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Abstract

LeI U and. -Fl be real separable Hilbert spaces. This thesis is devoted to the con-

struction of ff-valued stochastic distributions and to stochastic evolution equations

with additive noise

dx (t) : AX (t)d,t + Bdw (t) , t e [0, 7] ,

x(0) : €€D(A), (1)

where A is a linear operator on Ë/, B is a continuous linear map from U to H and i/(')
is a U-vaiued Wiener process. The thesis consists of five parts. In Chapter 1 spaces

of I/-valued stochastic test functions S(H), and ,I/-valued stochastic distributions

S(H)-o,p € [0,1], are constructed. Results regarding the strong topology of S(H)-r,

together with continuity, differentiation and integration in S(tI)-o with respect to

the strong topology on S(I/)-, are studied'

In Chapter 2 the Hermite transform of elements of ^S(If)-1 is defined, which maps

elements of S(,H)-1 to power series defined on particular subsets of CN with values in

Hc (Hc. being the complexification of H). Results regarding the strong convergence

of sequences in S(.F/)-1 and their Hermite transform are studied, which leads to

results relating the continuity, differentiability or integrabilty of S(H)-t processes

and their Hermite transform in the last part of the chapter.

In Chapter B a sequence of independent Brownian motions {8.(')}Ët is constructed

so that the U-valued Wiener process

w(t):iøutùro,
z=1

belongs to ,S(U)-s, where {/,}8, is an orthonormal basis for U. This is used to define

a generalised stochastic convolution for strongly continuous families of continuous

linear maps from U lo H '

In Chapter 4 equation (1) is shown to have a unique solution in ^9(tl)-1, when A

is the generator of a C6-semigroup. The result is illustrated with the stochastic Heat

and Wave equations.
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In Chapter 5 equation (1) is shown to have a unique solution in ^9(fI)-1, when

A is the generator of a non degenerate, l-times integrated, exponentially bounded

semigroup. The result is iliustrated with the stochastic Wave equation.
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Introduction

Many models in physics, biology, finance, etc, involve stochastic differential equa-

tions. Some stochastic evolution equations can be written in the following form

dx(t):Ax(t)d't+BdW(t), te [0,7] ,

X(0) :(eD(A)a.e, (2)

where B is a continuous linear map from a Hilbert space [/ to another Hilbert space

H, A is the generator of some semigroup on fI and Iz7(') is a U-valued Wiener

process. one example of this is the stochastic Heat equation

dix(t,r) -- L,X(t,lat * dW(t,r), ¿ € [0,T1,' e O,

X(t,r) :g' ¿e [0'T]'' Ç AO'

X(0'ø) :g' reO' (3)

where dW (t, r), t e [0, ?], r e O is temporal and spatial white noise and

O: {, € IRN : 0 < :t¡, 1a¡ , k:1,'.., ¡\¡} .

Another is the stochastic Wave equation

dYiQ,a:#r(t,r)d,t-td'w(t,n), t>0 , r€f¿: (0,1) ,

Y(¿,0) :Y(t,1) :0' te[0'?] 
'

Y(o,r):Yo@),Yl(0,r):\(r), r€f). (4)

The semigroup approach to stochastic evolution equations has been developed by

many authors. see [2], [3], [17] and references therein. It is shown in [2] that if A
generates a Cs-semigroup {S(ú), , > 0} and the operator

is trace class, then the Process

t;

Srx: S(¿).9-(t)rdt, reH, (5)

.9(¿ - s)BdW(s) ,

VIIl

X(t) :.9(t){ +



is the unique weak L2(.I1) solution to (2). For the stochastic Heat equation, if N ) 1,

then 57 is not trace class. If the stochastic Wave equation is considered in the space

L"(O) x 12(f)), then the operator .4 generates a l-times integrated semigroup and

not a Cs-semigrouP.

One of the alternative approaches to treating stochastic differential equations was

developed in the framework of the white noise analysis. White noise analysis for R
valued processes and stochastic differential equations has been developed extensively

in the past three decades, see for example [8], [10], [tt] and references therein. The

approach of [10] has been to construct spaces of R-valued stochastic distributions

(S)-r, p e 10,1], in which a stochastic differential equation becomes a determinis-

tic differential or integral equation, which is then solved using standard results for

deterministic differential or integral equations.

While some steps were made in [15] to consider spaces of stochastic distributions

with values in particular Sobolev spaces, no one has constructed spaces of stochastic

d.istributions with values in arbitrary Hilbert spaces. This motivates this thesis,

that is developing a particular white noise framework within which one can consider

stochastic evolution equations as deterministic differential or integral equations that

can be solved using the semigroup theory'

We generalise the approach of [f0] by constructing spaces of Hilbert space valued

stochastic distributions .S(/l)-r, p € [0,1], in which we wish to consider stochastic

evolution equations. The first three chapters deal with the construction and proper-

ties of these spaces and particular.S(fI)-6 and S(H)-t processes' In Chapter 4 we

solve equation (2) in S(fI)-1, for the case when .4 generates a Cs-semigroup, without

,Sa being necessarily trace class. In Chapter 5 we solve equation (2) in S(I/)-1 when

A generates a non degenerate, n-times integrated, exponentially bounded semigroup,

n ) L. We illustrate our results with the stochastic Heat and Wave equations.

Chapter 1 deals with the construction and properties of the spaces of -tf-valued

stochastic distributions S(fi)-r, p € [0,1]. The main motivation of the chapter is to

set up the spaces S(H)-, in which -Il-valued stochastic differential equations can be

considered as deterministic differential or integral equations.

We start by considering the classical Wiener-Itô expansion of elements in L2(p) i"
terms of Hermite polynomials (see, for example [t0]). The expansion works as follows:

if/€ L'(p),then
f :>rCoHo , co e iR 

'
ae.J

where .Z : (ñ)N, the space of finite sequences whose values belong to No : NU {0},
and

(Ho, Hp) ar¡r) : 6..,Pat : õ..,Pdtlaz! ' ' '

We then show that {I{oe.;}rex,o€t is an orthogonal basis fot L2(H), that is if / e

lx



L,(H), then
co

f :r,Y c¿,oHoe¿ , c¿,a € lR ,

qQf, i=I

where
(Hoe¡, H pe¡) 7zg1 : 6o,86¿,¡at .

We use {Iloe¿}¿ex, .,e. to construct the spaces of I/-valued test functions S(H)0,

p € [0,1], being all /: ÐoqcoHo, ca€. H, belonging fo L2(H) such that for all

keN
llÍll?,r,: Ilat)'*'llroll'"(2N)*" < oo .

aeJ

We also construct spaces of .É/-valued stochastic distributions ,S(I1)-p, P e [0,1],

being all formal sums / :DoeJcogo, co e H, such that for some q € NI

llf ll'-0,-n:: t (al)1-nllc"ll'"(2N)-n" < oo .

a€J

These spaces have the ProPertY

s(H), c s(H)p c s(,r/)o c L2(H) c S(n)-0 c s(H)-p c ^9(fr)-1 . (6)

Before defining and proving results for continuity, differentiation and integration in

S(H)-,, results on the topology of .9(ÉI), and S(f/)-p are proved. To do this, the

intermediary spaces S(H)p,r,, /c e N and ^9(If)- p,-qt Q € N are introduced, having

the properties

S(H)o: t'î.-tS(H)p,n , S(H)-r: uË1'S(H)-0,-n' (7)

By showing that S(H)p,t, is a Hilbert space with the dual ^9(/1)-p,-t¡, we show that

S(H)o is a countably Hilbert space with the dual ^S(.F/)-r. We then prove that a

sequence {F,}."=rconverges strongly to F in S(H)-oif and only if there exists a q € N

such that Fn1,-*F in S(I/) -p,-q. This result leads to the defining of continuity,

differentiation and integration in S(//)-o with respect to strong convergence, so that

with continuity, differentiation and integration, one need not deal directly with the

(strong) topology of S(/{)-r, but only with one space S(H)-r,-0, for some q € N'

Chapter 2 deals with the Hermite transform 11: S(H)-r -â flc. The main motiva-

tion of the chapter is to provide a ivay of transforming differential or integral equa,-

tions in S(H)-, into differential or integral equations in f/ç. The Hermite transform

also provides a convenient way of showing that an S(I/)-t process is continuous,

differentiable or integrable.

We start by considering power series with values in f/ç, defined on the sets

Kn ': {z e CN ; lz¡l < Qi)-n, i € Ni ,

where .q 2I. Two important results proved regarding power series needed latter on

in the chapter for the Hermite transform are the following:

X



1. Consider X(z):Ks -+ Hc, Q > 1, given by

X(z) : D"or" , ce Ç Hc ,

deJ

bounded by some M < æ. Then for all z €K2n

! ll'"ll'" l'"1 < M A(q) 
'

a€J

where A(q) :: t"€Jr(2N)-Ço converges if and only if q > 1'

2. Consider Xn(z),X(z) : Kn -+ Hc, Q > 1, given by

X,(r): t ,9) r' , X(r): t cozo , "9),"o 
e Hc. ,

a€J a€J

such that x,(.) ---),,_+*x(.) pointwise boundedly for z € [ç. Then

X"(') --1,,-+oo X(') uniformly on þn'

After the results relating to power series defined on & are proved, the Hermite

transform ?t : S(H)-r ì f/c of. F : Ð.,et coHo e S(H)-t, is then defined to be

the power series

tlF(z) ': I cozo ,

aÇJ

for z e CN such that the series converges in flç. Using the two results above, we

prove the following results:

1. If F e ^g(,t/)-r, then there exists aq€ N\{1} such that 17F(z) exists for all

z€Knand
lïrQ)ll"o < llFll-',-n'aQ)'/' '

2. Consider X(z): Ks -+ Hc., Q € N \ {1}, given bv

X(z):L"o"", caÇH,
a€l

bounded by some M < æ- Then

F: I coHo ,

oeJ

belongs to ^S(I/)-1,-4q ând

llFll-,,-nn 3 MA(q) .

3. A sequence {F,}p, converges strongly to F in ^9(//)-1 if and only if there

exists a q € N \ {1} such that ?lF^(z),?tF(z) exist for all z € ]tq and

?lF"() ---â,,-+oo 11F(') pointwise boundedly it &'

(8)
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The last part of the chapter uses these three results to prove results regarding conti-

nuity, differentiation and integration of a S(//)-1 proc€ss and it's Hermite transform.

For instance, for a .9(1/)-1 process F(t) : [a, b] -+ S(H)-r, the following statements

are equivalent:

i tr'(.) is a continuous S(.É/)-1 procêss on [ø, b] .

2. There exists a q € N\ {1} such tha

(a) 11F(t,z) exists for all (t,z) e [ø'b] x nÇ'

(b) 17F(.,a) is continuous with respect to Í on [o, b] for all z € I[Ç and bounded

by some M 1æ, for (t, z) e la,b] t nÇ.

Chapter B defines generalised stochastic convolution in S(I/)-¡ for strongly contin-

uous families of continuous linear maps from [/ to H '

We start by defining a sequence of independent Brownian motions {P,(')iËr, so that

the U-valued Wiener Process

oo

w(t):l0nlt)Í0,

belongs to S(U)-6 for all ¿ > 0 ({/,}P, is an orthonormal basis for [/). We also

define W(.), which we call a U-valued singular white noise process. We show that

W(.) is the continuous derivative of W(.) in S(U)-o. We also show that \M(') is

differentiable up to any order in S(I/)-0.

Before developing generalised stochastic convolution, the Pettis integral for S(H)-s

processes is defined. A S(¡/)-0 process F(ú) : lR -+ S(H)-o is said to be Pettis

integrabte if (¡'(.), /) belongs to ¿1(R) for all / e S(H)0. The Pettis integral of F(')

is defined to be the unique element, denoted JoF(t)dt belonging to 5(I/)-6 such

that

t I prÐ¿t, r) : [ <r(t1, ildt ,'"/m JR

forall/eS(I1)0.

We define the extension of a linear map from U Io H to a linear map from S(t/)-, to

S(H)-o,for p e [0,1]. This allows us to defi.ne generalised stochastic convolution for

a strongly continuous family of continuous linear maps from [/ t'o H, {'S(ú), ú > 0},

as the Pettis integral

i=l

1,,
S(s)ôI4z(s) :: ,S(s)W(s)ds, ú€[0,?] ,

assuming that .9(')W(') is Pettis integrable on [0,?]'

XII
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For the case (J: Il (the case for when U + H is the same proof), we prove that if
the oPerator 

s7 :: /t rir¡r. (s)r d,s , r € H ,

Jo

is trace class, then for t e [0,?], we have that []Sçs\dW(s) betongslo L2(I1) and

agrees with the notion of stochastic convolution found in [2], that is

[' ,(r)ur(r): [' s(s)d,w(s) : i [' sçr1"oa¡t(s) ,

Jo 
_. / \ Jo \, ?rJo

where {e¡.}Ê, is an orthonormal basis for H, I: Sþ)d,W(s) is the Wiener integral of

{S(¿), t t ó1 *ith respect to the I1-valued Wiener process I4z(') and ft Sþ)e¡ap¡þ)

is the Itô integral of {S(t)et, t} 0} with respect to þr(')'

The final part of the chapter defines generalised n¿å stochastic convolution for a

strongly continuous family of continuous linear maps from U to H, {V(t), ¿ > 0},

as the Pettis integral

[' ,çr¡u*(')1s) :: /'v1r¡vr') þ)d't , t €[0, ?] ,

Jo Jo

assuming that I/(')Mñ")(') is Pettis integrable on [0,7].

In Chapter 4 we consider the differential equation in S(H)-t

qp : AX(t)+ Bw(r) , t Ç lo, ?l ,
dt

X(0) : € €D(A)-r ,' (10)

where A generates aCs-semigroup {S(ú), ú> 0} onH and B is acontinuouslinear

map from tJ Io H. We give the definition of a solution to (10) in S(fl)-1 and for

the case [-l: H, show that it has the unique solution in.9(fI)-1

I,'X(t) :: S(t){ + s(¿ - s)Bõw(s)

We also show this is the unique solution to the problem

¡t
x(t) : x(0) + | I'xçs¡as + BW(t) ,, t e [0, ?] ,

Jo

X(0) :€eD(A)4.

In the last part of the chapter we illustrate our results with the stochastic Heat and

Wave equations.

In Chapter 5 we consider two problems. The first is

I,'x(t): x(0) +,4 X(s)ds + BW(t), t€[0,?],

x(0) :QeD(A)-',,

XIII
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where A is a closed, densely defined operator on H, generating a non degenerate,

l-times integrated, exponentially bounded semigroup {V(Ú), ¿ > 0} and B is a

continuous linear map from U to H. We give the definition of a solution to (i1) in

S(H)-, and for the case II: H,show that it has the unique solution in S(.Fl)-1

x(t) :: #rn , * Io' 
,n - s)Bdw{L)(s) + v(¿)Bw(o) . (12)

We illustrate our results with the Wave equation.

The second problem we consider is

tn ft --.x(t) : A.*fol * o 
J, 

x(s)ds +

x(0) :{e^9(I/)-',
l,' ";:'" 

Bõw(s) , t e [0,7] ,

(13)

where A is a closed, densely defined operator on H, generating a non degenerate,

r¿-times integrated, exponentially bounded semigroup {v(Ú), Ú > 0} and B is a

continuous linear map from U to H. We give the defrnition of a solution to (13) in

S(/f)-, and for the case (J : H, show that it has the unique solution in S(f/)-r

x(t)::v(t)€+ ['vçt-s)Bõw(s), tell,T). (14)
Jo
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Chapter 1

spaces of H-valued Stochastic Test

Functions and Distributions

1.1 Preliminaries

The probability space used in this thesis is (^9',(Rd),6(S',(lRd)),p), where s'(]Rd) is

the space of tempered distributions and S(S'(Rd)) is the ø-algebra generated by the

opens sets generated by the weak star topology on.9'(R')' The measure ¡'r is the

unique probability measure on (S'(Rd), 6(S'(lRd))) satisfying

t "i@,Ó)¿rçr): "-t¡z¡lll¿zlea¡ 
, (1.1)

J s,(Rd)

where d e s(Rd) and (ø, {) denotes the action of a € s'(R') on / e .g(Ro)' The

proof of the existence and uniqueness of pcàî be found in [tS]. By L'(tt) we denote

the space ¿2(S'(lRd), B(S'(lRd)), p;lR).

We let 11 be a real separable Hilbert space with the orthonormal basis {e¿}n-T-t. We

denote the space ¿2(S'(Rd),6(5'(Rd)) , tt; H) bv L2(H).

L.2 Orthogonal Basis for Lz(¡-t)

We use the classical Wiener-Itô chaos expansion of elements of L2(p,) in terms of

Hermite polynomials and functions (see, for example, [10]). The Hermite polynomials

are defined as

h,(r): (-1)'e1 nu 
ffik-.pæ2¡ , n:0,7,2,... (1'2)

The Hermite functions are defined as

€n(t) : n-t/n((n - 7)D-112e-t/2t2 h*-r(r) ) n -- !,2, "' (1'3)

1



The Hermite functions form an orthonormal basis for L2(R). This gives rise to the

following orthonormal basis for L2(Rd), the family of tensor products

\¡ i: €d\i) 8'''I €¿,ur ' 'i: I'2' "' ' (1 4)

where ðÍ'),.. .,¿f) ,N are chosen such that if i < i
ôÍ') + dP + . +ô5n) < dÍi) +6!l)+ ..+ô5i) .

The classical Wiener-Itô chaos expansion of element s of L2 (¡t) is the expansion of

elements \n L2(¡.t) with respect to the foilowing orthogonal basis {H.}.o for L2(¡'t'),

defined by

H.(a),:ÌÏh*u((r,no)), øe ^9'(1Rd) , (1.5)

i=l

where ¡r : (NN)" is the space of sequences a : (or,o",...), ot, d'2t"'€ Ns' such

that there are only frnitely many a¿ * 0. The norm in L2(¡t) of these {I/"}"ey is

llHÀl'",rr¡: dl :: ala2t" ' ' (1'6)

t.z.L Some Notation

We introduce the notation

index a :: sup{k I ,r l0} ,

1,, :: {a e,7 I on < n, Vd( n and di : 0, Yi > n}'

Take / e L'(tò.As {/{"}"ey is an orthogonal basis fot L2(p'), / has the following

expansions \n L2(¡L')

"f 
: .lim

k--+ôo
t coHo: Iim I to," ,

r7--+æ H
index o<¡ o€f.

where
co : (at)-t (Í, H.') 

",tu) 
.

We denote lim¡-a- Ðind.* o<i, âtrd lim,r-- Daer, bI D*er unless the application

needs a specific choice.

1.3 Orthogonal Basis for L2 (H)

In this section we use the functions {H*}.e7 to construct an orthogonal basis for

Lr(H). With this basis we construct the spaces of I/-valued stochastic test functions

and distributions.

The following lemma is needed

2



Lemma L.L For a rand,om uariable r@),.9',(R') à H, belonging to L2(H), there

exi,sts rand,om uari,ables a¿(a) : s'(R') -+ IR, 'i € N belongi,ng to L'(p), such that the

series oo

f :l oo"o , (1'7)
^_1

conuerges ln L2(H).

Proof: Defrne a¿(u) : S'(R') -+ R' almost everywhere to be

a¿(a):: (/(") ,e¿)n .

we firstly show that a¿ is measurable. Now /(ø) : s'(Rd) -+ H is measurable and

(.,"n)r: H -+ R. is continuous. Hence ø¿ is measurable. Note that by continuity of

scalar multiplicalion, a¿e¿ is then measurable'

We secondly show that ø¿ belongs to L2(¡r)' Now

fncof

I ou@),dp(r) s / t a¡(a)2d¡.t(u): l_ _, ll/(")ll'rdp(r) < oo .

/5,1pa¡ Js'(Ro)ã - 75t1Pa)

Note that a¿e¡ then belongs ro L2(H).

we lastly show that the series in equation (1.7) converges in L2(H)- Using the

Dominated Convergence Theorem

oo

j=l j=l (Rd)Dot(a)2a¡t@): t a¡(u)2d,p,(u)
oo

V (u ) 'rdp@) : 
/,,o,(Rd)

i,=1

Hence for any € ) 0, there exists an lú € N such that for all r¿ ) l/

This expansion helps give rise to an orthogonal basis lor L2(H).

Ð
t)



Propositon 1.1 The family of functi,ons {Hoe¿}¿eN,a€t is an orthogonal basi,s for
L'(H), wi,th norm in L2 (H)

llí.,"oll2r"tu): a! (1 8)

Proof: The family of functions {Hoe.¿}¡eN,o€Jr is orthogonal as

(Hoe¿, HBe¡) 7zg1
rf-: I @"(a)e¿,, HB(u)"¡) rdp: I õ¿,¡H.(u)Hp(r)dtt: 6¡,i 6..,p al '

Js,1m,¡ Js'(Rd)

We secondly show that the family of functions {Hoe¿}¡çN,a€.7 spans L'(H)' Take any

f e L'(t"). From the Previous lemma

¡ :î on"n ,

i=I

where each a¿ belongs to L2(¡.r,) and the series converges in L2(H). Each ø¿ has the

following expansion rn L2 (P,)

o,i:Ðci,oHo, ci,a € R' '

aeJ

Hence it remains to show that

aiei:
a€J

where the series isin L2(H). Now for any e ) 0, there exists an ly' € N such that for

allnll/
t

e2>
ll,,- D^"n,oroll,,,,,: /,,o,, (,,r,1 - à c¿,oHo(u)

/,,o,, ll 
(''''' - à "''''-@)) "'ll',,0'

ll",r,- | "0,*r'"oll' ,

ll "er ^ ll;"gt¡

I c¡oHoe¿ ,

dp,

as required. I

Note that the order of summation can be changed as {Hoe¿}¿€N,a€l is an orthogonai

basis for L'(H). That is

r -- Ë f (ol)-' (f , Hoe¡) .'çu¡Hoe¿
i=I ae.J

oo

: f lr"t)-t(/, Hoe¿)72çv¡7Hoe¡ ..L ./-t\
aQJ i=L
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Propositon I.2 Consi,der I € L2(H) wi,th form

I : U,T ctoHoe¿
oo

a€J i=L

Then

llf ll""'t,t: t o!llc"

where 
oo

ca t:D"n,o"o ,

i,=l

conuerges i,n H, for øll a e J.

Proof: To do this, we need only show that

t
H (1.e)

i=l

for all a € J. This is true as

as required. I

Note also that if f e L'(I/) has the form

oo

Ð"?,'( ñ ,

f = I lct,oHoet, c¿,a € IR,

I 7"@): t Ë ", c?,o:Ð ol (,Ë.E"'¡ ( oo ,

a€J i=I "el \l=r /

oo

aÇJ i=l

aeJ

then we can write

f :Ðcoí, co € H ,

where the series isin L2(/l) and co:lf,rc¿oe¿

L.4 f/-valued Stochastic Test Functions
and Distributions

We start by introducing the following Kondratiev spaces of lR-valued stochastic test

functions and distributions which are standard in the white noise calculus (see [10]

and references therein).
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Definition 1.L

i,n L2(p,) such that

i,n L2(H) such that

1. For p € [0,7), def'ne (S)o to cons'ist of all

f :>rcoHo , co € lR 
'

a€J

lÍ12p,¡,,: f cl(o!)r+r12N)À" ( @, (1 10)

for all k e N.

2. For p Ç10,L), define (S)-, to consi'st of all formal sums

f:Icoío, ca€R,
d?J

such that

lFl'-r,-n::t c7@\1-e!N)-c" (ñ, (1.11)

for someq € NI. 
a€J

In a similar way, we define the spaces S(H), of I/-valued stochastic test functions

and the spaces S(H)_o of f/-valued stochastic distributions.

Definition 1.2 1. For p e 10,\1, def,ne S(H)o to consist of all

atJ

oo

a€J i=7
/ : tl c¿,oHoe¿, c¿,¿ € lR,

oo

llf Vo,u ': D lcl,,(al)1+P(2N)ft' 
( oo ,

a€J i=I

for all k e N.

2. For p € [0, L], def'ne S(H)-, to consi'st of øll formal sums

C¿,¿ € IR ,

such that

(1.12)

r: I i.,¿.'H'"n
aQt i=l

lllll'_0,-n,: I I cl,"(at) 1-'(2N)-n" ( 6,
oo

a€J i=I

for sorne q € N.

6

(1.13)



For p € [0,1], and / and tr' belonging to S(I/), and S(I1)-o respectively, we can

write
co

oo

qQJ i:\

where for ali a €. J and i e Nl

Fork,q€NI

/ : t lc;,oHoeo : t coHo :lf,"o,
a€J i=l aeJ i=I

F : t Ðdo,,r.ei :Ðd."ío: t F¡€¡,
aeJ

oo

oo

i=l

co :Ðc¿,¿e¡ € H, d,. :Ðd'¿,se¿ € H
oo co

i=I

atJ atJ

oo

a?.J i=l

ll F ll'_ o,_n 
: t (o!) (2N) -q" lld,ll" :

aeJ

llÍll",o: t(o!)(zN)k" ll"Àl'u: t lrnl'o,n ,

Ío:Ðc¡oHae (S), , F¿: t d¡oío e (S)-o

F¿

oot 2

- Pr-Q

We can see that for P e [0,1]

s(/r)' c s(H)p c s(r/)O c L2(H) c S(n)-O c S(H)-p c S(rl)-1 
'

and

ll/11,,' 3Wll^, < ... <

for all Í €. S(H)p.

1.5 Topologies of .g(/f)o and S(H)-o

We wish to consider stochastic differential equations as deterministic differential or

integral equations in .9(l/)-r. In order to do this, we firstly need to investigate the

topologies of s(H)o and s(H)-r. The main results we prove in this section are:

1. For all p € [0, 1], S(l/), is a countablv Hilbert space'

2. For al| p € [0, 1], S(H)-, it the dual of S(H)r'

3. For all p e [0, 1], a sequence {F"}Ë, converges strongly to F in S(H)-o if and

only if there exists a q € N such that Fi converges to F in S(f/)-r,-q.

7



Appendix A contains the definitions and results regarding linear topological spaces

which we need for this section.

The following result found in 122) is needed.

Lernma 1.2 The seri'es

A(q) :: !{zx)-n" ,

conuerges i,J and onIY i'f q > l.

The following spaces are needed.

Definition 1.3 1. For p € [0,7] and k e N, def,ne S(H)p,x to to be

{f e r'@); ll/llo,¡, < oo}

Define the i'nner product of two elements

f :>rcoHo '' 9:DO..'o '
aeJ a€.J

(1.14)

i,n S(H)0,¡ to be

(Í, g)p,n ': I (co,d,o)n(a!)l+e(2N)fr4 (1.15)

deJ

2. For p € [0, 1) ønd q € N, define S(H)-.,-o to be

{f e S(H)_o; ll/ll_r,_n < oo}

For p € [0, 1] and k € N, ("f,9)p,¡ is well defined as

\ff, g) p,rl

a€l a€J
112

(1.16)

I l(r", d.lnl(a!)l+p(2N)*' I I llr'll' lld"ll' (t"r¡+(zx¡9)

(r', 0",';, 1ar¡ 
r+n izx¡k-)

r/2

<oo

We can see that for p e [0,1]

S(H)r: nprs(f/)r't , S(H)-r: uË1s(I/)-0,-n '

The proof of the next result follows the proof of Lemma 2.7.2 found in [10].

Lemma L.3 For p e [0, I] and k e N, S(H)p,r equipped with (',')p,* is a separable

Hi,lbert spo,ce.
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Proof: We start with the completeness. Take a Cauchy sequence {Í"}i=tin S(H)p,n,

where

/": I_ "9)H,.
oeJ

Now for any € ) 0, there exists an lvr € N such that for all n1, nz2 N

ll/,' - fn,ll2p,r
a€J

For this .ð/ and n1,n2) N

YaeJ

Therefore {.9)}Ê, is a Cauchy sequence in .Il and hence converges to some co in

H, for all o € .7. Using these co, define

/: I- coío '

qeJ

We need to show that / e S(H)p,x and ll/" - fllp,*---1",--0'

We start by showing that / e S(H)p,*.Now {/,}p, is a Cauchy sequence in ^9(Il)p,r,
so ll/'llp,r is bounded by some M < æ' So for all n', n1 € N

I ("')'*r(2N)0" ll.9')ll; s f {ol;'*o(2N)*" ll.9')ll; < M2 < oo .

a€|. a€î

This implies that

/
,l,iL (I,-,,'+n12N)k" ll,9"ll;) : ) {ot¡'*rlzN)Ë" lh*.*''ll;

! {ot¡'*'(2N)0" ll""ll" < M2 < oo .

a€f,

Therefore

(at)1+r(2ry0" l",ll', : I(ot)'*o(2N)t" ll"À1", < M2 ( oo ,

ç@t) - "9") ', a 1r" ,

lim
n-+6 a€J

as required.

We secondly show that ll/, - Íllp,x -)",->- 
0. Now for all n € N and n1, n2 ) N

D (o')'*r(2rs)0" ll"!l') - "9ù11", 
<

a€fn a€.J

9



This implies that for all n2 ) N

lim
n1 -)oo I ("t)'*'(2N)0" ll.!1') - ,9ùll',

dtl n

il ll2

f 1ol;'*r(2N)*" ll tirn ,@t) - rf')ll
ã" llnl-)co ll¡¡

! {ot¡'*'(2N)*" ll"" - c!ù112, < e2

a€f.

Therefore for all n2 ) N

Iim
7¿-)oo atJ

e2

as required.

The separability of S(H)p,* follows from the observation that the set {floe¿}¿Es,oE7

is a countable, Iinearly dense subset of S(H)r,¡' I

Lemma 1.4 For p € [0,7], the system of inner products (',')p,ft on S(H)o are con1,-

pati,ble.

Proof: Take a sequence {f"}i=, in ,S(.Fl)r, where

l*:Ðr9)Ho,
a€J

that converges to 0 in some norm ll . llr,r, and is a Cauchy sequence in another norm

ll .llr,¡,r. we need to show that {/"}p, also converges to 0 in the norm ll .llp,rr.

We note that for all a € J, 
"9) --)",-+- 0 in .FI as ll/,llp,¡, r,,-- 0.

nr {/"h:, is a Cauchy sequence in the norm ll ' llr,r, it is also a Cauchy sequence

in S(H)p,nr.By the completeness of S(H)p,x,, there exists an element f e S(H)p,r"

having form

/:I-coao'
oeJ

such that l'ln-*f in S(H)p,*r. Suppose that f 1.0. Then there exists an

a e ,7 such that co * 0.However this is not possible as t!1) ---1",-r- co in H. Hence

f,-ln-*O in ll .llo,*". I

Theorem L.L For p el0,l, S(H)p equipped with the countable collection of tnner

products {(',')p,r}r-a, 'is a countably Hilbert space'

(: (o!)1+r(zx¡*" ll." - 19ùll'u I(ot)'*r(2N)*" ll.. - "lùll'u

10



Proof: S(H)p,r is a countably Hilbert space if and only if

S(H)o: rÊr(S(H)r)* 
'

where (S(H)r)* is the completion of S(I1), with respect to norm ll ' ll* We have

that
S(H)o: nËrS(f¡)P't '

So it remains to show that S(H)p,r is the completion of S(H)o with respect to the

norm ll .ll, This is the case because {Í/"er}lex,aeJ C S(H)o is linearly dense in

S(H)p,n (with respect to (',')p,t), which is complete' I

Corollary L.L For p e [0,1], ^S(,H)p 'i,s a Frechet space.

Proof: A countably Hilbert space is a Frechet space. I

Lemma L.5 For alt p e 10,1) and,r € N, S(H)-p,-, i,s the dual of S(H)p,,'

Proof: To prove, we set up a one-to-one correspondence between ^9(f/)-p,-r â'Ûd

S(H)p,r, then use the Riez Representation theorem to set up a one-to-one correspon-

dence between S(H)-p,-, and S(ã)i," which preserves norms'

Take an element F e S(H)-,,-" having form

¡.: I coHo .

aeJ

By letting b.-- (¿,t)-r(2N)-roca, we can identify this with Í e S(H)p.' having form

I :>,boHo'
a€J

We have that / belongs to ,S(f/)r," as

! ¡a"tl,"to!)l+n(2N)"" : I ll("t)-p(2N)-""c"112¡¡(a!)1+r12N)""
aeJ a€J

: ! ll""ll?tiot)-2n(zx) -2ra çot¡t+n1zN)'"
oeJ

I_ tt""ll'"lot)1-r(zx)-"o < oo

oeJ

Similarly any element / € S(H)0,, with form

r:Dboío,
a€J

can be identified with an element -F e .9(l/)-r,-" having form

F: I coHo ,

a€J

11



where co : (oJ)P(2N)""ö".

Now a linear functional \[¡ on S(H)p,* is continuous if and only if there exists an

unique f e S(H)',¡ such that

V[g] : (g, f)0,,: t \ao,b..l¡¡(a!)1+e(2N)'o ,

a€l

for all g € S(H)p,k, \ilh€re

f :r,boHo , g :DaoF.o '

a€J a€J

So a continuous linear functional V can be identified with an element F e S(H)-r,-,

via /. Similarly an element F e .9(H)- p,-r cãr:- be identified with a continuous linear

functional V. The norms of V and F coincide as

llvllsrrrr;," : ll/llr," : t llb"ll'?"(a!)1+r12N)"'
a€J

: I ll(*tl-a(2N)-racoll"(r!)t*'(2N)""
atJ

: I ll."ll'"{û!)-2p(2N)-zro lot;t+ni2N)""
a€J

: ! ll""ll?rial)1-n(zx¡-'o -- llFll-0,-" ,

as required. I

Propositon 1.3 For p € [0,1], S(H)-o i,s the dual of S(H)o'

Proof: For a countably Hilbert space' Õ : ñÊrÕ¡, the dual is

Õ' : UËrÕ'r, .

Now for p€10,1] and k e N, S(H)-p,-r, is the dual of S(H)p,*.Therefore

S (H) - o : uËr'S(fi) -P,-k,

is the dual of S(H)p. I

Lemma 1.6 Take p € [0,1]

F_

Consid,erF e S(H)- o and f e S(H)', hauing forms

D",H., Í:Do,.ro.
ae.J ae.,J

(F, Í): t at (ao, c..) ¡7

e€J

The action of F on f i's
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Proof: There exists a q € N such that ]7 e ,5(rY)-r,-0. Since S(¡/)- is the dual of

S (H) o, the action of F on / is just the action of F on / when F and / are considered

as elements of ^9(Il)-r,-n and S(H)rn respectively' Hence

(F, Í) : 
Ðr"', 

c.(al)-p(2N)-c")¡¡(al)1+r1zN¡ø" : 
Ðo,l(ao, 

c.,) u,

as required. I

Lemma L.7 Take p Ç. [0,1]. Consi,der a sequence {F"};"=t and belonging to

S(H)-., hauing forms

p^:Ð"9)H,, F: I.oË" .

a€.J aeJ

If Fn---+n-*F strongly i'n S(H)-r, then

jïår!l) :ca¡ (1'17)

i,n H, for all a e J.

Proof: As -â",-roo F strongly in ^9(I/)-r, there exists a q € N such that {4}Êt
and F belong to S(H)-0,-, and are bounded by some M ( oo in the norm ll 'll-r,-n

It follow that

(o!)l-pllcf)ll'zH(2N-q", (o!)l-nllc"lllr(zx)-qa < M2 < æ .

Therefore

forallaeJ
,s(.Fr)o as

ll"9)ll,r, ll",ll',S (ot¡r-'(zN¡n"t' : C',( ñ,
Now for fixed. a € J, the set {hH"}llhll.<2c. is a bounded set in

llhH,ll'o,r: (al)l+p(2N)*" llhll', : 4(at)r+oçzN)*"C3 ( ñ ,

for all k e N. Hence

(F^- F,hH*) : al(cf,) -co,h)n.;¿0,

uniformly on the set {hIl"} llìLll.S2ca, that is, for all e > 0, there exists an l/ e N

such that for all n ) N
t

l@^ - F,hHo)¡ : la!(cf;) - co,n)rl < f;. ,

on the set {hIl"i llhll|<2c.. For this ¡y', we have that for all n ) N

ll"9)-"Àlr, : l(.91 -co,c|)-c,)ul

llhllHS2ca

as required. I
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PropositonI.4 Take p € [0,1]. Consider a sequence {F"}i:t and F belongi,ng to

S(H)-0, such that Fn 1n-* F strongþ| in S(H)-r. Then there erists a q € N szch

that Fn,F belong to S(H)-r,-o and

ll¿- Fll-r,-n,*¿O. (1.18)

Proof: Let Fn,F have forms

F,:|-r}) H, , F :Ðroro .

ae.l a€.J

As F,4",-oo f' strongly in S(I1)-r, there exists a q € N such that {4}Ê, and tr'

belong to s(H)_r,-n and are bounded by some M < æ in the norm ll 'll-,,-n. Since

{F,}i=r, F beiong ro S(H)-r.-n, they also belong to S(Il)-r,-q-z' Now

ll¡; - Fll'-0,_n-,

: I ll'Y' - "oll'r(al)1-P(2N) 
-@+2)a

o¿€J

: D ll'Y' - ".,ll'r(ol)1-P(2N)-@+z)ø
a€l¡.

+ t ll'9) - c'll'u ç*t¡'-e(2N)-sa (2N)-'"
oÇlr

\oerk / o<l¡ a#l*

Take e > 0. Choose k such that

!{zx)-,".ft
oll r

Now there exists an Iy' e N such that for all r¿ ) N

plx (al)1- o ll"9 - ,,,ll',

For k and l/ chosen this waY

,î#,^@ +z¡ + +m'fi; : e2 
'llF, - Fll'-r,-n-, <

for all n ) N, as required. I

1.6 Analysis in S(H)-,

In order to consider stochastic differential equations as deterministic differential or

integral equations in S(I/)-0, definitions and results for continuity, differentiability

and integration in ,S(fI)-, need to be set up.

In this section [a, b] wiit be a closed, bounded interval in IR.
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1.6.1 Continuity

DefinitionL.4 A functi,on F(t) : [ø,b] -+ S(H)-o i,s sai'd to be continuous atts €

la,bl i,f for each bound,ed, set E C S(H)p and e ) 0, there eri'sts a 6 > 0 such thøt

s e [ø,b], llo - tl < ô =+ l(F(¿o) - F(t),,f)l <. , (1'19)

forallfeE.
We say F(.) zs a continuous S(H)-, process onla,bl if ü is conti'nuous at each point

t e la.,bl.

Propositon 1.5 A functi,on r(t) : [ø,b] + s(H)-, i,s conti'nuous atts ela,bl i'f

and, only i,f for alt f € S(H)o and sequences {t"}f;=, C [ø, b] such thattn-àn-*to,
we haue that

(F(¿o) -F(t^),/),;¿O, (1'20)

uniformly on all bounded subsets of S(H)o'

Proof: (+) BV continuity at ts, for any bounded set.E C S(H)p and e ) 0, there

existsað>0suchthat

s€[a,b], l¿o-sl <ô+l(,F'(¿o) -.F'(t)'"f)l <.,

for all Í e E. Consider a sequence {t"}î=, C la,b] such that tn---+n-¿oot6. Now

there exists an -fy' € N such that for all n ) l/

Ito-t"l < d.

This gives

l(F(¿o) -F(t"),/)l<.,
forall feE andn lly',asrequired.

(e) Suppose that F(.) is not continuous at ús. Then there exists a bounded set

E e S(H)rand e > 0 such that for a\l n eN, there exists a tn € (ts - tln,to +Lln)
and fn € .E such that

l(F(¿") - F(¿o), fò|2 , .

However, {/"}Ê, C E is a bounded set and t,-l,,-*ús, So there exists an -f/ e N

such that for all n ) N
l(F(ú") - F(¿o),,f)l < .,

for all f e U"jî=r,, which is a contradiction, as required' I

Corollary L.2 Consi'der F(t): [o,, b] -+ S(I/)-p w'ith form

F(ú) : lc,(t¡n* .

a€Í

AF(.)isaconti,nuousS(H)-pprocessonfa,bl,thenthefunctionsc.(t):[4,ö] +H
are uni,formly conti,nuous on la,b), for all a € J.
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Proof: Take any ts e la,b] and any sequence {t,}pr C [4, b] such that tn---+n-*ts.
Then for all f e S(H), we have that

(F(¿o) - F(t"), "f),;¿0 ,

uniformly on all bounded subsets of S(//)1' By Lemma 1'7

ll."(¿o) - c.(t^)ll" ,;3 0 ,

for all a e J.This gives continuity on [a,b]. Uniform continuity follows from [a,b]

being a closed, bounded interval. I

Lemma L.8 Ir a functi,on F(t) : [ø,bl + s(H)-o i,s a continuous s(H)-p process

on la,b), then the set {-P(t)},.t,,u1 i's a bounded set i'n S(H)-o'

Proof: Take a bounded set E € S(fl)p, any point t e la,b] and e ) 0' Then there

exists a õ¿ ) 0 such that for all I e E

s€[ø,b], lt-sl <ô¿+l(r(t) -F(t) ,f)l<,'

Therefore, for all I e E

s € [ø, b), lt- sl < ô, + l(F(s),/)l< e + l(P(t)'/)lr M¿1æ,

as f'(ú) is a single element in ^9(Él)-r, single elements being bounded sets. Now

consider the collection of balls {B(Ú,ô¿)}rE¡o,al that cover [ø,b]' Since [ø,b] is closed

and bounded, there exists a finite subcover

{B (t,., 6), B (t2, 6r), . . ., B(tn,ô")},

covering [ø,b]. For each B(t¿,ô¿), there exists a M¿ 1oo such that l(F(¿), r)ls Mn,

for all t e B(ti,ô¿)n [ø, b] and r e E.Let M: rnâ,x¿-1,.,nM¿.Then l(r(ú), rll 
= 

¡w

for all t elø,b] and Í e E.Hence the set {F(ú)}r.t",a1 is bounded on any bounded

set of S(H)r, as required. I

Propositon 1.6 Consi.der a functi,on f(t) : [ø,b] -+ S(H)-r' The followi'ng state-

rr¿e'nts are equiualent:

1. F(.) is a conti,nuous S(H)-p process onla,b]'

2. Thereeri,sts aqe N suchthat:

(a) F(t) e S(H)-p,-o lor allt ela,bl.

(b) For all e ) 0, there eri,sts a 6 > 0 such that

s,t €labl, l¿- sl < ô + llr(t) - r(r)ll-p,-o1e . (1.21)
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Proof: (1 + 2) (ø) From the previous lemma we know that {tr'(Ú)}t.¡o,r1 is a bounded

set in S(H)-o.Hence there exists a q € N such that ]1(Ú) € S(H)-0,-n and is bounded

by some M < æ in the norm ll ' ll-r,-0, for all t e la,bl.

(b) Let F'(') have form
F(t) : \""{t\n" .

A?J

Note that as F(ú) € s(H)_p,-n for all ú e [o, ô], then F(t) € S(H)-r,-n-z for all

t €la,b]. Take s,t € [ø, ä]. Then

llF(¿) - F(') ll2-r,-n-,

: I(ot)'-' llr"(¿) - c"(s)ll?, (zN-tn*'r"
deJ

: I ("r)'-, ll."(¿) - c"(s)ll', (zN-rn*'r"
Ael k

+ t (at)l-pllc"(ú) - c"(s)ll'" {zx)-'" (2N)-'"
o4lP

/
I (ng (o!)l-n ll."(¿) - ""(r)f f ?,) I izNl)-(a+z¡o + 4M2) {zx)-'" .

Take e > 0. Choose ,k € N such that

.2

!{zx)-,".#.
oêl t

From the uniform continuity of co(.) on [a,b] for each a e J,there exists a ô > 0

such that for all s,t e la,b] with lt - sl < d

.2 t2

llF(¿) - F(t)ll2-p,-n-z <

for all s,t e la,ö] with l¿ - sl < ô, as required.

(2 + 1) Take any ts € la,b] and any sequence {t,}p, C [ø, b] such that tn +7,-*ts
Then for all f e S(H)o

l(F(¿o) - F(t"),/)l < llF(¿o) - F(t")ll-\,-n ll/llr,o .

Hence F(¿o) - F(t^) *,,-+- 0 strongly in S(I/)-r. So by Proposition 1.5, we have

continuity at úe and hence continuity on [ø, b], as required' I

1¿3x 
(a!)1-'11".(t) - ".(ùll',

For k and ô chosen this waY
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L.6.2 DifferentiabilitY

Definition 1.5 A funct'r,on X(t) : [a, b] -+ S(I/) -o is sai,d to be di'fferenti'able at

ts € [a, b] i,f for atl f e S(H), and sequences {t"}7,. C [ø,b), tn f ts such that

t, 1n-*ts, ue haue that

({W,f), e.22)
Ln- L0

conuerges uni,formly as n -+ æ on all bounded subsets of S(H)o'

We say X (.) zs a d,i,fferenti,able S (H) - p process on la, b] if it is differenti,able at each

point t e la,b).

Lemma r.g u ø function x(t) : la,b] -+ s(H)-, i,s differenti'able at ts € la,bl, then

there eri,sts a uni,queF(¿o) suchthat for all f e S(H)o and sequences {t*}f=, C fa,bl,

tn * to such that tn 1n-*ts' uê haue that

ë(t") - x(to) 
- F(úo), "f) ---+ 0 , (1.23)

' tn - to n-+@

uni,formly on all bounded subsets of S(H)'.

We call .F (¿o) the deri,uatiue of X(') at ts.

proof: Firstly existence. From the completeness of S(Íl)-, with respect to strong

convergence, for a particular sequence {t"}i=, C la,b], tn * to such that tn ---+n-*ts,

there exists a unique -I1(¿o) e S(H)-p such that for all Í < S(H)o

ëll¿-. _ _Z@ - F(¿o),.f),;¿o ,' tn-to
uniformly on all bounded subsets of S(H)r'

secondly uniqueness. Take two sequenc". {tf;) , {tP}Ë, c [ø, å], wher e t*) , t9 * h
and both sequences converge to úe. From these two sequences define a new sequence

{¿"}Ë' bv
(1)
n+1 n odd

+-Ln-
(2)
ù n even

Now ú,,-),+-ú6, so there exists a unique F(¿o) e S(H)-p such that for all / e

S(H)o
x(t") - x(¿o)

tn-to - F(úo), /);o ,

uniformly on ali bounded subsets of s(H)0. Therefore for all r € s@)p

t

I
L

x(#)) - x(¿o)
--+ 0

nQ)--¡ççr(2) tLn -¿0

18
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uniformly on all bounded subsets of S(H)0, as required' I

corollary t.3 Il X(t):la,b]-+ s(H)-, i,s a d,i,fferenti'able s(H)-o process onla,bl,

then there eri,sts a unique ncti,on F(f) : la,b) -+ s(H)-o such that F(') i's the

d,eri,uatiue of XO onla,b).

Lemma t.LO consi,d.er functi,ons x(t),F(t):la,bl -+ s(¡/)-p haui'ng forms

x(t):\c.(t)H, , F(t): t d,(t)H. .

€.J a€.J

IÍ X(.) i,s a d.i,fferenti.able S(H)-, process on la,b)' with deri,uati,ue F('), then the

functi,i.ons c,(t) : [ø, b] -+ H are d,ifferent'iable on fa,bl wi,th deriuati,ue d"('), for all

a € J and therefore 
dx(t): , c,^(t\H. . (r.24)

dt :Ðc'o(t)H' '

ceJ

Proof: Take any ts € la,b] and any sequence {t'}pt C [o, b], tn f ú¡ such that

tn4,-*ú6. Then for all f e S(H)o

ë(t") - x(to) 
- F(¿o),.f) ----+ o ,' tn - to ?z--+co

uniformly on all bounded subsets of .9(//)r' By Lemma 1'7

ll."(¿,) - ."(d _ d,(tùll __- o ,ll t"-t" -"ll 
Hn-+æ

for all a e J, as required. I

Lemma L.fl Il a functi,on x(t) : [ø,b] -+ s(H)-o i,s di,fferenti,able atts € la,b),

then i,t i,s continuous at ts'

Proof: We wish to show that for any sequence {t'}p, C [o, b] such that tn -)naçots,
we have that for all / € S(H)o

(X(t") - X(to),/),;¿0 ,

uniformly on all bounded subsets of S(H)0.

Consider a sequence {t"}i=, C [ø, b],trl ú6 such that Ú ---â",-+ooÚ¡. Take any e ) 0

and any bounded set.Ð C S(H)p. Since X(.) is differentiable at fs, there exists an

l/r e N such that for all n > l/r

l(x(¿l,) - rx(úo) - F(úo),/)l .,,
I Ln-t'o 

I

for all f e E. Therefore, for all n ) N

l(X(ú") - x(¿o), /)l < lt^ - tol (e + l(F(¿o), /)l) '

I

19



for all f e E. Now F(f6) is a single element of ^9(Il)-r, so there exists a M < æ
such that

l(F(¿o), r)lS u ,

for all I e E. Also f,,4",*-ús, so there exists an ¡/2 € N such that for all n > lfz

Itn _ tot. ;n
So for all rz ) max{l/r, Àb}

l(x(ú,) - x(to),/)l < h ft* M) -- e ,

forallfeE.
Now consider any sequence {¿"}i":, Cla,b) such that tnln-*te. From the previ-

ous argument
(x (t") - x(¿o), .f ) ,;¿ o ,

uniformly on all bounded subsets of S(I1)r, as required' I

corollary L.4 Ir a functi,on x(t) : [ø, b] -+ s(H)-o i,s a di,fferentiable s(H)-o pro-

cess onla,b), then i,t i,s also a conti,nuous S(H)-o process onla,,b).

propositonL.T Consi,d"er functions x(t),F(t) : [ø,b] + s(H)-r. The followi,ng

statements are equi,u alent :

1. X(.) i,s a d,i,fferenti,able S(H)-o process on la,b) with a cont'i,nuous deri'uatiue

F(') on la,b) i,n S(H)-0.

2. Thereeri,sts øg€N suchthat:

(a) X(t), f (¿) € S(H)-r,-n, for allt e la,bl'

(b) For all e > 0, there eri'sts a 6 > 0 such that

s,t€la,bl, l¿- sl < ó+ llF(t) -F(r)ll-!,-o<r. (1.25)

(c) For anyts ela,bl ande> 0, there eri,sts a6>0 suchthat

s€[ø,å],0<l¿o-tl <ô+ X ts - x(')
to-s

Proof: Let X(') and F'(') have forms

X(t) :\c.(t)H*, F(ú) : t d',(t)H, .

ae.J aeJ

(I + 2) (ø) As X(.) and F(.) are both continuous on [4, b], there exists a q e N such

that x(ú) and F(t) belong to ^9(Ë/)-r,-n and are bounded by some M < æ in the

norm ll . ll-r,-0, for all t e la,b].

- F(úo)ll_,,_, . . (1.26)
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(b) This follows from Proposition 1'6.

(c) Consider s,ú €la,bl with s I t. Now

llx(¿) -x(s) -r(¿)ll ¿ -'
: I("!),-o llc"(¿) - c"(s) 

- d."(t)ll' ir*¡-,, *2)a

7s' ll t-s ll¡r

By Lemma 1.10, c"(.) is differentiable on [ø,b], with derivative d"('), for all a € J
So by Langranges inequality, for all ú, s e la,b) w\lh s I t

llc"(¿) - c"(s) ll < ,ro lld"(¿)ll" ,

ll ¿-r ll"-,ãr,iul 
¡r-.u\/r¡¡

implying

Therefore

S sup
¿€ [¿,å]

2

- p,-q-2

(or),-r llc"(ú) 
- 9"(s) ll' (r*)-,"ll ¿-5 ll¡r

,ffi, 
(("t)' - o ¡a'ft)l l' (2N) -n" )

(D,-,,'- o lld,"(t)l l?, 1zx¡ -n" 

) 
t *'

ll 

t++t - F (t)ll' 
_,,_,_,

: ) {*r¡'-' lld=P - d-(t)ll' t'*r-'*""

+) {or)'-' llø(¿}: 
g"(') - d',(t)ll' rt*l-'"(2N)-'"

I (**l (ar)1-r ll*=t - d'(t)ll") 
"Ð,'N)-(a+z;o 

+ 4M2f {zx)-'"

Take e > 0 and ts € la,b]' Choose k e N such that

.2

! {zx)-'" t ,:-,r¡, ,

oêl*

andô>0suchthat

s€[a,b],0<lto-sl <ô

' + max (o!)1-' llt"(¿o) 
- 9"(t) - ¿"('o)ll' t = ""' ='u¿T \s'l ll ¿o - " ¡u - 2A(q * 2)
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For k and ô chosen this waY

llX(¿o) - X(r) ,il- ,-- - F(¿o)
ll ¿o-s

^fu^@+2)+4M2ft:,, 
,

2

- p,-q-2

for s € [4, b] with 0 < l¿o - sl < ô, as required.

(2 =+ 1) Continuity follows from Proposition 1'6'

Differentiability. Take any ts e la,b] and any sequence {t"}pr C [4, å], tn f ts such

lhattn4",-+-ú6. We have that for all f e S(H),

x(t") - x(¿o)

tn-to
x(t") - x(¿o)

tn-to

- r(¿r), /) 
I

- F(¿o)ll_, _, lnt,"

F(s)ds,: X(t')

This implies
x(t") - x(¿o)

-F( tstn-to
strongly in S(1/)-r, as required' I

1.6.3 Integration

Definition 1.6 A functi,on F(t) : [o,b] + S(H)-o i,s saidto be i,ntegrable onlo,t'1,

t' €la,b] i,f there eri'sts a X(t') e S(H)-p suchthat for all f e S(H)o

---+
n--+tæ

0

n-I
(1.27)

/c=0

uniformly on al| bounded subsets of S(H)', for any set of partitions

{a: ts t h I ... 1tn: Ú'}Lr ,

of la,t'), where:

L limr,-- (max¡61¡,.. .,n-t¡(t¡¡1- út)) : O.

2. ti € ltx,tx+t).

If F(.) is integrable on l},tt), then we defi'ne

22
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Propositon L.8 Consi'der .F(t) : [o,b] -+ S(H)-o wi'th form

F(¿) : \c,(t)H" .

deJ

If F(.) i,s a conti,nuous S(H)-o process on la,b), then F(') zs also an i,ntegrable

S(H)-o process on la,b) and

l"' 
,ç,¡0,:Ð(1"' ,"ts¡as) ø, , (1.2e)

for alltela,bl.

Proof: As F(') is continuous on [ø,b], there exists a q € N such that F(Ú) €

s(H)_r,_n and is bounded by some M < æ in the norm ll 'll-0,-0, for all t ela,b]'

Note that c"(.) is continuous on [a,b] and hence integrable on [ø,b], for aII a € J'
Now for any t e la,b]

il

l>-* 
( I "' "" 

( s ) as ), .l),', 

_,,_, _,

: Ðtot)'-olll"' ".uro,ll' {r*)-'n*""

"))
sup

te [a,ä]

2

ae.J
D(ot)'-' (b-") ca (r) (zN¡-ta+z¡"

( ú¡,r - ú']ffi=t. Now

a€,!

Take any t' e la,b] and a set of partitions {a: ts ( fr (

llã 
.r,,(r**, - tr) - D,u(Ï"'' ".r,rr') *ll_ 

p,_q_4

Ðtor)'-ollÏ'",,,,(úo*' -,r) - 1",',,,r,11: 
(2N¡-(ø++)'

){or)'-'llä ",þî,)(úo*' - ,r) - 1",",",0,11: 
(zN¡-tø++¡'

+ ) {or)', 
llþj 

c,þi)Q¡"*,,r) - 1""",,,r"11" 
(2N¡-(ø++)o
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(*** (a!)1-r 
llî'",", 

(tr*, - 'r) - I" c"(s)ds

.p*(,''i- (llä ",ftî,)( o*'-,-,11,

. 
lll".t'ro'll") 

t'*i-+")' 
"*'-'"

(** (at)t-ollÏ'",", (tr*,-'r) - I" c'(s)d's

."ä ((àj M(to'*'- 
'-') 

. *)'"*'-'"

s (*** (a!)1-r 
llÏ'",", 

(to*'' - 'r) - I" '"{')"1

2

A@+a)

A@+a)

e2

2AQ + a)

H

2

H

r)

+urD(2N)-'" .

a#în

Take any e > 0. Choose n € N such that

f (zx)-'".h,
#^'

and l/, € N such that for all N > 
^â

N-1

fr=0

For n and .A/" chosen this way

L""Qòþn+, - tt) - c"(s)ds

llä "t,ri 
(tr*, -,r) - Ð(1"'' ".urr') *ll

,

- p,-q-4

F2 
, 

" 
Mr:e2.

for all ¡ú > ¡/r,, as required' I

corollary L.5 Ir F(t) : [a,b] -+ s(H)-o i,s a conti,nuous s(H)-p process onla,b],

thenthere erists a q € N suchthat F(ù,Ï:F(s)ds e S(H)-',-o and areboundedby

some M 1 æ in the norm ll ' ll-r,-n, for t e la,bl.

Proof: From the proof of Proposition 1.8, there exists a q € N such that F(ú) e

S(H)-o,-n and f,.F(s)ds e S(H)-0,-Q-2¡ both bounded in the ll 'll-p,-q-2, for all

t e la,ö1. f
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Propositon 1.9 Consid,er a contznuous S(H)-o process tr'(t) : [ø,b] -+ S(H)-o and

a d,i.fferentiabte S(H)-p Process X(t): [ø,b] -+ S(/J)-p, uhi'ch has a cont'inuous

deriuati.ue on la,b). Then

i,f and only i,f 
dxe): Fl¿) .dt \' '

for allt€la,b).

Proof: Let f (') and X(') have forms

F(t; : lc,(t)H. , X(t): t d'Q)H, .

a€.7 a€.î

(+) As F'(') is continuous on [ø, b]

l.'x(t): F(s)ds + X(a) ,

d"(t) : c"(s)ds -t d,(a) ,

(1.30)

(1.31)

forall te la,,b] and aeJ. Therefore d'.(t): c,(Ú) forallÚ€ [o,b] and

ry:Ðd'oþ)H.:Ðc.(t)H.

(e) As X'(t): ¡'(r) for all t e la,b], we have that d'o(t): c"(ú) for all a € J
Hence

1",
d"(t) : coþ)ds + d"(a)

Hence

X (ú) la,çt¡u,: t co(s)ds + d"(a) Ho

x(t): F(s)ds ,

a€J

as required. I

Propositon 1.10 Consi,d,er a cont'inuous S(H)-o process F(t) : [4, ö] -+ S(H)-,
Then the functi'on X(t) : [ø, b] -+ S(H)-r' defi'ned by

F(s)ds + X(a) ,

is a d,i,fferenti,able s(H)-o process onla,b] wi,th deri,uati,ue F(')

25
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Proof: Take any ts € la,b] and any sequence {t"}pt c [ø, ö] , tn I úe such that

tnl'-*ús. We need to show that for all f e S(H),

ë(to) - x(t") 
, f) __+(F(¿o), /) ,

' to-tn 'n'+æ

uniformly on all bounded subsets of S(H)r. To do this we shall show that there

existsaq€Nsuchthat

Now we know that there exists a q e N such that F(ú) ,X(t) e S(H)-p,-n and are

bounded by some M <æ in the norm ll 'll-r,-0, for all t e.la,,Ô]. Now

llx(úo) - x(ú") 
- F(ú,)ll'

ll to - t" ^ \"u'l 
ll-0,-o-,

x(to - x(t")
to-tn

Ë" F(s)ds - [:" F(s)ds
to-tn

I(ot)'-'
ceJ

I("t)'-'
oer k

il

- r'(¿o)ll --- o
| 2--+ôOtt-p,-q

[]' c,(s)d"s - c"(s)ds
!l
1,0 - t,n

ll2

- c"(¿o)ll (zx)-tn*'1"
ll"

ll") [e{zN-r'*'r")

il,"(¿o) tt") izxl-t)' {r*)-'"

ll:) Þ.(zN-'rn+'")

+ ) ior), , 
llriJ:';)'" 

- c,(to)ll' ,,*,-,,.,,.

(*** (c!)1-n - c.(to)

+ co|o) ø) (zx¡-Ë)'
2

H
s

+! l-o
(a!)-z'

o#lp
+

H

(to - t^) (sup"e f¿.,¿ol llr"(r)ll")
to-tn

(2N)-'"

(**(a!)l-nil#f -c"(úo)

@)*t
oîln

+ (l

- c"(úo) A(q+2) + 

'. 

(M +M)2(2N)-2" ,max lall
a€lr ' /

l-p
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lvhere we denote lto,t^l by ltn,t6] if tn > ts-

Take e > 0. Choose k € N such that
t

!{zx)-'".#,
o(fx

and I/r € N such that for all n ) À/¡

For k and .¡ú¿ chosen this way

2

123x 
(or)'1-'\ry- co (úo) 

|l'1, 

- rîfu

llx(¿o) - x(t")
l -- .- - F(¿o)
ll I'o - t'n

e2

- P,-Q-2
2A(q + 2

t
e-_L-' gMzA(q + 2) 4M2 : e2 ,,

for all n ) N*, as required. I
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Chapter 2

I{ermite Transform

In this chapter we develop the Hermite transform for elements of S(fI)-1 and results

involving it. However before defining the Hermite transform, some results on po\ryer

series are needed.

2.L Results for Power Series Defined on CN

flç denotes the complexification of h.

The following neighbourhoods of zero are used for the Hermite transform'

Definition 2.L For q > 0 define the followi'ng sets:

z e (CN). ; lr,l< Qù-n, j < n and' z¡ :0,' j > n\,
z€CN;lr¡l<Qi)-n, r€N)
e e (CN)" ; lz,l t (2i)-0, j < n and' z¡ -- 0, i > n\,
z€CN;lzjl<Qù-o, i€N).

We can regard K[ and 4 ut subsets of C1.

Lemma 2.1 Consid,er Í(") , Ç -+ Ck, Q > 0, haui,ng form

fQ):U'Q),"',frQ)),
where

ft|): t c¡ozo, ct,a€C,l:!,...,k,
'ind,er o<n

bound,ed,by some M <æ. Thenfor allae J suchthati,nd,eraln and'zefi

/.K[::{
Kn':{

2.(.'': {
Kn::{

llr,,,l"
k 712

l=I

28
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Proof: For all a € J such that index a 1n

cl,o: k
1

:---
2rz I Ho,, t:r,Jlþ

where I : (lzrl : 2-q,lrrl : Q.Z¡-l,. ..,1t^l : (2.n)-0) and dz - dzt ..'dzn

Set co : (ct,o,...,ck,a), noting that

ca : (*)" (1")fl0"' 'l'#'")
Now reparametrize z : z(0) bY

z¡: (2j)-qeioi, 0 <e 12r, 7< i <n.

This gives

1,0,,^ |,^,ffi(yæ)dor don

1,0,,^,

1,0,,"*

,in

l¿Q@)) (n,otr'""') de

(zx¡-ø"

d0". So

f ,Q@Ð e-iDi:'e¡aj d,0 ,

where d,0 : d,0t

co¿

znl,frQ(Ð) 
e-iDi=''iai d,0,. . ., 

Iro,r*,*rrQ(o)) 
e-iDi=" "' ot)

tu,"t'] "' : ry [å [,",^Í,('(o)) 
e-iÐî="''' o'l')

Hence

lr" I

kt
l=l

(zx)0"
(2n)"

(zx¡ø"
(2n)"

(zx¡e"

[; ([, .,'lr't" {')) e-i Dî--"''' 
I o')'f''

lå (Í, *,^tt'{'{e))t "))

[; (t¿,2,1)n(zçs))t' d'o]'t {lr,^*" 0'\
,,t)')''

I (2n)"
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r12

(2x¡4"
(2")"

(zx¡4"
(zr¡"tz

(zx¡ø"

[å (Í, ,,,tr'Q(o))r 
o')

ll,,,,,t 
f' l 

"a 
r'))r o'f

(2n)

rl2
M2do

2n]ln

(2")
, orf''' : ffi*(zn¡'rz: M(2N)q'

"/2

Therefore for all Vz e Ki, w have that

lc"ll""l<M,

as for , €W,lzl S (zN)-so. I
Corollary 2.1 Consi,der X(z), Kn -+ Ú , q > 0, hau'ing form

X(z) :Ð"or" : t ("r,o,...,ck,a)za, ca€ Ce,
a€.J a€J

bounded by some M < æ. Then for all a € J andz € Kn

lr"l l""l<M.

Proof: Take an a€ J. Letn: index a. For z € Kq, define, e Ç ut

(2.2)

Uj:

oo

j <n
j>n

z¡

0

Nowthereexistsasequence {u;(-)1- , suchthat w(^) €.Kf,*r¡-, and {l1r{-);"1};=t
is an increasing sequence such that l1r{-)¡"1*--* ltr'1. From Lemma 2.1

lr"l l(rr-r¡"lS m .

Therefore

lt"l lr"l<M.
Now it follows from the construction of u that l'ur"l :lz"l. Therefore

lr"l lz"lSM,

as required. I

Lernrna 2.2 Consider a z € CN such that

tI c¡ozae¿, ci,a € C,
aeî i-L
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conuerges in Hç. For thi's z

t t c¿,,Za€4: t lc,i,oz"et ,

a€î i=l

oo

oo

i=I ae.J

oo

oo

D",,o""

(2 3)

(2 4)

(2.5)

and therefore

t t c¿,qzae¿

t

t
i=l

Proof: Using the fact that the functional (.,et)no is continuous, I¡re have that

dtJ

r/2oo

i=L

oo

aeJ i-I
oo

: t(t lcr,oz"e¡,e¡)¡yoe¡: t I I(.,, ozoêi,e¡)øoe¡
j=l aÇ! i=l j=7 aet i=l
oo oo oo

: tt Ð60,, c¿,oZae¡: tl c¡,oz"e¡,
j=l ae! i:7 i=l a€J

as required. I

Corollary 2.2 Consi,der X(z) : & + Hc, Q > 0, hauing form

oo

2

X(z):Ð"o"": t lc4ozoe.i , c, € Hç ,

a€J a€J i=l

bounded by some M < æ. Then for aII a e J andz € Kq

ll."llro lr"l: I l.n,ol' lr"l < M

ae.l

Proof: For z € nÇ and k e N, define

GrQ): t(",o,' ",ctç,a)za :Ð't
a€.î a€l

zo

where c9) : ("r,o,...,ck,e). This is well defined as

k
t

lco(")l' : t D "',o"" Ë
i=I

L"o,o'" : llx(z)llrno S M2 ,

^'- 1 a€J

using Lemma 2.2. From Corollary 2.1, for z € Kn

l'$)l l'"1 3 M
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So the increasing sequence

{l.S)l l,"l}L, ,

has a limit and

ll oo ll

-r5g l'$)l l,"l : llÐ'n,"oll r," | < M ,

ll¿=r lløo

as required. I

Propositon 2.L Consi,der X(z) : IIÇ + Hc., Q > L, haui'ng form

X(z):D"or" , ca e Hc, ,

aeJ

bounded by some M < æ. Then for all z e K2o

I ll."ll"" lr"l < M A(q) (2.6)

aeJ

Proof: For tl € Kn and a € J

ll."llrolw'1 1M,

from Corollary 2.2. Take z a Kzø. Define u by

w¡: (2j)qz¡ .

We have that'r.¿ € Ko as

lr¡l: Qùnl'¡l 3 (zi)o(2i)-'n : (2i)-n

So

I ll."llnolz"l : ! ll'"llt'" la"l(2NI)Ë1zx¡-Ë
a€J a€J

rl2

ll""llh la"l2(zx¡e"

llr,ll', o I 
u,'" 

| 

2 
( zx) -2s" (2N) c" A(q)'/"

L12

(zN¡-ø"

r/2

M'D(2ry-e"

as required. I

deJ
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Propositon 2.2 Consider Xr(z),Xr(r): [q -+ Hc, q> 0, haui'ng form

Xr(r) : t coZo , Xr("): I dozo , co, do e Hc. .

a€J a€.J

If X1(z): Xz(z) for all e € Kfr andn € N, úhen for aII ae- J, co: do' Moreouer,

Xt(r) - Xz(z) for all z € Kn.

Proof: Takeany ae J.Letn:index a. If Xt(r):Xr(") forallze K[,then

(Xr(r), e¿) no : 6rQ) , e¿) uo ,

for all , €W. Now

(Xr(t), e¿) nc : ( t cBzP , e¡| ¡yo -- t (cB, e¡) ¡¡oz7 ,

index B<" index P<"

and similarly

\X2(z),ea)¡¡o: t (dB,,er)uçz1

index B<"

By standard results for power series in C with values in C, we have that

(co, e¿) no : (do, e¿) uo .

Therefore

oo oo

ca : I(.", e¿)soe¡: )](d,, e¿)noe¿: do ,

i=l i=L

as required. I

2.2 Convergence Theorems for Power Series

Definition 2.2 Consi,d,er X,("),X(z) : [Ç -+ Hc., q ) 0, n € N, äøu'dng form

X^("): t "9)"", X("): t cozo, 
"9),ro 

€ Hc. .

a€J a€.J

The sequence {X,(.)}T=, is sai,d to conuerge pointwise boundedly to X(') for z eKn

llx"(") - X(r)llro --+ o

tf:

1. For all z €Kn

tÐJJ



2. There eri,sts a M < æ such that

llx"(r)ll¡¡", llx(r)lluo l M,

for all z e Iç and n € N.

Lemma 2.3 Consi,der Xn(z),X(z) : Kn -+ Hc,, Q) 0, n € N, äøuing form

X*(z): t "9) "" , X(r): t cozo , c9) ', ro e Hc. .

a€.J a€J

If the sequence{X"(.)}Ër conaergespointwi,seto X(') for z e W, thenfor alla €. J

"9)-"o, Q.7)

i,n Hç.

Proof: Take B €. J. Lef k: index þ.BV standard results for power series in Ck

with values in C and the continuity of the operator 1 ' , e j ) ¡¡o , 'w€ have that

cp : lko,e¿)soe¡: t t (co,e¿) ¡7ozo

oo

à:l

oo

i,=! index o<r

(cozo , e¿) so

(* e¿

z=0

æ /^o\-ld" sLlarB .L1.=L \ lndeX ock

: >(#r' t cozo'e')¡vo
x=L \ tndex a</c ,=r)

: î,(#,(iïå t c!)zo'e¿)no
i=1 \- indexo<L

e¿

=r) 
"

) l.=,) "

l,=,)) 
.,

l,=.)

: ä(#(*,"0à*
: å(* (*,"0r,*"=*

(c!) , e¿| ¡7o2"

(cf) , e¿) ¡¡oz"

t k9) ," , e¿) ¡¡oe¿

index o<¡t

60 t \"9) "' , 
e¿) ¡¡oe¿

index o<¡.

oo

I tittLJ n-.¡.ç6

oo

I ti-Lt n+æ
i-1 029
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ap

Ozt' t (c!) z",e¿)¡yo (e¡, e¡) noe¡

index "<t

t k9) "" , ei) uo

index "<t z=0

e¡

e¡t (cf),e¡) soz"
index "<¡,

: jïLt(.(f),e¡)uoe¡: ri\n 
"(i) ,

j=\ .

as required. I
Propositon 2.3 Consider X^(r), X(z) : [Ç -+ Hc., Q ) 7, n € N, å,auing form

X,(r): t c})r", X(r): t coz', c9),co e Hc, .

a€J o¿€J

If the sequence {x"(.)}Ê, conuerges poi,ntwi,se boundedly to x(') for z e w, then

X"O conuerges uniformly to X(') for z €K2n'

Proof: Take z € Krn. Using z, define tl € Kn by

w¡: z¡(2j)q '

Now by the definition of pointwise convergence, there exists a M < oo such that

llx"(r)llr",llx(")11"" I M for all zQ IIÇ and n € N. Therefore

llx"(") - x(r)llr.
llll: llttrlt, -co),oll = | tt"9) -collnol,"l + I ll'9r -c.lluolz"l
llc.e,î ll ao a€rr oÉft

I I lt'g) - collno (2ry-n" + t llr!1) - collno lu"l(zx¡-ø"
o€ft o#l*

using Corollary 2.2.

Take e > 0. Choose /c € N such that

I(zx)-'" tft'
oêlr

and l/¡ € N such that for all n ) l/¡

max llc!') - t:^.ll-^ . -j-ä¿i rrva uorrfic - 2A(q) ,

z=0
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for all o € li,. With this ,k and l/¡,

llx"(") - x(r)llu" <

for all n) Nr, as required. I

Proposit on 2.4 Consi,der X(t, z) : la,b) x lç -+ Hc., Q > 1, haui'ng form

X(t,z):Ðco(t)2" , c'(t) € Hc. ,

deJ

bound,ed, by some M 1 æ, where the functi,or¿s {c"(')}" çi' ar€ continuous on la,b]

Then X(.,2) is conti'nuous wi,th respect to t onla,b] for all z ÇK2q'

Proof: Take z a Kzø. Using z, define u.r € Kn by

wj:zj(zi)n'

Now

llx(¿, z) - X(s,z)llno

! ll."{t) - c,(s)llno lz"l + t ll."(¿) - c"(s)llr" l,"l
ogr b açL h

! Ilr"{t) - co(s)11"" (zx¡-n" * I llt"(¿) - c'(s)ll"o lr"l(zx¡-ø"
a€lr oÉr ß

!i."{t) - c.(s))2"
a€J

(nrt ll'.(¿) - '"(')ll'") I (zx)-'" + 2M t (2N)-s" ,

a€l¡ aêlr

using Corollary 2.2. Take e ) 0. Choose k e N such that

I('x)-'" th'
oÉl¡

and ô¡ > 0 such that

s,t elø,b1, li - sl < ôr * p?î ll."(¿) -."(r)ll"o < ñ
With this k and ô¡

llx(¿, z) - X(s,z)llao <

for all s,t € la,ó] with l¿ - tl ( ô¡, âs required. I
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and ô¡ > 0 such that

s e [a,b], 0 < l¿- tl < ô¡, =à

for all a € f*. With this k and ô¡

ll "%q - d'(t) ll""' ;(n)'

for s € [ø, b] with 0 < l¿ - sl < d¡, âs required. I

2.3 The Hermite TYansform

In this section we define the Hermite transform for elements of S(Í1)-1 and establish

results regarding S(H)-t processes and their Hermite transform.

2.3.L Characterisation Theorems

We let F,G e S(H)-r in this section have the form

F: t coHo , G:DA,n. .

a€J a€J

Definition 2.3 Defi,ne the Herm'ite transform of F € S(f/)-1 øs

?tF(z) : Fçr) ': I cozo , (2.9)

o¿Ç.J

for z - CN sucå that the aboue series eti,sts i,n Ha-

Propositon2.6 IÍ F < S(H)-r,-\, whereq € N\{1}, thenfor all z €Ro,tttrçz¡
connerg es absolutely and

I ll""ll".l'"1 < llFll-',-o A(q)'t' ' (2'10)

ae,j

Proof: Note that as F € S(H)-r,-n

llFll-r,-n < oo .

Now for all z € Kn

t llcoz"llno
aÇ.1

38
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: ! ll.*llr" lz"l(2N)-912ryË
QEJ

r12 712

llrÀl'r.(zx¡-0" '{zN;n"

s llFll-,,-n (¡ tr*l -zso (

\oel
: llFll-,,-n A(q)'t'( ñ ,

as required. I

: nFl-,,-, (Ð (r*)-'")
r/2

Propositon2.T Consi,der X(z): nÇ -+ Hc., Q € N\ {I}, wlth form

X(z):Ð"or", ca€H,
a€J

bounded by some M < æ. Then the formal sum

t,:Ðcoío,
aeJ

belongs to S(H)-1,-aq and,

llFll-,,-nn 3 MA(q). (2.11)

Also 17F(z): X(z) for all z € &.
Proof: As X(') is bounded by M < oo for z € Iq, it follows from Proposition 2.1

that

I ll""ll"i2N¡-zco < MA(q) ,

a€J

as ((2.1)-2s, (2.2)-2q, (2.3¡-ec, . . .) e K2o. So

llFll'-,,-rn : I llr"ll"(zx)-nn" < t M A(q)llc"ll¡¡(zx)-2ø"
ae.J a€.J

: M A(q)! ll."ll"{2N)-zøo s (tw A(q))' < -,
a€J

as required.

We just take the Hermite transform of F to show that ?fFQ) : X(z) for all z € &.
T

Propositon 2.8 Consider F,G e S(H)-t. If there erists a q € N szcå úäoú

11F(z) :HG(z) for allz € &, then F : G.

Proof: We need to show that co - do. This is the case by Proposition 2.2. I

This proposition allows us to use the notation ?t-r in the following contexts:
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1. If .P € S(If)-l, then there exists a q e- N\ {1} such that for all z € &

F :'.\l-r (11F(z)) .

2. If X(z): & -+ Hc, q € N \ {r} given by

X(z):Ð"or", ca€H,
o.€J

is bounded by some M < oo, then

x (z\ - X (U-1x) çz¡ ,

for ali z € &.

2.3.2 Convergence Theorems

Propositon2.g Consi,d,er a sequence {F"}î=t and F belongi,ng to S(H)-1. The

followtng statements are equi'uølent:

1. Fn----),,-roo F strongly i'n S(H)4.

g. There erists ø q e N\ {1i sucå that F*(.)--1,,-+oo FO pointwise bound,ed'Iy in

&
Proof: (f + Z) We start by finding a q e N \ {1} such that {e"@)F=, ana FQ)
exist and are bounded by some M ( oo, for z € \.
Now F|" -1,-+oo F strongly in ,S(f/)-1. So by Proposition I.4 there exists a q e
N \ {1} such that Fn --rn-*F in S(I1) -!,-Q. This implies that {llF"ll-t,-n}pt and

llFll-t,-n are bounded by some M < oo' By Proposition 2'6, for z € Kn

llñ*Q)llu. : llF,ll-r,-nA(q)'t' < M A(q)'/2 q æ t

and similarly for F(').

We now show that F,Q) *",-+- Fçr¡ tot atl z e \. By Proposition 2.6, for all

z€Kn

llnra - Ft,)ll* s ll¡; - Fll-,,-o A(q)'t',,;¿0 ,

as required.

(2 + i) To do this we show that Fn--)n-*F in S(ff)-l,-8q'

By Proposition2.T, iIiÌÊ, and F belong to ^9(Il)-1,-4q ând hence ^9(Ëf)-r,-sq.
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By Proposition 25, Fr(') ---),,-+- F1') uniformly on K2n. So for any € > 0, there

exists an .ôy' e N such that for all n ) l/

llr,"Q) - F?)lloo <
A(2q) + 7 '

for z e K2q. With this ,¡/ and Proposition 2.7

ll¿ - Fll-,,-rn : ll4'- Fll-',-n. 
^ 

s T(2q) + rA(Zq) 
< e,

for all n ) N, as required. I

Theorem 2.1 Consi,der a S(H)-1 process P(ú) : fa,bl -+ S(//)-t. The followi'ng

statements are equiualent :

/. ¡'(.) i,s a cont'i,nuous S(H)-1 process onla,b).

2. There erists o q € N\{I} such that:

(Q f Q, z) eri,sts for all (t, z) e [o, b] x \.
(b) p(.,2) i.s conti,nuous wi,threspecttot on[a,b] for all z € J[Ç and bounded

by some M < æ for (t, z) e la, b] x nÇ.

Proof: (L + 2) (o) BV Proposition 1.6, there exists a q € N\ {i} such that P(¿) €

^9(H)-r,-qforall tela,b]. FromProposition2.6,Fçt,"¡ existsfor(ú, z)e la,b] xKo.

(b) Firstly continuity. Take any t e la,bl. By Proposition 1'6, for any e ) 0, there

existsaô>0suchthat

s € [ø, b], lt-sl < ô+ llF(t) -F(t)ll-,,-n . Mrtr+I
Hence it follows from Proposition 2.6 that

ll¡tr, ) - Fþ,,)11," < llF(¿) - F(')ll-,,-n A(q)'t' <, ,

for s € [ø,b] with l¿- tl ( ô and z € &, as required.

Secondly boundedness. As tr.(.) is continuous with respect to the norm ll'll-t,-0, F(')
must also be bounded by some M < æ in that norm' as [ø, b] is a closed, bounded

interval. Hence F(.,.) is bounded on (f, z) ela,b] x [Ç by the inequality

ll¡tr,,)11". < llF(¿)ll-,,-n A(q)'t'3MA(q)'t2 qæ 
t

by Proposition 2.6.

(2 + f) Take any t €la,å] and any sequence {t"}p, C [a,b] such that tn---+n-*t.
Then bv (b)

ll¡tr, z) - Fft*,,)ll"",,lo ,

pointwise boundedly on &. By Proposition 2.9, F(t") -ì",-r-F(ú) strongly in

s(ã)_r. By Proposition 1.5, this gives continuity at ú, as required. I

€.
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Theorem 2.2 Consid,er two S(I/)-t processes X(t),tu'(t) : lø,b] -+ S(ã)-t. The

f ollowi,ng statements are equ'iu alent :

1. X(.) i,s a di,fferenti,able s(H)-, process on la,b), and F(.) 'is a continuous

S(H)-t process on la,bl, such that

o'jÙ: 
F(¿) , (2.r2)dt \/ )

for allte la,b).

2. Thereeri,sts oqe N\{7} such,that:

(a) X(t,z) and, Fçt,r¡ eri'st for alt (t,z) e la,b] " IÇ.

þ) F(.,2) is conti,nuous wi,threspecttot onla,bl for all z €Kn andbounded

by some M < æ for (t, z) e la,ä] x nÇ'

k) rt(.,2) i,s d.ifferentiable with respect to t onla,b] for all z €Kn and

'-V4: F(t,") , (2.13)
dt - ' \v)4t )

for aII (t, z) e [ø, b] x \.

Proof: (f + Z). (o) BV PropositionL.T, there exists a q e N\ {1} such_that X(Ú)

and F(ú) belong to s(I/)-1,-q, for all Í e [a,b]. From Proposition2.6' X(t'z) and

F(t, z) exist for z € Ko.

(ä) Follows from Theorem 2.1.

(c) Take any ú e [ø,å] and e > 0. By Proposition L.7,there exists a ô > 0 such that

s€[a,b],0<l¿-sl <d+llx(¿) -x(s) -F(t',ll e

ll J-" ''"Jll-,,-n( AM1
Hence it follows from Proposition 2.6 that

Íçt, 
"¡ - X(s,z) - F(¿)ll_,,_, A(q)'t' <, ,t-s

X t) - x(s)
t-s

for s € [o,b] with 0 < lú - sl < ô and z € Ks, as required.

(Z + t) Continuity of F(') on [o, b] follows from Theorem 2'1.

We now show that X(.) is differentiable with derivative F(') on [ø' b]. Take any

t € la,b] and any sequence {ú"}p, c la,bl, t, + t such that tnln-*t. Now

llxe^, r) - x(t,,) _ ¡,r. oll _+ o .

ll '"-' 
\/'llrro'--
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This convergence is pointwise boundedly for z € [Ç as

X(tn, z) - X(t, z)

tn-t S sup
(r,z)e [a,b]xÇ

llrQ,z)llro<M,

by Lagranges theorem. Hence, by Proposition 2.9

x(t") - x(t)
-F(ú) 40,

?t-+ootn-t

strongly in S(rY)-1, as required. I

Theorem 2.3 Consi,der a functi'on X(t) : la,bl -+ .9(É/)-1 , wi,th ø q e N\ {7}, such

thøt f þ,2) eri,sts and"i.s bound,edby some M 1æ, for (t,z) e la,b] x Kn ff

[' *G,z).s ,
Ja

eri,sts for all (t,z) e la,blxKn, then X(') i,s an i,ntegrable S(H)-1 process onfa,b]

and

X(s)ds (r) : X(s, z)ds ,

for all (t, z) e [ø, ó] x [Ç.

Proof: Take any t e la,b] and a set of partitions

{a: ts ( úr ( . ..t,: t} oo
n=L 1

of [ø, ú], such that

(tr+, - tn) --0

Forn€Ndefine

" (1.

max
lc e {0,...,n- 1}

(2.14)

lim
71-+OO

n-L

sn;: I"(r;l(ú,t*, - úr) ,

&=0

where ti e lU,ú¡-.1). Now

lls'i,lll,. : llÏt,", ")(tn+,-'-,11". = Ð llir';, 
z)(t*+,- ¿*)11".

n-I

å=0

Therefore S, (.) ---" -* Ï:Í 1r, .¡ar pointwise bounded y, for z € [ç. So by Propo-

Sn ---+'17-I X(s, z)ds

sition 2.9

t¿--+oo
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strongly in S(f1)-1, as required

Equation (2.I4) follows from

l"' frçr,r)a, : ,(r-' 
l"' 

f rr,r)or) :r(1"' xis¡as) (z) ,

as required. I

Theorem 2.4 For a cont'inuous process F(t) : [ø, b] + S(H)-r, there eû,sts a q €

N \ {1} such that Fçt, r¡,H (t:r(s)as) Q) eri.st for (t, z) e la,b) x Kn and'

"(1,' 
r,(s)ds) e): I.' ur,,z)d,s , (2.15)

for all (t, z) e [4, ö] x \.
Proof: As F(.) is continuous on [a, b], there exists a q e N[ (and hence N\ {1}) such

that X(ú) and ra'(f) belong to .9(,FI)-1,-q, for all f e [4,, å]. From Proposition 2.6,

F1t,"7,?t(Ï:r(s)as) (z) exist ror all (t,z) e [a,b] x 1lÇ.

Take ú e fa,b) and a set of partitions

{a: ts 1fi 1 . . .tn: t}|t ,

of fa,t] such that

lim
n-+æ

max
k€{0,...,n-1}

(tx*t - tn) -0

Forn€Ndefine
n-I

^g,, :: I "tt;) 
(tn+, - tn) .

k=0

where ti e ltk,t¡,+r). So by Proposition 2.6

for all z € Kq, as required. I
ller,r - " (1.' r(s)ds),,, 

ll"" llr" - l"' 
,{,¡o,ll_,,_, A(q)'t',;¿o ,
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Chapter 3

Stochastic Convolution

3.1 Introduction

In chapters 4 and 5 we consider the stochastic evolution equation with additive noise

dx(t) : Ax(t)dt + BdW (t) , t e [0, 7] ,

X(0) :(eD(A),

where Agenerates aCe-semigroup {S(¿), ú > 0} onH and B is acontinuousiinear

map from U (a separable Hilbert space) to H. Here I4z(') is a U-valued Wiener

process, being the formal sum

oo

where {p,(.)}p, is a sequence of independent Brownian motions and {/¿}p, is an

orthonormal basis for U. In [2], they define particular notions of weak and strong

solutions for this problem. In both cases the solutions involve the stochastic convo-

Iution
¡t oo ¡t

l" sr, - s)d.w(s) ': I I sA - Ðr¿d,1¿(s) .

Jo -¿, 
Jo

However to guarant.. f, S1t - s)d.W(s) converges irL L2(H), the following operator

must be trace class

;-1

We define generalised stochastic convolution in S(Il)-¡ that does not require this

condition, but agrees with the above stochastic convolution when Sa is trace class.

To do this we start by generating a sequence of independent Brownian motions.

w(t):|1n{Ðro ,

S7r:: S(s)^9.(s)r ds
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3.2 Generating a Sequence of Independent
Brownian Motions

Let,en:(0,...,0,1,0,...),asequencewitha1inthen-thplaceand0elsewhere'

Define the function n(i,,f ) bV the following table

7

28

J

1L

22

2

23

4

10

L4

19

3 5 b

2T

27

6

9

.)

8

1

1

0

5

8

2

7

1

1

1

2

4

7

1

6

1

1

1

2

3

4

5

b

7

15

20

26

25
(3.1)

(3.2)

24 n(i,, i)

Take i € N. Define /¡ft): [0, oo) -+ L2(¡t) by
oo

þnQ):D
;-1
J-L

Ç¡(s)ds Hen(¿,i) ,

where {€¡(.)}Ë, are the Hermite functions found in section 1.2. This series converges

in L2 (p,) for each ú ) 0 as

i{."10,¡!) (1,' e,øto,)' : itt'l (Í tr,,, (s){i(s)as)
j=7

Ë (<tr,,l ts), {¡(s))¿,1n¡) 
2

j=L

ll/ro,¿(t)ll?,r*l : t2 < æ -

Lemma 3.L For all i, e N ønd t e [0, oo)

o¿þ) :(,,å (1,' ,,ølo,) r'1,,,r) , (3 3)

for almost all u €.,S'(Ro), where {n"}î=t are the functi,ons defi,ned in equation (1./ì.

Proof: Take ú € [0, oo). By the definition of {,6¿(')}Ê1, for almost all ø € ^9'(Rd)

(1,' ,,(,)d,) H,n(;,¡): 
å (1,' ,,(,)d,) (,,rnqn,¡.)

(",å (1,' ,,(,)d,) rng,¡)) ,

þ¡(t) : t
j=L
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as required. I
With this lemma, we now show that these {Éo(.)}Ë, have the properties required to

be Brownian motion.

Before stating the next proposition, we introduce the following notation. If X is

a random variabìe defined on a probability space (Q,F,p), with values in 1R, then

PIX : ø] is defined to be

PIX : a): ¡t{u; X(r) - a} .

Propositon 3.1 The random uari,ables {É¿(')}8, haue the followi,ng properti,es for
ø/lzeN:

1. Plpi\):01 : 1.

Z 0¿O has i,ndependent i,nuements.

3. For 0 ( s 1t, the random uari,able þo(t) - p¿(s) i's ¡/(0,ú - s) d'i'stributed.

Proof: (1) For all ¿ e N

oo

U, ']

0

(2) Take any set of increments 0: to ( h 1." 1tn and ¿ e N. We show

that the random variables from the collection {\u(tn*t) - þo\ù}i=j are mutually

independent. Now, the collection of functions

{ tt=) "' 
å (l:rr.' €i(u)du) \nþ'j) 

}-=,

are orthonormal in tr2(lRd) as

PII¿Q): ol : P t {¡ (s)ds
j=r

: (I¡r,,r,*r1(u), I¡to,tnar1 (r))zr1n¡ :

: õ¿,n(tn+, - tr) '

(r,rln(.,Ð) -- :P[0:0] :1

rln(t,fl) 7z1p,a¡

t:

,Ë (l ' t¡@)au)rnþ,j) ,Ð(l:r-*' e,çu¡au)

Ð-(1,,"" 
€¡@)a,) (l:-r" (¡(u)au)

(Ë
j=r

(1,,''.' €i(ùdu)c,, Ë (l:^r.' €i(ùdu)€¡)¿,inr

: ,å (Í Iþ,,tt+,t(u)(¡(u)d'u) ,, , 
å U 

ltto,,r*,)(u)(¡(u)d'u) *r),',o,

47

I ltt,t t + rl(u) I ¡, r,, o*r1(u) du



So by Lemma 2.I.2 in [f O], the random variable

a-+ (,', (å) "' 
å ([,'',øto")

@' (^+) "' 
å (l::,r¡(u)du

11n(t,l)

\n(;.,j)

has normalised Gaussian measure

Therefore

d,À,(r): (2t)-"12"-r/2ltl2¿*r...drn, r € *o

{ 
r", ( o!) "' 

å (l:rr.' €i (u) du) n,u')}" 
r-,='=o

are independently distributed ¡/(0,1) random variables' Now

rtn(i,j) 
å (1," r,ø0")

( rln(i. i)du

du

u

u

)

T^1t,¡¡l

: /¿(tr*r) _ 0¿(t*) .

Hence the random variables from the collection {þn(t,,*r) - 0¿Qù}7"=i are mutually

independent, lú(0, tn+t - f¡) distributed.

(3) From above we see that the random variable 0¿(t) - B,(s) has a l/(0,¿ - r)

distribution, for all z e N I

For all z e N we choose a continuous version of þ¿(.) which we know to exist by

Kolorgorov's extension theorem (see for instance [14]) because

lr 1 \2 .lE I I =-- | (þo@ - lo('))nl : 1,
f\t-sl "')

AS / - xll2

(*) @¡Q) - É'(')) - r/(o' 1) '

PropositonS.2 The sequence of R-ualued processes {B¿O}Ët ,t a sequence of i'n-

dependent Brownian motions.

Proof: For all , > 0 and ¿ € N, we have that B¿(t) is ¡/(0, ¿) distribution. Hence it
is sufficient to show that

Elþ¿(s)\x(t)l : 0 ,
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for all s,t ) 0 and z I k. Now

Elþ¿(s)þn(t)l

,S f/" €i(ùdu)'?'o \
Hr.rr,rrrD

j=r
{¡(u)du Hr*ru,rr)"t(¡r) : o ,

as n(i,7) is a one-to-one function. I

3.3 .Ë/-valued Wierrer Processes

To define generalised stochastic convolution, we need the S(H)-o processes defined

in this section.

If {8,(.)}Ë, is a sequence of independent Brownian motions and ito}Ër is an or-

thonormal basis for .I/, the formal sum

w(t):iro{r¡"l, ú)0, (34)
i=1

is called an H-ualued Wi,ener process. We use the Brownian motions defined in the

previous section. In this case

w(t):ËË
i,=r j=I

This is equivalent to the formal sum

{¡ (s)ds Hrn(r,i)€i (3 5)

w (t) : Ðõ'ro,,r,o

oo

k=1

roo\.
{¡(s)ds "o) 

H,o: t ek(t)H,b, (3.6)
/ k=l

where
rt

ï¿,n(t) : ïk(t) : I €¡þ)ds e¿, k : n(i, i)
Jo

(3.7)

Lemma 3.2 For all t ) 0, W(t) belongs to S(H)-s,-z and, hence S(H)-g.

Proof: Now

llw(t)ll'-',-,
oo: it.*r)lláo(¿)ll"(2N)-"- : å 

ô,,1¿,¡¡,¡(1!) 
ll 
(/'ç(s)ds) ",11,',,1'*Y"

oo: 
Ðu,,u,r,r(i 

tr,,,(s){¡(s)as)' rrur-'

: î u"ro,,r,r(/¡0,4 (s)' €¡ ('))?'tol Qk)-'

-s õnç¿,¡¡,¡t2 (2lr)-' : *ÐQÐ-' < -,

k--L
cot

k=I

oo

k=l
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as required. I

3.3.1 .Él-valued Singular White Noise Process

Define W(.) to be the formal sum

W(t) :: \nnft)H,o , ¿ € IR ,

co

,b=1

oo

k=l

(3.8)

(3.e)
where

on,r(t) : nr(t) : (¡(t)e,i, k : n(i', i) .

We call W(') an H-ualued singular Whi'te no'ise process-

Lemma 3.3 For aUt e IR, W(ú) belongs to S(H)-s,-2 and, hence S(/f)-o

Proof: Now

llw(¿)ll'-0,-,

î o 
^rn,,r,r( 

r r) 
| | 
(¡ (r) e,ll"* ek)-t

lc=7

)(I

oo

/c= I

(,
€N,¿€lR
sup l€¡(¿)l I ó,,(o,j),* (2k)-' < ct(2k)-'< *,

oo

È=1

where C : sup¡.^,r.o l€¡(Í)1, as required. r
We now show that W(.) is a differentiable S(1{)-1 process with continuous derivative

w(.)

Propositon 3.3 For any closedboundedi,nterualla,bl, a > 0, W(') i'sthe continuous

d,eriuatiue oÍW(') on la,bl i'n S(H)-t.

Proof: We need to show that there exists a q € N \ {1}' so that conditions (o), (b)

and (c) of Theorem 2.2 arc fulfilled.

(o) For all t e la,ù,w(t) and \N(ú) belong to s(H)-s,-2¡ âDd hence s(H)-r,-n.
Hence Wçt,r7 and W(ú,2) exist for all (t,z) e [ø,ó] x Ka.

(b)ly. need to show the continuity with respect to ú on [ø, ó] and the boundedness

of Ñ(.,.). Now the functions {rc¡(.) :6ne,Ð,¡€j(')",iËt are continuous on [ø,b] and

from the proof of the previous lemma

ll*t,,,)11". <

/ æ \1/2

\Á /
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\Mhere C : sup¡.N,r€[o,ó] l€y(¿)l Hence by Proposition 2.4, W(', r) is continuous with
respect to ú on [4, b] for all z € [Q.

(c) Now W( , .) is bounded on [o, b] x Ka and

d0kft)
dt 

: Ônu'i)'k
d (t:{3(s)as)

e¿: 6n(i,j),rc€¡(t)uo : n*(t)
dt

By Proposition 2.5, (.,2) is differentiable with respect to ú on [o,b] for all z € K¿

and 
afrçt,r) : ñr¿. r)dt \/ /

for all (t,,2) e [ø,b] x [<4. f

Corollary 3.1 For any closedbounded i,nterualla,b), a > 0, W(') is the continuous

deri,uati,ue olW(') onla,bl i'n S(H)-s.

Proof: Forg€N

llw @ll'_o,_n : f {.*r) lld*(¿) ll?r(zx)-n"
oo

k=7
oo

lc=7

: ! lla*ir)ll'"(2N)-*' : llw (t)ll'-,,-n ,

and similarly llW(t)ll-0,-n : ll\M(f)ll-r,-n. Result then follows from Proposition 3.3

and Proposition 1.7. a

3.3.2 nth Derivative of W(ú)

For n € ñ, consider the formal sum

lnl') (ú) ': Ë of,) 1t¡n,r, ¿ € rR. . (3.10)

k=I

Lemma 3.4 For alln€ No øndú € R, Uñ")(¿) belongsto S(H)-0,-2[.lr\-2. More-

ouer, for any i,nterual fa,bl

llw")(¿)ll-0,-rr.#v23 Ko,b,n ( € , (3'11)

where the constant Ko,6,n depends only on a,b and n.

Proof: Consider an interval [4, b]. Then for all t e [a,b)

llw")(¿)ll1o,-, r+t-2
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: f {.*r) ll"f'r,lll" tr*¡-t'ra#r+z)'u

: t 0,,0,,,,11 
| 
ej") t,l', ll', rznru*t-z

Ic=l

Æ=1

: I ô,,1n,¡¡,0 (, 
",0,^(, 

j) r"Fr )' çrn¡-rrryr-,
Ic=I
oo

Ie=I

6 n(i,j),k (c ",,,,çzt ¡['Fr )' {r*¡-'r"-l-2 - c\,u,,if,*f "
t--a

using PropositionB.2, as required. I

Propositon 3.4 For all n € N0 and any closed, bounded, i,nterual [ø,b], Mf") (') i,s a

d,i,fi erentiabte S (H) -1 pro ces s on la, b], wi'th cont'inuo us deri,u ati,u e \A¡n+ t) (' ) .

Proof: We need to show that there exists a q e N\ {1}, so that conditions (o), (b)

and (c) of Theorem 2.2 are fulfilled.

(ø) For ¿ € IR, nry{") (ú) and Mñ"+1) (t) belong to ^9(Il)-6,-s, âûd hence S(fI)-¡,-n c
S(ä)-t,-n, where q:z[ryn * 2. Hence ø\ l') (t,z) and 7¿n¡ln+t)(ú, z) exist for all
(t, z) e [a, b] x n<n.

(ä) We need to show continuity with respect to t on la,b] and boundedness of
7¿qfln+t) (., .). Now the functions

{"f*t'(') : ô",(¿,¡) ,o€:"*t)(')tuil, ,

are continuous on [ø, b] and from Lemma 3.4

lløwt"*'l Q, òllr. I llul"+tl (¿)ll-,,-n A(q)'t' S llW"+tl (ú)ll-0,-n A(q)'t'

S Ko,u,n+tA(q)'/2 <æ,
for all (t, z) e la,b)x\. Hence by Proposilíon2.4,7¿qln+t) (', a) is continuous with
respect to ú on [4, å] for all a € þn.

(c) Now 7¿n4ln+t)(', .) ir bounded on [a, b] x Kn and

a"f,) çt¡ : 
"['*') 

(¿) .
dt

It follows from Proposition 2.5 that ?l\ Í") (., z) is differentiable with respect to ú on

[ø, ó] for aII, z € Kzq and

flMÍ".)(¿, z) _ 7¿ryry(n+r ) e, ò ,dt
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for all (t,z) e [ø,b] x K2n, as required. I

Corollary 3.2 For anE closed, bound,ed, i,nterual [4, a], Uf")(') i's a di'frerentiable

S(I1) -o process on la, bl, wi'th continuous d,eriuati,ue nry(n+t) (')'

Proof: Forqe N

llW') (¿)ll1o,-n : i{.*r)llo[")(¿)ll?r(zx¡-n'^
k=l
oo

: I tt"f)(ú)ll'?H(2N)-q" : llv$")(¿)111,,-n ,

Ic=7

and similarly llMÍ"+1)(¿)ll-0,-n: llMl"+t)(¿)ll-t,-n. Result then follows from Propo-

sition 3.4 Proposition 1.7. f

3.3.3 Q-\Miener Process

While we won't use Q-Wiener processes ourselves, it's of interest to see their expan-

sion in L'(H) using the Brownian motions constructed earlier.

Let Q be a positive, trace class operator on fI with positive eigenvalues {À¿}pt and

eigenvectors {e¿}pr. If {8,(.)}Ë, is a sequence of independent Brownian motions,

the following sum

wq(t),:ËtÃnLn|)"l, t)0, (3.i2)
i=I

is called a Q-Wiener process. If we use the Brownian motions constructed earlier in

this chapter, Wq(') is equivalent to the formal sum

weþ) : îu^,0,,,,*(lx [' ,,(,)orrn) ¿,(')
L-1 \ Jo /

: Ër*rrlo,(r) , (3.13)

lc=1

where

k : n(i,, i) . (3.14)

For all t ) 0, Wq(t) belongs to ,L2(fI) as

llwq(t)ll2r,@t : it.*r)lldkll?i: å 
6n(i.,j),k(r, I' ,,(')d')'

s i,r,å U/¡0,4(s){¡(s)0,) 
: 

å)¿ll/¡o,4ll?,ror 
< oo
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3.4 .Wick Product

Definition 3.1 1. Take F,G e .9(ff)-1 giuen by

F:t\b¿,oHoer, b¿,a€R,
oo

qQJ i,=I

G:t\c¿,oHoe¿, c¿,¿€lR
a€J i=I

Def,ne the Wick product of F and G as

F oG t t t b¿,¿c¿,B c¿

oo

H.t

1eJ i=7 a*þ-.1

\, o',Hr(') , (3.15)

where

teJ

oo

9',:Ð t b¿,.,c¿,p €¡

i=l a*þ=1

2. Take F € (S)-r and G € ^S(¡1)-1 gi,uen by

F: I boHo , bo€R
a€J

G D".rr, cae H.

FoG
.YEJ

where

h-- t bocþ'
alþ=1

Propositon 3.5 The followi'ng properties hold:

1. If F,G e ^9(f/)- 1, then F o G € S(I{)-1.

2. IÍF €(S)-t andG €^9(I/)-1, thenFoGe S(H)-t'

3. If F € ^9(¡l)-0, then F oW(ú) € S(I/)-0'

Proof: (1) Let

aeJ

Def.ne the Wi,ck product of F and G as

bocg Ht:1s.,H., ,,: 
P"("F=

oo

(3.16)

r: I iro,.r,"o
a€J i'=I

G:tl.c¿,..í,e¿,
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There exists Qt,ez ÇN so that F e S(H)-r,-q' a,nd G e S(H)-r,-q,. Now for k > 1

llF o Gll'?-1, -(qt+qzlk)

: I(rN-tnt*qz*k)t
teJ

t€J

2N)-(ø' +s2+k)"1Ir
teJ

/: f{zx)-*"(I(r*)-o''
'YeJ \a+É=r

/I lfzx¡-"1I(rx)-o'"
'Y€J \a+É=r

("F=,,,'*,-"'(å "r,,))

("P^,,'*,--'(å "r,,))

)(Ð,'.,-"'(å ",,,))I(zx)-*' Du?,.
oo

i=71eJ

as required.

(2) Let

F:IboHo, G:Dr,ro.
a€J a€l

There exists Qt,Qz €N so that ¡ì e (S)-r,-o' and G e S(I/)-1,-q2. Now for k > 1

llf o Gll'?-r, -(qt+qz+k)

("p,,r*) -,, "u3) ("p*.,,r*, - * p t" atï,)
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as required.

(3) Let 
oo

r:t)ì c4oHoe¿.

rhere exists a q €N so that , , tî;;:::n. For k > 1

| | 
F o W(r) ll'_0,_ (n*r*r*r)

I t!(2N¡-(c+z+r'+z1t
'teJ

: I(rx)-to+2+k)1
-"rr)', ci,oKi,h

/* /
ffÍ t(7!(zx)
\ r=r \o+e¡="y

ci,aKi,k

2

2

teJ

le,î

teJ

as required. I

Propositon 3.6

t a!(zN¡-'"

(al(a¡ + 1)(2N)-z(a+er)) c?n,o

(2N)-" 
"?,ft)

(å"t")) (.à,(2N¡-z'* (å "t-

(Ð"*-") (:a!(zx¡-ø' (å't") ) (å"- r' ^?'r)

))

)

))

1. Consider e S(ff)-r si,uen byF,G
oo

Dro
i=l

F €¿ ç :l G¿e¿

oo

i=7

Then 
oo

?t(F o G)(r): t ?tF¿(z) ?tG¿(z) e¿ ,

i=I

for att z € CN such that both ?{F¿(z) and ?{G¿(z) eri'st, for all z e N

2. Consider F' e (^9)-r,G e S(H)-1. Then

?7(F o G)(r) : +{F(z) 7{G(z) ,

for all z € CN such that bothT{F(z) andT7G(z) eri'st.
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Proof: (1) Let

Using Lemma 2.2

as required

(2) Let

Now

F: I lci,oHoer ,

oo

a€j i=l
G: t ld,,oHo"u .

a€l i=l

)(,)GoF?{ (

Ë
i=7

("ä, c,od¿,pzo+p),, : 
å¿ LP,, "n,*d,o,p,'*p) "o

(Ð",-u) (r¿ o,o"o),n: Ë ?tF¿(z),G¡(z) e¿ ,

f:!coHo, G Ð¿-'*
aeJ ae.î

/r\
?t(F o G) (') 

: 
td,i 

|"',å.,",',,)
: HP(z) TlG(z) ,

as required. I
Following the ideas of [10], we define the generalised expectation of elements in

s(//)_,.

Definition 3.2 Consider F e S(H)-l hauing form

f:IcoHo.
aeJ

Define the generalised erpectati'on of F as

EIF) ::c(0,...) : flO¡ e ø .

Clearly we have for all F.,G e S(ã)-t
oo

EIF ocl : t ElFul EIG¿\ ea ,

i=1

and for all .F' e (S)-t and G e S(ff)-t

EIF o Gl: ElFl ElGl .
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3.5 Pettis Integral

Definition 3.3 We say F(t): R. -+.9(H) -s i's Pettis i'ntegrable i'f

(F(.), Íl e L'(lR,df) , (3.17)

for atl f e S@)0. In addi,tion, u)e sag F(-) i,s Petti,s integrable on E C R i/IE(')F(')
'is Petti,s i,ntegrable.

Propositon 3.7 Il F(t) : R -+ S(H)-o i,s Pettis i,ntegrable, then there erists a

uni.que element in S(H)-s, denoted /lf it¡at, such that

( [ r(t)¿t, Í) : [ <rat, r)ü, (3.18)

"/m. JR

forallle,S(//)0.
If Fo i,s Petti,s i,ntegrable, thenwe caII [*F(t)dt the Petti,s i,ntegral or Fo.

Proof: This proof follows the proof of Proposition 8.1 in [S]'

To do this, we only need to show that

f

/ (r{t)'')at 
'

is a continuous, linear functional on S(.tI)s, that is, it is an element of ^9(I/)-¡.

Linearity follows from the linear property of the integral and the linearity of F(f),
foreach¿€R.

To show continuity, we need the linear functional X : ^9(I{)e + LL(JR) defined by

Xlfl :: (F('), /) .

We start by showing that X is closed. Take a sequence {f"}i=, C ,S(//)o such that

fnè,,-*/ in S(H)6 and

llxlfÀ - ó(t)ll¿,rm),ì o,

for some ó(t) e ¿t (R). Note that for almost all ú e R

jgg(rit¡, fn) : ó(t) ,

where the convergence pointwise in IR. Also note that as for each ¿ € IR, F(ú) €
,S(.H)-s, then

j5g(r(¿), f"- f) : (F(ú),J5g(/" - /)) :0 .
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Hence

aeJ

In thi,s case, F(.) i,s Petti,s integrable and

llxt/l - ó(t)ll,'ror
rl': / lxt/l - ó(t)ldt: / l(F(¿), f) - ó(t)ldt

: / lt.rrl ,il - óQ) +-rim (F(ú), r*- Í,)lat
Jm I r1-+ôo

: I l.r*<r (t), Í - r.) +-qL(F(ú), r^) - óft)lat
.¡lp In-+oo 2-+oo

D "!(zx¡-ø" (/ tt."t,l tt,at)'

0

Therefore Xlfl: @(t) in ¿t(R). Hence X is closed.

Now ,S(H)s is Frechet space, where closedness is equivalent to continuity. This gives

continuity f.or X. Hence

I

rim ¡ /(F(ú), r,- f)d,tl s lim I t<ral,rn- l)ld,t
n-+oo l./R I r*- JR

jgå llxt/" - /Jllz,'16; : o,

as required. I

Note that if f' (.) is Pettis integrable on -E C R., then for measurable G C E we define

rr
JGF(t)dt,: JuIG(t)F(t)dt 

. (3.1e)

Propositon 3.8 Take F(t): lR -+ 5(¡/)-o wi,th erpansi,on

F(t):D:".{t¡u.,
aeJ

such that for some q € N

<oo (3.20)

(3.21)

Proof: We firstly show that .F'(.) is Pettis integrable. Take / e ,S(I/)0 with form

r :''a..ts.o '
aeJ

l*røar:Ð({."r,10,) r.
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Using Lemma 1.6

t =/
dt I "! l(a., c,(t)) ¡¡l dt

Í

:Í

(ú) ,F( dtr)

(ú) )cdada

I " 
! 

I l 
r" 

I I " 
I l'* ( t)ll y¡ at : t ol (2N) ? ( 2N) # llo "ll, [ ¡c,çt¡11rat

Jn

ae.J

oeJ

H

atJ

oo

ae.J

aeJ

(Ð " (zx¡'" 
r r "" r r ?,)''' (Ðo! (zN¡ -c' ({ tt "" r,l t t "r,)') 

"'

as required.

Secondly show equation (3.21). Start by noting that the formal sum

Ð (Í c'Q)dt) n' 
'

belongs to 5(I/)-6,-o by equation (3.20). Using Proposition 1.6 again

(Í

(f

t
a€,1

F(t)ü, r)

F(t)dt,Ðo.'U.>: !{ lor{t)ar,aoHo\e€J

/l"trl, aoHold,t:Ð
loat(c.(t), 

øo) ¡ydt

o),:(t I [ ",(t)at\ 
Ho,fl ,: )-"1( | c.(t)dt,a

ã "/n f." \Jn /

as required. I

Definítion 3.4 Consi,der ø ,9(H)-s (or (S)-s) process, F(t) : lR -+ S(H)-s (or

(S)-o). If F(.) oW(.) i,s Petti,s i,ntegrable, define the abstract Hi,tsuda-Skorohod i,nte-

gral of F(') øs the Pettis i,ntegral

fr
Jor@dw 

(t) :: /..fri o w(t)dú . (3.22)

Propositon 3.9 Consider F(t) : R -+ .9(I/) -s wi,th form

F(t¡ : tt c¡o(t)Hoe¿: t c,(t)Ho;
aeJ ¿=!
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such that for some q € Nf

K :: sup {a!(zx¡-ø " [ þ.(t)tlï¿t) < oo . (3.23)
oey [ ' ' Jnrr 

g\ /r,r 
)

Then F(.)oW(.) salzsTS es the condi,ti,on of Proposi,ti,on 3.8, and hence F(') zs Hi'tsuda-

Slcorohod integrable.

Proof: F(.) " 
W(') has expansion

F(t) o w(t) t
We need show that there exists a p € N such that

c¿,"(t)rc¿,¡,(t) e¡ Ht :-1n.,(t)H.,
1eJ tel

Ðtrri (/ rrr.,t,llt"ar)'{r*¡-o' < oo

t€J

Now

2
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(t: I(rx)-'" t (a!) (2g -ts+2)1 llca(Ðll2,dt
qCl

(t

te'J

a*e¡"=1

a*e¡=1

a€J

t (zx¡ -zr 
ll rc¡,(t)ll2rdt

(t ! {" r ) ( 2N¡ - (ø+zr " llc" (t)112, dt
) (; irzrr-' t t**Q)tt'".,)

: 
^o, (Ð(a!)(zx¡-{ 

n*',' 
]oil,"(¿) 

lt',or) ([u,,,,,,, ,u(2k)-' l*e,af 
or)

ItzÐ-' Sx,l,çz¡3(@,
oo

k=l

as required. I

3.6 Operators on S(H)-,

For this section we take p € [0,1], letting F,G €. S(H)-, have expansions

r: I coHo , G:DO,r" .

ae.J a€J

We let L(H) denote the space of bounded linear operators on H.

Definition 3.5 For a linear operator A on H define the domai'n of A i'n S(H)-, as

D(A)-o
( 

cr,Hl .1né Ds .cr¿¿å rå.¿f I (rvt\1-pllAc^ll?,12N-s" . -l
l- 

\-/ - r\^^/-p '-: - -'- 
a{-l 

¡r srrn\ / 
)

For F eD(A)-p, def,ne the øction of A on F as

AF ::\,(tcòn, .

a€J

Let, Hl be another separable Hilbert space with inner product (', ')"' and norm ll'll"'.
Let L(H,I/1) denote the space of continuous linear maps from f/ to H1.

Definition 3.6 For a li,near map A: H + H1, defi,ne the domai,n oJ A in S(H)-o
a3

D(A)-o
( crg\ .7nG Ni .crcå. rh¿f I (,,t\1-pllAc^ll?, l2N-0" . oolt:. {e(") e s(H)-o :lq € N szcl¿ that l@t)1-ollAc,ll?r,(2N)-0" .

I- 
\-./ - '-: - -'- 

rl€J 
rr -srrnl\ / 

)
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For F eD(A)-p, define the action of A on F as

AF::\(.tròn,.
a€.J

Propositon 3.10 Let A be either a li,near operator on H, or a li,near map from H
to H1. IÍ F,G e D(A)-p, then F + G e D(A)-o and

AIF + Gl: AF + AG . (3.24)

Proof: The proof of either case will be the same, so we just prove case for when A
is a linear operator on H.

Take .F, G eO(A)-r. There exists Qt,ez € N such that

I(ot)t-oll,ac"lllr(zx)-qra < oo : I(rl)'-'ll,Ad"ll'?H(2N)-s2o < oo .

a€J a€J

Let q - max{q1, q2}. Then

I (ot )'-' llA("" ¡ d,.)l 1'," (2I$) -*
e€J

aeJ

: I(ot)'-' (llA""ll2, + 2llAc"ll"llÁd"ll n + llAd"ll'") (zx)-'"
o¿€J

aeJ a€,I
r12

( r, ",,' 
- p 

ll A c,ll2, (z*) -' " )''' (Ðr\)'\ - e 
ll A d,.tt'" (, N) -'" 

)
+2

Also

AIF + Gl : le(ro + do) Ho: t (Aco* Ado) H,
a€l ae.,1

: \Ac,H,+ t Ad*ío ,

a€.J q€J

as required. I

Propositon 3.11 Let B belong to either L(H) or L(H,H1). Inboth cases wehaue

that D(B)-o: S(H)-p.

Proof: The proof of either case will be the same, so we just prove case for when B
belongs to L(H).
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Take J¡ € S(H)-p. There exists aq€ Nsuch that l¡ e ^9(H)-r,-n. Forthis q

I("t)t-rllBc"ll2H(2N)-s" <
aÇ.J ae.l

: llBll, llF'Ilr_l,_q ( @ ,

as required. I

Propositon 3.L2 Let A be ei.ther a closed operator on H or a closed linear map

from H to H1. Let F e.D(A)-r. Thenthere etists aq € N\{1} suchthat

?t(AF)(r): 'a,Fçz¡ ,

forallz€&.
Proof: The proof of either case will be the same, so we just prove case for when A
is a closed operator on I/.

Since F eO(A)-1, there exists a q € N\ {1} such that for all z € Kn

L "o"" , t Acozo ,

a€J a€.1

both converge absolutely in /{c, by Proposition 2.6. For each n € N, define

f"Q): t coZo .

q€1,

Now for each z € Iç , F,Q) *,,-+- FQ) ala '1,F,çz¡ ---1",--+oo 11(AF)(z) in Hç.

Hence by closedness of A, f.or each z € Kq, F(z) e D(A) Ç Hc. and ?{(AF)(r) :
,l,Fç), as required. I

3.7 Generalised Stochastic Convolution

For a strongly continuous family of continuous linear maps from [/ to H, {^9(ú), ¿ >

0), such that ,9(')W(') is Pettis integrable on [0,7], define

S(s)ôIl(s) :: S(s)\M(s)ds , ¿ € [0,7] (3.25)

We call fi Sçs¡dW(s) generalised stochastic convolution. Note that in the above

equation, \M(') belongs to ^9(U)-e, being defined in the same way as in section 3.3.1

with respect to {/,}pt.
In the rest of this section we consider the case the when (J : H, so that {S(t), ¿ > 0}

is a strongly continuous family of bounded operators on H . However, all of the results

proved in this section will apply equally to the more general case of when U + H.

1,,
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Propositon 3.13 Suppose that for someT € (0, oo)

¡T

J, lls(t)ll'zdt < oo . (3.26)

Then we haue the followi,ng:

7. S(.)W( ) i,s Petti,s i,ntegrable onl0,T) and for alL ¿ € [0,7]

¡t :i(['sølor(s)¿")a.-. (r.27)
Jo 

s(ù6w('): 
k\/ 

ò(s)Kßt. / "

z. fi Sçs¡tW(t) i,s a cont'inuous S(H)-1 process onl0,T).

Proof: (1) We show that 4o,rl(.)^9(.)W(.) satisfies equation (3.20) of Proposition

3.8. Now

oo

Ë{.*r) ({ t,",(t)||s(t)rc¡( t)ll,dt)' ir*;-"*

k=1

Ë u,,',r,,* (1,' w all,' ot

lls(ú)ll'zd¿

'rdt€¿(r)È.\J)ffi
)["-'-"(1,'

) ent-

S(t) '?dt) oo2A )

as required.

(2) Note that from the proof of part (1), we have that fi sçs¡dw(s) belongs to

S(H)_.,-, C ,S(¡f)-l ,-2, fot t e [0,?]. So by Proposition 2.7, we have that for

z€K2

l" (1,' s(s)ôw(s)) ,,,11,.

/sil r- .n2 \t/z

\â ll,l, 'e(s)rc¡(s)d'll" tzxl-"-) AQ)'t2

å (/' lts(,)tt ttoor,)tt'¿,)' (,*)-')

å (/' ls(,)tt'd,) (/' tt"-t,)tt'"d')s(

r/2

AQ)t/2
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\ ll2
S@ 'zas)

(1,,

U;

(1,,s

r12

([ u'"'" - (l l(¡(s)e'll2'd'') i'*l-')''' o"''''

(å,,-,-')''' A(2)rt2

ll^s(s)ll'?ds

r 1/2

Sçt¡ 2at) ,+çr¡''''+12¡'r'S K < oo ,

/

where K is aconstant depending only on ?. Hence +t (tl^S(s)ôW(s)) {r) t. contin-

uous with respect to ú on [0,7] for aIl z € K¿, by Proposition2.4, as the functions

{t, ,S(s)rc¡(s)ds
co

k=1

are continuous on [0,"]. Hence fi Sçs¡dW(s) is a continuous ^9(I/)-1 process on

[0, T], by Theorem 2.I. I
Note that from the previous proof, fi Sçt¡Ollr(s) e S(ã) -0,-2 c S(H)-r,-r.

Corollary 3.3 Suppose agai,n that for some T € (0, oo)

/'llt(r) ll2dt<æ. (3.2s)
Jo

fhen fi^9(s)dlV(s) i,s a cont'inuous S(If)-o process onl0,Tl.

Proof:Forq€N

lll,' 
søtu*,,,11_,,_,

: Ër.*r) ll/' 
t,,,"-(,)r,ll" (2N¡-e"

ñ-I

: Ë ll/'s(s)rc¡(s)d'll" 
,'*-"' : ll/'s(s)ôw(s,ll-,,-,fr=1

Result then follows from Proposition 3.13 and Proposition 1.7. a

Propositon 3.14 Supposethat for son'ùe ? e (0, æ), theli,near operator Sy def'ned

bu 
s7r :: /t r1r¡r- (s)r d,s , r € H , (3.29)

Jo

i,s trace class. ?åen ^9(.)W() i,s Pettis i,ntegrable onl0,Tl and for all t e [0,?]

fo' 
,tùo*(,) : å (/'s(s)rc¡(s)d,) a* , (3.30)

belongs to L2 (H).
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Proof: To show that.9(.)\M(') is Pettis integrable on [0,7] and equation (3.30), we

show that 1¡0,11(t)S1')W(') satisfies equation (3.20) of Proposition 3.8. Now

o<

f{.or) ( [,r,r,(t)lls(t)rc¡(¿)ll"¿¿)' {r*¡-"0
rJ \Jm' /

å 
r,,n,,,,,(t') (/ lls(¿)ty(¿)e ,ll,or)' rrrr-'

(1,,

(1,,

(1,,

U;

U,"

I ó,r(?,i),*

åo',n,,,,, 
(1,' s(ú)s. (t)e¿ dt,r,)") QÐ-'

2

D6,10,,,,*

oo

k=7
oo

k=1

oo

S(t)e¿ , e,Q) dr) 2k

Ic=l
co

\-.L
k=7
oo

\-.L
le=I
oo

õn(i,i),k

õn(i,i),k

Ð6,,ro,,r,r

ll.s(t)e¿ liot) (1," c,rtlf at) {zn)'

(s(t)e¿, s(t)e¿) ¡!dt) fi €,@'dt) Qk)-'

(5. (t)e¿, S. (t)e¡) y¡d,t) fznf'

(s (¿).s- (t)e¿, e¿) n d,t) enf'

Ð 6nro¡r,rTr(S7) Qk)-' : Tr(Sr),4(2) < -,
Ic=l

as required.

To show that f;S(s)ôW(s) belongs ro L2(H) for all t e [0,?], consider

ll/'',",, 
w(,)11,,,",

: 
llå tl's(s)rc¡(s)d') '.-11,,,",

: 
Ðå," 

,-',å (/'t,',"r(')as) HêkiHdetl2L2(H)

,(|,'s(s) rc¡ (s)d,) a-, u.",) r, ç,7)f !{"t¡-'
oo

a€J L=I

å" f,(/'s(s)rc¡(s)d,) 
a- ,r,",r,f)

Ðå,"')-'(

67



Ðå,",-' (å, (l,r ,u,,*1,;r,) ,e¿)u',",ru,,)'

å å, (1,', u,^*1,¡0,), eL)2n :å 
ll/' 

rr,l"-r,)o,ll],

Ëu",0,,,,* ll/'r,,,", *,r,lr,ll" = åå ll/'^e(s)e¿ 
r,r,ro,ll"

Ë Ë Ë,/' s(s)e¿ {,(s)ds, e¿)2n :å 
å å 

(/',t(s)e¿ {¡(s), et) nd.s

i=l i=7 l=l JO 
r 2

å å å U €¡(') (/ro,'r(s)s(s)e¿' "')'o')

t t ll 
(¡ro,q(s)s(s)e¿,',)"ll?,r^r : (/'rtt,l, o, ",¡,a,)'

2

ôo oo

ËË
i=L l=Ii=L l=l

oo oo

i=I l:7
tt( lo' 

,çù"n d,s,e¿)2, -- lo' 
s{,)"or'll" 

= Ð (/'ls(s)e¿lr¡, ds

l,' w@"ott', o,) (/"*)

oo

\-/,
i=I
oo

\-./,
;_1

2

2

il

TT

T

å (/'lls(")eotla as)

(/'rrtr, )eull'n as) t
i=7 lo" {rlr)"n, s(s)e¿) ¡vd,s

¡r 
:¡) ¡1d,s: t i /tqrqr¡r. (s)e¿,e¿) ¡yd,sJ, 

(^9.(s)e¿, s-(s)e 
ã. Jo

,Ð,lr'^9(s).9. (s)e¿ d,s,"ol, :" Tr(s7) ( @ ,

t
i=7
oot
i=I

as required. I

Theorem 3,L Suppose agai,n that for some T e (0, oo), the li,near operator Sy d,e-

fined by

rTSrr,:JoS(t)S.(t)rdt, r€H, (3.31)

i,s trace class. Then for attt e [0,?], we haue that i'n L'(H)

¡t oo ot

I s@dw(') : I I sç'¡"n d.þ¿(s), (3.32)
Jo 7_, Jo

where .summation i,s in L'(H) and fi ^9(s)e¿ d,g¿G) is the normal lto integral with

respect to 0¿O.
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Proof: Now f;.9(s)ôW(s) has the following expansion in L2(H)

So it remains to show that h L2 (H)

å 
(/'s(s)rc¡(s)d,) '., 

: 
åå 

(/'t,,,,, €¡(s)as) H,n(¿,j,

1,,
S(s)e¿ d\¿G) :

Ð(1,' 's(s)e¿ e,1'¡'") Hnu,i) ,

where series is in ^L2(H).

Take any t e [0,7], and a set of partitions

{0 : ús ( ú1 ( ... 1tN:ú}i=r,

of [0, t] such that

(t*+, - t*) -0
Now

lim
N-+oo

max
/c€ {0,...,N- 1}

[ 
^¿ 
ll N-l 

¡(s).e(t[)e¿ll' ,JJ'g"E L/ llt'''' 
- Ð 

ltt¡'t¡¡'l ," I

: ;'* /' ll't'1", ä lþo,to*,) (s)s(ti)e¿11" "
where tf e lt¡,,tr+). Since {^9(ú), ¿ > 0i is strongly continuous, the functions

{,9(.)",}Ë, are continuous and hence bounded by some M < æ on [0,"]. So by the

Dominated Convergence theorem

lim

lim
N-+oo ^9(s)e¿ - t ltto,to+ù(s)^9(t|)e¿ ds

N-1

&=0

N-1

È=0

2

H

N-+oo
:1,

^9(s)e¿ - t lv*,tr*) (s),S(t|)e¿

for all ¿ e N as the functions {S(')er}Ër are continuous. Therefore

¡t N-1

I sç'¡"0 d.þ¡(s) : J'*I sQi)e¿(0n(to*') - þ¿(tn)) ,

Jo ß=o

where limit is in L2(U). Now in L'(H)

I,' S(s)e¿ dþ¿(s)
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a€.J I=1
!!(or)-'( S(s)e¿ d0¿þ), H .,e¿) ¡26)H oet

oo N-1

a€J l=I fr=0

N-1

oo

oo

aÇl l=I

oo

ae.l l=l
oo

a€J l=l
oo oo

j-L l=l

I Dt"')-'(J'31" I s1t;;r ¿ (l¿ftt +) - þ¿(tt)) , Hoe¿) ¡zs)Hoet

II("t)-' -li* I $Qi)e¿ (þn\**r) - þ¿(tx)) , Hoe¿) ¡26¡
N-+æ 

-

Hoet
/c=0

N-1

&=0

N-l oo

k=0 j=l

(3.33)

Now

(S (ti)e¿ (þo(tu*t) - /n(tù) , H.,e¿) 72¡g¡

(,S (t| ) e¿ (0 n(t o*r) - þ¿(t n)), H o(a) e¿) n d p(r)

H"(r) (\u(t*+r) - þ¡(tù) (S(úi)e¿, e¿l¡¡dp,(a)

j=l

.f,,o,,

/,,u,,

(s (ti) e¿, et) u (H o,(å (1, 
-.' 

{¡ (s) ds) r,^,,,,,) ) ",,,,

t (l:rr.' {i (s)ds) (H o, H,,çn,¡,,,,,r)(S(ti)e¿,e¡)¡¡ (

(S(ti)e¡,e¿)7¡ ( ,ä 
(l:rr.' (¡ (s) as) 6'n,'',,'o

å 
0.",0,,,," ,(l:r^.' ç(s)ds) s(ti)e¿,e¿)¡¡

Iu.",,,,,,. 
,l'rr*' s(ti)e¿{¡(s)ds, et)u .

Putting this into equation (3.33) gives

¡t
I sçs¡". d0¿þ)

Jo

!!{"t)-' li* I $(t)e¡(þ¿(tt +r) - 0¿þn)) , Hoe¿)72¡6¡
N-+ú 

-

lim
N-+oo

+1

!!{"t¡-' t t õ,^1u,,¡,o( S(t"¡)e¿ (¡(s)ds, e¿) 7¡

tt t( I:rr" 
s (tÐe¿ (¡ (s)d,s, e¡) y¡

-1N

lim
N-roo

Hrn(n,r)êI

/c=0

oo oo N-l ftr+t

DDt;'*Ð I lþo,tu*) (s)'9(¿ä)e¿ (¡(s)ds' et)nH'^1n,,.et
j-l I=I 

* 
lc=g 't to
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ËË,;*/'
j=L I=l ú u

I /þu,ru*,; (s).9(ti)e¿ {¡(s)ds, et} n H,.1,,¡ft
N-l

,b=0

oo co

1,,IIt .9(s)e¿ {¡ (s)ds, et) n H,^¡n,¡et

Now

Hence

j=7 l--I

llå,/' 
s (s)e¿ (¡(s)d,s, et) n H,,6,,¡et

- (1,' ^s(s)e¿ Ç(s)ds) H,n,,,,,11r,,",

/,,o,, 
I I å t/''e (s) e¿ {¡ (s) d's' e¿l ¡¡ H'^','"(u) e¡

- (lr' s(s)e¿er1r¡rr) Huo(¡,j),",11; dt @)

, llå,/' 
s(s)e¿ {¡(s)ds, et) nH,,,n,,,(u)et

{ 
fo' 

s lr¡"0{¡(s)ds, et) a H,^ç,¡7{",r, 
ll 
" 

dt @)

(Rd

oo-t
I=I

ll\ll21rd¡t(u) : g .

(Rd)

S(s)e¿ d/o(s)

as required. I

3.8 Generalised nth Stochastic Convolution

For a strongiy continuous family of continuous linear maps from [/ lo H , {V (t), t >
0), such that V(.)\Äfn)(.) is Pettis integrable on [0,7], define

å å,1' 
s ç,¡ 

"nE¡ 
çr)d,s, e¿) ¡¡ H,nç,¡¡et

Ð(|,"e(s)e¿{'(s) 
o') 

''^"'" '

1,, 1,,
V(s)Ur") (s)ds, t e [0,?] (3.34)vþ)6w(") (s) ::
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We call fiVçs\tW(")(s) generaiised n¿h stochastic convolution. Note that in the

above equation, \N(.) belongs to S(U)-6, being defined in the same \May as in section

3.3.1 with respect to {/,}Ët.
In the rest of this section we consider the case the when U : H , so that {V (t), ú > 0}
is a strongly continuous family of bounded operators on H . However, all of the results

proved in this section will apply equally to the more general case of when U + H.

Propositon 3.15 Suppose that for someT e (0,oo)

llv(¿)ll2dt < æ (3.35)

Then we haue the followi,ng:

/. y(.)\V(")(.) zs Petti.s i,ntegrable onl0,Tl and for all ú € [0,7]

l,' ,tù,;r(')1s¡ : å (/' v()rcf,) (,)r,) H,," (s 36)

Z. [:Vþ)6W{")(s) is a conti,nuozs.g(Ë1)-1 process on[0,7).

Proof: (1) We just need 1¡0,11(.)V(.)Vlñ")(') to satisfy equation (3.20) of Proposition

3.8. Now

i t.* I ) (Í n.," a) llv ç¡.y' (ú) 
I I 

" 
at)' tzxl - 

( z¡ar1+z)'r

K1 Ë u',,,r,'* (
t

€\)(t)"0
H

[0,"]

(2j)

dt Qn¡-uryn-z

I KrT 6,(0,ù

lc=l

sup
üc

("0,,,*
k=L

,¡T

uT

(,
€N,

(cj"'r,l) '),rur^#t-z

r'+rr)' çru¡-rnryr-'

NtDõn(i.,j),kT (co,r,*1zt ¡[=Pn)

co

k:r
oo

2

Qnl-zt$n-z

: Nr\1zn¡-2:KzA(2) <*,
k=1

using PropositionB.2. Note that 111 and K2 are constants depending only on T
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(2) Note that from the proof of part (1), we have that for all ¿ € [0,?]

v þ)6W{") (s) e s(rr)_0,_zn"f1_ 2 c S(H) _r,_z¡Çn-z

LeL q:2[+n+2.
By Proposition 2.6, we have that for z € Kc

[0,T] by Theorem 2.7. a

Corollary 3.4 Suppose again that for sonxe ? e (0, oo)

l" (1,' v (s)õv¡Ø)r,l) r,lll"" <

Hence ?L(ï:Vþ)6wtù("1) trl is continuous with respect to ú on [0,7] for aII z €

&q, by Proposition 2.4, as the functions

{1"'u'.[:'t'la']]' '

are continuous on [0,"]. Hence ftVçt¡dW(")(s) is a continuous ^9(I/)-1 process on

llY(¿)ll2dt < æ (3.37)

fhen fiVþ)6W1") (s) es a cont'inuous S(fl)-¡ process onl0,Tl

Proof: Forq€N

Result then follows from Proposition 3.15 and Proposition l'7- a

ll/' 
u,,,u,6¡{^) (s) 

ll_, _, 
: i{.*r) ll/' 

u,,,"f,(,)r'll; (zN¡-ø',

: 
å ll/' 

v(s)nf,)(')o'll' (2N¡-ø'n

: 
ll/' 

u,',u'4¡t') (s) 
ll-,,-,
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Chapter 4

Stochastic Evolution Equation
when A Generates Cg-Semigroup

4.L Stochastic Evolution Equation as a

Differential Equation in S(f/)-t

Consider the following differential equation in ^9(//)-1

49: tx(t)+ Bw(r) , t e[o,T] ,dt \/
x(0) :(eD(A)-r, (4.1)

where we have that:

1. A is the generator of a Cs-semigroup {.9(ú), ú > 0} on -Il.

2. B is a continuous linear map from U Io H .

I\ote that as {S(f), ú > 0} is a Ce-semigroup, there exists a K ) 0 and ø € lR such

that ll.9(t)ll < K""'.

Note also that in the above equation, W(') belongs to S(t/)-s, being defined in the

same rüay as in section 3.3.1 with respect to {f}Ët, an orthonormal basis fot U.

In the rest of this section we consider the case the when U : H. However, all of the

results proved in this section and section 4.2 will apply equally to the more general

case of when U + H.

Definition 4.L A functi.on X(t) : [0,7] -+ S(I/)-t i's sai,d to be a soluti,on of Q.l)
zf:

1. X(t) eD(A)4 for att t e [0,7].
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2. X(.) i,s a di.fferent'iable S(ã)-r process onl0,T) wi,th cont'inuous deri,uati,ue on

[0, 
"].

3. X(.) sati,sfi,es (/r 1)

Propositon 4.L We haue that:

1. For all t e (0, *), S(¿ - s)B\M(s) i,s Petti,s i,ntegrable wi,th respect to s on l},tl
and

W¡(t) ::
Òo

Ic=l
^9(ú - s)B6W(s): t ,5(t - s)Bn¡(s)ds ê¡ . (4.2)

2. For att t e [0, æ), W,q(t) € D(A)-r.

3. For altT e (0,*), AWÁ)+BW(') is a conti,nuous S(H)-1 process onl0,T).

l. For attT e (0,*), WÁ') is a di,fferenti,able S(H)-t process onl0,T) andfor
all t e l0,,Tl

dw!]t) : AW¡(t)+ BW(¿) .dt AWA(I) + BW(¿) (4.3)

Proof: (i) For any ú ) 0

1,, I,'lls(ú - s)Bll2ds < (Keot-') llBll)'ds < oo .

So by Proposition 3.13, S(ú-s)BW(s) is Pettis integrable with respect to s on [0,t]
and

S(¿ - s)B6W(s): t ^9(¿ - s)8rc¡,(s)ds H
oo

lc=l
ek

(2) Using integration by parts and property (5) of Proposition C.1

S(t - s)Brc¡ (s)ds

S(s)Bn¡(t - s)ds

^(tff S(r)Bdr or(t -',], . I,' (1,' s(r)Bdr) rc'u(t - s)d,s

) * l,' 
o (1,' s(r)Bn'r(t - ,)a,) a,A S (r)B n¡,(O)dr

: (s(ú) - r)Bn¡(o)* 
Ir' 

(s(r) - r)Bn'r(t- s) ds
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So

llå^ (1,' ,n- s)Bn¡(s)a,) u,-ll_, 
_

å ll' (1,' 'u - 
s)B <¡(')") 

ll' r'*r-"'

[ (',t,r, - /ll llBllllo*(0) w + l,' lls(,) - /llllBll ll*'r(t -,)ll'¿,)' ,rur-n

oo

I ô,,(n,r),* llnll'z ((N e"t + r)c
k=l

+ (K""'+ 1)ds (2k)-n

Ð6^rn,¡1,*llBll' (ro"" + r)c * r0,,,,, 
Io'

(ro""+ i)c + co,r,rn 
fo'

2

oo

k=L
oo

k=1
co

I ô,t',¡l,ollBll'

(K"o' + rlar)" ,rrr-n

(K"o'* rlrr)' ,r*r-n

Dn'llnl' (K""t +t)C *Co,t,t (K"o'+ 1)ds (2k)-n

(s(¿) - /)Brc¡(0) + (S(') - I) Brc'r(t - s) ds

l,'
2

k=l

.LJ
le=I

as required. Note that for t e [0,7], the constant D need only depend on T.

(3) Take any T e (0, co). We firstly show that AWÁ') is a continuous S(ff)-r
process on [0,7]. Now.4,I,I/¿(¿) € S(¡/)-g,-n c.9(fI)-t,-n. So by Proposition2.6,
we have thar ?t(AWt(t))(") exists, for all (t, z) e [0, T] x llÇ. Now

1rØwt(t))(z)

: i lftfrl - I) Bn¡(o) * [' (s(r) - I) Bn'u(t- s) ds) z'* .

ã\ ro /
The functions

oo

lc-1,

are continuous on [0,7], for all ? > 0. From the proof of (2) above, we see that there

exists a Mr < oo such that

IIAWA(t)|l_',_n 1 Mr ,
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for all f € [0,7]. So by Proposition 2.6, we have that

ll1L(AWA(¿))(r)ll"o I M7A(4)tt2 ,

for all (t,z) e [0,7] x [Ç. So by Proposition2.4,]r(AWe(.))(z) is continuous with
respect to ú on [0, T] for all z e Ks. By Theorem 2.7, AW¡(') is a continuous S(H)-t
process on [0, T].

We secondly show that BW(.) is continuous on [0,"]. Now for (t,z) e [0,7] x þ
ll oo ll co oo

llf r"*tr),.-ll <
tt.2 'ú\ / ll - .L¿ t'

llt=r llf¡c k=l lc=l

llBllt cQÐ-2 < BcA(2) ( oo ,

co

fr=1

where C depends only on ?. Now the functions {Brc¡(')}p, are continuous on [0, ?],

so by Proposition2.4, ?l(BW(.))(z) is continuous with respect to ú on [0,7] for all

( ) Take any T € (0, oo). Now from the proof of Proposition 3.13 and (1) of this

proposition, we have that W,q(t) belongs to 5(//)-6,-2 C S(H)-r,-r, for all ¿ > 0'

so by Proposition 2.6 we have that H(wA(t))(z) exists, for all (t,z) e [0,?] x K2.

From the proof of part (3) of this proposition, ,ñ/e see IhaI Tt(AWA(t) + B\N(t)) (z)

exists and is bounded for (ú, z) e nÇ x [0, T], for all ? > 0. Also

#1,, I,'S(¿- s)Bn¡(s)ds:A S(¿ - s)8rc¡(s)ds + Bn¡(t) .

So by Proposition2.5,ll(W^))(a) is differentiabie with respect to ú on [0,7] for all

z € nç and for all (ú, z) e [0,7] x Iç

*(
.9(¿ - s)Brc¡(s)ds

) 
,.")

:Ë
k=I #r(1,' s(ú - s)Bn¡(s)d'') 

"^

: 
å (' (1,' tu - s)lrc¡(')") + Bnr'(t)) z'r

: 
" (å o (1,' ^s(¿ - s)Brc¡(s)d,) a, + Bn¡(t)H,-) ,,,

: ?{(AWA(I) + rwit¡) (")

So by Theorem 2.2,WA(.) is a differentiable S(H)-r process on [0,7], with continuous

derivative AW,c(') + BW('). f
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Propositon 4.2 We haue that:

1. For all t € [0, -), S(¿)€ belongs to D(A)-1.

2. For attT e (0,oo), AS(.)€ i,s a conti,nuous S(H)-1 process onl0,T).

3. For altT € (0,æ), S(')€ i,s a di,fferentiable S(H)-t process onl0,T) and for
atttelo'rl 

ds:t)g:As(t)€. 
(4.4)

Proof: (t) t-,et { have expansion

€: t coHo

As { e D(A)-t, there exists a q € N\ {1} such that

Ðll'q""ll?'(2N)-* < oo .

a€.J

For this q

I ll ¿s(¿)c" 
| 12" (zx) -ø" I ll s(¿)¿c* l12, 1zx) -ø"

a€3

aeJa€J

I ilsi¿lll', ll'+""11?r(zx)-* ( oo ,

since co e D(A) for all a e. J.

(2) Take any T € (0, oo). We firstly show that ?{(AS(')€)(z) is continuous with

respect to ú on [0,?] for a\l z € Krn. By Proposition2.6, we have that ]l(AS(¿)€)(r)
exists for all (t,z) e [O,f] x IIÇ (and hence Kzq). Now for all (t,z) e [0,"] x ìtÇ

a€.i

|.ts(t)c,2" I sþ)tc.z" < t lls(¿)ll llAc,ll¡¡ lz"l

a€J

where M is a constant depending only on 7' AIso, the functions

{AS(')c" : S(')Ac"} .,e.i'

are continuous on [0,"]. So by Proposition 2.4, ?fØSO€)(z) is continuous with
respect to ú on [0,?] for all a € K2n. By Theorem 2.1,,4S(')€ is a continuous

S(H)-t process on [0,?].

a€J aÇJ aeJ
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(3) Take any T e (0,oo), Now there exists a h €N \ {1} such that { e S(,FI)-t,-n,

and hence that.9(ú){ € ^9(¡1)-1,-q,. By Proposition2.6, we have that ?/(,S(t)€)(r)
exists for all , € &,.
Now for (t, z) e [0,7] x K-a*{q,q1} we have that from the proof of part (2) of this

Proposition,TI(AS(t)€)(r) exists and is bounded. Also

d ^..
¿S(t)c": AS(t)co ,

for all a € J.So by Proposition2.5,7/(S(.)€)(z) is differentiable with respect to ú

on [0,?] for aII z € Kzq, and for (f, z) el0,?] x K-u*12s,2qt]

g lrs(r)c*,') : Ð+(sil)c*z'): t AS(t)c'z'
d' \fu" / .,er uL ãt

/\: ?l f t AS(t)coz" ì (r) : 11(AS(t)€)(') .

\;ã /
So by Theorem 2.2, S(.)€ is a differentiable S(H)-r process on [0,7] with continuous

derivative AS('X. f

Theorem 4.1 fhe S(H)-1 process

X(t): S(ÚX +WA(t), (4'5)

is a soluti,on to (/1.1).

Proof: We need to show that X(.) satisfies the requirements for a solution to (4.1).

(1) From the two previous propositions, we have that for all ú € [0, 
"], ^9(ú)€' WA(t) e

D(A)-t.So by Proposition 3.10, for all ¿ € [0,7]

x(t) : s(¿)€ +wA(t) ,

belongs ro D(A)-1.

(2) From the two previous propositions, we have that ,9('){ and WÁ) are differ-

entiable S(H)-r processes on [0,7]. So X(.) is a differentiable S(H)-r process on

[0,7].

For all ú € [0, ?]

AX(t) + Bw(¿) : ,4 (S(ú)€ + WA(t)) + B\M(¿)

: AS(t)€ + AWA(I) + Bw(t) .

We know from the two previous propositions that AS(')8, AWÁ') and B\M(') are

contingous S(H)-r processes on [0,7]. Hence AX(')+BW(') is a continuous ^9(f/)-1
process on [0,?].
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(3) For all ú e [0,7]

dx(t) : 
frrtarc *w.q(¿)) : ftrtarcl * firr^ratdt 

: AS(t)€ + AWA(I)+ Bw(¿) : t'x(t)+ Bw(¿) ,

(Ðoo"tt) H * +å 
",-,,, 

r,r) f"l

),o +ir"*(t) z'k : 
^(Do.tou). " (å n¡(t)z'h

e€J lc=l \oe .7

,4Í1t, z) + nÑ(t, z) ,

as.4 is cl sed and B is bou ded. So by Theor m C.1, >r z € \
¡t

Íçt,r¡:s(Ðl?)+ | st-s)aÑ(t,z) '
Jo

as required. I

Propositon 4.3 If XO i,s a soluti,on to (l'1), then

X (t¡ : s(t)€ + W¡(t)

Proof: Suppose
x (t) : \ a,1t¡n, ,

a€J

is a solution to (4.1). By the conditions placed on a solution and Theorem 2.2,lhere

exists a q e N \ {1} such that for all (f, z) e 10,"] x [Ç

af çt, z)

dt

: ?{ (AX (t) + Bw(r)) (z) : H

(4 6)

Hence for all n € N, for z € K[

frçt,r¡ _ s(¿)ã(z) + S(ú - s)BW(ú, a)

: s(r) t cozo + (t s
^9I,'

1,,
cozo +(¿)

^g

ee.,1
"'r) o,

"'r) o,

(')

(')^9(t - s)t
aêJ

: sþ)Ðc,.zo +ä(1,' s(ú - s)Bn¡G)as) z'r

: lslt)"."" *i(lr' tn - s)Bn¡,(s)ar) 
"'r
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So by Proposition 2.2

4

x(t):
: s(ú)€ +wA(t) ,

as required. I

.2 Stochastic Evolution Equation as an

Integral Equation in .9(H)-1

Consider the following integral equation in S(I/)-1

x(t):x(o) + [' orçr¡os + BW(t) , t e[o,T] ,

Jo

X(0) :{eD(A)-r, (4.7)

where A, B, and {,S(ú), ¿ > 0} are the same as in the previous section andU: H.

Definition4.2 A functi,onX(t): [0,?] + S(H)-r is sai'dto be a soluti'on of (1.7)

rf:

1. X(t) eD(A)-' for all ¿ € [0,7].

2. X(.) i,s a differenti,able S(f/)-t process onl0,Tl wi,th continuous deriuati,ue on

[0, 7].

3. X(.) sati,sfi,es (/r 7).

Propositon 4.4 A S(H)4 process X(t) : [O,f] -+ S(H)-r i's soluti'on to (1.1) if
and only if i,t i,s a soluti,on to (1.7)

Proof: Conditions (1) and (2) for a solution of (4.1) correspond to conditions (1)

and (2) of @.7)

Condition (3) of (a.1) is equivalent to condition (3) of (a.7) by Proposition 1.9, that
is

Ø9 : AX(t)+ BW(¿) ,dt

if and only if

I orøl : xft) _x(o) : [' orçr¡0, * [' BW(s)ds
lo ds Jo Jo

¡t: I Ax(s)ds + BW(t) ,
Jo

Ds.Ð,,Ho*å (/'s(¿- s)lrc¡(s)d') a-

as required. I
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4.3 Examples

4.3.L Stochastic Heat Equation

Consider the stochastic Heat equation

då(t,n) : L,x(t,r)atÏ dw(t,r), t e [o,T),' e o,
X(t,r):0, t e [0,T],' €AO'
X(0,ø) :9, reO, (4'8)

where dW (t,r) is temporal and spatial white noise. (? is the open, bounded set in

P'nr 
O:{*e IRN; olr¿1ai,'i:r,z...,¡/}.

Equation (4.8) can be considered in the abstract form in L2(O)

dx(t) : AX (t)dt + dW (t) , t Ç [0, ?] ,

x(0) :0, (4.9)

where

D(A) :: H2((9) r\ H¿(O) ,

Á-AlL 
- 

Dl )

where the Laplace operator A" is understood in the sense of distributions.

.4 is a self adjoint, strictly non-negative operator on L2(O) with eigenbasis {t*}Ët
and real negative eigenvalues -Àr ) -Àz > "..
semigroup {S(r), ¿ > 0} on L2(O) given by

S(t)u ': I LL¡e-^kt¿o ,

oo

Ic=I

where u has the expansion in L'(O)

,: Ë ur€* .

à=l

See section D.1 of appendix D for more details regarding A and iS(Ú), ¿ > 0Ì.

Let H : L2(O). We consider equation (a.9) as the following integral equation in

s(H)-'
¡tX(t): | ,txçs¡as+W(t), t€[0,?] ,

Jo

X(0) :0 eD(A)-r, (4.10)
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\¡/here \.ve have 
co

w (t) : \, \olt)"n ,

z=I

with

i,n(t) :Ë (/' €i(s)ds) H,n(u,,)
j=r

By Theorem 4.I, Proposition 4.3 and Proposition 4.4, equation (4.10) has the unique

solution in .9(.I/)-1
¡tx(t): I s(t - s)õw(s):wA(t) .

Jo

Note that for all ¿ € [0, T], X(t) belongs to ^9(I1)-s by definition of generalised

stochastic convolution.

Now for ly': 1, the operator ^9a defined by

¡T
S7u:: / S1r¡S. (s)u d,s , u e L'(O) ,

Jo

is trace class as

Tr(S7) : 16r"o,e¡)çp¡: S(ú)S. (ú)e ¡ dt, e¡) 7"p¡
oo

k=7 Ð^,1,'

å /",t, 
t) s. (t)e¡, e¡) vz p1d,t: 

å fo' {r. {r)"¡,, 
s. (t)e¡,) .zço¡d't

Ð- [ ll.s(t)e¡ ll'", (qd.,: å lo' "-'^* 
at : Ë l+"],

Ð*(L-¿-'xr') =å*.*
So by Proposition 3.14 and Theorem 3.1, for l/: 1, X(') :W,q(') belongs fo L2(H)

and agrees with the normal notion of stochastic convolution, that is

X(t) : W¡(t) ^9(ú - s)d,W(t)': Ë
i=l

^9(¿ - s)e¿ dB¿þ) ,t;
where summation is in L'(H). Hence if .lú : t, WÁ.) agrees with the weak solution

of equation (4.9) found in [2].

4.3.2 Stochastic Wave Equation

Consider the stochastic Wave equation

dYiQ,A : #r(t,r)dt * d,w(t,r) ,

Y(t,O):Y(t,l) :0, t€[0,?] ,

Y(0,r) --Yo@) , Yi(0,r):Y(r) ,

te[0,7],t€f):(0,i) ,

(4.11)
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where dW(t,ø) is temporal and spatial white noise. Let

x(t): ("rr¿;i) x(0) :

with X(ú) e Ao1(f-¿) x L2(A) for all t e [0,?]. Also define the operator /. on L'@)
AS

D(A): H2(Q) n r/å(r¿) c L2çQ¡ ,

o: d"

dr2 '

where # ," understood in the sense of distributions. If % € D(A) and Y1 € f101(f-¿),

then we can write equation (4.11) in the abstract form in Hå(f¿) x I2(f))

dx(t): Alx(t)dt+ Bdw(t) , t e [0,?] ,

x(0) :{eD(Aù, (4.12)

where

D(A) : D(A) x ¡/01(ç¿) ,

( í:[;1 )

AI
01
AO

and B : L2(A) I Hot(f¿) x L'(O) is defined by

D(B): L2(Q) ',

Bu:fol
\u /

Note that I4z(.) is a.L2(fl)-valued Wiener process.

..41 generates a Ce-semigroup U(ú) on I1å(0) x .f2(O). See section D.2 of appendix

D for more details regarding /r and t/(t).

Let H : Ht(C¿) x ¿'(C¿). We consider equation (4.12) as the following integral

equation in S(I/)-1

x(t¡:x(o) + [',nrr!)ds+BW(t), te [0,?] ,
Jo

X(0) :{eD(A)t, (4.13)

where we have that 
oo

w(t):Do,(t)ln ,

i=I

where {/,}Ër is an orthonormal basis for .L2(f}) and

þ¿(t) :Ë (/'€i(s)ds) H,n(¿,i) .

J_L
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Hence by Theorem 4.1, Proposition 4.3 and Proposition4.4, equation (4.13) has the

unique solution in S(Il)-1

1,,
x(t) : u(t)€ + U(t - s)BõW(s)
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Chapter 5

Stochastic Evolution Equation
when A Generates an n-times
Integrated Semigroup

5.1 Stochastic Evolution Equation when A
Generates a 1-times Integrated Semigroup

Consider the integral equation in S(Il)-1

x(t):x(o) +o['rçr¡d's-tBW(t), te [0,7] ,

JO

X(0) :{eD(A)-r, (5.1)

where we have that:

1. A is a closed, densely defined operator on H'

2. A generates a non degenerate, l-times integrated, exponentially bounded semi-

sroup {V(t), ¿>0}.

3. B is a continuous linear map from U to H.

Note that as {V(t), t ) 0} is exponentially bounded, there exists a M ) 0 and

ø € lR. such that for all t e [0,oo), we have that lly(ú)ll < M""''

Note also that in the above equation, i,7(.) belongs to S(t/)-¡, being defined in the

same way as in section 3.3 with respect to {/¿}Ër, an orthonormal basis for U.

in the rest of this section \4re consider the case the when U : H. However, all of

the resuits proved in this section will apply equally to the more general case of when

U + H.
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Definition 5.1 A functi,on X(t): [0,7] -+ S(H)-r i,s sai,dto be a solutzon of (5.1)

if:

1. X(-) i,s a conti,nuous S(H)-1 process onl0,T).

2. For all t e [0,7], we haue that

X(s)ds e D(A)-r (5.2)

3. X(.) satisfi,es equati'on (5 1).

Propositon 5.1 For all T e (0,oo):

/. y(.)BW(0) zs a conti,nuous S(H)-1 process onl0,Tl.

2. For atlt e [0,?], f;v1r¡rw(o)ds e D(A)-r.

Proof: (1) We know that W(0) € ,S(,t/)-g,-a c S(I1) -r,-4t so for (t, z) e [0,7] x Ka

ll11 (v (t) Bw( 0) ) (") ll, 
": lliur,l" n¡,(0)z'hll 

= 
nv(¿)r rBr lli"*,0,,'-llllã ll"" llEl ll'o

where the constant K depends only on 7. So by Proposition2.4, Tl(y(')BW(O))(z) is

continuous with respect to t on [0,7] for al! z € K3, as the functions {V(')Brco(O)}Êt
are continuous on [0,"]. Hence y(')BW(O) is a continuous S(I/)-t process on [0,7],
by Theorem 2.7.

(2) Since y(.)BW(O) is a continuous S(H)-t process on [0, T], if is also an integrable

S(¡/)-r process on [0,7] such that

/'u{,¡r*(o)ds 
: 

Ð(1,' 
v(s)Bn¡(lra,) a- .

Now for all k € N, each Bn¡,(0) eD(A): II. So by property (2) of PropositionC.2,
each f, Vþ)Bn¡,(0)ds € D(A) and,

å ll' lo' 'tù"*-(o)o'il' 
(zN;-a'u

ôo

lc-L

: I llv(r)rrc*(o) - tBn¡(o)ll?, (2N)-"r : llv (t)Bw(o) - úBW(o)111,,-n

I (llv(ú)Bw(O)ll-',-n + ll¿Bw(O)ll-,,-n)' ( oo,

as required. I
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Propositon 5.2 We haue that:

1. For altt e [0,-), v(t- s)Bw(l)(s) zs Petti,s i,ntegrable wi,th respect to s on

l},t) and

wP @ ,: lo' 
v(t - s)B6I4tGt r, : 

å (1,' "u - 
s)lrc'u(,)a,) er . (5.3)

2. For attT € (0,*), WPO is a conti,nuous S(H)-r process onl0,Tl.

3. For att t e [0, *), IiwP (r)d,r e D(A)-1 and,

vvP@+ v(ú)Bw(o) : t fr' (wP (,) * v(s)Bw(o)) a, + BW(t). (b.4)

Proof: (1) and (2). For any ú ) 0

¡t^ft^rt
J,'|vrr- s)Bll2d,s 

= l, illv(¿- s)ll llall)'o'= Jo 
(M¿ott-')llall)'ds < oo .

So by Proposition 3.15, S(¿ - s)BWt) (s) is Pettis integrable with respect to s on

[0, ú] and

ft Z/ rt \
Jr 

rA - s)a6w{I)(s) : 
à (f 

v(t - s)Bn'¡(s)d') ,,n ,

is a continuous S(I/)-1 proc€ss on [0,?], for all ? e (0,*)'

(3) From Proposition C.5 we have that

T

V(, - s)Bn'oþ)ds dr e D(A)

and

So

lr' 
,r, - s)8rc'rþ)ds + v(t)Bn¡(o)

: o lr' (lr" v(, - s)8rc'oþ)d,s +v(r)B'-(o))

: o Ir' (lr" 
v(, - s)lrc'¡(s)d,s +v(r)B'-(0))

å ll' I,' l,' 
v('- s)Bn'*(s)d'' *ll,',(zN¡-+'n

: 
å ll/' 

v(t - s)Bn'rþ)d's +v(t)Bn¡'(o)

dr*

u(t)driB0

Bn¡,(s)ds
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-A I,'v(s)Bn¡(o)ds - 
B;k(t)ll' tr*l-"-

: 
llrf' þ) +v(t)Bw(o) - o l,' ,UrBW(o)ds - Bw(t)ll_, 

-

s (ltw?(¿)ll-',-n + lllz(t)Bw(o)ll-',-n
t

+
1,,

A Iz(s)BW(O)ds + llBW(t)ll-',-n
-l -4

oo

Hence ï: Wf (r)d,r e D(A) -r, using

I,'*t,e)d,r: å (1,' l,' v(, - s)Bnoþ)d,, o,)

asWf,) (.) is a continuous S(I/)-t process on [0,7]. Now

wP Q) + v(ú)w(o)

: 
Ð(lr' 

v(t - s)Bn'¡(s)d's +v(t)B"o(o)) ã'-

: 
å (' I,' (1,' v(' - s)Bn'¡(s)ds +v(r)8"-(0))

: t l,' (*l'(') + v(r)Bw(ol) o, + BW(t) ,

Hr{

dr + Bî¡(t) Hrt"

as required. I

Propositon 5.3 For all ? e (0,oo):

1. For att t € [0, ?], V(t)€ belongs to D(A)-1 and

AV(t)€:v(t)A€ (5.5)

2. AV(.)€ 'i,s a conti,nuous S(H)-1 process onl0,T).

S V(.)€ is a differenti.able S(H)-r process onl0,Tl with continuous deri,uati,ue on

l0,Tl giuen by

#rnr:AV(t)€+€, (5.6)

forallte[0,?].
l. For all t e l0,Tl

v(t)€: 
lo' fivç,¡qa, .
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Proof: (1) Let { have form

€: t boHo .

a€.J

As { e D(A)_1, there exists a q € N\ {1} such that

L,l'qa"ll?r1zx¡-n" < oo .

o¿Ç.J

Note that for all a e J,b" eD(A). So by property (1) of PropositionC-2,V(t)Ab":
AV(t)b", which gives

I tlav rt)b.ll'zH(2N-q" : Dv rtl'qó"ll?'(2NÐ-s"
a€j a€J

atJ

Therefore V(t)€ e D(A)-1 and

AV (t)€ : \ av çt¡uoío : lv çt¡au.-ii'o : v (t)A€ ,

a€.J a€J

as required.

(2) We show that V (.) A€ is a continuous ,S(tl)-1 proc€ss on [0, ?]. Now the functions

{v(.)Ab"}.,€r 1

are continuous on [0, T] and for (ú, z) e l0,T] t kÇ

| il ll_ ll

llf v1t¡ab.,"ll <
ll*t llao lloet ll¡rc

where K is a constant depending only on ?. so by Proposition 2.4, Tr (v oA€) (")
is continuous with respect to f on [0,7] for aII z € Kzq. HenceV(')A{ is a continuous

S(H)-t process on [0,7], by Theorem 2.1.

(3) For all a € J, bo eD(A). So by property (3) of Proposition C.2

,l

fivçt¡u" 
: v(t)Ab"1-bo: Av(t)b"*bo.

By part (1) and (2) of this proof, we can see that ?t(Av(-)€+€) (.) is bounded for

(t,, z) e [0, 7] x ]Iç. Now the functions

{V(')b"}.q ,
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are differentiable on [0, 7]. Therefore by Proposition 2.5, hl(V (')€) (r) is differentiable

with respect lo t on [0,?] for all z € Kzq and

ju ç, çr¡E¡ ç,¡ : D Øv (t)bo + bo) zo
0,t

"'"ço, 
çr¡q + Ð e) ,

for (t, z) e 10,?] x &n. Hence by Theorem2.2,v(t)€ is a differentiable s(H)-t
process on [0, ?] with continuous derivative AV(t)€ * {' as required'

( ) Take, e 10,7]. BV part (3) of this proposition

4rarc : AV(t)€* €: levçt¡u,,zo.-Du,r,dt \ /è 
.¡€J a€J

Now V'(.)( is a continuous ,S(//)-1 process on [0,?], so

l,' *urrro, : Ð(1,' fvç,¡u,a,) r-:Ðv(t)b,H,
: v(t)t, ,

as required. I

Theorem 6.L For any T € (0, oo), the S(H)-1 process

x(t)::#,n,+wt)(t)+v(t)Bw(o) , (5.8)

is a solution to (5.1).

Proof: We need to show that X(.) satisfies the requirements for a solution to (5.1).

(1) BV Propositions 5.1,5.2 and 5.3 we have that V'(')€,WP0 and V(')BW(0) are

continuous S(I/)-t processes on [0,?]. Therefore

x(t): #rrn r+wPft) +v(t)Bw(o) ,

is a continuous S(f/)-1 procêss on [0,7].

(Z) Bv Propositions 5.1, 5.2 and 5.3 we have that for all t e [0, ?]

l,' #rur€u, , I,wf)çs¡as , fo'u{,)"w(o)ds 
eD(A)-, '

lL+vrt)b" + bo) H,:Ð(ftrav") 
""

lo' 
*{,)0,: lo'(fiu,',, +wP (s) + Iz(s)rw(o)) as ,

Therefore
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belongs to D(A)-1for all ¿ € [0, ?].

(3) Using Propositions 5.2 and 5.3, we have that for ú € [0, T]

x(t)
d_.: :v(t)€ +wP (¿) + Y(ú)Bw(o)dt\

: (AV(t)€+ €) + (o I,' @t'(s) + v(s)Bw(o)) d,s + BW(t)

: (o l,' ft'ç'¡eo' * e)

* (, I,' (*l'(s) + r(s)rw1o¡) as + nw(ù)

: € + A I,' (*rr,)€ + wP G)+ Iz(s)Bwtol) o, + BW(t)

: x(o) + a 
fr' 

x(s)d's + BW(t) ,

as required. I
Propositon 5.4 TakeT > 0. IÍ X(') i's a soluti'on to (5.1), then

x(t):*,n,+wt)(t)+v(t)Bw(o) , (5.e)

forallte[0,?].

Proof: Let X(.) and { have forms

x(t):pøA)n", x(o) : €: 
Ðu"r"

As X(.), X(0) , BW(.) are continuous S(I1)-1 processes on [0,?], we have that

¡t
o 

Jr 
r@ds: x(t) - x(o) - BW(t) ,

is a continuous ,S(l/)-r process on [0,?]. So there exists a q e N \ {1} such that
x(t), a fi xçs)as, BW(t),x(0) € S(H)-r,-nfor all t e [0, ?] and x('), 't fi xþ)as,
BW(.) are continuous with respect to f in the norm ll 'll-t,-n on [0,7]. Note that as

X(') is a continuous ^9(,Fl)-1 
process on [0,7], then for all t e [O,f]

o 
I,' 

,u,d,s: A(Ð (/'c.(s)a,) "") 
: 

Ð^(1,' ",uro,) a
Now for (t, z) e [0, T] x Ç

rtç,r¡ : , ('r,¡ * o 
lr' 

x(s)ds + nwç¡) ç4 '
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That is

\ c*(t)2" : >,

c"(t) : bo+A

(u"* olo'",(")dr) -or\-o 
' ./__-

B rc¡ (s)ds z'k

k=l

c"(s)ds i 6,r,o n¡(s)ds

oo

a€3 qcJ

So by Proposition 2.2, for all a e J and k e N

So by Corollary C.1 and Proposition C.5

c"(t)

: firçr¡u-* lr'v(t-s)n'rþ)d,s*ô.r,o 
((t)Bn¡(o)) , ae J, k€N

Hence

x(tt
a€J

d v(t)€+wP@ +vQ)aw(o) ,

Ð*rn)boH.+ å (1,' ,n - s)Bn'¡,(s)d's +v(t)Bn¡(o,) o,

)

Ho(¿)ca

dt

as required. I

5.1.1 Example

Consider again the stochastic Wave equation

dyiþ,*):#r(t,r)dtrd,w(t,,r), t e [0, Tl , *€o: (0,1) ,

Y(t,O):Y(t,1) :0, te [0,?] ,

Y(O,,r):Yo@),Yi(O,r):Yr(t), r€o' (5'10)

Again let

x(tl:(i,Ï;i), x(o) :(í:[]ì )'
but in this case X(t) e L'(q x I2(f)). If % e D(A) and Y1 € L2(Q), then we can

write equation (5.10) in the abstract form in L'(A) x 12(Çl)

dx(t):A2x(t)dt+Bdw(t), te [0,?] ,

X(0) € D(Az), (5.11)
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where

D(Az) : D(A) x L2(Q) ,

o,: (oo å) ,

and B : L2(A) -+ ¿2(l)) x l2(f-l) is defined by

D(B): '12(0) '

Bu: I o )
\u/

A2 generàtes a non degenerate, 1-times integrated, exponentially bounded semigroup

{V(t), ¿ > 0i on,L2(ft) x I2(f)). See section D.2 of appendix D for more details

regarding Az and {V(t), ¿ > 0}.

Let H : L2(Q) x Lz(A). We consider equation (5.11) as the following integral

equation in ,S(H)-1

x(t):x(o) + O, 
Io' 

X(s)ds + BW(t) , t e[0,?] ,

X(0) :(eD(Az)-r, (5.12)

where we have that 
oo

w(t):ÐB,Q)Í.,
t=1

where {/,}P, is an orthonormal basis for ,L2(Cl) and

þn(t) :Ë (/'€i(s)ds) H,n(n,j) .

j=r

By Theorem 5.1 and Proposition 5.4, equation (5.12) has the unique solution in

s(H)-'
x(t) : lur¡, * [' vQ - s)Bõwo)þ) +v(t)B\N(o)\ü/s -r_ 

/o 
v

5.2 n-Integrated Solution

Consider the integral equation in ^9(,FI)-1

x(t) : #rro, * o 
Io' 

x(Ðds + 
Io ";r''" 

uuw(r) ,

x(0) :(eS(//)-',
where we have that:
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1. ,4 is a closed, densely defined operator on ff.

2. A generates a non degenerate, n-times integrated, exponentially bounded semi-

group {V(t), r>0}.
3. B is a continuous linear map from U to H.

Note that in the above equation, I4l(.) belongs to .9(¿/)-s, being defined in the same

\May as in section 3.3.1 with respect to {/r}Ët, an orthonormal basis for [/.

In the rest of this section we consider the case the when U : H. However, all of

the results proved in this section will apply equally to the more general case of when

U + H.

Note that by Proposition 3.13 it follows that as B is a bounded linear operator on

H,the S(ff)-o process (t;ï)"BW(s) is Pettis integrable with respect to s on [0,f],
forallt)0and

l,'";:'" B6w(s) : å (/' #""*1s¡as) ø.. (b 14)

As {Iz(ú), ¿ > 0} is exponentially bounded, there exists a M } 0 and ø € IR such

that for all ú e [0,*), we have that llV(t)ll < M""'.

Definition 5.2 A functi,on x(t) : [0, ?] -+ s(H)-r i,s sai,d to be a soluti,on oÍ (5.13)

tf:

1. X(.) is a continuous S(H)-1 process onl0,T).

2. For all t e l0,Tl ¡t

I xç'¡a' € D(A)'. (5.15)
Jo

3 X(-) satisfies equat'ion (5 13)

Propositon 5.5 For all T e (0, æ) we haue that:

1.V(.)€'i,s a conti,nuous S(H)-1 process onl0,T)'

2. For aII t e l0,Tl ¡t
I v@e €D(A)4. (5.16)

Jo

3. For all t e l0,T)

Proof: (1) Let X(0) : { have expansion

v(t)€ : fie * o 
Io' 

v (s){d,s

{: t boío
oeJ

(5.17)
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Thereexists aqa_ N\{1} sothat{e ^9(tI)-t,-n. Nowforallú € [0,7], V(t)(e
S(H)-r,-n and for ail (ú, z) € Iq

,?t(v(t)€)(,),," : 
llÐ",',,-,"11," 

<'v(ú) 
lÞr","11,"

I M""'ll€ll-'.-nA(q)tt'( K ( oo ,

where K is a constant depending only on 7. It follows from Proposition 2.4lhaí
?t(V(.)€)(z) is continuous with respect to ú on [0,?] for aII z e K2n, as the functions

{V(.)b"}"rjt are continuous on [0,7]. Hence by Theorem 2.I, V(')€ is a continuous

S(H)-r process on [0,7].

(2) As y(.)€ is a continuous S(I1)-1 proc€ss on [0,7]

V (s)(d"s : V (s)b"ds Ho

Now for all o € J, bo e D(A): Il. So by property (2) of Proposition C.2,

V(s)b"ds € D(A) ,

and for all ú e [0, ?]

as required.

(3) For all f e [0,7]

CJ

as required. I

Ð ll, fo' 
,{,)u-,'ll; (2x¡-n'

: 
Ð llu,,,u 

,-\r,ll' rr*i-* : llu,,,, -#rl|'-,,-,

tnv(t)€ : \vçt¡u"H"--D bo+ A V (s)b"ds Ho
nl. I,'

o¿ aeJ

V (s){ds ,

trlt_.t 
+ '+n,! 1,,

Propositon 5.6 We haae that:
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1. For att t e (0, oo), V(t - s)BW(s) i,s Pettis i,ntegrable wi,th respect to s on l},t]
and

WÁt) v(t - s)B6w(s):1,
\-.2 V(t - s)Bn¡(s)ds H

co

t--1

eh (5.18)

(5.1e)

2. For attT e (0,-), W^') i,s a conti,nuous S(H)-1 procass onl0,Tl

3. For atlt e [0, -), fiWols¡as e.D(A)4.

/¡. For all t e [0, oo)

w,c(t) : o 
lo' 

w¡(s)d,s * Ir' 
t,;r'r" ,uw(s)d,s .

Proof: (f) and (2). For any ú ) 0

l,' va - )Bll2d,s 
= I,' 

(M¿ott-') ll'll)'ds ( oo

So by Proposition 3.13, V(t-s)BW(s) is Pettis integrable with respect to s on [0,ú]

and

1,,
V(t - s)B6W(s): t V (t - s)Bn¡,(s)ds Hro ,

oo

&=1

is a continuous S(I/)-1 process on [0,7].

(3) Now

Now Ir7¿(') is a continuous S(H)-t process, so

lr' 
,n - s)Bn¡(s)d,s

I,' W¡(s)ds : å (/' 1,"'n- s)Brc¡(s)asa') n'r

We now show that fiW"çr\ar e D(A)-r' lVe have that

å ll^ I,' I' v? - s)Bn¡(s)d''*ll',(zN¡-a'u

: 
å ll/' 

v (t - s)Bn¡(s)d', - I' #".-(,)o,ll" ek)-n
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W,q(t) -
2

-r,-4
B6W(s)ds

(ur^an -,,-n. ll/' ff"u'(,)r,ll-,,-.)' . - ,

as required.

(a) For all ú e [0, ?]

w,q,(t) : Ë ( [' ,A- s)rc¡(s)dr) a-
o=f \/o

i
i= ? l,' I,' v('- s)n¡(s)dsd'' * 

lo' #".'is¡as) ø'-

: a [^'w¡(s)d"s * [^' ";r''" "uw(s)d,s 
,Jo Jo

as required. I

Theorem 5.2 For any T e (0, oo), the S(H)-1 process

X(t)::V(t)€+WA(t), te[0,7] , (5.20)

i,s a soluti,on of (5 13).

Proof: We need to show that X(') satisfies the requirements for a solution to (5.13).

(1) BV Propositions 5.5 and 5.6, we have that I/(.){ andW¡(') are both continuous

S(//)-t processes on [0, ?]. Therefore X(') : y(')€ +W,q(') is a continuous ,S(I1)-r

process on [0,?].

(2) BV Propositions 5.5 and 5.6, we have that for all t e [0, T]

V(s){ds, W¡(s)ds eD(A)-,

1,,
X(s)ds: (Y(')€ +w¡(s))ds e D(A)-r,

y(s)€ds) * (o Io' 
,orno, * 1, ";r''" 

,uw(,)

(y(r)€ + w¡(s)) o, * l, 
,t 

;r'r" uuw(r) ,

I,'
Therefore

t,
for all t e [0,7].

(3) BV Propositions 5.5 and 5.6, we have that for all t e [0,7]

x(t)
: v(t)€ +WA(t)

as required. I
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Propositon 5.7 IÍ X(') is a soluti,on to (5.13), then

x(t):v(t)€+w¡(t), (5.21)

forallte[0,7].
Proof: Let X(.) and { have forms

X(t) :lc,çtSn., x(0) : € : Dr'n, .

a€,7 a€J

As X('), -L,X(O) and f; A-:) n6W(s) are continuous S(I/)-t processes on [0,?],
then

o l,' ,urd,s -- x(t) -T,rro, - I,' 
g+-Bõw(,) 

,

is a continuous ,9(,FI)-r process on [0,7]. So there exists à q e N \ {1} such that
X(t), e fi xçs)as, f;x1o¡ and f, Q=i,)" BõW(s) belong to .9(f/)-1,-n for all ú e [0, ?]
and are continuous with respect to ú on [0,7] in the norm ll 'll-r,-n. Note that as

X(') is a continuous S(/{)-1 process on [0,7], then for all t e [0,?]

A 
|,'x(s)ds 

: 
^(Ð(1,'",u,0') 

*) :Ðo(1,'".(ra,) u,

Now for all (ú, z) e [0,7] x nÇ

Íçt,"¡ : 
" ("\, 

* o 
I,' 

x(s)d,s * l,' 
!-!-atwal) r¿

That is

\ c.(t)2"
aeJ

: 
Ð(#'" 

* o 
l,'c-(s)a') " 

.Ð(1,'
So by Proposition2.2, for all a e J and k e N

",(t) : ,\.r. * A 
lr' 

c.(s)d's * u,u,o 
lo'

So

Bn¡(s)ds .

t;""(t) 
: V(t)b"*ô.r,o V(t-s)Ùrc¡(s)ds, aÇ.J, ke N

x(t)

Ð".Q)H,:D,uv(t)b.H,+ å (lr' ,n- s)nrc¡(slar) ø.,

(t - s)"
nl

B n¡,(s)ds z'k

Hence

: V(t)€+W4(t) ,

as required. I
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Appendix A

Linear Topological Spaces

The theory found in this chapter on linear topological spaces follows Chapter 1 of

[7]. We need the results on countably normed spaces to show that .9(/l) o, p e 10,71

is a countably Hilbert space and ^9(H)-, is it's dual.

Throughout this chapter, Õ is at least a vector space.

A..1 Linear Topological Spaces

Definition 4.1 A uector spz,ce Q equi,pped wi,th a topologg such that addi,ti,on and

multi,plicat'ion are cont'inuous in this topology i,s called a li,near topological space.

By a topology we mean that there is a system of (open) neighbourhoods {U} such

that:

1. For every point ó e Q, there exists a neighbourhood U : U(Ó) such that

ó eu(ó)

2. If ó belongs to two neighbourhoods U and I/, then there exists a neighbourhood

Iz7, such Ihat þ eW c U lV.

3. For any pair of points ó + 1þ,there exists a neighbourhood [/ such that þ € U
butþ(U.

The topology is the set of all fi.nite and infinite unions of this system of neighbour-

hoods {U}.

By continuity of addition we mean that if

Ö+1þ:x'

and U is any neighbourhood of X, there exists a neighbourhood V of þ and W of þ
such that V +W c U.
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By continuity of multiplication we mean that if Àoó : tþ and U is any neighbourho

of ty', thenthereexistsanumbere > 0andneighbourhood V of þ suchthat lÀ-À61 < e

implies ÀV c U.

Note that the topology in Q induced by the system of neighbourhoods {U} can be

reconstructed by all possible translations of the neighbourhoods of zero.

Definition A.2 A sequence {Ó")î=, is said to conuerge to an element $ i'f each

nei,ghbourhood of þ contai'ns all but a fini'te number of {Ó"}î=r.

Definition 4.3 1. A system of neighbourhoods {V} contai,ni,ng þ i,s sai,d to be a

basi,s of nei,ghbourhoods of þ if each ne'ighbourhood of þ contains at least one

nei,ghbourhood from {V} .

2. We say a point ó e A safisfies the fi,rst atiom of countablitg i,f i,t has a countable

n ei, g hb o urh o o d b asi,s.

Propositon 4.1 If there erists one poi,nt i,n Q hauzng a countable neighbourhood

basis, then euery other poi,nt i,n Q also has a countable nei,ghbourhood basis.

Theorem A.L Suppose that on a uector space Q there eri,sts a system C of sets all

contai,ning the zero element such that:

1. For ønyU,V eC, there eri'sts aW €C suchthatW CUî\V.

2. For any ó f O, there exi,sts a U e C such that S Ç U.

3. For any setU eC, there eri'sts aW €C suchthatW+.W CU-

/r. IÍ ó eU €C, thenthere erists aV €C suchthatþ+V CU'

5. For any U € C and any number a, there erists a V e C such that aV C U .

6. For any j e C and any point S, there eri,sts an e > 0 such that õS e U for
lôl < ..

7. For any U € C, there erists 0"n e> 0 such that õU CU for lôl < ..

Then there eri,sts a system of (open) neighbourhoods {U) i,n Q such that Q i,s a li'near

topologi,cøl spl,ce and C is a neighbourhood basi,s of zero.

Two distinct systems of sets C1 and C2 satisfying the above theorem lead to the same

topology if for any U e hthere exists a V € C2 such thatV C U and for any V e Cz

there exists aU e C1 such thatU C V. We say C1 andCz are equivalent systems if
this is the case.
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A.2 Countably Normed Spaces

A.2.L Comparability and Compatibility of Norms

Definition 4.4 1. Take two nonrLs ll .ll1 and ll'llz on a uector space Q. The

nortn ll .ll, ¿r weaker thanll.ll2 (andll.ll2 stronser than ll .llt/ if there exi,sts

a constant C < æ such that for all Ó e ø

lldll' < cllóll'

2. Talce two nornls ll . li and ll . ll, o" a uector space Q. The norms ll . lÀ and

ll.ll2 are said to be compati,ble i,f for anA sequence that conuerges to zero 'in one

nornL and is a Cauchy sequence i,n the other will also conaerge to zero i'n that

norn1.

If ll . ll* is a norm on (Þ, we denote the completion of Õ with respect to this norm by

Õr.

Lemma 
^.L 

If ll.li and ll .ll2 are compati,ble norrns on Q and ll . llt ¿, weaker than

ll-112, then
Õ1l02fO.

L.2.2 Countably Normed SPaces

Propositon A.2 If Q has a system of norms {ll . ll*}Êr, then the collecti'on of sets

{ó e a; Ildll' < ,,llóllz ( €,...,lldllo < €}pex, e¡o ,

sati,sfies the condi'ti,ons of Theorern 4.1-

Lemma A,.2 The collecti,on of sets

{ø. 
r, lldll, < },lol,. L,...,lldll, . *}_,".* ,

i,s an equi,ualent system of sets to

{d e o; lldll' < €, lldll2 ( 6,' . ., lldllo < é}peN, e>0

Definition 4.5 If the system of norms {ll'llo}Ët are compati,ble, we callÓ equipped

with the topology i,ntroduced in Propositi,on A.2 a countably normed space.

Note that by Lemma A,.2, a countably normed space satisfies the first axiom of

countablity.
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We also assume that the system of norms are non-decreasing, that is for all d e O

lldll' < lldll,< lldll'< '

This means that
Õr)Õz)Q3).'.fO.

Definition 4.6 1. A sequence 'in a countably normed spl,ce is sai,d to be a Cauchy

sequence i,f i,t is a Cauchy sequence i,n each nornx.

2. We say a countably normed space i,s complete i,f euery Cauchy sequence con-

aerges.

Propositon 4.3 A countably normed space i,s cornplete i'f and onlE i,f

Õ : îÊrÕ¡, .

From now on, we assume that any countably normed Space is complete.

Definition 4.7 A countably normed space i,s called a countably Hi'lbert space i'f the

system nornns {ll .llr}Ê, correspondto a system of inner products {(.,.)o}Ër, that

i,s for øll p € N

llóll:,: (ó,ó),,

forallóeA.

Bounded sets in Topological Linear Spaces

Definition 4.8 A set E contai,ned i,n a topological linear space Þ, is sai,d to be

bounded i,f for each neighbourhood U of zero, there eri,sts ø À > 0 such that

ÀE cU .

Propositon A,.4 A set E contained i,n a countably normed space Q, i,s bounded i'f

forallp€Nf and$eE
lldllo < cp 1æ (A 1)

Propositon 4.5 Any conuergent sequence in a topologi,cal linear spl,ce is a bounded

set.

4.3 The Dual of a Linear Topological Space

4.3.1 Continuous Linear Functionals

Definition 4.9 A li,near funct'ional (1,') o, Q, a topologi,cal linear spl,ce, is sai,d to

be conti,nuous i,f f or o,nA €. t 0, there eri,sts a nei,ghbourhood U of zero such that

|ff,ó)l <. , (A'2)
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for all ó eU.

We denote the space of continuous linear functionals on a topological linear space Q

by Õ''

Propositon 4.6 If Q sati,sf,es the f,rst ari,om of countabli,ty, then f i,s conti'nuous

if and onlg i,f for each S e Q

j5g(r, ón) : u, ó) ,

for atl conuergent sequences {Ó"}i=, C Q such that þn-)n-*Ó.

For a countably normed space, denote (Õ*)' by Õ-¿ and the dual norm on (Õ¡)' by

ll ' ll-*'

Propositon A,.7 For a countably normed spl"ce

fÞ-r CÕ-z C Õ-e C... C O', (A..3)

and
Õ' : UËrÕ_r .

If I e Q', thenthere eri,sts ap€ N sucå that f €Q-, and

o" > ll/ll-, à ll/ll-ro+r¡ ) ...

(A.4)

(A 5)

^.3.2 
Strong Topology on O/

Definition 4.10 For Q', the dual of a li,near topologi,cal spz'ce Q, defi'ne the strong

neighbourhoods of zero o,s

rì
{ / e o'; sup l(/,d)l < .l ,

[øe¡)

where E c Q i,s bounded and e > 0.

Propositon 4.8 The strong nei,ghbourhoods of zero sati,sfg the condi'ti'ons of Theo-

rem 4.1.

We call the topology induced on (Þ' by the strong neighbourhoods of zero, the strong

topology on (Þ'.

Definition 4.11 Let {fe}f;=, be any sequence contained i'n Q'.

1. 'l.Ve 
say {/¡}Êt conaerges strongly to f i,n Q' iÍ (Í0, d) --ìt-- U, Ð uniformly

on all bounded sets i'n Q.
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2. Q' is sa,id to be complete iÍ Ux,S) conuergi,ng uniformly on all bounded sets in

Q impli,es there ex'ists a f e Q' such that f¡ ---ìÈ-* f strongly.

Propositon 4.9 If the fi,rst ari,on of countabli,ty i,s sati,sfi,ed for the space Q, then

Q' is complete with respect to strong conuergence.

Corollary A.L Il Q i,s a countably normed space, then Þ' is complete wi'th respect

to strong conuergence.

Strongly Bounded Sets

Definition A,.L2 A set F C Q' is sai,d to be strongly bounded i'f for euerv strong

nei,ghbourhood, u of the zero functi,onal, there eri,sts a À > 0 such that ÀF C U.

Lemma A.g A set F C Q' zs stronglg bounded if and only i,f F i's bounded on euerA

boundedsetECQ.

Corollary A.2 IÍ Q satisf,es the first ariom of countablity, then euery strongly

bounded set F C Qt is bounded on sorne neighbourhood o! zero u c Q.

Corollary A.3 For a countably normed space, a set F C Õ' 'is strongly bounded i'f

and, onlgthere eri,sts ap€N sucñ, that F C Õ-p andboundedi,nthenornx ll 'll-r.

Lemma A.4 A strongly conuergent sequence {/¡,}Ët i,nQ' i,s strongly bounded.

Corollary A.4 For euery strongly conuergent sequence {/t}Êr 'inQ', there eri,sts a

p € N such that {/r}Ê, is conta'ined in Q-o and bound,ed i,n the norrn ll ' ll-,

A.4 FYechet Spaces

The material found in this section on Frechet spaces can be found in [19].

For a countably normed space Õ, define the following metric on p(.,.)

p(ó,tþ) ,: lló -,þllo ó,rþ eQ .i+llø-rþll,'

Propositon 4.10 p(.,.) is a complete i,nuari,ant metri'c on Q, i,nducing the same

topolosy on Q as {ll ' llr}Ët.

Definition 4.13 A set U C Ó i,s called conl)er i,f for all þ,rþ € U and a € [0, 1]

aó+(7-cr)rþeU.

Definition 4.14 A li,near topologi,cal spz,ce Q i,s called a Frechet space if:

co

TIz-./ 2p
P=7
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1. There eri,sts a ne,ighbourhood basi,s of zero such that it's members are conuer.

2. The topology on Q i,s i,nduced by a complete i,nuari,ant metri,c.

Propositon 4.11 A countably normed space is a Frechet space.

Propositon A.L2 In Frechet spl,ce, a closed functi,onal i,s also ø conti,nuous func-
ti,onal.
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Appendix B

The l{ermite Polynomials and
Functions

8.1 Properties of Hermite Polynomials
and F\rnctions

The Hermite polynomials h"(') are defined by

h^(*) : (-r)'eL,'"'{; (e4tz"¡ , n:0,r,2,... (8.1)

The Hermite functiotts €"(') are defined by

€^(r) : n-tln((n - 7))-Ll2e-rl2x2 ¡n-, (l¡r) , n: r,2,... (8.2)

The following properties of the Hermite polynomials and functions can be found in

[e] and [10]:

1. For n:0,L,2,. . .

on;Í' : nhn-t(r) 
'

where we take ä-1(0) :0.

2. {€"(.)}Êr is an orthonormal basis for .L2(R)'

3' For n:1'2' " ' 
sup l{'(ø) l: o(r-'/") '
ø€lR

-ry + r2(^(r) :2n€^(r)
4. For n:1,2,. . .
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8.2 Growth Estimates for the Derivatives of
Hermite Functions

The following results we demonstrate in this section provide growth estimates for

the derivatives of €"(.) ,rp to any order. We use these results in Chapter 4 to show

thàf W(t) is differentiable in S(H)-t up to any order, on any interval [ø,b].

Lemma B.L For øll n € N

d€"(r) ,€,(r) + (2n - 2)'l'€^-,(t) , (8.3)
dr

where we talce €o(ø) : 0'

Proof: Using the definition of the Hermite functions and property (1) above, we

have

d€"(")
dr

: n-rln((n - r)t)-rl2

: n-t/n((, - r)t)-rl2

: -r€,(r) + (n - 1)l

: -r€^(r) + (2n - 2)'l'€,-r(r) ,

as required. I
Propositon 8.1 For all n € N and a,b e lR

(-;rru't2'" hn-t (rrr) * 
"-t'/2x2 

uQ
d,hn-1(r

dr
'/î"

(-r"-r,r,'h,-, (Jl") * "-','"'Ji(" - r)hn-, ({rr))
trr/i (n-rtn((n - 2)\-t/2"-t12,'hn_z ({r"))

sup
ø€[o,b]

where Co¡ is a constant depending only on a and b.

Proof: Using Lemma 8.1 and property (3) above, we have

l@l . c".un ,ldrl

(r' - 2n) +r,ry (a¡ + b¡n * c¡r + d'¡r2) ,

j=o

(8.4)

S sup lr(,(ø)l+ sup lQ"-z)'t'€"-r@)l
øe [o,b] tela,b)

: Mo,bl * M2(2n - 2)tlz < 2n(Mo,6t * Mz) : Co,btu ,

where the constarrts Mo,6,1 and. M2 and hence Co¡ do not depend on 7¿' as required'

T

Lemma 8.2 For all k > 2

sup
a€.la,b)

ld€"(r)l
I d"l

ao€"(r) :
drk

d,k-2€n r)

where the constants a¡,b¡,c¡,d¡ e lR' do not depend on n
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Proof: By property (4) above, we have f.ot k :2

d'€:\') : L(r\ (r2 - 2n) : t,@) (r, - 2n) + o
dr2 - sn\¿/ \&

Therefore true for lc :2.

Assume true for some k ) 2. Then

dk€"(r)
drk

(,, -2n) +ffirra

dj €,(r
drj

(a¡+b¡n*c¡r*d,¡r2)

dj t"@ (c¡ + 2d¡r)

So

d,k+L€n r)
dú+r

dk-'t"@)
drk-I

-|Ï +# (o, +b¡nr c¡n t a¡r2) +>,ry þ¡ +2d4r)
j=o J=o

W(*,_zn)+ffirra
drj

dj €"(r
drj

((o¡-, + cj) + b¡-fl + (c¡-t + 2d,¡)x t d,¡-ø2)

+ €"(ø) (cs + 2dsr) .

So if p(k) is true, then p(ft + 1) is true, as required. I

Propositon 8.2 For any 'i,nterual la,b], and n, k € N

ldr€"(r)l

":ï"î, lTls c"'u'r"(2n¡rÀFr ( oo 
'

where the constant Co,6,¡, depends only on a.,b and k.

Proof: True for k :0 as

sup l{"(r)l S tup l€"(")l S C < oo .

øe [ø,ö] ø€lR

Truefork:1as

ic-3+t
j=L

(8.5)

sup
rêla,bl

3 Co,un: Ca,b,I (2n)[+n .
a€"@) 

I

drl
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Assume true for 0,1,. . ., k, where k > 1. From Lemma B.2

dk+'€,(r)
d#+r

So

d*+t€*(r)
sup

x€la,bl drk+r

I sup
r€la,b]

t
l+;:l) (,¿ v'-"1)

(* l@,.il)) Ð (*, þ¡ + b¡n t c¡r + drrt)+

+

(t o,r,r -r(zn)[s=+!! 
] 

) ir,,o,*-,, (2n))

c o,6,¡ (2n)r",) (à N 
",u,¡ 

(zn))

sup
€ {0,1,...,lc-2}

sup
je{0,1,...,k-2}

: Mo,b,r(2n¡[tl+t * Mo,6,2(2n¡[¡#l+r : Mall(2fi[Y\ I Mo,6,2(2n¡[&=i¿l

for some ca,b,k*,( oo that only depends on a' b an k. so ifp(0), ...,p(k) are true,

then p(k + 1) is true, as requir:d. I
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Appendix C

Semigroups

C.1 Co-Semigroups

The material regarding Cs-semigroups in this section can be found in [5]'

X is a Banach space throughout this chapter.

Definition C.l A one-parameter fami,ly of bounded li,near operators {S(¿), , > 0}

on X i,s called a Cs-semi,grouP if

(S1) For all s,t ) 0

^S(t + s) :'9(¿)S(s) ' (C'1)

(s2) s(o) :1.
(S3) iS(¿), t > 0\ i,s strongly conti'nuous wi,th respect to t) 0.

By strongiy continuous we mean that for all r € X, S(')r is continuous with respect

toú>0.

Definition c.2 For a Cs-semi,group {s(t), t > 0}, defi,ne the operator

D(A),: {,€ x; 3l3¡qiþ"} ,

A(r) :: rrn7ffir , r e D(A) .

We call A the generator o/ {^S(t), ú > 0}'

Propositon C.l For a Cs-semigroup {S(t), ¿ > 0} wi'th generator A, we haue that:

1. For all s,t20
s(s)s(t) : S(¿)S(s) . (C 2)
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2. There eri,sts aK >0 andø€lR suchthatfor allt>0

lls(r)ll 1 Ke't

3. A i,s a densely defi,ned, closed operator on X '

/1. For all r € D(A) and t ) 0

U'(t)n:U(t)Ar: AU(t)r

5. For all r e X and, t > 0, []U!s¡at e D(A) and

(c.3)

(c 4)

(c.5)

(c.6)

1,,
A U(s)ds: U(t)r - r .

6. For atl À e C, with ReÀ > a, (^ - A) i's inuerti,ble and for all r € X

l,*Ra(À)r ': (À - A)-rr: e-^'s(t)r dt

C.2 n-times Integrated Semigroups

The material regarding integrated semigroups in this section can be found in [12],

[1] and [13].

Definition C.3 .Deú n € N. A one-parameter fami,ly of bound'ed linear operators

{V(t), ¿ > 0} i,s called ann-times integrated, erponent'ially bounded semi,group if

(V1) For all s,t ) 0

lf'
(n-L)t Js

(V2) {y(t), t > 0) is strongly conti'nuous with respect to t } 0.

(V3) There eú'sts a K > 0 andø € lR' such that for allú > 0

llv(ú)ll 3K""'. (c.8)

In add'ition, {V(t), ¿ > 0} i's sai,d to be non degenerate i,f

V¿>0,V(t)r:0+r:0.

172



If {y(¿), ¿ > 0}, an ??-times integrated, exponentially bounded semi-group is non

degenerate, then y(0) : 0. AIso, the operator

I,*R(À) :: À"e-^tv(t)dt, ReÀ>ø,

n-L
tk

(c.e)

(c.12)

(c.13)

is invertible. There exists a unique operator A such that for all z €

I,* (c.10)(À - A)-Lr : À"e-^tv(t)r dt ,

with domain equal to the range of (À - A)-' . ,4. is calted the generator of. {V (t), t >
0). Note that ,4 does not depend on the choice of À.

Propositon C.2 ?ake rz e N. For a non degenerate, n-ti,mes i,ntegrated, erponen-

ti,ally bounded semi,group {V(t), ú > 0} with, generator generator A, we haue that:

1. For all r e D(A) and t ) 0

V (t)n e D(A) , AV (t)r : V (t)Ar ,

v(t)r: (#,) * I,' v(s)Ar ds (c 11)

2. For all r €.M and t ) 0

fo' 
,{r), d,s eD(A) ,

o 
Ir' 

,Urr d,s:vA)" - ( ")
tn

"l

3. For all r € D(A) and t ) 0

y{ù 6r : V(t)A"r + t kl
¿nr

ft=0

l. For all r € D(A+r¡ and t ) 0

firr, (t)r : ¡y(n) þ)r : y@) ft)An . (c.14)

C.3 The Abstract CauchY Problem

The material regarding the abstract Cauchy problem in this section can be found in

[1], [5], [12] [13] and [20].
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Consider the Cauchy problem

u'(t): Au(t) ' Ú ) 0 
'

uì0):' ' (C'15)

where A is a linear operator on X with D(A) Ç X '

Definition C.4 A function u(t) : [0, -) -+ X i,s called a soluti,on of the Cauchg

problem i,f:

1. 
"(.) 

€ Cl{[0, oo), X] n C{[0, æ),D(A)].

2. "(.) satisfi,es equati'on (C 15)

Definition C.5 The Cauchy problem i,s sai,d to be uni,formly well-posed on E C X
(whereE: X)il:

1. A uni,que solut'ions eri'sts for any r €. E.

Z. For ang T ) 0, the solution i,s uniformly stable for t e l0,T) wi'th respect to the

i,ni,tial data.

Theorem C.t Suppose that A i,s a closed, densely defined operator on X. Then the

followi,ng statements are equiualent:

1. The Cauchy problem i's uni,formly well-posed onD(A)

2. The operator A is the generator of a Cs-semigroup {S(t), ¿ > 0}'

S. The Mi.yad,era-Feller-Phi,tli,ps-Hi,lle-Yosida (MFPHY) condi,tions are fulfi'lled,

that is, there erists a K ) 0 and ø € lR such that

lltnr¡ - r)*'Rpçx¡¡"tll s t , ReÀ ' u) , n:0,!,2,--.
ll.----' --/ -rf' \ /, ll -

In thi,s co,se, the soluti,on of the Cauchy problem i,s gi,uen bE

u(t) : S(t)r '

If A is a linear, closed., densely defined operator on X, then define lD(A)l as the

Banach space

{D(A"), llrll" ': ll"ll + llÁøll +...llÁ"rll} .

Definition C.6 The Cauchy problem is sai,d to be (n,u)-well-posed i'f for any n €
D(A+L):

1. There erists a unique soluti,on u(').

2. There eri,sts a K > 0 and ø € R such that

ll"(ú)ll 1Ke't ll"ll" .
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Theorem C.2 Let A be a densely defi,ned li,near operator on X wi,th nonempty re-

soluent set. Then the followi'ng statements are equì,ualent:

1. A i,s the generøtor of 0, non degenerate, n-t'imes integrated, erponenti'ally bounded

semi,group {V (t), ú > 0}.

2. The Cauchy problem i,s (n,u)-well-posed.

In this case, the soluti,on of the Cauchy problem i's gi'uen by

u(t) : Y(") (t)r .

Definition C.7 A functi,on u(.) € C{[0, oo), X] i,s called an n-integrated soluti'on of

(C.15) if for att t 2 0, we haue that fi uþ)d,s e D(A) and

tn ftu(t): 
^.r*AJou(s)ds. 

(C.16)

Theorem c.g If A generates ann-ti,mes i,ntegrated sem'igroup {v(t), t> 0} (not

necessari,Iy non d,egenerate), then for anA r € X, (C.15) has unique n-times i,nte-

grated solution, giuen by

u(t):v(t)r (C'17)

Consider the problem

¡t
u(t): A I u(s)ds*r, ú€ [0,?],

Jo

u(o) : r€D(A), (C'18)

where A is a closed, densely defined operator, generating a non degenerate, l-times

integrated, exponentially bounded semigroup {V(Ú)' ú > 0}.

Definition C.8 A functi,on u(t) : [0, oo) -+ X i,s called a solution of (C.18) zf:

1. "() € C{[0, oo), X].

2. t: uþ)d,s € D(A) for att t > 0.

3. "(.) sat'isfi,es equation (C.18).

Propositon C.3 The function

u(t)::*rUr", ú)0, (c.19)

i,s a solution to (C.18).

Proof: We show that u(.) satisfies the requirements to be a solution of equation

(c.18).
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(t) Bv property (3) of PropositionC.2, we have that

4v|)r:v(t)Ar+r.dt \/

Now {7(ú), t> 0} is strongly continuous, so V(.)Ar is continuous and therefore so

to is 7'(.)r.

(2) As V'(.)" is continuous, r,ve have that

l,' *uurrd,s:[rz(s)z]i 
:v(t)r .

Now by property (1) of Propositionc.2, we have thatv(t)r e D(A) as r € D(A),

as required.

(g) Bv property (1) and (3) of Proposition C.2, we have that

d

l,'*dt
V (t)r : AV (t)r t- r -- A V (s)rds 1- n ,

u(Í) :: u(s)ds, ú ) 0

as required. I

Propositon C.4 . IÍ "(') is a soluti,on to (C.18), then

t:

1,,

(c.20)

i,s an L-ti,mes integrated solution to (C.15).

Proof: We need to show that 'u(.) satisfies the requirements for a solution to (C.15)

As u(.) beiongs to C{10,-),X}, then u(') belongs to C{[0,oo),X]

We have that /oú u(s)d's e D(A) and

A u(s)ds: u(t) - r

Therefore Ï: (A [] u@as) dr exists and because ,4 is closed

u(s)ds : u(r)drds e D(A)

Finally, u(.) satisfies equation (C.16) as

a(t)
fo' 

u(ùa, : 
Io' (o l,' u(r)d,r * r

A l,' (1,' "nro") o, + tr : A 
lo

\,"
)
L

u(s)ds +
+
L

1!-'

since A is closed. I
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Corollary C.l The functi'on

du(t): rtv(t)r, t ) 0 ,

is the unique solut'ion to (C.18).

Proof: Follows from Proposition C.3, Proposition C.4 and Theorem C.3. f

C.4 Some Additional Results for a l-times
Integrated Semigroups

The following results we demonstrate in this section are needed in Chapter 5.

In this section A is closed, densely defined operator, generating {V(t), ¿ > 0}, a non

degenerate, 1-times exponentially bounded semigroup.

Lemma C.L $ lQ), [0,?] -+ X i,s conti,nuously differenti,able onl0,T), then

satisfi,es the equation

I,'
(c.21)u(t) :: V (t - s)/'(s)ds , t € [0, ?] ,

u(t): Au(s)ds + f(s)ds-úl(0) , tel0,T) (c.22)
I,'

Proof: For ú € [0,?], define

Now

u¿(s) : V (r) f'(s)dr

,í(r) : -v(t - s)/'(s) + V (r) f" (s)drI,'
-s

This implies

u¡(t) - u¿(0)
fo' 

or(r)ar: - Io'v(t-s)/'(s)ds 
* Ir' lo'-' 

,rrrf"(s)d,r d's

Therefore

-u(t) + V(r)f"(s)dr ds

I,' V (r) f'(O)dr +u(t)
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Now f; vQ)f '(o)d,r e D(A) 
rand

A 
J, 

v(r)f'(o)dr :v(t)f'Q) - ¿/'(o)

Therefore

Now

l,' o(1,' ,rr|e)ar) ar : 
lo',r,r,'(o)d,r - l,'rr'(o)dr

Now f;-'v(r)f"(s)d,r e D(A) and

o 
Io' 

' V(r)f"(s)d,r : v(t -")/"(r) - (¿ - r)/"(r) .

Hence, by using closedness of A, fi Ïi-'v?)f"þ)d'r d's eD(A) and

l,' 
a(1," 

I,'-'v(r)f"(s)d,, 
a,) a,

: 
I,' 1," 

o(1,"-" v(r)f"(s)d,,) o, o,

: 
Ir' Ir'v(, -s)/"(s)ds o, - lo' lr" r, - s)f"(s)d,s d,r .

lr' Ir' 
v(, - s)f"(s)d,s d,r

: 
lr' Ir' I¡0,,1e)v(r - s)f"(s)d,s d,r: 

Ir' lr' I¡0,"1Q)v(r - s)f"(s)d'r d,s

: 
Ir' I,'v(, - s)f"(s)d,r or: 

Io' lo'-' 
,rrrf"(s)d,r d.s

I,' l,', - s)f"(s)d,s d,r : lr' (u"- r)/'(")lã * Io' r'þ)as) ar

and

So u(ú) € D(A) for all t e [0, ?] and

1,,

fo' {-,r'{o) + /(z) - r@)) d,r

- Io' 
,r,ro)d,r + 

fo' 
r{Ò0,- r/(o) .

lo' 
,Í'(o)d,"] . 

[("t,1 - I,'rr,r,'rolo")

rf'(o)d,r * lr' !(r)d,r- t/(o))]

Au(r)dr : (r)f'(o)dr -

t;

1,,

II,',
-(-

"(t) - f (r)dr + ¿/(0) ,
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as required. I

Propositon c.5 u r(t):[0,?] -+ x i,s cont,inuously d'i,fferentiable onl0,Tl, then

1,,
u(t) :: V(t-s)/'(s)ds+v(ú)/(0) , te[0,?] , (C.23)

sati,sfies the equation

u(t): ¡ u(s)ds + f(s)ds, ¿€[0,?]
t; 1,,

(c.24)

Proof: We know that

v (t - s)/'(s)ds : V (" - s) /' (s)ds dr -l /(s)ds - ú/(0) .

1,,

1,,

Therefore by closedness of A

v(t-s)/'(s)ds : A V(, - s)f'(s)ds dr + f (s)ds - ¿/(0) ,

Therefore

u(t)

: 
lr' 

,n - s)f'(t)d,s+ v(ú)/(o)

: (o l,' 1," 
,, - s)f'(s)d,s d,r i l,' r@or- ¿¡(o))

+ (v(¿)/(o) - ¿/(o) + ¿/(o))

_ (o I,' l,' ,n - s)f'(s)d,s d,r t fo' rlùor- r/(o))

* (o l,'v¡¡rço¡a -,/(o))

: o I,' (1,' v(, -s)/'(s)ds +v?)rQr) o, * 
I,' /(s)ds

as required. I
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Appendix D

Examples of Semigroups

The examples in this chapter are based on material from [4], [6], [16]' [2i] and [20]

D.l Heat Equation

We start this section by defining operators A and {S(t), ¿ > 0}.

Lel O be the following open, bounded set in IRN

O : {r€ IRN ; 0 < r¿ 1 a¿, i:I,2-..,¡/}'

Define the operator A on L2(O) bv

D(A) : H2()) À H¿(O) c L2()) ,

A: L,,

where the Laplace operator A, is understood in the sense of distributions. Note that

H'(O) and .F/01(O) arc the classical Sobolev spaces

(', 
e L'(ol t P e L2(o),'i :L,2,"',1ü and u: 0 onHà(O): {, € L2@ t #e L2(O) ,'i:1,2,...,1ü and u:0o^Ao} ,

H'(O): {u €. L2@ i L,u € L'?@)) .

A is a self adjoint, closed, densely define operator on L2 ((?), with eigenvalues

N-t k¿€N,'i:1,2,'..,N,

N

k7n'_F

lz"'W) j

and eigenvectors

ilukt,...,kw
i=7

t20

k¿eN,'i,:L,'2, N



Let {-À¡}p, and {ro}Ê, be an ordering of the eigenvalues and eigenvectors of A

respectively such that

Note that {"r}i=, is an orthonormal basis for L'(0).We have that A generates a

Ce-semigroup {.9(t), ú > 0} on L2(O), given by

S(t)u: 
å 

u¡e-^hter ,

where u has the expansion in L'(O)

)r>-Àzà

,:Ioo

,k=1

u*êt"

Consider the problem

4P : L,u(t,x), ¿ € [0, T),, € o,
u(t,r):0, reðO,
u(O,r):uo(r), neO. (D.1)

If u0 e D(A), then equation (D.1) can be can considered as the operator equation

u'(t):Au(t), t€t0,?] ,

u(0) e D(A), (D.2)

in the space L'(O), with unique solution given by

u(t) -- S(t)z(O) , t € [0, 7] .

D.2 'Wave Equation

We start this section by defining operators A, {C(t), ú > 0}, {S(Ú)' t ) 0}, 
"4'1,

{U(t), ¿ > 0}, Az and {V(t), ¿ > 0}.

Let Cl : (0,1).

Define the operator ,4, on 12 (f)) bY

D(A): ã2(c¿) n /{01(ç¿) c ¿2(f¿) ,
rÐ

d,'a--f L 
- 

r ô t
CTIO

t2L



where # i, understood in the sense of distributions. Note that -Ff2(f)) and ¡Ió(f¿)

are the classical Sobolev spaces

A is a self a-djoint, closed, densely defined operator on -L2(f)), with eigenvalues -¡.r¡
and eigenvectors e¡ where

þ* : k2¡r2, ete : Jlsin(ktrr), k e N .

Define the operators on {C(t), ¿ > 0} and {5(ú), t > 0i on L2(CI) bV

s
C(t)u t: Lcos(J-¡.t¡t)u¡,e¡ , Ë

l/
ol.H

H2

oo

k=l
(t)us

sin(r/-ørú)

,Æ
ukak t

k=l

where 'u has the expansion in L'(A)

At:

u:D u*êle .

oo

&=1

Define the operator At on f/01(ç¿) x I2(f)) by

D(A):D(A) x Ho1(0) ,

0/
AO

..41 generates a Cs-semigroup {U(t), ¿ > 0} on I/01(0) * L'(Q), where

u(t):(i;,t;[jì ), ¿>o

Define the operator Az on I2(f)) x l2(f-l) by

D(Az):D(A) x L2(Q) ,

n -( 
o /\

^r:\.r o)

A2 geîerates a non degenerate, 1-times integrated, exponentially bounded semigroup

{V(t), ú > 0} on ^12(Q) x I2(f2), where

s(¿)
c(t) - r

f, s1'¡a'
s(ú)

v(t¡:
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Consider the problem

02u(t, r) ô2u(t, r)

Let

,@: (
\

If uo e D(A) and ul € I/01(CI)

operator equation

AP
u(i,O) :u(t,1) :0, t€ [0,1-] ,

u(O,r) : uo(r), #r¡,r) : ur(r), r e f)

te[0,7],reQ,0r2 )

(D 3)

w(t): úu(0) +

u(0) e D(Az) ,

, tr(0) :

A2w(s)ds, te [0,7] ,

u(t)
u'(t)

)

;: )
then equation (D.3 can be can considered as the

w'(t) : Atw(t) ', t € [0, ?] ,

ø'(0) eD(A), (D.4)

in the space ffå(CI) x tr2(f2), with unique solution given by

w(t):u(t)tr(O) , te[0'T] .

If ¿0 e D(A) and ul € ¿2(CI), then equation (D.3) can be can considered as the

operator equation

I,
(D.5)

in the space L'@) x tr2(f2), with unique solution given by

w(t):V(t)'u(0) , t€[0'"] '

If z0 e D(A') and u1 € ¿2(CI), then equation (D.3) can be can considered as the

operator equation

w'(t) -- Azw(t) , t € [0, ?] ,

u,'(o) eD(AÐ, (D.6)

in the space L'@) x L2(Q), with unique solution given by

w(t):Y{t)(t)tu(o) , t€ [0,?] .
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^g(R')
.s'(Ro)
6(S',(Rd))
p
H
{"u}?,
ll' ll"
(. , .)"
Hç

ll ' ll'"
(' ,')to
L'(p)
ll 'llr'ør
(',') 

"'@)L" (H)

List of Symbols

space of tempered test functions

space of tempered distributions
weak star topology on ,9'(lR.d)

probability measure on (^9'(Rd),6(.9'(R.d)), see Section 1.1

a separable Hilbert Space

orthonormal basis f.or H
norm on H
inner product on H
complexification of .ll
norm on .I/ç
inner product on .F/ç

space of square integrable functions with values in IR, see Section 1.1

usual norm on L2(p')

usual inner product on L2 (p')

space of square integrable functions with values in I/, see Section 1.1

usual norm on L2(H)
usual inner product on L2(H)
usual norm on -L2(1R)

usual inner product on 12 (R)

usual norm on -L2(Rd)

usual inner product on 12(1Rd)

Hermite Polynomials, see appendix B

Hermite Functions, see appendix B

see Proposition B.2

see Section 1.2

il ll

ilil

il ll

L2(H)

L2(H)

¿'(R)

¿2(R)

¿2(Rd)

(.,')¿zlea¡

h"(.)

€"(.)
Co,b,t

rÌ¿

No-Nu{o}
.7: (NN)"

a!: olaz!..
{H"}"<t
index a
f,,

space of finite sequences d: (ar,az,.' .), CI¿ € Ne, see Section 1'2

where a € ,7
orthogonal basis for L2(p,), see Section 1'2

see Section 1.2.1

see Section 1.2.1
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(s),
|'lp,r
(s)-o

| ' l-0,-,
S(H)o
S(H) p,x

ll 'llp,¡'
(','\ p,r

S(H) -o
S(H)-0,-o

ll . ll-r,-o
A(q)
Kä

&q
Kq

TrFQ)
P(")
{8,(.)}Ë,
w(t)
n(i" i)
en

,n/(0, ø2)

I¡",61(u)

0¿,*(t)

ox(t)

w(ú)
n¿,n(t)

*n(t)

"f) 
(t)

\\¡") (ú)

["]
Ko,b,n

wq(t)
t9¡ (¿)

FoG
E[F']

ïRF(t)6w(t)
D(A)-o
{.9(ú), ¿

{u(t), t
{v(t), t

>oÌ
>oÌ
>oÌ

spaces of R-valued stochastic test functions, see Definition 1.1

see Definition 1.1

spaces of R-valued stochastic distributions, see Definition 1.1

see Definition 1.1

spaces of I/-valued stochastic test functions, see Definition 1.2

see Definition 1.3

see Definition 1.3

see Definition 1.3

spaces of f/-valued stochastic distributions, see Definition 1.2

see Definition 1.3

see Definition 1.3

see Lemma 1.2

neighbourhood of zero, see Definition 2.1

neighbourhood of zero, see Definition 2.1

neighbourhood of zero, see Definition 2.1

neighbourhood of zero, see Definition 2.1

Hermite transform of F e S(I/)-t, see Definition 2.3

Hermite transform of F e S(H)-r, see Definition 2.3

a sequence of independent Brownian motions

H or U-valued Wiener process, see Sections 3.1 and 3'3

function defined in equation (3.1)

see Section 3.2

the normal distribution with mean 0 and variance ø2

indicator function, equals 1 on [ø, ó] and 0 elsewhere

see equations (3.6) and (3.7)

see equations (3.6) and (3.7)

H or U-valued singular white noise, see Section 3.3.1

see equations (3.8) and (3.9)

see equations (3.S) and (3.9)

nth derivative of rc¡ (Í)

nth derivative of W(ú) in S(U)-r, or S(U)-1, see Section 3.3'2

greatest integer less than or equal to n
see Lemma 3.4

Q-Wiener process, see Section 3.3.3

see equations (3.13) and (3.14)

wick product, see Definition 3.1

generalised expectation, see Definition 3.2

Hitsuda-Skorohod integral, see Definition 3.4

see Defrnition 3.5

generally a Cg-semigroup, see Definition C.1

usually a C¡-semigrouP

usually an rz-times integrated semigroup, see Definition C.3
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L(H)
Hy

L(H, HL)

U

{/,},'-"'
f; s1'¡ow1'¡

¡!vçs¡dw(")(s)
Wt(t)
wt)(t)
o
o'
At
Az
H¿(O)
H'(O)
¡/ó(CI)
H'(A)

space of bounded linear operators on .F/

a separable Hilbert space

space of continuous linear maps from -FI to H1

a separable Hilbert space

orthonormal basis for U
generalised stochastic convolution) see equation (3.25)

generalised n¿ä stochastic convolution, see equation (3.3a)

see Propositions 4.1 and 5.6

see Proposition 5.2

usually a linear topological space

dual space of O, see Section 4.3.1

see Section D.2

see Section D.2

see Section D.l
see Section D.1

see Section D.2

see Section D.2
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