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We prove a diagonalisation theorem for the tautological, or generalised Miller—Morita—
Mumford, classes of compact, smooth, simply connected, definite 4-manifolds. Our
result can be thought of as a families version of Donaldson’s diagonalisation theorem.
We prove our result using a families version of the Bauer—Furuta cohomotopy refine-
ment of Seiberg—Witten theory. We use our main result to deduce various results
concerning the tautological classes of such 4-manifolds. In particular, we completely
determine the tautological rings of CP? and CP? # CIP2. We also derive a series of
linear relations in the tautological ring which are universal in the sense that they hold
for all compact, smooth, simply connected definite 4—manifolds.
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642 David Baraglia

1 Introduction

1.1 Tautological classes

Let X be a compact, simply connected smooth 4-manifold with positive-definite
intersection form. Assume that b (X) > 0. Then, by the work of Donaldson [5] and
Freedman [8], X is homeomorphic to the connected sum #" CP? of n > 1 copies
of CPP?2, where n = b, (X).

Let 7: E — B be a compact, smooth family with fibres diffeomorphic to X. By this
we mean that £ and B are compact, smooth manifolds, 7 is a proper submersion
and each fibre of 7 with its induced smooth structure is diffeomorphic to X. Note
that £ has a fibrewise orientation which is uniquely determined by the requirement
that the fibres of E are positive-definite 4-manifolds. In this paper, we will use
parametrised Seiberg—Witten theory to study the fautological classes, or generalised
Miller—Morita—Mumford classes, of such families. These are defined as follows. Let
T(E/B) = Ker(n«: TE — TB) denote the vertical tangent bundle. Then, for each
rational characteristic class ¢ € H*(BSO(4); Q), we define the associated tautological
class as

ke(E) = /E e EB) < B B0,

where [ E/B denotes integration over the fibres. Let Diff(X) denote the group of
diffeomorphisms of X with the C*°—topology (note that all diffeomorphisms of X
are orientation-preserving since X is positive-definite) and BDiff(X) the classifying
space. The tautological classes can be constructed for the universal bundle Uy =
EDiff(X) xpig(x) X, giving classes
ke = kc(Ux) € H*(BDIff(X); Q).
The tautological ring of X,
R*(X) € H*(BDiff(X); Q),

is defined as the subring of H*(BDiff(X); Q) generated by tautological classes k.
for c € H*(BSO(4); Q). Since H*(BSO(4); Q) is generated over Q by p; and e, it
follows that R*(X) is generated by the classes {Kpclz b Ya,b>0- Similarly, for any family
E — B, we can define the tautological ring of E,

R*(E) € H*(B;Q),
to be the subring generated by the tautological classes «.(E) for ¢ € H*(BSO(4); Q).
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Tautological classes of definite 4—manifolds 643

Tautological rings have been studied extensively for families of oriented surfaces, eg
by Mumford [18], Miller [15], Looijenga [14], Faber [7] and Morita [16], and there
is a growing literature on tautological classes in higher dimensions due to Galatius,
Grigoriev, Hebestreit, Land, Liick and Randal-Williams [10; 11; 9; 19; 13] and Busta-
mante, Farrell and Jiang [4]. However, as far as we are aware, our paper is the first to
use gauge theory to obtain results on the tautological classes of 4—manifolds.

Let B be a compact smooth manifold. A topological fibre bundle £ — B with transition
functions valued in Diff(X) may be obtained by pullback of the universal family
Ux — BDiff(X) with respect to a continuous map B — BDiff(X). As explained by
Baraglia and Konno [2, Section 4.2], it follows from a result of Miiller and Wockel [17]
that such a family £ — B admits a smooth structure for which 7 is a submersion and
the fibres of £ with their induced smooth structure are diffeomorphic to X. Since E
is smooth, we may use parametrised gauge theory to study the tautological classes
ke(E) € H*(B; Q). If a relation amongst tautological classes holds in R*(E) for all
compact, smooth families 7 : E — B with fibres diffeomorphic to X, then it must also
hold in R*(X). This is because rational cohomology classes of BDiff(X) are detected
by continuous maps from compact, smooth manifolds into BDiff(X). The upshot of
this is that we can use gauge theory to indirectly study the tautological ring of X.

1.2 Main results
In our first main result we determine the tautological rings of CIP? and CP? # CP2.
Theorem 1.1 The tautological rings of CP? and CP2 #CP? are given by:

(1) R*(CP?) = Qlicy2. kpal-

(2) R*(CP?#CP?) = Q2. kp3l.

Variants R*(X, *) and R*(X, D*) of the tautological ring are defined in [11; 9]. Their
definition is recalled in Section 6. We determine these rings for CP2.

Theorem 1.2 We have ring isomorphisms:
() R*(CP?.%) = Q[p1.el.
(2) R*(CP2?, D% ~Q.
The rings R*(CP?), R*(CP?, %) and R*(CP2, D*) were investigated in [19], but

their structure was not fully determined. By computing these rings we have settled
some open problems posed in [19].
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644 David Baraglia

For each pair of nonnegative integers a and b, we define a two-variable polynomial
¢ap(x,y) € Z[x, y] as follows: Let

pz)y=z3—xz—y, p'(z)=3z%2—x.

Then we define
1 [ (p'(2) +3x)%p/(2))°
2mi p(2)

where the contour encloses all zeros of p(z). From this definition, it follows that ¢, 4

dz,

¢a,b(x’y) =

satisfies the recursive formulas
Pat+1,6(x,Y) = ap+1(x.y) +3xPap(x, y),
Pab+3(X.¥) = 3x¢ap4a(x.y) + (2797 = 4x%)pa p (x. ),
which, together with the initial conditions

$0,0(x,y) =0, ¢o1(x,y) =3, ¢o2(x,y)=3x,

can be used to compute ¢, 5 for all values of a and 5. We will make use of the
polynomials ¢, , in the computation of tautological classes of families of definite
4—manifolds. We first state the n = 1 case.

Theorem 1.3 Let E — B be a smooth family with fibres diffeomorphic to X, where X
is a smooth, compact, simply connected, positive-definite 4—manifold with by (X) = 1.
Suppose that the monodromy action of 1(B) on H?(X;Z) is trivial. Then there exist
classes B € H*(B;Q), C € H%(B; Q) such that:

(i) There is an isomorphism of H*(B; Q)-algebras
H*(E;Q) = H*(B;Q)[x]/(x> = Bx = C).
(ii) The Euler class and first Pontryagin class of T(E/B) are given by
e= 3x2—B, pP1= 3x2 +2B.
(iii) Forall a,b > 0,
Kpaeb (E) = ¢a,p(B. C).

An interesting consequence of Theorem 1.3 is that the rational cohomology class p;
depends only on the underlying topological structure of the family because p; is com-
pletely determined by x and B and in turn these classes can be uniquely characterised
in terms of the pushforward map mx: H*(E; Q) — H* #(B:Q). In fact, a similar
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Tautological classes of definite 4—manifolds 645

result is true more generally for families of definite 4-manifolds. See Remark 5.12. It
follows that the tautological classes Kpaeb (E) depend only on the underlying topological
structure of the family. This could also be deduced from the fact that the tautological
classes are also defined for topological bundles; see Ebert and Randal-Williams [6,
Theorem B].

Remark 1.4 If E = P(V) is the CP2-bundle associated to a complex rank 3 vec-
tor bundle V' — B with trivial determinant, then B = —c3(V) and C = —c3(V),
and so Kpaeb (E) = ¢gp(—c2(V),—c3(V)), which gives the tautological classes as
polynomials in ¢3 (V') and c3(V).

To state our next result, we need a few definitions. Let A, denote a free abelian group
of rank n and let {ey, ..., e,} be a basis. Equip A, with the standard Euclidean inner
product (e;, e;) =§;;. Let W, denote the isometry group of A,. Then W}, is isomorphic
to a semidirect product

Wp =Sy x 725,

where the symmetric group S, acts by permutation — o (¢;) = e, (;) —and the normal
subgroup Z’ is generated by 601, ..., ,, where 0; is the reflection in the hyperplane
orthogonal to e¢;. Let X denote a smooth, compact, simply connected 4-manifold with
positive-definite intersection form and n = b>(X) > 1. In Section 2 we construct a
principal W,,—bundle
p: BDiff(X) — BDiff(X)

over BDiff(X). Since p is a finite covering, the pullback map p*: H*(BDiff(X); Q) —
H*(BDiff(X); Q) is injective and the image is precisely the Wj,—invariant part of
H*(BDiff(X); Q). In particular, we may think of the tautological ring R*(X) as a
subring of H*(BDiff(X); Q).

Theorem 1.5 Let X be a smooth, compact, simply connected, positive-definite
4—manifold with b,(X) = n > 2. Then there exists classes
Dij € H*(BDiff(X):Q), 1<i.j<n,i#j

with the following properties:

(i) Let D*(X) € H*(BDiff(X); Q) be the subring generated by {D; ;}; ;. The

group W, acts on the subring D*(X) according to

D;j if k #j,
O'(Dij) = Da(i)g(j) for o € S, and Qk(Dij) = _;J)ij ik =
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(ii) Let I'*(X) denote the Wy —invariant subring of D*(X). Then
I*(X) € H*(BDiff(X); Q).

(iii) The tautological ring R*(X) of X is a subring of I *(X). That is, all tautological
classes of X can be expressed as Wy—invariant polynomials of the D;; .

Theorem 1.5 says that the tautological classes can be written as Wy—invariant polyno-
mials of the D;;. The next theorem addresses the question of how to compute these
invariant polynomials. First we set

ZDU, L= Y DjDj.

i’j’k
l;éj i,],k distinct
Then, fori =1, ..., n, define
1 _ 1 3 _pp.
22 2n(n—1)l 1 Cl_n—lz(Df" BiDji).
J
/#l J#i

Theorem 1.6 Let X be a smooth, compact, simply connected, positive-definite
4—manifold with b,(X) = n > 2. Then:

. . with ¢ = pA .
(1) The tautological classes k. with ¢ = p{ e2b are given by

n
Kp§e2o = pra,zb(Bi’ Ci).

i=1

(2) The tautological classes k. with ¢ = p“eZb +1 are given by

pie2bt1 = Z barpi1(Bi, Ci)—2 2(30 +2B))*(3D% — B))*.
i=1
J #l
Theorem 1.6 gives a completely explicit expression for the tautological classes k. as
polynomials in { D;; };« ; once the polynomials ¢, 5 (x, y) are known. As an application
of Theorem 1.6, we prove the existence of many linear relations amongst tautological
classes.

Theorem 1.7 Let X be a smooth, compact, simply connected, definite 4—manifold
and let d > 1 be given. Then, amongst all tautological classes Kpaeb witha+b =d
and b even, there are at least

[3d] =[5 =D
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Tautological classes of definite 4—manifolds 647

linear relations. More precisely, if cq,c1,...,¢|g/2| € Q are such that
ld/2]

(1-1) > ¢jda—zjaj(x.y) =0,
j=0

then we also have
ld/2]

Z Cijld—zjezj =0
j=0

and the space of (co,c1,...,C|q/2)) satisfying (1-1) has dimension at least
[3d] -3 -D].

As explained in Section 8, for each d > 2, the families signature theorem gives one linear
relation amongst the tautological classes K a,» With a4-b = d and b even. Theorem 1.7
implies that there are further linear relations whenever | 3d | — | $(d —1)| > 1. This
is the case if d = 6 or d > 8. The first few such relations (up to d = 12) are

0= 4Kpilez — 41Kp%e4 + 100k 6,

0= 36Kp1682 — 461sz]1€4 + 1843’(1)1236 —2300k,s,

0 = 24,7,2 = 322K,5,4 + 137936 — 1900k, s,

0= 108"p§e2 — 1579Kp?e4 + 7902/(pi;e(, —15 531/(1)%88 + 9100k 10,

0= 360/(1,1932 — 5606Kpl7€4 +30 923/(1,?66 —7131 1Kplseg + 57100k, 410,

0= 144szlge4 — 2552/(1)?66 + 16 629/(1)?68 —47 400/(1)%610 + 50000k ,12,

0= 6000Kp{062 —98 OIZKp§e4 + 577 796Kp?ef, —1461 667Kp411eg +1338 700Kp%elo.

1.3 Idea behind main results

The inspiration for our main results comes from considering Donaldson theory for
a family of definite 4—manifolds. Let X be a compact, simply connected smooth
4-manifold with positive-definite intersection form. Recall the proof of Donaldson’s
diagonalisation theorem uses the moduli space M of selfdual instantons on an SU(2)-
bundle £ — X with ¢c(E) = —1. Then M is a 5—dimensional oriented manifold with
singularities. The singularities correspond to reducible instantons, which correspond
to elements in § € H2(X;Z) satisfying £ = 1, considered modulo & — —§£. Each
singularity of M takes the form of a cone over CPP2. The moduli space M is non-
compact, but it admits a compactification M whose boundary is diffeomorphic to X.
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Removing from M a neighbourhood of each singularity, we obtain a cobordism M’
from X to a disjoint union of copies of CIP2. Cobordism-invariance of the signature
implies that there are n = b, (X) copies of CP? and, hence, there are n distinct pairs
of elements £&1,. .., +&, € H*(X; Z) satisfying §* = 1. This implies that H*(X; Z)
is diagonalisable.

Now suppose that E — B is a smooth family with fibres diffeomorphic to X and
suppose for simplicity that the monodromy action of 71 (B) on H?(X;Z) is trivial.
Considering the moduli space of selfdual instantons with c2(E£) = —1 on each fibre
of E, we obtain a families moduli space Mg — B. Note that Mg is typically not a
fibre bundle since the topology of the fibres of Mg can vary as we move in B. We
would expect that, for a sufficiently generic family of metrics on E, we can arrange that
ME is smooth away from reducible solutions and that the structure of M g around the
reducibles is given by taking fibrewise cones on n CP?~bundles E1, ..., E, over B.
We would further expect that M g can be compactified by adding a boundary which is
diffeomorphic to the family E£. Removing a neighbourhood of the reducible solutions,
we would expect to obtain a cobordism 77": M, — B relative B, between E — B and
the disjoint union of CP?-bundles E, ..., E,. Consider the virtual vector bundle
V =TMy—(x')*(TB). Clearly V|g = T(E/B) and V|, = T(E;/B) for each i;
hence, the Pontryagin classes of V' restrict to the Pontryagin classes of £ and E; on the
boundary. Applying Stokes’ theorem, we expect to obtain a kind of “diagonalisation
theorem” for the tautological classes:

n
(1-2) Kpae2n (E) = > Kpae2n (Er).
i=1
Note that we need to take even powers of e because e is unstable whereas e? = p; is
stable.

There are some technical challenges for carrying out this argument rigorously. Most
notably, it seems difficult to arrange unobstructedness of the families moduli space
around the reducible solutions. It is well known that this can be done for a single
moduli space by choosing a sufficiently generic metric, but extending this to families
appears challenging. Nevertheless, the intuition provided by Donaldson theory turns
out to be essentially correct. Theorem 1.6 provides a rigorous version of (1-2), where
¢a.»(Bi, C;) plays the role of Kpa gb (E;). Note, by Remark 1.4, that, if —B; and —C;
are the Chern classes of a rank 3 vector bundle V; — B with trivial determinant, then
bap(Bi,Ci) = Kp?eb(Ei), where E; is the CP2-bundle E; = P(V;). The natural
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candidate for V; is the families index of the instanton deformation complex around
the corresponding reducible, except that we only know this exists as a virfual vector
bundle.

We will prove the main results using families Seiberg—Witten theory, or, more pre-
cisely, the Bauer—Furuta cohomotopy refinement of Seiberg—Witten theory. The main
advantage of this approach is that it allows us to avoid various transversality issues
that typically arise in the construction of moduli spaces. It is quite surprising that
Seiberg—Witten theory works here. The issue is that the families Seiberg—Witten moduli
space is compact and there is no obvious relation between the families moduli space
and the family £. What happens instead is that Seiberg—Witten theory gives constraints
on the topology of the families index associated to families of Dirac operators on E. We
use this to indirectly obtain a series of constraints on the cohomology ring H*(E; Q)
of the family E and in turn this gives constraints on the tautological classes.

Outline of the paper

In Section 2, we establish some basic results concerning families of definite 4-manifolds.
In Section 3, we consider the Bauer—Furuta refinement of Seiberg—Witten theory for a
family of definite 4-manifolds. The main result is Theorem 3.1. The rest of the section
is concerned with understanding some of the implications of this theorem. In Section 4,
we study in great detail the structure of the cohomology rings H*(E; Q) of families
of definite 4—manifolds and in Section 5 we prove our main results concerning the
tautological classes of such families. Sections 6 and 7 are concerned with the special
cases of CP? and CIP2 #CP? and finally, in Section 8, we study linear relations in
the tautological rings of definite 4—manifolds.

Acknowledgements We thank Oscar Randal-Williams for helpful comments on the

paper and for suggesting a simpler proof of Lemma 3.2. The author was financially
supported by the Australian Research Council Discovery Project DP170101054.

2 Families of definite 4—manifolds
Throughout, X denotes a smooth, compact, simply connected 4—manifold with positive-

definite intersection form and n = b,(X) > 1. The intersection pairing (, ) on H?(X)
is a symmetric, unimodular bilinear form. By Donaldson’s diagonalisation theorem [5],
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the intersection form on H2(X;Z) is diagonal and so there exists an orthonormal
basis {£1,...,&,} for H>(X;Z). An orthonormal basis for H2(X;Z) will be called
a framing of H?(X;Z). Let A, denote the free abelian group Z" of rank n and let
{e1,...,en} be the standard basis. Equip A, with the standard Euclidean inner product.
Then a framing {£1, ..., &,} of H?>(X;Z) determines an isometry ¢: A, — H?(X;Z)
given by ¢ (e;) = &;. Let W, = Aut(A,) denote the symmetry group of A, equipped
with its intersection form. Since the only classes of norm 1 are *ey, ..., Le,, itis
easy to see that W, is isomorphic to a semidirect product

where the symmetric group S, acts by permutation — o (¢;) = e4(;) — and the normal
subgroup Z% is generated by {01, ..., 6,}, where 0; is the reflection in the hyperplane
orthogonal to e;: o
ej if j #£1,
ti(ej) = L
—e; if j =1.

W, is also the Weyl group of the root systems B, and C,,. Clearly, W,, is a subgroup of
the isometry group of A,,. For the reverse inclusion, note that any isometry must permute
the vectors of unit length, which are +e;, +e», ..., £e,. Hence, any isometry of A,
is given by a permutation of {ey, ..., e}, followed by some sign changes ¢; — —e;.

Let Diff(X) denote the group of orientation-preserving diffeomorphisms of X with the
C>—topology and Diffy(X) the subgroup acting trivially on H?(X; Z). Equivalently,
Diffy(X) is the subgroup of Diff(X) preserving a framing of H?(X;Z). By definition,
we have a short exact sequence

1 — Diffo(X) — Diff(X) — K(X) — 1,

where K(X) is the image of the map Diff(X) — Aut(H?(X;Z)) which sends a
diffeomorphism f: X — X to the induced map (f~1)*: H*(X;Z) — H?*(X;Z). Note
that, if X = #” CP2, then K(X) = Aut(H?(X; Z). One sees this as follows: There is
an orientation-preserving diffeomorphism of CPP? which acts as —1 on H2(CP?;7Z),
namely complex conjugation. Such a diffeomorphism can be isotoped so as to act as the
identity on a disc in (CIP’Z, and hence can be extended to the connected sum #" CIP2.
Since we can do this for each summand, we see that 6y, ..., 6, € K(X). To see that
S, C K(X), regard X as S* with CP? attached at n points. Since these n points can
be permuted by diffeomorphisms of S4, it follows that S,, C K(X).

Fixing a framing &1, . .., €, of H?(X; Z), we can identify K (X) with a subgroup of W,,.
Since W, is finite, so is K(X). Taking classifying spaces, we see that BDiff(X) has
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the structure of a principal K(X)-bundle over BDiff(X). We now define
BDiff(X) = BDiffo(X) xgx) Wa-

So BDiff(X) is a principal Wy,—bundle over BDiff(X). Let p: BDiff(X) — BDiff(X)
be the covering map. Since p is a finite covering, it follows that the pullback map
p*: H*(BDiff(X); Q) — H*(BDiff(X); Q) is injective and that the image is pre-
cisely the Wy,—invariant part of H*(BDiff(X); Q). Therefore, we may identify the
tautological ring R*(X) with a subring of H*(BDiff(X); Q):

R*(X) € H*(BDiff(X); Q) € H*(BDiff(X); Q).

Remark 2.1 Since BDiff(X) = BDiffo(X) xg(x) Wn, we have a fibration
BDiffy(X) — BDiff(X) - W,/ K(X).

But W,/K(X) is a finite discrete set, so BDiff(X) is just the disjoint union of
W,/ K(X)| copies of BDiffy(X). For this reason it makes little difference whether
we work with BDiffo(X) or BDiff(X). We prefer to use BDiff(X) because the whole
isometry group W, acts on this space. Note also that, for X = #" CP2, we have
K(X) = W, and so BDiff(X) = BDiffy(X) in this case.

Let w: E — B be a family with fibres diffeomorphic to X. Then £ admits a reduction
of structure to Diffo(X) if and only if the monodromy action of 71 (B) on H? of the
fibres is trivial. In such a case, if we choose a framing {&1, ..., &,} of a single fibre and
parallel translate, we obtain a framing {£1(b), ..., £,(b)} of H?(X}:Z) foreach b € B
such that the framing varies continuously with b. Henceforth we will restrict attention
to families 7 : E — B equipped with a reduction of structure group to Diffy(X). We
assume further that a framing has been chosen.

Proposition 2.2 Let 7: E — B be a family with structure group Diffy(X). Then the
Leray—Serre spectral sequence for H*(E; Q) degenerates at E;.

Proof It suffices to prove the result when B is connected. Let e € H*(E; Q) denote
the Euler class of the vertical tangent bundle. For each b € B, we have that ely, is
2 4 n times a generator of H*(Xp; Q). It follows that all the differentials of the form
dr: E ? Ay ,r’s_r are zero. Moreover, the differentials for r odd are all zero because
H*(X;Q) is nonzero only in even degrees. Next, note that Eg,z ~ H?(X;Q) (since
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B is connected). Thus, we can identify &1, . .., &, with classes in Eg’z. Now §j2 € Eg’4,
SO
— 2y — 32 L g2(y- 3p-
0=d3(§) =2§;d3(§j) € E3" = HY(X: Q) ® H*(B: Q).

Hence, d3(&;) = 0. It follows that there exist classes x1, ... x, € H>(E; Q) such that
Xj|x, = &;(b). Now the result follows by the Leray—Hirsch theorem. |

As seen in the proof of Proposition 2.2, there exist classes x1,...x, € H*(E;Q)
such that x;[x, = &;(b) (note that in general the classes x; can’t be taken to lie in
H?(E;Z)). The x; are not unique because, if « € H?(B;Q), then xj + 7*(a) also
restricts to §;(b) on Xp. From the Leray—Serre spectral sequence it is clear that the x;
are unique up to such shifts.

Let
/ . H*(E:Q) - H*(B: Q)
E/B

denote fibre integration. We clearly have

/ x; =0, / x}zl, / xix;j =0
E/B E/B E/B

foralli and j with j #i. Lete € H*(E; Q) denote the Euler class and p; € HY(E;Q)
the Pontryagin classes of the vertical tangent bundle. Since the fibres are 4—dimensional,
we have p; =0 for j > 2 and py = e?. So all rational characteristic classes of the
vertical tangent bundle can be expressed in terms of p; and e. From the Gauss—Bonnet
and signature theorems, we have

/ e=x(X)=n+2, / p1=30(X) =3n.
E/B E/B

Proposition 2.3 Let 7 : E — B be a family with structure group Diffy(X) and framing
£1,...,&,. Then there exist uniquely determined classes x1, ...x, € H*(E; Q) and
v e H*(E; Q) such that:

() xjlx,=§&;(b)forj=1,...n.
2) [gpx;=0forj=1,...n

4) fE/ijv=Of0rj =1,...n.

(5) [gpv>=0.
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Proof We already saw that there exist classes yi,..., v, € H?(E;Q) such that

Vjlx, =&;(b). Now set
1__ % 3
el )
T3 (E/B’

Then it is straightforward that the x; satisfy (1) and (2). Now let vo = x% e H*(E; Q).
This satisfies (3). Now set

n

V) = l)o—ZTL'*(/E/B xj-vo)x]u

j=1
Then v, clearly satisfies (3) and (4). Moreover, any other class satisfying (3) and (4)
must be of the form vy + 7*(a) for some a € H*(B; Q). Set

v:vl—%n*(/ v%)
E/B

Then v satisfies (3)—(5). Uniqueness of v and the x; is straightforward. O

In summary, H*(E; Q) is a free H*(B; Q)-module with a uniquely determined basis
1,x1,...,Xn, v satisfying:

(1) fE/B 1=0.

) fE/ij =0forj=1,...n.

) fE/ij?z lforj=1,...n.

4) fE/BxiXJ =0fori,j=1,...n withi # j.

(5) [gpx;=0forj=1,...n

(6) fE/B v=1.

(7) fE/Bva=Of0rj =1,...n.

® [gpv>=0.
The cup product on H*(E; Q) will be completely determined by the products

xix; fori# j, x?, X;V, V2.

By (1)—(8) above, these products must have the form
xixJ':ZDzijk_{—Eij’ xi2=U+ZFiij'+Gi,
k J
inIZIinj-i-Ji, v2=ZKjx]~+a)
J J
for some classes lej, F;j € H*(B;Q), Eij,G;, I;j € H*(B;Q), J;, K; € H5(B; Q)
and w € H8(B; Q). We can assume also that lej is symmetric in i and j. Note that
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the classes lej, ..., K; are uniquely determined because {1, x1, ..., X, v} is a basis
for H*(E; Q) as an H*(B; Q)-module.
Proposition 2.4 We have the identities
Fijj =D}, fori# ] Iij = E;jj fori#j,
Fii =0, Iii = Gi,

Proof We have

2. . k R I oY

On the other hand,

/ Xizxj‘:/ Xj(v+ZF,-kxk+Gi)=Ej.
E/B E/B .

Equating these gives F;; = Dl’:j for i # j. Similarly, from fE/B xl.3 =0, we get F;; =0.
Evaluating |’ E/BXiXjV tWO different ways gives I;; = E;; for i # j, evaluating
fE/B xl.zv in two different ways gives I;; = G;, and evaluating fE/B x;iv2 in two
different ways gives K; = J;. O

After making the simplifications given by Proposition 2.4, we have

2-1) xixj =Y Dxi+ Ey.
k
(2-2) xP=v+Y Dixj+Gi.
J
J#i
(2-3) xiv=Gixi+ Y _ Eijxj + Ji.
J
J#i
(2-4) V2= "Jixj + .
j

3 Families Bauer—Furuta theory
Let X be a compact, oriented, smooth 4-manifold with b;(X) = 0. Let s be a spin‘—

structure on X with characteristic ¢ = c1(s) € H*(X;Z). Letd = %(62 —0(X)) be
the index of the associated spin® Dirac operator.
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Let S! act on C by scalar multiplication and trivially on R. As shown by Bauer and
Furuta [3], one can take a finite-dimensional approximation of the Seiberg—Witten
equations for (X, s) to obtain an S'-equivariant map

f: ((Ca @Rb)+ N (Ca/ @Rb/)-i-

for some a,b,a’,b’ >0, where a —a’ =d and b’ —b = b (X). Here T denotes
the one-point compactification of 7. By construction, f sends the point at infinity in
(C? @& R?)* to the point at infinity in (C% @ R?")*. Additionally, / can be chosen
so that its restriction f|go)+: R+ = (RY)* is the map induced by an inclusion of
vector spaces R? € RY". For the purposes of this paper, it is more convenient to look
at the Seiberg—Witten equations on X with the opposite orientation. Once again we
obtain an S -equivariant map of the form

(3-1) f:(CP@R)T > (¥ @ RY)Y,
but now a, a’, b and b’ satisfy a’ —a = d and b’ — b = b_(X).

The process of taking a finite-dimensional approximation of the Seiberg—Witten equa-
tions can be carried out in families [20; 2]. Let B be a compact, smooth manifold.
Consider a smooth family 7: E — B with fibres diffeomorphic to X and suppose
that there is a spin“—structure sg,p on T'(E/B) which restricts to s on the fibres
of E. Taking a finite-dimensional approximation of the Seiberg—Witten equations for
the family £ (with the opposite orientation on X'), we obtain a family of maps of
the form (3-1). More precisely, we obtain complex vector bundles V and V' over B
of ranks a and «’, real vector bundles U and U’ over B of ranks b and b’, and an
S1_equivariant map of sphere bundles

f:Svu — Sviu

covering the identity on B. Here Sy,y and Sy’ y denote the fibrewise one-point
compactifications of V @ U and V' @ U’. The group S! acts on V and V' by scalar
multiplication and trivially on U and U’. The action of S! on the direct sums V & U
and V' @ U’ extends continuously to the fibrewise one-point compactifications Sy, s
and Sy y’. Moreover, we have, in K 0(B) and KO°(B), respectively,

V-V =D, U-U=H (X),

where D € K%(B) is the families index of the family of spin® Dirac operators on E
determined by s /g and H ™ (X) is the vector bundle on B whose fibre over b € B is the
space of harmonic antiselfdual 2—forms on the fibre of £ over b (with respect to some
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smoothly varying fibrewise metric on E). By stabilising the map f, we can assume that
V and U are trivial vector bundles. As shown in [2], the map f may be constructed
so as to satisfy two further properties. First, we may assume that U’ =~ U & H ™ (X)
and that the restriction f|s,, : Sy — Sy is the map induced by the inclusion U — U
Second, we may assume that f sends the point at infinity in each fibre of Sy ¢ to the
point at infinity of the corresponding fibre of Sy /. Let By,y € Sy,y denote the
section at infinity and similarly define By~ ;7 € Sy y’. Then f sends By,y to By’ y-.
Hence, f defines an S!-equivariant map of pairs

f:Svu.Bv,u)— Sy v, By u).

Theorem 3.1 Suppose that w: E — B is a smooth family of simply connected,
positive-definite 4—manifolds over a compact base B and that T(E /B) admits a spin‘—
structure sg/g. Let D € K 0(B) denote the index of the family of spin®—Dirac operators
associated to sg/g. Then c;j (D) = 0 for j > d, where d is the virtual rank of D.

Proof This result is a variant of [1, Theorem 1.1]. We give a streamlined proof. As
explained above, taking a finite-dimensional approximation of the Seiberg—Witten equa-
tions for the family E (with opposite orientation on X), we obtain an S !—equivariant
monopole map f: Sy,y — Sy’,y’. Since X is positive-definite, H~(X) = 0 and
U’ =U. So f takes the form

f:Svu = Svu.

with the property that f'|s,, is the identity Sy — Syy. We also have that V/—V = D. Let
Ty,y and Ty y denote the S 1_equivariant Thom classes of S v,u and Sy . Consider
the commutative diagram

f
Sv,u.Bvyu) — (Svr,u, Bv,u)

i a
id
(Sv. By) —— (Su. Bv)
By the Thom isomorphism in equivariant cohomology, we must have

fF(viu) =Bvu

for some B € H;ﬁi(B; Z). Onthe other hand, j *(ty,y) =eg1 (V)ty and (j')*(zyr,v) =
es1(V')ty, where eg1 (V) and eg1 (V') denote the S!—equivariant Euler classes of V/
and V' and 1y is the S'—equivariant Thom class of U. Therefore,

Besi(V)tw = j*Brvy)=j"f*(vw) =) (vw) =en(V)w.
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Hence,
(3-2) es1(V') = Begi(V)

forsome f € H 52,?' (B;Z). Note that, since S acts trivially on B, we have H ;fl (B;Z) =
H*(B; Z)[x], where Hg, (pt;Z) = Z[x]. Using a splitting principle argument, it is
easy to see that, if S acts on a complex rank m vector bundle W by scalar multiplication,
then

egt(W)=x"+x" ey (W) 4+ +em(W).

Now, by stabilisation, we may assume that V' is a trivial bundle, V =~ C?. Then V"’ has
the same Chern classes as D. So

et (V) =x? +x¥ ey (D) + -+ car(D), eg1(V) = x“.
Then, writing
B =Box? +p1x?" + -+ Ba,
equation (3-2) becomes
x4 x97 e (D) + o+ car (D) = Pox T 4 prxdTaTl g Bt
Then, since d + a = d’, it follows that 8; = ¢; (D) for 0 < j <d and that ¢;(D) =0

for j >d. m|

Lemma 3.2 Let P — B be a principal PU(m)-bundle and 7 : E — B the associated
CP™~!_bundle. Then the pullback *(P) of P to the total space of E admits a lift of
structure group to U(m).

Proof Let G C PU(m) be the subgroup of PU(m) fixing a point in CP™~!. Then
clearly 7 *(P) admits a reduction of structure to G. On the other hand it is easy to see
that G >~ U(m — 1) and that the inclusion G — PU(m) factors through the projection
U(m) — PU(m). Therefore, 7*(P) admits a lift of the structure group to U(m). O

Lemma 3.3 There exists a fibre bundle p: F — B such that:
(1) p*: H*(B;Q) —> H*(F;Q) is injective.
(2) Fori =1,...,n, there exist classes {; € H?(p*(E); Z) such that {; restricted
to the fibres of p*(E) equals &;.

The point of this lemma is that the {; are integral cohomology classes whereas the x;
defined earlier are only rational.
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Proof Consider the Leray—Serre spectral sequence EF*? for w: E — B. Note that
E2p 4 = Ef . We have seen that d3(;) is zero rationally, but it need not be zero
over Z. Therefore, g; = d3(§;) € Eg’o = H3(B:;Z) for j =1,...,n are all torsion
classes. By a result of Serre [12], every torsion class in H3(B;Z) is represented by
the lifting obstruction for some principal PU(m)-bundle, where the rank m is allowed
to vary. Thus, fori = 1,...,n, we can find an m; and a principal PU(m;)—bundle
P; — B such that g; is the lifting obstruction for P;. Let 7r; : E; — B be the associated
CP™i~!_bundle. By Lemma 3.2, the pullback of g; to E; must vanish.

Let F=FE1xp Ey;xp---xp E, and let p: FF — B be the projection. By induction on 7,
it is straightforward to see that p*: H*(B; Q) — H*(F;Q) is injective. Moreover,
p*(gi) = 0 for all i. Hence, the Leray—Serre spectral sequence for p*(E) — B degen-
erates over Z at E». Hence, fori = 1, ..., n, there exist classes {; € Hz(,o*(E); 7Z)
such that ¢; restricted to the fibres of p*(E) equals &;. |

Theorem 3.4 Let w: E — B be a family with structure group Diffy(X). Then

/ e(elxl+"‘+€nxn)/2A\(T(E/B)) -0
E/B

forall eq,...,¢, € {1,—1}.

Proof Let p: F — B be as in the statement of Lemma 3.3. Since p*: H*(B; Q) —
H*(F;Q) is injective, to show that

/ e(elxl+"'+€nxn)/214\(T(E/B))
E/B

is zero, it suffices to show that it pulls back to zero under p. Therefore, we may restrict
to families with the property that there exists classes ¢y, ..., ¢, € H?(E;Z) such that
¢; restricted to the fibres of E equals &;. Let

c=el1+e1la+ - +enly € HX(E 7).

Then c is a characteristic for T(E/B) in the sense that the mod 2 reduction of ¢ is
w2 (T (E/B)). Therefore, the third integral Stiefel-Whitney class of 7 (E/B) vanishes
and so T(E/B) admits some spin°—structure 5. Let ¢/ = c1(s') € H?(E;Z). Then,
since ¢’ is a characteristic for T (E /B), we must have

=Y "kiti+7*(n)

i=1
for some odd integers k1, ..., k, and some n € H?>(B;Z). Foreach i, let L; — E be
the line bundle with c¢1(L;) = ¢;. The set of spin®—structures for T(E/B) is a torsor
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over the group of line bundles on E. So we may consider the spin®—structure
s=L{"®LY® --QLy" Q%
where a; = %(ei —k;). It follows that ¢1 (s) = ¢ + 7*(n). Now we apply Theorem 3.1

to the family £ — B equipped with the spin®—structure 5. Let D € K°(B) be the
families index of this spin®—structure. Since

c1(8)lx = (c+ 7" (M)|x = €1b1 4+ + €nbn,
we find (by the Atiyah—Singer index theorem) that the virtual rank of D is given by
d = Y((exb1+++enfn)> —m) = L —n) =0.
Therefore, Theorem 3.1 says that ¢; (D) =0¢ H?/(B;Q) forall j >0. So Ch(D) =0.

Now, by the families index theorem,

Ch(D)=0= / 12 {(T(E/B)) = 0.
E/B

To finish, we observe that, since x;|X = & = ;| X, it follows that {; = x; + 7*(n;)

for some n; € H?(B; Q). Therefore,

c1(s) =e1x1+exa+-enxp+r (M+en +--+ennn)

and hence
Ch(D)=0= / ele1x1+eaxatenxn+n*(n+e 771+"'+€n77n))/2121\(T(E/B))
E/B
— eﬂ*(fl+€1m+"'+€nﬂn)/2/ e(GIXI+52x2+'“€nxn)/ZZ(T(E/B))‘
E/B
Multiplying through by e~ (1+€1ni+=+eann)/2 e obtain the theorem. m|

Theorem 3.5 Let m: E — B be a family with structure group Diffo(X). Fixi €
{1,...,n} and, foreach j #i with1 < j <n, let ¢; € {1, —1} be given. Set

c=3x; + Zejx].
J
J#i
Then
/ ‘2 A(T(E/B)) = e*,
E/B

where u € H? B;Q) is given b
g y

1.3 1

_// 48 48
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Proof As in the proof of Theorem 3.4, it suffices to prove the result for families with
the property that there exist classes (1, ...,y € H?(E;Z) such that {; restricted to
the fibres of E equals &;. Let

c=3x; + ZE]'XJ'.
J
J#i
Arguing as in the proof of Theorem 3.4, there exists a spin—structure s such that
c1(s) = ¢ + 7*(n) for some n € H?(B;Q). We apply Theorem 3.1 to the family

E — B equipped with the spin°—structure s. Let D € K°(B) be the families index of
this spin®—structure. Since

c1(s)lx =36+ Y _ €E).
J
J#i
we find that the virtual rank of D is given by
d=5G&+Y €E)P-n=50+m-)-n=58=1
J
J#i

Therefore, Theorem 3.1 says that ¢;(D) =0 € H?% (B;Q) for all j > 1. Using the
Newton identities and the fact that D has virtual rank 1, we find that

Ch(D) = 1P,

Now, by the families index theorem,

Ch(D) = ¢“1P) = / 1 O/2 A(T(E/B)) = / et M2 A(T(E/B)).
E/B E/B

Therefore,
(3-3) / ¢“/2A(T(E/B)) = e,
E/B
where u = ¢1(D) — %71*(77). Equating degree 2 components in (3-3), we find that
1.3_ 1
u= 22C” — 7=z P1C. O
/E /B 48 48

4 Cohomology rings of families

In this section we apply Theorems 3.4 3.5 to obtain constrains on the structure of
the cohomology ring H*(E; Q) and on the characteristic classes p; and e. These
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constrains will then be used in Section 5 to deduce various properties of the tautological
classes of E.

Proposition 4.1 Let 7: E — B be a family with structure group Diffy(X). The
following identities hold:

(4-1) O=/ XiXjX; (for distinct i, j, k),
E/B
4-2) O:/ (xi3+32x,-sz—p1xi) (for eachi),
E/B -
J#i
(4-3) 0:/ (xixf+xi3xj+3 Z xixjx,%—plx,-xj) (for distinct i, j),
E/B
k#i,j
4-4) 0:/ (fo+62xi2xf+3e2—2plzxi2).
E/B\™ i i
i<j

Proof Theorem 3.4 gives
/ e(Elxl +"‘+€nxn)/2/’1\(T(E/B)) =0.
E/B

Expanding the exponential and integrating, we see that the degree 2m component of
the left-hand side has the form

Z €10m,I
[I|<m+2

for some cohomology classes ay, 7 € H?™(B;Q), where the sum is over subsets of
{1,2,...,n} of size <m+2 and
€] = 1_[ €;.

iel
Each ¢; can be thought of as a function €7 : {1, —1}" — Q. Thought of this way, the
{€r}r are linearly independent. Indeed they are the characters of Z%; namely, €; is the
character of the 1-dimensional representation in which the i" generator of 7% acts as
—1ifi € I and as +1 if i ¢ I. By linear independence of the ¢y, it follows that, if

/ e(Elxl+'"+€”x”)/2/i\(T(E/B)) :0
E/B
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forall €1,...,€, € {1, —1}, then each class «,,,; must be zero. In degree 2m = 2, we
get
0 :/ xix;jx; (fordistinct i, j, k),
E/B

which comes from aq ¢ ; xy = 0 and

O:/ (xi3+32xix}—p1xi) (for each 7),
E/B ;
J#i
which comes from &y ;3 = 0. Notice that @1, = 0 and o ¢; ;1 = 0 hold automatically.

In general it is clear that o, ; = 0 holds automatically whenever |/| # m mod 2. In
degree 2m = 4, we get

0:/ (xixf-i—x?xj +3 Z xinx,%—plxin) (for distinct 7, j),
E/B

k#i,j
o= (Zx FO Xt +3 -2 ).
E/B ;
l<]
which come from a5 (; ;1 = 0 and 2,5 = 0, respectively. a

There is also an equation corresponding to &y g; j k3 = 0, but it turns out that this
follows from (4-1), so doesn’t give any further constraints.

Recall that, by Proposition 2.4, the cohomology ring of E is given by (2-1)—(2-4). We
now use Proposition 4.1 to deduce further simplifications.
Proposition 4.2 We have that
lej =0 whenever k #1i or j.
Henceforth, we shall denote ij by D;; (note that Dljj = D}i = Dj;). Moreover,
El'j = _Diiji for all i 75 ]

Hence, the cup product on H*(E; Q) has the form

(4-5) xix;j = Djjx; + Djix; — Di; D},
(4-6) xl-2=v+ZDijxj+Gi,
J
J#i
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4-7) xiV=Gixi_ZDiijixj+Jis
J
J#i
(4-8) =Y Sy o,
J

Proof Since x;x; =) lej Xk + Ejj, equation (4-1) implies that
lej =0 whenever k #1i or j.

As stated in the proposition, we will henceforth denote Df J simply by D;;. Next
consider p; € H*(E; Q). Since fE/B p1 = 3n, we may write pj in the form

(4-9) pr=3mv+) Aixi+rt

1

for some Aq,...A, € H*(B;Q) and t € H*(B; Q). From (4-2), one finds
(4-10) Ai=3) Dji.
J
J#

Next, we note that (by (2-1))

/ x}xj = / x}(Dijxi + Djixj + Eij) = Dij Dji + Eij.

E/B E/B
/ xixjx,%:/ (D,'jxl'+Dj,'Xj+Eij)x]§:D,'jDki+Djl‘ij+E,~j
E/B E/B

for i, j and k distinct, and

/E/B D1XiXj = /E/B(3nv + ;Akxk + 7)Xi Xj (by (4-9))
=3nE;j + DjjAi + Dji}j (by (2-1))
=3nE;j +6D;;Dji +3 Y (DijDgi + DjiDy;) (by (4-10)).
.y

Hence, (4-3) gives
2(Dij Dji + Eij)+3 ) (Dij Dy + Dji Dij + Eij) —3nEj; —6Di; Dy
s —3 ) (Dij Dy + Dji D) =0,
Kt
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which simplifies to

2(Di; Dji + Eij) +3(n —2)E;; —3nE;; —6D;; Dj; =0,
or
—4(DijDji + Eij) =0.
So we have
Eij =—Dj;Dji. O

A surprising consequence of Proposition 4.2 is that the equation for x;x;,
XiXj = Dijxi + Djin —D,‘iji,
can be written more compactly as
(xi — Dji)(x; — Dij) = 0.

From Proposition 4.2, the cup product on H*(E; Q) is determined by classes D;;, G,
Ji and w. However there are certain constraints that these classes must satisfy arising
from associativity of the cup product.

Proposition 4.3 The classes D;;, G;, J; and w satisfy

“4-11) (Dij _ij)(Dik _Djk) =0 (for distinct i, j, k),
(4-12) Gi+Gj+ Y DiDjx =D} +D7; (for distinct i, j),
k
k#i,j

4-13) J;+D;;Gj — Z DixDji Dy = DijGi—DijDle- (for distinct i, ),

k
k#i,j
(4-14) Y JiDij+w=G}+) DD} (foralli).
j j
j#i j#i

Proof Recall the cup product on H*(E; Q) is given in Proposition 4.2. Associativity
of this product gives constraints on D;;, G;, J;,w. Let i, j and k be distinct. From

(xixj)xg = xi (xXj Xk)
we obtain (4-11). From
(xP)xj = xi (xix7)
we obtain (4-12). From
(x})v = xi (x;v)
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we obtain (4-13), and from
xi () = (x;v)v
we obtain (4-14). O

Conversely, it can be checked that (4-11)—(4-14) imply associativity of the product
given in Proposition 4.2, so there are no further equations that can be obtained from
associativity alone.

Proposition 4.4 Foreachi =1,...,n,
x? = Bix; + Ci,
where
(4-15) Bi =2G;+ Y D},
J
J#i
(4-16) Ci=Ji— Z Diszji-
J
J#i

Proof We have
x}? IU+ZDijxj +G;.

J
J#i
Multiplying both sides by x; and using x;v = G;x; — Zﬂﬁéi Di;Djix; + J;i, we get

xl-3 =X;Vv+ ZDU(X,'XJ') + Gix;

J
J#i
=2G;x; _ZDiijixj + J; + Z D;i(Djjx; +Djjx; —D;;jDj;)
J J
J#i J#
=Q2Gi+ Y D})xi+Ji— )Y D}Dj
J J
JF#i JF#i
= Bix; + C;. O

Proposition 4.5 For distinct i and j,
D_?i = B,‘Dji + C;.

In other words, Dj; satisfies the same cubic equation as x;.
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Proof Recall that x;x; = D;;x; + Djjx; — D;j Dj;. Therefore,
xi(xj — Dij) = Dji(x; — Dij).

By repeated application of this identity, we see that X,k (xj = Djj) = Dj’.‘l. (x; — Dij)
for any k > 0. Using this and Proposition 4.4, we have

D} (xj — Dij) = x};(xj — Djj) = (Bix; + C;)(xj — Djj) = (Bi Dji + Ci)(x; — Djj).
Multiplying both sides by x; and integrating over the fibres gives

D;’i = BiDjl' + C;. O

In order to compute tautological classes E, we need to determine p; and e as elements
of H*(E; Q). This is carried out in the next few propositions. First we consider p;.

Proposition 4.6 There exists a class 1 € H*(B; Q) such that
p1 =37+ +x7) + L.
Proof By the signature theorem, | E/BP1= 3n. Therefore,

n
P1 =3(Xf+---+x,f)+zdixz'+u
i=1

for some d; € H?(B;Q) and some . € H*(B;Q). Then, using (4-2), we find that
d; = 0 for all i and hence

P1=30F 4+ x7) + e 0
Proposition 4.7 Foreachi,
—2B;+3) D} +p=0.
J
J#
Proof We use Theorem 3.5. For j # i, let€; € {1, —1} and set

c =3x; +Zejxj.

J
J#i
Then
17) / 2 A(T(E/B)) = ",
E/B
where s
U= 4=C” — 2= P1C.
/E/B 48 48
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Since u is cubic in ¢, it can be expanded in the form

u—u0+Ze]u]+ Z €j€Uj + Z €jE€LEIU k]
Jokl
j;él i,j, k d1st1nct i,j,k,l distinct

for some uo, uj, Ui, ujg; € H?(B;Q). From Proposition 4.6, we find that

”:4%; E/B((3x,+26]x]) —(3x,+2€,x])(3(x1+ +x2)+u)).

J #t J #l
Expanding this, we find

1 3 , 2 3 . 2y _ 3 3_
uO_E (27xl~ +9x,;xj—9xi —9x,ij)—§/E/Bxi =0,

E/B j
j#i J#
1 2. 3 . 2 3 , 2
iy _E/E/B(27xl-xj+xj + 3x; ; xk—3xj—3x] Zxk)
k#i,j k#j
1 2 2 2 2)
= — 27x7x; 4+ 3x; x; —3x; X, —3x;ix;
48 E/B( v ! ; k ’ ; « .
k#i,j k#i,j
_ 1 2,
=15 E/B24xixj

1/ 2 1
== xixj =5 Djj.
2 E/B i 21

We also have

1 1
Ujj 13 /E/B 8xixjxp =0 and u;j 13 /E/B6x,xjxk
So 1
= E ZéjDij.
J
J#
It follows that
(4-18) Tu? (ZD2 +2 Z ejekDijDik)-
P
j :,éz i,j,kjdistinct

Equating degree 4 components of (4-17), we get

(4-19)

Sl

2 1 4 1 .2 1 2 2
u Z/E/B(mc — 193¢ P1+ 5765 (TP1 —4e ))'
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Observe that
c—2x; =Xx; + Zerj.
J
J#i
Therefore, Theorem 3.4 gives
/ ec™2xD/12 J(T(E/B)) = 0.
E/B
Extracting the degree 4 terms, we find
(4-20) /E/B (;W(C —2x))4 — ﬁ(c —2x))%p1 + TIGOUpf — 4e2)) =0.
Combining (4-19) and (4-20) gives

%Mz - L/B(ﬁ[04—(c—2xi)4] —ﬁ[cz—(c—bci)z]m).

The right-hand side can be expanded in the form ) 7 €1vy for some vy € H 4(B; Q).
We will be interested in the constant term vy (here “constant” means independent of
the €;). Comparing with (4-18), we have

1 Z 2
Vg = g : Dl]
J
JF#i
Using Proposition 4.6, we find

1

4y 2 _ N2

__ 1 . oYy 12 242
=713 /E/B((3xl+;€jx])xl X,)(?’(xl‘f’ +x;) + 1.

J#i
The constant term in this expression is
@2 o [ B xDBET a4 )
48 E/B

-1
T 24 [

>
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Also,

1
ﬁ (c —(c=2x))H = 18 /E/B(c3x,' — 3cle~2 + 4cxl-3’ —2xl4).

The constant term in this expression is

(4-22) %( 2B; +12B; — 273,—32/
E

12+27Bi +9 Z / xizx})
— JE/B

/B
/#l J#I
_ 1 . 2,2
_48(IOB,+6Z/E/Bxlx])
J
J#i
_ S5, 1 2.2
_24BI+SZ/E/Bxixj.
J
JF#i

Combining the constant terms from (4-21) and (4-22) and equating this to vy, we

obtain
1 2 2.2
= D = B —=
5205 52 [, i mt g o
J# j?él J?él
1 1
—EBl_ﬁ,Uv-
Hence,
3) D} =2Bi—p. O
J
J#i

We now consider the Euler class e. To determine e we will make use of the following
result [19, Lemma 2.3]:

Lemma 4.8 Foranyoa € H¥(E;Q),
/ ae = Trace(a: HY(E; Q) — H®(E; Q)),
E/B

where we view H® (E; Q) as a finite-dimensional free module over H®(B; Q).
Proposition 4.9 e=2v+x7++x2.
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Proof From Lemma 4.8,

/ ex; = Trace(x;: HY(E; Q) - H®(E: Q)).
E/B

We compute the trace of x; using the basis {1, x1, ..., x5, v}. From (4-5), the coefficient
of x; in x;x; for i # j is D;;. From (4-6), the coefficient of x; in xl.2 is zero and,
from (4-7), the coefficient of v in x; v is zero. Hence,
ex; = Dj;.
J#i
Similarly, we compute the trace of v using the basis {1, x1,..., X, v}. From (4-7) the

2

coefficient of x; in vx; is G; and, from (4-8), the coefficient of v in v~ is zero. Hence,

n
/E/Bev=ZG,-.

i=1

From fE/B e = y(X) =2+ n, it follows that

n
e=20+X]+tXp+ ) viki+w
i=1

for some v; € H2(B; Q) and some w € H*(B; Q). By direct computation, one finds

that
n
ex; =v; + D;; and / ev = G +w.
/E/BZIZN =26

J i=1
J#i
Therefore, v; = 0 for all i and w = 0, so that

e=2v+x]+-+x2 m

5 Tautological classes

In this section we use the results from Section 4 on the structure of the cohomology
ring of E in order to compute tautological classes. The computation involves many
complicated fibre integrals and hence we find it useful to first prove a general result
about such integrals. The following result may be thought of as a kind of diagonalisation
theorem for fibre integrals:
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Proposition 5.1 (integration formula) Let f(t1,...,¢,) be a polynomial in tq, ..., 1,
with coefficients in H®(B; Q). Then
n
(5-1) [ tewn=3 [ .
E/B i=1 E/B
where

fj(xj) = f(Djl’ ce ,Dj(j_l),xj, Dj(j—i—l)» cees Djn).

Proof We prove this by induction. Let m < n. Suppose we have shown that (5-1)
holds whenever f is a polynomial in m or fewer of the variables ¢1,...,t;. The
base case m = 1 is trivially true. Suppose the result holds for 1 < m < n. To
prove the m + 1 case in general, it is enough to prove it for polynomials of the form
z‘j‘f(t,-1 .....ti,) for some j, ij,...,in and some a > 1. Without loss of generality,
it is enough to prove it for polynomials of the form 77, | f(#1,. .., ), since we can
get the result for tj‘.‘ f(ti,,....t,) from this by reordering the indices. Note that, from

Xm+1X1 = D+ 1)1Xm+1D10m+1)%1 = Dm+1)1 D1(m+1), we get that
Xm+1(X1 = Dm+1)1) = Digm+1) (X1 = Dons1)1)-

Next, by the division algorithm, we can write

S xm) = (D1 X255 Xm) + (X1 = Dng1)1)€(X1. - - .. Xm)

for some polynomial g(x1... .. Xp). Then
/ Xma1 S (X1, Xm)
E/B

=/E/Bxgn-i-lf(D(m—i—l)l,xZ»---»xm))+Dil(m+1)(x1_D(m—i-l)l)g(xl,---,xm)-

Both terms involve at most m variables, so by induction we get

/ xfn—}-lf(D(m—i-l)laxZ,---,xm)
E/B

=/E/ Xmt1S Dm+11 Dm+1)2s -+ > Dm+1)m)

/E/B Z Dion+1)f (Den+1: Dj2e - Dj(j—1):%j: Dj(j+1)s- -+ Djm)
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and

/E/B Dil(m+1)(x1 - D(m—i—l)l)g(xl, ceesXm)

=/E/BZD'f(mﬂ)(Djl—D(m+1)1)g(Dj1,---,Dj(j—1),Xj,Dj(j+1),---,Djm)

/E/BZD](,,,H)(Dﬂ—D(m+1)1)g(DJ1, o Dji—1y.%j. Dji+1)s - - Djm).

To get the last line we used the special case of (4-11),

(Dim+1) = Djemn+1)(Dj1 = Dgny1)1) =0
to deduce that

Digm+1)(Dj1 = Dm+1)1) = Djm+1)(Dj1 — Dmt1)1)

and hence, by repeated application of this identity, that

Dfmi1y(Pjt = PDim+1)1) = D1y (Pj1 = Dimy1)1)-

Adding these two equalities, we get

/ X,‘,l,+1f(x1,...,xm)
E/B

=/ Xmt1S Dn+1)1> Dm+1)2> - -+ Dim+1)m)

/E/B Z Djn+1)S (Den+1: Dj2.- - Dj(j—1): X Djj+1)s -+ -+ Djm)

/E/B Z Dfni1(Dj1 = Dn+1y)&(Djt - Dj(j—1)s %)+ Dj(j+1)s s Djm)

:/E/B X1 S Dm+1)1: Domt1)25 - - -+ Dmt1ym)

/ ZD](m+1)f(DJ1""’Dj(j—l)’xj’Dj(j+1)""’D/m)'
E/B/_1

This proves the inductive step and so we are done. |

The computation of the tautological classes Kpaeb is best handled by considering
separately the cases where b is even or odd. Because of this, we wish to have an

Geometry & Topology, Volume 27 (2023)



Tautological classes of definite 4—manifolds 673

expression for e2 in terms of X1, ..., X, in which there are no cross terms x; x 7 with
i # j. The following proposition gives such an expression:

Proposition 5.2 We have

n
e?=) (37— B+,
i=1
where A satisfies

A== (3D} — B))?
j
J#i

foralli.

Proof Throughout this proof we will make repeated use of (4-5)—(4-8) to compute
cup products. We will also use Proposition 4.4 to express third and higher powers of
x; in terms of x; and xl.z. In particular,

x? = Bixi2 + Cix;.

We will also use (4-15) and (4-16) to rewrite any instances of G; or J; that appear in
the calculation in terms of B;, C;, D;; and Dj;.

From Proposition 4.9, we have
e=204x7 4+ 4 x2.
Squaring both sides and simplifying, we find
n
=3 Bix?+9) Cixi+3) D}D? +4w =) (3x7}—Bi)*+A4,

i=1

i#j

A=3%"D}D?}+4w—> B
i,j i
i#]
It remains to show that A = =) i (3Dl.2j —B j)z. To show this, we will calculate

where

i) E/B ele.z in two different ways. First, a direct computation gives

/ ezxg:/ Qv 437 4+ x7)°x7
E/B E/B

=/ 4v2xl~2+4/ u(x%+--~+x,2,)x,-2+/ (3 4+ x2)%x
E/B E/B E/B
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Now
2
2.2 _ N2 e v 7. ) 2 2 12
/E/Bv X; —/E/B(vx,) —/E/B(G,xl ;D,JDNXJ+J,) =G;j —i—;DijDﬁ
J#i J#i
and

/ v(xf—i—-'-%—x,%)xl-z
E/B
4 2.2
= vX; + / VX5 X
/E/B ! 2}: /B 7!
J#i
=/ V(Bixi2+cixi)+2/ v(Dijxi + Djixj — DijDji)?
E/B — JE/B
J#i
:B,-G,-+Z(Di2jG,-+D}iGj—Dl?jD},.).

J
J#i
Also, from Proposition 5.1, we have

/E/B(x% oo x2)2x?

2 2
:/ xg(x,.2+zpfj) +ZD}Z./ (x}+ngk)
E/B T F E/B P

J#i J#i k#j
2
= B?+2B; Y D? + (ZD%) +ZD},(B,- +23° D}k),
j j j k
j#i j#i j#i k#j

where we used [ /B x} = B; and [g /B x9 = B? to get the last line. Putting these
together, we find

/ e2x2

E/B

=/ 4v2x,-2+4/ v(x%—i-“-—l-x,zl)xiz—i-/ (x%ik---—l-xrzl)zxi2
E/B E/B E/B

=4G?+4) D}D? +4B;G;+ Y (4D} G; +4D}G; — 4D} D?) + B}

j ij i i
J J
J#i Jj#i
2
2 2 2 2 n2 4
J J J Jik J
i j#i J#i i, ],k distinct J#i
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:(B,-—ZDZ.) +4ZD2D2 +232—ZB,ZD +2ZD23,
j

J#i 1#1 J#l J?él
—ZZ(ZD2D2)+22 2Z(ZD2D2) 4ZD2D2
J?él k?'él /#t J?él k#J /#t
+B§+2B,~ZD,§+(ZD,. ) +ZD Bj+2 > D;D}+2) D},
j j I j
VES) VES) j #l i,j,k/distinct VES]
2
=(B,-—ZD,-ZJ-) +4) D} D% +3B7 — ZZ(ZDiZle-Zk)+3ZD21BJ
j j Nk J
j#i j#i JAi k# JF#i
2
2 2 2 2 2
—22(21) D ) 4ZDUDJI+ZB ZD (ZDU)
J
j#i k# Hél J#i J#i
+2 Y  D}D? +2Z
i,j,kjélistinct J 7éz
2 2 2 2 2
= 4B; +3ZD B,+2(ZD ) +4) D} D% — 22(21),.].1)1.,{)
j j Nk
J?él /#l j#i j#i k#i
—22(21) ) 4ZD2D2+2 Z D},.D}k+2ZD4
j.k J
J;él kaé/ J?él i, ],k distinct J#i
_432+3ZDzB +2 Z D% DZ +2ZD -2 Z D% D2
Jj ;él i,j, k dlstmct J #l i,j, k d1st1nct
—221);‘].—2 Z D? D%, 2ZDJ‘.‘,.+2 Z D% k“Z )
J / ik
JFi i/, k dlﬂtmct j;éi i,j,k]distinct J ?él
=4B?+3)  D? B,
j
j#i

So we have shown

(5-2) /E s ’x? =4B7 +3) D} B,
J
J#i
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Next, take the equality

e —Z(Sx —B)2+A—3ZBx +9Zc,x]+232+x

j=1

multiply both sides by )cl-2 and integrate to obtain

2 2 4 2 p2
e“x; =3/ Bix'+3 / B~x —|—9 CiDii+ B +B7+A
/E/B ! E/B 2]: E/B Z it Z

J#i Hél /#l

=4B?+3) B; /E/B X}x7+9) CiDij+) | BI+A.
j J J
J#i J#i J#i

From Proposition 5.1, we find

SO
/ e?x; _4B2+Z(3B D} +3B; D}, +9C;Dij + B}) + A
E/B
J?él
= 4B? + 2(33, . +3B; D}, +9D;; —9D} Bj + B}) + A
J?él
=4B?+) (9D}, — 6D} Bj + B} +3B; D7) + A
J
J#i
=4B?+3) B;D} + (Z(3Di2j — Bj)? +/\),
J J
JF#i J#i
where we made use of Proposition 4.5 to replace C; by D — D;; B;j. Comparing
with (5-2), it follows that
—Y (3D} - B))>. O
J
Vel

The next result says that the tautological classes with even powers of e can be written
as a sum of n terms, where the i term only involves x;.
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Proposition 5.3 Fori =1,...,n, we set
p1(i) =3x?+2B;, e(i)=3x?—B,.
Then, for alla,b > 0,

n
2b Na _:\2b
amm= | pie? = / pr(i)ee ().
pre /E/B ! ; E/B

Proof Consider the polynomials

n
Py(t.....tn) =37+ +12)+p and Pr(ty.....tn) =Y (37— B)*+1.
i=1
Then
p1=Pi(x1,....xp)
by Proposition 4.6, and
e? = Py(x1,...,xn)

by Proposition 5.2. Therefore,

Kpa g2 :/ pi’eZb :/ P1(x1,...,xn)“Pz(xl,...,xn)b.
E/B E/B
Next we find that
(P1)i(xi) = P1(Di1,.... Dii-1) Xi» Di¢i+1)s-- -+ Din)
=3x7+3Y D} +p=3x7+2Bi = p1(i).
J
J#i
where the second-to-last equality was obtained using Proposition 4.7.
Also,
(P2)i(xi) = P1(Dj1,.... Dji—1). Xi» Di¢i+1)--- -+ Din)
=(3x? B>+ Y (3D} — B))* + A = (3x? — Bi)> = e(i)*,
J
J#i
where we used Proposition 5.2. Combining these results with the integration formula
(Proposition 5.1), we get

KpflleZb =/ P1(x1,...,xn)aPz(xl,...,xn)b
E/B

- ) 7 (xi bixp) = n Na ,\2b
_j;/E/B(PI)J(xt)(PZ)/(Xl) ;/E/B p1(l) e(z) . O
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Next we would like to consider tautological classes with an odd power of e. Since
Proposition 5.2 lets us write e? in terms of the x;, we just need to consider integrands
of the form f(xy,...,x,)e, where f is a polynomial. The next proposition gives a
formula for the evaluation of such integrals.

Proposition 5.4 (second integration formula) Let f(t1,...,t,) be a polynomial in
t1,...,ty with coefficients in H® (B; Q). Then, foreachi € {1,...,n},

(5:3) /E Rt Z; /E et -2 ; £(Diy).

J#i
Proof Fixi €{l,...,n}. Then, from
xP=v +2Dijxj +Gi,
J
J#i
we get
/ f(xl,...,xn)v:/ f(xl,...,xn)(xiz—ZDijxj_Gi)~
E/B E/B ;
J#i

The integrand on the right-hand side is a polynomial in xy, ..., x, with coefficients in

H®(B;Q), so, from Proposition 5.1, we have
s [ fm= | ﬁ(xl-)(x?—ZD?;—G,-)
E/B E/B i
J#i
+ fj(xj)(Dfi—Diij'— > Diijk_Gi)-

J k.
J#i k#i,j

Using Proposition 5.1 again, we also have

(5-5) /E/Bf(xl,...,m)(x%+---+x3)
— e[ x2 2 e | 12 2
_/E/Bf,(x,)(x, +;DU)+;/E/BJ‘]()C,)(XJ + ; Djk).
j#i j#i k# j
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Now, from Proposition 4.9, we have e = 2v + x% + -4 x,%. Together with (5-4)
and (5-5), this implies

(5-6) / f(x1,...,xn)e
E/B

=/E/B Fr . x) Qv+ x3 4+ x2)

_ (352 — 26, — S p2
_/E/Bfl(x,)(3xl 26; ;DU)

j#i
+Z/E/Bﬁ(x,-)(x}+3D}i—2Gi—2 Z Dk Dy + Z D7y
j k k
J#i ki, j ki j
—2D,-jxj~).

Note that

(5-7) 3x7—2G; — Y _ D} =3x}— Bi =e(i).

J
j#
Also,

(5-8) x7+3D};—2Gi—2 Y DuDjy+ Y D3 —2Djx;
k k
k#i,j k#i,j
= sz —2Dl~jxj~ + 3D]2i —B; + Dl-zj + Z (Dizk _2Diijk + D]zk)'
k
k#i,j

Combining (4-12) with B; =2G; + Zﬂj#i Dl.zj, we have

Bi+B; =3D}, +3D% + Y _ (D} —2DuDji + D).
=y
Substituting this into (5-8), we get
(59) x?+3D%4—-2G;i—2 Y DyDjy+ Y D% —2Djjx;
ki) .y
=X} —2D;jx; —2D}, + B,

=e(j) —2(x} + Dijxj + D}, — B)).
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Substituting (5-7) and (5-9) into (5-6), we get
5100 [ florme
E/B
= / fixie@)+ ) / fi(xj)(e(j) =2(x} + Dijx; + D} — B)))
E/B ~ JE/B
J#i
n
= Z/ Ji(xj)e(j) —22/ fi(xj)(x} + Dijx; + Di; — B)).
= /E/B — JE/B
J#i
Now we claim that, for any integer m > 0,
2 2 _
/E/B x]’-"(xj + Djjx; + Dij —-Bj) = Dlr?

We prove this by induction on m. For m = 0, 1, this is obvious. For m = 2, we have

/ x}(x]z—i—Diij'—i-Dizj—Bj):(/ x;})+D,~2j—Bj:Bj+Di2j—Bj:Di2j.
E/B E/B

Now suppose m > 3 and that the result holds for all m” <m. Then, since xf =Bjx;+C;
and ng = B;D;; + C;, we find

/ me(xJz-i-Diij'—{—Dij—Bj)
E/B
=/ X" (Bjxj + Cj)(x} + Dijx; + Dij — Bj)
E/B
:Bj/ me_Z(XJz-i-Dinj-i-Dij—Bj)-i-Cj/ x]r'n_3(x]2+Dinj+Dij—Bj)
E/B E/B
=BjDZ?_2+Cle-’;’_3

= (B; Dij +C;)D}j >

_ ym
=DJ}.

which completes the induction. As a consequence, it follows that
/ fi(x))(x} + Dijx; + D} — Bj) = f;(Dij).
E/B
Applying this to (5-10), we get
n
[ ferme=3 [ fepei =23 ), 0
E/B iZ17E/B 7

J#
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The next result is the counterpart of Proposition 5.3 for odd powers of e.

Proposition 5.5 For all a and b,

Kpt g2b+1 =/ ple?bt!
E/B

— § :/ p1(i)%e(i)?b — 2§ :(3D +2B;)*(3D} — Bj)?.
i=1
J?él

Proof As in the proof of Proposition 5.3, we write

p1= Pi(x1,...,xn) and e? = Pr(x1,...,xn),

where
n

Pi(t1.....tg) =30  +-+1)+p and Pr(fy.....0n) =) (317 = Bi)* +A.
i=1

Then we apply Proposition 5.4 to f(x1,...,Xn) = P1(x1,...,xn)? P2(x1,... ,x,,)b
to obtain

/ pePh i = / FOts o xn)e
E/B E/B

n
=Z/ p1(j)*e())***1 =2 " pj(Dij)*e;(Dij)*
j=17E/B J
j#i

_Z/ p1(j)ee(j)?bH = 22(31) +2B;)°(3D%-B)%*. O
/#l

In the next result, we show that ¢ can be written in terms of tautological classes.

Proposition 5.6 We have

n
Ke2 =3 Z B; and «kpe= %Kez +2/.

Therefore,

_1 4
/,L - iKple - 5/{82.
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Proof From Proposition 5.3, we have
n n
Kp2 = Z/ (3x?—B))* = Z/ (9x} —6B;x7 + BY)
i=1/E/B j=1"E/B

n n
= (9B; —6B;)=3) B
j=1 j=1

From Proposition 5.5, we have

n
Kpre =Y /E/B(:sx} +2B))(3x — Bj) =2 ) (3D}, +2B))
j=1 ]

J#i
n
_ 4 2 AN 2 .
—Z/EB(9xj+BB]xj 2B})-6) D} —4) B,
j=17E/ J J
J#i J#i

n n
= > 12Bj—4) B +4B; —4B; +2u
j=1 j=1

n
=8> Bj+2u.
j=1

where the second-to-last equality follows from Proposition 4.7. Therefore,

n
KpleZSZBj +2/,L:§Ke2+2,u. O
j=1

Let Uy — BDiff(X) denote the universal family Uy = EDiff(X) xpjg(x) X over
BDiff(X) and let Uy = p*(Uy) be the pullback of the universal family to BDiff(X).
Then, as in Section 2, the rational cohomology ring H*(Uy; Q) is generated over
H*(BDiff(X); Q) by classes x1,...,x, € H?>(Ux; Q). By the universal coefficient
theorem, rational cohomology classes of BDiff(X) are detected by their evaluation on
integral homology classes. By a result of Thom [21], for any integral homology class
x € Hy(BDiff(X); Z), there is a nonzero integer N such that N x is the pushforward
of the fundamental class of a compact, oriented smooth manifold M of dimension k
under a continuous map f: M — BDiff(X). Hence, rational cohomology classes
of BDiff(X) are detected by continuous maps from compact smooth manifolds into
BDiff(X). From this it follows that all of the results in Sections 4 and 5 for smooth,
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compact families carry over to Uy — BDiff(X). In particular, there are classes
D;; € H*(BDiff(X); Q), J; € H%(BDiff(X); Q),

G; € H*(BDiff(X);Q), o e H3(BDIiff(X);Q),

such that

xixj = Djjxi +Djix; — DijDji, xijv=Gjx;— Z Di;jDjix; + Ji,

J
J#i
x?:v+ZDijxj+G,-, UZZZJJ‘X]‘-FC().
J J
J#i

We also define 1 € H*(BDiff(X); Q) to be given by p = %Kple — %Kez.

We also have

x? = Bix; + C;,
where N
B =2G; + ) | D}; € H*(BDiff(X); Q),
J
J#i
C=J — Z D?.Dj; € H*(BDiff(X): Q).
J
J#i
The classes x1,...,x, (and therefore also the classes D;;, G;, J;, w, B; and C;)

depend on a choice of framing {1, ..., &, } for the family Uy. Recall that the group
Wp =Sy xZ5

acts on the set of framings by permutations and sign changes. The group W, acts
on BDiff(X) and Uy on the right, inducing left actions on H *(BDiff(X); Q) and
H*(Uyx:; Q). This action corresponds to a change of framing; in particular, it follows
that .
_ FiL
o(x;) = x5y foroesS, and 0i(xj) = 8 1 J 7 l
—x; if j =1i.

It also follows that W), acts on all of the associated classes D;;, G;, Ji, w, B; and C;.

Noting that
2
D,‘j :/ X; Xj,
Ex/B

one finds that the action of W), on the D;; is given by
D;; ifk # j,
O'(Dij) = D(,(l-)g(j) for o0 € S, and Qk(Dij) = —;j),’j ith =/
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Definition 5.7 Let X be a smooth, compact, simply connected, positive-definite 4—
manifold with by (X) =n > 1. We denote by D*(X) the subring of H*(BDiff(X); Q)
generated by the D;;. Note that W, acts on D*(X) by ring automorphisms. We let
I*(X) € D*(X) denote the Wy,—invariant subring of D*(X).

Remark 5.8 Recall (see the comment preceding Remark 2.1) that the W;,—invariant
subring of H*(BDiff(X); Q) is H*(BDiff(X); Q). Therefore, I*(X) may be identi-
fied with a subring of H*(BDiff(X); Q):

1*(X) € H*(BDiff(X); Q).

Lemma 5.9 Ik(X) is nonzero only if k is a multiple of 4. Moreover, 1*(X) is
spanned by I, and I,, where

Li=) D}, L= Y  DyDj.
i

s i’jyk
i#j i,],k distinct

Proof Since the D;; have degree 2, I *(X) is concentrated in even degrees. Suppose

k = 2m. Any element in /2(X) is a linear combination of monomials

Dilj] Dizjz D

iﬂ’l ]m °
The subgroup Z% C W, sends each such monomial to plus or minus itself. Therefore,

any element of D2 (X) must be a linear combination consisting only of monomials
that are Z/—invariant. However, it is clear that

Ok (Diy jy Diyjy =+ Dipyjo) = (=1)* Dy jy Diy jp -+ D

ImJm>

where € is the number of @ € {1, ..., m} for which j, = k. Clearly,

n
Z € = ni.
k=1

This means that the product 8165 - - - ,, acts on D?™(X) by (—1)™. Hence, 1?"(X) =
0 for m odd and so I*(X) is concentrated in degrees divisible by 4.

Any element of D4(X) is a quadratic polynomial in the D; 7. Any invariant element
of D*(X) must be a linear combination of monomials D, j, D;, j, that are Z%—invariant.
Such a monomial D;, j, D;, j, is Z—invariant if and only if j; = j,. Thus, any element
of I*(X) is a linear combination of monomials of the form

D} (i#j) or  DiDjg (i.j.k distinct).
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The symmetric group S, acts on such monomials with precisely two orbits. It follows
that 7#(X) is spanned by

2
= E Dij and I, = E Diijk- O
[ j i’j3k
i#j i,j,k distinct

Lemma 5.10 Forn > 2,
n—>5 2 I
nn—1) ! nn—1) 2

H=—

Proof From Proposition 4.7, we have
—2B; +3 Z DZ +p=0.

J?él

Summing over all i and using Proposition 5.6, we have
(5-11) —2kp2 4+ 311 +np =0.

Next, recall that B; = 2G; + Zﬂj# Dlzj Summing over i, we get

n
(5-12) D Gi=jkpo—3

i=1

Summing (4-12) over all i # j, we get

n
(5-13) 20—1)) Gi+ I =2I.
i=1
Combining (5-12) and (5-13), we get
n+1 ] 1

n—1 1_11—112'

1 —
§Ke2 =

Note that we can divide by n — 1 because of the assumption that n > 2. Substituting

this into (5-11), we get

5 2
n[L=—ZT111—T112. O

Proposition 5.11 Forn > 2,
1 o 3 _B.D:
Bi ZZ 2n(n—1) n—llz’ G n—1 Z(D ~ BiDji).

J
/sﬁl J#i
Moreover, B;,C;,G; € D*(X) and w € 13(X).
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Proof Proposition 4.7 and Lemma 5.10 together imply that

1 4
E I — I, e D7 (X).
Bi 2 2n(n—l) n—1"72 @

J?él
Proposition 4.5 gives C; = Dfi — B;Dj; for all j #i. Averaging over j for j #i
gives 1
Ci=-— > (D}, — BiDji) € DS(X).
j;éi
(It is not necessary to average over j in order to show C; € D®(X), but this makes the

expression for C; symmetric). Now, from (4-15) and (4-16), it follows that G;, J; €
D*(X). Lastly, if we take (4-14) and average over i, we obtain w € 13(X). |

Proof of Theorem 1.5 We have already constructed the classes
D;j € H*(BDiff(X);Q), 1<i,j<n,i# ]

and the group W, acts on the D;; as specified in part (i) of the theorem. Part (ii)
was explained in Remark 5.8. For part (iii), first note that the tautological classes are
Wy, —invariant because they lie in H*(BDiff(X); Q), which is the Wj,—invariant part of
H*(BDiff(X); Q). Thus, it suffices to show that each tautological class Kpieb belongs
to D*(X). From Propositions 5.3 and 5.5, it follows that each tautologlcal class

Kpg
can be written as a polynomial in D;;, B; and C;. But, from Proposition 5.11, we have

Bi,C; € D*(X), and of course D;; € D*(X). Hence, Kpieb € D*(X). ad

For each pair of nonnegative integers a and b, we define a two-variable polynomial
¢ap(x,y) € Z[x, y] as follows: Let

p(2)y=2>—xz—y, p'(z)=3z2—x.
Then we define
1 (22439 (2))°
2mi p(z)
where the contour encloses all zeros of p(z). Since (p'(z) + 3x)a+1(p/(z))b =
(P'(2) +30)9p' ()P +3x(p'(2)%(p' (2))°,
(5-14) Pa+1,6(X, ¥) = Pap+1(x, ) +3x¢g p(x, y).

By a direct computation, one finds that

(P'(2))® =3x(p'(2))* + 27y — 4x%) + 27(p(2))* + 54yp(2).

dz,

‘pa,b(xv)’) =
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Multiplying both sides by (p’(z) + 3x)%(p'(z))? and taking contour integrals, we see
that

Pa.p+3(x.¥) = 3x¢q p12(x. ¥) + (2797 = 4x*)ga b (x. y)
1
+t 5.0 %(1/(2) +30)%(p'(2))"27p(2) + 54y) dz.
But the integrand is holomorphic, so the integral is zero, giving the recursive formula

(5-15) Gap+3(X,¥) =3xPapra(x.¥) + 27y% —4x3 )Py p(x. ¥).

The recursive relations (5-14)—(5-15) can be used to compute ¢, , recursively from
$0,0, $o,1 and ¢o 2, which we now compute. Since ¢, ,(x, y) is a polynomial in x
and y, it suffices to compute the value of ¢, p(x,y) as a function of (x, y) on an
open subset of C2. Assume that the discriminant 4x> — 27y? is nonzero, so that
p(z) has distinct roots A1, A» and A3. Then p(z) = (z —A1)(z — A2)(z — A3), where
AM+Ar+A3=0,21A2 +A1A3+AxA3 = —x and A1 A2A3 = y. Then, by the residue
theorem,
1 1 1

PO v T i)
1 1 .
(A1 —A2)(A1 —A3) + Oz — A1) (Ao —23) + PRI
1
= 1 —72) 02— O —ap 3722 T (1 =A3) + (A2 —41))
=0.

¢0’()(.X, y) =

By the argument principle,
$o,1(x,y) =3,

and, by the residue theorem again,

Po2(x.y) = p' (A1) + p'(A2) + p'(A3)
= (A1 —22)(A1 —A3) + (A2 — A1) (A2 —A3) + (A3 — A1) (A3 — A2)
=A2 A3+ A5 —Aida—Aidz —AoAs
= (A1 + A2 +23)* =3(A1d2 + A1 A3 + A223)

= 3x.

Proof of Theorem 1.6 From Propositions 5.3 and 5.5, we have

n
2b ~a _:\2b
per = [ =3 [ ptieq)
pre /E/B ! l; E/B
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and

2b+1
Kpge2bti :/ piet*
E/B

n

— Z/ p1()*e()** =2 "(3D? +2B))*(3D} — B))*".

i—1/E/B 7
J#i

So it remains to show that
(5-16) | p@ e = gus(5i.C).
E/B

To prove (5-16) for all a, b > 0, it suffices to show that both sides of the equation satisfy
the same recursion relations and same initial conditions. For convenience, let us set

Kab,i = / p1(i)%e(i)?’ = / (3x? +2B;)*(3x? — B;)’.
E/B E/B
Then we need to show that k, 5 ; = ¢4,p(B;, C;) forall a,b > 0 and all i. Clearly,

k0,0 =0=¢o,0(Bi,Ci), ko,1,i =3=¢o,1(Bi,C;)
and

Koo = / (3x?—B)* = / (9x} — 6Bx? + B?) = 3B; = ¢o(Bi, Ci).
E/B E/B

So kg pi =ap(Bi, C;) for (a,b) =(0,0), (0, 1), (0,2). Next, from (p1); =e; +3B;,
we see that
Ka+1,b,i = Ka,p+1,i +3Bikap,i-
Lastly, a short calculation shows that
e(i)® =3Bje(i)* +27C? — 4B},
so that

Kab+3.i = 3Bikapiai+ QRTICH—4B )k

Hence, k, ; satisfies the same recursive relations and initial conditions as ¢, 5 (B;, C;),
SO Kgp,i = $ap(Bi,C;)foralla,b>0andalli. m]

Remark 5.12 From Lemma 5.10 and Proposition 4.6, it follows that p; can be com-
pletely expressed in terms of the classes x1,. .., x, and {D;; }. Therefore, p; depends
only on the underlying topological structure of the family w: E — B, because the
classes x1,...,x, and {D;;} are uniquely characterised in terms of the pushforward
map 7«: H*(E; Q) — H* *(B; Q) (the classes x1, . .., x, and {D;; } also depend on
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a choice of framing, but p; is clearly W,—invariant, so does not depend on this choice).
It is also clear that e depends only on the underlying topological structure of the family.
Therefore, the tautological classes Kpaeb (E) depend only on the topological structure
of the family. As mentioned in the introduction, this also follows from the fact that the
tautological classes are also defined for topological bundles [6, Theorem B].

6 CP?

In this section we specialise to the case n = 1. Amongst other results, we completely
determine the tautological ring of CIP2.

Theorem 6.1 Let E — B be a smooth family with fibres diffeomorphic to X, where X
is a smooth, compact, simply connected, positive-definite 4—manifold with bp(X) = 1.
Suppose that the family has structure group Diffo(X) and let £ € H*(X:;Z) be a
framing. Let x € H?(E; Q) be the unique class such that x|y = & and fE/B x3=0.
Then there exist classes B € H*(B;Q), C € H%(B; Q) such that:

(i) There is an isomorphism of H*(B; Q)-algebras
H*(E;Q) = H*(B: Q)lx]/ (x> — Bx — ).
(ii) The Euler class and first Pontryagin classes of T(E/B) are given by
e=3x2—B, p; =3x2>+2B.
(iii) Forall a,b >0,
Kpaeb (E) = ¢ap(B.C).
Proof (i) is immediate from Proposition 4.4. From Proposition 4.7, we have u = 2B.
Then Proposition 4.6 gives
p1=3x> 4+ =3x>+2B.
From (4-15) and Proposition 4.2, we have
x2=v+G,
where G = %B. Then, from Proposition 4.9, we have

e=2v+x2=2x>—B)+x?>=3x>—B.
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This proves (ii). From (ii), it follows that
Kpaer (E) = / (3x2 +2B)*(3x2— B)?.
E/B
Using the exact same argument as in the proof of Theorem 1.6, we have
Kp‘lleb(E) =¢a,b(B»C)- o
Note in particular that

k2 (E) =218, k,(E) = 81C2 +609B3.

Theorem 6.2 The tautological ring of CIP? is isomorphic to a polynomial ring gener-
ated by Kp2 and Kpa!

R*(CP?) ~ Qlicy2. K],

Proof As explained in the introduction, if a relation amongst tautological classes
holds in R*(E) for all smooth compact CP? families E — B, then it must also hold in
R*(CP?). Furthermore, since the map H *(BDiff(CP?); Q) — H *(BDiffy(CP?); Q)
is injective, we can further restrict to families with structure group Diffo(CP?). From
Theorem 6.1, we see that every tautological class « pleb (E) is a polynomial in B and C.
In fact, by comparing degrees, we see that only even powers of C can occur and hence
Kpaeb (E) is a polynomial in B and C2. Next, since

k2 (E) =21B,  k,4(E) = 81C2% + 60982,
we see that B and C? can be expressed as

B =Jrc,p(E), C?=dic,e(E)—22(3 Kp%(E)1)3.

Hence, every tautological class can be written as a polynomial in Kp2 and k4. To
1

complete the proof it remains to check that there are no relations between Kp2 and Kpd-
To show this, consider families of the form £ = P(V'), the bundle of projective spaces
underlying a complex rank 3 vector bundle of the form V =L & M & (L*M™*) for

two line bundles L, M — B. If ¢1(L) = [ and ¢; (M) = m, then one finds
B=1?>4+m?+Im, C=Im(+m).

So —B and —C are the second and third elementary symmetric polynomials in [, m
and —/ —m. It follows that there can be no relation between B and C that holds for
all line bundles L and M on all B and hence there can be no relation between Kp2
and Kps- O
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Following [11; 9], we consider variants R*(X, ) and R*(X, D*) of the tautological
ring, which are defined as follows. Let Diff(X, ) be the subgroup of Diff(X) fixing a
point and Diff(X, D#) the subgroup which acts as the identity on an open disc D* C X.
There are obvious inclusions

(6-1) Diff(X, D*) — Diff(X, %) — Diff(X)

and a homomorphism s: Diff(X, *) — GL4 (4, R) which sends a diffeomorphism
of X to its derivative at the marked point. For each ¢ € H*(BGLt(4,R); Q) =~
H*(BSO(4); Q), we can take its pullback s*(c) € H*(BDiff(X, x); Q). We define
R*(X, %) to be the subring of H*(BDiff(X, x); Q) generated by the s*(c¢) together
with the pullback to BDiff(X, %) of all tautological classes k.. We similarly define
R*(X, D*) to be the subring of H*(BDiff(X, D*); Q) generated by the pullback to
BDIiff(X, D*) of all tautological classes k.. The inclusions (6-1) give ring homomor-
phisms
R*(X) L5 R*(X, %) 5> R*(X, D%

whose composition is surjective.

Theorem 6.3 We have ring isomorphisms:

(1) R*(CP? %) =Qlpy.e].
(2) R*(CP2%, D% ~Q.

Proof First note that we can identify BDiff(CP2, ) — BDiff(CP?) with the uni-

versal bundle Uy — BDIiff(CIP?) because Diff(CP?2, %) is a closed subgroup of
Diff(CP?), and so

BDIff(CP?, %) = EDiff(CP?)/Diff(CP?2, %)
= EDiff(CP?) X Ditt(CP?) (Diff(CIP?)/Diff(CIP2, %))
= EDiff(CP?) X cp2) CP? = Ux.

So we can think of R*(CIP2, %) as the subring of H*(Ux: Q) generated by pi, e and
the pullback of all tautological classes. Note that the pullback

7*: H*(BDiff(CP?); Q) —» H*(Ux: Q)
is injective because

/ n*(w)e = xy(CPHw = 3w
Ux / BDiff(CP?)
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for any w € H*(BDiff(CP?); Q). So the tautological classes pulled back to Uy

generate a ring isomorphic to Q[u, v], where u = Kp2 and U= Kl by Theorem 6.2.
From Theorem 6.1, we have that e = p; —3B = p; — /c 2. Therefore, R*(CP2, %)

is generated by Kp2s K and pp. Next, one can check dlrectly from Theorem 6.1 that

A

(6-2) pi= 7"p%1’f i Kp2P1— 0% ("p%)3 + %"p‘l"
We claim that R*(CP2, %) is a free R*(CP?)-module with basis {1, p1, pl} The
fact that R*(CP2, %) is generated by Kp2s Kpyé and p; together with (6-2) implies

that R*(CP2, «) is generated as an R*((C }P’z)—module by 1, p1 and p,. We need to
check linear independence. Suppose that

(6-3) a(u,v) +b(u,v)p1 +c(u,v)p; =0

for some a, b, ¢ € Q[u, v]. Note that

Kp2 = U,  Kp3 = ggU,  Kya =0.
Integrating over the fibres, we get 30 +uc =0,s0b = ——uc Multlplymg (6-3) by p1

and integrating, we get 3a — %u c+ lguzc =0, and hence a = 41401 c. Multiplying

(6-3) by p% and integrating, we get

3 13 29 3
0—44114 c— 1l c—l—vc—(v—mu )e.

Hence, ¢ = 0, which also implies @ = b = 0, proving the claim that 1, p; and p% are
linearly independent over R*(CP?). Thus,

R*(CP?, %) =~ Qlicy2. Kyt i)/ (P — 2p1 + 2 kp2D1+ 1035 (K, 2)3 1k 4)‘

Using the relation (6-2), we can solve for Ky in terms of Kp2s hence, R*(CIP?, ) =~
Q[Kplz p1]. Then, using e = p; — 7/<p2 we have that R*(CIP’2 *) = Ql, 2, p1l
Q[pl ’ e]’

Consider the ring R*(CIP2, D*). Since the composition R*(CP?) — R*(CP?2, %) —
R*(CP2, D*) is surjective, to show R*(CP?, D*) = Q it suffices to show that
the image of R*(CP2, %) — R*(CP?, D*) is Q. Recall that g: R*(CP2, %) —
R*(CP2, D*) is the homomorphism induced by BDiff(CP2, x) — BDiff(CP?2, D%).
It follows that g(p1) = g(e) = 0 because the composition

I

Diff(CP2, D*) — Diff(CP?2, x) — SO(4)

is a constant map. But we have just shown that R*(CP?2, x) = Q[p1, e]; hence, the
image of R*(CP2, %) — R*(CP2, D*) is Q, as claimed. ad
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7 CP*#CP?

In this section, we specialise to the case that n = by(X) =2 and set Dy = D, and
D, = Dj;.

Lemma 7.1 Each class Kpaeb is a symmetric polynomial in D% and D%.

Proof From Proposition 4.4, we have
x; = Bix1 +C1, x3 = Byxa+Ca,
where
B1 =2G1+ D%, By=2Gy+ D3, Cy=J—DiDy, Co=Jy—D3D;.
Equation (4-12) gives G + G, = Df + D% and hence
(7-1) By + By =3D? +3D2.
Proposition 4.7 gives
2By —3D}=pn=2B,—3D3
and hence
(7-2) 2(By — By) =3D?—-3D3.
Equations (7-1) and (7-2) give
Bi=3D{+3D3. By=3D5+3D}.
From Proposition 4.5, we get

Ci = D3 — DBy = D3 —3D3D>—3D; = 1 D>(D3 —9D?).

Similarly,
C> = 1 D1(D] —9D3).
Therefore,
C? = 1gD3(D3—9D})?,  C3 = {5D7 (D} —9D3)>.

Notice that By, Bp, C? and C3 are all polynomials in D? and D3. Then, from
Propositions 5.3 and 5.5, it follows that each tautological class Kpieb is a polynomial
in D% and D%. By averaging if necessary, we have that Kpaeb is given by a symmetric
polynomial in D% and D%. |
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From Proposition 5.3, we have

and
k3 = 117(BF + B3) = 1923(5(D} + D3) — 4D} D3).

It follows that the tautological ring contains all symmetric polynomials in D% and D%
and is generated by Kp2 and Kp3-

Theorem 7.2 The tautological ring of CP2 # CP? is isomorphic to a polynomial ring
generated by Kp2 and Kp3:

R*(CP?#CP?) =~ Qliy2. k3],

Proof As in the proof of Theorem 6.2, if a relation amongst tautological classes
holds in R*(E) for all smooth compact CP? families E — B with structure group
Diffo (CP? # CIP?), then it holds in the tautological ring R*(CIP2 #CP?). We have
already seen that the tautological ring is generated by k> and Kp3, OF equivalently by
D? + D3 and D?D2. So it remains to show that there are no relations between D
and D5.

Consider first a CP? family of the form E; = IP(V1), where V7 is a complex rank 3
vector bundle of the form V] = L & M & C for two line bundles L, M — B. This
family has an obvious section s1: B — E corresponding to the C summand of V7. The
normal bundle of 57 is L @& M. Similarly, let E; = P(V3), where V, = L M* & C.
Then E5 has an obvious section s,: B — E» corresponding to the C summand of V5.
The normal bundle of s, is L @& M *. Note that the underlying real vector bundles of
L& M and L & M™ are isomorphic, but inherit opposite orientations from the complex
structures on L and M. Therefore, we can remove tubular neighbourhoods of s; and s5
from E; and E, and identify the boundaries of the resulting spaces by an orientation-
reversing diffeomorphism to obtain the families connected sum E = E; #p E,. This is
a smooth compact family with fibres diffeomorphic to CP? #CP2. Let [ = ¢; (L) and
m = c1(M). A straightforward calculation shows that D; and D; for the family £
are given by
Dy=3(—m), Dp=3(+m).

It follows that there can be no relation between D; and D, that holds for all line

bundles L and M and hence there can be no relation between Kp% and Kp?. O
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8 Linear relations in the tautological ring

Proof of Theorem 1.7 We first note that each of the polynomials ¢, p(x, y) involves
only even powers of y. This is clear from the recursive relations and initial conditions
satisfied by the ¢, . Note also that, if we set deg(x) = 2 and deg(y) = 3, then
¢a.p(x,y) is a homogeneous polynomial of degree 2(a + b — 1). The space of homo-
geneous polynomials in x and y? of degree 2(d — 1) has dimension 1 + |_%(d — 1)J.
On the other hand, there are 1 + L%d J pairs (a, b) with @ + b = d and b even. Hence,
there are at least

1 1
[2d] =30 -D)]

linear relations amongst the polynomials ¢, 5(x, y) with @ +b = d and b even. Any

such linear relation may be written in the form

ld/2]

> ¢ja—2j2i(x.y) =0

j=0
for some co, ¢1,...,¢|q/2) € Q. Now, from Theorem 1.6, we have
ld/2] ld/2]  n n d/2]
Z K= e2) = Z € Z¢d ~2j.2j(Bi. Ci) = Z Z ¢j¢d—2j,2j(Bi. Ci) =0.
j=0 j=0 i=1 i=1 j=0
Hence, we have at least L%d J — L%(d — l)J linear relations amongst the tautological
classes kpao» With b evenanda +b =d. O

Remark 8.1 Since X is positive-definite, H2(X;R) = H T (X) is a trivial bundle
and H~(X) = 0. So the families signature theorem implies that each component of
Iz /B L(T(E/B)) of positive degree must vanish, where £ denotes the L—polynomial.
Each component of £(T(E/B)) is a polynomial in p; and p, = e?, and so each
component of [, /B L(T(E/B)) is a tautological class. Equating these to zero gives
linear relations in the tautological ring. From [19, page 3864], the first few such
relations (up to d = 9) are

0=Kp% —TK,2,

0=2 3—13Kplez,
O—3I€4 22K 2 2+19/c

0= 10ic,5 = 83k,3,2 + 127k, .
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0= 1382KP¢13 —12 842/{1)41162 +27 635/(1)%84 — 8718k 6,
0= 420k,7 —43226,5,> + 11880k 3,4 — 7978k, 6.
0=10 851/<pi; —122 508Kpfe2 + 407 726sz11€4 —423 040/(17%86 + 68435k 3,

0 =438 670Kp? —5391 213Kp¥82 + 20996 751Kpfe4 —29509 334KP%86 + 11098 737Kpleg.
In general, for each d > 2, we obtain one linear relation amongst the tautological

classes kpap» with a +b = d and b even. Theorem 1.7 implies that there are further

linear relations whenever L%dj — L%(d — I)J > 1. This is the case if d =6 or d > 8.
By a direct computation, we find the first few such relations (up to d = 12) are

0= 4Kp41182 — 41Kp%e4 + 100k 6,

0= 36Kp16e2 — 461sz11€4 + 1843/(1)%66 — 2300k s,

0= 24/<p¥e2 — 322/(17?84 + 1379/(1,%86 — 1900k, (8.

0= IOSszlgez — 1579Kp?e4 + 7902/{1)?86 —15 531/{1)1288 + 9100k, 10,

0= 360Kp<1)82 - 5606Kpl7€4 + 30 923Kplse6 —7131 1Kpl3eg + 57100k, 010,

0= 144szlge4 — 2552/{1,?66 + 16 629/(1)41168 —47 400/{1,12610 + 50000« ,12,

0= 6000Kp1mez —98 012szlae4 + 577 796Kp?e6 — 1461 667sz11€8 + 1338 700Kp%em.

List of symbols
X Smooth, compact, simply connected, definite Section 2
4—manifold.

n n=b,(X), the second Betti number of X. Section 2
An The lattice Z" with the Euclidean inner product. Section 2
er,....en The standard basis of A,,. Section 2
W, The isometry group of A,, W, =S, xZ7. Section 2
£1,...,& A framing of H?(X;Z). Section 2
n:E—B Smooth family with fibres diffeomorphic to X. Section 2
Diff(X) Diffeomorphism group of X. Section 2
Diffy(X) Diffeomorphisms of X acting trivially on H?(X;Z). Section 2
K(X) The image of Diff(X) in Aut(H?(X; Z)). Section 2
BDIiff(X), BDiffy(X) The classifying spaces of Diff(X) and Diffy(X). Section 2
BDIff(X) BDiff(X) = BDiffy(X) X x(x) Wn- Section 2
Kpaeb € H*(BDiff(X);Z) Tautological classes of X. Section 1
R*(X) Tautological ring of X. Section 1
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Kpa b (E)e H*(B; Q) Tautological classes of X evaluated on E. Section 1

pr.e€ H4(E; Q) First Pontryagin class and Euler class of the vertical ~ Section 2
tangent bundle of £ — B.

x; € H*(E; Q) Degree 2 classes determined by Proposition 2.3. Section 2

ve HY(E; Q) Degree 4 class determined by Proposition 2.3. Section 2

D{‘j € H*(B;Q), Cohomology classes in H*(B; Q) appearing as Section 2

E;;,Gie H*(B;Q), structure constants for the cup product on H*(E; Q);

J; € H%(B;Q), see (2-1)—(2-4).

weH®(B;Q)

D;; Dij = D};; see Proposition 4.2. Section 4

B;cH*(B:;:Q) Class defined in Proposition 4.4. Section 4

C,cH%(B;Q) Class defined in Proposition 4.4. Section 4

weH*(B;Q) p1=3(x7+---+x2)+p; see Proposition 4.6. Section 4
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