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-I-Nr[-B o D U c T I oX.
In thÍs thesiE, two applications of Chebyshev

polynomiars to the numerlcaL solutlon of probrems have

been given. The thesis can be sprit into three armost

independent parts, rn clhapter I, a b¡ief ¡6vlew of the

most important propertíes of chebyshev polynomials Ls Eiven.
This is followed by a descriptlon of crenshawrs method fo¡
the numerical solutlon of ordinary linea¡ dlfferentlal
equatÍons by the expansion of the unknown functton and its
derivatÍves directly ln te¡ms of theÍr chebyshev series,
This work is the starting point of the whole thesls and it
is approprÍate to mention here my acknowledgements to
Mtr" G.l/1lo clenshaw who first introduced me to his method.

when we worked togèther ln the Mathematlss Dl.vislon of the
National Physicat Laboratory, England. The wo¡k ln this
thesis is, however, entirery my own both in conceptlon and

developmeñt. To my knowledge, none of this wo¡k has been

duplicated elsewhere,

In Chapters 2n 3 and 4 we eonsider the applicatlon
of Chebyshev polynomlals to the solution of the one-dlmenslonal

heat equation,
?'Þ
r.1'.'

æ
ar

In Chapters 2 and 3r wê conside¡ the range of x to be

fÍniteo and are able to compa¡e the numerically found

solutiorrs with the analytÍc solutlons Ín a couple of part-

(r)



icular cages" These indícate that the method is a powerful

ône, yietding accurate nume¡ica]. solutions for a comparative-

Iy smâlL amount of computation.

In Chapter 4s vtê attempt to apply the mcthod to the

same equation, r,,rhere the range ot' x is lnfÍnite" The

independent variable x ls first transformed to a new inde-

pendent variable S = h" h x- o The âlgebraisatÍorr

of the resulting equatior¡ is th¡en straightforward" The

numerical. solution of these equations in a particular casee

howe.leru indicate that the resu'[tant Chebyshev series

epanSionsof9are.yervslc'w.iyconvergent.Thiscasts
consj.derable doubt on the utiiity cf the methodo and

consequently it is considered t.: be a faíIure" It is never-

theless inctr¡ded in this thesiso as at first g}ance it

appears to be a possible means ;f solving an essentially

diffícult problem"

In Chapter 5, a generaiisation ís made of ci-enshawb

method to the solutíon cf nrdinary i.inear differentiai- êQUê*

tions in terms of anY of the uitraspherical polynomiaLs' One

of the obiects of this exercise was to investigate whether

the computation in Clenshawt s method mÍght be reduced b)¡

using for examÞIeo Legendre poiynomials" The 'answer is

most emphatical"Iye fìo; the chebyshev polynomíals being

þo¡ far the simplest to useo The analysis doeso htowevern

give a fairJ.y rapid means of finding the expansi.on of

functions satisfying simp|e linear differentíal equationsn

f . ¡\
t rrJ



in terms of Legendre polynomÍal,s. This is used in Chapter

6"

Chapter 6 Ís concerned with the second of our two

ptoblems, nameJ.y the numerical solution of non-singular

linear integral equations of the Fredholm t1æe, Agal.n¡

the unknown function is epanded in a setLes of ChebyEhev

polynomials, and substitutlon of thls serleg into the

equation gives relations between the coefficlents 1n the

expansion whích can be solved numerically. The cases of

separable and non-separable ke¡nels are investigated in

detail, A connpari,son Ls aJ.so made.with Croutts method

of using Lagrangian tt'pe polynomial epansions for the

unknown functi.on" In the example conElderedr the Chebyshev

se¡ies expansion to the same degreer gives a much more

áccurate solutíon than Croutr s. Flnallys wê consider

epansions in terrnE of Legendre polynomials, and this is
lllustrated by an exemp}e. The computatlone in these

last two Chapters were done on desk machlnes.

Throughout this wo¡k p wê noti.ce that ln cases

where Chebyshev polynomials can be used¡ a conside¡able

amount of precision can be obtained in the final result

for a conrparatively Small emount of computing" The methods

are not by any means as vetsatile as the more usual flnite-
dlffe¡ence methods, The Chebyshev series techniques

used here depend, for their successe otì â ready algebra-

isatÍon of the particular problem" This Ís not always

( iii)



straightforward by any means" consequentty the method

shourd not be used indiscriminately; a carefur evaluation

of the partÍcular problem under consideration is always

an essential prelÍminary" The methods should be considered

as a useful supplement to the more standard techniques"

In this thesis we have not attempted to discuss the

propertíes of expansÍons of functíons in any set of orthogonal

polynomials. The urell known properties of Chebyshev expan-

sions have been stated in Chapte!.I, No attempt either has

been made to fínd the rnir¡irnax approxímation to an arbitrary
functionu using the Ghebyshev serÍes as a first approxima-

tÍon. The view has been taken throughout, that.the calcula-

tion o'f the coeffícients in a Chebyshev (or Legendre) expan-

sion is a suffici.ent end in ítse1f" The calculation of the

minímax approximatÍon to a function defíned as the solution

of some differential equation with associated boundary

conditions, should provide a useful topíc for future ¡esearch"

Of the publications arising out of this. thesis¡ the

contents of Chapters 2 and 3 were presented in a very abbrev-

iated fo¡m at the First Australian Conference on AutomatÍc

Computing and Data ProcessÍng held in Sydney from. May 24-27 o

1960 ín a paper entitled ¡rThe Numerical Solution .of the FIeat

Equation using Chebyshev Seriesß|" A synopsis Ís given in

the Proceedings of that Conferenceo Two other papers

entitled !¡The Expansir-,n o-f Fu¡'rctÍons in Ultraspherical

PoJ.ynomialsu¡ and rrThe Numerícal Solution of Integral
t. \
t l.vj



Equatíons using Chebyshev Polynomialstt, based on Chapters

5 and 6 respeÇtivelyu have been accepted for pub}icatfon

ln the Journal of the Australian Mathematical Society.

FinaIIy, there remaj,ns the pleasant task of

thanking those people who have assisted me with this

worlc" Thanks are due to D¡. J. Bennett a¡ld Miss J" ELllott

of the SILLIAC Laboratcry for heJ.p with the computations

of Chapter 3; ar¡d to Mt" R"Go Smart and Miss J" Campbell

of the UTECOM Laboratory for thpse of Chapter 4" I would.

tike to thank Professor RoBo Potts for many helpful" sugTest-

lons, his wlllÍngness to listen patiently at all times to a

mul.tÍtude of ridiculous ideasu and for the readlness wlth

which he has read and criticised all the w¡itten work of

thís thesis" Finallys mY thanks are due to nry wífe Lesley

whc ln spite of daily receding further from the t¡4pewrite¡

dld sgch an exceilent Job of the typingo which was not

always transferred to the reproduced copies'
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$APÆ¡R -r
(r.)

l.L Dgft!¡l,tlonEg

llre Chebyehsv Bolyaornlal Ï,"t"¡ oû the ftnEt klnû

anè of, dtegneo n la dleflned for - t ..< r ( I byt

(1.1.1) 'T*le) = ?*'"'''0 wbere ?Le q'ø19'

BheEe BoLyaonlale are luet one rrgmber of tüs aet of t¡ltf'a-

sBherloal (or (þeenbauer) polyaomlalg. The ulùra-sphcrloaL

pol.ynonlaX ¡j)t*l of dtegree n and. order' ?t 1g ôeftuedl

ILr" z) F.l)t') =
(,- *'F^'t #,,kr - *')"^-*],

Vì.

F(n+ ax)PlÀ+ å)
F(aa¡P(tr+ à+ r) e .l\

f,or n = Or 1r 2o . The f,l"t)po1ynoUlals oo3reB-

pond to ?r. c o although the stanôandleatLon oonEta¡t le

dlf,feront from that I'n cguatlon (1"1"e) '

7l- {*) ' T
¿

^
?: '(r).In faotr

( 1," I.5)
1;^"râ{o

The othcr most conunonLy used uLtna-sphorloal polynomlalE aro

(1) the I¡egendne po1yr¡onlale Pr.lat) ¡ oolt3egpond1ng to

?t = å I e) the Chebyehev polynomlalE U* (t) oî the escondl

ktndr oorrcs,ordlng to ?t c 1 anô (5) the polynoÍd'aLe -*

whtah are oþtafnedl fn the llmlt aB à'r oo ' Fon (t) and

(z), the polynomlale ane oltalnedl by the dlfrect Eubetltutlon

of the approprtate value of ?r ln equatlon (1.1.2). For a

glven valuo of ?rr the polynomlale F'|'¿t> for n = or I'r

(1-r)



2g - - fo¡rm a conlrlete orthogonal set of fufrctlone ln
-t 4?t ( I , the orthogonallty belng wlth nespect to the

welght functlon
+t¡ b) G (t - *o)^- 

/'

An aLternatlve dleflnltlon for U- lz) f,E glven byr

(1.1"4) u_ (z) 3 ruJ¡¡.¡áñ€ ?c E c.vra.

We shaLl also nequlre the deftnltlon of the |tehtfted.'l

Chebyshev polynomlal Tj ¿t> whlch le dteflned. fon 0 \< 7¿ ( I

bYt

(L,1" 5)

fhe relatlon between

(r.1.6) Tjl") =

-Ül4 ls glven byt

T"^ ¿Jã ).

1.2 P,rop-entlge of T- (1)'

Thene are two lmtr¡ortant pnopentlee of the Tn('z)

polynomials whloh we ehaLl note helren

An anbltrary analytic functlon f {a) cen be erpanded

in an lnflnlte senlee of the r¡ltna-epherlcal' polynomlals

Pft ¿*) by the rolatlone, ...
{ c,) a t o1' Pf'r,)

Tj{t¡ = w,+''Ð ü¡À¿"r.€ Jz - | ca, Ð

ï- (") and

T^ ( 3,æ-

/")

,)

(1.2.1)
f'/ar (¡ + l)t ! FtÀ)

Àr,+r'r.¿ a3 = ff. l-(m+ ar). F (l+

Lanozos (nef. 1 ) r hae ehovn that of al

dlfferent Pf'}/*) , that correspondfng

Ij,- -,t'åri'r,r tþ)h
Yì¡O

(t -z)

L expanslone fon

to À = o (1.e. T- (x)



pol5morala1s) glves the ¡nost naBlcl convergence of the

coefflclents øl . Oû the other hand,, the expanslon

cor¡responcllng to }. = eo ( the Taylon senies expanelon about

x = O) gives the Least napld convergence of the coefflçlents.'

Bernsüeln (rd.2) has d.eflned. the polynomlal Þ^r(?¿) of
I

d,egree N, of ttbest fltr? to f(x), ln the range - | \< ?c ç I

to be that polJrnonfal fon r¡hlch

le leasü" Furthermore he ehorrs that the quanttty

f (") þn 
(z)

.obtalns lts gneateet nunenJ.cal vaLue at leaet (N + 2) tlnee

ln - l( ?( < | , and, clrangee sign suecesslvely at these polnte'

Goneld.en the expanelon of f(x) ln ter¡ns of the l-.,(*) poly-

nonlale, 1,€. N

(1 .z.z) f (*l -- * oo * 
,å, 

o*T^ 
.t*)

(Ct¡e coefflqlent f 1o lnclud,ed. for later conventence).

Then the renalnd.er Rru(z) ls glven.by

(t"z-3) R,(r) = Ç(z\- ii.:i tJ*Lt*! ='.å;*l;(*).
Suppose R¡(*) can be closely apBnoxlnatecl by the slngle tenm

'@nr, Ïu*, (r.) n The polynourlar f,¡n, (rc) le such

' that lt attalne lts naxlmum valu" !t at (t¡ + z) polnts ln

-, <

v/ere a pol¡rnonLal. of clegree (tu + 1.) " the expanelon (1 .z"z)

wou1d. give exaotly the potynonlal of best flt of üegree N.

'I'll/Gnt-
-l<Í<¡

( r-5)



In general f,(:) le not¡ of @üraor a pol¡rnonlal of ôegrcc

(N + t) , but tåc raDlô oonve¡rgenoc of the oocfflolents aß

freguently allora tbe rer¡alndor R^, te¡ to bc oloscly eppno¡Lu.

atsô Þy tbc tcrm Ot*, '[*, (r) . Ëênocr for trar¡y ftmotlona

f(x)r rr¡ flnd t¡lrc cq¡analon (f .2.2) to bc a oloac ag¡ro¡tmtlon

to the poly¡od,al of begt flt to f(¡).
llreEe tno propcrtlcs togBtJrcr nalc thc polynoulalg T- (r) ,

very uEefu.l to ttrc ¡wrloal analyst. In tb follollng acotloar

andl ln ChaptcnÈ 2¡ 5t t+ ant 6 re eb¡Il bc oo¡¡ooracô æetly rlth

exDanslong ttt tcrmg of thc T*(') anô d¿*) PoLynonlale'

In Chapter 5, ttc ahall itleouge the gcneral exl¡anslon lu tsrog

of the ultre-sPhcrloar porynd'are ?it(t) '
|lhcreleo¡cmrereer¡ltoonoorjnln8tboer¡lanslonof,an

arbltraryfunotlonf(¡)lntermoftlrcL(')Dolyrnonlals
whloh we drall guote herc' 

.o

rf f(r) . t oo * -f. a-ll(r)
h¡l

thcn or^a'. 3

(t.e.b)

T- lr
L.5

Glcnghar(rcf.,)hag¡lrmbolanorôl¡a¡y]'lncar
ôlfferentlalcguatlonllthaeeoolatcôbounôaWoondltlong
canbeEolveddlreotlylntc¡nrsofagerlcgofdlrcby-shcv
polynomlalEa(').InthleScotlonrfoEhallôeEorlbe

( r._4)

*ltt (w'o) c'o''Ðolg'

f(e) 1l(¡)tr
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ClenEhaçts rethoô ln souc ôcùall¡ anil ln ths ne¡t rc ehall

aonsr.ôer ¡ f,atrly tnlvlal, craplo to rhlch th¡ sol,utlo¡ oo
bo for¡¡d analytla¡Llfr a¡dl ¡ùrXoh ü.11 bo oû sonsl,ûcrablc lntcrcot
ln Chapten 5"

guppoac we have qn m th, onder llncar ûfffoncnülaû

equatlon 1n ttu rang€ -, S zc ( I r gtven byo

(1.3.t) 
þ-,r') #, +þ-, n, #-, i ---.. -r- fo!)t¿ = XÞ)

where 1tt\, þol:) , f r1.e)' ' - - -- f" (x) are glven frnreÈlong

of ¡ on1y. Togethen wlth thle equatlon there 'tttl bc n

bor¡nðary eondlùlonee aad ln oases rhene both thc dlffercntlal
eguatlon and bonndary eondltlone ar.e homgeDgor¡ae a further
nornallelng condltton" Unllke tbe mthocls of nunorlaal

Eolutlon of dtffcnenülal equatlons by flnlte dlffenenosgr 1t

f.e lrmatenial whethsr the bounda¡ry oonclltlone foru au lnltl'al
or a toq¡da¡t¡r valuo problen If 1t ls Xnor¡ that y ¿8 oontln-

tÀoug 1¡ the aloeed tntervatr -1.(z( I r thg¡ù rrc caR wnlte¡

(t "5"2)

aO

åo, t 1 a^\b),.¿ (a)
Tì! I

Thc gth, d,orlvatlve of y can be wrltton fornal'ly âBr

(t.3.3)
7"'c*) = *oÍt' I aSTr*> , s.,,e,---.,'.^+

î.1
(for a full disousslon on tù¡ valtdtty of theac er¡lanslono¡

eee Chapte¡r 5¡ Seetlon 2).

( r-5)



Frr¡n tbo relaffoa¡
(l.t,rl) a ff'l
lt oea be ahoçn thûft
(1.3.5) a^ J: É

T,,f'¡ -,;+TT-,(r)
?f+r)

Q--,
( 3,1tl

â.Vt+ I

tlble la a ¡elattoa bstreen tùe socffloleirtr ln the

ohcbt¡hovog)aûBloaof, ¡tttí*) enû 1rs''?t) o

nl¡ô úfon
(1.5.6) â*T*(e) r Tl..*,(rl + Tl-{t) ',

ff C".(7) ôanotce ths oorfflotent of, T-(r) thc el¡ranelon

of Vr ùhea

(1.5.7) C* (x5) s * (o'-, + â',*,).

Conülnucû applloatlon of t¡hls oqoatlon glvee Ûlrc rclatlon

ùctçren ûhe oocf,f,lol'entg t¡ tb erçanelon of -nl anË Vr

föf all I = lr 2t - - - - flSr +

(l3ro) C* (*"r¿) 
þ, 

(il 4¡r-+ + rjr

tf tLo ooofÊlolæt¡ P (x) r .., lùn,lr) 
Ia

cEuatlon (1.5.t) arc polynmtcle fn r¡ th¡n cquatf.on (f.5.8)

gtvee ug f,atùy rælally thò n thû toofftolent ta üte OhsbyBltcv

eroausloa or P*h) #" ü teru¡ or dl fop r - o¡ 1,

ú - -D uÒ In cages whcrc þ¿"1 apo not pgltronlalg l¡ ¡¡
they oaa bc r.eplaocd by Euttable polytmnlel approrlnettons.

Bl u¡lirg ¡quatlon (tr.3.8) o end eguet¡lng Go€f,f1ol.ûts of T- (r)

o¡ eeoh Sldle of, quatlon (1.3.1t fof all nr uc oÞtaln a

(1-6)



oyòtüm of l,luear equatlon¡ f,o" thÊ tmhom eoofiflstæÛs
(ô

a- fol g = Or lr - - -r n andl all n Elrc u¡c of
cquaûton (1.5.5) frequently enebscs ua to mnov¡ tùc

coofftrclot¡ o'j.' **"gpbrdfng to ths lartBrt valupl of s .
lbc¡c cquattona a¡ô tlæec obtalnad 1116 tb ùouåa¡f
oonôlttons oan Èl ¡olveû nærtcally ¡ttbcr by e rüo[rrano¡
q. ü füaratlve nctlroû¡ rhfoh bave Dcol¡ deaorlbsll ü ûctall
Þy Olcnghaç ard vlll lio rsfo¡æeû to agal¡ tn Ch¡Dtoþ 5¡

It t¡ çorùbçbt.trc to noto hcnc fùa al4rls ñru t¡lcn
Dy thr (Dcbyahcv aarf,cc rt th.c polnta r a o¡ ! I l-

U
(tr.5,9 ) uJ (-r) =

g(t) e

*oo-û, + o,û-a!ùo+-Qst

Èoo + âr* Cl¡ {e¡ } â+ + As+

If,r

-aa--a

D-.-.t

'lllrcsc re¡r¡ltc t¡E usefi¡l slnoo bou¡¡ûer.¡r çonilttlonr arr

fnsqucntLy Ðcctfloû at ottùce th¡ cnd ¡plntg olr tho nlC-

polnt of thc ten83.

EtnLjtar rc¡ultn om bs f,otutd for crgaallon¡ l¡ tc¡ar

of, tüc ahtf,todt OhebyaheY pol¡rnontatrr {(*) I vallô for
O(?r(l .

"t(" ) =T

fo* ¡ = Or la 2t thc¡ tbs ¡posults ooltcapond&E

üo equnttou¡ (1.5.5)e (¡.'t.8) ená (tr.3'9) ano Sfrou bt
(r.i.5¡) t+*t A1' ,. ni:Î - AtJ,.l,

.L
e

tJr.
,ql" * 

"f, 
o.lrt il¿*l

â/t

cf, /*"j) * tj'o( t.tc 8A)

(1-7)
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rhor¡ Cltild¡note¡ the ooofflolc¡t ot il¿") ln t¡"
ObcDyshcv erDa¡s1o¡ oû f,r an!

( ¡, t.9A)
xb) 3 $n. -Att âz-/"+ A,r- âr+-'-"'

Ar+ Ar- Ar+ '-'-"
A, + â*+ Ag*-- --.-.

l.b
lf¡ Cralt ltlutr¡Û. 3ät ntþ€ ùt ll¡tlng ttr

AU¡f¡h¡r 'opencto¡¡ of thr ftnotlon â= ,q(+ + {)ne f,!
- I ( ã ( t " fot tntcgcr ratru¡ of !' thl¡ fu¡otloD

eatt¡ftc¡ tb ûlff¡rrntld cqultloü
(1,b,1) 4 + (+dãr 'L'+*)nn'I'O
rtth thc ûoaôtttonr y (o) ' lr y'/o) ¡ o.

þ 1¡ Esqttoü (1.!)r wË ¡t8!!û tÈlt- 

Trs)(,,1'- å ol" *,lof T- ¡ù , t* s ! o¡ r¡ 1.

(Wts¡ rcforl¡g to ùb f,motlo¡ Yslut¡ rC outt tbl ru¡ler-

eorlpt fo) a¡d for ÈD¡ f lrst mû sco6(l lorlratlrnso u¡C a

Eq¡Brtortpteû da¡h anü âoubl¡ 6a¡h rctpcqtlvcly). Equettn¡

tho oocfflotcnte of T*(*)to 8Ëllo for ell n ln cquatloa

(1.4.1) ço harc

(lrb.2) ai, + l* * å)"n!q..- o ¡'t aU 't\z ot l¿âl¡ - "'-
Wc drall aolrc th¡gc ogrrntlong W tba $!Él¡!?ôÛlo3 un¡tboû"

'u¡l¡r8 oqurÊlon (1.5.!l) l¡ tùc fut'üB

(t.l+.r) 4'--,= âL*, + g,'l+a+ r â3-r t a'L* , + â+t¿'.,

In laþtÊ l.lr n glrc ttc uu¡rleal sol.stloÈ to 6D fþr ùù¡

(¡-8)



caß@ !3 = Oo We start tF.te essryrlËtã6lon with 4,o * I ,
âlr = e,a* eö ,&',o=úrl!:----.sP r glxd

e','"= âi,= -'-rQ* $fnee the f,r¡¡¡stton fls even tn-,spús I Ð

îrs hsv€ Í,wnsdH,ateLy that â*- enct a'l ûre Ëero whon n le odtd

snd û,1* Ss seno vheD n ls Elr€n, Wtth the g*ven Ínf.ttal
veLueg w@ uge @quatlon (1.¡+"3) to elvo a', aeü a; fn turuo

Equetl,on (1.h"2) le ueed ln the fonm

e".,,. = - O'405åfr' 4.?31,.(r a'1,

to glve øs e f,rom wtrleh we eæpute ol and q'¿ ustng agaftr

equatfon (L,b"})r anA ühon ob u fhe p¡roecsts 1e continued

trnÈ1l we neach a o o

I n
4a ttø+L,¡al a"ft

qw a4 Qr

CøtL2ttx e 0.4?å,0'Dl -4.411 403 lga T.la) - 0'ø0059?\(x) + 0.037'1ã

Hev3,ng oeeu¡ruÊed all â-, * j^ , nI hy tlte rmthod desenlþed

obove¡ the solu$1on has to be nornelleeû ln or"ôEr" to givo

6

I
I

$ (o) * d

eomputed by * |

ø fhÊE Í.e done by. lut¡Lüfplyfng ühe a ì^

flìT? EBeq , the dè$oml,nåüor belng the

o

{,h99 l+Oj

o

+o "O27 992
o,

-0.0oo 597

+O"OOO CIO/ r IO'OOOoio
o0

*0r

()

o

:o"t+99 4oj
o

+OqO27 99
o

-0.ooCI
o

o

35Btp
0

+15 0h176

3206Lt

CJ

+3æ
o
o

o
+387 81?-

o

-l+7 2
o

+r 536
o

23t6
Ct

o
+20

+1o8 76

o

-6 09620
o

+ ]'.2995

o

- 1116

o

_205

o

(}-e)



v61ue of
s

* o o * .l, ¿- ,)^ a *,^ of the rrorr¡lutsû â..,., " 
, lhc

nequfreô vaLue of the cocfftclo¡rts ln ttÞ Chebyshov expËnslon

Of czùa È n * are glven ln the oolunm hoadect I'norrnsltecd a*

For otber values of n¡ a slnllen.couputatlou can bs carrlod out"

the CheÞyshev erçanelon of thle elqple f,unotlon can aleo

be founr4- - analyticallyo lhis XE shown tn the next Secùlon,

whene we aleo derlve the propentleE of an ln¡lortaat rnatrf F
whfeh wtLl appean laterr lD Ohapter J"

1.5 lhe EgtE$-f.
In the prevloue eeetloa we deeontbed hoÌr Clenghawts

meùhod can be used to flnrl numerleally tho aoefflol,enta tn
the Chobyehey expanslon of c'ø (+ + { )n z r and lllustrated
the rethod fn the cass of rn = o.

Frorn oquatlon (1"2.4)r ne have that tÀe coefflelents

6re glven dtneatly bY

(r"5ql) o". B #l
+1

tÈ,(-r+ {)n".T.^lr) oln
, -"ct

Obvlously when n ls odd.o ar 1s zero el.nce the tntcgnand

Le then or oôd fiutetlon of, l" fn tho case of a eYsD

(= åryvr, r sey) the lntsgral ln oquatton (1"5"I) le closoty

rclateô to thc Bce sol frmotlon f,*.(x) of the f Xret klnd ild
of o¡:den err'^ o

lhe BesesJ funcûfon J*^{zt) can be deflned by (eoe¡

for exampler ref" h)

(1"5.€t fr* (rt) = # [.'* (z ,ú-..'c - ãt'ü^ Þ) a P

(l--Io)



wrltt¡S 0 = É* E r üdt öP
T'*(x) 3 Ê$f

thp ecúont lntcgld DclnS ¡
t =r^þ r üra¡ --¡rr -

d^r'i -çÈT-,ffi*,
Eenoc ¡¡ hrvc tñüatrlY th¡t
(1.!.r) âe-^r e('f)*L[tn**)r]

lolmtr
(tr!.ll)

fornoOr 1r 2o ----údr11 r.
mt qrartro of tù. tùoorrtloal rrlw rlt¡b t¡ùe

Aær!¡al1y c¡lmlat¡6 r¡læ for r ¡ O to 81vc¡ t¡ [aÈIc lJ
llbc nc¡ults r¡c ln c*aot agnc¡m¡t to ôr

Xlct u 1oo¡ n ll m¡l¡ üctcllt et aquatloo! (l.lr.2)'
I1 rc eDlt tbr rr¡ult¡ ¡¡! rçqctloa (lr1.5) Èl,se to tüt¡

oeu¡ttorr rc flnû tbc fel|,orl¡¡ mf¡tlo¡ bctnccn 1ù¡ øtf-
âe^r,, (t'r = l,'r^)

er,*,, + (+. å)'n'[ - ãffi, + ù]'o
vrltû frr u - l¡ 2¡ o - ' - "r Fo¡l {ü¡ DulDoÉËe ol? thlo

Eoottæ¡ Ít ü1I1 ¡ot ulo tùa bæ¡der¡r omôit'!orç aa Slr¡6 t¡
Gquatfon. (trrt+.1)¡ tûl É11 üfir ttË feot G[et c.'r (+ + {)lr
ts tcro rhsn r r l¡ to *gat
(115.5) åoo +-[,au,t*=Ô

Ifr frron cguatto¿ (1.5t5)r re aubtnaat óquatton8 (t'5.1¡) frt
all raluas of Ër rc fld
1r.5.6) å0. - lI#þT*oo- Ëo. *

(1-11)
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On :t\ørtìte¡r nesr"F{tmgsrl¡enÈ of, equet':l"el'nn 11"5.ll) ar¡ß (1.'5"6}

we fl,nd ttre fol"3.ow1¡¡g ßttstûm of equ:tatJ.ons

ç '.? r+

'r,n c P,

* fi, .t
I /&*o- ro Xo'#* I )lL o*

þ,"= ---rf,i,r-"o

ølû€

Po,r" -t#f

(I"5"7)

$quaI;f.onø (1."5.7) can l¡ee rvr$.tten l,n 'Ltre maÈrf,x fop¡ru

(1,5" g)
{a,¡ + r)''¡u

whene 4 ls ttre eoh¡rwr veetorr I eo, oo ,

tho ¡natrr" lf.j) $. = c)" ln 2s

gi.vem by

(1"5"9) , !';,'o -,

Pi, 't. ,

ß

--- - 3 and f le

J=üe3.e2o

I

;¡"Cao-s)

r *A.P i >¡ -rår*;,) 'þ',u,.* ---' 5 ö

Fl,oB eç1untlon (3,,5*8) we h,awe thoÈ 'bhe 3.st¡ent ¡roote of *he

lnflnJ.ûe mar,rf"x P a¡re gluen bY

ä;". f* 
+E ott'a'

Theeo reeults fo.r th,e na fI"1 he w*.red ta Chaptet 3s,

where we shal} conÐerg f.ts analyÈls proBer$lee wfth ühe

n¡¡¡ner:lea] eol.utfon of 'bha one-dåmeÐsÍona] laeat equatfon t¡t

a pentlcu.lal: É&B*¡

(l-x2)



S-{/tPrHR_E

2"1 S'i;aternent of thc probf.en.

the naJor per.ü of thfs theels lg eonoaÍneê with the

apBlloaülon of Ohebyehev polVromlals So the eoLuülon of
ltnear pantÈal dlfferentlsl equatlons of the panabollc

type. In thf,e Chapter" vue ehoLl eoüsider tho aumentaal

aoJ.utlon of übe equeüionr

(2"t.1ì aP = à29
ôs {*" ?

for. Ê >, O s whero we ssnup.p thaü thc rabgo o.f, ¡E has beøn

edJr:sted to - I ç ¡¿ < | . lhLs oquotfon !.e the wol.X 
,<?

knorvn hest (or dLffuslon) equatlon fn one (eBaoe) dl.menaLono

In theee eonËet,ts the var.fabLs ü nepnesents the tlmer T'sorne

Bpaêe eo-or"dl.nato, an<l g(4,È) the ternpenature (or conaer.ltr.at-

lon). UÍ€ ehal} f,nequenüly refer to theee vapf,ableB wlth
gucìyr Bbyeloal tnüor.pretaüf,on f"n n$,nd,.

Aloag the bor¡nôsrfee . æ = t l¡ we epecífy general

lf,near boundlary oürdltlons of, the forrne

f ã,0 ny,H- ¡ #,{¿') ^n z=rI
(2't'e)[o.^a â.,0 nl--,'f* =. #-,(o> ,^-e*A z=-l,
nhene *, {U) r *-, (C) ar.e gl.ven frIrsË1on¡ of tlre tl,me f e

and àr , f , " 
À-, ø f,-t ø:".o oonstarlte. fogether rvfth thpse

boundary ooridlttoüas there wf.Ll, þe an lnltlal. aonditfon of,

the formr
(e.t'}) Þ a f{u) #*t -lsxdl) f æo'

0

(z-t )



We ehall aaÊufie thaÈ tlre Chebyehev expanslon of f(æ) 1"

l¡Jtown"

In GhqBter l¡r w6 shal¡, egal.n coneldlcr eguatlon (2.t.1)
ln ittu oase whenc the range ofæfa lnflntte. rr¡ orcler to ugo

Ctrebyshev polynomlaLer the spaoe var.laËIo hae flnet to be transf*
ormed to e newvanlablcS r e€lx¡ such thet -l <t< I o fhe
lroeÈ suttaÞle form of tranaformatlo¡ le found to be

S. |a,,nJ-z-

lhc panti.al dllff,enentlal equatlon le then of the form

(a.r.r+) 3¡ = P,rs)Ë , P,¿s)33 + f,rs)D
where P", Pt and þ sre poltrmorntals ln S . Íhle !s th€

mst general form of, the equct!,on whl.ch ÇaD be eoLveû by the

method of Orebyshev polynomlale"

. In tbc oasc of,'equatlon (2;1"1)r horeven¡ xo oan

coq)arÊ oìr¡r numar'lcal solutlonû rtth knoça analytla solutlons¡

and thle mabloE t¡¡ to nalre a detatledl analysts of the methodl.

Fon tlre l¡:flnlte ranger rre are noü Eo fortuhately plaeEdl, andl

c*r only usc thc nogultg of thc f,tnlte rangÞ to gulde the

nethocl of numerloal sol.utlon. .

2.2 Brlef, Revlew of Flnfte Dlfferenoê rnethode of 8olut1oa.

-

|!he rrsual way of flndlng aumertoal eolutto¡s of
cguatforu (2,1"1), (2.1.2) and (e.1.5), ls to replaac both

clonlvetlvea by sonþ ffultE tllffeneneo spproÍlmatloner dfid to

eolve the r.osul.tlng eyetom of cltfferenec equaùlons nulnenloally

ualag Eons forn of dlgltel oonputer. rt haE becu found that

(z-z-)



there ere stebllfty problem¡ an'1sÍngç f¡'om t*re ï¡ehavlowr

of the roundÍng-off gFFolP¡ whf.ah depend u¡ion the form f.n

whfoh the dtf,ferenos aÞproxfunattons to the denlvatlves 0r,6

made. Rlohtmeyen (refenonce 5) glvee I fuIS dleeuesXon of

ühcse problerne-

Oonef.der the (", c) pX.ane oove¡reü wltlr a rnssh of, tldttt
Sar SÈ' o Argf pof,nt (r, t) In the plane ean üÌren be rep-

resented by a number paÍJ (*, -) r,vhere

e= ryn.ta ) D s t.Sb,
ûnd w€ straü nrJ.tc Þ(*$x,'nSr)ae 9-,*- . Rx.cltanúeono ln

trle pf,oneËu' work on the eubþcts ne¡rlaeed the pantfal tllffe¡r-

eutlaå eguats,oa et ttro poÍ.nt{*,e)ty the part3.sl dlfference

equaËlone
Þ*r'*' - Þ*'t'' 

-(2,2,1) * 
âtÈ 

*E g*-,r,¿a - å9rr,* +' Ð*n, 'rt

t*)
Shene Íe s truncatLon Brlroþ ln thts equotlonr but thtre 18

orlgtnalty taken to be âBllroo l[he onJ.y unkn0rm quantXty ln

equatton (2,2.1) ls Ð*,?a+¡ whlch ean be e:cpreÊsèd f"ts

ùerms of the r"emafnXng knorvn fUnotLons" Such a for"¡n *g

eald to bo'ìtexp1101t1'. Iü can be ehsvrr¡e honsYsn¡ that tgt

the r"epeated apBlåeatlon of equatlon ( 2"2.1\ p thß roUnd-off

orrors wåIl dotnlnete the requlned oolutfon for alL valuee of,

af,z fr- >0
llhuSr tÈre above fi¡lte*df.f,forenco rrepresenüatlon of, the

paltfall. cltffeneaü[a} equatlon ls r¡eelees f,on conÞntXug

purpoe€ao (ntchar¿Ëon wes un$lrane of, this ef,nco he onl'y

¡renfor.rueú the fnüegnatton up to I smâlÌ, va,lrre of F r üDd

(2-3)



the round-off onror.s vere sttll s¡nall at thf,s stagen

(uguntlon (2,2,1': te of the eecond onder tn the Ê-dtrectlono

wheneas eguatloa (2.1.1) ts only of üho f f,rst onde¡r' Xt le
nolr fèallEed that replaclng a tllfferentlal equatlon by a

hlghen ord,er dtffer:ence equatlon Ítequontly Leade to spunloue

solutlone Dctng lntrocluoed¡ vhloh may swarqp the requlred

solutton).

Another c:q¡llott syetem of
òÞ

oan be found. by rcplaolng ;f by

dlffcrence Êque
0*rtr*, 9*,

5¡

tlons

r to gtvep

(2"2"2) E*,rn, * 9.r*r*{- + (g*r-,¡h- â9*,', + 9"r.*,,*)
flre nuænlcal solutton of these eguatlone remaLna stable

pnovlded + -< '/z , lFhfe DÞaDs that 5f an¿ 5z eannot be

ohoeen lnrlependently rndr for example¡ ¡llth a fhed f o tf
ve halve 5¡r then ns muet take a quarter of Sf . tD msny

cagear thla neens that we nuet take a large nunber of etepa

oreF a emell fnter.val $F, tn orden to keep the tnunestlon

emor wlthln specffled llmite"

-irn aLtennetlve netlrod of apDroach ts to uae aD

r?lt[plloltil Fepressntaüton of the pantlel dtrfferentlel equetlon

wherç the dlfferenoe equatlon not? contalns aore than one û$-

knownlalueof Þ aù f = {vr+r)St- . F'onexanple¡ lf
rc replaeo ttæ derlvatlvee by d.lffsrencee at the polnt
(e , ts + å cr)

(2.2.!) 0-,r,ni

( 2-4)



fhese egtratf"ons ãre stable fon alL -+è"ö u hovevepa ovon eaeh

step 5Þ w* Nrusb norir soJ.ve ã sys'teru of sf.nn¡Ltaneous eq.uatf.oneo

The values of Sx atxl 5f sÊn nûln be clrosen fndependelatåy of

oaeh othes (eam¡letÍ.tl.e with the allowabÍ.e tnrrneatLon error).
The emo¡rnt of oowputatlon over eesh step $f ls now grester than

for equatlon (4.2"3) o but we cån genÉnelf,.y take a langer vaLue

for- 5ü thaß bofcno"

llar\y other 1mplåef.t' forms of equetlons can be ueedp end

'bhese are ful,Iy dÍseuseod ln referoence 5. TYe shall say no

múre abor¡t t f¿em here"

2 n3 gÞ..9_J!g$þ9.q*9F E-qflpqs-_ql$Jïa-ryFËI gr"

A ra'ü?re¡r" diffenen$ rc€thod for" the aotrutlon of eguatlon

(2"t"1) hes been glven by ÏÍr¡ntnee and ironÞno1ey (nefenenco 6)"

Shey nep).ace only the ö1me derfvatl.ve hgr e fånlte-differenee
approxS.maÊåone and eongådeer the resul{;lng system,of o¡rdlfnar$r

dfff,erenÈåsL equnt$,ons" tonsfulenf.ng now onJ.y the t*d$.rec.tlon

eubd.ÍvÉ.ded år¡üo $nÈer.va3e of, wlå'hh 5Fr we can neplaee equatton

(e-1.I) at nt L"+åSå¡o, aa ì(2.i,1': E tl #- + #-:j + odsr)*

$he eubscråpt;e 0r 0 denol¡e vaLuee at tfie tl.mes en and ['u+ $f" Ð

respeettvetry" Onee qgaf.n negleetlng tt¡e $z'unea$.f.on ernon6

equatf,CIn (e-$"f ) neprescnte u gs¡6-pof.n$ bc¡und.afy veLue problem

(f,rosa the houndnry sonrLl:f:$.u¡nm et ?L * g' ü ) u where Þ" te

knorrrn and &0 å.s the figretÍ.on 'Þo þe found* lfav$np; determ*ned

I u {. 
x ) " thle freosmes È}Þ nerqr 9u dx) over the neut lnt,sr*

val 6E o ln Èhls way She S.ntegratlon can proeeed 1n the

( 2-5)



t-dtreetlon, and the t¡runea'[ion errpP depends on}¡t upon the

value ef $F . Ilnrtree and lfonænEåey Bnopoeed eolvlng equatlon

(e"3"Ì) by moanø of an annLoguE cor¡ru,ter¡ g?ld ån partf.eular a

dfffer.entLal. anaXys er

llhere ls 6tle f.upontant fact ¡vhf.ch rnust be noted. Itl
solvf,ng equatlon (eú"t) iÈ !s assl¡lTüed that the t runcatlon

er'lror" 1s srnetrl enough to be neglected ln a flrst a¡Iproxlmatlon"

Thls ¡vf.Ll. onLy be the case proclded that the functlon 9 (x, Þ)

has no efngrrlaritlee and fn parttcul,ar that there le no slngul-

arlty trnltåally, fhe lnt.tåal fr¡neti.on f{a)rnuet therefore

eatlefy tlç boundary condf tfonç atong K = "t t " Tf this

|e not the Gase, the Xnltla} slng&Larlty must bo removed

fn some wâgø

Z"Lv Ehes@eq-
ln the spth¡¡d to be deecrlbed her.e we súLve a slfghtly

modåff.6d forr¡l of oquetion (âo3"'t), uslng Clen'shawss rlBthod of

d1r€ct expene$,on tu¡ thehyeheV poXynomlals" ÌÏe choose qB the

d.epondent vanf"able lloÈ Þ, {'t) but 't}re fr¡netl,on

fl{æ) ã 9¡ dac) * 9odz)

ffioglecting tJre tnunEatfon ørnror, ühe eguatlon fo¡rqdalts glven
0

by

(2"1+.1)

where & *

d[q
d.a.L

aeä a ú,'Ða

Åtfl

l;
h¿

e
Ì- Q"n

ìAG ¡

"î- -l _{ x € ta

t/
(
I
)
I
t

Sf o H6 wnlteo

7tx) B *"*o +

&r(a) s -r{b + i. +*T}{*},
t¡ B0

C*)
( p.4" e)

¡vf"th etnf.lar. expreeoXons fos '6he fl.neû and eecodd derLvatlçee

{2"6)



exeeBt that they ane pol¡¡nomlals of clegree (iv-t) and. (w-Z)

resBectivelyu On substituttng expanslons (Z"l+"2) into
equatlon (Z,t+.1) and. equetlng coefflclents of 7i"&), tïe

obtaln,

(2.4J) At<a--*= a'L +L4":" f* .''t' = o>l¡ â¡----l^/-a'
ApBlylng equatlon ( 1J.5) once, gLves

(e.4"1+) d., + e+r:-=, E (on-,- â'¡+r) 
fo+n= b&r--rN-l'

Uoing equatlon (l .3.5) agal,n, we ftnd tho follovlng relatlon
betvreen the e* anð {r* coefflclente,
(2"4,0) #-=o'n-¿ -Lt"#-,1â-t &n

c

+2-

for n "æ 2.0 3¡ - -s N BrovlÖed. we take úlrn*, = QNuz= o.

These equatlone are of a fa1rLy elmple form. To flnô thoee

conrespenôlng to n = O and. 1¡ ve rn¡st lnvestlgate the bound.ary

conclltlons along x = t1 
"

2"5 Ttre B.oundlarv GondLtl-ons a]-ono x = 3l

F/e shall f,1net coTrsld,en how the bound,ary conctltlon

along x = 1 can be expnessed tn tenms of 4* and. l,r* , The

corresBond.lng cond.ltlon along x = -l v111 then be quotecl

rvithout proof, slnce lts derlvatlon Ls slnll-an to that

along x = lo .

Fron tlre bound.any cond.ltlons aü b = t, , anä Þ = to 
s

on eubtractlng tre f1nd.

# = þ,(tt) - É,(4) t* *=,.(2.5 "t,) À,7 f

( z-z)



Rewir!.ting thie $;'u teprng clf @.¡t " af, and us3.ng equaf,Í,on

(3"5"9) wm havee

{e,F.e) 
-a,['$ an +

¡d

Ia
?r3l

r
I

t"l + þ4' *"J r î 1r.)

Frouc th*.e qquaËJ.ori we want to ellmLnate the û L , Now fronr

the boreridary eondLtÍon at t * bo , se have,

(a"5.5) À,[ # bo +,f,u*^J * f n[* +:.å,*t] = #,, le.).

trplce equatlon 1215"3) to equatlon ( 2,5"2) rve get

^,[å 
(*oo a&u) *j,ln** **ü +/r,[t[t:+å$j)-['f-lm+;!

-4,-tj= +,/r,)

&¡ s ffiu .Ê ø[**,+ ff a,* #^ ao* ;|*,

f\¡ 'l

r:l

ôú" e

ïtRa

On addtng

( a" 5"1+)

E *, {r,) + 4, ld",'),

From equetåone (e.l+,S) enrl (â"I¡.fu) we fLndr af,'ter ËÐrûe

a} gebral* roduet' lonp

^/n) ¡'n"^ + âð^" ) *êr- t ta vV

(2"5-5) .n: t

and

(2.5"6) )
te0

{*i,,* ä{,k). ef oo+ $ao - )
$

4*=.0 * G*
nú-a rv*!

neuyreel;ivel¡r. It no¡v ne¡neLæs to f $nd aÍI expreeslon for
(*l * ä4å ) fn ter¡ng of 0v\ and "40* s AgoÍ.n, usf.ng

equa$Log (1"3.5) wåth B = J.s and oquatton (e't+"I*) wÍ.th

rat -- âE we f$nd*

(e-F.T) at.# a4"[Ê þ/-u-tu) + ;¿ (*, * #&,)

$um aÍ.n¿ç upa the boundary comdll;å.on a3.ong K c I glves the

f,olåcr'¡5,r:g relat1on betl¡esn "che 6t*.- and b*. s*

( e**)



*a.[äutrrá " #++ e¡ ,J - *,Io ,(t* #).^ ,p,('" #)j
* CI" I T* o, 4- #t,]

Fe -4.

(.nB* +X*o-,)
ûì{ +

-,-

)

+-

ael, I {n"-n)

I

J

æ¡ &

u *u[ $" a
&s+ /tu¿

f{-¿

sa*hu I
(2"5"8

(2"5*g

+ô
A,¡-å

t" ûNo

vr=!+

I
r
il_

1,v-{")'fhÞn
AN {rnr - a. Y¡v * 3

f n'J - &h
a{n¡*aYdV

ßþ*l
¿uy_a)J

s¡'-l
dnt*r)-f

vlç&+

@t

33
r+

Thås eqluntlon ls uot rer";p ,eJ"e6an$n TIIø nottses howevons that

s}ï, :the trnknowr¡ râ,,. nppeay cÐ the Soft har¿d eådeo wfÈh aIå knor¿n

qunn'$åtåeø on the z"Í.eÈ.tt hand eldeo

A s5.¡nåJ.ar ex3l:ee,s*oæ *s forqnd for tlre botundarg condl.tlon

alorag x = *Ie ancl ls gLven hY

&",då 
- å) -f-,

t

ü
fl,-,å) il-{¡

,i'â¿

*6&)

# û"*,

"'rtx^, õ #t-,J * *u h*g +

ftt** ¿*Xvtn-'¡)
&\ * ä9M

d-,)N-' fu* * 6 ),& )-o

-û

an¡fnu-.aXnu*B)

f- r)^
d*"- , )

&tL

$; ¿4

t {-t
*- ,&

r
I

I

{ t'd * 2-

r-,)*&
l¡v-r)

-0+ ûev

4 ä{- }-, +/-,)4n * **, dr,) * ê, /F")
Ð

(1¿-e)

-E & +



2"6 Method. of Solutlon.

Equations (zJt.5), (a"5.8) and ( 2.5,9) compLetely

d,eflne the problem. On the left hand. sld.es of the equatlono

v¡e have the unknovln coefficlents a"tu p oD the right hand.

sld.es al"l the quantlties are knor'¡n. Befone representing

these equations in matrlx form, we funther nanlpulate

equations (2.5"8) and. (2.5"9) to glve tvro equatlons on the

rlght hand. sld.es of 'yhlch rue have quantltles of the form

l¡o = Xlo + ,y" (t,, ä,) and ei = ,$, r V, (Eo, l)
reepectively. The quantltles q, and. ,1, are llnean

co¡rbinations or the runctlons h Gr) , *, (t, ) , f-, (t"), Ê, (Ê,)

obtained. fnom the above manipufatlon, The two ne\r eouations

r'¡hich we consid.er as replaeing equatlons (e.5,8) end. ( 2,5.9)

arDe so iressy algebraicall¡' that no atternpt r'¡lLl be maöe to

rvrlte thern <lorzn Ìrere " lVhen consld.ering a partlculer problen

rvlthln thls general 
""furu, tlre ellnlnatlon ls genenally

stralghtf orr¡ard.

The resultlng systen of nod.lflecl eo*uatlons can be

v¡nltten ln the natrLx form as

(2.6.t) 
mN le) g 

=
4,

whene ß lu the colunn vector

the colu¡nn vecto " I +: , bÏ ,

f
,(,

*

ao, Qr,
*
2t-"1

--ø*1,**is
4'l =revrhe bn

for ^ß > A , and S" ¿t) ls the square natntx of

orcler (¡l + I ) of the coeff lclents ln the equatlon. rts
genenal form ls

( z-ro)



XHå(XX
X X X XX
X O X OX

x 0 x0

X

Kw*
fl /'+r1

tÞie .cû].¡zfffir veetor

k
('¿r l

W*
KOXÐ

NÔX
'fhe ¡;r'*peoed proeedur.e fos eonputo'Èf.on tc ee foÏl"owg,

SuFpoee çuo havs reached thc val,ue {'= "n. $k *, flhs t}robybheï

emponslon of P fr"¡r th3,s walue of þ ås !cuown.+ nrrd wo qtef,lne

&o-
)
So be the vc+eter cf the coeffle åe¡rte ûo B,

{'b, b,,,,t}, } * --., 4,*l
LeÈ tþ (o)clençte the colu¡rur rneetor

g t*' * f V* þ^FF, (ro+ 
') 

se), * {zt st, f'oo')se-), &, - -d}J

lfle¡ d"¿¡trå,ne trx€ sc3.unmr veeËor &ot*'Ou

&*/*l = *o'' * .f '*'
FlnelSy' the ouåmsr voctor ê of the #ÌrebyËhev eoçfff,cients

or pCæ) sf.vemr

i'uê soSse tlre côFrp].ete syaùan of equatione byo

S-**o"= $r*)du*'*- #

4,-t'* 4t
) fu)

&

{2"6"Ê)

wireire* früæs equ¡¡Ë1on (e"6*r) we have 'bÞat

6Eu6re sruÈrf-x. of o¡"der f rü+ I ) gåven hy

h/e) = f* + fl''¿*>
Ã* Þe*,mg¡ the untt na{il'$x of ordert frv+ t}"

(e-n)

dt,r)

T* 1e) Xeâ

lTe ueo equatlon



(A,6,¿) $L¡(?ee8ûÌ-ve1-y star.t*,n¡¡ of "$"1 *-' $ ,1;$ tr$.rve ;qtT
gÌ:'*r, ,,.tu'"' ey,hoo tn .huyfi, Í,,eo hhe the'blmhe,*' ei*pensÍon o.3'

fire funesfon Ëi"',k) fqr þ s 5t-, a5þ,3'¡r -ìtt"

ln u,wË.ntr cquatl[on (ä"[¡.n'l) *ru hsve e¡ssunÞd the trr¡ncstÍ.on

spÌ.sür $o bo tr€?$e So m$ffi*nr$.ee tfte effeet of 'UhJ.Ë ûlttFÐFp we

Bçpfos¡u 2 Ínte6r.at'fons Ðve,f,! Èhe entf.re aa$g€ of F requf.rsd:n

osre at fntenvaL* Sfi q the oÈhe r at lnterval 8* f x û

After tÞæc¡e $.nteglratsonep Lh.e cs¡offl.alents ere somb$"ned at

sfxrr¡@sptnd.lnff va-Luee of, b neing 'h* * SxbrflÞolati.On* FuII

de.bs*.[e of thf,e wf.].l be 4¡¡s.venr s¡i th¡e ne1ç'b üttepter where I'vo

s,¡onrsåd.elr the $rf;egnat[nn $,m trVo Üase& whetsE unaXyt$'s so]'ut-

*çnm msa hü e¡alr$s6$d fur {¡çrr¡1p r¡f, ele¡nsn&nry f'u¡'so*f,onmo

ltre etrsrl"å Erl^sd¡ cl.$"mcusm ¡nort¡ fuLly the qoTüplrgs*f"om*X. protsd'ure

ffind. py3eÉ)erxt,at$.on of s{$suJ.&s* þ'Lual,Lye TrS e}¡a}}' úÈeeus6

4b* {rdvfiïrtgå{r}ffi ðnd d,*.mactvn¡rtåeËe8 mf} tt¡.e mêtthfid. sndl 0$ilxpå}rø

f.t s¡ i.Èh 'chç fÍ.n$,'hø r1åffe¡nertss rnath$ds ou'&]"ånern [ß $s*tåoB

{e',æi*

iz*r a)



cEAs[tsR 1-

3.1 .

We ehall now qoneldler ln Eome detall the

uunerloal eolutlon of ùhe rc,oolfagil problen, wblob Íe
eyroneür.lo about t : O . llbe bound.arÌy oonûltlons are

nov glven slu¡lly by

0=o t", x.=!l , o'r2 e>o.
We Eball tale the case where the ln:ttlal üeø¡reratune le
parabollc 1.o.

O(ero)= t- æ' -- åZ - åT. tq - I r z€ l.

lhe analyüto aolutÍo¡ of, tblE pnoblen le' gÍven by ( Eee,

for exanple, nefereaoe 7),
(t.t .tt 0@;)= Fj,f;$;y -,f[- rþtp],^(,,r +f )rrz,

Since we aDe conElclerlng only ths elzonetnle oaae

we w111 have 4,rr ' O ¡rhenever 'Ì'L 1g odd.. Wnltlng
.n s â¡t wlth N = âR and. eubetltutlng À, = l, yl = O,

flnô,

tEÊh',ut*oft oo*
=$o

Equaülon (2.5.9) glvos exaatly ths eame ¡relatlon, and, equatfon

(e.4.5) becorneE

,k(3.t'r)ñù eùr-, - [* "#;r-ta* r ,fuùâ',¡. = 4n

f* t'=lra,- R

(3-t¡
âaß+a = o.



EeluaÈtone (3"1"4¡ and (5-f ,3) Erë ln the forn
euggee'Èed tn SeeÈlon (2"6) ao nost sultable for eomputatfone

aarl we wrf.to them *!L the fom
(3"r"r¡) fl* /.e) g = þ"
¡ and ! ane thÉ oolurn vectone I oo, @r , - - , ùool uoA

| ø", bo, , {r.* f respecüxvet¡r. U^ (*) ta I
agua¡re natrfx of onden ( rQ + r ) e whooe cseffleicntE üepond

ìrpon the ¡ranamËer R o lïs oan ssrtrûe

(5"r'5¡ fiß(e) e *Ï- + f f-
wÌcen* Tn 1s the unüt n¡atrlx e¡f srdcr {n+,; r Bild f- fe ä

sqråere matrLs of opdnr f R+ r) whsse ofementa 
fi¡ ii,j= 0,t,-., R

are ÍmdependonË mf & r def,fned by

b'=
Í0u

:-
br': fl¿ =

1I

(o¿'- +)l+¡
Ð,3r --'

¿n(an - ¡ )

-ah
j t- r)

¡R- IÍ*
û

(f"t"6) Pl"= - -. = Pi,,- ,= n: f
i. = l, ?, --, n-, 

^- l

P {l t

þ'r,rr. = - -" þ'^*
=Q

f*
u

l'i" ì "' = P;,ß-r = a ' Pl,u-, T,L,R-
-a

4R*

Tho natrO- f^ ls cloaely re!.ated to tþs lnff,altc naürü f
ðtseneead ln sectton (L.5) ç tn faot f" la tlrc Dnl¡ctpal
eub-natrtx of onde¡r (ß+ r) of P exeopt f,or a ohange ln

the last cl"smsnt of the f lret sowo

3"2 rhc matn!.ece [* and t É

Bcfom lnvesütgaÈfng tha mwrå.eal eolutlou of
equotlon (5"1'l+)e laG m trook ln rnoro drtatl et tbc pnopc¡rtf.oe

(5-2)



of, tbe lmtrl.oes b anô f. , Supposô wê hað aesunãd

that ttrc ChebystlEr expanslons 8or Nl¡t) üft Ðo(t) contalned

aa l¡r:f,Lnlte aunben of tenß." Proqeedfng ln a slu$û,ei' way

to that desctitbøit la sGstXoan (2.4) saif (2.5) f,or the ¡J¡unEtrlo

oooli¡¡g prtÈ[.cnp thÊ rc¡ultfng üfXatty of cguatfons ontr br
leBnssontcd, tn rn¡tpl¡ fo¡u as

(3"2"t7
$l*) s

aúq-*. y ( e) &.pt+i

=þ

= -* J +

g , þ. are now tnflntte oolurn vectore f 0o, 0, , - I ,
14, &o , - to"up*otluolye aad tbe naGrnlx -f fc ereeûX,y

tù¡et deflned In seotLon (1.5)" In thlc trf.deal,il Gss€ üc

oeu flnd thé l.atsnt noots and veetors of üho Lnflntte natrt¡

f (.e) , f,r.on tlre known ncerrltE for thE natnl"t f ¡ ltrat
sffeot dqee the trr¡nsatlon of ühe aorfee after (ß+ l) Èermg

havc on thcee latenù r"oote aad veotona? $he latant goots of

Ir have beep com¡¡uted on SILLXAG ( the eoryutcr at thc Unlver;

Bttf¡ of SydæS) for f, 'r lO r å&d. are eoqÞancil wlth thg ftryst
(R+l) Xetoat roote of Í 1n sable (5"t¡"

Ia ttre Oq)utatlon otr übé lateat roote of fo û

the dlata was g!.vsa to 8D r Slnce the uatnix 
"ft le un-

E¡mnetrlc the latent ¡rooÊÊ were coryrrtodt by ff,ret forutng thê

ehanaeterXEtlc aquattroq and thon ftadtng tlre noote of thte
polyaon!,al"n e ppoooEa rhfch nay lead to consr"iler.ablc Çttor

ln tlæ foöts of ana].Iest moür¡lnsp 8o that too sr¡sh aigünf-

loanse should nOt bc Blaceil on ühsse roots. In the solutloË

(5*3)



f^,f:',*t *vtA 4 E,

-1..6211
-O"180l
-O"06l+8
-O.O5JO
-o.o200
-O"Ol5l$
-o.oogt
-0.0062
-O.OOrO
4oOO11

-O.OO0O

]891$

265'+

\556
e+5¡.

¡.21t+

1o¿rj
L7L2
5123
2379

7067
ooo2

^+=

th
(er + ¡)'n a

-1.6211
-O.18OI
-O.O6tl8
-O.O]tO
-o.02@
-O.OIt,
-O.@95
-o.ao72
-O.0056
-O"OOlr¡¡
-{).005'6

589lt
2655

4516
El+t+7

llro6
9781r

925'{
on6
09l+8

9069
76þ5

r
o
I
2

,
4
5
6

7
I
9

lo

Go4¡¡rl,soa of f1r¡t €lcvcn lotent soote of f îdül those of !,o

î¡tlo ,l 
r.f )

of cguatlons (3.2"1¡, 1t 1o shom 1n Sectlon (3"1$) tlraÈ

ro arc lntcrastcû oüy 1¡, the latent rootc of f" çtth

largert Ddrùt. It can be sGen fPon Íable 3"1 that

theEe loots agpso €rtlcnþIy rcll çlth thoee of the Xnffnfte

natrfr f o

Duc to thr arcüt of computtng tnvolved, thc letent

ycatoro of f. bave aot bson ecqpancd direotly wlth tbc

tmou latont vcctonB of, E . EowsvêFr fi¡ Seatlon (3'5),

th¡re iE ar erccllent oheok foru¡d of the ænx¡tlteô valr¡eg rltb

tb analytla talucs of thÊ oocfflelents !n the Cbcbyghcç

crDanglon of O ( ", Þ ) for par'ùloalar valuee of f '
nrú ahors ühat ths l¡tcnt fsctolre oÉ f* n¡rst 88paa

f,ahly ul.l rlth tùc leùcnt woüorg of ^f o

(il&)



3"3 t
tsquat'fone (3.1"t+) have been solçeô by thE æthod

outlined in ssatton (2ö6) o If þ'^' deooüec tlrs çector of
Chsbyshev cocff,lolente ¡ü the tlnc t - ?ì. 5t t thea¡

¿rn{ ') = T.l*) þ'^'(t't"t) 
..^,tu'1 T/*l 3 I* + mlt*) , & t^: [r,-*,G..

Ohooelng oulteblc valuag otr .&. ¡nd R r Íc fl,rat fnvor4'

fl¡l&) ena form tho rnatpt¡r I. /*) õ Etre lntcgratÍon
proeeeds by ttcpe¡terl poet*mrltlpl1oatlon of tho naür!*

T. f &) by tlre ool.m vs6üorË ttot, tt't a *,'"' etËo

tl'ir* þ"', þ"', &(3\ ---rospectfvery,
In thte exanplor wg havo ohoacn ß s ,O andt

have penfonned two l¡tegra8lorl wtth & E a oO enü 400

!1o€, wlth EÈ = '/o^ and '/u^ roeBcotlvclt we sball.

cxanlnc La detall the r.eeuLta fon a f,a1rly enalL vaLue of
E (t = O,a) r snd a falrLylarge valuo¡ (t = r) ¡ îhe

troÞutcd valuea of thc ooofffofentg 'Uu aro 8trven l¡
tihe flret two eolumrs of tfeblee (3.e¡ en¡ (5'3)'

,oJ

(¡-g)



D

t¡,

I
r

|[|re eoeffloicatg ?r¡' at È = O'â.

|[he ooef,flolcnts
g¡Èûeå¡

¡È t- = l'0

Eho cocfflclcnte rÈ,1å rr"È aÐt &rae ep ¡c$o to 8.D .
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1925
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ootg

o
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2
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{O"0826
-o"0457
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ID theso eonputaülons tÀre ooefflclente of {n (e) were

gl.vea to 8D r Bo tbat tte reaults fsp '& : ?úo t 4oo ç111

contafn aome round-off or"¡or ln tln least efgnlfloant pl,aoen

Foflorlng tlre usual praeÈtee wtren lntegnatftg parebollo tüIlc

pa¡ltlal dtff,o¡renùtral. oquattonar th€ tntmoatloa €rror can þc

redluocd by coldbtrnlng the resr¡ltg obtal,nedl fro¡n thsse üwo

I,nüegratlone by noone of 'åt-e¡tÈrapolatlon$n If ¿t le)
lsBreaeäte tþ veotor at a eer.tafn ttne t obüalned f,rom an

lntcgnatl.on l,n eteps of 5t ¡ âüd, $ (at) pepreegüte thoee

talues frø an lntegratton ln stepe n¡ Sb lz r üle er8rapolated

valuc t lro) ls stvot by

(5"5.2) t/*)= tfoþ(a*) þ@]
fhlc ertropolatton le per.foünÊd afber eash fnûegratl,on hae

bcsn oo4pletoû to c' us jlng tlte fidlcf,errcdl epprouù to ühe

ltn1ß"r' ,ll¡E erlnapoletEd val,uee of 4ta* obtai,neð ln thle

way at Ë ' 0. 1 ånd l'0 ¡ sFa ehown ln aolrum S ot feblge 3.9

ad J.3 rEepectlvelYn

Ftnally, ùhe theo¡petlaal valæs of {}a," san bo

found l.n thte Gâtco From equatloa (3"1"1) rc hsvo

(j.i.l) &+, ' tTå

$r0
(nrhEne C* [ *

of ìl,. (, ) *¡ trre expanE!.o¡ of,

(1.5)r üG formdr

(r,r,b) c*l- w þ* { )nx]

,**t ç''ff- ra^'+-Lfn'F 
|r*[^(n* å)t"] t

* å)n"J de¡otee the Ohebyaherr ooefflcfeat ,

rro

t

e,*z (n* å) rÍz-. fa gêotlon

(5-7)

= e!t)+ T*f(',+ å)trl,



fhe tbesreblesl valuee obtatned f,lpom equatåone (5"3"3¡ and

(3.3.h) are ehown l,lr eolpwr l¡ of lPabl,ee 5"Ë oüd 3^3o Hre .

Bêt€Bment of the erstrapoleted rraluss with tbe 1i¡heorstldstr

valuee 1g aeens Xn both csE6Bø to he exqellent" The oült
dtssrepaneleç oËcur fn tJre lesst d.gxúf,teanü dfgÍÈ" lßÀeec

resulte ln¡lleate thåt the latont Yectore of f * timst ÉilDnox-

lmntc sloeolys tlroso d Êhe rnstn!:s f e

Þ
3.4

Fop large volsoe of B o lS sam 1¡ø ehom thet
,A* *extrapolatloa over @¡te stsp 5t' s reduoêß tlrs trurrsatûon

6rror tuom ¿¡l5t)3to o/Sr¡5 o Frwsü tqusüÍon (5'{.1)

whøa b *,s langç enougþ eE tb.nt t}¡e vaJ,us of Þ {x r b ) em bo

repreuenâEd bS Ê[ro flneß tepm onl"yr tho¡¡

(F.b"r) Þ{',8+sb)E e-qi0(n,e)
Frem equnt!.on (1.5"'l)o Xf /iL"*1e) fe a Le$çnt noo$ of J'R/e)
eorrtrspûndlng to a latons ættË h*- cf "f* o 'âhen

& à,. + a

Slnee ì,*ere q},T. negmt$.veo the lergest tratex?t rset lt- fe)
eorresponde to the l.atont rpst å*- of Í,ql'geet mf,uX¡¡a" trlr$n

rost $s år= ^U'fn
thø¡cfore glvelr bYn

o amd, tfÀe lergest tmteet röot P* f&)g*
/

* f,- #o üi$91' W'*adsr)*
I

tI(r*t+"l) /t' {e) - f+
t

{s*o¡



Agalnr frorn equatlon (t"3"t), for large enough æ , theu

(3.¿I.h) þ'-"'(&) = T Ur) þ'"' = /,(h>.þ':'
On oomparing thls eguatlou wlth eguatlon (5.4't¡ ts toa tJrat

the largeet tratcnt root of, Ïn /å) nuet approrlraate

tc havor

*?(-+) ¡ but¡

(¡,r*.¡r 
"-+= 

t-+' W- #* !-'/ilI- ##+o/'û)b
If m ooqpars tble erpanei.oa rf,th tlrat ftr 7r(+<) r uc

Beo that tt¡Ê¡¡ tg an enro¡r of, O( SU ) 
3 !¡ ceoh etcp 5Þ c

8rÐpogc nor tbat ne balrc tbs lntclryal of lntsgFat-

lon, and agaln lntegrate f,ron þ = zr's't to | = (n+ ')5|
If Èhe larsoet late¡t root of I- (a,&) b ,Fo la*) ' tbÊn

oa Berforntng ttre f,ntognatlon over üwo stops of longth Et/a,

4rtt*"¿a å) = lî þe) *'"'
Conblnlng the two

by oquatlon (3.3n

a¡ü g't*
vc haver

vectom ¡tn+ 't ¿ a &)þ
2) , f:ot &--ertrapolatlon¡

,tf
*)

( j.t+.6)
¿(tr 

+')
å I r/î/ae) -rlo(ÐJþ'^'(",¡ ) =

= ¡ 
(,o) þ'"' (*¿)

r tc oÞtatn

+I-lt)u- 4]fd- g3f{¿' I o(st)3s+. 6tE¿+ iw tøa

tbuor on ooqpanlng thte cæqnÊlon rlt'h tbst of ø"!'(:'t'8t/u\ t

ro Eco tlrrt ovcr one rteP 8f r tho epo¡r ls now O(St)S

la corparclt çlûh Of St)3 ottatacû Prstloudy.

It

(t-9)



I'lrte analyrefg Sf,v€s a Barti.a& Jwtff,tostloü fot
L

'1'" -¡[trrapolqttoac 6füow[ not fbr wtn6 tlÈs ûrfÊmcû

rÞþtorù ûø ttrc 1ttr17

!"! Protcstatlst gß*Foßqffi&

utillc rr rro ¡tltl atËallng,rtf,b ü ütrtr)rrrttvlly
¡tq¡lc p¡oblonl t ot r¡s aoüËtdås ncmå of prooc¡tf¡g tâc

rcsqlt¡ of, t¡lrd l¡ûcgratton fol ttbutatloË pu¡tpoteËr It !s
proposed thaË for sa¡h velue of, t r tlrÖ f,rnctlon Þ(rrt)tc
¡lepü€scnteû bU ths exüramlate{l Gheb¡rahct cosfflotsnt¡ (wtth

one mlnon noêl,f ÍcaÊtoa). [h,e æFlte of, cnroh a, sohclB ane

ê$squeeod bcloç.

Iú fabile 5.1+¡ re gûve the cocffùstenûo f,or

þ = o'torr(o'æ5) o'reo of ' tbs oooÈfng ppbtrêns , ø¡trapolatcû

f¡o¡a tb two fntegratlono wlth* " eto affi 4oO . Xa

plaot of 'ôo as eoqpuf¡ed.¡ wo 6t:ue Lnsüoaâ t bo .

fhs ooefflofc¡rüs {r- wtroo" 0(rr¿ ) = ftu'l- z.)

?g9!E-!cl¡

+ac36z
4'frz
+0oO.l9

ùO'OOO

-QrO0O
+O"00O

ô

5br
515
oE6

oÐ
O€[t

997
È=0.il5 I È'o.rao

{O'5'67
-O.387
+0. Ol9
{O.Ot}O

-O.OCIO

{O'OOO

o

577
æ7
5b8
lr+5
,ü66

OOI+

t o 0'lto
+O¡372

-O¡591
¡O.o19
{O'OOO

-OoOOO

+O. OOCI

0

EâI¡

921
5W
glt?

o?$
005

F oO.lo5

+0.576
-0n196
+O.O19

+Ocffi
-O.O@
+0oOOO

o

95ô
683

5k3
279

o8g
o05

È: o,loo
+On5ß{

-O.ltßll
{O.OI9
{O"O0O

TO"OOQ

+OoO0O

0

72r
t192

t+96

560
ogr,
00t

t
o
I
I

,
t+

5
6

(5-ro)

lrO



Conalôer tüo follorlng Potntt !e
(t) For ¡ gtvcr tlbul¡tod valuc of R r to fÍnü

9(*rt) fora¡Vr in -lSz¿( I r thcghetsehoresçtec

can ü¡ cvaluatcû Dy an t¡lgËn.lou¡ ætfhot ôuc to Olcushar

(?efc!Ëaac 8).

rr f(¿) =
Ilc O

{(") = olo- xaLt

rhcrc do , d , r tll! fø¡û f,ron tbo ;oqnc¡or

(J.5r.¡) olr.,.- ?.>rd^.r+ d*.rr= 4*

Ittb otr.r*, - ptru* * = O . lIhC errOl duq ùo rormd-oû:?

f,owd by ooryuttl¡g {tn¡ 1r t¡bte wry l¡ ¡borr¡ to Ù¡ th¡ ranr

oe that whtoh roulô be obtstnsê iu orUurlng tho gerte¡ 0lleo?l'f'

lhue W thø rrss of cquatlou (3'5.'l)r u0 lnüerpolatlon 1o

ac0atgalylnthaæ-d!.reotf,onaguouldbcthooagefilfur¡ctlon
valuos ters tabrrlaÛøô ûlrsotllrc

(2') Fou' urch t¿Lr¡o of E oonslûcrtû üt fable }nl+r

thcfur¡ctf,oal¡glvcnûorr1llct8ltnct6sæf,fl'sl'ðtltoola
tabulattug tba frlnotlo r¡lgcs¡ ra çon}d Drob¡bl'y prøscnt

Þ (a, U) at Í¡ttsl'Yals of sa¡¡ OrOS l¡ ! t.Ë. ll v¡.luos

wsr¡lü bc :nEutrcü ñr eadr t . 8or frron ühe Dolnt of

ylsr of, tbo æqrlllcrr sptco te oaçcð. lilgor tf, !t lç

rcqulroll to uo,t the vatruæ of 0 (n, e) fol glvcu raluc¡ oû E

in eøe fi¡ptùer oowttatlon lsrolrtng an ctgctroalo Gg@st€!ç

lt ts truCIb oaElon to Stvo tùc ftr¡otlon l¡ tcre oü¡ lte

ohetry;hcv gocf,flotsnte to8etlrcrr çtth a ¡¡Þ-rootlee ts eun ùho

T ,or* [. {x) t)¿.'-

(,*llt)



@¡ebyehor eerlse ueång oquatlon (5.5.1)¡ than to etors

dl,sorote functlon valuoa E[d a eub-routtüs f,or übolr interlol-
atfonr

( 5) If I (, , b) Is not requtseû to as naËy acdtutl

Dlaoaa so tabr¡laùedr tÈa serleg nqy bc ¡utteþly tflmeetqdl.

Sqtpoecr fo¡: s¡a@lcr tc tÐnt Þ ll, e ) for ¡op value oE ?c

at f : O.f to 3Þ qtlt. lllhen¡ sggloott¡g a1l oocf:fl.olonts

ulrtoh årê aËto to 3Þ r lc op,iC only ugc tbe f lret ! ternr f!
thc erpe¡stoE fEctcad of ttË 6 ss glvcn gluoc lri¿*>/ g I

for all ¡c ln -l ( x { , a¡ô al,l'¡¡r ¡ thã Dtgleotcô cotf,fleLents

oaunoü oontr.lÞutc moro tban thel¡p ebeolutó valrs to tbe BUEô

Iä 6raluÁttng I (ur, t ) for noa-tabular vatrupa of È t
utr c¡t¡ 6ùtbt' taterlrolÉto m t'äo finetlon vcluea ovrlpatsô for
thp nequl¡uû ?c at nûJaoent tabulatsd lalu¡s of F D o? lnÈcr-

Dolate tllæotly oû tþ @rsbyahsv qostf,lslante a¡gt ¡ur tho

fúelrltirß eerlsos t'hl aoúfflolente glrcn !a laDlc 3'h a¡g

guadtatls¿ly l¡tcrpolrùta lû flre ù-ôlreotloû, so that ln tbl¡

eseoe rtf,rooü l¡tc¡Potqtlon ø Èbe toüff,lolcnt¡ sDrtrg to b¡

tÞ mro oouvenlent nathoû" fo f¿otllt¡ts tbc I'ntorPolattron¡

thø e¡eonû dffforences 0olt1û elso bo tebulatcû.

3.6 Ehe--Bsgåe3åes- Bæ!Êg'
tn o¡¡ücr to oomalder e Gt6tt rùcrrc tb¡ Þoudarü

ooudtttfotr aontalne a ûerlvatfuo¡ lc havo malüsct th
nradlatfotrf' proÞlor Í¡¡ ôoruì dotoll. Ï'fa ohall oonsldcr ths

a¡rætr.lc Gs¡ú¡ çhora ttrc Þouad¡ ¡Y oooûltlo! ¡Ë elroU bü
àÐ = O oiâ^4 z=!(t.6.1) I + 5ã = v *'-a Þ-i

(.5-1¿)



.aË fEttlEl tonperafurêt

(3,6.2) Ð(1 ¡0) = 3 - z'= * r(¡¿') *.. tr"(x) ,

hae been taken rphtch agaln gtvee us a problcm tltb Do

slngulanity laf.tfa1lg' fhe aualytlc eoLuülon le glven by

(gee referenoe 7)t

(i.6.1) B(zr,tl = l+t e-d'Ì^t
tt -'o

whcne o{o ane thP noota of
(5"6'4) o( Jb^"" o( = I

tho ¡n¡tryele of tl¡ls problon tc slmllar to thst

for tùro ooo$ng ploblcm" @nsequentty sc sh¡ll orly quotc

the ossonttal Eeanlte¿ Ècsptng px¡ofs anû ûlEcu¡alon to a

mtnLær¡n" Fnon ths bounil¡ry oonitltlon equetlon (2.5"8) oD

puttlng ?\ t 0't,N*?R. anü À,=lo= I a''^'cl+,ft)=0

re ftrd¡

i,t,/T) drr?(

Jf f"{i, + a) eæ'Jh

I *¿- l¿+
- (å . 5{è

l+ ) Qô+
sg-

o¡¡

R-l

&o* - 'þ:
z_ +)

aùr.

f"2 It++"* r Yq.r

aR '¿'o

(5"6" 5)

(5.6.6)

(n+r)
(5" 6" 7)

Equetlon (2"4.5) bçcomer

tur-L I i " #tñ.To*'* û*n'= ûo'

for fe lr?, Rotaklng â¡R*== O û fhses

equatlons can be oonDlned lnto tho mqtr!,x f,o¡D¡

HR(Ra)g = þ

(3-r5)



(i.6.8) ln(Ð = -*f*
The matrf.x G,* le stml¡ar to fo
aLomg tbe f lret Forro Iù te oiloaeþ relateô to a¡ l¡:Blnltc :

lntri¡ 6l shloù¡ cat¡ be obtalnsd by a nethoû enatogous to tËat 
;

for. f ¡ Dy coElderlng ühe Chebyshev sxDÊBslou of, ühe fincüto¡

X=ùtaql* t¡t -r.(Z<
(l,6.gJ LtùHrs o a-fl,^^'Xa= l,

$rÎ,e f,u¡stlon ertl¡ftss tho equntlon

(ï,6"1o¡ "ú+ + ,t ",,1 = Q
d ¿('J- d

Áesrmtng¡ ¡ 
/-Þ

wø f,lad rn rruE¡ X = * o' *l'os T* l*)

(5"6"1L¡ -ti + ,t2â¿+ = o t^ {; Þ,t'a,"'-'
(5,G-¡z) alÐ -,) af,-, + dt'(or*-.- Q,r¡)= o t- 'f I l¡1"" -'
onil

rhone ws $o!t wrXte

âarr-r Qao-¡
(5.6,15)

a^¡ (u - t) /h+1- I )

+

erOeBt for ðlffersnù oleuontg

a- e.Ê+at- a

0

*€n

4
e¡lP"¡+ r) ¡e fut

1:o¡p -f a I, â., " lhs boundlat1r oondtùton¡ oguatlon

(5.6'g)slves Ë i -,*ao+ )a* + La*-,
- +st tc,

Ueå,ng oquaÈloa (J.6rlâ)" ths üern¡ la
elå.nlnqted lïoe thte oquatf.ou to glvc.o

a
,
Èf-¡ een be

a 'f*o,-_¡,#rño*l= o(5.6nlh) * âot,.Í,0* - d'
+:l

If secb of, squatlono (].6,IJ) :[e ¡ubtraêtcð frm oguatloa

(3.6"lh)r ço f,lrúr

(3-rk)



.cô

(r,6,15) -s*o + ?o* o*f. ,É|;rþ; ** = * #, 
r?

Equatíono ¡5"6"J.5) end (5"6"t3) ean be wrítten as

(3n6'1.6¡ äa = 3= a.oL' è
G hae clopênte f-

o

çhero ttæ netrf¡
defXneû by

?,i¡
4r¿'Ðtl¡fl'-'-'-

Noo''5, ?o, 
* ?'¿=,;t%'õ f i=43,----

¿,¿ >¿ |
þ

e3
t,¡

i¿

I

( 5, 6. tz) f i; l'
(eee equatlon ¡I..5"9) )" $ince the frrnettou r¿= aæotx

eel¡lsfåes the boundsry aotrdlttrôa (5.6.9) only for thoee

values o{* naÈlefyl¡¡g eguatton (3,6.1+)r wo havo that t3¡ß

Ietent roote of g ane glven by - 4/Aï for m'l,tra,----
fhe ooefflclente of the Ghøbyshev erBesslon of tù'r e''"¿

aea be ehown f,ron Soetion (L5) Èo be

û-a..¡, Þ e¿-f)nT*1"{. ) t- += Qrtra,-----
:$¡us ve Erow the later¡g roote anô-@rra6poDtl$ng l,atent

seators oî Gl a

A Goq>ar!,sm of the f tret glr. Ie e¡Ù troote d A I

arrd the lEÊen$ rooüE of
Table 3'5

@ ß fsn P : l0 åa givu fa

(5-t5)



lofr.,t fiú, fuo
-5.I+Ob

-o "r40
-0.096

-O"Ol+4

-O "O25

-0.O16

-O "Ol I

-o.oo7

-O.OOh

-o,002

-O .OOO

133

865

528

o49

014

102

o34

892

313

141

309

- b/¿n^

*5.404

-o.340

-0.096

-0.O1+4

4"O25

-O.O'16

134

865

528

o4g

015

o81

,tL

o

't

2

3

l+

5

6

7

I
9

'lo

flab].e 3-a

Only the f,lnst slx valuee of 
^., 

have been co&Buted..

lhe comBarlsoa beüween tbeee roots and ühose of þo is
excellent"

Solvlng equatlon 13.6.7) in the forn
gt"'' = E(e) 9'n'

whene
lorr<)= f* + NÅt*>

the f,oLloruf.ng reeultE vere oþ.talnect fon & = âoo at

f, = O.! ) O.ã a¡,^¿1, ,. O , anð, are sonpaned. wtth the

theo¡retf,caL values"

(3-'t6)



h= o. I t=o.z t=l.o
g &.= 3æ tbsoseül,ert &, = eoo theoretloal &= ?oo ùbeosetleal.
o

å
2

3
¿[

5

+J+'650 tr19

-o.¿r8o 835
+O'OOt[ 655
+Ðo OoO 496

-t^ooo 03t
o

+l*.650 tr79

-O"l¡8O 832
*SoOOt¡ 6Ëlr
+o.O0o e95

-o.oo0 015
o

c¡" 296 17t$

-0.451, tr75
+0"006 216
*O.@tO O68

-O'O0O OOd

o

+t+"46 175
-o.l¡51 l7h
*O.OO6 ?16
i.oooÐO 068
-O"OOO tO6

o

+2"]75 588
-Or25O th2
+Q.@3 966
-OçO0O O25

o
o

+2.375 589

-O. Z5O 8lr2

+O"O05 966
-OaoOO O25

o
o

The oosfflaíeute I.ìÐ+

Ê(trÊ)' f ,4*[ rx)
ñrf
FA

+¿,, þ
1=¡

feble 3"6.....+



fueøe resultbø ¡a*1;hout fi,t*ertp'aFolaBåons aÞøw wealleat
6glpoþægn& ruf,Sh tlre tboorotÍ"sa.:[ velugÉ¡ to 6Þ o

sÍnsa we lrnsw tJce letønt rooüe of, "e e thð

øff,egË of, C*ext^t'4lolatLou eæ bç !¡vse$1g6,to¡l 8B l$ Sactfon

}ol+s tç show that the ÈrïEcsÈton Éurór ovst$ å elrrgte eùop 5'f

fs dghrri neducod frou O( 5t)3 to A(St¡s " thE nemapks

Ën pfeeentaÊlon of tosults atl8 epplÍoablc ho¡|Ê also,
5+7 @glgg@.

ln thl,,s Ohapüsr wp have csngldoreô t¡r Éouc

d.otafl th Rwron{oal. eof,uËlon of tho Darebolls-WDo heet

ogmtlon fn Èwo panüXauLar oEBtsÞc ltrg bavs E6sn that the

ooryætat$en Lnryolvec Juat tcuo begÉ,o openatlone6 the i,sçsl8X6¡

of, a motrlso @nü $he rrf,eLtåplåçqt{on of a natrrlr bf a colmyr

veatoro &e effeet of, &s*exÈæaÞolaûlon has bosa ehown to
ûesreams tho tlnnoatlrls silsorr

I'efi us üow eçrya¡po tho adtsantageo anü êlgadvantages

of, th8s msÈhÐd. €i.&h the fåuÂtê-d.S,fferenoo xnethûdg nevLeweð

f.n gÐEÈ1o¡ù âc9*

(t) onae ths msür$x fll*hne bsEn eon¡¡rnGeû snd

Ínvolr$ode l¡be @ünt of eonputatton ã,¡yolvsil ft thc lnüegpat*

Í.oa [s @ris¡ldgraÞìv l.eûc than in both the erpltoi,t arrd tryflstù
trlnf.Ëo dlff,ereüsç motÀode¡ f,* f,e grggeeGed, th8t ln sasøe

where R @ab bo äatsen ¡mall Eafirghr tbs entfrü opo?etS.on ls
q BraeË.loablo ÞFoþoef.tåon for rlesb maehÈne eompataÈlon"

(r*re¡



te) When am eloeüpct¡åo oerøIn¡ter Í.e utwæålLoWlee

Èhe p¡¡sgrasrs¡i,ng Íe 41rc48 tr$v!slø, eÍ.nCe a1.} eetabtrf.Ehaû

meehûnee have }Sbpery pregrqñffiBs for ühe lnvenel.ou and

rnnLtåp1,1eatîon sf, maÊrf,sea¡ $he pnognerülng l,rtrolueü fU

åhe t-ryX.ü.eÍ,$ fln!,te dlff,erenos reÈhoct Le sonta$nl¡' not

trl.vlal altho'rgh lt tq ssr|nlghtformarêc

(¡l Íhere are &o ø tabllltv problere to bs

esnefdoned es qr¡@arett wt"Èh SÏæ o4plle{.t f,lutte ôlffe¡penoc

mÐth@d. llnhe ßrunoatlon oPPoF døpendls or\y tPob oæ

Í¡arauetero 5Þ 
"

(tþ) Is the &abulatflon ot g ( r, E) ae d{.eal¡sßEð

ån geEtloß, 3n5ç we ûlspen6e wtth s;nten¡¡otr,atloa ln the

?L*dånectlon e¡rô nCIeû ontsl cçnel.den tnterÍ¡olotlon ln the

h *d$.reeål,oa" Ehe ff,n$Èe üå^ff,Ererte€ ¡nsthodeo whene

f,uneÈLon valueø nf¡e üabt¡]'stçd. Sor d1ecreße vALusE of ?( anü

f s l¡wo3,vø Èlw r¡gotp [n tws-d1ure¡¡gloneL åntervpol,etl.on" For

ühel *øepÍ,Ler6 sI¡eee esn gengrally be saveå by gfrvlng th6

0hebystr¿ev esøff*,etrmte fr¡stcad of f,rmcül,on vaSuos at dlscrete

poS.nSs"

( 5) one dl.esilvsrtago of, the metihod 1s that R
lu not tsnown gl prÍouf' A Íuelletor?s guese fon R næe$ be

Radle ffom conef.depatf,Onr f,Or esamplee. of the nrrnÞer of terue

fm €?re Ohebyehsv etpeeaÍ.on of, tfre tnlÈÍal funcùf.ono Íf R ls
oh.qeeu too !.a¡rgp, mttre wonk t?raro nÐGeessry wåI]" have boe¡r done$

(3-r9)



ff R Íe taken too enaLJ., the calculatione ¡c111 have to be
nepeated." In the two exanples coneld,ered aboveo R has
been chosen too J.arge fon neeulte to 6 D, eo that mone

computi.ng than neceeÊany has been d.one"

(6) The nethod of Chebyehev senles ls not (fn lte
Breeenù forn) as versatlle ae f1n1te cllfference ¡nethod.s

whlch can for exanple, be used. fon non-llnean equatione"
the aurount of algebralzatlon neecled. before conputlng is
commencecl le greater than ln finlte cllfference nethocle"
It Ls aleo not at all certaln that euch a slmple conputa-
tlonaL pnocedure can alvaye be used."

In the caae of the genenaL llnean equation gfven by
equa'bion ( â" t,4i o ít iu euggested. üT¡at when the restrltant
ond.lnary differentlal equatlon hae no singu}ar polnts in
-l <:ê < fl , the d.lneet method. of computatL<¡n used. ln
tht e Chapter wlÌI alwaye Þe poeoj,bl.e" In t,tre next Chaptert
we shall conslcter an example v;here the ord,lnary differ.entlal
equatlon has elngulanf.tlee at the end" polnts of the rahgêo
¡\n lteratlve method. of solutlon Ls d.escrlbeil ln thls câs€o

ß*zo)



#ÆR____&

Àl""1-
.Ë & el t',eme n t - o$*t&9.-På.9þl-e"g"

ln tltåo Õhepter we egml.n eelnei.åen tire equaüåon

(Ip.1' 1)
?"#
'dt>L

wh.ere mow the ilenge of R åg ånftn1tr,e $.,€c - ss { Þd'€ ctâ"

We shell eoranl"der o¡¡i.y one fatnly r"eetr.Íe tecl se t sf bowrci.ary

eondltions, whene
Åi^* g(x,t)* t f"û e,Êå" ÐÐtn

(h"L,, z) z¡*, f eu ü

a¡td I (tr, a)'* f ( ot) , g'^-'lo^^- 
"

rtrs tn bh.e pnevåous Ohapter.ou the Lnlti,al ternpeneture rouet

oa6lsfy'ühe bourrdas'y eoradå'ütrofie' so tllatr

#f* s Lx) ='¡ o'

There ane four poseÍble n¡ethoüs for the -numerÈea[ so].!ati"on

of equatlons ( ¿+" 1'1) end ( ¿+" l" z) 3 Þ

(1) earefavr and Jaeger (reference 7) show that the

anatrytåc solution ls gf"ven by

, l"'^.(4.r.,5) ttx,b) = *# I çrrl ry?[- *t*tJq.t* J*
Thts lntegrel nay be eveluated. nu¡¡¡erical}y usång Gaues-

Hermlüfuan quedraüureo However, tf F (x, û) Íe neqrråred

fon a lange numben of values of ?e and h, thle Ûe penhaps

noü the beet rrethod of approach' lnor ttre çpot-cheskfng of

values of p(arü) obtalned. by otherr more d-trrectrmethods

( i+:'t ¡

eg
'åþ'



equstlon (¿+"1.5) 1s very uEeful.

(2) To the nequlred accunacyr the function 0þr¿)
may þe ze¡ro for I* I > X r Bâlo The rangie of .rL ie then

essentlally - X ( z < X . ITe may then use the flnlte-
cllfference methods outLlned. ln cha¡rten 2 for the nunerJ.oal

lntegnaü1on of equatj.on (4"tol)" Alternatlvel,yr on defln-
fnganewBpacevanlabLe 5= ft asotJret -rSgs,
Tte can use the chebyehev series methoct of chapters z and. 3o

The nu¡nben of, Íntegnqtione needed. to neech a glven vaLue of
E J.s now pnoportlonal to X- as well ae 5f . If X

f.e too Large the method. mlght not be very BraetlcabLe"
(3) Hartree (neference 9) hae deecntbed a flnlte-

dÍfference method of eolutlon. AE ln neference (6), he

noplaceo the pantlal dl.ffenenttal equatlon by a system of
ord.lna¡ry dlfforontlal equatlons. suppose the lntegnatlon
hag neached þ = È o c and we want to f,ntegnate over one

step 5f o At tlme åo r å gr we can wrlte
fo+EÞ) - SlrrÊu)

+ o ¿ se)t
/ 3Þ\
( ãF/r,to,g1r =

Þ

gF

and (Y,).,,"+*s¡ = *l (*?)*,r,n* n ffi,-,1 * oßù1

Negreotlng the truncatlon error, the pantlaL dlfferentlaL
equatlon (4.'1"'l¡ ls nepLaoecl by

(l+.1"t+) # - A&¿4¡t-h&9t

(tr-e¡



whene r¡r(æ) = É.r(x)¡êo(*) , &. t/Sr 
and,the

subsorlpts O anô I denote vaLues at the tines Èo and

[ + 5f reepeotlveJ.yo Together rylth the bounðary

cond.ltlons at )c= t eo e equatlor (¿+,1.4) oonstltutes a two
polnt bounôany valuo probleno .an lndlsorlmfnate r¡ee of,

flnlte-d.lffcronoo methodE w111 glve Eorlous burld up of error
ln the numenloal. eolutlon of equatlon (l+.r "b), Hantree
showg how thls tntegnatlon san be perforned. Eo that the
noru¡d-off errorg oan alwayg bs kopt und,er contnoLo Havlng
d.etermlneè rrl(r) e we can cor4rute Ð, þ) whlch le taken
ao the new 9o t*¡ in the lntegnatlon over the next tlme
lnterval 5f , The Lntegratlon oan thus pnooeed, ln the
t-df.reetlonu

(4) In thfs Cha¡lten we atteq¡ü to eqlve equatlon
(4"t.4) by ühe methocl of Chebyshev Eerlegn In onder to
e:q)ross ul anö 0, h terms of chobyshev series we muet d.efine

a new lnclcpendont varXable S e E(t) such that-lSS<,
lhe noaultlng dlfferentlal oguatlon can then þe lntegrated by

er¡rand.lng alL the dependent vantables fn serlee of T"f ç)
Thuep in üheoryr we can determfne {¡} ¡ hence g a p and the
fntegnatlon ean proceeô tn the t-d1rectlon" Thle ls the
goneral outLine of t l¡e ¡nethod 'to be di.scuseed. 1n thfe Chaptenn

Although by the choico of 5 glven In Seotlon (4,e¡, the.

elgebralEatlon of the pnobl,em tre oompsnatlvely slmp].e¡ the
eoLutlon of the reEultl,ng oquatlone l,ndlcatoe that the Chebyshev

eer!.es fon A aro vêry e1owly oonyergento Thle necees!.tateg

tu-l)



trslng I large nunber of terrne ln the serles for 0 aü

eaeh value b " The evaluatlon of, 0(x, è) for any

partlcr¡lar value of :c 19 then verlr tec!,louee thue defeatlng
tho Burtr¡ose of tlre rnethod," The breakdour of the rethod
ulll bo d,lscuesed, ¡nore fi¡lIy ln ljeqÈton (4"h) ¡ sfter a

numerlsal eolutlon of the cquatl,ons for a Bartlcn¡.Iar qaoo

hae been founê ln tho next Seetlon"

4.2 Reductlon of tlre_Bouatlong"

Flrstly we ¡¡ust chooee a gultable net lndependent

varJ.able S " obv!.ous]y we musË chooee t such that the

range - GO <

Fr¡ntherrKrper we çant S such that lf rve wrlte
N(tr.z"'r¡ ut = *oo + f o.T.-T*,,¿r),

%=l

then the eoefflclents In the Chsbyshev expansÍons of
otz¿r¡and fã* can be cxpneosed fal,rLy struply ln te¡yrns

fhe coefflqlents o-n,v , Irr a nunerf.cal solutlon
the Orr-sorsnerfeld eguatlonr CLcnshaw and ùhe author
(referenee lo) found thaü the tranefoillatlon
(4"2"2¡ (= h-^!'-*
eatlefled both Èhese requlrementso If C* ( r¿\

ôonotes the eoefflatent of L (s)

dar)
drx

of
of

of V,
(14..2"3)

arË lf uE wrltc
c&-u> _fe

o{E- o*

tn tlre Chebyehev er¡lanelon

r¿ -s
(s) r ts)

a

, thenfor S = l) a

(4-ti)

ô l-
fuÊl

a T.^ lS¡



(4"2"h) c* (*"1 =t[r"*'X¡+a)a.,',*, - a n7o*+ {'-'X''- a)û*-*

Jo* -

c*( ria.r
)ù* C (t -ry\" L

= ¿l-
aL (*r+ ,) Q n,,*, (*".-,)ar-,

Slmllarlye \?eon uslng equatlons (1"3"7) and (1.3.5).

f lnd,

rhese rorms for cn, (H) and ( ^(#) are rairly
slmplee and the author has been unable to find. a ."bettedf

tranoformatlon ln thle reopect"

Wnltlngr rv

(4"2,5) oo(n): *+' + [¿'-L¿S)l
ìr'LTt

substltutlng theee expanslone lnto equatlon (4.f.h) u end

equatlng coefficients of l', (E) lTe flnoe

-e)
&Â

î+ e

,À&
['rr+ a 4.,or*= 6^(4"2.6) - tb&

vallitfor w=O, lrÂr---^) fV o Theoe are (e.l*r)ecluationo

for the (ru+,) unknorms a.tu ¡ provlded t¡e take @¿{*," û*0, =O,

There 1S therefore no neod fon any extra equations given by

the bound arY cond.ltlonoo

To lnvestigate thls mgre ful"lyr Let us Look at the

dlfferential equatlon with S as the lndependent variableo

Applylng the transfonnatLon given by equation (l-1" 2"2) to

equatlon (4"1"4) we obtalnu

(u"z^7) 6,- s')' # - a$(r - s.)# - å&&¡'

(l{'*5)

-.o f *n
L

14.-
s&



Thie equatLon has regr¡1ar slngularltles at ç = I t ,

but there le only gry solutlon which le regular at both

poÍnts" Ihue thene 1s onl,y one soLutlon for -, < F < ,

posseeslng a convergent Chebyshev a€F1eae and this so:lutlon

ts deteflninecl unlgueLy by the dlffenential equatlon. (In

Chapter 2r equatlon (a"4.1) pogBesseð two eolutlone havlng

convergent Chebyshev serles and the bour¡dany condltlone had

to be ueed to determlne whlch comblnation of theee two

solutlons rvas requtreQþ Returnlng to equation (l+.2"V),

ve have speclfl.ed that the functlons eo ) O, must vanlgh

at $ = :1 I o ID the t'ldoa}, case v¡here an lnftnite
numben of terme are taken ln the Chebyshev erpsnelons of 0o

end w a lt le eesy to ehow that these eondltlons are auto-

matlcally satlsfledo From equatlons (4"2.6¡ u lf to half

the equation for rrr = O we add. each of the equatlone

correspondlngto ryL¿ ltâ' rvefind¡

(4"2"8) * t
Thus D¡ -- I
beLng needed."

*o" *
aQl

î_
1c,

bn-o."): !lr" + L
a1 =t

o = O at F = I rvlthout any extra condltlon

A slmllan analyele hoLds for E = - I 1f

agaln to equatlon (4.2"6) corresponcllng to tr=O we aclcl (-¡)*

tlmee the equatlons for n8 lr6't

\Then conslôerln8 a flnl.te nr¡r¡ber of telfne i.n the

erçanslon of uJ and Oo , the bor¡¡rdary conclltj'on á's

not eatlsfled exactly at S = ! | " Even though we

stqntwlth Eo=O at F= +t , P, willnotvanlsh

at É = t | ' In the step by steP f'ntegration an

( u-e¡



error 18 therefore lntr.odused. at eaoh step" To overcome

thle¡ the equatlons correepondlng to ?ï\ = ^/ 
- , , fV

are modifled so that 0o le equal. to zeno at S - È f"

Thtrs ls coneLdered i.n greater detall 1n the ¡rext sectÍone

rvhere a numerlcal solutlon is evaluated."

l+"3 l[unerf 6

In thi.s Sectlon v¡e consid.er in detaf.l the numerleal.

sofutlon of equatlons (4"1"1) and (,+"1"2) r,vhene

(k"i"n) Ð(x,o)= nw"'À,'-at = I-Et= *-*f¿S).

In thts case the solutÍon |s evenr eo that Ln eguati.ons

(4.2^6), q.t. = '4Ì,n =' O r'¡hen ru I's odclo \'(ritlng

ç1. -- A+ and N = e R. these eo,uati.one beeome

(4"1"2¡ - (a,¡*rla;-a
da,l + aXa,r+,)

&.-z - (* a Qa,¿r,
\

)

fon f= lrê, ---, R. uÅ,Õ1" a = O " In order that
ãf<+z

R

I a"l+ a ehould be zero at eech steP in tÌæI

lao

I,b+<

t(n-r hR- e) Qo*-* ù Jç
e

ã,t l{, &

= {Ja,r'

+el

computatlone the equatlon (\,"3"2) cörrespondlng to "t =
R.

Is replaaed bYo

e R fa¡e- r) flor? = &** .(4,3. za¡ lø& ¡6 {4.

In the ffrst attempt at the solutlon of theee equattonee

vre used the dtrect method of chapter 5 where the equations

are wr.ltten ln the matrlx form S g = þ u the

matrlx f,t ts inverted and. the euqcess'J.ve cotr:rr¡ vectors 4'
A¿

( 4*7)



are computed by the Þogt-rnurtlpJ.loatlon of a matnlx nlth a

column vector. It Éoon became apparent that a large
number of terlîs rcre nccdcô ln thc Chsbyehov expanslons of
l^t at\'\.de eo o slnce the dü'ect method, rvor¡ld then

flret lnvoLve the tnverglon of a lqrgo mat'rlx¡ the foLlowlng

lte¡ratlve sshenc wae devlsed¡ whcre thÊ number of tcnnp

regulred ln eaah orpanslon vaa dotesnlned automatJ.oally ae

tho lntegratlon pnooecdedn

Coneldor flret the lntogratlon over one etep 6t
ao that 'R = t/5, te glveno The vaLues of 4Jtu.

ans Ì¡¡own fro¡n tho provlous lntegratlott" Lot ArJ,

denote tlre |tA lüeratlon on ths unltrtowa guanttty Q,.*,
(,

Ëìquatlons (l+.5"2) and (4.5.e¡t) oan be wrltten asr

?zì+ t +t Q>
Ql,¡ rzAlft+ +t

for |tIr?2 ß-l r togetlænwlth

(4.5.t+) tl*')= âÐor#otj""
.:'"-ll

tho lteratLon was atarteô t¡y sEeumlng that oti) = û û-

forall, +. Fnomoquatton(h.r.5);lth f'I t t'he
(¡)

varuo of e¡ can bc oq:utcô ustng tl¡c varueg of af;L O-

ìJlth 4 ' 3 r rc .ncxt ooq¡utc "tit 
uel¡rg thc norly for¡¡û

varuc J:t wlth oI' anô {t, ' lhls evaluatloa

of "tS 
le oonùlnue{l rntll rve flnd an ag whlab

le emaLle¡r thar¡ õonþ presorlbod valr¡p I x lO- P r eâVo

(4-0)



To P deolnal ¡rJ.acesr thle ls taken to be tho Laeü torrr
requlrodr drd lt la eorrootod, uelng cguatlon (4,j.i)o sheee
valuee of 

"$ aro oomparoô r.rlth the prevlor¡s1y four¡d
valueg A* to eeo ùf there ls any chsnge. If thore le¡
ws otant a ner ltoratlon a* la ttp s4Ë uay at ] c, , ,
[hla tte¡raûton ts contrnued u¡¡tlt d]'l ant o$ , arê
ths eans fon ell t' " FlnalLy oo ts oonputed uslng
oquatlon (4.5.¿+). Thle glvoa us the CheÞyehcv eerleÊ for rr¡
and wc conpute 0, fron the equatlon,

C u (0,) = C* l-) - C* ( P.).
Thue¡ .we flnd a new rlUht har¡ô o idee and the pnoceeE ls
eontlnuedo Thls eohene r¿as prognanned for the lrnicoìf
oor¡ruten ln bael.s maahlno languagen Fon the partlor¡la¡r
problom eonsldEreðr two lntegnatlong wore penformed wlth
'ft - â00 ' h 0o . Forrowrng the integratrons rn ch4)ter
3¡ the tno rcer¡Ita wcne oombtneô by C- s*tr4lolatlon ln the
defenned appnoaoh to ths ltnlt" TheEo oxtrapolateû valueg of,

thÊ soofftclents ôùl ane glven f,or È - 0.0?r O . 16

and 0. aS to bD ln tebLe 4.l"

(¿r-9)



t = O, â5
{O.898 494
4.334 Ð7
-$"ovh 213
-ð"oe, ¿ÈI

-o "0og o5o

-0.0o5 981

-o,oo1 935
-o.ool olL
-Oo000 560
-o"ooo 525
-o_000 197

-o"o0o I25
-o"ooo o7g
-o.ooo o52

-o.ooo o35

-O"O0O O2l+

-o"ooo ol"7
-o,o00 01,2

-o.0oo oog

-ooooo 006
-O.OOO OO5

{oo()o oot
-OoO0O OO5

-o.000 002
-OoO0O 002
-o"ooo ool
-0"000 00tr
-o"oo0 001
-o,u00 001

| = O.lb

+o- 950
-o.379
-o"062
-o "o15
-o.ooh
-û"OO1

-0"O0O

-0.000
-O"00O

-0 "Qqg
-() "ooo
-0.ooo
-0"ooo
*O.O0O

-()"OOO

-o.ooo
-0"OOO

-OoO0O
*O"OOO

o

5to
585
8o6

ÐL
67tl
668
666

ÐL
J.36

a67
o35
otg
otl,
oo6
o04
o02
oon
ooL
oo¡"

t = O,O1

1{..958
4.1+21+

-().O45
-O.OO7

"{ "OOL
""0"00o
-0.ü00
-0,000
-0.OOU

-0"000
*o.000

-o " ooo
o

604
186

48r
t+65

588
qo5

118

0r8
Of¿+

005
oo2
o0L

r
o
t
2

5

4
5
6

7
I
9

Lo

1.1

L2
L'
14
L5
16
T7
18
19
20
2.t

22
2t
2u
25
26
27
28

¡Jil.

,r*\^ (*{a-,&"*-)

I

Uø

0 (2, e)

( l-ro ¡



These reEr¡lte lndtcate that the eeríes ex¡lansions are
elowly conver:gent¡ ond that oyer the range of Ë oonstdered¡
the nunbe¡r of terrne ls rnoneaelng wlth E o To check tho
accuracy of these reeulte, the valuee of e along æ. O

vere com¡luted. uelng equatlon (4.loj). The oorparleon ls
glven lm lab1e 4"Zt togethen rrlth the values of 0 ,,

oom¡rutod from the seriesr for t - oo (uhloh shor¡ld
be zerno a

lab1e 4o2

lhe agrooment along t,¡ O ls secn to be qutto good¡ any
dlsorepanoy oan easlly bo aooounteô fo¡r by round-off atrd

tnur¡eatlon errors ln the eur¡natlon of the se!.leeo Thls le
also tnuo along :¡g 3 æ,

BecauEe of theee reeulte¡ lt wae ôoolded, to proceod,

no funthor wlüh the oorputatlon ar¡ô to dlecard the method,

as a fallu¡reo [o ox¡rect anyone to Eum a chobyehov Eerlog
of æ te¡ne to oorpute a value of O aorroct only to 5Þ
waa conaldered to bo too much of an tnposltlont

Efore)&pn" þút;,

""0o0OO 0Ol

{).o00 001

+t)o00o OO,

&ittb0lo,c)
{).664 rgg

+o"795 86L

ñ"726 
'ù

O fo,c) h Vn¿a$'la
{0.861+ t9E

ro.795 860

+0.726 tf'l

b
o"09

o"16

o.25

(4-u¡



l¿*4 Conol.uslon

1o poec tho problcm la a g¡l.ghÈy dttferont fornr¡
tc havc ottonÐtcô üO uac th¡ ChaDyshov ¡crlce r¡cthodt of,
ChaBtcre 2'otd 5o to eolvc tåc cguatlon

(r+.4.1) (,-g'f Pr- - ¡t(r- s") 3E r F
for -| S g <
oonôltlon¡o In spttc of tbc a14lLc fonn of tùo rceÌ¡ttlng
elgebrato cguatlone¡ tbc eo¡utlon altùough tractahlor glvce
scrlss crpanalona for e rblob aro rorlg anô ve4r elorry
ooflvsrgcnüo Thc rsoaôono for thla aro not at all obvloug
to thc ar¡thonc It nay Do conJeotureû that ü¡o eqlutlon
of any cquatfon çttb elngr¡Iar polnte at tlre bor¡¡¡darleB

nlght bchavc ln a slntlar fashloa. Altornatlvcry¡ 1ü nlght
bc t hat tha tsansf,orngtloa 3 G fuI, t uscû ln æIvlng'

cquatlon! (4.1.1) anô (4nlo2)'fr a partloularly baô onc to
uBGr l¡ette of thc clnpllolty of thc rosultlng cquatlo¡g..

(f t nfeÈrt be ¡lorth notlus hcre that ln rofc¡¡snoc (Io), tho

authora ugcd uÞ b 96 tcrna ln tþ eerlea to obtaln a

etgnlflcant rosul lhcne nay be enothcn tranefo¡natlon

of ¡ ho êDacs vanlablor whlab althou¡¡b perha¡la morrc algsbra-

loally ounberEqær wlll glvc a noro replûly oonvergcnt

Chcbyahov sorloso fho author ls at Prcgont of thc oplnlon

tlrat lt 1g. the sl¡rgUlarltlee tntroôuocd by tha trangfo$natloa

from tn t¡¡fl¡ltc to a flnltc langer whlch wlll prcvont E¡ry

sln:Llan rpthod from bolng suooosgfitlr l{o üo¡ honovcr¡ llvc
aad loa¡m.

(¿r-t z)



S4¡$Bffiß^-l-

5.3. IE$æ@S&g.
In thte ClraBter rss shall eonsfder a nethod for

flnding the orpanoion of an arbltrany'funetlon l(") t

i¡r a aeries of rsltraephericaL polynomials Pfl*) o fhese

ar"e defined. fh equatlon (1"3. .2) " For a ful.l deeerlþtlon of
th6 ulônaapherleal poL$no¡niaf,.go E@tss fos' exampl.ea Szegl$n

(referenee $L ) " Sup¡;oee we âre gf.ven a functlon f (")

rvhieh ie oontt¡luous ln -f (x( I u andt?e r¡¡ant to fi.nd

f'bs extr>ene3.c.rn Ln an lnflnf.te ser'*es 'of Ttiot(*) " Ifs

I o* Pi'l*) ,(5"1'3.¡ {(")= )
î =O

then frorn the sr'chogonaSf.ty proper€¡rr: ¡ile hav€s

r.( ro + l) zu I l'l¡)
I

(t-n")'-* rfÌ*l ttu)&xa¡) ((5"r"e¡ R- =
yffi I'l'' + a\) P(â+ aL)

ln general,e 1t åe not Xlosall¡l.e to evaluaÛe tlre tntegral

oecur.ri.ng ín thtre equatfon expllcttly¡ ond to flnA a.^ 
Ð

recourrse trss 'to be made to sûme sultabSe quotdnottune teehnlque.

Tu thl.ß theptenu v¿e shall comslder only those fr¡netÍone ffo)
whlch ean þe repreeentod es the so3"u.tlon of a 1åneer d$.ffen-

enttal ecluntÍon ç¡fth appropi¡La'i:e boundery eondltfome, and

wil"l eolve thls equation by a rneùhod elmiler to Clenshawes

(refer.ence 3) fo¡r the Chebgshev psllrnomlale 'L^(r)" The

(r-r)



rneËhod to be deeenlbed oon therefore be eongfdered aa o

generali.satiou of Cleneltawf g for use "rl,th any of the ul.tna-

spherùeat polynomtals. In praetl.ee v¡e sne nost f.ntenested

ln expanslons ln Legenclne polynomlale and¡ to a lessen extentt

la thg Chebyohev pol¡rnonlaLs of, the Éeoond. kl¡d.

5 . 2 g glsqg oE -9f-l.,lÐæsJltÊsrg4g.1d*Sgqs!!e¡e--!s-U$e €PþeEå4

PoLynomlals"

Ia ChaBten I we clleouseod Clenehawrg method fon

the sol.trtl,on of }inean clLff,erentlal equetlonso by extr¡aael,sn

of the dependent va¡.lable dfu.ectly ln a gerles of Cùrebyshev

Potynomlalsr' 1i(a) o Agalur wG s¡¡ppoee that r¡ve have ar¡

r4 th" ond.er l$r¡ea¡r df.ffo¡rentlal equetlon in - I S ar ( I 0

gsvEn bYa .n,,. .,n-r

(F,z,t) þ*,tn) þ . F*-,{")#-, + - . ---+ 
fo 

þ) I = X(x)
üogeÛhen wlth ¡n boundarJr eondf'tl,onee whl,ch deter¡nine the

fi¡netlon q = f(t) unlquolyo We now wnl'te
d*

(5"2,2) 1 = 

'.1.
whene the eoefflofente

S d.. depl'vatf.ve of \ t

(5.2"r) 
7,t) {*)

fon Se o¡â,---r.lr"r-,

a* Pf'tr,)

a.* ans to be deterntnedr and the
ls)(:t)

o('

I
le erpandlcd foruaLJ.Y ae

af rj^'t">

1

o?t

Let ue coneider" fon & momêntr the eol'utlon of

eguatlon (5,e.1) by Qhebyshev aerles. It fs falnly obvlo¡¡s

that even lf 
T 

= f (æ) can lre e4¡anded 1n a coDvelPgent Ohebyehev

(s-z)



B€riegr lt rloee not ¡receosantly fol-l"oç 'that a

seriee c€n be found for q1L l'ue donlvativos¿ Cone ¡P

eranþl.e¡ the functton 1 = (t - n")ft . [thls funatlOn ie

contl.nuous 1n - I r( zt ( I and cen tberef,orc be repregented

by a €onvepgent Ghebyehev eonles" Ehe dorlvaÛfveo ho¡uevenp

te not oonÈlnur¡uÉ ln - t ( a¿ ( t ¡ bef,ng l¿tlntte aß tho end

pointer zt. = t I , so that f,t canaoù bs roprosenteê by a

oomrorgent Chebyelrsv OrrBanelon. Ithts funetLon aoüfsf,teg

the equatlon

(5,2.h) (t-*\yi, t ^â = o'^';'H' 1b)" 1'

çhtah lE otr the fonm Sfvon by oquatxon (5'2'r)g Eeeh terrt

tnthfe equatf.on!,s oontl,nuoue 1n ', (xSl o and t&e formal

we od the dlvergent selrles fon the flrst clorlvatlve doee

lead to the coxrgct eenles expAnslon for the funetLon I' o

It¡ls sÈatemsnt te true in genonal. Provldlod each

term ln equntlon (5.2.L) le oonttnuous ln - l (z { I o we earr

ues the formal expanelon for tlre S ü¿. derfvaüive of, I I êVe[

though thte serlee rnlght l¡e ttf.vergentn If any üe¡pm lrlb'rþ"

i.uequatfon(5,2.1.) tsnob contlnuousLn -l(x€l ¡ then

the f unotj.on f (x) le noÉ contlnuow la 1f¡e cLoeeû tntorvale

and. Bo G6nn9t bo repreßented by auch an eapsusfon.

Glenehawt s method depended upoa thtl use of eguatlon

(1"3"t$) to glse the reeutt of equat,lon (1.'r,5)o drid o¡l

e<¡uatlon (1.5,6) to glve tho noar¡tt of equatlon (L')'8).

E

I
Al)t:L

( 5-3)



I¿'or erpansi.ona in tenæs of the ul.tnaepherical poJ.5moruåmLs

Fj^'f") B'ê stgnt with Èhe rel.atlons

( 5" e' 5¡ F,f'¿* I
/Àl.--l-- a{ fl*,lx)

alvr + l) Ñ
and

(5.2"6¡ *Pï't>¿) = ;ffi ç'llr"l +

bo?h of wtrlch *ro veLld f,oro tt v¿ I "
Frml equatlon ($.2.3) t co frr r)

â.-. ,

&,vr +aà+â
lSr r)T (')= t ;:" C^tt,,) = t

ïÈO ttnl

)
I

oÈ uslng equatlon (5"2"51.

(5"2"5) c we fi.nd¡
lt*'t(*) G

ÞlttL

On dtffenentietfng eguatlon

ts) d Pj^trrl
1

q
d)

tûlTì

fnom whf,ehe on equat!.lrg ooeff*cientsr wo have¡

¿s) - oiLl]- ai*_ , f*r 'rÞ t.(5.2.7) a-Ì! = ffi: a a^ n_¿¡ * o l,

Ttrle eqrrertion 1e the genenalleatlon of oqrlatf.on (1.5"5). S'or

computf"ng purpos€Êo thf"e equaÊLon ls üot Þ8 Gasy t0 t¡ss aß

eqlratf.on (1.3"5)o elnee tlre ooefffclents oa tTre rlght ba¡yl

eide nre functione of m- ' Bo sLwl.Lfy the oon¡rutLng, w€

deftne a relateö aot of eoefficiente 6*ou wrltùnËe

(5,2.8) oll' = (rto l) 4i) ', a-M tt>. o, S' 0 , tt ---¡ 'Yllo

fhe equatl,on then tek€¡s tho ail,mpler fortu

(g,z.e) a('''n+ )) 4rÏ' ='{'i::' -'d;:'1, I >' l'

Agntnr l.et C*(,¿) rtonoto the eoeffåç:¡.ent of fJ^)¿"1

ta the expanolon of V " Eher¡¡,

( F-t&)



"2

èô

1 û.Þ ,. Pj'rr)
'nr O

nrr â1_¡ lvr + aÀ)a",n
P

(t>
+

4(n+À- r) e(n + I + | l'!

om nsf.n6 egr¡etfon (5.2"67 and neor¡ysnglng Èêrlne.

Thust

( 5. e, Lo)

_c
À

ïro
(r)

t \1 )¿O
.nâry¡-¡

C,, {x l) = &fu+ì* t)
lv,+ eà) a.n¡
fl/r+ à + I )

+

andl fn terme of ths eoefflcionts 4J 

^ r wê f lndo

(5.e"rr) cn(xl)= ? +-, + *lr+aà)4n",, 'nÐo
By contf.nu,ed apBLl.catLou of equntlou (5"e"1.O) we cah ftnd

C nn (r.t l ) o C"* l" t 
3 ) etc, Equorfon (5.z.Lo¡ lE

corsfdo¡.eb]y nore eû0þensoaæ l;hen equatlon (L"3,7), and

even ln tenms of the coofflolonte {t* r tbe eqtration for
C* l * t¿) le nst aplthmetlcaLly EinÞLe. ffs fimthen

etmplf.ficeûLon appears to'[re ¡loasfble"

Ia genera3.e equaôlonc (5"2.77 end ( 5"2"9) ano only

va1ld fop vt Þ | , slnce O - , &n have not yeÈ besa

defä.nEd forr negattvo valuee of, tL' . (For'üæ ú?¡cbyehov

potynornlale lï (" ) ,'û-.^ -- â * for EXI values ôf, ?ì-)"

It wÍLl þe shown ln Seo'blon 5. {o e that fon aL} 
^ 

€aceBt

'bhoge fos tuhi.ch al le $n Í,ntegerr. vs r¡ust take û-- = û*= Ô

fon 
"47¿1.

5. 3 Egg¡Ela.FHQæè-lPJoÆ'

llreee âro genoralLy gl.ven et ef.thep x = O otr x ' S l.

( ¡-E)



For eompleteueËsr the valueg of

or.e gLve¡r here

PI' U> aÈ theeø pointo

P,1^'(,) =

Pj^'¡-,¡ =

rjl, rrl =

Pf tol =

P(n+ aì)
f' l¡à). -' !

¿-,)^ Pj"r'¡
o ,?1 >o

(- r)' P lvr + ¡) r'rÞó

(5.5,1)

(5,9,2)

[heso ¡:eeutrts are valld fon all va]uee of, ] ¡ €ItGoDt ?' O

If we know tbst Lt ts eXtbsr an ocld or an €nrsn ,

f,unatlon of x ¡ then slnoe 
o"lt¿*> 

trE even when "v1 ls
even and oûd when ra le odde we heYø

z, J ,-/à)

4,^t'câ\r Oa-.+t A^^,út 4a"^*, = O r f äO

ffi, û arr. È'^.4 & r^n = ô , lr >z o

o

T

x

t"
f

5.h þlot¡hocl of Solutlon.

F¡rorn tb,e èlf,f,enentLal eque'bton ¡vf,th assoafateû

boundary conditlonse we oþtatn on O"t1i:T" eet of, }lnea¡r

atgebnale oquatfone ln tlm rmknotcne {,t;' fo¡p s ' 0)1, - --

--.,+rr.asd ell vt>¿O " Tbe nrr¡no¡rl.cal. aoLutlon of thoee

oquatlone con be perfOrned by the trco rneÈhode descnlbed by

Glonshsw (roferenee 3). fheee âre the c¡sthod of reeurrene@

andl äÌre lteratlve nethod.

In the rocur¡llenoo rnethoü ùt, J.s aestünsd. thst 4Ì O

for ra > N e whÖre N le not knowrn a prùortr. Guoøs in8 s
/s)

euttable A/ and glvlne ar¡bLtnanlr values to {rN' o the

(t-ø¡



16) f f)

equatlous ßan be aolverl to gXvo ôr-, , &*-. ) -

In ganonal the bor¡udlary condlt lone sre noü eatlgfLed by one

eush solutionr oûd lf.near qoublnetf.one have to be mado of two

or more Buch solutLone stth cltfferent valr¡es of ¿,i' . Tho

methodt le Ln generatr faü"ly qulok¡ tbo ml¡ df.eadvantege belng

that N nay b€ ahos€a elther too eoa1l or too l.ange. In ühe

fon¡¡r ceoo the r.equircd aocurooy f,or the ooeffLslenüs nllL not

be obtalnede ln shl.ch oaÊ6 tÞo colryutstlon muet be repeatcd

¡rtth ¡ l'angor N . If N ts ehsgo¡l too La¡rger moro eoryuÉatÍon

ühan no@ê6åsry wlIl have been done. Ia gørena! a sofutl.an

by recurren06 la dtnsot snd rqpld elthough oare rn¡st bc taksa

thet flgureg ar€ not Loat fron ths noEt sigRlflcant en¿l shen

l,lnear aonbl¡etlons of soLutlong aro taken, If, thlg doss

oecure thÊ.soLutlort n4r be lmpnoved uslng tÞ lter.atlva $ethodn

Ihe lteratlve eoheme etants wlth Eoms tnltf.al Suoee

for the b^ whlah eatlsflee the boundar¡r condltLons. From

theos values equat!.on (5.2,g) ean be r¡esû t'o ooryut, b',^ , l):
etc, i?hea aïL '0:' have Þeen foundr tlroso valuee can be

u{t13d to eo4rute I new .tt, from tlro reeurronoo relatlOnr agafD

satl.ofylng the boundar"y eondt.tlons. 'îhts proceduno le

eontinucd tü¡ttl the deslred aoc¡rraoy le r€ochÊd' Howeverr

the ltenative eehelæ does not aì.way¡ oollgorrger or !t nay only

cogtengp elowlyo In suah easse the reeulrr3ace mthod must

be used,.

5"5 .

tvo ehall not qouslüer fs eona detaf,L t'ho eúpansloa

( s-z)



of a functl,on

Ifrftlngt
I t fs)(x) g F* (x),a

Tl:0

f (") !.n termE óf th.o L,egondre polynontetre P.h).
âr)

sl(

eguatloue ( 5. á' 8¡ ( 5. e. Il¡ becore

oÏ'= lvr+ {¡ ¿:t ; d,.Al w , qlQ s

TztÞI
t

Yt+ I

ãã5" â',+, , nàO

È/".t t)4nç,, nÐo

( 5.5"1)

Sor tlrE soefft$lsntn

(a^*,){,f)=

C"l,t¿) =

c*{x1) =

.¿'il,' - ¿::::'

#¡ û*-r *
71
a Ôt -, *

snd .¿'ft
(s)

â",n,-t

,bf,],

alrd all qralues of 5 o

I ¡-e)

r B6 muet havgr

¡'oq¡oet1v61y.

For an etpenslon ln tegcndlno pol,ynomlalsr a neaalng

can be glven to o-r , 4-- for v\ I l, l, 3, - . --.r Fro
oquatl.on ( 5,2.6) wtüh à ' '/z r wc h¡vc

(5"5,2J * P* tx) = # (.,, f ^) + #;; P--, /*).

fble relatf.on ea¡ be uaed to leeuf forrverde L.o,, to ftnd
P^*, {rr¡ giuen P*/a) and P., -,{n), on to Feour baclr-

warcle t6 flnd P.-,lx) in tèrms of P- n-) anü ?rr,(^) c

lTith rn . O c vØ soe freom equatlon (5.5.e¡ thot E,l, ) la

fndetenrnfnete. we deffno

ft, b) = 'ti/,z.)

then puttfngn ar¡oeoÊelvcly equal to -1¡ -2r ra flnô

rhar P-, la) = Pr /x ) , P-, (^ ) ' f,. ta) sr¡d ln Senerrl¡
P-r (r) s -, Pr-,12)

ça
(5"5"3) t *r*"^"*" .()

fç)
â*-

lç) 
=

ts)

for vt: C)rlra,-.--



' Ws ohall nos oonsider a s$q¡Ie exarrupler ueÍ¡lg

tho above rosr¡lte to flnd the orpenoslon of a fr¡nctlon Ln

terne of, Legendre polynoniclS'

ExÊmI)Ie 5.L. Suppoee rvc nutt to flndl the LogcudrÊ eslangl,on

of €*t 1*ì - I -( ?r ( I . ![hle fi¡nctlon eatlefies tho
ü

equatåon

H, "-)Å. Y(o\ - t.o

Thea vt th I of 'P-l) Pg"tlr) =

øo

Tì¡0
S=orl

l =O
anet uenng eqrrotlone (5.5,1) no flnôr

/t,* å) ¿: L - 4-,-f * ln + t) 1'n* ,

tïlth thte cquatlon wrltüea lD tho ùrn

( 5.5. tr) X)n -, =
, 1.,
Crv'\.

and r¡slng the soqond of equatloae (5"5.t) tD tb€ôrng

(s,5,5) iu'--, = lr:rf + (a.,,+r)4*

we cah ¡lead lly solæute b n , b 1,,, ard henao û \ bût thË

x¡êGuf,rênee nethod" Sfnee e"olg &n qwën ft¡nctlon,

Sr,.,*,=o and $;; o f,orolln'
The eoryLete oonputatloa l,s shorm ia Ecblo 5"1

(5-e)



P^ lo)tå..r 4.,.

t,46269

1.OF,98

o.I8t5¿&

t"ox868

o.oo135

o,oo008

û- '(nt å) S".tL

s7 639L7

u 21392

I 405hr

995t

55o

29

.b^

102 08866

w 68905

I ,+2359

t oo30

553

25

1

11

0

t
2

3
l+

5
6

7
E

I
10
TI
t2

5't 0tù33.O

,6 TL262,5

6 L'.o525L5

65195.O

b700" 5

262"5

IÊ"5

+1.OOO OOO

*0"5O0 OOO

+0.375 O€¡O

-0"312 500

+O.275 458

-0.et+6 094

+Q,225 586

Q.^'= l.r+þabs tl,(") r l,ô5198 P.(x) r O'1835+Pu(¡r) + o', otAOS Pu(x)

+ o.ool35 Jîlnl + o'fint¡Þ I Ft(r)

eÞfe..5så

''r

Ae a oËantlng poLnÈ go fr6ve takoq ô,"*f , Ô,* = bu' " " Eo

qud h',t= ttlr r- - --.e p a lvl.th these etert,lngvalueeo oquat-

1o¡s (g.5"1û) end (5.5.5) @En be BsBd tç ost4)uts 4^ , lrl

fOn s.11 1<Iâ o at¡d benee â'r.o These velqge of, Ar,, hAYs

to þe ¡nultiplled by 6 oonatant Í whtob te dEtormtned fron

the ee Íet ¡¡neaülefleð lou¡¡dary condi,tlon' $hls gå.voee
l't

v I t*P.'(o)= 
'{lrO

from whtsh we finü t' = o'486 5tû5 x tl't' . ÎhE COofflcletrÙ8

Ar {¡rre gfven to 5Þ " Ag a chects ws fiacl t}mt fsp a = l,

Q : ä'-?!Ea8'
(5-10)



I

\

¡,o6 The, eog,fgleleats- gg . ¿f) --fg¡r neertlve * .

The use of equatlone (5.e.9) auô (5.2.11) gxvea

nlee tÒ recunnorÀce reIatlons wbere wo nlgbt have to aeslgn a

neanlag to û ñ ôt l)\ f,or negatlve valueg of ryì- . llVc

bave seen fo¡p Èhe Legenclne Bo1Jraomtale that ":i = - a1'-,
li

and, ,0j? = Lii!, for al,l valuee of a\ . A einrtaå-

anelyEls aan be used. for all ultnasphenlcal ¡rol5nonia1e oû

ond,er 
^ 

, whea eì ls aa lutegan.

Suppooe â) = "ì4 " whene î'r" 1g aa lnüegen. Fron

tlie reeurnônee relatlon, equatlon ( 5.2"6)r wê ftndl

l"-r;ttt*l - P|'1") E = E,Íi],, t, ) ", a
nttb RÎ ¿ "l belng Ludetenninate. Def,f¡lng,

F-trT ¿*l : - Putttf >r),

then E,iìrr(e) P/^'/") l*r a.lt + > o,

Fon the eoeff,leienüs a'j) ¡ rre bavo"

(5.6,t)

^t-;Åtl
a¡d for the coefflclents ¿l'.,

r s) f s)
A-¿wrrr) = - Af

tr) fc)
À-t - a-a : - -. -.

) * >¿ö

rs)
â -¿*"n -,) = ô,

u
(s)
/wr* s)
fr)aitÌ- {, l)

ls)
t')l) .ro Þ- Cr

(s.6.2) ls)
-2

ls)
- lrn -r ) 0.b

fuhen å ) le not ao lutegêr, we ber¡c slnpl.y
ts) ¿i'1. = 0

(5-rr)
a,

*\ v- lo



EIre Cbehyehev Fotr¡noorni.aLE of the Seesnô KLnð Un. /rr )

a¡re obtalned. by puttLng à =- I tn egrratf.ou (l.L oZ)"
êôwnlÈing, ,4,rr(*) = t oftu*lx)

0 i n-.)

5"7

eguatlons (5"2"8)

â. f".+ ,) ôf) ' ¿;':,'' * l)

4,0* {.r,u 3 - -. -* 0 s 4'1, " 4rl, '
9able 5"2

f*Itr r)

Tltl

q,b a\, s
yt?l

a

I

( 5¡7"r) C",h,J)= * 4.,,-, t t ü",*,, :':.7 O

C- lxg) = ? &".-, n' *¿r+z)'€n-u, , n Þ0
xLLst us now t ook agaln at tbe ,pxBaneLou of -e f, -lçt"'I

1n ténme of the U.^lz) polynomlaLe. Subetltutlug ühs

ðl¡rec'ö expanel,one fo!' ,â and. t¿ f.nto the ötffe¡nentlal

equa't'1on and, equattng coefflclents of U". lx) to zeno for
aÏI zr a r'eê f,fnd after some algebra,

(5.7"2) 4",.-¡ É *t (n+,) 4'i, - (vr+ e) {r-.,J

If wo urnlte the seeoncl of oquat'ious (5"?"1) ln tbe fol:ur

(5"Tð) 4r-1-," 41.,*,+ e,(m+r)$o,
rue ean, proeeed. i¡r exact'1"y Èhe s&¡ue Y,ray ss 1n Seetlon 5"5.

Tlre ¡:eeulte of tbis eouButatlono etartLug vrirllr &,- = t

t

x Q $"s gf.ven f.n

{5-tz)



¿ìt*14 t r
L "32819

o "37259

0.Q+82¿+

0"00,+09

0,00026

0.00001

Oîr f¡+ r)4r".

3Ð3 7l+805

85 20903

11 05290

9352a

59ol+

297

L3

'1.t
I

191+ l{7851+

2l+ 06048

I 991168

1.2,+28

620

26

tr..
305 7h805

28 40501

2 ?0658

r3360

656

27

l"

1[

o

T

D

3
¿+

5
6

7
I
I

t0
11

L2

€ *'= 
f '3agt 1Ur(z) + o. 37e 51 Ur(x) + o, ôtìïeA Un(*)

+ 0.01r4o9 Uutx) + 0'Ouo at' Ua(x) + 0'owÊt U¡rþ)

Tqb_te , 5dß

In ordon 'to sutf efy ttre bound.arï¡ eonc¿f tloo ùh¡t g /o) = t ',,?e ûtust

¡nultipÌy tlte fLrst oomllu.ted" a ", þü O. ¡+3? ebl x t|'v to gl"ve the

true û .4 o..

l5-L3)



5-B 8r¡runation of llenies.

Iu tlrls seetlon we sup,Joge übEú a sertes e:çpa!^gloúr

fo¡r f (r) , to ths nequlnett ûecupaoy, hao been f,or¡nd. qn¿ ls
glven by 

A
f{e) = 1a-f¿r'¡

Ylr0

!o gun thle ee¡.les for a glvon r no oan olùhor ovaluate

PJ,tt(t) for aLr *r end, Euur op çJê osn u'Eo tbe netbod ôeE-

crlÞedl by Cl.eushav ( nefenence 8) . For ùbo r¡ltnasphenloal

por¡¡nomlals Pjt)ft) , ve'consür¡¡ct e ooquaagc dN , d*-,,

.rr olo vhene,

(5.8.1)
ol', - +H# z d-r, + lrr+ aà olr+, - d' , , (N
¿yt)d' d"*, = d¡¡¡r. o

Blreu f or aLl ì # O , the fr¡nctlon I þc) tE glve¡r by

(5"8.e) {/a)
Eo lnvcottgate tbc ef,fect of zrou¡rd-off errors

la d n an¡l the oulroer;uent ernon ln f f"¡ , Êtrppose 6nn lq

tbe eri.or ln of * . lhen É- eatlsfles the r¡ecurrence

noLaf¡1on,

(5.¿¡.5) F*.- #a€''*'+ #E',*"'o
Urle ls a s..Joond orrdler. reeu¡rnence relatloa rrltb two llneenl,y

fnùepead.ent soLutlons 6.J,veu by

m! TT
ø.^À'ô1

!'r (ï + d)

( 5-tl+)

rfz'+ ¿) aî:]/¡,),



Here fJ1,",1"> ts übe Jaoobf pol¡rno¡¡le1 of, ttegtree +t-- t

wlth P¿ qt. = À- !/z , and. Ot;:itl") i,u tho ,reaobl funatfon

of tbe second k1nd. (fon e oonplete d.escz'lpüfon of these

f,r¡natione, the neaüen le refenned. to Sze@, nef,erence Ll ) '
Nov, a rounôlûg or:ror e (

arr error €* /H) ln ol{
,'t(þi) = n*å

trbene (rr+t- are constante

eondltlonst

t (,q) --
nl

1¡ eltbe¡l d A or û rq lntroôuces
( ¡4 ) , glven by

4- P*'i',"r, I + ., a:'-lt trl
cb ean be d.str¡rutnod, fron tbc

f 4 rrtj,"'¿"> * ,, ôl/,'!,'Øl

f , r;'r'(*) + rn 6¿'Å"\

rjil nÍii'r"r - ¡ j'?ì r Aíl1}f

. Illfi + a¿:.r). P /r+ ¿)

f, (frt + cl + t).P(t + aa)

rq ).

(+

t
vbl

a¡Å O

r/tut + ¿)

( l'1+ t) l,

")Ìfr(lrt+ ¡ I ¿)

Solvtag tbese tvo ecluatlone fol <

( 5.8.t+) e n!,u) =
e/fi) nl r (Hr adt ù(x'-,)
P(nt a)a'o l(t't+ c{ * r)

the e¡ror. la {(z) due to tbte er¡ror tn d¡n o:E 4¡ ts

then glven eluply by Eo(þl) . Bsfore puttlng 4 = a

tn eo¡atron (5.8.4¡r ürG vr.lte Po'ií"lr) r¡ ter¡oe of Pr"'"lt)
ancr Pn'f',ttr") , and ci1'lt¿r> r¡ terus ot Qf'u'lt) a¡d

elilt f"l fnon the rocuz¡renee ¡reletfon f,on FÍ'"rr) and

ef'ttl") . llhon, oa putttng .t = Q r ve'flnriln

so lnt) = S (f i) P[,'r'{^)

: € trï). Pnft{"1
( 5.8"F)

( s-rr)



fron tbe definltåon of tlre ultr.auphe¡l.caL pol.¡rnonluf ,ftr^tl")
iu Èer::s of 'ülre Jaoobl p.olynonlal" Pof'utl") wbere o(. I *lz,

|Fìhls anal¡rois ls valld. fo¡r alL À * O ¡ ând. Cle¡ebnw (nefen-

eoce 8) has sbowa for thle @aBe ttrat €oG"I) = 6(la)-T¡ah\,

this error f,e exdotly tbe sâüo ae that found frou

surlntag th,e ae¡.ios for f /" ) us¿ng dlreotl.y ùh,c values ot

ùhe ulùnaepbenlcal pol¡raoutals. fthe uee of tbg reou:proDoe

lelaülon¡ eguaÈLon (5o8.l)¡ Brovldee a r"aBlô uetbod f,or

ovaluaülng { (lt') çrlthout necounse to tablee of Pft{") .

lbt.g riLl be nost usefuL ln oleatnouta eonpute¡re wb.ere sfonage

B!ra@6 ls at a prenLurn. Xn par,û1,eu1,ar, fon eerlee cr¡lanElong

ln Legond,ne BolJroonlal.e, sf¡ree I li (") I <

a¡, ?c ln -f ç?((¡ ,then l6olf't)l (le('q)|.

5,9 99sÈÆ&ffi,,
In' th{É Cbapten v¡o have deec¡'tbeô a metbod ç¡ho¡reþy

thß coefflc!,ents ln tbe expanelon of, an arblürany fr¡uottron ffz)
ln an inf,rnf te serles of ultr,as?herLoaL BolytenlaLs Pfttt ¡ ,

nay be obtained, lio auy r.egufred. d.e¿çr.oe of aeounaey rrltbout

using c¡uad,ratureo fhe f,unctf,on fla) te aesuued tq

eatlsfy sou¡e llnoar rllf,fer.enttql, equatlon wlth aesoolaüed

Þorrndary eondlüloas " lblE Offf'ornenttal equatl.on ean 'über¡

be solved. cllnecüly to glve ùhe r¡nknotza eoeffLoleul¡e"

Of, ell tlre ultraopherloal. Bolpoulal.or we

have Êeen ln Chapter I tbaù the Chebyshev polJrnoniale of, übe

flret 'kl.nd ane nogt usefuL So tlre su¡¡enlcal analysü. From

oquatÍ,ono (5"2"7) - (5.e.tt) çrc see that theso ¡rol¡ruonfale

( 5-16)



tî)
glve the sfunBleet arlttrnetlo forne fon o'* ln ter¡te of

{,:ì anô ntjl'l , ancr ron C n, (x !) eto.

An expaaslon of Legondlrs ìrolynonlals giveo the tbestil

polyrroulal ag¡rnoxtruatlon to f(x) !n the loqst squa¡rea

senge ln tbe rgngs - I € Z ( I . In Cha¡rter 6, 8g ehall

neke uge of, theee èrpanetone in ttre nu¡re¡rlca! eolutlon of '

Frodlholnt¡nte lntegral equatlonÊ.

Of, the othcn ultraephenlaal ¡roJ.ynOulalar oaoeglonal

uEe !e naêe of the Ctrabyehev polyno¡olqle of tlre sooonû,

:kind,. lhe ¡romalntng ¡roþnomlaLa a¡:peat¡ to be of aeaèeu¡lc

lnteneet only.

(Þ17)



CTTAPT'Ii]R 6

6 "L TntroduetLon"

ïn thÍ"s OhaBter we 3.nvesÉlgate ûhe nunerfeaL

eolutlon of non-slngular ì-inear lnÈegr.al equations by the

d.lnect exþanslon of tlæ unknorvn funetion f(x) rn e eenies

ef Chebyshev pol¡momtaLs I," {¿) * The u.se of poL¡montal

expanslons ls not nerre and E¡ae flnst d.escnlbed by crsut
(refenence 12). fle vrrfües f (æ) as a Lagrangian-t¡rpe

pol¡rnomlal over the re.rige Ín .æ n and. d.eternfnes. the ua-

known eoefflelents l-n this erepanston by evaJ-uaù1ng, tb.e

fu¡¡.et{one and. f.ntegraJ- artr"stn¿g ln Èhe eq.uat,J.on et chosen

potnte 3t'. n .A elnlLe¡p methoct (kr:.oiun as eoLJ.ocaÉion) ¿e

used. here for eeses ürh.ere the kerner 1e ieoÈ separaTrle"

Froæ 'l;he properttes of errpausion o"f, fun**ions ln chebyshev

polynontals, as given- ti: Shapten 3_, ine nag expeet greaten

aeeurse;r let Èhi-s case t¡¡hen. eoinliared wÍth o"fr,h.er poJ.¡rnonnåaL

expanslons of the s&rue d.egree* This ls tvell bonne out f.¡¡

eomparfson wltl¡ orxe .of' Gr<¡ut3*r examBì-ee"

The naet ecmno:i! metliert of soi.ubfon of f.nÊegre3-

eguatlons f-s by the uee sf fin$"te d.f.fferenees.o Sno¡{ ard-

osodwln (neferenee 13) har¡e m&d.e a bhonou-gh åcrveefrfgaÈ1on

of theee metirod.su usf-ng th.e [iregory qraaclra'ðure fonmq¡]e

fon the evaluaü1on of the :i"irt)eg:ra3 " 0"çT¡.e.p methed.s forthe
algebreizatlon of i,Ïre f.ntegrarS" equa'F"I.on ue*ng Gauseåan

quadt'nËure have been d.es*pi-tr¡eü by E*pa.[ {referenee ]J+)"

( 6*r)



The eirux of the pr.oblem fs to flnc] easfly ühe Ohebyshev

expansion of the glren funetions ln the equatlooo To fJ.ncl

th.ese, r're restrlct ouroelves to functlo¡rs ç¡hlch eau be sep-

resentecl as the solutlon of some ]ftrear d.lfferenttal eq¡.ntton

urlth aseoctated, bound.ary oollc1ltlonso The soLution oÉ the

cltf,ße¡rentfa], equatlon can then be found. d.fu.eetly 1n ten¡¡s of

Chebyshev sertes by Clenslrat;rts method, (nefer.ence 3), outllned.

tn Chopùe¡r 1."

Llnea¡' fntegral equatlons can be cllvldecl'rlato tr:ro
\

types depending ullon the llutrte of the l.ntegral," Ai.-i.1 equatlon
ì

of the fo¡m rlj \

(6.1"r) {(n) = F 0} + } 
-J^^ 

(' ,Z) f l,¿) d'l ,

wher.e F, K are gfven functions; ) , a , ð are ff¡rite eonst¿nts

and. {(a) le tlre unhnorim func'b.1ono ts knoä¡n äs å ?ËInnedholn

equa'bloart. lïhen the up.:e¡r llnit of the i.ntegral 1s not a

and. ls h.or-m aB a f\Iolter¡ra equatlotÌ'r o

We sb,aIl eonsiden onLy eguatlons of the Fr"edholn type,

and, Ín ord,er to use Chebyohev pol¡¡nonlal-s ri¡e nust cha¡ge the

rsange of, the vad.able x fro¡n a ** x < -(¡ to elthen -, .< z r< I

or 0 <

pol¡monlalo, cleffaed. by equatlon (1"1.1)o and ln the latterr
ease the shtfted poJ.ynonLals fi t") , deflned þy equatlon

(1.1,5).

Befone proeeecllng r-rltlr the rliecussLon of nethod.s

eonstent, -out ls the nanfable )c. o the eo_u kes the form

(6.t.2) {lr)v F(x) + 
^l'"(n,,1)

(6-2)



of eolutlonn iue ehalL need. nesulüs for
(f ) the Broôuet of tr'¡o Chebyehev expansLone

an¿ (ff) the lntegnal of a funcÈton whose Chebyehev

expanglon ls glven.

6"2 Product of, ürvo Cheb.vshev eJpeps-þns"

SuBpose,

f(') = *oo + o..,. Ti- (x)

7{.e) = å q + O.. J* (*)

and. ne want to flnd the Chebyshev expanslon of the procluet of

{ {..at) and.

(6"2"2)

,ot
ñ=l

oo
?
L

l^':Bl

we flncl that

(6,2,3)

where

(6,z.l)
ar}d

(6"2"4)

and.

ühen

(6 "2"5)

x
(r) " From the relatloun

e T*,(x) -L (x) = Tln-, t'.) + T*- ',,(æ)

{(*) 3(*) a åd" + t d*,T,,k)
oo

ì^Èl

A slnll,ar result hold.s for expansions in te¡rms of tne f, (x)

BolJmomlals " ff ,

dn. =*f øo-,. *j,** (&,*.--, * ¿t-,*t, ttz o,

A..lïr")
oo

Îa* T* (')
{ t'o)

co

+1,
ïtÊ I

+
î(")

å4"

= *8"

(

l aI

{(*)7(r)= *Do tJ
L
a 4"8., + [. n*

Þ*.Tjóc)

t ,)]where )-

(6*)

tnr I

B im-nl + B**.n 7t>0.



6"3 Tntec,ral of f(tt) o

wlth f(r)deflneê as ln equatton (6.2"1), we

want the Chebyshev erpanslon of I G) o where

t,
"C
î (ù ot:rc

Isø f (:t) te tbe solutlon of

(6r.2) #= {k) 4rþt)"o
oa urltlng, J(rr) = å ¿, * ,¡,&* T*fu),

eguatlng coefflclents or f (x) Ín eguatlon ( 6Õ.2)¡ and.

uel.ng equatf.on (r.5"5) we f ,nö, ã
(6Õå) 'tro= eo - å o, - eJ. #+ â* 

'

( 6.3"r ) r (zs) =

( 6.5"4) and. 'bn
4t -¡ - 4"',,+ I

eâa- r* tl-7 l,

In nanJ¡ problensp v€ '"lanü Ifr)ana *lu 1s glven byo

(Gå"s) ï(,)= Qo' e1í*i+T'
?ì, I

fn solvtng Erred.holn cquatlons, we regulre tbe

1nùegfal of tbe product of tç¡o functlons betveen ths Ilnlts

-t andl tl o Deflnlng $(r) ar¡d 6tx) ae ln equatfon (6"2-1),

and uslng equatlons (6.2ð) a

Slnllar ¡resu].üs .åi
tsr¡s of tne Tj(r) ¡¡o:'¡taonlal.a " Def lnlng f (:t) ac

1n equatlon ( 6.2"1+) n thea lf

( 6-l+)



Ï{e) =

¡"(
J lr"l
è

c,

+ t B-Tlrx),
Yt13t

*-8,d4 È

vo flnd.n

(6 J.9)

Bo = !A, *ft t
tlr I

kDn Ae,n

(6.t.7) A'.-' - ll^., +l.V!3.,

Fo¡r l lx) olx
A'¡a.

r vo flnð,

(6,r.8) T /r) t + fi, ,+. r..t - I
n7..

Frnplly, for tbe lntegral of ùhe Broduct of tvo funaùlons'

rr f(:r) and /") are d.eflned. as ln equatfon (6.2,t[) tåm

I,
ç
t.

.'ì31

t
r

f (,r) {ùe'. - * ñ,[ *8" -*i, fuY*7

lïs are nø ln a posltlon to examlne l¡ ôcùall t¡bc

nunerloal eolutlon otr Fned,boln-t¡4re lnteg?al equatlos. lbi
netåoð doBend,s cotlrely uBon sheühe¡r ühe kennej- K(2, 7) fs
separable o! noto In Scotlon 6.4 ve v111 d.laauee the casc

sbsn t'bc tsernel le eeparablc; anð eoøpane tb'e oethoô vLth

one of CroutrE eranples ln geotloo. 6.5. Ia Sectloe 6.6

and 6.7 r¡e trl]-l lnveattgaùc tDo oase d aonreel¡emble lernclg.
6.4@.

Il, gmeral, vhca tberlernel la ec¡r,arablo v€ Þ1I1 bave

(6.h.r) X 1", t¿) = J, I -, lr,) å*.1.â)

Tbe FredhoLn lnteg!'al egu.rtlon can tho be unltten

(6.4.2) f(r)= Fl,) + ,ir*t"'fl-tX)+f3)*X
.úYlt I -f

she¡re tbe rangp tn T- hae been Do¡rrìa1lsed üo - | ( r ( | .

'å:,R*fu* -.[,
3,.n- + Brl, ¿r

t++n- t

I Ê.-e.\



F(r), ?*lx) , &,*, (Z) aoe gtven fr¡nctlons and. we

assuue fbat thel¡r Chebysbey expanslona q¡s lcnsç¡¡" Fr¡ntbeno

let us aBpnoxiuate to {b) bv S pot¡ro.onial of degree N,
t.e. {lx) = å- oo + t a*lì, (x).

7t3l

If f lx) * o r wê ehoose ¡./ to be the d.egree to ¡yhlch F h)
ls glven Èo tbe nequlred. aecuraoy. tt F(x) = O , thon

N ean onl.y be estlnaüeô a B¡rtorl fnom, Berhape, some DbyslcaÌ
crlüenlon. If N ls orlglnally ghoeen too enaIl, ühle sf.Il
be aBparent f¡:on the sertes expanelou ror flrc) , [he carcul-
aùlon wlll then have to be repeated, wlth largen lV o ff N

la ohosen too large 1n1t1a11y, then urmeeessary ertna worts w1ll
h¡ve becn ðone, lfan¡r lntegraL equatlonso however¡., antoe

fnon Bhyslca1 problens where eenethlng 11 knou¡r of the foru
of f (x) whlch w111 enable us to nalce a reasonabLe gueee for
N o Now ¡l

rr^ = J, 'k,^h¿) f tfi )
1s a constallt d,epencllng uBon QorQ,t----, aN and. can be

evaluaüed, uslng equatlon (6J"6). If C^ ß)aenotee ühe

coefflclent of 1* (*¡ 1n ühe Chebysbeú expanslon of a

fi¡netlon G(z), then on equatlng eoefftelenta of 7^(x)
on oaoh Elcle of equatlon (b"4"2) ue flnd.o

(6.4,5) ft,, = c* lF) + ) [. t'. l2-')I^ (Qo,-',o")f +l=o>r'"'N

m=l

ftrf 
" 

glves a syeten of (ff + r ) J'tnean eguatlons for the

¡¡nknosn eoeff LcÍenüs Qo, O, , 0N .

( 6-6)



lb,ese equutlons ca¡¡ be aolved. numerloally by standar''tl

nethode to glve the Chebyehev expanelon of f f, ¡ . Fro¡

thls genleE tb,e value oû the funcülon can be found, fon any X

latboralgg -, ( xl l , byt'benetboil of nsfc¡lenoG 8.

Án eraotly slnllan enalyelc bol.öe fo¡r tbc ra¡gp

o (z (,, ¡ùeo tbe f*f") ¡rolyomlala ane uocô

E¡auole 6.1 . Í.ßt us oololðer the lategral eguatlø
{(') = - + ,n,(*nz) + , [o'* ln (x -T) f t,6) \,

¡rhose eolutlon le glveu by {(r)= /o; (t n^) . Ihc terael
ts eeBarable sltb n = { vbene, ¡t-r?-r; = [ t,rl vn- (å n r)or,¿ **^ J' = J.í/X) "i^^ 

(* n T)'t? '

Uelng Clenebånts method, ve flnd.,

ff (+n^¡ = ;;ilï;ilj;::-,,îl*î, ï;ii;,;1,.,
-o.fTro uT7:ru'l*).

In thts exanplo, ve see th,at to 6> ve Gatr r.epneeent tbo

expano!.oa of F(x) by a Bol-¡roonlal of clegree 6. Consequently

we taLe fr/ = L , anð aasuns ü.h ù

{(,) = *Ao + f-n^rjr,)
uslng cqnatton (6J.g), vê fü*ä
[¡,1- +0.3,8 301Êo T 0.,13 150A,- 0'ehle9så to'toï Al3 ás

I t.J - -D.o aoThô Art o'oea otst, - o'otr 169 Éo

Wlüb the se ya]'ues ve flnd, on soLvlng cguctlon ( 6.t+.r) the

folloslag ChebyeÌrev expanslon fon { l|r ) ,

flx) = o.6o?e0 + 0. s,3tr ïþt - o. rorssiäô) - Ð'ot313f 'f')
' +0.0r0r36T**fr) + 0'trrorrTit¡ -0'nrdorf*1")

(çt)



fhls srpansion caa be compared r¡1th th¿t fon ,0i^^ (!n*)
f,r,ou ryb,ish rze see that thene ls an enror of approxluately

. -5I x lD . Although stantlng vttb the expanelon of all
the glven fr¡nctfons to ¿"Þ , some accunacy hae been lost
ln the slxth decl¡:al Blace d.ue to nound.ing ennors.

lllth tblg Chebyshev expanelon fo¡i f (*) uc nlgbt

conoLud.e fnon t'h,e r.aüe of convergeneo of tJre last th¡eE Gooff-

lclente, th¿:ü the t¡'uncatlon erron v111 be less üban ¡ x l0 v

Wlth a round-of,f en¡,o¡r ln eacb tenu lees thaû L= x lo-5

uro nlghü conclud.e Just fron'the serles cxBnnglen that the oruor

ln f t"i rltIl be less than 4 x /(r-5 . Consequently ue oan

aÊour¡re that the expaaslon w111 glve values of f /n) eonr.eet

to lÐ fon alL values of x 1n o ( r <

to be connect, þelng a genenous upper estlnate of the erpror.

Flnally, r're note th,eü vheneve¡r the kennel ls Bepâr-

ab1e, the lntegnal eo*uatlon Ls sattsfLed. for a-11 valuee of "(

rvhen d.etermlaing the relat'lons beüween tbe eoefflcients A'-'

6.5 qourpanlson rulth Crot¡L19,--Bethocl.

t¡fg eball ûe¡ compare by means of an exanple, the

Chebysb,ev eerles expanolon wlth the nethod d Cnouto trû thle
pnobl"en¡ the kennel ls egaln eeparable, aLthough lt has a

Ölscontlnulty la the flnet d.enlvatlre. 'i.

Erannle 6.2" ^, r .' rL
f(*): 1J^ x(",''¿) ftX)\

0

x (u- fx l.X
FIL

L- 
"¿

x (e,1) :

FIL

{ J0.¡/È€

I Á-Rl

n T(''



lhlg fnùegnaL equatloa anlses ln the problen of the buekLlng

of a beam of lengtJr L . ft 1s an eigen-value pnoblen la
vblch rze rirant to f1nd. thoee yalues oû 

^ 
for. sblcb a Do-

trlvlal solutlon exfete. In panülar¡lar rze rirleh, to flnè tbe

ffu.st node of buok"Ltng vbere tbe nlð-pofnt of tüe bean le e¡

anÈl-noôe. [be a¡alytlc eolutlon for tJrle nod.e of buoklrng te

f l*) 3 
^';."' Y ''--AA ) ' 1z Ë

Deflnlag S = ? , +) = Í' , / = # (h-a *,
{(¡-s)=.^(S) u-'ot f(t1) = +t(7),

tbe eo-uetion can be ;nltten as, r r

¿.((s) =yl t,- t)l\-U)dI* SJrr,-1\utùhl 
.

Agaln, the ke'r'ne1 ls sepaiable althougb eãeb tntegral contalns

the vanlable as a L1nlt. iïrÍter :9
¿t(s)= lA" + t
rS r\Êl

I(ç)= I n++(u)dtvl d,,d 5(S
lhe fr¡nctlon 'f (S)sattrsff'es t e equa

n ^r:r s) ,
= fir,-î)'u(ut\o\
ong,

)=o

)
ù1

^"''"ú I (o

Oa wrltlng
a{'

d^= e|(v ttsl

6

,å, n^ T;- ( s) we fr¡¡t ar æcc,

{,. = ,fi lR"-. + eî,.-,- ?Anr,- á'...)
fo¡r rt >¿ I . A slntlar resulü can be found for the ooeffto-

/3..
lentelto tn" che'i¡yshev €xpanslen for f l S) . Boturrlng ùo

ühe Íntegral equatloa, lf Ci (A) ðenoÊee tbe coefflolsnt
of Tj (S) fa the cbebysbey expaDstoa of 6, (S) tìæ,

ú2 a1 .

Olr elmrltfylng thle erpressLoD ve fl¡d tJre follqrlng 5 tern
rìecumer¡ce :reLatlon fon n * " valld. fon aIl, .'1' 7 z ,

(6.5.t) (r * ,) 4,,-r. + [n'n(tf-r) e - hJ /.-,,+ (",-,)Ér,r.= O )

(6-g)



nhcr.e t= rlf . Conrespondlngto

'rslng tbe vuluee for o(o anð fU
(G.5,.21 (1t,e - s) Ao+ 7 Ar- - 3c I

?t=o

ve flnd,,
I

, a!d.

=O

Eqrratlone (6.5.2) an¿ (6.5

fon e¡rmetrfoal solutlono.

Follorlag Cnoutr

ated, by a pol¡monlal of d.e

,¿. ( S)

A(tr- I Yhn'-, ) arh,

A () 't A., A*l

?=¿
A conneEpondlng equatlon oan bo found for. ?a = I , but elaoe

lro ario lntereeterl on1.y ln th€ fl¡ret nods ú bucKllng ublob

gÉvea a solutlon o¡ronetnloal about S = t/z r wo have,

A*n*, = O , n>¿O

Retrrltlng equatlon (6.5.1) vltb &,n tn plaee of n gtvea

(6.5 J) (t,^+,)Ê*-. + fsa fu',-'-,)e -+-]á** (a*,-,) 4*.i o, nà t

ð) ooupletely êetrlue tbe pr.obleu

f,re assr¡De tbat tr ( S) e"o bc alrBro¡l¡-
gree f oul, so tbat 

"

A. T.* (E) + â* T**/s)

Ihe tbree eguii;lono fo:r Ao , A, , A + obüalneù fron equ ülons

(6.5.2) and. (6.5Õ) can be vnlüten ln tbe natrlx fonn

+l
fl¡

-¿
16

E

,-
leo

,

7b
I

lao

M A

nand,

!
fshcne A ls tbe eolum veoto¡.

ls tbê natnlx,

+

L
3Z

¡-L
e¡+

t1z +o

( 6-to)



Ihe largest elgenvalue of thls natrlx eónresBond.e to

A. ?'db153 eo tbaùnt -'--' EI' I a 1'86198 F'
Clout flncte ) = 9.s7tos ff , and, ühese two nuuerleal.ly

fo¡¡¡A EoluülonE ¡nuet be cou¡laned. s,Ltb ühe analyùlc solutloa,
)e ?.86?ô0 Ë.

Ustng the Cbebyshev ex¡ranslon üo the sanê onðar

ag Cnbutos f.,agranglan-ty1e erBenglon se have for¡¡d. a uueb,

Þetten approxlnhtlon to the elgenvalue. Ihe enro?E arc

I x to-5 and. 6h5 x ,0-5 reeBeetlvel¡ althougb tbe

great aecurac¡r ln the Cbebysh* auuu EsemE ellgbtly fort-
ultoue elnce on lepêettng ühe calculatloa wlüh a olxtb
d,egreo polyaonlal., the elgenvalue 1s foun¿ üo be ) = 1'869ô6 iå
ari er¡ror oû 6 x lo-5 wblch f.s lergen than for the fou¡tb
ilegrec eaEeo

For the elgenfurrctlon { tt) , 1f wc Do¡rnallse

tbe sotutton so thaü f ( t/a) 
= I e we f,lnõ,n

f t-¡ ¡ o'rl7A3o - 0'r+eqr, t'(.å) + c' 0e1eq T*('3).
.|[he eou¡ra¡rlson ltith Crout0s Eolutlono and the analytlc

solutlon le eÏ¡owr ln Table 6"1.

(e-rr)
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Fon the glven tabulan polnten the naxluum ernor ln the

Chebysher.r exBanston (l¡ * ta't) ls lcse, than tn Croutie

caae (tst x r0't) o Also, ühe sun or the aqusres of the

ê¡rrors at tb,eae polnte ls lese for ùbe Ghebyehev e¡rXranElon.

' laklng a slxth d,egree erBanslon for Ç h) we

flnôr 
-tta\ ?r,-.

f (x) 3 0,,r7roe -0.4î?,¡3T,t(i) t 0'Le'tt|T: (Ð - 0,tûo6oTrr (l)
lhe naxinum error at tbe glven polnts hae now been Feðueeô.

to !, x ,o-5 , a coDslclenable lmpnoveueat ln aecuracy

obtalned sltJr lfttle ext¡ra computatlon.

6.6 Non-gepaneble kennel.

In uoEt pnoDlene whene a numenlcal aBproaeh lE

regulneô the kernel wlll uot be sepanable, There are two

poeslble nethoôE of apBroaeh. lÍs can try to aBprorlnate

to the kennel by a frnetlon whlch ls Eeparable, and. then

uee the uethod. of Seetlon 6.4. Altennatively, we ca¡r

eonsld.er tlre equatlon ae lf stand,e and Broceeð by a nethod,

of coLlocatlon"

Suppoee übat the range of tbe lndependent varlaþle

æ has been nornalleed to - I I 2( S I anô so have tbe

folloslng Fredholu eguatl.on,

(6.6.r) flx) = F(.) + ) f_',n¡x,rô)f¿l)\,
lD,erc 

^, 
F (x) , R (x, X) are gtven and. se have to flndl fþ) "

Ae befone" snlte Ä
f(r) 3 io, + *,o*T-(z)

wherc N tn geueral le not knonn a pnlonl but nlght be

(6-tz)



estlrated. f¡pom Berhaps, some phyetcal grormd.e" In orpd,er to

¿etemlne the (tV + I ) eongtante 0o, âr ) - - _., ârv wc tsrtte

d.oum tlre Lntegpal eguaülon at eaah of (ru + I ) polnts a.' ,
eâVr where d ' lrâr --., /M+t). Eguatlon (0,6.1) 1s then

replaeed by übe (v + r ) equatlone
¡.1

(6.6.2) {(r¡)= Fle¡) t ,1.^ þr,2) +t$ \; 
' - rra, -.., N+t.

Fon each value of 1¡ p wg nor oorqrute the Cbebyehev

expanelon for t< ( r¡ ' T ) elther from a d.lffe¡:enttal equatlon or

Þy eone curee flùtlng process. Usf.ng equatlon ( 6n3"6),

ge obtala t"l¡e value of ¡t ,

I(r¿,r) E l,^(x¿,T)f tV)\
in te¡rns of thle coefflclelrùg oo, e, q^, ,' The quantlùy

F (x¿) r" knc¡r¡a lnned.latelyr and. uslng Îables d Chebyeh€lv

PolSmonfala (reference 1) we can snlte d.ø¡ {(nt) fo ter.ns of
00, o,r -, -. ) ûN for eaeh value of æi o Equatlon (6"6"2)

beeomee

(6.6"t) ffxi)= Flx¡)+ ) Ih¿,,) t* ù=r¡)¡--.r tvll.

whlob le a syEüen of lN+ r ) llnear equatf.ons fol. the

r¡¡Xnøn eoeffl!,c1enùg. Ihese ean be eolved by etandlatd'

netbod.s.

lYe shall Íllustnate the neübod. by neane of an

erarp].c taken fron ¡refenenso 15.

Ex¡¡ole 6"q fl,) È #l I + (e- ?il 1t2)\- |

Leü us eonsld.er flnst üb,e cquatlon wltb Boeltlve slgau

( ø-tl+)



Ite approrlnate to the fi¡natlon f (l) by rea¡c of a

IlolJraonlal of d,egnee 6. Slr¡oe f (x) le an ete! fi¡netlon

of, * ¡ wcurlte
{(x) = * oo +. o.f,,lr) + c" T* lr) + o. T (") ,

qúð oaly conslôcr porltlve values d æ¡ , rhloh bqve

beea ehosea ae,

x¡ 3 O , 0'S , 0'g a^^41' l' O

d,lffenentlal eguaüfo¡ of zeno ord,er vlüh pol¡noulal coeûlle-

lents, glven by

(6'6'4) (r+ ri )x(t¡,ï) - 2xi Ix(tti,l) + ,1" n(x.,V) ' I

If uc urlte ar¡

x lr¡, 'â) 
c ! 4"(xù + 

,f,, 
O-, /'7-r)T-^ (X)

tba on subgtltutlon lnüo equatlon (6"6.4) ald. ualag tJre

rorunla ror c* [l "¿"., T) ] enl ç* [ ,ô' k (", , Ðf
wc obtaln tbo recurrence relatlon þotneen the coefflclentE
{t* for eaeh valuc of æ¡ c Ihp coefflalenüg ln t'be

ex¡ranslonof, t<(7t¿rl) for zc¿ = oro'5, o'g aod, f '0
are glven lu fable 6o2,

(ø-t5¡
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+0.01245
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o

-O.OO71l+
o

+o.oo1 2,
o
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o
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o
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+L,252 7O1

+O.l+2286

-O.OO8l+1
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-O.O2218
-0. OOû25
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+o.ool I 6
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-O. OOOO6

o
o
o
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wlûh thcee eoeff lolents for N (x ¿ , ol) ühc

evaluatlon of I (ti , t) foþ eaeh value of >c¿ ca¡ nø
be nad,e by means of equatlon (6ð,6) to glve

Ib, r)=

I fo's, r)=

Ilo'¡, r)=

J(r, r)=

O./8!l¡O oo

Qo72322 o',

O.6JOil ao

on55358 a"

-o.712J8 o,

-0.57161 o.

-O.l+1763 a,

-0.326Æ.2 a.

+0.03686 ûþ

-O.O+)O2 o.,

-0.10351 0*

-O.11278 a,

-O.O+217 q.

-o,o2328 ar

-0.û21¡!8 a.

-O.O2975 as

Subetltuttng tbeee vaLues lnto eqrratlon (6.6ð) grves the

followlng eysten of eguatlons,

o.750oo ao -L.22676 â.
O.7fr21 oo -0.68195 a¿

O.7Oo7l oo +0.14706 o¿

0.67621 oo +O.8J622 o,

+1oOl173 o+

-On5l560 a*

-O.876O8 o¡

+O.t6l¡lO o*

-L.OL3I+Z Ab =

+0.99259 a b =

-I.OCI¡tl¡ q. =

+O.99O53 q e =

1

I
I
I

fhe eolutlon of uhlah gfvee

{(z)= 0.7r758 + o. Wg3T l(r)-o.ooloe ì*(r) -o.ooo22 Tn fr)

lhe con¡ranlson of tbls golutlon slüh tbat obtalncit by

Fo¡ and Goodwln le glven la Table 6o3.

(çtt)
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Taklog the lntegral equation with negattve sigr¡

and proeeedX,ng aÊ þefo¡rer we flnü

{(*)= L,?'ì\47 - or14oo5f,/x) + o.oo4goTlt)* o.oooJ?f(x)

The ooupanlson of thls solutton vLth Fox anù Ooodwlurs ls also

glven 1¡ Table 6n3. Fox arË Oooihitn have pnesentetl theln

¡eeults ogl.y to lrD wlth an estlnsted, ¡axtn¡¡B eraor of lxn'h

ôue to rounü-oÎf, aaô r;le see that tlre,resulte fou¡tl bere

agpee exaetly to slthln the pneecrlbeù error.
qC the computattonal labor¡¡r ln thla solutloa of the

pno¡Len, iroet vae spent 1¡ tJre d,eternlnatLon of tlæ Gl¡ebteher

orpanelone cf K ( T i, b) n .ìfllth those expanolone found, ootrp-

aratl?ely llttle labor¡r u/88 neceseary f,or the evaluatton of

I(z¿rl) e¡rô tbe eolutlon of the equatlcne for the coefflclente

âzr.o Ead we for¡rd, lt necesoarJr to use a blgÞen ôegree

polynonlal fon f (x¡ , all ¡rnevlous resr¡lts fon t<H ¿, X) qnil

f ( t ù ¡ |) can be useü agatl, lThen t'he tteg¡ee of the

Dolyno¡lal apBnoxlætlon Èo {(r) la not hown a pnlorl, vÊ

can start vlth a e¡¡411 N Aaô lnerease t Þe ôeg¡ee r¡¡t'l! tle
Deceôsar'¡r aacu¡racy 1n the eolutloa !e reacbeð.

6"7 .

I¡ tlbe aÈove e*ar¡rleo atæe 3he llults d
lntegpatlon are f¡o¡ -f 'to + I , thle euggests expanôlng

all fi¡¡otloa¡ ln terne of the l,egerûne po\ynonlale 7- l")"

lbe evaluatLon of f (r¿ ¡l) ta the¡ al¡osù trlvlal'd'ue üo

tho orthogonallty Bnoperty of the Legendre lplyno¡lale ln

tùe mnge -l (z ( I o For EupBoÊe

(6-19)



N

{(*) = t Q,., P.n (^) ,
atso

a¡ð for a glven 1¿ s Eo 
n,.flad. 

that
X(r,,I) =,!,U*(ri) P*(g)

shene tn genenal ltl t N , but leü uE suBBoBe l\-1 > N o

then sluco

we have tbet

( 6"2,r)

t' P* (r) P-, (:r ) ol,
-l

e
ar*+ |

5-,r*

N

t
130

â o* $^ (xi)
l¿+ I

$¡le eguatLon 1g con¡lderably olnpler tban equatlon (6.r.6)
for Ctrebyshøv pol¡monlals. Tlre problen ls now ons of
flaûlng ûhe ex¡ranslon of 11 H, ' ? ) ln terns of l,egend.re

polynonlaLgo thfe oan be for¡nð by the uethod. cteecrlbed, ln
CbaBter 5r provld.ed ühe funotlon Eatlefles solo lluean rllffcr-
entlal eguaülon. E@ever, we sbsll fluct ln gcneral theü

.tha necurrpence nelatlon betneon the coefflclonte 1)*

ls more oonpltcatecl fo¡r Legandne pol¡monlals tDaa fon

Chebyshev Bol¡rnonlalco The conpUttug tlne gaved Ln uelng

eguatlon (6"7,r) lngteacl of equaüfsn (6ú"6) v111 gener.ally

be none tban of,f-set ln the oomputatlon of tbe ex¡ranelous
x(r.,1).

Ibo fntegral equatton of EranpLe 6.3 ha¡ been

solved, by vnlttng f (r) as thE founth d.egree pol¡moutal,

f tr¡ 3 aoPo(-¡ + o. P, {x) 1Þ o* Q, lr)
[o cl,etennlne tbe tbree r¡¡hrøa coefflclente oo, O. anô a¡] tc
have uged' eollocatlon at thc pointe 1¿ = 0' 0'5 o-"4 I' o'

lhe ex¡lanelone -tn lregend.re pol¡noalals of tþ kerael

(6-zo)



R (t ¿ ,.¿) ane glven ln Table 6n4c s¡here we have

srl.tüen ) æ

xrri, l) = i r (r. - ?)- 
3 

I"u*fr¡)P* ¿) .

îhe aoefflclents Û-. (r¡) ar.e agaln corputed, frou geuat-

lon (6.6,4) uelng tbe nesulte fon C- [ rlK("¡, ?)] anô

C* [ T'^ tr, , ?) ] , for erpaaslons la Legeudre pol¡raonlals.

x(x ¿, X)
a lr-,(r¡¡f t,¿)

Subsültutlng theEe erpaaelons luto thc lntegral eguatlon

wltb posltlve s1æ aad, uslug ecluatfoi (6.7.1)r ve flnd thÊ

fo11or,rÍng equatloas fon the coefficlents Oo, O. , qï

+o..5555i1

+o.45365
+O" 08O67

-O" O+5114

-o. 03538

-o.o0g8g
+O.OOO!2

+O. 00163
+O.O0067

+O. OOOOB

-OnOOOO5

-o.00005
-o.0000Ì

tr-. lt.o)å* (o's)
+o.72322
+O.368Ð

-O.L6775
-o"1k61o
-o"ooglr
+O"02631
+O.O@!O

-O" OO2O7

-O.OO231

-O'00050

lr* f o¡

+O. OOOIJ

+O"OO339

-o.oL722

+o.7851+0

-oor53g8

+O. 08296

-o"00067

-o.000oJ

.lt\

o
I
2

3
l+

5

6

7
I
9

IO
1T

L2
L3
I4

(6-zt)



1.5OOOO oo

1 "46obe 
q.

L"3521+L a o

- o,54to7 Àt

- O.1l+6f6 oL

+ l.O1O27 a,

+ O"58O89 A+ =

O.28!JO o* =

+ O 997W q¡+ =

I
I
I

tDs ¡ol.utloa ú lrhlob glve

+1rr -1,w ; f (r) r o'ålrol + 0'oöå15 P, /e) - 0'oDl+¡ P* (r)

Repcrt|¡g tË¡ caloulatlons fo¡r thc tategral oquatlon wttb

nagetlve 918¡r uc flnd't

- 1/r + ¡ f(r). l. 8ltâ9 - 0, ,8Tìl Pn(r) + ô.øo8r9 P*lr).

I|h¡¡a rcgr¡lt¡ aæ tabr¡l,atcû t¡ |lab1c 6n3 anû agtlec c¡ocll.catlt

to Ð nl.ùb thc prevlouelJr obtalncû rssults.

6.8 $gn4lgq1g4¿.

I¡ tbla CDaptel wc haYe oæslðereô tùe ucá of

0lhebysber troiy¡onlele la tbs nunerlaal golutf.on of lategral

eqrratloaÉ oû the F¡redholn t¡rBeo The nothotl deEorlbeû bcfe

ls aot Aa veraatlle ae tho flalüe-ôtffe¡rence teehnlguea,

glnce 1t ôepend,s otr tbc Chebyshev es¡¡anelons of the functlóne

anlelng 1¡r thË eguatloas DelUg ¡read,lly coupuüed,. Eouever,

ln eaces wbsne ühe neÙhoô can be used, sltbout a BrohlbÍülve

a¡ôunJ of labour, urs obtaln tbs v¡lue of the fi¡r3ltlq¡ througb-

ouü the t€nge ott, lneteaô of at a dLsc¡reùe nr¡¡ber of polnts"

Wben conpa¡rlqg tbe nethod of Chebyehev errl,anslons

lrltb Crout t s lragrargp-ù¡æe polponlal. ertr¡anelor.c to ths caæ

d,egree, a gfeateF accuraey 1g obüalneûr Furtheruorer frou

tJrc oagpltudes of tbe coefflatents 1n trhe Chebyebev ex¡ranelont

Eo@ estluate can genenally be nade to lts accunaoyc

(çzz)
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SUMMARY.

In thta theele, two e,ppLlsetlone of Chebyshov

polJrnonlale to problene Ln numerloal analyele h¿ve been

'd.eecrLbed,. Startlng slth Clenebawrs Eothocl for the

colutlon of, llnear ordllnary cllffenentlal eguatlonE by

e:qrancli.ng the clepend.ent va¡rlable and, lte d.e¡rlvatlvoe

ctlrectly ln CheDyehev sefleB, thc nune¡rlcal Eolutlon of
the one d,lnenstonal heat equatlon hae been consldtened,.

The Bantlal dlfferentlal equatlon ls flnet reiluced. to a

eysten of orcllnary d.lf,f,enentlal equattons by the netbodt

f,lnst BropoEed, by Hantnee and. iJorneneloy. lhle neoultlng

e¡eten of equatl,one ls soLved, uslng Clenshårrrs methocl.

ftro BarttcuLar Broblens have been ryorked. out ln dletail.

and. lnd.lsate thåt the nethodt le a ucéful one. A eeoonô

aBBllcaülon of Chebyehev serfeE le nade ln the eolutlon

of, Llncar Dori-Blngu1an lntegnal equatloirs of the trrredholn-

tyqr. Companed, rrlth tfre Bol¡¡ronlal eppro*,lnatlon nethodl

BrqI¡oeeö by Crout, the Chebyshev r¡ethod gtvee gneaten

accuracy. trrlnallsr e general,tEatlon of 
' 
Clenel¡aw I e nethoê

f,e nad.e lnto the aolutl,on of, ord.lnary dllfferentiaL equatlone

by ex¡enstong 1n eenlee of ultnaspheri.aal polynonlals.

Thfe glveg ln partLcular" a naptê moans of flnctlng expanelone

ln Legeadlre polynonlal.e of functlons eatlafytng elmple

dlffe¡rentlal ec¡uatlone.




