(c) |x5| = 16 deg

Figure 4.10: Comparison of the power absorbed in the pitch DOF at different
incident wave frequencies and pitch amplitudes of (a) 0°, (b) 8° and (c) 16°,
for cases with maximum power in the FD and WS models. The shaded areas
indicate the variation in optimal surge power due to pitch phase in the FD
model.
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reduced power observed in Section 4.4.2 for |x5| = 0°.
When pitching motions were added, within the frequency range shown

in Figures 4.11(b)-(c), the required surge amplitude initially decreased with
frequency before increasing again at higher frequencies. The onset of this
decrease in surge amplitude occurred at lower frequencies for a pitch amp-
litude of |x5| = 16° than for 8°. This trend was observed in both the FD and
WS results.

In most cases, the values of optimal amplitude from the WS model ap-

(a) |x5| = 0 deg

(b) |x5| = 8 deg

(c) |x5| = 16 deg

Figure 4.11: Optimal surge amplitude from the FD and WS models at different
incident wave frequencies and pitch amplitudes of (a) 0°, (b) 8° and (c) 16°.
The shaded areas indicate the variation in optimal surge amplitude due to
pitch phase in the FD model.
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peared to lie within or close to the expected bounds from the FD model. How-
ever, exceptions were observed for cases with ω ≤ 0.7 rad/s and |x5| = 16°,
where the linear model greatly overestimated the surge amplitude required
for maximum power absorption. These observations were somewhat con-
sistent with the results regarding power, with the exceptions occurring for
similar cases as those noted previously.

4.5.2 Optimal surge phase

Values of optimal surge phase are plotted in Figure 4.12. These values are also
compared against the optimal surge phase obtained from the linear model.
As previously, shaded areas are used to indicate the variation in optimal
surge phase with pitch phase in the FD results.

In the linear FD model, above a certain frequency, the optimal surge
phase could take on any value between -180° < ∠x5 < 180°, depending on
the pitch phase. For a pitch amplitude of |x5| = 8°, this occurred at ω ≥ 0.9
rad/s, while for |x5| = 16°, this could occur at slightly lower frequencies of
ω ≥ 0.8 rad/s.

In contrast, when nonlinear hydrodynamics were included, there was only
one unique value of optimal surge phase which would result in maximum
power. Similar to previous results, these optimal values from the WS model
generally lay close or within the expected range from the FD model. For most
cases, the optimal surge phase appeared to increase with the incident wave
frequency. The optimal surge phases were also slightly higher when pitching
motions were present, than when there was no pitch in the system.

4.5.3 Optimal pitch phase

From linear theory, the maximum power that can be absorbed by the WEC
from the incident wave is independent of pitch phase. However, it was shown
in Section 4.4.2 that this is not true when nonlinear hydrodynamic effects
were included. Therefore, values of optimal pitch phase from the WS model
are also plotted in Figure 4.13.

For most of the frequency range considered, the optimal pitch phases from
the WS model generally appeared to decrease with frequency. Noteworthy
exceptions occurred at a frequency of ω = 0.5 and 0.6 rad/s for a pitch
amplitude of 8°, where the optimal phase dropped far below the apparent
trend from the other results. However, since the existence of a unique value for
optimal pitch phase did not align with linear theory, a conclusive statement
regarding the trend in optimal pitch phase could not be made by considering
linear hydrodynamic forces and coefficients alone.
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4.5.4 Sensitivity of optimal power to phase

From the previous sections, it was apparent that an optimal controller for
the multi-mode, flat cylindrical WEC will require the simultaneous tuning
of surge amplitude, surge phase and pitch phase. However, exact tuning of
phase may be difficult to achieve in practice. Hence, the robustness of the
proposed control strategy to both the surge and pitch phases also needs to
be addressed for cases where perfect tuning cannot be realistically achieved.

Phase plots were therefore produced to illustrate the sensitivity of the
available power to surge and pitch phase. For each set value of frequency

(a) |x5| = 0 deg

(b) |x5| = 8 deg

(c) |x5| = 16 deg

Figure 4.12: Optimal surge phase from the FD and WS models at different
incident wave frequencies and pitch amplitudes of (a) 0°, (b) 8° and (c) 16°.
The shaded areas indicate the variation in optimal surge phase due to pitch
phase in the FD model.
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Figure 4.13: Optimal surge phase from the WS models at different incident
wave frequencies and pitch amplitudes.

and pitch amplitude, the WEC was kinematically forced at the optimised
surge amplitude shown in Section 4.5.1. The surge phase and pitch phase
were then varied incrementally, and the power available was determined at
each increment. This process was then repeated for multiple incident wave
frequencies and pitch amplitudes in both the FD and WS models to generate
phase plots showing the variation in total power with surge and pitch phases.

Phase plots produced from the linear FD model are shown in Figure 4.14
for a range of pitch amplitudes and incident wave frequencies of ω = 0.4, 0.6,
0.8 and 1.0 rad/s. Similarly, plots generated using the WS model are shown
in Figure 4.15. For all cases, the wave amplitude was kept constant at 0.5 m.
On the plots, a solid black line is used to separate areas with positive power
available (i.e. when the device is absorbing useful power) from areas where
power available is negative (i.e. when the device is consuming power). Phases
of the surge and pitch velocities are shown, instead of the displacement
phases, to better relate the results to the well-known complex conjugate
criteria. For the same reason, the phase of the surge excitation force at each
frequency is also shown as a dashed red line on the plots.

When the WEC was forced to oscillate in surge only (|x5| = 0°) in Fig-
ure 4.14(a), maximum power occurred for surge velocity phases which
matched the phase of the excitation force and aligned with the complex
conjugate control criteria. However, when pitch was added to the system, the
phase plots were distorted due to the pitch-surge hydrodynamic coupling,
with the degree of distortion increasing with pitch amplitude. As a result, the
optimal surge and pitch phases required for maximum power also changed
with an increase in pitch amplitude, as was discussed earlier in Section 4.4.1.
Regarding areas with positive power absorption, combinations of surge and
pitch phases resulting in useful power appeared to decrease as incident
wave frequency and pitch amplitude increases. Finer tuning will therefore be
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(a) |x5| = 0 deg (b) |x5| = 8 deg (c) |x5| = 16 deg

(d) |x5| = 0 deg (e) |x5| = 8 deg (f) |x5| = 16 deg

(g) |x5| = 0 deg (h) |x5| = 8 deg (i) |x5| = 16 deg

(j) |x5| = 0 deg (k) |x5| = 8 deg (l) |x5| = 16 deg

Figure 4.14: Frequency domain phase plots showing the power available at frequencies ω
of (a)-(c) 0.4 rad/s, (d)-(e) 0.6 rad/s, (f)-(h) 0.8 rad/s and (i)-(k) 1.0 rad/s, for different
phases of surge and pitch velocity and varying pitch amplitudes. The surge amplitude is
constant at each set frequency and pitch amplitude. Wave amplitude is constant at 0.5 m.
Areas of positive and negative power are separated by a black line. The dashed red line
indicates the phase of the surge excitation force at each frequency. Results show that the
phase requirements were clearly higher at high pitch amplitudes and wave frequencies.



(a) |x5| = 0 deg (b) |x5| = 8 deg (c) |x5| = 16 deg

(d) |x5| = 0 deg (e) |x5| = 8 deg (f) |x5| = 16 deg

(g) |x5| = 0 deg (h) |x5| = 8 deg (i) |x5| = 16 deg

(j) |x5| = 0 deg (k) |x5| = 8 deg (l) |x5| = 16 deg

Figure 4.15: Weak-scatterer phase plots showing the power available at frequencies ω of
(a)-(c) 0.4 rad/s, (d)-(e) 0.6 rad/s, (f)-(h) 0.8 rad/s and (i)-(k) 1.0 rad/s, for different phases
of surge and pitch velocity and varying pitch amplitudes. The surge amplitude is constant
at each set frequency and pitch amplitude. Wave amplitude is constant at 0.5 m. Areas of
positive and negative power are separated by a black line. The dashed red line indicates
the phase of the surge excitation force at each frequency. Unlike the FD results, it was not
possible at all to achieve positive power at high wave frequency and high pitch amplitudes.



4.6 Effect of pitch on nonlinear hydrodynamics

required at these frequencies to avoid power losses.

Similar trends were also observed in the phase plots produced from the
WS model in Figure 4.15. However, with the inclusion of nonlinear coupling
effects, pitch clearly had a much greater impact on the system than what
was suggested from the linear model. One of the most noticeable differences
between the linear and nonlinear results was the fact that, as pitch amplitude
increased, there was a rapid reduction in the operating conditions where
positive power could be absorbed. While the linear results seemed to suggest
that power could be extracted using a wider range of surge and pitch phases,
the nonlinear results showed that in reality, many of these configurations
resulted in a net loss of power instead.

Care should therefore be taken since the results from the linear model
could potentially be misleading; configurations with positive power absorp-
tion in the linear model may actually lead to power losses in the real system.
Finer tuning of the surge and pitch phases will be required to avoid dissipat-
ing power away from the system when nonlinear hydrodynamic coupling
effects are present. Additionally, for the phase plots produced in this study,
the wave amplitude was kept constant at 0.5 m; the sensitivity of the system
to surge and pitch phase may also change with wave amplitude.

4.6 Effect of pitch on nonlinear hydrodynamics

In this section, the hydrodynamic forces are investigated in more detail in
order to find an explanation for the differences observed between the FD
and WS results. Particular focus was paid to the total hydrodynamic forces
and the radiation forces obtained from the two models. It was not possible to
directly obtain the excitation forces for the WEC oscillating simultaneously
in surge and pitch, hence these forces were not considered in detail here.

A direct comparison of the total hydrodynamic force signals obtained
from the FD and WS models are shown in Figure 4.16. Results for a frequency
of ωexc = ω1 = ω5 = 0.6 rad/s are shown, since the greatest differences
between the two models were observed at this frequency (see Figure 4.8).
For each pitch amplitude shown, the WEC was forced at the optimal surge
amplitude, surge phase and pitch phase found from Section 4.4.2.

From this comparison, it was seen that hydrodynamic forces from the WS
model were clearly nonlinear. These nonlinearities could be observed even
without any pitch motions present. Since the surge amplitude required for
maximum power at this frequency was quite high (|x1| ≈ 5 m), it was not
surprising to observe nonlinearities in the WS hydrodynamic force signals.
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As the pitch amplitude increased, the amount of nonlinear distortion also
increased. At a pitch amplitude of |x5| = 16°, the nonlinear hydrodynamic
force became considerably different to the linear estimation. Apart from
the nonlinear distortion, an amplitude and phase difference could be seen
between the two signals. This result has significant implications for the
control strategy, since the optimality conditions determined from the linear
model in Eq. (4.14) will become ineffective and can no longer be applied to
the nonlinear system. Overall, the clear mismatch between the linear and
nonlinear signals can explain the large difference in power absorbed observed
between the two models at this frequency.

The radiation forces could also be directly obtained from the WS model by
forcing the WEC to oscillate in the absence of an incident wave. A comparison

(a) |x5| = 0 deg

(b) |x5| = 8 deg

(c) |x5| = 16 deg

(d) |x5| = 0 deg

(e) |x5| = 8 deg

(f) |x5| = 16 deg

Figure 4.16: Comparison of the total hydrodynamic force time signals from the FD and
WS models at different pitch amplitudes, for a set incident and oscillation frequency of
ω = 0.6 rad/s. The surge amplitude, surge phase and pitch phase are optimal for each
set pitch amplitude shown.
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of the radiation forces from the FD and WS models, for a frequency of
ωexc = ω1 = ω5 = 0.6 rad/s, is shown in Figure 4.17. Again, for each
pitch amplitude, the WEC was oscillating at the optimal amplitudes and
phases found in Section 4.4.2. For the radiation forces, under relatively linear
conditions (i.e. when the WEC is only moving in one DOF), there was a good
match between the two models. However, as the pitch amplitude increased,
the radiation forces from the WS model also experienced an increased degree
of nonlinear distortion.

The spectral content of the total hydrodynamic and radiation force sig-
nals were then analysed using the in-built MATLAB function pwelch. An
example of the frequency components and amplitude spectra obtained are
shown in Fig. 4.18, corresponding to the surge force time histories shown in

(a) |x5| = 0 deg

(b) |x5| = 8 deg

(c) |x5| = 16 deg

(d) |x5| = 0 deg

(e) |x5| = 8 deg

(f) |x5| = 16 deg

Figure 4.17: Comparison of the radiation force time signals from the FD and WS models
at different pitch amplitudes. The frequency of both the surge and pitch oscillations is ω
= 0.6 rad/s. The surge amplitude, surge phase and pitch phase are optimal for each set
pitch amplitude shown.
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Figure 4.16(a)-(c) and Figure 4.17(a)-(c). A flat top window was used in the
analysis with a 50% overlap. Note that due to the window type applied and
the limited data available for sampling, since long computation times were
required for the WS simulations, it was only possible to achieve a relatively
low frequency resolution for the amplitude peaks. In spite of this, it could still
be clearly seen that the nonlinear distortions in the force signals were caused
by the presence of higher-order harmonics. In the results corresponding to
the total hydrodynamic forces in Figure 4.18(a), peaks were observed at all
higher order harmonics, with decreasing contribution from each subsequent
harmonic. The amplitude of each harmonic also varied with pitch amplitude.

(a)

(b)

Figure 4.18: Amplitude spectrum of the surge (a) total hydrodynamic and
(b) radiation forces from the WS model for a frequency of ω = 0.6 rad/s. The
WEC was oscillating at the optimal surge amplitude, surge phase and pitch
phase for each pitch amplitude case shown.

In contrast, from the amplitude spectrum of the radiation forces in Fig-
ure 4.18(b), the third-order harmonic appeared to be the most significant
component after the fundamental frequency, with other prominent peaks
occurring at (2n + 1)ω, (n = 0,1,2, ...). Additionally, due to the high surge
amplitude at this frequency, slight nonlinearities could also be observed even
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when pitch motion was zero. These results seemed to be consistent with the
findings reported by Wu [26], who attributed this harmonic behaviour to the
asymmetry of the radiated dipole waves created by surging and pitching
motions. The prominence of the third harmonic in the radiation force was
also different to the results presented for a submerged heaving and pitching
cylinder in [11], where the second harmonic was the most significant com-
ponent instead. Again, the difference can be attributed to the fact that surge
motions radiate asymmetric dipole-type waves, while heave motion radiates
symmetric source-type waves.

With regards to energy harvesting, despite the strong presence of higher
order harmonics in the hydrodynamic forces, the impact of these harmonics
on total power absorbed was actually very small. It was found that the first
harmonic was responsible for almost all the power absorbed or lost (up to
an order of magnitude 3-5 times greater than the subsequent harmonic).
This can be explained by the fact that the motion of the device is sinusoidal,
and so the first harmonic remains the most important component of the
hydrodynamic forces when determining the total amount of power that can
be absorbed by the WEC.

Therefore, for energy harvesting purposes, it will be more critical to
consider the changes to the fundamental frequency, as a result of the nonlinear
pitch-surge coupling. In particular, the amplitude and phase differences
observed between the dominant frequency component of the linear and
nonlinear pitch hydrodynamic force signals needs to be addressed. These
differences suggest a significant mismatch in the force coefficients between
the linear and nonlinear cases. Although it was not possible to obtain and
directly compare the excitation forces between the two models, the radiation
coefficients could still be considered. The analysis and comparison of the
radiation force coefficients will therefore be carried out in the consequent
section.

4.6.1 Effect of pitch on radiation force

A comparison of the radiation coefficients corresponding to the radiation
force obtained in the WS model and those calculated using linear wave theory
was then performed. For each set frequency and pitch amplitude, the WEC
was forced to oscillate at the corresponding optimal surge amplitude, surge
phase and pitch phase, in the absence of an incident wave.

Since maximum power is mainly driven by the first harmonic, the non-
linear radiation forces obtained were first decomposed into their frequency
components and only the time-series corresponding to the first harmonic
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were used to determine the radiation coefficients.A Fourier transform was
performed to extract the required amplitude and phase information from the
original nonlinear signal, which was then used to reconstruct the fundamental
waveform.

A least mean squares approach was then applied to calculate the radiation
coefficients, representing the problem in a form:

Xβ = Y, (4.15)

where

X =


ẍ1[1] ẍ5[1] ẋ1[1] ẋ5[1]
ẍ1[2] ẍ5[2] ẋ1[2] ẋ5[2]

...
...

...
...

ẍ1[n] ẍ5[n] ẋ1[n] ẋ5[n]

 , (4.16)

Y =


F(1)

rad,1[1] M(1)
rad,5[1]

F(1)
rad,1[2] M(1)

rad,5[2]
...

...
F(1)

rad,1[n] M(1)
rad,5[n]

 , (4.17)

and the matrix of unknown radiation coefficients is:

β =


A11 A51

A15 A55

B11 B51

B15 B55

 . (4.18)

The radiation force coefficients were then computed by minimising the
sum of the squared errors between the estimations and the original force
signals obtained from the WS model.

The added mass and radiation damping coefficients calculated using the
nonlinear results with combined surge-pitch oscillations are shown in Figure
4.19 and 4.20, respectively. Similar to the linear coefficients, it was found that
A15 ≈ A51 and B15 ≈ B51; hence only a single graph is illustrated for each of
these coupling coefficients.

Initially, at |x5| = 0°, the values from the WS model showed a relatively
good match with the linear values obtained from the FD model. However,
as the pitch amplitude increased, the values of added mass and radiation
damping began to diverge from the values obtained under linear conditions.
The coupling terms did not appear to diverge greatly from their linear values.
However, some coefficients corresponding to the surge and pitch DOFs
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(a) Surge-surge (b) Surge-pitch

(c) Pitch-pitch

Figure 4.19: Comparison of the added mass coefficients from the FD and WS
models, at different pitch amplitudes and incident wave frequencies.

showed notable changes from their expected values, depending on the pitch
amplitude.

A noticeable difference was observed for the surge radiation damping
values B11, particularly for the case with a pitch amplitude of |x5| = 16°.
Focusing on the lower frequencies, where large differences were observed
between the FD and WS models, the nonlinear results indicated greater
radiation damping in surge than the values obtained from the linear model.
This increase in radiation damping explains the reduced power available in
surge observed in Figure 4.9(c). In terms of control and optimal WEC motion,
the increase in surge damping also explains the large difference in values of
optimal surge amplitude seen in Figure 4.11(c). According to Eq. (4.14), an
increase in B11 corresponds to a reduction in surge motion.

For pitch, noteworthy exceptions were observed for ω = 0.5 and 0.6 rad/s,
where the pitch damping term B55 was larger than the expected values from
linear theory. This increase in radiation damping also appeared to correspond
to the losses in pitch power seen in Figure 4.10(b). It was noted previously
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(a) Surge-surge (b) Surge-pitch

(c) Pitch-pitch

Figure 4.20: Comparison of the radiation damping coefficients from the FD
and WS models, at different pitch amplitudes and incident wave frequencies.

in Section 4.5.3 that at these frequencies, the optimal pitch phase did not
follow the expected trends as the other cases in Figure 4.13. These results
suggest that changes in the radiation coefficients, and subsequently the power
absorbed by each individual DOF, were driven by the pitch phase.

Clear differences were also observed for ω ≥ 1.0 rad/s in both the
pitch added mass A55 and radiation damping B55 terms as pitch amplitude
increased 2. This may also explain the reduction in total power in the WS
results observed in Figure 4.8 at these frequencies.

4.6.2 Effect of harmonics on power

Regarding the contribution of each harmonic to power absorbed, although
the higher order harmonics did not have a significant effect on the total power
absorbed, they may affect the reactive power required during different parts

2The published version of this article incorrectly states that differences were observed for
ω ≤ 1.0 rad/s. This typographic error has been identified and amended here.
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of the power cycle and the quality of the power produced. This is illustrated
in Figure 4.21, which compares the instantaneous power over time at different
pitch amplitudes. Results are shown for an incident wave frequency of ω =
0.4 rad/s, since the difference in power quality could be seen most clearly
for this case.

Figure 4.21: Instantaneous power at different pitch amplitudes and for an
incident wave frequency of ω = 0.4 rad/s.

The presence of harmonics created by the combined surge and pitching
motions may therefore have important practical consequences for the WEC
system as a whole. If the power peaks are too large, especially for periods
where the power flow is negative, it can introduce unreasonable loads on
the power take-off machinery. Furthermore, this power cannot be directly
fed into the grid and will need to be smoothed out, potentially reducing the
mean useful power that can be delivered by the WEC.

4.7 Discussion

There are a number of uncertainties associated with the analysis used in
this paper to assess the performance of the multi-mode WEC system. In this
study, it is important to note that the effect of viscous drag forces on the WEC
were completely disregarded. Due to the use of kinematic control, in which
the WEC was forced to follow an explicitly prescribed motion regardless
of external forces, the inclusion of drag forces would not be expected to
have a significant impact on the results obtained in this study. Although a
reduction in the net power absorbed is possible, the overall effect of nonlinear
pitch-surge coupling on the performance of the system should remain largely
unaffected, namely a reduction in power absorption efficacy as the pitch
oscillation amplitude increases. However, the effect of viscous drag will likely
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become an important consideration with regards to the dynamic behaviour
of pitch in the actual WEC system, when the kinematic control assumption is
removed. In particular, the damping associated with viscous drag is expected
to have a major impact on both the pitch amplitude and phase. The inclusion
of a viscous drag term will likely reduce the optimal oscillation amplitudes
of both surge and pitch, which may in turn lead to a closer match between
the results obtained from the linear and nonlinear models. The full impact of
nonlinear pitch-surge coupling and the differences between the linear and
nonlinear model for the dynamic system will need to be quantified in future
work.

The validity of the small perturbation assumption given in Eq. (4.3) for
the WS model also needs to be assessed. From the results obtained, obvious
discrepancies between the two models occurred mostly for cases involving
large displacement amplitudes in both surge and pitch. With these large body
motions, the perturbed components of the wave would have been very large,
especially in relation to the incident wave. The validity of WS assumption
in these cases with large surging and pitching motions will therefore need
to be confirmed, especially for when the WEC is oscillating in both DOFs
simultaneously. This will require comparisons with fully nonlinear models
or experiments.

Additionally, there were several limitations with the optimisation proced-
ure applied, which could have resulted in uncertainties in the final values of
optimal surge and pitch amplitude and phase obtained from the WS model.
This was especially true for certain frequency and pitch amplitude cases
where the results of the optimisation did not exactly follow the expected
trend, likely due to the existence of multiple local optima. Due to the long
computational times required by the current WS model, there would not
be enough time for the optimisation procedure to make the jump from one
optima to another and find the global maximum. Hence, there is a need
for a simplified model which can sufficiently capture the effect of nonlinear
coupling on the hydrodynamic forces while providing faster estimates for
the resultant available power. This may allow for a more sophisticated and re-
fined optimisation of the performance of the flat cylindrical WEC considered
in this study.

4.8 Conclusion

In this study, the effect of pitch-surge hydrodynamic coupling on the power
harvesting capabilities of a submerged flat cylindrical WEC was investigated.
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The performance of the WEC oscillating purely in the surge and pitch DOFs,
as obtained from both a linear and nonlinear model, was analysed and
compared.

Overall, it was apparent that the effect of pitch on the performance of
the multi-mode WEC was much larger when nonlinear coupling effects
were considered, particularly when compared to the predictions from the
linear model. One crucial difference was the fact that, in the linear model,
direct control of the pitch DOF itself was not a requirement for maximum
power absorption. However, in the nonlinear model, tuning of the pitch
phase as well as the surge amplitude and phase was required to absorb
the maximum power at each incident wave frequency and pitch amplitude.
The inclusion of pitching motions also led to significant reductions in the
maximum power from nonlinear model compared to the estimations from
the linear model, particularly for frequencies ω ≤ 0.7 rad/s and ω ≥ 1.0
rad/s. Some differences were also observed regarding the optimal surge
amplitudes and phases obtained from the two models, which were more
noticeable at lower frequencies where ω ≤ 0.7 rad/s. The total power that
could be absorbed by the WEC also became more sensitive to surge and pitch
phases with the inclusion of nonlinear hydrodynamics.

The differences between the two models could be attributed to changes
in the hydrodynamic forces, caused by the nonlinear interactions between
surge and pitch. In particular, noticeable changes in both the amplitude
and phase of the fundamental frequency component of the hydrodynamic
forces were observed when surge and pitch motions were combined. Higher
order harmonics were also observed in the nonlinear hydrodynamic forces;
although these harmonics did not have a large effect on the overall active
power, the impact on the required instantaneous reactive power may have
practical implications for the design of the PTO system.

One of the critical assumptions in this work was the ideal and kinematic
control of the WEC. Future work should be focused on the dynamic control of
a surging and pitching WEC subjected to a nonlinear hydrodynamic forcing.
Viscous drag effects, which were neglected in this study, will need to be
considered for the dynamically controlled system, especially with regards to
the pitch DOF. The work done should also be extended to include nonlinear
coupling with the heave DOF as well. The problem of controlling the pitch
motion of the WEC in a more realistic and under-actuated system, such as
through the use of tethers, will also need to be addressed.

Finally, it may also be worthwhile to investigate the nonlinear hydro-
dynamic forces caused by the combined pitch-surge motions in more detail,
and how to minimise the effect of the superharmonic components on the
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performance and efficiency of the WEC. This may require a comparison with
fully nonlinear solvers or experiments in order to confirm the validity of
the small perturbation assumption used in the WS model for very nonlinear
cases involving large surge and pitch displacement amplitudes. If a more
simplified model for the calculation of these nonlinear forces can be found,
there is also the potential to apply more robust optimisation procedures for
the multi-mode WEC considered in this study.
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Chapter 5

Tuning of resonance frequencies
in multi-mode WECs subjected
to nonlinear hydrodynamics

In the previous chapter, it was found that nonlinear hydrodynamic inter-
actions between the surge and pitch modes can significantly diminish the
power absorbed by a flat cylindrical multi-mode WEC. Reducing the effect
of this nonlinear coupling required either decreasing the pitch amplitude or
adjusting its phase relative to surge where possible. However, while this is
easily achievable in an idealised and kinematically controlled system where
the WEC motions can be explicitly defined, control of the pitch mode may be
more difficult to realise in practise when coupled to the power takeoffs.

In this chapter, the kinematic control assumption is therefore replaced
with independent spring-damper control in each of the three degrees-of-
freedom, as shown in Figure 1.2(b). The analysis is also expanded to include
nonlinear hydrodynamic interactions with the heave mode as well as viscous
drag effects, which were omitted in the study presented in Chapter 4. The
resonance behaviour of the coupled hydrodynamic modes is then examined
in order to investigate the following research question: How should the surge,
heave and pitch hydrodynamic modes be tuned to enhance the performance of multi-
mode WECs subjected to nonlinear coupling forces?

To study the multi-mode WEC device in this chapter, the fully linearised
and WS numerical models developed in Chapter 4 are modified to include
PTO control forces in each of the surge, heave and pitch modes. Since the
control is independent in each mode, the only source of coupling between
modes in this case is through the hydrodynamic forces and interactions. This
allows the analysis in this chapter to focus on the effect of this hydrodynamic
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coupling without the interference of additional tether or mooring forces
(which will later be explored in Chapter 6). The results of this study can
therefore be applied to any general multi-mode WEC, rather than being
limited to a specific design itself.

This chapter consists of the published journal article:
Tran, N., Sergiienko, N. Y., Cazzolato, B. S., Ding, B., Wuillaume, P.-Y.,
Ghayesh, M. H. and Arjomandi, M. (2021). “On the importance of nonlinear
hydrodynamics and resonance frequencies on power production in multi-
mode WECs”. In: Applied Ocean Research 117, p. 102924

The article in its published format is available at https://doi.org/10.
1016/j.apor.2021.102924.
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On the importance of nonlinear hydrodynamics and
resonance frequencies on power production in

multi-mode WECs

N. Tran, N. Y. Sergiienko, B. S. Cazzolato, B. Ding, P-Y. Wuillaume,
M.H. Ghayesh, M. Arjomandi

Abstract

Multi-mode Wave Energy Converters (WECs) are able to harvest en-
ergy from multiple Degrees-of-Freedom (DOFs) simultaneously, which
increases the power that can be absorbed from the incident wave com-
pared to single-DOF WECs. However, nonlinear coupling between hy-
drodynamic modes, which occurs when the WEC oscillates simultan-
eously in multiple directions, means that simply applying the typical
control strategies used for single-DOF WECs can lead to sub-optimal
performance. This study investigates the multi-DOF dynamic control of
a submerged, flat cylindrical WEC subjected to hydrodynamic coupling
effects modelled under the weakly nonlinear potential flow theory based
on the weak-scatterer approximation. Results show that, at low incident
wave frequencies, tuning the surge, heave and pitch modes of the WEC
to the same natural frequency can result in power losses of up to 30% in
the weakly nonlinear model compared to results obtained from a fully
linear model. These discrepancies are attributed to the pitching motions
of the WEC, which changes the projected surface area of the device
relative to the equilibrium position and hence violates the assumptions
of the linear theory. From these findings, a suggested design strategy
where the surge, heave and pitch DOFs were all decoupled and tuned
to different natural frequencies was therefore proposed. In the presence
of weakly nonlinear hydrodynamic coupling, it was found that this
design may result in significant improvements in power absorbed for
the multi-mode WEC, compared to a case where all DOFs are simply
tuned to match the peak frequency of a given sea state.

5.1 Introduction

Wave energy is an attractive source of renewable power due to its high
energy density and predictable variability properties [26]. Although many
Wave Energy Converters (WECs) have been proposed to date, there is still
no convergence on the best design. Almost 80% of existing designs can be
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classified as oscillating bodies, making this the most common WEC concept
[21]. However, many of these devices are designed to operate in heave only,
which in the case of axisymmetric bodies theoretically limits the amount of
power that can be absorbed to only one third of what is possible from the
incoming wave [10].

An emerging subset of this category are multi-mode WECs which are
capable of harvesting energy from multiple Degrees-of-Freedom (DOFs),
thereby increasing the amount of power that can be absorbed from the
incident wave compared to a single DOF converter [20]. In the context of this
paper, the term ‘multi-mode converter’ refers to devices that can use multiple
hydrodynamic modes (i.e., surge, heave or pitch) simultaneously to absorb
power. This is distinct from other WECs which, despite being able to move
in multiple directions or having more than one rigid body mode, still absorb
wave power predominantly from only one hydrodynamic mode (e.g. heave).

One of the key challenges for multi-mode WECs is the design of the
controller. For a device operating in one DOF only, the amplitude and phase
optimality conditions required to absorb the maximum power from incid-
ent waves is well known and understood [10]. However, in the case of a
multi-mode device, strong hydrodynamic coupling between DOFs can affect
these optimality conditions. If this coupling is not taken into account, the
performance of the device can be drastically compromised. This was shown
by [27] for a multi-mode, three-tethered submerged WEC. In the study, a
Multiple-Input Multiple-Output (MIMO) controller was designed to optimise
the heave and surge DOFs. However, the hydrodynamic coupling with the
pitch DOF was neglected in the design of the controller, leading to losses in
the pitch DOF of up to 15% of the total power.

Given that most WEC devices are designed to operate predominantly in
one DOF only, the existing literature on the control of multi-mode WECs is
comparatively limited [6]. An early study by [36] involving a floating WEC
suggested that the performance of the device could be improved with the
addition of coupling effects between the surge and pitch modes, especially if
active control was applied. In contrast, in a later study [1] suggested to only
use either the surge or pitch DOF for energy harvesting, in order to reduce
the number of required actuators for a three-DOF floating WEC. Instead, the
authors proposed shifting the energy from one coupled DOF to the other
to maintain roughly the same magnitude of power absorbed compared to
when both the surge and pitch DOFs were active simultaneously. Control of
heave, surge and pitch for a floating multi-mode WEC was also considered
by [16]; however, in this case, the effect of surge and pitch on the total power
absorbed was relatively minimal due to the small size of the buoy used in
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the study. Experimental testing of a MIMO controller for a floating 3-DOF
WEC in a more realistic ocean environment has also been conducted by [5],
where coupling between surge and pitch was also considered in the controller
design. However, the relative impact of this coupling on performance was
not examined.

Another aspect of multi-mode WEC design that is not well understood is
the effects of nonlinear coupling between multiple hydrodynamic modes on
performance. A recent study by [31] considered the effect of nonlinear pitch-
surge hydrodynamic coupling on the behaviour of a submerged cylindrical
WEC. The results of the study showed that the nonlinear loads caused by
combined surge and pitch oscillations resulted in large losses in power
when compared to estimates provided by the linear model, especially when
oscillation amplitudes were large. However, one of the main assumptions
was the kinematic control of multi-mode WEC, meaning that amplitudes
and phases of both the surge and pitch were directly controlled with no
controller impedance taken into consideration. It was uncertain whether this
nonlinear pitch-surge coupling would have the same effect in a more realistic
case when the kinematic control is replaced by dynamic control. Nonlinear
effects caused by heaving motions on the power absorbed by the multi-mode
WEC were also not considered. Although nonlinear hydrodynamic forces on
a submerged cylinder caused by heave-pitch coupling have been reported
previously [12], the impact of this interaction on the power that can be
absorbed by multi-mode WECs has not been determined.

The current work aims to develop understanding of how the surge, heave
and pitch DOFs in a submerged multi-mode WEC, featuring a flat cylindrical
buoy, should be designed and tuned when nonlinear coupling between
hydrodynamic modes is present. While the relatively flat cylindrical design
has been reported to provide better performance with regards to the cost of
electricity associated with the Power Take-Off (PTO) forces and actuation [29],
the shape also means that the pitch DOF can have a much stronger influence
on the behaviour of the device compared to other WEC geometries. It is often
difficult to completely constrain the pitch DOF in practice; therefore, in order
to minimise the potential power losses, the control of surge, heave and pitch
DOFs must be considered simultaneously. Alternatively, if the controller can
be properly designed, it may even be possible to utilise the pitch DOF to
further enhance the power absorption of the system.

In practice, dynamic control of all three DOFs can be achieved through
various mechanisms, such as through the use of tethers. However, in the cur-
rent work, independent spring-damper control of each DOF was considered
to provide a more generalised study of a multi-mode system, rather than
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focusing on the dynamics specific to real-life mechanisms used to control
WECs. Although similar multi-mode, spring damper systems have been
previously investigated [1, 5, 36], the unique contribution of this work is the
focus on the effects of pitch and nonlinear hydrodynamic coupling on the
WEC performance and controller design. Detailed examinations of the phys-
ical causes of these nonlinearities, such as trapped modes or wave breaking,
were considered outside the scope of this work.

The paper is organised as follows. A description of the planar WEC
system considered in this study is given in Section 5.2. The underlying theory
and equations used in the numerical models are presented in Section 5.3. To
provide a basis for comparison, the expected behaviour of the multi-mode
WEC based on linear theory alone is first discussed in Section 5.4. This is
followed by Section 5.5, where the performance of the WEC with nonlinear
coupling effects is investigated. Based on this analysis, recommendations for
potential multi-mode WEC design strategies are explored in Section 5.6.

5.2 System description

In this study, a multi-mode WEC featuring a fully submerged flat cylindrical
buoy was considered. The WEC is inspired by Carnegie Clean Energy’s
CETO-6 device [4], which is a submerged multi-mode quasi-point absorber
with a three-tether mooring configuration. This design allows the device to ef-
fectively generate power from surge, heave and pitch motions simultaneously.
However, to simplify and generalise the design problem in this study, the
PTO system used to control each DOF was modelled as an independent linear
spring-damper system. The parameters of the WEC are given in Table 5.1,
which are based on values previously proposed by Carnegie Clean Energy
for the actual full scale CETO-6 device [24]. A schematic of the WEC system
is shown in Fig. 5.1(a). As illustrated in Fig. 5.1(b), due to the flat shape of the
WEC, pitching motions change the instantaneous projected surface area of
the buoy SB(t) relative to its nominal projected surface area SB,0. This affects

Table 5.1: Buoy parameters.

Parameter Notation Value
Radius a 12.5 m
Height H 5 m
Mass m 1.99 ×106 kg
Water depth d 30 m
Submergence depth ds 6.5 m
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(a)

(b)

Figure 5.1: (a) Schematic of the flat cylindrical buoy with independent dy-
namic control of the surge, heave and pitch DOFs. Not to scale. (b) Pitching
motions of the flat cylindrical buoy will also change the projected area, lead-
ing to enhanced hydrodynamic coupling.

the instantaneous hydrodynamic forces acting on the buoy in both surge and
heave, leading to further nonlinear coupling between DOFs.

For simplicity, only motions in the xz-plane were considered. It was also
assumed that the buoy was excited by linear, monochromatic plane waves
travelling purely in the positive X-direction. Viscous drag effects on the
power absorbed by the multi-mode WEC were also considered in this study.
However, nonlinearities associated with wave breaking and surface piercing
were not modelled, assuming that the buoy operates under normal power
generation mode. Hence, a relatively deep submergence depth of ds = 6.5 m
was used in the analysis to prevent the WEC from breaking the free-surface,
and to allow a better comparison with the study previously conducted by
[31].
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5.3 Equations of motion

Assuming an incident wave travelling along the positive X-direction, the
planar motion equation describing the dynamic motion of the WEC in surge,
heave and pitch can be written as:

Mẍ(t) = Fbuoy(t) + FPTO(t) + Fvisc(t) + Fhyd(t), (5.1)

where M is the mass matrix and ẍ = [ẍ1 ẍ3 ẍ5]T is the acceleration at the
centre of gravity of the buoy. The main forces acting on the buoy, Fbuoy, FPTO,
Fvisc and Fhyd are the buoyancy, PTO, viscous and hydrodynamic (excitation
and radiation) forces, respectively.

For a fully submerged WEC, the buoyancy force is given by:

Fbuoy(t) =
[
0 (ρV − m)g 0

]T
, (5.2)

where ρ is the density of water, V and m are the volume and mass of the buoy,
respectively, and g is the acceleration due to gravity. The buoy is positively
buoyant, with the PTO unit providing the tension required to keep the device
fully submerged.

The PTO system is modelled as:

FPTO = CPTO − BPTOẋ − KPTOx , (5.3)

where BPTO and KPTO are diagonal matrices that include the damping and
stiffness coefficients, respectively, of the PTO system in each DOF. The term
CPTO is a constant force that counteracts the buoyancy force experienced by
the WEC in an undisturbed position, given by:

CPTO =
[
0 −(ρV − m)g 0

]T
. (5.4)

The viscous drag force can be modelled based on the Morison equation
[22]:

Fvisc =


− 1

2 ρCDx Ax|ẋ1 − ẋ f ,1|(ẋ1 − ẋ f ,1)

− 1
2 ρCDz Az|ẋ3 − ẋ f ,3|(ẋ3 − ẋ f ,3)

− 1
2 ρCDxzD4D|ẋ5|ẋ5

 , (5.5)

where CDx, CDz, CDxz are the viscous drag coefficients in surge, heave and
pitch, respectively. Ax and Az denote the cross-sectional areas of the buoy
in surge and heave, respectively, while D is the diameter of the buoy. The
fluid particle velocity in surge and heave at the position of the geometric
centre of the buoy is denoted as ẋ f ,1 and ẋ f ,3, respectively. Drag coefficients
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of CDx = 1, CDz = 1.2 and CDxz = 0.2 were used for the cylinder in this study,
as taken from [13]. The viscous drag forces were calculated assuming fixed
cross-sectional areas in each DOF.

In the linear Frequency Domain (FD) model, the nonlinear quadratic
terms in Eq. (5.5) were approximated using a Lorentz linearisation approach
[30], which has been previously applied in the case of WECs in [11, 20]. The
viscous drag forces in the FD model can therefore alternatively be modelled
as:

F̂visc(ω) = −Bvisc(ω)û(ω) , (5.6)

where ^ denotes the complex amplitude, ω is the wave frequency, û is
the velocity of the buoy in the frequency domain and Bvisc is the matrix
containing the linearised viscous damping coefficients.

5.3.1 Hydrodynamic modelling

In this study, the hydrodynamic loads on the multi-mode WEC were de-
termined using two potential flow models: (i) a linear FD model based on
analytical equations [14, 15] and (ii) in the time domain, a weakly nonlinear
potential flow model based on the Weak-Scatterer (WS) approximation [23],
developed by École Centrale de Nantes (ECN) [17]. Justification for the use of
these modelling techniques was provided previously in [31]; only the main
details and assumptions of each modelling theory will be briefly discussed
here.

From potential flow theory, assuming an irrotational, incompressible and
inviscid fluid, there is a velocity potential ϕ that can be used to compute the
velocity of the flow. For linear analysis, the velocity potential is decomposed
into several components [2]:

ϕ = ϕi + ϕd + ϕr , (5.7)

where ϕi, ϕd and ϕr are the incident, diffraction and radiation components,
respectively. The incident and diffraction components are considered together
to determine the total excitation force, Fexc. The radiation component can
be expressed in terms of an added mass Arad and radiation damping Brad

matrix of coefficients. In the linear FD model, these values are only calculated
about the equilibrium position of the WEC. Values of the linear excitation
force and radiation coefficients for the submerged cylindrical WEC used in
this study are given in Appendix A.

In the WS approximation, the velocity potential is decomposed into
incident ϕi and perturbed ϕp components instead. The perturbed component

134



5.3 Equations of motion

consists of radiation and diffraction effects, and is assumed to be relatively
small compared to the incident component [23]:

{
ϕ = ϕi + ϕp

ϕp = O(ϕi) .
(5.8)

The incident component of the wave is explicitly specified as a model
input, while only the perturbed components need to be solved in the bound-
ary value problem. The total hydrodynamic forces are then obtained by
integrating the pressure of the surrounding fluid over the instantaneous
wetted surface of the body SB(t). More detail about the modelling theory
and assumptions of the WS model are presented in [17, 34, 35], while a more
detailed comparison of the key differences between the WS, linear potential
flow and CFD models with regards to the computation of hydrodynamics
for WEC applications are presented in [8].

The analytical equations used for the linear FD model have been previ-
ously validated by comparison with published results from a higher-order
boundary element method [14, 15]. The numerical WS model developed
by ECN has also been previously validated against other available linear,
weakly-nonlinear and fully nonlinear hydrodynamic models [33], as well as
with experimental data [32]. This same validated WS code has been used in
this study.

For the specific multi-mode case considered in this paper, the weakly
nonlinear WS was further verified against the FD model by comparing
solutions for a linear case with a small wave amplitude of 0.01 m. Mesh and
time step convergences were checked, resulting in a good match between the
two models for this verification case. It was found that the two most important
simulation parameters were: (1) the size of the free-surface mesh directly
above the cylinder, which affected displacement offsets, and (2) the time step
which affected the accuracy of the motion and force amplitudes. A value of
∆dx = λ/250 was used in the WS model for the characteristic dimension
of the free-surface mesh, where λ is the wavelength of the incoming wave.
For the time step, a value of ∆t = T/300 was used, where T is the period of
the incident wave. The cylindrical body was meshed using approximately
4000 panels, while 2800 to 3200 panels were used for the free-surface mesh
depending on the incident wavelength.
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5.3.2 Power absorbed

The instantaneous power absorbed by the WEC can be calculated by consid-
ering the PTO forces and the velocity of the buoy:

P = FT
PTOẋ . (5.9)

In the FD model, Eq. (5.9) can be re-written to give the time-averaged
power absorbed by the WEC [10]:

P =
1
2

û∗BPTOû . (5.10)

where * refers to the complex conjugate transpose.
In the WS model and in regular waves, the average total power from

surge, heave and pitch over each cycle is given by:

P =
1
T

∫ T

0
FT

pto(t)ẋ(t)dt, (5.11)

where T is the time period of one complete oscillation cycle.

5.4 WEC performance according to linear theory

From linear theory, it is understood that a WEC operating predominantly in
one DOF should be tuned according to the complex conjugate control criteria
in order to achieve maximum power absorption from incident waves [10].
This requires the velocity of the buoy to have the same phase as the excitation
force, as well as the correct amplitude relative to the incident wave. If these
conditions are met, for a single body oscillating in one DOF and assuming no
motion constraints, the maximum power that can be absorbed by the WEC is
[10]:

Pmax =
1
4

F̂∗
exc,jûopt,j =

1
2

û∗
opt,jBtot,jûopt,j , (5.12)

where j indicates the hydrodynamic mode of power absorption and the total
damping in that mode is Btot,j = Brad,jj + Bvisc,jj. The following condition
must therefore be met:

Btot,jûopt,j =
1
2

F̂exc,j . (5.13)

For a body operating in one DOF only, the optimal velocity can then be
determined using the following equation:

ûopt,j(ω) =
F̂exc,j(ω)

2(Brad,jj(ω) + Bvisc,jj(ω))
. (5.14)
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Assuming a spring-damper control strategy, the optimal PTO damp-
ing and stiffness parameters required to achieve this condition at a given
frequency are [28]:

BPTO,j = Brad,jj(ω) + Bvisc,jj(ω) , (5.15a)

KPTO,j = ω2(m + Arad,jj(ω)) . (5.15b)

However, due to hydrodynamic coupling, the condition in Eq. (5.14) and
Eq. (5.15) changes when both surge and pitch motions are combined. The
optimal settings in surge become dependent on the motion in pitch, and vice
versa. This relationship can be explained physically by the fact that both surge
and pitch motions radiate dipole-type waves. To absorb maximum power, the
WEC must radiate waves to interfere destructively with the incident wave
[10]. If the body is pitching and radiating waves arbitrarily, the surge motion
needs to be adjusted accordingly to ensure that the total dipole-type wave
radiated by the WEC still interferes optimally with the incident wave.

To demonstrate this relationship, surface plots were generated to show
how the power absorbed by the submerged multi-mode WEC varies over
a range of natural frequencies of the surge and pitch DOFs, as shown in
Fig. 5.2. The surge and pitch natural frequencies are denoted by ωn1 and ωn5

respectively. A similar analysis was presented previously in [1]; however, a
larger number of incident wave frequencies were considered here, with ωex

= 0.6, 0.9 and 1.1 rad/s used for the analysis. These frequencies were chosen
based on the hydrodynamic coefficients (see Appendix A) to explore the
response of the system when the excitation forces and damping coefficients
were low (ωex = 0.6), or conversely when these parameters were close to their
maximum values (ωex = 0.9 and 1.1 rad/s). The hydrodynamic efficiency,
calculated as the sum of power from each DOF divided by the maximum
power available for the multi-mode device, is also shown in Fig. 5.3. The total
sum of power and the maximum possible power available from the wave are
denoted as Ptot and Pmax, respectively.

To produce each plot, the incident wave frequency was kept constant,
while the damped natural frequencies of the surge and pitch DOFs were
varied by adjusting the value of the PTO stiffness similar to the modal
analysis approach presented by [7]. The heave natural frequency was fixed
and set equal to the incident wave frequency for all cases shown (ωn3 = ωex).
The PTO damping in all DOFs was set equal to the radiation damping at
each frequency, as per Eq. (5.15a). The incident wave amplitude was kept
constant at 0.5 m for all cases. Viscous drag effects were not included in these
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(a)

(b)

(c)

Figure 5.2: Surface plots showing the absolute power absorbed by the surge,
heave and pitch DOFs in the linear FD model at incident wave frequencies
ωex of (a) 0.6 rad/s, (b) 0.9 rad/s and (c) 1.1 rad/s, with a wave amplitude of
0.5 m.
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(a)

(b)

(c)

Figure 5.3: Surface plots showing overall efficiency of the device in the linear
FD model at incident wave frequencies ωex of (a) 0.6 rad/s, (b) 0.9 rad/s and
(c) 1.1 rad/s, with a wave amplitude of 0.5 m.

139



Chapter 5 Tuning of resonance frequencies in multi-mode WECs

subjected to nonlinear hydrodynamics

results to further isolate the effects of pitch-surge hydrodynamic coupling on
the behaviour of the multi-mode WEC.

In Fig. 5.2, it can be seen that when the surge and pitch natural frequencies
were close to one another (ωn1 = ωn5 = ωex), the power available in each
individual DOF dropped as the total power absorbed by the system was
divided between them. The pitch DOF was also relatively ineffective at
absorbing power in the results for ωex = 0.6 rad/s in Fig. 5.2(a), due to the
low pitch excitation moment amplitude at this frequency (see Fig. 5.13(a) in
Appendix A). In contrast, at higher wave frequencies of ωex = 0.9-1.1 rad/s,
when the two modes have well separated natural frequencies and are thus
decoupled, the maximum amount of power that can be absorbed from the
incident wave is the same regardless of whether surge or pitch are resonant.

From Fig. 5.3, the negative impact of this pitch-surge hydrodynamic
coupling on the device’s efficiency when both DOFs were tuned to the same
natural frequency can also be clearly seen. This was due to the fact that the
PTO damping was not optimised to take into account the coupling between
these two DOFs, leading to sub-optimal power absorption. It can also be seen
that the device was noticeably more affected by this hydrodynamic coupling
at ωex= 0.6 rad/s in Fig. 5.3(a) compared to the higher wave frequencies in
Fig. 5.3(b)-(c).

From a design viewpoint, what can be inferred from this relationship
is that the surge and pitch DOFs should be decoupled as much as possible
to simplify the control problem. If this is the case, Eqs. (5.14)-(5.15) can be
directly applied to achieve the maximum power absorption from the system.
However, if the two modes are strongly coupled, such as the cases when their
natural frequencies were close, simply tuning the system in this manner could
result in sub-optimal power absorption instead. Another possible option to
maintain the maximum power would be to completely restrain the motions
in one DOF by increasing either the controller damping or stiffness. However,
tuning the surge and pitch DOFs to target different frequencies may also
potentially be advantageous for broadband power absorption.

It is noted that the resonance (or absorption) bandwidth of the device in
the pitch DOF is significantly broadened as the wave frequency increases,
especially at ωex = 1.1 rad/s in Fig. 5.2(c) in comparison with Fig. 5.2(a)-(b).
This can be explained by considering the radiation damping coefficients,
which increases with wave frequency for the range ωex = 0.6-1.1 rad/s and
are also greater in magnitude for pitch than for the surge DOF (see Fig. 5.14
in Appendix A). As a result, the overall efficiency of the device also becomes
less sensitive to changes in the surge and pitch natural frequencies as the
wave frequency increases, as observed in Fig. 5.3. This is advantageous for
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the system, since it reduces the effort required from the controller. Therefore,
it may be more suitable to tune the pitch DOF to target the higher incident
wave frequencies.

The effect of heave on the system according to the linear model is also
shown in Fig. 5.2. From linear theory, there is no hydrodynamic coupling
between heave-surge or heave-pitch due to the axisymmetric shape of the
buoy. As a result, the power absorbed from heave is insensitive to any changes
in the surge or pitch configurations. Hence based on linear hydrodynamics
alone, the heave DOF is usually considered independently of the other two
DOFs when assessing WEC performance.

5.5 Effect of nonlinear hydrodynamics on power

In this section, the performance and behaviour of the multi-mode WEC
system is analysed using the weakly nonlinear WS model.

5.5.1 Power analysis

A similar procedure as described Section 5.4 was used to assess the power
absorbed by the WEC in the WS model. However, to reduce computational
costs and the number of simulations required, only three fixed ωn5/ωn1 pitch
and surge natural frequency ratios spanning two octaves were considered
in this analysis: (i) ωn5/ωn1 = 0.5, (ii) ωn5/ωn1 = 1 and (iii) ωn5/ωn1 = 2, as
shown in Fig. 5.4.

Figure 5.4: Surface plot of power, showing the three pitch-surge natural
frequency ratios used in the WS analysis: (i) ωn5/ωn1 = 0.5, (ii) ωn5/ωn1 = 1
and (iii) ωn5/ωn1 = 2
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The nonlinear analysis was initially performed for wave frequencies of
ωex = 0.6, 0.9 and 1.1 rad/s, as in Section 5.4. However, it was found the
trends in power for ωex = 0.9 and 1.1 rad/s were very similar. Therefore, only
results for ωex = 0.6 rad/s and 1.1 rad/s are shown in Fig. 5.5 to demonstrate
the different responses of the multi-mode WEC at low and high incident
wave frequencies, respectively. Each plot shows the power absorbed by the
WEC in incident waves with excitation frequencies kept constant, while the
pitch and surge natural frequencies were varied1. Similar to Section 5.4, the
PTO settings in the WS model were also tuned and varied based on Eq. (5.15),
using the added mass and radiation damping coefficients obtained from
linear theory. Further results showing the amplitudes and phases of the
surge, heave and pitch velocities obtained from this analysis can be found in
Appendix B.

For all cases shown in Fig. 5.5, the heave natural frequency was set equal
to the frequency of the incident wave as was done in Section 5.4 for the linear
FD model (ωn3 = ωex). For the cases with an incident wave frequency of ωex

= 1.1 rad/s, an incident wave amplitude of 1 m was used in the analysis.
With this frequency and amplitude, the wave steepness was approximately
12.3%, which was sufficiently large for any potential nonlinear effects to be
observed. For ωex = 0.6 rad/s, the displacement amplitudes of the WEC were
much greater, therefore the wave amplitude was reduced to 0.5 m to prevent
the WEC breaching the free surface and invalidating the assumptions of the
WS model. This wave amplitude was still sufficiently large for nonlinear
effects to be observed; the higher displacement amplitudes meant that body
nonlinearities, associated with the change in WEC position relative to the free
surface, were more important for performance assessment at this frequency
[17].

Viscous drag forces were also included in this analysis in order to take
into account their effects on the motion amplitudes of the WEC. Given that
the presence of nonlinearities only becomes noticeable with large motion
amplitudes, this reduction in motion also needs be factored if the importance
of nonlinear effects in a more realistic WEC system is to be determined.

5.5.1.1 Low frequency response

Overall, both models indicate that the pitch DOF is relatively ineffective
at absorbing power from the waves when the incident wave frequency is
low, as illustrated in Fig. 5.5(a)-(c). At an incident wave frequency of ωex =

1Note that the results in (a)-(c) correspond to a wave amplitude of 0.5 m, while results in
(d)-(f) correspond to a wave amplitude of 1.0 m.
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(a) ωn5/ωn1 = 0.5

(b) ωn5/ωn1 = 1.0

(c) ωn5/ωn1 = 2.0

(d) ωn5/ωn1 = 0.5

(e) ωn5/ωn1 = 1.0

(f) ωn5/ωn1 = 2.0

Figure 5.5: Power absorbed by the surge, pitch and heave DOFs, as obtained from the
FD (solid lines) and WS (dashed lines) models, for incident wave frequencies ratios of
(a)-(c) ωex = 0.6 rad/s and (d)-(f) ωex = 1.1 rad/s. The effects of nonlinear hydrodynamic
coupling were more significant at the lower frequency of ωex = 0.6 rad/s compared to
1.1 rad/s, leading to large discrepancies between the linear and nonlinear results.
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0.6 rad/s, the power generated from the pitch DOF was negligible in both
models. Given that this behaviour was not previously observed in the results
shown in Fig. 2, the reduction in pitch power was attributed to the effect of
viscous drag, which had been previously ignored in the analysis performed
in Section 5.4.

Comparing the linear and nonlinear results, clear differences in the power
absorbed were observed from this analysis for ωex = 0.6 rad/s. At this
frequency, when the surge mode was resonant (wex/wn1 = 1), the power
absorbed by the heave DOF in the WS model was notably reduced for
cases ωn5/ωn1 = 0.5 and ωn5/ωn1 = 2. This was a significant difference
from the linear results, where the power absorbed in heave was completely
independent of the PTO tuning in either surge or pitch. As a result of these
nonlinear effects, for the case with ωn5/ωn1 = 0.5, reductions in total power
of up to 27% were observed in the WS model compared to the values obtained
from the linear FD model. For ωn5/ωn1 = 2, despite the clear drop in heave
power the reduction in total power was not as severe, with a 17% difference
between the FD and WS results.

For a pitch-surge ratio of ωn5/ωn1 = 1 in Fig. 5.5(b), the heave DOF
did not experience a similar reduction in power when both surge and pitch
were resonant at the same time. The reduction in power occurred mostly
through the surge DOF instead. As a result, the total power achieved in
the WS model in this case was reduced by approximately 20% compared
to the linear FD model. These results appeared to be consistent with [31],
where large reductions in power were also reported for low incident wave
frequencies when a cylindrical WEC oscillates in both surge and pitch. Care
should therefore be taken when using linear hydrodynamics to design and
assess the performance of multi-mode WECs operating at low incident wave
frequencies, to avoid overestimating the actual power that can be generated
by the device.

5.5.1.2 High frequency response

As demonstrated in Fig. 5.5(d)-(f), for the higher incident wave frequencies,
there was a much better match between the FD and WS models. As the
wave frequency increased, the relative power absorbed by the pitch DOF
also improved. Regarding design of the controller, this analysis made it
unequivocally clear that pitch should be tuned to capture energy from higher
frequencies for the cylindrical WEC considered in this study.

The power absorbed by the heave DOF obtained from the WS model
remained relatively constant regardless of changes to the surge and pitch

144



5.5 Effect of nonlinear hydrodynamics on power

natural frequencies. Although slight changes in performance were observed
when the surge DOF was resonant, these changes were relatively minor
overall. Hence heave may be considered separately from the other two DOFs,
as commonly assumed by linear theory, provided that the incident wave
frequency is sufficiently high. At ωex = 1.1 rad/s, there also appeared to
be no changes to the total power absorbed caused by nonlinear pitch-surge
coupling. This is also consistent with the results in [31], which indicated
smaller effects of nonlinear pitch-surge coupling at higher frequencies.

Overall, the results from both the low and high frequency response
analysis strongly suggest that all three DOFs should be decoupled in the
design of multi-mode WECs. For surge and heave, the results for ωex = 0.6
rad/s suggest that it may be more advantageous in terms of absorbed power
to tune heave to a lower frequency than surge. This is likely due to the higher
heave excitation force amplitude at lower frequencies compared to the surge
DOF for this WEC geometry (see Fig. 5.13 in Appendix A).

Regarding the pitch DOF, results showed that pitch should be tuned
to a higher frequency than surge and heave, to reduce the effects of both
viscous drag and nonlinear hydrodynamic coupling. In particular, in the
results for ωex = 0.6 rad/s, when pitch was tuned to the same or a lower
natural frequency than surge (Fig. 5.5(a)-(b)), the total power absorbed by
the WEC was severely compromised. However, when the pitch was tuned to
twice the natural frequency of surge, the reduction in total power was not
as significant (Fig. 5.5(c)). Additional investigations were then carried out to
further explore the correlation between the tuning of the pitch DOF and the
power reductions observed in the nonlinear model, which will be discussed
in the following subsection.

5.5.2 Nonlinear motion analysis

The nonlinear WEC response for configurations where the surge DOF was
resonant (ωex/ωn1 = 1) at a wave frequency of ωex = 0.6 rad/s was then
examined in detail. At this point, it was noted that the surge and heave PTO
settings were the same (ωn1 = ωn3 = ωex) across all the pitch-surge natural
frequency ratios that were tested. Only the PTO settings of the pitch DOF
were different; as a result, the pitch amplitude and phase varied significantly
between cases (see Fig. 5.15-5.16 in Appendix B). In the WS model, this
would have affected the projected surface area of the WEC and consequently
the hydrodynamic forces calculated at different points along its trajectory.
Examining the pitch motions, especially in relation to surge and heave, may
therefore provide a physical explanation for the nonlinear behaviour obtained
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(a) (b)

(c) (d)

Figure 5.6: Pitch displacement time histories, at ωex = 0.6 rad/s and ωex/ωn1 = 1,
as obtained from (a) the FD model and (b)-(d) the WS model for different ωn5/ωn1
configurations. The pose of the WEC at key points where the magnitude of the pitch
displacement was either zero or at its maximum are also indicated and labelled2.

from the WS model.
Time histories of the pitch displacement were generated and shown in

Fig. 5.6 for the results at ωex/ωn1 = 1, for pitch-surge ratios of ωn5/ωn1 =

0.5, 1 and 2. Key points in the cycle, where the magnitude of the pitch
displacement was either zero or a local maximum, were then identified and
labelled on corresponding trajectory plots to fully visualise the motion of the
WEC in all three planar DOFs, shown in Fig. 5.7. Examples of the linear time
history and trajectory for ωn5/ωn1 = 0.5 from the FD model are also shown
in these figures to provide a basis for comparison for the nonlinear results.
Note that the pitch rotations in the trajectory plots have been exaggerated to
better compare the relative pose of the WEC between different points in the
cycle.

From a cursory comparison of the linear and nonlinear results in Fig. 5.6,
one of the most noticeable differences observed is the strong second harmonic
component in the pitch displacement signal obtained from the WS model.
By matching the points numbered in Fig. 5.6 with the corresponding WEC

2In the published version of this article, the graph labels incorrectly state ‘x3’. This
typographic error has been identified and amended here.
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(a) (b)

(c) (d)

Figure 5.7: Trajectory plots at ωex = 0.6 rad/s and ωex/ωn1 = 1, as obtained from
(a) the FD model and (b)-(d) the WS model for different ωn5/ωn1 configurations. The
poses of the WEC at key points, corresponding to those labelled in Fig. 5.6, are also
shown. WEC rotations displayed are not to scale.

positions in Fig. 5.7, it was noted that this nonlinear behaviour occurred
around the left- and top-most parts of the WEC’s trajectory when it moved
closer to the free-surface. This suggested that nonlinear free-surface effects
may have contributed to the behaviour observed in the WS model. The paths
followed by the WEC in the WS results were also slightly flatter on the top
half of the trajectory compared to the FD model, further supporting this
hypothesis.

Specific differences between each nonlinear case were then considered
by analysing the WEC pose at points where surge and heave displacements
were close to zero. This is because at instances where xj ≈ 0, the magnitude
of the velocity would also be closest to its maximum value.

5.5.2.1 Case ωn5/ωn1 = 0.5

In Fig. 5.7(b), it can be seen that the magnitude of the pitch displacement is
greatest at the right-most part of the WEC trajectory for this case. Hence, at a
point where the heave velocity was significant, both the projected area and
horizontal position of the WEC underwent the greatest changes relative to
its nominal position. On the left side of the trajectory, the second harmonic
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in the pitch displacement signal meant that the projected area of the WEC
was reduced twice during the upwards heave stroke. Both noted behaviours
would have led to discrepancies between the heave hydrodynamic forces,
and consequently the power calculated in the weakly nonlinear WS model
compared to the linear model for ωn5/ωn1 = 0.5.

In contrast, the change in WEC pose was not as significant on the top-
and bottom-most parts of the trajectory where the surge velocity was greatest.
As a result, there was a smaller discrepancy between the two models with
regards to the surge power absorbed, as observed in the previous results in
Fig. 5.5(a).

5.5.2.2 Case ωn5/ωn1 = 1

It can be seen in Fig. 5.7(c) that the pitch rotation, and consequently the
change in WEC pose, was smallest at the left- and right-most parts of the
trajectory for this case. Therefore, in this case, the WEC pose was closer to
its ‘nominal’ state during parts of the heave stroke where its velocity was
greatest. Hence the linear and nonlinear models showed a closer match in
power absorbed from heave.

Conversely, the largest changes to the WEC projected area occurred
when the surge velocity was dominant (i.e. when the surge displacement
is close to zero near the top and bottom of the trajectory). Furthermore, it
was noted that the pitch amplitudes are also greatest for this case. Such a
change in the WEC pose would have resulted in significant differences in the
WEC hydrodynamics between the linear and nonlinear models, especially
in the radiation forces [31]. The added mass and damping coefficients in
the radiation force are critical for determining resonance conditions for the
WEC; tuning the device according to the linear values may have therefore
resulted in the device being off-resonance. This could explain the reduced
surge motions and power observed between the linear and nonlinear models
for this case.

5.5.2.3 Case ωn5/ωn1 = 2

When the pitch natural frequency was twice that of surge as shown in
Fig. 5.6(d), the maximum values of pitch displacement were slightly smaller
compared to the previous cases. Furthermore, from Fig. 5.7(d), the change in
WEC pose at the most important parts of the heave and surge strokes were
also not as large. Hence for this case, the reduction in the nonlinear heave
power, specifically at surge resonance (ωex/ωn1 = 1), was not as severe.
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However, note that for ωn5/ωn1 = 2, the maximum drop in heave power
actually occurred when the surge and heave DOFs were slightly decoupled.
The exact reason for this behaviour was difficult to ascertain due to the
significant contribution of the second harmonic in the pitch results close to
this point. As previously discussed, the presence of second harmonic in the
pitch displacement causes the projected surface area of the WEC to change
more frequently. If the phase of the pitch DOF was not ideal, and these rapid
changes occurred in the middle of the upward and downward strokes where
the heave velocity was high, this could explain the discrepancies in heave
power obtained from the two models.

5.6 Recommendations for tuning natural frequencies

From the results presented in previous sections, it is apparent that nonlinear
hydrodynamic coupling has a significant and potentially detrimental effect
on the power that can be absorbed by the multi-mode WEC. This is an
important result due to the fact that, when designing controllers for WECs, it
is common to tune the natural frequencies of the device to match the peak or
energy frequency of the incident wave [18]. While this may be suitable for
single-DOF devices, simply tuning the operating DOFs of a multi-mode WEC
in a similar way could potentially lead to large over-estimations of power
absorbed. Given these findings, the selection of the most suitable natural
frequencies for the surge, heave and pitch DOFs must then be considered.

It is important to note that all previous analysis performed in this paper
only considered regular waves. Apart from preventing undesirable effects
of nonlinear hydrodynamic coupling, decoupling the surge, heave and pitch
DOFs could also potentially increase the broadband power absorption of
multi-mode WECs in real-life waves, which contain a spectrum of frequen-
cies. This could reduce the control effort required and increase the power
absorbed for a given incident wave spectrum. Estimates for the mean annual
power were therefore calculated to investigate the prospective broadband
performance of the multi-mode WEC in a real wave site.

5.6.1 Methodology for assessing broadband performance

An outline summarising the methodology used to estimate the potential
broadband power that can be absorbed by the multi-mode WEC is shown in
Fig. 5.8.

To demonstrate the benefits of decoupling all operational DOFs on broad-
band performance, two design approaches were compared:
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Case 1: All DOFs were tuned to match the peak frequency corresponding to
the most probable sea state of the chosen wave site.

Case 2: All DOFs were decoupled, with their natural frequencies tuned to
optimal values based on their hydrodynamic coefficients (rather than
on wave probability) and also sufficiently far apart to prevent hydro-
dynamic coupling.

For both cases, the natural frequencies of the device were tuned by
adjusting the PTO parameters in each DOF. Note that in this example, wave-
to-wave optimal control was not considered. Instead, only a simple causal
controller was considered, where the PTO parameters and hence natural
frequencies of the surge, heave and pitch DOFs were fixed based on the
chosen design approach.

Once the intended wave site and response of the WEC for each case were
determined, the average power absorbed by the WEC in a given sea state
was then approximated using a similar method described in [3]:

PS,i(Hs, Tp) =
∫ ∞

0
Sη,i(ω)pS(ω)dω (5.16)

where Sη,i(ω) is a Pierson-Moskowitz spectrum [25] of the wave elevation
for a given sea state with significant wave height Hs and spectral peak wave
period Tp, while pS(ω) is the power response of the WEC in regular waves of
unit amplitude (with units of W/m2). This was calculated for all the possible

Figure 5.8: Outline of methodology used to assess the mean annual performance of the
multi-mode WEC.
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sea states in the occurrence matrix of a given wave site to produce a power
matrix.

Finally, the average annual power was estimated by multiplying the sea
state occurrence matrix with the power matrix [9]:

Py =
Ns

∑
i=1

Oi(Hs, Tp) · PS,i(Hs, Tp) (5.17)

where Ns is the number of sea states considered and Oi is each sea state’s
probability of occurrence.

5.6.2 Wave site

The intended sea site for the multi-mode WEC was chosen. Given that the
WEC considered in this study is inspired by the CETO-6 device, the wave
climate near the Albany Test site, Western Australia, for which the device
was intended for, was chosen for this analysis. In Fig. 5.9, real time wave data
obtained from a buoy deployed close to the test site in Torbay, WA, is shown.
From this data, a significant wave height Hs of 2 m and peak period Tp of
12 s (ωp ≈ 0.52 rad/s) was identified as the most probable sea state for this
particular site.

Figure 5.9: Wave climate generated from real wave data from Torbay in
Western Australia, which is close to the planned deployment site for the
CETO-6 device in Albany.
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5.6.3 Power response

To determine the response of the multi-mode WEC, the natural frequencies
for the surge, heave and pitch DOFs were defined for each design approach.
For case 1, the natural frequency of each DOF were simply set to the most
probable peak period identified from Fig. 5.9 (ωn,j = 0.52 rad/s). To guide
the initial choice of appropriate natural frequencies for Case 2, a simple
linear FD analysis was performed where the maximum power that could be
potentially absorbed by each DOF in regular waves at different incident wave
frequencies was examined. Each DOF was treated independently and their
natural frequencies were simply tuned to match the incident wave as per
Eq. (5.15). Results illustrating the maximum power of each DOF are shown
in Fig. 5.10.

Among the three DOFs considered, the heave DOF resulted in the max-
imum power absorbed. This was achieved at a frequency of ωex = 0.52 rad/s,
or Tp ≈ 12 s, which matches well with the most probable wave period of the
wave site identified from Fig. 5.9. For surge, maximum power occurred at a
slightly higher frequency of ωex = 0.66 rad/s, while maximum pitch power
was achieved at an even higher frequency of ωex = 0.97 rad/s. Overall, these
frequencies are a suitable choice for Case 2, since the natural frequencies of
each DOF will be sufficiently far apart to minimise nonlinear hydrodynamic
coupling. The order of natural frequencies, from lowest to highest, also
matches with the order recommended in Section 5.5.

The PTO settings in each DOF required to achieve the desired natural
frequencies in each case were then fixed and the power absorbed by the WEC

Figure 5.10: Maximum power absorbed by each independent DOF when
tuned to match the incident wave for each frequency. From this analysis, the
optimal frequencies for each DOF are: ωn1 = 0.66 rad/s, ωn3 = 0.52 rad/s,
ωn5 = 0.97 rad/s.
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was assessed in regular waves with excitation frequencies ranging from ωex

= 0.2-2 rad/s. The resultant power response for each case in both the FD and
WS models are shown and compared in Fig. 5.11.

(a)

(b)

Figure 5.11: Power response of the WEC in regular waves, for (a) Case 1
where ωn,j = 0.52 rad/s for all DOFs and (b) Case 2 where ωn,j were all
decoupled and tuned to different frequencies (ωn1 = 0.66 rad/s, ωn3 = 0.52
rad/s, ωn5 = 0.97 rad/s).

The power responses for Case 1 in both the FD and WS models are
shown in Fig. 5.11(a). Results for this case confirmed that the pitch DOF was
ineffective at absorbing power when tuned to lower frequencies. In the linear
FD model, the design for Case 1 resulted in a large peak in power absorbed
at the peak wave frequency. However, the value for maximum total power
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absorbed was overestimated by 31.5% compared to the WS model. With all
three DOFs tuned to the same frequency, the reduction in power was caused
primarily by adverse coupling between the surge and pitch DOFs, similar to
the behaviour observed in Fig. 5.5(b).

Fig. 5.11(b) illustrates the results for Case 2, where the natural frequencies
of each DOF were decoupled and tuned to match their corresponding optimal
values found in Fig. 5.10. For this case, the power estimations obtained from
the linear FD model showed a better match with the WS model since the
DOFs were decoupled. Since the pitch DOF was tuned to a higher frequency,
it was able to contribute to power absorption for the WEC. Interestingly,
for this case, the WS results also show a slight contribution from the pitch
DOF to total power absorbed around ωex = 0.52 rad/s where the heave DOF
was dominant, despite not being tuned for those conditions. This nonlinear
coupling between heave and pitch was not observed in the results previously
presented in Section 5.5. A possible explanation could be the decreased heave
damping between ωex = 0.52 and 0.6 rad/s.

Comparing Cases 1 and 2, the maximum power absorbed in the linear
FD model was much greater at the peak wave frequency in Case 1 compared
to Case 2. Therefore, if only regular waves and linear hydrodynamics were
considered, the design used for Case 1 may appear to offer better performance.
However, from the results obtained in the WS model, where the effects
of nonlinear hydrodynamic coupling were included, the maximum power
achieved by the WEC in Case 1 was greatly reduced. As a result, Case 2
resulted in better performance in terms of both peak power achieved and
absorption bandwidth (defined as the normalised frequency range where
the total power absorbed remained within 50% of the peak value), with
improvements of approximately 8% and 56%, respectively.

5.6.4 Mean annual power

The wave climate data in Fig. 5.9 and the power response curves were then
applied to Eq. (5.16) and Eq. (5.17) to obtain estimates for the mean annual
power output of the WEC at the Torbay wave site for both design cases.
Example power matrices for Cases 1 and 2, produced using the WS power
response curves, are shown in Fig. 5.12. Final estimates for the average annual
power generated by both design cases, as obtained from the FD and WS
models, are given in Table 5.2.

From this analysis, the performance of the WEC in Case 2 was clearly
better in terms of average power absorbed. In Table 5.2, this advantage was
already observed in the FD results, with a 14.6% improvement in Py for
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(a)

(b)

Figure 5.12: Power matrices of the WEC for (a) Case 1 where ωn,j = 0.52
rad/s for all DOFs and (b) Case 2 where ωwn,j were decoupled and tuned to
different frequencies (ωn1 = 0.66 rad/s, ωn3 = 0.52 rad/s, ωn5 = 0.97 rad/s).

Table 5.2: Comparison of the yearly mean power output between the two
different design cases.

Case
Average annual power, Py

FD WS
1 173 kW 164 kW
2 198 kW 221 kW
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Case 2 compared to Case 1. This advantage was even greater in the WS
results when the effects of nonlinear hydrodynamics were included. While
the average annual power generated in Case 1 dropped, the power in Case 2
actually increased between the WS and FD models due to contribution of the
pitch DOF close to ω = 0.52 rad/s, as previously discussed. Altogether, this
led to an increase of 34.6% between the values of Py for Cases 1 and 2 in the
WS model.

5.7 Discussion

There were a number of limitations associated with the WS model used in
this study which should be noted. In particular, for the WEC operating at res-
onance, there may have been cases where the small perturbation assumption
of the WS approximation was not fully satisfied locally due to large body mo-
tions. Although the WS results were still likely to be more accurate than those
obtained from linear theory [8, 17], the validity of this assumption should be
confirmed through comparisons with fully nonlinear models or experiments.
Other additional limitations of the WS model encountered in this study,
which could be addressed in future work, included long computational times
and problems with handling surface piercing effects.

For this study, viscous drag forces were also implemented using the
Morrison equation in both the FD and WS models. Other phenomena related
to drag, such as vortex shedding and turbulence were not considered. These
effects can be expected to further reduce WEC amplitudes. From a modelling
perspective, the reduction in pitch amplitude would result in a closer match
between the FD and WS models, since the effect of nonlinear coupling would
also be further reduced. Therefore, it may also be valuable to test the multi-
mode WEC using CFD in order to fully simulate all of these nonlinear drag
effects and their impact on performance.

Given that the primary focus of this paper was specifically on the perform-
ance assessment, control and tuning of multi-mode WECs, further analysis
of the nonlinear hydrodynamic effects observed in Section 5.5 was not per-
formed. However, with the significant reduction in power observed and
relevant implications for multi-mode WECs, more detailed studies focusing
on nonlinear hydrodynamics arising from combined surge, heave and pitch
motions would be a pertinent area for future work. This could include in-
vestigating the impact of nonlinear free-surface effects, such as the existence
of trapped modes [19] and other potential interactions between the radiated
and incoming waves. Different WEC geometries could also be considered,
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which would affect the strength of nonlinear hydrodynamic coupling but
also the power absorption efficacy of each DOF.

Although Section 5.6 demonstrated the potential for improved broadband
power absorption using a different design approach for multi-mode WECs,
simulations involving irregular waves were not performed in order to avoid
over-complicating the current study. A complete analysis considering both
irregular waves and nonlinear hydrodynamic coupling effects together should
be performed in future work in order to confirm the benefits of this design
approach.

Further studies could also focus on more detailed optimisation of the
natural frequencies for each DOF. However, this will ultimately depend on
the specific WEC being considered and requires addressing the challenge
of realising these designs in the real-life system. For example, the actual
CETO-6 device relies on the use of three tethers for actuation and control,
which results in additional coupling between each DOF. Furthermore, the
system is under-actuated, meaning that it would be difficult to tune the pitch
DOF independently. Other active or passive control mechanisms, such as
changing the pitch moment of inertia or shifting the centre of gravity [20],
may be required to tune the pitch DOF accordingly. However, this in turn
may increase the cost of the system and consequently the levelised cost of
electricity of the device. Therefore, from a more general perspective, any
future work regarding the real-life actuation multi-mode WECs will also
need to consider whether the gains from including multiple DOFs for power
absorption can justify the increase in complexity in the control design.

5.8 Conclusion

The effect of fully linear and weakly nonlinear hydrodynamic coupling
between the surge, heave and pitch DOFs on the performance of a multi-
mode WEC with spring-damper control and a submerged cylindrical buoy
was investigated in this study. It was found that the effects of the weakly
nonlinear hydrodynamics on performance were most apparent when the
incident wave frequency was low. For the WEC system studied in this paper,
nonlinear coupling between DOFs at an incident wave frequency of ωex =
0.6 rad/s led to reductions in power absorbed of up to 27% in the weakly
nonlinear WS model, compared to the FD model. The reductions in power
were attributed predominantly to the relative phases between each DOF,
especially pitch. The greatest discrepancies were observed for cases where
pitching motions caused notable changes to the projected area of the WEC
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compared to its equilibrium position.
As a result, it was recommended to decouple the surge, heave and pitch

DOFs as much as possible when designing multi-mode WECs. Additionally,
for the cylindrical WEC considered in this study, it was further recommended
to tune the pitch DOF to higher natural frequencies to avoid the effects of
viscous drag. A higher natural frequency in pitch also resulted in a more
favourable phase relationship between the three DOFs, and consequently less
power lost through nonlinear hydrodynamic coupling.

Two potential design cases were then compared where the natural fre-
quencies of each DOF were: (1) all tuned to match the most probable peak
wave frequency and (2) decoupled and fixed at different frequencies to reduce
the effects of hydrodynamic coupling. From the resultant power response
curves alone, the linear FD results suggested greater power absorbed for
Case 1. However, this advantage disappeared when nonlinear hydrodynamic
coupling effects were included. As a result, decoupling the surge, heave and
pitch DOFs according to Case 2 resulted in similar power absorbed but with
a larger absorption bandwidth. The average annual power generated by the
WEC for both cases was also estimated to compare the potential broadband
performance. From this analysis, the performance of the device in Case 2 was
clearly superior, especially from the nonlinear results which suggested an
improvement in average power of over 30% compared to Case 1 for the WEC
considered in this paper.

Overall, the results of this analysis highlight the importance of select-
ing appropriate natural frequencies in the design of multi-mode WECs. In
addition to reducing the effects of nonlinear hydrodynamic coupling, the
potential for increasing the power absorption of the device in real seas was
also identified. However, further analysis involving both irregular waves and
nonlinear hydrodynamics is required to confirm the benefits of the proposed
multi-mode WEC design strategy. More detailed controller designs will also
need to address the challenge of decoupling and tuning each DOF in real
WEC designs, especially in the case of under-actuated systems.

Acknowledgements

This research was supported by an Australian Government Research Training
Program (RTP) Scholarship. The numerical WS_CN model used in this study
was developed by École Centrale de Nantes and shared with the University
of Adelaide for wave energy research. This work was also supported with
supercomputing resources provided by the Phoenix HPC service at the

158



5.A Linear hydrodynamic coefficients

University of Adelaide.

Appendix 5.A Linear hydrodynamic coefficients

In this study, the excitation force and radiation coefficients used in the linear
FD model were determined using analytical expressions [14, 15]. Values of
the linear amplitude |Fexc| and phase ∠Fexc used to calculate the excitation
force in the FD hydrodynamic model are shown in Fig. 5.13 for a range of
wave frequencies. Likewise, for the radiation force calculations, the individual
matrix elements for the added mass and radiation damping coefficients are
given in Fig. 5.14. Note that due to reciprocity relation, Arad,15 = Arad,51 and
Brad,15 = Brad,51 [10].

(a)

(b)

Figure 5.13: Surge and heave excitation force and pitch excitation moment (a)
amplitudes and (b) phases.

Appendix 5.B Nonlinear amplitude and phase

The velocity amplitudes and phases of each DOF were also compared between
the FD and WS models, shown in Fig. 5.15-5.16. Note that results for velo-
city were shown instead of displacement, given the important relationship
between WEC velocity and excitation force when assessing power. To extract
the velocity amplitudes and phases of the dynamic signal obtained from the
WS model, a simple least mean squares method was used. It was assumed
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(a) Surge-surge

(b) Heave-heave

(c) Pitch-pitch

(d) Surge-pitch

Figure 5.14: Added mass and radiation damping coefficients.

that the obtained WS signal could be approximated using a series expansion
[1]:

ẋ(t) = ∑
i

aicos(ωit) + bicos(ωit) (5.B.1)

where ai and bi are the unknown coefficients of the ith frequency component,
which were computed by minimising the sum of the squared errors between
the approximation and the original dynamic signal from the WS model.
These coefficients were then used to determine the magnitude and phase at
of the signals at each natural frequency ratio. In Fig. 5.15, the amplitudes of
the first and second harmonic are shown in the results for ωex = 0.6 rad/s.
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(a) ωn5/ωn1 = 0.5

(b) ωn5/ωn1 = 1.0

(c) ωn5/ωn1 = 2.0

(d) ωn5/ωn1 = 0.5

(e) ωn5/ωn1 = 1.0

(f) ωn5/ωn1 = 2.0

Figure 5.15: Amplitudes of the surge, heave and pitch DOF at various incident wave frequen-
cies, as obtained from the FD and WS models for pitch-surge natural frequency ratios of
(a)-(c) 0.5, (d)-(f) 1.0 and (g)-(i) 2.0.

For ωex = 1.1 rad/s, the second harmonic was not as significant, so only the
first harmonic amplitude is displayed. For the phases in Fig. 5.16, only the
fundamental frequency component is shown, since this is the most important
for determining the total average power that can be absorbed by the device.

It was noted that for ωex = 1.1 rad/s, a noticeable phase offset was
observed between the FD and WS models, as seen in Fig. 5.16. However, the
same offset was present between the phases of the excitation force obtained
from models as well. Therefore, since this phase differential was identical, the
power calculations should not be affected and were still comparable between
the two models.
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(a) ωn5/ωn1 = 0.5

(b) ωn5/ωn1 = 1.0

(c) ωn5/ωn1 = 2.0

(d) ωn5/ωn1 = 0.5

(e) ωn5/ωn1 = 1.0

(f) ωn5/ωn1 = 2.0

Figure 5.16: Phases of the surge, heave and pitch DOF at various incident wave frequencies,
as obtained from the FD and WS models for pitch-surge natural frequency ratios of (a)-(c) 0.5,
(d)-(f) 1.0 and (g)-(i) 2.0.
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Chapter 6

Design considerations for a
three-tethered WEC with
nonlinear coupling between
modes

To this point, all the analysis has been focused on fully-actuated systems
with independent control in all hydrodynamic modes. This was necessary to
isolate the effect of nonlinear hydrodynamic coupling on the system, which
in the previous chapter was found to negatively impact power when all
three hydrodynamic modes were tuned to the same natural frequency. It was
therefore recommended for the surge, heave and pitch modes to be tuned
to different frequencies in such a system, to avoid compromising the total
power absorbed as well as potentially improving broadband performance in
irregular waves. However, the assumption of fully independent control may
not be reflective of many real-world devices which are often under-actuated.

The behaviour of the coupled hydrodynamic modes in an under-actuated
three-tethered multi-mode WEC is therefore considered in this chapter, as
shown in Figure 1.2(c). Here, the hydrodynamic modes are coupled not only
through the nonlinear hydrodynamic forces, but also through geometric
nonlinearities arising from the tether arrangement. This analysis is therefore
intended to build upon the knowledge previously established in Chapter 5,
which considered the effect of coupling due to hydrodynamic nonlinearities
only. To this end, a Time-Domain (TD) model is also developed in addition
to the fully linearised potential flow and weakly-nonlinear WS models used
in Chapters 4 and 5 to study the under-actuated WEC system. While the
WS model includes both geometric and hydrodynamic nonlinearities, the
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TD model can be used to observe and distinguish between the effects of
geometric nonlinearities on the system exclusively.

The focus of this analysis is retained on the surge, heave and pitch modes,
in order to make the problem more tractable without the complication of
the other orthogonal DOFs and to allow a better comparison with the study
previously presented in Chapter 5. Sensitivity studies are performed in this
chapter to analyse the influence of various aspects of the three-tethered
WEC design, such as the tether arrangement and mass distribution, on the
power absorbed and nonlinear response of the converter, while addressing
the following research question: What design parameters can be implemented to
passively tune the hydrodynamic modes in a nonlinear, under-actuated WEC device?

This chapter is based on the following manuscript submitted for review,
with a number of additional changes based on examiner comments:
Tran, N., Sergiienko, N. Y., Cazzolato, B. S., Ghayesh, M. H. and Arjomandi,
M. (2022). “Design considerations for a three-tethered point absorber wave
energy converter with nonlinear coupling between hydrodynamic modes”.
In: Ocean Engineering 254, p. 111351
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Design considerations for a three-tethered point
absorber wave energy converter with nonlinear coupling

between hydrodynamic modes

N. Tran, N. Y. Sergiienko, B. S. Cazzolato, M.H. Ghayesh, M. Arjomandi

Abstract

Multi-mode Wave Energy Converters (WECs) are designed to har-
vest energy simultaneously from multiple hydrodynamic modes, thereby
maximising power absorption. The behaviour of each operational mode
must be carefully considered, given that hydrodynamic and geomet-
ric coupling between modes can lead to severe reductions in power if
improperly designed. This study aims to investigate how the design
of a planar three-tethered WEC can be used to tune the behaviour of
the surge, heave and pitch hydrodynamic modes to achieve maximum
power absorption. The effect of various design parameters, namely
the power take-off control parameters, tether angles, tether attachment
points, centre of gravity and rotational moment of inertia, on the per-
formance of a WEC subjected to both geometric and hydrodynamic
nonlinearities was investigated. Results indicated that, to absorb the
most power in regular waves, the tether configuration should be adjus-
ted such that two of its rigid body modes are resonant with the incident
wave. For this WEC, these rigid body modes should contain predomin-
antly surge and heave motions, since the contribution to power from
pitch is relatively minimal. Geometric nonlinearities associated with the
tether arrangement were found to cause sub-harmonic excitations which
severely compromised device performance. The detrimental effect of
these sub-harmonic excitations was further exacerbated when nonlinear
hydrodynamics were considered, leading to greater losses of power.
In irregular waves, surge and heave remained the primary absorption
modes for power, although the optimal design was more strongly driven
by performance in surge. Overall, maximum power was achieved when
the WEC was tuned according to the dominant excitation frequency in
surge, and when all three tethers were attached close to one another on
the bottom of the buoy.

6.1 Introduction

Despite the numerous Wave Energy Converter (WEC) prototypes proposed
over the years, there is still no convergence on the best design. An emerging
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category of point absorber designs are multi-mode converters, which are
capable of absorbing power from multiple hydrodynamic modes simultan-
eously. Compared to an axisymmetric Point-Absorber (PA) WEC operating
in heave only, a multi-mode WEC can potentially harvest up to three times
more power from incoming waves [9].

In this paper, the term ‘multi-mode converter’ is used to refer to devices
that are designed to harvest power from several hydrodynamic modes (i.e.
surge, heave or pitch) simultaneously. It is also necessary to note that these
hydrodynamic modes are distinct from a device’s rigid body modes of vibration,
which may result from the Power Take-Off (PTO), mooring configuration or
the design of the WEC itself (e.g. hinged multi-body devices). Devices with
only one dominant hydrodynamic mode for power absorption (e.g. heave)
are not included in the category of ‘multi-mode converters’ as defined here,
irrespective of the number of rigid body modes or their ability to move in
multiple directions at once.

When developing multi-mode WECs, it is necessary to consider the effect
of each hydrodynamic mode on the total power absorption efficiency of the
device. However, this can prove challenging due to the coupled interactions
between hydrodynamic modes. As a result, it is not sufficient to simply
employ the design methodologies typically used for generic single-DOF
converters, as this could potentially lead to sub-optimal performance [36,
45]. It is therefore necessary to carefully consider both the controller and
geometric design of the device itself when developing multi-mode WECs,
since these aspects can significantly influence the coupled dynamics of the
system.

Regarding the design of the controller specifically, several researchers
have attempted to address the multi-Degree-of-Freedom (DOF) control of
WECs operating in the surge, heave and pitch modes simultaneously. In an
early study, Yavuz [51] considered the active control of a floating WEC, and
suggested that coupling between the surge and pitch modes could potentially
be used to improve the performance of the device. Control of a planar three-
DOF floating WEC was also considered in a later study by Abdelkhalik
et al. [2] who, in contrast to Yavuz, recommended only using either surge
or pitch for power absorption. Energy could instead be shifted from one
mode to the other through their coupled dynamics, allowing the system
to absorb the same amount of power as when both surge and pitch were
active simultaneously, while also reducing the number of actuators required.
Various other studies have also considered the Multiple-Input Multiple-
Output (MIMO) control of similar floating multi-DOF WEC devices [1, 20,
52], including experimental testing in a more realistic ocean environment by
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Coe et al. [5]. However, while the controllers in these studies were designed
to take into account coupling between hydrodynamic modes, the significance
of this coupling on performance was not examined. Furthermore, all of
the aforementioned studies also assumed fully-actuated devices capable of
independent control in all hydrodynamic modes.

For under-actuated devices with more complex actuator systems, separate
studies by Sergiienko et al. [36, 41] and Hillis et al. [14] have also attempted
to apply MIMO velocity tracking control strategies to multi-tethered systems
based on the CETO-6 and WaveSub WECs, respectively. However, like most
controllers that have been developed specifically for multi-mode WECs, the
strategies developed in these studies were designed under the assumption of
linear hydrodynamics. This is an important consideration, given that control
strategies developed based on linear hydrodynamic models have consistently
led to over-estimations of power when compared to results from higher
fidelity models [6].

Apart from the controller, the geometric design and actuation systems
of the WEC can also influence the behaviour of each hydrodynamic mode
relative to one another. While many studies have addressed the geometric
optimisation of wave energy converters [12, 13], studies focused on the
design of multi-mode converters specifically are comparatively limited. A
number of studies have attempted to optimise the shape of the buoy used
in multi-mode WECs, such as the CETO-6 [25, 42], Triton WEC [34] and
CECO [33] devices, in order to improve the power absorbed by at least two
different modes simultaneously. Aside from the shape of the buoy, there are
various other aspects of the device design that can also have an effect on its
performance. For example, Sergiienko et al. [37] demonstrated how the buoy
aspect ratio and tether angles in a multi-mode cylindrical WEC with three
tethers arranged in a ‘tripod’ configuration, similar to the CETO-6 device,
can be adjusted to achieve a greater power absorption from either surge or
heave. In another study, Fararggiana et al. [10] applied a genetic algorithm to
determine the ideal values for various device parameters, such as the floater
spacing and PTO settings, in an attempt to minimise the levelised cost of
electricity of the WaveSub device. In a study by Meng et al. [22], the location
of an offset mass was used as a design variable to modify the response
of a multi-mode asymmetric spherical point absorber. Improvements in
power were observed for mass offset configurations which facilitated coupled
motions between the surge and heave modes.

Overall, most studies indicate that surge and heave are the most effective
hydrodynamic modes for power absorption in multi-mode WECs, whereas
the effect of the pitch mode is often neglected. This is partly due to the
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geometries considered - if the buoy is spherical or sufficiently small, the
influence of pitch on the device response is expected to be relatively minimal
overall. However, for other geometries or larger WECs, pitch motions can
significantly influence the behaviour in surge and heave due to hydrodynamic
coupling between modes. This was demonstrated in a study by Sergiienko et
al. [36], who considered the MIMO control of a submerged cylindrical WEC.
While the controller was designed to optimise the heave and surge motions,
hydrodynamic coupling effects with pitch were neglected. As a result, up to
15% of the total power was lost through the pitch mode.

The effect of coupling between modes on performance can become even
more apparent when nonlinear hydrodynamic forces are considered. Using
a weakly nonlinear numerical model, Tran et al. [45, 46] studied the non-
linear hydrodynamic coupling caused by changes to the projected area of a
cylindrical WEC due to large pitching motions. Results indicated that non-
linear hydrodynamic coupling can severely compromise performance if the
operational DOFs in a multi-mode system are not correctly tuned, especially
in cases where large pitch motions are also present. It is therefore critical to
consider methods of minimising the influence of coupling with pitch in the
design and control of multi-mode WECs, especially since it is often difficult
to restrain pitch in practice.

The motivation of this study is to provide insight into the application
of geometric design for passive tuning of the surge, heave and pitch hy-
drodynamic modes in a three-tethered cylindrical WEC. The WEC design
is influenced by Carnegie Clean Energy’s CETO-6 device, consisting of a
flat cylindrical buoy and three tethers which allow the device to harvest
energy from surge, heave and pitch simultaneously. This study also aims to
identify the impact of various system nonlinearities on the performance of
this multi-mode WEC, namely those caused by the tether arrangement and
hydrodynamic coupling.

The paper is organised as follows. Details pertaining to modelling of the
system, such as the WEC dimensions and equations of motion, are provided
in Section 6.2. The sensitivity of the WEC performance to different design
parameters in regular waves is analysed using a fully linearised model
in Section 6.3. Section 6.4 then introduces geometric and hydrodynamic
nonlinearities to the system in order to determine their effects on the overall
performance of the multi-mode WEC. The performance of the multi-mode
WEC in irregular waves is considered in Section 6.5. The paper is concluded
in Section 6.6.
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6.2 Wave energy converter model

This section describes the multi-mode WEC system and numerical models
which were considered in this study. Three numerical modelling approaches
were used to analyse the performance of the multi-mode WEC:

(1) A fully linearised Frequency Domain (FD) model,

(2) Time Domain (TD) modelling implemented in Simulink/ MATLAB,

(3) A weakly nonlinear potential flow model based on the Weak-Scatterer
(WS) approximation [28].

These modelling approaches were used to study and distinguish between
the effects of the two key nonlinearities considered in this work: (1) geometric
nonlinearities due to the tether system and (2) hydrodynamic nonlinearities
caused by the changes in the instantaneous position of the WEC due to
large amplitude motions. The TD model was used to observe the effects of
geometric nonlinearities on the system alone, while the WS model included
both geometric and hydrodynamic nonlinearities. The key assumptions and
equations relevant to each modelling approach will be discussed in the
following subsections.

6.2.1 System description

The multi-mode system investigated in this study consists of a fully sub-
merged, disk-like WEC with a three-tether mooring configuration, as illus-
trated in Fig. 6.1. In addition to anchoring the buoy to the sea floor, each
inclined tether is also connected to a PTO unit, allowing the WEC to harvest
energy from surge, heave and pitch motions simultaneously.

The constant parameters of the WEC used in this study are given in Table
6.1, which are based on design parameters previously proposed for Carnegie
Clean Energy’s full-scale CETO-6 device [32]. Based on its dimensions, the
device can be classified as a quasi-PA type WEC [44]. Due to the large
pitch amplitudes considered in this study, a relatively deep submergence
depth of ds = 6.5 m (taken from the centre of the buoy) was used in the
analysis to prevent the WEC from breaking the free-surface and resulting
in an invalidation of the assumptions of the WS model. This depth is also
consistent with the value used in [45, 46], which allows for more direct
comparisons to be drawn between the results of this analysis and those
reported in the aforementioned studies.
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Table 6.1: WEC parameters.

Parameter Notation Value
Radius a 12.5 m
Height H 5 m
Mass m 1.99 ×106 kg
Water depth d 30 m
Submergence depth ds 6.5 m

For the preliminary analysis, it was assumed that the buoy was excited
by linear, monochromatic plane waves travelling purely in the positive x-
direction. Irregular waves were then introduced and discussed in Section 6.5.
Only planar motions in the xz-plane were considered, denoted by the position
vector x = [x1 x3 x5]T. The subscripts 1, 3 and 5 refer to the surge, heave and
pitch hydrodynamic modes, respectively. For this WEC design, it is assumed
that the rotary PTOs allow sufficiently large extensions of tethers and hence
displacement constraints were not included in this study. This assumption
also allows nonlinear behaviours of the WEC to be more clearly identified.
However, depending on the design of the real-life device, the power delivered
in practice may be lower than the values reported here.

Each tether is connected to a PTO unit, which is modelled as a spring-
damper system that generates a force proportional to the tether displacement
and velocity. Two main parameters were used to define the geometry of the
tethers: the tether inclination angle α and the horizontal tether attachment
location on the buoy hull xTA. In this study, it was assumed that the PTO
parameters, tether angles and attachment point locations were identical for

(a) (b)

Figure 6.1: Schematic of the three-tether WEC: (a) 3D view and (b) front view
(xz-plane). Not to scale.
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all three tethers. The vertical position offset between the centre of gravity and
the geometric centre of the buoy was also investigated and is denoted by zCG.
Horizontal position offsets of the centre of gravity were not considered in
this study. From the values of xTA and zCG, the angle between the centre of
gravity and tether attachment points can also be calculated, denoted by β.

6.2.2 Equations of motion

Assuming an incident wave travelling along the positive x-direction, the
equation describing the dynamic motion of the WEC in the planar surge,
heave and pitch modes can be written as:

Mẍ(t) = Fbuoy(t) + Fvisc(t) + FPTO(t) + Fhyd(t) , (6.2.1)

where M is the mass matrix and ẍ is the acceleration at the centre of gravity
of the buoy. The main forces acting on the buoy, Fbuoy, Fvisc, FPTO and Fhyd

are the buoyancy, viscous, PTO and hydrodynamic (excitation and radiation)
forces, respectively.

The vector Fbuoy consists of the buoyancy force in heave and a moment in
pitch generated by the offset between the centre of gravity and the centre of
buoyancy:

Fbuoy(t) =

 0
(ρV − m)g

(ρV − m)gzCG sin(x5)

 , (6.2.2)

where ρ is the density of water, V and m are the volume and mass of the buoy,
respectively, and g is the acceleration due to gravity. The buoy is positively
buoyant, with the PTO and tether systems providing the tension required to
keep the device fully submerged.

The viscous drag force in surge and heave can be modelled based on
the Morison equation [24], while the pitch damping moment due to viscous
effects can be calculated from the product of drag force and moment lever
from the pitch axis [16, 17]:

Fvisc(t) =


− 1

2 ρCDx Ax|ẋ1 − ẋ f ,1|(ẋ1 − ẋ f ,1)

− 1
2 ρCDz Az|ẋ3 − ẋ f ,3|(ẋ3 − ẋ f ,3)

− 1
2 ρCDxzD4D|ẋ5|ẋ5

 , (6.2.3)

where CDx, CDz, CDxz are the viscous drag coefficients in surge, heave and
pitch, respectively. Ax and Az denote the cross-sectional areas of the buoy
in surge and heave, respectively, while D = 2a is the diameter of the buoy.
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The buoy velocity in the j-th hydrodynamic mode is denoted by ẋj, while
the undisturbed fluid particle velocity in surge and heave at the position of
the geometric centre of the buoy is denoted as ẋ f ,1 and ẋ f ,3, respectively. The
viscous drag effects were considered independently in each hydrodynamic
mode, assuming fixed cross-sectional areas. The viscous drag coefficients in
surge, heave and pitch respectively were taken as CDx = 1, CDz = 1.2 and
CDxz = 0.2, based on published results from [15, 31].

In the linear FD model, the nonlinear quadratic terms in Eq. (6.2.3) were
approximated using a Lorentz linearisation approach [11, 23, 43]. Therefore,
in the FD model and for each wave height condition, the viscous drag forces
can alternatively be modelled as:

F̂visc(ω) = −Bvisc(ω)û(ω) , (6.2.4)

where ^ denotes the complex amplitude, û is the velocity of the buoy in the
frequency domain and Bvisc is the matrix containing the linearised viscous
damping coefficients.

6.2.3 PTO and power absorption

The full nonlinear equations for the tether forces have been previously derived
in [40, 41] for a three-tethered WEC, hence only the key points will be outlined
here.

It is assumed in this study that the PTO system does not contain any
hard-stop motion constraints. The total PTO force acting along the i-th tether
is therefore modelled as [3]:

Ftether,i(t) = CPTO − BPTO∆ℓ̇i(t)− KPTO∆ℓi(t) , (6.2.5)

where the damping and stiffness coefficients applied to each tether are
denoted BPTO and KPTO, respectively. It is also assumed that all the tethers
remain taut (Ftether,i > 0) throughout the operation of the device. The term
CPTO is a constant force that counteracts the buoyancy force experienced by
the WEC in an undisturbed position, given by:

CPTO = − (ρV − m)g
3 cos α

. (6.2.6)

The change in the length of the i-th tether is denoted ∆ℓi. The rate of
change of the tether length can be mapped from the WEC velocities in the
Cartesian coordinate frame using the inverse kinematic Jacobian [37]:

q̇(t) = J−1(t)ẋ(t) , (6.2.7)
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where q is a vector containing the tether length variables q = [ℓ1 ℓ2 ℓ3]T and
J−1 is the inverse kinematic Jacobian.

Since the instantaneous tether length and inverse kinematic Jacobian
are both position-dependent, the PTO force acting on the WEC is therefore
nonlinear. The full nonlinear tether forces are included in both the TD and
WS models. Through the ‘small angle’ approximation, the linearised tether
forces can also be calculated in the FD model using the WEC motions in the
Cartesian coordinate frame:

F̂PTO(ω) = −Ktx̂(ω)− Btû(ω) , (6.2.8)

where Kt and Bt can be found in [35].
The total instantaneous power absorbed by the system is determined by

summing the mechanical power dissipated by the PTO dampers along each
tether:

P(t) = BPTO

3

∑
i=1

(
∆ℓ̇i(t)

)2
. (6.2.9)

In the FD model, Eq. (6.2.9) can be re-written to give the time-averaged
power absorbed by the WEC [9]:

P =
1
2

BPTO

3

∑
i=1

∣∣∣∆ ˆ̇ℓi

∣∣∣2 , (6.2.10)

where ∆ ˆ̇ℓi can be calculated using the inverse kinematic Jacobian at the
nominal position of the buoy.

6.2.4 Hydrodynamic modelling

The FD and TD models used in this study both employ linear hydrodynamic
coefficients calculated from semi-analytical equations [18, 19], which have
been previously validated against results from a higher-order boundary
element method. These equations can be used to find the excitation and
radiation forces acting on the WEC about its equilibrium position. The values
used to model the excitation force Fexc, added mass matrix A and radiation
damping matrix B, can be found in Appendix 6.A.

For the TD simulations, Eq. (6.2.1) was implemented in Simulink/MATLAB.
The ode45 solver was used with a time step of ∆t = 0.01 s and total simula-
tion time of 300× T, where T is the period of the incident wave. The transient
response in the first 15 × T was omitted in the analysis. The Marine Sys-
tems Simulator toolbox [29] was used to obtain a state space representation
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of the convolution integrals for the radiation forces. Values of the infinite-
frequency added mass were obtained using the boundary element method
solver NEMOH [4].

To capture the effects of nonlinear hydrodynamic coupling between
modes, a weakly-nonlinear potential flow model based on the WS approxim-
ation [28] was used. The code for the WS numerical model used in this study
was developed by École Centrale de Nantes (ECN) [21]. This model also
performs simulations in the time domain; however, the instantaneous hydro-
dynamic forces are calculated using the position of the WEC at each time step.
It is noted that nonlinearities related to surface piercing and wave breaking
effects cannot be captured using this model and are therefore considered
outside the scope of this study.

Justification for the use of the WS modelling approach was provided
previously in [45], while more detail about the mathematical theory and
assumptions of the WS model can be found in [21, 49, 50]. A more detailed
comparison of the key differences between the WS, linear potential flow
and CFD models with regards to WEC applications can also be found in [8].
Validation of the ECN WS code used in this study against other available
hydrodynamic models and experimental data has also been performed in
[48] and [47], respectively.

All three models were further verified for the three-tethered case used
in this study by comparing results from linear cases with a small wave
amplitude of Aw = 0.1 m. A very good match was achieved across all three
models for these cases. Mesh and time step convergences were also checked
for the WS model, as detailed in Appendix 6.B. A value of ∆dx = λ/250
(where λ is the wavelength of the incoming wave) was used for the smallest
mesh elements on the free-surface above the cylinder in the WS model. For
the time step, a value of ∆t = T/300 was used. The cylindrical body was
meshed using approximately 4000 panels, while 2800 to 3200 panels were
used for the free-surface mesh depending on the incident wavelength.

6.3 Sensitivity study of the linear model

The sensitivity of the WEC performance to various design parameters was
first examined using the linear FD model. Five main design parameters
were initially considered as part of the sensitivity study. The selected design
parameters were the PTO stiffness KPTO, the tether attachment angle α, the
horizontal position of the tether attachment points on the bottom of the
buoy xTA, the vertical position of the centre of gravity zCG and the rotational
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Table 6.2: Design parameters used in the sensitivity study.

Order Design parameter Notation Unit Min Max Nominal

1 PTO stiffness KPTO N/m 5 ×105 5 ×107 N/A

2 Tether angle α deg 0 85 28.3

3 Tether attachment point xTA m 0 12.5 0.53

4 Centre of gravity position zCG m -2.5 2.5 0

5 Pitch moment of inertia Iyy kg·m2 1.07 ×103 3.11 ×108 8.19 ×107

moment of inertia in the pitch axis Iyy. The design parameters are listed in
Table 6.2, along with the upper, lower and nominal values considered for
each parameter.

For most design parameters, the minimum and maximum values were
constrained by the physical dimensions of the device (e.g. buoy radius and
height). The PTO stiffness was constrained to values between 0.1-10ρgπa2

(where ρgπa2 is a normalisation factor based on the hydrostatic stiffness of
an equivalent floating buoy). For the pitch moment of inertia Iyy, the nominal
value was taken as the moment of inertia for a solid cylinder with evenly
distributed mass. The lower limit was defined as the moment of inertia if all
the WEC mass was theoretically concentrated in a sphere of radius 0.1 m at
the centre of the buoy. The upper limit of the moment of inertia occurs when
all the WEC mass is distributed in a ring along the outer radius of the buoy.
The nominal values for KPTO, α and xTA were determined during the analysis
process, with more details given in the following subsection.

6.3.1 Power absorbed

A systematic grid search was used to obtain a holistic picture of the sensitivity
of the WEC performance across the range of parameters listed in Table 6.2.
To reduce computational costs and better characterise the search space, the
analysis was limited to pairs of grid searches. In other words, for each
possible pair of design parameters, the power absorbed by the WEC was
determined as these two parameters were varied, while all other parameters
were kept constant at the nominal values given in Table 6.2. An exception
to this arrangement was the grid search where KPTO and α were the pair of
parameters being varied. In this case, the value of xTA was adjusted such that
α = β for all values of α. The PTO damping value BPTO was optimised at
every point in the grid search, such that it maximised the power that could be
absorbed by the WEC for all cases considered. Further information regarding
the optimal PTO damping values is given in Appendix 6.C. The PTO stiffness
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KPTO was also optimised for all grid search points, with the exception of
cases where it was one of the design parameters being varied. The design
parameter pairs were investigated sequentially according to the order given
in Table 6.2, hence the nominal values of α and xTA were chosen based on
optimal configurations from previous tests.

The full sensitivity analysis was performed for regular waves with an
amplitude of Aw = 0.5 m across a range of frequencies of ωex = 0.5-1.0
rad/s. These excitation frequencies were considered based on the expected

Figure 6.2: Sensitivity matrix showing the change in total power absorbed
by the WEC as the design parameters are varied. Results are from the linear
FD model assuming regular waves with frequency ωex = 0.6 rad/s and
amplitude Aw = 0.5 m. Unique parameter pairs that resulted in maximum
power are also indicated by a cross in the figure. The dashed lines indicate
sections of the results where more detailed power and modal analysis was
conducted.
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operating range of the actual CETO-6 device. The grid search results for
waves with an excitation frequency of ωex = 0.6 rad/s are displayed in the
matrix shown in Fig. 6.2. Whilst not presented here, the trends identified
across the full range of frequencies are reflected in this figure.

From this analysis, KPTO, α and xTA were identified as the parameters that
had the greatest effect on the power absorbed by the WEC. Unsurprisingly,
when KPTO was not properly optimised, there were cases where the power
absorption capability of the device dropped to only 3% of the maximum total
power. The device was far from resonance in these cases, hence the phase
optimality conditions between the wave excitation force and device velocity
could not be fulfilled. For the tether angle α, assuming KPTO was optimised
and all other parameters were kept constant, power reductions of up to 53%
were observed when this parameter deviated significantly from its optimal
value. Similarly, assuming optimal KPTO and α, sub-optimal locations of xTA

could result in decreases of up to 47% of the total maximum power.
Regarding the centre of gravity location zCG, its optimal position appeared

to be dependent on the tether attachment point location xTA. If xTA was
already optimised, there was minimal benefit in shifting zCG from its nominal
value. In fact, changing zCG was more likely to result in losses to power
instead, with up to a 37% reduction in the maximum total power when
the centre of gravity was shifted to the bottom of the buoy. Finally, out of
all the design parameters considered, the WEC performance appeared to
be least affected by the pitch rotational moment of inertia Iyy. When all
other parameters were optimised, adjusting this value only resulted in a 1%
difference in total power.

While Fig. 6.2 gives an indication of the overall sensitivity of the total
absorbed power to the design parameters, the effect of these parameters on
each hydrodynamic mode individually is not as obvious. Additional analysis
was therefore conducted to explore the effect of each key design parameter
on the power absorbed by each hydrodynamic mode in greater detail.

6.3.2 Contribution of hydrodynamic modes to power

The total power absorbed by the WEC was then decomposed into the power
absorbed from each of the heave, surge and pitch modes individually. The
contribution of each mode, given an incident wave with ωex = 0.6 rad/s
and Aw = 0.5 m, is shown in Fig. 6.3 for varying values of α, xTA and zCG.
For clarity, only relevant slices of the full results, indicated by the dashed
lines in Fig. 6.2, are displayed and analysed here. In Fig. 6.3(a), the effect
of α on the power absorbed by each hydrodynamic mode is shown (with
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(a)

(b)

(c)

Figure 6.3: Contribution of each hydrodynamic mode to power in the linear
FD model as the (a) tether inclination angle α, (b) tether attachment point
location xTA and (c) centre of gravity position zCG is varied. Heave and surge
are the primary modes of power absorption.
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α = β, as was the case in the grid search). The stiffness parameter KPTO in
this plot corresponds to the optimal value resulting in maximum power as
identified from the grid search (KPTO = 2.4 MN/m). Fig. 6.3(b) illustrates
the effect of xTA on power, with a constant tether angle of α = 28.3°. The
corresponding value of β is also displayed on the graph. In this plot, both
KPTO and BPTO were optimised for all values of xTA shown. In Fig. 6.3(c), the
power absorbed by the WEC with different zCG locations is shown, given a
fixed tether inclination of α = 28.3° and tether attachment location of xTA =
0.53 m.

From the results shown in Fig. 6.3, it is clear that heave and surge are the
main hydrodynamic modes for power absorption. In contrast, pitch does not
contribute much to power overall, and in some configurations even results in
reductions to the total power, which is consistent with the results of a previous
study by Sergiienko et al. [36]. Although slight contributions to power from
pitch were observed in some configurations, this gain was relatively minimal
overall; hence, one can conclude that avoiding the potential losses from pitch
should be the main focus when tuning the design parameters of the device.

Out of the design parameters considered, the tether angle α was particu-
larly important as it determined the relative effectiveness of the surge and
heave modes for power absorption (as previous identified by Sergiienko et al.
[37]). In fact, apart from the PTO stiffness KPTO, the tether angle was the only
other parameter that had a noticeable effect on response of the heave mode.
At very small tether angles, the WEC behaves similar to a single-tethered
heaving point absorber, which consequently limits the power absorption
ability of the surge mode. In contrast, heave becomes relatively less effective
at very large tether angles. It is noted that power absorbed by surge appeared
to be more sensitive to the tether angle than the power in heave. Overall,
a total maximum power of 506 kW was achieved for a tether angle of α =

28.4°, which corresponds roughly to a 2.5 times increase compared to the
case at α = 0° when only heave was contributing to power. This is close to the
three-fold increase in power predicted by linear theory for an axisymmetric
point absorber [9]. The slight reduction compared to the theoretical limit is
due to the inclusion of viscous drag and is consistent with previous studies
using linear hydrodynamic models.

The tether attachment location xTA was also an important parameter due
to its influence on the surge and pitch modes. Greater power was absorbed
when the tether attachment distance from the axis of symmetry was small,
with maximum power achieved at xTA = 0.5m. Larger tether attachment
distances resulted in poorer performance, with the power dropping quickly
beyond xTA > 3 m. The results therefore suggest that for this WEC geometry,
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the tethers should be attached very close to one another on the bottom of the
buoy.

Compared to previous studies featuring similar three-tethered cylindrical
geometries these results differ from the findings reported in [39], but are in
agreement with the results presented in [42]. This can be attributed to the
shape of the buoys used in these studies. While the former study featured
a taller buoy with a larger a/H aspect ratio, the findings in the latter study
corresponded to a flatter cylinder similar to the one used in this paper. The
shape of the WEC affects the hydrodynamic parameters - specifically the
added mass - which in turn affects the natural frequency of the system, which
will be discussed in more detail in the following subsection. Although the
power absorbed by surge and pitch modes was also affected by the centre of
gravity offset, the sensitivity to this parameter was not as significant as the
tether attachment location.

Having identified the main modes for power absorption, the resonance
behaviour of the WEC was then considered to further explain the distribution
of power between the three hydrodynamic modes, and to determine how the
overall system should be tuned for improved performance.

6.3.3 Modal analysis

Since the buoy considered in this study is fully submerged, the only stiffness
provided to the WEC is through the tethers and PTO machineries [38].
Hence, by adjusting these parameters, the resonance behaviour and natural
frequencies of the system can be controlled. The resonance behaviour of
the system and its rigid body modes can be investigated by examining the
eigenvalue problem:

(M + A(ω))−1Kt − ω2
niI = 0 (6.3.1)

where I is the identity matrix. The eigenvectors obtained from this ana-
lysis denote the mode shapes of the system, while the square roots of the
eigenvalues are the natural frequencies of each rigid body mode ωni (i =
1,...,3).

Due to the additional geometric coupling introduced by the tether ar-
rangement, it is not possible to consider the resonance behaviour of the
surge, heave and pitch modes independently. Instead, the system’s rigid
body modes of vibration (not to be confused with the hydrodynamic modes)
must be considered instead. A graphical representation of the planar rigid
body modes of the system are shown in Fig. 6.4. Modes 1 and 2 both feature
motions in surge and pitch but can differ in terms of the relative amplitudes
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(a) Mode 1 (b) Mode 2 (c) Mode 3

Figure 6.4: Graphical representation of the planar rigid body modes of the
three-tethered WEC obtained from the linear eigen analysis.

and phases of surge and pitch in each rigid body mode. The natural fre-
quencies of Modes 1 and 2 are also separate, so the overall buoy motion in
surge and pitch will depend on which mode is being excited by the incident
waves. Note that the visualisations shown in Fig. 6.4 are representative only.
The relative phases between surge and pitch may vary between Modes 1
and 2 depending on the design parameters. However, the important detail
to note is that in most cases, Mode 1 is more surge dominant, while Mode
2 contains relatively larger pitch motions. Mode 3 involves heave motions
almost exclusively.

The natural frequencies of the rigid body modes for various design para-
meter combinations are shown in Fig. 6.5. Similar to the analysis presented
in Section 6.3.2, the results shown here also correspond to the configurations
indicated by the dashed lines in Fig. 6.2, with ωex = 0.6 rad/s and Aw = 0.5
m. By examining Fig. 6.3 and Fig. 6.5 together, it can be seen that in the cases
with the most power absorbed, the natural frequencies of Modes 1 and 3
were equal to the incident wave frequency. This is consistent with the modal
analysis of a three-tethered WEC performed in a previous study by Ding
et al. [7]. Using this conclusion, and ignoring the coupling between surge
and pitch, an approximate expression for the optimal tether angle αopt can
be found for the case where α = β:

αopt ≈ tan−1

√
2 × m + A11(ωex)

m + A33(ωex)
. (6.3.2)

where Ajj are elements of the added mass matrix A. For cases where α ̸= β,
it is difficult to obtain a simple expression for the optimal design parameters
due to strong coupling between the surge and pitch modes.

The distribution of power between the three hydrodynamic modes dis-
played in Fig. 6.3 can also be explained by inspecting the natural frequencies
of each rigid body mode in greater detail. In Fig. 6.3(a), the tether angle α res-
ulting in maximum total power absorbed also corresponds to the angle where

187



Chapter 6 Design considerations for a three-tethered WEC with

nonlinear coupling between modes

(a)

(b)

(c)

Figure 6.5: Natural frequencies of the planar rigid body modes as the (a) tether
inclination angle α, (b) tether attachment point location xTA and (c) centre
of gravity position zCG is varied. Optimal parameters resulting in maximum
power absorbed are also indicated on the plots.
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ωn1 = ωn3 = ωex, as demonstrated in Fig. 6.5(a). The reduction in power
absorbed by surge with increased tether attachment distances in Fig. 6.3(b)
can be explained by the fact that the natural frequency of Mode 1 breaks
away from ωex for xTA > 3m in Fig. 6.5(b). Regarding the centre of gravity
location, it can be seen in Fig. 6.5(c) that the natural frequencies of Modes
1 and 3 do not change much with zCG; consequently, the power absorbed
by the WEC system is not as sensitive to this design parameter as α and
xTA. Although not shown here, these results also explain why the system is
relatively insensitive to the pitch moment of inertia Iyy. Of the three rigid
body modes, only the pitch dominant Mode 2 is strongly affected by Iyy,
hence its impact on the response of the WEC is relatively limited.

As indicated earlier, the trends discussed here for ωex = 0.6 rad/s were
also consistent across the full range of incident wave frequencies analysed.
This is demonstrated in Fig. 6.6, which shows the natural frequencies of rigid
body modes 1, 2 and 3 corresponding to the optimal WEC configurations
resulting in the maximum power absorbed at each incident wave frequency.
These optimal configurations were determined for each incident wave fre-
quency using a similar grid search method as outlined in Section 6.3.1. A
dashed line is also plotted to indicate where ωni = ωex. Overall, it can be seen
that the natural frequencies of Modes 1 and 3 generally remain close to the vi-
cinity of ωex for the range of wave frequencies considered. It is noted that for
ωex > 0.8 rad/s, the natural frequencies of Modes 1 and 3 began to diverge
slightly from ωex. This can be explained by examining Eq. (6.3.1). The added
mass values are frequency dependent, so in cases where ωex > 0.8 rad/s,
there exists no design parameter combinations such that ωn1 = ωn3 = ωex.

From this linear analysis, it can be concluded that the multi-mode WEC

Figure 6.6: Optimal natural frequencies of the three-tethered WEC planar
rigid body modes across a range of incident wave frequencies. The dashed
line indicates where ωni = ωex.
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should be tuned such that the natural frequency of two of its rigid body
modes are similar to the incident wave frequency to achieve maximum
power absorption. Additionally, these rigid body modes should contain
primarily surge and heave motions, as these are the hydrodynamic modes
that contribute most to power. Overall, these results support the findings
previously reported in [7, 36] for similar three-tether mooring systems.

6.4 Effect of nonlinear forces on performance

In this section, nonlinear forces are introduced and their resultant impact on
the performance of the multi-mode WEC is analysed.

Sections of the sensitivity study, as marked by the dotted lines in Fig. 6.2,
were reproduced in the TD and WS models using the same design parameter
values as those used in the linear FD analysis in Section 6.3.2 (including PTO
stiffness and damping). From this, the total power absorbed is compared
between all three models in Fig. 6.7 for various tether angles and attachment
point locations. It was found that varying the location of the centre of gravity
did not lead to any divergent behaviour in the TD or WS models, so results
corresponding to this case are not shown here. The power absorbed by
each individual hydrodynamic mode is also compared between the different
models in Fig. 6.8. All results displayed in these figures are for regular
incident waves with a frequency of ωex = 0.6 rad/s and amplitude Aw = 0.5
m.

From Figs. 6.7 and 6.8, it can be seen that the optimal values for α and
xTA remained approximately the same in all three models. It can hence be
concluded that even with the inclusion of geometric and hydrodynamic
nonlinearities, the natural frequencies of the rigid body modes corresponding
to surge and heave should both be tuned to match the incident wave frequen-
cies. This result is in contrast to the findings reported in [46], which stated
that the natural frequencies of the surge, heave and pitch modes should all
be decoupled for improved multi-mode performance when hydrodynamic
nonlinearities were present.

The reason for this discrepancy can be attributed to the behaviour of
pitch in the current study. For the analysis in [46], independent control
was assumed, meaning that the only coupling between modes was through
the hydrodynamic interactions. Due to the strong hydrodynamic coupling
between surge and pitch, resonances in surge also resulted in high pitch
amplitudes, which consequently affected the projected surface area and
power absorbed in heave. In the current paper, the system was modally
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(a)

(b)

Figure 6.7: Comparison of total power absorbed by the WEC from all three
models as the (a) tether inclination angle α and (b) tether attachment point
location xTA is varied. All results are for regular waves with frequency ωex =
0.6 rad/s and amplitude Aw = 0.5 m. The thick, red dotted lines indicate
configurations where the WEC trajectory was also analysed, as presented in
Fig. 6.9

driven due to the geometric coupling from the tethers and PTOs. The pitch
motion was therefore limited by the arrangement of the tethers in the surge
dominant mode, so even when this mode was resonant, the pitch amplitude
remained small. Having both the surge and heave modes simultaneously
resonant was therefore acceptable in this case, since the power in heave was
not adversely affected by nonlinear hydrodynamic coupling with pitch.

Conversely, when α and xTA deviated from their optimal values in Figs. 6.7
and 6.8, the performance of the WEC in the three models became significantly
different due to the introduction of nonlinear forces. Large discrepancies
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(a) FD vs TD (b) FD vs WS

(c) FD vs TD (d) FD vs WS

Figure 6.8: Comparison of power absorbed by each hydrodynamic mode in the different
WEC models as the (a)-(b) tether inclination angle α and (c)-(d) tether attachment point
location xTA is varied. For clarity, the left-hand plots compare the FD and TD results
while the right-hand plots compare the FD and WS results.

were observed for cases where the tether angle was small (α < 10°) and when
the location of the tether attachment points on the buoy hull were far apart
(xTA > 4m).

To investigate the causes for the discrepancies between the models, the
trajectory of the buoy was plotted for certain configurations where large
differences in the results were observed. These configurations of interest are
marked by a dotted line in Fig. 6.7, and the trajectory of the WEC at these
points as obtained from TD and WS models are shown in Fig. 6.9. The WEC
pose at evenly distributed points in time throughout its orbit is also illustrated
on the trajectory plots. Note that the WEC pitch rotations shown in these
plots have been exaggerated to provide a clearer visualisation of the motion
in pitch. Out of the trajectories shown, Fig. 6.9(b) and (e) are representative
of ‘typical’ orbits obtained in cases where the WEC behaviour was consistent
across all three models. In the other cases shown, the significant effect of
nonlinearities on the dynamics of the system is clearly evident from the
trajectory plots.
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(a) α = 0°, α = β

(b) α = 35.3°, α = β

(c) α = 28.3°, xTA = 8.7 m

(d) α = 0°, α = β

(e) α = 35.3°, α = β

(f) α = 28.3°, xTA = 8.7 m

Figure 6.9: Trajectory of the WEC as obtained from the (a)-(c) TD and (d)-(f) WS models
for various tether configurations where discrepancies with the FD model were observed.
Trajectories shown in (b) and (e) illustrate the ‘typical’ motions in cases where consistent
behaviour was obtained across all three models. Note that the WEC rotation is not to
scale.

The subsequent discussions will address the effects of geometric and
hydrodynamic nonlinearities separately, in order to distinguish how each
influences the dynamic behaviour of the system.

6.4.1 Geometric nonlinearities

Given that the discrepancies in power were observed in both the TD and WS
models, it can be inferred that geometric nonlinearities associated with the
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tether arrangement were the main cause for the large divergence from the
linear FD results (rather than hydrodynamic nonlinearities).

From the trajectory plots, it can be seen that the period of the surge and
pitch motions in the divergent cases are twice as long as the heave period.
Referring back to the natural frequencies in Fig. 6.5, it can be seen that for
these configurations, the natural frequency of Mode 2 is approximately half
the incident wave frequency. From this, it can be deduced that the divergent
behaviour observed in the TD and WS models was caused by sub-harmonic
excitations of this rigid body mode.

Furthermore, it is noted that in these configurations, the natural frequency
of Mode 1 is also far from incident wave frequency. Since both Modes 1 and
2 contain surge and pitch motions, the dominant mode will determine the
overall response of the WEC in these two hydrodynamic DOFs. If Mode
1 is resonant, surge and pitch will oscillate at the fundamental frequency,
leading to similar behaviour as predicted by the linear FD model. However,
when α < 10° or xTA > 3.5 m, Mode 1 moves away from resonance. Mode 2
therefore becomes the dominant mode for surge and pitch motions, resulting
in the sub-harmonic behaviour observed in the TD and WS models.

The role of Mode 1 on the onset of this sub-harmonic behaviour can be
observed most clearly in the results when the tether attachment location was
varied. In Fig. 6.5(b), the natural frequency of Mode 1 begins to break away
from the incident wave frequency around xTA ≈ 3.5 m. The power absorbed
by the WEC in the TD and WS models also began to diverge from the FD
results beyond this point, as seen in Fig. 6.8(c)-(d). The influence of Mode 1
also can also explain why sub-harmonic excitations were not observed for
the results with varying centre of gravity. For all values of zCG shown in
Fig. 6.5(c), Mode 1 was close to resonance with the incident wave, which
prevented the Mode 2 from being sub-harmonically excited.

A possible explanation for the sub-harmonic behaviour observed could
be the occurrence of parametric instabilities, such as those reported by Or-
szaghova et al. [26, 27]. For regular waves, parametric excitation of a given
mode has been shown to occur when the natural frequency was within a
range around half the exciting frequency (with higher frequency ‘instability
branches’ present as well), with the range depending on the damping and
amplitude of parametric excitation. If so, this could mean that at sufficiently
high wave amplitudes, the excitation of Mode 2 may potentially dominate
the system response even in cases where Mode 1 is close to resonance.

Regarding power, since the motion amplitudes and phases were signific-
antly disparate with those obtained the linear FD model, it is unsurprising
that the cases with sub-harmonic excitations resulted in very different es-
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timates of power across all three models. The optimal amplitude and phase
requirements for maximum power absorption could no longer be achieved
in the TD and WS models, greatly reducing the power absorption efficacy
of the system as observed in Fig. 6.8. The reduction in power was greater in
the WS model due to the effect of hydrodynamic nonlinearities, which will
be discussed further in the following subsection. With regards to the tuning
of the system, what can be concluded from this analysis is that if neither
Mode 1 or 2 is resonant then it is critical to ensure that neither mode is tuned
to a sub-harmonic of the system as well to avoid compromising the power
absorption efficacy of the device. Imposing physical motion constraints such
tether extension limits, which were not included in this study, could also
potentially aid in suppressing the impact of this nonlinear behaviour on the
WEC performance.

6.4.2 Hydrodynamic nonlinearities

The effect of nonlinear hydrodynamic coupling, caused by large changes in
the instantaneous position of the WEC relative to its nominal position, was
then considered. Given the flat shape of the buoy, its projected surface area
can change significantly when the pitch amplitude is large. Consequently, the
instantaneous hydrodynamic forces in both surge and heave are also affected,
resulting in enhanced nonlinear hydrodynamic coupling between all three
planar modes. This nonlinear coupling has been shown to be detrimental
to performance [45, 46] and hence must be considered in the design of this
multi-mode WEC.

Overall, the inclusion of nonlinear hydrodynamic forces exacerbated the
effects of the geometric nonlinearities on performance. This is most evident
by comparing the power absorbed in heave between the TD and WS models
in Fig. 6.8. The significant reductions in power can be explained by observing
key points in WS trajectories displayed in Fig. 6.9 (d) and (f). Of particular
importance are points where the heave displacements are close to zero (i.e.
where the velocity of the WEC in heave is also greatest). In Fig. 6.9 (d)
and (f), as a result of the sub-harmonic excitations, it can be seen that the
instantaneous position of the WEC in both surge and pitch were significantly
shifted relative to its nominal position at these points. Additionally, the
projected surface area of WEC in heave was noticeably reduced due to the
relatively high pitch rotation in these instances. Consequently, the heave
excitation force acting on the WEC would also have been smaller in the
WS model compared to the values calculated from the linear hydrodynamic
models. As a result, the reduction in total power absorbed was even greater
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in the WS model compared to the TD model. These results are consistent
with the findings reported in [46].

The presence of hydrodynamic nonlinearities also appeared to make the
system more susceptible to sub-harmonic excitations. Examining the TD
results in Fig. 6.8(a) and (c), as well as the natural frequencies of the system
in Fig. 6.5, it can be seen that the sub-harmonic excitations only began to
significantly affect the response of the system after the natural frequency of
Mode 1 had shifted sufficiently far away from the incident wave frequency. In
contrast, the performance of the WEC in the WS model in Fig. 6.8(b) and (d)
began to diverge away from the linear FD results even when the difference in
frequencies was much smaller. Tuning the natural frequencies of the three-
tethered WEC in reality may therefore require greater care than what linear
hydrodynamic models would suggest, since even small inaccuracies could
result in large deviations in the expected behaviour.

There were also a number of additional observations which were unique
to the WS results. In Fig. 6.7(a), it can be seen that for a range of tether
angles α, the power absorbed in the WS model was greater than the values
obtained from the FD and TD models. From Fig. 6.7(b), this appeared to
be due to an increase in power absorbed from the heave mode specifically.
A possible explanation could be that the nonlinear hydrodynamic forces in
the WS model were such that the heave amplitude or phase were closer to
the optimal values in these cases. It can also be seen that the trajectories
obtained from the WS model in Fig. 6.9(d) and (f) demonstrated slight chaotic
behaviour, although the overall shape of the orbits remained similar to those
obtained from the TD model.

It was noted that the results shown here were for a relatively moderate
wave amplitude of 0.5 m. At higher amplitudes, it is possible that sub-
harmonic motions could occur for a greater range of WEC configurations
than reported here, given that nonlinear behaviour is more likely to occur
with increasing wave amplitude. The chaotic behaviour observed in the WS
results could also potentially become more prominent with increased wave
amplitude.

6.5 Irregular wave analysis

The performance of the WEC was also analysed in irregular waves. In a
previous study, it was suggested that passively tuning the operational modes
of a multi-mode WEC to different natural frequencies could potentially lead
to improved performance in broadband waves [46]. However, this assumed
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idealised controllers that were capable of tuning each hydrodynamic mode
independently. The current analysis therefore aims to determine whether
increasing the broadband performance through multi-resonance tuning is
possible with the under-actuated three-tether configuration, which has very
little control authority over pitch.

The irregular wave analysis presented in this section was performed using
the TD model, since the WS model used in this study does not accept irregu-
lar waves. From Section 6.4, it was determined that geometric nonlinearities
were the primary cause of the sub-harmonic behaviour which led to large
divergences from the linear FD results, while hydrodynamic nonlinearties
mainly augmented its effects. The TD model was therefore considered suf-
ficient for this analysis, since these geometric nonlinearities can already be
observed using this model.

Results showing the variation in total power absorbed by the WEC in
irregular waves with different tether angle and attachment point locations
is shown in Fig. 6.10. The irregular wave time-series used in this analysis
was generated using the Pierson-Moskowitz wave spectrum [30], assuming
a wave elevation peak frequency of ω

η
p = 0.6 rad/s (corresponding to a

peak period of Tp = 10.3 s) and significant wave height of Hs = 2 m. These
wave parameters were chosen to allow for a more direct comparison with

Figure 6.10: Power absorbed by the WEC in irregular waves with peak
frequency ω

η
p = 0.6 rad/s (Tp = 10.3 s) and significant wave height Hs = 2 m,

as the tether angle α and tether attachment point position xTA is varied. The
optimal tether angle for power absorption is higher than in regular waves.
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the results presented in the previous sections. The values of KPTO and BPTO

were also optimised for each tether angle and attachment point configuration
shown in Fig. 6.10.

It was observed that the optimal tether angle, αopt = 33.95◦, for maximum
power absorbed by the WEC in irregular waves was slightly higher than the
values obtained previously for regular waves by approximately 5°. Regarding
the tether attachment location xTA, the outcomes obtained for the irregular
wave analysis remained consistent with the findings from the previous
sections. For the three-tethered WEC considered in this study, attaching all
three tethers close to one another at the bottom of the buoy consistently
resulted in the most power absorbed by the device. The effect of the centre of
gravity and pitch moment of inertia was also investigated in irregular waves;
however, no noteworthy differences in behaviour were observed compared
to the results already presented for regular waves.

A subset of the results shown in Fig. 6.10 was selected for further analysis
of the different hydrodynamic and rigid body modes of the system. The
contribution of each hydrodynamic mode to the total power absorbed in
irregular waves at various tether angles with a fixed tether attachment point of
xTA = 0 m is displayed in Fig. 6.11(a). The corresponding natural frequencies
of the rigid body modes of the system is shown in Fig. 6.11(b). Note that the
natural frequencies of the rigid body modes shown here are approximate
values only, which were calculated by considering the linear added mass
values corresponding to the peak incident frequency of the wave.

From the results shown in Fig. 6.11(a), it appeared that the heave power
absorbed by the WEC in irregular waves was relatively insensitive to the
tether angle. Consequently, the design became more strongly driven by the
performance in surge. Furthermore, in Fig. 6.11(b) it can be seen that unlike
in regular waves of a similar excitation frequency, the natural frequencies of
Modes 1 and 3 were not equal to the peak wave frequency in the configuration
with optimal α. This can be explained by examining the dominant frequency
of the excitation force signal.

For submerged WECs, the dominant frequency of the excitation force is
not equal to the peak frequency of the wave elevation [41]. This is demon-
strated in Fig. 6.12 for the sea state of ω

η
p = 0.6 rad/s (Tp = 10.3 s) and Hs =

2 m. The wave elevation spectrum is denoted Sη , while
∣∣∣HFej,η

∣∣∣ is used to
denote the magnitude of the response function of the excitation loads for an
incident wave with amplitude Aw = 1 m. The subscript j is used to denote
the hydrodynamic mode. From this, the resultant spectrum of the excitation
force can be determined by SFej(ω) = |HFej,η(ω)|2Sη(ω).
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(a)

(b)

Figure 6.11: Results from the irregular wave analysis with a constant tether
attachment location of xTA = 0 m, showing the change in (a) power absorbed
from each hydrodynamic mode and (b) approximate natural frequencies of
each rigid body mode, as the tether angle α is varied. The peak frequency is
ω

η
p = 0.6 rad/s (Tp = 10.3 s) and significant wave height is Hs = 2 m.

It can be seen in Fig. 6.12 that the peak excitation force frequency ω
Fej
p is

greater than the peak frequency of the incident waves for all hydrodynamic
modes. Essentially, this means that the peak in the submerged WEC oscilla-
tions will occur at a higher frequency relative to the peak in the incoming
wave spectrum. The natural frequencies of the WEC may therefore need to
be tuned to match the dominant frequency of the excitation force, rather than
the peak frequency of the wave spectrum.

To corroborate these findings, further tests were conducted in different sea
states with varying peak wave frequencies. The optimal design parameters
of the three-tethered WEC were determined for each sea state. The natural
frequencies of the rigid body modes of the WEC in each of these optimal

199



Chapter 6 Design considerations for a three-tethered WEC with

nonlinear coupling between modes

(a)

(b)

(c)

Figure 6.12: Dominant frequency of the excitation loads in (a) surge, (b) pitch
and (c) heave for waves with ω

η
p = 0.6 rad/s (Tp = 10.3 s).

configurations are plotted against the peak wave frequency in Fig. 6.13. The
dominant frequency of the excitation force or moment in the corresponding
hydrodynamic mode is also illustrated in the plots. It can be seen that the
optimal design consistently favours the dominant excitation force in surge. It
can therefore be concluded that for maximum power absorption in irregular
waves, the design of the three-tethered WEC should focus on tuning the
natural frequency of the rigid body mode which is most surge dominant to
match with the corresponding dominant excitation frequency.

6.6 Conclusion

In this study, tuning of the planar hydrodynamic modes through the geomet-
ric design of a multi-mode WEC was investigated. Sensitivity studies using a
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(a) Surge, Mode 1

(b) Pitch, Mode 2

(c) Heave, Mode 3

Figure 6.13: Natural frequencies of the planar rigid body modes, calculated
using the optimal design parameters of the three-tethered WEC in irregular
waves with various peak wave frequencies. The dominant excitation fre-
quency in surge, pitch and heave across the range of peak wave frequencies is
also illustrated. The black dashed line indicates where ω

η
p = ω. The optimal

design parameters should be tuned such that the natural frequency of Mode
1 matches the dominant excitation in surge.
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linear FD model demonstrated that, other than the PTO stiffness, the tether
angle and tether attachment location on the bottom of the buoy hull were the
most critical design parameters in determining the total power that could
be absorbed by the system. Conversely, adjusting the location of centre of
gravity and the pitch moment of inertia resulted in little benefit to the total
absorbed power.

To increase the total power absorbed, it was determined that the tether
angle and tether attachment location should be adjusted so that the system
has two (out of three) planar rigid body modes tuned approximately to the
incident wave frequency and thus contributing to power absorption. These
active rigid body modes should also contain primarily surge and heave
motions. In irregular waves, the optimal design parameters became more
dependent on the performance of the surge mode. Furthermore, the rigid
body mode responsible for surge motions should be tuned to match the
peak excitation force of the surge mode rather than the peak incident wave
frequency. With these tuning considerations, it was determined that for the
three-tethered WEC considered in this study, the best design in terms of total
absorbed power required all three tethers to be attached close to one another
on the bottom of the buoy.

When geometric and hydrodynamic nonlinearities were considered, the
optimal tether angle and attachment point locations remained approximately
the same. However, for certain sub-optimal design parameter combinations, it
was found that geometric nonlinearties caused by the tether forces resulted in
sub-harmonic excitations which severely diminished the performance of the
WEC. The losses in power due to these sub-harmonic excitations were even
greater when nonlinear hydrodynamic effects were considered. Therefore,
the three-tethered WEC design should also avoid configurations where the
dominant rigid body mode for surge and pitch motions is a sub-harmonic of
the incident wave.

From this study, it is clear that coupling between hydrodynamic modes
due to geometric design and nonlinear hydrodynamic interactions should
be an important consideration in the design and control of multi-mode
WECs. Ignoring such coupling effects can lead to unexpected nonlinear
behaviour which may significantly compromise performance. Conversely,
careful selection of effective design parameters can prevent the occurrence of
such detrimental coupling effects, and lead to improved resonance behaviour
and power absorption in these devices.
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Appendix 6.A Linear hydrodynamic coefficients

In this study, the excitation force and radiation coefficients used in the linear
FD model were determined using semi-analytical expressions [18, 19]. To
ensure convergent results, the number of eigenfunction expansions used
to obtain the hydrodynamic coefficients was set to 40. Values of the linear
amplitude |Fexc| and phase ∠Fexc used to calculate the excitation force in
the FD hydrodynamic model are shown in Fig. 6.14 for a range of wave
frequencies. Likewise, for the radiation force calculations, the individual
matrix elements for the added mass and radiation damping coefficients are
given in Fig. 6.15. Note that due to reciprocity relation, A15 = A51 and
B15 = B51 [9].

Appendix 6.B Weak-scatterer convergence tests

Convergence tests were performed in order to determine suitable sizes for
the mesh elements and time steps for the WS model. From these tests, it was
found that the three most important simulation settings with regards to the
accuracy of the results were:

• ∆dx2 - mesh element size on the body of the WEC,
• ∆dx3 - mesh element size on the free surface directly above the WEC,
• ∆dt - simulation time step.

The impact of these simulation parameters on the displacement values
obtained from the WS model are shown in Fig. 6.16. The computation times
taken to complete 220 s of simulation are also displayed on the graphs. The
terms λ and T used in the graphs refer to the wavelength and period of the
incident wave, respectively. The wave conditions used in the convergence
tests were identical to the verification tests, with constant wave amplitude
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(a)

(b)

Figure 6.14: Surge and heave excitation force and pitch excitation moment (a)
amplitudes and (b) phases.

(a) Surge-surge (b) Heave-heave

(c) Pitch-pitch (d) Surge-pitch

Figure 6.15: Added mass and radiation damping coefficients.

Aw = 0.1 m and off-resonance PTO settings. Convergences were also checked
for a range of frequencies, although only results corresponding to ωex = 0.6
rad/s are shown here in Fig. 6.16. The dashed lines plotted on the graphs
also indicate the WEC displacement values obtained from the FD model.

From these convergence tests, it can be seen that the WS displacement
values were most sensitive to ∆dx3, which can be observed most clearly in
Figs. 6.16(c)-(d). The smallest mesh size was therefore set to ∆dx = λ/250,
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(a) (b)

(c) (d)

(e) (f)

Figure 6.16: Examples of mesh convergence tests showing the effect of (a)-(b) ∆dx2,
(c)-(d) ∆dx3 and (e)-(f) ∆t on the WEC displacement values obtained from the WS model
for an incident wave frequency of ωex = 0.6 rad/s. Wave conditions were identical to
the verification tests, with constant wave amplitude Aw = 0.1 m and non-resonant PTO
settings. The dashed lines indicate the displacement values obtained from the FD model.

as a compromise between modelling accuracy and computation time. The
time step value of ∆t = T/300 was chosen based on the convergence results
shown in Fig. 6.16(f) for the pitch displacement.

Appendix 6.C Optimal PTO damping

As discussed in Section 6.3, the PTO damping values were optimised for all
design configurations tested. Graphs illustrating a section of the optimal PTO
damping values as calculated from the FD model are given in Fig. 6.17. These
results also correspond to the cases indicated by the dashed lines displayed
in Fig. 6.2. Due to computational constraints, these optimal PTO damping
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(a)

(b)

(c)

Figure 6.17: Optimised PTO damping values calculated from the linear FD
model as the (a) tether inclination angle α, (b) tether attachment point location
xTA and (c) centre of gravity position zCG is varied.

values were also used in the TD and WS simulations. It is possible that
increased PTO damping may suppress the occurrence of the sub-harmonic
excitations seen in Section 6.4, although such a configuration would still
result in sub-optimal power absorbed compared to the linear estimates from
the FD model.
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Chapter 7

Conclusion

7.1 Overall conclusions

The overarching aim of this Thesis is to develop an understanding of the im-
pact of nonlinear coupling between hydrodynamic modes on the performance
of a submerged multi-mode, quasi-point absorber WEC with a flat cylindrical
geometry. This WEC is capable of utilising multiple hydrodynamic modes for
improved power absorption, but can also be susceptible to nonlinear coupling
effects when the device oscillates in surge, heave and pitch simultaneously.
Fully linearised and weakly nonlinear hydrodynamic models were utilised to
determine the importance of this nonlinear coupling on the power absorption
efficacy, control and design of the multi-mode converter. To develop the
fundamental understanding of the various aspects in the full multi-mode
system, the WEC was initially modelled as a simplified system with idealised
control, before progressing onto a more complex case with spring-damper
control, and finally to a more realistic under-actuated system featuring three
inclined tethers for control and power take-off.

Initially, it was necessary to identify the importance of nonlinear hydro-
dynamic forces acting on a WEC device when it oscillates in multiple hydro-
dynamic modes simultaneously. To this end, a fully idealised multi-mode
WEC model with kinematic control was initially considered in Chapter 4,
wherein the pitch and surge motions could be explicitly defined. Comparis-
ons between a fully linear and weakly nonlinear model revealed that pitch
had a much greater impact on the performance of the multi-mode WEC when
nonlinear coupling effects were considered. Noticeable nonlinearities were
observed in the hydrodynamic forces, including changes to both amplitude
and phase, when the device oscillated simultaneously in both surge and pitch.
As a result, the power absorbed in the nonlinear model was significantly
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reduced compared to estimates obtained from the linear model. Additionally,
the control requirements for maximum power increased with the inclusion
of nonlinear hydrodynamics, necessitating finer tuning of both the surge and
pitch phases, whereas this was not necessary in the linear model.

For the next stage of this work, the kinematic control assumption was
replaced with independent spring-damper control in Chapter 5, and non-
linear hydrodynamic interactions with heave were also added. While the
case with kinematic control in Chapter 4 allowed the optimal WEC motion
amplitudes and phases to be defined at any frequency, with spring-damper
control this is only possible through optimally setting the resistance and
reactance at one frequency. However, when the surge, heave and pitch modes
were all tuned to match the incident wave frequency, under the effects of
nonlinear coupling between hydrodynamic modes, losses of up to 27% of the
total power absorbed were observed between the fully linearised and weakly
nonlinear models. The losses were attributed to the large pitch amplitudes in
these cases, which led to notable changes in the projected area of the WEC
compared to its equilibrium position. As a result, it was therefore recommen-
ded to decouple and tune these modes to different natural frequencies in
multi-mode WECs where the design does not limit large pitch amplitudes.
Preliminary analysis in irregular waves suggested that this tuning approach
may also potentially improve broadband power absorption by up to 30%
in real seas, compared to a case where all the hydrodynamic modes were
simply tuned to match the peak wave frequency.

The last step of this research involved analysing the effect of both geo-
metric and hydrodynamic nonlinearities on the coupling between modes
in an under-actuated, three-tethered WEC device. Assuming fully optim-
ised PTO parameters, it was found in Chapter 6 that the device was most
sensitive to the arrangement of the tethers, while parameters related to the
mass distribution were not as critical for optimal performance. In contrast
to the previous study presented in Chapter 5, it was found that maximum
power was achieved when both the surge and heave dominant rigid body
modes were tuned close to the incident wave frequency. This was true even
with the inclusion of nonlinear hydrodynamic forces and irregular waves,
since the pitch amplitudes became limited by the addition of geometric coup-
ling through the tether arrangement. However, in certain cases where the
tether design parameters deviated from their optimal values, sub-harmonic
excitations caused by geometric nonlinearities could significantly decrease
performance compared to the fully linearised model, an effect which was fur-
ther exacerbated by the large pitch amplitudes and nonlinear hydrodynamic
forces.
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Overall, these findings demonstrate that interactions between hydro-
dynamic modes, whether from the geometric design or nonlinear hydro-
dynamic forces, should be an important consideration in the development of
multi-mode WECs. The phases of each hydrodynamic mode, not only relative
to the incident wave but also between each other, play a critical role in determ-
ining the power absorption of the device. While kinematic control permitted
perfectly setting the phase at any frequency, spring damper control only
allowed this at resonance, and the three-tether case made this very difficult
due to under-actuation and additional geometric coupling between modes.
Therefore, selecting appropriate design parameters and natural frequencies
of the system should be considered to attain the optimal phase conditions
and improve device performance. The importance of the pitch mode in lar-
ger multi-mode WECs with non-spherical geometries is also highlighted in
this research. Even in cases where it is not designed to contribute to power
absorption, neglecting its interactions with the other modes can potentially
lead to significant overestimations of power, especially when relying solely
on fully linearised hydrodynamic models for performance assessment. In
conclusion, the pitch amplitude should be limited as much as possible in
the operation of such WECs to avoid compromising power absorption due
to nonlinear coupling between hydrodynamic modes. In practice, this can
be achieved through decoupling the hydrodynamic modes altogether, or
through careful design of the WEC device itself, such as through the PTO
and mooring systems.

7.2 Original contributions

The main contributions of this research to the field of wave energy are listed
as follows:

1. demonstrating the importance of coupling effects with the pitch mode
in multi-mode quasi-point absorber WEC systems, in particular nonlin-
ear effects arising from the change in the projected surface area with
large pitch amplitudes,

2. application of a weakly nonlinear hydrodynamic model based on the
weak-scatterer approximation for high-fidelity performance assessment
and optimisation of a multi-mode converter,

3. determining the effect of nonlinear hydrodynamic forces and coup-
ling on the power production of multi-mode WECs which oscillate in
multiple directions simultaneously,
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4. proposing alternate approaches to the tuning of multi-mode systems in
order to both reduce nonlinear coupling effects and maximise power
production,

5. demonstrating the potential for increased broadband power absorption
in a multi-mode WEC through decoupling the hydrodynamic modes,

6. identifying the key design parameters which drive the performance
and resonance behaviour of an under-actuated three-tethered system,

7. identifying the effects of sub-harmonic excitations arising from the
tether arrangement on the power absorption and nonlinear hydro-
dynamic forces experienced by a three-tethered WEC.

7.3 Recommendations for future work

The work performed in this Thesis is intended to provide a general under-
standing of multi-mode WEC systems and a number of important nonlinear
effects which may impact their performance. Opportunities for future work
could therefore involve extending the knowledge developed in this Thesis to
more focused studies which consider specific nonlinear forces or different
WEC designs.

Extended nonlinear hydrodynamic force analysis

Since the work performed in this Thesis is focused specifically on the WEC
performance resulting from nonlinear hydrodynamic effects, detailed analysis
of the various forces themselves were considered outside the scope of the
project. Future work could therefore involve examining these nonlinear forces
in greater detail, including:

• developing simplified or analytical methods for calculating the nonlin-
ear radiation forces acting on bodies oscillating in multiple directions
simultaneously, including harmonics and changes to the hydrodynamic
coefficients, such as those observed in Chapter 4. This could also have
potential uses for other marine applications which feature bodies mov-
ing in such a manner, such as in the case of ships and cargo handling
operations at sea,

• identifying the importance of other possible nonlinear free-surface
effects, such as trapped modes, which could have affected the nonlinear
WEC trajectories observed in Chapter 5. Additionally, given the close

216



7.3 Recommendations for future work

proximity of the WEC to the free-surface in these trajectories, potential
wave breaking effects on performance may also be a relevant topic for
future work,

• more dedicated investigations of real flow aspects related to viscous
drag, such as implementing orientation dependent drag coefficients or
projected areas for calculating drag forces. Turbulent flow effects could
also be investigated, although CFD may be required since this cannot
be fully simulated using the potential flow models applied in this work.

Improvements to the weak-scatterer model

There were a number of limitations associated with the WS model used
in this Thesis which should be noted. Most notably, while the potential
broadband power absorption of multi-mode WECs in real seas was explored
in Chapters 5 and 6, this analysis was not performed using the WS model,
which currently does not have the capability to simulate irregular waves. This
functionality could therefore be incorporated into the WS model to allow
for more complete analyses involving both irregular waves and nonlinear
hydrodynamic coupling effects at the same time. Other relevant aspects of
the WS model which could be addressed include further improvements to
the computation times, or adding in capabilities for handling surface piercing
effects so that WECs with shallower submergence depths can be modelled.
This could also allow for investigations involving more strongly nonlinear
regimes, to determine whether the conclusions from this study would still be
relevant when other significant nonlinear forces dominate.

Multi-mode design optimisation

Due to the long computational times required by the WS model, only rudi-
mentary optimisation processes were applied when analysing the multi-mode
WEC systems in this Thesis. As previously discussed, simplified hydro-
dynamic models which can still capture the effect of the relevant nonlinear
hydrodynamic forces, or improvements to the WS computation times, may
allow for more sophisticated optimisation methods to be applied for the
design and control of these devices. More complex optimisations permitting
all six hydrodynamic modes could also be explored, especially in the case
of the three-tethered arrangement where the yaw mode has been known to
couple with many DOFs and result in parametric excitations. Different WEC
geometries could also be explored and optimised, including hybrid designs
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with off-shore wind turbines to further improve the economic viability of
these wave devices.

Laboratory scale experiments

As discussed in Section 3.4.1, there may have been cases where the small
perturbation assumption of the WS approximation was not fully satisfied
locally due to large body motions, such as when the WEC was operating near
resonance. While the WS model has been validated against experimental data
for single-DOF systems oscillating in one mode only, experiments featuring
WECs oscillating in many directions at once should also be performed to fully
validate the models used in this Thesis and to demonstrate the importance of
nonlinear hydrodynamic coupling effects on multi-mode WECs in practice.
Extreme loads and very nonlinear cases involving large surge and pitch
displacement amplitudes could also be tested, again to explore how well the
conclusions of this research would hold in such conditions.
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Appendix A

The effect of nonlinear
pitch-surge coupling on
multi-DOF submerged WECs

This appendix consists of the published conference paper:
Tran, N., Sergiienko, N. Y., Cazzolato, B. S., Ghayesh, M. H. and Arjomandi,
M. (Oct. 2020). “The effect of nonlinear pitch-surge coupling on the per-
formance of multi-DOF submerged WECs”. In: Proceedings of the 30th
International Ocean and Polar Engineering Conference, pp. 144–151.

This paper may be considered a preliminary study to Chapter 4, involving
early studies on the effect of nonlinear pitch-surge hydrodynamic forces
acting on a submerged, flat cylindrical and multi-mode WEC.
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