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Abstract

Calculating the expected value of options is a prominent task in financial mathematics
literature. Exotic options, such as barrier options, provide a further specialisation that
often requires vastly differing techniques. The first explicit continuous-time option pricing
formula, the Black-Scholes model, assumed that the underlying security could be modelled
using a stochastic process called Brownian motion. While this was reasonably effective,
empirical research has shown that financial markets have path properties and distributions
that cannot be achieved by Brownian motion. Accordingly, over the past two decades, the
literature has investigated the use of other Lévy processes in option pricing models. In
these models, the expected value of barrier options may be represented through a system
of integro-differential equations, which can be solved numerically using the Wiener-Hopf
factors of the process. However, many Lévy processes do not have known expressions
for the Wiener-Hopf factors, so previous algorithms, such as the Simple Wiener-Hopf
(SWH) method [33], have required methods of approximating these functions. Additional
calculations and errors in these approximations reduce the accuracy and time efficiency
of these algorithms.

In this thesis, we investigate the family of meromorphic Lévy processes, which have
known Wiener-Hopf factors and are more suitable than Brownian motion. We derive an
algorithm to price barrier option when the model is driven by a meromorphic process,
calling this new algorithm theMeromorphic Wiener-Hopf (MWH) method. By comparing
the results with Monte Carlo simulations and the SWH method, we demonstrate that the
MWH method provides an accurate estimate of barrier option prices. While there is
currently no significant difference in computational speed between the MWH and SWH
methods, we suggest potential means to optimise the MWH method. Regardless, the
MWH method is a beneficial addition to the suite of option pricing models because it
may be applied in different conditions than other algorithms. In particular, the MWH
method allows for processes of either finite or infinite path variation, while the SWH
requires finite variation.
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Chapter 1

Introduction

Mathematical finance is an area of mathematics concerned with modelling financial mar-
kets. A prevalent problem in mathematical finance is the modelling of financial assets to
estimate the value of derivatives such as options. There are many types of options, the
most common are American and European. However, various other exotic options exist,
such as lookback, compound, and barrier options, each with differing properties. This
research is particularly interested in barrier options. The variety of option types leads
to unique and interesting behaviours which we want to understand mathematically, often
achieving this using stochastic models.

The first explicit model of continuous-time financial markets was the Black-Scholes
model, which was based on a mathematical object called Brownian motion. Stochastic
models of financial markets have evolved significantly since then; a key advancement over
the past two decades has been the implementation of models driven by Lévy processes
that are different from Brownian motion. The resultant models are improved because
there are several unreasonable assumptions in the Brownian motion model that can be
removed using Lévy processes.

There is a vast literature on methods for pricing options under Lévy processes, which
can be categorised into three groups: Monte Carlo simulation (see, e.g., [31, 37, 56]),
backward induction (see, e.g., [22, 27, 50]), and integro-differential equations (see, e.g.,
[10, 32, 43]). The latter, where our research lies, may be solved using a Fourier inversion
technique that depends on the Wiener-Hopf factors of the process. However, explicit
forms of the Wiener-Hopf factors are not known for many Lévy processes. Several tech-
niques have been proposed to approximate these functions, and hence derive an option
pricing model (see, e.g., [32, 33]). However, these approximations reduce the accuracy
and speed of the algorithms, and often require assumptions that limit the flexibility of
the model.

In recent years, a subclass of Lévy processes has been defined, called meromorphic
Lévy processes [36]. Elements of this class have a known semi-explicit representation for
their Wiener-Hopf factors in the form of an infinite product. The aim of this research

1



2 Chapter 1. Introduction

is to derive a technique to calculate the value of barrier options with a model driven by
meromorphic Lévy processes, using the known form of the Wiener-Hopf factors. This
would provide access to a new, extensive class of Lévy-driven financial models, which
may allow for a better fit to security price dynamics. Additionally, since we have semi-
explicit formulas, the algorithm may be faster and more accurate than other methods
that approximate the Wiener-Hopf factors.

This thesis will present the relevant mathematics and finance to build up the prob-
lem of pricing options, then discuss meromorphic Lévy processes and investigate their
properties, before finally deriving a barrier option pricing method. We first introduce the
mathematical and financial background in chapters 2 and 3, respectively. Next, in Chap-
ter 4, we discuss barrier option pricing models driven by Lévy processes, with reference
to a recent algorithm from the literature. We then present meromorphic Lévy processes
and prove several interesting properties in Chapter 5. Utilising the aforementioned tech-
niques, we derive, in Chapter 6, an algorithm to calculate the value of a barrier option
when modelled according to a meromorphic Lévy process. Finally, we demonstrate the
new algorithm with numerical experiments in Chapter 7, comparing the results to other
algorithms in the literature.



Chapter 2

Mathematical foundations

Measure theory is the study of mathematical measures, generalising the notions of length,
area, and volume. Probability theory may be considered a branch of measure theory
that is concerned with the probabilities of events, often essential in any field requiring
quantitative analysis of data. Stochastic modelling is a key subject within probability
theory that aims to understand and evaluate processes that evolve randomly. This has
importance in a wide variety of applications, such as weather, biochemistry, and finance.

In this chapter, we provide the mathematical background that will allow us to build
and justify our models. First, basic measure-theoretic ideas will be introduced, leading
to definitions of the stochastic processes that are used in our model. This information is
available in many textbooks on probability theory; see, e.g., Bogachev [6], Billingsley [3],
and Kallenberg [25]. Then, we discuss various theorems and mathematical properties that
will be required. The majority of these statements are also common; our main resources
are [38] and [51].

2.1 Elementary measure theory

Measure theory provides the setting for us to investigate random processes and it is
important to understand its basic notations, definitions, and theorems. In this section,
we define various measure-theoretic objects such as sets, measures, and σ-fields. We
then discuss probability spaces, which are formed by these objects, along with random
variables.

First, a set is a collection of elements, which can be mathematical objects such as
numbers, symbols, or variables. A set with no elements is called the empty set, ∅. Other
common sets are the real numbers, R = (−∞,∞), the natural numbers, N = {1, 2, . . . },
and the integers, Z = {. . . ,−1, 0, 1, . . . }. We use R+ = [0,∞) to denote the non-negative
real numbers, R = [−∞,∞], the extended real line, and Z+ = {0, 1, 2, . . . }, the non-
negative integers. In a random experiment, the set of all possible outcomes, Ω, is called

3



4 Chapter 2. Mathematical foundations

the sample space. For example, in an experiment testing the number of heads in n ∈ N
coin tosses, the result can be any integer number from 0 to n, so the sample space is
Ω = {0, 1, . . . , n}. An element of Ω is called a sample point, and a subset of Ω is an event.

Given a sample space Ω, only some events A ⊆ Ω may be interesting, so we only want
to assign probabilities to collections of these particular events. Denote the set of these
collections by F . Each element of F , A ∈ F , is a subset of the sample space, A ⊆ Ω,
meaning that F is a subset of the power set of Ω, P(Ω). This set, F , should satisfy the
properties in Definition 1 (see [3, Section 2] for intuition behind these properties) and is
called a σ-field (σ-algebra).

Definition 1 (σ-field). Let Ω be a set. Then, F ∈ P(Ω) is a σ-field if:

i. Ω ∈ F .

ii. F is closed under complements: if A ∈ F , then Ac ∈ F , where Ac = Ω\A is the
complement of the event A.

iii. F is closed under countable unions: if A1, A2, . . . ∈ F , then
⋃
i∈N

Ai ∈ F .

Together, these properties also imply that the empty set is in F , ∅ ∈ F , and that F is
closed under countable intersections.

Elements of a σ-field are called measurable sets and the ordered pair (Ω,F) is called
a measurable space. On any set Ω, the smallest possible σ-field is {∅, Ω} and the largest
is P(Ω). Many mathematical objects can be used to generate corresponding σ-fields
with desirable properties. This is demonstrated below for sets and functions, and a third
example is shown in Definition 14.

Definition 2. Let Ω be a set and F be a collection of subsets of Ω. The σ-field generated
by the set F , σ(F ), is the smallest σ-field containing every set in F , or equivalently, the
intersection of all σ-fields that contain F .

Definition 3. Let X and Y be sets and T be a σ-field on Y . Define a function f : X → Y .
The σ-field generated by the function f , σ(f), is

σ(f) = {f−1(B) : B ∈ T},

the set of all inverse images of f on B.

When the sample space is a topological space, we often use the Borel σ-field, which
we define next.

Definition 4 (Borel σ-field). Given a topological space, E, the Borel σ-field, B(E), on
E is the σ-field that is generated by the collection of open sets of E (or, equivalently, the
closed sets).
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We can now define the notion of a measure, which generalises geometrical measures
such as length, area, and volume, and is the basis of measure theory.

Definition 5 (Measure). Let E be a set and E be a σ-field on E. A function µ : E → R
is a measure if:

i. (Non-negativity) For all A ∈ E, µ(A) ≥ 0.

ii. (Null empty set) µ(∅) = 0.

iii. (σ-additivity) If A1, A2, . . . ∈ E are pairwise disjoint, then

µ

(⋃
i∈N

Ai

)
=
∑
i∈N

µ(Ai).

A measurable space, (E, E), along with a measure on that space, µ, forms a triplet,
(E, E , µ), which is called a measure space. Within probability theory, we have a further
distinction of a measure, called a probability measure. This is simply a measure whose
range is in [0, 1] and where the image of the entire set is 1.

Definition 6 (Probability measure). Let Ω be a set and F be a σ-field on Ω. A function
P : Ω → [0, 1] is a probability measure if:

i. P is a measure on Ω.

ii. P(Ω) = 1.

These properties also imply that P(∅) = 0.

Given one probability measure, we often want to discuss its equivalent measures.

Definition 7 (Equivalent probability measures). Two probability measures P and Q on
(Ω,F) are equivalent if they have the same null sets. In other words, for all A ∈ F ,

Q(A) = 0 ⇐⇒ P(A) = 0.

We now have the mathematical building blocks to form a probability space, which is
used to formally represent a random experiment.

Definition 8 (Probability space). A probability space is a triplet (Ω,F ,P), where Ω
is a sample space, F is a σ-field on Ω, and P is a probability measure on (Ω,F).

A singular outcome, ω, of a random experiment is an element of the sample space, Ω.
An event A ∈ F is said to have occurred if it contains the outcome ω. The proportion
of random experiments where A occurs is given by its probability, P(A). We are often
interested in events that occur with probability one, or equivalently, occur almost surely.
Since we can define non-empty subsets of the sample space to have probability zero, this
does not imply that all possible outcomes belong to such an event.
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Definition 9. Let (Ω,F ,P) be a probability space. An event A ∈ F occurs P-almost
surely if P(A) = 1, or equivalently, if P(Ac) = 0. More generally, any event E ⊆ Ω
occurs P-almost surely if Ec = Ω\E ⊆ N for some null set N (i.e. N ∈ F such that
P(N) = 0). Often, we omit the specification of the measure P and use an abbreviation,
writing: A a.s..

As a simple illustration of events that occur almost surely, consider a random experi-
ment where we toss a (fair) coin repeatedly (an infinite number of times) and record each
outcome as ‘head’ (H) or ‘tail’ (T). The probability space for each toss is ({H,T}, 2{H,T},P),
where P(H) = P(T ) = 1/2. Letting the trials be independent and identically distributed
(i.i.d.) and denoted by ω1, ω2, . . . , an outcome of our experiment is a sequence of heads
and tails, (ω1, ω2, . . .); any infinite sequence of heads and tails is a possible outcome. By in-
dependence, the probability measure of this experiment is P(ω1, ω2, . . .) = P(ω1)P(ω2) . . ..
Consider the event A ∈ F where we toss at least one head, such that Ac is the event
where all tosses are tails. Then,

P(A) = 1− P(Ac) = 1−
∏
j∈N

P(T ) = 1−
∏
j∈N

1

2
= 1.

Thus, by Definition 9, A occurs P-almost surely. However, observe that the outcome of
all tails, (T, T, T, . . .), does not belong to A. This shows that an event occurring almost
surely does not imply that all possible outcomes belong to that event.

Since almost sure events are defined in terms of null sets, we often want to deal with
probability spaces that have well-defined subsets of null sets, which are called complete
probability spaces.

Definition 10 (Complete probability space). A probability space, (Ω,F ,P), is complete
if every subset of a set with measure zero is measurable, also with measure zero. In other
words, for every A ∈ F , if P(A) = 0, then every subset of S ⊆ A is such that S ∈ F and
P(S) = 0.

Given a probability space, a filtration is another important mathematical object, which
is used to represent the amount of available information at a given point. This will later
contribute to the formalisation of stochastic processes, the basis of our models.

Definition 11 (Filtration). Let (Ω,F ,P) be a probability space and T be an index set
with a total order, usually some subset of R+. For each t ∈ T , let Ft ⊆ F be a σ-field,
such that for each k ≤ ℓ, Fk ⊆ Fℓ. Then, (Ft)t∈T is a filtration. Often we will omit the
index set for a filtration and write (Ft).

We can also define functions between measurable spaces such that the measurability
structure of the spaces is preserved. This is analogous to the idea that continuous func-
tions preserve topological structure by ensuring that the preimage of all open sets is still
open. Similarly, a measurable function requires the preimage of measurable sets to still
be measurable.
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Definition 12 (Measurable function). Let (X,Σ) and (Y, T ) be measurable spaces. A
function f : X → Y is measurable if, for every B ∈ T

f−1(B) := {x ∈ X | f(x) = B} ∈ Σ.

Finally, we are prepared to introduce the last basic object that is essential to proba-
bility theory: random variables. Often when performing a random experiment, we want
to transform the sample point, usually to have a value given by a real number. This
is achieved by defining random variables, which are functions from the sample space to
some other measurable space. Any interesting subsets of outputs from our random vari-
able should have defined probabilities (i.e., should be measurable). Considering this,
random variables are defined as follows.

Definition 13 (Random variable). Let (Ω,F ,P) be a probability space and (E, E) be
a measurable space. A measurable function X : Ω → E is an (E, E)-valued random
variable. Equivalently, a function X : Ω → E is an (E, E)-valued random variable if, for
every B ∈ E, X−1(B) ∈ F .

When the codomain of a random variable, E, is a topological space, the corresponding
σ-field, E , is usually the Borel σ-field. In fact, the codomain of the random variables in
probability theory is often the real numbers, R, which is a topological space, so we often
use the Borel σ-field on R, denoted B(R). In this setting, there is a useful alternative
definition. Let (Ω,F ,P) be a probability space and (R,B(R)) be the real numbers with
the Borel σ-field. Then, a function X : Ω → R is a (R,B(R))-valued random variable if

{ω | X(ω) ≤ r} ∈ F ∀ r ∈ R.

This follows from Definition 13, since the set {(−∞, r] : r ∈ R} generates the Borel σ-
field. For brevity, we will subsequently refer to (R,B(R))-valued random variables without
specifying the target space, simply saying random variable.

As with sets and functions previously, we can generate a σ-field from a random variable.

Definition 14. Let X be an (E, E)-valued random variable, defined on probability space
(Ω,F ,P) and measure space (E, E). The σ-field generated by the random variable,
X, is

σ(X) =
{
X−1(B) | B ∈ E

}
.

Lastly, we define the law and characteristic function of a random variable. The law
of a random variable is synonymous with its probability distribution.

Definition 15. Let X be a random variable from the probability space (Ω,F ,P) to the
measurable space (R,B(R)). The law of X is a probability measure, LX , on (R,B(R))
such that, for all B ∈ B(R),

LX(B) = P(X ∈ B).
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It turns out, as we would hope, that the function defined to be the law of a random
variable is always a probability measure. Proving this statement demonstrates several of
our definitions.

Proposition 1. The law of a random variable is always a probability measure.

Proof. Let X be a random variable from (Ω,F ,P) to (R,B(R)). Define a function
LX : B(R) → R such that, for each B ∈ B(R),

LX(B) = P(X ∈ B) = P({ω ∈ Ω | X(ω) ∈ B}).

We need to show that LX satisfies Definition 6, meaning:

i. LX is a measure on Ω,

ii. LX(R) = 1.

Since X is a function with codomain R, so that LX(R) = P(X ∈ R) = 1, condition (ii) is
satisfied.

By Definition 5, for condition (i), LX must have a null empty set and satisfy non-
negativity and σ-additivity. The first two requirements are immediately satisfied because
LX is defined according to another probability measure, P, which has these properties.
To demonstrate σ-additivity, let B1, B2, . . . ∈ B(R) be pairwise disjoint. Suppose that
ω1 ∈ {ω ∈ Ω | X(ω) ∈ B1 ∪B2 ∪ · · ·}, so that X(ω1) ∈ B1 ∪ B2 ∪ · · · . Then, there is at
least one i ∈ N such that X(ω1) ∈ Bi. Hence, ω1 ∈

⋃
i∈N{ω ∈ Ω | X(ω) ∈ Bi} and

{ω ∈ Ω | X(ω) ∈ B1 ∪B2 ∪ · · ·} ⊆
⋃
i∈N

{ω ∈ Ω | X(ω) ∈ Bi}.

Now suppose that ω2 ∈
⋃

i∈N{ω ∈ Ω | X(ω) ∈ Bi}, so that there is at least one i ∈ N such
thatX(ω2) ∈ Bi. Then,X(ω2) ∈ B1∪B2∪· · · . Hence, ω2 ∈ {ω ∈ Ω | X(ω) ∈ B1 ∪B2 ∪ · · ·}
and ⋃

i∈N

{ω ∈ Ω | X(ω) ∈ Bi} ⊆ {ω ∈ Ω | X(ω) ∈ B1 ∪B2 ∪ · · ·}.

Thus,

{ω ∈ Ω | X(ω) ∈ B1 ∪B2 ∪ · · ·} =
⋃
i∈N

{ω ∈ Ω | X(ω) ∈ Bi}.

Additionally, since B1, B2, . . . are disjoint, X(ω) ∈ Bi for at most one i ∈ N. Hence,
for any i ̸= j, the sets {ω ∈ Ω | X(ω) ∈ Bi} and {ω ∈ Ω | X(ω) ∈ Bj} ∈ F are disjoint.
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Then, by the σ-additivity of P,

LX

(⋃
i∈N

Bi

)
= P({ω ∈ Ω | X(ω) ∈ B1 ∪B2 ∪ · · ·})

= P
(⋃

i∈N

{ω ∈ Ω | X(ω) ∈ Bi}
)

=
∑
i∈N

P({ω ∈ Ω | X(ω) ∈ Bi})

=
∑
i∈N

LX(Bi).

So, LX satisfies σ-additivity. Hence, LX is a probability measure.

Definition 16 (Characteristic function). Let X be a R-valued random variable. The
characteristic function of X is a function, θ : R → C, such that

θ(ξ) = E
[
eiξX

]
∀ ξ ∈ R.

The characteristic function uniquely identifies a random variable, which leads to
Lemma 1. This result follows immediately from the inversion formula for the charac-
teristic function that is discussed later, in Theorem 4.

Lemma 1. Let X and Y be random variables with characteristic functions θX and θY ,
respectively. Then X is equal in distribution to Y if and only if θX(ξ) = θY (ξ) for all
ξ ∈ R.

Finally, Lemma 2 may be used to calculate the characteristic function of a sum of
random variables. We will later use this result to apply Lemma 1.

Lemma 2. Let X1, X2, . . . be independent random variables and Y = X1 +X2 + · · · with
characteristic functions θX1 , θX2 , . . . and θY , respectively. Then, for all ξ ∈ R,

θY (ξ) =
∏
i∈N

θXi
(ξ).

Proof. Let X1, X2, . . . be independent random variables and Y = X1 + X2 + · · · with
characteristic functions θX1 , θX2 , . . . and θY , respectively. Then, by Definition 16 and the
independence of Xi,

θY (ξ) = E
[
eiξY

]
= E

[
eiξ(X1+X2+··· )] = E

[
eiξX1eiξX2 · · ·

]
=
∏
i∈N

E
[
eiξXi

]
=
∏
i∈N

θXi
(ξ).

In this section, we introduced the measure-theoretic background required to represent
random experiments through probability spaces and investigate particular outcomes using
random variables. This will allow us to define stochastic processes, which are used in our
models.
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2.2 Stochastic processes

Stochastic processes are mathematical objects that are used to model phenomena that
evolve randomly, such as stock prices. As we have seen, random variables may represent
the outcome of a random experiment. Often, we want to investigate how this outcome
varies over time and this is achieved by introducing stochastic processes.

Definition 17 (Stochastic process). Let (Ω,F ,P) be a probability space and (S,Σ) be
a measurable space. Let T be some set, called the index set, and define an S-valued
random variable Xt for each t ∈ T . A stochastic process is the collection of these
random variables, {Xt : t ∈ T}. Note that all of the random variables are defined on the
same measurable space.

Given a filtration, (Ft), such that Xt is Ft-measurable for all t ∈ R+, we say that the
stochastic process is defined on the filtered probability space, (Ω,F , (Ft),P).

Historically, the index set, T , was a subset of R, such as the natural numbers, N, or an
interval [0, n], which allowed elements of the index set, t ∈ T , to be interpreted as time.
While this is still often the case, the index set can be any totally ordered set. Another
common choice for the index set is n-dimensional Euclidean space, where t ∈ T can then
be interpreted as a point in space. Sets that are not totally ordered may also be used,
but many properties and theorems do not apply in this case.

A stochastic process, {Xt : t ∈ T}, is actually a function of two variables, ω ∈ Ω and
t ∈ T . Accordingly, it may also be written as {X(t, ω) : t ∈ T, ω ∈ Ω}. Often, we want to
fix ω ∈ Ω and investigate a single outcome of the stochastic process, giving the function

X( · , ω) : T → S,

which is called a sample function or realisation of the stochastic process. When T is
interpreted as time, it is also called a sample path of the process.

Finally, if S = R or S = Z, an increment of the stochastic process between the points
t1, t2 ∈ T is the difference between the underlying random variables at those points,
Xt2 − Xt1 , which is itself another S-valued random variable. An increment represents
how much the stochastic process changes between the two given points. This is usually
considered when T is interpreted as time, where the increment is then the change in the
process over a time period from t1 to t2.

Given a stochastic process, {Xt : t ∈ R+}, defined on probability space (Ω,F ,P), the
σ-field F corresponds to the amount of information that is contained in the stochastic
process because it identifies which subsets of Ω have assigned probabilities. When we
have a filtered probability space (Ω,F , (Ft),P), the filtration determines the amount of
information contained in the stochastic process at time t ∈ R+. As more time passes,
additional information is available, meaning that the filtration should become finer (have
additional elements). This is why the σ-fields that form a filtration are ordered subsets.
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If we do not have a filtered space, we can generate a filtration from the stochastic process,
called the natural filtration.

Definition 18. Let {Xt : t ∈ R+} be a stochastic process on a probability space (Ω,F ,P).
For each t ∈ R+, let

Ft = σ(Xs | 0 ≤ s ≤ t)

be the σ-field generated by all of the random variables Xs for 0 ≤ s ≤ t. Then, (Ft)t∈R+

is the natural filtration of the stochastic process.

Stochastic processes are mathematical objects that evolve according to a given prob-
ability distribution with random realisations and can be grouped into various categories,
including random walks, martingales, Markov processes, Lévy processes, Gaussian pro-
cesses, renewal processes, and branching processes. Two of the most famous and im-
portant examples of stochastic processes are Brownian motion and the Poisson process.
Brownian motion was used by Louis Bachelier and others later to study financial markets,
while the Poisson process was used by Agner Erlang to study the number of phone calls
that occur in a certain period of time. Stochastic processes in general have found signifi-
cant application in modelling systems and phenomena that appear to vary randomly, such
as bacterial growth, electrical currents, and movement of gas molecules. In our research,
we use the subcategory of stochastic processes called Lévy processes.

2.3 Lévy processes

Lévy processes are an important class of stochastic processes, named in recognition of
French mathematician Paul Lévy, who played an instrumental role in the field. Through-
out history, Lévy processes have been known by several different names. In fact, in 1940,
Paul Lévy simply referred to them as a subclass of processus additifs (additive processes),
which are processes that have independent increments. Later, in the 1960s and 70s, litera-
ture mostly referred to Lévy processes with the descriptive title of processes with stationary
and independent increments, before the name Lévy process was eventually adopted. This
subclass of stochastic processes is defined as follows.

Definition 19 (Lévy process). A stochastic process, X = {Xt : t ∈ R+}, on the probability
space (Ω,F ,P) is a Lévy process if it satisfies the following.

i. X0 = 0 P-almost surely.

ii. X has stationary increments:

Xt −Xs
d
= Xt−s ∀ 0 ≤ s ≤ t.



12 Chapter 2. Mathematical foundations

iii. X has independent increments:

Xt −Xs is independent of {Xu : 0 ≤ u ≤ s} ∀ 0 ≤ s ≤ t.

iv. Paths of X is càdlàg P-a.s..

Lévy processes are an extremely rich class of processes with a wide range of properties.
To better understand these processes, [17] introduced the notion of infinitely divisible
distributions, and showed a one-to-one correspondence with Lévy processes, which we
will see in Proposition 2.

Definition 20 (Infinitely divisible distribution). An R-valued random variable, Θ, has
an infinitely divisible distribution if, for each n ∈ N, there exists a sequence of i.i.d.
random variables, Θ1, . . . ,Θn, such that

Θ
d
= Θ1 + · · ·+Θn.

Equivalently, the law, µ, of an R-valued random variable is infinitely divisible if, for
each n ∈ N, there exists another random variable with law µn such that µ = µ∗n

n , where
µ∗n
n = µn ∗ µn ∗ · · · ∗ µn is the n-fold convolution of µn.

Proposition 2. Let X = {Xt : t ∈ R+} be a stochastic process. Then X is a Lévy process
if and only if Xt has an infinitely divisible distribution for all t ∈ R+.

The proof of this proposition requires several important objects that will be defined
throughout this section. First, the forward direction of Proposition 2 can be shown directly
from the previous definitions. Let X = {Xt : t ∈ R+} be any Lévy process. For any n ∈ N
and t ∈ R+, write Xt as the following telescoping sum:

Xt = (Xt/n −X0) + (X2t/n −Xt/n) + · · ·+ (Xt −X(n−1)t/n).

The terms in this sum are non-overlapping intervals of equal lengths, so, by conditions (ii)
and (iii) in Definition 19, they are each equal to the random variable Xt/n, independently.
Hence, we have found a sequence of n i.i.d. random variables (n independent copies of
Xt/n) such that

Xt = X
(1)
t/n +X

(2)
t/n + · · ·+X

(n)
t/n, (2.1)

satisfying Definition 20 and showing that Xt has an infinitely divisible distribution.
To determine the reverse direction of Proposition 2, we introduce the characteristic

exponents of random variables and Lévy processes. A random variable can be uniquely
identified using its characteristic exponent, which is a function that completely describes
the distributional properties of the variable.
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Definition 21 (Characteristic exponent of random variable). The characteristic ex-
ponent of an R-valued random variable, Θ, is a function Ψ: R → C, given by

Ψ(ξ) := − lnE
[
eiξΘ

]
.

Infinitely divisible random variables can be identified by their characteristic exponents,
using the following lemma.

Lemma 3. Let Θ be an R-valued random variable with characteristic exponent Ψ. Then,
Θ has an infinitely divisible distribution if and only if, for all n ∈ N, there exists another
characteristic exponent, Ψn, such that Ψ(ξ) = nΨn(ξ) for all ξ ∈ R.

Proof. See [38, Section 1.1].

We also have the characteristic exponent for a Lévy process, building the definition as
follows. Suppose that we define the characteristic exponent of the Lévy process at time t
in the same way as for a random variable (Definition 21), Ψt(ξ) = − lnE

[
eiξXt

]
. Then,

using (2.1), Ψt(ξ) = nΨt/n(ξ). Applying (2.1) again, for another m ∈ N, we have:

mΨ1(ξ) = Ψm(ξ) = nΨm/n(ξ),

which implies that

Ψm/n(ξ) =
m

n
Ψ1(ξ).

Let t = m/n ∈ Q. So, for any rational t > 0,

Ψt(ξ) = tΨ1(ξ). (2.2)

Additionally, recall that X is càdlàg, and thus, almost surely right continuous. By the
dominated convergence theorem, this implies that e−Ψt(ξ) and Ψt(ξ) are also right contin-
uous for all t ∈ R+. Hence, for any irrational number, t ∈ R\Q, Ψt(ξ) can be calculated
by choosing a decreasing sequence of rational numbers {tn : n ∈ N} that converges to t
(from above) as n tends to infinity. So, (2.2) holds for all t ∈ R+. Accordingly, we define
the characteristic exponent of a Lévy process, X = {Xt : t ∈ R+}, to be the characteristic
exponent of X1, which must have an infinitely divisible distribution.

Definition 22 (Characteristic exponent of Lévy process). Let X = {Xt : t ∈ R+} be a
Lévy process. The characteristic exponent of X is a function Ψ: R → C such that

E
[
eiξXt

]
= e−tΨ(ξ),

or, equivalently,

Ψ(ξ) := −
lnE

[
eiξXt

]
t

= − lnE
[
eiξX1

]
.
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As with random variables, every Lévy process can be uniquely and completely specified
by its characteristic exponent. Accordingly, studying the structure and properties of the
characteristic exponent is extremely useful, as we will see later.

Finally, using the Lévy-Khintchine formula, we can show that the characteristic ex-
ponents of Lévy processes and infinitely divisible distributions are equivalent, and hence
prove the reverse direction of Proposition 2. This theorem was derived in Lévy’s 1937
paper, Théorie de l’addition des variables aléatoires [39] and introduces an expression for
the characteristic exponent of an infinitely divisible distribution. We will see that this
expression is identical to the characteristic exponent of a Lévy process.

Theorem 1 (Lévy-Khintchine formula for infinitely divisible distributions). A random
variable with characteristic exponent Ψ has an infinitely divisible distribution if and only
if there exists a triple (a, s,Π), where a ∈ R, s ∈ R+, and Π is a measure concentrated on
R\{0} satisfying

∫
R(1 ∧ x

2)Π(dx) <∞, such that

Ψ(ξ) = −iaξ + 1

2
s2ξ2 +

∫
R

(
1− eiξx + iξx1{|x|<1}

)
Π(dx).

Proof. See [40, Proposition 6.10].

The characteristic exponent of a random variable with an infinitely divisible distribu-
tion exactly defines a unique Lévy process with the same characteristic exponent. This
is demonstrated by the Lévy-Khintchine formula for Lévy processes, which states that a
Lévy process can be constructed with the same characteristic exponent as in Theorem 1.
Note that, while the expressions in Theorems 1 and 2 are identical, the statements are
not the same. Theorem 1 states that, for any infinitely divisible distribution, there is a
triple (a, s,Π) such that the characteristic exponent has the required form. Alternatively,
Theorem 2 states that, given any triple (a, s,Π), we can define a Lévy process with the
required characteristic exponent. This proves that every infinitely divisible distribution
corresponds to exactly one Lévy process, the reverse direction of Proposition 2.

Theorem 2 (Lévy-Khintchine formula for Lévy processes). Let a ∈ R, s ∈ R+, and Π
be a measure concentrated on R\{0} such that

∫
R(1 ∧ x

2)Π(dx) < ∞, defining the triple
(a, s,Π), which we call the Lévy triple. For each ξ ∈ R, define

Ψ(ξ) = −iaξ + 1

2
s2ξ2 +

∫
R

(
1− eiξx + iξx1{|x|<1}

)
Π(dx).

Then, there exists a probability space (Ω,F ,P), on which a Lévy process is defined having
the characteristic exponent Ψ. We call a the drift, s the diffusivity, and Π the Lévy
measure of the defined Lévy process.

The proof of this theorem is rewarding since it helps to understand the structure of
Lévy processes. However, we will instead investigate a stronger version of the theorem, the
Lévy-Itô decomposition in Section 2.3.3, which demonstrates the path structure explicitly.
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2.3.1 Variation and jump activity

There are many properties that can be investigated when discussing Lévy processes; two
that are particularly important in our research are the path variation and jump activity.
In this section, we define these terms and present some techniques that may be used to
calculate them. We first define path variation for a function.

Definition 23. Let f : R+ → R+ be a function. Given a bounded interval [a, b] and a
partition P = {a = t0 < t1 < · · · < tn = b}, the variation of the function f over [a, b]
with partition P is defined by

VP(f, [a, b]) =
n∑

j=1

|f(tj)− f(tj−1)|.

The function has bounded variation over [a,b] if

V (f, [a, b]) := sup
P
VP(f, [a, b]) <∞.

The function has bounded variation if it has bounded variation over all intervals [a, b].

Bounded variation of a function is adapted to bounded variation of a Lévy process
with the same definitions except in an almost-sure sense.

Definition 24 (Bounded variation of Lévy process). Let X = {Xt : t ∈ R+} be a Lévy
process. X has bounded variation if {Xt(ω)}t has bounded variation for almost all ω ∈ Ω.

Given a Lévy process, the following lemma is often used to determine whether the
path variation is bounded. This statement is given in [51, Theorem 21.9] and [38, Lemma
2.12].

Lemma 4. A Lévy process with Lévy triple (a, s,Π) has paths of bounded variation if and
only if

i. s = 0.

ii.

∫
R
(1 ∧ |x|)Π(dx) <∞.

Given the condition
∫
R(1 ∧ x2)Π(dx) < ∞ in Theorem 2, (ii) is equivalent to the

statement,
∫
|x|≤1

|x|Π(dx) <∞.

Jump activity has a similar interpretation to path variation, but is specifically con-
cerned with the jumps in the Lévy process, which are determined by the Lévy measure.
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Definition 25. Let X = {Xt : t ∈ R+} be a Lévy process. Then, X has finite jump
activity if almost all paths have a finite number of jumps along any finite interval. Oth-
erwise, the process has infinite jump activity.

As with path variation, we have a result that provides a method to determine the
jump activity of a given process, given in [16, Proposition 2].

Lemma 5. Let X = {Xt : t ∈ R+} be a Lévy process with Lévy measure Π. Then, X has
finite jump activity if and only if

Π(R) =
∫
R
Π(dx) <∞.

The condition for finite jump activity in Lemma 5 is stronger than the condition (ii)
for bounded variation in Lemma 4. This means that pure jump processes (where s = 0 so
that (i) in Lemma 4 is satisfied) with finite jump activity form a subclass of those with
bounded variation. In other words, every jump process with finite jump activity must
also have bounded variation. We verify this statement thoroughly next.

Lemma 6. Let X be a pure jump Lévy process (diffusivity s = 0) with Lévy measure Π.
If X has finite jump activity, X has bounded variation.

Proof. Suppose that X, a pure jump process, has finite jump activity. By Lemma 5,

Π(R) =
∫
R
Π(dx) <∞. (2.3)

Additionally, recall from the Levy-Khintchine formula in Theorem 2, the Lévy measure
satisfies ∫

R
(1 ∧ x2)Π(dx) <∞. (2.4)

Since the integrands are both positive, (2.3) and (2.4) respectively imply that∫
|x|≥1

Π(dx) <∞ and

∫
|x|<1

|x|Π(dx) <∞.

This implies ∫
|x|<1

|x|Π(dx) +
∫
|x|≥1

Π(dx) =

∫
R
(1 ∧ |x|)Π(dx) <∞,

which is condition (ii) of Lemma 4. Hence, by Lemma 4, X has bounded variation.
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2.3.2 Examples

Now that we have defined Lévy processes and introduced some of their key properties,
we will present several important examples of Lévy processes: Brownian motion, Poisson
processes, compound Poisson processes, and subordinators.

Brownian motion

Perhaps the most notable Lévy process is the Wiener process, named after Norbert
Wiener, who investigated many of its properties. However, Wiener processes are often
called Brownian motion because they were historically used to model the random motion
of particles suspended in a fluid, which is also known as Brownian motion. This process
appears regularly in various fields such as pure and applied mathematics, quantitative
finance, biology, and physics. Apart from being an effective model of many phenom-
ena, Brownian motion can be used to generate and describe other stochastic processes.
Stochastic models that are driven by Brownian motion are generally tractable and rela-
tively easy to implement.

Brownian motion, W = {Wt : t ∈ R+}, is a stochastic process with almost-surely con-
tinuous paths, and increments that are independent, stationary, and normally distributed
with mean µt and variance σ2t, for some µ ∈ R and σ2 ∈ R+. When µ = 0 and σ = 1, the
process is called a standard Brownian motion. A simulation of two Brownian motions,
with means µ = 0 and µ = 1.4 and both with variance σ2 = 4, is shown in Figure 2.1.
Below, we calculate the characteristic exponent of W and demonstrate that Brownian
motion is a Lévy process, before discussing the path variation and jump activity.

Figure 2.1: Brownian motion realisations with µ = 0 and µ = 1.4, both with σ2 = 4.
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Recall that a normally distributed random variable with mean a and variance s2 has

probability density function (law) f(x) = 1
s
√
2π
e−

1
2s2

(x−a)2 . So, the characteristic function
of a Brownian motion at time t, Wt, is

θWt(ξ) = E
[
eiξWt

]
=

∫
R
eiξx

1

σ
√
2πt

e−
1

2σ2t
(x−µt)2 dx

=

∫
R

1

σ
√
2πt

e−
1

2σ2t
(x−(µ−iσ2ξ)t)

2

e−
1

2σ2t
(µ2t2−(µt−iσ2tξ)2) dx

= eiξµt−
σ2tξ2

2

∫
R

1

σ
√
2πt

e−
1

2σ2t
(x−(µ−iσ2ξ)t)

2

dx

= eiξµt−
σ2tξ2

2 ,

since, in the second to last expression, we have the integral of the probability density
function of a N(µt − iσ2tξ, σ2t) variable over its support. Thus, by Definition 22, the
characteristic exponent of a Brownian motion is

ΨW (ξ) = − ln
(
E
[
eiξW1

])
= − ln

(
eiξµ−

σ2ξ2

2

)
= −iξµ+

σ2ξ2

2
.

Observe that this expression satisfies the Lévy-Khintchine formula (Theorem 2) with
a = µ, s = σ, and Π = 0. This alone shows that W is a Lévy process, but we could
also use Proposition 2 and show that Wt has an infinitely divisible distribution for every

t ∈ R+. Let n ∈ N and define Y
(n)
j ∼ N

(
µt
n
, σ

2t
n

)
for j = 1, . . . , n, independently. Let θY

be the characteristic function of Yj, which is the same for all j since the variables have
the same distribution. Similar to W ,

θY (ξ) = e
iξµt
n

−σ2tξ2

2n .

By Lemma 2,

θ
Y

(n)
1 +Y

(n)
2 +···+Y

(n)
n

(ξ) =
n∏

j=1

θY =
n∏

j=1

e
iξµt
n

−σ2tξ2

2n = eiξµt−
σ2tξ2

2 = θW (ξ).

Thus, by Lemma 1, Wt
d
= Y

(n)
1 + · · · + Y

(n)
n , as required for Wt to be infinitely divisible

and hence, the Brownian motion is a Lévy process. Finally, it is also straightforward
to show that Brownian motion satisfies the definition of a Lévy process (Definition 19).
Properties (i), (ii), and (iii) are immediately satisfied, with the additional condition that
the distribution of the increments must be normal. Since continuity is a stronger condition
than càdlàg (every continuous process is also càdlàg), (iv) is also satisfied.

It is well-known (see, e.g., [26, Exercise 9.8]) that Brownian motion has unbounded
variation. Further, since the paths of Brownian motion are almost-surely continuous, it
does not admit jumps and has finite (zero) jump activity.
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Poisson process

The Poisson distribution is a discrete probability distribution that corresponds to the
number of independent events in a fixed time interval (or distance, area, volume), for a
given constant rate of occurrence. A Poisson process, N = {Nt : t ∈ R+}, is a stochastic
process with almost-surely càdlàg paths and increments that are independent, stationary,
and have a Poisson distribution with rate λt, for some λ > 0. Since the Poisson distri-
bution is discrete, Poisson processes are strict jump processes, as demonstrated by the
simulation in Figure 2.2. These processes are often used in queuing theory to model the
arrival of customers, phone calls, or earthquakes. We will show that Poisson processes are
Lévy processes, calculate their characteristic exponent, and discuss their variation and
jump activity.

Figure 2.2: Poisson process realisation with rate λ = 5.

A Poisson random variable with rate γ has probability mass function p(k) = γke−γ

k!
.

So, using ex =
∑

k∈N
xk

k!
, the characteristic function of a Poisson process at time t, Nt, is

θNt(ξ) = E
[
eiξNt

]
=
∑
k∈N

eiξk
(λt)ke−λt

k!
= eλt(e

iξ−1).

Thus, the characteristic exponent of a Poisson process is

ΨN(ξ) = − ln
(
E
[
eiξN1

])
= − ln

(
eλ(e

iξ−1)
)
= λ(1− eiξ).
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Observe that this expression satisfies the Lévy-Khintchine formula with a = s = 0, and
Π = λδ1, where δ1 is the Dirac measure supported on {1}. As before, we show that Nt

has an infinitely divisible distribution. Let n ∈ N and define Y
(n)
j ∼ Poisson

(
λt
n

)
. Let θY

be the characteristic function of Yj, which is the same for all j. Similar to N ,

θY (ξ) = e
λt
n
(eiξ−1).

By Lemma 2,

θ
Y

(n)
1 +Y

(n)
2 +···+Y

(n)
n

(ξ) =
n∏

j=1

θY =
n∏

j=1

e
λt
n
(eiξ−1) = eλt(e

iξ−1) = θN(ξ).

Thus, by Lemma 1, Nt
d
= Y

(n)
1 + · · · + Y

(n)
n , as required for Nt to be infinitely divis-

ible and hence, Poisson processes are Lévy processes. Again, the Poisson process also
satisfies Definition 19 with the additional requirement that the increments have Poisson
distributions.

Since the support of the Poisson distribution is Z+, the change in a Poisson process
over any increment is non-negative. Thus, Poisson processes are non-decreasing, meaning
that they have bounded variation over finite time horizons [38]. Since the Poisson process
is a strict jump process, by Lemma 6, this implies that the jump activity is bounded also.

We have already seen two Lévy processes that are vastly different in the continuity of
their paths, distribution of their increments, and their boundedness. This begins to show
the richness of the class of Lévy processes.

Compound Poisson process

A compound Poisson process, D = {Dt : t ∈ R+}, is a stochastic process that allows
jumps in its paths whose frequency is according to a Poisson process, {Nt : t ∈ R+}, and
magnitude is according to some other distribution, F . In other words,

Dt =
Nt∑
j=1

Aj,

where Nt ∼ Poisson(λt) and Aj ∼ F , independently for each j. Compound Poisson
processes have a similar path structure to Poisson processes shown in Figure 2.2, but
with different jump sizes. Again, we show that compound Poisson processes are Lévy
processes and calculate their characteristic exponent.

By the law of total probability, the characteristic function of a compound Poisson
process at time t, Dt, is
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θDt(ξ) = E
[
e
iξ

Nt∑
j=1

Aj
]

=
∑
n∈N

E
[
e
iξ

Nt∑
j=1

Aj
∣∣∣ Nt = k

]
P(Nt = k)

=
∑
n∈N

E
[
e
iξ

k∑
j=1

Aj
] (λt)ke−λt

k!
.

As Aj are i.i.d.,

θDt(ξ) =
∑
n∈N

E
[
eiξA1

]k (λt)ke−λt

k!

=
∑
n∈N

(∫
R
eiξxF (dx)

)k
(λt)ke−λt

k!

= e−λt(
∫
R(1−eiξx)F (dx)).

Thus, the characteristic exponential of a compound Poisson process is

ΨD(ξ) = − logE
[
e
iξ

N1∑
j=1

Aj
]
= λ

(∫
R
(1− eiξx)F (dx)

)
.

Observe that this satisfies the Lévy-Khintchine formula with a = λ
∫
R x1{|x|<1}F (dx),

s = 0, and Π(dx) = λF (dx). Further, with similar reasoning to that seen for Brownian
motion and Poisson processes, Dt can be shown to have an infinitely divisible distribution.
Thus, compound Poisson processes are Lévy processes.

Subordinators

A subordinator is a Lévy process that is non-negative, which, due to the stationary
increments property of Lévy processes, implies that they must be non-decreasing almost-
surely. Clearly, subordinators must have non-negative drift, no diffusion component, and
only positive jumps of finite variation. Thus, the characteristic exponent of a subordinator
is given by

Ψ(ξ) = −iµξ +
∫
R+

(
1− eiξx

)
Π(dx). (2.5)

Given a stochastic process, subordinators are often used in the theory of local time to
generate a new stochastic process, called the subordinated process, where the evolution of
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time is according to the subordinator [25]. The number of time steps that occur for the
subordinated process in a given unit of chronological time is determined by the value of
the subordinator in that increment.

2.3.3 Lévy-Itô decomposition

The Lévy-Itô decomposition provides insight into the path structure of a general Lévy
process by breaking it into three other Lévy processes, each with a particular path type.
We summarise the theorem to provide additional understanding of the paths of the Lévy
processes that we have seen. A more detailed statement of the theorem is discussed in [38].
Recall the Lévy-Khintchine formula in Theorem 2, which states that the characteristic
exponent of a Lévy process has the form:

Ψ(ξ) = −iaξ + 1

2
s2ξ2 +

∫
R

(
1− eiξx + iξx1{|x|<1}

)
Π(dx).

Consider splitting this formula into three components,

Ψ(ξ) =

{
−iaξ + 1

2
s2
}

+

{
Π(R\(−1, 1))

∫
|x|≥1

(
1− eiξx

) Π(dx)

Π(R\(−1, 1))

}
+

{∫
|x|<1

(
1− eiξx + iξx

)
Π(dx)

}
.

Label each of the decomposed components,

Ψ(1)(ξ) = −iaξ + 1

2
σ2,

Ψ(2)(ξ) = Π(R\(−1, 1))

∫
|x|≥1

(
1− eiξx

) Π(dx)

Π(R\(−1, 1))
,

Ψ(3)(ξ) =

∫
|x|<1

(
1− eiξx + iξx

)
Π(dx).

Then, Ψ(1) is the characteristic exponent of a Brownian motion with drift a and diffu-
sivity σ2. If Π(R\(−1, 1)) = 0, then Ψ(2) = 0, which corresponds to a process that is
identically 0. Otherwise, Ψ(2) is the characteristic exponent of a compound Poisson pro-
cess whereNt has rate Π(R\(−1, 1)) and Aj are i.i.d. with distribution Π(dx)/Π(R(−1, 1))
concentrated on {x : |x| ≥ 1}. Additionally, according to [38, Theorem 2.10], Ψ(3) is also
the characteristic exponent of a Lévy process, a square-integrable martingale [38]. These
three processes are independent, such that the Lévy-Khintchine formula in Theorem 2
is the sum of three independent Lévy processes. It can be observed directly from the
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definition of a Lévy process that this sum is also a Lévy process. This decomposition
is called the Lévy-Itô decomposition, credited to Paul Lévy and Kiyosi Itô, and proves
the Lévy-Khintchine formula in Theorem 2. It also shows that any Lévy process can be
expressed as the sum of a Brownian motion, compound Poisson process, and a square-
integrable martingale, which helps to understand the characteristics and path properties
of a Lévy process.

2.3.4 Wiener-Hopf factorisation

Wiener-Hopf factorisation refers to a collection of results on the characteristics of the
ascending and descending ladder processes of a stochastic process. It was initially devel-
oped by Norbert Wiener and Eberhard Hopf to solve integral equations, but has since
been used in solving various types of differential equations. In general, the technique aims
to define a pair of functions that are respectively analytic in the upper and lower complex
half-planes and describe the equations and boundary conditions of the problem.

Varying expressions for the Wiener-Hopf factorisation formula exist within different
disciplines. In modern probability, the formula relates the characteristic functions of a
Lévy process to its supremum and infimum processes when observed at exponentially
distributed times, or equivalently, at the arrival times of a Poisson process. Throughout
this section and the entire thesis, eq ∼ Exp(q) will denote an exponentially distributed
random variable that is independent of our Lévy processes. The supremum and infimum
processes are defined as follows.

Definition 26 (Supremum and infimum processes). Let X = {Xt : t ∈ R+} be a stochastic
process. The supremum process of X, X =

{
X t : t ∈ R+

}
, is defined by

X t := sup
0≤s≤t

Xs,

and the infimum process of X, X = {X t : t ∈ R+}, is defined by

X t := inf
0≤s≤t

Xs.

First, given stochastic process X and t ∈ R+, the pairs

(X t, X t −Xt) and (Xt −X t,−X t) (2.6)

have the same distribution under P [38, Lemma 3.5]. Additionally, if X = {Xt : t ∈ R+}
is a Lévy process, then it can be shown Xeq and Xeq −Xeq are independent and infinitely
divisible [51]. This relationship allows us to prove the Wiener-Hopf factorisation formula.

Theorem 3 (Wiener-Hopf factorisation). Let X = {Xt : t ∈ R+} be a Lévy process. The
Wiener-Hopf factorisation of X is

E
[
eiξXeq

]
= E

[
eiξXeq

]
E
[
eiξXeq

]
, ∀ ξ ∈ R.
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Proof. Let X = {Xt : t ∈ R+} be a Lévy process and ξ ∈ R. Then,

E
[
eiξXeq

]
= E

[
eiξ(Xeq−Xeq+Xeq)

]
= E

[
eiξXeq eiξ(Xeq−Xeq)

]
.

Since Xeq and Xeq −Xeq are independent,

E
[
eiξXeq

]
= E

[
eiξXeq

]
E
[
eiξ(Xeq−Xeq)

]
.

Finally, using (2.6),

E
[
eiξXeq

]
= E

[
eiξXeq

]
E
[
eiξXeq

]
.

The Wiener-Hopf factors are defined to be the two terms on the right-hand side of
the Wiener-Hopf factorisation.

Definition 27 (Wiener-Hopf factors). Let X = {Xt : t ∈ R+} be a Lévy process. The
Wiener-Hopf factors of X are:

ϕ+
q (ξ) := E

[
eiξXeq

]
, ϕ−

q (ξ) := E
[
eiξXeq

]
.

Currently, there are relatively few Lévy processes for which we can calculate explicit
expressions for Wiener-Hopf factors and this is an important problem in the literature.
Standard Brownian motion is one example of a process for which we have known Wiener-
Hopf factors, with the following form [38]:

ϕ+
q (ξ) =

√
2q√

2q + iξ
, ϕ+

q (ξ) =

√
2q√

2q − iξ
.

The Wiener-Hopf factorisation formula involves the characteristic functions of the
Lévy process and its supremum and infimum processes. Similar to the characteristic
exponent, the characteristic function completely specifies a Lévy process, so expressions
given by the Wiener-Hopf factorisation are extremely useful in investigating the dynamics
of a Lévy process. Additionally, the characteristic function evaluated at an exponential
random variable can be calculated analytically to derive an expression in terms of the
characteristic exponent of the Lévy process. Using the tower property and then the
definition of expectation,

E
[
eiξXeq

]
= E

[
E
[
eiξXt

∣∣ eq = t
]]

=

∫
R+

E
[
eiξXt

]
qe−qt dt

= q

∫
R+

E
[
eiξXt

]
e−qt dt.
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Now, recall, from Definition 22, that E
[
eiξXt

]
= e−Ψ(ξ)t, where Ψ(ξ) is the characteristic

exponent of X. Then,

E
[
eiξXeq

]
= q

∫
R+

e−Ψ(ξ)t e−qt dt

=
q

q +Ψ(ξ)

∫
R+

(
q +Ψ(ξ)

)
e−(q+Ψ(ξ))t dt

=
q

q +Ψ(ξ)
. (2.7)

This new expression for the characteristic function is easily implemented since we often
have simple formulas for the characteristic exponent, Ψ(ξ), from the Lévy-Khintchine
formula in Theorem 2. Using (2.7), the Wiener-Hopf factorisation formula in Theorem 3
can be written

q

q +Ψ(ξ)
= ϕ+

q (ξ)ϕ
−
q (ξ). (2.8)

To conclude this section, we make a final observation that has several useful conse-
quences: q

q+Ψ(ξ)
, ϕ+

q (ξ), and ϕ
−
q (ξ) are the characteristic functions of Xeq , Xeq , and Xeq ,

respectively. This follows immediately by Equation (2.8) and Definition 27, along with
Definition 16. There are many well-known properties and theorems for characteristic
functions which are available, such as the inversion formula.

Theorem 4. Let Y be an R-valued random variable with probability density function fY
and characteristic function θ, which is integrable,∫

R
|θ(y)| dy <∞.

Then, the inversion formula for Y states that

fY (y) =
1

2π

∫
R
e−iyξθ(ξ) dξ. (2.9)

Proof. See [46, Section 11.2].

Throughout this chapter, we have discussed the relevant areas of measure theory that
are used to define stochastic processes and the related theorems that will later contribute
to our research.
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Chapter 3

Financial background

Mathematical finance is an area of applied mathematics that aims to understand and
model financial markets. The first scholarly work in mathematical finance is considered
to be Louis Bachelier’s doctoral thesis, Theory of Speculation, in 1900 [2]. This is often
marked as the origin of quantitative finance. However, the discipline officially emerged
in the 1970s, following the work of Fischer Black, Myron Scholes, and Robert Merton in
their influential papers, The Pricing of Options and Corporate Liabilities [5] and Theory
of Rational Option Pricing [42]. These papers introduced the Black-Scholes formula and
motivated further works in the field.

Our research is in mathematical finance, investigating a model that could be thought
of as a descendent of the Black-Scholes formula. In this chapter, we set the scene for
the thesis by delving into the financial background of the project. We discuss financial
markets and the different objects that can be modelled, along with the properties that
we want to achieve with these models. The concept of arbitrage is also introduced, and
finally, the original Black-Scholes formula is discussed.

3.1 Financial markets and securities

Financial markets encompass a variety of institutions that generally aim to facilitate the
flow of capital from those who have funds and those who need funds. This transfer occurs
by the trading of financial assets (financial instruments), which refers to any resource that
is expected to provide future benefits and can be categorised into tangible and intangible
assets. Tangible assets, such as buildings, land, and machinery, have physical value, while
intangible assets are legal contracts with potential future economic benefits, including
patents, copyrights, and trademarks. Instruments such as stocks, bonds, and futures are
also intangible assets, but are often referred to as securities [15]. A financial market is
a destination where financial instruments may be exchanged [15, 53]. This may be a
physical location, such as the New York Stock Exchange, or a virtual system such as

27
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the NASDAQ. The first financial market, called the Bourse, opened in Belgium in 1531
and focused mostly on tangible assets [44]. In 1611, the Dutch East India Company was
the first to offer stock trading [21]. Stock exchanges have grown significantly; most large
companies today offer public stock trading. An example of a financial security, in the
form of the TSLA stock over a 12-month period during 2021, is shown in Figure 3.1.

Figure 3.1: TSLA stock price evolution over the 12-month period in 2021.

The set of all financial objects that an investor owns is often called a trading strategy.
These strategies should depend only on the current and previous market information, and
are called admissible in this case. Additionally, a trading strategy is called self-financing
if there is no external input or output of funds. These definitions are useful for discussing
trading strategies and categorising financial markets [8, 48, 55].

Definition 28 (Trading strategy). A trading strategy, χ = {χt : t ∈ R+}, is a stochastic
process, where χt represents the number of units of a financial security that an investor
owns at time t.

Definition 29 (Admissible trading strategy). A trading strategy, χ = {χt : t ∈ R+},
is called admissible if χ is a predictable process; that is, χ is measurable with respect to
the σ-field on R+ × R+ generated by all left-continuous adapted processes.

Definition 30 (Self-financing strategy). An admissible trading strategy is called self-
financing if no funds are withdrawn or added to the strategy, meaning the total value of
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the strategy, denoted Vt(χ), is constant over time. So, for any s, t ∈ R+,

Vt(χ) := χsSs = χtSt,

where St is the price of the security at time t, so that χtSt is the number of units of the
security held times the price of the security, the total value of the strategy.

When modelling financial markets, we want to use an equivalent martingale measure
(EMM). An exact definition of this mathematical object will be introduced in Section
3.2.2. Heuristically, an EMM is a probability measure such that the expected value of the
stock price under this measure is the fair price of the stock when adjusted for the involved
risk. Of course, this is a desirable property, and thus, we want an EMM to exist.

3.1.1 Derivatives

A derivative is a financial object whose value depends on some underlying security, which
may itself be a derivative. Some examples of these are options, futures contracts, and
swaps ; we will focus on options. Financial markets formed by derivatives are called
secondary markets.

Option contracts are financial derivatives that provide the right, but not the obligation,
to buy or sell an underlying security at a certain price and date, called the strike price and
maturity date. The current price of the underlying security when the option is purchased is
called the spot price. Options provide opportunities for advanced hedging and speculation,
and limit potential losses. An option that allows the security to be purchased is a call
option, while those where the security is sold are put options. Accordingly, the payouts
for a call and put option are

Gcall(t) = (St −K)+ and Gput(t) = (K − St)
+, (3.1)

respectively, where K is the strike price, St is the price of the underlying security at
time t, and the function ( · )+ = max( · , 0). These basic contracts are sometimes called
vanilla options. Examples of the structure of a put option are shown in Figure 3.2, with
maturity date by T and two different strike prices, K. The underlying security for this
option is the TSLA stock from Figure 3.1. Since we are considering a put option, the
payout function is positive whenever the security price is less than the strike price. So,
the owner could exercise the option in Figure 3.2a at any time and have a positive return.
On the other hand, the option in Figure 3.2b has positive payout only at certain times.
There are many different types of options; some options would allow the owner to exercise
the contract during these periods of positive payout, while others may not. American and
European options are the most common types that provide this distinction. An American
option can be exercised at any time up to maturity, whereas a European option can only
be exercised at maturity.
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(a) Security price always lower than the strike. (b) Security price fluctuates around the strike.

Figure 3.2: Examples of potential put option contracts. Green and red indicate periods
with positive and zero payout, respectively.

Option contracts offer several advantageous properties to both experienced traders
and individual investors; they

• Provide increased cost-efficiency. Option fees are significantly less than purchasing
the underlying security, meaning that less capital is required to invest in options.

• Limit the risk. Options can be less risky since the capital commitment is reduced.

• Allow for more variety in investment strategies. Options are extremely flexible and
can be combined and hedged in many ways, allowing potential profit in any market
condition.

Despite some initial skepticism, options have grown substantially in popularity due to
these benefits.

Options originated in the form of markets called bucket shops in the 1920s. At this
time, financial markets were largely mysterious and could not be utilised effectively. The
introduction of the first explicit option pricing models, such as the Black-Scholes formula,
allowed fair values to be assigned to financial objects, meaning that they could be effec-
tively traded. This was the catalyst for the development of derivative markets around
the world, which are a multi-trillion-dollar industry today. Derivative pricing formulae
and algorithms have produced massive economic growth. Improved accuracy and speed
in these models would allow the market to become fairer and more effective, showing the
importance of continual development in this field. On the other hand, inaccuracies in
these models, or their application in the wrong market conditions where the assumptions
of the model are not satisfied, can have dire consequences. This further stresses the im-
portance of producing accurate models and advocates for the development of new models,
with different assumptions that may be applied more broadly.
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3.1.2 Efficient and complete markets

There are several ways that financial markets are categorised based on their properties.
Two important distinctions are efficient and complete markets [4, 8, 48, 55]. These clas-
sifications allow us to determine the existence and uniqueness of an equivalent martingale
measure.

Market efficiency is determined by the presence of arbitrage, which is an opportunity
for an investor to find undervalued or overvalued securities and beat the market by achiev-
ing a risk-free profit. The equations in Definition 31 state that an arbitrage opportunity
is identified by a portfolio that has no initial value, but has guaranteed positive returns.

Definition 31 (Arbitrage opportunity). An arbitrage opportunity is a self-financing, ad-
missible strategy χ with, V0(χ) = 0, VT (χ) ≥ 0, and E[VT (χ)] > 0.

If all of the available financial information is reflected in the price of securities, there
will be no arbitrage opportunities since the price will always be fair. This defines an
efficient market [19].

Definition 32 (Efficient market). A financial market is called efficient if there are no
arbitrage opportunities.

In an efficient market, we can always find an equivalent martingale measure [7, 14].
This result is often called the first fundamental theorem of asset pricing [19], and may be
proved using the Hahn-Banach separation theorem (see [4, Proposition 4.2.3]).

Theorem 5 (First fundamental theorem of asset pricing). A financial market is efficient
if and only if there is at least one equivalent martingale measure.

In the 1960s, Eugene Fama proposed the Efficient Market Hypothesis, which states
that financial markets are approximately efficient [15, 53, 55]. Empirical studies have
supported this claim, and accordingly, we should assume an efficient market when dealing
with financial models.

Complete markets are those where, for every derivative in the market, there is a
trading strategy that has the same value at maturity. A derivative is called attainable
if we have this property [19]. The corresponding trading strategy is called a replicating
strategy because it replicates the derivative.

Definition 33 (Attainable derivative). A derivative X with maturity T is called attainable
if there is an admissible, self-financing trading strategy χ such that VT (χ) = X.

Definition 34 (Complete market). A financial market is called complete if every deriva-
tive is attainable.
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This leads to the second fundamental theorem of asset pricing, which states that
market completeness means that we have a unique equivalent martingale measure. The
proof is given in [4, Section 4.3].

Theorem 6 (Second fundamental theorem of asset pricing). A market is both efficient
and complete if and only if there is exactly one equivalent martingale measure.

Many financial models, particularly earlier models, assume that the market is com-
plete. However, empirical studies have shown markets are generally incomplete, so this is
often an unreasonable assumption [52]. Probably the most famous option pricing formula,
and an example of a model which does assume a complete market, is the Black-Scholes
formula.

3.1.3 Barrier options

Further to the call and put distinction, option contracts vary significantly in how and
when they can be exercised, and in the subsequent payout. As mentioned previously, the
predominant subclasses of options are the American and European variations, which vary
in the time that owners can exercise the contract. An American option may be exercised
at any time up to maturity, while a European option can be exercised only at maturity.
There are various other types of options, which may have different payment structures,
expiration dates, and strike prices. These are often called exotic options ; some examples
are lookback, compound, and barrier options. The variety of option types leads to unique
and interesting behaviours. Pricing different exotic options often requires completely
different modelling techniques, so the literature in this area is vast.

Barrier options are a type of exotic option; they differ from vanilla options in the
payment structure. Along with the standard parameters, a barrier option contract spec-
ifies the value of a barrier, H, and an additional categorisation as either knock-in or
knock-out. A knock-in barrier option has no value until the barrier is reached, after which
the payout function is the same as a vanilla option in (3.1). Adversely, a knock-out option
has the same payout function as a vanilla option until the barrier is reached, at which
point it becomes worthless. Accordingly, the payout functions for knock-in and knock-out
barrier put options are

Gin(t) = (K − St)
+1{St < H} and Gout(t) = (K − St)

+1{St > H}. (3.2)

In some cases, the owner of a knock-out option may be entitled to a partial refund, called
a rebate, if it expires worthless. Two examples of potential knock-out barrier options on
the TSLA stock from Figure 3.1, with strike K, maturity T , and barrier H, are shown
in Figure 3.3. In Figure 3.3a, the security does not reach the barrier and so, the option
payout is identical to that in Figure 3.2b. Contrarily, in Figure 3.3b the barrier is reached
by the security, after which the option has zero payout, regardless of the strike price.
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Aside from providing additional variety in investment strategies, barrier options also
allow the seller to limit their risk and have lower premiums than vanilla options.

(a) Security does not reach the barrier. (b) Security is deactivated by the barrier.

Figure 3.3: Examples of potential barrier put option contracts. Green and red indicate
periods with positive and zero payout, respectively.

3.1.4 Bonds

Bonds are another type of financial security that should be considered when modelling
the value of derivatives. Like other derivatives, bonds have a set maturity date, but they
do not have a strike price. Instead, the issuer of a bond is obligated to repay the prin-
cipal along with a specified amount of interest. Bonds are referred to as fixed-income
instruments because there is a guaranteed rate of interest on the initial investment, al-
though this rate can actually be variable. Companies, municipalities, states, and sovereign
governments often issue bonds to finance projects and operations.

The guaranteed interest rate of bonds in a financial market provides a baseline return,
which we call the risk-free interest rate of the market. If the expected return of a stock is
less than the risk-free interest rate, then the owner is accepting unnecessary risk. Thus,
the calculated return in financial models is scaled by the risk-free interest rate.

3.2 Stochastic modelling of options

Stochastic modelling is a form of mathematical modelling where some phenomenon is
assumed to occur according to a stochastic process. Applying these models to price
options is a prevalent problem in financial mathematics. Since the security price should
be non-negative, we often use exponential stochastic processes, such that the security
price is given by St = S0e

Xt , where X = {Xt : t ∈ R+} is a stochastic process.
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The literature presents a wide range of potential stochastic processes for the model,
aiming to effectively satisfy several assumptions about financial markets and properties of
the paths of security prices (see [7]). First, markets are often assumed to be efficient and
incomplete, which we will discuss further in the next section. Empirical studies have shown
that the log-distribution of security prices usually has fat tails. Therefore, our model
should also exhibit fat tails in its path increments. Additionally, large sudden changes
are relatively common in financial markets. Stochastic processes with continuous paths
do not model this phenomenon effectively; thus, the literature has aimed to implement
processes that admit jumps in their path (see, e.g., [22, 28, 32]). Finally, studies suggest
that there are options that are better modelled with processes of finite variation, and
others where infinite variation is more appropriate [13, 15, 20, 53]. Hence, it is beneficial
for models to allow for both of these possibilities.

Option price models must be fitted to the dynamics of the underlying security by con-
sidering two important properties that describe its evolution, drift and volatility. These
terms are equivalent to the drift and diffusivity, respectively, of the corresponding stochas-
tic process. The drift is the rate that the average of the security price changes, while the
volatility is the standard deviation of the return of the asset. There are various tech-
niques, such as minimum entropy and the method of matching moments, that have been
suggested to fit stochastic processes to financial securities.

3.2.1 Discounted price process

A key idea in stochastic modelling of option prices is the discounted price process. We have
seen that bonds define a risk-free interest rate in our markets, and stated that holding a
stock is advantageous only if we expect it to outperform the guaranteed return of a bond.
Thus, we should scale the price process of any investment strategy to be discounted by
the risk-free interest rate.

Suppose that the risk-free interest rate is r ≥ 0. Given some stochastic process
{Yt : t ∈ R+} which may be the price process of a security, derivative, or trading strategy,
the discounted price process is another stochastic process {Y ∗

t : t ∈ R+} where Y ∗ = Y ∗
t =

e−rtYt for t ∈ R+. If Y ∗ has a positive expected return, then the security (or similar) is
expected to outperform the bond.

3.2.2 Equivalent martingale measure

We previously discussed a heuristic definition of an equivalent martingale measure (EMM).
The EMM can now be defined more precisely.

Definition 35 (Equivalent martingale measure). Suppose that a financial market can be
represented by the probability space (Ω,F ,P), and a security on the market is modelling
by a stochastic process S = {St : t ∈ R+}. Then, an equivalent martingale measure
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for P is another probability measure, Q, such that Q is equivalent to P and {S∗
t : t ∈ R+}

is a martingale under Q.

Risk in holding securities should be considered when calculating a reasonable price.
Since investors are (generally) risk-averse, additional profit is demanded to compensate
for the risk. This means that the price of a security is less than the expected value of
its payout function. However, under an EMM, the security price is exactly equal to the
expected value of the discounted process. Accordingly, we usually need to define an EMM
in option pricing models.

3.3 Black-Scholes formula

The Black-Scholes formula is an explicit formula for the price of a European call option.
It was the first widely-used explicit derivative pricing model and was published by Fischer
Black and Myron Scholes in 1973 [5]. The results were based on a stochastic model for
the price of a European call option, where the underlying security was assumed to evolve
according to a Brownian motion, as was earlier theorised by Louis Bachelier in 1900 [2].
Black and Scholes found a unique equivalent martingale measure and showed that the
fair value of the option is the expected value of the discounted price process under this
measure [7], deriving the Black-Scholes formula. Robert Merton wrote a follow-up paper
in the same year, with various improvements and generalisations [42]. The model led
to a significant economic boom by providing mathematical legitimacy to the derivatives
markets and allowing them to be implemented more effectively. Accordingly, Merton and
Scholes received the 1997 Nobel Memorial Prize in Economic Sciences for the discovery;
Black passed away before this time so did not receive the award. In this section, we will
provide a brief derivation of the Black-Scholes formula. This will allow us to discuss the
shortcomings of the theorem, which motivated the subsequent literature and our research.
We follow the derivations in Introduction to Mathematics of Finance by Williams [55] and
Non-Gaussian Merton-Black-Scholes Theory by Boyarchenko [7].

Consider a European call option. Let T ∈ (0,∞) be the maturity of the option; trading
takes place on the finite interval [0, T ]. Assume that there is a complete probability
space (Ω,F ,P) that represents the financial market. On this probability space, define a
standard Brownian motion W = {Wt : t ∈ [0, T ]}. Let (Ft) = {Ft : t ∈ [0, T ]} be the
natural filtration generated by W under P. All random variables in this derivation are
defined on (Ω,Ft, (Ft),P).

Consider a derivatives market with a riskless bond, B = {Bt : t ∈ [0, T ]}, that yields
a constant return rate r ≥ 0, which is the risk-free interest rate of the market. Suppose
that a risky stock in the market has price S = {St : t ∈ [0, T ]}, which can be modelled
according to a geometric Brownian motion, with spot price S0 > 0, drift µ ∈ R, and
diffusivity (volatility) σ > 0. So,
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St = S0 exp

((
µ− 1

2
σ2

)
t+ σWt

)
, (3.3)

Bt = ert, t ∈ [0, T ].

Let χ be a trading strategy in this market. Then, the discounted stock price process
and discounted value process are

S∗
t =

St

Bt

= e−rtSt = S0 exp

((
µ− r − 1

2
σ2

)
t+ σWt

)
, (3.4)

V ∗
t (χ) =

Vt(χ)

Bt

= e−rtVt(χ), t ∈ [0, T ],

respectively.

The Black-Scholes theory assumes that the market is both efficient and complete.
These assumptions are satisfied by introducing conditions on the trading strategy, χ,
which can be phrased in several different ways. We may prescribe integrability conditions
on χ, or require that the discounted value process is either a martingale or is L2-bounded
under an equivalent martingale measure [55].

By Theorem 6, there is a unique equivalent martingale measure, P∗. It turns out that
this measure should remove the drift term, (µ− r), in the discounted price process, (3.4).
We can find such a measure using the Girsanov transformation [48] as follows. Let

θ =
µ− r

σ
, (3.5)

Λt = exp

(
−θWt −

1

2
θ2t

)
, t ∈ [0, T ].

Then, according to [12], {Λt : t ∈ [0, T ]} is a positive martingale under P. On the mea-
surable space (Ω,F) endowed with the filtration (Ft), we define the probability measure
P∗ such that

dP∗

dP
= Λt on F .

Since Λt > 0 for all t, we must have P∗(A) = 0 if and only if P(A) = 0 for all A ∈ F .
Thus, P∗ is equivalent to P, according to Definition 7. Now we only require the discounted
stock process to be a martingale under P∗. Let

W̃t := Wt + θt, t ∈ [0, T ].
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By Girsanov’s theorem, {W̃t : t ∈ [0, T ]} is a standard Brownian motion and is a martin-
gale under P∗. Also, by Equations (3.4) and (3.5),

S∗
t = S0 exp

((
µ− r − 1

2
σ2

)
t+ σ

(
W̃t − θt

))
= S0 exp

((
−1

2
σ2

)
t+ σW̃t

)
, t ∈ [0, T ], (3.6)

and we have removed the drift term. The expression in (3.6) is a martingale with respect
to (Ft) under P∗ (cf. [12, Theorem 6.2]). So, as required, we have found a measure P∗

which is equivalent to P such that the discounted price process is a martingale. Therefore,
P∗ is the equivalent martingale measure.

Finally, we can compute the arbitrage-free price process for a European call option
using our equivalent martingale measure, P∗. Consider a (vanilla) European call option
based on the stock in our market, with strike price K. Let G = (ST −K)+ be the payout
of the option, in accordance with (3.1).

Recalling that the arbitrage-free value of the option at time t, C = {Ct : t ∈ [0, T ]}, is
equal to the expectation of the discounted price process under the EMM, we have P−a.s.,

C∗
t = EP∗

[G∗ | Ft] = EP∗ [
(S∗

t −K∗)+ | Ft

]
, t ∈ [0, T ], (3.7)

where ∗ denotes the discounted process in all cases, which is the original process multiplied
by e−rt. Using the expression for S∗

t in (3.6), for each t ∈ [0, T ],

S∗
T = S∗

t

S∗
T

S∗
t

= S∗
t

S0 exp
(
σW̃T − 1

2
σ2T

)
S0 exp

(
σW̃t − 1

2
σ2t
) = S∗

t exp

(
σ(W̃T − W̃t)−

1

2
σ2(T − t)

)
.

Substituting this expression into (3.7), then using the fact that S∗
t is Ft-measurable and

W̃T − W̃t is independent and normally distributed with mean 0 and variance T − t, we
can evaluate the expected value in (3.7):

C∗
t =

1√
2π(T − t)

∫ ∞

−∞

(
S∗
t e

σy− 1
2
σ2(T−t) −K∗

)+
e−

y2

2(T−t) dy, t ∈ [0, T ],

C∗
T = (S∗

T −K∗)+.

Transforming our variable such that z = y/
√
T − t gives us the density function of the

standard normal distribution:

C∗
t =

1√
2π

∫ ∞

−∞

(
S∗
t e

σz
√
T−t− 1

2
σ2(T−t) −K∗

)+
e−

z2

2 dz, t ∈ [0, T ], (3.8)

C∗
T = (S∗

T −K∗)+.
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Let Φ: R → [0, 1] be the cumulative distribution function for the standard normal random
variable:

Φ(z) = P(Z < z) =
1√
2π

∫ z

−∞
e−

u2

2 du.

Then, by manipulating the integral in (3.8) (see [55, Section 4.6.1] for details), we can
find the price process of our European call option in terms of the spot price, strike price,
volatility, and maturity:

C0 = S0Φ

(
log
(

S0

K∗

)
σ
√
T

+
1

2
σ2
√
T

)
−K∗Φ

(
log
(

S0

K∗

)
σ
√
T

− 1

2
σ2
√
T

)
.

This is the Black-Scholes formula for the price of a European call option. This formula
can be extended in a straightforward way to consider European put options, and with
slightly more difficulty, American options.

Weaknesses of Black-Scholes

Despite initial success and generally accurate results, the Black-Scholes formula has been
shown to have several significant weaknesses. Brownian motion does not have the correct
distribution for most securities and does not account for large, sudden jumps in price.
Additionally, the assumption of a complete market in the Black-Scholes theory has been
shown to be unreasonable in most markets.

The Black-Scholes model assumes that the log-price of a given security can be mod-
elled according to Brownian motion, which has increments that are normally distributed.
However, empirical studies of financial markets have provided strong evidence that the
log-densities should have fat tails, meaning that the skewness and kurtosis should be
greater than a normal distribution. This is explained in detail and demonstrated through
[8, Figure 1.1]. Using a distribution with thinner tails means that more extreme changes
in security price have a lower probability of occurring, often leading to the asset being un-
dervalued [8, 38]. Accordingly, the assumption of Brownian motion in the Black-Scholes
formula is not reasonable and is a major weakness of the model; other distributions, such
as exponential, would be more appropriate.

Additionally, financial assets often exhibit large, sudden price changes, which are not
well modelled by continuous processes, such as Brownian motion in the Black-Scholes
model. These jumps are caused by sudden events such as the default of a company, an
operational failure, a large insurance claim, or a significant information release such as
an earnings report [47]. To more accurately model these events, the recent literature has
aimed to incorporate jump processes (potentially with drift and diffusions) [8, 38, 47].
These processes have been shown to improve the accuracy of the model, meaning that
the continuity of Brownian motion is another weakness of the Black-Scholes formula.
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Finally, the Black-Scholes model’s assumption that financial markets are complete
is not reasonable, in general. Under the assumption of a complete market, there is a
replicating strategy for every derivative. This means that options are actually redundant,
which is obviously not a desirable property and has been shown to be false in most cases.
Alternatively, if the driving Lévy process is neither a Brownian motion nor a Poisson
process, the market is incomplete and resultant models would be more reasonable [8].
Thus, the assumption of a complete market is another weakness of the original Black-
Scholes model.

Overall, while it contributed significantly to the field of mathematical finance, the
Black-Scholes model has several key weaknesses. The literature is attempting to improve
these issues by producing models that are driven by more generalised Lévy processes
instead of Brownian motion.
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Chapter 4

Option pricing models driven by
Lévy processes

Over the last two decades, financial mathematics literature has placed a strong emphasis
on models driven by Lévy processes. The literature can be categorised into three groups:
Monte Carlo simulation (see, e.g., [31, 37, 56]), backward induction (see, e.g., [22, 23,
27, 50]), and integro-differential equations (see, e.g., [7, 10, 29, 30, 32, 43, 45]). These
new models aim to remove the weaknesses of the original Black-Scholes model that were
identified in Section 3.3. Lévy processes allow us to choose increment distributions that
are more appropriate and they admit jumps in their path, which we identified to be a
desirable property. The first Lévy-based model was proposed by Mandelbrot in 1963,
using a class called α-stable Lévy processes to model cotton prices [41]. This area has
become much more prevalent in recent times.

Lévy-driven option pricing models assume the underlying asset can be represented by
an exponential Lévy process, such that the value of the asset {St : t ∈ R+} is given by

St = S0e
Xt ,

where {Xt : t ∈ R+} is a Lévy process. As we saw in Section 2.3.2, Lévy processes are an
extremely rich class with a wide range of properties. Accordingly, there are many choices
in the option pricing model, which have been gradually investigated in the literature. It
is likely that different Lévy processes will be suited to particular financial markets, so it
is beneficial for us to have a wide range of different models.

This chapter discusses the advantages and weaknesses of Lévy-driven models and inves-
tigates some relevant techniques. An option pricing algorithm from the recent literature
called the Simple Wiener-Hopf method is also presented [33].

41
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4.1 Types of Lévy processes used in finance

A variety of families of Lévy processes have been used to model stock returns and option
prices in the literature. The most common are variance gamma processes (VGP), normal
inverse Gaussian processes (NIG), hyperbolic processes (HP), KoBoL processes, and nor-
mal tempered stable Lévy processes [8]. The probability densities of these families have
semi-heavy (exponentially decaying) tails, which have been shown to more accurately
model financial securities. The Lévy measures of these processes also have polynomial
singularities at the origin. Processes that decay exponentially and have a polynomial sin-
gularity at the origin are known as regular Lévy processes of exponential type (RLPEs).
The Lévy processes used in financial modelling also often allow jumps in their path, which
more effectively captures the large, sudden changes in security prices that often occur.
Here, we mainly focus on KoBoL processes to demonstrate existing methods.

4.1.1 KoBoL processes

KoBoL processes are an extension of another class, truncated Lévy processes, and were
introduced by Boyarchenko and Levendorskǐi in 1999 [9]. In this paper, and various others
since, it has been shown that the KoBoL family provides a good fit for many financial
securities. KoBoL processes evolve according to a pure jump process with drift and are
defined in terms of their Lévy measure as follows.

Definition 36 (KoBoL family). A Lévy process, X, belongs to the KoBoL family if it
is purely discontinuous (σ = 0) and its Lévy measure has the form

Π(dx) = c+Π
+(ν,−λ−; dx) + c−Π

−(ν, λ+; dx),

where c± > 0, λ− < 0 < λ+, and

Π+(ν, λ; dx) = x−ν−1
+ e−λx dx, Π−(ν, λ; dx) = x−ν−1

− eλx dx,

where ν < 2, λ > 0, x+ = max{x, 0}, and x− = x+ − x. The parameter ν is called the
order of the KoBoL process.

The characteristic exponent of a KoBoL process can be easily calculated by substitut-
ing the Lévy measure into Definition 22 [8, Section 3.1.2.2].

Lemma 7. Let X be a KoBoL process of order ν with characteristic exponent Ψ(ξ). Then,

i. If ν < 2, ν ̸= 0, 1,

Ψ(ξ) = −iµξ + c+Γ(−ν)[(−λ−)ν − (−λ− − iξ)ν ] + c−Γ(−ν)
[
λν+ − (λ+ + iξ)ν

]
.
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ii. If ν = 0,

Ψ(ξ) = −iµξ + c+[ln(−λ− − iξ)− ln(−λ−)] + c−[ln(λ+ + iξ)− ln(λ+)].

iii. If ν = 1,

Ψ(ξ) = −iµξ + c+[(−λ−) ln(−λ−)− (−λ− − iξ) ln(−λ− − iξ)]

+ c−[λ+ ln(λ+)− (λ+ + iξ) ln(λ+ + iξ)].

The KoBoL process has appeared regularly in financial modelling literature (see, e.g.,
[9, 32]), including in the Simple Wiener-Hopf method discussed in Section 4.4.

4.2 Equivalent martingale measures in Lévy models

Choosing an appropriate equivalent martingale measure (EMM) is a key step in producing
an option pricing model, as discussed in Section 3.2.2. According to Theorem 6, there is
exactly one EMM in a complete market. The Black-Scholes theory made this assumption,
making the choice of measure straightforward. However, real markets are rarely complete;
recent Lévy models aim to derive option prices in incomplete markets. We still assume
market efficiency, so, by Theorem 5, there is at least one EMM, but we need to choose the
appropriate measure. There are several methods that have been suggested for this task,
including minimising entropy of the measures or various other optimisation arguments
discussed in [8, Chapter 4]. Commonly, the Esscher transform is used, which we will
briefly present in Section 4.2.1.

The choice of the change of measure depends on the underlying Lévy process and
empirical studies of the financial market that is under consideration. The results in the
following sections and chapters require that an EMM has been chosen, but do not depend
on the particular choice. For any EMM, Q, the underlying Lévy process must satisfy the
EMM condition [20, 33]. This formula involves the dividend yield, d ≥ 0, of the asset,
which we will always assume to be 0; alterations to results are straightforward if d > 0.

Lemma 8 (EMM condition). Consider a financial security that is modelled by an expo-
nential of some Lévy process, X = {Xt : t ∈ R+}, with dividend yield d ≥ 0 and risk-free
interest rate r ≥ 0. The EMM condition states that

EQ[eXt
]
= e(r−d)t, (4.1)

where EQ[ · ] is the expectation with respect to the EMM, Q.

By Definition 22, the left-hand side of the EMM condition (4.1) has the following rela-
tionship with the characteristic exponent of the Lévy process (defined on the probability
space (Ω,F ,Q)) evaluated at −i, Ψ(−i):

EQ[eXt
]
= EQ[ei(−i)Xt

]
= e−tΨ(−i).
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Thus, the EMM condition is equivalent to e−tΨ(−i) = e(r−d)t, which implies that

r − d+Ψ(−i) = 0.

Finally, evaluating Ψ(−i) according to the Lévy-Khintchine formula in Theorem 2, we
derive a relationship between the drift, µ, and the other parameters of the process that
is equivalent to the EMM condition:

µ = r − d+
σ2

2
+

∫
R

(
1− ex + x1{|x| < 1}

)
Π(dx). (4.2)

Under an EMM, the Lévy process that drives our model must satisfy this condition.
Accordingly, we can use (4.2) to calculate the prescribed drift for our process under the
risk-neutral measure.

4.2.1 Esscher transform

Let X = {Xt : t ∈ R+} be a Lévy process on a filtered probability space (Ω,F , (Ft),P).
The Esscher transform of P is another measure, Q, which is equivalent to P and satisfies

dQ
dP

∣∣∣
Ft

= eθXt−d(θ,t), (4.3)

where d(θ, t) is a constant. In [8, Section 4.1.1], the authors demonstrate that the Esscher
transform usually exists for the processes used in financial studies.

4.3 Option pricing models

Consider a knock-out put barrier option with strike price K, barrier H, spot price S0, and
maturity T . Suppose that the underlying security is modelled by an exponential Lévy
process, St = S0e

Xt , for some Lévy process X = {Xt : t ∈ R+} on the probability space
(R, B(R),P). Choose some EMM, Q, and define X on the probability space (R,B(R),Q)
such that X now satisfies the EMM condition and (4.2). All of the expectations in this
chapter are taken with respect to this EMM.

Let h := ln
(

H
S0

)
be the value of the barrier when compared to the log-price, X. Let

V (T, t, x) be the no-arbitrage value of the option with maturity T , at time t, when the
underlying Lévy process has value x and the security has value S0e

x. Despite initially
being a fixed parameter, the maturity is included as a variable in the function V because
it will be manipulated later.

The evaluation of the current price of the option depends on whether the process has
reached the barrier or maturity. Let E = (−∞, T ]× R be an auxiliary sample space; on

E, define X̂ = {X̂t = (t,Xt) : t ∈ R+}. Let C = (−∞, T )× (h,∞) be the region where X̂
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is above the barrier and before maturity, where the option has positive value and is still
being observed. Let B = E \C be the region where we would stop observing the option,
either because it has reached maturity or fallen below the barrier. The two regions, B
and C, are shown in Figure 4.1, for the same example barrier option from Figure 3.3.

Figure 4.1: Barrier option depicting regions B and C in red and green, respectively.

For X̂t ∈ B, the value of the option is immediately given by

G(Xt, X t) := (K − eXt)+1{X t > h}, (4.4)

which represents the payout function of the barrier option. Alternatively, the option value
in region C is determined by its expected value when it hits region B. Accordingly, let
τB =

{
t ∈ R+ : X t ∈ B

}
be the hitting time of X to the region B. By definition, under a

chosen EMM, the option price is a (local) martingale. Hence, since τB ≤ T < ∞, by the
optional stopping theorem, the no-arbitrage value of the option at time t ∈ [0, τB] and
current process value x ∈ C must satisfy

V (T, t, x) = Ex
[
e−r(τB−t)G(XτB , XτB

)
]
, (4.5)

where Ex[ · ] = E[ · | X0 = x]. We are only interested in the value of the option at the
start of the contract, when t = 0, which is given by

V (T, x) := V (T, 0, x) = Ex
[
e−rτBG(XτB , XτB

)
]
. (4.6)
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There are several methods to evaluate (4.6) and find the option value. First, we
may calculate the Laplace transform of this expectation and then apply the Post-Widder
inversion formula. Alternatively, an equivalent boundary problem can be derived and
then solved using a method called Carr’s randomisation, which we review later.

4.3.1 Laplace transform method

First, the hitting time to region B, τB, occurs when we either reach the barrier or maturity.
The effect of hitting the barrier is already captured by the payout function in (4.4).
Thus, τB in (4.6) could be replaced by the hitting time to the maturity date, which
is deterministic with value T . This means that the option pricing formula in (4.6) is
equivalent to the following equation.

V (T, x) = Ex
[
e−rTG(XT , XT )

]
. (4.7)

A solution for this equation can be derived by first taking the Laplace transform, then
using the Wiener-Hopf factorisation, Fourier transform, and expected present value (EPV)
operators. The ideas for this derivation were given in [30].

Preliminaries

The Laplace transform converts a real-valued function into a complex-valued function in
the frequency domain and is often used to solve differential equations.

Definition 37 (Laplace transform). Given a function f : R+ → R, the Laplace trans-
form of f is

L{f}(q) =
∫ ∞

0

e−qtf(t) dt = E
[
e−qX

]
, for q ∈ C,

where X is a random variable with probability density function f .

Various techniques to invert the Laplace transformed function into the correct domain
are available. We will use the Post-Widder formula, which was introduced and proved in
[54, Section 8.2].

Theorem 7 (Post-Widder formula). Given the Laplace transform, f̂ , of a function f : R →
C, define for each p ∈ N,

fp(t) =
(−1)p

p!

(p
t

)p+1

f̂ (p)
(p
t

)
, (4.8)

where f̂ (p)(t) is the p-th derivative of the f̂(t). Then, the Post-Widder formula states
that

f(t) = lim
p→∞

fp(t).
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This procedure can also be applied to a multivariable function, where the Laplace
transform is taken with respect to one particular variable. The Post-Widder formula
(4.8) has the same form, except with additional arguments of the function; only the
subject of the Laplace transform is altered. Thus, for a function of two variables, f(t, x),
the formula that is equivalent to (4.8) would be

fp(t, x) =
(−1)p

p!

(p
t

)p+1

f̂ (p)
(p
t
, x
)
.

The Post-Widder formula converges relatively slowly; the convergence is O(p−1) and usu-
ally requires about 500 steps for sufficient accuracy [30]. An acceleration technique was
introduced in [1], where a linear combination of the Post-Widder terms is used to reduce
the total number of calculations.

Theorem 8 (Post-Widder acceleration). Given fp(x) from the Post-Widder formula,
define

fp,m(x) =
m∑
k=1

w(k,m)fpk(x),

where

w(k,m) = (−1)m−k km

k!(m− k)!
.

Then,

f(x) = lim
p,m→∞

fp,m(x).

The accelerated Post-Widder formula has convergence rate O(p−m), and parameter
values of approximately p = 5 and m = 3 are usually sufficient [30]. The computational
complexity is significantly reduced and speed is increased.

The Fourier transform is a particular case of the Laplace transform where the complex
argument, q, is replaced by a strictly imaginary variable, iξ.

Definition 38 (Fourier transform). The Fourier transform of a function f : R → C is

F{f}(ξ) =
∫
R
e−ixξf(x) dx, for ξ ∈ R.

The inverse Fourier transform is

F−1{f̂}(x) = 1

2π

∫
R
eixξf̂(ξ) dξ, for x ∈ R.
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Fourier transforms are often used to simplify differential equations and expectations.
For example, a derivative becomes multiplication by a variable after a Fourier transform,
as observed by considering the transform of the derivative, f ′(x), of some function, f(x).
Indeed, integrating by parts,

F{f ′}(ξ) =
∫
R
e−ixξf ′(x)dx

=
[
f(x)e−ixξ

]∞
−∞ −

∫
R
f(x)

d

dx

[
e−ixξ

]
dx

= iξ

∫
R
f(x)e−ixξ dx

= iξf̂(ξ).

The simplified problem can be solved and then transformed back to the original domain
by the inverse Fourier transform. We use this technique, by defining EPV operators which
apply Fourier transform inversion to the Wiener-Hopf factors.

The expected present value operator, also known as the normalised resolvent, repre-
sents the Wiener-Hopf factorisation in operator form [7].

Definition 39 (Expected present value operator). For a Lévy process {Xt : t ∈ R+} and
a function u : R → C, the expected present value operator of u with parameter q is

Equ(x) := E
[
u
(
x+Xeq

)]
.

The EPV operator is named as such because, due to the stationary increments property
of Lévy processes, it can equivalently be written as

Equ(x) = Ex

[∫
R+

qe−qtu(Xt) dt

]
,

which is the expected value of u after a random exponential amount of time.

To represent the Wiener-Hopf factorisation through these operators, we define an EPV
operator under the driving Lévy process, along with its supremum and infimum processes:

Equ(x) := E
[
u
(
x+Xeq

)]
, (4.9)

E+
q u(x) := E

[
u(x+Xeq)

]
, (4.10)

E−
q u(x) := E

[
u(x+Xeq)

]
. (4.11)

Then, the Wiener-Hopf factorisation can be written in operator form as

Eq = E+
q E−

q = E−
q E+

q .

To numerically implement the EPV operators, we derive a formula in terms of the Fourier
transform and inverse Fourier transform, using the following lemma.
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Lemma 9. Let u : R → R+ be a non-negative function and Y be a random variable with
characteristic function ϕ and probability density fY . Then,

E[u(x+ Y )] =
1

2π

∫
R
eixξ ϕ(ξ) û(ξ) dξ, x ∈ R,

where û is the Fourier transform of u.

Proof. This relationship is derived by applying the relevant definitions along with Tonelli’s
theorem:

1

2π

∫
R
eixξ ϕ(ξ) û(ξ) dξ

=
1

2π

∫
R
eixξ ϕ(ξ)

∫
R
e−iyξ u(y) dy dξ (applying Definition 38)

=
1

2π

∫
R

∫
R
e−iξ(y−x) ϕ(ξ)u(y) dξ dy (by Tonelli’s theorem)

=

∫
R
u(y)

1

2π

∫
R
e−iξ(y−x) ϕ(ξ) dξ dy

=

∫
R
u(y) fY (y − x) dy (applying the inversion formula (2.9))

=

∫
R
u(x+ z) fY (z) dz

= E[u(x+ Y )].

Finally, let ϕq(ξ), ϕ
+
q (ξ), and ϕ−

q (ξ) be the characteristic functions of the random

variables Xeq , Xeq , and Xeq , respectively. Then, using Lemma 9,

E+
q u(x) = E

[
u(x+Xeq)

]
=

1

2π

∫
R
eixξ ϕ+(ξ) û(ξ) dξ

=
1

2π

∫
R
eixξ ϕ+(ξ)

∫
R
e−ixξ u(x) dx dξ

= F−1{ϕ+
q (ξ)F {u}(ξ)}(x), (4.12)

and similarly,

E−
q u(x) = F−1{ϕ−

q (ξ)F {u}(ξ)}(x). (4.13)

The brackets in these formulae are often distracting and will thus be excluded where
appropriate. We now have an operator form of the Wiener-Hopf factorisation that can
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be calculated using the Fourier transform, which is efficiently implemented numerically
using the fast Fourier transform discussed in Appendix A.2.

All of the required techniques for the Laplace transform method of calculating the
option price have been defined and we now present the model derivation.

Pricing method

Now we apply these techniques to solve the option pricing equation in (4.7),

V (T, x) = Ex
[
e−rTG(XT , XT )

]
.

The Laplace transform of this function with respect to the maturity T is

V̂ (q, x) =

∫
R+

e−qt V (t, x) dt =

∫
R+

e−(q+r)t Ex[G(Xt, X t)] dt.

The new variable, q, is called the observation rate because it defines the time between
points in our numerical algorithm. To implement the Post-Widder formula and calculate
the option price, V (T, x), we need to calculate the p-th derivative of the Laplace transform.
For p = 0, 1, 2, . . . , using the Leibniz integration rule,

V̂ (p)(q, x) =

∫
R+

(−t)p e−(q+r)t Ex[G(Xt, X t)] dt

= (−1)p
Γ(p+ 1)

(q + r)p+1

∫
R+

(q + r)p+1

Γ(p+ 1)
tp e−(q+r)t Ex[G(Xt, X t)] dt

= (−1)p
Γ(p+ 1)

(q + r)p+1
Ex
[
G(Xg(p+1, q+r), Xg(p+1, q+r))

]
,

where Γ(z) is the gamma function, and g(p+1, q+r) is an independent Gamma-distributed
random variable with shape parameter p+1 > 0 and rate q+r > 0, which has probability

density function f(t) = (q+r)p+1

Γ(p+1)
tp e−(q+r)t. Since, for p ∈ N, Γ(p+ 1) = p!, we have

V̂ (p)(q, x) = (−1)p
p!

(q + r)p+1
Ex
[
G(Xg(p+1, q+r), Xg(p+1, q+r))

]
.

Finally, setting q = p
T
and multiplying by the coefficient given by the Post-Widder formula,

for each p = 0, 1, 2, . . . , define

vp(T, x) :=
(−1)p

p!

( p
T

)p+1

V̂ (p)
( p
T
, x
)

=
(−1)p

p!
qp+1 V̂ (p)(q, x)

=

(
q

q + r

)p+1

Ex
[
G(Xg(p+1, q+r), Xg(p+1, q+r))

]
. (4.14)
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By the Post-Widder formula, vp(T, x) converges to the option price, V (T, x), as p ap-
proaches infinity. Provided that Ex

[
G(Xg(p+1, q+r), Xg(p+1, q+r))

]
can be calculated, we

have our option pricing formula. This final step of the derivation depends on the form of
the payout function, G(x, y). Recall from (4.4),

G(Xt, X t) = (K − eXt)+ 1{X t > h}.

Letting G̃(x) = (K − ex)+, we can write

G(Xt, X t) = G̃(Xt)1{X t > h},

so that

vp(T, x) =

(
q

q + r

)p+1

Ex
[
G̃
(
Xg(p+1, q+r)

)
1{Xg(p+1, q+r) > h}

]
. (4.15)

Both of the terms in the expectation in (4.15) involve a Gamma random variable with
integer shape parameter p+1 ∈ Z. When the shape parameter is an integer, the Gamma
distribution is equivalent to the Erlang distribution with the same parameters, which is
defined as the sum of (p + 1) independent exponential variables with rate (q + r). One
term from this independent sum can be separated out to give the following relationship.

g(p+ 1, q + r)
d
= g(p, q + r) + eq+r, (4.16)

where eq+r ∼ Exp(q+r), independent of g(p, q+r). Without loss of generality, the equality
in (4.16) can be taken almost surely instead of in distribution. This leads to a similar
decomposition for the indicator function from (4.15), where we split the Gamma variable
into the sum of Gamma and exponential variables. Due to the independent increment
property ofX, the infimum of the process should be greater than h at both the exponential
and Gamma realisations. Given this, the sum of the process at the exponential time and
the infimum of the process at the Gamma time should also be greater than h. Thus, we
have the following relationship.

1{Xg(p+1, q+r) > h} = 1{Xeq+r +Xeq≤ s≤ eq+g(p, q+r) > h}1{Xeq+r
> h}. (4.17)

Applying (4.16) and (4.17) to the formula for vp in (4.15), gives the following expression.

vp(T, x)

=

(
q

q + r

)p+1

Ex
[
G̃
(
Xg(p, q+r)+eq+r

)
1{Xeq+r +Xeq≤ s≤eq+g(p, q+r) > h}1{Xeq+r

> h}
]
.

Then, by the law of total expectation (tower rule) and the stationary increments property
of X,

vp(T, x) =
q

q + r
Ex

[
1{Xeq+r

> h}
(

q

q + r

)p

EXeq+r

[
G̃(Xg(p, q+r))1{Xg(p, q+r) > h}

]]
,
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where EXeq+r [ · ] is the expectation conditioned on the starting point Xeq+r . Finally,
recalling the definition of vp in Equation (4.15), observe that(

q

q + r

)p

EXeq+r

[
G̃(Xg(p, q+r))1{Xg(p, q+r) > h}

]
=: vp−1

(
T,Xeq+r

)
.

Then, the previous equation gives us the following iterative formula to calculate vp(T, x)
for p = 0, 1, 2, . . . :

vp(T, x) =
q

q + r
Ex
[
vp−1

(
T, Xeq+r

)
1{Xeq+r

> h}
]
. (4.18)

Reassign p 7→ p + 1 so that (4.18) applies for p ∈ N. To determine the initial term,
consider v1(T, x) using (4.15) and the fact that g(1, λ) = eλ:

v1(T, x) =
q

q + r
Ex
[
G̃(Xg(1, q+r))1{Xg(1, q+r) > h}

]
=

q

q + r
Ex
[
G̃(Xeq+r)1{Xeq+r > h}

]
.

Defining v0(T, x) such that v1(T, x) satisfies (4.18) requires

v0(T, x) = G̃(x).

Thus, we can now calculate vp(T, x) for any p = 0, 1, 2, . . . by iteratively defining

v0(T, x) = G̃(x) = (K − ex)+,

vp(T, x) =
q

q + r
Ex
[
vp−1(T, Xeq+r)1{Xeq+r

> h}
]
. (4.19)

This expectation can be manipulated using the Wiener-Hopf factorisation in (2.6), the
law of total expectation, and then the EPV operators from Definition 39, as follows:

Ex
[
vp−1(T, Xeq+r)1{Xeq+r

> h}
]
= Ex

[
vp−1

(
T, (Xeq+r −Xeq+r

) +Xeq+r

)
1{Xeq+r

> h}
]

= Ex
[
1{Xeq+r

> h} vp−1(T, Xeq+r +Xeq+r
)
]

= Ex
[
1{Xeq+r

> h}E
[
vp−1(T, Xeq+r +Xeq+r

)
]]

= Ex
[
1{Xeq+r

> h} E+
q+r vp−1(T,Xeq+r

)
]

= E
[
1{Xeq+r

> h} E+
q vp−1(T, x+Xeq+r

)
]

= E−
q+r 1(h,∞) E+

q+r vp−1(T, x).

Finally, using the representation for the EPV operators in (4.12) and (4.13), we now have
an iterative formula for vp(T, x) which is numerically tractable:

v0(T, x) = (K − ex)+1{x > h},

vp(T, x) =
q

q + r
F−1 ϕ−

q+r(ξ)F 1(h,∞)F−1 ϕ+
q+r(ξ)F vp−1(T, x), for p ∈ N. (4.20)

Using this formula, we can calculate vM(M/T, x) for large M , which is approximately
equal to V (T, x), the option value. This forms our Lévy-driven option pricing algorithm.
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4.3.2 Carr’s randomisation

Carr’s randomisation is another technique that may be used to solve the option pricing
formula in (4.6),

V (T, x) = Ex
[
e−rτBG(XτB , XτB

)
]
,

and model the value of a barrier option. While the final outcome is identical to the Laplace
transform method (as we would hope), Carr’s randomisation involves vastly different
techniques and also presents a probabilistic interpretation. Observe that, since τB is the
first time that X hits B, we could remove the infimum from the payout function when it
is observed at the hitting time. This also means that we no longer need to consider the
entire path of the process. Thus, the option pricing formula is equivalent to the following
equation:

V (T, x) = Ex
[
e−rτBGB(XτB)

]
, (4.21)

where

GB(x) = (K − ex)+1{x > h}. (4.22)

A boundary integro-differential equation can be derived from these formulae and then
solved using Carr’s randomisation.

Preliminaries

Given a mathematical model, Randomisation is a generic procedure with three key steps:

1. Randomise one of the model parameters based on a given distribution with mean
equal to the true parameter value.

2. Calculate the expected value of the dependent variable based on the randomised
parameter.

3. Let the variance of the governing distribution approach 0.

Randomisation may be used to solve a wide variety of problems, particularly differential
equations. Within standard option pricing, we could randomise the initial stock price,
the strike price, or the maturity date, as demonstrated in [11]. For a barrier option, the
barrier value could also be randomised. In [11], Carr demonstrated that this technique
often simplifies the option pricing formula, and thus, it is often referred to as Carr’s
randomisation in this context.

The main theorem required to derive a boundary problem for the option price is
Dynkin’s formula, which involves the infinitesimal generator of our Lévy process. In
these statements and subsequent sections, Ck denotes the space of functions that have k
continuous derivatives.
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Definition 40 (Infinitesimal generator). Let X = {Xt : t ∈ R+} be a stochastic process.
The infinitesimal generator of X is an operator, L, that applies to twice-differentiable
functions f ∈ C2 that vanish at infinity, defined by

(Lf)(x) := lim
h↓0

E[f(x+Xh)]− f(x)

h
= lim

h↓0

Ex[f(Xh)]− f(x)

h
, for x ∈ R.

Observe that, for small t,

Ex[f(Xt)] ≈ f(x) + tLf(x),

which shows that the generator describes the movement of the stochastic process in an
infinitesimal time interval. The infinitesimal generator of a stochastic process combined
with its index time is given by the following lemma.

Lemma 10. Let X = {Xt : t ∈ R+} be a stochastic process with infinitesimal generator L.

The combined time process, X̂ = {X̂t = (t,Xt) : t ∈ R+}, has infinitesimal generator

L̂ = ∂t + L, where ∂tf = ∂f
∂t
.

Proof. Let f(t, x) be any twice-differentiable function that vanishes at infinity. Then, by
Definition 40, using the notation Ex,t[ · ] = E[ · | Xt = x],

(L̂f)(t, x) = lim
h↓0

Ex,t[f(X̂t+h)]− f(t, x)

h

= lim
h↓0

Ex,t[f(t+ h,Xt+h)− f(t,Xt)]

h

= lim
h↓0

Ex,t[f(t+ h,Xt)− f(t,Xt)] + Ex,t[f(t+ h,Xt+h)− f(t+ h,Xt)]

h

= lim
h↓0

f(t+ h, x)− f(t, x)

h
+ lim

h↓0

Ex,t[f(t+ h,Xt+h)]− f(t+ h, x)

h

= lim
h↓0

f(t+ h, x)− f(t, x)

h
+ lim

h↓0

Ex[f(t+ h,Xh)]− f(t+ h, x)

h

=
∂f

∂t
+ (Lf)(t, x).

Thus, L̂ = ∂t + L.

Now we can state Dynkin’s formula, as given in [8, Section 2.3.4]. This can be inter-
preted as a stochastic generalisation of the second fundamental theorem of calculus.

Theorem 9 (Dynkin’s formula). Consider a stochastic process X = {Xt : t ∈ R+} with
infinitesimal generator L. Let λ > 0 and τ ∈ R be a stopping time with E[τ ] <∞. Given
a function f ∈ C0, Dynkin’s formula states that

f(x) = Ex
[
e−λτf(Xτ )

]
+ Ex

[∫ τ

0

e−λs(λ− L)f(Xs) ds

]
.
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Boundary problem derivation

We can now form a boundary problem from the option pricing equation in (4.21),

V (T, x) = Ex
[
e−rτBGB(XτB)

]
,

by first returning to the general case in (4.5),

V (T, t, x) = Ex
[
e−r(τB−t)V (T, X̂τB)

]
.

Consider Dynkin’s formula for the function f = V (T, t, x), stochastic process X̂, stopping

time τ = τB, and λ = r. According to Lemma 10, the infinitesimal generator of X̂ is
∂t + L, where L is the infinitesimal generator of X. Then,

V (T, t, x) = Ex
[
e−rτBV (T, X̂τB)

]
+ Ex

[∫ τB

0

e−rs(r − ∂s − L)V (T, X̂s) ds

]
.

But, when V is evaluated in the region B, we have

V (T, X̂t) = GB(Xt),

where GB(Xt) is given in (4.22). Thus, since X̂τB ∈ B,

V (T, t, x) = Ex
[
e−rτBGB(XτB)

]
+ Ex

[∫ τB

0

e−rs(r − ∂s − L)V (T, X̂s) ds

]
. (4.23)

The first term on the right-hand side of (4.23) is precisely the expression in (4.21), so we
need the second term to vanish. If (t, x) ∈ B, this occurs automatically since we have
an integral from 0 to 0. We have previously seen that V (T, t, x) = GB(x) in this case.
Alternatively, if (t, x) ∈ C, the required condition is equivalent to (∂t+L−r)V (T, t, x) = 0,
as discussed in [8, Theorem 2.12]. These conclusions lead to the following boundary
problem.

(∂t + L− r)V (T, t, x) = 0, (t, x) ∈ C,

V (T, t, x) = GB(x), (t, x) ∈ B.

Finally, we can decompose the second condition into the terminal and boundary condi-
tions, giving the required boundary problem.

(∂t + L− r)V (T, t, x) = 0, x > h, t < T, (4.24)

V (T, t, x) = 0, x ≤ h, t ≤ T, (4.25)

V (T, T, x) = GB(x), x > h. (4.26)
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Pricing method

The boundary problem in (4.24)-(4.26) can be solved using the method of lines, where we
discretise time, such that 0 = t0 < t1 < · · · < tM = T , for some M ∈ N. While it is
not required, suppose that this grid is uniform and set q = (ts+1 − ts)

−1 =M/T . Denote
Carr’s randomised approximation to V (t, x) by V s(x) and replace the time derivative by
a finite difference:

∂tV (t, x) ≈ V s+1(x)− V s(x)

ts+1 − ts
= q
(
V s+1(x)− V s(x)

)
.

Substituting the finite difference into the boundary problem and rearranging, we derive a
new boundary problem. For s = N − 1, N − 2, . . . ,

(q − L)V s(x) =
1

q + r
V s+1(x), x > h,

V s(x) = 0, x ≤ h.

Carr’s randomisation solves this boundary problem by assuming that the maturity time,
T , is randomised according to a Gamma distribution with shape M and rate q = M/T ,
g(M, q), which converges to T in quadratic mean as M approaches infinity [33]. This
provides the following probabilistic interpretation of this boundary problem:

V s(x) ≈ Ex
[
e−rg(M, q)G(Xg(M, q))

]
.

This problem is solved in detail in [8], giving the same result as we found using the Laplace
transform in Section 4.3.1. If

v0(T, x) = (K − ex)+1{x > h},

vp(T, x) =
q

q + r
F−1 ϕ−

q+r(ξ)F 1(h,∞)F−1 ϕ+
q+r(ξ)F vp−1(T, x), for p ∈ N. (4.27)

then vp(T, x) approaches V (T, x) as M approaches infinity.

4.4 Simple Wiener-Hopf method

The Simple Wiener-Hopf method [33] is one of several algorithms that have been derived to
numerically price barrier options using (4.20) (or, equivalently, (4.27)). These algorithms
calculate the value of a barrier option where the underlying security is modelled by an
exponential Lévy process, for certain subclasses of processes including jump processes and
non-Gaussian distributions. The SWHmethod, and other similar algorithms, approximate
the Wiener-Hopf factors which are not known for most of these Lévy processes. Below,
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we summarise the SWH method and its assumptions and limitations, then implement it
for comparison with our new algorithm.

The SWH method aims to split the Lévy process into the difference between two sub-
ordinators, which have relatively simple approximations for their Wiener-Hopf factors.
This decomposition is possible if and only if the Lévy process is pure non-Gaussian and
has jumps of finite variation [33], thus specifying the subclass of processes that may be
used to drive the model. The process under consideration is separated into the sum of a
non-decreasing process and a non-increasing process, which are formed from the positive
and negative jumps, respectively, along with the drift term. If the drift is positive, it
contributes to the non-decreasing process; otherwise, it contributes to the non-increasing
process. These new processes are subordinators and admit trivial Wiener-Hopf factorisa-
tions, leading to simple option pricing formulae.

In what follows, consider a knock-out put barrier option with strike price K, barrier

H, spot price S0, and maturity T , and let h := ln
(

H
S0

)
.

Trivial case 1

First, suppose that the log-price of the underlying security, X+ =
{
X+

t : t ∈ R+

}
, is a

subordinator that moves only by positive jumps of finite variation or positive linear drift.
Thus, by (2.5), the characteristic exponent of X+ is

Ψ+(ξ) = −iµξ +
∫
R+

(1− eixξ)Π+(dx),

where Π+(dx) is the Lévy measure of X+. Clearly, X is almost surely non-decreasing,
the supremum and infimum processes satisfy

X t = Xt,

X t = X0 = 0 a.s..

Finally, from Section 2.3.4, recall that the characteristic function of Xeq+r is q+r
q+r+Ψ+(ξ)

.
Also, notice that the characteristic function of a zero constant is 1. Thus, the characteristic
functions of Xeq+r and Xeq+r

are

ϕ+
q+r(ξ) =

q + r

q + r +Ψ+(ξ)
,

ϕ−
q+r(ξ) = 1,

respectively. Consider the application of the Laplace transform method from Section 4.3.1
in this situation. Then, (4.18) can be rewritten as



58 Chapter 4. Option pricing models driven by Lévy processes

vp(T, x) =
q

q + r
Ex
[
vp−1

(
T, Xeq+r

)
1{Xeq+r

> h}
]

=
q 1{x > h}
q + r

Ex
[
vp−1

(
T, Xeq+r

)]
=
q 1{x > h}
q + r

E+
q+r vp−1(T, x),

where E+
q+r is the expected present value (EPV) operator for Xeq+r , as defined in (4.12).

Applying Lemma 9 to the EPV operator, we have

vp(T, x) =
q 1{x > h}
q + r

1

2π

∫
R
eixξ

q + r

q + r +Ψ+(ξ)
v̂p−1(q, ξ) dξ,

where v̂p−1(q, x) is the Fourier transform of vp−1(T, x) with respect to T . We now have
an iterative formula that converges to the option price, as was derived using the Laplace
transform and Carr’s randomisation techniques previously. However, notice that in this
trivial example where the Lévy process is a subordinator, we do not have to calculate the
Wiener-Hopf factors. Instead, we simply calculate Ψ+(ξ), which is much more commonly
available.

Trivial case 2

Alternatively, suppose that the log-price of the underlying security, X− =
{
X−

t : t ∈ R+

}
,

has only negative jumps of finite variation and negative linear drift. This means that X is
non-increasing and so, the negative process, −X−, is a subordinator. Similar to previously,
the supremum and infimum processes of X are defined by

X t = X0 = 0 a.s.,

X t = Xt,

and the characteristic functions of Xeq+r and Xeq+r
are

ϕ+
q+r(ξ) = 1,

ϕ−
q+r(ξ) =

q + r

q + r +Ψ−(ξ)
,

respectively, where Ψ− is the characteristic exponent of X−, with the same form as Ψ+

when Π+(dx) is replaced by Π−(dx). Working with (4.18) again, in this case we have

vp(T, x) =
q

q + r
Ex
[
vp−1(T, Xeq+r)1{Xeq+r

> h}
]

=
q

q + r
Ex
[
vp−1(T, Xeq+r

)1{Xeq+r
> h}

]
=

q

q + r
E−
q+r 1(h,∞) vp−1(T, x),
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where E−
q+r is the EPV operator for Xeq+r

and 1(h,∞) is an operator form of the indicator
function where 1(h,∞)u(x) = u(1{x > h}). Using Lemma 9 as before,

vp(T, x) =
q

q + r

1

2π

∫
R
eixξ

q + r

q + r +Ψ−(ξ)
v̂∗p−1(q, ξ) dξ,

where v∗p−1 = 1(h,∞) vp−1(T, x). Again, if the Lévy processes is almost surely non-
increasing, we do not need to calculate the Wiener-Hopf factors and can use a much
more accessible formula.

General case

More generally, suppose that the log-price of the underlying security, X = {Xt : t ∈ R+},
is purely non-Gaussian and has finite jump activity. Then X can be decomposed into the
difference of two subordinators, X+ =

{
X+

t : t ∈ R+

}
and −X− =

{
−X−

t : t ∈ R+

}
, with

Xt = X+
t − (−X−

t ) ∀ t ∈ R+.

Let Ψ+ and Ψ− be the characteristic exponents of X+ and X−, respectively. Observe
that, for all t ∈ R+,

X
+

t = X+
t , (4.28)

X+
t = X−

t . (4.29)

Let X+, 1 = {X+, 1
t : t ∈ R+} and X+, 2 = {X+, 2

t : t ∈ R+} be independent Lévy processes

that both have the same characteristic exponent as X+, so X+, 1
t

d
= X+, 2

t
d
= X+

t . Then,
by (2.6) and the independent and stationary increment properties of X, for all t ∈ R+,

Xt
d
= X t −X t

d
= X+, 1

t/2 +X−
t +X+, 2

t/2 .

Given t ∈ R+ and Xt = x, define another process, Y = {Ys : 0 ≤ s ≤ 2t} such that

i. Y starts at x: Y0 = x,

ii. Y moves upward according to X+
t for s ∈ [0, t/2): Ys = x+X+, 1

s ,

iii. Y moves downward according to X−
t for s ∈ [t/2, 3t/2): Ys = Yt/2 +X−

s−t/2,

iv. Y moves upward according to X+
t for s ∈ [3t/2, 2t]: Ys = Y3t/2 +X+, 2

s−3t/2.

Then, according to [33], for short time periods [0, t],

X t ≈ Y 2t and X t ≈ Y 2t.
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The dynamics of the supremum and infimum processes ofX are exactly what we require to
solve the option pricing formulae that we saw in Sections 4.3.1 and 4.3.2. These extrema
are given by the following expressions.

Y 2t = max
{
x, x+X+, 1

t/2 , x+X+, 1
t/2 +X−

t +X+, 2
t/2

}
,

Y 2t = min
{
x, x+X+, 1

t/2 +X−
t

}
.

Let M ∈ N be sufficiently large and define q =M/T . Recall in (4.18), we defined vp(T, x)
that converges to V (T, x), where the processes in these equations were evaluated at the
random time eq+r. As M approaches infinity, so does q and, hence, eq+r approaches 0.
This means that we can approximate Xeq+r with Y2eq+r in these calculations.

We will now complete the derivation in a similar way to the Laplace transform method
in Section 4.3.1, but with this new process which trivialises the Wiener-Hopf factors.
Observe the following relationships.

Y2eq+r = x+X+, 1
eq+r/2

+X−
eq+r

+X+, 2
eq+r/2

, (4.30)

1{Y 2eq+r
> h} = 1{x > h}1{x+X+, 1

eq+r/2
+X−

eq+r
}. (4.31)

The EPV operators are defined similarly to previously, but since Yt involves Xt/2, not Xt,
the positive EPV operator involves this scaled time. Scaling an exponential variable is

equivalent to scaling the rate parameter, so eq+r/2
d
= e2(q+r). Thus, define

E+u(x) := E
[
u
(
x+X

+

e2(q+r)

)]
= E

[
u
(
x+X+

e2(q+r)

)]
, (4.32)

E−u(x) := E
[
u
(
x+X−

eq+r

)]
= E

[
u
(
x+X−

eq+r

)]
, (4.33)

using (4.28) and (4.29). Importantly, since these processes are subordinators, the trivial
cases that we investigated earlier show that their characteristic functions (or, equivalently,
their Wiener-Hopf factors) are

ϕ+
2(q+r)(ξ) := E

[
e
iξX+

e2(q+r)

]
=

2(q + r)

2(q + r) + Ψ+(ξ)
, (4.34)

ϕ−
q+r(ξ) := E

[
eiξX

−
eq+r

]
=

q + r

q + r +Ψ−(ξ)
. (4.35)

As in (4.12) and (4.13), we can write these EPV operators using Fourier transforms which
may be efficiently implemented numerically with the fast Fourier transform (Appendix
A.2):

E+
2(q+r)u(x) = F−1 2(q + r)

2(q + r) + Ψ+(ξ)
F u(x), (4.36)

E−
q+ru(x) = F−1 q + r

q + r +Ψ−(ξ)
F u(x). (4.37)
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Finally, let Z = X+, 1
eq+r/2

+ X−
eq+r

and W = X+, 1
eq+r/2

. Then, following from (4.18), for

q =M/T with M sufficiently large,

vp(T, x) =
q

q + r
Ex
[
vp−1

(
T, Xeq+r

)
1{Xeq+r

> h}
]

≈ q

q + r
Ex
[
vp−1(T, Ye2(q+r)

)1{Y e2(q+r)
> h}

]
=
1{x > h}(x)

1 + r/q
Ex
[
vp−1(T, Z +X+, 2

e2(q+r)
)1{Z > h}

]
(by (4.30))

=
1{x > h}(x)

1 + r/q
Ex
[
1{Z > h} vp−1(T, W +X−

eq+r
+X+, 2

e2(q+r)
)
]

=
1{x > h}(x)

1 + r/q
Ex
[
1{Z > h} E+

2(q+r) vp−1(T, W +X−
eq+r

)
]

(by (4.36))

=
1{x > h}(x)

1 + r/q
Ex
[
1{W +X−

eq+r
> h} E+

2(q+r) vp−1(T, W +X−
eq+r

)
]

=
1{x > h}(x)

1 + r/q
Ex
[
E−
q+r 1{W > h} E+

2(q+r) vp−1(T, W )
]

(by (4.37))

=
1{x > h}(x)

1 + r/q
E
[
E−
q+r 1{x+X+, 1

e2(q+r)
> h} E+

2(q+r) vp−1(T, x+X+, 1
e2(q+r)

)
]

=
1{x > h}(x)

1 + r/q
E+
2(q+r) E

−
q+r 1(h,∞) E+

2(q+r) vp−1(T, x). (by (4.36))

The SWH method defines approximations, in (4.34) and (4.35), to the Wiener-Hopf
factors of a non-Gaussian Lévy process with finite jump activity. This allows us to define
the EPV operators in (4.36) and (4.37) and calculate vp(T, x) iteratively, with and

v0(T, x) = (K − ex)+1{x > h},

vp(T, x) =
1{x > h}(x)

1 + r/q
E+
2(q+r) E

−
q+r 1(h,∞) E+

2(q+r) vp−1(T, x), for p ∈ N. (4.38)

The required option value, V (T, x), is approximated by vM(T, x) for large M , giving the
option pricing model.

4.4.1 SWH method implementation

We now implement the SWH method in Python to demonstrate the algorithm and its
accuracy. The underlying Lévy process is initially assumed to be a KoBoL process,
described in Section 4.1.1, which is the same process used in the paper that originally
introduced the SWH method [33]. We also use the same parameters such that the paper
can be used to verify our outputs.



62 Chapter 4. Option pricing models driven by Lévy processes

Consider a financial security with initial spot price S0, ranging from 91 to 121, in a
market with risk-free interest rate r = 0.07231. Suppose that the log-price of the security
follows a KoBoL process with parameters ν+ = ν− = 0.5, c+ = c− = 1, λ+ = 9, and
λ− = −8. Consider a knock-out barrier put option for this security with strike price
K = 100, barrier H = 90, and maturity T = 0.5 years. We implement the SWH method
as follows, starting by inputting the constants.

import numpy as np
from sc ipy . f f t import f f t , i f f t
from sc ipy . s p e c i a l import gamma
pi = np . p i

# KoBoL proce s s cons tant s
nu plus = nu minus = 0 .5
c p l u s = c minus = 1
lambda plus = 9
lambda minus = −8

# Option cons tant s
K = 100
S0 = 91
H = 90
r = 0.07231
T = 0.5

Then, the drift, µ, is calculated according to (4.2), giving a value of µ ≈ 0.0358.

de f l ower func (x , nu , lambda plus ) :
i f (−1 <= x) & (x <= 1) :

i n d i c a t o r = 1
e l s e :

i n d i c a t o r = 0
return (1 − np . exp (x ) + x∗ i n d i c a t o r ) ∗ ( abs ( x )∗∗(−nu − 1) ∗

np . exp ( lambda plus ∗ x ) )

de f upper func (x , nu , lambda minus ) :
i f (−1 <= x) & (x <= 1) :

i n d i c a t o r = 1
e l s e :

i n d i c a t o r = 0
return (1 − np . exp (x ) + x∗ i n d i c a t o r ) ∗ ( abs ( x )∗∗(−nu − 1) ∗

np . exp ( lambda minus ∗ x ) )

I l owe r = quad ( lower func , −np . in f , 0 , args=(nu , lambda plus ) )
I upper = quad ( upper func , 0 , np . in f , a rgs=(nu , lambda minus ) )
mu = r + sigma ∗∗2/2 + c ∗( I l owe r [ 0 ] + I upper [ 0 ] )
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Next, we define additional constants: h = ln(H/S0), the barrier in the log-domain;
Npw = 800, the number of Post-Widder samples; and q = Npw/T , the observation rate.

h = np . l og (H/S0 ) # Log−ba r r i e r p r i c e
N pw = 800 # Number o f Post−Widder samples
q = N pw / T # Observation ra t e

There are two domains on which the variables are defined: the space domain (the log-price
domain of the security) and the frequency domain (the target of the Fourier transform).
The space domain step size, xstep, is a parameter of the algorithm that is negatively
correlated with both its accuracy and evaluation speed (i.e. smaller step size leads to
higher accuracy and required time). The number of steps,M , is the same in both domains
and must be at least large enough so that the space domain covers the value x = 1.
Then, the frequency domain step size is given by 2π/(xstep ∗M). Suggested values of
xstep = 0.001 and M = 210 are given in [32] and implemented as follows.

M = 2∗∗10 # Number o f s t ep s
xstep = 0.001 # Space domain step s i z e
x = np . z e ro s (M+1) # Space domain g r id po in t s
f o r k in range (0 , M+1) :

x [ k ] = −M∗ xstep /2 + k∗ xstep
x i = np . z e ro s (M+1) # Frequency domain g r id po in t s
f o r l in range(− i n t (M / 2) , i n t (M / 2) ) :

x i [ l ] = 2 ∗ pi ∗ l / ( xstep ∗ M)

The next step in the SWH method is to define the characteristic exponents for the two
subordinators, X+ and −X−, where X is the underlying KoBoL process and

X = X+ − (−X−).

Since a KoBoL process is a pure jump process with drift, we can decompose it by splitting
the process into its positive and negative jumps, with the drift added to the corresponding
process depending on its sign. By Lemma 7, if µ > 0, then the characteristic exponents
of X+ and X− are

Ψ+(ξ) = −iµξ + c+Γ(−ν+)[λν++ − (λ+ + iξ)ν+ ],

Ψ−(ξ) = c−Γ(−ν−)[(−λ−)ν− − (−λ− − iξ)ν− ],

respectively. Otherwise,

Ψ+(ξ) = c+Γ(−ν+)[λν++ − (λ+ + iξ)ν+ ],

Ψ−(ξ) = −iµξ + c−Γ(−ν−)[(−λ−)ν− − (−λ− − iξ)ν− ].

These characteristic exponents are defined in our code below by the functions psi plus
and psi minus. These functions are used to calculate the approximate Wiener-Hopf
factors, phi plus and phi minus, according to (4.34) and (4.35).
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de f P s i p l u s ( x i ) :
r e turn −1 j ∗ x i ∗ [mu i f mu > 0 e l s e 0 ] [ 0 ] + c p l u s ∗ gamma(−nu plus ) ∗
( lambda plus ∗∗ nu plus − ( lambda plus + 1 j ∗ x i ) ∗∗ nu plus )

de f Psi minus ( x i ) :
r e turn −1 j ∗ x i ∗ [mu i f mu < 0 e l s e 0 ] [ 0 ] + c minus ∗ gamma(−nu minus ) ∗
((− lambda minus ) ∗∗ nu minus − (− lambda minus − 1 j ∗ x i ) ∗∗ nu minus )

ph i p l u s = np . z e r o s ( l en ( x i ) , dtype=complex )
phi minus = np . z e r o s ( l en ( x i ) , dtype=complex )
f o r i x i in range ( l en ( x i ) ) :

ph i p l u s [ i x i ] = (2 ∗ ( q + r ) ) / (2 ∗ ( q + r ) + Ps i p l u s ( x i [ i x i ] ) )
phi minus [ i x i ] = (q + r ) / (q + r + Psi minus ( x i [ i x i ] ) )

Finally, the payoff function is defined in calc G so that the initial term of the iteration
formula, v0 = (K−S0e

x)+, can be calculated. Then, after defining the required indicator
function, 1{x > h}, as an array for each x in the domain, we iteratively evaluate vp(T, x)
according to (4.38) and return the calculated option value for the initial security price
S = S0e

0 = S0, which occurs when x = 1.

de f ca lc G (K, S0 , x ) :
r e turn max(K − S0∗np . exp (x ) , 0)

v = np . z e ro s ( (N pw , l en (x ) ) )
f o r i x in range ( l en (x ) ) :

v [ 0 , i x ] = calc G (K, S0 , x [ i x ] )

i nd i c a t o r v e c = np . z e ro s ( l en (x ) )
f o r i in range ( l en ( i nd i c a t o r v e c ) ) :

i f x [ i ] > h :
i nd i c a t o r v e c [ i ] = 1

f o r i in range (1 , N pw) :
v [ i ] = (1 / (1 + r / q ) ) ∗

np . mult ip ly ( ind i ca to rvec ,
i f f t (np . mult ip ly ( ph i va l s p l u s , f f t (
i f f t (np . mult ip ly ( phiva ls minus , f f t (
np . mult ip ly ( ind i ca to rvec ,
i f f t (np . mult ip ly ( ph i va l s p l u s , f f t ( v [ i − 1 , : ] ) ) ) ) ) ) ) ) ) ) )

# Output opt ion value es t imate from f i n a l i t e r a t i o n
V = v[−1 , : ]
V out = V[min ( enumerate (np . exp (x ) ) , key=lambda x : abs (x [ 1 ] − 1) ) [ 0 ] ]
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Table 4.1: SWH results for a knock-out barrier put option with K = 100, H = 90,
r = 0.07231, and T = 0.5, driven by a KoBoL process with µ = 0, ν+ = ν− = 0.5,
c+ = c− = 1, λ+ = 9, and λ− = −8.

Monte Carlo SWH paper Our implementation

Npw 105 800 800

S0 = 91 0.23650 0.23652 0.23808

S0 = 101 0.56997 0.56571 0.57226

S0 = 111 0.38399 0.38388 0.38767

S0 = 121 0.20949 0.20974 0.21023

S0 = 131 0.10836 0.10805 0.11211

Table 4.1 shows the output of our implementation of the SWH method, along with the
results given in [33], which included both the SWH method and a Monte Carlo simulation.
Despite some minor differences in the results, Table 4.1 suggests that our implementation
is reasonably accurate.

4.5 Wiener-Hopf Monte Carlo simulation of Lévy pro-

cesses

The accuracy of numerical algorithms should be evaluated by comparison with expected
outcomes. This is often achieved using Monte Carlo simulation, where many realisations
of the underlying stochastic process are simulated and averaged. In some cases, such as
with Brownian motion, this is a relatively simple endeavour. However, simulating general
Lévy processes requires alternative methods, which have been discussed in the literature
(see, e.g., [31, 37, 56]). Here, we summarise and implement a Wiener-Hopf Monte Carlo
(WHMC) method by Kuznetsov [37], which we will later use as a comparison with our
algorithm. The idea for the WHMC algorithm follows from the Carr’s randomisation
techniques that we used previously [11]. A Lévy process, X = {Xt : t ∈ R+}, is simulated
on a grid that is randomised according to exponential realisations. Then, the Wiener-Hopf
factorisation is used to determine the distributions of X and X and, hence, sample the
path of the process.

Suppose that the Lévy process, X, is defined on probability space (Ω,F ,P) and we
want to simulate it on the time interval [0, t]. Define a sequence of i.i.d. exponentially
distributed random variables with unit mean, e1, e2, . . . , eM , and product law P orthog-
onal to (Ω,F ,P). These variables form the grid on which we simulate X, so we need to
scale them such that the expected simulation length is t. The variables need to be scaled
by t/n since, by the strong law of large numbers,
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lim
n→∞

M∑
j=1

t

n
ej = t P-a.s.. (4.39)

This sum of exponential random variables is, by definition, equal in law to a Gamma
random variable with parameters M and M/t, g(n, n/t). Kuznetsov [37] argues that, for
sufficiently large n, the joint probability of Xt and X t can be approximated using the
joint probability at the random time g(n, n/t):

P(Xt ∈ dx, X t ∈ dy) ≈ (P× P)(Xg(n, n/t) ∈ dx, Xg(n,n/t) ∈ dy).

The distribution on the right-hand side of this equation is concerned with the path of the
Lévy process over exponential time periods, meaning that we can apply the Wiener-Hopf
factorisation to derive Theorem 10.

Theorem 10. Let n ∈ N, λ > 0, and define g(n, λ) :=
∑n

j=1 ei/λ. Let S
(λ)
0 = I

(λ)
0 :=

0, and {S(λ)
j : j ≥ 1} and {I(λ)j : j ≥ 1} be i.i.d. sequences of random variables with

distribution equal to Xe1/λ and Xe1/λ
, respectively. Define A

(λ)
n and B

(λ)
n iteratively such

that A
(λ)
0 = B

(λ)
0 := 0 and, for j = 1, 2, . . . , n,

A
(λ)
j := A

(λ)
j−1 + S

(λ)
j + I

(λ)
j ,

B
(λ)
j := max

(
B

(λ)
j−1, A

(λ)
j−1 + S

(λ)
j

)
.

Then,

(Xg(n, λ), Xg(n, λ))
d
= (A(λ)

n , B(λ)
n ),

Proof. See [37, Theorem 1].

Thus, provided that we can sample from Xe1/λ and Xe1/λ
, we now have an iterative

method of calculating the joint distribution of X and X at the gamma random time
g(n, λ). Letting λ = n/t, this variable approaches t as n approaches infinity. So,

lim
n→∞

(
A

(n
t
)

n , B
(n
t
)

n

)
= (Xt, X t).

This equality allows us to estimate functions of (Xt, X t) by using standard Monte Carlo

methods with (A
(n
t
)

n , B
(n
t
)

n ) for sufficiently large n. Given a function F , simulate i.i.d.

copies of (A
(n
t
)

n , B
(n
t
)

n ), denoted (A
(n
t
)

n, k, B
(n
t
)

n, k ), for k = 1, 2, . . . ,m and then, for sufficiently
large m,

E
[
F (Xt, X t)

]
≈ 1

m

m∑
k=1

F
((
A

(n
t
)

n, k, B
(n
t
)

n, k

))
.
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(
n

For our purposes, the function, F , is the discounted payout function of the option under 
consideration. This Wiener-Hopf Monte Carlo method is several orders of magnitude 
slower than the previous option pricing procedures, but it allows us to calculate a target 
value for our algorithms. The choice of methods to sample A(

n
λ) 

and B(
n
λ) 

depends on the 
particular Lévy process that is being used, and will be discussed later.

Remark 1. The techniques that we used to build our Lévy-driven models, both the Laplace 
transform method and Carr’s randomisation, relied on an observation rate q. This pa-
rameter defined t he rate o f exponential realisations a t which our a lgorithm was observed. 
Similarly, the WHMC method was also defined on an exponential grid, with parameter λ. 
In both cases, the exponential realisations can alternatively be interpreted as the arrival 
times of a Poisson process. Thus, the algorithms in this thesis are observed at Poisson 
arrival times, as alluded to in the title.

Remark 2. As the rate parameter of a Poisson process tends to infinity, t he t ime be-
tween arrivals approaches 0. Accordingly, as the parameter λ increases, our algorithm 
approaches the continuously-observed result, and thus, accuracy increases. This will how-
ever also lead to increased computational time.
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Chapter 5

Meromorphic Lévy processes

We have seen that Lévy processes may be used to model option prices by utilising the
Wiener-Hopf factorisation. While there are various approximation techniques, such as
the Simple Wiener-Hopf (SWH) method, it would be desirable to have models driven by
processes that have explicit expressions for their Wiener-Hopf factors. One such example
is the class of meromorphic Lévy processes, which was introduced in [34, 35]. In this
section, we discuss these processes and their characteristics, with the aim of eventually
implementing them into our option pricing formulae.

5.1 Meromorphic Lévy processes

Meromorphic Lévy processes are a class of Lévy processes that were derived largely be-
cause they admit explicit expressions for their Wiener-Hopf factors. The conception of
this class began by considering the case of a Lévy process that is the difference of two
independent compound Poisson processes. In this case, the Wiener-Hopf factors may be
tractable because the characteristic exponent is a rational function, the ratio of two poly-
nomials of finite degree, which can easily be decomposed into Wiener-Hopf factors, as
discussed in [38, Section 6.5.4]. Various authors have attempted to define classes of Lévy
processes with tractable Wiener-Hopf factors by choosing different jump distributions for
the compound Poisson processes. Meromorphic Lévy processes are defined accordingly,
with jump distribution given by an infinite mixture of exponentials. The following deriva-
tion of the meromorphic class of Lévy processes was due to Kuznetsov in [34, 35, 37].
We first define completely monotone functions and then discrete completely monotone
functions, which are shown to be intimately tied to an infinite mixture of exponentials.

69



70 Chapter 5. Meromorphic Lévy processes

Definition 41 (Completely monotone function). A function f : (0,∞) → R is com-
pletely monotone if f ∈ C∞ and, for all n ∈ Z+ and x > 0,

(−1)nf (n)(x) ≥ 0.

An important related class is monotonic functions, where only the first derivative
needs to satisfy the given condition; the set of completely monotone functions is a subset
of the monotonic functions. Some examples of completely monotone functions are xα

for 0 ≤ α ≤ 1, log(1 + x), and 1 − e−tx for t > 0, as can be verified directly from
the definition. The Bernstein theorem is often used to provide another interpretation of
completely monotone functions, and leads to the subclass of discrete completely monotone
functions.

Theorem 11 (Bernstein theorem). A function, f : (0,∞) → R+, is called completely
monotone if and only if it is equal to the Laplace transform of a unique positive measure,
η, on R+:

f(x) =

∫
R+

e−qxη(dq), ∀x > 0. (5.1)

The properties of the measure η(dq) allow us to categorise functions into classes, such
as discrete completely monotone functions.

Definition 42 (Discrete completely monotone). A completely monotone function
f : (0,∞) → R is called discrete completely monotone if the measure η(dq) in the
Bernstein theorem is discrete, its support is infinite and does not have finite limit points.

The conditions for a discrete completely monotone function imply that the measure,
η(dq), is an infinite mixture of atoms. Letting these atoms have size an ≥ 0 and positions
bn ≥ 0,

η(dq) =
∑
n∈N

anδbn(dq), (5.2)

where δbn is the Dirac measure at bn. Since the support of η(dq) is infinite and without
finite limit points, we must have bn → ∞ as n approaches infinity. Without loss of gener-
ality, we could rearrange bn such that the set {bn}n∈N is strictly increasing. Substituting
(5.2) into Equation (5.1) from the Bernstein theorem shows that a discrete completely
monotone function can be represented as an infinite series of exponential functions

f(x) =

∫
R+

e−qx η(dq) =
∑
n∈N

ane
−bnx, x > 0. (5.3)

As initially stated, we want to define the class of meromorphic Lévy processes according
to a mixture of exponentials, which corresponds to having the tails of our Lévy mea-

sure, Π
+
(x) = Π((x,∞)) and Π

−
(x) = Π((−∞,−x)), be discrete completely monotone

functions.
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Definition 43 (Meromorphic Lévy process). Let X be a Lévy process with Lévy triple

(µ, σ,Π). Then, X is a meromorphic Lévy process if Π
+
and Π

−
are discrete com-

pletely monotone functions.
From (5.3), X is meromorphic if and only if the Lévy measure Π(dx) has density with

respect to the Lebesgue measure,

ν(x) = 1{x > 0}
∑
n∈N

anρne
−ρnx + 1{x < 0}

∑
n∈N

ânρ̂ne
ρ̂nx, (5.4)

where an, ân are non-negative, ρn, ρ̂n are positive, {ρn}n∈N and {ρ̂n}n∈N are strictly
increasing with limn→∞ ρn = limn→∞ ρ̂n = ∞, and these variables satisfy the summability
condition ∑

n∈N

anρ
−2
n +

∑
n∈N

ânρ̂
−2
n <∞. (5.5)

The summability condition (5.5) is required to ensure that the series in (5.4) converges
(Lemma 11) and the integrability condition for the Lévy measure,

∫
R(1 ∧ x2)Π(dx) <

∞, is satisfied (Lemma 13). The summability condition is also equivalent to another
integrability condition given in Lemma 12. Note that the integrands and summands
throughout this section are all positive, allowing us to separate convergent integrals and
use comparison tests in obvious ways.

Lemma 11. The summability condition for a meromorphic Lévy process, (5.5), implies
that the series that defines the Lévy measure density (5.4) converges uniformly for x ∈
R\{0}.

Proof. Suppose that ∑
n∈N

anρ
−2
n +

∑
n∈N

ânρ̂
−2
n <∞.

Then, ∑
n∈N

anρ
−2
n <∞ and

∑
n∈N

ânρ̂
−2
n <∞.

Let x ∈ R+\{0}. Since {ρn}n∈N is positive and strictly increasing, choose N ∈ N such

that ρN > x. Then, for all n ≥ N , e−ρnx < e−x2
< x−2 < ρ−2

n . Thus,

∞∑
n=N

anρne
−ρnx <

∞∑
n=N

anρ
−2
n <

∑
n∈N

anρ
−2
n <∞.
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By the Weierstrass M-test,
∑∞

n=N anρne
−ρnx converges uniformly. Since the summands

are all finite, this implies that

ν(x) =
∑
n∈N

anρne
−ρnx <∞.

Analogous reasoning applies with ρ̂n if x < 0. Thus, the Lévy measure density converges
uniformly for x ∈ R\{0}.

Lemma 12. The summability condition for a meromorphic Lévy process, (5.5), is satisfied

if and only if

∫
R
x2Π(dx) <∞.

Proof. See [36, Proposition 1].

Lemma 13. The summability condition, (5.5), implies that the integrability condition for
the Lévy measure, ∫

R
(1 ∧ x2)Π(dx) <∞,

is satisfied.

Proof. Suppose that the summability condition is satisfied. Then, by Lemma 12,∫
R
x2Π(dx) <∞.

Since (1 ∧ x2) ≤ x2 for all x ∈ R,∫
R
(1 ∧ x2)Π(dx) ≤

∫
R
x2Π(dx) <∞.

Thus, ∫
R
(1 ∧ x2)Π(dx) <∞.

Now that we have defined meromorphic Lévy processes, we can discuss various prop-
erties of the class that may be beneficial in our option pricing model. Ideas for the
derivations in this section are based on [36, Theorem 1]. We include modified proofs since
we have slightly different notations and definitions.
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5.1.1 Characteristic exponent

Let X = {Xt : t ∈ R+} be a meromorphic Lévy process with Lévy triple (µ, σ,Π), mean-
ing that Π(dx) has density given by (5.4). Recall from Definition 22, the characteristic
exponent of X is a function,

Ψ(ξ) = − lnE[eiξX1 ],

which we can calculate using the Lévy-Khintchine formula in Theorem 2.

Theorem 12. The characteristic exponent for a meromorphic Lévy process, X, with Lévy
triple (µ, σ,Π) is

Ψ(ξ) = −iµξ + 1

2
σ2ξ2 + ξ2

∑
n∈N

[
an

ρn(ρn − iξ)
+

ân
ρ̂n(ρ̂n + iξ)

]
. (5.6)

Proof. See [36, Theorem 1], where the authors calculate the Laplace transform, ψ(ξ),
which, by straightforward analytical continuation, has the relationship

Ψ(ξ) = −ψ(iξ).

Since it is holomorphic everywhere except for an isolated set of poles, {−ρ̂n, ρn}, the
characteristic exponent of a meromorphic Lévy process is a meromorphic function (see
Appendix A.1), which motivates the name.

5.1.2 Wiener-Hopf factors

Recall that the Wiener-Hopf factorisation in Theorem 3 states that, for any Lévy process
and some q > 0,

E
[
eiξXeq

]
= E

[
eiξXeq

]
E
[
eiξXeq

]
,

and the Wiener-Hopf factors are the terms in the product on the right-hand side,

ϕ+(ξ) = E
[
eiξXeq

]
, ϕ−(ξ) = E

[
eiξXeq

]
.

One of the important properties of meromorphic Lévy processes is that these Wiener-
Hopf factors are tractable. More specifically, they can be expressed as convergent infinite
products of functions of the roots and poles of the characteristic exponent. It is clear
from (5.6) that the characteristic exponent has infinitely many poles, with values given
by {−ρ̂n, ρn}, and also infinitely many roots, as we verify next.
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Theorem 13. For every q > 0, there are infinitely many solutions to the equation
q +Ψ(iξ) = 0, which we call {−ζ̂n, ζn}. These roots are real and interlace with the poles
of Ψ(ξ),

· · · − ρ̂2 < −ζ̂2 < −ρ̂1 < −ζ̂1 < 0 < ζ1 < ρ1 < ζ2 < ρ2 · · ·

Proof. Since Ψ(ξ) is a meromorphic function with Ψ(0) = 0, Ψ(ξ) is analytic in some
neighbourhood of 0 ∈ C. Then, as stated in the proof of [49, Theorem 2], Ψ can be
analytically extended to the complex half-planes I(z) > 0 and I(z) < 0, and we must
have

I
(
−Ψ(iξ)

iξ

)
> 0, (5.7)

for ξ ∈ C with R(ξ) > 0, where R(z) is the real part of z and I(z) is the imaginary part.
Additionally, for q > 0 and ξ ∈ C with R(ξ) > 0,

I
(
−q
iξ

)
> 0. (5.8)

This is easily shown by writing iξ = a + bi for a, b ∈ R, where we must have b > 0 to
satisfy R(ξ) > 0. Then

−q
iξ

=
−q(a− bi)

(a+ bi)(a− bi)
= − qa

a2 + b2
+

qbi

a2 + b2
,

such that I(− q
iξ
) = qb

a2+b2
, which is positive since q and b are positive. Also, for z1, z2 ∈ C,

I(z1 + z2) = I(z1) + I(z2), implying that, if I(z1), I(z2) > 0, I(z1 + z1) > 0. Applying
this to (5.7) and (5.8), we must have

I
(
−Ψ(iξ)− q

iξ

)
> 0.

Finally, applying the statement in the proof of [35, Theorem 1], we find that there are
infinitely many roots to the equation q + Ψ(iξ) = 0 and these roots interlace with the
poles of the meromorphic function, Ψ, as required.

Finally, the Wiener-Hopf factors of a meromorphic Lévy process are given in Theorem
14, which has the same proof as Theorem 13 since [35, Theorem 1] also provides the form
of the Wiener-Hopf factorisation.

Theorem 14. For q > 0, the Wiener-Hopf factors of a meromorphic Lévy process are

ϕ+
q (ξ) =

∏
n≥1

1− iξ
ρn

1− iξ
ζn

, ϕ−
q (ξ) =

∏
n≥1

1 + iξ
ρ̂n

1 + iξ

ζ̂n

. (5.9)

These products are convergent.
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5.1.3 Variance and jump activity

We now want to investigate the path properties of meromorphic Lévy processes, par-
ticularly those that are considered in option pricing models. Here, we discuss the path
structure, along with the variation and jump activity.

The paths of a meromorphic Lévy process may include a constant drift, a diffusion,
and a jump term that decays at an exponential rate, meaning that the paths are càdlàg
but do not need to be continuous. Further, the exponential decay of the jump process
means that meromorphic processes have fatter tails than a normal distribution.

The class of meromorphic Lévy process includes members that have both infinite and
bounded variation and jump activity. As shown in Theorems 15 and 16, both of these
properties depend on the choice of parameters.

Theorem 15. A meromorphic Lévy process, X, with Lévy triple (µ, σ,Π) has bounded
variation if and only if

i. X has no diffusion component: σ = 0.

ii. The series
∑

n∈N anρ
−1
n and

∑
n∈N ânρ̂

−1
n converge.

Proof. Suppose that X is a meromorphic Lévy process with Lévy triple (µ, σ,Π) and
parameters {an}n∈N, {ân}n∈N, {ρn}n∈N, and {ρ̂n}n∈N such that∑

n∈N

anρ
−1
n <∞ and

∑
n∈N

ânρ̂
−1
n <∞.

Recall, from Lemma 4, that a Lévy process has bounded variation if and only if σ = 0
and its Lévy measure satisfies ∫

R
(1 ∧ |x|)Π(dx) <∞.

Consider the integral where 1 ∧ |x| is replaced by |x|. Using the density of the Lévy
measure for a meromorphic Lévy process in (5.4),∫

R
|x|Π(dx) =

∫
R
|x| ν(x) dx

=

∫
R
|x|

(
1{x > 0}

∑
n∈N

anρne
−ρnx + 1{x < 0}

∑
n∈N

ânρ̂ne
ρ̂nx

)
dx

= −
∫ 0

−∞
x
∑
n∈N

ânρ̂ne
ρ̂nx dx+

∫ ∞

0

x
∑
n∈N

anρne
−ρnx dx.
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The terms of both summations are non-negative. Thus, by Tonelli’s theorem, we can
integrate term by term (interchanging the integral and summation):∫

R
|x|Π(dx) = −

∑
n∈N

∫ 0

−∞
xânρ̂ne

ρ̂nx dx+
∑
n∈N

∫ ∞

0

xanρne
−ρnx dx

= −
∑
n∈N

ânρ̂n

∫ 0

−∞
xeρ̂nx dx+

∑
n∈N

anρn

∫ ∞

0

xe−ρnx dx

= −
∑
n∈N

ânρ̂n

[
(ρ̂nx− 1)

ρ̂ 2
n

eρ̂nx
]0
−∞

+
∑
n∈N

anρn

[
−(ρnx+ 1)

ρ2n
e−ρnx

]∞
0

=
∑
n∈N

ânρ̂n

(
1

ρ̂ 2
n

)
+
∑
n∈N

anρn

(
1

ρ2n

)
=
∑
n∈N

ânρ̂
−1
n +

∑
n∈N

anρ
−1
n . (5.10)

By assumption, both of these series converge. Hence,∫
R
|x|Π(dx) <∞.

Finally, since (1 ∧ |x|) ≤ |x| for all x ∈ R,∫
R
(1 ∧ |x|)Π(dx) ≤

∫
R
|x|Π(dx) <∞;

so, by Lemma 4, X has bounded variation.
On the contrary, suppose that at least one of the series diverges:∑

n∈N

anρ
−1
n = ∞ or

∑
n∈N

ânρ̂
−1
n = ∞.

Then, by (5.10), ∫
R
|x|Π(dx) =

∑
n∈N

ânρ̂
−1
n +

∑
n∈N

anρ
−1
n = ∞. (5.11)

Recall, from Lemma 13, that meromorphic Lévy measures must satisfy∫
R
x2Π(dx) <∞.

Since x2 ≥ |x| for all |x| ≥ 1, this implies that∫
|x|>1

|x|Π(dx) ≤
∫
|x|>1

x2Π(dx) <∞.
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Thus, to satisfy (5.11), we require∫
|x|<1

|x|Π(dx) = ∞,

which implies that∫
R
(1 ∧ |x|)Π(dx) =

∫
|x|<1

|x|Π(dx) +
∫
|x|≥1

Π(dx) = ∞;

so, by Lemma 4, X has infinite variation.

Theorem 16. A meromorphic Lévy process, X, with Lévy triple (µ, σ,Π) has finite jump
activity if and only if the series

∑
n∈N an and

∑
n∈N ân converge.

Proof. Suppose that X is a meromorphic Lévy process with Lévy triple (µ, σ,Π) and
parameters {an}n∈N, {ân}n∈N, {ρn}n∈N, and {ρ̂n}n∈N such that∑

n∈N

an <∞ and
∑
n∈N

ân <∞

Recall, from Lemma 5, that a Lévy process has finite jump activity if and only if∫
R
Π(dx) <∞.

Using analogous reasoning to the proof for Theorem 15, we find that∫
R
Π(dx) =

∑
n∈N

ân +
∑
n∈N

an.

By assumption, both series converge. Hence,∫
R
Π(dx) <∞.

Thus, by Lemma 5, X has finite jump activity. As with the proof of Theorem 4, the
opposite direction follows easily.

Theorems 15 and 16 can be used to find simple examples of meromorphic Lévy pro-
cesses with finite or infinite variation and jump activity. These examples will be stated in
terms of an and ρn, but there are identical requirements on ân and ρ̂n. The property of
finite jump activity depends on the parameters {an}n∈N, while bounded variation depends
on both {an} and {ρn}, along with the diffusivity, σ. By Theorem 16, any meromorphic
process with an = 1 for all n ∈ N has infinite jump activity. Further, using Theorem 15
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and the knowledge that the harmonic series diverges, taking ρn = n gives an example of a
meromorphic process where both variation and jump activity are infinite. A meromorphic
process with infinite jump activity but finite variation can be achieved by alternatively
taking ρn = n2, since we now have a convergent p-series in Theorem 15. Finally, a mero-
morphic process with parameters an = 1/n2 and ρn = n has finite variation and jump
activity.

These simple examples show that the class of meromorphic Lévy processes admits a
wide range of properties in path structure, variation, and jump activity. This would be
beneficial in producing option pricing models to fit a particular financial security.

5.2 Examples

To complete this chapter, we define two key subclasses of meromorphic Lévy processes:
β-family and hyper-exponential processes.

5.2.1 β-family processes

The β-family Lévy processes are an important subclass of meromorphic Lévy processes,
defined as follows.

Definition 44 (β-family process). A meromorphic Lévy process, X, belongs to the β-
family if its Lévy measure, with form given by (5.4), has parameters:

an =
c1

β1(α1 + n− 1)

(
n+ λ1 − 2
n− 1

)
, ρn = β1(α1 + n− 1),

ân =
c2

β2(α2 + n− 1)

(
n+ λ2 − 2
n− 1

)
, ρ̂n = β2(α2 + n− 1),

for n ∈ N, where αi, βi > 0, ci ≥ 0 and λi ∈ (0, 3) for i = 1, 2, and

(
x
y

)
= x(x−1)···(x−y+1)

y(y−1)···1

is the combination function.

In this case, the series that define the density of the Lévy measure are convergent,
leading to the following representation, which could be used as an alternative definition
of the β-family.

Theorem 17. Let X be a β-family Lévy process with parameters αi, βi > 0, ci ≥ 0 and
λi ∈ (0, 3) for i = 1, 2. Then, the Lévy measure, Π(dx), has density

ν(x) = c1
e−α1β1x(

1− e−β1x
)λ1

1{x > 0}+ c2
eα2β2x(

1− eβ2x
)λ2

1{x < 0}.
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Proof. By (5.4), the Lévy measure of a meromorphic Lévy process has density

ν(x) = 1{x > 0}
∑
n∈N

anρne
−ρnx + 1{x < 0}

∑
n∈N

ânρ̂ne
ρ̂nx.

We shall evaluate the first series; the form of the second series follows by symmetry. First,
note that the binomial series expansion of the denominator of the required density is

1

(1− e−β1x)λ1
=
∑
k∈Z+

(
k + λ1 − 1

k

)(
e−β1x

)k
. (5.12)

Substituting the parameters from Definition 44, making a change of variable n 7→ k + 1,
and then applying (5.12), we have∑

n∈N

anρne
−ρnx =

∑
n∈N

c1
β1(α1 + n− 1)

(
n+ λ1 − 2
n− 1

)
β1(α1 + n− 1)e−β1(α1+n−1)x

=
∑
n∈N

c1

(
n+ λ1 − 2
n− 1

)
e−β1(α1+n−1)x

=
∑
k∈Z+

c1

(
k + λ1 − 1

k

)
e−β1(α1+k)x

= c1e
−α1β1x

∑
k∈Z+

(
k + λ1 − 1

k

)(
e−β1x

)k
=

c1e
−α1β1x

(1− e−β1x)λ1
.

By analogous reasoning, we find that∑
n∈N

ânρ̂ne
ρ̂nx = c2

eα2β2x(
1− eβ2x

)λ2
,

so that

ν(x) = c1
e−α1β1x(

1− e−β1x
)λ1

1{x > 0}+ c2
eα2β2x(

1− eβ2x
)λ2

1{x < 0},

as required.

The β-family of meromorphic Lévy processes was introduced by Kuznetsov [34]. One of
the beneficial properties of this class is that the characteristic exponent can be expressed
in terms of beta functions instead of infinite series. This allows increased speed and
accuracy in numerical calculations since we are evaluating a known function instead of a
truncated infinite series.
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Theorem 18. Let X be a β-family Lévy process with parameters αi, βi > 0, ci ≥ 0
and λi ∈ (0, 3) for i = 1, 2. Let B(x, y) =

∫ 1

0
tx−1(1 − t)y−1 dt be the beta function, and

ψ(x) = d
dx

ln(Γ(x)) be the digamma function. The characteristic exponent of X is

Ψ(ξ) = −iµξ + 1

2
σ2ξ2 + J1(ξ) + J2(ξ),

where J1(ξ) and J2(ξ) are the terms contributed by the positive and negative jumps of X,
respectively. These terms depend on the values of λ1 and λ2:

i. (a) If λ1 ∈ (0, 3)\{1, 2},

J1(ξ) =
c1iξ

β2
1

B(α1, 1− λ1)
(
ψ(1 + α1 − λ1)− ψ(α1)

)
+
c1
β1
B(α1, 1− λ1)−

c1
β1
B

(
α1 −

iξ

β1
, 1− λ1

)
.

(b) If λ2 ∈ (0, 3)\{1, 2},

J2(ξ) =− c2iξ

β2
2

B(α2, 1− λ2)
(
ψ(1 + α2 − λ2)− ψ(α2)

)
+
c2
β2
B(α2, 1− λ2)−

c2
β2
B

(
α2 +

iξ

β2
, 1− λ2

)
.

ii. (a) If λ1 = 1,

J1(ξ) =
1

β1
ψ

(
α1 −

iξ

β1

)
+

1

β1
ψ(α1) +

iξ

β2
1

ψ′(α1).

(b) If λ2 = 1,

J2(ξ) =
1

β2
ψ

(
α2 +

iξ

β2

)
+

1

β2
ψ(α2) +

iξ

β2
2

ψ′(α2).

iii. (a) If λ1 = 2,

J1(ξ) =
1

β1

(
1− α1 +

iξ

β1

)[
ψ

(
α1 −

iξ

β1

)
− ψ(α1)

]
+
iξ(1− α1)

β2
1

ψ′(α1).

(b) If λ2 = 2,

J2(ξ) =
1

β2

(
1− α2 +

iξ

β2

)[
ψ

(
α2 +

iξ

β2

)
− ψ(α2)

]
+
iξ(1− α2)

β2
2

ψ′(α2).
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Proof. See [34, Proposition 9]

The β-family itself is a rich class with varied subclasses. The jump distribution is
parameterised by λi, which controls the small jumps, αi and βi, which control the expo-
nential tails, and ci, which determines the intensity of the jumps. According to [34], some
processes in the β-family have similar dynamics to the KoBoL processes that were seen in
Section 4.1.1 and have been regularly included in option pricing literature. Therefore, it is
reasonable to assume that β-family processes will also be useful in this context and their
inclusion fills a gap in the literature. As discussed previously, when forming an option
pricing model, we are often interested in whether the process has bounded variation or
jump activity. The β-family admits paths of both infinite and finite variation and jump
activity, providing flexibility to ensure that the assumptions of our models are satisfied.

Theorem 19. Let X be a β-family Lévy process with parameters αi, βi > 0, ci ≥ 0
and λi ∈ (0, 3) for i = 1, 2. Then X has bounded variation if and only if σ = 0 and
λ1, λ2 ∈ (0, 2). Further, X has finite jump activity if and only if λ1, λ2 ∈ (0, 1).

Proof. From Theorem 15, a meromorphic Lévy process with σ = 0 has bounded variation
if and only if ∑

n∈N

anρ
−1
n +

∑
n∈N

anρ̂
−1
n <∞,

or equivalently, since an and ρn are non-negative,∑
n∈N

anρ
−1
n <∞ and

∑
n∈N

ânρ̂
−1
n <∞.

Consider only the first series; the convergence conditions of the second series are identical
(for λ2 instead of λ1) by symmetry. Using the parameters from Definition 44 and simple
manipulations of the summation,∑

n∈N

anρ
−1
n =

∑
n∈N

c1
β2
1(α1 + n− 1)2

(
n+ λ1 − 2
n− 1

)
=

c1
α1β2

1

+
c1
β2
1

∑
n≥2

1

(α1 + n− 1)2

(
n+ λ1 − 2
n− 1

)
=

c1
α1β2

1

+
c1
β2
1

∑
n∈N

1

(α1 + n)2

(
n+ λ1 − 1

n

)
, (5.13)

where α1, β1 > 0, c1 ≥ 0, and λ1 ∈ (0, 3).

If λ1 = 1, the series in (5.13) converges because

(
n
n

)
= 1 for all n ∈ N, giving a

convergent p-series. Thus, X has bounded variation.
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If λ1 ∈ (0, 3)\{1}, let xn =
1

(α1 + n)2

(
n+ λ1 − 1

n

)
, so that we are interested in the

convergence of
∑

n∈N xn. Then, xn has the following series expansion at n = ∞,

xn = nλ1

(
1

Γ(λ1)n3
+
λ1(λ1 − 1)− 4α1

2Γ(λ1)n4
+O

(
1

n5

))
= O

(
1

n3−λ1

)
. (5.14)

If λ1 ∈ [2, 3), xn = O(1/np) for p ∈ (0, 1], meaning that the series in (5.13) is a
divergent p-series. Thus, X has infinite variation.

Alternatively, if λ1 ∈ (0, 2)\{1}, let bn = n
4−λ1

2 . Since 4−λ1

2
> 1,

∑
n∈N bn is a conver-

gent p-series. Additionally, observe that the exponent in bn is greater than that in (5.14);
since 2− λ1 > 0,

3− λ1 =
6− 2λ1

2
=

4− λ1
2

+
2− λ1

2
<

4− λ1
2

.

Thus, we have xn = O
(
n−(3−λ1)

)
and bn = O

(
n− 4−λ1

2

)
, where −(3 − λ1) > −4−λ1

2
. This

means that there exists N ∈ N such that, for all n ≥ N ,

0 ≤ xn ≤ bn.

Since
∑

n∈N bn converges, so does
∑

n≥N bn. Then, by the comparison test,
∑

n≥N xn
converges. Further, since each xn is finite,

∑
n∈N xn, the required series in (5.13), must

converge also. Thus, X has bounded variation.

We have shown that X has infinite variation if λ1 ∈ [2, 3). This statement would also
be true (by symmetry) if λ2 ∈ [2, 3). So, X has bounded variation if λ1, λ2 ∈ (0, 2) and
infinite variation if either λ1 or λ2 ∈ [2, 3).

By analogous reasoning, we can show that X has finite jump activity if and only

if λ1, λ2 ∈ (0, 1), where we then have xn =
1

α1 + n

(
n+ λ1 − 1

n

)
= O

(
n−(2−λ1)

)
and

bn = n
3−λ1

2 .

5.2.2 Hyper-exponential processes

Another important class of meromorphic Lévy processes is the hyper-exponential processes.
This class is a generalisation of the Kou model [28], which is a classical option pricing
model consisting of the sum of a linear Brownian motion and a compound Poisson pro-
cess with two-sided exponentially distributed jumps. Hyper-exponential Lévy processes
replace the jump distribution with a hyper-exponential distribution. This is equivalent to
a truncated meromorphic Lévy process [38].



5.2. Examples 83

Definition 45 (Hyper-exponential process). A meromorphic Lévy process, X, with pa-
rameters {an}n∈N, {ân}n∈N, {ρn}n∈N, and {ρ̂n}n∈N is a hyper-exponential process if there

exists N, N̂ ∈ N such that an1 = ân2 = 0 for all n1 ≥ N and n2 ≥ N̂ .
We could alternatively interpret a hyper-exponential process as having ρn1 = ∞ and

ρ̂n2 = ∞ for each n1 ≥ N and n2 ≥ N̂ .

By (5.6), a hyper-exponential process has characteristic exponent

Ψ(ξ) = −iµξ + 1

2
σ2ξ2 + ξ2

N∑
n=1

an
ρn(ρn − iξ)

+ ξ2
N̂∑

n=1

ân
ρ̂n(ρ̂n + iξ)

,

and, by (5.4), its Lévy measure has density

ν(x) = 1{x > 0}
N∑

n=1

anρne
−ρnx + 1{x < 0}

N̂∑
n=1

ânρ̂ne
ρ̂nx. (5.15)

According to [36], hyper-exponential Lévy processes can achieve the same dynamics as
the Kou model, a widely accepted and utilised option pricing method. However, since
it is a more general version of the Kou model, an algorithm that uses hyper-exponential
Lévy processes will also allow additional freedom in accurately fitting the model to the
specific financial security. Accordingly, it is again reasonable to state that the class of
hyper-exponential Lévy processes is a useful addition to the option pricing literature.

All results that we have seen for meromorphic Lévy processes also apply to hyper-
exponential processes with trivial modifications. In Theorem 13, we now only have a
finite number of roots to the equation q+Ψ(iξ) = 0, equal to the number of poles, which

includes N positive terms and N̂ negative terms. The Wiener-Hopf factors in Theorem 14
have an identical form, but are products of length N and N̂ ,

ϕ+
q (ξ) =

N∏
n=1

1− iξ
ρn

1− iξ
ζn

, ϕ−
q (ξ) =

N̂∏
n=1

1 + iξ
ρ̂n

1 + iξ

ζ̂n

. (5.16)

Additionally, the series in Theorems 15 and 16 become finite sums (of finite-valued terms),
and hence, must converge. This means that whenever σ = 0, hyper-exponential Lévy
processes must have finite jump activity and bounded variation.

5.2.3 Other examples

There are many other interesting subclasses of meromorphic Lévy processes, such as the θ-
class and hyper-geometric processes, which are presented in [36]. We will not discuss these
processes or implement them as drivers in our algorithm, but they all satisfy Theorem 14
and have known semi-explicit Wiener-Hopf factors, so could be used in the Meromorphic
Wiener-Hopf method that we derive in Chapter 6.
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Chapter 6

Meromorphic Wiener-Hopf method

While Lévy-driven option pricing models are currently available, these methods usually
must approximate the Wiener-Hopf factors. Such methods have seen abundant success,
but each requires a set of specific assumptions and may only apply to a particular subset
of Lévy processes. Accordingly, it is always beneficial to introduce additional option pric-
ing algorithms based on different Lévy processes or with different assumptions. Further,
if we can find Lévy processes that have explicit expressions for their Wiener-Hopf factors,
then the option pricing formula, (4.20), can be immediately evaluated. The meromor-
phic Lévy processes introduced in Chapter 5 are promising candidates. In this section,
we discuss how a barrier option may be modelled using a meromorphic Lévy process
and then demonstrate the option pricing formula in this case, calling the final algorithm
the Meromorphic Wiener-Hopf method. Lastly, we discuss the potential advantages and
disadvantages of this technique.

6.1 Numerical implementation of meromorphic pro-

cesses

To define an algorithm driven by meromorphic Lévy processes, we need to be able to
numerically evaluate the characteristic exponent and Wiener-Hopf factors in Theorems
12 and 14, respectively. While meromorphic Lévy processes do have known expressions
for these functions, they involve infinite series and products that must be truncated for
numerical evaluation, which is reasonable since, as discussed in Chapter 5, they are con-
vergent. However, there is currently no convention for how many terms are required since
it is dependent on the parameters of the process. Instead, we determine if the process
has approximately converged by trial and error; if a significant increase in terms leads to
an insignificant change in the result, we assume convergence. Additionally, recall that if
convergence is not achieved, we have a hyper-exponential process and, as seen in Section
5.2.2, all of the formulae are identical. Given two truncation points, N and N̂ , for each

85
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of the two series/products, the characteristic exponent of a meromorphic Lévy process is
approximated by

Ψ(ξ) ≈ −iµξ + 1

2
σ2ξ2 + ξ2

N∑
n=1

an
ρn(ρn − iξ)

+ ξ2
N̂∑

n=1

ân
ρ̂n(ρ̂n + iξ)

,

and similar for the density of the Lévy measure and Wiener-Hopf factors.
The roots {−ζ̂n, ζn}n∈N of the characteristic exponent also need to be calculated. The-

orem 13 states that the roots interlace with the poles of the process, such that, for n ≥ 2,

ζ1 ∈ (0, ρ1), ζ̂1 ∈ (0, ρ̂1), ζn ∈ (ρn−1, ρn), ζ̂n ∈ (ρ̂n−1, ρ̂n).

Then, the interval bisection method can be used to approximate the root in each of these
intervals (see Appendix A.3). This technique was utilised for some particular examples
of meromorphic Lévy processes in [34], where they state that this procedure is highly
efficient and could be computed in parallel for further improvements in speed.

Now that we have techniques for truncating the infinite product and then calculating
the roots in (5.9), we are able to implement the option pricing formula in (4.20) for
meromorphic Lévy processes. The last consideration in our algorithm is the regions on
which the formulae will be evaluated. Recall that the underlying security price is given
by St = S0e

Xt , where S0 is the initial value at the start of the contract. Of course, we
want the final output of our algorithm to initiate at S0. Thus, the space region, where the
Lévy process is evaluated, is given by an interval centered around 0. In [32], this is called
the localisation region and is defined to be [−L ln(2), L ln(2)), where L ∈ N is a scaling
factor which is the smallest value such that having a larger domain does not significantly
alter the resultant output, chosen by trial and error. This scaling factor is usually a low
value and is relatively easy to find; we use L = 1 in all of our experiments. The step size
in this domain, s ∈ R+, is a parameter of the algorithm, again chosen by trial and error,
so that increasing the step size does not affect the output. We use a step size of s = 0.001
in our experiments. Finally, after the Fourier transform is applied, the data is in a new
domain, called the frequency domain, which is given by the interval [−π

s
, s) [32].

6.2 The Algorithm

Finally, we derive our new option pricing method. In Chapter 3, we discussed various
reasonable assumptions of option pricing models, such as the presence of large jumps,
fat-tailed distributions, and the concept of arbitrage. Chapter 4 showed that these re-
quirements could be effectively satisfied by exponential Lévy processes. We demonstrated
how the Wiener-Hopf factorisation could be used to derive an equation for the option
price in this situation, then discussed several previous models which implemented these
ideas and showed their accuracy. Many of these algorithms aimed to approximate the
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Wiener-Hopf factors. However, in Chapter 5, meromorphic Lévy processes were defined
and shown to be a rich class of processes that have the required properties, such as non-
continuous paths and exponentially decaying tails. Additionally, this class has a known,
semi-explicit formula for its Wiener-Hopf factors, which was shown to be numerically
tractable in the previous section. Thus, we can now define an option pricing method that
is driven by meromorphic Lévy processes, using the formula in (4.20) with the Wiener-
Hopf factors in (5.9). We call our proposed meromorphic-driven option pricing algorithm
the Meromorphic Wiener-Hopf (MWH) method. It can be summarised as follows.

Preliminary Steps:

Consider a knock-out barrier put option that depends on the value of a financial security
which is modelled according to a given exponential meromorphic Lévy process. Choose
an equivalent martingale measure (EMM) based on data from the given security.

Step 1: Input the risk-free interest rate of the market, r, the initial security spot price,
S0, and the option parameters: strike price, K, barrier, H, and time until
maturity, T .

Step 2: Choose a meromorphic Lévy process to model the log-security price. Input
the parameters σ, {an}n∈N, {ρn}n∈N, {ân}n∈N, {ρ̂n}n∈N. Choose two trunca-

tion points for the process: N , corresponding to {an}n∈N, {ρn}n∈N, and N̂ ,
corresponding to {ân}n∈N, {ρ̂n}n∈N.

Step 3: Calculate the characteristic exponent of the Lévy process using (5.6),

Ψ(ξ) = −iµξ + 1

2
σ2ξ2 + ξ2

N∑
n=1

an
ρn(ρn − iξ)

+ ξ2
N̂∑

n=1

ân
ρ̂n(ρ̂n + iξ)

,

the density of the Lévy measure using (5.15),

ν(x) = 1{x > 0}
N∑

n=1

anρne
−ρnx + 1{x < 0}

N̂∑
n=1

ânρ̂ne
ρ̂nx,

and the drift µ using (4.2),

µ = r +
σ2

2
+

∫
R

(
1− ex + x1{|x| < 1}

)
Π(dx).

Step 4: Choose the space step size, s, the number of Post-Widder samples, Npw, and the
acceleration constant, κ, if the Post-Widder acceleration technique is required.
Convergence of the Post-Widder formula usually requires Npw ≈ 500 without
acceleration, or Npw ≈ 5, κ = 3 with acceleration.
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Step 5: Set h = ln
(

H
S0

)
and q = Npw

T
.

Step 6: Choose a scaling factor L ∈ N and set the localisation domain to be [−L ln(2), L ln(2)).

Step 7: Set the number of space steps to be M = 2m for m ∈ N such that
2m−1 < 2L ln(2)

s
≤ 2m.

Step 8: Calculate the space grid points,

x = −1

2
Ms+ ks for k = 0, 1, . . . ,M − 1,

and the frequency domain grid points,

ξ =
2πℓ

Ms
for ℓ = −M

2
, . . . ,−1, 0, 1, . . . ,

M

2
− 1.

So, the space domain is
[
− 1

2
Ms, 1

2
Ms
)
and the frequency domain is

[
− π

s
, π

s

)
.

Barrier Option Pricing

Step 1: For each space grid point, x, calculate v0(Npw/T, x) = G̃(x) = (K − S0e
x)+.

Step 2: Calculate the roots, {−ζ̂n, ζn} of the equation q + r + Ψ(iξ) = 0 using the
bisection method with intervals

ζ1 ∈ (0, ρ1), ζn ∈ (ρn−1, ρn) n ≤ N,

ζ̂1 ∈ (0, ρ̂1), ζ̂n ∈ (ρ̂n−1, ρ̂n) n ≤ N̂ .

Step 3: For each ξ, calculate the Wiener-Hopf factors using (5.16),

ϕ+
q (ξ) =

N∏
n=1

1− iξ
ρn

1− iξ
ζn

, ϕ−
q (ξ) =

N̂∏
n=1

1 + iξ
ρ̂n

1 + iξ

ζ̂n

.

Step 4: For p = 1, 2, . . . , Npw, calculate vp(q, x) for each x, according to (4.20),

v0(q, x) = (K − S0e
x)+ 1{x > h},

vp(q, x) =
q

q + r
F−1 ϕ−

q+r(ξ)F 1(h,∞)F−1 ϕ+
q+r(ξ)F Vp−1(q, x), for p ∈ N.

Step 5: The estimated option value is V (T, x) = vNpw(q, 0).
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Our Meromorphic Wiener-Hopf algorithm can be implemented in Python as follows. Con-
sider, again, a knock-out barrier put option that depends on a financial security that is
modelled according to a given exponential meromorphic Lévy process. Suppose that the
meromorphic Lévy process can be truncated to have N positive roots and N̂ negative
roots, so that the parameters of this known process, rho, a, rho hat, and a hat, can be
represented as vectors of length N and N̂ . These known parameters, along with the pa-
rameters of the option and the Wiener-Hopf algorithm are input. The space and frequency
domain values are also input.

rho = . . .
rho hat = . . .
a = . . .
a hat = . . .

# −−− Option cons tant s −−− #
K = . . . # s t r i k e p r i c e
S0 = . . . # spot p r i c e
H = . . . # ba r r i e r p r i c e
r = . . . # r i sk−f r e e i n t e r e s t r a t e
T = . . . # Maturity ( years )

# −−− Wiener−Hopf a lgor i thm constant s −−− #
h = np . l og (H / S0 ) # log−ba r r i e r p r i c e
N pw = . . . # Number o f post−widder samples
q = N pw / T # Observation ra t e

M = . . . # Number o f space s t ep s
xstep = . . . # Space s tep s i z e
x = [−M ∗ xstep /2 + k ∗ xstep f o r k in range (0 , M+1) ] # Space t i c k s
x i = np . z e ro s (M+1) # Frequency t i c k s
f o r l in range(− i n t (M / 2) , i n t (M / 2) ) :

x i [ l ] = 2 ∗ pi ∗ l /( xstep ∗ M)

Using the given parameters, the required µ value can be calculated as follows.

de f calc mu ( sigma , a , rho , a hat , rho hat , r , d iv idend ) :
de f mero integrand (x , a , rho , a hat , rho hat ) :

i f x > 0 :
dens i ty = sum(np . mult ip ly ( a , np . mult ip ly (

rho , np . exp(−np . mult ip ly ( rho , x ) ) ) ) )
e l i f x < 0 :

dens i ty = sum(np . mult ip ly ( a hat , np . mul t ip ly (
rho hat , np . exp (np . mult ip ly ( rho hat , x ) ) ) ) )

e l s e :
r e turn 0

i nd i c a t o r f un c = 0
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i f (−1 < x ) & (x < 1) :
i nd i c a t o r f un c = 1

return (1 − np . exp (x ) + x∗ i n d i c a t o r f un c ) ∗ dens i ty

mu = r − div idend + sigma ∗∗2/2 +
quad ( mero integrand , −np . in f , np . in f ,

a rgs=(a , rho , a hat , rho hat ) ) [ 0 ]
r e turn mu

mu = calc mu ( sigma , a , rho , a hat , rho hat , r , 0)

Next, the roots of the equation q+r+Ψ(iξ) = 0 are calculated using the bisection method,
implemented using the function bisection that is defined in Appendix A.3. These roots
are held in the arrays zeta and zeta hat. In these calculations, the characteristic expo-
nent evaluated at iξ is implemented as WH func(xi).

de f WH func( x i ) :
Ps i = mu∗ x i − 1/2 ∗ sigma ∗∗2 ∗ x i ∗∗2 −

x i ∗∗2 ∗ np . dot ( a , 1/np . mult ip ly (p , p + x i ) ) −
x i ∗∗2 ∗ np . dot ( a hat , 1/np . mult ip ly ( p hat , p hat − x i ) )

re turn q + r + Psi

ze ta = d i c t . fromkeys ( range (N) )
ze ta [ 0 ] = b i s e c t i o n (WH func , 0 , p [ 0 ] , eps , i t e r )
f o r i in range (1 , N) :

z e t a p l u s [ i ] = b i s e c t i o n (WH func , p [ i −1] , p [ i ] , eps , i t e r )

z e ta ha t = d i c t . fromkeys ( range ( N hat ) )
z e ta ha t [ 0 ] = −b i s e c t i o n (WH func , −p hat [ 0 ] , 0 , eps , i t e r )
f o r i in range (1 , N hat ) :

z e ta ha t [ i ] = −b i s e c t i o n (WH func , −p hat [ i ] , −p hat [ i −1] , eps , i t e r )

The calculated roots can be verified visually by plotting the characteristic exponent along
with the values of zeta and zeta hat. This is shown in Figure 6.1 for an example with
q + r = 1, but we could have chosen any q + r > 0. Observe that the calculated values
coincide with the roots of the equation q + r +Ψ(iξ) = 0, as expected.
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Figure 6.1: Plot of roots of q+Ψ(iξ) = 0 for a β-family Lévy process with q = 1, calculated
using the bisection method.

The Wiener-Hopf factors for the given meromorphic Lévy process can then be calcu-
lated according to their known expressions. These functions are evaluated for each term
in the frequency domain and stored in arrays phi plus and phi minus.

de f WH factor plus ( x ) :
r e turn np . prod ( [ ( 1 − 1 j ∗x/p [ n ] ) /(1 − 1 j ∗x/ z e t a p l u s [ n ] )

f o r n in range (N) ] )

de f WH factor minus (x ) :
r e turn np . prod ( [ ( 1 + 1 j ∗x/p hat [ n ] ) /(1 + 1 j ∗x/ zeta minus [ n ] )

f o r n in range ( N hat ) ] )

ph i p l u s = np . z e r o s ( l en ( x i ) , dtype=complex )
phi minus = np . z e r o s ( l en ( x i ) , dtype=complex )
f o r i x i in range ( l en ( x i ) ) :

ph i p l u s [ i x i ] = WH factor plus ( x i [ i x i ] )
phi minus [ i x i ] = WH factor minus ( x i [ i x i ] )

Finally, the initial term, v0(T, x), is calculated for each value in the space domain, and
then the iterative formula is used to return the estimate of the option value. This finalises
the implementation of the MWH method.
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de f ca lc G (K, S0 , x ) :
r e turn max(K − S0 ∗ np . exp (x ) , 0)

v = np . z e ro s ( (N pw , l en (x ) ) )
f o r i x in range ( l en (x ) ) :

v [ 0 , i x ] = calc G (K, S0 , x [ i x ] )

i nd i c a t o r v e c = np . z e ro s ( l en (x ) )
f o r i in range ( l en ( i nd i c a t o r v e c ) ) :

i f x [ i ] > h :
i nd i c a t o r v e c [ i ] = 1

f o r i in range (1 , N pw) :
v [ i ] = (1 / (1 + r / q ) ) ∗ \

i f f t (np . mul t ip ly ( phiva ls minus , f f t (
np . mult ip ly ( ind i ca to rvec ,
i f f t (np . mult ip ly ( ph i va l s p l u s , f f t ( v [ i − 1 , : ] ) ) ) ) ) ) )

# Output opt ion value es t imate from f i n a l i t e r a t i o n
V = v[−1 , : ]
V out = V[min ( enumerate (np . exp (x ) ) , key=lambda x : abs (x [ 1 ] − 1) ) [ 0 ] ]

6.3 Simple Wiener-Hopf method under meromorphic

processes

Our MWH method has the same goals as the Simple Wiener-Hopf (SWH) method which
was discussed in Section 4.5. The SWH method may be implemented for certain sub-
classes of meromorphic Lévy processes that satisfy the required assumptions. Recall,
from Section 4.4, that the underlying process must have no diffusion component and
jumps of finite activity, which we know is possible for meromorphic Lévy processes due
to Theorem 16. Within this subclass of meromorphic processes, the SWH and MWH
methods should produce similar results. In this section, we discuss the implementation
of the SWH method for these meromorphic Lévy processes, which will later allow us to
compare our models.

Suppose that the underlying Lévy process, X = {Xt : t ∈ R+}, is in the meromorphic
class, with drift µ, diffusion σ = 0, and parameters {an}, {ρn}, {ân}, and {ρ̂n} such that∑

n∈N an and
∑

n∈N ân converge. By Theorem 16, this process has finite jump activity and
satisfies the requirements of the SWH method. Therefore, there are two subordinators,
X+ =

{
X+

t : t ∈ R+

}
and −X− =

{
−X−

t : t ∈ R+

}
, such that

Xt = X+
t − (−X−

t ).
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Let the characteristic exponents of X+ and X− be Ψ+ and Ψ−, respectively. Recall
that the meromorphic Lévy process has Lévy measure Π(dx), with density

ν(x) = 1{x > 0}
∑
n∈N

anρne
−ρnx + 1{x < 0}

∑
n∈N

ânρ̂ne
ρ̂nx.

Clearly, the density of the positive jumps is given by

ν+(x) = 1{x > 0}
∑
n∈N

anρne
−ρnx,

and the negative jumps have

ν−(x) = 1{x < 0}
∑
n∈N

ânρ̂ne
ρ̂nx.

Accordingly, the two subordinators, X+ and −X−, are defined with these jump densi-
ties. As with the KoBoL process in Section 4.4.1, the drift term is added to one of the
subordinators depending on its sign. If µ > 0,

Ψ+(ξ) = −iµξ +
∫
R

(
1− eixξ + ixξ1{|x|<1}

)
ν+(x) dx = −iµξ + ξ2

∑
n∈N

an
ρn(ρn − iξ)

,

Ψ−(ξ) =

∫
R

(
1− eixξ + ixξ1{|x|<1}

)
ν−(x) dx = ξ2

∑
n∈N

ân
ρ̂n(ρ̂n + iξ)

,

and if µ < 0,

Ψ+(ξ) =

∫
R

(
1− eixξ + ixξ1{|x|<1}

)
ν+(x) dx = ξ2

∑
n∈N

an
ρn(ρn − iξ)

,

Ψ−(ξ) = −iµξ +
∫
R

(
1− eixξ + ixξ1{|x|<1}

)
ν−(x) dx = −iµξ + ξ2

∑
n∈N

ân
ρ̂n(ρ̂n + iξ)

.

Then, the SWH method can applied in the same way that was demonstrated in Section
4.4.1. Further, observe that X+ and X− are meromorphic Lévy processes with ân = 0
and an = 0 for all n ∈ N, respectively. Thus, the WHMC technique from Section 6.4 can
be applied to simulate these processes, as shown in Figure 6.2. Observe that X+ has a
drift component, while X− is a pure jump process.
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Figure 6.2: Plot of subordinators, X+ and X− that decompose a meromorphic Lévy
process.

6.4 Meromorphic Wiener-Hopf Monte Carlo simula-

tion

As a comparison for our MWH method, we also want to implement the Wiener-Hopf
Monte Carlo (WHMC) simulation method (Section 4.5) for meromorphic Lévy processes.
This simulation technique is summarised in Theorem 10, where the joint distribution of a
given Lévy process, X = {Xt : t ∈ R+}, and its supremum, up to time T withM steps, are
approximated by variables which are easily calculated if we can simulate random variables
with distribution Xe1T/M and Xe1T/M

.

Following Theorem 10, we want to define {S(M/T )
j } and {I(M/T )

j } with S
(M/T )
0 =

I
(M/T )
0 = 0, S

(M/T )
j

d
= Xe1T/M , and I

(M/T )
j

d
= Xe1T/M

for j = 1, 2, . . . ,M , indepen-
dently. For any meromorphic Lévy process, we can calculate the density of these random
variables according to [36, Lemma 1, Theorem 2], which gives us Theorem 20.

Theorem 20. Consider a Lévy process X = {Xt : t ∈ R+}. For n ∈ N, define

u0(ρ, ζ) :=
∏
k∈N

ζk
ρk
, un(ρ, ζ) :=

(
1− ζn

ρn

)∏
k>1
k ̸=n

1− ζn
ρk

1− ζn
ζk

,
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and

u(ρ, ζ) :=
[
u0(ρ, ζ), u1(ρ, ζ), u2(ρ, ζ), . . .

]⊤
,

v(ζ, x) :=
[
δ0(x), ζ1e

−ζ1x, ζ2e
−ζ2x, . . .

]⊤
.

Then, the densities of Xeq and −Xeq are

P(Xeq ∈ dx) = u(ρ, ζ)⊤ v(ζ, x) dx, P(−Xeq ∈ dx) = u(ρ̂, ζ̂)⊤ v(ζ̂ , x) dx,

respectively.

For a given meromorphic Lévy process, suppose that we have a set number of positive
and negative roots, N and N̂ , respectively (i.e., the variables below are given arrays where

rho and a have length N and rho hat and a hat have length N̂).

rho = . . .
rho hat = . . .
a = . . .
a hat = . . .

First, we calculate the roots of the equation q + r +Ψ(iξ) = 0 using the same techniques

as in Section 6.2. In the code, these variables are contained in arrays of length N and N̂ ,
called zeta and zeta hat. Then, define the probability density functions of S and I,

fS = P(Xeq ∈ dx), fI = P(Xeq ∈ dx).

According to Theorem 20, we have known expressions for these densities for any mero-
morphic Lévy process. The functions u(ρ, ζ) and u(ρ̂, ζ̂) are represented by arrays u plus
and u minus. Since u in Theorem 20 does not depend on x, we represent this function
as a vectors of its outputs for each possible input value. Alternatively, v(ζ, x) is defined
as a function of an array, zeta and a value x.

u p lus = d i c t . fromkeys ( range (N) )
u minus = d i c t . fromkeys ( range ( N hat ) )

u p lus [ 0 ] = np . prod ( [ ( ze ta [ k ] / rho [ k ] ) f o r k in range (N) ] )
f o r n in range (1 , N) :

u p lus [ n ] = (1 − ze ta [ n ] / rho [ n ] ) ∗
np . prod ( [ ( 1 − ze ta [ n ] / rho [ k ] ) / (1 − ze ta [ n ] / zeta [ k ] )

f o r k in range (1 , N) i f k != n ] )

u minus [ 0 ] = np . prod ( [ ( z e ta ha t [ k ] / rho hat [ k ] )
f o r k in range ( N hat ) ] )
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f o r n in range (1 , N hat ) :
u minus [ n ] = (1 − z e ta ha t [ n ] / rho hat [ n ] ) ∗

np . prod ( [ ( 1 − z e ta ha t [ n ] / rho hat [ k ] ) /
(1 − z e ta ha t [ n ] / z e ta ha t [ k ] )
f o r k in range (1 , N hat ) i f k != n ] )

de f v ( zeta , x ) :
r e turn np . concatenate ( ( [ 1 i f x == 0 e l s e 0 ] ,

[ z e t a p l u s [ k ]∗ np . exp(− z e t a p l u s [ k ]∗ x )
f o r k in range ( l en ( zeta ) ]

Then, the required densities are given by the following functions.

de f f S (x ) :
r e turn np . mult ip ly ( u plus , v ( zeta , x ) )

de f f I ( x ) :
r e turn np . mult ip ly ( u minus , v ( zeta hat , x ) )

Given the probability density functions, fS and fI , we apply an acceptance-rejection
sampling technique (see Appendix A.4) to sample from S and I. Observe that these

densities are the scaled summations of N and N̂ exponential densities with increasing
rates, which behave similarly to an individual exponential distribution. For large x, fS and
fI are dominated by the corresponding exponential with the smallest rate, gS = ζ1e

−ζ1x

and gI = ζ̂1e
−ζ̂1x; the sum of exponentials decreases at a greater rate than the single

exponential. Scaling gS and gI by the maximum value of our densities, which occurs at
x = 0, we have the scaled functions g∗S = fS(0)

gS(0)
fS(x) and g

∗
I = fI(0)

gI(0)
fS(x). For all x ∈ R+,

g∗S(x) ≥ fS(x), g∗I (x) ≥ gI(x).

These functions are evaluated over the interval x ∈ (0, 10] in Figure 6.3 to demonstrate
this conclusion. This particular example is given with parameters ρ and a that define a
β-family process (Section 5.2.1), but applies identically to any meromorphic Lévy process.
The functions gS, g

∗
S, gI , and g

∗
I are implemented as g S, g S2, g I, g I2, respectively.

de f g S (x ) :
r e turn (−zeta minus [ 0 ] ) ∗ np . exp ( zeta minus [ 0 ] ∗ x )

de f g S2 (x ) :
r e turn f S (0 ) / g S (0 ) ∗ g S (x )

de f g I ( x ) :
r e turn ( z e t a p l u s [ 0 ] ) ∗ np . exp(− z e t a p l u s [ 0 ] ∗ x )

de f g I 2 (x ) :
r e turn f I (0 ) / g I (0 ) ∗ g I ( x )
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Figure 6.3: Probability density of Sj = Xe1T/M , fS(x), and a dominating function g∗S(x)
over x ∈ [0, 10] for a β-family Lévy process with µ = 1, σ = 0.5, α1 = α2 = 1, β1 = β2 =

1.5, λ1 = λ2 = 1.5, c1 = c2 = 1 and N = N̂ = 1000. The observation rate for the roots is
q =M/T = 500/2.

Thus, we can apply rejection sampling on S and I using g∗S(x) and g
∗
I (x). This allows us

to calculate A
(M/T )
j and B

(M/T )
j , as defined in Theorem 10. For j = 1, 2, . . . ,M ,

A
(M/T )
j = A

(M/T )
j−1 + S

(M/T )
j + I

(M/T )
j ,

B
(M/T )
j = max

(
B

(M/T )
j−1 , A

(M/T )
j−1 + S

(M/T )
j

)
,

and A
(M/T )
0 = B

(M/T )
0 = 0. These variables approximate X and X on a random grid.

X = np . z e ro s (M)
X sup = np . z e r o s (M)
g = np . z e ro s (M)
f o r i in range (1 , M) :

g [ i ] = g [ i − 1 ] + (T / M) ∗ np . random . exponent i a l ( 1 )

de f ca l c AR S ra t i o ( x ) :
r e turn f S (x ) / ( g S2 (x ) )

de f c a l c AR I r a t i o ( x ) :
r e turn f I ( x ) / ( g I2 (x ) )
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I AR = np . z e ro s (M)
S AR = np . z e r o s (M)
f o r i in range (1 , l en (S AR) ) :

accepted = False
whi l e not ( accepted ) :

Y = − np . l og (np . random . uniform ( ) ) / (−zeta minus [ 0 ] )
U = np . random . uniform ( )
i f U <= ca l c AR S ra t i o (Y) :

S AR [ i ] = Y
accepted = True

f o r i in range (1 , l en ( I AR) ) :
accepted = False
whi l e not ( accepted ) :

Y = − np . l og (np . random . uniform ( ) ) / z e t a p l u s [ 0 ]
U = np . random . uniform ( )
i f U <= ca l c AR I r a t i o (Y) :

I AR [ i ] = −Y
accepted = True

A = np . z e ro s (M)
B = np . z e ro s (M)
f o r i in range (1 , M) :

A[ i ] = A[ i − 1 ] + S AR [ i ] + I AR [ i ]
B[ i ] = max(B[ i − 1 ] , A[ i − 1 ] + S AR [ i ] )

X = V
X sup = J

The WHMC technique allows us to simulate the path of a given meromorphic Lévy
process at random points defined by the arrivals of a Poisson process that converge to the
prescribed time frame as the number of steps increases. This algorithm is demonstrated
with five independent realisations of a β-family Lévy process in Figure 6.4, where the
paths between the random points have been included for visualisation. Monte Carlo
estimates of the option price are obtained by simulating a large number of realisations
of the required process, then calculating and averaging the payout of the corresponding
option. This will be employed for the numerical examples in Section 7.
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Figure 6.4: Plot of five independent realisations of a β-family Lévy process using the
WHMC techniques for meromorphic Lévy processes.

6.5 Evaluation of the MWH method

Now that we have derived a new option pricing method, we evaluate the accuracy, speed,
and versatility. Due to the similarity, the SWH method is used for comparison in these
criteria.

As with any numerical algorithm, it is crucial that our option pricing method accu-
rately estimates the true value. The SWH method was shown to have high accuracy for
a wide range of processes in [33]. Due to the similarity of the MWH method, we would
expect this accuracy to be preserved, which is demonstrated to be the case in Chapter 7.
Further, since a semi-explicit expression is used for the Wiener-Hopf factors instead of an
approximation, the accuracy may be improved in some situations. However, contrarily,
if the truncation of the infinite products that we saw in (5.9) is not sufficient, then the
semi-explicit formula may actually reduce the accuracy, so there might also be cases where
the MWH method is less accurate than the SWH method. The MWH method calculates
the value of an option with high accuracy, provided that a sufficient number of terms are
included in the truncated products.

Another important consideration for a numerical algorithm, particularly in rapidly
evolving fields such as financial mathematics, is the computation speed. Our MWH
method iteratively calculates the option value using the fast Fourier transform (FFT),
which is an efficient algorithm that is highly optimised in most coding languages. Ac-
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cordingly, similar to the SWH method that also utilises the FFT, the MWH method is
highly efficient and can be implemented with high computation speed. Further, given
the calculated Wiener-Hopf factors, the MWH and SWH methods are almost identical,
except that the SWH has an additional set of FFTs to implement. Accordingly, the itera-
tive evaluation in the MWH method has higher efficiency than that in the SWH method.
However, as with the accuracy, this does not imply that the MWH method is always faster
than the SWH method, since calculating the infinite product for the Wiener-Hopf factors
in the MWH method may be slower than the approximation in the SWH method, partic-
ularly if the truncation length is large. Consequently, it is important that an appropriate
truncation length is chosen. If too few terms are used, the accuracy is reduced, while too
many terms decreases the speed of the algorithm. Unfortunately, there is no generalised
method of choosing this parameter and it currently relies on trial and error. Additionally,
the algorithm could be improved if an acceleration technique was derived for the product
in the Wiener-Hopf factors. While these goals were not achieved in this investigation, the
speed of the MWH still significantly improves on naive methods.

Finally, while we have seen that the MWH method may not have improved speed or
accuracy compared to the SWH method, we can apply our method to certain classes of
Lévy processes that are unattainable with the SWHmethod. Recall that the SWHmethod
requires the underlying Lévy process to be a pure jump process with finite jump activity,
but the MWH method does not have this restriction. In Section 3.2, we saw that we want
to have access to algorithms that are driven by either finite or infinite variation processes
since there are financial securities that are suited to each of these cases. Accordingly,
this versatility of the MWH method is a significant advantage, while still maintaining a
similar speed and accuracy to the SWH method.

Our new MWH method estimates the value of a barrier option where the underlying
financial security is modelled according to a meromorphic Lévy process. We have seen that
the class of meromorphic Lévy processes provides a wide range of properties and would
be able to effectively model many securities. While there are some cases where the MWH
method may be slower or less accurate than the SWH method, one of the more recent
algorithms in the literature, there are others where the MWH method is more effective,
and also some situations where the MWH method can be applied while the SWH method
cannot. Overall, the MWH method is an effective algorithm that can be applied when
the underlying security is modelled by a meromorphic Lévy process, with high speed and
accuracy, and is particularly useful for processes of infinite variation, where some other
techniques cannot be applied.
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Numerical experiments

To complete our investigation, the new meromorphic-driven option pricing algorithm is
demonstrated through numerical experiments. The evaluation time and accuracy are
examined for a range of parameter values that represent interesting cases. The target
option value is also calculated using a Monte Carlo framework, where simulations are
produced with the Wiener-Hopf Monte Carlo (WHMC) techniques from Sections 4.5 and
6.4. Additionally, to demonstrate the improvement in speed, the results are contrasted to
the output from the Simple Wiener-Hopf (SWH) method in Chapter 4.4.

Since the strike price, barrier, and maturity do not influence the comparison of our
methods, these parameters are constant for all of our experiments. Consider a knock-out
put barrier option with strike K = 100, barrier H = 90, maturity T = 1 year, and with
spot price, S0, taking values 91, 101, 111, 121, and 131. This is the same situation as
was investigated using the KoBoL process in Section 4.4.1 and in [32, 33]. While we do
not expect identical results since we are using a different underlying process, these values
represent situations that are likely to appear in real-world option contracts.

All of our numerical experiments use Npw = 800 iterations of the Post-Widder formula,
for both the MWH and SWHmethods. Increasing this parameter by a factor of 10 resulted
in a change to the estimated option value of less than 0.0001 in all of our experiments, so
we assume that it is sufficient. Monte Carlo estimates are achieved by using the WHMC
technique to produce 5000 realisations of the underlying meromorphic Lévy process, and
the resultant option payout is averaged as in standard Monte Carlo applications. Since the
simulation of meromorphic Lévy processes is relatively complex, our implementation of
the WHMC technique was inefficient and additional simulation was unachievable within a
reasonable time frame. Consequently, there is a significant margin of error in these Monte
Carlo estimates. However, the estimate does provide an approximate target value for the
option price.

First, let the underlying security be modelled by an exponential β-family process,
from Section 5.2.1, with parameters c1 = c2 = 100, α1 = α2 = 5, β1 = β2 = 8, λ1 =
λ2 = 0.5, and σ = 0, where both the positive jumps and negative jumps are truncated
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to summations of length N = N̂ = 500. We consider this truncation to be sufficient for
the process to converge since the characteristic exponent and Wiener-Hopf factors both
change by less than 0.001 with a tenfold increase in N and N̂ . According to the function
calc mu that was defined in Section 6.2 and implemented below, we require µ = 0.0671
in this case.

sigma = 0
alpha1 = alpha2 = 5
beta1 = beta2 = 8
lambda1 = lambda2 = 0 .5
c1 = c2 = 100
r = 0.07231
N = 500

rho = np . array ( [ beta1 ∗( alpha1 + n) f o r n in range (N) ] )
rho hat = np . array ( [ beta2 ∗( alpha2 + n) f o r n in range (N) ] )
a = np . array ( [ c1 /( beta1 ∗( alpha1 + n) ) ∗ sc . binom(n + lambda1 − 1 , n)

f o r n in range (N) ] )
a hat = np . array ( [ c2 /( beta2 ∗( alpha2 + n) ) ∗ sc . binom(n + lambda2 − 1 , n)

f o r n in range (N) ] )

mu = calc mu ( sigma , a , rho , a hat , rho hat , r , d iv idend = 0)

The MWH, SWH, and WHMC methods are applied to estimate the value of this option,
using the techniques and code in Sections 6.2, 6.3, and 6.4, respectively. The results of this
experiment are shown in Table 7.1. Even with a relatively low number of trials, WHMC
required a long time (several days) to produce a result. This was significantly improved
by both the SWH method and our new MWH method. Averaging over the separate
implementations for the 5 initial spot prices, the SWH and MWH methods had execution
times of 3.53 and 5.58 seconds, respectively. While the SWH method was slightly faster
in this case, there are other situations where the MWH may be faster and also where
the MWH can be applied while the SWH cannot, as discussed in Section 6.5. Thus, the
new method is still beneficial. Table 7.1 shows that the three methods produce results
that are consistent with each other, particularly the MWH and SWH methods. While the
Monte Carlo estimate is slightly different, this is likely due to the relatively low sample
size and consequently low accuracy. A 95% confidence interval for each of the Monte
Carlo estimates does contain the results from both the MWH and SWH methods, so this
experiment suggests that the methods are accurate.

The speed of the MWH and SWH methods both depend on the number of roots that
are included, N and N̂ . Thus, consider another numerical experiment where the MWH
and SWH methods are applied with the same underlying meromorphic Lévy process, but
with N = N̂ = 20 roots instead of 500. The results of this experiment are shown in Table
7.2. Since the option values are different from those in Table 7.1, the truncation length
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of N = 20 is not sufficient for the process to converge and we are now considering the
corresponding hyper-exponential process, discussed in Section 5.2.2. This is demonstrated
in Figure 7.1, where the option price is calculated for a range of values for N , appearing
to converge around N = 200. Despite being different from the previous experiment, the
results given by the MWH and SWH methods are still consistent, within a relatively small
margin of error. Furthermore, observe that the speed of the MWH method has improved
significantly more than the SWH method. In this case, the MWH method is faster than
the SWH method, with computation times of 2.72 and 3.37 seconds, respectively. This
experiment confirms that there are situations where the MWH method does improve the
speed of previous algorithms, in addition to the other benefits that have been discussed.

Table 7.1: Estimated option values using Monte Carlo simulations (with 95% confidence
interval), the MWH method, and the SWH method.

Monte Carlo MWH SWH

S0 = 91 0.539± 0.072 0.538 0.541

S0 = 101 1.057± 0.088 1.066 1.053

Option price S0 = 111 0.366± 0.058 0.375 0.371

S0 = 121 0.074± 0.024 0.090 0.086

S0 = 131 0.020± 0.014 0.017 0.017

Average time (sec) 5.58 3.53

Option parameters: K = 100, H = 90, T = 1, r = 0.07231.
Meromorphic model parameters: c1 = c2 = 100, α1 = α2 = 5, β1 = β2 = 8, λ1 = λ2 = 0.5,
σ = 0, µ = 0.0671, N = N̂ = 500.

Table 7.2: Estimated option values using the MWH and SWH method.

MWH SWH

S0 = 91 0.658 0.636

S0 = 101 1.116 1.110

Option price S0 = 111 0.356 0.353

S0 = 121 0.077 0.076

S0 = 131 0.015 0.015

Average time (sec) 2.72 3.37

Option parameters: K = 100, H = 90, T = 1, r = 0.07231.
Meromorphic model parameters: c1 = c2 = 100, α1 = α2 = 5, β1 = β2 = 8, λ1 = λ2 = 0.5,
σ = 0, µ = 0.0671, N = N̂ = 20.
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Figure 7.1: Option price calculated for the parameters given in Tables 7.1 and 7.2 using
the MWH method with varying number of roots, N ∈ [50, 500].

Lastly, suppose that we have a different underlying meromorphic Lévy process, with
parameters c1 = 100, c2 = 80, α1 = α2 = 4, β1 = β2 = 6, λ1 = 0.7, λ2 = 0.5, and
σ = 0.05. In this case, we require drift µ = 0.0488. Notice that this process now has a
Gaussian component since the diffusivity is non-zero. Thus, the SWH method, which is
restricted to non-Gaussian processes, cannot be applied. However, the MWH method can
still be used in this case, with results shown in Table 7.3. This experiment demonstrates
where our new MWH method may be applied in a situation that could not be solved with
the previous SWH method.

Table 7.3: Estimated option values using the MWH method with a non-Gaussian com-
ponent.

S0 91 101 111 121 131 141 151
Option price 0.020 0.193 0.404 0.545 0.567 0.500 0.394

Option parameters: K = 100, H = 90, T = 1, r = 0.07231.
Meromorphic model parameters: c1 = 100, c2 = 80, α1 = α2 = 4, β1 = β2 = 6, λ1 = 0.7,
λ2 = 0.5, σ = 0.05, µ = 0.0488, N = N̂ = 500.
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Conclusion

This research aimed to investigate a relatively new class of stochastic processes called
meromorphic Lévy processes and then determine if it may be applied to model financial
securities, and hence, estimate the price of barrier options. We were able to derive an op-
tion pricing model driven by meromorphic Lévy processes based on a numerical algorithm
where the expected value of the option payout is evaluated at each arrival of a Poisson
process. The results indicate that our new algorithm, which we call the Meromorphic
Wiener-Hopf (MWH) method, has similar speed and accuracy to other recent methods in
the literature, while also being able to be applied in some useful additional cases.

Option pricing models driven by stochastic processes have been researched thoroughly
in the literature for several decades. Original models involved continuous processes such
as Brownian motion, but various issues have led to the use of more generalised Lévy
processes. Empirical studies of financial markets in the literature have shown that càdàg
processes whose increments have heavy tails are more appropriate. Both bounded and
infinite variation processes are useful for different financial markets, so models that can
be driven by processes with each of these properties are desirable. We showed that these
requirements are all satisfied by the meromorphic class of Lévy processes, which motivated
our interest in these processes. We expect the resultant model to more accurately describe
some real-world financial markets.

The literature has demonstrated many ways to derive barrier option pricing methods
driven by Lévy processes, which can be categorised into three groups: Monte Carlo sim-
ulation, backward induction, and integro-differential equations solved using Wiener-Hopf
factorisation. Our model was derived using methodology from the latter category because
the class of meromorphic Lévy processes has known results for the Wiener-Hopf factori-
sation. Through this, we were able to derive a new barrier option pricing technique, the
MWH method.

Numerical experiments comparing our new MWH method to another recent technique
that can use meromorphic Lévy processes, called the Simple Wiener-Hopf (SWH) method,
demonstrated that our technique produced the expected results. We also showed that our
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MWH method can be applied in situations where the SWH method cannot, so it is a
beneficial addition to the literature.

While the MWH method was shown to be successful, there are several areas for future
research that could improve, or build upon, this research. In particular, implementation
of the semi-explicit Wiener-Hopf factors for meromorphic Lévy processes could be im-
proved, additional subclasses of meromorphic Lévy processes should be investigated, and
additional research into fitting meromorphic Lévy processes to given financial securities
would be necessary to use this algorithm in practice.

Firstly, an important area of future research would be to improve the implementation
of the Wiener-Hopf factors for meromorphic Lévy processes by determining an appropri-
ate truncation length and an acceleration technique for the infinite product. The known
expression for the Wiener-Hopf factors is a convergent infinite product that needs to be
truncated for implementation. We did not provide an appropriate length for this trunca-
tion and instead relied on trial and error to determine when the product became relatively
constant. This process was tedious and often does not achieve the optimal truncation
length. Further research into the expression for the Wiener-Hopf factors of meromor-
phic Lévy processes to determine an appropriate truncation length would streamline this
process and ensure that the evaluation is optimal. Additionally, computation of the trun-
cated infinite product is slow, meaning that the computation speed of our algorithm was
not significantly improved over other methods that approximate the Wiener-Hopf factors.
Accordingly, it would be beneficial if future research could derive an acceleration tech-
nique for the expressions, similar to that which is available for the Post-Widder formula.
This would allow the Wiener-Hopf factors to be calculated much more efficiently and
improve the speed of the MWH method. Overall, further research into the expression for
the Wiener-Hopf factors of meromorphic Lévy processes would be extremely beneficial
for our MWH method, as well as many other applications that rely on the Wiener-Hopf
factorisation.

Another area for future research is in categorising additional subclasses of meromorphic
Lévy processes. The class of meromorphic Lévy processes is extremely rich and includes
processes with a wide range of properties that can be used to define interesting subclasses,
such as the β-family, hyper-exponential processes, and θ-family that we analysed. Since
this class of Lévy processes was defined relatively recently, there remain many potentially
interesting subclasses to be discovered. Future research into subclasses of meromorphic
Lévy processes would likely identify processes that may be particularly useful for modelling
financial securities or in various other applications.

Finally, techniques to choose meromorphic Lévy processes and fit them to model given
financial securities is an important area for future research. While we have shown that the
class of meromorphic Lévy processes satisfies the properties that are important for barrier
option pricing, we did not discuss how a particular process, and its parameters, would be
chosen for a given security. We were more interested in investigating the meromorphic
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Lévy processes and their general application in financial markets, not in fitting them to
particular securities. However, the ability to choose the right models would significantly
enhance the practical use of our algorithm, so this is an important area for future research.

Overall, we successfully derived a new method for calculating the value of barrier
options that are modelled according to meromorphic Lévy processes. This demonstrated
one of many useful applications of the Wiener-Hopf factorisation and, hence, showed the
importance of the class of meromorphic Lévy processes.
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Appendix A

Appendix

A.1 Meromorphic function

In the field of complex analysis, a function is meromorphic if it is holomorphic everywhere
on its domain, except for a set of isolated points that are poles of the function. This is
stated in Definition 46 [18].

Definition 46. Let C = C ∪ {∞} be the Riemann sphere and D ⊂ C be open. A map

f : D → C

is a meromorphic function if:

1. The set S(f) = f−1({∞}) of points with function value ∞ is discrete in D.

2. The restriction, f0, of f from D to D\S(f) is analytic.

3. The points in S(f) are poles of f0.

Any meromorphic function, f , may be written as a ratio of two holomorphic functions,

f(z) =
g(z)

h(z)
.

If the domain is connected, then the set of meromorphic functions is the field of fractions
of the integral domain of holomorphic functions [24]. This suggests that the relationship
between the sets of meromorphic functions and holomorphic functions is analogous to the
relationship between the rational and integer numbers.

A notable subset of meromorphic functions arises by taking the holomorphic functions
g and h to be polynomials. This defines the set of rational functions. The set of poles in
this case is finite and corresponds to the zeros of the polynomial h.
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We may also have meromorphic functions with a (countably) infinite number of poles.
As mentioned by Freitag [18], a typical example of such a meromorphic function is

f(z) = cot(πz) = cos(πz)
sin(piz)

. This function satisfies Definition 46, where the set of poles

S(f) = Z.

A.2 Fast Fourier transform

The Fourier transform of a function, f : R → C is

F{f}(ξ) =
∫
R
e−ixξf(x) dx, for ξ ∈ R,

and the inverse Fourier transform is

F−1{f̂}(x) = 1

2π

∫
R
eixξf̂(ξ) dξ, for x ∈ R.

The discrete Fourier transform is a method to evaluate the Fourier transform when given
a set of data from an unknown function. This is efficiently implemented using the fast
Fourier transform.

Discrete Fourier transform

The discrete Fourier transform (DFT) allows the Fourier transform to be calculated from a
set of data instead of a function. Suppose that we have a set of data [f0, f1, . . . , fn−1]

⊤ ∈
Rn. The DFT of this data is another vector [f̂0, f̂1, . . . , f̂n−1]

⊤ ∈ Cn, where

f̂k =
n−1∑
j=0

fje
−2πijk/n. (A.1)

As with the Fourier transform, we also have an inverse discrete Fourier transform (iDFT),
given by

fk =
1

n

n−1∑
j=0

f̂je
2πijk/n. (A.2)

This is applied instead of the Fourier transform in many numerical implementations, but
the DFT is computationally inefficient, with a complexity of O(n2).
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Fast Fourier Transform

The Fast Fourier transform (FFT) and the inverse fast Fourier transform (iFFT) are
algorithms that implement the DFT and iDFT more efficiently. Letting ωn = e−2πi/n, the
DFT in (A.1) can be rewritten,

f̂k =
n−1∑
j=0

fje
−2πijk/n =

n−1∑
j=0

fjω
jk
n ,

or, equivalently, 
f̂0
f̂1
f̂2
...

f̂n−1

 =


1 1 1 . . . 1
1 ωn ω2

n . . . ωn−1
n

1 ω2
n ω2

n . . . ω
2(n−1)
n

...
...

...
. . .

...

1 ωn−1
n ω

2(n−1)
n . . . ω

(n−1)2

n




f0
f1
f2
...

fn−1

 .

The complexity of this matrix operation can be improved by diagonalisation, as follows.
Let

Fk =


1 1 1 . . . 1
1 ωn ω2

n . . . ωk−1
n

1 ω2
n ω2

n . . . ω
2(k−1)
n

...
...

...
. . .

...

1 ωk−1
n ω

2(k−1)
n . . . ω

(k−1)2

n

 , and Dk =


1

ωn 0
ω2
n

0 . . .

ωk−1
n

 .

Observe that the DFT is now equivalent to

f̂ = Fnf.

Then, assuming that n = 2m for some m ∈ Z+, the FFT decomposes the problem to be

f̂ =

[
In/2 Dn/2

In/2 −Dn/2

] [
Fn/2 0
0 Fn/2

] [
feven
fodd

]
,

where feven = [f0, f2, ..., fn−2], fodd = [f1, f3, ..., fn−1], and In is the n× n identity matrix.
This decomposition is repeated until we have 2×2 matrices, which gives the FFT. The
matrices in this procedure can be calculated much more efficiently, giving the FFT a
complexity of O(n log(n)).

Due to the importance of the Fourier transform, the FFT is inbuilt in most coding
languages. In Python, the FFT is available in the scipy module as fft and ifft.

from sc ipy . f f t import f f t , i f f t
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A.3 Interval bisection method

The interval bisection method is a simple method for calculating the roots of a given
continuous function, f(x), for which one knows two points, a and b, with opposite signs.
Assume without loss of generality, f(a) > 0 and f(b) < 0. Then, by the intermediate
value theorem, there exists a point x∗ ∈ (a, b) that is a root of the function; f(x∗) = 0.
Let c = (a + b)/2 be the midpoint of the interval (a, b). If f(c) < 0, we have a root in
(a, c). Otherwise, there is a root in (c, b). Thus, this process can be repeated for a new
interval with half the width. Iterating this process until an interval of the required width
is achieved allows us to determine the root of the function with arbitrary accuracy. We
implement the interval bisection method in Python as follows.

de f b i s e c t i o n ( f , a , b , ep s i l on , max i ter ) :
‘ ‘ ‘ Approximate s o l u t i o n o f f ( x ) = 0 by In t e r v a l B i s e c t i on method .

Parameters
−−−−−−−−−−
f : f unc t i on

Function f o r which we are s ea r ch ing f o r a s o l u t i o n f ( x )=0.
a : number

Lower endpoint o f i n i t i a l i n t e r v a l .
b : number

Upper endpoint o f i n i t i a l i n t e r v a l .
e p s i l o n : number

Stopping c r i t e r i a i s abs ( f ( x ) ) < ep s i l o n .
max i ter : i n t e g e r

Maximum number o f i t e r a t i o n s o f Newton ’ s method .

Returns
−−−−−−−−−−
xn : number

Implement I n t e r v a l B i s e c t i on method .
’ ’ ’

f o r n in range (0 , max i ter ) :
c = ( a+b) /2
fxn = f ( c )
i f abs ( fxn ) < ep s i l o n :

p r i n t ( ‘ Found s o l u t i o n a f t e r ’ ,n , ‘ i t e r a t i o n s . ’ )
r e turn c

i f np . s i gn ( f ( a ) ) == np . s i gn ( f ( c ) ) :
a = c

e l s e :
b = c

pr in t ( ‘ Reached maximum i t e r a t i o n s . ’ )
r e turn c
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A.4 Acceptance-rejection sampling

Acceptance-rejection sampling (or, simply, rejection sampling) is a method of generating
observations of a random variable, X, with given distribution in Rm that has a known
density, f . Let Y be another random variable that has a density, from which we are able
to easily sample (e.g. normal, uniform, exponential). Let M ∈ (1,∞) be a constant that
bounds the likelihood ratio f(x)/g(x), so that, for all x in the support of X,

f(x) ≤Mg(x).

Thus, we need Y such that some scaled version of the density of Y can dominate the
density of X over its entire support. Then, an observation, y, of Y is generated and
accepted as a sample of X with probability f(y)/Mg(y). Otherwise, the observation is
rejected and the process is repeated until we successfully sample a point. The efficiency
of the algorithm depends on the probability of acceptance. If this value is low, many
observations are rejected and the algorithm has low efficiency. Thus, the algorithm is
optimised if the distribution of Y has a similar shape to that of X and if the value of M
is chosen to be the smallest possible bound. The acceptance-rejection sampling algorithm
can be stated as follows.

Step 1: Obtain a sample, y, from Y .

Step 2: Sample a uniform random variable u ∼ Unif(0, 1).

Step 3: If u <
f(y)

Mg(y)
:

accept y as a sample of X;

Step 4: otherwise:

reject y and return to Step 1.
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tion Pricing in Exponential Lévy Models’, Applied Mathematical Finance 21(3), 238–
269.

[11] Carr, P. [1998], ‘Randomization and the American Put’, Review of Financial Studies
11, 105–110.

[12] Chung, K. and Williams, R. [1990], Introduction to Stochastic Integration, 2nd edn.

115



116 Bibliography

[13] Cont, R. and Voltchkova, E. [2005], ‘A Finite Difference Scheme for Option Pricing in
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