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SUMìIARY

-
A new algorfthm, evolvedl by G. Szekenes, 1s

d,escrlbeil. In a manner sinllar to the eontinued.

fnaction appno:clmatlon of slngJ-e lrratlonalsr thie

algonitlrm gives a sinultaneous approxlnatlon to an

ondered. palr of inna.tlonal nr¡mbene: (€rn).

A sequence of val.rres le generatedl by the

algorlthn for the Linear form

r,(XrYrz)=X+!€+Zn¡
where Nryr.Z are rationaL lntegens.

It is shortun that the valrres of L(XtYrZ) fonn

a null sequence, but the onclen of the appnoxlmation ls
not estabHshecl d.lnectly.

It is known that anþ1tnar1ly large Xry rZ

values may be found. so that

lr.(xrvrz) I = lx * y€ + znl . #, (r )

whene M = oâx I lXl r lvl ,lzll t ar¡d c Ls so¡ûe constant

d.eperrling on the valr¡es of ç ard. 4ç It is conJeet-

urecl that the algorithn generates an lnflnite seguence

of L(xryrZ.,) values fon wrrich (1) holdso

To test this conJecture, the al.gorithm ls
applled. to a paln

(Frl)
chosen so that
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I > F >-q, o¡

arxl the triPlet
(E ,î '1)

forms an integnal- basie to the nr.¡mber-field't

n(uvî)r

where D is a cube-fnee rational lnteger.

The nonn of X + YF + zî = t,(xrYrz) ls

N(xrv, z) = L(xrY ,z)L'(xrY, z)L" (xrY rz) ,

whene I,r(XrYrZ)¡ L,r(XrVrZ) are the fieliL-coniugates of

l(xrY, z) .

It is easY to show tåat

Lr (xrYr 7')L" (xrt rz) = &(xrr rz)

Ís a posltive definite quadratie form, thr¡s the values of

q(XryrZ) ronn a sequence of the ord.en

¡a = (ltax[x3r]f , z'l),

If f,(XrVrZ) is a r:nÍt in ttre given nr¡¡iber-fieldl, its

norm has the value tlr thue L(XryrZ) must be of the

orcler M-3. Hence¡ lf the algonlthm produces for every

D the unlts (nunerically snaller than 1 ) of the field'

R("./5), then the conJecture gaôns strong support'

thls thesis presents a computational nethocl based'

on the algonithn, to d.etect the units of the nr¡mber-fleld'

R("/5). The eomputations Eere earriecL out partly to test

the ord.en of the appnoxlnatlon and. pantly to ex¡rlore a

practlcal, systematie metTrod. fon flndtng the qnlts of

cublc numþer fle].cle.
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In ttre calculatlonE comBleted. D was allowed. to

range ove¡. all Cub-free integene fnom 1 to 2OO, and[ as a

nêsuLt, a table of r¡nltE $Ias preparêd'¡ Caleulatlone were

carnled. out to eupport the evl.d.ence that tÏre unlts 1lsteð

are fund.amentalr
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thls th,esle contatns no material whlch has been

accepteil fon the awarcl of any othen d.egnee or

dllplona ln any Unlverslty and. to the best of t'Ïre

authort s lmowled.ge and belief the theslE contalns

no materlal. prevfousLy publÍshecl or wrltten by

anothen person exæpt wlren clue nefenÞnce Ís nacle

1n the text of the thesle.

Signed.. r. o r.
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1.@.
a.. Intgoducti on

A bnlef su¡nmarïr of nesults frcn the t'Ïreory of

al-gebnais ntrmber-fle]ès¡ !n panticulan on pure eublc

ftelcls ls gtven ln the followlng. Proofs of the neeul'ts

nay be for¡nd. êog. ln the book by Hee1ce 
("). Notations

lntnod.ucecL hene w111 be useit ln subsequent chapters.

Let D be a posittve cube-free ratÍonal lntegen¡

i.ê. an integen not dlvislbLe by the cube of argr natlon'a}

lntegen d.lfferent fnom t1. D nay be presented in the

factorlsed. fonm

D = 652 (t-t)

ïyhere arb are positlve integers, and. a 1s equane-f¡êe¡

Slnce D ls cube-freer b must aleo be square-free arrl

a arrl b muet be relatlvelY Prlme.

Denote by B the real cube root of Dt 1rê¡

the real noot of the ettbÍc equatlon

n(x)=f -D=o (t-z)

Ehe pqre cublc nu¡nber-f1e1cl B16ì ¡nay be d'efinecl

as the fleld. obtalæd bv eg,ig:ljql4g p to the fleld' of the

natlonar numbers R¡ 1.êr R(B) 1s the set ["] where

Ct= ËtÉÌ
(t-t)

Hene f (x), e(x) ane pol¡momials wlth rational coeffic-

lents and e(B) I o.
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It can be shown that (l-l) red.uces r¡nf,quely

to the form

a=X +YP+Ztþï (1-l+)

ïrhere x, Y, A, are ratlonal ntrmbers. ThUs the numberg

1, þt Bz

form a basls fon the f ietcl R(P).

For an altennative representation we may cLefine

y = s^@a (1-5)

Clean1y

r=*p,
\Vrltlng Z = Zl-b fn (1-4) we obtaln

cr=x+YB+Z'. (1-6)

Thls nepresentation ls also unLquet hence

1, þ¡ f
nay be tal<en as an al-tennative basls of R(B) '

I,et þt rþtt be the conJugates of F¡ irê. the

othen noots of eqr:ation ( 1-2).

Then

P' -- l3r')

ptt = PoP

where @rú are the complex cube-roote of 1 t Í¡€'

u=-t*þß, oF =+-ÈJ7.
The @ of q, are clenlved' from (t-l+):

crt =X+yBt +Ztþ,a =X +!pu+Zt?zofl
ancl ctr'=X+YB'r +ZtF"z =X+ Y!o1+ZtFu I

(1-7)
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AJ-ternatlve'ly¡ lre lray use T a8 ln ( 1-6) ¡ aDd'

obtaln

ør =X+YFa+ZTú
crfr = X + YpÚ+ ZTlt)

( r-g)
a

q and. its conJugatee dr r cttr are noots of a nonLe cublc

pol.ynonlaJ.

d(x)=x3+Px2+Q,x+R 1t-e)
whene PrQ and. R are pol¡rnornlal- firnetlons of XeY¡Z¡

wlth integnaì. eoefflclents.
The nt¡mber d. ls ratlonal If ancl onl-y ff the

coefficients Y arrð Z¡ ln ( 1-7) or Y and' Z ln
(1-8) vanleh.

In thls eac¡e

(I=olt=cf,ll=X

arI1

É(x) = (x - ø)",
Dienegariling this speelal casê¡ É(x) is alwaye innedue-

ible and. it fs then the d.eflnlng poL¡rnornlal of dt

Of particulan interest in the following is the

trroml of the Ír'rational nr¡¡tber d1 ËLefined. as

N(XrYrZ) =cx(tf qtt =-Ro
Using (t-a), the norm nay be etctr,nesseit ln tenms of P and.

Tt and. r¡sing the nelatlons
ps = aba

t'=aâb
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ancl hence

ft¡ _ ab¡

we obtaín fon the nonrn the expresslon

N(xrYrz)=x"+faba +z,sagb-3K:fza.o. (1-10)

rf the d'eftnirrg (nonlc) po\moniat of an algeb¡raic

numben (e,8. d(x) 1n (1-g) 1n tl¡e caÊe of cubLc lnratlonak)

hae ratlo¡raI lntegnal coefflcients, the nu¡iber ls callecl an

alEebrglc Jnteeeg. It can be shown that the set of alge-

bnalc lntegens ls cl-osed. to ad.d.itlon and- nultipllcatlon.

Thr¡s, since þfi are algebnalc integers, the nr¡mben d. !n

(1-6) 1s also a¡ algebnaic integer. lhe converse is not

necessarily tnuer 1.€. the fonn (1-6) does not always

represent all the integers 1n R(B). In other worclst

(trÉrf) ls not necesetarll-y an @ of R(B)'

Oe¿effnA(b) has d.eternlned. lntegral bases for a1t pure

cubie fÍeld.s and. his reeult i,e glven 1n the following

(based on the presentation of leveque¡(c).

@..
Assume that d. ard. henee its eonJugates q.r and.

drr are aLgebralc Lntegers of d.egnee J, l.er that they are

the roote of a monle polynornial þ(x) t oî the Slgil d'egreet

wlth lntegral coefflciente. Fron (1-6) anct (t-a) we obtain

the equations
3X= ø+qt +

Slfaio=T(d+crt
SZab = þ(q + q.r ttt
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Si.nce tÏre right hand sid.es of the equatlons

(1-tt) repnesent algebralc lntegere arrl the left hand. sid.es

ane ratlonal, lt follows that

1Xt 5tab t SZab

ane natlonaL lntegens. Thus (t-6) nay be wnltten as

Saba - SabT' + SabYB + SabZT t

on writing I = 3abX, I = JabY¡ Z = Jab?,¡

we have

3aþq, =1+lB +7r (l-lz)
where i., Í, Z ane natfonal lntegensr

Using nesults concerr¡lng prlme-1d.eal factors ln
algebnaÍc nr¡¡rben-flelcls¡ Declekfncl showed. flrst that each of

the nri¡ibens f, Y and. Z 1s cllvlsible by every prime

facton of a or b, hence by the pnod.uct abr (sfnce a

and. b ane squane-fnee and. relatlvely pnlne.)

T.et

xr.r =# r y,r, = ;il, z,s = 36,

then

" =Ë *lp *þ, ?-13)

where X{tr Y'Fr Z,i, ane rational integens,

lhe coefffclents of the d.eflning polynomial É(x) of ot

may now be e:c¡lressed. 1n terns of Xsr Y'l'r Z'i' to obtaln

É(x) =lf -x+x2 +

whene
N(X'.t ,y'¿trZ¿þ) = f7{X,tu + Y,!,oaba + Z*sazb - J¡(:rt:::Z:l:ab)r (t-t5)
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There are two oases to be consLd.ered'3

(1) One of arb ls d.ivlsible bY 3t

(ff ) arb ane both nelatively prirne to 3.

tr'rorn the condltion that all the coefflcients in
(t-14) must be ratlonal integers, It follows by elenentary

conslcleratlone that in case (t) each of the nr¡¡ubens X{tr

Y:x and. Z,Y 1s a nultlpÌe of J, anÖ so by 1t*t5)r
1 ¡ F¡ f fonm an lntegnal basfs ln case (f) t

In case (fi) 1t may be shown easlly that lf any

one of the nq¡ribers X;irr Y'!tr Z,'; ie a rnul-tfple of 5t then all

three of them are rnultiples oî 3o Thus to establish the

conil.ltions for an lnteger baee othen than 1¡ þ¡ ^(t 1t ls
sufficient to consld.er the case when

a¡ b, Xr!r, Y,l,r Z,i, are all relatively pnlme lo 3t ar¡l

thus

a3 = b3 e ¡orá : yi.e = 2$a a { (mod 5) (t-t6).

Referrlng to çl-ln), lt f oI1o¡¡s that

X,þa + y,tsabs * Z¡itE¿â6 = 1çlr * aY¡1. + bZ¡l¡ æ 0 (moÕ 5) ç1-17).

EacÏr tenm on the left hand. sld.e of the last cor¡grusnce le

nelatively prfune to 3¡ thus

flat = ay:lr =: bZ'¡¿ (nOd 5) I

and. uelng (1-16) agaln¡ 1t follows that
y't: s Aayri. = ¿[::r (nOd 3)

Z,it = þ22.:t * bX'P (mod 3)arril
( r-t g)
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It fol].ons al.eo 1?oro (f-te) lbgu-

aB -ú =3J (1-19)

where J ls some national lntegen.

Malclng use of (1-18) anct ({-19) ft is easy to sho'Jtt that the

coefflcl-ente of x ln (1-1t+) are ratio¡ral integers if ar¡1

only 1f

J -, O (nod 5)r 1¡€¡ lf

,and. onJ.Y lf
a2 - bz s o (nod 9) (1-2o).

In thls case the lntegnal base may be fou¡rd' by uelng

(t-t8) and. wnltlng

Y;:3 =âJ(r:¡ + 3mt z',i'= =b]('lc + 3fI.

\rlre then obtaln fnom (t-t5) that

o=Ë*Yp *ÞIajét
1.êr

1+aßLþl +qB+nY (r-et)€[= 3

where X*r [¡ n are arbltrary natlona] lntegersr

FoLlorving Decleklnd.r s notationr a pure cublc fielcl'

R(a'Ær)

1s called. a f1eId' of the !igg!-E!4gt tf
g Ï("" - ba).

In t¡.ls ca'er âs seen in both sltuations (i) and' (1i)' ct

is an algebralc integer lf ancl only if X'i'r Y'r ard. Z'i'

ane multiP].ee of 3¡ l.êr
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(

1, ß. T form ar¡ lntenral basie for fíe].d€ of tbe ftnet

EIIE!.
rf (t-zo) holclsr 1'ê¡

gl(ae - ba)

the ftelö is ealled' a fleld of the 9€99ECl-81¡g'

It follows from (l-Zl) tfrat fn ttris caee the numbere

'1 + 9€ + bf , Ft T (-zz)
3

fornani@.
It should, be notecl that in t]rie case aLl lntegers of form

(1-6) nay centalnly be representecl 1n terms of basis (l-ZZ),

3X¡ Y - Xar Z - Xþ belng the respectfve coeffleientst

the eonvenge d.oes not hold.3 ê¡g¡

"=t{t +aP +br)
ls not of form (1-6).

c. Unlts

-

LetR(.glbeanalgebnaLenumber-field'ofd'egree
n, j.¡êo the f.ie]d. obtalned. by adioining St an algebralc

nu¡riber l,¡lth deflnlr¡g equation of d'egree Il¡ to the fleLtl

R of rational nr^r¡ibens, ancl clenote by R[S] the lntegral

d.onaln of the fieLct, lro¡ the subset of algebral,e integers

ln R(,s).

As in the ease of cubie flelits, the (relatlve) 4EEr

s(p) of ar¡y nr¡mber 1n R(,9) 1s d.efined. as the prod.uct of

tL and all its fle1il conJqgatoe . The norm is then soÍÞ power

of the cor¡stant term of the defining (nonic) equatlon of þc
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Thw lf lt is an aþcbraic lntegen, then ¡t(p) 1s a

natlor¡a} lnteger. Funthennc¡re tt le easy to slrow that fon

ar\y two nr¡mbers þ¡v ln R('9)

rq(pu) = tt(¡r)tt(u). U-23)

e ls calLedl ,a unit 1n R[9] l:f

6l{.
It foll.ows from the cleflnlt ion tf¡at

elp

for a1l tL in R[B] ¡ arrd. ¡V ( 1-23) € Le a unlt fn R['9]

Íf anct onlY lf
s(e) - t 1.

clearLy, the units of the lntegra1 tlonaln R[9]

form a nultiplicatlve Aþellarr $roupr

Thequestlonariseefirstlywhetheneveryintegral
clornain R[B] hae u¡tlts d.lffenent fnon the tnlvlal unlts t1t

arrl secorËIyl lf sucTr unlte exlst, houf nar\y of then ean be

Lnd.eoenilent 1n the senge that no relatlon

e,-dL eaàZ r..6râ" = I

exiets whene the ind.lces }tt ê2¡oreas are rational

lntegere¡ not alJ- equal 0.

A full anaïuer for algebraic nr¡mber-flelile of d'egree

n le given by Drrtchlett "(a) 
theonem on the gnoup of r-mfts'

As a speclal case of t hls theorem it fouows that the pos-

ltive r:nlts in R(B) form an ir¡fint$e 9Xe1+ group¡ irê¡

each unlt e naY be represented' ae
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e = ! qa,

whene n 1e the @ and. a ie a posltÍve or

negative lntegerr
(ft nay be noted that this result still hold's fon

the unlts of a fie].ct generatect by an algeþnalc lnteger

of clegree 3¡ lf the clefinlrg pol¡monla1 has a regatlve

Ölscnininantr i'€. the polynonial has one real and' two

lnaginary roote, If the d.efinlng cuþic has three real
noots then the units ane of the form

€ = t qtaLnaa'

where et and. Ta ane lnd.epeniLent. )

Fon the frrrrd.amental r¡nlt of the pqre eublc nr¡mber'-

fleLd. we may choose eithen the smallest unlt whf.ch fs

greater than 1 r or the gneatest unit whictr is less than 1.

No d.lneet way of calculatlng n 1s known for the

generaL fteld R(p), but lte value has been d.etermlnect ln
speelal easee, when po = D is not too large. A short

aÌrrvey of avallable results ls given in the next cÏrapten.
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2i Earller conputatione of r¡nitS in Cuþic fields.

In the followlng we shaLl Eiurvey the resulte of

previous workerg. Tables of unlte of cubl.c numben-fleld-sr

rnostly of prrre ctrþic fieLcls, have been glven before. For

pure cublc fle1d.s, uaite have been evaluatecl fon a1]' values

of D up to 70, some values between 70 and 10or and. a few

ne¡1-p\lrê cubic f ields have been also e:çIonecl.

The eanllest extenslve table 1s by Mankoff(")u"r"u

tn 1891 ' fon f lelcts of the form R(u^/5), fon D up to 70.

The tabl-e 1s given as an append.lx to a fi¡nd.anental papen on

cubic inrationallties in whlch the earlier rirorls of Zolotaneff

ar¡d. Markoff hinse].f are surveyed., (ffris table is reproduced'

ln the boolc by Delone a¡d. Fad.d.""rr(O) . ) The r:níts listed' ane

used. as means of d.lscovering the id.eal factons of R("^/5) and'

only a srront refenence 1s mad.e to hls tnial arrd eruor nethocls

of obtalnlng them: rtNe nous arnêtant pas a,rx nêthod.es dìires

mals fatigantes pour ¿återminen ltunitå conplexe fond.amentale

nous remarquon-s, que poull leg valeurs petites d.e a et cLe b

il est facile d.e trouver les unitås complexee par Ie tâtonne-

ment en considårant plusleurs nonrbres f "otposåu 
d-es mêmes

facteurs premiers.rl

A probably ldentlcal trlal arrd enror method. is used'

þy Deôeklnd. who used. his o\J\tn computatlons to iletenmine the

r¡nlts for D < 23. This vuonk is d.eseribed. 1n more detall
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ln hie paper on eubic fleldls pubrished in tgoo("). (m trris
same paper can be found. his theonem on the integnal basls of
tÏre pure cubic field. )

The essence of the nethotl is f1nd.lng by trlaL a few

argebnalc integers x + Yp + zT v¡lth reasonabry enall (reat)
coord.inates NrY rz ancl havlng sone prfune Íd.ears aa thein
conmon factons, and. then build.ing new algebralc lntegens by

nultlplying together vanious ænbinations of the pnfme-ld.ea].s

pneviously found. amongst the factors. Among;st theee pnod.-

ucts are aonp whlch have d.lfferent absolute values while
havirg ld.enticaJr pnlme-ld.eaL d.lvfsons. The natlo of two

such pnod.ucts must give a unit. The frrnd.amental r:nlt of
the lLeIdI is then for¡nct by seleetlng 1t from the set of r¡nlts
found.r €rg¡ when consicl.erlng units greaten than 1, seJ.ecting

the smallest orÞ and. checklng whether the other r¡nlts are

exact poÌvers of lt,
these uethods pnoved. to be laborious and. with an

elenent of uncertalnty 1n f lnd.lng ttre fund.anental r¡nit.
Ded.ekincl obsenves that the r¡nit listed. fon D = 28 by

Markoff 1s the Equare of the fund.anental r:nit found. by hln-
self r

It efrould. be nentloneil hene that there is one theorem

itue to Delone and. Nag"tt(a) whlch in centaln speclal cases

glves a critenlon fon fund.anental units in n(u,lD) ¡
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Consid.er the equatlon

xs +DyÐ =1 (z-l)
fhls equatÍ-on has at most one solution in lntegens xrJf

d.iffenent fnon zer.o. If (xt ry, ) f " sueh a solution, then

the number

x1 + vr s$ Q-z)
is eithen the fund.anental unit of R("^/5) or lte square.

It can be the sguare of the ftrnd.amental unlt for only finltely
nar\y values of D.

If the fleIcl R(8./5) is of the fing-Î- k1n9, (foIlow-
tng Dedel<lnd.rs d.eflnition), and.

n - x1 + Ytþ + ztT 1s a unitt
then ttre squane of rt cannot be of the foru (Z-Z), with one

exception, nanely

n ='l +3JÑ-"Jæ
42= -19 + Ttnlñ.

If the fiel-d. ls of the secor¡d. klnd., anct a unit of
the forn

rt = tl*, + yrT + ztT) exlsts
xtï1zt¡ then nz can be of form (z-z) only 1n

flnltely manJr eases. In pantlcular when x1 is even, there

1g only one case: D = 19

rf= o 3

=-g+J 
u{ß.

thene ane more cases (tut st1II a finite number of then)e

when x1 is od.d..

whene 3
+



An entirely clifferent approach to the problen of unlt

flniling 1s suggested. by the analogous prob]en 1n quaitratie

flel-d.s.

T,et D be a squane-free integer¡ Ar1 lntegúal basls

fon the field R(^/1il) ean be read.lly forrnd.. It is not harcl

to pnove that
if D¿Z or =j(nod4)

then

(tr^¡î) ie such a þasísr i.€. all the lntegens

of the field. may be wrltten in the form

a + b^rõ

where arb are rational lntegensr

If Ð = I (moö l+)r

then the integers of t'tre field. are of the fonm

a+b^Æ
2
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1n the first easet

in the seeond. câs€r

where a ar¡l b ane rational integers and .g,i3her. both are

even. or both are oilcl.

If e ls a unlt¡ anil er lts coniugate then

¿el - + .lçç ,,

("*b^/î)(a-b^/b) = t 1thus

and.

Hence if D = 2 or = 3(mod. lf), the r¡nlts of the

fleltt are given by the solution of Pel1rs equation

xz - Df = t 1, Qú)
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and if
D = 1(nod 4)

the units are glven 1n the forn
x + ¡¡^/ñ

2

where (xry) is some (integer) solution of

*-Ðf=14.
(Clear1y, x and. y ane both even or þoth odd. fon each

solutlon,)
The solution of the general pnoblem presented. by

Pellr s equation ïyas partly acconpllshecl by Eu1er arll conpleted.

by lagrâDgêo

The result can be statedl 1n terms of the eontlnued.

fraction ex¡ransion of the nt¡slben Jf , brlefly descnlbeö in

the rouowing.( e)

I,et the sJmbol

[bo ,br ¡ .... bn J ( 2-4)

stand. for the (ternlnating) continued. fraction

bs+
b1 + + to.

+
1

bn

Then ( 2-4) represents a rational nr¡mben and. we may wnlte

E!- = [borbrr..r bn],
ç¡n

where Pn r çln are reLatively prine integene.

e
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Vrle may r€at êeflne the erI¡anslon of an i.nnetlo¡al

nr¡mben fo,
Fon ! = Oe1 ¡2.." the nr¡¡iber fr+r is for¡nd.

recurslvely by

€v =by ++ e-5)sy+1

whene by = [fy], hence fu+r >

Slnee fo 1s not ratlonal, fr+r 1n (2-5) ca¡:¡rot be an

lntegen arrl so tlre pnocedune can be contlnued lnd.eflnl.te]-y.

T¡e P nay be dteflrect next by

-9uH = [borbrr.]. t,r]. (2-6)

Definlng

p-¿=0 p-1=1

Ç*=1 g-1=0
lt 1s easy to verify that fon v > 0

Pu =bypy-1 +Py-¿

Qy -bvÇþ-r + 9t+
(2-7)

a

The relatlons (2-7) rnay be then usedl to evaluate tÏ¡e values

of pu and. qt, recursively.

It can þe sLrcm¡n that for all v > O

lfo-#l .#.#
hence the sequence

t#] eonvergec to fo .
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It can be showtr easlly that if the erçanslon ls peri--

od.!.c, 1rêr if, for some (posttlve lntege:r) kt

bf +n = bn fon aL1 lt¡

then fo is a guadlratJ.c eurcl''

The Converse wag ehown by ]ragranger and. as a specfaL Cage We

may state that
lf D ie a Posltlve lntegenr but

not a perfect sguare, then the eontlnl¡ed' fnaction e:çra'nsion

of
fo = Ji,

fs penlod.lc.

It nay be shorryn next by inductlon that the nr¡¡Íbers Ev

¿eflned. by the nelatlons (2-Ð may be written unlquelü ln

the forn

€v=@lB, (z-s)
Qy

whene Pu r Qy are ratlonal lntegens. Moneoverr lt follc¡¡trs

from the perlod.lclty of the elçansion that

fr=fo
and. hence that the sequences [p, J r [e, J are also perlod.Lco

tr being the length of thelr perlod..

uslng the abovê notatlons, the followlrrg general

result nay be etated, (wlthout pnoof)'.

The equation

x;2-Df=L
where DrL arre lntegere ancl D fs poeltlve and' is not a
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penfect square, a¡rd f\¡:rthenmore

^Æ t lrl >

le eol-uble 1f and or¡-ty if L oecurs amonget tt¡e quantlties
(-1)Yeu (aertred by (2-B)).

Fnom the perlod.laity of Qu 1t follows that in tl:ls case

the equatlon has an lnfinlte nr¡mþer of solutions,
For, each v satlsfylng the nelatlon

(-t )'Qn = L
we obtaln the eolutlon

X = pp-1¡ y = Çþ-1r

If k le the nunber of terne in the recunrlng perlodl, then

fon eaeh posltive lntegen n
Fnx =Fo¡ hence

Pnr - 0, enr = l. (nefenning to (z-B)).
Thue we have as a partlcular case of the gerrenaL nesult, the

theoren of I.agnange on the solutlon of equation (Z-Ð. It
nay be stateil as followe.

The eguation

xa-Dt'=1
ls always soLuble and. 1t has an fnflnlte nunibe¡'of solutlons.
If'

1s tlæ uth convengent of Jî ancl k, ls the nrrnber cf
terme 1n the (smallest) recunning penlod., therr all the solu-
tLons are given by

Þu
9y
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x = B¡¡ -1 rI = I ¡2!3t .,. 1f k lE even

]¡ = Çtrnt<-¿ rt = 2t4r6r... lf k 1s od'd..

lhe equatlon

Ns - DVs = -1 ls so]-uble lf

and only 1f k ls odd and. then the soltltiona are

X = p¡¡-1¡ Jr = Çht<-rr D = I p3t5r'..

Thr¡s tþe problem of determining all the unlts of the

quaiLnatlc fiümbef-fleld generated by ^F 1e acconpliehed. by

the use of a contlnued. fnaction algorithn. It should. be

fioted. that thls algonlthn has two characterlstlc featrregr.

lti perlodlcity and. the fact that 1t provid.es the beq!

aBproninatlon of the lnratlonal nunben Ê, 1n the senõe

that, lf
lfi - €ol <

q" > Ç[n+t.

Also

ll+-çol '# 'qrt

It ls poselble to extend. thls later reeult to the caee of

simultaneous approtçl¡na tl ons .

T,et ïtrïrrö.. 0n be a set of nìmbers and 3.et

PL l¿ 8s
qt q t"t q.

te fnaetionE appnoxinatlng elnultaneously the glven eet and'

wlth a collnon d.enonlnaton 8r
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Fon each Ir (t = 1¡...r)

PLa6, <E¡å1.çt-ìq.
It Ls then posslble to flnd an irÉ1nlte number of posltlve

integers q so thåt

P.r
o

_0¡ (z-9)

Thts reBult uray be proved. by Dlriehletr e box-pntnctpte(f ) .

Vtre rmy wnite ttris in a ellehtry d.lfferent forn by

definlng fon a nrrmben g the synboL

llull
as the ctlfference between a and. the nearest lnteger.

Vtle have then

nax( ll q.ar ll, llq.a" ll, . ' . lle0n ll ) ' f 
fr.

lnsteact of considering n ntrmbers d.epend.lrg on the single

varlable er r¡¡e may consld.er @ with m vanl

ables r

The above theorem can then be generalised. 1n the

following marur,er( e) 
'

lret

],l(x) = ? lJv x! (r <

be n llnean forme 1n m variables¡ To every rea]' X > 1

there ls an lntegral ('v.ecton) X *'o such that

ll l¡(ä)ll <x-S, l*ul <x (r<
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trTe ¡nay regard. the approxinatlon theorem ref,enrlng to a

single llnear f,orn as anothen special cASe of t'Trls genesal

theoren. (cf. Introituctlon (t)).
The proof of the general. t,treonem can be glven by

using Mlr¡kowskir s Linean form theorem fnon hls geonetry of

nrrmbe¡'e:

thene are integers xJ not aI1 O such

that
n

I I aüJxJ I < pt (1 = 1t2e,.. n)

2
rJ- ¡

provÍd.eil that

Ê1 r. .Pn >

where A is the cletenmlnant of the matrlx [.]¡].

GeneralisatJ.ons of the eontlnued fractLon algonlthn

for two or more d.i¡nenslons hsve been eVolved' by varj.oug'

r¡¡orkers, afuning to presenve elther the perlod.lclty of t'he

one cLl¡uensional pnoeessr OF lte property of best appnoxlna-

tfo¡tr ¡¡iaf,fe"(h) hae pnove¿ that the two cannot (in general)

be preserved. simultan€oüeltrIr

slmuLtaneous rationat approxlnatlon by means of a

perlod.le expaneion was atternpteil and. pantial]y solveit by

Jacobl 1n 1868(i). He d.evlsed' an extenslon of the contin-

uecl fractlon process whlch enabled' hirn to d'eternine nationaÌ

apBro)clnatíons to the nutr¡aL ratlog of thnee numbens ancl

sho¡recL that every approxlmatlon could. be erc¡lressed' 1n tenns
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of the three pneced.lr¡g oaÊs gr¡d the coefflciente of the ex-

panslon. He f\¡rther Showed. that 1f the three' nu¡ibers ane

taken to be 1, 0r Þ + ç¡.0 + î0â, where 0 1s ttre real root

of a natlonal cu.blc eqrration of negative dl.lserlnlnantt the

expaneÍon may become Berlod.lc, and. ln centain nunerlcal cageE

he actuaLly denonstnatedl' the penlodlcity' It haE been fou¡td

by Baclrnann( i) howeven¡ that thls perloctlcity exlste OnIy f f

a ee¡rtain llnltlng Xnequallty 1Ê satlsfleCl.

Mlnkowskil u(t<) approach 1s d.ifferent¡ A eonewhat

nore detailed account is glverr of hls algonlthnrt becauee

lt srrows a certain slnllarity to tÌre al.gonltt¡m d'eecnlbed'

1n the next c¡apten¡ lrrasnuch that the approacl¡ 1e geometrlcal.
'ThÊ lnequalitlee

,lr.,r,(xryrz)l <Pu 1<1<3
where aIL tbe eoeffj.cfents ane neal t PttþztPs at'e posltlvC; '

arrd. the cleternlnant A of, the natnix

L¡e

does not riranleh, cleterurine the interlor ard. tl¡e sunface of a

paralleS.eplPecl.

By the theorem quoted, earller¡ thls domaln can be fnee

of points of lnteger coond.lnates, (other tùan t¡¡e origln),

only 1f

PtPaþs <
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An rrextrenalrr panal1eLep1ped. is d.efineit ae one whicfi ls
fgee of, ipternal l,?ttÍcq-pointsr 1.êo for which tire ínequal-
Itfes

L¡(x¡y¡z)<pL l<i<3
have no lntegral solutlon apant from

X=V=l=O¡
but whlch ceases to be free as soon as any poeitive nuriber¡

however emaIl, ie ad.d.ed. to any one of tlre paraneteng

Ptt9z tPs.
Mir¡kowski pnoves the exlstence of tnansforration-

natnlx associated. wlth sueh an extrenal. paralleleplped.,

P
r11 S1 t1
t2 52 tz
Fs 9a tg

t

having the fo I1ovr¡1ng properties :

eaclr of the (nt ,sL r tü : ( f = 1 t2ñ) o

mearrs a polnt ïrith integen eoord.irtatee on one of the planes

T,¡(x¡y¡z) = t PLt

and no two of the (ol ,s"u rt[ ) at.e on opposite planes;

the d.etermlnant of P 1s equal to 1;

the entnies of the matnix IiP satisfy a centaln prescribedt

set of, lnequallties.
He then shotnrs that tt is posslble to congtnuct a

new set of parameters (crr, ) from the o1d. set (pr. ) r so

that
(u?)r(xrvtz) ( úri
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repne$ents again an 9E!I@L paralle1eBlped.

An algorithn to obtain r¡nlquely a chaln of extnemal

paralleleplped.s is eonstnucted- in thls manner. Ïle proposes

thls algonith¡n to be applleiL for the d.eterninatf on of the

r:nits in the cublc fielct R(S), where the fleld has a

positlve d.lscnlnlnant¡ 1.ê. the d.efiníng equatlon of S has
-æ
thnee real nootê.

let dtþfi be an integen basis of R('9). Form the

lnltiaL rnatrlx f., of the algorltþ¡tr by using the linear

fonns

I.,1 -øx+ÊV+\F
ard. its coniugates T,¿t ard. f,1".

The ¿lscnlmlnant of the f ield ls Dr where D = Aa ¡

p
p'
Btt

T
ctl

rl
T

q.

ct
a

Ttt

The ry of L(xrY¡z),
N(r) = rÏ,r T,'r,

1s a cubíc form 1n (*ryrz) wlth ratÍona1 lntegnal coeffic-

lents.
It follows fro¡n the lrrequallties inposed. on the

coefflcients, that if ttre algorithm is stanted. wlth a

eertaln matrlx L, there are only a finite nunber of fonms

N(f) possibler Êe ttrat after a flnite nuabernof steps soÍìe

form must reeïur Let (p¿), (tu) represent the panameteng

belorrging to the "extremaLil paralleleplped's associateiL wlth
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ld.entieal fonrnsr It can be Broveil then t'hat when6ve? the

ratlos + are (algefrnaic) lntegers, they represent a eett¡
of conJr¡gate tmlts. In thts Tvay he proposes to ffnd' all

the unLts of the fle}dl¡ anongst thern the fundamental olæso

(ny OtrfchletÌs theoren there are two ind'qrendént units in
the case of posltfve ðfscrfnlnants.)

The algonftlun 1s iLescnibeð in f\rIl detailr but tt

appears to be a veny labonious procedüFê¡ al1¡]' 1t aeeme that

it has not been adopted. by the varlous worlcers who have

evaluated, r:n1ts, a]thoqh 1n a paper by Benvick(I) a refen-

eltce ls nadLe to the worl< of I., Kollroe, supposed. to be

baseil on Mlnkowskl f e algorithn, BerT¡vlck ln hie ourn paper

talces up the lclea of a perlod.fe algofithmr alr<l cl'evlsee one

to f[nd. ld.eal classeE 1n c'urblc number fleld.g.
EarLien, Vononol suggested. an algoritlrm for find.lng

the fund.aurental r¡nits of cubLc f,leLd.s wltlr negatlve dis-
cnlmlnants. Tables of fr¡nd.anental rrnits basecl, sn ye¡'qnoll e

algonlthn were wonked. out by B. Dçlone ancl K' Ï,atyseva(n)

for sorÊ 50 cubic fieLd.s wlth rregatlve dlscl'i¡ninarrüs not

g:reater in value than 379.

In 1923 a paper appeared. þy C. i'votre(n) 1n whleh tre

made use of a mlxture of method.s of prevlous workers togethen

with soüÞ theorerng to ehort cut the calcuLations and' he gave

a conpl-ete taþIe of the ninfrrr¡.n poÈitive solutions of the

lnd.eterrnlnate cubfc equatlon
Ns + Ðf + Ð2 zs ' Jþt'Y'z = 1
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fo:r 1<D<1O0.
The eo].utlons ane ld.enüical Ìvlth 'birE f,u¡'rdamentel

unlts of R(u^/5) wheneven the f,leld. 1e of the ffnst kfrd

ard. D ls eQllâroo-free I

In a table glven at tlre end of a papen by

iIoIV. C"""el"(o) tn 1950 unite are LleteÖ for D = 2 to

D = 50 wlth Êo4æ rxreertalnty whether the unlte glven for'

D = 29t l+1 , 46, 47 ane ftrnclafl€rtâlr

Int}¡enextchaptonanalgorlthnpnoposedlby
G, Szekenes (ae yet unpubllehed.) wilL be d'esonlbeÖ ln

d.etalIr
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3, The slnultPneous epPlox "

The algorith¡o evolveiL by G. Szekeres apd. descrlbed.

in thls chapter ie d.eeignecL for the simuLtaneous appnoxlma-

tion of the lnrational compoïrgnts (Frã) of a two ôlmension-

al vector. It may be negard.eit As a two d.inenslonal gener-

alisatton of the slmple continued. fnaqbion processr

In approxirnatlng a s lrgle inrational nu¡riber d' by

continued- fnactlonð, Ìve nay consld.er tluo facets of the

pnoblem:

(i) ftrd.ing a sequerrce of ratioruls ["nJ to approxlnate

the rmmber oú,

(1f) flrd.ing a sequenee of lirroar forms [pn* - qr¡Jr such

that pn rÇln are relatlveJ-y pnlme integers anil

[pn*-qn] *o for x=crr
Conrespond.ingly, the sinultaneous appnoximatlon

algorith¡r ie d.esigned. to give

(t) a sequence of ord.ered. pairs of rational nu-nbers

[fr e4r J to aBproxinate [F'ãJ t

(tf) a Eeguence of llnear fonms with lntegnal coefflclento

êk r þf r C¡ eo that

["xF + br<ã + cr<l '+ o"

IrTo proof will be glven that the sequences give trgood.tt

approximations inthe sense of relatlons (Z-g) a¡¿ (Z-tO).

Howeven, the geornetrleal lflustnation of the algorlthn w111

attempt to cle¡nonstr.ate the plausibility of the eonJecture.
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Vt¡lthout lose of generallty we nay restrict the

values of Frã to

1>Frî, o'

and. we rnay also assume that F anl.

ôepend.ent¡ 1o€. no natio¡ral nr¡mbene

exlet sueh that

aF+bã+c=or
The above nestrlctions place the point P(Frt) inslcte the

tnlarrgle Aol%Co a6 ehown on

Þo

df,agnam Ja, whene the

eoord.lnates of the

ventices ane

Rtg'è

-n ane not natlonal.ly

â¡be c othen than O

Ao(1 ro), Bo(1 r1 ), co(oro)

(¡.t¡
F(44)

çO Ao
v
5

I

Flg '3aThe algonith¡n will generate a õequence of approximat-

1ng tniangJ-e s

(¡¡c)r
ar¡d the sequences (f) ar¡d. (l1) udll be d.efined. ln tenrns of
the approxlmatlng trlangles.

The lnittal tenms of sequences (i) an¿ (if) w111 be

given by the coord.lnates of Ao I Bo r Ce and. by the equatlon

of the eíd.e AoBo respectfvely¡
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[he llnear fonüs repreeerrtlng the left hand. sid.ee of

the equatlons of AoBo r and Ïlo Co are:

=1-E
(3-z¡

=€-4

fhê eoefflcients of the forrns âre relatlvely pnlne national.

lntegers arrd. fi.rthenmore they are chosen so that

Ao Co

("*)" (r'Ð

(r^r)" (t,Ð = rl

(+')" (t,ù

ane positlve.
It w111 be shown tTrat these propenties of the coefflc-

ients ane Breserveil by the fonme

('*),(t,t),(+)"(r,a) and (%ù"(u,r)

'*(r,ø), h.(r,ø), "^(r,a)
d.eflned. by the subsequent algorlthm'

Vrle next express the Cartesian coordinates (€rn) fn

terns of homogenous coordlnates (*ryrz) so that

l=€, *,=r ' (3-3)

The representation 1s mad.e unlque by choosíng

(zo)o = (zu)o = (2")o =1
for the' thnee lnitlal points Aor lbr Cor and by fixlng the

subsequent valrres of the homogeneous coo¡ritinates necurslvely

as shov'¡n 1n the followingr
I,et ArBrC be the vertiees of any approxinating

tniangle. The coord.lnates of the vertlces are
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€

ïîie now d,efine a new point Dt

coord.inates ag

xD=%**c

d.lvld.fng it in the ratio
ous cooniLlnatee of ArB

37.

nB ( ¡-l+)

rla = &
uc

by proscrlbing Xts lronogeneoua

(vs)

r Aesr.ming that ttre homogene-

C ane rational lntegeror it

t3

þ
zB

þ
zc

-'o=4
A

,sg- þ
zB

c t

YD=ÍB*YC

zD=zB+zC

It is easlly seen that D 1s on the Ilne-segment Bct

k
zB

and

follo¡ls from G-f) that the homogeneous coord.inates of D

are also Íntegengr

The ]-fne AD subd.lvld.es the tnÍangle A3C lnto two

smaller triarrgles, and the polnt P must be @!þ one of

the tnianglee. Thle folJ.o¡ue from the faet that tfie equatfon

of the l1¡re AÐ is of the form

a€+þn+c=Ot
where a¡b¡c can be chosen to be integensr

eoond.inates of A and D are ratlonalt

are rationally lrd.epen¿ent, they cairnot satisfy G-e\, thus

P 1s not gg AD'

G-6)
slrrce the

Since F ancl -n
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Aesune now that the equations of the slôee of tlre

tniarrgle ABC ane given bY

T'*=O¡ %C=0t lAC=0

where trAB, hC, L¿,C alre l-1near fo¡'ns in (ftrl) wlth

copnlme lntegnal eoefflelents, and. f\pthermore thåt

r,AB(Frã) > or r¡r(F,l') t o, r,Ac(F,t) > o (yl)
(Thus the fonms AAB, I3C, l¿.C ane unlquely defiræd')

CIearJ.y

r,*(fo,aa) = r6(fs fle) = hc(6s rr1s) = hc(fc '4ç) =

= lAc(fArl¡) = r,rc(f6 r4ç) = O

Tlle pote also that f on the initlal- triangle AoBo Co

FcrÆ(fc fiç) = ,Ba¿c(€srr:s) = zofos(f¡raa) = 1t (:-g)

anil for tÌre Burposes of l.rd.uctlon we assume that (3-g) ie

valld. for tire kth appnoxlmatlng tnlangle.

\Ue now Öefine the new linean fornt

the relatlon
fl-(Ë,4) I = lr,*(f ,zl) - r^c(f 

'a) I

so that
raÐ(F't) > o'

r,.,.ro(Fr?) ¡v

i.e.

(¡-s)

(5-1,o¡

( ¡-t t,)

arl1

1f

(3-tz)
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r,-(fra¡ = r,oo(€rq) - r,*(f'a) lf
r.,or(Frã) r r¿s(E,ñ) >

(træ sl tuation r,*(Frã¡ = ror(E rñ) cannot occur

þecatrse of ttre ratf onal lnd.epenctencê of F anil ñ),
rhe sltuatlons (l*lZ) and ( 3-13) can þe lllustrated.

geonetnlcally.

ll

t'
¡.'

( 1-

ir i"r

Fig.3b. Flg.Jc.

In sltuatlon (3-lZ) the polnt P ls insld.e the trlartgle

ACD (ftg.3¡)r and ln caee (Z-ll)r P le inslde the trlangle

A3D (rtg.3c).
It w111 be shown next that the equation of the l1ne

AD is nepneÊented. by

r,-(fo'no) = o.

From (f-A¡ and (:-to¡ 1t rol-lows that

rnp(fa, ?¡) = o. ( 3-14)

To show that
l,op(f¡ra¡) = o (3-15)
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ls also true¡ wnite

Ï,o¡(fr?)= "Ê + bY + " =f,lax + bY + ez)¡

thuel u6lrg relatlons (3-5),

ï,AD(fD rle) = ffi 
(a(5+x.) + b( *vr) + e(2"+26))

( z-1-.^(tz"+2"\-B-AÐ" J3'43) + zalOp(f6'qg) )'

It foIløs from (3-to¡ that

lr,-(fpraD) I J#(arr*(fs ,4e) - zrr'4s(€srls)

+ zrl*(f6r4ç) - ,otrAo(fgta6)) I

Å#(z.l*(f s,4ç) zuroç(€s'as) I

(uslng (¡-e).

Finaltyr assumirrg the valldlty of (3-9¡, the truth of (yln)

f ollowe.

Llke the forms trAB, lAC, I3Ct the forn I.,AÐ has

ratlonal lntegral coeff,tcients, and. a positlve sign fon

(Frã). Thls foll,ows from the defining relatlora (rto)

and. (5-tt)'
I'urthennore, ít foll-o¡rs fron tile d.eflnl'ng relation

(l-lo¡, tosethæ wlth reLatlons (¡-e) and' (l-g) that

lz"r-(fgrzls)l = lzrT-,-(f6r46)l = 1' (3*t6)

From here it follows imned.iately that the coeffieients

(arbrc) fn (¡-6) are relatively prÍme, since

lzur-(fsrls)l = lt"s + bv, + curl = 1t
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and. the coefflclents (a¡b¡e) and. the honogeneous coord-1n-

atos (SrVUrzg) are alL ratlonal integers. It follows at

the sane tlrre that fur yB and. ,B are also coprinel altll

by slnilar consideratioræ applied. to the relatiorm (l-g) the

sane is tnue fon (xOrV¿rz4) and. (xrrvarza) respectlvely.

The algonlthrn w111 be now continl]ed. by relabeIllng

the vert|cesr In t¡e situatioî (3-12) AÐC will be ueed.

as the new approximating triangle, hence vertex B is d'ls-

card.ed., ancl sÍmilanly ln situation (l-lZ) the algonlthm is

contlnued. on t nlangle ABD, and. C d.iecard.ectr le-tting

tr¡s be the lirean form associated, with the kth trlarrgJ-e,

ïue choose T,., as the llnear form assoeiated. with the

stk+1 trlang fe. notirg that lA¡ has coPrlme lntegral

coefficlents as provedl above and. that assrrrairig thât (3-9)

hol-d.s for the kth tniangle, relation ( 3-16) implles that

1t also hoLd.s for the (L*t)ut tnlangle. (TÌre modulue slgn

nay be d.iscard.eil, slnce ln case (l-lZ¡, r'to(fgrrlg) >

in case (3-13) T,¡¡(fsr?s) >

IIowever, the tsansitlon from the i.th to the k+1st

approxlmating trlangle is st1ll not fully d.efined..

Remembenlng that the sld.e

(AB)x*t 1s !!g¡! ae (¿¡)x'

the cholce 1s to be macle between tluo proced.ures, illustrated

by the d.iagrams 3dt 3et anit Jf r
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T,et us asaume that P fs insld.e the triangle AÐC,

lo nake the tnansltlon-proceÖtre clear¡ wo use subscrlpts

to d.lstlngulsh between the kth end k+1st trlangLe.

The sltuatlon ls eholttn on f1g,3d.

A (

Ï,et the relabelllrrg
Ak + Ar+r

Dk - Bf+r

Ck '+ Ck+r

(l-t7)

B* C6

I

A

DX

Flg.3d.

K.r-r

E r+r Þx* C n*,
I'J.g.5e

l(r l

r)

clefiræ the new ventlces.

The new trlangle is
shoïyn on fllg* 5e, The

subsequent subdlvis I on

ls now d.ef lned. by Dr +r

belng on sid.e Bx+rOt+*t

(fonrnerly Dx Cn ),
The aLternate reLabelll4g

R

is
Ak * Btç+r

Dn * "{n+r
C¡ + Cr+r

(:-ta¡

,
r

A K +r
Flg.5f

l(+ t

Cxtr

(rtg. 3f .)
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In both cases

(¿P)x + (43)r*r, Ck * CK+r,

and the (**t )"t appnoximating tniangles are the same apart

from the namlng of two of the vertlces. IIowev€p¡ the two

pnoced.unes lead. to d.ifferent tnlangles ln the (r*z)nd step,

arrd in case (3-17) Ar+rDn+r0k+r is of a more elongated.

ehape than ttre correspondlr¡g triangle in case (l-ta¡.
It appears intuitively that ln thls panticuJ-an case

the seconcl cholce is more ad.vantageous. Generally it 1E

deslrabLe to malie the ehoice so that in the subsequent e tep

of find.lng the new D point 1t shouLd. be the longen sÍd.e

whictr is subd.lvld.ed to Brevent the occurrence of approxinat-
ing triangles of elongated. shape* (Some justificatlon will
be glven later.) Guid,ed. by these consid.erations, (3-17)

seems to be the neasonab]-e eholce if
lor,cr. I > l¿+,cxl and

(3*tB) tn ttre case when

loncrl < l&cr. l.
It ls possible that P is lnsld.e triangle ABD

instead. of triangle ACD. To make the relabelling uniformly

3-ll) on (5-18)r Tr¡e may in thls case nenane ffust B¡ as

C¡ (after d.iscard.ing the origlnal ventex Cr)"

The computation of lengths for the purposes of

eompanlson 1s cumbersome. Instead of lengthsr $re may

d.eflne the ttgpg4lt-u of the sid.es in the followlrrg mannenl

If (f¿rAA) ancl (fg'ag) are the Cartesian



coord.lrlates of the DoÍ"tí{-É A and' Bt

Ilne-segment AB 1e d.efi ned. ae:

44.

then tire gp¡!S, of the

sAB = naxllfo - gBl , lao - 4Bll .

ïVe mod.lfy the algorlthn sllghtly by uralcing the cholce

3-tl) 1f sciD t src

ancl ( f-t a¡ 1r scp <

(It nay happen that SCp = SAC, but ln thls saÊé ft d'oes

not natter ìJvhich cholee is taken, for lt d'oes not affeet

appreciably the shape of the subsequent approxlmatlng

trlangle. Ii'or d.efiniteness we choose in thle case the

nelation (3-18).)
llo carry f\Btrrer the analogy with ord-inâry contlnueil

fractions, r,Ie may d.efine the trd.igitsrr of the algorlthmt

( eorrespond,lng to the numbers bo r b1 ¡ . . .b¡ in ( 2-4) ) '
Assur0ethatwehavearunoff¡stepssothat

in each eyc1e

r*(Frî) t l¡,c(E r7) ,

but ln the F6 * 1"t steP

tAB(F,i) < rAc(Frã) (rx >

TVe d.efine

r¡ + 1 = Lth dielt. (3-19)

Fon the main puI?ose of t¡ris worlr (r:nit-f1nd1ng) I

the d.ig1ts are of no importance, but theln corryutatlon ie

incorporate0 in the program evolved, pantly because of

their intrlnsic lnterest, (e.g.rtalmost perlod'ictr nuns in
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many cases) r partly because of thelr value in comparlr¡g an(t

ehecklng the conputatlons.

It foLLows fnon (Z->) tllat the sequence

IZAJ

Ípê. the õequence of the d.enorninatons of the rational
coorðlnates of the approxirnatÍng ventices Ar increases,

(thougtr not necessarll-y wlth tenmwlse monotonousnees), ãn¿L

henee goes to lrrftnity (ul, being lnteger).("')

lhrrs lt follows fro¡n (Z-g) that

ll*(F,?) ì

ls a null-.sequencer

Consiiler nou¡ the area of the app:roximatlng tnfangle ABC'

Anea = !

f¿. ?¿, 1

€s?n 1

€c qc 1

2zOzrz, oA"c,I

twhene A¡¡C

*A YA ,A

xg Yg '¡
*c vc 'c

C1eanly, lO*rl remalns unchang:ed th-nough the argorithmt

efnce tlre next val-ue of the d eternfnant ls that of

('¡) Slræe zD = z"tzgt the trlple (zyzgzç) ls neplacedl' in
each step by a new tnlple with the sum zA¡zB+zC being greater
than before. Fwthermore no term of the trlple remalns con*
stant, slnce the choice progeclune nakes 1t centain than ln a
finitê nr-uben of steps each ventex 1s repLaced''
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*A YA z.A
uB

zB+zÇ

a¿go

a¿.cn

"B
*g*xc

yB

y.B+yC

YA 'A
Yc 'a
rg*Yc 'B*uc

on of

*A

*c

x¡*xc

o

Sinee for the lnitlal tniangle AoBoCor

a¿¡c

101
111
oo1

a

t
= I,

1t follonrs that for the general approximatl'on tnlar¡gle ABC'

ê.rea = t'#.
o -LoB'c

If throrghout the algorlthm the shape of the tniangle ls kept

from becomlng too elongated", then the siiles or altltud.es vary

foughly as the square-root of the area and. so it can be

expeeted. that the flistanee of P from any of the three

approximatlng vertiees varies roughly as

1

;ü

Conrparing thls with the result (2-9) (previoue chapter)r

app}led. fon rt = 2, it 1s not unreasonable to expect that

the sfunultaneous approximatlon achlevecl by the algorlthrn

d.eeerlbed. is of the deeired. orcler'
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Thue it can be hoped. that if the algonítlun is

applf ed. to a number pain (E r1), vûhere the tnlpJ-e

(l ,E ri)
forns a basls in the purae cublc fleld d.etermlned. by the

equatlon

x3 = D (O Equane-fnee

national lntegen)¡

then the units of the field. w111 occur amongst the terms of

the sequence

[r_(F,î)l ,

by the angument bnought forwand. in the su¡nmary.

To d.eteet the presence of a r.mít, the norm of each

rÆ(Erl) nust be comPuted-. then
t,lB=aF+ú+ e lsauntrtif

and. only if
N(rÆ) = ("8 * bl * e)(aF' + þl + c)(aF" + bi" + c) = I 1'

Hene aE' * üt + c and aE" + ffi" + c are the fleld'-

conir¡gates of T,43.

In the followlng ehapters the solution of the compu-

tatlonaL probLems presênted. by this nethod. of unlt-flndlng

wilL be d.eserlbedo fhe flrst requirenent for a satlsfactory

d.evelopment of the pnoposed. algorlthm ls a hlgh accuracy

d.eciroal approxlmation of the coorilinateg (Erñ)t these,

in the case of the euþ1c fleld, d.epend' on the cubic root of

Son1g lnteger (not a penfect eube") orcLlnary computational
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noutlnes gfve cublc noots at accuraeJ.ee of 10 on at nost ?0

d.ecimal placee. This le inadeqr:ate 1n al-l but a very f,ew

casego

îo d.evelop the algorlthm for flndir¡g unlts in the

flel0
R(15),

when the value of D vrae talcen fro¡o 2 to zQO, it was

genenalLy necessany to uge 1n the first Blace an accuracy of

100 d.eelnal plaees, and. thls accunacy was raised. to 32O

placee to find. the fund.anental r-r¡rite 1n the fleld.s
nt"^ñãï and R('^tm),

algo to chedr higher poïuers of the fund.arnental units 1n

othen flelilsr
A technfque was d.eveloped. therefone

a) for eonputlng cubfc roots to an unlinited. accr:.nâclr and.

b) to canry out computatlons with numerals consistlng of

eeveral hrrnd.red.ç of cliglts,
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lln .

comButer pnograns fon evah¡atlng the rootg of, eubic

equatlons and. nore Specla}ly Cublc roots of numbere¡ are

baseil on Newtonre nethod¡ In princlpler thie gives a

rapidly converging process for fincll¡g the 1toots. Ïn

pr"actice, howeven, when a really hlgh accuracy 1s d.esiredl,

the nethod faile, because ttre nachlnes clo not normally

hanèle the negulned. nultipllcatfone and' èlvIe1ons to more

than 8-10 signiflcant figu¡es¡ and even Tuith d.ouþIe pfêc18-

lon routilee available, the ror:nding errnore Ëwanp the results

after a few itenatlons aniL eo a ]lmit iS put to tJre nuiber of

cllgits whictr can reLlably be obtainedlr

It was neeesgaly thenefore to evol-ve a net'frod which *

whlle conslclenably elower than Newtonr e nethodl whene only

oriLlnary accuracy 18 needed. - 1s Suttable for computing noots

to any reçLulrecl preglsloîr It turned out ln tTre course of

thle work th"at ln some caseF accr.:racÍeg up to 520 d.eclnal-

pLaces utere need,ecL. The nettrod, d.escribed. below hae no

restnlcting upBer llnlt of aceuraey other than the lncnease

fn computlng time whlch ls noughly proportlonal to tbe Equare

of the number of dlgfts nequiredr Wlth the maxlmun aecuîaey

used., the conputirrg tlne on the IBM 7O9O eonputen was of the

order of one ml.nute.

Let :c þe the real cublc root of Dr whene

1,<D< IOOOe 1r€r we want the solutlon of
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xs =D (tr-t¡

Slnce we need. the roots of nunbers greater than 1000, we cl'o

not restrfct D to lntegen valuee'

ThÊ fi¡nctlon
f(g)=D-fl

1s a nonotonouely decreaeing fi¡nctlon of tþe roal vanlabLe

€, hence lf tn t T¡ are two nrrmbens for which

f(øn) > o

and. f(rn) < o
(4-e¡

and. x the solution of (4-t¡, then

Tn <x< , (4ú)

T[e define t¡e sequences [øn] ar¡4 [rn] to glve the Lowen

and upper d.eclmal appnoxlmatlons of the r eal noot x to n

d.iglts¡
Thus

tn= îõfq

and ( t+-lr)

â¡

Tn= ;äF1" a

Hene a¡ ls a Posftlve lntegen and'

lon-l ( ân <

It follows from (4-2) and. (4-¿+) that

âns <

îh1e lnequal.lty may be newnl'tten by deflnlng

D¡ '* 103(n-")O,

(4-5)

obtalnlr¡g



ans (Dn <

Let xn = 1On-tf, arld deflne fn(x.r )

51t
(u-e)

a8

rn(xn) = 1oa(n-r)r(f) = 1o3(n-¿)(o4.u) = Dn - xns' (4-7)

The cornputational process conelste of a series of

trials. We tny to determfne xn = ân so that the lnegual-

itles (4-5) anö (4-O¡ are satl-sfiecl. Like f(f), fn(xn)

ie a monotonouely ilecneaslng function, and- the r¡alue of â¡

1s restricteÖ to positive integers ln a limÍtefl ranget so

only a few trlals are rlecêssâr}¡r ì¡\Ihen â¡ ls found'r w€

may step up the accr¡râcVr Íntrod.ucing in a slnilan manner

the vaniable xnfr ard. pnoceed.ing to find an+!.. illle eetab-

lish @ for computing the values of xns¡

Xn+r3, etco

To achleve thisr TVê lntrod.uce the zubecripted. d-iff-

erence fr.mctlons Vn (xn ) and Vn'(xn ) r defined as

Vn(¡rn)=xn8-("n -1)t =3v,nz -3v'n +1 (l-|-B)

and

Vnz(xn)=Vn(*n)-Vn(n,-1)=6z;n 6 (4-9)

notlng that
Vnu(xn) = Vn'(*n) - Vnz(xn - 1) = 6

fs eonstant for all n and all rno

Assume now that â¡ is knownr 1.o. that the cubfc root hae

been alr-ead¡r computed. to n d.igits (counting the r-rnits),

i¡er (n - 1) d.ecirnal placeeo Funthermore we have the
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We may then talce the followlng steps to find ân+1¡

Lret

ân+l = 10an + bn+l (4-tO)

where bn+¿ is the (n+t )th ôiglt of the cubie root.

Comespond.lngly the varlable xn +r 1e glven by

xn +r = 1oa¡ * Vn +r (l+-11 )

where Ín+r 1e the (n+1 )ut"t"i"I d.f gltrr, for which we try

Vn+r = 1¡... bn+rr bn+t + 1 where O ( bn+l <

Using (+-e¡ and (4-11) and writing Jfn+r = 1 we next have

Vn+r(lh*r)=Jooa¡2+3oan +1 (t+-lz)

Substltutir¡e x¡ = ân in (4-S) and. rnuLtiplyir¡g by 1O0t

we obtain

loOvn(an) - Jooa¡2 - JOOa¡ + 500'

Subtractlng this fno¡n (Ir{2)¡ rte obtain

v¡+i(toan + 1) = loovn(an) + 33oan gg. (4-t¡)

Aleo fnom relatlon (4-9)

Vn+rt(toan + 1) = 6Oan = 10Vn2(an + 1). (4-1h)

the rnecqrsion fornulae (4-13) anfl (4-14) glve the 1nlt1a1

vah¡es for the subscripted. d.ifference-functions Vn+*rVn+r2 .

Slnce

xn+r8 = (tOan + 1)o =10?a¡3 r Vn¡1(1oa¡ + f)

we have in the first plaee

fn+r(y,n*r) = Dn+¿ - xn+rB = Dn+l -1Osa¡3 - Vn+r(1oan + 1)r

when xn+l = 10a¡ + 1.
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Thus fn+r(tOa¡ + 1) = 1Os(Dn - ans) - Vn..r('loa¡ + 1),

l¡êr
fn+r(toan + 1) = 1OÐfn(an) - Vn+r(1oan + 1). (4-t¡)

If fn+r(toa¡ + 1) >

1.êr ealculate

Vn+¿(toan + 2) =vn+r(1oan + 1) + vn?n(ro.n + 2) (4-t0)

whene Vn+12(toan + 2) = Vn*r'(1oa¡ + 1) + 6, (¿+-tZ)

whence

fn+r(tOa¡ + 2) = Dn+r (to"n + 2)s = Dn+t

= rn*"(1;::'1",,.-'l^.:,;;;:tlï; 
.,f1,,r,

T[e nepeat thls procecl.rrre¡ lncreasing Vntr by 1 arrd'¡

wheneven

fn +r (xn *r. ) = fn *1(1oa¡ + Yn ) > o'

At some etage, whlch nay be as eanl-y as Yn+t = 1r

we may flnð that
fn*r.(1oan + vn+r) < o. (4-lg)

If the equality Etgn hoJ-ds, the root ie exact, and. the

pnoced.ure is ternlnated. with bn+¿ = tn+l aS the last

d.lgf t.
In the genenal case, howeven, (4-tg) is an inegual-

1ty, and. in that eaae

bn+¿ = Jl,n+r - 1, (ttote that Yn+r. >, {.)

It nay also happen that fon
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Vn+¿ = J we have stil1

fn+r(:'*) = fn+r(ioan + 9) >

In ttri.s case we conc].ud.e that

bn+r = 9'

Thls fs Justlfied., e lnce

fn+r(toa¡ + 10) = Dn+r (to(an + 1))u = 1os(Dn - (an + t)u)<o

(using (U-S¡I,

1lhus, 1n at most 9 tnials, bn+r can be d.eternfæd.r arrL we

may Bnoceed. to the next d.iglt.
Note that once Vn+r(toan + 1) ano Vn!.¿(toan + 1) ane

evaluated. by the necurslon fonmulae (l+-tl) ar¡d. (4-11+), the

renalning tnial-st€psr il-lustrateÖ by the relatlons (t+-t¡)

to (4-t0¡, only involve ad.d.1tlons and. subtractíons'

The recrrsion formulae (l+-13) and (4-14) contain

rnultlplicatlor¡s by powers of 10 and. by 33Ot apart from

ad.clitlons and. subtractlons,

Theee sirrple openationsr howeven, have to be

canriedl out on the nurnbers ân r Dn, etc, which may contaln

hr¡nd.red.s of d.ig1ts,

The calculatlons are thenefore arnangeil. by splltting

all the varlables xnr fn, Vn, etc. into N bloclçe where N

nepresents the number of d.lgits requinecL ln the final âIrsvrrêr¡

hrIet dN= ;Fq
fon the cubic root.

be the final approxlmation d.esired.
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Then

toN-1ø* = fu = 1oN-1b1 + 1oN-%z +cre+ \ (r+-zo¡

165(ñ-r )o = o* = 1e3(N-r ){t l* 103(N-2)o$2)*r. r* \(N)
(4-zt ¡

vN = 103(irr-tro$t, .¡ 1e3(N-z)v$2)*o,¡r v(N) (4-zz)

vft=ro3(N-t)or(t)*... +v3(w) U+-zl)

As seen before, b¿rbz.,.bN ane the d.lgltsr i.êr Iro[-De8ative

lntegens rarrgLng f,norn 0 to 9t while

o$r)
, or(r) (f = 112..rN),

ane lntegers rarrglng f nom 0 to 999.

The arithnetical operatlone needecl. ln the procedure nay then

be carrled. out on the lnd.ivldual blocksrfrg.r o$t), o$t), etc.

with the Brovlslon of tlcarryfngrr the overflow d.lgits obtalnecl

durlng the calcuJ.atlon 1n each bloclc.

To ltlustnate the proCed.r.:rer TV€ rewrite the equatlon

(4-te¡ as
rr+i n+1

I.¡e5(n+r-t)vn!})tloa¡+2) = f re3(n+t-t)(on$l)tloan+1 ) +
L 

- -rrr* \'---rr'-, 
L

{ -.r I -JlI=l ¿-¡

" ofiil(toan+2)).

Assrrmlrrg that cü+r ls the'bvenflow-ctlglttt carrled when

vn*Í L+r ) ard vfrl!*t ) r"u adclecl, ( rn tnrs partlcular

openatlon cü+r = O on CL+r = 1 ane the only posSlblllttes)t

ï're lray wrfl,te out the ad.dftlon of the tth b].qck as



"lll(roan 
+ 2) = oÍllt,o"" + 1) . "f;lll

where

cr. = ffttoÍfJ1ro." + 1) . of;Íl)(,0.n + 2) + cr+r)1,

(tfre I ] sy¡nbo1 1s used. in the usual mannen fontllntegen

Bart of tt ).
The b1oc]c-ad.d.1tlonsr (anct subtraetlone) are all eanrled' out

in this nannerr

Multlpllcatlon by 1031( oeans a s lnp1e shift by t(

blocks when applled. to the variables Vn rDn ¡ etc¡

rhe nultipttcation by 10 on 10o nequires more thoughto

Regand., o.B, the relation (4-14) which we newnite aa
n+1 n

I,ot(n+r-l,)on[l) 
(rorn + 1) = 10 Dos(n-t)vf;(t)qa¡ + i) =

56.

1Oa¡+2)+c[+r-1O0Ocü

i=1 l=1

n

I#-1os(n+r-L 
)vq(t )("n + 1 ).

1=1

Hence whene the tnarsitlon-fron accræ,Pe;!¡ n .to. apcqfaçv nÈl

ls rnad.e, eaeh bloclc of the olcl-, vfi -Fust b,-e. 4ivided' bYì';'199

to obtain the cornespond.lng block of the new Vfi *. ,' and. thie

w111 result in gè!E!-l¡qg some d141ts over lnto the nelçt þIock.

thls is best lllustrated. by a numenlcal exa4ple:

tet v?(an + {) = 32lB95lZ¡11216,

then

v!(toa¡ + 1) = lOVZ(an + f) = 328957512160 ç
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-L100$zl}9ll z¡t I zt 6 | ooo) =

I olzzslgnlyzl t 6ol .

Thus we may wnite d.own the relatlon f or the

tth btock (i = 1 s2r3t4r5),

vÊ(¡,)(ro"n + 1) = t# o2(r.)çan + 1)l * v?(u-t)ç"n + 1) b

- 1oo t# Y¿(r'-e)ç.n + 1)1.

Equation (4-13) invoÌves a multlplication by 33O, which nay

be anranged as foLlou¡s.

33Oan = 33o(1oa¡-1 + bn ) = 10.5J0an-r + 350bn.

T|ere b¡ has only one iLigit, hence the nruib er 33jbn nay be

elthen fitlect !n the last block, on have Jr¡st one'tcarrytt '
d,lgtt for the (n-1)st bIoch. The other part of the prod.uct

may be evaluated neeursivelyr d.eftnlng

Rn = JJOa¡.

thus (t+-ll) t"y be rewnftten as

Vn+r(tOan + 1) = looVn(ar') + Rn - 99 (l+-Zh)

whene

R¡ = 1oR¡-1 + 33}bn. (4-25)

The evaluatlon of R¡ ar¡d. Vn+l(1Oan + 1) by relatlon

(4-24) and. (4-e¡) can then þe carnfed. out 1n the nanner

cleecnlbeil ear'llen.

Befone zurnmanislrrg the whoLe pt'ocedtrrer we ad.d. one

sLleht nod.1flcatlon:

Def lne

T¡(x¡) = lrn(xn)]=[on - xn"]=[pn] - xnsr
(slnce x¡ Ls lntegen).
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Here

Odfn-Tn<

lf Tn(xn) f" positive.on negative, the sane 1s true for

fn(xn). In the exceBtlonal case when Tn(rn) = or x¡ ls

an exact root lf and only lf, also fn(xn) = O, hence fn(xn)

nust also be tested.r In practice this testir¡g Ls easyr !t

nerely neans agcetrtalnirrg whethen the nad.lcand. D hae argr

ro¡r-zêr0 d.lglts to ttre r^lght of the sectf on representfrg Dn.

If thene are any Doll-ze¡ro ôfgJ.ts left, the conputatlon may

be carrled. On in tJre same nanner as before, to d.etenmlne tbe

later d.lglts of the cube-noot.

îhe only relatlons gover.nlng the cortrButatlon ar¡l

contalnlrrg the varlable fn (xn ) are ( l+-t ¡) arrd. ( t+-t a¡ t

or the nelatlons obtalrled fron (+-te¡ by substltuting

10a¡ + Vn tn the place of l0an +'l . It is easy to see

that fn (tl'l18) on the nore general nelatlons, fn+t nay be

replaced. by

[f,.*r] = Tn+l r slnce pn+l( t Oan + yn ) is an lnteger.

Thlrs tve obtaln
Tn+¿(toan + yn + a) = În+r(1oa'', + Jrn) -Vn+r(fOan + ¡rn + 1)

(+ze¡

Relati;on (h-t¡), f .ê¡, the tnansltlon fron the nth to tf,"

t*{st cllgtt of the root has to be mod'lfled':

Introduee the notatlon O(n) for the ,rth ,*¿lgtt
trblocktr of the radlcanct¡ Xoê.
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o(n) = [on] - looo[Dn-.]. (t+-27)

laking lnteger parts on both sidee of(4-f5)r

we obtaln

ln+r(toa¡ + 1) = llosrr("n)] -vn*r(1oa¡1 + 1) '
Using (4-7)t

losfn("n) = 1os(Dn - an8) = loenD - (1oan)" =

= Dn+1 , (1oan)4.

Maklng r¡se of notatlon ç4-27) an¿ taklng lnteger parts:

[1ourn(an)] = [Dn*.] - ('toa¡)a = D(n*n)+ toa([pn] - afi) =

= D(n+r) + lootn(an).

Thus, (4-15) becomes

Tn+l(1oa¡ + 1) = D(n*t)* loaÎn(an) - vn*1(1oa¡ + 1)'

It ls eonvenLent to regard. thls nelation a speclal case of

(4-e6¡ ancl write
Tn+r(1oan) = o(n+a)+1osTn(an) (l+-28)'

[he proeedure may now be summanísed. by a f]-ou¡-cliagramr

Fon greater. clarity, each of the varlables 1s clenoted' as a

giggtg entlty, but it should be remembenecL that on the

actual computatlon the Vaniaþle€¡ are tneated' as N-Cllnenslona}

vector.s t ê.E. lvi], ¡tn(t)1, lvn(t)¡ ete' and the ealcu-

lations are carriecl out on the ttgg^Upglgtt, 1.Ê* on Þ]p1@

of 3 d.lelts , 1n the manner d.escribed' eanl-ien'



rr(o)=tol-o(t)
Vi-=o
vl = I (usrng (4-e) and (4-9))r
V1þ= O

V13= V28 = ... = Vfr = 6

I'Low d.lagnam f on f1ndlr¡g the cllgtts:
let ctlef t: Repeat the fo llowlng cyole :

Çalc,ul,qte: Ir (yr+1 )=1r (yr )-Vr (yr+1 )
Test the glgg of 11

SssusÐr:

Tabulate inttlal values:

o(t), o(e)r...D(N),

m
À o(

y1+y1+{
vl.+v!+6
V1-rV1+V!

I

Returm. to
l

1.e. cllvlcle nad.lcancl into N sectlor¡s

(as d.ef lrredt by (+-aZ) )

(rv ( 4-26))

1 =O T <ot,, fr p-[D]=O¡
i process tenml.nates.

First diEit 1s found.:

60.

b1=Y1-{

T1-+T1+Vr ( 1.e orecover
prevloue
value )

Vg-rVr-Ç"2( rr n 
)glgæ values of

b¿ rVr. rV¿2 ,Deflne
Ro -0.

Proceed. to r¡ext dlgtt
l

'r----- 1[1)0

Jt
2nd, d.leit

'.1,
a
t
a

,rth

..1,

ills1t
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J,
Stored. valuegt â¡=1Oâ¡-1+b¡ rTn rvn rVf, rRn-¿.

Conpgtation of n+1st ctigit:
Initial va].ues3 R¡ = lORn-¿+3lobn (¡y (1+-25))

Cycl âa

Vn+r=10OrJ¡+R¡-Pp (tV ( l+-Z+) )
vn?r=1ov¡â (tv (l+-t¿r) )
rn+n=tooôrn*o(n+r ) (rv (r+-ze) )

JIn a¿ =0
CalCuLate: l¡a1+fn+l-Vn+r (1.e. Tn+t(yn+r+1 )

Test the glg of T¡a¿ = Tn*.(yn*t )-Vn*t(yn+r+1 ) )

JIn+¿.+Ifn+r+1 all k>n+1 r

vnîr-vf; +L+6 ; nri3:i'T.:iï*t*t
, F'-F_.

v¡ a1+v¡ +r +vn ?r ; TÏ-r:iflll '
I l oTñe sane

Return to beginllng,as Tn+r>o
I

T¡ ¡1 (0
rl'

T¡ a1-T¡ +r.+Vn +r ( reetone
eÊ o läïiåi*'

V¡ ç1-+V¡ +r-Vn?t
the n+1st d.1glt:
bn +l=Irn +r-1

9!qne
bn+r rÎn+t rVn+t rVnlr rRn

J
Proceect to next ctfelt + until wth ¿fett;

For llIust:ratlr¡g the procedrrre the ealculatlon of the flnst h

d.Íglte of 
u^læ, ls ehown on the table attached., glvlng a:1qþ

8S âIISÏT€fr
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D = 29'g2g I
Bloclcs: o(r) = 29 o(n) = o

o(z) = 929 (n > t)
vr 2

Lv
Vr rttLL

29

?8
21

1

2

3

4

{

7
1g

Yl

o

6

12

16
2:

ST0R5 I
b1

lIl

V1

79

Ye

2ltgt
2

92

2791

Vs

zsøl 41

Vs

28',r371

Va

2s185915o1

281 8571 eo?
28 | 8761 lr g

28 | S95 ltlt
aþ*rtnt

V¿¡

18

V3

1 80
86

V¡a

186

voa

1 860

V 2

tsl 606

1816{2 -
1S I 618

lSl6a¿r

ñt.La

2

{c

bs

'l
É

trl'g

I
STOR"E i i

bsi

r0t

I

¿"

3

lEt
bL=h

rñLø
2

vsa

+

990 Tg
R.

Sr

D 2 + zg29

99 27912l
0l

9
1

1

STORE Tr

138

}(.r

990
0

Ra lla ;r 1OOOI3 + Þ
î8 + 2

+ 2
I

T = IOOO
(+)

Ra = lOR¡+33Abs=1O23QO
Ya = IOOVg+ Rs 99 = 25737100+1 O23OO-99

A+a= IOVBa = 18600

9_ ,l
+ 1O23Q*99 e
= 289231llslopo

rús
B¡

1]B oOO

T

10911601699
8o I æ2llgZ
51 I b26\273

2?lSltltzs
xr/¡e

102500
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1o conclud.e the iLescrlptlon of thls æmButatlonaL proceitu:re,

ft nay be ad.d.ecl that the mettrod. genera.llses nead.lly for the

ease of ¡ç!¡9¡} cublc equatlor:s¡ l.Qr the real eol-utlons of

equatlonrs of the fonm

Blrs + d)c i F = o (lntegral coefflcients)

may be found. with unLlnlted. accuracy¡

A Bnognarn has been worl<ecl out and- testecl, (so far

for somewhat llnited. values of tlre coefficiente (prgro).

The computation tine was of the É¡ame ord.er ae for the pune

cubLc equatlohsr
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5.

.A.ssune that
D = aba (5-t¡

ls a cube-free nr¡¡tber¡ arrd. g ø. õQuare-free factonr

FolLowing Ded.eklndf s notatj.on (ef . chapter (t ))

the fieId.
3-

R(/ñ) is eallecL of the flrst kinilr 1f

I f (a' - bÊ)"

In this case the numbere 1¡ þt Tr Ïvhere

B=sf,ærf) r=lÆ'"8 $-z)
fonn arr integnal basis, i.€. all tTre lntegens of the f le1d't

aniL ln particulan all- the r:nlts of the fleld' nay be wrltten

1n the form:
X+Y3+7'T $*)

where NrYrT' are ratlonal integens¡ (and' of eourse all

numbers of forn (¡-¡) are integers of tÌre field.')

UslrrgthealgonltÏundescribed'inChapter(l),uie
obtaln a sequence of llnear forms (5ú), and we nay then

test each by find.ing lts norn. whenever the norn ís equal

to 1 , ( tt wllL be seen that the norms of the nudbers for:¡rd'

by thls algonlthm are alvrays posltiver) the nunben tested'

1e a unlt.
ustng the notations of chapten (5) r we choose no'!u

the numbers E r7 as follows:

I = **tB - lPl, r - [t]1 (5*4)

fi = ntnlB - lilr r - [y]i
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It is obvlous that

1 > F >1> O.

îhe lnequalttles hoXd ln the strlet sense, since P and. T

ane lrratíonalr also natlonally lnd.eBend.ent, since they 
-

fonn an lntegral baels. It follovrs also that E and. -,1

nust be rationally lnd.epend.ent.

The euccessive llnear fonne anct thelr nornÊ¡ will be

conputed. followlng the algonlttun given in Chapten (t).

The wonk throughout involves accr¡racles sf lQ-Joo

cl.ecilnal places¡ hence the technlque of worlclng fn blocks of

dlgits aB ind,lcated. 1n Chapten (4)r 1e usedl hene, In the

program descnlbedl, the lerrgth of the bloclce 1e l+ ètglts.'

It d.oee not eontaln openatlons other than conparlsonÊt

add.itlons and. eubtnactlons and. few nultipllcatlons and'

d.ivlelons by lntegen6, whlch thenselves do not exeeed' one

blosk,

As an lllustnatlon of the methocl, consid.en a8 an

example the actditlon of the ntrnbens

a = | 3B7lg581la;,t+51t679'lzgto

arrd b = lrglgl¡zgollszg'lggt5l3zoo.
The þIocke ane afways arranged. so that the d'eclnaI-

point shoul-d. be at the encl of, a bloclt. The irdex of eaah

bloclr glrres the pecessary lnfonmatlon about the place*vaLüêr

Hene g cor.rslsts of the bLockel

otr = J\f e' a2 = g5ï1r âs = 231+5¡ a,e, = 1679, â5 = 2910,

anit Þ of :

br = 0r b2 = {859r bs = 3780¡ þ+ = 7529t b5 = 9915'bs= J200o
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The lnöex of the blocks endlng wlth the deqimal polnt nust

be the Eane, and. to have the ea4e nt¡nben of þlocke ln eactr

of the terns to be addeclr 'tlÍe conplete. the nltJtrbel| g by

â5, = 0.

The aclêltlon is stanted, at the hlghest lnd,ext aclcllng blodcs

of the same ind.ex, If there f.g A¡¡ ttoverflc¡$lll, lt ls ttcarn'

led.rr to the next box¡

ê.8r. 8s + bs = 2910 + 991 5 = 12825.

Hçre we rr carryrl
12825
10000

1rêr ïue afld 1 to the eun of à.4 and. b*, while retainlngl

2825 = 12825 - loooo x tffit ln tTe 5th ttoclr,

MultipJ-leatlon by lrrtQgers not too lange ê,oeg not ¡lresent

arry firnthen corrpllcatlon, and. may be earrled out ln blocks

in a stnllan rÞDrÌÊro

As an exa¡npLe for suþtrActlon regard the evaluatîoR

of
C=â-br

whe¡.e a = 3'1681 zlßtllzglo
and b = 17,l3tlslt+lz6ll4rg,

f.€. 4a = 3¡ 8s = 6812¡tote b1 = fJec,-o etc'

To lreep all the bLocks posltlve, (with the posslble exceptfon

of bloek 1¡ we ad.d IOOOO to each but the first blockt and sub-

tnact 1 fron eaclr but the hlghest lnclex bLoclt¡

Thr.¡s a+ s 10000 + 2910 ' 3l+59 = 9l+51

cü = IOOOO + 7813 - 4326 - 1 = 13986t

t ] = 1'
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retainlng

cs = 3486 and. trcarrYrt*ing 1'
ol = 1OO0O + 6812' 3178 * 1 + 1 = 13611+

whenee

e2 = 3631+t I earæled:

C1 = 3 - 17 - 1 + 1 = -1I[.

AnsÌyer,. c = -14 +,3631+31+869451.

Flnally conefcten as an exâ¡nple fon clivlslon

17ll+1 szlStz} + 16

â1 = 17t a2 = L[182, 4g = 3120'

The blocks of ttre quotient wlIl be Q¿r %t 9sr

where

Q¿ = tftf = I and' tTre rernalnd'en¡ a1 - 16 tfr]=l ls
cannied..

8a = ¡!!oo99* arl = tlÀl#f = 886'T'
the nemaÍn¿en bel¡gi ãz + IOOOO - t6cfs = 6¡ whÍch

1s earrledr

%=t@Tfl@l=tW)=3820
f¡oc q. = lloeeel3azo.

No fr¡lther mention vrill þe maile fn the descrlptlon to

follorril of thls block-arlthnetlco Apant from a few operatlons

whene ord.inary accr¡acies ane sufficfent¡ aIId whlch will be

lnd.tcated.¡ the nrLl accuracy of the numbers conputecl {s retalned't

arul the bLock-routlne ls followed.r

1Io stant tlhe algonlthn, the ln1tlal values of

I,Æ(Eri) and hc(Eri)r â8 glven bv ( 3-2) are calculateÖ
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from the values of
p=W and. 1=þ, bythe

proceclure in Chapter l+, and. collected' into blockst

9.8r

r,Oa(Fri)l = 1Osã+J-s + 1Êfia¡-2 + 1ofia3-¡ +î+J1 where

it ls the tth ¿tgtt to the r'lght of the

d.eclnal point of î.
cJ-eanly¡ the values of lA3, lAC, hC are lese than 'l .

The in1tlaI" values of the (fromogeneous) eoonclinates ôf the

ventices of the approxinatirg tnlangles are given by

xA=1 JfO=O uA.=1

xB=1 vu=1 'B=1
xr=0 lC=O ,C=1

The varr.¡eE of r¡r tD, % and. of aAD(Fri) ane found'

next by (3-5) , (3-to'¡ and (l-lt').
To contlnue tJre algonlth.n¡ a eTroice nr¡et þe mad.e between

3-1il ard. (f-t8) and for thls purpose the Epans of eides CÐ

and. AC must be calcirlateð. To make these successive calcuJ'-

atlons pnactleable throughout the algorlthn, co¡rsider the defln-

ltlon of the span of a d.istance PQ¡

spq = maxllfÞ-çal ,ln¡,-aql l - naxilä - ftl ' E- ä' , (5-6),

where (fpr4¡,) and. (5rv" rrù represent the Carteelan and

the homogeneouE coordlnates of

Consid.er the expresslon

(r-D)

.þ 
îË"='Ïä'Ëålop -q ,prq
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lä iAt stands ron the detenninant-value

)cPre - t,*q),
Denote

(he)c =lä 4l arr, (he),j = l4 l$l c D-ilt

I{"e may be regarded. as a vecton of two conrponentsr

D be d.efined. accorèing to (3-5), 1rê.

TD=xg+xc

(rs)

VD=YB+YC

ZÐ=uB*rC.

It le easy to checlr that the vectors hC, ete. aE

d.eflned. by (E-l) have üre foLlowlng pnoperties:

(") KBc = -KcB

(¡) Koc = Ksc

Kog=KcB=-KBc

(") KAD = K¿B * KAc

(r) is crean.

(Proof of (¡). ra}<lng x componentl

(Ko,)* =lA æl = lä i äg 4l = læ æl

Slnfl-ar1y f on (tbr)*.

(*rr)* r

(r¿o)*=lä ill=lit äi ;gl=lät ;31'14 æl =

= (rc*)* + (Ktc)* ).

Pnoof of (")
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ustng relatlorîs (5-8), the lntegene (tt*)*r (r*)u, etc.

ane eomputed. reeurslvely thr"oughout the algorlthmr wheneven

the approlclnatlng tnlangle A¡B¡C¡ ls replaeed by

An+¿Bn+r0n+r.. The K vector belonglr¡g to eaeh (ainected.)

eLd.e of the new triar¡gle is d.eflnecl by tlrese nelatlonst

beginnlrrg wlth ttre 1nit1al valrres, which are found uslrg

(¡-¡) ard (S-l)" The Ínitlal valrree arer

(K¡¡)o = (-1); (K¿c)o = (Ðr (nsc)o = (i) .

The BBans of the sid.es CÐ and. A0 requirecl 1n

the algorithn may þe erçressed., (using 5-6 and 5-7) ln the

fonn;

scÐ=uaxrl#l , lH'lr,
$-g)

s^c=rnaxr l#l , lfrf1 ,,
hence the cholçs-proced.r-¡.ne requlred. invoLves

a) d.etennlning the conponent gneaten in absolute val-ue of

(rco) and. (Kæ) nespectlveJ-y,

b) evaluating

RcD - nax[ l(r*)=l , | (t<-),1 I

%

and.

R¿c = 
nax[ l(Km)*¡ , | (ror),1 ]

c) companfng R@ and. RAC.

uA r arxl
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It followe from (¡-g) that
RCÐ t RAC .=, SCÐ >

ZC ls always posltlve.

It should. bo noted. howeven that the orders of magnltucle anl

aecuracies ínvolved. requlne speclal care 1n these corputatlone.

The lntegerr quantlttes euch as (K,p)*r z¿r etc. are

evaluate¿ gæg!}U throughout the elgorlthmr 1¡er the þlock-

nethod 1s used. arrl no d.iglts are Lost' [he va].ues of RCO

and. R¿C hovuever are used. only for eorrparloon on a sfngle

oceaslon, and. no reCunslon d.epend.s on then, so that staniland.

aceuracy ls acLequate here. ITr the couree of calculatlon the

true valueg of the lntegers (tt¡6)*r % etc. exceed the

range of the eomputen, on the other hand. the quantlty

lRco - R¿gl , even J.f R@rRAO are ealcrrlated. wlth a

satisfactony accunacy, may be of too small orden of nagnlt-

ucle fon nellable comparlson wlth 0r

Notfng that RGÐ, R¡.C are posltive quantitles, the

e:çresslon

Rc¡R¿c

RO, + Rgp
(lto¡

has the sa¡ne sJ.g:r as RAC - RCÐ, and. lts ond.er of magnitud.e

is in the range nonnally handled by the eomputert

To evaluate ttre ratlo: (l-tOlr the nr¡mbere RA'TRGD

ane founcL.fl¡.eù 1n the foIlowlng manner,

Assu¡ne ê¡Br that



72.
zA = 759lïg1ol1ry4lznflrcW = TD9Bg1o. ... X IoLz

and that

nâx[ (K¿s)x, (rcoo)"] 18221þte¡lrulel tttt = 18224183..o x 10e

Then R¿.C is calculated. as

1 822b1 83

-

7598910 xlgs-13=âx1OJ

whene g ls the natlo of tlre lead,ing bloelcs of K¿c and, uA.
(Ûre flrst two blockg ane taken in each to ensr:re an accuracy
of at leaet I signr figuree)¡ and the irrlex J detennlnes the
d.eeinal or.d.enr

Ï,et

R.lq,c = a.1Oj and. RcÐ = b'1ok¡ where

â,rb"r J and k are computed. separatel.y,

fhen

*+#=ffiffi=1ffiff (5-rr¡.
lhe erçression (¡-tt) contalrrs only nr¡nbers withln the orèinary
wonklng range of ttre computer, and. hence can be easlly eva-luate¿,
no matten how lange ttre numbens z[¡ (K¿c), etc¡ By tÏrle slmple
d.evlce the accwaey of ttre eomputatÍons could. be in¿eflnltely
Lneneaseô¡

The chofee-proced.une govenns the aLgorlthn as d.egcrlbed
ln Chapten (l), On eaeh transltion the coord.lnates of the
ventlceg, the e)cpneasions lABr(**)* ete" belonging to eaeh

sld.e are neasslgtreè.
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Recallirrg tTre ilescription of the algonlttun ln Chapter(5)r

the reassignment of these values can be surnnârlsect ln the follow-

lng

Ët

I'lrst1yr we neasslgn, if necegsanyt

the'vertex C and. the correspondlng

vartables to malçe P(Frt) lnterna].

to tniangle ACDr

Í.ç.
r1g 5(a )

if
p

A

P

I t'r
D C

rÆ(Frã) r rnc(E r:q) (rtg. ¡(a) )
È 3"i D

I'tg 5(b )
ùrêor when

r.Æ(Frã.) * t'tc(Frt) * T,AD(F ,4),
the coori[inates of tþ verticeS nemaín ,rrncharrged.,

h.(F l) - rcÐ(F'?ì

ana - KBc(Fri) * KcÐ(F'tl.

In the sitr¡atíon lllustrated.- in 5(b), 1.ê. u'he4

- l¡¡(ç'ï) < 1o6(F'!)¡ hence

aÀò(Frã) - IAB(E r7) -' IAD(F tî), tÌren ïve neac sisn Br

so tha,t

B-+.C (f.er xB-xC
arË. wlth thls:

r,Æ(F'l) - LAS(E ,ñ),
KAB(F'ï) * KA6(E,ñ)

liBc(F'ã) - r,cp(F'l)

KBò(F'ã) - KcÐ(E 
'õ).

c

etc..) r

anð

(." in the other caee)
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The spâ,Il+Comparison 1s then alwayg appHed. to tnlangle ACD'

and if
A sao t scÐ' (rle. 5(c)),

then

t)

D-+A

A-+ B

C+ C

Fie 5(c)

A

hence rcD(F'î) * rAc(E,T)

roo(F'i) * hc(E rn)

- K6(F rfr) - tc¿6(Fr?)

rca6(Frã) * Kec(E ri)
- KAD(E r4) - E,$(E'Ð.

In the other caeer when

scD t s.rc (rig. (¡(a))"
we have

A-rA
G-+ C

D+B
her¡.ce f,a6(Erî) * l,Ao(E'tr)

ttoç(F'i) * KA¡(E,î)

rcÐ(F,ã) * ho(E ãl
- KcÐ(F rî) - KBc(Frt)

rne(Frl) * KaB(€ ñ).

t
I

I

I l)

Ê

( ö5F 1g )

E ri) - r,a3(Frl')

1.oo no change

In eaeh case we have

r¡p( (5*tz).
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The sequence of lLnean forms rrtth integral coefflclents
a¡b¡c and wlth the Bropenty

[aF+bi+cl "+o
requJ.ned. by the algorlthn 1s d.efined. by the traneltlons
(5-t27,-

As ind.lcated 1n Chapter (3), the nrruibens f,ag(Frl) ane

tested whetTren they ane unlts of the flel.dlr by conputlrg thelr
ÏIOIIIIB¡

It f,ol1o$¡s fnom reLations (5-4) that
rAB(Frã¡ = aF + bl + c = X +YP + ZT¡ (5-ll)

where

ßtT ane ,Lefl¡red. accond.ing to (5-z) ancl xrYrä ane

nationaL integens. Every unlt of the ffel.d. is nepresentect

rrnlquely 1n the fo:m (E-ll) ar¡d. ln partlculan thene exlsts a

trlplet of ratlonal lntegerg X'l r T,ir Zt. such that
X':¡ + Y't¡É + Z'ry glveO the fr¡nrlanental

unit of tlre fleld.r 1rê. a1]. the units of the fle1cl are
(positive lntegnal) powens of the fr¡ncl.anental r¡¡rlt.

The norur of r,Ag(Fr?) f" by ctefinltlon
N(xryrz) = (x * yþ + W)6 +yp + W)'(x +yp + zT)',t

whene (x * YF + z^(), and (x * Yþ + W)" are the flet-d-
conJugates of trAB.

Recal11rg (t-A¡ a¡rd. (1-10) fn Chapten (i ) the norn r¡aj¡

be written as

trt(xrYrz) = (x * yF + l.¡.t)$ +yBu + zruP)(x +'rpoP + zTù, (5-r¿r)

where urú ane the inaglrrany cubf c-noots of 1i or aE
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N(xrYrz) = xs + abaYs + aalozí - Jatiwz._ $-lS)
ClearJ.yl N(XrYrZ) 1s a real natlonal integen.

r!,"(XrYrz) le a rrnlt, 1f anð onlY 1f

tt(xrYrz) = t 1.

However., fonn (5-t5) ls mguftecl for conputatlonal purl,oÊest

(tn vtew of, the very lange values whlch are obtatnecl in nost

cases fon XrYrZ), a¡rd. whtle the erçresslon supplLes a

valt¡able chec]< ln nar\y instanceS¡ it ls necessAl5r to evolve

a recìrtrslon nethod. fon the coryutation of N(XrYrZ)t

frrde¡rend.ently of ( 5-t 5) .

Consld,er the prod.uct

ffiä#l = (x + yÊ + zr&)(x + .rpo+ + zru) (usire (5-t4)).

Substltutfng
,=# ard oF =# r wê obtaln

ffitiÞl = (x - vE - $ + L^ßG|' zÐ)(x - vÊ -'4 - L^ß$84

= (r¡(xrv, z))' + ¡(r,-(x ürz))z
whene

ra(xrvrz)=1-8"-å, I C5-16)
lr(xrY'z) ='gY * lz I

1oêr

N = rïR(h' + 5L¡2 ). (z-ll)
It follows fnom (l-ll), tfiat N renaLns positlve through-

out the caleuaatlonsr Blnce the algorithn 1s annanged. to lreep
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r! t(XrvrZ) always posf tlve, and. elnce fur ard. I,I are

neal. Hence lf, a unlt occunE, fts nonm nust be t 1.

Secord.ly lt follows from the fact that tbe forns
r.nB(XrYrZ)r ra(xrvrz) a¡rd. l,r(xrYrz) ane lf,rrean¡

that lf
*=Xlt¡bs Y =Yr.tYer 7'=Zt 1Zz

then

r,*(xrYrz) = r,l3(x¿rYrr

r.,* (xrtrz) * r,*(xe ¡lrtz
t'r(xÅ tz) = I,I (x¡rY¡ ¡z

In each step of the algontthn the valrre of fAD(Fri)

ls eomputed. finst bV ( 3-10)rand. later reasslgned. as the new

r,*(Fr?) value aecorðing to (f<zle Cor¡siderirg (3-to)t
anl r.eluemberlr¡g that except fon (r,tC)o, al,L the otl¡er

I,A'(F ?) vah:es occurred in the sequence labeLLed, ae

r*(Fr?) ¡ and were neaeslgned later, tt is clean that- each

rÆ(Er?) value le a cliffenence of two pnevf ous tÆ(Fr?)
valuegr It foIIcryr¡s clearly fnom the relatlors (5-t8), that
the N.rYrZ values ard' the h and. T,I vah¡eE assoclated,

wlth the curr.ent T,AB value of the sequence, can be obtalned.

by a eonnespord.lns subtnactfon f,non the respectlve

XrlrZr\r\ vafues aseociatecl wlt'h the prevlous LAB

valræs (o" LAB value and. l¿C value).

Thus XrYrZrtrhrk nay be treated" slnply ae the

comporænts of a eingle vecton-quantlty, asEoclated. wíth a

Ilne A3r AC eter¡ arË. the al.gorlthn nr:st be appIled, to the
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whole of this veetor,

The lntttal values of AABrI¿CrbC ane given by (l-Z),
The assoelated inttlal values of xABrYABrr(n)¿¡ra(r)Æ etc'
are found. fron these, 1n the following nanner.

By clenotir¡g sultabJ-y a ar:d. b 1n ( 5-2)r !Íê nay wnlte

wlthout l-oss of genenaLlty:

P- tBl (r-[r]r (5-t9)

arul henee it follo¡r¡s from (¡+) that

F = Y - [r] t î = F '1P7.
T[e constnuct the taþle of initial valrres, uslng (3-Z) and.

(s-te¡.
Sfrce

r. -1_F=1+[r]_Y.AB -
r -i= -tBl +ß"AC -
hc = E -î = lBl * [r] - F + r

we oþtaln

XAB = 1 + [r]r Y¿g

xAc = ,l1l Ytc

hc = tP]-trl , YBc

=ot
= 1r

= _1 t

zÆ

z¡'c

znc
=0

4lt

and. fron these;

"(*)¿" = xAB - YAB Ê -'*1. = 1 + trl + LY

"(-)* = YAB 8, - ,*1, = *t
l(a)¿c = xlc - Y¿c E - 'orl = - tPl - I
r(r)¿c=YAcE-'*1.=tB
r(n)nc 

= 
xsc - YBc Ê. -'""l. = lBi - trl + tþ - +^(

l(r)nc = YBc 8, - 'u" l, = 4B - +^('
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The e:çpnesslone on the night hånd. slcte are all easlLy conputable

by the block-met'trocL¡ ar¡l the computations can be arrangecl corr-

venientry by flnst firrdlng 
"(r)* 

and. r(r)¿c arrl then flnct-
tng the other e:çresslons 1n tenrus of theser

Thw the program conslsts of two partsi the lnitlal.
valuee are conputed. 1n the flrst part as d.esc¡.1bed. above arul

the algorlthn ls t?ren executed. in the second. pant. In each

step of tlre algonlthm all tJre ænponents of the ABrAc etc,
veetors, 1¡eo (f,rhraf rKryrz) arae computeit. on neassigned,

slmultaneouslyr

The computatlon of the h ar¡l r,r corqponents presents
the need. fon some f\¡rthen rnanLpuLatlon. It cari be seen fnom
(¡-ll) and. the fact thât T., -+ 0 that the h ard. tl vaLræe

fonm genenally lncreaslng, unbound.ed. oequences, hence at
eertaln stages of the caleulatlon the Leading block of dligltsi
1n at least one of r(n)¿p or a(r)¿¡ w1lr rroverflowrr, f ,êr
exeeed. the aLlcrvt|ed. þI0ek'¡naxlmun (to* ln thle pnogr.am).

Vilhen tJrls haBpene tt is necessary to eanny out a 'rblock-shiftingtl
operatlon, not onJ-y 1n the 

"(*) 
or 

"(r) 
quantitles ln whlch

the overfrow actuaLly occur', but in arl ttre othen t(*)ur,

"(t)Ot, 
etc. guantitles which are gtored. at that etage,

Thls reans that the last block(of hlghest irrd.ex) has to be
illsearcted. and the írrd.ex of the renaining blocks is raised.
by t r l.êe the place-vaLue of each irulex ie incneased by a
1o+ factot.

sl¡rce the norn le l<noïrrr. to be a (positfve) lntegen,



80r

fonmu1a (S-ll) does not nequire gneaten prectelon than what

ls avallable ln oriLlnary cornputer (floatlrg-point) arlthmetlc.
It 1s sufflclent to t¿ke the leading blocks of Lrhrht
(at thetn tnue place-vah:es.)

In tTre pnogran (gtven ln the append.lx)r the lnteger
eoefflclerrts XABr YAB, ZIC are caleulated. only to the polnt

whene the finst unlt 1s found.. To checlr howeven whethen the

Êquane, orbe etc. of tùre f1nst l.n"(X':'rY*o 2':') whlch is assr:necl

to be the fund.amental unit, occurs in the algorltTmr the rest
of the conputatlon 1s carnled onr Îhe rezults ane 11ste0 in
the tables¡ but 1t ruy be nentionecl here tJrat in two instances

the square was nl.ssþd. out, nanely 1n th,e'case of, D = 167 ar¡d

D = 1 7 even the accunacy of J20 d.eetnal places was lnsuff-
fcient to yield. the EErare of the finst unit forrnd.r though

the lnd.lcatlon 1s that a further stepBlng up the accrrâcJfr

(which becones too costly in conputirrg tlne) wouJ-d. glve the

d.esined. result.
In the flnst place ttre pnogram ïuas only d.eveloped. to

flnö unlts ln flelcle of the ffrst kind, To extenÖ this f,or
the eomputatlon of units in fleld.s of ttre seoont. ktnral f\uthen
consÍd.eratior¡¡s are necessaryi The descriptlon of these is
given 1n the rrext ehapter..
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6. Coûrutatlgn of .unfts 1n flel.d.e S,f the qe.cgJìd \lrd.
3

tr'o1lovrir:g Decleklrrdrs notation, the fleLd R(Þ)t

where

D = ab? (O cube-fneer g Bçlì.Ere-free)¡

is called. a pure cublc field. of the second. kind¡ tf
gl(aa -bâ) (6-1).

In thls case, recalÌing Ded.e}<Índ.ts theoren (cf' Chapter 1)r

the trlplet

åt, * "ho' +¡h6), p=l;Ft, y=þ (6-z)Ct=

fonms an lnteger basls of tJ¡e fleLd.r

To slurplify the calculations required. by the algorlthnt

thls basls will be ne¡llacecL by another one:

1' þ¡ t,
whene

d=p +EF +ry rcú)
arul prg and. r ane sultably ehosen rational numbêf,Br

Consid.er ttre transfonnatlon

(6-4)

whene the natrlx
'(å)=(i)

,l** t'-z ttu,
T = (t21 laz tsa )\r.* taz tu"/

has natlonal lntegers for al] lts entniesr

the ilete¡.nlnant

lrl = r 1r

If, flrrthermone

(6-¡)
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then the numbers

1, F¡ 6 fonn an lntegen basis.
(Ctearly 1-1 has also i.ntegers for al-l f te entniesr thus

1t þt 6 are lntegers of R(b)¡ âïrcl efûce c,tþtT are

l.lnear f\rnctions of lnteger èoefficients of ({, Ft d)r al.l

fntegens of R(if) nay be representea 1n terms of thls neîv

baels, )
Usfng (6-Z) an¿ (64) we may write (6-4) as followst'

ttt + tnþ + tr"(p + qþ + r"r) =t*?P *?
tzt + tzz/ + tz"(p + qp + vt) = p

tgr. + tszþ + t""(p + qt| + W) = n(¡

By equating the coefficients of 1¡ B and. T¡ we

obtain for the matrlx T:

lnbabqb
33r33n5n

'l

Slnce the d.eterninant of this matrlxt

o

Lr-g
T3

0

-E
4

,

we must droose

r = L or - + to f\rrfil nequirement (6-Ð.-5t
It strould. be noted. that a ancl. b are relatively Bnlne¡

otherr¡r¡ise D coulil not be cube-free. It follows fnon thts

t|nat 3 cannot be a corunon divisor of, a anCL br and by

(6-1) ít cannot be the d.ivisor of one ard. not the other'

ThÍs leaves forr posslbllities fon 3, and. Þ (rnod 3.)

lrl =+
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(f) as,J, b=l
(ff) a--1, ba1

(irr) a=*"1 r b=-l
(1v) a=1, bæ-1 .

We nay noul choose the vah:es of p anl q i,n each case so

that all tTre entríes of the ¡natrfx T ane integersr

Fr.lrthenmore we ean elroose the eign of r to ¡nake t pos-

ltive in eactr caser tre other elemente of, the Þasisn namely

I and p belng posltlve,
trYithout loss of genenal-ity, we may aesume that

ê)br
sLnce the fieLd. nay be negariLed. elther as

nCþ') on as R(h1t).
,Thr¡s l.n case (f)t

ln ease (11)

in case (frl)
ln case ( rtt) f=P=- ,

1+þ+Y)r
1-P+T)r,
-1 +Ê+y)r
-1 + É - T).
(6-6)

r=D=
I.=!=
F=Q=

hence d =q=å

$'e =

t,n =

1

3
1

3

-t-3

$r

It
}r
$r

ll d=
rr d=
tl d=L

3 çt

lhe algoritlrn can now be applied in a nanner siniJan

to that öoscribed. in Chapter !, 6 repl,aci.ng ^t ln the baslg.

fhe coord-inates of ttre polnts to be appnoxinated. are

gtven by

Ç.= max(P - lþJ, 6 - [d] )

f,=rntn(p-lpl, d-[d]). (6-7)

The llnear expresslons evolved. ln the cou¡.se of
the algorlth¡n w1l-I be of the fonn:
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t(XrYrz)=X+TÉ+7.,ô (6-8),

Once the lnftial values are d.efined., the algonlthn proced.ure

d.lffens fr¡on the algorltTrn for field.s of first kínd.r only in
the conputatlon of the nonrn of L(N.'IrZ),

Consiilen êogr case (f ),
x + YB + z6 -- x + yp . â(1 + þ + y) =

= çx +fi) ( *Ilø.? (6-e)

= X' +Y¡þ + Z'T

where the nelatlon þetween (XryrZ) anl (x, , Yt, z,t )

Y+

1s given by

N' =X+ ä, Yt =u +fi, 'zI z
t (6-r o)a

The nonrn of l,(XnyrZ) may nolu be for:nd, by eonputlng the

expnession (n<l), but rep1-acfug NrYtZ þy X'rY' tZ' ,

It foll-ou¡s however from (6-tO) an¿ fno¡n correspond.frg

rel-atlons obtained. fon eases (fr), (tii) and (in), that aften

fird.lng t,he inltlal. valrres for X' , Yt , Zt , the suecesglve

val-r¡es of theser ard. also those of

"(*)(x' 
,Y' ,z') ancl 

"(-)(x' ,Y' ,z')
can be obtained. by the sane recursion as the L(NrYrZ) fonms

anl tlre (xrYrZ) triplesr
It should. be noted. that now

r(*)(x'rY' rz') = xr - 8"' - ïr'
t(r)(x'rY' ,z') = *' - r*' .

the vaniables which are calculated necurelvely anei

t(xrxrz), 
"(*)(x'ryt ,z'), t(r¡(xt ,!' ¡zt ) t xeY¡zs
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where X.eYsZe 1r€o the eoefficlents of l r?rt are natlonaL

integens, but Xt, !, , Z, ane not necessanlly integralr 8s

can be seen fþon (6*10).

The extenslon of the progran fnom fields of the first
klnd to those of the second. k1nd. ls then effectecl by lnsertlng
a branch-pnogran for the calculatlon of the necessary lnitlal
valuee eorrespond.fng to AB and. AC¡ Once T,r 

"(*)(x'rY' ,Z'),
x'rYrz etc. are found. fon AB the corresporrling quantitles
for Bc ane for:nd. the same way ae in the unextend.ed. program¡

hence the calculatlon of A86r.,. ete. is not pant of the
braneh-progran.

fn eonstructlng the table fon the corçutation of the

lnitial values, 1t must be nenembered. that whereas in the

case of fielits of the first lc1nd. the e:qrreseions aab a¡rd

abz all-owed. syn¡netrical noles fo¡' a and. b, and. thus
they coulil be assigned. freely to rna]re

P - l,Pl < r - [v],
this is no lor:gen the case when d.eterrnining the relation
between

d-[d] and. B-lpJ,
A cholee has alread.y been made to nake a ) br and. so ln
each of cases (r), (ri), (111) and. (fv) the pnogram mr-:.st

lncluã.e a test to d.ecid.e between the possibiltties
I) d-tdl >p-lpl and

II) d-[d] <p -lBl . (cf. (6-{))
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lhr¡stherearea]-togetherSa.ltgr¡ratlvecasegfonl
the requlrecl. lnitiat values. the taþle for these ls shou¡n

OASE (f-')
a4
0=
T

b- I

IIIr-r+þ-r)

d- t

Id] +f+åÉ-k

Ijd- d

t+[d]-d
i$ff;;ii

I d] +#' - #r#

I

i*-i t+
1+

0
o

lpt+1 +Lþ

I d] +]+åd

-tP-¿4
å - '"p*to

t+lp)+iþ

4B
I

I

- 
. f¡.--- ;

-*p

+P
+þ
rQ
,0 1

L
-g
t

+tÊ- ty
t
,1

d
d

lp)48 *[d]- þ ËF+åy

-Lp)+B -[d] -+48

+p

LB

+p+Xq

*++p4î
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The pnog?amr glve:r in the appendfu(, lncorporates the

conputation fon all casegr ioç. flelcts of flrst kind.¡ aflI

the foun caerea l-lsteð fon fle1d.s of the seconl kir¡¡lr

Before su¡nmarisl¡g the nesults of the corfputatlons

llsted. on the following tablesr it nay be mentloned. that

thls work 1s being extend.ecl. fon ffelds which are genenatecl

by the roots of egrratlons of t¡rye

xsrx=D (o>

these equatiolls¡ like the pune cublcs, have one real and. tt¡vo

lnagfnany noots, hence the r¡nite nn the fleld.s to be examined.t

fonn cyc]lc g3oups as befoner The algonlthn to be used. 1s

the sane as the one descrlbed, but noiLlflcatlons are necessary

1n the cublc-root eubroutlne, and. in the calculatlon of the

normsr The general princlple to d.etermlne sets of basle

elements hag been establlshedr but there are consiclerably

nore cases fon eonputatlon than in the pure etlblc fleld.s¡

partieulanly 1f D 1s an even nr¡mbenr
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7. Deqcri.ption gf,,;þhe cogputer prgqfanr

llhe fi¡l-1, prfrrt-out of tlre progran to evalu"ate the

r¡nlts of pure Cublc flelcls |s elrorvn ln tlre append'ixr It

ls cod.ed. 1n FORIRAI{ fon the IBü 7O9O coÎrputerr The esecutlon

ttme talren to evaluate the flrst two unlte of, a eertain f[ eldL

is rougÌrly propontlonal- to tlre square of the nr:¡iben of d'eclnal

pLaces neeiledl ln tlre cubie root fo¡r an aceunacy ad'equate for

the purpo€lê¡ If nore unLts are ealcqlatedl, the exeCutlon

tine dlepends lfneanly on the numbe¡r of r¡nJ.ts1 but lt í8 not

pnoportlonaL to lt, because a conÍ¡ld.erable Bart of üre tlne

is ueed. to evaluate the neeessany cublc roots arll the lnftlal

valuee of ttre varlablea assocÍated wlth theno Fon an

accuraey of 96 ôecfunal places ln tlp cublc root which proveçl

to be aitequate or more than aclequate for the m Jority of the

fiel-d.s lnveetÍgateil, the computlng tlme was about 1 'l+ nlnute

for eac|r fleld and. it went up to alnost 15 minutes for

D = 167 and D = 177 when 52O pl;aces ïrere used. and, the

seeord. r¡nit not quite neached.

The pnogran incorporatee the proceclu.nes fon flelde

of the finst klnd and. the four t¡rpes of fieJôe of the secor¡l

kind.. The cübic-noot conputation is not pant of the maln

program¡ but ls canried. out as a subroutine. Ilhe progrant

a result of long experinentations to oveneome the d.fffteultles

lnhenent 1n the nange of nrrnbens handJ.edr ie d.lnensiontil to

a naxl.pr¡¡t accuraqy of 32O d,ecinal d.lgltO ln the eube-rootr
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Thls accuracy eouLcl be stepped luþ wlthout chenglng the

prognam but the conputation tlne becones prohXbttf've.

For¡r items are neadt in fnon the d.ata-carcts of the

naln programt

(i) the accuraey para.meter (r)

(ff ) the maxLmr¡n nqnber of unlts to be conputed. (¡nU)

(1it), the t¡pe of field (fnsr)

(iv) a correction parameter (icnx).

The values of D = abs and. pt = a2b togethen wit'tt

the accuracy paraneter are on the ilata-card.s belonglng to

the subroutine of r"oot-find.1ng (Cnoor).

(í) The aecurasy parametere T, regulates the numben of

declnal ¿1glts to be obtainecL in the cublc-noot

process and. wlth it tÏ¡e numbers of ðlglt-bloclrs

naking uP the other variablee.

(if ) Slnce the vah¡es of IJAB are essentially clecneaslng¡

the flrst r¡¡rlt erpeeted. ls the frrrrÔamental unit.

Fr¡nther rrr¡its are calculatect to checlr whether they

ane the sê@ndlr thirdr etc. povverg of the fÍrst unit

found.

(fff) tfre value of thiê paraneten is 1¡2t5 or l+r when the

fleLd. ts of the second. klnd., ag shown on tlte table

at the end. of Chapten (6)r and. 1t is 5 when tlre field

fs of the flrst kinil.

(fv) When thls paraneten has the value 1, the prognam ls

executed. 1n the ord.lnany nannerr T[hen lt takes the
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value 2, the prognan tests at the end. of each cyele the

norn of lAB, correÊ¡gor¡ling to the altennatlve approxinat-

lng trlangle whlch is cliscard.ed. after ttre span-test. Thie

ls clore to cliscover unlts which rnay have been lost in the

cholce-pnoCed.ure.

lÏhene hlgh preclslon is neecLed.r the vaniables are

broken up lnto bl-oclcs of 3 or 4 d.lg1ts as descr'lbed ln

Chapters (t+) and (¡)' these vaniabLes appear with subscrlptse

and. some of the varlables have two subscriptsr tþ eecond'

subscnlpt signlfying the nu¡tben of d'ec1na1-bloclt.

The fol]owÍng table con¡rects the varlablee descrlb-

ed. in the prevlous chapters anil their correspond.ing I'ORTR.AI{

syrnboJ-s:

fhe cubic r.oot subnoutfne (CnØØ),

RaÖlcanil D (2 tlocics of 3 dieits): tØt(1)rLNQ);

1¡ (iirh bloclr of 5 dlglts): rcurrr(l)

V¡ (í( fh ¡r rr n rt

cr3 I l/ lh rt ll ll ll.n \r'

)t

)t

uØnn( r,)

rNcR( r)
Rn (e' tn ¡r u u n ): JIIMp(t.,) :

The eunrent (tth) Blace ie narlred wlth J,

where J = 1e22r.. Mt

(1.e. M is tåe totaL number of digits required fn the

cubic-noot. )
tt0arryt'-d.igit . NIP '
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Output;

F = "^lã65 ( ¡th ctlglt): xnøTu(.]); J = 1s2¡...M.

Nr¡mben of ctÍglts to the I

left of the d.ecinal pofntJ

^ç =ffi (lth cnelt)¡
Number of d.lglts to the

left of the cleclnal Polnt:
The naln p,noryan:

Ventlces:

Homogenous eoorclLnatee of A:

xo(,|, th ttoot of 4 dieite):

v¿( çth tloa* of 4 dleits)
zo(t-th ¡to"L of 4 dieits)

Sinll-arly f,on ventlces BrC and

(5'vs, z") z

(xrrvgrz6)

(5'vp'5)

T}TIK.

f,n¡\iT(¡); J = 1r?r...M.

IIVIï,.

NA( 1 ,L) ¡

NA( 2,t) ;

w¿.(3,r,);

D:

NB(Mrl,);

T, = 1l2lr..NN

T' = tr s2¡ r. ÑIil

L = 1r2¡..¡NN"

t3
¡ . ..M[

ilNC(MrT,)

lro(urr,)

il

rl

[M = 1rz
lL = 1¡2

il

S;i9e,e,s

VarlaþIes

of ctrapter 4).
a) r,AB U:th

h ('rn.

T,ï (*h

con:nected. with AÞ

block of 4 cttgtts) ¡

bloclc of 4 dlgits) I

bloel< of 4 aielts):

(foltow1ng the notatlone

1.A3(1ra), L = 1r2¡o.rN

r.,Æ( ZrL) rr rr

lAB( 3¡]") tr tr



92''

b) Sc?Lirg ( shf ft)-racton i 1O4s

value of s for h ¡,fÆ( 2 )

rt'; h u¿¡(¡).

e) CoefÌflieients Xrlfrz of the el-emente of the .14.!çggl

basl-s (1.e. 1tFfi or 1rþrt reep.)

x(irh bloctc of 4 d.:telts) JÆ( 1 ,L) f, = 1 ,2, .¡.NK

y(Lrh n u ,' ) ,rAB( 2rL) ¡t rr

z(rh n n ,, ) ,rAB( 3rL) rr rr

d.) (K¡¡)* (Lw block of l+ atglts) rç¿¡(1rl), t, = 1t2r...IK
(r¿¡)v (Trh bl-oclc of 4 dlgtts) r¡¡( 2rL), " rr

The variabLes conreðpond.lng to the other sid.ee are clenoteÖ

slmilarly, erg¡

a) r,AD(¡¡rr,) M=1t2¡3i L=1r2r'..N.
MAc (¡¡)

JBC çUrr,)

d) KcD(urr..,) M=1¡2i f,=1rZr..'IK.
Auxiliany (subscrlpted.) vaniables used. in program:

(l) NA]¡E(K); K=lr2e,..rK.
This stande (1n onaen) ror fCn(Urtt); M = 1e2

and rAC(u't<); M = 1e22

and. it ls introd.uced. fo¡r the purpose of avoicling nepetitlon

of instructlons.
( ii ) vAr(M)

( 1r1) rtço(u )

These two numbers charactenise the true vah¡es of the

)

b)

e)

M=2t3
M = 1¡2r3i L = 1rZr...IK.

M = 1¡2.

vanlables (rcr x etc.r VA'L(M) representine the lead'lr¡g
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ttiglts (colIected. fron the trruo leactlng blocks) to naximu¡r

âccunacy avallable in floating polnt, while IND(M) ffxes
the required. decinal placer

(iv) KmP(J) J=1r2r,,.5o,
Thls glves a rrd.iglttr of the algonlthm aeeord.Íng to the

d.eflnitlon ( 5-19). For convenf eneer the output 1s annangecl

so that 50 d.lgits are pnlnted. out at a tlme.

Othen rro¡r-aübscnlpted varlables are d.efi¡recl wlthln

the program and. requlne no speelal oçlanatlol.
The subnoutlne and. the naln progran are executed.

accord.lng to the d.escriptlon in chapters 4r5 and. 6' Th€

nesults of the computations are tabulated.r An explanatlon

of the tabl-es and a gurvey of the nesulte ls glven 1n tlre

next ehapter.
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8. Sunvev of the negu].ts

The reeul-te of tre calculatlons are gunmanlsecl ln

the table of r¡nf ts attacheclr fon valrres of D between 2

and. 199 (inclustvely). The eonputatlone rúere oanrlecl out

oven a penlod. of about two yeans and nost of t'he unlta ïuere

conputed. eeveral times, It was necessary to carry out nar\y

tests clurlng the d.evelopnent to ell¡nfnate lnitlal progran

enrors. (tfrese arose naln1y when tle accuracy wae naised.

fron the ontgtnaLLy proJeeted. accuracy of about 150 decinal

cltglts to accunaciee llnitecl only by the dinensioû-statenent;

at this stage the prograu hadl to be rewritten.) The nost

lnportant fnd.epend.ent checlr on the coeffidents XrYr atú. Z

was provtd.ed by the for.mula (t-tO) fon the val-rre of the rrorll¡

In the caee of each field. the accuracy parameter TYas

ad,iusteit to f1nd. at lgrst twoJ¡qcces-sive unltE of the fleld,.

However, 1n two cages, namely fon D = 167 and D = 177

only one rrnit was for¡ndl. It wou]-d. have þeen posslble to

lncrease the accuraey firnthers wf thout altering the progran

and. raislng the d.lnenslons onIy, The lnd.icatlon Is that

an aeeuracy oî 360 digits would. have probably ylelcted. the

nlsslng Bquare of the first unit for.md.r but t'his woulè have

requlred. excessiveccomputatlon tlmesr However, the coqpu-

tatlone were eamfed. far enorrgh to ehow up the !!.U$! ponrer

of the ftrrrd.amental unit r å would.

have been the Thus there

is stiU- souùe Justificatlon in negandlng Tlt as the fi¡nd.a-
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nental Unlt ln both câB€B¡

The tables attachecl conglst of sfx eo}¡mng¡ Íhe

flnpt cÒlunm glves the vah¡e of D¡ Ae Been before, D

ie agsunecl to be g!Þg¡[æE¡ Fwthen¡¡one, el.nce the nunbers

D ç aba and, pt = a2b (whene arb are Equane-free and.

relatively pr'lne) genenate the Bane flelct¡ 1t is sufficient
to l1st one of the numbens D and Dt. Thr¡s all perfect

squaresr altd nore generallyr aII nr¡mbere of fon¡n pt = a3b

(a > b), have beeo ornltteêr (nne fielcte Çenrespondlr¡g to

18, ÞQl 75r 98, rtü ar¡d 'l8O ape t4ose Ïepresented by 12,

20, h5t ?8t 63 and 1So nespeqtlvelYr)

flhç seco¡¡d and thfrcl qolu¡4ne give et Ênd Te s

the flrst arrd. seeond. unlt fpËund b.vn 
-tfrrç" Eonp-g!,Èttgps, J.leted,

to accpracleg of'5 and 4 slgnlftcant figureg,nesBecttvelyr
In all but two oaeeg ee {s t"tre eguei.e of 4*,
For D * 28 altd.' O = 123 wq f 1nd. that

fts = tlts 
l,

l.€r lt appears lhat the squane of the fundamental unlt ls
nfssed. eutr

In the naJorlty of thp cases the conputatlorre have

pnod.uced. highen powens of rltt lraç the cubo, and often the

for:nth, ftfth etc. powen in succesolot¡. A ItlESrr 1n the

fourth colunn lad.ieates the occurrence of hlghen powers of e1-.

lhe ftfth colunn gfves the thnee elenents of the

lnteger þae1s ueeô' For eonvenlehce of tabulatlon the

conventional cubtc-root efgna are replacecl. hene by Fontmn
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eynbols r ê rgr
3-

^/5 ls written as 5:i'i4'1/3t

Finallyr the Las.t column containst in ord.er t'he

lnteger coefflclentÊ Nryrz of the basis elernents (l rBrf)
or (l ,þ r8), fn the erçnesslons

'Qt = X + Yþ + Zf (ftnst kínd)

or

et = X + Yþ + Zô (seeond. ktnd.).

Tiflrenever possi.bler the results have been eonpared,

wlth other available reeulte, notably those founil Ín tables

by casse:-u(o), l¡atxoîn'(b ) and. u/oLf"(n). (cf . referencee

at ttre end. of Chapter 2,)
Cassels l1sts ftrnd.amental unlts fon values of D

up to 50. Exeept for D = 46r this table glves the

fund.arnental r¡nits less than 1 1n tlle f orn X + lþ + Zn(.,

The reeulte tabulated. here agree with all his results and.

fon D = 46 hls result is the reeiprocal of the value of,

4t llsted. hener

AJ-l the unlts ]lsted by Markoff and. TVoIfe ane greater

than 1r The recl.pnoeal-s of the units, believed. to be firnd.-

amental by these authone, have been eomputed. and. compared.

wfth tJre valræe l-isted. here. There 1s agreement with
Îi{ankrff. for aLl valræs of D (up to 70) except for D = 28

arrd. D = 55. the necipnocals of Markoff I s tr¡:rn out to be

in each ease egual to the ggry of rlt henee ln these two

cases the units given by Markoff are not firnd.anental,
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Ttro].fers ta.ble1 llsting fu¡rd,anentaL unlts for D up

to 1OO (for sguare-free D where ttre fteld. 1s of tÏ¡e fl:rst

ktnA)r agreee with these tables fon all values of Dt

except D = 8þ. Here again the neclproca]. of ilroIfe! e

nesu).t is equal to ttre squane of 4t glven horer

these findings, togethen with the evld.ence glven

by the tables thenselvesl zupport the belfef that all the

4t values llsted. here ane fi¡nd.amental unlts.
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E[¡ IvIA]N PROGRAIú

UNIITS IN PIJRE CUBIC FTELDS
DII4EI,ISIONKNCW(322) TLEAVE(322) rLAB(3ç80 )rLAC(3'80)¡LBC(3r80)rLAD(3r

180)rLCD(:lcBü) rl'4AB(3):l4AC(3)rMBC(3)rMAD(3)¡l\4CD(3):JAts(3(40) ¡JAC(3ç4
20) çJDC (3 t t+O) sJAD ( 3 ç4O) ; JCD ( 3 ¡40l tNA (3 r 50 ) r NB ( 3 r 50 ) r NIC (3 r 5C ) r ND (3 r

35A) çKAB (2 ¡4()), KAC (2 t40l ç KtlC (2 tt+O) s KCD (2 ç40) ç KAD (2 çLvO\ s NAN4E (1+0 ) tVAL
4l2t ¡ KEEP (30 ) ¡NIPS l3) ¡I ND (2 )

TT=10
IH=100
K[-:Y=1000
14UCH= 10000
N I TH=9999

t READ I NPUT TAPE 2 ç IO2 ç I ',VU I I NST : KEN
¿ t'ORN'1AT l12 tl5; I3 ç12)

Ni\4=BitJ
N-2liI
NIJ=(5)'r7+Il /11

IrlK= I - l.

NG=ltlf,ì- 1

DO100M=1r3
DO100L=1. r NG

NA(l'4rL)=0
l.'l B(i\4rl_)=(,r

J NC (lv1: L ) =0
NA(lrllltl)=1
NA(2rNN)=0
NA ( 3 r NN )= L

flB(1rNlN)=1
NB(2¡NN)=1
NB(3rNN)=1
|\IC(lrNN)=C
NC(2;NN)=0
NC(3:lrlN)=1
NG=NK-1
DO2B9ir{= 1r 3
DO289l-=1rllG
JAB(14rL)=0
JAC(f'4rL)--0

9 JBC(MrL)=0
DO256M=lç2
ÒO256L=1: NIG

KAB(M:L)=0
KBC(l'¡rL)=0

6 KAC(l'l:L)=0
KAB(1rf'.lK¡=9
KAB(2rl'lK)=-l
KBC(1rNK)=1
KBC(2çNK.)=1
KAC(1INK¡=1
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KAC(2rNK¡=0
CALLCROOT ( I Nl'K r KNOW r I flTL r LEAVE )

I F ( KNOI,'J ( 1 ) ) 216 ¡218 ; 103
NUfVK=0
DO301L=1 r INTK
LI=INTK-L
NUI'4K=NUMK+KNO\^J ( L ) * I T"^--)i L I
NUML=0
DO30 2L=I: I NTt-
LI=INTL-L
NUML=NUML+L EAVE ( L ) J( I TvrrtL I
DO 10 4K= 1 r Nl.4

KK=K+ I NTK
KL=K+lNTL
KNO\^l(K)=KNOV'/(KK)
LEAVË(K)=L EAVE(KL)
cOTO ( 601 r6ll r 601 ç631 ç6rt1 ) ; I N.5T
LEAVf ( NM ) =l- FAVF ( NNl) +KNOVJ (l'llvl)
NIP=LIAVF(Nll'4)/17
t-EAVE (NM ) =LEAVE (Nl4 )- I T)rNlI P

DO602K=2rNM
L=Nlt4J-1-K
LEAVE (L )=LFAVE (L )+KNOhr (L )+NI P

NllP=L[:AVt.(L)/IT
LFAVT ( L ) =LEAVE ( L ) - I T"^N I P
I F ( I f',lST-3 ¡ 603 : 62I s 216
NUMT= NUMI-+NUI'4 K+¡I I P+ 1
C:OTO6O4
NU N1 T = NU 14 L+NUivl K+ l',1 I P* 1

NIJML=NIUMT/3
N I P= N!Uf\4T- 3 )rNUlvl L
DOó05K=lrNM
LEÍ- T= I T+N I P+LEAVF ( K )

LEAVE(K¡=LEFï/3
NIP=tEFT-3+rLEAVt (K)
G0 TO6 z+ 1

LEAVE ( NM) = I T+L-EAVf ( NM) -KNOW ( Nl'''l )

NIP=LEAVE(Nlvl)/IT
LF,AVE ( NM ) =L EAVIi ( NllV )- I T-)êN I P
DO612K=2rNlvl
L=Nlt4+l-K
LFAVF ( L )= I T+LtAVf, ( t_ ) -KNOI^J ( L )+.N I P-1
flI P=LIAVE (L) / IT
LEAVE ( L- ) =LEAVI- ( L ) -I TXI'l I P
NLJ N4T = NUI'4L- NUM K+ ¡I I P

GOTO604
LEAVF ( NN4) = I T+KNO\/,J ( t\lt4 ) -LEAVE ( f\tM )

NIP=LEAVF(f\14)/Il
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'1 :ì;i , a1'q;l
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o

)

LEAVE ( NVI ) =LEAVE ( NIM ) -I TxNI P

DA632K=2rNM
L=llf.4+1*K
LEAVE ( L ) =KNOhj ( L ) +IT-LEAVE ( L )+N I P-1
NIP=LEAVE(L)/lT
LEAVT= ( L ) =LEAVE ( L ) -I T{-N I P

NU |ulT= NUMK-NU\4 L +NI I P _2
G0T0604
DOtO5K=1rN14
I F ( K N O\'V ( K ) - l- E AV E ( K ) ) :l- 0 6 I 1 O 5 I 1 C B

CONTiI'IUE
I ltlTB=NUMK
I N TG=N[JN'11
It4I ND= I
DO 10 7K= 1 r ltl

L_CD ( 1 r K ) = KEYìrL[:AV E( ttnn K-3 ) + I l lrTL EAVt- ( 4)ÉK- 2) +I T x t-EAVE ( 4*K-1 ) +LEAVE ( 1+rí

1K)
LAC(1rK)=Kf Y-xKNO\// (t¡'*K-3 )+lHìtKNO'1/l (t+xK-2 )+lT?rKNlOW(1+ì(K-1)+KNOVJ(¿+x-K)
GOTO110
INTB=l'lUi\4L
I NTG=NlU¡4K.
M I ltlD= 2

DO109K=1:N
L A C ( 1 I K ) = K F y -F L E A V E ( z* +r K - 3 ) .f I t-l Jr L E A V E ( 4 )iK- 2 ) + I T':E L E A V E ( 4 rí K - 1 ) + L E A V E ( 4 -r

I

)
)

7

B

1K)
9 LCD(1
0 t4AB ( 2

t4AB (3
MAC(2

t/BC ( 2

r K ) =KEyxKNOW 1z¡.*K.-3 )+ I t,t-)rKllC\,.J I çtK-?- )+ I T+rKNOV,/ (4)êK- 1 )+KN0W ( 4*K )

)=l-
)=1
)=1.
)=1
)=1

t.

I

MBC(?)=1
MAD(2)=1
MAD(3)=1
MCD(2)=1
l'"1CD(3)=1
NIP=1
DO111K=2rN
L=N+2-K
LBC( I rL )-i\4l.JCl-l+LCD( L rL) *LAC ( I rL )+'N IP-1
N I P'=LBC ( 1 : L ) /l''lUCFl
LBC ( 1 r L ) =LBC ( 1 rL ) -l"lUcl-lrtNI Þ

LBC ( 1:1 )=LCD ( 1r 1) -LAC ( 1r 1 )+.N I P-1
D0t12K=lrl'l
L=N+1-K
LAB ( I rL ) =Nl I Tl-l-LCD ( I'L )

GOTO ( í¡50 ¡ 6':0 s 6'sO s 650 ç 691 ) I I NST
GOTO(651r652)çNllND

Z

0
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ITEM=(INTG+1)/2
NIpB=INTG+I-2'kITEM
cOTO ( 653 ¡ 655 c 6îs5 ç 655 t 69I) ¡ I NST
JOT=(INTB-I)/3
NIPC=INTB-1-?xJOÏ
GOT06 57
JOT=(INTB+I)/3
NTPC=INTB+1_3+JOT
DO659K=2 r N
tCD ( 2 r K ) = ( I.IIPBTMUCH+LCD( 1 ; K-I \, /2
Nl PB=NI PBìEi\iUCl-l+LCD ( 1r K-1)-2'>(LCD (2 çK)
LCD( 3r K )= ( NIPCrÊMUCI1+LAC ( 1 ¡K-I) ) /3
NIPC=NI PC*!1UCH+LAC ( 1'K-1 )-3X-LCD ( 3 IK)
GOTO(661.r 663..661 t66I¡691) r INST
LAB ( 3 r N )=f4l.JCH+LCD l2 r N ) -l-CD ( 3 rl.l )

NIP=LAB(3rN)/MUCtl
LAB ( 3 r N )=LAB ( 3 r N ) *lvll.JCll*N I P

D0665K= 3 r N
L=N+ 2-K
LAB ( 3 rL ) =1"'ìUCl-l+LCD ( 2 rl)-LCD ( 3 : L ) +N I P-1
NIP=LAB(3rL)/r\4UCFl
LAB ( 3 r L ) = L-AB I 3 çl) -¡4UCt-lrtN I P

G0TO ( 661 t 663 ¡ 669 ¡6(>9 ¡ 691 ) r I NST
LAB( 3 r 1 )= I TENIr NIP- ( JOT+2 )

GOTOó73
LAB ( 3 r l_ )= I TEi'4+N I P- (JOT+l )

GOr O61 3
NIP=C
DO(;71ç=l e f',1

L=N+2-K
LAB ( 3 rL, ) =LCD ( 2 rL ) +LCD ( 3 rL ) +NI P

N I P-LAB (3 rL )/rvlUCl-]
LAB ( 3 r l- ) =LAB ( 3 çL) -i\4tJClJ',+N I P
LhB ( 3 r I ) = I ïE¡4+JOT+N IP-1
LAB ( 2r I ) = ( 3ielllT6+I) / 2

l.l I P=3)r I NTc+1- T(LAB ( 2 r 1 )

DO675K=2 r N

LAB ( 2 rK ) = (MIJCH)rAlI P+LCD ( ] rK-L) ) / 2

NI P=MUCH)rNlI P+LCD( 1 rK-1 )-2ìrLAB ( 2 ;K )

I F ( I N.ST-3 \ 619 ç 6-17 ; 611
LAB ( 2:1) =L.AB ( 2 r 1 )+l
LAC(3r1)=lllfB/2
N I P-- I NITB-2"-LAC ( 3 r I )

DO6B1K=2 r Nl

LAC ( 3 ç K ) = ( ¡4UCl-1',lf'lI P+LAC ( l. rK-I I ) / 2

NI P=I'4UCHIENI P+LAC (1IK_I)-T( LAC (3IK )

LAC( 2 r 1 ) = ( ?)êINlT3) / 2
N I P= 3 rÉ I NT í)-Tt LAC ( 2 r 1 )
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D06B3K=2 r N
LAC ( 2: K ) = ( N4UCH+êN I P+LAC ( 1 I K-Il ) / ?-

N I P=MUCH-x-NI P+LAC ( I r K-1 ) -Z)+LAC ( 2 rK )

DO685K=2 r N
LAC ( 2 : K ) =NI TH-LAC ( 2 r K)
LAC(2rl)=-LAC(2r1)-1
GOTO6 B 6
ITF[,1=(I¡'lTB+I) /7-
N I PB= I NTB+I_2'K I TEI'4

GOTO ( 654ç 656 ¡ 656 ¡ (>56 ç691 ) I I NST
J0T= ( INTc-I) /3
NIPC=INTG-1-3*JOT
GOT06 5B
JOT=(tNTG+Ir/3
NIpC=INTG+l-3-x-JOT
DO660ç=2'lrl
LCD ( 2 r K )= (N I PBxl'4uCH+LAC ( I qK-I ) ) / 2
N I PB=N I PB.)êI4UCH+L-AC ( 1 I K_1) _ 2XLCD ( 2 I K )

LCD ( 3 r K )= (Ni PCìtl'4UCt-ll-LCD ( I r K-I) ) /3
N I PC=NI PC)+l'4UCll+L-CD( 1 I K-1 )-3')rLCD ( 3 I K)
N I P= LAC (3 r N ) /MtJCFl
I F ( I NST -Z I 666 ¡ 662 ¡ 666
l-AC ( 3 rN ) =LCD ( 2çN ) +LCD ( 3 rN )

L.AC ( 3 r N )=l"lUCHìíN I P+N i Tll-LAC ( 3 r N )

DO664K= 3 r N
L=N+2-K
LAC( 3 rL ) =LCD( 2 çL ) +LCD( 3 I L ) +NI P

NIP=LAC(3rL)/MUCI-l
LAC I 3 sL)=llUCll*N I P+N I TH-LAC ( 3 I L )

L.AC ( 3 r 1 )=- ( N I P+ I TEI'4+JOT )

60T O67 t+

, LAC ( 3 r N ) =MUCll+LCD ( 3 r N ) -LCD ( 2 : N )

N i P = L A C ( 3 I N ) / N1U C H

LAC ( 3 r N ) =[-AC ( 3 r N ) -l"luCH)tNI P

DO668K=3rll
L=N+2_K
LAC ( 3: L ) =MUCH+LCD (3 sL) -LCD ( 2;L) +N I P-1
N 1 P=L-AC ( 3 : L ) /l'4UCl-ì

i LAC(3rL )=LAC(3 rL )-l"1UCH-x-NIP
I F ( I NST -? ) 61 ?- ¡ 67 O ; 614

) L.AC ( 3 r 1 ) =JCT-l TEM+NI P-1.
GOTO6 74

2 LAC( 3 r I )=JOT-ITFl,l+flIP
+ LAB l2¡I) = (l-)iI NTG ) /2

N I PB-3.rÉI NTG-2rtLAPr ( 2; I )

LAB(2r1)=LAB(2;1)+1
LAB(3r1)=INTG/2
ll I PC= I NTG-2rêl-AP-, ( 3 r 1 )
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LAB( 3¡ 1 )=-( LAB ( 3 ; 1 )+1 )

DO676K=2 r N
LAB ( 2 r K )= (l','lUCHxN I PËl+LCD ( I ¡K-I) ) /2
N I PB=rt4UCllxN I PB+LCD ( 1 r <-I) *2* LAB ( 2 r K )

LAB ( 3 r K )= (¡4UCH)rN I PC+LCD ( 1 r K-I \ ) / 2

N I PC=I4I.JCI I )?N I PC+LCD ( 1 I K- 1 ) _2.)+LAB ( 3 I K I

; LAB ( 3 rK )=NI TH-LAP ( 3 rK)
LAC ( 2 r I )= (3ì+I ¡lT3+I) /2
Iri I P= 3iê I t,lT B+1-2x-LAC ( 2 ç I I

1 F ( INST-3 ) 67 B ç680 r6B0
I LACl2tI)=-LAC(2r1)

coT0682
) LAC (2¡I) =- (LAC (2 r 1)+1)
¿ DO684K=2 r N

LAC ( 2 r K )= ( ¡4UCH)rN I P+LAC ( 1 ¡K-I I ) / 2

NI P=MLJCFIttNIP+LAC ( l. rK-1 ) -2)!t_AC ( 2 rK )

i LAC l2tKl =NI Ïll-L AC (2 çK)
; LBC(2:lì )=LAB (2 r[i){'[-AC (2 rN )

NII PB=LBC ( 2 r N ) /N4UCt_l

LB(( 2I N )=[4UCH*II I PB+N I TI']-LßC ( 2I N )

LBC( 3rN ) =LAts ( 3 rl'J ) +LAC ( 3 rN)
N I PC=LBC ( 3 r fl ) /¡ltJCl-l
LBC ( 3 I N ) =NI TH+I.4[JCIJ-)$I\I I P-LBC ( 3 ;N )

D06B7K=3: I'l

L=N+2_K
LBC ( 2 rL ) =NI PB+L-AA ( 2'l)+LAC ( 2 çL)
LBC( 3 r[- )=lrliPC+LAB ( 3,L. ) +LAC ( 3rt- )

N I PB=L13C ( 2 r L ) /li4LJCl-l
NIPC=LBC(?rL)/14UCll
LBC ( 2 : L ) =NI TH+MLJCIIxNI PB-LBC ( 2 r L )

i LBC (3:L )=NITf l+\lljcll-xNIPC-LBC (3rL )

LBC( 2 r L )=-LAts ( 2 r1 )-L AC(2r I ) -NIPB
LBC (3 r I )=-LAB (3 çI) -LA'C (3 çI:, -NlI PC-I
GOTO6 9 7

L LAB(3;l)=INTG/2
l',1 I PB= I NTc-2.)ÊLAB ( 3 r 1 )

LAC(3:l)=INTB/2
N I PC= I NTB-2ríLAC (3 ¡ I J

DO113K=2¡N
LA,q( 3 rK )= (i\lI PB*[4UC|]+LCD( I ¡ K-l ) ) /2
N I PB=NI PB*¡,lUCH+LCD ( 1 ¡ K-1 ) -2-)tLAB ( 3 r K )

LAC ( 3rK )= ( NIIPC*N'1UCI-I+LAC( 1 ç K-1 ) ) /2
3 NlPC=NIPC)t¡4UCll+LAC ( 1 rK-I]'-2*LAC ( 3 rK)

DOlllrK=2rl'j
L=l{+2-K

+ L.AB ( 2 ç L ) - LAB ( 3 ' L )

LAB ( 2 r I )= INTG+I.AU ( 3 r 1) +1
DOll5K=2rN
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l_=\+2_K
LAC( 2rL )=NITll-LAC ( 3'L )

LAC( 2r I )=-LAC ( 3 rl ) -INTB-1
NrP--0
DC116K=1r N

L=N+1-K
LBC ( 3 IL ) =LAB ( 3' L ) +LAC ( 3 çL) +NI P

NIP=Li]C(3IL)/I4UCH
LBC ( 3 r L ) =LBC ( 3 r L ) -l4t-lCH)êNI P

DO117K=2rl'l
L=f,i+2-K
LBC ( 3 :L ) =NI Tll-LBC ( 3, L )

LBC(3sIl=-1-LBC(3r1)
N I P= l
DO118K=2rN
L= 2+N-K.
LBC ( 2 r L )=l,lUCl-l+¡¡ç l3 rL) -LAB ( 3 r L )+¡ll P-l
N I P=LBC ( 2 : L ) /l''îLJCH
LBC ( 2 r L )=LBC( 2 ¡ L )-¡/UCt'l*N I P
LBC ( 2 : I )--LAC ( 3 ; 1 ) -tAts( 3 q1 ) -r-NI P+INTB-INTG-1
cOTO(801r811) rMIND
JAB(l rNK)=1+INTG
JAB(2rNK¡=9
JAB(3rNK)=-1
.JAC(lINK¡=_INTß
JAC(2rfilK¡=1
JAC(3:NK¡=¡
JBC(1rllL)=INTB-INTG
JBC(2rI'lK¡=-1
JBC(3rl'lK¡=1
GOTOB2 1

JAB (1INK¡=1+I¡ITG
JAB(2rl,lK)=-1
JA3(3rNK)=0
JAC( 1rl'lK) =-INTB
JAC(2 rNK)=0
.JAC(3rNK)=1
JBC ( 1 r NK) = I I'lTB- INïG
JBC(2rNK)=l
JBC(3rflK¡=-1
14ARK= I
f¡lAR KLI=0
D050 214=Ic3
JCD ( ['1; NK ) =JAB ( l'1 , i\lK )

DOF02¡1=lef,,l
LCD ( l'4 r K ) =L-AB ( i\4 r K )

D0517NO=1r3
G0TO ( 501r'sA3 ¡5 05 ) r NO
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1 MOT=4
GOTO200

3 DO 50414 =! s 3

JAB (M I NK ) =JAC ( i\4I NK )

DO504K=1rN
4 LAtl (l'1r K ) =LAC ( l'1, K )

l'1 OT=5
GOTO2CC

5 DO506M=1 r 3
JAB ( t'r:NK) =JBC (l'4 rf\K )

DO 506 K= 1 r f'l
6 LAB(MrK)=LBC(f4rK)

It40T=6
GOÏ0200

7 C.O NT I NUE
DO50B14=1r3
JAB ( til r l^',lK ) =JCD ( 14 r NK )

DO508K=1rl'J
I LAB (l'4 r K )=L-CD ( f\4 r K )

9 DO 2lOJ= 1 r 30
N Ol'4= 1

0 DO 1221.1=1 s 3

N I P=0
DOI21K= 2 r l''lll
L=NN+2_K
ND ( l'{ rL ) =NB ( l,1r L ) +NC ( þ1 r L ) +NI P

lill P=ND (li4' L ) /l"lucll
I ND ( 1,4 r L ) =ND ( N1 r L ) -l'4UCHrêl'l I P
2 NID (l'4r1 ) =1''13(¡4r 1 )+NlC(lt4r1 )+NIP

DOl2t¡ltl=teZ
N I P=0
DO 12 ?K= 2 ç I'iK
L=NK+2-K
KAD( ¡4rL- ) =KAB ( l'1 rL ) -I-KAC ( M rL ) +^iI P

N I p= KAD (N,ir L ) /ivlUCtl
?; KAD ( l\'1 ¡ L ) =KAD ( 1"1, L- ) -i'l[JCIJ+N I P
L¡ K.AD( N4r 1 ) =KAB ( Mr 1 ) ì-KAC ( j\'1r 1 ) +lil P

L=N- I
DO125K=1rL
IF ( LAB( 1 : K) -t-AC ( I rK) ) 139 çI25¡126

5 CONTINUE
I F ( LAB ( 1 rN) -LAC ( 1 rNl ) ) 1Vg çIAI ç1 26

6 NOTE=0
DO128N4=1r3
NIPS(i\4)=1
DOIZ7K= 2 r N
L=i\l+2-K
LAD ( t"i : L ) =f.1UCH+LAt_l ( t'4, L ) -t_AC ( Ni I L ) +fi I PS ( l,'1 ) -1
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"

N I PS (M ) =LAD (lv1: L ) / f'1UCFl
LAD ( M:L ) =LAD ( lvl : L ) -l.lucl-lxNI PS ( l'4)

LAD( 14r 1 ) =l-AB( i4r 1 ) -LAC(þ1 r1 ) +NI PS ( N4) -1
DO 13 2F1=2 q ?

Nl I PS ( M ) =LAD ( f\4 r 1 ) /l4tJCH
LAD( I'4 r 1 ) =LAD ( f'4, 1 ) -f4UCHrêNI PS ( I'l )

MOVF=NIPS(¡4)
IF ( N I PS (¡"1 ) ) 13C çI32tI3Q
D0 13 1K= 3 r I'l
L=i\,1+3-'K
LAD (1"1r L )=LAD (N1, L-1 )

LAD (M ¡2].=l4t)Cll+LAD (l'4, 1)
¡iI PS (M ) =LAD (i'4 ç 2 ) /IIUCH
LAD ( N1 r 2 ) =LAD ( l'i:2 ) -f'4UCHr+N I PS ( l\4 )

LAD ( i\4 r 1 ) =lt'1CVt l-l'l I PS ( M ) - 1

DO2BBK=.2rlil
L=l'lr_2_K
l-AB ( ¡.1 r L ) =LAB ( ¡4 r L-1 )

LAC ( l1 r L- ) =L-AC ( þ1 r L-1 )

LBC ( 1"1 rL ) =LßC ( i4'L-l )

LCD ( 1"1 r L ) =LCD ( i\'1 r L-1 )

LAB(iV:l)=C
LAC(l'1r1)=0
LUC(i\4r1)=0
LCD(Mr1)=0
MAB(M)=lr4AB(¡\1)+1
MBC ( lt'l ) =\18C ( l'1 ) +1
l4AC ( [4 ) =ln1AC ( l'4 ) +1
N'1CD([1)=fiCD(14)+I
i'îAD ( N4 ) =1"14 D ( 14 ) +l
CO[IT I NU I-

IF(NOTt)134¡134ç142
I F ( l'4ARKU ) I 35 ; I?5 ç I77
DOI?6n/t= I ç 3

NIPS(l',1)=C
DO136K=1;NlK
L=NK+I-K
JAD ( N4 r L ) =JAB ( 1"1 r L ) -JAC ( l'4 r L ) rl'l I PS ( M )

N I PS ( i'1 ) =JAD ( i'4 r L ) /l4UCl'l
JAD ([4: L )=JAD (f.1' L ) -¡4I.JCHJçN ] PS ( 1"1)

NOl,i=flOi.il'l
DO13BM=1r2
D013BK=IritlK
KCD (1"1r K )=-KBC ( Na: K )

GOTO151
NOTE= 1

DO141N4--1,3
NIPS(I,,1)=1
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DO140K=2rN
L=N+2-K
LAD ( l\i r L ) =N1UCI-I]-LAC ( 14 r L ) -LAB ( f4; L ) +N I PS ( l'1 ) - 1

N I PS (M ) =LAD (1"1r L ) /MUCH
0 LAD (M t L )=L-AD (M r L )-MUCH-)tNI PS (fV )

1 LAD(f\4rl )=LAC(Mr1 )-LAB( Mr1 )+t'JIPS(lv1)-1
coTor.29

2 IF ( ¡4AR KU ) I43 ;143 ; l.45
3 DO I4414=I t 3

NIIPS(f4)=0
DO144K=1rNK
L=NK+l-K
_tAD (t\1r L )=JAC (M I L ) -JAtj ( l,4 r L )+N I PS (14 )

N I PS (ltl) =JAD (lvlr L ) /MUCH
4 JAD ( I'4r L- )=JAD ( M :L ) -NlUCH{-NI PS ( fv1 )

": DO llr.6lvl=l_ r 3
DO 146 K= I r NIN

6 NC(MrK)=NB(14rK)
DOI4-714= I ;2
DOI47 K= 1 r I',lK
KAC(M:K)=KAts(M'K)

7 KCD(M:K)=KBC(MrK)
DOl4BM=1r3
l'4AC (M ) =l,lAB (l''1)

D0148K=lrfl
B LAC(f'4;K)=LAB(M:K)

I F ( ¡4ARKU I t 49 ç 14.9 t 15I
9 DO150l'4--1'3

DO150l(=1:NL
0 JAC (i\4: K ) =JAB (M r l< )

1 DO152N1=l r3
¡4CD (M ) =MBC (l"i )

D0152K=1rNl
2 LCD(MrK)=LBC(f\4rK)

I t= (MARKU ) 153 ¡153 ç155
3 DOI54l4=I;3

DOl54K=lrNK
4 JCD (¡4 r K )=J,3C (1"4 r K )

fi DO 176N0 --I ¡?
GOTO(156r159)rN0

Lr M=1
7 DO15BK=1rl.lK
B NAME(K)=KCD(l',1:K)

GOTO162
9 ll= I
0 DO161K=lrNK
l" NAl4t( K) =KAC (l'1r K )

2 L=NK-1
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DO163K=1rL
I F ( NAI¡E ( K ) ) I 66 ;163 ;166
CONT ] NU E

IND(lv])=-4
T=NAl'4E (NK )

vAL(M)=TìêI0000.
GOTOló7
IND(¡4)_4_)r(NK_K_1)
T=NAft'iE(K)
U=NAME ( K+1 )

VAL(M)=l')+10000.+lJ
I F (l'4-1) 168 r 16B r 169
l4=2
GOTO(I51' 16Ù) 'N0VALA=ABSf. (VAL (1) )

VALts=/rBSF(VAL(2))
I F ( i ND ( 1) -i ¡lD (21I L12g20 tllo
I F ( VALA-VALB ) 17 2 tITO t Ii O

GOT0( 171r174) rN0
SC D=VAL A

TC D= VAL B
INCD=IND(1)
I CD= I NID (2 )

GOTO 1 76
cOTO(113ç 175) rNC
SC D=VAL B

T C D=VAL A

INCD=IND(2)
ICD=lND(1)
GOTO r 76
SAC =\¡ AL A
TAC=VALB
INAC=IND( I )

IAC=IND(2)
GOTO 1 76
SAC= VALB
T AC= VAL A

INAC=IND(2)
iAC=IND(1)
CONT I NUE
L=NN-1
D0177K=1rL
IF ( ND( 3 rK ) )216 t)11 ¡719
CONT I NUE
IF ( ND( 3 rNN ) ) 216 ¡216 ç11B
I NDQ=-4
T=lrlD (3 r l"iN )

DIVD='frY-1000U.
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GOTO]BO
I NDQ=4)r (¡lN_K_ 1 )

I=ND(3rK)
lJ=l'JD(3rK+l)
DIVD_TIFlOOOO.+U
RCD=SCD/DIVD
I I'lCD= I NCD- I NDQ
I CD= I CD- I NDQ
L=NN- I
DO181K=1rL
IF (NA( 3 rK ) )216 ç181' 183
COi\ITINUE
I F ( t\A ( 3 ;Nll ) ) 216 ç216 ¡IB2
T=NA(?¡rNN)
DIVA=I.^10000.
I N DQ= -¿+
GOTOIB4
I NDQ=4* ( \tN_i<_ I )

T=NA(3rK)
U=l'lA(3rK+1)
DivA=J)i10000.+u
RAC0=SAC/D I VA
I NAC= I NAC-I NDQ
I AC= I AC- I llDO
I ND= I NAC- I NCD
RAC=RAC0*10.0+(+êIND
I F ( ABSF ( ( RAC-RCD) / ( RAC+RCD ) ) -1. E-7 I 93I¡93I s932
I F ( RAC-RCD ) 1 85 >93I ç793
PAC0=T¡\C/DI VA
IND=IAC*ICD
PCD=ICD/DIVD
PAC=P AC 0)É I 0 . 0ìêiê I ND
IF ( ABSF ( ( PAC-PCD) / (PAC+PCD ) )-1.E-7 ) 19? >\93 I9??
I F ( PAC-PCD ) 1B5 r 193 ¡193
GOTO(480'430)'¡.¡¡
D0z+31K= 1 : I
IF ( LAD( 1, K) -LCD ( I rK) ) t+32¡43I r434
CONIT I NUE
GOTO 48 0
l-AB ( 1rK-r1 )=MUCII+LCD( I rK*l )-LAD ( I rK+1 )

NiP=LAD(1rK+l)/NlUCH
LAB ( 1: K+1 ¡=LAB (1: K.+1 )-l,4UCi-l*NI P

LAB ( 1 :K )=LCD( 1'K) -LAD( I rK)+NI P-1
DO¿r3314--2t3
LAB ( l','l r 2 ) =l'1UCH+LCD (¡4ç 2) -LAD ( i!> 2 )

NI PS (M )=LAB (i'4 ç2) /l4UCl1
LAB (M r 2 )=LAB (f./, r2) -l'4UCHJTN I PS ( [4 )

LAB( l'4r 1 )=l-CD (M r 1 ) -l-AD( lt4r 1 )+¡IIPS (M) *1
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f\4AB (l'1)=MCD (M )

MOT=2
GOTO202
LAB ( 1 IK+1 1 =MLJCH+LAD( II K+1 )_LCD ( 1 IK+1 )

NIP=LAB(1IK+1ilMUCH
LAB ( 1 IK+I ) -LAB ( 1 I K+1 ) -I4UCHJ+NI P

LAB ( 1: K ) =LAD( 1 I K) -LCD ( 1;K) +NI p-1
DO43r,;14=2¡3
LAB ( lv1 r 2 )=i\4UCH+LAD (M rZ) -LCD ( N1r 2 )

N I PS ( l'"1 ) =LAB (ir'1 r 2 ) / i,lUCFl
LAB ( 14 r 2 ) =LAB (14 t 2) -iuluCHrlN I PS ( M )

LAB( i,4r 1 ) =LAD(1"1 I 1 ) -LCD( l"1r 1 )+NI PS (M) -1
fvlAB ( N4 )=l''lAD (l'4 )

it4OT = 2
GOI O2A 2
DOlBBi4=l¡3
D01B6K= I r llN
¡lB (fl r K ) =ND (l'1r K )

DO187l(=lrl'l
LBC(l'4rK)=LCD(14rK)
LAB(l'4rK)=LAD(MrK)
MBC(M)=t4CD(M)
[4AB ( ¡4 ) =l4Al,ì ( lt4 )

It4OT= I
I F ( N1ARKU) 189 r 189, 191
DO1g0lr4=1r3
D0190K=1 r NK

-JBC(MrK)-JCD(N'lrK)
JAB(iqrK)-JAD(M'K)
DO192V=Is2
DO192K=lrNK
KAB(l'4rK)=KAD(MrK)
KBC(N1rK)--KCD(M'K)
GOTO2OC
GoTO(49o¡444 ) rKEN
DO44lK=1 r I
IF ( LAD( 1: K) -LAC ( I rK) I 442t44Ts444
CONT i NU E

GOTO49 0
LAB( 1 rK+1 ¡ =f4UCH+LAC( lrK+l ) -LAD ( I :K+1 )

N I P=LAB ( 1,K+1 ) /MtJCll
LAB ( 1 r K+l ) =LAB ( 1 r K+l )-N4UCl-l-)sl'JI P

LAB( 1 rK )=LAC( 1 :K) -LAD( I rK)r-NI P-1
DO443M= 2 ç 3

LAB (l'4 r 2 )=MUCH+¡¡6 (Nlr 2 ) -LAD ( N'lr 2 )

N I PS (lvl) -LAB (¡4 r 2 ) /MUCH
LAR ( M r 2 ) =LAB lN1r2) -l"lucl lrtN I PS ( 1"1)

LAB (M r 1 )=LAC il"l,1 ) -LAD ( Ntr l )-f NI PS il'1)-1
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MAB(M)=MAC(M)
MOT=3
GOl 0202
LAB( 1 rK+1 ) =lvlUCH+LAD( 1r K+1 ) -LAC ( 1 rK+1 )

NIP=LAB(1rK+l)/MUCH
LAB ( 1 r K+1 )=LAB ( 1 : K+1 )-MIJCH).'N I P
LAB ( I rK )=LAD( I rK) -LAC( I rK)+NI P-1
DO445M=2 ¡3
LAB(M:2 )=MUCH+LAD (14¡?) -LAC lll¡2)
N I PS ( M ) =LAB (M ç 2l /MtUCH
LAB( Mr 2 ) =LAB ( M r 2 ) -M[JCl-lìrN IPS ( 14 )

LAB (Mr I )=LAD (i4 r I )-LAC (Mrl )+NI PS (14)-1
N4AB (M ) =MAD (14 )

MOT=3
GOTO202
DOl95þ1=1r3
DO194K=l rl'lN
NB(MrK)=lrlA(N4rK)
NA (M: K )=ND (tq 

' K )

MBc(M)=MAC(lvl)
MAB (M )=MAD (lt4 )

MAC(M)=MCD(lvl)
DO195K=1 r N
LBC(MrK)=LAC(lvlrK)
LAB(MrK)=LAD(MrK)
LAC(14rK)=LCD(MrK)
MOT=1
IF(MARKU)196çL96r198
DOl9JM=Iç3
DO197K=1 r NK
JBC (M r K )=JAC ( Ni r K )

JAB(MrK)=JAD(MrK)
JAC(MrK)=JCD(MrK)
DO199l\=Iç2
DO199K= I r NK
KBC(MrK)=KAC(FlrK)
KAtr(14rK)=-KAD(MrK)
KAC(MrK)=-KCD(MrK)
DO20lK=IrN
IF ( LAil ( 1 rK) ) 216 t2Ol ¡2O2
CONTINUE
KS= ( (K-1) /6 )+1
GOTO ( 1 3O r73I ¡1 32 ç'733 ;-l 34 t1 35 ¡73ó ) I KS
Jl=11ìÊ(K+1)
J2=4x ( f'4AB ( 2l -2 )

J3-çk(MAB(3t-2)
GOTOT 5 1

JI=4x(K-5)
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J2=4x (l'4AB(2)-51
J3=4+(MAB(3)-5)
coTo751
J1=4åÊ(K-11)
J2=4x(MAB(2)-B)
J3=4+(MAB(3)-8)
G0TO751
J 1=4-r ( K- I7 )

J2=4'x (MAB ( 2 ) - 11 )

Jl-tçtr (MAB ( 3 )- 1l )

coïo751
Jl=4r(-(K-231
Jl=/L¡)t (MAB ( 2l-I4l
)]=tL¡)i (f\4AU ( 3l-L4l
coTo751
J 1 =4)ê I K-29 )

J2 - 1+):r ( MAB ( 2l -I1 )

J3=4x ( N4AB ( 3l -11 )

GOTO751
J 1-z+* ( K-3 5 )

J2-4)ç(MAB(2)-20)
J3=4'k(lqAB(3)-20)
T=LAB(lrK)
u=LAB(lrK+1)
R=T.,r 10000. +U
TR=LAB (2çI)
UR=LAil ( 2ç?)
SR=TRå'10000.+UR
TI=LAB(3ç1)
UI=LAEI(3'2)
SI=TI*10000.+Ul
A=R)t10.JflË (-J1)
B-SRrê10.*ìÊJ2
c=slìi1o.x'*J3
Ë ORM= A)i ( BìêY,,-2+ 3 . )'r C+, )k 2 )

I F ( FORM-I.5 ) 2O3 t203 ç9O2
GOTO ( 2O9 ¡480 r 49A tSIJ ¡5I1 ç5 17 ) I lvlOT

ViR i TEOLITP UT TAPE 3 r 204 r ív1ARK r ivlOT

FORMAT(6H þIARK=Í5ç5I_1 CASEI2 )

KIND=J1+( KS-I\ k24
WR I TEOUTPUTTAPE 3 ç840 I R : K I ND

FORMAT (5H LAB=F1].. ] I6FI TXP=-I3 )

MAR KU =iviAR KU + 1

i F (MARKU-Il20r: c20i> ç209
h/ R I I Ë O U T P U T T A P E 3 r ZC.t (: ç ( J A B ( I r K ) r K = 1 I N l( )

FORMAT { 3l-l X=20 I5 / 2CtI5 \

WR I TEOIJTPUTTAPfS ¡ 2C)7 r ( JAll ( 2 tK) rK=l I NK )

FORMAT ( 3l'l Y=2015 / 20I5)
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WRi TEOUTPUTI'APE3 t20B r ( JAB( 3 rK) rK=1 rNK )

l-ORMAT ( 3H Z=2015 / 20I5)
GOTO ( 850'480r 49O t5I-r. ¡511 t5 17 ) rMOT
MAR K-MARK+ I
I F ( MARKU-N4U ) rr05 r 4O5 ç 216
IF(NOTE)120tI20ç2IO
KFEP (J ) =NlOlvl
\lR I TEOUTPUTTAPE 3 ç 211 r KEEF)
FORN4AT ( 30 I4 )

WRI TEOUTPUTTAPE3 ç2I2 ç( LAB( 1 :K) rK=l r I )

FORMAT ( 5l-1 LAB=2015 / ?015 )

DO213K=l r I
I F ( LAB ( 1 r K I ) 2I3 ç2I3 tlIC)
CONT I NU E
GOTOlul
CALLEX I T
END
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b O ST]BROUTINE

SUBROUT INECROOT ( I NTK' KNOV'J' I NTL'LEAVE )

DIMENSIONLOT ( 2) :NUN4 1322 ) rMORE(322 ) rNEW (322 ) r INCR( 322 ) rJUMP 13221 ç

lKNOW ( 322) r LEAVE I 322)
1a 

-..i. J-o
IT=10
I N=99
IH=100
MULT =33O
KEY=1000
MUCH= 1 0000

5 NOTE=O
9 READiNPUTTAPt2çL ç1 r INT rLOT
1 FORMAï (13çÍ2t?l4l

M=B*I+2
IF(LOT(1) )90¡90ç?

3 NUM(1)=LOT(1)
JUMP(1)=0
INCR(1)=0
NEW(l)=0
MORE(1)=l
DOf6N=1 r l0
KNOW(1)=N-l
IF (NUM( 1 ) -N10RE ( I ) ) 22 tIl ¡r1

ú NUM( 1)=NUlr4 (1)-l'40RE (l )

INCR(1)=INCR(1)+IS
ó MORE( 1 )=MORE( 1 l+INCR ( 1 )

22 MORE ( 1 ) =MORE( I )-INCR ( I )

DO B0 J=2 çN1

IF(J-214ç4¡5
4 NUM(J)=LOT(J)

GOTOT
5 NUM(J)=0
7 MORL(J)=0

NEVT(1I=MORE(1)/IT
DO2B K=2>J

28 NE\,{( K)=lH*(MORE ( K-1)-ITr((MORE( K-1 ) / IT I I+MORE( K)/IÏ
JUMP ( J ) =l4ULT-x-KNIOW ( J-1 ) + i Tri ( JUI'lP ( J-1 ) - I H#. ( JUMP ( J-1 ) / 111) I

NIP=JUMP(J)/KEY
JUMP ( J ) =JUI"1P ( J ) -KEY-^N I P
IF(J-2)31t31t33

?3 DO36 K=3çJ
L =J+2-K
JUMP (L )=I T*(JUMP (L-1)-IHX-(JUMP ( L_1) /TH) ) +JUMP (LI /IH+.NTP
l',lI P=JUMP ( L I /KEY

36 JUMP( L)=JUMP ( L)-KEYxNIP
71 JUMP ( 1 )=JUMP( 1 ) / IH+NIP

INCR( J) =IT,y( tNCR( J-1 )-IHx-( INCR (J-l ) / Itlt I

IF (J-2)42¡42ç40
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40

41
42

49

RA

52
5

51

6ó

1al)

DO41 K=3 rJ
L=J*2-K
INCR( L) =I NCR( L ) / IH+¡ T'* ( INCR ( L_1 )_IHX. (

TNCR(1)=INCR(1:l/II1
MORE ( J ) =NEW ( J ) +JUI\4P ( J ) _IN
NIP=MORE(J)/KEY
MORE ( J ) =MORE ( J ) -KEYJ.'N I P
DO49 K=2 > J
L=J*1-K
MORE ( L ) =NEW ( L ) +JUMP( L ) +NI P

NIP=MORE(L)/KEY
NlORE ( L I =MORE ( L ) -KEYJêNI P

DOl3ll= 1 r 10
KNOW(J)=N-1
DO52K= 1 r J
I F ( NUM ( K ) -i\4ORE ( K ) ) azt52 s53
CONT I NU E

NIP=1
DO57K=2;J
L =J* 2-K
NUM( L) =NUM ( L) +NI P-1+KEY-MORE ( L )

NIP=NUM(L)/KEY
NUM ( L ) =NUM ( L ) -KEY'rNI P

NUN1( 1 ) =NUM ( 1 ) -1+N I P-MORE ( 1 )

INCR(J)=INCR(J)+IS
NIP=INCR(J)/KEY
INCR ( J ) =I NCR ( J ) -KEY*NIP
DO66K=2 r J
L=J*1-K
INCR(L)=iNCR(L)+NIP
NIP=INCR(t-)/KEY
I NCR ( L ) =I NCR ( L ) -KEY*NiP
MORE ( J ) =MORE( J )+iNCR (J )

NIP=MORE(J)/KEY
fqORE ( J ) =MORE ( J ) -KEY'*NI P

DO7 3K=2 c J
L=J*l-K
MORE( L ) =MORE ( L ) +INCR ( L )+N IP
NIP=MORE(L)/KEY
MORE ( L ) =MORE ( L ) -KEY*NIP
NIP=1
DO79K=2>J
L=J+ 2-K
MORE ( L ) =KEY+MORE ( L )+NIP-1-i NCR ( L )

NIP=MORE(L)/KEY
FIORE ( L ) =NIORE ( L ) -KEY{-N I P
MORE( 1 ) =MoRE( 1 )+NIP-1-INCR( I )

I F ( NOTE ) 83 ¡8V ç85

INCR(L-I)/IHII

3

.)

79
30
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3
4

DO84K=1rM
LEAVE(K)=KN0W(K)
INÏL=INT
NOTE= 1

GOTO9
WR I TEOUTPUTTAPE3 ç 2 ¡LOÏ
FORMAI I 214 \

I NTK= I ltlT
VüR i TEOUTPUTTAPES ¡8ó r I NTK: KNOW
FORF1AT( 5H INT=I1 róH KNOW=La2II/IXItOII/IXltOIl )

l^/R I ïEOUTPtJTTAPE3 r B7 r I l,lTL r LEAVE
F O R M A T ( 5 H I N T = I 1 : 7 H L E AV E = 1 O 21, T / 1 X 1 1 A I I / 1 X 1 1 O I 1 )

GOTO92
DO91K=1rM
KN0l4/(K)=0
REÏURN
END

B5
2

8ó

B7

90
91
92



Higher

C TABI.,ES

Tnteger basis

1r 2-ìç'k!/3t 4)('x-l. /3

3X-xI/3ç 9)/çvñI/3

5xxI/3ç 25)ç'>(I/3

6)t)rI/3) 36+x'I/3

J^k,,(I/3t 49)i)(l/3

IO)?x l, / 3 ç ( l+10-x-ìt1. / z+100x I/ 3 I / 3

II)#I/ 3, I21vñ)!, I/ 3

I2)(->!çI/3) IB+xI/3

l3"rJiI/3¡ I69xx'I/3

I4x)tîl/3, 196)()?I/3

\5vñ)çI/3t 225"(^kL/3

17-xrê I / 3 ç ( 1-I7+'^1 / 3+289x++I / ? \ / 3

19)iJr I/ ? > ( 1+19-xìiI/ 3+36 1ìf*I/ 3 I / 3

2O)()+I/3¡ 5Q;txI/3

2IÐ(I/3) 44þ(xI/3

22)(-x I / 3, t¡$QY*)tl / l

D '0t

2.5922Ë.-

B.OOB3E-

B.t317E-

3.o58?l-

B.7o69E-

4, ?9I48-

3.'1455F-

6.0613E-

3.54568-

l.14998-

6.17178-

I.O2B9E-

1 .214.5Ê.-

3.O3B6E-

I.9550E-

4.2035E-

r.5385E-1

3.1 5041-

I .9 1 zBE-

3 .240 4E- I

4.1101E-

rlz

6 .1 l) 6E-

6.4r?Ë--

t>c6l/L-

g.?5?Ë_-

7.581Ë-

I.B42E-

r.4O3F--

3 .67 4E-

I .251 E-

1 2.))ç-
I'JLLL

3.B0gE-

2

5

q

o

7

10

l1

T2

LJ

14

I5

I7

19

20

2I

22

23

26

2B

29

3O

2 YES

YËS

YES

YES

YES

YES

Y E:;

YES

YËS

YE5

YES

YES

YES

YES

YES

YES

YFS

YES

YES

YES

YES

lr

It

l-r

1r

1r

1r

1r

1r

1r

6

3

3

5

5

r-

4

9

1.059E- 6

5.2051- 3

9.2338- 4

3.82_28- I

I.1 618- 1

2.361E- 20

1. 407 E- 3

6.999E- 3

1. o50E- 35

1.689E- 7

t:

lr

,

t 23)(xI/3¡

t l$)t-i'rl/3,

, 9Bj+*I/3¡

s l)t"r)Êl / i,

t 3A+'>tI/3ç

il8"

X Y z

-I

-2
1

I

2

-5

I

1

-4

1

1

IB

I

1

-41

.23
-4L 399

3

U

-322 461 439

1

I

0

-4

-6

-1

-1

4

)

-3

2

-5V

-1

I

1

6

3

-3 160

-1

0

8 19 462

9

6

370

0

1

2

3

0

2

-2

-3

2

-1

I2

0

-1

-1

4

-4

230

0

I

284

-3

52g)?)tl / 3

( I-26)(x I / 3-r 61 óìÊ+i1 / 3 I / 3

(-1+9Blç*1./3-28ìt)f I /3' /3

5t,4I-Ê)tI/ 3

900+xI/ 3

I ro3



D t'lt

3.?-93rE- 6

2.rB28E-14

9.915r8- 1

3.596r1- 3

3.3344Ë.- 3

1.1466E- 5

6.3010E- 4

3.51968-25

r.51 46E- 5

6.19618- 3

2.49568- 4

2.251,'18- 1

2.O2658- B

5.9212Ë-r3

3.09088- 9

L.59491^ 3

2.9 49 4E-r2

1.0117E-14

2.2816E- 1

3.5881E_ L¡

I.54798--2?

't'la

1.085E-

4 .1 658-

9.9518-

r.29?E-

r.112E-

1.315f-

3.97 0E -

1.281E-

2. . 419 E-

4.6L9E-

6 .2288-

5.090É-

4,107E-

3.5068-

o qq2tr-
).J'JL

2 .5 44E-

8.699f-

f . o 2t+F--

5 .206Ë-

r.2B7l-
. aa r-
L)) I L

Highen

YËS

YES

YES

YES

YES

YES

YES

YES

YES

YES

YES

YES

3T

33

3+

35

?1

JO

39

4L

42

43

44

45

46

41

5L

52

53

55

58

59

Ir9"

x

- 161

3 142 20I

6L3

-1

10

-151

-23

_ZLI 9L)I 3-70 BZ9

1

-1

JZ

1 081

-4 448

-592 I99

_11 015

1

-361 r;4?

ó 781 35-7

1 084

1

46 3?4 227 393

Y

54

91 392

-24

?

-3

55

0

3o5 418 475 184

-42

2

5

66

- 26I

-69 104

2 592

-4

27 7r9

'822 258

51

-8

-42 285 5'¡5 004

¿o

-?94 098

-5L

-t

0

-3

2

-10 16r L83 382

I2

O

-Ll
'312

921

64 786

IO2

2

69 606

-569 98 B

BB

2

7 BO4 684 934

z

1t

ll
.)0
LO

1r

1:

'I)

1r

Iç

1r

1r

1r

1;

fr

Is

Integen basls

3l"oY,7¡3, 96I-x)(I/2

33-Y<)(I/ 3, IOBg:,!r)!rI/ 3

3¿+)!.-x- I / 3, 1 I 56'k->(I / i

35)!r)?I / 3 ) ( 1-35+')rt / 3+) 22ï?xI / 3 \ / 3

Z1)+jkI/3) ( 1+37rêit1 /3+1369xxI/3) /?

38)',()(I / 3 t I444',Å+1 / ?

1g*)tc! / 3, I5?_L)()(I / ?

4In*t+1 ¡ 3' 1 6B 1 x-)(I / 3

42)(',:rI/ 3 t ll $t¡í,)kt/ I

43yñ)(1/ j, IB49)!rt(I/ 3

4 t+JÅ. x I / 3 ) ( - 1 + 4 4-)i -v. I / 3 + 2 4 2)t )'c I / 3, / ?

4cr-XYrI/3s J5Y,n^1/3

46x-xI / 3 ç ( 1+4¡r;t'rt L/ ?+21 I6*jrI/ 3 \ / 3

41'k'kI / 3 s 22Ogx--x-I / 3

5I'Å-',( L / ? ç 26Ç) I->()(I / Z

52nnn, I/3ç 338'Åxl/3

57vñ)TI/3 ) (1-53à.-xI/3+2809+tx I/3) /3

D5',(.ÈI/3 t ( l+55)+*I /)ti3A25nn4'I/3\ /3

57 )(no I / 3 ¡ 3249!'r)t I / 3

5B+xI/3c 3364l")!rI/3

59 >:rt- ! / 3, 348L)ç')!{ I / ?

tr

5

10

1

49

10

c,

B

I4

16

25

l.B

6

2t¡

2B

I4

1

46

I t_ù

Y[S

YES

YES

YES

YES

lç

1r

1r

It

1:

Iç

1c

Tç

I)

lr



D

I Z().

Tt

I.5424F- 4

8.5361f:- 5

3.-7 332E- 5

2.U943E- ?

2 . 01 268_- 2

3.5O698- 5

1 .'/-t 1B E- 5

L.361 lE- 4

B.232BE-46

rlz

2..37 9E- B

1.2868- 9

I.393Ë- 9

4.386E- 4

4.296E- 4

1.230E- 9

6.0408- 9

1.853E- B

6 .-11 BE- 9 1

Higher
unÍts

YES

YES

YES

YE5

YE5

YES

YES

YES

YTS

YES

YES

YES

YE5

YES

YES

YES

YES

60ìt*I/3¡

6lr'r'I/3ç

62)k)tI/3s

63';-->tI/3s

65-)ç)kI / 3 ¡

66')?*L / 3 )

67->()+L/3t

óB)ê)êI/3¡

69'*-xI/3ç 13
523 894 008

-5
308 465 438

ïntegen basis

450)(xl/3

37 2L):ç+ 1/ 3

( I-6 2x)ç 7 / 3+3 B 44)t:.? I / 3 ) / 3

141)ç)'rI/ 3

4?25)(noI / 3

4356->t)!rr/3

4489''(+l / 3

518)(x I / 3

41 6L tt1)ç I / 3

zYx

60

6l

62

63

65

66

61

a-oUU

69

70

1I

13

14

16

1.'l

7B

19

82

B3

1:

1r

1¡

1r

1r

1r

1r

1r

1r

1

I

-r2.

-16

-18

-1

1

24

16

L2

668
120

B

195

A

4

1B

O

0

-6

-4.

-6

-4

-,

4

628
401

1

t

I

153
o59

bJU
r20 301

555
459 6).5 284

266
170

2.9-135E- 4

1.8639t-19

3.3351E- 6

1 1É^^E- 1JaL)Vvt_ I

1 .09 29E- 3

B.BB3BE_I1

3.?951f-14

B.99B0E- 7

t.3o81E-13

4.437 ?E-32

8 .9428 -

3 .47 4E-

1.113E-

1.056E-

l. 194[:-

7.892E-

1.153E*

8.096F:-

I .711E-

1.9698-

1

287 49O

r42

-96 1

I

232 807

L34 019

292

52r 46I

-3r5 733

-99

-23

4

-1 113 
'92

841 944

95

I 5B 445

-18 183

3 894

-80

-21 3

ô
O

3ó

11

t3

6

21

1)I)

2.6

63

1; 70-)il+I/3ç

1r 11-x+t113,

I¡ 13)(-kI/3)

1: 1|++!r)tI/3,

1r -16)t)(I/3)

1r 11x+, I/3¡

7.t 7B)ç)íI/3t

I¡ J9Y^)il./3 e

1r 82-),'*I/3¡

1r B3'*'n7/3¡

4900)()tL/3

( t-71 )(xL / 3+50411( *I / 3 ) / 3

( 1+73ìi)ê1 /3+532c))()iI/?) /3

547 6x'':'I / 3

12T(xr / 3

5929)(:(I/ 7

608ç()(I/ 3

624r-fr'>(I/ 3

( 1+82 )?)* I / 3+61 llfi)+I / ? I / 3

6BB9x )çI/ 3

r 392

-40

-2

1

-2

798

36

60

-2

9Bó

754

-38

130

1

146 012 952 401 9),3 454 318 I4e 188 752-r64 383 BB8 363 814

84 2.OO42E- 6 4.017E- 12 YES 1 r B4)()ÃI/3, BB2r()',I/ 3 319 T2 -45
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d
/JYx4t rlz

t Ê,r-ôtr- 2. 1
.-.JJ)L JI

3.481E- 7

r.4698- 77

Highen
s

YES

YES

YES

YES

YE5

Y[S

YES

YiS

YËS

YES

YES

YËS

YTS

lr 85rêrÊI/3ç

1t Õb-{trI/))

1: 81 sr:t7¡3,

Integen basis

B5 5,O590E-19

OL 5.89918- 4

B7 ) Qa îC)--2()Jav-)L/t J/

1225''1"!r / 3

7 39 6)()(I / 3

1569x)(I/3

8g)rìêI /3 ¡ ( 1-gg'k"t1 / 3+192I'Å-)(I / V I / 3

9 0)Ê.)êI / 3 ç 3OO'fr-v. I/ 3

9I't'k7 /3¡ ( 1+91)!,)iI/3+8281",.-xI/3) /3

92x-*I/3ç 105Bxt'rL/3

97)(irI / 3 ) 8649)'rt(I / 3

94:k)tl/3, BB3ó*)(I/3

g 5:t',+7 ¡ 3, g O25)()TI / 3

97 )()(I / 3 ) g4O9)t)t\/ 3

9g )!,"( I /'] ) 3 63X'kI / 3

10 1)i )çI / 3 I 10 20l-)'t)!rI / 3

7Ql++;+l / j t 1040 4-t(->!tI / 3

1 03+í )iI/ 3 I I 060 9)( )( I / ?

IO5-x-"çI/ 3 ç i 1025-i(:,iL /?
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