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Lorenz-like systems emerging from an integro-differential trajectory
equation of a one-dimensional wave-particle entity
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(*Electronic mail: rahil.valani@adelaide.edu.au)

(Dated: 5 December 2022)

Vertically vibrating a liquid bath can give rise to a self-propelled wave-particle entity on its free surface. The horizontal
walking dynamics of this wave-particle entity can be described adequately by an integro-differential trajectory equation.
By transforming this integro-differential equation of motion for a one-dimensional wave-particle entity into a system of
ordinary differential equations (ODEs), we show the emergence of Lorenz-like dynamical systems for various spatial
wave forms of the entity. Specifically, we present and give examples of Lorenz-like dynamical systems that emerge
when the wave form gradient is (i) a solution of a linear homogeneous constant coefficient ODE, (ii) a polynomial and
(iii) a periodic function. Understanding the dynamics of the wave-particle entity in terms of Lorenz-like systems may
provide to be useful in rationalizing emergent statistical behavior from underlying chaotic dynamics in hydrodynamic
quantum analogs of walking droplets. Moreover, the results presented here provide an alternative physical interpretation
of various Lorenz-like dynamical systems in terms of the walking dynamics of a wave-particle entity.

A droplet of oil may walk horizontally while bouncing ver-
tically when placed on a vertically vibrating bath of the
same liquid. Each bounce of the droplet creates a local-
ized decaying standing wave which in turn guides the hor-
izontal motion of the droplet, resulting in a self-propelled
wave-particle entity. Such entities have been shown to
mimic several features that were thought to be exclusive
to the quantum realm. In this paper, we show that for
certain spatial forms of the waves, Lorenz-like dynamical
systems emerge from the trajectory equation of the wave-
particle entity. We do this by transforming the integro-
differential trajectory equation of motion into a system
of infinite ODEs and show that for certain choice of wave
forms, the system of infinite ODEs can be reduced to a fi-
nite system that have Lorenz-system-like structure in both
the equations and the underlying strange attractor.

I. INTRODUCTION

A millimetric self-propelled wave-particle entity can
emerge in the form of a walking droplet when a liquid bath
is vibrated vertically1–3. The walking droplet on each bounce
generates a localized standing wave on the liquid surface that
decays in time. The droplet interacts with these self-generated
waves on subsequent bounces to propel itself horizontally.
The droplet and its underlying wave field coexist as a wave-
particle entity; the droplet generates the wave field which in
turn guides the motion of the droplet. At large amplitudes
of vertical bath vibrations, the waves created by the walking
droplet decay very slowly in time and the droplet’s motion
is not only influenced by the wave created on its most re-
cent bounce, but also by the waves generated in the distant
past, giving rise to memory in this hydrodynamic system. Dif-
ferent classes of walking droplets can emerge depending on
the nature of bath vibrations. Single frequency driving of the
bath gives rise to walkers that are guided by an underlying

monochromatic wave field. Driving the bath at two frequen-
cies, a frequency and its subharmonic tone, gives rise to su-
perwalkers that are bigger and faster than walkers, and their
wave field is composed of two different wavelengths3–5.

In the high-memory regime, single-frequency driven walk-
ers have been shown to mimic several features that are
typically associated with quantum systems. These in-
clude orbital quantization in rotating frames6–8 and confining
potentials9–12, Zeeman splitting in rotating frames13,14, wave-
like statistical behavior in confined geometries15–19, a hy-
drodynamic analog of Friedel oscillations20, tunneling across
submerged barriers21–23 and a macroscopic analog of spin sys-
tems24. Walkers have also been predicted to show anomalous
two-droplet correlations25,26. Recently, efforts have also been
made to develop hydrodynamically-inspired quantum theories
27–29. A detailed review of hydrodynamic quantum analogues
for walking droplets is provided by Bush 30 and Bush and
Oza 31 . The emergence of wave-like statistics from underly-
ing chaotic pilot-wave dynamics in the walking-droplet sys-
tem led Bush et al. 32 to raise a perplexing question: Might
chaotic pilot-wave dynamics underlie quantum statistics?

Several theoretical models have been developed over the
years that capture the walker’s dynamics33,34. An analytically
tractable integro-differential equation of motion for the walker
that captures the essential features of the horizontal walking
dynamics was developed by Oza, Rosales, and Bush 35 . This
stroboscopic model averages over the droplet’s vertical peri-
odic bouncing motion and provides a trajectory equation for
its two-dimensional horizontal walking motion by taking into
account two key horizontal forces acting on the walker: (i)
the horizontal wave force proportional to the gradient of the
underlying wave field generated by the walker, and (ii) an ef-
fective horizontal drag force composed of aerodynamic drag
and momentum loss during impact with the fluid surface. This
stroboscopic model rationalizes several hydrodynamic quan-
tum analogs7,8,18,24,25,36–39 and also results in rich dynamical
behaviors for walkers40–46.

The dynamics of a walker emerging from a one-
dimensional reduction of the stroboscopic model were ex-
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plored by Durey 41 and Valani et al. 40 by employing a simple
sinusoidal form for the waves generated by the walker. They
uncovered a variety of unsteady motions for a walker in addi-
tion to the constant velocity walking state. These include os-
cillating walkers, self-trapped oscillations and irregular walk-
ing. Both of these studies highlighted similarities between the
walker’s dynamical system and the Lorenz system47. More-
over, Valani et al. 40 showed an exact correspondence between
the walker’s equation of motion and the Lorenz system.

As a paradigm of chaos, the Lorenz system and other
Lorenz-like systems that exhibit chaos or hyperchaos are be-
ing studied widely. Such systems are interesting to study not
only because of their rich dynamical behaviors, but also due
to the various applications of their chaotic behaviors in areas
such as image encryption48–50, secure communication51,52,
electronic oscillators and nonlinear circuits53–55, robotics56

and chemical reactions57.

Building on the equivalence between the walker’s trajectory
equation and the Lorenz equation as demonstrated by Valani
et al. 40 for a one-dimensional sinusoidal wave form, in this
paper, we present this connection in a generalized pilot-wave
framework. The generalized pilot-wave framework, initially
proposed by Bush 30 , is a theoretical abstraction rooted in the
walking-droplet system that has allowed for exploration of a
broader class of dynamical systems and the discovery of new
quantum analogs. By transforming the one-dimensional tra-
jectory equation for a wave-particle entity with an arbitrary
spatial wave form into a system of ODEs, we explore differ-
ent wave forms that result in Lorenz-like dynamical systems.
The paper is organized as follows. We start by presenting the
integro-differential trajectory equation for the wave-particle
entity in Sec. II. We then in Sec. III present a transformation
to convert the integro-differential equation of motion into a
system of infinite ODEs having Lorenz-like structure. Then,
we consider different wave forms in Secs. IV-VII and show
that they can be reduced to a finite system of Lorenz-like
ODEs and present the resulting dynamics. In Sec. IV, we
start by exploring the Bessel wave form that serves as a good
approximation of the wave form for the experimentally real-
ized walkers. After that, we consider other wave forms that
result in Lorenz-like dynamical systems. Such wave forms
are currently not realized in walking-droplet experiments but
they may provide to be useful in exploration of hydrodynamic
quantum analogs in a generalized framework. In Sec. V, we
consider wave forms whose gradients are solutions of con-
stant coefficient ODEs and explore the Lorenz-like systems of
a pure sinusoidal wave form as well as sinusoidal wave form
with an exponential envelope. In Sec. VI, we consider polyno-
mial wave form and explore the Lorenz-like system emerging
for a double-well wave form. In Sec. VII, we consider pe-
riodic wave forms and explore the Lorenz-like system for a
wave form composed of two frequencies. Finally, we con-
clude in Sec. VIII.

effective drag force propulsion from self-
generated waves

FIG. 1. Schematic of the one-dimensional self-propelled wave-
particle entity. A particle of dimensionless mass κ is located at xd
and moving horizontally with velocity ẋd . The particle experience a
propulsion force,−β∂h/∂x|x=xd , from its self-generated wave field
h(x, t) (blue filled area), and an effective drag force, −ẋd . The un-
derlying wave field h(x, t) is a superposition of the individual waves
generated by the particle continuously along its trajectory. These in-
dividual waves (black and gray curves with the higher intensity of
the color indicating the waves created more recently) are of spatial
form W (x) and decay exponentially in time.

II. AN INTEGRO-DIFFERENTIAL TRAJECTORY
EQUATION FOR THE WAVE-PARTICLE ENTITY

As shown schematically in Fig. 1, consider a particle lo-
cated at position xd and moving horizontally with velocity ẋd
while continuously generating waves with prescribed spatial
structure W (x) that decay exponentially in time. The dimen-
sionless equation of motion governing the horizontal dynam-
ics of the particle is given by35,

κ ẍd + ẋd =−β
∂h
∂x

∣∣∣
x=xd

+F . (1)

The left-hand-side of Eq. (1) is composed of an inertial term
κ ẍd and an effective drag term ẋd , where the overdot denotes
differentiation with respect to time t. The first term on the
right-hand-side of the equation captures the forcing on the
droplet by the underlying wave field h(x, t). This force is pro-
portional to the gradient of the underlying wave field. The
second term is an external force F that may act on the par-
ticle. This external force is generic and may depend on the
position of the particle F (xd) or its velocity F (ẋd) or more
generally depend on time F (t). The shape of the wave field
h(x, t) is calculated through integration of the individual wave
forms W (x) that are continuously generated by the particle
along its trajectory. This gives

h(x, t) =
∫ t

−∞

W (x− xd(s))e−(t−s) ds. (2)

Combining Eqs. (1) and (2), we obtain the integro-differential
equation

κ ẍd + ẋd = β

∫ t

−∞

f (xd(t)− xd(s))e−(t−s) ds+F , (3)

where f (x) = −W ′(x) is the negative gradient of the wave
form and the prime denotes differentiation with respect to the
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argument x. This integro-differential trajectory equation was
derived by Oza, Rosales, and Bush 35 to describe the horizon-
tal dynamics of a walker by employing a Bessel function of
the first kind and zeroth order, W (x) = J0(x), wave form for
the individual waves generated by the droplet on each bounce.
The two parameters in this dimensionless equation of mo-
tion, κ > 0 and β > 0, follow directly from Oza, Rosales,
and Bush 35 and may be usefully interpreted as the ratio of
inertia to drag and the ratio of wave forcing to drag respec-
tively. We note that κ ∼ 1/Me and β ∼ Me2, where Me is
the memory parameter that governs the rate of temporal de-
cay of the underlying waves with a larger value of Me indicat-
ing slower temporal decay35. Thus, the high-memory regime
where the walker typically exhibits hydrodynamic quantum
analogs, corresponds to the region of small κ and large β in
the parameter space of the model25,40.

III. FROM INTEGRO-DIFFERENTIAL EQUATION TO
SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS
(ODES)

We start by transforming the integro-differential equation
presented in Eq. (3) into a infinite system of ODEs. Let the
wave-memory force term in the trajectory equation be,

M0(t) =
∫ t

−∞

f (xd(t)− xd(s))e−(t−s) ds.

Differentiating this with respect to time and using the Leibniz
integration rule we get,

Ṁ0 = f (0)

+
∫ t

−∞

[
ẋd f ′(xd(t)− xd(s))− f (xd(t)− xd(s))

]
e−(t−s) ds

=−M0 + f (0)+ ẋdM1,

where the prime denotes the derivative of the function with
respect to its argument, and

M1(t) =
∫ t

−∞

f ′(xd(t)− xd(s))e−(t−s) ds.

Similarly if we differentiate M1(t) with respect to time we get,

Ṁ1 =−M1 + f ′(0)+ ẋdM2,

where,

M2(t) =
∫ t

−∞

f ′′(xd(t)− xd(s))e−(t−s) ds.

In this way, the integro-differential equation of motion can be
changed into the following infinite system of ODEs:

ẋd = v (4)

v̇ =
1
κ
(βM0− v+F )

Ṁn =−Mn + f (n)(0)+ vMn+1

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 2. Comparison of approximate Lorenz-like systems presented
in Eqs. (6) (blue) and (7) (yellow) with the full Bessel wave form so-
lution (maroon) for a typical parameter value in the chaotic regime:
σ = 1/κ = 10, r = β/2 = 40 and b = 1. The projection of the un-
derlying chaotic attractor on the X-Y plane (a-c), the probability dis-
tribution of particle’s velocity X (d-f) and the 1D return map of the
maxima in particle’s speed |X | (g-i) are shown.

where n = 0,1,2, ... and

Mn =
∫ t

−∞

f (n)(xd(t)− xd(s))e−(t−s) ds, (5)

with the superscript ‘(n)’ representing the nth derivative of the
function with respect to its argument. We note that the system
of ODEs in Eq. (4) include multiplicative nonlinear terms of
the form vMn+1 which are similar in form the the nonlinear
terms encountered in Lorenz-like systems.

IV. BESSEL WAVE FORM

We start by considering a typical wave form that has been
used to model the waves generated by a walker in exper-
iments. This is the Bessel function of the first kind and
zeroth order. This functional form serves a good approxi-
mation to the droplet-generated waves in the vicinity of the
droplet35,58,59. Choosing a Bessel function wave form W (x) =
J0(x) results in the wave form gradient f (x) = J1(x). Substi-
tuting in Eq. (5) gives,

Mn =
∫ t

−∞

J(n)1 (xd(t)− xd(s))e−(t−s) ds.
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This gives us an infinite system of ODEs to solve for the dy-
namics of the wave-particle entity with a Bessel wave form.
However, one can get an approximate finite system of ODEs
from this infinite system by neglecting terms with higher order
Bessel functions. Two different approximate forms of finite
Lorenz-like system obtained in this manner and consisting of
four and six ODEs respectively are given by (see Appendix A
for derivation)

ẋd = X (6)

Ẋ = σ(Y −X)

Ẏ =−Y + rX−XZ

Ż =−bZ +
3
4

XY,

and

ẋd = X (7)

Ẋ = σ(Y −X)

Ẏ =−Y + rX−XZ

Ż =−bZ +
3
4

XY − 1
4

XW

Ẇ =−W +
1
2

XU

U̇ =−U +
1
2

XY − 1
2

XW.

Here X = v, Y = βM0, Z = β (1/2−M1), W = βN3 and U =
βN2, where

Nα =
∫ t

−∞

Jα(xd(t)− xd(s))e−(t−s) ds,

and σ = 1/κ , r = β/2 and b = 1. We also assume no ex-
ternal force on the walker i.e. F = 0. A comparison of
the numerical solution of these approximate Lorenz-like sys-
tems with the solution of the full Bessel wave form system
for a typical parameter value in the chaotic regime of the
walker’s dynamics is shown in Fig. 2. The numerical solu-
tion for the complete Bessel wave form was obtained by solv-
ing the walker’s integro-differential equation using a semi-
implicit Euler method as described in Valani et al. 40 . The
finite Lorenz-like system of ODEs, here and in the remain-
der of the paper, were solved using the MATLAB inbuilt ode45
solver. We see from Fig. 2(a)-(c) that the chaotic attractor
of all three solutions have similar morphology with the “dou-
ble wing" structure that is typical of Lorenz strange attractor.
We note that the simpler four ODEs Lorenz-like system only
differs from the original Lorenz system47 by the coefficient
3/4 in the last equation of Eq. (6). Observing the probability
distribution of the particle’s velocity X , we find a qualitative
difference between the four ODEs and the six ODEs Lorenz-
like systems with the probability distribution of the six ODEs
Lorenz-like system having a closer resemblance to that of the
full Bessel wave form system (see Figs. 2(d)-(f)). Examining

the 1D return map of the maxima in time series of particle’s
speed |X | (see Fig. 2(g)-(i)) reveals cusp-like structures that
are different for the three systems. Specifically, we find that
cusps from the full Bessel wave form solution and the simpler
four ODEs Lorenz-like system have a well-defined structure
compared to the six ODEs Lorenz-like system. However, the
cusp structure of the six ODEs Lorenz-like system has a closer
resemblance to the cusp structure of the full Bessel wave so-
lution.

In the remainder of the paper, we will consider different
functional forms of the wave form gradient f (x) that exactly
reduce to Lorenz-like systems with finite ODEs. Such wave
forms at present are not realized in the experimental hydrody-
namic system of walking droplets, but nevertheless they may
provide to be useful in exploration of hydrodynamic quantum
analogs in a generalized pilot-wave framework.

V. WAVE FORM GRADIENTS THAT ARE SOLUTIONS
OF CONSTANT COEFFICIENT ODES

We consider spatial wave forms for the wave-particle entity
whose wave form gradient function, f (x), is a solution of an
nth order constant coefficient linear homogeneous ODE of the
form:

f (n)+an−1 f (n−1)+ ...+a2 f ′′+a1 f ′+a0 f = 0. (8)

This form of the gradient function allows us to reduce the in-
finite system of ODEs in Eq. (4) to a finite system by writing
the nth memory term in Eq. (5) as

Mn =
∫ t

−∞

f (n)(xd(t)− xd(s))e−(t−s) ds

=−(an−1Mn−1 +an−2Mn−2 + ...+a1M1 +a0M0) .

Substituting this in Eq. (4) results in a finite system of ODEs
consisting of n+2 equations as follows:

ẋd = v (9)

v̇ =
1
κ
(βM0− v+F )

Ṁ0 =−M0 + f (0)+ vM1

...

Ṁn−2 =−Mn−2 + f (n−2)(0)+ vMn−1

Ṁn−1 =−Mn−1 + f (n−1)(0)− v(an−1Mn−1 + ...+a0M0) .

Thus, the integro-differential trajectory equation of a one-
dimensional wave-particle entity whose wave form gradient
obeys a constant coefficient linear homogeneous ODE, can be
reduced to a finite system of nonlinear ODEs with the nonlin-
earity being similar in form to the Lorenz-like systems. We
now consider two examples of such wave form gradients in
Secs. V A and V B.
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A. Sinusoidal wave form

If the wave form gradient is chosen to obey the ODE,
f ′′(x) =− f (x), with f (0) = 0 (no gradient at the point where
the wave is created) and f ′(0) = 1, then this corresponds to a
wave form gradient f (x) = sin(x) with a corresponding wave
form W (x) = cos(x). By substituting this in Eq. (9) we get
the following system of four ODEs for the dynamics of the
wave-particle entity:

ẋd = v (10)

v̇ =
1
κ
(βM0− v+F )

Ṁ0 =−M0 + vM1

Ṁ1 =−M1 +1− vM0.

Assuming no external force and by making a change of vari-
ables X = v, Y = βM0 and Z = β (1−M1), we get

ẋd = X (11)

Ẋ = σ (Y −X)

Ẏ =−Y + rX−XZ

Ż =−bZ +XY,

where σ = 1/κ , r = β and b = 1. Thus, as it was shown using
integro-differential equations by Valani et al. 40 , we find that
a sinusoidal wave form results in the dynamics of the wave-
particle entity being governed by the classic Lorenz system
coupled with the position of the particle. Hence, the wave-
memory induced dynamics of an inertial particle with a sinu-
soidal wave form can alternatively be interpreted as the dy-
namics of a memoryless and massless particle driven by an
“internal engine” that prescribes the particle’s velocity based
on the Lorenz system.

If the wave-particle entity with a sinusoidal wave form is
confined in a harmonic potential centered at the origin with
a spring constant k, then F (xd) = −k xd and substituting in
Eq. (9) results in the following system of equations:

ẋd = X (12)

Ẋ = σ (Y −X− kxd)

Ẏ =−Y + rX−XZ

Ż =−bZ +XY.

The above system of nonlinear ODEs has similar struc-
ture to typical 4D Lorenz-like systems with a linear feed-
back. Lorenz-like systems with linear and nonlinear feed-
back are studied extensively by dynamical systems commu-
nity as they exhibit hyperchaos which has applications in im-
age encryption and secure communication60–66. Here we see
that Eq. (12) provides an alternate physical interpretation for
such Lorenz-like systems in terms of the dynamics of a wave-
particle entity in an external potential. Moreover, Durey,
Milewski, and Bush 67 showed the emergence of quantized pe-
riodic oscillations and wave-like statistics when investigating
the dynamics of a 1D wave-particle entity with a Bessel wave

(d) (e) (a)(f)

(g) (h) (i)

(a) (b) (c)

FIG. 3. Chaos resulting from a sinusoidal wave form with
an exponential envelope with wave form gradient f (x) =

(exp(−ax/2)/
√

1−a2/4)sin(
√

1−a2/4x). Panels (a), (d) and (g)
show the projection of the strange attractor on the X-Y plane, his-
togram of particle’s velocity X and the 1D map of maxima in par-
ticle’s speed |X |, respectively, for a sinusoidal wave form with an
exponentially growing envelope (a =−0.025). Panels (b),(e),(h) and
(c),(f),(i) show the same plots for a pure sinusoidal wave form (a= 0)
and a sinusoidal wave form with an exponentially decaying envelope
(a = 0.025) respectively. The parameters of the Lorenz-like system
are chosen to be σ = 10, r = 28 and b = 8/3.

form. Hence, it might be interesting to investigate such fea-
tures in the context of hydrodynamic quantum analogs for the
wave-particle system with a sinusoidal wave form presented
in Eq. (12).

B. Sinusoidal wave form with an exponential envelope

Choosing the wave form gradient to obey the ODE: f ′′(x)=
−a f ′(x)− f (x), we get f (x) as a sinusoidal with an exponen-
tial envelope. Moreover, choosing f (0) = 0 and f ′(0) = 1,
results in the wave form gradient

f (x) =
e(−

a
2 x)√

1− a2

4

sin

(√
1− a2

4
x

)
,

and a wave form

W (x) =e−
a
2 x
[

a
2

sin

(√
1− a2

4
x

)

+

√
1− a2

4
cos

(√
1− a2

4
x

)]
.
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Substituting this in Eq. (9) we get

ẋd = v (13)

v̇ =
1
κ
(βM0− v+F )

Ṁ0 =−M0 + vM1

Ṁ1 =−M1 +1−avM1− vM0.

Assuming no external force and by making a change of vari-
ables: X = v, Y = βM0 and Z = β (1−M1), we get the Lorenz-
like system

ẋd = X (14)

Ẋ = σ (Y −X)

Ẏ =−Y + rX−XZ

Ż =−bZ +XY +aX(r−Z),

where σ = 1/κ , r = β and b = 1. If a = 0 then we recover
back the system of ODEs in Eq. (11) corresponding to a purely
sinusoidal wave form. The asymmetry in the wave form intro-
duced by the exponential envelope results in a biased Lorenz
strange attractor where the trajectory on the strange attractor
spends more time in one basin of attraction compared to the
other basin. This is illustrated in Fig 3(a)-(f) where a compar-
ison of the chaotic attractor and the histogram of the walker’s
velocity X is made between the pure sinusoidal wave form
and the sinusoidal wave form having an exponential envelope
with a small decay rate a. Moreover, as shown in Fig. 3(g)-
(i), the 1D return map of the maxima in the time series of the
particle’s speed |X | results in a double-cusp map structure for
the sinusoidal wave form with an exponential envelope. This
single cusp to double-cusp transition is due to the asymmetry
introduced by the exponential envelope which breaks the de-
generacy of the left and right walking states. We find that if
the exponential decay rate a is significant, chaos ceases and
one gets a steady solution of the system corresponding to the
wave-droplet entity moving at a constant velocity.

Inspired by the statistical analysis of the Lorenz system by
Aizawa 68 , Valani et al. 40 showed that in certain parameter
regime with the purely sinusoidal wave form, the flip-flop pro-
cess of the particle’s velocity X that corresponds to switching
between the two “wings" of the Lorenz chaotic attractor can
be modeled well by a two-state Markovian process with equal
probabilities to jump from one wing to the other wing of the
attractor. Since adding the exponential envelope results in the
phase-space trajectory on the strange attractor spending more
time in one basin compared to the other, one may be able to
model this flip-flop process, in certain parameter regimes, by
a two-state Markovian process with unequal transition proba-
bilities.

VI. WAVE FORM GRADIENT IS A POLYNOMIAL

We now consider the wave form gradient to be an nth degree
polynomial as follows:

f (x) = bnxn +bn−1xn−1 + ...+b1x+b0.

It readily follows that f (n)(x) = n!bn and Mn = n!bn. Hence,
the infinite system of ODEs in Eq. (4) reduces to the following
system of n+2 ODEs:

ẋd = v (15)

v̇ =
1
κ
(βM0− v+F )

Ṁ0 =−M0 +b0 + vM1

...

Ṁn−2 =−Mn−2 +(n−2)!bn−2 + vMn−1

Ṁn−1 =−Mn−1 +(n−1)!bn−1 +n!bnv.

A. Double-well wave form

We consider an example of a polynomial wave form by con-
sidering a double-well potential wave form W (x)= 1−x2/2+
x4/24. This wave form is a truncated Taylor series of the co-
sine function upto the quartic term which captures one oscil-
lation of the cosine wave and gives rise to the wave form gra-
dient function f (x) = x− x3/6. Substituting this in Eq. (15)
we get the following system of ODEs:

ẋd = v (16)

v̇ =
1
κ
(βM0− v+F )

Ṁ0 =−M0 + vM1

Ṁ1 =−M1 +1+ vM2

Ṁ2 =−M2− v.

Assuming no external force and making the following change
of variables: X = v, Y = βM0, Z = β (1−M1), W = βM2, we
get the following Lorenz-like system of five ODEs:

ẋd = X (17)

Ẋ = σ (Y −X)

Ẏ =−Y + rX−XZ

Ż =−bZ−XW

Ẇ =−W − rX ,

where σ = 1/κ , r = β and b= 1. The system exhibits both pe-
riodic and chaotic behavior. A typical trajectory of the wave-
particle entity with this wave form in the chaotic regime is
shown in Fig. 4(a). It can be seen that the particle at short time
scale is undergoing back-and-forth oscillations while at long
time scales it exhibits diffusion-like behavior akin to what was
observed for the sinusoidal wave form by Valani et al. 40 and
Durey 41 . The projection of the corresponding chaotic attrac-
tor in the (X ,Y,Z) space is shown in Fig. 4(b). This chaotic at-
tractor has a Lorenz-attractor-like double wing structure that is
enclosed within an outer two-lobe structure. The correspond-
ing velocity time series of the particle along with its probabil-
ity distribution are shown in Figs. 4(c) and (d). The presence
of irregular walking for the double-well wave form shows that
three turning points in the wave form are enough to generate
the diffusive-like motion of the wave-particle entity.



7

(a) (b)

(c) (d)

FIG. 4. Chaos resulting from a double well wave form with wave
form gradient f (x) = x−x3/6. Panels (a) shows the one-dimensional
space-time trajectory of the particle with this double-well wave form.
The chaotic attractor in the (X ,Y,Z) space is shown in (b). The ve-
locity time series of the particle is shown in (c) while the probability
distribution of the velocity is shown in (d). The parameter in the
Lorenz-like system were fixed to σ = 10, r = 28 and b = 1.

VII. PERIODIC WAVE FORM

In this section we consider a periodic function for the wave
form gradient f (x) with period L. Using a Fourier series, we
can expand this periodic function in terms of the trigonometric
basis functions as follows:

f (x) =
A0

2
+

∞

∑
n=1

[
An cos

(
2πnx

L

)
+Bn sin

(
2πnx

L

)]
,

where

An =
2
L

∫
L

f (x)cos
(

2πnx
L

)
dx

Bn =
2
L

∫
L

f (x)sin
(

2πnx
L

)
dx.

Now, using this Fourier expansion we can rewrite the memory
force term as

M0(t) =
∫ t

−∞

f (xd(t)− xd(s))e−(t−s) ds

=
A0

2
+

∞

∑
n=1

(AnCn +BnSn)

where,

Cn =
∫ t

−∞

cos
(

2πn
L

(xd(t)− xd(s))
)

e−(t−s) ds

Sn =
∫ t

−∞

sin
(

2πn
L

(xd(t)− xd(s))
)

e−(t−s) ds.

Substituting this in Eq. (4) results in the following system of
infinite ODEs,

ẋd = v (18)

v̇ =
1
κ

(
β

[
A0

2
+

∞

∑
n=1

(AnCn +BnSn)

]
− v+F

)

Ċn = 1−Cn−
2πn

L
vSn

Ṡn =−Sn +
2πn

L
vCn.

Hence, when the integro-differential equation of motion for
the wave-particle entity having a periodic wave-form is trans-
formed to this system of ODEs, each mode of the Fourier se-
ries of the periodic wave form corresponds to a Lorenz-like
system with all the different modes coupled to each other in
the v̇ equation. Moreover, if the Fourier series of the periodic
wave form is reduced to a finite number of terms, then Eq. (18)
results in a finite Lorenz-like system.

A. Wave form composed of two harmonics: f and f/2

Let us consider a wave form composed of two sinusoidal
waves with the frequency of the second wave being half of
the first wave: W (x) = A1 cos(x)+2A2 cos(x/2). This results
in the wave form gradient f (x) = A1 sin(x)+A2 sin(x/2). We
note such two-frequency wave forms may be realized with su-
perwalking droplets when the fluid bath is vibrated simulta-
neously at a given frequency and its subharmonic tone with a
relative phase difference between them3–5. Choosing f (0)= 0
and f ′(0) = 1, we have A1 = 1− (A2/2). Substituting this in
Eq. (18) we get,

ẋd = v (19)

v̇ =
1
κ
(β [A1S1 +A2S2]− v+F )

Ċ1 = 1−C1− vS1

Ṡ1 =−S1 + vC1

Ċ2 = 1−C2−
1
2

vS2

Ṡ2 =−S2 +
1
2

vC2.

Assuming no external force and making the following change
of variables: X = v, Y1 = βS1, Y2 = βS2, Z1 = β (1−C1) and
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Z2 = β (1−C2). This gives us,

ẋd = X (20)

Ẋ = σ (A1Y1 +A2Y2−X)

Ẏ1 =−Y1 + rX−XZ1

Ż1 =−bZ1 +XY1

Ẏ2 =−Y2 +
rX
2
− 1

2
XZ2

Ż2 =−bZ2 +
1
2

XY2

where σ = 1/κ , r = β and b = 1. Thus, we get a coupled
Lorenz-like system for the dynamics of the wave-particle en-
tity with a wave form composed of two sinusoidal waves. To
understand the effects of the second wave on the chaotic dy-
namics, we investigate the dynamical behavior of the system
by varying the amplitude parameter A2 of the second wave.
A bifurcation curve is shown in Fig. 5(a) and the wave forms
for different A2 values are shown above that panel. We see
the presence of chaotic behavior for small A2 but however,
for moderate values of A2, chaos ceases and we get periodic
behavior. Moreover, for large A2 we again see chaos. The
1D return maps of maxima in particle’s speed |X | are shown
in Figs. 5(b)-(e). We see a sharp cusp map when only the
first frequency is present as shown in Fig. 5(b). With a little
addition of the second frequency, the cusp becomes fuzzy as
shown in Fig. 5(c). At large A2 when chaos first is recovered
we again see a fuzzy cusp map as shown in Fig. 5(d) and when
only the second frequency is present then we recover a clear
cusp map as shown in Fig. 5(e) which is a scaled version of
the cusp map in Fig. 5(b).

VIII. CONCLUSIONS

In this paper, we presented a transformation to convert the
integro-differential trajectory equation of a one-dimensional
wave-particle entity into a system of ODEs which has Lorenz-
like structure. By considering different spatial forms of the
waves generated by the particle, Lorenz-like systems were ob-
tained that govern the dynamics of the wave-particle entity.
For the Bessel wave form, an approximate Lorenz-like sys-
tem of six ODEs and four ODEs were obtained that reason-
ably captures the chaotic attractor. For wave form gradients
that (i) are solutions of linear constant coefficient homoge-
neous ODEs or (ii) have a polynomial form or (iii) are peri-
odic and can be approximated by a finite number of terms in
Fourier series, exact Lorenz-like systems of finite ODEs were
obtained. We presented an example for each of these types of
wave form gradients and the corresponding Lorenz-like sys-
tems that emerge.

Lorenz-like systems are studied widely by the dynamical
systems community due to their various applications. The re-
sults in this paper provide an alternate physical interpretation
of some Lorenz-like systems in terms of the dynamics of a
wave-particle entity. Moreover, the formalism presented in

(a)

(b) (c) (d) (e)

FIG. 5. Periodic wave form with two harmonics. (a) Bifurcation
diagram showing the values of maxima in particle’s speed |X | and
(b-e) the corresponding one dimensional return maps for the wave
form gradient f (x) = A1 sin(x) +A2 sin(x/2) and parameter values
σ = 4,b = 1 and r = 28. Bottom panel (b-e) are for values A2 =
0,0.15,1.8 and 2 (left to right).

this paper may be useful in constructing new chaotic Lorenz-
like systems and understanding their dynamical behaviors in
terms of the dynamics of a wave-particle entity.

In the hydrodynamic quantum analogs of walking droplets,
quantum-like statistics emerge from the underlying chaotic
dynamics30–32. Such emergence has been successfully cap-
tured by using the stroboscopic model with the experimen-
tally realized Bessel function wave form. It would be inter-
esting to explore the emergent statistics of a one-dimensional
wave-particle entity in confining potentials using a simpler si-
nusoidal wave form. Investigation of such a simple system
may allow us to rationalize the emergent quantum-like statis-
tics from the chaos arising in well-studied Lorenz-like sys-
tems. Moreover, the formalism presented in this paper can
be easily extended to taken into account interactions of multi-
ple wave-particle entities. Investigations of many interacting
wave-particle entities using the framework presented in this
work may allow us to understand their collective behavior in
terms of coupled Lorenz-like systems.
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Appendix A: Derivation of the approximate Lorenz-like system
for the Bessel function wave form

Substituting the Bessel function wave form gradient f (x) =
J1(x) in Eq. (5) gives

Mn =
∫ t

−∞

J(n)1 (xd(t)− xd(s))e−(t−s) ds

=
∫ t

−∞

1
2n

n

∑
k=0

(−1)k
(

n
k

)
J1−n+2k(xd(t)− xd(s))e−(t−s) ds

=
1
2n

n

∑
k=0

(−1)k
(

n
k

)∫ t

−∞

J1−n+2k(xd(t)− xd(s))e−(t−s) ds,

where we have used the derivative formula for Bessel func-
tion69. Now more generally let us define,

Mν
n (t) =

∫ t

−∞

J(n)ν (x(t)− x(s))e−(t−s) ds,

and

Nα =
∫ t

−∞

Jα(x(t)− x(s))e−(t−s) ds.

Then we have,

Mν
n =

1
2n

n

∑
k=0

(−1)k
(

n
k

)
Nν−n+2k. (A1)

We will use the notation Mn to represent M1
n . Writing down

the first four equations from the system of ODEs in Eq. (4)
gives,

ẋd = v

v̇ =
1
κ
(βM0− v)

Ṁ0 =−M0 + vM1

Ṁ1 =−M1 +
1
2
+

v
4
(−3M0 +N3),

where we have use the fact that J1(0) = 0, J′1(0) = 1/2,
M2 =

1
4 (−3N1 +N3) =

1
4 (−3M0 +N3) by using Eq. (A1) and

the property N−α = (−1)α Nα for Bessel functions. Differen-
tiating N3 with respect to time gives us,

Ṅ3 =−N3 + J3(0)+ vM3
1 =−N3 +

v
2
(N2−N4).

Simillarly differentiating N2 with respect to time gives us,

Ṅ2 =−N3 + J2(0)+ vM2
1 =−N3 +

v
2
(M0−N3).

Since the first peak from the origin of higher order Bessel
functions Jα(·) shifts further away from the origin as the order
α increases, the contribution of higher order Bessel functions

to the integral for Nα will be typically less significant com-
pared to lower order Bessel functions. Hence, if we neglect
N4 term in Ṅ3 equation then we get the following closed sys-
tem of six ODEs:

ẋ = v

v̇ =
1
κ
(βM0− v)

Ṁ0 =−M0 + vM1

Ṁ1 =−M1 +
1
2
− 3

4
vM0 +

1
4

vN3

Ṅ3 =−N3 +
1
2

vN2

Ṅ2 =−N2 +
1
2

vM0−
1
2

vN3.

By making a change of variables X = v, Y = βM0, Z =
β (1/2−M1), W = βN3 and U = βN2 we get

ẋd = X

Ẋ = σ(Y −X)

Ẏ =−Y + rX−XZ

Ż =−bZ +
3
4

XY − 1
4

XW

Ẇ =−W +
1
2

XU

U̇ =−U +
1
2

XY − 1
2

XW,

where σ = 1/κ , r = β/2 and b = 1. Moreover, if we neglect
the variables W and U then we get a simplified Lorenz-like
system of four ODEs as follows:

ẋd = X

Ẋ = σ(Y −X)

Ẏ =−Y + rX−XZ

Ż =−bZ +
3
4

XY.
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