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Abstract

Feedforward active control of harmonic vibratory power transmission in simple structures

is investigated theoretically and experimentally. The structures investigated are a beam, a

plate and a cylinder. Primary excitation is used to represent unwanted noise or vibration.

Secondary excitation is introduced using control sources which are adjusted to minimize

acceleration or power transmission in the structures. The primary and secondary excitation

is produced by either electromagnetic force actuators (shakers) or piezoelectric ceramics.

The theoretical predictions are compared to the experimental test results. ln addition,

vibratory intensity distributions before and after control are investigated.

Both the theoretical and experimental results demonstrate that it is possible to minimize

vibratory power transmission in the test simple structures using a maximum of three control

sources in the test frequency range. The study also indicates that, in most cases, the

harmonic vibratory power transmission in simple structures can be measured by using a

maximum of two accelerometers in the test f requency range.

\:l
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Chapter 1

Overview

1.1 Introduction

ln this thesis, the feed-forward active control of power transmission in simple structures (a

beam, plate and cylinder) is studied both experimentally and theoretically. Prior work has

included a direct comparison of theoretical results and experimental data for active control

of power transmission in a beam; however, to the author's knowledge, there has been little

consideration of the active control of power transmission in a plate or a cylinder. Also

very little previous work has been carried out on the measurement of vibratory intensity in

simple structures. This earlier work was limited to a beam and plate, and required complex

measurement methods. For example, two (in the far field of a source) or four (in the near

field of a source) accelerometers were required for measuring vibratory intensity in a beam,

and four (in the far field of a source) or eight (in the near field of a source) accelerometers

were required for a plate. The earlier work did not extend to measurement of vibratory

intensity in a cylinder.

The primary purpose of the work in this thesis is to evaluate the constraints associated

with actively reducing power transmission in simple structures. A secondary purpose is

to develop a practical means for the measurement of intensity in simple structures. The

evaluation includes investigation of the use of single or multiple control sources with two

alternative cost functions: vibration acceleration amplitude at the error sensor or power

transmission passing the error sensor. Methods for the measurement of vibratory intensity in
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a beam, plate and cylinder are also investigated. This includes assessment of the possibility

of simplifying the measurement of intensity by using a maximum of two accelerometers for

simple structures. As the simple structures may be very large, the results of this work could

be applied to suppressing hull vibration of ships and submarines.

L.2 Literature review

L.2.L Analysis of vibration in simple structures

The equation of motion for a thin beam is used by many authors, such as Cremer et al.

(1973), GrafF (1975) and Fahy (1985). A general solution for the equation of motion given

by the above authors, consists of incident and reflected wave terms for both near and far

fields. As this solution can be applied easily for active vibration control in a thin beam with

a wide array of geometries and boundary conditions, this solution is used in this thesis.

The basics of free vibration in a plate were discussed by Leissa (1969), Graff (1975),

Fahy (1985) and others. Leissa (1969) prepared comprehensive summaries of the analysis of

free vibration to that time. Leissa's work presents results for the free vibration frequencies

and mode shapes with a wide array of geometries and boundary conditions. Therefore,

the solutions to the equation of motion shown by Leissa (1969) are developed for active

vibration control predictions in this thesis.

Flügge (1973) described the three dimensional equations of motion for the vibration

of a cylindrical shell. Leissa (1973) carried out a numerical analysis which showed that

similar results were obtained by the use of Flügge's equations, and the equations of various

authors including Forsberg (1964, 1966). Subsequently Flügge has been recognized as the

pre-eminent author in this field. However, little experimental work has been carried out to

test the validity of Flügge's equations in practical active vibration control applications. ln

particular, it should be noted that Flügge's model includes a simplifying assumption which

does not take into account the linear inertia of the cylinder, and the assumption can cause

inaccurate results. Thus, Flügge's model could not be used directly for the active control

applications addressed in this thesis. lt was necessary to develop a more fundamental

approach to the model, taking account of cylinder linear inertia. The extension of Flügge's
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equat¡ons with the linear inertia terms included, is considered in this current thesis

L.2.2 Active control

Feedback control methods

Most early active control theory considered modal feedback control of large structures.

Meirovitch et al. (1983 and 1986) and Venkatraman et al. (1990) reviewed various modal

feedback control techniques for large flexible systems and demonstrated the advantage of

independent modal space control (IMSC) where a coordinate transformation is used to

decouple a complicated system into a set of independent second order systems in terms of

modal coordinates. However, the IMSC has a disadvantage which requires one controller

for each mode. The IMSC may result in undesirable modes called control spillover when

the number of control sources is less than the number of modes. Baz and Poh (1987)

developed a modification of the IMSC termed MIMSC which minimizes control spillover.

ln 1986 von Flotow presented another feedback control solution based on a wave control

concept, in which structural vibration is described in terms of waves traveling in various

directions. ln this case vibration attenuation required control of the propagation of these

waves by minimizing the wave amplitude. ln this present thesis, the traveling wave concept

is used for the numerical analysis in simple structures, however feed-forward rather than

feed-back control is used.

Feedback control methods like those discussed above are suited to the control of vi-

bration in very large structures with many structural members and in situations where it is

difficult to obtain a suitable reference signal (Young, 1995). ln feedback systems, design

of the control system is dependent on the physical system (control source and error sensor

configuration). ln feed-forward control systems, the design of the physical system may

be separated from the design of the electronic controller. ln recent years, much research

has been concerned with feed-forward control. The subject of this thesis is the physical

system design needed for the feed-forward active control of harmonic power transmission in

simple structures. When the excitation is harmonic, it is usually feasible to obtain a useful

reference signal which makes feed-forward control the preferred option. lt should be noted

that the results relating to the performance of the control actuators are also relevant to
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feedback control systems

Actuators for active control

Noiseux (1920) used electro-magnetic shakers as actuators in the his experimental work on

active control. Although electro-magnetic shakers are useful tools in experimental work,

their usefulness in practical applications is limited by their size and mass'

Alternative actuators are piezoelectric actuators which can be small and light' Crawley

and de Luis (1982) presented an analytical and experimental investigation of piezoelectric

actuators as vibration sources. Clark et al. (1991) made tests on a beam excited by pairs

of piezoelectric actuators bonded to each of two opposite surfaces. They modeled the

actuator pair as a pair of counteracting moments.

Dimitriadis et al. (1991) made a two-dimensional extension of Crawley and de Luis'

work, applying pairs of laminated piezoelectric actuators to a plate. They demonstrated that

the location and shape of the actuator pairs dramatically af[ected the vibration response

of the plate. However, Kim and Jones (1991) indicated that Dimitriadis et al. (1991)

made a simplifying assumption for zero bonding layer thickness (i.e. perfect bonding). Kim

and Jones (1gg1) then developed expressions relating the applied moment to piezoelectric

driving voltage in a plate including bonding layer thickness. They concluded that, in some

cases, comparisons between their study and the investigation of Dimitriadis et al' (1991)

showed noticeable discrepancies. Therefore, it is suggested to take into account the bonding

layer thickness.

Lester and Lefebvre (1993) demonstrated a three-dimensional extension of the work

of Dimitriadis et al. (1g91). They performed two models: firstly a pair of piezoelectric

actuators acted on the cylinder through line moments along the each edge of the actuator,

secondly a pair of piezoelectric actuators acted on the cylinder through in-plane forces along

each edge of the actuator.

Many other authors (Fansen and Chen, 1986; Baz and Poh, 1988, 1990) have used

piezoelectric actuators in active vibration control experiments. Clearly there is a need for

a vibration actuator that can be used in practical situations, where the large reaction mass

of an electro-magnetic shaker is unsuitable (Rivory, 1992). The laminated piezoelectric

actuator pair has become the popular alternative, but this type of actuator pair is fragile
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and is not capable of generating great amounts of force (Young, 1995). Also it is difficult

to ensure that each element in each actuator pair produces the same force. To the author's

knowledge, no research has been performed considering the conditions under which the

piezoelectric actuator pair can be considered as a point force. However, this is investigated

in this thesis (Chapter 6),

Error sensors for active control

Young (1995) investigated active control of flexural vibration in a beam using a control

source which consisted of a piezoceramic actuator placed between a stif[ener flange and

the beam surface. Young (1995) concluded that for a beam the use of a second error sensor

gave no overall improvement in acceleration attenuation. ln particular, it was claimed that,

with the use of a second error sensor, it may not be possible to improve the relatively poor

attenuation when the first error sensor was located at a standing wave node. However, it

should be noted that Young (1995) considered only the minimization of the sum of the

displacement at each error sensor. However, minimization of the sum of the mean squared

displacement at each error sensor is the preferred method and it is the normal method in

noise control applications. ln the current thesis, the preferred minimization method is used

to evaluate the maximum achievable attenuation for introducing a second error sensor in a

beam (Chapter 3).

Feed-forward active control of acceleration and power transmission in a

beam

Mace (1987) demonstrated theoretically the active contiol of harmonic flexural vibration in

a beam by using the modulus squared of acceleration as the cost function. He discussed

the excitation and control of vibration from two types of actuators: point force and point

moment. Mace treated the point force and point moment as discontinuities in the shear

force and bending moment in the beam, with resultirtg discontinuities in the displacement

solution for the beam equation, at the point of application of the force or moment. This

method is follorved in the current thesis for the control of vibration in a beam (Chapter 2).

ln Mace's work, there is no mention of the effect of various parameters, including control
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source location, error sensor location, beam termination type and frequency, on the level of

attenuation of vibration, However, these parameters are discussed in this thesis (Chapter 2

and 3).

Gonidou (1988), Fuller and Gonidou (1988), and Fuller et al. (1990) investigated feed-

forward active control of harmonic flexural power transmission in a beam resulting from a

point force input. They demonstrated that power transmission can be attenuated with a

small number of control sources. ln all three cases, the cost function used was the flexural

power transmission at the error sensor. The results presented by Fuller and Gonidou (1988)

demonstrated that when the error sensor measuring power transmission is located in the far

field, the bending near field contributions are negligible. However, no detailed discussion of

near field ef[ects was included and there was no comparison of power transmission control

and acceleration control.

Pan and Hansen (1990) gave an expression for the power transmission resulting from an

arbitrarily distributed point excitation forceand an arbitrarily distributed point controlforce,

which was chosen to minimize the power transmission in a beam. They demonstrated that

when controlling power transmission, it does not matter whether the power transmission

sensor is located in the near field or in the far field of the primary or control sources, but

they made no mention of acceleration as a cost function and they made no comparison of

power transmission control and acceleration control.

On reviewing previous work on the active control of beam vibration, it is apparent that

both beam acceleration (Mace, 1987) and power transmission (Fuller et al. 1988, 1990;

Pan and Hansen, 1990) have been used by other authors as cost functionsfor control. Use

of either cost function has advantages and disadvantages in terms of transducer design and

power transmission observability which have not been discussed elsewhere but which are

addressed in the current thesis (Chapter 2).

Feed-forward active control of acceleration and power transmission in a

plate

Dimitriadis et al. (1991) solved the two dimensional plate displacement equation in their

study of control of harmonic flexural vibration in a plate. They showed that the location of

the control actuators and the excitation frequency are important factors in the effectiveness
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of the control achieved. They did not investigate in any depth the dependency of control

efflectiveness on control actuator location, error sensor location and frequency. ln the current

thesis, the dependency of reduction of power transmission on control actuator location, error

sensor location and frequency are investigated in detail (Chapter 4)'

Fuller (1990) and Metcalf et al, (1992) made an experimental and theoretical investiga-

tion of active feed-forward active control of sound transmission and radiation from a plate

using point control sources. Although active noise control and active vibration control have

much in common, the purpose of this thesis is to investigate control of power transmission,

not control of radiated sound.

To this author's knowledge, examining the control of power transmission along a large

plate has not been studied by earlier authors. ln this thesis, this topic is investigated in

detail (Chapter 4 and 6). This approach is one step along the path towards the development

of active systems to control vibration transmission in large structures.

Feed-forward active control of acceleration and power transmission in a

cylinder

Recently, attention has been given to the feed-forward active control of noise in a cylinder

which represents an aircraft fuselage. However, the research is mainly directed at reducing

the noise radiated from a cylindrical shell or transmitted through it rather than reducing

vibratory power transmission along it. ln 1987 Fuller and Jones presented an experimental

investigation on the control of interior noise in a cylinder using a single point vibration

control source to reduce noise transmission. Jones and Fuller (1989) extended this work

to include more control sources. They showed that significant reduction can be achieved

for harmonic excitation. Elliott et al. (1989) demonstrated successful experiments on the

control of the noise field in a cabin of an aircraft, by using acoustic rather than vibration

control sources.

Young (1995) investigated feed-forward active control of acceleration in a cylinder using

piezoelectric stack actuators and an angle stiflener at a circumference of the cylinder. He

demonstrated the piezoelectric stack actuators can be used as control sources to significantly

reduce vibration in a cylinder. He discussed the ef[ects of excitation frequency, number of

control sources, control source location and error sensor location on the attenuation of



8

acceleration. He indicated these ef[ects may be considered to establish trends that can be

significant when taking the next step in practical implementation. Young's work considered

only the control of individual wave (flexural, extensional or torsional) acceleration and did

not consider total power transmission caused by coupling of the three wave tyPes.

Feed-forward active control of power transmission in a pipe i.e. a cylinder with small

diameter, has been the subject of increasing attention in recent years. Fuller and Brevart

(1995) demonstrated the active control of vibratory power transmission in a pipe by using

point control sources to minimize the acceleration of the shell around its circumference

at several axial locations. However, they considered mainly the low frequency range (well

below the ring frequency) where, based on earlier work by Pinnington and Briscoe (1994),

the pipe behaves as a beam. Their method may be difficult to apply to a cylinder with a

large diameter and over a wide frequency range. To this author's knowledge, there has been

little consideration of active control of power transmission in a cylinder with a relatively

large diameter to thickness ratio. Hence in the present thesis, feed-forward active control

of power transmission in a cylinder including a wide range of diameters and a wide range

of applied frequencies is considered (Chapter 7 and 8). This cylinder represents a very

approximate model of either a large aircraft or a submarine.

t.2.3 Measurement of vibratory intensity in simple structures

Measurement of vibratory intensity (vibratory power transmission per unit width of cross

section) has attracted more and more attention in recent years. Noiseux (1970) carried out

the first definitive work on intensity measurement in a beam and a plate.

A landmark paper on intensity in a beam and a platê was written by Pavic (1976). He

discussed methods for the measurement of intensity by using accelerometers and showed

that by using finite diflerence approximations, all derivatives relating to intensity can be

calculated. He used two (in the far field of a source) or four (in the near field of a source)

accelerometers to measure intensity in a beam, and eight accelerometers (in both far and

near fields of a source) to measure intensity in a plate. However in a large plate, it is very

complicated in practice to use eight accelerometers per measurement point. Pavic's work

did not extend to the measurement of intensity in a cylinder'
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Much of the recent work on structural intensity (Pavic 1986, Carniel et al. 1985,

Rasmussen 1985 and Williams 1988) has been based on Pavic's 1976 paper. Hirata et

al. (1gg0) have developed Pavic's technique and presented the method of measurement

of plate intensity by using four accelerometers in the far field of a source. However, eight

accelerometers were still required in the near field of a source' Wagstaf[ et al. (1995)

suggested that it would be possible to use only two accelerometers to measure intensity in

a finite plate. Some experimental work was carried out, however no numerical analysis was

completed and, hence his results were not verified. The current thesis has carried out the

numerical analysis and experimental work for simplifying the measurement of intensity by

using a maximum of two accelerometers for simple structures (a beam, plate and cylinder).

Work has also been carried out by Taylor (1990a) to quantify the errors associated

with intensity measurement discussed in earlier studies. He concluded that, for most cases,

the limitation of intensity measurement in the near field of a vibration source is the phase

tolerance of accelerometer pairs. The work by Taylor (1990a) and others indicates that

obtaining reliable structural intensity measurement is very difficult in the near field, and

still somewhat difficutt in the far field. ln many practical cases, a knowledge of power

transmission in the far field is more important.

Structural intensity may be considered in terms of a vector. The directions of the vectors

(at many measurement points) may vary over the surface of a structure and in some cases

may indicate energy circulation. The existence of intensity vortices on a simply supported

plate was first reported by Tanaka et al. (1993). They found that the path of power

transmission is a combination of linear transmission and rotation, the latter being induced

by the interference of two modes producing a "vortex- generating block". A qualitative

formula for predicting the number of power transmission vortices, as well as the geometric

arrangement, was put forward. lt was concluded that it is straightforward to produce a

power transmission vortex on a vibrating simply supported plate, and this could have a

practical application to control the path of power transmission in large systems. However,

there is no discussion in other work of power transmission vortices in a semi-infinite plate,

and this is addressed in this thesis (Chapter 5).
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1t
I.a) New work

The following work is presented in this thesis

1. Study of the active control of vibratory power transmission in simple structures (a

beam, plate and cylinder). This demonstrated that significant power transmission

reduction can be obtained by using single orf and multiple control sources.

2. lnvestigation of the ef[ect of error sensor location and cost function type in actively

controlled simple structures. This demonstrated that it is possible to use far field

acceleration as the cost function to achieve satisfactory control of power transmission

to a remote measurement location.

3. Demonstration that for simple structures, in most cases, vibratory intensity can be

measured by using a maximum of two accelerometers.

4. DiscussionoftheefFectof endconditionsontheactivecontrol of beamvibration. This

demonstrated that the end conditions of finite and infinite beams can be described

in terms of impedances, and that the behavior of infinite beams can be simulated by

choosing impedance values which produce no reflections.

5. Confirmation of the existence of intensity vortices on a semi-infinite plate under

primary excitation, and discussion of the relationship between vortices and power

transmission. This demonstrated that the addition of control actuators, driven to

minimize power transmission, largely eliminates the vortices.

6. lnvestigation of the efFect of a piezoelectric actuator pair versus a point {orce excl-

tation of a beam and a plate. This demonstrated the conditions under which the

piezoelectric actuator pair can be approximated as a point force excitation.



Chapter 2

Minirnizing the forced response and

vibratory power transmlsston tn an

infinite beam

2.I Introduction

This chapter is concerned with a theoretical analysis of the physical system for the control

of power transmission in an infinite thin beam using a single control force and a single error

sensor. Physical system conditions which may be varied include error sensor type, as defined

below, error sensor location and control force location. The simplest error sensor type uses

a single accelerometer, in which case acceleration amplitude is used as the error sensor cost

function. An alternative error sensor type uses two accelerometers (Pavic, 1976) in which

case power transmission is used as the error sensor cost-function. Among other things, the

analysis in this chapter determines, for minimization of power transmission passing the error

sensor, under what conditions it is acceptable to use a simple measurement of acceleration

amplitude, rather than power transmission at the error sensor.

a a a

ll
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2.2 Theory

2.2.L Minimizing acceleration

The coordinate system for an infinitely long (i.e. without reflective boundaries) aluminum

thin beam of width 50 mm and depth 25 mm is shown in Figure 2.1. The point forces are

always in the r, y plane and act in the z direction. A primary point force of magnitude

F, and zero relative phase acts on the z:0 plane. At any particular frequency, using the

control force required to-minimize a flexural wave displacement amplitude is equivalent to

minimize acceleration. The results of the following analysis are non-dimensional and apply

to a thin beam with any cross-section.

Fc

%

h
Z

xp xc xe

Figure 2.1: Beam model

The displacement amplitude of an infinite beam (in the z direction) at location r is

defined by Junger (1972) and Pan and Hansen (1990), as

1

w(r): 
'EIya#JeePe 

+ F,P.), (2'1)

where the factors Bo and B" are defined as

0p,.: -(je-iktl"-"o'"1 1 e-ktl,-"*l¡, Q2)

of which the first term is a propagating wave component and the second term is a non-

propagating (or near field which will be defined in Section 2.3.1) component. -Ç is the

primary force located at xr,,l¡" is a control force located at r.
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The control force which minimizes the displacement aT r. is obtained from equa-

tion (2.1) by requirin E u(r") to be zero: i.e'

ß^tr --Frt (23)Lc_ ,rp".

The ratio of controlled to uncontrolled displacement amplitude downstream of the con-

trol force is

R_ (FrB, + F"p.) (2 4)
Frþ,

By substituting equation (2.3) into this, one obtains

R- (2 5)

The B, and p"factors can then be replaced by their definitions and the limit as z approaches

infinity is taken so that the expression for the reduction in far field residual vibration is

rim':ffi' (26)

From the equation it is clear that the reduction in far field acceleration level depends on

the separation between the control force and the primary force as well as the separation

between control force and the error sensor (at which acceleration is minimized). lf the

distance between the primary and control force is large compared with a wavelength, that

is, i'f k¡(r" - rr) ) 1, the numerator of equation (2.6) approaches unity. lf, in addition

the distance between the error sensor and the control force is large compared with a wave-

length, that is, if k¡(r" - ,.) ) 1, the final expression for the downstream residual vibration

becomes

lim _¡? - "-k¡(r"-x") 
. (2 7)

2.2.2 Minimizing power transmission

Power transmission associated with flexural vibration can be thought of as having two

components. The first is associated with the product of the internal shear force and trans-

verse velocity, and the second is associated with the product of the bending moment about

the neutral axis and rotational velocity. This instantaneous harmonic power transmission

P(r,I) can be written as

P(x,t) : -R"lQ(r,t))Rejb(,,t)) - ll'efV\(t:,t))Rc[O(r,¿)] - (2 s)
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To simplify future notation we will set tu : w(r,f) and ø: tu(r), and we will use similar

equivalents for Q, M and 0. By adopting the approach of Skudrzyk (1965) and Fahy (1989)'

the active (or time averaged) harmonic Power transmission becomes

Po - -f,ooo'r + M./ll, (2.s)

and the amplitude of the harmonic reactive power is

P,(r) : -Ir*lQ"ú, + u"e1, (2'10)
2

where each variable on the right-hand side of equations (2.9) and (2 10) is a complex

amplitude, constant in time for any given location ø. Conservation of energy requires that

the active power transmission is independent of location x along the beam, but the reactive

power remains a function of x. To simplify future expressions, we use the terms "power

transmission" for active harmonic power transmission and "reactive power fluctuation" for

reactive harmonic power in most cases.

For simple harmonic excitation, the flexural displacement r.u(z,f) in the right-hand far

field of the controlforce is proportional to 
"i(ut-krx). 

This gives r'u - ir-, and i) : -j'H'
Simplifying equation (2.9), by using Graf['s approach,

â3t 02ø
Q: -EIo"i# and M : -EIo,#, (2.11)

prod u ces

Po: Elroklalø|'z. (2.12)

By replacing u.,with ,R in equation (2.12) and substituting equation (2.7) into (2.12), it can

be shown that the power transmission reduction is proportional to ffiktç", - r.) dB'

The expression for power transmission in the left-hand far field of the primary force is the

same except that the sign (i.e. direction of power transmission) is changed. This propor-

tionality of power transmission and displacement magnitude squared implies that controlling

power transmission produces the same result as obtained by controlling acceleration. How-

ever, in the near field, the expression for the displacement contains a near field term and, so

power transmission cannot be represented as P" xlø12. Thus, if the error sensor is placed

in a force near field, controlling acceleration produces different results from those obtained

by controlling power transmission. This will be discussed in more detail (Sectio¡ 2.3.2).
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Pan and Hansen (1990) have shown that the complex power, defined in a similar way

to the complex intensity defined by Fahy (1989) and resulting from a single generalized

primary excitation force and single generalized control force acting on an infinite beam is

P(r): P"¡ jP,(r):[F!asF,l-bInF"+ F:b2B * cn], (2.13)

where aB, bLB, b2B and cs Àtê complex numbers depending on the location of the primary

and control forces. The value of the control force required to minimize the active power

transmission for both near field (defined below in Section 2.3.1) and for far field conditions

is (Pan and Hansen, 1990)

1F": -r*"l*)(brh + b2B). (2.14)

Substituting expressions for aB, blB and b2B (Pan and Hansen, 1990) into equation (2.la)

gives the following simple result for the control force:

F,: -Fpe-jk¡(r"-xo). (2.1b)

This shows that the control force has the same amplitude as the primary force and has

a relative phase which depends only on the separation between the primary and control

force. ln equation (2.13), assuming F":0, the uncontrolled power transmission (c6) can

be simplified as

Pun-ç2 u 
(2.16)- ', l6EIook",

The ratio of controlled to uncontrolled power transmission on the left side of the primary

force (r < rr) under optimally controlled conditions is

'+ :2þos(2k¡(r" - rr)) - r); (2.r7)
Pun \

the corresponding power transmission ratio between the primary and control force (ro (
r<r.) is

';U :2sin(k¡(r, - rr))e-kt(,.-"p); (2.1S)
lun

the power transmission ratio is zero to the right of the control force (r. < r).

ln the ideal case where equations (2.L7) and (2.18) are zero,

r. - rp: r+: r+. (2.19)
rLJ L

Therefore, power transmission upstream of the control force is zero if the distance between

control and primary forces is an integer multiple of half of the flexural wavelenglh.
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2.3 Numerical results

For the results presented in this chapter, the applied frequency is at 1000 Hz and theflexural

wave length is À¡ : 0.4823 m. The primary force is rp:0 m. These values are adhered

to unless otherwise stated. The dB reference level in the following figures of this chapter

is the far field uncontrolled acceleration (or power transmission, as appropriate) produced

by the primary force.

2.3.1 Comparison of acceleration and power transmission con-

trol

Definition of the near field

The near field of an isolated vibration force is the region near theforce in which the amplitude

of the reactive power fluctuation is not negligible. As shown in Figure 2.2, the boundary

between near and far fields is arbitrarily taken to be the point at which the amplitude of the

reactive power fluctuation is 20 dB less than the corresponding active power transmission.

The dB reference level in this and subsequent figures is thefar field uncontrolled acceleration

(or power transmission, as appropriate) produced by the primary force. The radius of the

near field is then rf \¡:0.73; that is, points further than 0.73 from the primary force are

considered to be in the far field. lt should be noted that the transition from near to far

field is gradual and a definite location is chosen only for convenience.

Comparison of control forces

From equation (2.15) the control force which minimizes powertransmission is clearly dif[er-

ent from the control force required to minimize acceleration (equation (2.3)). However, the

numerical example in Figure 2.3 shows that if the error sensor is placed in the far field of

the primary and control excitation forces, the control force,F" required to minimize power

transmission is the same as that required to minimize acceleration. The resulting distribu-

tion of power transmission and acceleration along the beam are also the same. However,

if the error sensor is in the near field of the control force, the two control forces required

in each case are dif[erent. ln the case of acceleration control, the magnitude of the control
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Figure 2.2: Amplitude of the reactive power. At the primary force the active power

transmission is equal to the amplitude of the reactive field. The near field is considered

to end where the amplitude of the reactir¡e po\\'er amplitude is 20 dB less than the

active power. (a) Active power transmission at the primary force; (b) Amplitude of

the reactive power fluctuation at the primary force.

force has a maximum value of about 1.014 at (2" - "")lÀ¡: 0.64 and then decreases

rapidly to approximately Ilt/2 as the control force approaches the error sensor. When the

error sensor is in the near field of the control force, the vibration level it measures is a result

of both the active power transmission and reactive power fluctuation, and minimization of

acceleration level minimizes the sum of the two instead of just the active power transmis-

sion. For control of power transmission, the magnitude of the optimum control force is

the same as the primary force magnitude and the optimum relative phase is proportional

to the separation between the control and primary forces, as may be deduced by inspection

of equation (2.15).

4

20

(b)
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Þ-igure 2.3: Comparison of control forces required to minimize power transmission

and to minimize acceleration, for ,"1À¡:4.0. (a) Amplitude of control force; (b)

Phase betu'een the control force and the primary force. l€<+€eminimized po\\¡er

transmission; o--. -.-'-: minimized acceleration.

2.3.2 Effect of error sensor and control force location

Power transmissron

An example of power transmission distribution along a beam for optimally controlled power

transmission and also for optimally controlled acceleration is shown in Figure 2.4. As re-

quired by simple conservation of energy, the active power transmission is piecewise constant

with discontinuities at the two vibration forces.

Figure 2.5 shows the active power transmission at three distinct observation points on

the beam as a function of the separation r. between the control and primary forces. The

observation points are in the left far field of the primary force, half way between the forces,

and on the right of the error sensor and data for both acceleration and power transmis-

sion control are included. Acceleration control and power transmission control produce

diflerent power transmissions upstream of the primary force only if the error sensor is in

the near field of the control force ((r" - *,)lÀ¡ < 0.73) For (r,- r)lÀ¡ ( 2.0 or

(r'" - ,,)lÀ¡ > 2.0, the active power transmissìon between the primary and control forces

is essentially independent of whether the cost function determined by the error sensor is

(b)
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Figure 2.4: The distribution of (a) active power transmission and (b) reactive power

amplitudealongthebeam,wiLhr"fÀ¡:1.8andr"fÀ¡:4.0.#minimized
power transmission at the error sensor; o-. -o-. -o minimized acceleration at the error

sensor; . uncontrolled.

power transmission or acceleration level. For (2" - r)lÀ¡ >2.0 or (t"- r)lÀ¡ <2,0

power transmission control cont¡nues to reduce power transmission as (rc - r) increases

according to equation (2.18), but for acceleration control, the eflect of error sensor prox-

imity is to reverse the trend and so increase the power transmission as (r" - rr) increases

and exceeds (r" - r.). The residual power transmission downstream of the control force

is shown for acceleration control as a solid line. This is clearly an exponentially increasing

function of the Íorm I{eþ'-r"). However, if the error sensor is not in the near field of the

control force (i .e.(r" - r,)lÀ¡ < 0.73), more than 40 dB of attenuation is achieved. The

downstream residual power produced by optimal power transmission control is zero and, so

is not shown in the figure. lt is shown in Figure 2.5 that proximity of the control force to

the error sensor af[ects the acceleration control case but not the power transmission control

case. For a sensor located in the near field of the control force, acceleration amplitude

level is a much poorer choice of cost function than power transmission for achieving power

transmission control on the downstream side of the control force and, also for reducing

power transmission between the control force and primary force. As has been indicated

in Section 2.3.I, minimization of acceleration level does not minimize the active power

(b)
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It can also be seen from Figure 2.5 that there are preferred spacings between the primary

and control forces which minimize power transmission on the primary force side of the

control force. These spacings are at half wavelength intervals as shown in equation (2.19).

The extreme sensitivity of these minima to control force location implies that it would not

be possible in practice to locate a control force with sufficient precision to achieve the level

of control shown.

Acceleration

The acceleration distribution along the beam may be calculated from equation (2.1) for

both the controlled condition where the control force is given by equation (2.3) and the

uncontrolled condition. ln the example shown in Figure 2.6(a), the error sensor is placed in

the far field of the control force and the control force is also in the far field of the primary

force. Clearly the (constant) residual acceleration level on the right of the error sensor (r")

is very much smaller than the uncontrolled level.

For this particular case, the reduction in vibration level is about 110 dB. lt is not greater

than this due to a very slight near field ef[ect. This is similar to the results shown by Young

(1995). lt would not be feasible to achieve this reduction with a practical control system in

which the control amount is dependent on a controller. Nevertheless, the calculation does

indicate the possible maximum theoretical reduction. Between the control force location

and the error sensor, the vibration level decreases exponentially from the uncontrolled level

to the residual level. As required in the analysis, the vibration amplitude at the error sensor

þ"1À¡:4.0) is zero (-- dB). When the control force is placed in the near field of the

primary force, the resulting reduction in vibration level-downstream of the error sensor is

slightly greater, as expected by inspection of equation (2 6)

ln the example shown in Figure 2.6(b), the error sensor is in near field of the control

force ((2" - ,)lÀt: 0.1). The residual acceleration level on the right of the error sensor

is only 9 dB lower than the uncontrolled level. This is much larger than that shown in

Figure 2.6(a) and indicates the importance of placing a vibration error sensor in the far field

of the control force if the acceleration downstream of the error sensor is to be controlled

adequately.
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Between the primary and control forces there is a standing wave pattern in both figures.

As the applied forces represent structural discontinuities with finite rather than infinite

ot zeto impedance, the primary and control forces appear at neither the nodes nor the

anti-nodes of these standing wave patterns.

Acceleration distributions along the beam for optimally controlled acceleration and for

optimally controlled power transmission are shown in Figure 2.7. Figure 2.7(a) shows the

case for the control force located in the near field of the primary force, with the error

sensor in the far field of the control force. Clearly, there is no difference in using power

transmission control and acceleration control for this case. Figure 2.7(b) shows the case for

the control force in the far field of the primary force and the error sensor in the far field of

the control force. Note the standing wave set-up between the control force and the primary

force. However, the attenuation downstream of the control force is identical to that shown

in Figure 2.7(b). Figure 2J(c) shows the case in which the error sensor is on the border

of the control force near field: it is indicated that the near field is beginning to af[ect the

performance of acceleration control case, as shown by the increase in acceleration level

downstream of the error sensor. ln Figure 2.7(d), where the error sensor is clearly in the

near field of the control force, this efFect is even more pronounced, with the performance

of acceleration control being very Poor indeed.

As expected, the beam accelerations resulting from power transmission control and ac-

celeration control are the same when the error sensor is in the far field of the control force.

ln the far field, upstream of the primary force and downstream of the error sensor, accel-

eration level is constant. Both types of cost function result in poor control of acceleration

level between the primary force and control force. ln-fact, acceleration levels generally

increase in this region for all control force locations. Between the control force and error

sensor locations, the acceleration level decreases exponentially from the uncontrolled level

to the residual level. Figure 2.8 shows the acceleration level in the far field, upstream of

the primary force and far downstream of the error sensor. The figure includes data for

both acceleration and power transmission control. Acceleration control and power trans-

mission control produce dif[erent acceleration levels upstream of the primary force only if

the error sensor is in the near field of the control force; thus the two curves overlap, except

at high values of r"f À¡. Acceleration upstream of the primary force is zero if the control
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and primary force separation is an integer multiple of the half flexural wavelength. A nu-

merical analysis shows that the minima occur at control and primary force separations of

(d+ù,¡lZ) where dis a constant dependent on frequency and termination type and n is

an integer (Young, 1995). The residual acceleration downstream of the control force (solid

line) is clearly an exponentially increasing function of the {orm I{eþ"-r"). The residual

acceleration for power transmission control is not shown because it is zero. For a sensor

located in the near field of the control force, acceleration amplitude level is also a Poorer

cost function than power transmission for achieving acceleration control on the downstream

side of the control force, as power transmission control is unafFected by the proximity of

the control force and error sensor.

2.4 Comparison of theory with experiment

The results from experiment and from the analysis of Section 2.2.t in which acceleration

tevel was minimized at the error sensor location, are compared in Figure2.9. The excitation

frequency was 980 Hz and the beam cross-section dimensions were 50 x25(mrn)2 in both

cases, giving a flexural wavelength À¡:0.4872 m. ln Figure 2.9(a), the error sensor is in

the far field of the control force. lt is clear from the standing wave shown in the measured

data that the anechoic termination used for the experimental work was imperfect and

produced a weak standing wave. lf this is ignored (as in the theory an anechoic termination

is assumed), then the figure shows good agreement between theory and experiment. Of

course, the minimum calculated acceleration level is a little lower than that which could be

measured, due to the difficulty involved in adjusting the control force phase and magnitude

with sufficient accuracy and because of the background noise level. The result of placing

the error sensor in the near field of the control force is shown in Figure 2.9(b). The primary

and control force locations and forcing frequency are the same as for Figure 2.9(a). ln this

case, the agreement between the theory and experiment is very good and better than when

the error sensor is in the far field. This is due to limitations in the controller capability.

Better control is achieved with the error sensor in the far field of the control force than

in its near field, because acceleration rather than power transmission was used as the cost
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fu nction

2.5 Summary

It has been shown that when active control is used to minimize power transmission along

an infinite beam, minimization of acceleration and minimization of power transmission give

identical results provided the point of minimization, i.e. the error sensor, is in the far field of

the primary and control forces. However, when the point of minimization is in the nearfield

of the primary and control forces, a control method which minimizes acceleration produces

very poor results, whereas a control method which minimize power transmission is not

degraded by near field effects. This is because near field reactive power fluctuations af[ect

the ability of an acceleration error sensor to properly observe the propagating part of power

transmission. Minimization of the acceleration does not minimize the power transmission.

This must be taken into consideration in the design of an active control system.

The relative proximity of the control force to the primary force is not important when

considering the reduction of power transmission downstream from the control force. How-

ever, the reduction of power transmission upstream of the control force is afFected signifi-

cantly by the relative locations of the two forces, with a separation of an integer multiple

of half of a flexural wavelength corresponding to a total reduction in power transmission.



Chapter 3

Mini rnizittg the forced response of a

finite beam

3. 1 Introduction

ln practice, most beams are of finite length and are associated with various boundary

conditions. This chapter describes a theoretical investigation of the effect of the boundary

conditions on the controllability of the beam acceleration amplitude using a single control

force and a single error sensor. The primary purpose of the analysis is to compare the

controllability of a finite beam having various boundary conditions, with the controllability

of semi-infinite and infinite beams.

The distribution of the beam acceleration amplitude can be explained in terms of propa-

gating flexural waves. The nature of waves in a beam is determined by its geometry, material

properties and boundary conditions. For an infinite beain (as described in Chapter 2), the

acceleration amplitude distribution may be modeled by considering a single wave traveling

in one direction and having no reflection from the boundaries. However, for a finite beam,

the acceleration amplitude distribution may be modeled by considering two waves traveling

in opposite directions with reflection from the boundaries. ln this chapter, the boundary

conditions of the beams are arbitrary and described in terms of a force impedance and a

moment impedance. The boundary impedance concept is introduced in Appendix A where

all the possible boundary conditions have been described in terms of a coupled force and

29
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moment impedance matrix.

3.2 Theory

3.2.L Minimizing acceleration

ln the following analysis, a primary point force, a control point force and an error sensor

are shown in Figure 3.1(b). The cost function to be minimized is acceleration amplitude at

the location of the error sensor. The total beam response may be considered as the sum

of the responses due to the primary and control forces, each of which may be calculated

separately.

The boundary condition equation for the primary force is (Appendix B)

lool[xo] : [Fo] (3.1)

or

[Xo] : [oo]-'[Fo], (3 2)

where the primary force vector [Fo] : [0,0,0,0,0,0,0, *]r, Q": EIvuk3Í and [ao] is the

matrix of boundary condition coefticients for the primary force. The boundary condition

equation for the control force is (Appendix B)

[o.][X.] : [F.] (3 3)

or

[X.] : [o.]-t[F.], (3 4)

where the control force vectot [F.] : [0,0,0,0,0,0,0, å]r and [4.] is the matrix of bound-

ary condition coefticients for the control force.

At the error sensor r", the displacement due to the primary force is

tro : [Xo]?[n]

and the displacement due to the control force is

?r. : [X"]"[E]

(3 5)

(3 6)
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(3.7)

By adding equat¡ons (3.5) and (3 6),the total displacement is

1-1) w, * zo"

lxolt[n] + [x.]rlEl, (3 8)

(3.a) into equation (3.8) one obtains

r¿, : ([oo]-'[Fo])r[E] + ([o"]-'[F.])t[E]

: 
fr{t'"1-'lî',tel 

+ fr{t'.1-')i',tnl (3.e)

The optimal control force d for the primary force Fo may be found by setting us :0

in equation (3 9) By rvriting the transpose of the eighth column of the inverse of [ao]

as [P] : ([oo]-t)fr, and the transpose of the eighth column of the inverse of [a.] as

[C] : ([o.]-t)flr, the optimal control force can be written as

p : -j!lj!l¡; (3 10)) - [c][E]'o

for an error sensor in either the near field or the far field of the control force. lf the infinite

beam impedances from equations (4.18) and (4.19) in Appendix A are substituted into

equation (3.10), the numerical result is the same as equation (2.3) obtained for an infinite

beam. ln equation (2 3), the factors B, and É. (equation(2.2)) are functions of the distances

between the excitation forces (primary and control) and the error sensor. Equation (3.10)

is clearly more complicated than equation (2.3) because it takes into account not only the

boundary conditions (boundary impedances), but also the relative locations of the primary

and control forces, and the error sensor in relation to the ends of the beam.

and by subst tuting equations (3 2) and
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lf a second error sensor is introduced at some location r'" downstream from the first

error sensor r. and a single control force driven in a way so as to optimally reduce vibration

at both locations, the optimal control force can be obtained by minimizing the sum of mean

squares of displacement at two locations. This is achieved by setting the partial derivatives

of the sum with respect to each of the real and imaginary components of the control force

equal to zero. The optimal control force can be written as

r, - -lfElg + IIIIXJ)r. (3 1r)L c - 2 \tcltEl', [c)lB',] )- o

where [E'] is obtained by replacing ø" with ix'.on the right hand side of equation (3 i)

3.3 Numerical results

ln this chapter, the cross section of the beam is the same as shown in Figure 2.1. Harmonic

excitation is at 1000 Hz which does not correspond to a beam resonance. The flexural

wavelength is À1 : 0.4824 m. Acceleration level is minimized at the error sensot (r. -
,)l)¡ : 4.48, with æof ),¡: 0 and (r.- r)lÀ¡ :2.24. The beam extends from

(r - rr)lÀ - -10 to (r - "o)lÀ¡ 
: 10. These values are adhered to unless otherwise

stated. For the dB ordinate scale in the following figures of this chapter, the reference level

is the far field uncontrolled infinite beam acceleration produced by the primary force.

3.3.1 Effect of boundary impedance

Acceleration distributions along the beam for both optimally controlled and uncontrolled

cases for a range of boundary impedances are shown in Figures 3.2 and 3.3. By optimally

controlled, it means that the single control force has been driven in such a way as to obtain

the maximum achievable acceleration reduction at the error sensor. As the error sensor is

not near the point of application of a force or a discontinuity, near field effects on the beam

response at the error sensor are expected to be numerically negligible.

For convenience, we start with a number of simple boundary conditions. The results

are shown in Figu re3.2. ln each case of Figure 3.2, the calculated reduction in acceleration

amplitude downstream of the error sensor is over 100 dB. From these figures, it can be seen

that the free-free beam has the same acceleration distribution and potential for acceleration
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reduction as the fixed-fixed beam except within approximately half a wavelength of the

ends of the beam, which are at (x - rr)l),r : a10.32 respectively. For the freefree

beam, the increase in acceleration level near the end of the beam is the result of a near

field ef¡ect caused by reflection from the boundary. For the fixed-fixed beam, the decreased

acceleration level near each end of the beam is caused by the fixed nature of the boundary.

The pinned-pinned beam has a different acceleration distribution from those of the free-

free and fixed-fixed beam. ln particular, between each end and the adjacent force, the

acceleration level is about 15 dB lower. Also, the acceleration level of the controlled beam

between the primary and control forces is about 5 dB lower than on the left of the primary

force. These dif[erences occur because the harmonic excitation is "ofl-resonance" for the

pinned-pinned beam, and near a resonance frequency for the free-free and fixed-fixed beam'

It is obvious that the extent of the reductions shown in the figures will not be realized in

practice. However, it is necessary to present them to gain insight into the effect of the

termination impedances on the beam controllability.

Acceleration amplitude distributions for various left and right boundary impedances

which are a (real scalar) multiple rc of the left and right infinite beam impedances(lZr,;"¡l

and lZp,¡,¡]) are presented in Figure 3.3. The purpose of this is to examine the ef[ect

on controllability of the boundary impedance approaching the infinite beam impedance.

The use of the factor rc to change the boundary impedances is somewhat arbitrary, but it

overcomes the difficulty of selecting a best "direction of approach" to the infinite beam

impedance values. The characteristic standing wave distribution of acceleration shown in

Figures 3.3(a), (b) and (d) is due to reflections from the boundaries. This variation in

acceleration amplitude along the beam decreases as t.he boundary impedances approach

the infinite beam impedance. For rc ( 1 the increase in acceleration levels at each end

of the beam are the result of a near field ef[ect caused by reflections from the boundary'

For rc > 1 the decreased acceleration level in the boundary near fields is caused by larger

dissipation by the boundary impedances. The result for boundary impedances equal to the

infinite beam impedances is shown in Figure 3.3(c).

From Figure 3.3 it can be observed that on the error sensor side of the control force, the

acceleration level of the controlled beam (solid line) decreases as the boundary impedances

approach the infinite beam impedances. From the control force location to the error sensor
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location, the acceleration level decays exponentially to zero at the error sensor, with an

average reduction of about 120 dB to the right of the error sensor. Except in the near

field of the boundary, the controlled acceleration level at the anti-nodes on the right-hand

side of the error sensor is essentially constant and only weakly dependent upon the beam

termination impedance. lt may be concluded that acceleration amplitude of a beam excited

harmonically ofF-resonance and terminated by arbitrary impedances can be controlled by

using only one control force and one error sensor.

3.3.2 Effect of control force location

Figure 3.4(a), (c) and (e) show the mean attenuation of acceleration level in the far field

upstream of the primary force for free-free, pinned-pinned and infinite-infinite beams, re-

spectively. Control of the fixed-fixed beam produces attenuation similar to that of the

free-free beam, so the results for the fixed-fixed beam are not shown here. ln these exam-

ples, the mean attenuation of acceleration is shown as a function of the distance between

the primary and controlforces (*"_ ro). From thesefigures, it can be seen that acceleration

upstream of the primary force is maximally reduced if the separation between the primary

and control forces is an integer multiple of half a wavelength. The attenuation minima oc-

cur due to the difficulty in controlling the flexural vibration when the control force location

is at a node of the the standing wave caused by reflection from the termination.

Figure 3.4(b), (d) and (f) show the corresponding maximum achievable mean atten-

uation downstream of the error sensor, for an ideal feed-forward controller. For the free

and pinned beams, the maxima occur if the separation between the primary and control

forces is an integer multiple of half a wavelength. The minima (every second minima for

the pinned beam) occur at control and primary force separations of (d * nÀ¡12), where

d is a constant dependent on frequency and termination type (Young, 1995). The infinìte

beam (Figure 3.a(f)) produces a constant maximum achievable mean attenuation of about

110 dB. The reduction does not depend on the control force and primary force separation

location in this case. However, the attenuation should depend on /e - zc as there will be

a small near field effect which decreases as re - r" increases. This will be discussed in

more detail in Section 3.3.3. ln the case of the infinite beam (or, alternatively a long, well
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damped beam), this independence from control force location ensures that good control is

possible. ln contrast, the extreme sensitivity of the finite beams to control force location

indicates that it would be far more difficult to achieve satisfactory control if the primary

force location or excitation frequency are not fixed. This implies that good control of a

broadband signal would only occur over narrow bands, separated by very narrow bands

where control is poor.

The level of the peaks in Figures 3.4(a), (c) and (e) and troughs in Figures 3.4(a) to

(d) vary within a particular figure because the plotted points may not occur at the actual

maximum or minimum value. lf the plotted points were closer together it is more likely

that the maximum and minimum values would be similar in any particular figure.

According to earlier work, a second control force can be used to overcome the difficulty

in controlling acceleration when the first control force is located at a standing wave node

(Young, 1995). Therefore, by the introduction of the second control force the depth of the

troughs in Figures 3.4 would be reduced. Alternatively, it is suggested that the minima in

the curves in Figures 3.4 can be higher if significant damping were added to the system.

3.3.3 Effect of error sensor location

Fìgure 3.5(a) shows the mean attenuation of acceleration level of the free-free beam in

the far field upstream of the primary force as a function of both control force and error

sensor locations. Each curve in the figure indicates the attenuation for a fixed but dif[erent

value of control force location. This figure shows that the attenuation depends on:xc- rp

but not on the error sensor position, provided that the error sensor is in the far field of

the control and primary forces. The corresponding maiimum achievable mean attenuation

downstream of the error sensor is shown in Figure 3.5(b). The average reduction in dB is

clearly a linearly increasing function of (r" - *") I \¡ because of the corresponding decreasing

effect of the near field.

Figures 3.5(c), (e) and (g) show the mean attenuation of acceleration level on the

left-hand side of the primary force for free-free, pinned-pinned and infinite-infinite beams.

These figures show that the mean attenuation is different for each of the dif[erent boundary

conditions, because the control force is located at a different position on a standing wave
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for each boundary condition. As in Figure 3.5(a), the attenuation upstream of primary

force in all three beams does not depend on the error sensor position if the error sensor

is in the far field of the control and primary forces. The corresponding mean attenuation

downstream of the error sensor is shown in Figures 3.5(d), (f) and (h). The minima in the

curves, for free and simply supported beams, correspond to separations in the error sensor

and control force location of (d * nÀ¡12), where d is a constant dependent on frequency

and termination type as previously defined (Section 3.3.2). ln the control force far field of

the the infinite beam (Figure 3.5(h)), the attenuation is simply (in dB) proportional to the

distance between the error sensor and the control force.

The troughs in the curves in Figures 3.5(b), (d) and (f) are represented correctly, and

finer frequency resolution would not cause them to be much lower.
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3.3.4 trffect of forcing frequency

The acceleration distribution along the controlled and the uncontrolled beam (free-free

beam) near a resonance frequency av76.9 Hz is shown in Figure 3.6(a). From this figure, it

can be seen that optimal control (solid line) decreases the acceleration level both upstream

of the primary force and downstream of the error sensor but by a much smaller amount than

shown in Figu re 3.2 for 1000 Hz excitation because the error sensor is now in the near field

of the control force. The acceleration level to the right of the error sensor is about 50 dB

lower than that from the uncontrolled level. The forced response at a lower "ofF-resonance"

frequency of 68.7 Hz is shown in Figure 3.6(b). This figure shows the upstream controlled

acceleration is the same as the uncontrolled acceleration, and the downstream level is 30 dB

lower. Clearly, better control is achieved at a resonance forcing frequency than at an "ofl-

resonance" forcing frequency. This can be explained by considering the forced response of

the controlled beam to be a weighted sum of modal components. Controlling the beam at

a resonance frequency means controlling just one mode. As explained by the advocates of

IMSC, this is easily achieved with one control force and one error sensor. However, at the

"of[-resonance" forcing frequency two modes are present in approximately equal strength

and, so control at this frequency means simultaneous control of more than one mode by

a single control force. Venkatraman and Narayanan (1990) reported that this is likely to

induce spillover. However, the maximum achievable acceleration reduction in the beam is

still large in both cases, although it is better at resonance than ofl-resonance.

For the controlled case, the level of the peaks and troughs vary within a particular

figure, because the control force is located at a different position on a standing wave

for each forcing frequency. For example, the control force is located at an anti-node in

Figure 3.6(a) and at a node in Figure 3.6(b). The distance between two peaks or troughs

in Figure 3.6 is half a wavelength, except for the range near the control force as this force

created a discontinuity to produce a near field ef[ect.

Figure 3.7(a) shows the mean attenuation of acceleration level in the far field upstream

of the primary force as a function of the lorcing frequency for the free-free beam. The

corresponding maximum achievable mean attenuation downstream of the error sensor is

shown in Figure 3.7(b). ln both cases, acceleration is reduced maximally at frequencies for



(a)

4t

--202-202

(x-xo) /\r
Effect of forcing frequency on the beam acceleration distribution for free-

(a) Excitation near a beam resonance frequency aL 76.9H2, r,vith force ancl

error sensor locations of '-f :0.62, !:f :1.24; (b) excitation "off-resonance"

o

o
c\¡

I

o
-í

I

o
r.O

I

o
@

I

ag
oqd
j
+.¡
jo
P{
É,d
ç:
o

-F{

+,
rú
t{
o

F{

Oo¡¡r|
1¡l
,4

Figure 3.6

free beam.

at 68.7H2, rvith g:ff : 0.58,

uncontrolled.

Te-îp
),f t.r7 controlled;

which the separation between the primary and control forces is an integer multiple of half

of a wavelength. ln Figure 3.7(b), the average attenuation clearly increases with increasing

frequency. The performance is poor at low frequencies because the error sensor is in the

near field of the control force.

The maximum achievable mean attenuation of acceleration in an infinite beam is shown

as a function of frequency in Figures 3.7(c) and (d). There are six sharp peaks in Fig-

ure 3.7(c). At each of these peaks, the distance between control and primary forces is an

integer multiple of the half wavelength. The number of peaks is limited to six because there

are no reflections from boundaries (i.e. no resonances). ln Figure 3.7(d), the attenuation

is proportional to the square root of frequency because the attenuation is proportional to

(r" - ,)lÀ¡ and Ày 6. ij.
The peaks and troughs in the curves are represented correctly in Figure 3.7(a) to

(.) Finer frequency resolution would not cause them to be significantly higher or lower.

These peaks and some of the troughs are caused by the reasons described in Section 3.3.2

and 3.3.3. ln Figure 3 7(b), some of the troughs are also considered likely to occur when

(b)
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the error sensor is at a standing wave node where it cannot work effectively.

The introduction of a second error sensor would be expected to result in improved

attenuation in the situation where the first error sensor is located at a node. Figure 3.8

shows after adding a second error sensor, the mean attenuation of acceleration in the free-

free beam is a function of forcing frequency. The second error sensor is located 0.1 m

downstream from the first. The mean attenuation for a single error sensor is also shown in

Figure 3.8 for comparison. From Figure 3.8(a), it can be seen that there is no improvement

in attenuation upstream of the primary force by adding a second error sensor. This was

expected because the attenuation upstream of the primary force depends on the separation

between the primary and control force, but not on the error sensor location when the error

sensor is in the far field of a control force (Section 3.3.3). However in Figure 3.8(b), it can

be seen that there is an overall improvement in attenuation resulting from the introduction

of the second error sensor. Particularly, the original minima in attenuation using one error

sensor are generally higher or even eliminated by the introduction of the second error sensor.

3.3.5 Comparison with control of semi-infinite beam

The behavior of the semi-infinite beam shown in Figure 3.9 can be investigated by making

the boundary impedance of the right end equal to the infinite beam impedance (so that no

reflections are produced). A variety of impedances can be selected for the left-hand bound-

ary. The following examples are for the use of one error sensor only. ln Figures 3.10(a)-(c)

the uncontrolled and optimally controlled responses of these "semi-infinite" beams for the

same simple left-hand boundary conditions as in Figure 3.2 are shown.

ln Figures 3.10(d)-(g) the uncontrolled and optimally controlled responses of semi-

infinite beams with the same left boundary impedances as in Figure 3.3 are shown. ln each

of these four cases, reflections from the left boundary produce standing wave patterns on

the left of the primary force. This acceleration amplitude along the beam decreases as

the boundary impedances approach the infinite beam impedance. On the right side of the

primary force there is no evidence of far field reflections and the beam behaves as if it were

of infinite length.
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Figure 3.9: Semi-infinite beam model

By comparing Figures 3.2 and 3.3 with Figure 3.10, it can be seen that acceleration

downstream of the error sensor for the finite beams are similar to the semi-infinite beam.
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3.4 Summary

Acceleration amplitude for both a finite and an infinite beam can be calculated using a

propagating wave model with the supports treated as boundary impedances. lf the boundary

impedances of a finite beam are changed to values which represent no reflections from the

ends, the characteristic standing wave distribution of acceleration amplitude flattens. This

confirms that infinite beam behavior is accurately modeled. For the range of boundary

impedances, representing both finite and infinite beams, the extent of control which is

theoretically achievable with a feed-forward controller is found to be strongly dependent

upon control force location, error sensor location and excitation frequency.

1. The maximum acceleration attenuation, upstream of the primary force and down-

stream of the error sensor, is achieved if the separation between the primary and

control forces is an integer multiple of the half flexural wavelength. The minima oc-

cur as the control force is located at a node of the standing wave. These are true with

the exception that the acceleration attenuation downstream of the error sensor is a

constant for the infinite and semi-infinite beams. lncreasing the separation between

the primary and control forces does not improve the attenuation.

2. For error sensor locations outside the control force near field, the attenuation of accel-

eration upstream of the primary force does not depend on error sensor location. The

attenuation of acceleration downstream of the error sensor increases with increasing

separation between the error sensor and control force because of the existence of a

small remaining near field effect.

3. Good harmonic acceleration control can be achieved over a relative large range of

frequencies with a single control force and a single error sensor provided that the error

sensor is in the far field of the control force.

4. The use of the second error sensor generally eases and in some cases even eliminates

the minima in attenuation that occur when the first error sensor is located at a

standing wave node.



Chapter 4

Mini rnizittg acceleration and po\ ¡er

transmission in a semi-infinite plate

4.L Introduction

An extension of the work done on the minimization of power transmission in an infinite beam

(Chapter 2) and acceleration amplitude in a finite beam (Chapter 3), is the minimization

of acceleration and power transmission in a plate. This chapter is concerned with the

theoretical analysis of the control of power transmission in a semi-infinite plate using a row

of control forces and a row of error sensors. The work outlined here examines the extent

of control which is achievable for a realistic control force configuration.

The model considered here is a semi-infinite plate, free at one end, anechoically ter-

minated at the other end and simply supported along the other two sides. The analysis

describes the vibration in terms of {lexural waves propagating from the free end to the

anechoically terminated end. The geometry of the semi-infinite plate and the alignment

of the coordinate system are shown in Figure 4.1. The plate is assumed to be excited by

either a single point primary force or an array of point primary forces arranged in a line

across the plate parallel to the y-axis. Two alternative configurations of the control forces

are considered. One configuration includes either a single point control force or a line of

in-phase point control forces, and the other configuration includes a line of three indepen-

dently controlled point forces. ln each case, the line of control forces is arranged parallel to

52
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Figure 4.1: Semi-infinite plate model

the line of primary forces. Optimal control forces required to minimize average acceleration

across the plate at a specified axial location, the error sensor location, are compared to

those required to minimize total power transmission along the plate for the two alternative

control force configurations. As it is difficult to measure power transmission in practice, it

is of interest to examine theoretically the eflectiveness of minimizing acceleration at error

sensors in reducing power transmission along the plate. This is done for various axial loca-

tions and numbers of error sensors.

4.2 Theory

4.2.L Minimization of acceleration with a line of in-phase con-

trol forces

lf the plate is excited by a line of in-phase primary point forces of complex amplitude

.1! located at r : r, the plate response tr-l(r,y) at any location (r,y) is found using

Z

Y

Lu

X
lr



equations (C.25) and (C.27) in Appendix C and is

-(,,y) : Fpwp-r(riy) :4 Ë *Urî,i. ffXtool-')f,,tn"l "inl! (4 r)
n=l y ,' r=r v ' lJv

where m, is the number of primary forces, and [ao] is similar to [a] with F¡ replaced by

,Ç and rs replaced by ,o.Similarly, if a line of control forces of complex amplitude fl is

placed at r: r", the plate response due to these acting alone is

tu(r,y) : F"u"-r(*,y): 4 Ë Í"rî,i,T:)(o.l-')ï;[E ^)"tnff Ø 2)
n=t Lguh i-t Ly

where m. is the number of control forces. The total plate response due to primary and

control forces acting together is then

u : up I rD": Fpup-Í * F"w"- j (4 3)

The optimal control force fl for minimizing the acceleration along the width of the plate

at a constant r may be found by integrating (across the plate) the mean square of the

displacement defined in equation (4.3),and setting the partial derivatives of the integration

with respect to the real and imaginary components of the control force equal to zero. The

resu lt is

5t

(4.4)

4.2.2 Minimization of acceleration with a line of three inde-

pendently driven control forces

lf the plate is driven by an array of in-phase primary point forces in a line at if,: r, ãrtd

three independent control point forces in a line at r: r., the total plate response may be

wntten as

u : up * u. -- Fpwp-J t F¡u)"-It I Fczuc-J2l F"zuc-J3. (4 5)

The quantities tu"-¡1 , uc-J2 and u.-¡s are each calculated in a similar way to txc-J in

Section 4.2.1.

The optimal control forces for minimizing acceleration may be found by integrating

(across the plate) the mean squareof the displacement defined in equation (a.5) and setting
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the partial derivatives of the integration with respect to each of the real and imaginary

components of the control forces equal to zero. The result is an optimal set of control

forces as follows

-t
F.t

F,z

F.s

[o"o l-"-¡rl'dy [otu -i-Jr."-¡zdy [o"o -î-Jr-,-¡sd!
[rLu r.o"-¡1wî-ndy [otu l-"-¡rl'dy IoLo .î- ¡r.c-¡zd!
loLu *,-Ír-î-¡rdu IoLo *.-Jr.î-¡rdv |o"o l-"-¡rl'dy

[oto.r-Í*î-¡rdu

[o"'.r-f.î-¡rdu
rL" * l

Jo 
- wp- Íwc_ JsdU

Fe (4 6)

The procedure can be extended to any number of independently controlled forces

4.2.3 Power transmission

P,(Ð

The expression given by Romano (1990) for the / component of vibration intensity (or

power transmission per unit width) in a plate is

p,(t) : -.lú,e, - ff*" - ff*,,+ €;¡/, + €;^t,l (4.7)

where {"1/" and ÊoN"o are associated with longitudinal and shear wave propagation. Each

force in equation (a.7) is "per unit width" and for this study, the contribution of longitudinal

and shear waves is assumed to be zero. The total instantaneous flexural wave power

transmission through a section at constant ø is then given by

P,(t) : - Io"" [r,", 
y,t)Q,(r,a,t) -ryWgM,(*,y,t)-

otit(x'Y't) M,o(*,a,Ð] ¿y (4 g)
í)y -Y\ " ']

or, for a single frequency

li 
r-{r, u,t)Q,(r, y, t) - ¡ rUfiP M,(r,y, t) -lo"

0'w (,,y ,t)
J tJ)

0y
(4 e)

Adopting the approach of Skudrzyk (1965), the real (or active) part of power transmission

along the plate is calculated as the product of real part of the force term with the real part

M"o(,,a,Ð)¿,
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of the velocity term for each pair of terms in equation (a.9) and the result is time averaged

Thus the active power transmission is given by

P,o n" 
{tr,.,( 

r,ùl- Q,þ,r, -1t"9#P]. *,r,,rr-lfLv__ I
2lo

ôu
Ju

v Ill,o(x, y) dy
0y

r ) (4.10)

where, according to Leissa (1969)

^'t - -D¡(- + ,;), (4.1r)tvr.r - -D^(qY * rtt l-tt¡\Arz+uW),

. ã2tnlt'I,v: -nn\ - ,) 0rAO Ø12)

and

n _ _n. ,03l¿, - 0".
vx - -un\ Arr + Aúyr) (4.13)

For one line of primary forces and a second line of control forces parallel to the y-axis,

the resulting total power transmission can be expressed in terms of the primary and con-

trol forces, using superposition. Thus power transmission corresponding to equation (4.4)

(representing optimal control of acceleration) is obtained by substituting equation (a.a)

into (4.3) and the result into equations (4.10) to (a.13). The power transmission corre-

sponding to equation (a.6) can be obtained in a similar way.

It is assumed for convenience here that it is possible in practice to actually measure the

total power transmission through a particular plate cross section.

4.2.4 Minimization of power transmission with a line of in-

phase point control forces

The total power transmission resulting from a line of in-phase point primary forces and a line

of in-phase point controlforces acting together can be found by substituting equations (4.1)

and (a.2) into (a.3) and the result into equations (4.10) to (a.13). Carrying out the

indicated substitutions in equations (4.11) to (a.13) gives the following expressions for the

bending moment, twisting moment and shear force respectively.

[t4, - -n,,1r,ry+t + ]7,q'"^' / [)2'"-

L o1:" #*'(43i+r"\f)] u14)



A jrDn

B jrDn

ô2w"_Í
0y'

ô3w._ j
ð13

ð2u"_ Í

0'.r-J 0-i-¡
0r0y ôy

tr"o- -nn(r-,)(+ffi* o"
0r0y

b/

(4 15)

(4 18)

Q"
aM, aÌ,[,y
ðr ðy

(4.16)

These and equation (a.3) can be substituted into the expression for the power transmission

through any plate cross section at axial location z (equation (a.10)) to produce,

Re[F"F]A+ F.BF; + F:CFp+ FeF;Dlda (4.r7)

where

and

and

P,o : t 1,""

n^(r,þ + F,ryF + F,## * o"##)

I ftF.#ffi)'¡ui-¡t
)ry:+(l - òW'+)
03w"_Í
0x0y2

o".r-f
0rôy2

o".r-J
0r0y2

up-Jt

wi-¡l

up-Jl

02u"_!
ôx2

+,ryfr)ry+(1 -,rWWl, (4.1e)

C

D

)ry+e-u) (4.20)

)ry+(l -,WWl (4.2r)

Numerically, the coefficients B and C are equal if the error sensors are in the far field of the

primary and control forces. The optimal control force corresponding to minimum power

transmission is obtained by determining derivatives of equation (4.17) with respect to the

real and imaginary components of the control force and setting the derivatives equal to

zero. Then the optimal control force is

Ê' n.¿v + ¡!" cav
z ¡!' ne[,t]a,y

tF:o Ip (4.22)
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4.2.5 Minimization of power transrnission with a line of three

independently driven point control forces

For this case, the plate response given by equation (a.5) can be substituted into equa-

tions (4.10) to (4.13) to give an expression for the total power transmitted past a line

across the plate at an axial location z, which can be written in matrix form as:

p"o:, 
l"t' ReIEH Alldy (4.2J)

where

F : lFo, F.t, F.z, F"zlT (4.24)

and

A_

The coefficients A(i, j) (i: I,4, j: 1,4) of matrix A result from the product of terms

in equation (4.10) which each contain contributions from the four dif[erent force elements

of equation (4.24). Thus A(i, j) is the product of the contribution to the first part of each

term in equation (4.10) due to the ith element of F with the contribution to the second

part of each term due to the jth element of F. For example

A(r, r) : irDnl-fu"ii;t + 
A"-- 'Í *yut 

+ ,Ô'!'.¡ )}'i-t ''" L ' c)tr ffil-i-¡ + (-rr', òa, '-ä*
0-r) ô'.0-Í 0.i-¡

0r0y ôy
(4.26)

.4(1, 1) A(r,2) A(1,3) A(r,4)

A(2,t) A(2,2) A(2,3) A(2,4)

A(3, 1) A(3,2) A(3,3) A(3,4)

A(4,r) A(4,2) A(4,3) A(4,4)

(4.2-o)

A(2,r) i, D nl-rqæ- * ffitui- t, + (W +,ryif:# *
02w^-' Ôwi-trl

(1 _,)#__#1, (4.27)ctrly cty .l '

i, D nl-rq# * *ry#t-i- t, + (ry/ +,ryit9ï,f *
(r-,)+#'+t1 (428)\- ' 0r0y 0y I

A(4,r)
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An optimum set of control forces corresponding to minimum power transmission is obtained

by determining derivatives of equation (4.23) with respect to the real and imaginary com-

ponents of each control force and setting the derivatives equal to zero. An optimum set of

control forces corresponding to a minimum power transmission due to three independently

driven control forces is

F"t

F"z

F"z

[o", (A(4,2) + A(2,Ð)dy

lotu(A-(4,3) + A(3, Ð)dv

[o"o (A-(4,4) + A(4,+))dv

[oto A*(r,2)dy

Iotu A*(r,J)dy

lo"o A*(1,4)dy

¡oL" Açz,t¡dy

¡!" eçl,¡ay

¡oL' Aç+,t¡dy

Fe e.2e)

l:, (A-(2,2) + A(2,2))da ?o"o (A.(J,2) + A(2,J))dy

lo"u (A'(2,3) + A(3, Z))da [o"u(A-(3,3) + ,4(3, 3))dy

[oto (A*(2,4) + A(4,2))dy \oto (A (3,4) + A(4,3))dy

-l

+

The procedure can be extended for any number of independently controlled forces. By

comparing equations (a.17) with (4.23) and (a.22) with (4.29), it can be seen that the

single force changes to a force vector when in-phase force control changes to independent

force control. The expression for power transmission given by equation (a.23) not only

includes each force term, but also includes coupling force terms, which makes independent

force control much more complex than in-phase force control to analyze.

The matrix which must be inverted in equation (4.29) is ill-conditioned for the case

where only one or two modes are propagating and three independent control forces are

used. This is because the control system is under determined and thus ill-conditioned

(Nelson and Elliott, 1993). ln this case, the use of one or two control forces respectively

would be expected to achieve good performance.

4.3 Numerical results

The numerical results presented here have been calculated for a steel plate with Young's

modulus E:207 GPa, density p:7700kg/m3, Poisson's ratio u : 0.3,length 1.4 m,

thickness /¿ : 0.003 m and width Ls :0.5 m. One end of the plate was terminated

anechoically. The sides adjacent to the anechoically terminated end were simply supported

and the remaining edge was free. ln the following figures except Figure 4.9 in this chapter,
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the r location of the primary force is al ro - 0.025 n¿ and the error sensor is at r" :
0.565 m. When a row of control forces appear, these forces are equally spaced in a row

across the plate, parallel to the y-axis, so that the distance between any two control forces

is twice the distance from the outermost control force to the edge of the plate. When an

equal number (3, 6, 12 or 24) of primary and control forces appear, each primary force

shares an identical Y-coordinate location with one control force. The locations of primary

forces, control forces and error sensors are adhered to unless otherwise stated. Theoretical

cut-on frequencies for the first five modes are listed in Table 4.1.

Table 4.1: Calculated cut-on frequencies for the first five modes

Plate mode Cut-on frequency (Hz)

First mode

Second mode

Third mode

Fourth mode

Fifth mode

30

118

266

473

739

ln many of the calculations for the plate, rounding errors became a problem when the

calculated attenuation due to active control exceeded 120 dB and values shown higher than

this can be quite inaccurate. However this is not considered to be a serious problem as,

in practice active control systems will be limited to achieve a maximum of about 50 dB

atten u ation .

4.3.L One primary and one control force

ln this section it is assumed that an ideal feed-forward controller is available and that it

is possible to obtain a measure of power transmission along the plate to be used as the

controller error input.

Figure a.2þ) is a contour map, calculated using the theory of Section 4.2.4, of the

maximum achievable reduction (in dB) in active power transmitted along the plate to the
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anecho¡c end as a function of the location (t",y,) of a single control force. The frequency

oÍ 210 Hz (À¡ :0.3752m) was chosen to begin with as it is well above the cut-on

frequency of the second propagating mode and well below the cut-on frequency of the third

propagating mode. The control force locations corresponding to local power transmission

minima listed in Table 4.2 were found by using optimization software to process the data

used for generating the contour plot and are also shown in the figure as asterisk. (*)

The optimal control force and resulting power transmission for the control force in this

location were then calculated using the analysis of the previous sections and the results are

recorded in Table 4.2. Figure a.2þ) demonstrates the important result that for any control

force location there is always a control force amplitude which does not increase the power

transmission downstream of the controlforce, including the degenerate case of F":0. The

map clearly has several local minima, a fact which makes the search for the optimal control

force location very time consuming.
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Table 4.2: Control force locations for potver transmission minima at 210 Ilz

(r.-"òlÀ¡ y.l\¡ lF'.l
lF.l ó. - óo radians P.T.reduction(dB)

0.00

0.05

0.17

0.32

0.38

0.43

0.72

0.80

0.86

1.07

L.23

0.80

0.77

0.53

1.15

0.95

0.86

0.57

0.45

0.33

0.94

0.60

1.00

1.70

3.15

2.24

t.t2

1.08

1.66

1.11

r.25

1.94

2.39

-7f

-1f

0

0

0

0

-7f

-7f

7f

0

oo

25

30

45

40

36

43

26

50

28

40

From Figure 4.2(a), it can be seen that there are two relatively large regions in which

a single control force can be located to achieve a power transmission attenuation of

more than 15 dB. These regions extend from the top mid-left of the contour map (at

(r"- t:r,a)lÀr: (0.30,1.3) to the bottom mid-right (at (r" - re,a)f 
^/ 

: (0.9õ,0 0))

As these regions are so large, there appears to be a reasonable prospect of achieving a useful

experimental result with this plate and force arrangement. Figure 4.2(b) shows the optimal

control force amplitude required to produce the attenuation given in Figure a.2þ) (for unit

amplitude primary force). ln regions where good attenuation is obtained, the required opti-

mal control force varies considerably, with minimum values of about 1.1 times the primary

force amplitude or greater. lf both the maximum achievable attenuation value and the desire

to minimize the control force amplitude are taken into consideration, the optimal control

force location seems to be (r,-rp,ll.)lÀ¡: (0.32,1.15) with 45 dB maximum achiev-

able power transmission reduction or (r" - r,lJ.)lÀ/ : (0.86,0.33) with 50 dB maximum

achievable power transmission reduction.

Figure 4.3 shows the result of repeating the calculation displayed in Figure 4.2,butfor
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a higher frequency of 510 Hz (À¡: 0.2.108nr). As before, the local power transmission

minima (*) are listed in Table 4.3. ln practice, the best result would probably be achieved

by placing a control force of amplitude 1.0 at (.,'. - rp,A")lÀ¡: (1.85, 1.88) to produce a

maximum power transmission reduction of 15 dB. The peak in Figure a.3(a) is relatively

flat and occupies a relatively large region and, so the result is not very sensitive to variations

in control force location.

Both Figures 4.2(a) and Figure a.3(a) show that the maximum achievable reduction

in power transmission depends strongly on the location of control forces. lf the control

force location is not chosen correctly, it is quite likely that the maximum achievable power

transmission reduction will be negligible. lt is also noted that a single control force location

will be inefFective over a range of frequencies. Figure a.3(a) indicates that there are several

regions near the edge of the plate where a theoretical attenuation of more than 6 dB can be

produced, but in practice it may not be possible to generate the large control forces which

would be required. Note that Figures 4.2 and 4.3 do not extend to the plate boundaries as

it is clear that optimal control forces on the boundaries would tend to infinity and power

transmission reduction would tend to zero.

Results which are not shown here to conserve space and which are similar to those of

Figure 4.2 and 4.3 have been produced for the frequencies 310 Hz, 410 Hz and 610 Hz. The

number of frequencies examined was limited by the computation time (approximately 90

hours for the UNIX machine SUN/4) required to produce each map. From these examples,

it can be observed that optimum control force location and power transmission attenuation

are strong functions of the excitation frequency. One trend with increasing excitation

frequency is that the number of local minima increases because the complexity of the

vibration pattern increases.
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Table 4.3: Control force locations for porver transmission minima at 510 Hz

(r"-r')lÀ¡ y"l\¡ lF'"l
lF"l ö" - ó, radians P.T.reduction(dB)

0.00

0.08

0.13

0.14

0.25

0.86

1.06

I.I2

1.26

1.59

L.7L

1.85

2.t8

r.24

0.60

r.75

1.97

0.02

1.95

0.87

0.02

1.43

0.92

0.64

1.88

r.2l

1.00

2.40

),.32

2.r0

11.55

3. i8

1.40

9.50

1.39

r.49

1.35

1.07

1.31

-7t

0

0

0

-7f

-7f

7f

0

0

-7f

-1f

0

oo

T4

t4

10

7

b

4

11

q

10

11

15

5

The maximum practical achievable reductions of real power transmission corresponding

to the optimal control force location at each of the frequencies analyzed are presented in

Table 4.4, which shows that increasing the excitation frequency generally decreases the

maximum achievable power transmission reduction. lt is also of interest to note that

the number of complex modal wavenumbers lc¡n (equation (C B)) shown in Appendix C)

increases as the excitation frequency is increased - for example, there are 2 at 210 Hz,

4 at 510 Hz and 5 at 1000 Hz. Thus, as waves represented by imaginary exponents in

equation (C.a) in Appendix C (where ks^ and lca^ ile imaginary if using the condition of

equation (C.10)) represent propagation of power along the plate, there will be more modes

propagating at high frequencies, making active control with a single control force more

d iff icu lt.
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Table 4.4: Effect of forcing frequency on the maximum achievable power transmis-

sion reduction for a single primary force and a single control force (at best practical

locations)

Freq

(H")

(r"- r)lÀ¡ v"lÀ¡
lF"l
l¡;l ó, - ó, radians P.T.

reduction

(dB)

210

2r0

310

410

510

610

0.32

0.86

0.90

0.83

1.85

0.72

1.15

0.33

r.22

1.37

1.88

1.96

2.24

t.25

1.04

0.89

1.07

7.02

0

7f

1f

7f

-7f

-1f

45

50

30

16

15

20

4.3.2 A row of in-phase, uniform amplitude control forces and

a single primary force

ln this case, the single primary force is driven with unit amplitude near the free end of

the plate at :x,r:0.025 and yr:0.25, which is at the same y-coordinate location as the

central control force. At an excitation frequency of 2I0 Hz (Figure +.+(a)), more than

50 dB reduction is obtained over a large area of control force location. At frequencies of

410 Hz (Figure 4.4(b)), 510 Hz (Figure a.+(c)) and 610 Hz (Figure 4.4(d)), a maximum

achievable power transmission reduction greater than 20 dB is observed for a few control

force locations. However, the areas of these locations are so small that it is unlikely that

this level of control could be realized in practice.
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610 Hz. 1 primary force and 3 control forces; "". I primary force

and 6 control forces; - I primary force and 12 control forces; - - I

prirnary forcc ¿rnd 2,1 control forces.
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(e) (s) (h)



69

Figures a.a(e) to a.a(h) show the results of repeating the calculation displayed in Fig-

ures 4.4(a) to a.a(d), but with the primary force located of[ the mid point of the plate y-axis,

as for Section 4.3.1. At an excitation frequency of 210 Hz (Figure 4.4(e), the maximum

achievable power transmission reduction is approximately 4 dB for 3, 6, L2 or 24 control

forces over a wide range of locations of the row of control forces. The performance of the

row of control forces for the ofF-center primary force (Figure 4.4(e)) is much poorer than

when the primaryforce is located centrally (Figure +.+(a)) for a frequency of 2L0 Hz, which

shows that the symmetric control force distribution will not control the anti-symmetric

component of primary vibration. At a frequency of 410 Hz (Figure 4.4(f)), the maximum

achievable power transmission reduction of 6 dB for the ofF-center primary force can be ob-

tained by choosing appropriate control force locations. However for excitation frequencies

of 510 Hz (Figure + +(g)) and 610 Hz (Figure 4.4(h)), the maximum achievable reduction

is only 1dB. ln all of the cases shown in Figure 4.4, increasing the number of control forces

above three does not increase the maximum achievable power transmission reduction.

4.3.3 A row of in-phase, uniform amplitude control forces and

a row of in-phase, uniform amplitude primary forces

Figure 4.5 shows power transmission reduction corresponding to an equal number (3, 6, 12,

24) oI primary and control forces. The results shown in Figure a.5(a) to a.5(d) are similar

to the results shown in corresponding Figures 4.4(a) to a.a(d). This is probably because

the symmetric control forces control symmetric components of primary vibration in these

two cases. At a frequency of 2L0 Hz, and an equal number of primary and control forces

(Figure a.5(a)), the maximum achievable power transmission reduction is slightly less than

that achievable for a row of control forces and a single central primary force (Figure a.a(a)).

At excitation frequencies of 410 Hz, 510 Hz and 610 Hz, it can be seen that the achievable

reduction in power transmission is critically dependent upon the axial location of the row

of control forces with this optimal location being frequency dependent as well.
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4.3.4 trffect of forcing frequency on performance with in-phase

control forces

ln practice, the location of each control force is fixed and it is of interest to observe

the frequency range over which control can be achieved for a control force configuration

optimized for a particular frequency. Figure a.6(a) shows the maximum power transmission

reduction which can be obtained with a fixed controlforce location as a function of frequency

for a single of[-center primary force as for Figure 4.2 and a single controlforce located at the

optimum position for an excitation frequency of 2L0 Hz ((t.- tp,y)lÀ¡: (0'38,0.91)).

It can be seen from the figure that power transmission reduction at frequencies higher than

the cut-on frequency (266 Hz) of the third mode is either very small or zero.
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Figure 4.6: Porver transmission reduction as a function of frequency rvith the control

forces located at the optimum location for 210 Hz. (a) a single off-center primary and

control forces; (b) equat numbers of primary and control forces with the control forces

driyen in phase. a single primary force with a single control force in (a)

and 3 primary forces with 3 control forces in (b); ""'6 primary forces and

12 primary forces and 12 control forces; 246 control forces;

primar)' forces and 24 control forces

(a) (b)

Figure 4 6(b) shows the performance for an equal number of primary and control forces,
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with the row of control forces at the optimum location of (:r" - ròlÀ¡: 0,30 for 2L0 Hz

(shown in Figure +.5(a)). From this figure, it can be seen that power transmission reduction

decreases as the frequency increases from 200 Hz to 266 Hz (the cut-on frequency of the

third mode). At 266 Hz the reduction is zero. At the cut-on frequencies of the fourth and

fifth modes (473 Hz and 739 Hz), significant levels of power transmission reduction are also

obtained. lncreasing the number of primary and control forces equally above three does

not significantly afFect the maximum achievable power transmission reduction, ln general,

the control performance for an equal number of primary and control forces is better than

that for a single off-center primary force and a number of control forces. This is probably

because the symmetric control force arrangement effectively controls the symmetric but

not the anti-symmetric components of vibration generated by the primary forces.

It seems from these results that the maximum reduction in power transmission is

achieved when only one or two modes are propagating, which is as expected. However,

the reason for the increase in performance close to the cut-on frequencies of the fourth and

fifth modes is that at resonance the system response is dominated by one mode thus one

control force can achieve good performance.

4.3.5 A ro'w of three in-phase primary forces and a ro\M of

three independently driven control forces

For this case, at an excitation frequency of 210 Hz (Figure +.7(a)) with both independent

and in-phase control forces, more than 50 dB of reduction is obtained at all but a few dis-

crete control force locations. Power transmission reduction with three independent control

forces is not presented in Figure a.7(a). This is because at 210 Hz there are only two waves

cut-on and there are three independent control forces so the control system is under deter-

mined (Nelson and EIliott, i993), thus the matrix in equation (4.29) is too ill-conditioned

to be inverted to obtain a valid solution. Reducing the number of control forces to two

would fix this problem. At frequencies of 410 Hz, 510 Hz and 6i0 Hz (Figures a.7(b), (c)

and (d) respectively), power transmission reductions achieved with independently driven

control forces are more than 50 dB greater than with in-phase control forces. Thus, for

these cases there is a considerable advantage in using independently driven control forces.
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The continuous line in Figure 4.8 shows the effect of changing the excitation frequency

on power transmission reduction when the three control forces are driven independently,

with the row of control forces at the optimal location of (t,- r)l\¡:0'30 for 210 Hz.

The result with three independent control forces for frequencies less than 266 Hz is omit-

ted because of numerical difficulties associated with the ill-conditioning of the matrix in

equation (4.29). As for Figure 4.6, the control forces are optimally located lor a 210 Hz

primary excitation. For comparison, the result for three in-phase forces (from Figure 4.6(b))

is shown as a dotted line. ln Figure 4.8, it can be seen that the theoretically achievable

power transmission reduction achieved by driving the control forces independently is more

than 50 dB for all frequencies lower than the cut-on frequency of the fifth mode (that is,

739 Hz), and well in excess of the reduction achieved by driving the forces in-phase. lt is

interesting to note that at the cut-on frequency of the fourth mode $73 Hz), the three

independent optimal control force amplitudes and phases are the same as the three in-phase

optimal control forces, and similar maximum power transmission reductions are achieved

for both in-phase control and independent control cases. The difference in the calculated

reductions between the two cases is a result of rounding errors in the calculations. As

the frequency is further increased to 816 Hz, the maximum achievable reduction decreases

rapidly to zero (dB). Between 816 Hz and 1000 Hz, the reduction increases slowly again

to about 4 dB, but in this region use of independent rather than in-phase control forces

produces no significant advantage.

Figure 4.7 demonstrates the important result that, in contrast with a row of in-phase

control forces, it is possible to achieve a large reduction in power transmission by driving

the control forces independently. Such results can be obtained by placing the row of control

forces at any except a few discrete distances downstream of the primary forces. Figure 4.8

shows that with three independently driven control forces, good control can be achieved

over the frequency range for which only the first five modes are propagating'

The results given so far, indicate that there are some control force locations where

significantly less attenuation in power transmission can be obtained. However, a second

line of controlforces may be used to overcome the difficulty in controlling power transmission

when the first line of control forces is located at a nodal line in a standing wave (see the

examples for vibration control, Young, 1995).
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4.3.6 trffect of error sensor type and location

ln the examples discussed so far, the cost function which has been minimized is intensity

integrated across the width of the plate at some axial location r". This quantity, referred to

as power transmission, is not easily measured in practice. Thus the PurPose of this section

is to examine an alternative cost function which could be used to supply the error input to

a feed-forward controller on the total power transmission reduction.

First of all, the efFect on power transmission reduction of using flexural acceleration

amplitudeaveragedoverthewidthoftheplateisexamined. Twoaxial locationsareassumed

for the error sensor location, one in the near field of the control force (at (r"-r")f Àr : 0.1)

and one in the far field of the control force (at (r" - r.)lÀt :2.0),with control forces

located at the optimal location of (r.- ")lÀ¡:0.30 for 2L0 Hz. Maximum achievable

power transmission reductions for three in-phase primary forces and three in-phase control

forces are listed in Table 4.5 for both types of error signal measured at locations in both the

near and far field of the forces, for a range of excitation frequencies. As three control forces

are driven symmetrically, the first and the third force are the same. Only the first and second

control forces are shown in Table 4.5 and 4.6. Except at 210 Hz where the wavelength

is relatively large, results for maximum power transmission reduction are independent of

whether or not the power transmission error sensor is in the near or far field of the control

force. On the other hand, the influence of the near field on the maximum achievable

power transmission reduction is very significant when acceleration amplitude is used as

the cost function. However, if the acceleration sensor is in the far field of the control

force, the results obtained are similar to those obtained using a power transmission sensor.

Similar conclusions may be drawn for the case where ihe three control forces are driven

independently, the results for which are shown in Table 4.6. The unexpected ef[ect of the

near field on the results corresponding to the use of power transmission as the cost function

is because the near field reactive power fluctuations affect the ability of the error sensors

properly to observe the power transmission.
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Table 4.5: Error sensor type and location for three in-phase control forces

Freq

(H')

(r.- r.)lÀ¡ Acc.

control

lF"l

ó"- ó,

radian

P.T.

¡eduction

(dB)

P.T.

control

lF'"l

ó"-ó,
radian

P.T.

reduction

(dB)

210

310

410

5i0

6i0

0.1

2.0

0.1

2.0

0.1

2.0

0.1

2.0

0.1

2.0

0.78

r.02

0.17

0.22

0.79

1.09

0.69

1.01

0.27

0.91

0.31

0

0.57

0

0.10

0

0

0

0

0

9

r29

0.44

0.71

I
11

q

17

2

5

r.02

7.02

0.56

0.56

1.02

t.02

1.03

1.03

0.94

0.94

0

0

0

0

0

0

0

0

0

0

73

123

1

I

11

11

I7

r7

5

5

Note: "Freq" refers to frequency, "Acc. control" refers to use acceleration amplitude

cost function, and "P.T. control" refers to use po\\'er transmission cost function.
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Table 4.6: Error sensor type and location for three independent control forces

Freq

(Hr)

(r.- r)lÀ¡ Acc.

control

lF"l

ó"- ó,

radian

P.T.

reduction

(dB)

P.T.

control

l4l

ó"-ó,
radian

P.T.

reduction

(dB)

210 0.1

2.0

0.39

r.45

0.49

1.56

0.46

0.24

0

0

11

T2I

16.50

16.51

0.49

r.57

-L54

1.47

-0.16

0

32

r22

310 0.1

2.0

0.55

1.83

0.62

2.26

3.02

0

7t

0

13

t22

0.62

2.26

0.62

2.26

0

-1f

0

54

180

410 0.1

2.0

1.00

0.2r

1.13

0.61

0.13

-0.18

0

0

t2

119

1.13

0.61

1.13

0.61

0

0

0

0

63

147

510 0.1

2.0

0.65

0.44

r.l2

1.33

0

-0.18

0

0

8

rt4

1.r2

1.33

7.72

1.33

0

0

0

0

62

1i8

610 0.1

2.0

0.19

0.37

2.91

5.02

-0.17

-0.27

0

0

3

64

2.9t

5.01

2.92

5.03

0

0

0

0

44

83

Note: "Freq" refers to frequenc¡r, "Acc. control" refers to use acceleration amplitude

cost function, and "P.T. control" refers t,o use po\yer transmission cost function.
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ln practice, it is not possible to integrate intensity over the width of the plate experi-

mentally, although it is possible to integrate flexural acceleration which is proportional to

surface strain measured by using a PVDF film sensor (Gibbs and Fuller, 1990). However

in some instances, even acceleration will be measured by a number of accelerometers at

discrete points so it is of interest to examine the effect on the maximum achievable reduc-

tion in power transmission of deriving the cost function by averaging over a fixed number

of sensors rather than integrating over the full width of the plate.

Figure 4.9 demonstrates the ef[ect of changíng the number of numerical integration

subinterval for error sensors located in the far field of the control forces. This is done to

simulate the ef[ect of changing the number of error sensors (accelerometers for acceleration

and accelerometer pairs for power transmission (Appendix H)) spaced uniformly in a line

across the plate. Figures a.9(a) and (b) show the results for three in-phase control forces,

with acceleration and power transmission as cost functions respectively. ln the same way

Figures a.9(c) and (d) present the results for three independent control forces. For power

transmission reduction values of 180 dB in the figures, the calculation actually produced

minimum power transmissions slightly less than zero. ln Figure 4.9, the reduction sometimes

gets worse with increasing number of error sensors. This is because the reduction exceeds

120 dB. As indicated in the beginning of Section 4.3, rounding errors become significant

when the calculated attenuation due to active control exceeded 120 dB. Generally, the

performance is seen to improve as the number of error sensors is increased, but significant

improvements are not evident once the number of sensors exceeds seven. The propagating

waves in the plate below 800 Hz are carried by the first five modal components. The

selection of seven sensors with spacing less than half of tie wavelength of the highest mode

will ensure the satisfaction of the spatial Nyquist criterion for resolving the 5th modal

component and sufficient number of equations (see Eq. (D.3)) for the determination of the

modal components in the propagating waves

The figure shows that to obtain the best results with a minimum number of error sensors,

the control forces should be driven independently. ln such cases, the power transmission

reduction is almost always larger than 40 dB, even if only three error sensors are used.
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4.4 Summary

Power transmission in a semi-infinite plate can be significantly reduced by using an array

of independently driven control forces placed in a row across the plate. For three or more

control forces it is possible to achieve levels of power transmission reduction in excess of

50 dB over a frequency range (0-750 Hz), provided that power transmission is used as the

error sensor cost function to be minimized. Use of acceleration as the error sensor cost

function in power transmission reduction can be equally efFective, provided that the error

sensors are in the far field of the control forces. For the plate tested here a minimum of

seven acceleration or power transmission error sensors spaced evenly in a line across the

plate were found to be necessary if the error sensors are in the far field of the control forces

for the frequency range; however, results improve slightly if the number of error sensors is

increased further.

Compared with independently driven control forces, a row of control forces driven with

uniform amplitude and in-phase, is less efFective in power transmission reduction, except

at plate resonance frequencies. However, even at plate resonance frequencies, there is an

optimum axial location of the control force array, and performance falls ofF rapidly as the

control force location varies from the optimum location.

For a single point control force, a reduction in power transmission in excess of 15 dB is

possible over the frequency range if the control force is located optimally. However, once

again the optimal control force location is strongly frequency dependent, and the reduction

falls oft rapidly as the control force location varies from the optimum location. lt should

be noted that with increasing frequency more \A/aves cut-on and thus (more likely) more

control forces and error sensors are required'



Chapter 5

An experimental study of active

control of power transmlsslon

characteristics in a semi-infinite

plate

5.1 Introduction

Controlling vibratory power transmission and intensity distribution in large plate-like struc-

tures is one way of minimizing the transmission of vibrational energy between two items

of equipment mounted on the same structure. To evaluate the efFectiveness of a control

system built for this purpose, it is useful to measure residual structural intensity distribution

in the plate structure.

ln Chapter 4, power transmission in a semi-infinite plate was analyzed theoretically. This

chapter is concerned with an experimental investigation of power transmission and intensity

distribution in a semi-infinite plate excited by a pair of piezoelectric ceramic actuators. The

two crystals are attached at the same location but on opposite surfaces of the plate. The

intensity, modal amplitude and reflection coefficient measurements are used to evaluate the

ef[ectiveness of an active control system driving three control actuator pairs. The control

system is designed to reduce power transmission using a cost function consisting of the sum

a a

82



83

of the squared outputs of eight accelerometers arranged in a single row across the width of the

plate in the far field of the control and primary sources (actuators).

. ln this chapter, the experimental results are compared to theoretical predictions and in addition

intensity distributions before and after control are investigated. These distributions and the

associated intensity vortices are of considerable interest as will become apparent in the following

d iscussion.

5.2 Experimental arrarlgernerìt

One end of a steel test plate (Figure 5.1) with a working length of 1.4 m, thickness of 0.003 m

and width of 0.5 m was mounted in a sand filled triangular box (1 m in length) in an attempt

to provide a semi-anechoic termination. The sides normal to the anechoically terminated end

were simply supported using thin steel strips. 0ne edge of each strip was attached to the plate

by epoxy and small set screws while the other edge was bolted to the heavy steel frame. The

remaining edge of the plate, opposite the anechoically terminated end was free.

The power transmission was investigated experimentally on the test plate which was excited

near the free end using a pair of piezoelectric ceramic actuators (one primary source) driven out of

phase and with the same amplitude, with the idea of introducing pure bending excitation. Active

control was implemented using a second row of three piezoceramic actuator pairs (three control

sources) bonded on each of two opposite surfaces of the plate nearer to the anechoic end with

each piezoelectric ceramic pair driven independently. Eight accelerometers mounted in single row

across the plate between the control sources and the anechoic end acted as error sensors. The

source signal from an HP spectrum analyzer was passed through a power amplifier into a primary

transformer and then into the primary piezoceramic actuatör pair. Error signals from the eight

accelerometers and the source signal (as a reference) were passed by way of amplifiers and filters

to the feed-forward controller which generated the driving signal for the control sources. Using

a T800 transputer as the central processor, the primary controller includes a FIR (finite impulse

response) filter, a filtered-x LMS algorithm for the cancellation of plate vibration at the error

sensors and a LMS algorithm for the identification of the secondary path. Up to three control

signals were used to drive up to three independent control sources. The arrangement is shown in

Figure 5.2(a) and a block diagram is shown in Figure 5.2(b).
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Figure 5.1: Experimental semi-infinite plate model

5.3 Test procedure

Modal amplitudes were obtained by measuring acceleration across the plate at fifteen points

in a row parallel to the free end and, then by using the analysis described in Appendix D.

Using the theoretical analysis, it was found that a minimum of fifteen measurement points

were necessary to provide a reasonable degree of accuracy. Displacement amplitude re-

flection coefficients were determined by measuring, in the íar field of the control sources,

acceleration at five points in each of two rows parallel to the free end and, by using the

analysis described in Appendix E.

lntensity (in one direction) was measured as described in Appendix H wherethe intensity

is proportional to the product of the outputs of two closely spaced accelerometers. The

accelerometers were mounted in a hard plastic template and attached to the plate with

small permanent magnets, so that the distance between the two accelerometers was always
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25 mm
!
i-

Figure 5.3: A structural intensity measuring set

25 mm (Figure 5.3). The x (axial) component of the intensity was measured by setting

the line joining the accelerometer centers parallel to the x-axis and the y component of

the intensity measured by turning the template by 900. Acceleration amplitudes were

dete¡mined by multiplying the auto spectrum of each signal by an appropriate factor (see

Appendix H), and the phase difFerence was obtained by taking the transfer function between

the two signals. Acceleration values so obtained were then used to calculate the intensity

as shown in Appendix H.

5.4 Numerical and experimerrtal results

The results presented in this chapter are for the locations of sources, error sensors and

intensity measurements illustrated in Figure 5.4. These locations are adhered to unless

otherwise stated.
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There was some difficulty in experimentally simulating the analytical semi-infinite model.

Slightly different boundary conditions between the experimental and analytical models re-

sulted in diflerent resonance frequencies, a problem which was compensated for by slightly

changing the thickness of the the plate to 2.9 mm (from 3 mm) in the analytical model.

The measured (using random noise) and adjusted theoretical frequency responses are shown

in Figure 5.5.

As can be seen from the figure, the two frequency responses are very dif[erent at

all frequencies except in the 260 Hz region. This is due to the inability of the plate

termination to simulate an infinite plate by preventing waves from being reflected. To

evaluate the effectiveness of the termination, displacement amplitude reflection coefficients

were determined as a function of frequency for each mode propagating along the plate.

Figure 5.6 shows the measured reflection coefficients from the anechoically terminated end

of the semi-infinite plate for the first three modes in the frequency range of 200-400 Hz,

determined as described in Appendix E.

Figure 5.6(a) shows the reflection coefficient determined using 5 pairs of measurement

points in two rows parallel to the y-axis. Each pair of measurement points were equally
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Figure 5.5: Experimental and theoretical acceleration as a function of frequency

at (r,y) : (0.875,0.175) with adjusted plate thickness

theory.

spaced at a distance of 0.05 m apart. From Figure 5.6(a), it can be seen that experimental

reflection coefficients of more than 0.2 are obtained for the first three modes at some fre-

quencies, indicating large reflections from the anechoically terminated end, thus explaining

the discrepancies between theoretical and experimental frequency responses. The measured

reflection coefficient for the third mode (dotted line) at frequencies of less than 259 Hz

(third modal cut-on frequency) is zero which indicates that there is no third mode excita-

tion in this region. At 259 Hz, minimum reflection coefficients are achieved for the first

three modes and, thus at this frequency the experimental model best approximates the

theoretical model.

Figure 5.6(b) shows the result for the same configuration as represented in Èigrr" 5.6(a),

except for the dif[erent location of the second row of measurement points. lt can be seen

that the general shapes of the reflection coefficient curves for each mode are similar in

both Figures 5.6(a) and (b), although it can be seen that at some frequencies (but not at

259 Hz) large diflerences exist, indicating that in general more measurement points should

be used, because the results should be independent of small changes in accelerometer

spacing. Figure 5.6(c) shows the result for the same configuration as represented in Fig-

ure 5,6(a), except only the first three pairs of measurement points were used. Comparing

Figures 5.6(a) and (c), it can be seen that the general shapes of the reflection coefficient

curves are similar for corresponding modes but at some frequencies (not 259 Hz) large dis-
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crepanc¡es exist which clearly indicate that at these frequenctes more measurement points

should be used. Table 5.1 lists the reflection coefficients measured for the first three modes

at 259 Hz as shown in Figure 5.6. From the table it can be seen that at this frequency 5

pairs of measurement points appear adequate for determining the reflection coefficient.

Table 5.1: I\{easured amplitude reflection coefficients at the third mode cut-on fre-

quency oT.259 Hz

First mode Second mode Third mode

5 pairs of

measurement points

ît :7..2mr12:1.23m

0.21.78 0.2656 0

5 pairs of

measurement points

rt : l.2m¡r2: L25m

0.2795 0.2013 0

3 pairs of

measurement points

rt : I.2m,trz:1.23m

0.2069 0.1378 0

From the above analysis, it can be seen that the experimental plate was not anechoically

terminated at the sand box and, as a result there were waves traveling in two directions

(the incident wave along the plate to the termination and the reflected wave back along the

plate to the free end). However, the numerical simulation demonstrates that the reduction

in both power transmission and intensity distribution is independent of the reflection coeffi-

cient. This means that experimentally determined values of power reduction are valid even

if there is large reflection from the anechoic termination. For the experiment conducted,

a determination was made of the net total energy produced by the incident and reflected

waves by using two rows of accelerometers. lt was not necessary to determine the separate

intensities of the incident and reflected waves in the experiment.
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5.4.I Active control of power transmission

To investigate the potentialfor actively controlling power transmission, the plate was excited

at the third modal "cut-on" frequency (259 Hz for experiment and 257 Hz for theory).

An estimate of power transmission was obtained by using the procedure outlined in

Appendix H which included averaging the intensity measured by each of 15 accelerometer

pairs arranged in two rows across the plate parallel to the free edge and in the far field

of the control sources. The measured and theoretical power transmission reductions are

shown in Table 5.2. The measured power transmission reductions were determined from

intensity measurements at r: L20 m. An acceleration amplitude cost function was used

for both theory and experiment. The results presented in this table show that significant

power transmission reductions for either measured or theoretical cases cannot be achieved

with only one control source. However, significant power transmission reductions can be

obtained (68 dB theoretical and 14 dB measured) by using three independent control

sources. The difterence between theoretical and measured reductions lor the latter case

can be attributed to the difficulty in obtaining identical output force amplitudes from each

element of the piezoceramic control actuators and the limitations in the controller capability.

The measured reduction would be expected to increase when a new type of controller, such

as EZ-ANC controller, is used (see the examples for the measurement of power transmission

in a cylinder (Section B 4)) Table 5.2 also shows that in practice, the achievable power

transmission reduction generally increases as the separation between the error sensors and

control sources increases. However, the theoretical power transmission reduction is virtually

independent of the error sensor location when (r, - r)lÀt > 1.0. Although the measured

power transmission reduction was not as great as that predicted theoretically, a value of

14 dB does show that the approach described here could be a feasible way of controlling

vibration transmission in large structures.
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Table 5.2: Measured and theoretical power transmission reductions with acceleration

amplitude as the cost function

(*"-r")l\¡
Measured

P.T. redu.(dB)

with one l?"

\4easured

P.T. redu.(dB)

rvith three F"

Theoretical

P.T. redu.(dB)

with one F"

Theoretical

P.T. redu.(dB)

with three F"

i.36

1.51

1.66

r.82

r.97

2.12

2.27

2.45

2.54

2.63

2.73

2.32

2.9r

3.00

3.09

3.18

3.27

-1

-1

0

-2

-2

-2

-1

3

2

2

2

0

0

0

0

I

0

I

7

n
I

3

1

4

6

11

1t

10

11

10

11

11

l2

13

t4

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

0

68

68

68

68

68

68

68

68

68

68

68

68

68

68

68

68

68

Note: "one F"" represents one control source (sharing the same y-location as the pri-

mary source) and "three F"" represents three independent control sources.
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5.4.2 Intensity vortices

An interesting aspect to the results for the reduction in power transmission obtained from

active control is the observation of intensity vortices. The presence of such vortices had been

reported previously by Tanaka et al. (1993) for a harmonically excited simply supported

plate. These authors demonstrated that for vortices to appear, at least two excitation

sources were needed or if only a single source was used, then at least two modes had to

be excited at a similar amplitude and, at a frequency close to their resonance frequencies.

This means that the resonance frequencies of the two modes have to be close together if

a vortex is to be obtained with a single harmonic excitation source.

It is interesting to note that when one side of the plate is approximately anechoically

terminated (as for the case considered here) such that the traveling wave field dominates

the standing wave field, strictly speaking no resonant modes exist; rather, the vibration field

is made up of "cut-on" traveling modes, in much the same way as occurs in an anechoically

terminated duct. Thus at any frequency above the second modal cut-on frequency there

will usually be two or more modes propagating and in most cases there will be sufficient

energy in at least two modes for intensity vortices to be generated.

For intensity results presented here, the applied frequencies are the same as for Sec-

tion 5.4.1. Measured and theoretical intensity vectors were determined as a function of

location on the plate as described in Appendix H. Figure 5.7(a) shows the distribution of

the measured uncontrolled intensity and Figure 5.8(a) shows the corresponding theoretical

result. Figures 5.7(a) and 5.8(a) essentially indicate one major vortex. This'is due to the

fact that the path of power transmission in the plate is a combination of transmission and

rotation, the latter being induced by the interference of two modes that produces a "vortex

generating block". The theoretical and experimental results are slightly different because

the experimental model was characterized by some reflection from the "infinite end" of the

experimental plate as shown in the beginning of Section 5.4 where the reflection coefficients

were about 0.2 for the first and second modes at the test cut-on frequency of 259 Hz. Also,

the method of measuring intensity as described in Appendix H assumes the absence of near

field eflects and thus gives only approximate results. On the other hand, the theoretical

model makes no such assumption. Nevertheless, it is encouraging to see that the vortex
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trends are similar for the theoretical and experimental models
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Figure 5.7(b) shows a measured intensity distribution with one primary source and one

control source, and Figure 5.7(c) shows a measured intensity distribution with one primary

source and three control sources driven independently. Figures 5.8(b) and (c) present

corresponding theoretical results. Comparing Figures 5.7(b) and (c) with Figures 5.8(b)

and (c), it can be seen that the theoretical intensity vectors are orientated almost entirely in

one direction, whereas the measured intensity vectors include some vortices. This difFerence

is probably due to the difficulty in ensuring that each element in each actuator pair produces

the same force. Any differences in the properties of the two piezoelectric ceramics, such

as differences in their sizes, their locations or their bonding layer thicknesses would cause

difFerences in their force output.

ln an attempt to explain the presence of observed intensity vortices, a modal decom-

position of the plate response was undertaken to determine the relative amplitudes of the

contributing modes ("cut-on" traveling modes as described earlier in this section). The

modal decomposition technique is explained in Appendix D and results are given in Fig-

ures 5.9 (measured) and 5.10 (theoretical) for the amplitudes of the first three modes.

For the uncontrolled case, the measured modal amplitude (black columns in Figure 5.9)

increases as the modal number increases, with the third mode being the dominant mode.

The theoretical modal amplitude (black columns in Figure 5.10) follows the same tendency

as the measured modal amplitude. Experimentally, the third with first mode produces a

major vortex, while the third with second mode produces a minor vortex. ln contrast, the-

oretically, the third with the other two modes produces two minor vortices.included in a

major vortex. However ìn both cases, the intensity pattern is dominated by a single major

vortex corresponding to the dominant third mode.

For the experimentally controlled cases, with one control source (grey columns in Fig-

ure 5.9) the modal amplitudes are not significantly altered. However, with three indepen-

dently driven control sources (hatched columns in Figure 5.9) the third modal amplitude

is significantly decreased although the first modal amplitude is increased. ln contrast, us-

ing one control source (grey columns in Figure 5.10) in the theoretical calculation reduces

the third modal amplitude and using three independently driven control sources (hatched

columns in Figure 5.10) decreases the first three modal amplitudes, resulting in a significant

reduction in overall vibration levels. The numerical results shown in Figure 5.10 indicate
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that the second mode is the dominant mode for the two controlled cases. Therefore the

distribution of the theoretical intensity vector is orientated almost entirely in one direction

(Figures 5.8(b) and (c)) as the response is dominated by the second mode, whereas the

distribution of the measured intensity vector includes some vortices (Figures 5.7(b) and (c))

due to the interaction of the first three modes. From the above analysis it can be seen that

relative modal amplitudes significantly afFect the intensity distribution.

5.5 Discussion and summary

ln practice, power transmission in a semi-infinite plate can be significantly reduced by driving

an array of independent control sources, placed in a row, across the plate. With three

controlled piezoceramic actuator pairs it is possible to achieve experimentally maximum

levels of power transmission reduction of L4 dB at the "cut-on" frequency of the third

mode. Acceleration amplitude only may be used as the error sensor cost function to be

minimized, provided that the error sensors are in the far field of the control sources. For

the test plate, a minimum of eight acceleration error sensors spaced evenly in a line across

the plate are necessary; however, it is expected that results would improve further if the

number of error sensors were increased.

Measurements of intensity on the semi-infinite plate, under primary excitation only,

frequently show a vortex pattern which changes as the number and location of the primary

sources change. lt was found that the addition of control sources driven to mlnimize power

transmission, also largely eliminates the vortex pattern. ln future studies, it may be possible

to drive control sources to create intensity vortices around points where sensitive items of

equipment are attached to effectively isolate these from the plate vibration.

The theoretical results presented in this chapter, show that the experimental results are

broadly true for power transmission and intensity distribution, except that the theoretically

predicted reduction in power transmission is higher than that which could be measured. This

is due to the difficulty in obtaining identical output force amplitudes from each element

of each pair of piezoceramic control actuators and limitations in the controller capability.

Also, highly reflective or reverberant fields may make measurement of intensity difficult

and inaccurate. Thus improving the termination is likely to vastly improve the agreement
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between theory and experiment



Chapter 6

Piezoelectric actuator vs point force

excitation of a beam and a plate

6.1 Introduction

ln calculating the optimal control force for feed-forward active control of a vibrating struc-

ture, it is simplest to model the control force as point force (Chapters 2 to 4). When the

control force is applied by a shaker attached to the structure by way of a thin rod then

the point force model is adequate. However, when the structure is excited by piezoelectric

actuators (Chapter 5), the point force model may no longer be sufficiently accurate. ln

many applications, piezoelectric actuator pairs are placed on parts of the structure in con-

figurations which induce pure bending only. For a rectangular section beam or a thin plate

this is achieved by placing one actuator on each of two opposite surfaces. For modeling,

one alternative is to consider the actuator pair, in the case of beams (Clark et al. 1991)

as point moments (Figure 6.1) and, in the cases of plates (Dimitriadis et al. 1991) as line

moments acting along the edge of each actuator (Figure 6.2). A second alternative is to

explore the conditions under which the actuator pair can be considered as a point force

applied to one surface of the structure in the center of the actuator. The purpose of this

chapter is to undertake this latter task for a beam and a semi-infinite plate excited by a

piezoelectric actuator pair, as a result of application of active vibration control. Thus in

the following analysis, expressions for the point force equivalent of a pair of applied mo-
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(a) (b)

Actuatorc out of phase

Mp Mp

Figure 6.1: Infinite beam with a pair of piezo actuators bonded to it: (a) physicat

system; (b) equivalent dynamic system showing applied bending moments.

ments (for a beam) and two pairs of line moments (for a plate) are derived. The efFect

of piezoelectric actuator síze, location and excitation frequency are also investigated. The

derivation of expressions relating the applied moment to piezoelectric driving voltage has

been considered elsewhere (Kim and Jones, 1991) and will not be considered further here.

6.2 Response of infinite beam excited by r pair of

11w(x): 
4EIootrrFrPJ 

+ 4EI*kJMrþ^' (6'1)

The subscripts / and rn refer to the applied forces and applied moments respectively, and

the factors B¡ and B^ are defined as

piezoelectric actuators

The flexural wave response of an infinite beam, to an applied normal force S and an applied

moment M, as shown in Figure 6.3 (with displacement u(r) in the Z direction), is given

by Pan and Hansen (1990) as

0¡þ,ro) : -(¡e-it't l"-"ol + "-k¡lx-tol¡ (6 2)
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(a) (b)
zz

YY

Y2 Y2

X2

M

x2

p

Ly

X

Ly

X

I t

X1 x2 X1

Figure 6.2: Semi-infinite plate with a pair of piezo actuators bonded to it: (a) coordi-

nate system; (b) equivalent dynamic system showing applied bending moments'

Fp

z

X1 xp

Figure 6.3: Infinite beam model
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and

0^(r,"0) : ,*o 
- ' ,(e-iktl"-"ol - "-*t 

¡"-"ol) (6 3)
lx - rol

where re is an excitation location,

lf only an excitation force is applied at î: ro,

-Á'): #;4F'g¡('''o)' (6'4)

lf only a pair of counteracting moments of equal amplitude Mo are located aI r: z1 and

t : t2 (Figure 6.1(b))

I-*(') : *rrø,M'lo^@'") - þ*(''")l' (6 5)

The ratio of amplitudes of the applied moment and force which is required to produce

equal vibration amplitudes at some location downstream of the source can be obtained by

writing

l.¡(r)l: lw^(r)|. (6 6)

From this equation, the momentfÍorce amplitude "equivalence ratio" at any location r is

lMrl
lr,l

lþ ¡(r, rr)l (6 7)
llþ^þ,t') - Þ^(*, "r)lk¡l

As defined in Chapter 2, the near field extends up to a distance of approximately 0.73 wave-

lengths from the source. At this distance, the "equivalence ratio" has converged to within

2% of its final far field value. An example for an aluminum infinite beam, 50mm x25mm in

cross section is shown in Figure 6.4 for two actuator sizes and two excitation frequencies.

The actuator width has no ef[ect on the results. Similar results of independence of location

r are obtained for a range of actuator sizes, locations and excitation frequencies. Thus in

the far field, equation (6.7) is independent of location r but not independent of excitation

frequency and actuator size.

As shown in Chapter 2, the power transmission is proportional to the displacement

magnitude square in an infinite beam. This ratio is the same as the power transmission

equivalence ratio in the infinite beam.
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6.3 Response of semi-infinite plate driven by a pair

of piezoelectric actuators

Theory

ln this section, the concept of moment/force "equivalence ratio" for an infinite beam is

extended to the vibration of a semi-infinite plate.

The equation of motion for a plate given by GrafF (1975) is

phri(r, v,t) + D ¡Yaw(r, y) : q(r, y), (6 8)

where Va : V2V2 is the square of the Laplacian operator, and q : Fo6(r - "o)6(y -yo)
is the force per unit area, where F6 is the point force applied at (z6,Uo) perpendicular to

the plate. lf the edges of the plate at (y :0, U : Ly) are simply supported, the following

harmonic series solution in y can be assumed for the vibrational displacement (Appendix C)

.Í(r,,r) :å w¡^(r)"ÁT. (6.e)

Each force eigenfunction -¡^(r) can be expressed in terms of modal wavenumbers k¿,, as

follows

w¡r(r) : AÍn"k'n" + BJnek2^' +cjnekt"" + DJnekn^'. (6.10)

lf the excitation applied to the plate is a pair of counteracting line moments acting

about a line parallel to the y-axis from (11,yr) to (rt,yr) and from (rr,At) to (r2,y2), the

applied force term q(x,V) in equation (6.8) becomes ôAI"f 0r, where the applied moment

per unit area, M,, is given by Dimitriadis et al. (1991)

M,: M¡l M"z- Mr,l6(r-rr)-6(, -"r)]lh(y -yr)-lr(y -vr)l (6.11)

where å(o) is the unit step function. Equation (6.8) becomes

ptrti(r,ù+ Dhv.w(r,y):a!['. (6.12)0r'
and the displacement (replacing the applied force with the applied moment in Appendix C)

'a^(r,y) : D tu-,(c)sin
æ

n=1

IS

nry
L,

(6.13)



106

with a corresponding moment eigenfunction

w^r(r): A^n"ktn" * B^nek'^'lC*n€È¡" f D*neknnt. (6.14)

For the case where the excitation consists of a pair of counteracting line moments act-

ing about a line parallel to the x-axis applied from (r1,Ur) to (rr,yt) and from (r1,y2) to

(rr,yr), the applied force term q(r,y) in equation (6.8) becomes ôMof 0y, where (Dimi-

triadis et al. 1991)

Mu: M*16(a - at) - 6(a - vz)llh(, - "') - h(r - r2)l (6.15)

To be compatible with the use of primary point forces in the analysis, it is necessary to

replace the step function [h(, - rr) - h(* - z2)] with a sequence of adjacent ó functions,

so that

Mo: M*16(v - v) - 6(v - rsl#@r -,,). (6.16)

That is, the line moments are transformed into sequences of point moments, and k is the

number of point moments. Equation (6.8) then becomes

phti(r,a,t) + D¡Vaw(x,r) : ðYo 
.

oy ' (6'17)

To allow for difFerent actuator sensitivities in the x and y directions to an applied

electric field, we define Mp, : M, and Mpo : aM, in the following analysis. The total

plate response at any location (r,y) dueto a pair of counteracting line moments M", and a

pair of counteracting line moments M, modeled as a series of point moment! (Figure 6.2)

iskk

u*(r,A) : w^a * lrm,z *D-^t : A[r(wa - ux2 + o Itrl;), (6.13)

where ,-771 ãîd ?.D^,2 ãtèth. r'"rpoi]J, or. to each of the r*.'¡n1 moments Ã[,t and

A,1,2, w^; (i : 1,2...k) is the response due to a pair of counteracting point moments at

(r;,yr) and (r;, Uz). u"t, ux¡, u:;(i: I,2... k) are the plate responses to the respective

unit applied moments (obtained by replacing the applied force with the applied moment in

Appendix C).

The moment/force "equivalence ratio" for the plate can be obtained by equating the

spatially averaged vibration amplitude produced by a point force actuator and spatially
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averaged vibration amplitude produced by a pair of piezoelectric actuators, which can be

obtained by writing

rLo rLo

Jo" lro-r-o@,v)l'dv : Jr" lurÍ*,r(r,v¡ - w,z(r,v) + oÐ rr(", v)ll'da, (6.19)

where w¡-, is the unit primary force response. Note that the spatially averaged values

are calculated along a transverse plate section (from A :0 to y : Lo). Thus, the

moment/force amplitude "equivalence ratio" at any location r is

lA'Iol

lFrl
Il' l.¡-r(x,,a)l'dv

l.,r(r, y) - w,r(r, y) + a Df=t w;(r,, y)1, dy
(6.20)

An alternative method of analysis utilizing separation of variables which was employed by

Dimitriadis et al. (1991) can only be used if the plate is of finite size.

Results

Before presenting detailed results obtained by evaluating equation (6.20), it is necessary

to determine the minimum number ft of point moments into which the line moment M,

should be divided. Table 6.1 presents the moment/force "equivalence ratio" (calculated

by applying o : 1 in equation (6.20)) as a function of the number of point moments k

applied along each actuator edge parallel to the x-axis and as a function of the distance

(r - rr)l),1 from the center of the piezoelectric actuators. For the results presented in

this table, the analytical model is a 0.003 m thick and 0.5 m wide semi-infiniSe steel plate

excited by a piezoelectric actuator pair and simply supported along the infinite length sides

and free at the other side. The center of the square piezoelectric actuators (one on each

side of the plate) is located at (r, y) : (0.06,0.3).

It can be seen from the table that varying the number of point moments k produces only

very small changes in the "equivalence ratio". The loss of accuracy caused by using only

one point moment along each side of the actuator parallel to x-axis is only about 0.04%.

The efFect of varying k has been tested for a number of difFerent piezoelectric actuator

sizes, a number of different actuator locations, and a range of excitation frequencies. A

result very similar to that shown in Table 6.1 was obtained in every case. Therefore, each

of the line moments A,[¡ and A,[oz can be replaced by an equivalent point moment applied
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Table 6.1: Moment/force amplitude "equivalence ratio" of a semi-infinite plate for

varying numbers fr of point moments used to characterize the line moment. The ac-

tuator size is 40 mm x 40 mm and the excitation frequency is 210 I{z (wavelength

À¡ : 0.3752* ).

(r - rr) lÀ¡ lc:l lc :3 ,t:8 k:18 k:38 lc :78

0.1

0.3

0.5

0.7

0.9

1.1

1.3

1.5

t.7

1.9

2.30

2.5r

2.95

3.15

3.25

3.24

3.25

3.25

3.25

3.25

2.30

2.50

2.93

3.15

3.22

3.24

3.25

3.25

3.25

3.25

2.30

2.50

2.95

3.15

3.22

3.24

3.25

3.25

3.25

3.25

2.30

2.50

2.95

3.15

3.22

3.24

3.25

3.25

3.25

3.25

2.30

2.50

2.95

3.15

3.22

3.24

3.25

3.25

3.25

3.25

2.30

2.50

2.95

3.15

3.22

3.24

3.25

3.25

3.25

3.25

at the midpoint of the actuator edge. Equation (6.16) can then be simplified to

My: aA[rl6(y - yr) - 6(y - yz))6(r - r)(rr - rt), (6.21)

where r : a+. The total plate response at any location (r,v) due to a pair of piezo-

electric actuators given by equation (6.18) becomes

w*(r, y) : Mr(-xr - wx2 * aroy), (6.22)

where tr;"1 ând u)"2 ãtE the unit responses due to AI¡ and ll[a2 tespectively and rno is the

unit response due To Mo applied at r: i. The "equivalence ratio" given by equation (6.20)

can then be written as

ïo"' l- ¡ -r(r, v)l'dv (6 23)

l-,r(r,y) - u,2(r, y) + aur(r,y)l'dv

lf the actuator is placed near the free edge of the plate, the response due to AI" is very small

and the response due to ll4, dominates the vibration. As the distance between the free

lMrl
lF,l
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edge and the actuator increases, the response due to M, increases and eventually becomes

the dominant source of vibration, and also the "equivalence ratio" changes slightly for the

semi-infinite plate.

Tests have shown that the amplitude of the plate's response to applied moment pairs

M, and Mu increases and so the "equivalence ratio" decreases as the size of the actuator

or the excitation frequency increases. These tests have been performed with piezoelectric

actuators up to 100 mm x 100 mm square and with an excitation frequency of up to

5000 Hz.

lf the same definition for the extent of a near field is used as in a beam, Figure 6.5

shows that at the boundary of near field (0.73 wavelengths from the source) the "equivalence

ratio" converges to within 2% o'f the final far field value for a range of actuator sizes and

frequencies. Thus in the far field, equation (6.23) is independent of location r but not

independent of excitation frequency and actuator size.

6.4 Power transmission along a semi-infinite plate

excited by " pair of piezoelectric actuators

A dif[erent "equivalence ratio" is obtained if the criterion for selecting the applied moment

is equal power transmission rather than equal displacement amplitude downstream of tire

sou rce

The active power transmission through the plate section at a constant loc'ation ø, with

only two point forces acting (i.e. a primary force and a control force), has been given in

Chapter 4 as

pr,:r 
lr"" RelF"FiA¡ -t F,FIB¡ * F!F,c¡ + FrFID¡ldy. (6.24)

lf a pair of piezoelectric actuators is used as a single moment actuator, the total plate

response at any location (r, y) is given by equation (6.22). The corresponding power

transmission is given as

I ¡1,

J,r- 
2

P^ x[,M;
o 

R"¡A^ + B^ r C^ld.y, (6 25)
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(6.26 )

(6.27)

(6.2e )

(6.30)

A^ -i,Dn(W+"#-W.
0t-,, ô"*u 0".,r\ ,

ffi, +'ffi - ñ ) 
(w¡ t euv - u,z)*,

B,n :

and

The result of solving this equation is the "equivalence ratio"

i,Dnl#*"#-W.
.(w*"w-w)w*"*-w).1

c,n : juD¡(r -,, (ffi + "#y ffi)
( 0.", 0.u Arl;,r\ 

*

(rt *"ã--dr ) (6'28)

The ratio of applied moment and force amplitudes, which is required to produce equal

active power transmission through a plate cross-section can be obtained by writing

D 
-DtJr-tmx.

ua_
lF,l

0 RelD ¡ldy

0 RelA^+B^*C^]dy

As power transmission is independent of location r, the value obtained for this ratio must

also be independent of z.

The relative importance of IlrI" and Mo in determining the overall "equivalence ratio"

for power transmission follows the same trends with changing actuator size, location and

excitation frequency as those described for the displacement "equivalence ratio" in Sec-

tion 6.3.

6.5 Discussion and summary

For an infinite beam or a semi-infinite plate, the point force amplitude which is equivalent to

a pair of piezoelectric actuators has been expressed in terms of a ratio of applied moment to
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applied force which has been called an "equivalence ratio". This ratio may be calculated on

the basis of equal spatially averaged displacement amplitude or on the basis of equal power

transmission at some location r downstream of the actuators. lt has been shown that for

a beam and semi-infinite plate over a large range of actuator sizes, locations and excita-

tion frequencies, the power transmission equivalence ratio is independent of measurement

location for each case. The displacement equivalence ratio however, is only independent

of measurement location provided that the location is in the far field of the source (the

actuators). Calculations have been made for the controlled case where a control source is

used which consists of a pair of secondary piezoelectric control actuators attached to the

beam or semi-infinite plate. ln this case, it is shown that for the primary source, a pair

of piezoelectric actuators will result in the same acceleration reduction as an equivalent

point force, provided that the measurement location is in the far field of the primary and

control sources. This result is independent of the actuator sizes, locations and excitation

frequencies. A very similar result is obtained if power transmission rather than acceleration

is measured. Therelore, it is possible to calculate the achievable reductionin the far field

of the primary and control sources produced by a piezoelectric actuator pair, by simulating

the actuators with a single applied point forcefor an infinite beam and a semi-infinite plate.

Numerical results show that the phenomenon of the displacement "equivalence ratio"

for a finite beam is similar to that for the infinite beam. However, similar analyses, for

plates with all sides simply supported and plates with two opposite sides simply supported

and remaining two sides free, show that an ef[ective displacement "equivalence ratio",

independent of measurement location, only exists if the plates are excited at a resonance

freq u en cy.



Chapter 7

Mini rnizittg acceleration and power

transmission in a semi-infinite

cylinder

7.L Introduction

An extension of the minimization of acceleration and power transmission in an infinite beam

(Chapter 2) and in a semi-infinite plate (Chapter 4), is the minimization in a cylinder. This

chapter is concerned with the theoretical analysis of controlof power transrnission in a semi-

infinite cylinder using a circumferential array of radial control forces and a circumferential

array of radial error sensors. This study examines the extent of control which'is achievable

for a realistic control force configuration.

The work outlined here examines the extent of control of flexural, extensional and

torsional waves which is achievable for a circumferential array of control forces on a semi-

infinite cylinder, simply supported at one end, anechoically terminated at the other end

and excited by an array of in-phase harmonic primary forces arranged in a line around its

circumference. The geometry of the cylinder and coordinates are shown in Figure 7.1(a) and

the sign conventions are shown in Figure 7.1(b). The total power transmission reduction is

calculated for difFerent wave type acceleration and dif[erent wave type power transmission

cost functions. ln addition, the effect of error sensor type and location, control force

113
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type and location, cylinder thickness, radius and excitation frequency is investigated and

discussed in detail.

7.2 Theory

7.2.L Minimization of acceleration u/ith a line of in-phase con-

trol forces

lf the cylinder is excited by an array of in-phase radial primary forces of complex amplitude

.Ç located at x : r' the flexural displacement u.,(2, /) at any location (",,ö) is discussed

in Appendix F and is found by using equations (F.48) in Appendix F as follows

.(r,ö): Fpup-J(r,ó). (7.1)

Similarly, if an array of radial control forces of complex amplitude F" are placed at t: rc,

the flexural displacement due to this acting alone is

*(*,ó) : F"r"-J(r,ó). (7.2)

The total flexural displacement response at location (r,ó) due to the primary and control

forces acting together is then

.(",ó): Fpup-J(r,ó) t F"w"-¡(r,S). (7 3)

The optimal control force.Q for minimizing the flexural acceleration (.nà the flexural

displacement) around the circumference of the cylinder at a constant axial location u may

be found by integrating the sum of the squares of the flexural displacement defined in

equation (7.3) around the circumference of the cylinder, and setting the partial derivatives

of the integration with respect to the real and imaginary components of the control force

equal to zero. The partial derivatives are

a [:" lwl2dó Pn

aF,l : 
Jo (Frwr-¡wi-¡ + Flw|-Íw"-J i2F'alt"_ rl\dÓ (7 4)

and

0 t:: !1)rdÓ : ['" e j Frrur-¡tui-, + i Fnzun-Ju"-J r 2F;^s1.,-¡l\¿ó (z b)ôF¡^n Jo
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F( '00)
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(a)

Fr

Fx F

0
X dFF+ õx M+dMd

(b)

Figure 7.1: Semi-infinite cylinder model. (a) Cylinder rvith excitation F at location

("o,do); (b) Sign conventions for forces and moments (conventions for forces and mo-

ments in the /-plane are similar).

r

r

M
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respect¡vely where F. : F,,t * j F;^n. The result ¡s

r":-trßrïï,t'i,;trdró. (7.6)
Jo lu"-Jl'aQ

The superscript asterisk * represents the complex conjugate.

The axial and tangential displacement due to the radial primary and radial control forces

are

"(",ö): Fpup-¡(r,Ó) * F"u"-¡(r,þ) (7 7)

and

u(r,ö): Frrr-J(",Ó) * F"u"-¡(r,þ) ( 7.8)

respectively.

7.2.2 Minimization of acceleration \Mith a line of three inde-

pendently driven control forces

lf the cylinder is driven by an array of in-phase radial primary point forces around one

circumference of the cylinder at x: Øp ârd three independent radial control point forces

around the other circumference at ,: *., the total radial displacement response may be

wrrtten as

u : up * 1n": Fpwp-J I F.tuc-Jr I F.zuc-Í2 I F"zur-J3 (7 e)

The quantities u-'"-¡1 , uc-Í2 and w"-¡3 are each calculated in a similar way to w"-¡ in

Appendix F. The optimal control forces for minimizing the flexural acceleratioì or displace-

ment at any axial location r may be found by integrating the sum of the squares of the

flexural displacement defined in equation (7.9) around the circumference of the cylinder

and setting the partial derivatives of the integration with respect to each of the real and

imaginary components of the control forces equal to zero. The result is an optimal set of

control forces as follows

F,t

F,z

F.s

ft" lut"-¡rl2dS
r2t¡ a tt
Jo uc- Jtw"_ ¡2d"Q

13" -,-ttwî-¡rdö

r2r * tt
Jo 'IDr_¡r?D"_¡2AQ

fi" þu,-¡rl2dþ
r2r * tl

JO 'lD._ ¡2'lIr_ ¡.tAQ

r2r
Jo ur- ¡tuc- JzdQ
r2r
Jo ur_ ¡2tDr- ¡3d,Q

ß" l-"-¡rl'dó

-l



X

r2T ' tt
Jo IDp- Jw"_ !taQ

It".o-t.î-trdö
[i" -r-t-î-¡sdó

7t7

Fp. (7.10)

(7. 15 )

The procedure can be extended to any number of independently controlled forces

7.2.3 Power transmission

The vibratory power transmission is a result of three wave motions, and is given by Fuller

(1981), as

P" : PÍ * P" * Pt (7.11)

where the subscript refers to the shell motion: i.e. either flexure, extension or torsion

respectively. The quantity PJ consists of two parts contributed by rotation of the cylindrical

element as well as radial flexure. Thus

,, : I lo' Io'" r*,* * e"ffl,aóar, (7.r2)

'" N,lrd6dt
ot

(7.13)

and

N,6fird,þdt (7.r4)

where ? is the period of vibration and 0" is angular rotation of the cylindrical element about

the / axis. Substituting equations (7.12), (7.13) and (7.1a) into (7.11), eqìation (7.11)

can be written as

lM" +Q,H - N"X* 1ú"ø 
fr),0ø0,

P. -- + I"' l"

I fT f2nP,: 
T Jo J,

lrTP': 
T Jo l,*

ô9"

ôt

Adopting the approach of Skudrzyk (1965), the real (or active) part of the power trans-

mission along the cylinder for harmonic excitation is calculated as the product of the real

part of the force term with the real part of the velocity term for each pair of terms in

equation (i.15) and the result is time averaged. Thus the active power transmission is

given by

," : 
T lo'"

Relxr,# * a "T * n,T + N,rff1a6 (7 16)
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where, according to Flügge (1973), the bending moment about the / axis is as shown in

equation (F.26) (in Appendix F), the axial force is given by

¡{" (u'¡uu'+uw)-5-",D"

T

u - -'')

(7.r7)

(7.18)

')l (7.1e)

the tangential shear force is given by

D.I-uN,ó: î;("'+,') +

and the transverse shear force is given by

Q,: 'l[@"' * utu'' -'tL" - uu'')+ (1 - ,)(-' +
1.1
t" -tu

where D": ft.
For one line of primary actuators around one circumference of the cylinder and a second

line of control actuators around the other, the resulting total power transmission along the

cylinder can be expressed in terms of the primary and control forces, using superposition.

Thus the power transmission corresponding to equation (7.6) (representing optimal control

of flexural acceleration) is obtained by substituting equation (7.6) into (7 3), (7.7) and

(7.8), then into equations (F.26), (7.17) to (7.19), and the results into equation (7.16).

The power transmission corresponding to equation (7.10) can be obtained in a similar way.

7.2.4 Minimization of power transmission vvith a line of in-

phase point control forces L

The total power transmission resulting from a line of in-phase radial primary forces and

a line of in-phase radial control forces acting together can be found by substituting equa-

tion (7.3), (7.7) and (7.8) into (F.26), (7.17) to (7.19) and the results into equation (7.16).

Carrying out the indicated substitutions in equations (F.26) , (7.L7) to (7.19) gives the fol-

lowing expressions for the bending moment, axial force, tangential force and transverse

shear force respectively.

A[,:+
T- l?,ryF+F"ryF) *.

(*+*o3#=) -,("
,,ryf *r"ryi)

ôrr- Í
aó

0u,- f+F"
aó

(7.20)
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(7.2r)

(7.22)

(7.25)

N,ó
D"l-u
r2
I{l-u

[("
ôur-J

aó
+

02w"_J

(*+.'"W)]
?,W.''##)]132 l("

o,r- Í
ôr

and

Q" å{t?,ryF*'"\f) *'(',ffi*'"
_(,,+F+r"þ) _.(,,ffi*,"

)l
+(,- rlþiA+r"ffi) -; (.u;r*,")f)
-i(.%A*,"H)]) (T2r)

These and equations (7.3), (7.7) and (7.8) can be substituted into the expression for the

power transmission (equation (7.16)) through any cylinder cross section at axial location r
to prod uce

p"o:; 
lr'" Re[F"F!A+ F"F;B + FeF:c + FpF;D)dó (7.24)

where

, K (ð'."-¡ 02u"-t }u"-J ôr.-r\
'+ : -", l-¡ff - r-al - -a, - r-# 

)
K I 0t-.-, 0'."-, ô'u.-, 0'r,- ¡

_L-' _L-.- 
--'-'r.L 0# '"ArA6, 0r2 "0rôþ

+ ( 1 -' (## |u+i - tH)l'+/
D.0u"-¡ D" 0u"- ¡ D" Ii 02ur-¡\
; A" + r;-dó -r u-u.-J - * A* )
D"I - u 0u"-¡, D.I - u 0u"-¡
; 2 aó -; 2 a,

02u"_ f
0r0S

02w\

ôr0t

-'(

.(

}ui ¡

0t

IiI-u0u.-¡ I(I-u ori-¡
ôtT-3 2 ðr 13 2 0x0ö

The expressions for B, C and D are very similar to above expression lor A. For example:

to obtain B, replace ,6y p in the conjugate part of each term; to obtain C, replace c
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by p in the non-conjugate part of each term; and to obtain D, replace c by p in both the

conjugate and non-conjugate part of each term.

The optimal control force corresponding to minimum power transmission is obtained by

determining derivatives of equation (7.2a) with respect to the real and imaginary compo-

nents of the control force and setting the derivatives equal to zero. The result is

Fopt - -[:" 
B.dö + l:" cdö ,r"':-- 2[:"Re[A)dó 

-Fe Q'26)

7 .2.5 Minimization of power transmission with a line of three

independently driven point control forces

For this case, the cylindrical displacements u.r (obtained from equation (7.3)), u (obtained

by replacing tr.' with u in equation (7.3)) and u (obtained by replacing tr with u in equa-

tion (7.3)) can be substituted into equations (F.26) , (7.17) to (7.19). The results from

these equations can then be substituted into equation (7.16), to give an expression for the

total power transmission. The total power transmission can be written in matrix form as:

Ð - : [^ aelrí ltr]a6 (T.zT)t t" - Z Jo 
roelt

where

F : [4, F¡, F"2, F6fT (7.28)

and

A-

A(1, 1) A(r,2) ,4(1,3) A(1,4)

A(2,r) A(2,2) A(2,3) A(2,4)

A(3, 1) A(3,2) A(3,3) A(3,4)

A(4,r) A(4,2) A(1,3) A(4,4)

(7.2s)

and the superscript 11 is the complex conjugate and transpose of a matrix. The coeffi-

cients A(i, j) (i : 1,4, j :1,4) of matrix A result from the product of terms in equa-

tion (7.16), each of which contains contributions from the four different force elements of

equation (7.28). The expressions for A(i,, j) (i : 1,4, j : 1,4) are very similar to the

above expression for A in equation (7 25). There is only one change to the expression

in each case. For example: to obtain ,1(1,1), replace c by p in both the conjugate and
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non-conjugate parts of each term; to obtain A(2,I), replace p by cI in the non-conjugate

part of each term.

An optimal set of control forces corresponding to minimum power transmission is ob-

tained by determining derivatives of equation (7.27) with respect to the real and imaginary

components of each control force and setting the derivatives equal to zero. An optimum set

of control forces corresponding to a minimum power transmission due to three independent

radial control forces is

l:" (A(2,2) + A(2,2))d,ó [:"(A.(3,2) + A(2,3))dÓ

[:"(A-(2,3) + A(3,2))d.ó [:"(A(3,3) + A(3,3))d,Ó

[:"(A.(2,4) + A(4,2))d,ó I:"(A.(3,4) + A(4,3))d,Ó

F"t

F"z

F"z

l:" (A-(4,2) + A(2,4))d,ó

f:" (A-(4,3) + A(3, 4))d,ó

l:" Ø- (4, 4) + A(4, 4))d,ó

I:" A(2,r)dó

¡1" ,+çt,t¡a6

[:" A(4,r)dó

-1

By comparing equations (7.26) with (7.30) and (7.24) with (7.27), it can be seen that

the single force changes to a force vector when in-phase force control changes to independent

force control. The expression for the power transmission given by equation (7.27) not only

includes each force term, but also includes coupling force terms, which makes independent

force control much more comPlex than in-phase force control to analyze.

The procedure can be used for any number of independently controlled forces. For six

control sources, the corresponding (7 x 1) force matrix is:

( 7.30)

(7.31)F

The analysis shown in Section 7.2 is for radial forces. Similar analyses can be applied to

axial and tangential forces, and also to corresponding acceleration amplitude and power

Fe

F,t

F"z

F"z

F"s

F"s

F"o

tra nsmission cost fu nctions
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7.3 Numerical results

The numerical results presented in this section have been calculated for a steel cylinder

with Young's modulus E :207 GPa, density p:7700 kgln3 and Poisson's ratio u:0'3'

With the exception of Section 7.3.5, the radius, thickness and excitation frequency are held

constant at r:0.25 m, å:0.003 m and ,f :510 Hz. By way of example, the frequency

of 510 Hz is selected which is well below the ring frequency (3310 Hz). The investigation of

a range of frequencies will be shown in Appendix H.3. One end of the cylinder is assumed

to be terminated anechoically and the other is simply supported. Based on experience with

semi-infinite plates, three independent control forces are expected to give better Power

transmission reduction (when three in-phase primary forces are used) than either single

or multiple in-phase control forces and, are therefore used in the following analysis. ln

Section 7.3.5, results are given for varying radii, thicknesses and excitation frequencies.

7.3.L Definition of the near field

The near field of a vibration source in free field is the region near the source in which the

amplitude of the amplitude of reactive power fluctuation is not negligible. The boundary

between near and far fields is defined for convenience to be the point at which the reactive

power fluctuation is 20 dB less than than the corresponding active power. At and below this

level the efFects of reactive power fluctuation are considered to be relatively insignificant.

Theradiusofthenearfieldisthen rf À¡:0.73m(Àr:0.9632mistheflexu¡alwavelength

calculated from equation (F.24), see Appendix F). That is, points further than 0.73)¡ from

the source are considered to be in the far field of the source. lt should be noted that the

transition from near to far fields is gradual, and a fixed location is chosen here only for

conven lence

The definition of the near field can be used to define the near field of the extensional

and torsional waves, because the extensional and torsional wave displacement has similar

far field terms (Appendìx F).
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7.3.2 Power transmission reduction

ln this section it is assumed that an ideal feed-forward controller is available. lt is also

assumed that it is possible to obtain a measure of the vibratory power transmission along

the cylinder, to be used as the controller error input.

The three radial primary actuators are all located at the same distance from the simply

supported end of the cylinder. They are arranged around the circumference of the cylinder

in /-coordinate locations of 2rf 3, (4r13) x 1.05 and 2r. For each primary actuator there

is a corresponding radial control actuator sharing an identical /-coordinate location. The

second (primary and control) actuators have been moved slightly from a symmetric position

on the circumference. This is because the matrix which must be inverted in equation (7.30)

is ill-conditioned if symmetric forces are applied, Two axial locations are used as examples

for the radial control force locations, at (*" - *r) :0 m and at (r" - rr): 0.05 m.

The effect of the locations of error sensors and control forces will be discussed below. The

primary forces are at rp : 0.025 m, the error sensors are at r, - 0.565 m at which the

error sensors are close to the far field of the primary forces and the measurement points are

at t^.o":2.I m. The cost function is the power transmitted past the error sensors.

Table 7.1 lists the dif[erent wave type power transmission reductions for three indepen-

dently driven radial control forces, with the power transmitted by either the combined or

individual wave types used for the cost function. The relative amplitudes and phases of

the three control forces are also shown in the table for each error sensor case. ln the first

row of Table 7.1, "three waves" refers to flexural, extensional and torsional.'ln the three

rows below, the individual wave types are considered separately. For the power transmission

reduction values of 180 dB in this and following tables, the calculated power transmission

should theoretically be zero. However numerical inaccuracies resulted in values which were

only in the vicinity of zero and not exactly zero, thus limiting the calculated reduction

to 180 dB when in fact it should have been oo dB. Thus a reduction of 180 dB may be

considered to be the calculation "noise floor".
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Table 7.1: Power transmission reduction for three independently driven radial control

forces and, for either combined or individual wave type power transmission cost function

Wave type rc-lp

(^)

l&l
l¡;l ó.- ó,

radian

Drun

(w)

P"o

(w)

P.T.reduction

(dB)

Three waves

combined

0.00

0.05

1.00

1.00

1.00

0.7+

0.55

0.66

-7f

3.11

3.13

3.r2

0.19E-07

0.198-7

-0.668-23

0.20E- 10

180

30

Flexural wave 0.00

0.05

1.00

1.00

1.00

0.75

0.55

0.67

-7f

7f

3.13

3.13

3.13

0.578-09

0.50E-09

-0.318-24

0.578-i3

180

40

Extensional wave 0.00

0.05

1.00

1.00

1.00

0.74

0.55

0.66

-7t

7f

1f

3.11

3.13

3.t2

0.188-07

0.18E-07

-0.33E-23

0.198-10

i80

30

Torsional wave 0.00

0.05

0.99

1.00

1.00

0.71

0.55

0.64

-1f

-3.10

3.04

3.10

0.71tr-10

0.71E-10

0.15E-24

0.10E-11

146

18
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This table shows that a total power transmission reduction of more than 30 dB can be

achieved when the power transmitted by all three wave types is used as the cost function.

It is possible to achieve a flexural wave power transmission reduction of more than 40 dB

when only flexural wave power is used as the cost function, an extensional wave power

transmission reduction of more than 30 dB when only extensional wave power is used as

the cost function and a torsional wave power transmission reduction of more than 18 dB

when only torsional wave power is used as the cost function. lt can be seen that the

reduction of the total power transmission is the same as that of the extensional wave

Power.

Comparing the uncontrolled power transmission Pun due to difFerent wave types, it is

found that the major contribution to power transmission is from extensional waves. The

power transmission contribution due to flexural waves is small while for torsional waves

it is negligible as the excitation of the cylindrical shell is relatively axisymmetric. This is

because the axial force l/" shown in equation (7.LT) is relatively large so that extensional

wave power transmission P. is greater than flexural wave power transmission P/, even

though the amplitude of the displacement of the extensional waves is smaller than that of

the flexural waves.

7.3.3 Effect of error sensor type, location and number

ln the examples discussed so far, the cost function which has been minimized is the vibratory

intensity integrated around the circumferenceof the cylinder at some axial location :r". This

quantity is referred to as power transmission. lndividual intensity measurements are used

to supply the error input to a feed-forward controller. However, vibratory intensity is not

easily measured in practice. Thus the purpose of this section is to examine the ef[ectiveness

of using acceleration, which is more easily measured in practice, as the cost function. A

theoretical comparison will be made of the total power transmission reduction obtained

while using seven alternative cost functions including different wave type acceleration and

different wave type power transmission. The different wave types include the three individual

wave types and, in the case of power transmission, three waves combined.

The primary radial actuator locations are the same as shown above in Section 7.3.2 and
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the control radial actuator locations are at (r"- rr):0.05 m. For acceleration control of

individual wave types, the cost function to be minimized is the sum of the squares of the

wave acceleration amplitudes integrated around the circumference of the cylinder, Table 7.2

shows the efFect of cost function for either acceleration amplitude or power transmission,

with different wave types either combined or individually. Data for three waves combined

acceleration amplitude cost function has not been obtained, partly because of the complexity

of calculation and partly because of the complexity of measurement in practice. The results

show that, except for torsional wave cases, a similar reduction in total power transmission

is obtained when the cost function uses acceleration amplitude or power transmission for

dif[erent wave types. Thus, either flexural or axial acceleration amplitude cost functions

can be considered to be alternatives to the total power transmission cost function. ln

practice, flexural acceleration amplitude as the cost function is considered to be more easily

measured. Therefore, the flexural acceleration amplitude cost function can be used as a

suitable alternative to the total power transmission cost function. ln the following analysis,

both the flexural wave acceleration cost function and the total power transmission cost

function are included.
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Table 7.2: Effect of different wave type cost functions on total power transmission

reduction

Wave types Acc.

control

lF.l
l¡:l

ó"- ó,

radian

total

P.T.

red.(dB)

P.T.

control

l¡:l
lF"l

ó"- óo

radian

Total

P.T.

red.(dB)

Three waves

combined

0.74

0.55

0.66

3.11

3.13

3.r2

30

Flexural wave 0.75

0.56

0.67

3.10

3.13

3.11

30 0.75

0.55

0.67

3.13

3.13

3.13

31

Extensional wave 0.73

0.55

0.65

-3.r2

3.13

-3.13

29 0.74

0.55

0.66

3.11

3.13

3.r2

30

Torsional wave 0.56

0.72

0.68

3.06

3.00

3.06

I4 0.71

0.55

0.64

-3.10

3.04

3.10

23

Note: "Acc. control" refers to acceleration amplitude cost function and "P.T. control"

refers to power transmission cost function, corresponding to the wave type shorvn in

the first column.
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ln Table 7.3, four difFerent axial locations are tried for the error sensor locations. The

calculated power transmission reduction corresponding to each axial location of the error

sensors using flexural acceleration amplitude as the cost function, is then compared with

that found using total power transmission as the cost function. The total power transmission

reduction is dependent on the error sensor locations for both cost functions. The reduction

increases when the error sensor/control source axial separation (r"-2") increases. However,

the reduction does not continue to increase significantly when (r.-*") > 0.49 m at which

point the error sensors are close to the far field of the primary forces. The reduction is a

constant when (r" - *.) ) 0.69 m at which point the error sensors are in the far field of the

controlforces. The reduced reduction in total power transmission when the error sensors are

in the near field of the control forces, i.e. when (r"- r") < 0.69 m, is due to the fact that

the near field reactive power fluctuations afFect the ability of the error sensors properly to

observe the power transmission. The results further show that the total reduction resulting

from using the flexural acceleration amplitude cost function is approximately the same as

that obtained by using total power transmissíon as the cost function. This applies for each

of four error sensor locations.
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Table 7.3: Effect of error sensor type and location on total power transmission reduction

Location

('. - '.)
(-)

Acc.control

l4t
l¡;t

ö"-ö,
radian

Total

P.T.

red.(dB)

P.T.control

lF.l
lFol

ö"- ö,

radian

Total

P.T.

red.(dB)

0.29 0.71

0.54

0.64

3.11

3.r2

3.r2

25 0.71

0.54

0.64

-3.1i

3.13

-3.13

25

0.49 0.75

0.56

0.67

3.10

3.13

3.11

30 0.74

0.55

0.66

3.11

3.13

3.t2

30

0.69 0.77

0.56

0.68

3.r2

3.14

3.13

31 0.76

0.56

0.68

3.11

3.14

3.13

31

0.89 0.77

0.55

0.68

-3.14

-3.14

-3.r4

3i 0.77

0.55

0.68

3.13

-3.13

-3.13

31
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ln practice, it is not possible to integrate the vibratory intensity around the circumference

of the cylinder, although it is possible to integrate strain (which is proportional to normal

acceleration) by using a PVDF film sensor. However in some instances, the acceleration will

be measured by a number of accelerometers at discrete points. lt is of interest to examine

the efFect on the maximum achievable reduction in power transmission of deriving the cost

functions by averaging over a fixed number of sensors rather than integrating around the

full circumference of the cylinder.

Table 7.4 shows results which demonstrate the ef[ect of changing within the range of 3

to 199 the number of error sensors (accelerometers for acceleration and accelerometer pairs

for power transmission, see Appendix F), for locations at (r" - r.):0.49 m. The error

sensors are spaced in a line around the circumferenceof the cylinder. Two important results

are obtained. The power transmission reduction is constant for error sensor numbers in the

range of 9 to 199. Also the power transmission reduction is equal both for the acceleration

amplitude cost function and for the total power transmission cost function in the range of

9 to 199. From this table, it can be seen that only 3 flexural acceleration error sensors are

necessary, because the results are similar to those obtained when using power transmission

cost function with 199 error sensors. Only three accelerometers needed because only the

first three circumferential modes are significant. For three and seven error sensors, the

reduction obtained by using power transmission as the cost function are not presented in

this table. This is because the expression for power transmission given by equation (7.27)

is inaccurate when less than nine power transmission error sensors are used.. Use of less

than three error sensors results in an under-determined system which causes one of the

three control forces to be redundant and this is not analyzable. As the computer program

used for calculations is only applicable when there is an odd number of error sensors, the

results for even numbers of error sensors are not presented in this table. Note that the error

sensors should not be spaced evenly, otherwise all of the error sensors might be located at

vibrational nodes for some of the modes.
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Table 7.4: Effect of number of error sensors in a ring at a single axial location on total

power transmission reduction

No.

error

SENSOTS

Acc.control

141
t&l

ó.- ó,

radian

Total

P.T.

red.(dB)

P.T.control

l¡:l
lFpl

ó"- ó,

radian

Total

P.T.

red.(dB)

3 0.76

0.55

0.67

3.10

3.13

3.11

29 0.74

0.56

0.65

3.10

3.1i

3.10

7 0.75

0.56

0.67

3.11

3.14

3.11

29 0.75

0.55

0.66

3.r2

-3.13

3.10

I 0.75

0.56

0.67

3.10

3.13

3.11

30 0.74

0.55

0.66

3.r2

3.11

3.r2

30

19 0.75

0.56

0.67

3.10

3.13

3.11

30 0.74

0.55

0.66

3.11

3.13

3.r2

30

39 0.75

0.56

0.67

3.10

3.13

3.11

30 0.74

0.55

0.66

3.11

3.12

3.12

30

199 0.75

0.56

0.67

3.10

3.13

3.11

30 0.74

0.55

0.66

3.11

3.72

3.r2

30
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7.3.4 Effect of control force type and location

ln the examples discussed so far, the primary and control force types are all radial forces.

ln the example in this section, consideration is given to the following alternative primary

and control force types: application of radial forces only; application of axial forces only or

application of tangential forces only. For each of these cases the primary and control forces

are of the same type, and the cost function to be minimized is the sum of the squares of the

flexural acceleration amplitudes at the error sensors. For each case, three difFerent control

force locations were analyzed, and the primary actuator and error sensor locations were the

same as those used in the earlier analysis outlined in Section 7.3.2. Results are shown in

Table 7.5. lt is concluded that the radial force is more effective than the axial force and the

tangential force. The results also show that the reduction of power transmission decreases

when the control actuators are located at some distance downstream from the primary

actuators. Therefore, it can be concluded that for optimal control, the control actuators

should be placed as close as possible to the axial location of the primary excitation force.

Although theoretically, a reduction of 180 dB can beobtained Íor (r"-xr) :0 m, in practice

the minimum achievableseparation will probably be (r.-*) > 0.05 m. Theoretical results

from Table 7.5 show that a reduction of 30 dB is achievable for (r" - rr):0.05 m when

flexural wave acceleration control and radial forces are used.

Note that some of the results for tangential force lF.lllFol are very large in Table 7.5

which shows that the tangential force is not ef[ective in the control of power transmission.

As mentioned above, the results in Table 7.5 refer only to the use of flexural acceler-

ation amplitude as the cost function. Similar analyses for alternative cost functions, using

either flexural, extensional or total power transmission as the cost function, result in similar

conclusions to those presented above. An example is shown in Table 7.2.
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Table 7.5: Effect of control force type and location on total power transmission reduc-

tion for flexural acceleration amplitude as the cost function

Control force type Location

("" - ro) (-)
Acc.control

l&l
lF"l

ó"- ó,

radians

Total P.T.

red. (dB)

radial 0.00

0.05

0.20

1.00

1.00

1.00

0.75

0.56

0.67

2.87

3.82

4.4r

-7f

-7f

3.10

3.13

3.11

0.72

1.82

1.2r

180

30

27

axial 0.00

0.05

0.20

1.00

1.00

1.00

0.11

0.34E-2

0.19E-1

0.288-1

0.14E-1

0.488-2

7f

7f

0.81tr-2

0.29E+1

0.258-1

0.49tr-1

-0.198-1

0.64E-1

r47

15

13

tangential 0.00

0.05

0.2

1.00

1.00

1.10E+5

0.46

0.46

0.568+ 13

0.92

0.79

0.498+15

-1f

-1f

0.61

3.r2

3.r2

-0.53

0.208+l

0.198+1

0.31E+1

159

27

0



7.3.5 Effect of thickness, radius and frequency

It is known that measurement of power transmission is easier for flexural waves than for

extensional waves. ln Section 7.3.2, it was shown that for the cases considered, extensional

waves produced the major contribution to power transmission. The purpose of this section

is to examine the effect of cylinder thickness, radius and excitation frequency on the relative

importance of flexural waves to the total power.

Table 7.6 shows uncontrolled power transmission as a function of the thickness å. The

locations of the primary actuators and the error sensors are the same as shown in Table 7.4

and the cost function is flexural acceleration amplitude. Radial forces only are used as

the primary forces. The results show that generally the ratio nL,o'lflexural wave power

transmission P¡ to the total power transmission P", increases as å increases. Table 7.7

presents the uncontrolled power transmission as a function of the radius r which shows

a trend of increasing ratio 'É ^t r increases. Table 7.8 presents the uncontrolled power

transmission as a function of the excitation frequency / and shows a trend of increasing

ratio Pfi as / increases. More discussion of ef[ect of excitation frequency will be shown in

Appendix H.3.

Table 7.6: Effect of cylinder thickness on the ratio of flexural to total power transmis-
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Thickness

h (-)
Radius

. (*)
Frequency

f (Hz)

Flexural P.T.

Pj (w)

Total P.T.

P" (W)

PJ
P"

0.001 0.5 510 0.21928-9 0.3773E-6 0.00058097

0.008 0.5 510 0.5646tr-9 0.18218-7 0.03100494

0.010 0.5 510 0.58808-9 0.13518-7 0.04352331

0.040 0.5 510 0.3263E-9 0.2643E-8 0.12345819

0.050 r.0 510 0.7737tr-8 0.9059E-8 0.85406777

0.060 1.0 510 0.6010tr-8 0.6949E-8 0.86487264

slon

Comparing Table 7.6, 7.7 and 7.8, it can be seen that cylinder thickness has a
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Table 7.7: tr{feú of cylindcr radius on the ratio of flexural to total power transmission

Thickness

h (-)
Raclius

'(-)

Frequency

f (Hz)

Flexural P.T

Pr (w)

Total P.T

P" (W)

lL
P"

0.003 0.1 510 0.85298-14 0.40748- 11 0.00209351

0.003 0.3 510 0.1710E-09 0.2772tr-07 0,00616883

0.003 0.5 510 0.1213tr-08 0.77648-07 0.01562339

Table 7.8: Effect of excitation frequency on the ratio of flexural to total power trans-

mission

Thickness

h (-)
Radius

. (-)
Frequency

r (Hz)

Flexural P.T

P¡ (w)

Total P.T

P" (W)

PJ
P"

0.003 0.5 110 0.41688-10 0.3856E-7 0.00108091

0.003 0.5 210 0.93358-10 0.59248-7 0.00157579

0.003 0.5 430 0.2807E-09 0.77328-7 0.00363036

0.003 0.5 510 0.4032E-09 0.77648-7 0.00519319

0.003 0.5 610 0.6414E-09 0.75258-7 0.00852358

more significant efFect on the ratio ft than radius or excitation frequency. However, the

assumption in the analysis is that; > 16,so there is a limit as to how mich å can be

increased without increasing r. lt is concluded that a very large diameter and very thick

cylinder is necessary to obtain theflexural waves as the dominant waves in producing power

transmission under the assumption of ; > 16. The extensional waves remain the major

factor in producing power transmission for most cylinders of a practical size. lt is also

concluded that in the most cases, the extensional wave power transmission gives a good

approximation of the total power transmission. This conclusion provides an opportunity for

simplification of power transmission measurement methods in experimental work involving

error sensors either in or close to the far field of the control sources as will be discussed

further in Chapter 8 and Appendix H.
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7.4 Surnmary

Harmonic power transmission ín a semi-infinite cylinder can be reduced significantly by us-

ing an array of independently driven control forces around the circumference of the cylinder.

For three or more radial control forces it is theoretically possible to achieve levels of power

transmission reduction in excess of 30 dB for both acceleration amplitude and power trans-

mission cost functions, under certain conditions. To achieve this reduction, it is necessary

that the error sensors are either in or close to the flexural wave far field of the primary

and control forces. lt is also necessary that the control sources should be very close to the

primary sources and that the modeling conditions for the point forces can be achieved in

practice. For the test cylinder, only three flexural acceleration error sensors are necessary if

the error sensors are in the far field of the primary and control forces. lt is concluded that,

in general, the radial control force is more effective than the axial force or the tangential

force in controlling total power transmission. lt is suggested that use of either the flexural

or the axial acceleration cost function can be an alternative to the total power transmission

cost fu nction.

It is interesting to note that only one type of cost function can be efFective on its own.

This is because the flexural, extensional and torsional waves in the cylinders are strongly

cou pled.

The study has also indicated that in the test frequency range (well below the ring

frequency) the extensional wave power transmission gives a good approximation of the

total power transmission. This finding provides an opportunity for simplificätion of total

power transmission measurement methods in experimental work. However, for frequencies

from approximately half the ring frequency and up, this conclusion may become increasingly

i ncorrect.



Chapter 8

An experimental study of active

control of power transmtsslon tn a

semi-infinite cylinder

8.1- Introduction

This chapter is concerned with experimental investigation of vibratory power transmission

in a semi-infinite cylinder and its active control. A numerical study of the experimental

method used is included in Appendix H. This study indicates that the measurement of

vibratory intensity at a point on a cylinder requires the use of only two accelerometers for

the test frequencies (well below the ring frequency). This finding is similar to that for plates

which were discussed earlier in Chapter 5. This is not withstanding the greater complexity

in the theoretical analysis of cylinders compared with plates. This chapter will present some

experimental results using the two accelerometer method to compare with the theoretical

resu lts.

8.2 Experimental arrangement

Vibratory power transmission was investigated experimentally by measuring intensity on a

steel test cylinder with a working length of 1 m, thickness of 0.003 m and radius of 0.25 m.

a a
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O.1 m

0.03m
2m

0.05m

O.25 m 0.5 m

Figure 8.1: Schematic diagram of the semi-infinite cylinder model

There are three types of wave power transmission: flexural, extensional and torsional,

which couple together to produce the total power transmission along the cylinder. The

total intensity is actually approximated by the extensional wave intensity, an approximation

which is shown to be valid by the analysis in Appendix H.3. A schematic diagram of

the semi-infinite cylinder model is shown in Figure 8.1 and the experimental semi-infinite

cylinder model is shown in Figure 8.2. The cylinder was mounted vertically in a sand filled

box (1 m in height) in an attempt to provide a semi-anechoic termination at one end. The

other end was simply supported using a thick steel ring.

The test cylinder was excited near the simply supported end using an electrodynamic

primary shaker (see Figure 8.3). Control was implemented using three electrodynamic

1m

l1
l1
l1

I

I

I

I

-ï

t
t
t
t

1

\
t

I
I

I
I

a
rr

I

+-----



139

Figure 8.2: Experimental semi-infinite cylinder model
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Figure 8.3: Vibration control system physical layout

control shakers in locations around a circumference on the surface of the cylinder further

from the simply supported end. Each control shaker was driven independently. Up to five

accelerometers, mounted around the circumference and located between the control shakers

and the semi-anechoic end, acted as error sensors. The control shakers were operated to

minimize power transmission using an acceleration amplitude cost function consisting of

the sum of squared outputs of the error sensors. Up to five error sensors could be used

because the controller (EZ-ANC controller) had five available channels and the theoretical

analysis indicated that this number was sufficient'

A block diagram of the vibration control system is shown in Figure 8.a(a). A source

signal from an HP spectrum analyzer was passed through a power amplifier into the primary

shaker. The source signal (as reference) and error signals from the error sensors were passed

by way of amplifiers to a feed-forward controller. This controller generated three control

signals which were used to drive independently the three control shakers. The experimental

vibration control system is illustrated in Figure 8'4(b).
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Figure 8.a: (a) Block diagram of the vibration control system; (b) experimental equip-

ment.
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8.3 Test procedure

To compare the characteristics of the experimental cylinder and the theoretical model, the

circumferential modal amplitude was determined by undertaking a modal decomposition

of the flexural cylinder displacement with the cylinder excited by electrodynamic shakers.

This is because in the semi-infinite cylinder there is no axial mode, and the circumferential

modes are the only modes available to be considered. The circumferential modal amplitudes

were obtained by measuring the flexural displacement at 19 points around the circumfer-

ence of the cylinder in the locations which will be described later with the residual power

transmission measurements. The modal decomposition method is shown Appendix G.

The residual power transmission was measured on the cylinder downstream of the error

sensors by measuring the intensity at nineteen measurement points, each comprising a pair

of accelerometers located in a line around the circumference of the cylinder (Appendix H).

The results of the numerical analysis indicated that a minimum of 19 measurement points

were necessary to provide a reasonable degree of accuracy (within 0.5% of the power

transmission value compared with the value obtained from 199 measurement points). As

described in Appendix H, the intensity is proportional to the product of the outputs of a

pair of accelerometers. The pair of accelerometers was mounted on a small rectangular

aluminum block as a measuring set (Figure 8.5). One of the accelerometers was directed

perpendìcularly to the cylinder and the other was directed in the axial direction along the

cylinder. The surface of the block towards the cylinder was shaped to match the curvature

of the cylinder and was attached to the cylinder with double sided adhesive tape. For the

test frequency of 510 Hz, experiments showed that adhesive tape provided similar results

to wax or glue but was much easier to clear from the surfaces after each test run. Excellent

reproducibility of results was also obtained. The acceleration amplitudes were determined by

multiplying the auto-spectrum (in the spectrum analyzer) of each signal by an appropriate

factor (Appendix H). The phase difFerence between the two signals was obtained by using

the transfer function in the spectrum analyzer. The acceleration amplitude and phase

difference values so obtained were then used to calculate the intensity in accordance with

the equations shown in Appendix H.



143

Figure 8.5: A cylindrical intensity measuring set

8.4 Numerical and experimental results

To investigate the potential for actively controlling vibratory power transmission, the cylin-

der was excited at a frequency of 510 Hz. The primary shaker was located at 0.025 m in

the x-direction and 2r'in the /-direction. The co-ordinate system is shown in Figure 8.3'

Three control shakers were mounted around the circumference at 0.11 m in the x-direction,

and spaced at2rf 3,4rl3x 1.05 and 2r'in the þ-direction respectively. Error sensors were

arranged around the circumference at 0.566 m in the x-direction and spaced unequally in

the /-direction. The measurement points for circumferential modal amplitude and residual

power transmission were arranged around the circumference at 0.965 m in the x-direction.

Circumferential modal amplitudes were obtained as described in Section 8.3. Numerical

analysis showed that only the first three circumferential modes are significant for producing

acceleration and power transmission. The first three circumferential modal shapes are shown

in Figure 8.6. The circumferential modal amplitudes are presented in Figure 8.7(a) (mea-

surement) and 8.7(b) (theory) for the first three modes. ln Figure 8.7(a) (measurement),

the controlled modal amplitude (grey or hatched columns) decreases for each mode. The
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n:o n=2 n:3

Figure 8.6: The first three circumferential modal shapes taken from Leissa (1973).

controlled modal amplitude trend (grey or hatched columns) is similar to the uncontrolled

modal amplitude trend (black columns) in that the first mode dominates the response' ln

Figure 8.7(b) (theory), these phenomena are difFerent to those found in the measurement'

The amount of control is difFerent to that shown in the measurement and the third mode

dominates the response. This is due to the difficulty in ensuring that the locations of the

primary and control shakers in the experiment are the same as the locations of the primary

and control sources in the theory relative to the modal nodes and anti-nodes. The numer-

ical simulation shows that the same modal amplitude trend as shown in Figure 8.7(a) can

be obtained by moving the locations of the primary and control sources in the /-direction.

Also, the diflerence is probably because the experimental model was characterized by some

reflection from the "infinite end" of the experimental cylinder. Figure 8.7 shows that re-

flection af[ects significantly the circumferential modal amplitudes'

To test the efficiency of the sand filled box which acted as an anechoic termination, a

numerical simulation was carried out. lt demonstrated that the reduction of power transmis-

sion is independent of the reflection coefficient. This means that experimentally determined

values for the reduction of power transmission are valid even if there is large reflection from

IìIt
ì
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the anechoic termination. This finding is similar to that for plates which were discussed in

Chapter 5.

Measured power transmission was obtained by averaging the intensity measured by each

of 19 accelerometer pairs arranged around the circumference of the cylinder. The measured

and theoretical power transmission reductions are shown in Table 8.1 with the range of 1,

3 and 5 error sensors.

Table 8.1: Experimental and theoretical power transmission

No. es. Expt.

P""(t")

Expt.

P",(*)

Expt.

P""¿(dB)

Theo.

&"(*)

Theo.

P",(*)

Theo.

P,"¿(dB)

1 0.68E-8 0.66E-8 0.1 0.598-8 0.47E-8 0.9

3 0.688-8 0.128-8 7.2 0.59E-8 0.10E-8 7.4

ô 0.68E-8 0.15E-8 6.4 0.59E-8 0.12E-8 6.8

Note: "No. es." is the number of the error sensots, t'Expt." refers to the experimental

results, "Theo." refers to the theoretical results.

Table 8.1 shows that 7 dB power transmission reduction can be achieved by using three

error sensors for the test cylinder in both experiment and theory. The reductions are similar

for both experiment and theory for a particular number of error sensors. This further proves

that the reduction of power transmission is independent of the reflection from the "infinite

end". The experimental results give approximate agreement with the numerical results

which demonstrates the reliability of the experimental work. Most important is that the

two accelerometer method is valid for the measurement of the intensity in a cylinder.

Table 8.1 also shows that use of one error sensor is insufÍicient. However, three error

sensors provided a relatively good reduction. For the error sensor locations selected, the use

of five error sensors did not increase the reduction. lt is considered that the location of the

error sensors in the {-direction is very sensitive for the estimation of power transmission.

The extra two accelerometers (error sensors) might have been either at or close to nodes

where the error sensors cannot work effectively.

The amount of control shown in Table 8.1 is different from the amount shown in

Figure 8.7. This is due to the fact that the intensity is proportional to the product of
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flexural and extensional displacement amplitudes and their phase difFerence (Appendix H),

but the circumferential modal amplitudes are dependent only on the flexural displacement.

Using a numerical simulation, it was found that the reduction in power transmission

is similar for a range of excitation frequencies and a range of cylinder radii. lt has also

been found numerically that a greater reduction in power transmission is obtained when

the cylinder working length is increased andf or when the separation distance between the

primary and control shakers is decreased. lt was found that for longer cylinders the im-

provement in power transmission reduction was due to less interference from the near field

efFects (from shakers) because of the increase in achievable distance between the control

shakers and the error sensors and the increase in distance between the control shakers and

the residual intensity measurement points. For example, it was found that up to 30 dB

reduction (see Chapter 7) can be achieved for a semi-infinite cylinder with a 2.5 m working

length (compared with 1m used in the experimental work) and, with a separation distance

between the primary and control shakers of 0.05 m (compared with 0.085 m used in the

experimental work). The use of these physical specifications was not feasible for the current

experimental work due, in part, to the excessive space requirement. For example, the total

cylinder plus sand box length (equal to the working length of the cylinder) would be 5.0 m.

Secondly, as each of the shaker bodies had a diameter of 0.16 m in practice the separation

distance between the primary and control shakers could not be reduced to less than 0.085 m

(see Figure 8.2).

8.5 Summary

Vibratory power transmission in a semi-infinite cylinder can be reduced by using an array of

electrodynamic control shakers. For a semi-infinite cylinder having the physical characteris-

tics described above, using three shakers and three error sensors, it is possible to achieve a

7 dB reduction in power transmission both experimentally and in theory for the test frequen-

cies (well below the ring frequency). Although a 7 dB power reduction was the maxìmum

which could be obtained for the particular experimental configuration investigated, numer-

ical simulation showed that for a longer cylinder, a reduction of 30 dB could be obtained.

This shows that the approach described here could be a feasible way of controlling vibra-
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tion transmissíon in large cylindrical structures. Measurement of power transmission in a

cylinder has been demonstrated by using two accelerometers for the test frequency range.

This flnding provides an opportunity for simplification of power transmission measurements

in large cylindrical structures.



Chapter I

Conclusions and recommendations

ln this thesis, active control of harmonic vibratory power transmission in simple structures,

including a beam, a plate and a cylinder, has been investigated. The results demonstrate

that for a beam significant power transmission reduction can be obtained by the use of

a single control source. For both the test plate and cylinder it was found that three

independent control sources are required for the test low frequency range. lt was found

that for simple structures it is possible, with the use of acceleration amplitude as the cost

function, to achieve satisfactory control of power transmission when the error sensors are

in the far field of the control sources.

lncreasing the separation between the error sensors and the control sources increases the

maximum reduction in power transmission in each type of simple structure. lncreasing the

separation between the control sources and the primary sources does not significantly lower

the amount of reduction in power transmission for a beam and a plate, but may produce a

significantly lower reduction in the case of a cylinder.

It has been indicated that for the simple structures considered in this thesis, harmonic

vibratory intensity in the far field of the primary and control sources can be measured by

using a very limited number of accelerometers. For the measurement of the intensity, for

a beam only one accelerometer located in the radial direction is required. For a plate two

closely spaced accelerometers located in the radial direction are required for the test low

frequency range. For a cylinder two accelerometers are required with one of the accelerom-

eters directed perpendicularly to the cylinder and the other directed in the axial direction

119
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along the cylinder for the test low frequency range. These findings provide an opportunity

for simplification of harmonic vibratory power transmission measurements in large plate-like

and cylindrical structures.

This study confirmed the existence of vibratory intensity vortices on a semi-infinite plate

under primary excitation. lt was also found that when control sources are added and are

driven to minimize power transmission, the vortex pattern is largely eliminated.

The above results which apply to the use of point forces for the primary and control

sources, can be achieved by using shakers. However, for a beam and a plate, it has also

been shown that when piezoelectric actuators are used as an alternative to shakers for the

primary and control sources, similar reductions in both acceleration and power transmission

are obtained.

There are a number areas for further research based on this study. The theoretical

analysis of the efFect of boundary conditions on active control of acceleration in a beam

(Chapter 3) can be extended to examine the effect on active control of power transmission

in a plate and a cylinder. The use of piezoelectric actuators as an alternative to shakers (i.e.

point force excitation) in a beam and a plate (Chapter 6) can be extended to a cylinder.

So far, to the author's knowledge, the experimental work has been carried out only on a

single cylinder (Chapter 8). Further experimental studies could be conducted on vibratory

intensity and vibratory power transmission on cylinders with diflerent dimensions, physical

conditions and therefore different boundary conditions. For example, an investigation using

a longer cylinder may confirm the significant power transmission reduction as predicted by

the theory.

Based on this research, analyses considering random vibration excitation, multiple lines

of control sources and error sensors on a plate and multiple rings of control sources and error

sensors on a cylinder can be developed. For example, the introduction of a second line ol

control sources/error sensors may overcome the difficulty in controlling Power transmission

when the first line of control sources/error sensors are located at a nodal line (see the cases

for a beam in Chapter 3).

lnvestigations on plates could consider whether the use of a dif[erent cost function is

more effective in reducing the intensity vortex pattern (see the examples for one particular

cost function in Chapter 5). One possibility is to drive the control actuators to create in-
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tensity vortices around points where sensitive items of equipment are attached to eflectively

isolate these from the plate vibration.



Appendix A

Classification of beam boundary

conditions

The resonance frequencies (eigenvalues) and mode shapes (eigenvectors) of a finite

beam are determined by the physical properties and geometry of the beam and the nature

of the supports. ln this study, the supports are only placed at the ends of the beam and

are described in terms of their impedance. Therefore, this appendix is a mathematical

classification of the various types of boundary impedance.

,A..1 Beam boundary impedance

The flexural wave displacement amplitude of a finite beam (in the z direction shown in

Figure 3.t(a)) at location x is defined by Fahy (1985), Fuller and Gonidou (1988)

u;(r): Aek¡" * Be-k¡' * Ceikt' I De-ik¡" (4.1)

where A, B, C, D are constants. To describe the ef[ect of boundaries upon beam vibration

behavior in terms of boundary impedances (see Fuller et al. 1990), it isfirst necessary tofind

a suitable definition for such impedances. A correctly defined boundary impedance should

express the internal beam moments and forces at the boundary as functions of the motion

of the beam at the boundary. The motion of the beam can be described mathematically as

a Taylor series containing ø// time and space derivatives of displacement. Fortunately, the

time derivatives are not actually required in this sum, because the simple harmonic time

dependence ensures that each time derivative simply results in multiplying the displacement

152
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by j, (The displacement t¿ is assumed to have positive simple harmonic time dependence

"i-').Also, 
from the general solution of equation (A.1),it is can be seen that any space

derivative of order greater than 4 can be written in terms of u, u', u" or u)"' (where '

indicates partial derivative with respect to r). From this, the bending moment and shear

force at any location in the beam (including the boundaries) are

M : rntrx * mzw' + -z-" + *n."', (4.2)

Q : ftw * fzw' I fsw" I fsw"' (A 3)

where Tn1......maand ft.... .fn are all the required Taylorseries coefficients. Forthe bending

moment and shear force sign conventions illustrated in Figure 3.1(c),

M : -EIoow" (A 4)

and

Q -- EIoow"', (4.5)

so that equations (A.2) and (4.3) can be written as a matrix equation

l;l:lî: Tll:
which can be written as

f '**; -fr llI ih '-4lL
Equation (4.7) can be inverted to give

-f

II

a

E Ioo

M

a

1 -TTL3 rfl4

-f" fn

Tfl,1 TTL2 11)

f, f, 1.1)

ll (A.6)

(A 7)

(A 8)

(A.e)

It

M

a

'lrm3m4t t ørã -E-f;
htÍ+

EIr, t - øI*

TTLI TT1,2 u

f' f, 'lt'

I\[

a

-1

L1)

0

or

: lzl

where 7¡: juu is velocity, and d - -j..'is angular velocity, and

lzl:
Z*.it

zt*
Z^à

z¡n
(A.10)
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where Z^,;,, Z^tt, Z¡,;, and Z¡þ represent the impedance term due to the displacement on the

moment, the rotation on the moment, the displacement on the shear force and the rotation

on the shear force respectively. This 2 x2 impedance matrix lzlis sufficiently general to

describe any dependence of boundary forces (i.e. shear force and bending moment) upon

the motion of a beam in simple flexure. This is in accordance with Cremer's (Cremer et. al,

1973) assertion that a 2 x2 driving point force impedance matrix is required to describe

the efFect of a combined point force and moment excitation on the flexural motion of a

bea m.

The relationships between standard support types and corresponding left-hand boundary

impedances are shown in Table A.1. For example, viscous damping (Figure 4.1(a)) may

be represented by a negative real boundary impedance, the simple spring support shown

in Figure A.1(b) can be represented by a positive imaginary boundary impedance and a

combined spring and dashpot can be represented as a complex impedance (Figure A.1(c)).

Note that for all of these standard support conditions, the cross terms Z^¡ and Z¡¿ of

the impedance matrix ate zero. Thus only two terms are shown for each end condition in

Table 4.1.
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Table 4.1: Standard support types and corresponding left-hand boundary impedance

Encl Conditio¡r

Ty¡ie

Bounclaly

Condition

Lnpedance

Pinned

- L/2 o

x

K
x-v2

]ç

o x
v2

mJF x-v2

Z¡r¡ : æ

Z^o :0
Fixecl Z¡¡: æ

Zr,r¡: æ

Free ð'.(- ,t) -0
-0

z¡,;, : o

z^ò -- o

Dellected

Spring øtuufuS? : -r(ow(-*,t)

Zt*: j'*
Zrno :0

Tolsion

Spling

-(-+, r) : 0 Z¡¡:æ
E Iuu

ô2-(- ,¿) : xry$p- Z^o: -j+022

Mass ð2'a(-*,t) _ n
ðx2

n4uL$P: -prô""'!-*'t)

Z¡¡: -jant.
Z

0 0nt

Dashpot A2 ,t
0

EI,u!#!) - -"ð-(:'L't)

Z¡r'u : -c
Z^g :0

Note that at this stage the only energy dissipation which has been considered has been

at the ends of the beam. However, there is also hysteresis loss in the beam itself which may

be taken into account in this analysis by replacing Young's modulus.Ð, with the complex

modulus, nQ + in).
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(")

(b)

(")

Figure A..1: Physical meaning of boundary impedance: (a) real boundary impedance;

(b) imaginary boundary impedance; (c) complex boundary impedances.
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A.2 Equivalent boundary impedance of an infinite

beam

lf an infinite beam with a flexural wave traveling toward the right from a sole point force

excitation, the displacement amplitude function can be written as

u(x): Be-k¡'I De-ikt", (A.11)

so that

tit(r) : iuBe-k¡' * iuDe-ik¡"

and

eçr¡ : juk¡ Be-kr' - alcÍ D¿-ik¡x

Equations (A.12) and (A.13) can be written in a matrix form

(A.12)

(A.13)

lul l:l
which can be inverted 

r""--r, 
-.'

tt:
I n"-'rt' 

1

Ju
jrk¡

Ja

-rlr¡

Be-k¡'

P¿-ik¡r
(A.14)

(A 15)

(A.17)

lt

1+j
2u

L=i
2u

r-j
2wk¡ ,b(r)

eþ)1-j
2uk¡ il

Equation (A.11) can be diflerentiated two more times to give bending moment M and

shear force Q and the result can be written in matrix form:

|*ro] :_u Ipz -kz ItB"-kt, 1

I aat ) "' L oí -trl )l o"-'0," I '4 
16)

The column vector on the right hand side of equation (4.16) can be replaced with the right

hand side of equation (4.15). Thus,

ar (r)

Qþ)

,it(r)

o(")
: [zn,;,¡)

-(1 - j)Er,ok¡lu
_Er,okJla

EIookJ la
where

lZn,t.¡l:
(t + l)EI,okJ lu

(4 18)
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so that the boundary bending moment and shear force are expressed as the product of the

2 x2 impedance matrix lZn¡"t) and a column vector containing the velocity and angular

velocity of the beam. IZn¡^t) is the right infinite beam impedance matrix. By a similar

process of considering a flexural wave traveling from a source toward the left in an infinite

beam the left infinite beam impedance matrix is

I n t*k] lu O _ j) E rook, l, f (A. le)[Zr¡"t] : I I

L -(t ¡ i)Eluukllu -EIo,klla J

Note that [zn,;"¡] I lz¡,,;"¡) and fzp,;n¡) # -Ízt ,¿,r]. By using the infinite beam impedance

matrix ÎZn,t^¡) (or lZ¿,;^¡]) as the right (or left) boundary impedance matrix in the finite

beam model, the boundary is efFectively removed and the beam becomes semi-infinite. An

infinite beam can be modeled by using both the left and right infinite beam impedance

matrices as boundary impedances at opposite ends of the beam. This use of infinite beam

impedance matrices to model the termination of a finite length beam produces numerical

results identical to those obtained by evaluating the expression derived from the analysis of

a n infinite bea m.



Appendix B

Response of a finite beam to a
point force

The purpose of this appendix is to determine the response to a simple harmonic point

force excitation applied at z: zo of a finite beam with left and right boundary conditions

specified as impedance matricet lz"l and lZpJ. The applied point force produces a dis-

continuity in the shear force function Q(r) and so it is necessary to calculate two sets of

constant coefficients A, B, C and D, one on the left

.r(r) : Atekf' * B1e-kt' * Cpikr' I Dp-ikt" (8.1)

and one on the right of the applied force

.r(r) : AzekÍ' I B2e-kt" I C2sikt" I D2e-ikt". (B 2)

At the common boundary r : ro,

trr(ro) : uz(ro) (8.3)

t'r(to) : *'r("o) (B 4)

-'i@o) : -'J@o) (B 5)

.i'þo) : -'i'(ro) + :ï. (8.6)
" 'lv

From equation (4.9) the left hand boundary condition of the beam at t: rL can bewritten

ItI (r 1)

Q@r)

Zr^r;.,

zr¡¿

,itt(, r)
or(r")It

as
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Z"^¿,

z rtò
(B 7)
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By using equations (A.a) and (4.5) to replace the bending moment and shear force with a

derivative of the displacement function, the following is obtained

l;:;';::,ll;,'::l) *''," --'í'(, ")

-iþ") -0

-0

(8.8)

(B e)

Similarly, for the right hand boundary of the beam at r: lrR,

Zn^a

ZnÍ¿

Z*^,

zn¡e

,i,r(" n)

0r(r r)
I EIou

.iþ^)
--'J',@^)li

Equations (8.1) and (B.2) are then difFerentiated to produce expressions for ú;,0, w|, w|,

.'l', -L,u'/ and w'l'which contain the unknown coefficients A1, Bt, Ct, Dt, A2, Bz, C,

and D2. These expressions can be substituted into equations (8.3), (8.4),(8.5), (8.6),

(8.8) and (8.9) and the equations can be combined into a single 8 x 8 system of linear

equations, to obtain

[,][x] : [F] (B.10)

where

[X] : lAr, Br,,Ct, Dr, Ar, Br,Cr, Drf', (B.11)

Fo
T

, 0, 0,0, 0, 0, 0
' EIvyk]

(8.12)

and

tFl

Þr(2"^' -k¡Zr^tt+Qz)
0r(Zrr:,-k¡Zr¡à-Qr)

0

0

o
Po

0o

i3o

-0o

Z 1^¡lk¡ Z,^6*Qz
â

Z7¡¡*k¡27¡¿¡*Qt
þr

0

0

rl0o

-rlþo
rlþo

rl0o

0'r(Zr^¡tTZ"^e_ Qr)

þ'r(Zr¡t+\21¡ø+jQ)
0

0

p3

jp3

/).t
-Po

rp3
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zt ^¡-L!z"^6-e,

,",*-{7"",n-,o,
pL

0

0

þn(Zn^* - le ¡Zn^à + Qz)

7n(Z*,*-k¡Zn¡ò-Qr)

-0o

-0o

-þo

0o

0

Zn^,¡1,k Z *Qz
9n

Zp¡¡!k¡Za¡¿IQr

00

0

llP'"

- j lp3

-rIP"
- j lp3

þn

-rlþo
rlþo

-rl0o
-r lþo

0

0

z^^t-Lfz *^è-ezþLØ^^* * Lf z^^a - Qr)

0LØ^¡*+Tz^,¿+ iQ)
_p3

-jp3
p8

-jp3

0

0

,^r'-{lr¡à-jet
BL

-Llp3
j lp3

tlpS

ilBS

: [o], (8.13)

where þa : ekt'^, 0o : ekr'o, B7: ¿kt't, 0L : eik!'^, þ3 : ¿ik¡x¡, gL: eikÍ'r,

Qr: "# and Q2: "';:o? . The solution vector [X] characterizes the response of a

finite-length beam to a point force simple harmonic excitation.



Appendix C

Response of a semi-infinite plate to

a line of point forces driven in phase

The classical equation of motion for a plate given by Graft (1975) is

,|fu#A * D¡Vaw(r,,u,t): q(r,y,t) (c.1)

where p is mass density per unit volume of the plate and V4: V2V2 is the square of

the Laplacian operator. Note that the effects of transverse shear and rotary inertia have

been ignored to simplify the analysis. The geometry of the plate and the alignment of

the coordinate system are shown in Figure 4.1. The plate lies in the x-y plane with a free

edge at ¿:0 and simply supported edges at y:0 and y: Lo. The external force per

unit area excitation represented by q is an array of rn equally spaced point forces spanning

the plate along a line parallel to the y-axis. At this stage, all of these forces at locations

(rg,y;,i : I,*),will be assumed to be driven in phase and with the same complex

amplitude F6 so that

q: Fo;-iuf, - xo)6(y - a,). (c 2)
i=l

The two sides (y :0, A : Lo) are simply supported and, so the following harmonic series

solution in y can be assumed for the vibratory displacement

-(r,y,t) : I tr.r"(u) sin
n=1

t62

nrY iut
L! (c 3)
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Each eigenfunction -"(r) can be expressed in terms of unknown constants Ar, Az,,zl3 and

Aa and modal wavenumbers fr;, as follows

,ur(r):1r¿ktn'+ A2ek'"'+ A3ekt" + A¡ekn"'. (c 4)

To find the modal wavenumbers (i.e. eigenvalues), the homogeneous form of equa-

tion (C.1) is multiplied by sin Lff and integrated with respectto y over the width the plate

(i.e. from 0 to Ly), to give

¿a ,,.(x) _,>tnr \2 
dlw^(r\ ..nr .a ohu2-dr^ -2\tu)-#+((¿r) - al-"(z):¡' (C5)

Solutions to this ordinary dif[erential equation are assumed to be of the fotm ekn', and its

characteristic equation is

.4 ohu2, -'u: o,ki-2( 2

) t'"+(n7f n7t

Lv Lv
(c 6)

(c 7)

(c 8)

(c e)

which has the roots

or

lrrn,rn -- I
NT 2

)+ phu2

Dn'

phu2

D¡

(
Lv

Ir"n,n,-: ! TLlI

T
Using equations (C.8) it can be shown that if

n7f t

2

phu2

Dn
(
L

u:2nf > ( (c.10)

then the wavenumber in equation (C.8) is imaginary. By substituting the mode number

in n into equation (C.10), the cut-on frequency for mode n can be calculated. Calculated

cut-on frequencies for the first five modes are listed in Table 4.1.

On each side of the applied force, the eigenfunction w^(r) is then a dif[erent linear

combination of the terms 
"À,"" 

(with i: L,2,3,4). For r < re,

tolr(r) : fir"ktn' I Ar¿k'^' + A3sk"^" + A4¿kn^' (c 11)
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andforrl16,
wz^(r) : Br¿kznr + Blekn"'. (C.rz)

Note that in equation (C.12) the coefficients -B1 and ,B3 have been omitted because, for

a semi-infinite plate, there ís no boundary to produce reflected waves with a negative

horizontal velocity component. At the junction t : ro, the following boundary conditions

must be satisfied

ôx
02wtn

ôx'
02.rn

'tiJln: Uzn¡

ô.rn 0.rn
(c.13)

(c.14)

(c.15)

(c.16)

(c.i7)

(c.1e)

and

å . niry;
) srn
i=l La

012 012

}t-rn 7t.rn 2Fo

ôr3 ôr3 LuDn

For the free edge at r :0, the expression

_r^(#.,#)l
given by Leissa (1969) (The coordinate system given by Graff (1975) is different from that

given by Leissa (1969), therefore this chapter cited corresponding equations given by Leissa

(1969) as the coordinate system in this chapter is the same as that given by Leissa (1969).)

can be used to express the bending moment boundary condition

M,(0,9) : o (c.18)

in terms of displacement, with the following result

î ¡ri^o, + k3^A2 + k3^h + kLAn-
n=1

x=O

0

Az*

'tff)'{a,-t Az-rA. + A,)l .n1fy
Ls

By again multiplying both sides by sin ff and integrating from y :0 to ,L' the following

0

NT 2 2t1.7f)
7n -U ( ) (UAt* 1r3,, )

LLa v

Lylrt'- ''
'n1f a n7f

)'])

is obtained

k

As* t2 t
ñ¿n - u\

Ly
A4 0 (c.20)



The free edge condition also requires that the net vertical force at r:0 be zero (Leissa,

1969). Thus,

v,:Q,+ff:o (c'21)

which can be expressed in terms of displacement as

w(,,v)t"=o : -D,l#-e-ò#h]|"=o :o (c22)

Th us,

Ly

t^2 uHtusn - îji

k3^ - Hkzn

ek"n'o

Icgn¿ktn'o

lclnek'^'o

lrSn"kt'"o

Aq
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o (c.23)

(c.24)

(,

)) t ,^f t, * 
lrr^ - 

(z - ,)(
t

) kr.k3^-Q-r)(

n7f

Ly

, n7f

2

k?*-(z-r)( t^tu2n A

t^tu4n

+

n7f

] 
o. * 

lrr^- 
(2 - ò(T)

Ly

Equations (C.13) to (C.16), (C.20) and (C.23) can be written as a 6 x 6 matrix equation

as

l^2 vHtutn - Tli

k?^ - Hlcrn

ek'n'o

Icln¿ktn"o

lclnek'"'o

lclnek'^'o

t^2 uHn2"" - 2-v

k]* - H (tr,-

ek'n'o

lc2n¿k"n'o

lclnek,""o

klnekt""o

t^2 vHn4n - 2a

k|^ - Hlc¿n

eknn'o

lc4nektn'o

Icf,neko^'o

lcf;nekn.'o

0

0

- ektn"o

-k2n¿k'n'o

-lelnek'^'o

-klnek'^"o

0

0

-lrqnxo
-c

-k4,,¿knn'o

-kf;neko"'o
_ lfn,-ekn^"o

0

0

0

0

0

-ffi1lrsinff

A1

A2

A3

Aa

B2

B4

which can be written as [o][X] : [F]. For each value of n, the solution [X] of the 6 x 6

system of equations is an eigenvector which describes a traveling wave mode shape and

amplitude. The modal wavenumbers lrr'-, kr,-, krn and kan required by equation (C.24) are

calculated from equations (C.7) and (C.8), and the quantity H : (2 - r)(i)'
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The plate response at any location (r,y) due to the row of in-phase point forces is

w: Fowo-J (c.25)

where u.r¡-¡ is the response to unit force excitation which is obtained by solving equa-

tion (C.2a) (with ir6:1) and substituting the results for A1, Az, A3, An, B, and ,Ba into

equations (C.11) and (C.3) or equations (C.12) and (C.3), depending upon the location at

which the plate response is to be evaluated. By expressing the solution for the eigenvectors

as:

[x] : [o]-'[r], (c.26)

the response at (2, y) is:

uo-r(r,r) :å mrä"i,7)(ol-')ï;[E"]snff e.zl)

where (["]-t)f. is the sixth column of the inverse of the coefficient matrix [a] from equa-

tion(C.24) .Forr1ro,

lE"l

lE"l

ek'n"

ek'n'

ektnt

eknn'

0

0

0

0

0

0

ek,n'

eknn'

(c.28)

(c.2e)

andforr)rs,



Appendix D

Modal decomposition method in a

semi-infinite plate

For a simply supported plate, a modal decomposition method was introduced by Fuller

(1991). For the plate with one end terminated anechoically and the sides adjacent to the

anechoically terminated end simply supported, the flexural plate displacement u.r, for a fixed

frequency in equation (C.3), at a point (*,a) is given by

-(r,y): Ë A^@)"inY (D 1)
n=l ]J a

where n is the modal number in the y direction and An is the modal amplitude of the plate.

For a single frequency producing a low modal density, summation over a finite number

of modes will achieve a reasonably accurate result,

-(,,y): Ë A^þ)"inT!. (D 2)
n=l lJ Y

ln practice, the (complex) plate displacement can be measured at a discrete number of

randomly selected points N. These values are then used in equation (D 2) to form a set of

simultaneous equations, which can be represented as an ly' x ly' matrix equation as follows

Slfl--=-L,,
'tI1

?-D2

sin ffr
. lnu¡ . 2ruc . Nru>srn -; srn -; srn ¿;

stn 2ny,
Lv A1

A2

sin I'lv.t sin 44 sin NI,"
Lu Lv LgIDN

r67

A¡¡

(D 3)
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of

[*] : lspatial coef ficientsl[A]. (D.4)

With the displacement vector and spatial coefficient matrix known, the modal amplitude

vector [A] can be determined.

Using numerical simulation it was found that the ill-conditioning of the inverse matrix

(lspatial coef f icientt]-t) significantly affects the accuracy of the measured modal am-

plitudes when only a small number of measurement poínts is used. To avoid using this

inverse matrix and the associated ill-conditioníng problems, the modal amplitude vector

[A] can be expressed as:

lal : ([s]'[s])-'[s]'[[w] (D.5)

where [S] : lspatial coef ficienús] and the matrix ([S]t[S]) is nonsingular and not ill-

cond itioned.



Appendix E

Measurement of amplitude

reflection coefficient in a

semi-infinite plate

Reflection coefficients have been measured by Taylor (1990b) for a beam and by Abom

(1989) in a duct. However, the measurement of reflection coefficients in a plate has not

been studied previously.

The measured modal amplitude for the nth mode A"(r) (n: 1,....¡/) shown in equa-

tion (D.5) is a complex number which comprised contributions from the reflected wave and

the incident wave. lf the measurement location r is in the far field of excitation sources,

then each A"(r) can be defined as:

A^(r) - ¡uf 
"kt(3'n)r 

1 Alekt?'")', (E 1)

where AT:r it the amplitude of the reflected wave for the nth mode, A'{ rs the amplitude of

the incident wave for the nth mode, k¡(3,n) is the wave number generated by the reflected

wave and k¡(4,n) is the wave number generated by the incident wave at the nth mode.

These wavenumbers are defined in equation (C 8) This analysis is possible because the

wave numbers are only a function of an excitation frequency and the properties of the plate.

Consider A"(r) (rz : 1,....N) at two different axial locations (z : nl ând r : rz),

each of which has been obtained from equation (D.5). The modal amplitudes .4"(r1) and

169



A"(rr) (n: I,....N) are

A^(rr) - ¡ul 
"kt(3,n)rr 

a ¡in"k¡(A'n)nt

and

A,(rr) - /uÍ ¿kt(3'n)zz ¡ AllektØ'")"".

The matrix form of the system of equations (E.2) and (E.3) is

11"^'r',','r] 

: 
| 

""r 
r',)," 
",nn'r'.', 

""n 
r',)',n n"^'r",',] i i ]
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(E.2)

(E.3)

(8.4)

Therefore the amplitude reflection coefticient(lA:;rllø':l) for the nth mode at a location

ol r : T is obtained by inverting equation (E.a) to obtain the coefficients Ai"/ and

A::.



Appendix F

Response of a semi-inflnite cylinder

to a line of point forces driven in

phase

The classical equations of motion for a cylinder given by Flügge (1973) are

u" +r -2'u *'!r'u'' + uw'

l-u I-u 02u
+€[ '.ul ,u -w -f -'"1_ 'y' ,F"

2 0tz -7 ph'
(F.1)

(F 2)

(F.3)

2

I+u t., I-u , t

2 u +, +- 2 , +u)

. ,,3(I - u) t, 3 - u tt.1 ,0',+(1. , u - -w )-'l At,

1-y t.. ,tt 3-v ,.,u'+u'lw+€l;"t" -?tr'tt ,- r"'

+-Iv I2w,," * u;"" l2w" + to] + .r,*' at2

2

-'l
FÓ

ph

and

F,,'l
ph

where the quantities u : u(r,ó,t),r: u(:1,$,t) and w: w(r,S,t) are the displace-

ments in the axial, tangential and radial directions respectively, and f|, F6 and E, are the

applied forces per unit surface area in each direction. The derivatives with respect to the

dimensionless coordinates f and d will be indicated by primes and dots:

17I
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,#: o', H: o'.

The geometry of the cylinder and coordinates are shown in Figure 7.1(a) and the sign

conventions are shown in Figure 7.1(b). The cylinder is simply supported at r:0 and

infinity on the other end.

As the cylinder is closed, the following harmonic series solutions in / can be assumed

for cylinder vibrational displacement in the axial, tangential and radial directions (Fltigge,

7973, Brevart and Fuller, 1993):

u(r,ó,ú) : Ë u^@)cosngei't, (F 4)
n=l

,(æ,ö,¿) : Ð u^(r)sinnþei't
co

n=l

oo

s=1

I

s=1

(F.5)

(F.7)

(F 8)

and

w(r,ö,¿) : Ð w*(r)cosnþei't. (F.6)
n=l

Each of the eigenfunctions u^(r),u"(r) and ti.r,(r) can be expressed in terms of the modal

wavenumbers fr",. as follows (Forsberg, 1964)

u^(x): I d"nA,nek"n? ,

u^(r): t þ,nA"nek"*Ï

and 
8

w^(r): D A"nek"n? (F g)

s=1

where A"n, d"n and Brn are arbitrary constants.

F.1 Determining the \Mavenumbers and constants o

a:nd p

For each mode, the homogeneous form of equations (F 1), (F.2) and (F.3) must be

satisfied. To find the modal wavenumbers (i.e. eigenvalues), we take the general term

of equations (F.4), (F.5) and (F.6), put u : u.(r)cosnþ, u : u.(r)sinn/ and u:
u,,(r)cosnS, and introduce this ìnto the homogeneous form of equations (F.1), (F 2)
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and (F.3). All the terms in each equation have a common factor sinn/ or cosn/, which

cancels to give

,/: - +nzun *'#""^ + ,.'^

-€l' lr' ,run + *,:, + 
l--!rr.;] 

+ af un

L*u t 2 ,l-, ,,
- 2 

nun-fr-un* 
2 

,"-DUn

0 (F.10)

(F.11)

(F.13)

0 (F.14)

3(I-u ,: +|nwil *,''t'un+€[ 0
2

and

uu'n * nun r .^ * €l-t ;' ,'u', - u':' - 7"r:
+-I' - 2n2u'l t n4wn - 2n2 wn + u^] - u.fzwn

lk- - t ;' ,r rt+ €) + ,r.ff An + !n^na,
*[uk,- €(k; *}r,n'))C^

'!r,,o, I [- 7rZ * ,2 - Yrr1 + ,'f1B^

*[, - ]er'^rlt^

[, lr, -4(ki + 
r] 

t',,r')lA^ + b - + gz^nlB^

+[i + {(Ä'1 - 2kln2 l,r.a - 2n2 ¡ l) - u212)C,

o. (F.12)

Equations (F.10), (F.11) and (F.12) have constant coefficients and may be solved by ex-

ponential fu nctions:

ttn: Anekn? , ,n: Bnek^i and wn: Cnek^i .

After introducing this into equations (F.10), (F.11) and (F.12), we may drop the expo-

nential factor and then have three ordinary linear equations for the constants An, Bn and

cn:

0,

and

0. (F.15)



Since these equations are homogeneous, they can have a solution An, Bn and Cn difter-

ent from zero only if the determinant formed from their nine coefficients vanishes. This

condition can be used to determine lcn. ln general, the solution will usually have the form

(Forsberg, 1964)

Icl : -a' Ics: *a'

k2 : - jb, k6: fjb,

ks: -(c+ jd.), lc7: !(c+ jd,),

lea: -(c - jd), ka: +(c - jd,)

where o,, b, c and d are real quantities. This is dif[erent to the form of the solutions given

by Flügge (1973), because the inertia terms have been included here.

The constants a,, and Bn (n : 1,....oo) can now be found from any two of equa-

tions (F.13), (F.14) and (F.15). Using the definition of An: d,Cn and Bn: /nCn

(n:1,....oo), the complex numbers a,, and Bn can be determined by assuming Cn: L

(n : 1,....oo) in equations (F.13), (F.14) and (F.15).

On each side of an applied force at t : ro, each eigenfunction ís a difFerent linear

combination of the terms ek"n?. For r 1rs,

un(r): i d"nAl"nek'n";, (F.16)
s=1

un(r): Ë B,nA1,nek"^T (F.17)
s=1

and
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(F.18)

(F.1e)

(F.20)

wn(r): D A1"nek'nI
8

s=l

For r ) ro,
4

uz^(r): t e",-A2rrek'nI ,

ur^("): t B"nA2"nek'ni

s=l
4

s=1

uz^(r): t A2"nek'^i
4

and

s=1
(F 21)
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Note that in equations (F.19), (F.20) and (F.21), A2snto.u12s,, have been omitted because,

for a semi-infinite cylinder, there is no boundary to produce reflected waves with a negative

horizontal velocity component.

F.2 Determining the flexural wavelength

The flexural wavelength can be obtained from the homogeneous form of equation (F 3)

The flexural wavelength can be obtained by dividing both sides of the homogeneous form

of equation (F.3) by f , and using the definitions of f and 72 (see list of symbols) to obtain

'¿trr' * u' * ù + l+,.¿'" -'I'¿
,t 3-u

U
2

*-I * 2-"" I ut"" l2w" -l .) - -*-- : 0. (F.22)
12P(l- v2)¡+

Following a similar procedure to that used for the calculation of the flexural wavelength in

a flat plate, the coefficient of the last term in equation (F.22) may be expressed as

u4
u2 Eh2

12p(l-v2)r4

:kî (F.23)

(F.24)

(F.25)

Equation (F.23) can also be written as

k

and

a 2tr
trJ^r

I
4

cJ: u2 Eh2

12p(I - uz)r4

which is the expression for the frequency dependent flexural wave speed in the cylinder.

Note that the flexural wave speed is the ratio of the flexural wave speed in a flat plate of

thickness equal to that of the cylinder, to the radius of the cylinder.

F.3 Simply supported end conditions

The four boundary conditions corresponding to a simple support are u:0, u:0, u:0
and M,: 0 (Leissa, 1973), where A,[, was given by Flügge (1973):

r[, - 'ír-" I ur; -,,' - uu) (F.26)
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ln terms of the displacement unknowns, these boundary conditions for a simply sup-

ported end at r :0 are 
8

! o"rrA1"r, : 0, (F.27)
s=l

8

I 0"nAt,n : o, (F.28)
s=l

8

D Ár",, : o (F.29)

(F.30)

(F.31)

(F.32)

(F.33)

(F 34)

(F.35)

and

s=1

u7n: u2n¡

tturn: uzn,

u1n: 'u2n,

ul

D&?" - un2 - d"nlc,n - vnp"n)Al"", : 0

8

s=l

F.4 Equilibrium conditions at the point of an ap-

plied force

Requiring that the displacement and its gradient in each direction be continuous at any

point in the cylinder wall, the first six equilibrium conditions at t : ro which must be

satisfied are

n u2n

'lD1.n: U2n

and

w'tn: u'z^. (F.36)

The form of the excitation F will af[ect the higher order equilibrium conditions at r: ro.

The displacement response of the cylinder to an array of rn equally spaced radial point

forces around a circumference of the cylinder at positions ((16, ó¿),i:1,....n2) is consid-

ered. The radial force.Ç in equation (F.3) is assumed to be driven in-phase and with the

same complex amplitude Fo so that

F, : Foiuø - ro)6(ó - ó;)"j-'. (F.37)
i=1
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Replacing u, u and u.r by equations (F.4) to (F.6), dividing by et', multiplying by cosnþ

and taking integral from -zr to ø with respect to /, equation (F.3) can be written as

uu'n(r) ! nu^(r) + u;,(r) * eî-+n2u'n(x) - u'l'þ) -+*ui@)+
-:v @) - 2mzw'l(r) + m4u^(r) - 2m2ut"(") * -"(r)l - I

12Fo6(r - ,o)
ó;. (F.38)

rph

Then taking integral from z¡ - ó to ro{ 6 with respect to x in this equation, using the

conditions

T

l,',"luu

l,'""luu

l,","luu

w^(r)dr --+ 0,

w',(r)dr --.0

(F.3e)

(F.40)

(F.41)

(F.44)

(similarly for u^(r), ,n(*), 
"'^(") 

and ui(z)) and

u'l(r)dr -- 0

as ó ---+ 0, we obtain

- I'""luu 
u'l'(r)dr * 

l,'"'luu -I.v('¡d'': å.", f, I,'""luu 
6(, - rs)d,r (F.42)

or

u'i.(ro) - ui^@o) + wi,@s) - -i^@o) : !,1'ri.o. ¿,. (F.43)
rPh€ 7l

Finally, taking integral from rs - á to ro l6 with respect to r in equation (F.43), we get

Fo12

r ph€

-'ti..@o): -I*þo)

F.5 Determination of the eigenvector

For a semi-infinite cylinder with the end at r:0 modeled as a simply supported, equa-

tions (F.27) to (F.36), (F.44) and (F.a3) can be written as a 12 x 12 matrix equation. We

use the definition o{ M¿ - k?, - un2 - d;nkin - un\¡n (i : 1,....8) in equation (F.30).

ln terms of displacement unknowns, the coefficients in equation (F.43) can be written as

F; : a;nklnek'n'o - klnek'"o (i : 1,....8) and
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lt,: fr?,_rlnek{,-")n'o - a1;-e'¡nk?;_r¡,,"Åt,-r¡""o (i - 9,....12). The 12x12 matrix equation

can be written as

Qln

0'n

1

Mr

drnek'n'o

d.1nk1nek\n'o

Blnsk'"'o

þrnlrrn"nt^"o

ek'n'o

Itln¿krnro

lclnek,"'o

Ft

(lzn

t)
P2n

1

M2

d2n¿kzn'o

d.2nlc2nekzn'o

B2n¿k'n'o

þrnlrrn"k'n'o

ek'n'o

k2n¿k'n'o

klnek'"'o

Fz

d3n

0tn

1

M3

d3nektn'o

o.3nlcanek3n'o

Bgngktn"o

p"nlrrn"nt^"o

ek'n'o

lcgngksn'o

klnekt"'o

Fs

Q4n

0nn

1

M4

eAnekon'o

e.4nlc4-,'ek4'"o

B4n¿knn'o

þnnlrnn"knn'o

ehnn'o

le4n¿ktn'o

kznnekn^"0

Fa

Qsn

0tn

1

M5

a5neksn'o

e.g,,lcg,'eksn"o

Bgn¿ku"'o

0unlrrn"ku^'o

ekun"'

kgn¿kun"o

lclneku"'o

Fs

Q6n

0un

1

M6

d6nekønro

d.6nk6nek6n'o

B6n¿kun'o

þankenek^"0

eku"o

It6n¿kun'o

kån"ku"o

F'6

dzn

0'n

1

M7

d7n¿ktnzo

e.7nk7nek|n'o

þrn"k'-'o

þrnlrrn"k'n'o

ekrn'o

lcTngk'n'o

klnek'"'o

F7

dBn

0en

1

M8

dgnek"n'o

e.¡,"kgneksn'o

þ"n"kt"'o

0"nlrrn"k"nto

ek"n'o

Icg', .¿ktn"o

kïn"rt"'o

'F',

0

0

0

0

-d1n¿ktntto
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0

0
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0

0

0

- e3n¿kzn'o
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0

0

0

0
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(F.45)

#tZrcos g;

which can be written as [a][X] : lF]. For each value of n, the solution [X] of the 12 x 12

system of equations is an eigenvector which describes three wave type modal shapes and

a m plitudes.

The cylinder displacement at any location (",ó) due to a line of in-phase radial point

forces is

u: Fsus-¡, (F.46)

u : Fouo-J (F.47)

and

w: Fouo-J' (F'48)

where uo-J, uo-J and trre-¡ are the displacements to unit radial force excitation which are

obtained by solving equation (F.45) and substituting the results for A1"n (s:1,....8) and

Ar"n (":1,2,3,4) into equations (F.16) to (F.21) and (F.a) to (F.6). Similarly, the

displacement responses due to unit axial force excitation or tangential force excitation can

be obtained by using equation (F.1) or (F.2) correspondently.



Appendix G

Modal decomposition method in a
semi-infinite cylinder

For a cylinder, the flexural displacement tr to a fixed frequency in equation (F.6) at a

point (r, /) is given by 
æ

.(",ö): D A"(*)cosn$. (G.1)
n=L

For a single frequency producing a low modal density, summation over a finite number of

modes will achieve a reasonably accurate result,

N
.(*,ó): I A"(t)cosnþ. (c 2)

ln practice, the (complex) cylinder displacement can be measured at a discrete number of

randomly selected points .À/. These values are then used in equation (G.2) toiorr . set of

simultaneous equations, which can be represented as an ly' x ly' matrix equation as follows

cos 1/1

cos 1/2

n=l

cos2$1

cos2þ2

cos l//1
cos lV/2

,IT1

U2

'txN

A1

A2
(G.3)

cos 1/¡¿ cos2$¡¡ cos lú/¡¿ A¡,t

As shown in Appendix D, the modal amplitude vector on the right hand side of equa-

tion (G.3) can be determined.

1S0



Appendix II

Measurement of vibratory intensity

in simple structures

H.1 Measurement of vibratory intensity in an infi-

nite beam

Considering only flexural vibration, which is the dominant wave vibration in the beam

configurations investigated in this thesis, the intensity consists of two components. The

first is associated with the product of the internal shear force and transverse velocity, and

the second is associated with the product of the bending moment about the neutral axis

and rotational velocity. By adopting the approach of Fahy (1989), the intensjty of flexural

wave is

ro: -.Io"w-T + nr.ff) (H 1)

where Ç and M arecalculated frot iu.tion (2.11).

The method of determining the intensity in a beam given by Pavic (1976) requires the

use of four accelerometers (two for sinusoidal waves). Also, Fuller et al. (1990) used two

laser vibrometers to measure the intensity in a mass loaded beam. However, for simple

harmonic excitation and for an error sensor ìn a source far field, equation (H.1) can be

simplified to

Io : Elooklulttl2. (H 2)

Equation (H 2) shows that the intensity is proportional to the displacement magnitude
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squared. This demonstrates that one can use one accelerometer to measure the displace-

ment and use the displacement to determine the intensity in the beam.

H.2 Measurement of vibratory intensity in a semi-

infinite plate

For flexural waves which are the dominant wave vibration in the semi-infinite plate consid-

ered in thís thesis, the intensity in the axial direction is the quantity which is integrated

across the plate to obtain power transmission (equation (4.10)) and is given by

r,o : -'rn"{lir-tr,y)). e,@,ù -þrry*Ð]. ,,rr,rr-

þ"**Ð]. ,",o,rr\, (H 3)

where Q,, M, and M,o defined by equations (a.11)-(a.13). Similarly the intensity in the

y-direction can be determined by interchanging the x for y derivatives and subscripts in

equations (H.3) and (4.11)-(4.13). The total power transmission through a section at

constant x can be obtained by integrating both sides of equation (H.3) over the width of

the plate.

An exact means of determining the intensity in the x direction in a plate requires the

use of eight accelerometers (for both the near and far fields of a source) to evaluate the

derivatives in equation (H.3) and has been described by Pavic (19i6). Further, Hirata et

al. (1990) developed Pavic's method to use four accelerometers to measure plate intensity

in the far field. However, it will be shown that at low frequencies in the far field of any

source, it is possible to obtain reasonably accurate results using just two accelerometers.

Beginning with equation (H.3) and substituting equations (4.11) to (a.13) into it, we

obtain for harmonic excitation

I,o
t,DnI*{-." (^r#. 0ut

a,k? -0-r) 0w* ô2w__t
0y õr7y'

Y þt. +,k'".)\ (Ir 4)

where À:, is the x component of the plate wave number and k, is the y component of the

plate wave number. The following general solution for waves propagating in the plate in
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the far field of any source has been assumed

- : X(r)Y(ù : (Ar"-i*"' * Azeik""¡(Bre-i*ou I Bzeikvv¡. (H.5)

lf it is assumed that ,t, and lcu are small, equation (H.4) can be further simplified to

I,o: wD¡k2,Im{,H} (H 6)

A similar expression can be written for the intensity in the y-direction by substituting y for

x everywhere in equation (H.6).

lf we make the low frequency approximation that

(H 7)kix rcl*,(#)'
where m is the mass per unit area of the plate, and use two closely spaced accelerometers

to measure accelerations at 11 and 12, the terms in brackets ín equation (H 6) can be

approxinrated as

I .A'.þr,Ð _, ô2w(xz,y),
ra x - 2rzl at, + 6rz ), (H'8)

0tu*

ôr
1 02w(r1,y) ô2w(r2,y)

a2L AP

d'lu ri
at

02w(q,y) ô2w(r2,y)

AP

where A is the distance between the two closely spaced accelerometers

can then be written as

(H.e)

Equation (H.6)

I,o
AP AP

:e#Ë"#")tgt#*)lsin(d1 -oz) (H10)

where (0, - 02) is the phase by which the signal from accelerometer 1 leads that from

acceleromerer 2, and intensity transmission is positive from accelerometer 1 to 2.

Equation (H.10) can also be used to determine the intensity vector in the y-direction

by replacin E w(rt, y) and .(*r,y) with -(r,yr) and u;(z, gz) respectively.

The total power transmission in the x-direction along the plate is then obtained by

averaging the intensity (which is actually power per unit plate width) measured by each

accelerometer pair and multiplying the result by the plate width. Thus,

L, (H.1 1)

ç-N 132u(r,,y\ 11

¿,ì=7,3,5 I At2 tl

rV

I sin(á; - 0;+t)
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where N is the number of measurement points. Numerically, it can be shown that equa-

tions (H.3) (bV integrating it along the plate width) and (H.11) give very similar results for

the semi-infinite plate considered here. These are listed in Table H.1 for one primary source,

three independent control sources, nine measurement points and an excitation frequency

of 257 Hz (theoretical cut-on frequency for the third mode). The locations of the primary

source, control sources, error sensors and measurement points are as shown in Figure 5.4.

Thus the two accelerometer method for plate intensity measurement can be considered

valid for the cases considered here.

Table H.1: Estimated and theoretical power transmissions

H.3 Measurement of vibratory intensity ln- a seml-

infinite cylinder

Measurement of intensity in a cylinder is more complex than measurement of intensity in a

beam and a plate, intensity in a cylinder is a result of three types of wave motion and, is

expressed as (Fuller, 1981)

Io : IÍ I I.l It (H.12)

where the subscript refers to the shell motion: i.e. either flexure, extension or torsion

respectively. For each wave type, the individual wave intensity was defined as (Fuller,

Estimation

equation (H.11)

Theory

equation (H.3)

Uncontrolled power transmission (W) 0.668-3 0.618-3

Controlled power transmission (W) 0.108-9 0.998-10

Power reduction ratio 6t09472 6 1 19250

Power reduction (dB) 67.86 67.86
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(H.13)

(H.17)

(H.14)

and

r,:|n"¡x,rffl (H.15)

where M" was de{ined in equation (F.26), Q,, N" and ,À/,6 were defined in equations (7.17)

to (7.19) respectively. Then the total power transmission can be obtained by integrating

the total intensity (equation (H.12)) around the circumference of the cylinder with respect

to ó.

There is little discussion in other research about measuring the intensity in a cylinder,

because it is too difficult to measure the derivatives which are included in the force terms

(Q", N" and N"¿). However, it w¡ll be shown how it is possible to simplify equation (H.12)

to a form which can be measured in practice.

For wide range of semi-infinite cylinders, the extensional wave intensity gives a good

approximation of the total intensity as shown in Section 7.3.2 lor the test low frequency

range. ln this case, one can use the extensional wave intensity instead of the total intensity.

lntroducing equation (7.L7) into (H.14), equation (H.14) can be written as

y" : l*"¡D.*ry + 
D"'yay' + D!" .ay" -'!2'Y Ut.- 2'orot ròoôt'r*ot ror2ôtJ' (H'16)

Using numerical simulation it was found that the third term in equation (H.16) dominates

and by itself gives a close approximation of the extensional wave intensity. By omitting the

remaining three terms, equation (H.16) can be written as

r, --|n"¡M,# +a,Tl
*,Tt

+=Dln"r.T)

I-:l"2 Re

For measurements made with two accelerometers, equation (H.17) can also be written as

r. - -o-{!!,-wu*l - -r#l#ltffiv;,re_ - 0.) (H.18)

where (0- - 0") is the phase by which the signal from one accelerometer leads that from

the other accelerometer. Therefore one of the accelerometers can be used to measure

flexural acceleration $; and the phase 0- by locating the accelerometer perpendicular to
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the cylinder. Also one can use the other accelerometer to measure extensional acceleration

þ and phase 0, by locating the accelerometer in the x-direction along the cylinder.

Then the total extensionalwave power transmission in the x-direction along the cylinder

is obtained by averaging the intensity (which is just power per unit length of circumference)

measured by each of the accelerometer pairs and multiplying the result by the length of

the circumference of the cylinder. Thus an estimation of the extensional wave power

transmission is

p.- -'-#ä,#ll#lsin(0-;- 0,;)lN (H.le)

where l/ is the number of measurement points (i.e. the number of accelerometer pairs).

Table H.2 lists the reduction of power transmission calculated from equation (H.19)

(estimation) and from equation (H.12)(Fuller's theory) (by integrating it around the cir-

cumference of the cylinder), for three primary sources, three independent control sources,

thirty-nine measurement points and excitation frequency of 510 Hz. The locations of the

primary sources, control sources, error sensors and measurement points are the same as in

Table 7.1.

Table H.2: Estimated and theoretical power transmission for the semi-inflnite cylinder

Pun

(w)

P"o

(w)

P.T.reduction

(dB)

Estimation

equation (H.19)

0.26Ð-7 0.268-10 30

Fuller's theory

equation (H.12)

0.198-7 0.20E- 10 30

Table H.2 demonstrates that the reduction of power transmission from estimating in-

tensity using equation (H.19) and Fuller's theory are very similar. The results are similarfor

a range of excitation frequencies and a range of cylinder radii. ln Table H.3, the reduction

of estimated and theoretical power transmission is shown as a function of the excitation

frequency. The results show that the estimation is the same as theory for each excita-

tion frequency considered, except for the highest frequency of 610 Hz, where the power
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transmission reduction from the estimation is l dB less than that from theory. Hence

equation (H.19) can be considered to be a numerical study of the experimental method for

measuring the total power transmission. Numerical simulation has shown that the expres-

sion for estimated power transmission (equation (H.19)) can be used for both near field

and far field conditions. Therefore, the two accelerometer method for cylindrical intensity

measurement can be considered valid for cases (the test low frequencies) considered here.

Table H.3: Effect of excitation frequency on the estimated and theo¡etical power trans-

mtsslon

Thickness

h (-)
Radius

. (m)

Frequency

f (Hz)

Estimation

P.T.red.(dB)

Theory

P.T.red.(dB)

0.003 0.5 110 23 23

0.003 0,5 210 27 27

0.003 0.5 263 28 28

0.003 0.5 310 29 29

0.003 0.5 410 31 31

0.003 0.5 510 32 32

0.003 0.5 610 34 33
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