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Abstract

In this work the quantisation and renormalisation of Yang-Mills (YM) gauge theories in
axial gauges is examined. Faddeev-Popov ghosts are known to decouple in these gauges,
and particular attention is given to the temporal gauge case. I first approach the gauge-
field propagator ambiguity by parallel transport from the Coulomb gauge to the temporal
gauge to obtain a propagator that breaks time-translation invariance. This result agrees
with the propagator derived in the ‘fully-fixed gauge’ approach of other authors. Problems
with implementing such propagators in perturbation theory are discussed with reference
to the taking of limits and the Green’s function properties of the propagator. The major
impediment in this approach is that the breaking of time-translation invariance makes
proving renormalisability in this gauge intractable. I thus turn to an alternative: Land-
shoff’s alpha-prescription for the temporal gauge field propagator. I discuss two derivations
of the prescription: one, due to this author, maintains BRST invariance in the temporal
gauge-fixed Yang-Mills Lagrangian, but has non-local terms in the Lagrangian implying
an infinite number of new vertices. This is unwieldy so I pursue a second, related, deriva-
tion of Przeszowski which sacrifices BRST invariance for locality and so generates no new
vertices. Poincare invariance of the free Abelian theory is recovered in a subspace of the
indefinite metric Hilbert space; the Gauss law is valid for matrix elements of states in this
subspace. Tadpole graphs in the alpha-prescription, which do not vanish even in dimen-
sional regularisation, are shown not to contribute to the Wilson loop. I compute, to one
loop, the quark-self-energy and quark-gluon vertex correction in the alpha-prescription

and make some progress on the renormalisation problem.
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Chapter 1

Introduction

This thesis is concerned with work recently done by the author on the long-standing
problem of quantising gauge-theories in non-covariant gauges. The purpose of this chapter
is to outline the structure of the work and to place the key ideas preceding this work into

some historical framework.

1.1 Covariant Formulations

Since the successes of Einstein’s theory of gravitation, the Quantum Electrodynamics
of Feynman, Schwinger and Tomonaga, and the Weinberg-Salam-Glashow Theory unifying
electromagnetism and the weak nuclear force, the gauge principle has come to be accepted
as the basis for a complete description of the strong-interaction and the unification of the
fundamental forces.

The subject matter of this thesis, non-covariant gauges such as the temporal gauge,
are as old as Quantum Mechanics itself; Weyl[1] considered such gauges in his early work
on quantising electrodynamics. Despite this early foray into non-covariant manifestations,
the earliest successes in electrodynamics used covariant gauges - in the work of Fermi[2]
for example - where the desire to maintain the invariance properties of Special Relativity
took strong precedence. Indeed, many of the issues that are raised in this thesis were
encountered even then: such as the differences in implementing gauge constraints in the
classical theory and in the quantum theory, the relevance of this to the structure of the
quantum Hilbert space of states and indefinite metric structures. In the quantum theory
of the free electromagnetic field this developed into the work of Gupta and Bleuler[3],
Nakanishi[4], and takes its most rigorous form in the papers of Strocchi and Wightman/[5]
and in the C*-algebra formalism by Grundling and Hurst[6].

When Yang and Mills[7] and Shaw([8] generalised the gauge-invariance of the electro-

3



4 CHAPTER 1. INTRODUCTION

magnetic potentials from the Abelian U(1) group to non-Abelian gauge theories a vast
array of researchers turned the area into the rich structure it is today. The significant
discovery here was the identification of residual gauge symmetries in the gauge-fixed ac-
tion in terms of Grassman transformations - the transformations of Becchi, Rouet, Stora
and Tyutin [BRST] [9, 10]. The BRST formalism is now the most elegant way of treat-
ing covariant non-Abelian gauge theories in the covariant but indefinite metric formalism.
Faddeev and Popov[14] were able to give an elegant explanation in both a canonical and
path-integral approach for the observations made by Feynman[15] and DeWitt[16] - that
in non-Abelian theories in covariant gauges extra (ghost) degrees of freedom are required
in order to safeguard the unitarity of the S-matrix. These fictitious fields are mathemat-
ically necessary for a local formulation of quantised gauge theories where the massless
gauge boson is treated in a covariant fashion with redundant degrees of freedom. The
generalisation of the Gupta-Bleuler method for selecting the physical Hilbert space in the
non-Abelian case was rather elegantly formulated by Kugo and Qjima[17]. Faddeev[12],
dealing with so-called first class constraints, and Senjanovic[13], extending Faddeev’s work
to include second class constraints, were able to implement for non-Abelian gauge theo-
ries the generalised Hamiltonian dynamics of Dirac[11] in the path-integral formalism.
Another approach to the implementation of constraints in the quantisation of relativistic
field theories was developed in the combined works of a number of authors - Fradkin and
Vilkovisky[18] and Batalin and Fradkin[19] and related works. Here the constrained sys-
tem admits the use of dynamically ‘active’ Lagrange multipliers for the constraints, and
ghost fields. Physical unitarity and gauge independence are gauranteed in this approach
by the compensation of multipliers and ghosts due to their opposite statistics. I mention
this work here for completeness and shall have no further recourse to this otherwise quite
fruitful area. Henneaux[20] reviews all this work on the role of FP ghost fields and BRST
invariance within these systematic approaches to constraints in gauge theories.

Thus at the formal level, non-Abelian gauge theories were examined in covariant
gauges. 't Hooft and Veltman were able to prove the renormalisability of the theory, and
the implementation of the theory in the theories of electro-weak and strong interactions

(quantum chromodynamics) has been nothing short of thorough.

1.2 Noncovariant Gauges

1.2.1 The 1960s

A noncovariant gauge is one which introduces a breaking of manifest Lorentz invariance

in the choice of gauge itself. As mentioned, noncovariant gauges such as the temporal
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gauge, or the Coulomb gauge are quite old. As well as the work of Weyl cited earlier,
Heisenberg and Pauli utilised the temporal gauge in an early treatment of the quantisation
of Maxwell’s theory[21]. The temporal gauge in quantised electromagnetism was later
studied in a preliminary work by Kummer [22]. However, given the advantages of a
manifest Lorentz invariant formulation other authors did not take up axial gauges until
the developments in non-Abelian gauge theories during the seventies.

I shall be particularly concerned with noncovariant gauges characterised by gauge-
conditions involving n - A where n, is the gauge-vector defining the temporal gauge (n
time-like), the light-cone gauge (n on the null-plane) or space-like axial gauge (n space-
like). The homogeneous axial gauge choice is thus one where n- 4 = 0.

The first paper applying noncovariant gauges to the Yang-Mills (YM) field is that of
Arnowitt and Fickler[23] which shows that, in distinction to the Coulomb gauge !, the
constraints arising from the requirement that the Euler-Lagrange equations be consistent

with the Heisenberg equations in Schwinger’s action principle can be solved exactly.

1.2.2 The 1970s

Much of this work was on the formal machinery of quantising the theory. In the
early seventies perturbative calculations in non-Abelian gauge theories were undertaken
in earnest.

In non-covariant gauges this work began with the investigation of the form of the
S-matrix generating functional in the space-like axial gauge by Fradkin and Tyutin[24]
and applying the light-cone gauge to the anomalous dimensions of twist-four operators by
Kainz, Kummer and Schweda[25] which I discuss in some detail now.

The first explicit statement of the decoupling of ghosts appears to be by in the above
cited paper by Fradkin and Tyutin who, deriving the generating functional, state: “[t]he
Feynman rules have no additional diagrams” arising from a non-trivial functional measure.
Fradkin and Tyutin also write down the form of the gauge-field propagator but draw no
comment on the appearance in this expression of an ambiguous pole in momentum space.
This problem remains unresolved, certainly for the temporal gauge, even to this day.
Examining some of the solutions proposed for this problem is the central goal of this
thesis.

It was the paper by Kainz et al. that first appreciated the problem of the ambiguous

pole in the gauge-field propagator. Curiously enough, their solution in that work echoes

! Arnowitt and Fickler in their paper actually refer to the radiation gauge which I shall take to be the
gauge with both 8;Ai(z) = 0 and Ao = 0. This can only be implemented without eliminating physical

degrees of freedom in the case of free electromagnetism - see chapter 2.
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a flavour of both the Leibbrandt-Mandelstam (LM) prescription - which arose in the
eighties - and the principal value (PV) prescription popular in the seventies. Namely, they
recognised even then that a useful approach would be to define the spurious pole such
that the Wick rotation was still possible? But that left an ambiguity for zero momentum
for which they used a PV regularisation [27].

The next paper of note was the application of the temporal gauge to a theory of scalar
multiplets coupled to gauge-vector bosons by Delbourgo, Salam and Strathdee[26]. The
propagator ambiguity was appreciated there also and the PV prescription was offered as a
solution on the grounds of their being no absorptive part, thus no unphysical contributions
to the unitarity of the S-matrix[28, 29]. There too it was realised that the non-Abelian
Ward identities, or alternately the Slavnov-Taylor identities retained their simplest form
in this gauge - a direct consequence of the decoupling of ghosts from the generating
functional. This was realised independently by Kummer in [30], in which he also advocated
the PV prescription. Cornwall[31], in an appendix to a paper on scalar meson theories,
discussed the light-cone gauge and in particular noted that naive power counting breaks
down with light-cone integrals; the divergence of integrals does not correspond with that
obtained ‘by adding tensor indices’. Chakrabarti and Darzens[32] report on similar results
independently of Cornwall as does Crewther [33] who discusses the presence of logarithmic
dependence on momentum in divergent parts. In short, these observations render the proof
of renormalisability in the light-cone gauge intractable. In light of these comments, the
view developed that the light-cone gauge might suffer from more devastating pathologies
than the space-like and temporal axial gauges.

Crewther, in the above work([33], used the axial gauge in the operator product expan-
sion. Unitarity was explored, again in the temporal gauge, by Konetschny and Kummer
in [34]. Here, using the PV prescription, the imaginary part of the S-matrix was checked
explicitly to see if the unphysical degrees of freedom cancel - which they do for the PV
for precisely the reasons advocated by Delbourgo et al. Asymptotic freedom in the axial
gauge was examined by Frenkel and Taylor[35] (and later, in the context of the Lehmann
representation, by West[36]). A derivation for the PV from first principles was finally
given by Frenkel[37].

The goal in this ‘middle period’, as one might call it, remains unaccomplished to this
day: to set non-covariant gauges on an equal footing with covariant gauges. This is tan-
tamount to demonstrating that the quantum theory in such gauges is fully equivalent and

consistent with the covariant formulation, namely that it is unitary and renormalisable.

2This is discussed in the appendix of their paper: the prescription is given in their equation (A.2) in

which, by the way, o should be replaced by 8.
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Moreover, if the seeming advantages of the gauge are to be verified for practical compu-
tations in field theory the task would seem to be showing that ghost-decoupling - indeed
the minimisation of the number of redundant degrees of freedom - is consistent with the

physical requirements of gauge independence of observables, unitarity and renormalisabil-

ity.

1.2.3 The 1980s

As far as the non-light-cone gauges were concerned, the above work established the
PV as the accepted prescription. In the early years axial gauges with PV prescription
were applied to a number of areas including gravity[38, 39] and in deep inelastic scattering
and parton theory by authors such as Dokshitzer et al{40], and Bassetto et al[41]. In this
case, the decoupling of ghosts and the form of the gluon polarisation vectors rendered this
gauge a more physically transparent gauge in the ladder approximation.

But the period of activity in which the field finds itself in today opened in the early to
mid-eighties when the prevailing view on these gauges was challenged. As has been said,
this view was that the non-light-cone gauges were considered to be in a more healthy state
than the light-cone gauge. The significant step away from this position was in the work of
Leibbrandt[42], and Mandelstam[43] who independently arrived at a new prescription for
the gauge-ambiguity in the light-cone gauge - the Leibbrandt-Mandelstam (LM) prescrip-
tion. Leibbrandt derived the prescription by requiring that one be able to Wick rotate
the contour in energy space without crossing new poles generated by the prescription in
the first and third quadrants. Leibbrandt tested this prescription in the computation in
basic Feynman integrals in perturbation theory and verified that, unlike the PV case,
naive power counting was indeed satisfied. In the same paper he discovered that, while
naive power counting now succeeded, new problems were introduced in the guise of non-
polynomial dependences on the external momentum in one-loop divergences such as the
gluon self-energy. The divergences of logarithmic form detected in the previous decade[33]
were not present in this case. Rather, one was now faced with divergences involving
1/(p - n), where p is the external momentum. Non-polynomial or non-local divergences
demand non-local counterterms and one generally has no control, by power counting ar-
guments, over what types of terms may arise. The proof of renormalisability is thwarted.
Vigorous activity by a number of groups enabled progress in understanding these diver-
gence structures and developing a successful renormalisation program for the light-cone
gauge. Work here included understanding constraints imposed on non-local counterterms
by BRST invariance[44, 45], a derivation of the LM prescription in the context of Dirac

generalised Hamiltonian dynamics by Bassetto et al.[48], and the demonstration of order
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by order renormalisability of the theory[49] based on the observation that the non-local di-
vergences decouple from unamputated Green’s functions. Work on the renormalisation of

Yang-Mills theories in the light-cone gauge was also done in the Vienna school by [51, 52].

In the temporal gauge there were further surprises. Several papers had appeared up
until this time arousing suspicion that all was not well with the PV prescription even off
the light-cone[46, 47]. Bassetto et al. had also argued this in the case of space-like n, on
the grounds of unitarity violation[50]. Caracciolo, Curci and Menotti [CCM] in [53] tested
the PV prescription for the temporal gauge propagator in the gauge-invariant rectangular
(static) Wilson-loop. The result, to order g* in perturbation theory, had been checked in
various gauges by numerous authors[54, 55, 56, 57, 58]. The exponentiation property of
this quantity in the large time-limit, which enables the determination of the inter-quark
potential for static quarks, had been well-understood by these authors. Using the PV
prescription the wrong result was obtained. The significance of this result should not
be underestimated - the ghost free temporal gauge with PV prescription is inconsistent
with gauge invariance. Indeed, CCM found that extra terms were needed to obtain the
correct result - these terms breaking time-translation invariance thus rendering elegant

momentum space techniques of conventional field theory inapplicable.

This provoked a number of strands of work: numerous authors further examined
the role of non-translationally invariant propagators in the temporal gauge field theory
(59, 60, 61, 62, 63, 64]. Bassetto et al[65], Nardelli[66] and Soldati[67] have studied, what
has been termed, the Wilson loop criterion for non-covariant propagator prescriptions in
more thorough mathematical detail. Cheng and Tsai have investigated the equivalence
properties of gauge-invariant operators such as the Wilson loop and their relationship to
ghost-gluon couplings [68, 69, 70]. Their approach has been applied in the computation
of Wilson coeflicients in the gluon condensate by Lavelle et al.[71]. Haller, using a for-
malism previously developed for spinor quantum electrodynamics in covariant gauges|[72],
has investigated non-translationally invariant structures in terms of ghost operators in-
volving the non-physical components of the gauge field[73]. Slavnov and Frolov have given
quite rigorous derivations of the CCM propagator and shown it to be consistent with the

unitarity of the S-matrix[74].

Given the cumbersome properties of the non-translationally invariant propagators,
Landshoff proposed a momentum space prescription, the alpha prescription, for the tem-
poral gauge for which he was able to obtain the correct Wilson loop behaviour|[75]. Steiner
made an early effort at giving a derivation for Landshoff’s propagator[76]. But no real
progress has been made on the origins of the alpha-prescription until recently. This thesis

will report on aspects of that work.
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In light of the abandonment of the PV prescription, much work had to be redone in
the non-light-cone gauges. In particular the generalisation of the LM prescription off the
light-cone was studied by the Vienna schools[77, 78] and by Leibbrandt[79]. The same
sorts of non-local divergence structures as for the light-cone gauge were encountered[80].
Unfortunately here no such decoupling can be shown to occur for Green’s functions of the
theory. Despite this Lazzizzera[81, 82] and others[83, 84] were able to derive the generalised
prescription in non-light-cone gauges. Hiiffel et al.[85] demonstrated that the generalised
prescription satisfied the Wilson loop criterion, though recent work has called this result
into question[86]. Pollack was able to show that for the S-matrix amplitude for quark-quark
scattering the non-localities decouple[87]. Bagan and Martin were able to compute the
three-gluon and four-gluon vertex corrections in the generalised LM prescription[88]. Most
recently, the role of non-local divergences in the light-cone gauge using the LM prescription
has been called into question by Burnel and Caprasse[89]. This issue is clearly contentious.
Because in this thesis I will deal with alternatives to the LM prescription, as will become
evident, I take no particular position on this development.

Leibbrandt published a review[90] on the subject in 1987 summarising the huge amount
of material published up until the late eighties. Since then a workshop has been held on
the subject[91], and another workshop on Gauge Theories on the Light-Cone which also
included numerous papers in this field of activity. Finally, the Italian school under Bassetto
have published a monograph essentially collating the contribution he and his collaborators
have made to the field[92].

It is important to stress that the consequence of this research has been to establish the
light-cone as a valid gauge. Off the light-cone, non-Abelian gauge theories suffer seeming
irrepairable pathologies - words spoken by Bassetto himself[93]. It is to this I shall turn

my attention in this work.

1.3 Aims

The numerous threads in the above historical overview can be drawn together by sum-
marising what work in the last three decades on the non-light-like axial gauges has been
generally directed towards.

1.Deriving from first principles an unambiguous theory in the temporal gauge - par-
ticularly where the propagators of the theory are well-defined.

2.Clarifying what unphysical degrees of freedom, including Faddeev-Popov ghosts, are
or are not inherent in the formalism.

3.Demonstrating that the unitary S-matrix is retrievable.
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4.Proving that observables calculated in this gauge are gauge-independent.

5.Proving that the theory can be consistently renormalised. This is particulaly im-
portant, despite the knowledge that non-Abelian gauge theories are renormalisable in
covariant gauges, because there are so many subtleties in noncovariant gauges that one
cannot be entirely sure that the theory is genuinely equivalent to the covariant theory until
this program has been achieved. Classical equivalence of the theory in the two gauges is

simply not a sufficient guarantee.

With the exception of (3), the work on this thesis is directed along precisely these
lines. After a chapter introducing the relevant technical aspects that shall be employed in
subsequent chapters, I turn in the second chapter to the approach of fully-fixed temporal
gauges. I shall give my own derivation of the non-translationally invariant propagators
in this gauge by parallel transport from the Coulomb Gauge where no ambiguities occur
in the free electromagnetic theory. I shall clarify certain problems with this approach,
particularly the Green’s functions properties of the propagator which have not been ex-
plicitly noted in the literature before. When examining the non-Abelian theory I reiterate
previously stated arguments why this approach to the temporal gauge is not, in the end,

helpful in providing a ghost-free gauge in which one can prove renormalisability.

Given this state of affairs, in the remainder of the work I turn to the other prescrip-
tion available in the temporal gauge: the alpha-prescription due to Landshoff. I give two
approaches to deriving the prescription, one of which originates in my work. However I
demonstrate that this - BRST invariant approach - again over-complicates the system by
introducing non-local vertices. I thus follow the second approach, due to Przeszowski and
demonstrate consistency between Poincare invariance in the candidate physical Hilbert
space of states in the free electromagnetic theory. In the non-Abelian theory I com-
plete Landshoff’s proof of the Wilson loop exponentiation in the alpha prescription by
showing that tadpole graphs, previously overlooked in Landshoff’s original work, vanish
safegaurding the exponentiation. In the final chapter I turn to the renormalisation in the
alpha prescription. I develop techniques for performing loop integrations in the prescrip-
tion which are applied to the basic one loop corrections in Yang-Mills theory coupled to
fermions: the gauge-field self-energy, the fermion-gauge-field coupling correction and the
fermion self-energy. The results are shown to be consistent with Ward Identities that
are simple and suggest ghost decoupling is indeed a property of the alpha-prescription.
The renormalisation is carried out to one loop order - though the form of the gauge bo-
son self-energy necessitates the introduction of a BRST non-invariant counterterm. The
problems this inspires are discussed. Nonetheless it shall become transparent that the

alpha-prescription is an improvement on the generalised LM prescription in that no non-
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local ultraviolet (UV) divergences are found, and there is some promise that the theory
will be renormalisable to all orders.

The original material is contained in (sub)sections 3.1.2, 3.2.1, 3.2.3, 3.3, 4.2, 5.1.2,
5.2.1, 5.2.3, 5.2.4, 6.2, 6.3, 6.4 and all of the material in appendix B. These results have
been published or are in preprint form in [94, 95, 97, 96, 98].

There is a statement of conclusions reached on the non-translationally invariant ap-
proach at the end of chapter three, and a more extensive list of conclusions in the final
chapter, suggesting that the alpha-prescription is a promising approach to the temporal
gauge but with numerous problems remaining to be solved. The references are collected

at the end and appendices include tables of integrals useful for the alpha-prescription.
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INTRODUCTION



Chapter 2

Background and Techniques

2.1 Outline

In this chapter I review some of the key tools used in aspects of this work. Techniques
such as dimensional regularisation in ultraviolet (UV) divergent Feynman integrals, and
the derivation of the perturbative expansion in gauge theories are by now quite standard
in field theory. The reader is referred to any text on gauge theories for that material -
for example[99, 100]. These texts are my source for the conventions and notation adopted
through most of this work. I discuss the framework of non-Abelian gauge theories in
order to establish aspects of this notation. I then briefly review the formal method of
the Faddeev-Popov trick in the functional formalism with respect to non-covariant gauge
choices. This will establish the naive theory in the axial gauge in which the propagator
remains ambiguous. I examine some of the peculiarities of the temporal gauge choice.
Finally, the Dirac method of constraints is reviewed, as the technique will be utilised in a

later chapter.

2.2 Non-Abelian Gauge Theories

The most natural generalisation of the Maxwell theory, so effective in classical and
quantum electrodynamics, is one where the gauge-transformations become elements of a
non-Abelian group G, such as SU(N). This means that the potentials are now matrices

and are written as a linear combination
(Au(z))ij = Au(2)T5; (2.1)

The indices 17,  label the components of an arbitrary matrix representation, R, of the ma-

trices T®. For brevity I shall often suppress these indices. These representation matrices

13
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are the generators of the semi-simple Lie algebra of the group G obeying the group alge-
bra [T°,T%] = if**°T¢ and f**© are completely antisymmetric structure constants. The

quadratic Casimir invariants relevant to the generic representation R are defined by
(T°T*)i; = Ca(R)6;; (2.2)
while I shall also need the analogous expression for the adjoint representation,
Foed hed — 0y(G)8% (2.3)

The gauge-invariant Lagrangian density for an SU(N) non-Abelian gauge theory with

fermion interactions is given by

1 e papy Lif s ]
L= _ZF‘WF LS 1,[) (Zpij — m(sij)l/ﬂ (2.4)
where
F, = 0,A% — 8,A% + gf** AL AS (2.5)

is the field-strength tensor in component form which transforms under the adjoint repre-
sentation of the internal gauge symmetry group G = SU(N), and the covariant derivative
is defined by

(Du)ij = 0ubi; — igTit;'AZ : (2.6)

I shall also have occasion to refer to the covariant derivative with respect to the adjoint

representation

Db = 64°9,, — g f**AC. (2.7)

2.3 Non-Covariant Gauge Fixing

In this section I largely follow the exposition given in the review by Leibbrandt[90]. T
shall be concerned throughout this work with homogeneous non-covariant or axial gauges
defined by the condition

n-A*=0 (2.8)
where n* is a fixed vector which falls into one of three regions depending on whether
n? = n#n, is positive (time like axial gauge), zero (light-cone gauge) or negative (space-
like axial gauge). In particular I shall be concerned with the time-like case for which there
is no loss of generality in choosing the vector n = (1,0,0,0) - and this explicit choice will
be made at numerous points of this work. Thus my primary concern is with the temporal

gauge choice

AZ=0. (2.9)
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In the Faddeev-Popov approach[14, 101] this gauge-choice can be implemented by

choosing the gauge-fixing functional
F[A]l=n-A". (2.10)

Now an important quantity to be considered is the Faddeev-Popov determinant which is
merely the Jacobian determinant for the formal path-integral with respect to infinitesmal
gauge-transformations:

dF(z)

det(Mp) = det[-(m%] (2.11)

which, for the above choice for F, is evaluated to be
det(n - 96 + gf*en . A°) . (2.12)
Recall the standard identity
/ Dy det(Mp[? A])S(F*F A(z)]) = 1 (2.13)

where Dg is the invariant functional integral measure for an integration over the gauge
group space

Dg =[] dg* (2.14)
for group parameters g%, with @ running fr01:1 1 up to the dimension of the group. The
formally gauge-invariant path-integral generating functional for Yang-Mills theory is given
by

21, %, %] = N/DADl/)DIZ exp[i/d4m(£ T A4 Px+ )] (2.15)
where £ is given by (2.4) and J*, x and x are c-number sources for the gauge and fermion
fields, permitting the generation of Green’s functions of the theory. By introducing the

trivial identity (2.13) into this expression one obtains
2,5 = N / D ADGDYDP det( Me[® A])6(F*[ A]) expli / die(L+-A). (2.16)

Now DA is a measure invariant under local gauge transformations. The Faddeev-Popov
determinant is also gauge invariant. Thus one can perform a gauge-transformation in the
path-integral measure and integrand from YA — A with the corresponding transformations
on the fermion fields enabling the the infinite volume factor [ Dg to decouple and be
absorbed into the normalisation constant.

The task remains to cast this expression into a local form, amenable to perturbative
diagrammatic computations by exponentiating terms into an effective action. The delta-
function is easily dealt with by recognising the homogeneous gauge-condition (2.8) is a

special case of the inhomogeneous non-covariant gauges

n-A* = Co (2.17)
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where C'%(z) is an arbitrary functional taking values in the gauge-group algebra. One may

thus average the generating functional over C*(z) using a sharp Gaussian weight
lim exp[~(/2) / d'2(C*(2))’] (2.18)

from which one recovers the homogeneous condition. This may alternately be achieved

through a multiplier field B%(z) in a term in the Lagrangian of the form[4]
B°n - A°, (2.19)

Computation of the Euler-Lagrange equation for the multiplier field B* shows the homo-
geneous condition (2.8) is returned.

Finally, the determinant is exponentiated by rewriting it as an integral over scalar
Grassmann fields 7* and #* which transform under the adjoint representation of SU(N),

giving the final expression for the effective Lagrangian
Less=Lym — B*n- A+ 7% - D%’ . (2.20)

The Grassmann fields are the Faddeev-Popov ghost fields necessary in covariant non-
Abelian gauge theories in order to retain unitarity of the S-matrix[15). The crucial obser-
vation here is that the gauge condition F*[A] = n - A* does not involve a derivative d,,.
Implementing the gauge-condition at the level of the Lagrangian, one thus obtains for the
ghost term

Lrpe = 7°n.06%7° (2.21)

Notice that the Feynman rules implicit in this expression do not involve a vertex between
the ghosts and the gauge-boson. In other words, the ghosts have decoupled from the
theory - much as they do in linear gauge quantum electrodynamics. This is the essential
advantage of these gauges. In a BRST analysis, of course, the ghosts must be retained[90)].
Thus the statement of decoupling applies to a perturbative Feynman diagram expansion.

There are other levels at which the ghost decoupling can be seen. The ghost term
may be carried into the perturbative expansion where they appear in closed ghost-loop
Feynman diagrams. For the inhomogeneous case (A — 1 in (2.18)), Frenkel demonstrates
the decoupling by observing that the integrals are of a tadpole form which vanish in
dimensional regularisation[102]. The decoupling can be seen to hold for the planar gauge
(where n - A* = V*(z) for some arbitrary field V%) by expanding about small gauge-
transformations and finding that the formal Faddeev-Popov determinant is independent
of the gauge-field and thus may be decoupled[40]. Finally, for the homogeneous case again,

the decoupling is seen at the diagrammatic level in that the ghost-gauge field vertex is
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proportional to the gauge vector n* and so in unamputated graphs one obtains factors of
the form

n* D% (p) (2.22)

where Dl‘jf’,(p) is the propagator or two-point Green’s function for the gauge-field to which
I turn in greater detail later - and for a true homogeneous axial gauge expression (2.22)
must vanish reflecting the original gauge condition. Thus ghost diagrams drop out of
S-matrix amplitudes.

Some of these arguments assume the propagator prescription for the ghost field is
consistent with dimensional regularisation. I shall come back to this in the context of the
alpha-prescription in chapter 4.

Turning to the remaining Feynman rules one finds that the gauge field and fermion
vertices are exactly the same as in the covariant formulation (see appendix A for details).

Ounly the gauge-field propagator has changed

Puhy + Puhiy s nzp“p,,]

. - (2.23)

" 5ab
D,uu(p) = ?[gﬂ'/ -

where physical asymptotic conditions[103] dictate that the pole at p? = 0 should be treated
in the sense of Feynman’s prescription p?> — p? 4+ ie where ¢ is a positive infinitesmal
quantity which suffices to define the deformed contour in py space. Note that the result
(2.23) is consistent with (2.22). In this case however there is an additional pole at p-n =0
- the source of the woe and effort discussed in the first chapter and to which I shall return

in greater detail in subsequent chapters.

2.3.1 BRST Invariance

The effective Lagrangian, with non-covariant gauge-fixing term and ghost term retained
have an additional BRST symmetry [9, 10] under transformations involving the Grassman
anticommuting fields. Because I shall not make specific use of the transformations in this
work I omit a detailed discussion. But an important aspect to note is that the BRST
transformations are a subset of the gauge transformations, where the gauge part of the
transformation is written in terms of the Grassman field. Thus the original gauge invariant
piece of the Lagrangian is itself BRST invariant. The ghost term can be seen to be simply
a consequence of BRST variations of the gauge-fixing term. Thus the sum of the gauge-
fixing and ghost terms is also BRST invariant.

This symmetry provides a rich framework in which formal aspects of the theory such as
renormalisation and the quantisation can be carried out in powerful and elegant ways. In

the former case the Slavnov-Taylor identities [104, 105] or related BRST identities prove
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essential in dealing with the renormalisation of YM theory to all orders in perturbation
theory. In the latter case, so called BRST quantisation permits an elegant framework in
which to prove unitarity of the theory, and Poincare invariance. In particular the Kugo-
Ojima criterion [17] where physical probability conserving states are distinguished from
redundant states within the indefinite metric Hilbert space by being annihilated by the
BRST charge, namely the Noether charge corresponding to invariance under the BRST
transformations, is especially useful in the context of the functional approach to field

theories.

2.4 The Temporal Gauge

Now I focus in more detail on peculiar aspects of the field theory in the temporal gauge
theory defined, by A3 = 0.
The first observation is that this condition does not completely remove all gauge degrees

of freedom - there is a residual invariance under time-independent gauge transformations
A%(z) = A%(z) — DP®ub(x) . (2.24)

Residual gauge freedom is not of course peculiar to axial gauges. For example, covari-
ant gauge QED retains a residual symmetry under gauge-transformations described by
functions w(x) satisfying

Dw(z) =0. (2.25)

As mentioned, the requirement of causal time-boundary conditions dictate how the
remaining freedom is to be fixed and lead to the well-defined covariant gauge propagator
with Feynman e prescription.

That the propagator ambiguity in the temporal gauge is related to the residual time-
independent gauge freedom is most readily seen by considering that one fixes the gauge in
perturbation theory in the first place in order to invert the quadratic differential operator
in the Lagrangian or equations of motion. In coordinate space, for the temporal gauge
one encounters the time-derivative operator, 8y, which must be inverted to derive the bare
two-point Green’s function of the free theory. This inversion implies an integral operator
for which there is an arbitrary constant (with respect to time) of integration which remains
unfixed. This is precisely the ambiguity in question. These ‘constants’ of integration are
directly related to the asymptotic properties of the fields as n -z = zo — +o0o which, in
turn, enjoy the residual gauge freedom[36].

This means that one way of dealing with the propagator ambiguity is by removing

this freedom and this approach will be discussed in the next chapter. But there are other
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approaches which retain the residual freedom, as implicit in the Leibbrandt-Mandelstam
(LM) prescription[106] or in the method I shall adopt in later chapters with the alpha
prescription.

Another issue in the temporal gauge is the loss of the Gauss law - an essential feature
of the physical sector of a theory of massless gauge interactions.

To see how the Gauss’ law arises in the unfixed Yang-Mills (YM) theory consider the

canonical Hamiltonian in the classical theory

Hya = [ dolg B R+ 7P ES + (it )+ gALG3 T — A3(gfoT*p + D B

(2.26)

where the last term was obtained after an integration by parts and the surface térm
discarded - permissible for YM theory in the context of perturbation theory.

One sees that the zero-component of the gauge-field, A3, does not play a dynamical

role in (2.26), rather it acts as a Lagrange multiplier for the Gauss law constraint
D (z)mi(z) + gibroT % = 0 (2.27)

where ¢ = Fg,.

In the covariant gauge quantum theory this constraint is implemented as an operator
equation: the Gauss law operator is identically zero.

In the temporal gauge theory with A§ absent from the classical formalism the Gauss
law constraint cannot arise. So, as it must be present in the physical theory it must be
imposed as a condition on the physical sector of the Hilbert space of states. Recall that in a
general quantum field theory the total Hilbert space may be too large: there may be more
states than are actually physically relevent for probability conservation (unitarity) and
a positive definite Hamiltonian. The Gupta-Bleuler criterion[3] in covariant gauge QED
serves to distinguish the physical sector from the redundant states in such an indefinite
metric space. In non-Abelian covariant gauge theories the Kugo-Ojima[17] criterion fulfills
the same purpose. In the temporal gauge there is an extra requirement that if the theory
has an indefinite metric then the criterion that serves to distinguish states for which, for
example, the Hamiltonian is positive definite must be consistent with the Gauss law being
implemented on these states.

There are two ways in which this can be achieved which I refer to respectively as strong

and weak conditions on physical states:
D (x)rl(z) + gPyoT™$|phys) = 0 (2.28)

or

(phys'|be(a:)7rf~’(x) + gbyoT“p|phys) = 0. (2.29)
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Thus the first involves the Gauss law operator annihilating a physical state, while the
second implementation enforces matriz elements of the operator between physical states
to vanish. Various formulations that appear in the literature implement the Gauss law in
one of these ways - some to more advantage than others[82].

I have clearly been somewhat cavalier in the above description with the role of con-
straints in the quantum theory. A more careful approach will be elucidated in the next
section on the generalised Hamiltonian dynamics as formulated by Dirac.

I conclude this section by discussing the propagator structure specific to the temporal
gauge. The temporal gauge condition, Aj(z) = 0, means that one is left with the spatial
components of the gauge vector field, A}(z). For the remainder of this discussion I shall
suppress the adjoint index, a. By the Helmholtz theorem the field can be decomposed into

a sum of two terms - spatially transverse and longitudinal
Ai(z) = A (2) + A (z) (2.30)

where 9; AT (z) = 0 defines the transverse component. Idempotent operators can be con-

structed
0;0;
Pi = g+ <3 (2.31)
0;0;
L _ 1]
P; = - v (2.32)
which will project out the transverse and longitudinal parts
G485 gy
A" =P AT (2.33)

The transverse and longitudinal free gauge fields satisfy the following equations of motion

O == 9y (2.34)
DA + 0:0;AF = JF (2.35)

which can be obtained by applying the projectors onto the Euler-Lagrange equation with
the temporal gauge condition imposed. Observe that the transverse and longitudinal
equations have decoupled implying that there are two Green’s functions to be considered,
with no mixed transverse-longitudinal Green’s function to be dealt with. In the quantum
theory this is reflected in the observation that there is a vanishing time-ordered vacuum
expectation value between transverse and longitudinal quanta.

Going to momentum space, the propagators are easily derived, either directly as

Green’s functions of the decoupled equations or by applying the Fourier transforms of
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the projectors onto the full bare propagator:

1 PiP;
Dg(p) = p2 + ié(gij + |p|;) - (236)
1 pip;
Di(p) = = 2.37
B = e (2:37)

and one notes that the transverse part is precisely the propagator used in the Coulomb
gauge - unsurprising since the Coulomb gauge condition, 9;A;(z) = 0, amounts to setting
the longitudinal gauge field to zero.

More significantly also note in the above expressions that the propagator ambiguity is
isolated in the longitudinal part which, for the unprescripted propagator, factorises into
a spatial part and a term 1/p3 which I shall refer to as the time-dependent factor, or
just the time-factor, of the longitudinal propagator. In momentum space I shall denote
this generally as D(po), and its Fourier transform as D(zo, yo). I use the same symbol D
here but it shall be clear from the context which is being dealt with. The situation will
be encountered where a non-translationally invariant form for D is derived in coordinate
space for which the corresponding Fourier transform in terms of a single momentum pg
does not exist. The question of what prescription should be used in the propagator thus
amounts to that of what form D should take when a prescription is introduced. I shall
use subscripts to distinguish the different forms for D suggested by different authors.

As an example of one possible prescription that I mentioned in the first chapter, I give
the Fourier transform of the PV prescription

.1 [dko —iko{(zo—y0) 1 1 - 1
11‘%2/ o (v T o) = 2=~ wl-

(2.38)

This I denote by
1
Dpv(zo,40) = 510 ~ %ol - (2.39)

Note that using Dpy (2o, yo) in the longitudinal propagator means the resultant propagator
is a Green’s function of the equation of motion (2.35). This is because Dpy satisfies the

equation
52
(9.'1302

Dpv(zo,y0) = —6(zo — %o) - (2.40)

2.5 The Wilson Loop

2.5.1 General Loops

The Wilson loop is the non-local gauge-invariant operator defined by

WII' = (T'r Pexp ig]gdm - A) (2.41)
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Iigure 2.1: Wilson loop around an arbitrary closed contour I'.

where I' defines a closed contour in space-time (fig.2.1) around which the path-ordered
exponential is defined. The gauge-invariance is a property of the contour being closed and
traced. The closed-loop path-ordered exponential has its earliest applications in electro-
dynamics in the work of Mandelstam [107] but was adopted by Wilson in [54] as a useful
order parameter to detect the onset of deconfinement in lattice QCD. The ‘stringy’ nature
of the loop was the basis of the dual resonance model before QCD and thus formed the
basis of the string theories that were the inspiration of much activity in the *80s[108, 109].
The Wilson loop can be brought into the domain of standard field theoretic techniques.
The contour I' may be represented by the curve z,(n) where ng < 7 < 7, is some real
quantity parametrising the contour such that, for a closed contour zu(n0) = z,(m). Then
the path-ordered exponential is
Wi = (Pexp [ dnig 8 o, (o), (2.42)
0 n
where ¢, j label the representation of the operators over which the trace is taken to give
the final gauge-invariant quantity.
A perturbative expansion may be developed by obtaining Green’s functions from the

functional by considering the generating functional for the loop operator[108]

_ dz _
ZIA A = /DzDE exp/dn[ianz —1gZA,z l’;(n) +idz + 12)] (2.43)
an
where the Wilson loop becomes just
2 _ N
= mln Z[AvA]l,\:j\:O . (2‘14)

Here, z and z are one-dimensional Grassmann fields which exist on the contour; A and

A are sources for these Fermi fields. The logarithm of the generating functional clearly
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Figure 2.2: A diagram in the perturbative computation of an arbitrary Wilson loop.

enables the removal of vacuum graphs from the perturbative expansion. One sees that the
Wilson loop computation has been reduced to a theory of YM gauge-fields coupled to one-
dimensional fermions. The last step is to introduce into (2.43) the functional integral over
A, with associated ghost fields by applying Faddeev-Popov quantisation to the system.
Application of standard techniques to this yields a set of Feynman diagrams as illustrated
in figure (2.2) which may be computed to give contributions to the loop operator to any
order in perturbation theory.

Dotsenko and Vergeles[110], proving a conjecture by Polyakov[111], show that for
smooth contours, the Wilson loop may be renormalised by absorbing infinities into the
charge renormalisation. In particular they demonstrate the exponentiation property of
the loop expansion: that each order of perturbation theory corresponds to a term in the

expansion in the coupling constant, g, of an exponential.

2.5.2 Static Loop

The static Wilson loop, defined by a rectangular contour in, say, the 23 — ¢t plane
(fig.2.3) where the time-length 7' is taken to be very large, has proved useful in the study
of heavy-quark bound systems such as charmonium{112].

The heavy nature of the charm and bottom quarks make a perturbative expansion of
the loop a valid tool to study such systems - even for long range effects. From the above
one can see that the one-dimensional fermions defined on the contour are indeed, in the
static case, a pair of infinitely massive coloured fermions - static quark fields. The picture
that seems consistent with this quantity is of a quark-antiquark pair created from the

vacuum ‘quasistatically’ drawn apart to spatial separation L and held apart for some long
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Figure 2.3: The static Wilson loop contour in the z3 — ¢ plane.

time T' whereupon they are drawn back together and are permitted to annihilate.

Using the functional methods mentioned in the previous section a set of simple Feyn-
man rules may be developed to compute order by order contributions to the Wilson loop.
These rules are summarised in appendix A. The types of diagrams are illustrated in figure
(2.4). Because contributions from diagrams with closed dynamical fermion loops inserted
in the Wilson loop are separately gauge-invariant, these can be ignored in the calculations
I shall be performing later.

The choice of gauge is significant in this computation. For example, in a covariant
gauge FP ghosts must be included in the computation(55, 56] with the appropriate ghost-
loop insertions included in the diagrams. The computation has also been done in the
Coulomb gauge by Appelquist et al.[57, 58]. The result obtained in all the above compu-
tations, to order g* in perturbation theory, is

W = e~ TV(D) (2.45)
where V(L) is the potential between a static quark-antiquark pair:
3, ipsL 2 2
V(D) = ¢ CR) [ G5 T+ @ oe L - S+ Sy (a0

Here p is the renormalisation point and g is the Euler constant.

[T+

2.5.3 The Temporal Gauge

The temporal gauge is an appropriate gauge in which to compute the static Wilson loop.
The property of ghost-decoupling suggests a whole set of diagrams may be ignored. More-

over, the temporal gauge property of the propagator

Dy = D§ = Dig = 0 (2.47)
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Figure 2.4: Diagrams contributing to the static Wilson loop to order g*. As there are
many diagrams, all different possible attachments of a propagator to the rectangle sides

are summarised by the vertex of a gluon with a circular contour.

means that any diagrams with a gluon leg attaching to the vertical ‘rungs’ of the loop
vanish (for some examples see fig.2.5).

Of course the problem remains the choice of prescription. The computation was first
done by Caracciolo et al.[53] (CCM) who tested the PV prescription (2.38). The diagram
with a gluon self-energy (fig.2.6) proved to be particularly sensitive. In fact using the PV
prescription, namely Dpy in the longitudinal propagator, the exponentiation property
was not recovered: the prescription failed to produce the correct gauge-independent result
(2.46).

The remarkable result uncovered by CCM was that the correct Wilson loop behaviour
to order g* in perturbation theory was recovered with a time-factor of the longitudinal

part of the propagator

1 il
Deem(zo,y%0) = —§|$o — o] 5(% +0) +7 (2.48)

where v could take any real value. One notes that the first term corresponds to the
PV prescription (2.38). But there is an additional term which breaks time-translational
invariance. Thus the resultant propagator cannot be Fourier transformed in terms of a
single four-momentum.

As a consequence of the surprising result that the Wilson loop, being a gauge inde-
pendent object, was able to pick out problems with the PV prescription, the Wilson loop

‘criterion’ is now a key diagnostic tool in testing consistency of propagator prescriptions
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Figure 2.5: Some Wilson loop diagrams that vanish in the temporal gauge.

A

Figure 2.6: A self energy contribution to the Wilson loop in the temporal gauge.
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in the temporal and other axial gauges[65, 66, 67, 113].

2.6 Dirac Method

There are numerous pedagogical expositions of the Dirac constraint method[114, 115]
including lectures by Dirac himself[11]. I shall be content here with highlighting the main
features. The work of Faddeev[12] and Senjanovic[13] has shown that the methods to be
discussed here do indeed dovetail into the path-integral formalism used in the last section
but I shall not go into these connections.

Consider a simple mechanical system of N degrees of freedom described by coordinates
gn, n = 1,...,N. In general the Lagrangian will be singular - some of the conjugate
momenta, which are functions of the velocities ¢,, may depend on each other. In other
words there will exist M < N constraints on some of the momenta, known as primary

constraints as they arise directly from the Lagrangian,

Xm(g,p) =0 (2.49)

form=1,..,M.

The simplest example of a system with an infinite number of degrees of freedom having
the same behaviour is that of electromagnetism where the vanishing of the conjugate
momentum mo(z) = 0 by virtue of the antisymmetry of F},,, is a trivial primary constraint:
o is a linear combination of the m; momenta, where the coefficients are zero. Indeed
this example illustrates the problems with constraints in quantising a theory in that the
vanishing of mg contradicts the equal time commutation relations that one would like to
impose based on the classical Poisson bracket relations[99].

Now the physics of the system with Hamiltonian function,
H=p,q,— L (2.50)

is the same as that for the same Hamiltonian with the constraints added via a set of
undetermined multipliers, w,,

Hy=H + tnXm - (2.51)

For consistency, the primary constraints must be conserved in time. Consider the quantity

d)m = {H, Xm} (252)

where the Poisson bracket is defined in the usual way (see appendix A). If it does not
already vanish, 2.52 must be set equal to zero and this implies a number of secondary

constraints, which can in turn be added to the Hamiltonian with associated mulipliers, vq.
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This procedure can be repeated until no more new secondary constraints are generated.
To do this consistently the constraints must not be imposed until all Poisson brackets
have been computed. This defines a weak constraint in the Dirac sense. Thus a strong
constraint in the Dirac sense is one imposed before the computation of brackets. This is
distinct from my use of the terms ‘strong’ and ‘weak’ in the last section to denote the two
ways of implementing the Gauss law on a Hilbert subspace in the temporal gauge.

The indeterminacy of the system has now been re-expressed in the unknown multipliers,
Um, Vo, .- LThe set of constraints thus generated can be regrouped in another way - those
for which the Poisson bracket between pairs of them gives another constraint are known
as first class quantities (clearly there are an even number of these), and those that do not
are second class. Following the above algorithm, the time-conservation requirement on
the second class constraints will yield equations which can be solved for the undetermined
multipliers. So the number of undetermined multipliers equals the number of first class
constraints.

The second class constraints present quite distinct problems in generating a consistent
quantum theory. In general, first class constraints in a classical theory are realised as
conditions on states in the Hilbert space. Dirac gives a simple argument to demonstrate
the problem posed by second class constraints. Consider a simple classical system with

second class constraints on the position and momentum operators:
g=p=0 (2.53)

where these constraints are weak in the Dirac sense. As has been said, in the quantum

theory these occur as conditions on states or wavefunctions

qly) = 0 (2.54)
ply) = 0. (2.55)

But then the quantity (¢gp — pq) should annihilate a state (in the strong case, or have
vanishing expectation value between states in the weak instance) - this contradicts the
second class property of ¢ and p, that their Poisson bracket (also second class) does not
vanish. The classical Poisson bracket of second class quantities is not the appropriate
quantity to be taken into the quantum commutator of the corresponding operators.

The solution given by Dirac is to introduce a modification of the classical Poisson
brackets. If one forms a matrix from the set of second class constraints, x;, of some

arbitrary system

Ci; = [{xi>x3}] (2.56)
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then the inverse of this matrix can be shown to exist. One then introduces the Dirac

bracket between two quantities A and B:
{4, B}" = {4, B} - {4,x:}C5{x;, B} - (2.57)

The repeated index, as usual, denotes a summation but can also mean a space-integration
where A and B might be field variables. These brackets are consistent with the classical
equations of motion. The Dirac bracket is now a first class quantity and can thus be
appropriately taken into the equal time commutator to define a quantum theory. For a
general set of constraints one can choose appropriate linear combinations of them that
minimise the number of second class constraints enabling maximal use of the Poisson
bracket. A simpler approach is to make all the constraints second class by expanding the
set of constraints with some suitable subsidiary constraints and use the Dirac brackets ab
initio. Thus each first class constraint requires the introduction of a subsidiary constraint
or gauge constraint in order to get all constraints second class. Another way to see this
is to recall that the dynamics is still only determined up to a number of Lagrange mul-
tipliers equalling the number of first class constraints. Introducing the subsidiary gauge
constraints enables determination of these multipliers.

At this point, having constructed the Dirac brackets, all the constraints can be strongly
implemented (in the Dirac sense) which enables one to deal with the reduced Hamiltonian
- the Hamiltonian with the constraints implemented - and the Dirac brackets.

Thus in the case of free electromagnetism the problems identified earlier due to the
vanishing of 7y are satisfactorily resolved by noting that this generates a secondary con-
straint

om; =0 (2.58)

- and this is precisely the Gauss law constraint for the free theory. An important aside is
that, implementing the constraint (2.58) weakly, the operator d;7; becomes the generator
of gauge transformations via the Dirac bracket.

One has two first class constraints. The constraint algorithm terminates at this point.

To make these second class one needs two gauge constraints and one choice is the radiation
gauge

Ag = 0 (2.59)

JA; = 0 (2.60)

and constructing the matrix of constraints with this system gives a classical Dirac bracket

which avoids the contradictions which occur with the naive Poisson bracket. This approach

gives precisely the canonical system for quantising the free Maxwell theory used in [116].
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Chapter 3

Non-Translationally Invariant

Propagators

3.1 Fully-Fixed Gauge

3.1.1 Subsidiary Conditions

I demonstrated in the last chapter that the origin of the propagator ambiguity in the
temporal gauge is the residual gauge-freedom under time-independent transformations.
This immediately suggests one approach to resolving the propagator ambiguity which I
wish to briefly review here and then present a similar, though somewhat simpler approach
in the next section. I shall follow, up to a certain point, the exposition of Girotti and Rothe
(GR) [61], although other authors have followed related approaches such as Leroy et al.
[63], (LMR) and Lavelle et al. (LSV) [64]. T have chosen not to follow these derivations
as the first requires a preliminary discussion of the Feynman kernel formalism of Rossi
and Testa [117, 118] and the latter uses the technique of stochastic quantisation, both of
which are outside the scope of this thesis.

The essential step in all these approaches, nevertheless, is to simply fix all the gauge
degrees of freedom. Now in free electromagnetism this is achieved by the two gauge

conditions

AO = 0 (31)

&'Ai(:l:) =0 (3'2)

the first defining the temporal gauge, the second being the Coulomb gauge condition. The
two conditions can only be imposed simultaneously in a free Abelian gauge theory.

In an interacting Abelian theory, with current J#(z), the above conditions cannot be

imposed simultaneously. This is easily seen in the Euler-Lagrange equation for the Ay

31
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field in the Coulomb gauge

1

Ao(z) = / d3ym,]0(y) (3.3)

so one cannot also impose the temporal gauge condition without constricting the physical
degrees of freedom contained in the charge density Jp.
However a weaker form is valid, where, along with the temporal gauge condition, one

imposes the Coulomb gauge at a specific instant in time
8iAi(t0,x) =0 (3.4)

This is equivalent to setting the longitudinal part of the photon to zero at the arbitrary
time and indeed removes all remaining unphysical degrees of freedom. That this is the
case can be seen by performing a gauge transformation on the longitudinal field at the
time tg:

§AE (10, %) = diw(x) . (3.5)
If this transformation is to be constrained so as not to take the field out of the gauge
where (3.4) applies, then this must vanish. So d;w(x) = 0, and for fields with vanishing

space-like boundary conditions, this means w itself vanishes; there is no freedom left.

3.1.2 Non-Abelian Case

For non-Abelian gauge theories this argument is complicated by the presence of the

gauge field in the covariant derivative which appears in the gauge variation:
a a abc 61' i, ¢
§AF E(to,x) = O™ (x) + g f* gz lA47 " (to, )0 (x)] (3.6)

The transverse component has mixed into the longitudinal field under the transformation.

So the vanishing of this variation implies, by vanishing space-like boundary conditions,
that

a ) fabcl[Ath ajc ]_0 3.7

wi(x)+g ﬁj(oﬂc)w(x)— (3.7)

and the derivative in the second term may be applied on the product of the transverse

field and w. Moreover we may act on the whole expression with V? to obtain

V2w (x) + g f2207 [ AT (to, x)w(x)] = 0 . (3.8)
Finally we use V2 = —8;0’ and invoke boundary conditions to obtain
0jw(x) — gf**° 48T (to, x)w(x) = 0 . (3.9)

Contracting w®(x) into this expression causes the second term to vanish by antisymmetry

in f**¢ and one is left with w*(x)d;w®(x) = 0 or, by boundary conditions, w®(x)w?(x) = 0.
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For real functions w this has unique solution w® = 0. Thus, again, there is no gauge freedom
left.

Now the significance of this is that complete gauge fixing is achieved for arbitrary .
GR argue that the limit ¢¢ — Zoo is necessary for the two conditions to be imposed
simultaneously in the non-Abelian theory, a statement which is not supported by this
analysis.

However there is merit in GR’s proposed limit in that it reduces the above analysis
to the simpler one given for the Abelian theory by using the property that the transverse

gauge field vanishes at time +oo:
A2T(00,x) =0 (3.10)

This property follows from the vanishing at this point of the transverse propagator which
is a Green’s function of the field A7[119]. That the transverse propagator vanishes follows
from the ie prescription which causes damping in the coordinate zo at infinity (of course
this only reflects the physical boundary conditions one adopts in perturbation theory
anyway).

From this, and considerations I shall come to, it may seem advantageous to seek to
take this otherwise unnecessary limit. However, there are problems associated with taking
the limit, which shall be discussed later.

Nonetheless, in both the Abelian and the non-Abelian cases one has selected a spe-
cific time and one might already suspect that time-translational invariance is compro-
mised in gauge dependent quantities. For any physical observable such as the S-matrix
time-translational invariance, along with invariance under other Poincare transformations

should be recovered.

3.1.3 Propagator

Now I proceed to the derivation of GR’s form for the time factor in the longitudinal
propagator, and thus of the prescription they propose.

Resuming with GR, I write down the generating functional for Green’s functions using
the Faddeev-Popov method for implementing the gauge conditions. The free part suffices
for deriving the gauge field propagator:

Zo[IT ] = / DAT D[] 6(8°¢(to, %)) expi(§ + / d*zJT AT+ / d*zip(z)p(x)) (3.11)
2,X
where ¢ is a scalar potential related to the longitudinal field by

Af(z) = 0i¢ (3.12)
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and JT and ¢ are current sources for the transverse vector and scalar fields respectively.
Clearly, the Ap = 0 condition has been imposed from the outset - or alternately, has been
imposed via a delta functional and the integral absorbed into a normalisation factor. This
leaves the functional integration over A; which has been split into integrations over the
transverse and the longitudinal parts separately - the latter achieved by integration over
the scalar field ¢. I have slightly deviated from the presentation of GR, who maintain the
integration over A; - but specify that it amounts to a transverse integration by introducing
the Coulomb condition d;4;. This I find to be slightly misleading and thus have described
it in this way. The introduction of the functional 6(0;¢(tp,x)) imposes the subsidiary
condition (3.4).

The action, expressed in terms of the transverse and scalar fields, is given by
1/2/d4x(AT 90477 1 $02V24) (3.13)

where terms have been dropped after integrations by parts - permissible in perturbation
theory in a trivial sector of the gauge field space where surface terms can be ignored.

Now the transverse sector will simply yield the propagator in the Coulomb gauge after
inversion of the kinetic operator in the action.

For the longitudinal sector I exponentiate the delta function in the integrand via
; ?
TT6(6%(to, x)) = explyy [ d' [ d'yd(z)s(z0 — 10)726(s0 ~ t0)5(x — y)é(v)] (3.14)
,X

where the limit as A — 0 is implicit.

One finds that the longitudinal propagator is given by
Dij(z,y) = ilim 979G (w0, yo3 x — ¥; 105 A) (3.15)
where the spatial dependence factors neatly in
G(20, Y0; X — Y3 t0; ) = — Da(20, Yo; 1) V6 (x — y) (3.16)

and D) satisfies the equation[61]
92
The presence of the delta function 6(z¢—1o) suggests, already, that the subsidiary condition

1
Dy — X&(xo —t0)Dx = —é(z0 — vo) - (3.17)

(3.4) has conspired to break time translation invariance. GR now proceed to the A = 0
limit but go into no details on the taking of the limit, something I shall return to. But
denoting this limit in Dy by Dgr and requiring that, for fixed yo, Dgr remain finite as

|zo| — oo leads to the unambiguous solution

Dgr(zo, %) = %6(1‘0—3/0)(330—y0)+%(2304'3/0)-to—e(l'o—to)(-’ﬂo—to)—o(yo“to)(yo—to) :
(3.18)
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This is the form that GR give in [61]. The result was reexpressed in a more compact form

by LMRJ[63]:
1 1 1
Drmr(zo,yo) = —§|$0 — Yol + §|$0 — ol + §|y0 — tof - (3-19)
As I have noted, it is unnecessary to take top — too. But taking to large but still finite
1 1
Dramr(zo, yo) ~ —§|$0 ~ Yol £ 5(% + 90) — [tol (3.20)

which connects with the result used by CCM in the Wilson loop computation. I shall
discuss more fully the limiting properties of the GR/LMR form in a later section.

The remaining Feynman rules for gauge boson vertices in the non-Abelian theory follow
from standard perturbative techniques. I shall discuss the relevance or otherwise of FP
ghosts later as well.

GR have checked the more general form (3.19) for the time part in the Wilson loop
and find that the ¢, dependence drops out - thus the limiting procedure has no bearing

on the Wilson loop consistency - and the correct result is obtained.

3.2 Alternative Derivation of Propagator

3.2.1 Derivation

In this section I discuss a more ‘intuitive’ derivation of the propagator (3.19). This is
based on my original work with Crewther in [94, 96].

The essence of this approach is to treat the temporal gauge theory (naturally) as the
parallel-transported or gauge transformed version of the theory in a gauge in which there
are no ambiguities. Provided that the process of performing the gauge transformation
invokes no ambiguities, the resultant theory in the temporal gauge should be ambiguity
free. The intention is therefore to perform transformations on field operators themselves,
as well as their Green’s functions - such as the propagator.

I shall work in the Abelian theory which suffices for the determination of the gauge
field propagator. There are a number of choices I could make for the starting gauge -
covariant (Feynman) gauge or another noncovariant gauge which seems to be understood
in greater detail, such as the Coulomb gauge. In fact I shall start with the latter.

I thus denote the Coulomb gauge potentials by C,(z), satisfying 8;C;(z) = 0, the
potentials in the temporal gauge by A,. The parallel transport along a time-like curve

(line) is, in general, given by

Au(z) =U'Cu(2)U +igU™'o,U (3.21)
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where, to connect the temporal with the Coulomb gauge, U may be written
o
U(zg,x) = Pexp(—(l/ig)/drCo('r,x)) . (3.22)
to
Such a choice automatically ensures A, (z) satisfies the temporal gauge condition, Ag = 0,
as U satisfies the differential equation
oU [0z = —(1/ig)CoU . (3.23)

Thus, in this scheme, the temporal gauge fields are identified with the Coulomb gauge
fields at time zg = to, where % is, as in the previous section, some arbitrary but fixed
instant in time. At later times the temporal gauge fields are ‘transported away’ from their
Coulomb gauge equivalents.

In the Abelian case, the non-zero components of (3.21) reduce to
Ty
Ai(z) = Ci(z) — &7 / drCo(r,x) . (3.24)
to

I now construct the temporal gauge propagator in a manner consistent with the Dyson-

Wick expansion, as a time-ordered product of the vector fields
D7 (2,y) = 6(z0 — %0){Ai(2)A;()) + 6(y0 — z0)(4;(y) Ai(w)) (3.25)

where the unordered (Wightman) functions are easily evaluated

(A A;) = (Ca) =07 [ drCulr,2C,ty) - 8} [ dr'Co(r',3))

(Ca)C () +070¢ [ dr [ ar(CalrColr',y))  (3.26)

to

the ‘mixed’ terms vanishing as the one point functions (C;(z)) = 0. In the standard
approach, Cy is not expanded in dynamical fields. Inserting (3.26) and its reversed function
into the ordered function (3.25), the various terms conspire, along with the fact that
the instantaneous propagator is itself unordered, to return the original Coulomb gauge

propagator components. Thus

Zo Yo
Di5™(a,) = DG a — y)+ 070 [ dr [ ar' DG (r — v x~ ). (3.27)
to to

Each term in this expression involves a well-defined Green’s function; I can be confident
then that the procedure has successfully given an unambiguous propagator. Using well-
known momentum space representations of the individual terms[116] one finds:

dk  _; 1 kik;
temp o —ik-(z—y) . 1
D™=y =t [ Gy e (g” * |k|2>
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T 7 dik : 1
- i oy [ar [ar ehtr iy <W> . (3.28)
io to

The first term here is clearly the propagator for the transverse radiation fields, the
second involving only the non-dynamical terms. The second piece shall be the focus of
my attention, it being the longitudinal propagator I am interested in. Performing the

derivatives and integrations gives

d*k kikj 1 k-(x—y) iko To —ikgto ko Yo ikoto
— ' - iR T - v \ — €' . .2
@ )4 T kge (e e )e € ) (3.29)

DiLj("l%y) ==

This factorises, as expected, in a space and the important time part, the latter taking the

form:
dko (e—ikoxo . e—ikoto)(eikoyo _ eikoto)

DKC(anyo):/(2,’r) k2

where I now introduce the subscript K C to indicate this is our candidate propagator.

(3.30)

Note that the integrand in this expression is well-defined at kg = 0. Performing the

energy-integration gives our result for the time part of the longitudinal propagator

Dxc(zo0,%) = —1/2(|zo — yol — |0 — to| — |¥o — to) (3.31)

which is precisely the expression derived by GR, LMR and also by LSV.

3.2.2 Connections with the CCM Result.

The question I primarily wish to address here is: Is the CCM result for D justified by
the various approaches leading to propagator (3.31)?

Firstly, I wish to stress that expression (3.31) and the CCM result are different. How-
ever there are values of (g, yo) for which they can be made to match. GR have observed

that only in the regions

(zo,%) > to

(.z'o,yo) < 1o (332)

does their (and my) propagator agree with the CCM result (2.48) if the arbitrary quantity
v in the CCM expression is identified with the arbitrary time, |tg|. On the other hand
these two forms for D disagree outside these regions; for g > to > yo and yo > 2o > zg
my result for the longitudinal propagator vanishes.

Now it is generally argued that if ¢y were chosen in the regions (3.32) then use of the
CCM propagator would be justified by this approach. Hence the desire to take tg — £oo,
so that tp will be in the regions (3.32) for all (z¢, yo). But if the limit were to be taken
directly in the propagator then the factor D immediately diverges. The option generally
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adopted is to take ¢y to be large, in other words satisfying either of the conditions in
(3.32), but finite until the very end of a computation. In the context of the way in which
a propagator is used in perturbation theory, as a kernel operator, it would appear that
this implementation of the limit is also inadequate. In a typical calculation of, say, a
scattering amplitude one would be integrating over all times z¢ and yo, appearing in the
propagator. One cannot keep the fixed value of ¢y, both finite and outside the infinite
region of integration which must be the case if one is to validly use the CCM propagator.
So one is left with the remaining action of taking, a priori, ¢y infinite in, say, the negative
time direction. In my parallel transport approach to an unambiguous temporal gauge
theory, this effectively means evaluating the integral

dko

z v
5 /dT/dT'exp[—iko(T—T')] (3.33)

but this integral is now ambiguous and I have thus failed again to obtain a fully regularised
theory 1. There is no way to implement this limit.

Before moving on I point out that Slavnov and Frolov (SF) [74] have given an alter-
native derivation of the CCM result within the context of functional integration, but not,
apparently, as the limit of the propagator incorporating the time factor (3.31). The start-
ing point of SF is to enforce Gauss’ law as a constraint on states (strongly) and imposing
the vanishing of the asymptotic transverse fields, just as GR have demanded. The CCM
propagator was found by solving the classical equations of motion in the exact Ag = 0
gauge in order to perform a (Gaussian) functional integral. The interesting point here is
that the quantity v in the CCM expression occurs also in the SF formalism but, though
having the dimensions of ‘length’, is not easily interpreted as some arbitrary ‘time’, for
example {y. So, there may be an entirely different scenario in which the CCM propagator

is applicable in the perturbative temporal gauge theory.

3.2.3 Green’s Function Properties

Now I have to discuss the following issue. CCM give an argument in their work that the

propagator must satisfy the same differential equation as (2.40) for the PV prescription:

(82/823) Deea(zo,y0) = —68(zo — yo) - (3.34)

'This integral can be made unambiguous by introducing modulating factors in the exponents with

opposite sign for each exponent. The resultant propagator in fact corresponds to the result in Steiner’s
soft temporal gauge [76], where Ao = 0 is recovered only in the limit of the regulator being taken to zero.
Thus taking the approach of parallel transport from the Coulomb gauge to the soft temporal gauge will
automatically generate the modulating terms to give the above integral meaning. Because this is not an

exact temporal gauge it is outside the scope of my concern in this work.
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This was the basis on which they obtained their propagator; they solved (3.34) with the
result

1
Dceom(zo, yo) = —§|$o —yo| + azo + yo) +7 (3.35)

where a and vy remain unfixed by these considerations. Demanding Wilson loop consis-
tency fixes a to be £1 giving the final CCM result (2.48). However my propagator (3.31)
satisfies

(62/87’(2))1)1(0(1'0, Yo) = —6(zo — yo) + 6(zo — o) . (3.36)

One might argue that in the large |to| limit, the second delta function term gives
no contribution, implying that the result (3.31) gives a propagator which is a Green’s
function only, apparently, in this limit. However, as mentioned, there is no well-defined
way in which to take this limit.

The quandary, which the literature does not explicitly discuss, would appear to be
that the Green’s function requirement on the propagator (and not completeness of the
gauge-fixing) forces one to seek to take this impossible limit |to| — oo.

The subtlety that has not been stated clearly elsewhere is that associated with taking
the limit A — 0 of the gauge parameter A in (3.14).

Let us proceed with A # 0 for the moment. Then the time dependent part D(zo, yo; to)
of the longitudinal propagator satisfies (3.17). From (3.17), it is a simple matter to deduce
the A dependence of Dy, viz.

D (20, Y05 to) = Da=o(Z0, Yo;to) + A (3.37)
where Dy_g is required to satisfy the equations
6((1:0 b to)DA:O =0 (338)

and
32
WD,\=0($0, Yo; to) — 8(zo — t0) = —6(z0 — %o) (3.39)
0
corresponding to terms proportional to A~! and those independent of A when (3.37) is

inserted into (3.17). Equation (3.38) is equivalent to the initial condition

Dx=o(to, yoit0) = 0. (3.40)

Now the A — 0 limit is trivial: the time factor in the longitudinal propagator becomes
the quantity
D)‘=0($0,y0;t0) (341)

which is defined by the A independent constraints (3.39) and (3.40).
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The differential equation (3.39) is equivalent to (3.36). Furthermore my candidate

Dk vanishes for g = to, in agreement with (3.40). We conclude therefore

Dy—o(z0, Yo; to) = Drc(zo, yo; to) - (3.42)

3.3 Non-Abelian Theory

I now consider complications that arise in the context of a non-Abelian theory - in
particular those introduced by FP-ghosts. This exposition is primarily developed from
ideas in the unpublished thesis of Otto [120] who attempts to compute the pure YM two
loop renormalisation group beta function in the temporal gauge using the CCM result
for the time part (2.48). Though successful at the one loop level in obtaining the correct

result [100]

x ff‘)z %CZ(G) (3.43)

the computation fails at two loops, or order g3. One possible explanation raised in Otto’s

B(gr) =

work for this failure is the absence of FP ghosts in the computation. The question that
arises here is why ghosts should affect the two loop result and not that for one loop.
However, my concern here is not so much for the beta function problem observed by Otto,
whose calculation remains unpublished and unverified, but rather on the general role F'P
ghosts play in this approach.
That FP ghosts can arise is evident if I follow the FP method more carefully for the
fully-fixed gauge conditions. The FP determinant is given by
AF[A] = / Dg T 6(¢ Ao(o, x)) [] 6(8:% Ai(t6, %)) (3.44)
Z0,X X

and this leads to the expression, in component form, for the implied FP matrix
M® = 62V 4 g fobe A¢(ty, x); . (3.45)

Now given that at 29 = #o the longitudinal fields vanish, this expression only generates
coupling between FP ghosts and the transverse gauge fields. For finite to, the ghosts
remain coupled!

The need to take tp — oo has been dismissed, but given that AT (+o0,x) = 0
it may seem that the ghosts will decouple in this limit. But I have already discussed
the dubiousness of the limiting argument as a justification for using the propagator with
(2.48). The question one is now faced with is: are FP ghosts necessary when using the
CCM propagator?

Does the Wilson loop offer any clues? In the Wilson loop computations with these

types of propagators, which have all been carried out with to finite, ghosts have clearly
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been unnecessary for the success of the exponentiation criterion. Indeed LMR [63] show
that incorporating ghosts consistent with (3.45) does not affect the exponentiation: the
ghosts amount to a factor independent of the time-length of the loop contour which does
not contribute to the static potential. Thus the static Wilson loop is not sensitive to
the relevance or otherwise of these Coulomb-type ghosts to more general perturbative
computations, in particular the beta function computation attempted by Otto. The Wilson
loop offers no information on this question.

The most rigorous derivation of the CCM propagator is that of Slavnov and Frolov{74]
who obtain the CCM result, but do not address the question of ghost decoupling. In the
absence of further information, one can only conclude from the above concerns about the
limiting process that it is desirable to work a priori with #, finite using the propagator
with time part (3.31), with ghosts. To date, there has been no work beyond the static

Wilson loop employing these criteria.

3.4 Conclusions

To summarise the conclusions reached within the approach of fully-fixed temporal

gauge theories:

e The question of the ambiguity in the propagator in the temporal gauge may be
resolved by starting in a well-defined gauge such as the Coulomb gauge, and trans-

forming the propagator directly into the temporal gauge.

e This inevitably yields a result non-invariant under time translations - because the

time-slice from which one parallel transports remains in the formalism.
One must be cautious about limits with the initial time, t:

e The non-Abelian theory does not force one to take the limit ¢y — +oo in order to
achieve a valid complete gauge fixing. But were one to seek to employ the limit,
it cannot be taken immediately (when parallel transporting) nor in the propagator

itself.

e The approach of fully-fixing the gauge does not justify the use of the CCM propa-
gator. Thus, though there may be other derivations giving the CCM result[74], the
argument for the CCM result invoking the limit ¢ — +oo in (3.31) is not valid.

e In this context then, the general form for the propagator longitudinal time part

(3.31), as derived by GR, LSV, LMR and myself, should be used with g kept finite.



42 CHAPTER 3. NON-TRANSLATIONALLY INVARIANT PROPAGATORS

e The factor (3.31) is a Green’s function of the equations of motion with the subsidiary

condition (3.4) properly taken into account.

e I'P ghosts formally decouple in the FP determinant when ¢y = +oo based on the
argument that the asymptotic transverse gauge field vanishes. However, because
there is no well-defined way to employ this limit in computations, this does not
permit the exclusion of ghosts from a general computation. Thus in general one
should compute in this gauge with the propagator incorporating the factor (3.31)
and FP ghosts, with to kept finite.

One issue I have not taken into account are the problems that seem to be inherent in
the Coulomb gauge itself [121, 122] which might manifest themselves while the arbitrary
time to is finite. The other, which I have already mentioned, is that there may be an
alternate approach in which the CCM propagator is entirely valid [74].

The final conclusion I wish to draw out in this context is that the non-translational
invariance and the presence of ghosts - though constituting a consistent approach to the
quantisation of YM theory in the temporal gauge - render the theory cumbersome, over-
whelm any advantage the naive temporal gauge might have presented, and make the task
of proving renormalisability intractable.

In the following chapters I therefore abandon this approach and pursue the alpha-

prescription as a possible method of dealing with the temporal gauge.



Chapter 4

The Alpha-Prescription

4.1 Introduction

The ‘alpha-prescription’, suggested by Landshoff [75], has been given scant attention in

the literature, a surprising fact given the stalled progress achieved by other prescriptions

in the temporal gauge. In the alpha prescription the regulated propagator takes the form
D- n(punu + punu) n? Pulv — a?n? n“n,,]

ab
ab _ _
,w(P) = (p2 n ie)[g’“' (p-n)2 I a2(n2)2 (p- n) + a?(n?)?

The point at which the limit @« — 0 is to be taken is a vexed question to which I shall

(4.1)

return.

The features of this propagator are several: first, it exactly fulfills the condition for
a ‘true’ temporal gauge propagator, in that it is orthogonal to the gauge-field vector,
n*D,,(p) = 0 as an algebraic identity. This is especially useful in Wilson loop computa-
tions as I have discussed. In the next chapter I shall outline Landshoff’s demonstration
that (4.1) satisfies the Wilson loop criterion without requiring the introduction of FP
ghost-fields. An important observation Landshoff notes is that keeping o non-zero until
the very end of the computation enabled dangerous 1/« terms to cancel, making the limit
o — 0 safe, and leaving behind precisely those terms that gave the correct result.

To simplify things I consider the 7,j components of the propagator for the case n =
(1,0,0,0) again. In the alpha prescription the propagator becomes:

1 pip; 1
Frie I bt a2
Computing the longitudinal part of the propagator reveals that, unlike the prescriptions

Dij(p) = 9ij (4.2)
considered in the last chapter, the factorisation between the space and time dependences

no longer occurs. Also, the Fourier transform with respect to the momentum po contains

a term of the form

PiPi 1 e
W%e alzo—yol (4.3)

43
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and one sees the negative power of alpha that is a consequence of the energy (po) integra-
tion. So there is the potential for pathologies to arise in taking the limit o — 0.

This result conveys yet more information: firstly, that the dimension of « is that of
mass, and secondly that the coordinate space two-point Green’s function is in itself ill-
defined in the limit o — 0. There is no gaurantee that Green’s functions in general will
be well defined in this limit, and that, if the alpha prescription is a valid prescription, one
should only expect safe limit properties as pertaining to physical or gauge independent
quantities - such as the S-matrix, or the Wilson loop. To expand on this point a little
more: the expectation should be that for nonzero o a quantity computed with the alpha
prescription would not itself constitute the gauge independent result. Rather, that once

the (hopefully safe) limit & — 0 is performed the correct physical result should be restored.

4.2 A Derivation of the Alpha-Prescription

In seeking a derivation for the alpha prescription the first option that must be dismissed
is interpreting the alpha prescription in the sense of distributions[27]. The result (4.3)
contradicts this possibility for which one would expect that the limit @ — 0 should be
viable in the Fourier transform of the momentum space propagator.

It is clear then that the parameter a must appear in the Lagrangian from the outset.
Steiner’s derivation [76] is in this vein: he introduces a modification of the temporal gauge,
the soft temporal gauge, where Ag no longer vanishes but is proportional to . In this
derivation, the final propagator, though bearing the appropriate denominator (p.n)? +
a?(n?)?, does not retain the same tensor structures as the form given by Landshoff and so
does not exactly satisfy n,D*(p) = 0. Certainly in the limit @ — 0 the temporal gauge
is restored, but it is not clear that at the quantum level this approach will reproduce the
success of the alpha prescription, for example, in the Wilson loop.

Indeed any legitimate, gauge-fixing condition imposed on Yang-Mills theory is a priori
ruled out by the Cheng-Tsai theorem [68, 69, 70], which cannot accomodate the tensor
structure n,n, in the propagator.

A recent preprint by Milgram[123] suggests that the prescription can be obtained by
including a ‘damping’ term into the Lagrangian, like a®?4?. But this generates an a? in
place of the normal Feynman prescription for the p? = 0 pole, and it is known that having
the same parameter in both Feynman and spurious prescriptions does not give the correct
result for the Wilson loop[124].

Thus the answer to the origin of this prescription is available only outside the familiar

structure of Yang-Mills + gauge-fixing in the Lagrangian.
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With these considerations in mind I introduce the following path-integral formulation

of the generating functional of Green’s functions for an ‘extended’ gauge-theory:
207 = N/DA & i /d%[ﬁm + Lot J-A] (4.4)

where Ly is the usual Yang-Mills Lagrangian density, and the additional Lagrangian

density is

. i a2n2
Ea = _(1/2)1)0. lII(-n,c‘n’”‘Fu.l/(11,’,.(1D2)/(]V2 — 1) _ 01277,2

Here Dzb denotes the covariant derivative on the gauge group defined in the second

)Dab y I(Zc n“ F/j’u’ . (45)

chapter. By I f{b I mean the ‘inverse’ of the covariant derivative contracted with the gauge-
vector, namely (n - D)1, which I shall expand perturbatively in the coupling constant,
g:
K2 = §%(1/n-0) + gf**(1/n-0)n- A°(1/n-0) + ... (4.6)
I am being rather cavalier in my treatment of the 1/n -0 factors. A careful treatment of
this does give rise to some subtleties but I shall come to these later.
The other unusual quantity appearing in the alpha Lagrangian is the colour trace (T'r)
of the square of the covariant derivative, suitably normalised by 6906 = N2 _ 1 in the

adjoint representation:
Tr(D?)/(N?—1) =0+ (C2(G)/(N? - 1))A%. (4.7)

I observe a number of features in the extra Lagrangian term. For the bare Lagrangian
L4 the limit @ — 0 is safe and it vanishes in that limit, restoring the original YM theory.
The extra term breaks Lorentz invariance (via the presence of the gauge-vector n,). But,
again, in the limit @« — 0 the Lorentz symmetry is restored. One may hope that the
quantised theory will respect this behaviour. The gauge-invariance of the extended theory
also means I can apply the Faddeev-Popov procedure to fix the gauge and extract Feynman
rules, and I shall fix in a non-covariant gauge. However, at this point there might be a
concern that the operator K2 involves an infinite number of gluon vertices, and moreover,
with a knowledge of the infamous history of the propagator problem in these gauges in
mind, the more alarming feature of (1/n - §) factors (or in momentum space, 1/p - n)
reappearing in perturbative Green’s functions. Have I attempted to ‘prescript’ these poles
in the propagator, only to bring them back in, unprescripted, in the vertices? I shall
show that the virtues of the alpha-presciption will enable one to overcome this particular
problem.

I fix the gauge by following the method in chapter 2: introduce into the functional

measure of (4.4) the delta function

§(n-A° — C%) (4.8)
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and integrate over C* with a sharp Gaussian weight. The standard Faddeev-Popov pro-
cedure indicates that FP ghosts decouple. This conclusion is actually correct, as will be

shown later. Thus the FP method gives an effective Lagrangian
Less=Lym+ Lo~ (1/2X)(n- A)? . (4.9)
I shall be interested in the limit A — 0.

4.2.1 Propagator

I extract the kinetic operator in (4.9), go to momentum space, and invert the resulting

quantity and I arrive at the gauge-field propagator:

D (0) = Tl - LNn i) | Wm0ty Py (g g
P (p-n)2+a*(n?)? ~ (p-n)?+ a?(n?)? (p-n)?
Now one may register concern at the continued appearance of a 1/(p - n)? term here
unprescripted. Were one made of sterner stuff and wished to pursue calculations with A
non-zero, this problem could be easily surmounted by employing a non-local gauge-fixing
Lagrangian,

Leg = (—=1/2X)n - A*[1 — o*(n®)?/(n - 8)?]n - A% (4.11)

Inverting the quadratic part with this yields the same alpha-propagator with the X term
prescripted with the denominator, (p-n)? + a?(n?)2. The ghost structure is now different
but I shall discuss the decoupling even in this case a little later. Nonetheless, my intention
is to take A — 0 and upon doing so I obtain the precise form of the alpha-prescription

from (4.10).

4.2.2 New Vertices

The YM Lagrangian yields the usual 3-gluon and 4-gluon vertices. The specfically
non-Abelian parts of the alpha Lagrangian demand new vertices in the theory. Of course,
as far as generating the alpha prescription in the propagator is concerned these vertices are
unimportant, and nor is the enforced gauge invariance. However, it would seem remark-
able that a gauge-invariant additional term to the quadratic part suffices to generate an
unambiguous propagator - and this gauge invariance (or BRST invariance once the gauge
fixing term is introduced) may be a useful property to maintain in the non-Abelian theory,
particularly to enable derivation of identities that may guide a proof of renormalisability
at higher orders in perturbation theory. A question to be asked is: what price has to be
paid for retaining BRST invariance? Does the retention of the symmetry force additional

complications that may overwhelm any positive advantages in maintaining the symmetry?
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The new vertices implicit in the alpha Lagrangian (4.5) fall into two groups. In the

first instance I concentrate on the structure in the alpha-Lagrangian:
b b
D¥ VYKt F, (4.12)

which itself yields two types of terms, aside from that which directly contributes to the
propagator. There is the term arising from the structure factor in the covariant derivative,

and the first Abelian term from the field-strength tensor:
forA% (8% n . 9)ntd,AC (4.13)

which clearly reduces, assuming that n-d/n-0 = 1, to an antisymmetric quantity multiplied
by a symmetric piece, and a summation over colour indices; the quantity vanishes. Now
the subtleties I have alluded to are connected with the naivety of this argument - but I
defer this for the present.

What this leaves for non-propagator contributions from here are terms with an n,
sitting in the resultant Feynman rule for a vertex. In any diagram this vertex attaching
to a propagator of an internal gluon line will kill off most terms via the property of the
alpha-prescription that n#D,,(p) = 0. If I make the restriction to S-matrix elements,
characterised by the property that Feynman graphs contain gluon propagators in ezternal
legs, then all such diagrams built with these vertices are seen to decouple.

It should be said that the ordering of operators in (4.5) is non-unique as far as deriving
the alpha-prescription is concerned. However, it is the unique property of the form given
here that these (the most unpleasant) extra vertices decouple from unamputated S-matrix
amplitudes.

The second type of vertex arises from the second non-local operator in (4.5). T am
forced to actually extract the Feynman rule corresponding to this interaction part. In
fact, there are also an infinite number of these, corresponding to an expansion of the
operator in the coupling constant, g. Indeed, these give rise to gluon vertices involving
4,6,8..etc. gluons. I illustrate the structure of these vertices by examining the lowest order
contribution - a four gluon vertex indicated in figure (4.1).

After extracting the term quartic in the gauge-field, and symmetrising, I can write in
momentum space:

Cy(G)

Virek(p, g, k,r) = ‘iaznzgz(m 1

uvp

[62°6°( g [kr, o] + 9aolPus 0]) + cyelic perms.]
(4.14)

where, in the interest of compactness, I introduce the notation:

[A,B] = AB + AB (4.15)
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Figure 4.1: The lowest order new vertex for o non-zero: a four vertex.

and
By = pu/ (5% + a?n?)? (4.16)

The lowest order diagram that can be constructed from this graph is a non-vanishing
tadpole graph. Scaling arguments reveal the truncated graph to be proportional to o?. It
remains to be seen whether this is sustained when inserted into the static Wilson loop or
whether, after the limit o — 0 - if permissible - is taken, contributions survive which may

be inconsistent with gauge-invariance.

4.2.3 Comments on BRST Quantisation

By virtue of the gauge invariance in the unfixed alpha Lagrangian a BRST approach
to the quantisation of the theory may be taken. In particular it is possible to compute the
conserved BRST charge consistent with the Lagrangian (4.5). Schematically this would
give the form Q{?M + Qﬁ*) where Qa) is the contribution arising from the specific alpha
dependent term in the Lagrangian. Using this quantity the physical states of the Hilbert
space may be defined as those annihilated by this charge [17] and I postulate that such
states would transform into the physical states of the pure YM theory in the limit o — 0,
where the charge Q'('i ) itself vanishes. Further properties such as Lorentz invariance in the
physical space may be demonstrated.

I have been content to outline this program schematically as the complications of
the new vertices, and the subtleties described below cause one to question whether this
approach to the alpha prescription is appropriate within the parameters outlined at the
very start - of determining an unambiguous YM theory in the temporal gauge which
minimises the presence of additional fields and complications, and this would include the
new vertices. Thus the BRST quantisation of the theory with (4.5) has not been pursued

in any detail.
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4.2.4 Subtleties

To turn now to the complications implicit in the non-local operator 1/n - Jd. This

quantity implies an integral operator involving some kernel, :
+o00
—8f(x0,x) = / dtk(t — zo) f(t,x) (4.17)
—00

where I now use the specific representation of the gauge-vector n, = (1,0,0,0), and the

kernel must satisfy the Green’s function condition that
0
——K,(t . .’L’o) = 6(t - 330) - (418)
ot g
This plays its role in the factor in the alpha-Lagrangian (4.5):
0”(1/n-3)n"F,, (4.19)

(Iignore for the moment gauge group indices). When the field strength tensor is expanded
one can see that there are terms where the non-local operator acts on n - A, which will
be eliminated in the gauge-condition, so these do not concern us. The significant term in
(4.19) is

(9 30 (). (4.20)
Treating this naively earlier I set 80 to one, irrespective of the choice of kernel, k. But in
fact writing this with (4.17) and using integration by parts to truly act with the derivative

on the kernel, one sees that one is left with a surface term depending on the value of the

field A;(z) at time plus or minus infinity. Indeed choosing
k(z) = 0(z) (4.21)

where @ is the usual Heaviside step function being 0 for negative values and 1 for positive,
one sees that the value of the gauge-field at plus infinity is involved. I cannot ignore it. I

find an extra term appearing in the kinetic term that I had previously ignored involving
8¢Ai(oo, x) 5 (4.22)

Thus insofar as ignoring this term amounts to generating the alpha-prescription, a
fully fized gauge has been implicit all along - defined by the two gauge conditions that

were the concern of the last chapter:

Ag = 0 (4.23)
0;Ai(00,x) = 0. (4.24)
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The difference here is that the second equation in (4.24) is not implemented as the limit
of some time ¢y — +oco. Rather the subsidiary condition is taken a priori at time infinity.
Here it is permissible to take time infinity immediately as the subsequent propagator does
not diverge; the arbitrary time fo has not been invoked at any stage of the analysis and
thus the propagator does not depend on such a parameter. The reason why no time
translational invariance is introduced rests on just this point: the boundary condition at
to = oo has been applied from the start and the non-zero alpha renders quantities well
defined in this limit - unlike the ambiguous quantity (3.33). In other words, integrals have
been regulated within the temporal gauge rather than by breaking the temporal gauge
condition as in Steiner’s approach [76).

The recognition of the subtlety in 1/dy has potentially severe consequences - the intro-
duction of yet more vertices. This problem can be minimised by staying with the choice
of the kernel as a theta-function; this choice now only affects the form of the theory in
the ‘alpha-sector’; the YM vertices are unaffected by this choice. Since the hope is that in
the limit @ — 0 the non-YM sector drops out, the specific choice of  is irrelevant, except
that it is this choice that gives the alpha-prescription.

Reconsidering the full alpha-Lagrangian I find that the lowest order Feynman rule
(again, there are an infinite number) arises from the structure-constant terms in the co-
variant derivative factor, acting on the non-local O — a?n? factor in the middle, giving a

term in the Lagrangian:

2

01211, o ut.b!

— (1/2)g2fab0fab'c’A;:A:?Ut,b(
where

AP = A% (00, %) . (4.26)

But now recall the result used in the last chapter: that the transverse fields A:fr“
vanish at time too. This, together with vanishing of the longitudinal part implicit in the
complete gauge-fixing condition, mean that indeed A*“® vanishes, and this last set of
vertices do not contribute.

One is still left with the infinite set of new vertices which includes (4.14). As mentioned,
this has an overall factor of @? and one can only hope that this and the higher order

corrections will only gi/ve vanishing contributions to at least the static Wilson loop.

4.2.5 FP Ghosts

I conclude this section with a further analysis of the ghost structure. I have men-
tioned that implementing the Faddeev-Popov method with the gauge invariant extended

system (4.4) the standard ghosts can be seen to decouple in the Lagrangian itself using
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the arguments presented in chapter 2 for the homogeneous case, which is strictly all I am
concerned with in this work. However, even in the inhomogeneous case the arguments
presented in chapter 2 apply. Firstly, if the theory with gauge fixing Lagrangian (4.11)
were pursued the argument used by [40] for the planar gauge would apply here with appro-
priate modification. Frenkel’s approach[102] to the theory with gauge fixing Lagrangian
—(1/2X)(n- A)? but X # 0 might seem problematic. Recall that here one carries the ghosts
into the perturbative formalism and argues the decoupling on the basis of integrals that
vanish in dimensional regularisation. But the method I have used to generate the alpha
prescription in the gauge field propagator has not correspondingly given meaning to the
p-n = 0 pole in the ghost propagator. This is as it should be. Recall that the ghosts
arise from a BRST variation in the gauge fizing term and not in the gauge invariant (thus
BRST invariant) part. In this theory I have generated the alpha prescription not by intro-
ducing alpha into the gauge fixing but by modifying the original gauge invariant theory in
-a gauge invariant way. Thus the fact that a prescription has been generated in the gauge
field propagator should not (and does not) correspondingly generate a prescription for the
ghosts - because the gauge fixing Lagrangian remains unchanged in the alpha prescription.
Frenkel’s argument for ghost decoupling may be seen to still apply by noting that ghosts
really matter only if they contribute to loops. Hence any prescription which gives zero in
dimensional regularisation for all loops will correspond to a decoupling of the ghosts.

But the subtleties noted in inverting Jy also have a potentially more serious impact on
the homogeneous case. The ghosts that seem to be carried in this formalism for the alpha,
prescription are the Coulomb ghosts at infinity. Here too in fact there is no problem:
because the boundary condition (4.24) at infinity is not being implemented as a limit
of tg — Foo the argument for decoupling of these Coulomb ghosts discussed in the last
chapter would apply in this case.

Thus the alpha prescription is indeed a ghost free approach to the temporal gauge,
although, in this derivation, the insistence of BRST invariance for nonzero alpha introduces

other complications that may outweigh this positive feature.

4.3 A Local Approach

The excessive complications encountered in the last section may be avoided in the
approach to the derivation of the alpha prescription taken by Przeszowski in [125]. In this
last section of this chapter I shall review his approach and follow it in the next chapter
with my work checking the recovery of Poincare invariance of the Abelian theory.

The sources of unnecessary complexity in the last section were: the retention of gauge
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invariance, and the use of the nonlocal operator (n - @)~ in the Lagrangian itself. Przes-
zowski surmounts the latter by introducing an additional scalar field, denoted by Q(z),
which couples to the gauge field. Though Przeszowski deals solely with the Abelian theory,
I shall begin with a non-Abelian version of his theory, before outlining Przeszowski’s work

with the Abelian theory in a Dirac Hamiltonian approach.

4.3.1 NonAbelian Formulation

In this case, the Lagrangian may be written in the local form:
L= 1Fa.;wFa 1 QaauQa 1 2QaQa auQaAa iE BaAd (4 27)
TTa e g% TR T T4 |

This theory corresponds to the gauge field sector coupling, via a derivative coupling of
strength v, to a Klein-Gordon field Q - which carries a Lie group index - of mass 7.
This quantity becomes the parameter regulating the gauge field propagator, which, when
analytically continued to —ia, generates the alpha prescription.

This theory is not gauge invariant. So there is no reason for the inclusion of the
temporal gauge fixing term via the multiplier field B%(z) except that I precisely intend
to investigate the hypothesis that the limit v — 0 generates, unambiguously, results
corresponding to YM theory in the temporal gauge. Of course, if this Lagrangian does
give a consistent S-matrix theory the limit ¥ — 0 may only be well-defined in gauge
independent quantities.

The Feynman rules could be formulated to include the usual rules for the YM sector,
and additional rules corresponding to the Q field propagator - just the propagator for a
Klein-Gordon field of mass v - and a @ — A propagator derived from the mixing term in
(4.27). Alternately, in the path integral formalism, where the measure of the generating
functional now includes a functional integration D), I may perform this Gaussian integral
and derive Feynman rules for the theory purely in terms of the YM sector. This produces

a term in the effective Lagrangian of the form
1 a s vV pga
S(Y0*AL)O + %) (v0" A7) . (4.28)

Ignoring the extra terms in (4.5) put in to maintain gauge invariance, and dropping terms
proportional to n - A, the result is precisely the expression (4.28) in the temporal gauge

with 72 = —a?.

Thus I indeed extract the alpha prescription in this formulation, after
continuing ¥ — —ia, but with no new self-coupled vertices for the gauge field, nor sub-
tleties arising from inverting the operator n - . On the other hand the theory no longer

obeys any manifest symmetry in the Lagrangian (not even a modified BRST symmetry).
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So the task of dealing with the theory at higher orders of perturbation theory becomes
difficult if not impossible.

In addition, because of the breaking of BRST invariance in this approach, I no longer
have available the elegant approach of [17] to deal with the question of redundant states
in the Hilbert space of the theory and the implementation of the Gauss law. This forces
us to deal with an explicitly Hamiltonian approach to the theory, in particular using
the Dirac constraint algorithm outlined in the second chapter. Unfortunately here the
Hamilton equations of motion for the non-Abelian theory remain an obstacle to tackling
these questions. For that reason I confine the remaining discussion to the free Abelian

theory contained in Lagrangian (4.27) as considered by Przeszowski.

4.3.2 Free Theory and Method of Constraints

So I restrict the analysis to the local Lagrangian:
- 1 L 1 5.9 .
L= ——ZF Fl“’ . —2-(9”Q8 Q + 5')’ Q . ’)’8 QA“ + BA() (429)

with F,, now just the Maxwell field strength tensor.
Przeszowski has given the Dirac constraint analysis for this system [125]. T reproduce
the essential features of it here. With conjugate momenta to all the field variables defined

in the usual way, the full system of primary and secondary constraints (all second class)

is given by
P = o (4.30)
Y2 = 7B (4.31)
Y3 = 0imi+ B+ 7y(mq + 74o) (4.32)
Ya = Ao (4.33)

and the inverse of the Poisson Bracket matrix of these constraints is given by

0 0 o0 1

0 1 —v2
CY(z,y) = o T 0 —y). (4.34)
-1 42 0 0

It is useful to note that the naive Poisson Bracket approach to the theory suffices when
calculating Poisson Brackets between functionals of the independent coordinates (A;,7;)
and (Q, 7). The above matrix of constraints has the property that any corrections to the

Dirac Brackets for such quantities will vanish. Thus for the most part one is permitted to
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use just the ordinary Poisson Brackets based on the definition in appendix A

bu bv bu v bu bv ou bv

— 3 . —
{u,0} = / A e () 77 34 T 5Q() bma(s) ~ Grg80(a) - (439)
The Dirac constraint analysis eventually leads to a reduced Hamiltonian density
H=1/2(m)* — 1/2(m0)* + 1/2(8;4;)* — 1/2(vQ — 8;4;)* — 1/2(8;Q)* . (4.36)

The canonical commutator structure for the A; and Q fields and their conjugate momenta
follow - after transposing Dirac Brackets into equal time commutators. More importantly
working now with the reduced Hamiltonian and Dirac brackets one derives the following

Hamilton equations of motion:

;= DA+ 0:(vQ — 9;4)) (4.37)
Qg = —AQ+v(vQ - 9;4;) (4.38)
A = m (4.39)
Q = mg- (4.40)

The Dirac brackets for the field operators Q(z) and A;(z) can be taken to equal-time

commutators to give the standard results
[Ait, %), mi(Ly)] = —igii6C(x - y) (4.41)
[Q(t,x), mo(t,y)] = 6O (x—y). (4.42)

Przeszowski computes the arbitrary time commutators by first rewriting these expressions

in terms of the field variables only

[4it,%), A5t y)] = —igii6O(x - y) (4.43)
Q%) Q)] = -i6O(x-y) (4.44)
0A; = 0(7Q - 0;4;) (4.45)
0Q = —7(1Q - 9;4;). (4.46)

It is clear that the task is complicated by the coupled modes. So the independent degrees

of freedom should be found and this can be facilitated by the orthogonal decomposition
_ ) (918]) J alaj i d_ef T 61j

(although the scalar field ¢ here differs from that used in the last chapter by the operator
A™') and introducing new scalar fields X and Y

(~8) (<42~ 8) " (19 + 8Q) (4.48)
(= - A)_l/z (¢-1Q) . (4.49)

i

X
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The old fields are related to these by

(_72 ~ A)_1/2 (—A)/? ((_A)1/2 X — 7y) (4.50)

Q = (-- A)_I/Z (X - (-a)Y) . (4.51)

I now ignore the transverse sector, AIT, for which the theory is quite standard and concen-

trate herein on the scalar fields X and Y. These now satisfy decoupled wave equations

ay =0 (4.52)
(B2 +7) X = 0 (4.53)
and have nonzero equal-time commutators:
[X(a:o, X), X(a:o, y)] = i6(3)(x -y) (4.54)
¥ (20,%), V(w0,y)] = -i6@(x-y) (4.55)

In terms of the new field variables the reduced Hamiltonian density may be rewritten
as ]

M= %(A?)? + %(@Af)? - %(Y)2 - %(ail/)2 + %(X)2 +Tx? (4.56)
where the four independent degrees of freedom enter explicitly. The negative sign associ-
ated with the field Y in the commutation relations and the Hamiltonian suggest it has a
ghost-like nature.

Przeszowski then goes on to solve the equations of motion for each independent mode,
using the approach to QED outlined by Nakanishi in [4]. From this he succeeds in finally

computing the arbitrary time commutators for the scalar fields:

[Y(2),Y(y)] = —id(z-y) (4.57)
[Y (), X (y)] 0 (4.58)

X(2), X(3)] —ﬁﬂﬂ%iﬁﬁﬂwx—w (4.59)

with commutators between X or Y and the transverse gauge field vanishing. The function

d(z — y) is defined by the three dimensional Fourier integral

d(z) =i [ dr(io(es — emika)eien (4.60)
with
d3k
dli(k) = ——— .
and ko = |k|. The unusual form of the commutator for the field X is a consequence of

peculiar equation of motion, (4.53), it satisfies. The solutions for X and Y permit Fock
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space decompositions for the fields which are written:

AT(z) = / dr(k) (af (k)e = + aTt(k)e™**) (4.62)
Y(z) = / dr (k) ((k)e™*= + bi(k)e™) (4.63)
2 _ M ¢ e—ikotoe—i'y(zo—to)eik-x
X(z) = /dmm¢:f(m
+cT(k)eik°t°ei'Y("O"t°)e‘ik'x) ) (4.64)

Then the operators a? (k), a;TrT(k), b(k), bf(k), c(k) and c;r(k) satisfy the commutation
relations

[of (),0](p)] = ef6"(k~p) (4.65)

[b), b1(p)] = —6"(k-p) (4.66)

[c(k),(p)] = &"(k-p) (4.67)

with all other commutators vanishing, 6'(k — p) = (27)%2|k|6*(k — p) and 6L = gij +

kik;/|k|®. So a vacuum state can be consistently selected with the operators a?'(k), b(k)

and ¢(k) interpreted as annihilation operators:

K)oy = 0 (4.68)
b(k)[0) = 0 (4.69)
c(k)|0) = 0 (4.70)

and |0) is the Fock vacuum, while conjugate quantities correspond to creation operators.
The ‘ghost’ interpretation of the field Y, is reinforced by its abnormal commutation rela-
tions for its creation and annihilation operators.

Substituting these results into equation (4.56) Przeszowski finds the normal ordered

Hamiltonian

H = / Bz : Hp(x) = / ar(k) (1| (a7 (k)a (k)
— b(k)b(K) ) + yel(k)e(k)] - (4.71)

Przeszowski observes that the complete Hilbert space of states generated by the Fock
operators has an indefinite metric. Thus only a subspace of the states correspond to
physical, probability conserving states. The question is can this subspace be uniquely
defined such that the Gauss law will also be implemented for the ‘candidate’ physical
photons?

It transpires that the choice of the subspace is not unique here. Przeszowski begins

by demanding that the Gauss law be satisfied for the candidate physical states in a weak
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sense (as defined in chapter two). Thus he imposes
(phys'|0; Foi(z)|phys) = 0 (4.72)
for any time. This can be reexpressed in the form
%A (2)|phys) = $)(z)|phys) = 0 (4.73)

where (+) denotes the positive frequency part of fields. As a consequence of the specific

time dependences on X and Y, this condition may apply at arbitrary times only if
Y (20, x)|phys) = X (2o, x)|phys) = 0 (4.74)
or, in terms of the Fock operators,
c(k)lphys) = b(k)|phys) =0 . (4.75)

I shall denote the Hilbert space defined by these conditions as H, whose state vectors are

|phys). Thus, in H, the field @ satisfies
Q™ (2o, x)Iphys) = 0 (4.76)

giving it a zero expectation value between physical state vectors.
Przeszowski verifies that, with this choice of the physical Hilbert space, the Hamilto-

nian is indeed positive definite and has only contributions from two transverse modes

(phys'|HIphys) = [ dr()lil(phys' (o (10aT(10) Ipbys) . (4.77)

Moreover, the occupation number operator N which can be written in momentum space

as

N= / dr(k) (o (K)aF (k) + bt )bk — ¢! (Kk)e(k)) (4.78)

also obtains positive definite matrix elements in H,,
(phys'|NIphys) = [ dT(K) (phys'la! " (k)aT (k) hys) (479)

This is significant because, unlike covariant gauge QED, there are choices of the candidate
physical space for which positive definiteness applies for the Hamiltonian but not for the
number operator.

Thus Przeszowski obtains a free dynamical system which contains only two photons
as the physical excitations which satisfy the Gauss law - even for a non-zero v parameter.
That this occurs without requiring taking the limit v = —ia — 0 is quite remarkable and

probably should not be expected for the interacting theory. This is not to say that the
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limit 7 — 0 is unnecessary in the free theory; I shall show in the next chapter that the
limit is required in order to satisfy Poincare invariance in the physical space as defined
above.

I complete this chapter by verifying that the alpha prescription does indeed arise from
this approach. This is most simply done by using the Fock expansions (4.62), (4.64) and
(4.63), and the commutation relations (4.66) and (4.67) to compute time ordered vacuum
expectation values for the field products ¢¢, QQ and ¢Q and thus deriving propagators
for the longitudinal gauge field AY and Q. The results Przeszowski gives are

[ A% e 1 kik; k?
(OITAF(z)AZ(y))0) = i T k(z~y) B e k2] (1_ k3+a2) (4.80) .
N 1 a?
0TQ(2)Q()|0) = —i i Ka—y) s e (1 T ﬂz) (4.81)
'k kia 1
L SR — N —tk(z—y) 1
(0|T Af (z)Q(y)|0) | Gy ey e (4.82)

The result for the longitudinal propagator can be combined with the standard transverse
result to give for the momentum space result of the full propagator
i (9 T - (4.83)
This indeed is the alpha prescription (4.2). In deriving these expressions Przeszowski has
continued ¥ — —ia in denominators of the form k2 — 2 4 ie. With this, the ic is dropped
as it ceases to be necessary: the poles are now off the real ko axis and the deformation
in the contour induced by the ie becomes superfluous. Observe also that in this approach
the Feynman ¢e arises in an entirely natural and correct way - no identification between ¢
and o or 7y needs to be imposed as occurs in the derivation in [123].
In the next chapter I turn to further tests of the consistency of the alpha prescription in
the Wilson loop and, in the context of this derivation, the recovery of Poincare invariance

in the physical Hilbert space, H,,.



Chapter 5

The Wilson Loop and Poincare

Invariance

5.1 The Wilson Loop

As has been emphasised in the first two chapters, the most effective check for prescrip-
tions in the temporal gauge is the rectangular Wilson loop as discussed in section 2.5. I
shall first outline the key steps taken in Landshoff’s calculation of the Wilson loop in the
alpha prescription [75], before completing the proof of exponentiation in showing tadpole
diagrams do not contribute. In the first part of the discussion I shall not discuss algebraic
steps in any details - some of the tricks used by Landshoff will also be used in the second

part.

5.1.1 Landshoff’s Computation

The integral which plays a large role in computations in the alpha prescription is the
time Fourier transform of the factor 1/(k2 + @?) which is (1/2a)exp[—a|zo|] and in the

limit of small « gives
1
5(1/0 ~ [@ol) - (5.1)

Landshoff denotes this quantity by I(zo).
To order g2 the exponentiation follows rather simply. The result from the lowest order

diagrams is proportional to

I(T) - I(0) = T/2 (5.2)

and this guarantees the exponentiation to this order.
The key step in proving that the alpha prescription does not violate the exponentiation

property of the Wilson loop at the next order is to show that no terms proportional to

59
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Figure 5.1: Diagrams contributing to the correct exponentiating behaviour of the loop -

dashed lines indicate k;k; terms from the propagator.

C2(G)Co( R)g*T? occur, where T is the time length of the rectangular contour. It turns
out (see the tadpole discussion) that the terms from the propagator that contribute to the
correct large T' behaviour of the loop are those with k;k;. These diagrams are given in
figure (5.1) and are responsible for the desired Cy(R)?¢*T? contributions to (2.46).

The violating terms, with the product of the two Casimir’s, arise from diagrams with
a three-gluon vertex inside the loop as indicated by figure (5.2).

By explicit calculation, Landshoff demonstrates that T2 contributions drop out by di-
rect cancellation of terms in different diagrams: the cancellation generally occured between
a diagram with the two ends of the gauge propagator attached to opposite sides of the
Wilson loop and and the same diagram but with the propagator ends attached to the same
side. In particular, terms with pathological factors 1/ and 1/0? cancelled permitting the
limit o — 0 to be taken safely.

The final step taken by Landshoff was to show that the alpha prescription correctly
reproduces the finite terms in (2.46) linear in T but with factors C3(G)Co(R). Here Land-
shoff demonstrated that the alpha prescription gives the same result as the PV prescription
which, as shown in [53], generates the correct result for such terms. Once again, the kg
integrations generated a 1/a term which cancelled between diagrams ”where only one side
of the Wilson rectangle is involved” [75].

Thus with these steps Landshoff was able to correctly reproduce the static potential
(2.46) and at the same time demonstrate how a computation in the alpha prescription can

work in a gauge independent quantity. The important step to this end was expanding for
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Figure 5.2: Diagrams with Cy(G)C2(R)1? factors that could violate the Wilson loop

exponentiation. The wavy line denotes the full propagator.

small « in expressions and finding that divergences at a = 0 cancelled between diagrams.
The remaining results were either independent of @ - and these terms contained the correct

gauge independent result - or of order « or higher, which vanished in the limit.

5.1.2 Tadpole Contributions

It is generally true that massless tadpole diagrams vanish in dimensional regularisation.
However because the « in the Landshoff propagator has the dimensions of mass! it is not
automatically true that such contributions vanish for the alpha-prescription, for finite a.
Thus the above demonstration of Wilson loop exponentiation is incomplete unless one can
show that the tadpoles do indeed give no extra contributions. Unlike the computation
of Landshoff, in this calculation I shall use a manifestly covariant formalism throughout
rather than deal with the ¢j components.

For the computation of these contributions both the UV-finite and UV-divergent parts
of the truncated tadpole graph - figure (5.3) - are needed. Now I have computed the result
for the tadpole using methods I discuss in the next chapter. Nyeo [126] has also computed
this result but I slightly disagree with his result. For this computation though it suffices
to give a schematic form for the result, and I postpone discussion of the above issue for
the next chapter.

I thus may write for the truncated tadpole graph in the dimensional regularisation

!This is if n2 = 1. Of course keeping n’® general but timelike the statement is that av/nZ? has the

dimensions of mass. This will be discussed again in chapter 6.
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Figure 5.3: The tadpole graph.

Figure 5.4: Tadpole diagram contributions to the Wilson loop.

scheme

T (p) = ()™ 7°6°Co(G) [A(w) gy + B(w)numy] x(w) (5:3)

and this general form is consistent with both my result, to be discussed in the next chapter,
and Nyeo’s result [126]. Here, A and B are finite, non-zero functions of the number of
space-time dimensions. The function x(w) contains sums and products of Euler gamma
functions wherein the UV divergence is concentrated as a simple pole in ¢ = 2 — w.
When this expression is inserted into the Wilson loop diagrams, the second term does not
contribute since the gauge-vector, n,, exactly annihilates the external gluon propagator
legs which themselves attach to the ‘rungs’ of the Wilson loop.

There are three diagrams to consider, given in figure (5.4). These can be summed

together to give the result, after performing the Wilson loop contour integrations,

Wy = (o®) 2340y R)CH(G) A(w)x(w) X
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d*p sin*(p3L)
(2m)* 3

It suffices to concentrate on the py integration which reduces to a combination of three

[1 — exp(—ipeT)] D5 (p)Dus(p) - (5.4)

terms

_ dpo (1 — exp(—ipoT))
24(2w—3) Po p
(%) 2 (p? + i€)? %
P} - p3lp|*
(po + ia)(po — i) (po + 1a)*(po — iax)?

l—1 +2 (5.5)

2)(29=3) has been retained as it is

Here, n? has been set to 1 and the overall factor of (e
this dependence which is important.

The Cauchy Residue theorem may be used to evaluate the energy integral if the contour
is completed in the upper half complex py plane for T' < 0, and the lower half plane for
T > 0. For large |T| the residues from the Feynman pole do not contribute (this is the also
the reason why, in the first part, I am able to isolate contributions from the k;k; terms).
So the first term gives no contribution. The second term gives

(@)D B exp(—alT])]. (5.6)

(Ip|? + a?)?
Now I can expand in small ¢ = 2 — w using the well known result a®* = 1+¢elna+.... The
first term (5.6) is proportional to . The second is proportional to aln o which vanishes
as & — 0. Thus it is safe to take o to zero before the three-momentum integration, giving
zero (presuming that is also safe to take the limit in the third term). A similarly vanishing
contribution is included in the result of the third integration in (5.5). What remains finally

is

- 2i(a?)(2w=3) p3lpl’ a|Tlexp(—a — (1l —exp(—a
2i(0?) 2 e B ol leap(~olT]) - (1 - cap(—alT)].  (5.7)

Now one can expand the exponentials for small & and observe that most terms are of order
«a or higher or involve quantities such as aln « once the expansion in ¢ is performed. It
is safe to take the limit @ — 0 for these. There are then just two terms linear in |T'| but
involving factors (a?)~°. But these are equal in magnitude and opposite in sign. They
cancel exactly. Indeed this cancellation is quite significant for simple scaling arguments
would not have detected its occurence. Thus in the limit & — 0 the tadpole contributions

vanish, and the exponentiation holds for the alpha prescription.

5.2 Poincare Invariance

In the last chapter I outlined the approach taken by Przeszowski in deriving the alpha
prescription [125]. The key advantage of the generalised Hamiltonian approach taken
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there is that it permits discrimination between the redundant and physical parts of the
Hilbert space. It was shown that the definition of the physical space was consistent with
the implementation of the Gauss Law as a weak condition between physical states. I now
wish to check that this choice of the physical space is also consistent with the restoration
of Poincare invariance of the quantum states.

Given the problems in completing the derivation of the prescription for the non-Abelian
interacting theory, mostly generated by the breaking of BRST invariance in the non-
Abelian generalisation of Przeszowski’s Lagrangian, (4.27), the following analysis shall be
for the Abelian theory only - though I shall show that even here things become complex.

5.2.1 A First Attempt
In what follows it shall be useful to define a new variable
Z=1Q-¢ (5.8)

where ) and ¢ are the scalar fields used in Przeszowski’s derivation of the alpha prescrip-
tion discussed in the last chapter. Proceeding with the theory given by Lagrangian (4.29)

I construct the energy-momentum tensor in the usual way,
T" = 0" A (0L[0(0,A:)) + 0"Q(IL]0(0,Q)) — ¢*“ L . (5.9)
From this I obtain the generator of time translations
PB= /d%TOO(x) (5.10)

as just the reduced Hamiltonian, namely the canonical Hamiltonian with the constraints

imposed
Ha= [ alo(m) - L(ra) + H(3:A))" - 2(8:Q)* ~ 127) (5.11)
el L 27 '
The generator of space translations is found to be
P, = /d3x(—7rk8,-Ak + 7rQ8,~Q) . (5.12)
With these results it is a simple matter to check that, using the Euler-Lagrange equations
of motion
O F"™ —~40"Q + Bn¥ = 0 (5.13)
0Q +7°Q +78"4, = 0 (5.14)

that the total divergence of the energy-momentum tensor vanishes:

9,T™ = (5.15)
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For the angular-momentum tensor
MHP = THPgY — THEgP 4+ (OL[D(D,A,))AP — (OL[0(0,4,))A” (5.16)

(the non-appearance of () terms except via the energy-momentum tensor is because € is

a spin-zero field) one obtains
MHVP = ThegY _ TH/ gP — FHV AP 4 FHRPAY | (5.17)

Calculating the total four-divergence of this expression, again using the Euler-Lagrange

equations, gives

O MH#P = B(nfA” — n"A*). (5.18)
Using the third constraint relating B, G and 7g, (4.33), this can be rewritten as
O MH*? = Z(nPAY —n” AP) . (5.19)

Now observe that the variable Z I have defined is directly related to the quantity X and
so has its own Fock decomposition in terms of the fields ¢ and ¢t. So between states
in the physical Hilbert space Hp, Z vanishes ensuring, as desired, that in this space the
right-hand side of the above expression is zero. So far so good.

For the generators of Lorentz rotations and boosts
Muu = /deMO;LV (5.20)

I obtain the following explicit expressions

My, = /d3:c[(—7rk0iAk + 1Q0;Q)zo — HRzi] (5.21)

Mij = /d3:l:[(—7l'kajAk + WQan)xi + (kaiAk - WQaiQ)xj + 7r,-A]- - 7rjA,']
(5.22)

The generators satisfy the following bracket algebra

{P,,P,} = 0 (5.23)
(P, Mo} = Pi-— / P2 (5.24)
{P,',Moj} = _gijPO (525)
{PO,Mij} =0 (5.26)
{P;, Mjr} = gi;Pc — g P; (5.27)
{MOi, Moj} = —Mz'j + /d?’;l;[(ﬂ-i:pj - 7l'j:1:,')Z + 7r,~Aj — 7rin] (5.28)
{Moi, Mjr} = gij Mok — gixMo; (5.29)

{Mi;, M} = gaMji + gij Ma + griMi; + g1 My; (5.30)
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Clearly in all but anomalous expression (5.28) the violation of the Poincare Lie alge-
bra is connected with the Lorentz non-invariant expression that appears in the angular-
momentum conservation expression, 7¢) — ¢. The problem with (5.28) is the absence from

the final result of the terms
/ Pa(riA; — ;A7)
hence they are added and taken away to enable one to write M;; in the result. It is evident

that in (5.28) the correct Poincare algebra is not satisfied in H,.

5.2.2 Reduced Lagrangian Approach

Przeszowski[127] has offered a way out of the dilemma just noted. Here his suggestion
is to start with the reduced Lagrangian density, denoted Lr, where the temporal gauge
condition is implemented from the start. So far I have been happy to use the Lagrangian
in which the gauge condition is generated by an extra term in the Lagrangian - either
with a Lagrange multiplier field explicitly present or integrated out. But there is nothing
sacrosanct about this approach - it merely enables an elegant covariant implementation of
the gauge. In this case, the difference between the reduced Lagrangian and the original
form used (4.29) leads to a total divergence when computing the Euler-Lagrange equations
and so, at this level, there is no physical consequence in adopting this starting point; indeed
for the latter it is clear that there are some definitely unphysical consequences.

Following Przeszowski, I adopt the following Lagrangian to repeat the above analysis:
1 ] y 1 42
Lr = —-(9”14,'3#14,' + —a;Aj()jA; - =(Q)
2 2 2
1 1 o . .
+58,-QaiQ + 57"@* +70;QA4; . (5.31)

With this Lagrangian one obtains the 00 components of the energy-momentum tensor

. OLp -~ O0LR

T® = Aj—— 4+ Q— — g%« 5.32
i94; T9ag TY LR (5:52)
which differs from the original expression (5.11):

1 1
T — Hr + O [iAi(?jAj — EAjain - A,")’Q] (5.33)

Observe in this expression the total divergence alluded to above and thus one concludes
that in computing the Hamiltonian, which involves integrating over x, the extra term will
not contribute.
This energy tensor still satisfies the correct conservation relation as evidenced by the
identity
8T = —0;T*° (5.34)
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where now the momentum density 7% is given by
TP = —7;(0'A; — 0;A") + 10(0°Q + 7AY) (5.35)

However, now the canonical energy momentum tensor is not symmetric. Reversing the

indices one obtains a different result:
T% = —1;0'A; + 100'Q (5.36)

which is the expression derived in the naive approach so the space translation generator
also remains unchanged in the reduced Lagrangian approach. The assymmetry does not

violate the conservation relation
BT = -9, T (5.37)
where the result for the space components of the energy-momentum tensor is
T = §°A;(9"A; — 0,AF) + 8'(0*Q + 7A") — ¢** LR . (5.38)

Next Przeszowski gives the Poincare generators based on the new angular momentum
tensor. With the reduced Lagrangian density the only significant change is in the Lorentz

boost generator which becomes
MY = / Br[T%0 — Hpa' + AZ) (5.39)
for which he finds the surprising result that the generator is not time-independent:
d 0t 3 177
M0 = /d cAiZ . (5.40)

Przeszowski notes the significance of this: for this generator one may calculate Poisson
(Dirac) brackets only for equal time. Of course, as one would have hoped, between physical
states the quantity on the right hand side vanishes - so in the space H, time independence
is recovered. The other generators remain time independent at the operator level thus
their Poisson brackets are valid in general. At equal time, then, he obtains the Poisson

bracket relation to replace (5.28)
{Mo(t), Mos(0)} = —Mys + [ dalais — 2;4)(6%)2(t,) (5.41)

The Poincare algebra is recovered when one takes this expression between physical states.

Another suggestion of Przeszowski[127] is to introduce an additional modification of
the boost generator such that the new choice regains time independence. However for this
choice the bracket relation between two boosts retains an anomalous term even between

physical states. In the limit v — 0 the anomaly safely vanishes. On the other hand I shall
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show below that further properties of the physical free theory are also recovered in this
limit using the approach just outlined. There thus appears to be no a priori reason to
choose this second modification over the theory based on the reduced Lagrangian alone.
For this reason I do not outline this additional aspect of Przeszowski’s work, but continue

with Przeszowski’s original suggestion.

5.2.3 Transformations of the Fields

Under the Lorentz transformations, the ‘canonical’ fields Q and A; transform as follows:

{4j(z), P} = 0;4;(z) (5.42)
{Q(z), P} = 0:Q(=) (5.43)
{A4j(z), M} = (240, — 2,0,)Ai(2) + g, A — 9, AL (5.44)
Q@) Mu} = (2,0, —2,0,)Q(z) . (5.45)

This is consistent with expectations.

5.2.4 Mapping of Physical Space

The final task is to check that Poincare transformations map the physical Hilbert space

H, into itself. States in the space transform under the translations P,
Iphys) — U(a)|phys) (5.46)
where
U(a) = exp(—iP"a,) . (5.47)
Under Lorentz transformations M, the states transform according to
[phys) — exp(—i6" My, )|phys) . (5.48)

For infinitesmal transformations these criteria simplify into requiring that P,|phys) and
M, |phys) are ‘physical’, in other words that they themselves are annihilated by the Fock
operators b and c.

Beginning with time-translations, the simplest way to proceed is to use the expression
for the Hamiltonian in terms of the Fock space operators. The normal ordered expression
is

Po= [ ar()(i(al(k)af (k) - b1()6(1)) + 7t (K)e(lo)] (5.49)
where once again dI'(k) = (d®k/(27)3)(1/2|k|). Consider now the commutator of the Fock
operators b(k) and c(k) with the generator Py:

[b(k), Po] = [k[b(k) (5.50)
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[e(k), o] = ve(k) . (5.51)

Acting with this commutator on the candidate physical states |phys) € H, will annihilate
them. In other words, the time-translated states are annihilated by b(k) and c¢(k) and
thus by the above criteria are in H,, themselves.

For space translations I derive for the momentum space expansion of the normal or-

dered generator
P = [ dr(olel ()al (1) - 51000 + € ()e(to]. (5.52)

The argument is identical here - the commutator between the generator and the fictitious
field Fock operators are proportional to the operators themselves and thus annihilate the
physical states.

It is clear that much tedious algebra can be avoided with the case of the boost and
rotation operators by noticing that the only place where the above arguments would fail is
when in My; and M;; I find operators b and ¢ multiplying the transverse photon operators,
af. To illustrate the significance of this statement of the problem, consider the possibility

that there is a term appearing in M, of the form
x'(k)af (k) (5.53)

where x(k) generically denotes the Fock operators b and ¢. Then the commutator of x with
the generator yields a term with a transverse photon annihilation operator at momentum
k. Acting with this on a physical state of N transverse photons will yield a state which is
a sum of N — 1 photon states. Such a state clearly does not vanish.

The analysis for the boost generator is somewhat more tedious, so I consider it before
the rotations. The first thing to observe is that for ¥ non-zero there are indeed mixing

1/2 for which it is evidently safe to

terms. However the coeflicients in this case involve v or v
take the limit. For this reason I do not write down the full expression but disregard these
otherwise cumbersome contributions. Note that in this computation I am dealing with a
physical quantity - and thus it is entirely within the ‘philosophy’ established above, in the
Wilson loop analysis, to take the limit 7 (or &) — 0. Taking the limit also, single-handedly,
eliminates much of the surviving time-dependence.

I thus obtain, for the momentum space expansion of the normal ordered boost gener-

ator, the expression

Mo = i f E%[a}”(k) (ko%) aF (k) - b(k) (ko%) b(k)

o

—c(k) (’y ac;:’.) c(k)] + a:o/ %km*(k)c(k) (5.54)
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In writing this expression I have kept one of the y-dependent terms, despite having taken
7 — 0 for the other terms, in order to show the role the c-particles play in the boost
generator. The last term simply reveals the y-independent part of the boosts’ time-
dependence. This form is consistent with my earlier observation that the time-dependent
part vanishes in the physical sector of Hilbert space.

I should also mention that in the full expression there are terms with dependence on
the arbitrary time, ¢p which arise from the Fock space expansion of the field X, (4.64).
These multiply the product of fields ¢f(k)c(k); so they do not contribute between physical
states. Indeed it is the presence of the time #p which is the original cause of the time
dependence outside the physical space: the time dependence in (5.39) from the piece
20To; would normally cancel with other terms generated by derivatives 8/8k* acting on
ko = [k| in an expontial, dropping a factor zo - but here ¢y not zq multiplies kg in the
exponent of the Fock expansion (4.64) of X.

For completeness I give the explicit momentum expansion for the normal ordered

rotation generator M;;. I obtain
Mij = M+ M} + M (5.55)

where the terms represent the contribution to the boosts from the transverse photons, the

b particles and the ¢ particles. The photon term is
B L d3k T+ 0 0 T
Mg = Z/m[ak (k) (k’W = ka%) ai (k)
T T
— (af T()ed (k) - o] Hx)a¥ (1)1 (5.56)

where we see the standard orbital and spin angular momentum terms displayed. The

fictitious fields give the contributions:

My o= i / %ﬁ [bf(k) (ki% - kjé%) b(k)] (5.57)
M5 = i @—;j;’;—ll(l[d(k) (ki%—kj%) c(k)] . (5.58)

In this case no mixed ya? terms occur - they cancel out - but mixed b — ¢ terms do
occur and retain a time dependence arising from the exponentials in the field operator
expansion. These terms have coeflicients of y/2 or 73/ 2. Thus in the limit y — 0 they
vanish. Alternately in the physical space they and their commutator with themselves
vanish in the physical subspace. Thus H,, is invariant under rotations.

I note that all the formulae given for the momentum expansions of the generators in
the physical space in the limit v — 0 are consistent with the results given for quantised

electromagnetism in various works such as [99, 116]. Thus the theory described by the
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Przeszowski @-Lagrangian does satisfy Poincare invariance in the limit 4y — 0, and the
true degrees of freedom of quantised electromagnetism can be recovered consistently; the

alpha prescription does generate a physical theory in the Abelian temporal gauge.
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Chapter 6

UV-Divergences in the
Alpha-Prescription

6.1 Introduction

It is the issue of non-local UV divergences in Green’s functions which continues to frus-
trate the demonstration that the generalised LM prescription in non-light-cone gauges is
consistent with a renormalisable quantum field theory of gauge-interactions[78, 80]. Given
the problems I have outlined in the second and third chapters with the PV prescription
and the non-translational propagator approach, it would seem that the only remaining
way forward in the temporal gauge is the alpha prescription. Whether it too is plagued
by the problems that beset the LM prescription is the concern of this chapter.

Of course the question of the derivation of the prescription does influence the renor-
malisation problem. The position reached at the end of chapter 4 indicates that either new
vertices must be included in order to maintain BRST invariance with the alpha prescrip-
tion, or BRST invariance must be sacrificed altogether while o # 0. It shall transpire that
the renormalisation is best done for a # 0, and that this will require BRST non-invariant
counterterms. Of course the invariance is ultimately useful to proceed to higher loops via
Slavnov-Taylor identities. At present there seems no way around this difficulty but it shall
be possible to make some conclusions about the renormalisability despite this sacrifice.
Thus in the computations presented in this chapter the BRST non-invariance for a # 0

will be accepted and no account shall be taken of the new vertices discussed in chapter 4.

6.2 Feynman Integrals in the Alpha Prescription

Feynman graphs will generally involve a product of two or more gauge boson prop-
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agators. In noncovariant gauges characterised by the condition n - A = 0 this generally

involves integrands with products of noncovariant ‘denominators’:

1
(g-n)[(g—p)-n]

where ¢ is the integration variable and of course a prescription must be provided for

(6.1)

the poles implicit in this expression. In order to simplify such Feynman integrations a
useful tool invoked, for example with the PV and LM prescriptions, is a decomposition
formula which enables the product to be split and the integral decomposed into more
simple expressions involving a single noncovariant denominator.

Unlike the PV prescription and one form of the LM prescription (that given by Man-
delstam [43]), the alpha prescription involves a basic denominator that is now quadratic
in the momenta: (g -n)? + a?(n?)?. So double denominators become significantly more
complex. It is also crucial to treat o in an algebraic manner. For these reasons, though
one is forced to deal with significantly more terms in any given computation, I have chosen
to use a partial fractions expansion as the basis for a decomposition formula in the alpha

prescription. So for a single ‘Landshoff denominator’, I use the expansion

1 S S B
(g-n)?+a?  (2ia)(¢-n—ia) (g-n+ia)

J (6.2)

and for a double denominator,

1 B U SV S 1 )
(g nP+o(@—p) nP+ed] ~ 1fpngntia (g-p niia
3 1 ( 1 3 1 )
p-nt+2iaqg-ntic (¢—p) n-ia
1 1 1

a p-n—Qz'a(q-n—z'aH (q—p)-n+ia)

* L. (63)

p-n q-n—ia—(q—p)-n—ia

Here the (n?)? factor has been absorbed into o?. This then reduces the problem to

computing Feynman integrals of the form

B _ d*q 911 Quez - Qun
L1U2 .. n (27[')2‘” (q2 + 2(] -p— L)G'(q -n+ za)

(6.4)

where, unlike the Feynman e implicit in this expression, a is to be treated as a finite
non-zero quantity and maintained as such throughout all integrations.

Most authors dealing with Feynman integrals in noncovariant gauges usually proceed
now by employing an exponential parametrisation [90]. Here I prefer to use the more

conventional tool of Feynman parametrisation. To that end I adopt the techniques used



6.2. FEYNMAN INTEGRALS IN THE ALPHA PRESCRIPTION 75

in the paper by Konestchny [128] with the proviso of non-zero, finite @. To review this I

consider the integral
I(a,b) = /d2“’q(q2 +2p-q— L+ie)(g-n+ia)". (6.5)

The covariant denominator in this expression and in (6.4) is generally the result of combin-
ing various massive and massless covariant denominators, in this case using the standard
Feynman method. I now combine the denominators in the integrand and obtain
F(“ +) / 2 1 b~1y
I(a,b) = a2 / dzz®~1(1 - 6
(@) = gy | <0 ) daa* =) (6.6)
[(*+2p-¢— L)z +q-n(l—z)+iex + 10l - )

and, for nonzero z the momentum integral may be written as

)+ i - (6.7)

1-=z l1-1=z
d2w 2 _ L —
/ q[(q+p+n 5) (p+n—
where 7 = ¢ + a(1 — z)/z. Now I can perform the momentum integration using standard
dimensionally regularised integrals [129] - either by incorporating the ¢7 in a complex mass

and using Minkowski space integrals, or by performing a Wick rotation as Konetschny does.

The result has the form

atb; wja —wra+b_w i a+b—1-2w - w—a—
I(a,b) = (—1)**bigwqett W/O dzz? o121 — 2)" M (z)) 5. (6.8)
The function M is given by
M(z)=4(L+pH)z? +4(p-n —ie)z(1 - z) + n*(1 - 2)*. (6.9)

Having completed the momentum integral I have taken € — 0 as one conventionally does
in one loop covariant integrals.

Konetschny then exploits the factorisability of M -
M(z) = n*(1 — uz)(1 — vz) (6.10)
where u,v are given by
u, v = [n2 -2p-n—iat2(p-n—ia) —n*(p*+ L)]1/2] [(p.n — ia) (6.11)

- and the properties of the Appel function[130] Fj in order to eventually write the result
in terms of the Gauss hypergeometric function[131], 2 Fy. The result in this case for I(a,b)
is

_ atb, wt+1/2 F(QA) 2\a—w -2 1 s \—2
I(a,b) = (=1)**%x +/W(n) (2)"4(p. n —ia) 2 x (6.12)

L+ p?
7

2Fy A, B;C;1—
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where

A = a+b/2-w (6.13)
= a+(b+1)/2-w
C = a+b+1/2—-w

and p? = (p-n —ia)?/n.
Similar results can be obtained for (6.4) and for the purposes of the results to one loop
presented in the next section I computed these integrals up to the case of four Lorentz
indices, that is up to I,,,. These results are among those presented in appendix B.
Turning to one loop order diagrams and the types of covariant denominators that will
appear, for massless diagrams involving, say, a gauge boson we have
1
¢*(q-k)?

so that, combining denominators & la Feynman with parameter y, we must make the

(6.14)

following replacement in the above form (6.13)

1]

i —yk? (6.15)

P = _yku-

For diagrams with a massive fermion the corresponding covariant part of the denominator

will have the form
1

6.16
7lla— k7~ i
and the replacement in (6.13) is
L = —y(k*-m?) (6.17)
Py = *yku .

The crucial observation to be made here is that in the argument for the hypergeometric

function in (6.13) one has the factor
(yk-n+ia)® (6.18)

for some power a. Because one is treating o as a finite parameter, rather than as an
infinitesmal, one is not at liberty to factor the parameter y out of this expression in order
to perform the parameter integrals, otherwise algebraic consistency is lost.

The complexity of the computation is now manifest. In order to obtain both UV finite
and infinite parts of integrals and diagrams the task devolves to computing Feynman pa-

rameter integrals over the hypergeometric functions. In some cases, as in the computation
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of the tadpole diagram, the hypergeometrics reduce to ordinary Euler gamma functions
rendering it easy to extract both finite and divergent parts. To proceed further is a signifi-
cantly arduous task which I have not pursued beyond qualitative verification that negative
powers of the parameter & do arise from these integrals. Hence the limit & — 0 must not
be taken even at the completion of individual momentum integrals. But this is no surprise
as I showed in the last chapter that even for entire diagrams relevant for the Wilson loop
the limit was unsafe. I should expect that in the computation of loop amplitudes the limit
should not be taken until individual graphs have been summed into a gauge independent
quantity.

Because the primary question I wish to investigate in this work is whether the alpha
prescription avoids the nonlocal momentum problems besetting the LM prescription, it
suffices in this work to consider just the UV divergent parts. Thus I have been content to
extract the infinite parts of integrals as w — 2.

Once these parts are obtained for the individual integrals with denominators (¢-n+tia)
they can be recombined via quite tedious algebra into the decomposition formulae (6.2)

and (6.3).

6.2.1 Other Tricks

As mentioned, I have only computed integrals up to the case of four Lorentz indices.
However in the graphs I consider below integrals are required with five and even six
Lorentz components - a nasty property of the above noted fact that the alpha prescription
denominator is quadratic. Nonetheless, the integrals I have computed suffice to generate
all other required divergent parts. Thus, though integrals with five or six powers of
momentum in the numerator could be derived from first principles this necessitates a
massive number of permutations of all free indices.

A simple trick I have used has been to exploit the specific form of integrals actually
appearing in diagrams which involve factors in the numerator such as powers of (¢ - n)2.

Such expressions may be reduced by using the substitution
(¢-n)? = [(g-n)* + &*(n*)’] - [@*(n*)7] (6.19)

and then algebraically cancelling corresponding factors in the denominator. The resulting
expression is then an integral with four or fewer factors of momentum in the numerator
for which the results up to I, ), may be used. Note that this does not invoke delicate
properties of distributions, and is thus an entirely safe procedure. Similarly, integrands
with powers of (¢?) in the numerator may be simplified by cancelling in the denominator

- which the Feynman ¢¢ permits.
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Figure 6.1: The gauge boson self-energy diagram.

A list of divergent parts of integrals used in the computations of the next section, is

presented in appendix B.

6.3 UV Divergent Parts of Diagrams

In the alpha-prescription I find the following expression for the gluon self-energy (figure
(6.1)) UV divergent part

I (p) = Eﬂ%[%@zyw ~ Pubv) — §a2(5n2guu +7n,m,)] . (6.20)

Of course, as discussed in chapter 5, the tadpole contribution cannot be a priori
neglected. I obtain for the UV divergent part

igzéabCz(G)g

?[2n%g,, o] - :

ab
T (p)=

In the last chapter I alluded to a disagreement between my result and that of Nyeo
[126]. Nyeo obtains, as 2w — 4, 4 for the coeflicient of n%g,, and the n,n, term has the
opposite sign to that in my result. My analysis suggests that both these differences arise
from a single sign error in Nyeo’s tadpole computations. As far as the discussion that
follows is concerned this issue is not particularly significant.

The sum of (6.20) and (6.21) represents the divergent part of the one-loop gluonic
two-point function (figure (6.2))

: 2rab
ab sy 19°6%°CH(G) 11
Culp) = T6n2 — oy 5 (79w ~ Pups) = 20% (W70 + 20um,)] . (6:22)

Note the lack of gauge or BRST invariance in (6.22); it does not satisfy the naive Ward
identity

PGu(p)=0. (6.23)

In light of the results of the chapter 4 this is entirely expected: without additional vertices

in the theory, the alpha prescription does not arise from a BRST invariant theory [97, 125].
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N@w\v = 1/2 W'Q\/\/ + 2 MQ«\/»
(1-loop)

Figure 6.2: The gauge boson two-point function to one loop.

A'D

p
— —

Figure 6.3: The fermion self energy to one loop.

On the other hand, the expression for the self-energy is far simpler than previous
expressions derived for the LM, or generalised LM prescriptions. Moreover, it is purely
local in the external momentum, a feature not shared by the result in the LM prescriptions.

Turning to the matter fields now: the fermion-loop contribution to the two point
function does not involve an integration over the gauge-boson propagator. Indeed, it
yields the usual transverse term thus modifying only the coefficient of the transverse piece
in the above expression. I thus omit any discussion of this contribution.

The fermion self-energy divergent part (figure [6.3]) is evaluated

2
_x(p) = — 90
In fact, this is made up from two terms
(=+4m)+4(p—m)=3p (6.25)

the first being the familiar expression arising from the Feynman gauge piece in the gauge
boson propagator, and the second being directly proportional to a contribution which van-
ishes, by the Dirac equation, for on-shell fermions when external lines are included. Thus,

the surprising appearance of mass independence in the full expression is only spurious.
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MHya H)a M)a

Figure 6.4: The fermion-boson vertex to one loop order.

The one-loop correction to the fermion-boson vertex has two parts: a QED-like piece
and a strictly non-Abelian contribution involving the non-Abelian three-gluon vertex (fig-

ure [6.4]). For the first, one obtains

2
e P 3o
and for the second
2
(2)a
Fu %] (97# l])W—).[ C2(G)] (627)

For clarity, the tree-level Feynman rule for the vertex has been written as a separate factor
in these expressions for the amplitude. Summing these gives the divergent part of the full
one-loop correction to the fermion-gauge-boson vertex

# 17 (g7u 1_1)167[_2&un))[_302(}3)] . (628)

These expressions are extremely attractive for a number of reasons: they are indepen-
dent of gauge-related quantities such as a or n, and there are no non-local dependences
on the external momentum. Indeed, to one loop the divergence in the fermion-gauge-
boson vertex is momentum independent. Once again, these features are not shared by the
corresponding results in the generalised LM prescription[42].

Unlike the gauge-boson two point correction, these expressions do satisfy the naive

Ward identity relating fermion self-energy to the vertex parts

(k= p)*Au(k,p) = —%(k) + X(p) (6.29)
where A and ¥ (with no gauge group indices) are related to the original amplitudes by

I = gTEA, (6.30)

uij

= Zij(p) = B(p)Si; - (6.31)
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6.4 Renormalisation

6.4.1 General Considerations

Before embarking on the renormalisation itself I first consider the mass dimensions of
the various quantities that have been implicit in the alpha prescripted propagator (4.1).

2 > 0 my previous statement that o has mass dimensionality one must

Maintaining n
be altered. Adopting the notation dim(Q) to denote the mass dimensionality of some
quantity @, one finds

dim(aVn?) = 1 (6.32)

Now there is a certain amount of freedom in choosing the dimensions of & and n individ-
ually. For example if the gauge parameter A is taken to be dimensionless then dim(n) =1
and « is also dimensionless. In what follows however there is no need to make such a
specific choice.

The other issue is that of power counting. The explicit computations outlined in the
previous sections verify that naive power counting is valid to one loop for the two-point
corrections considered; the UV divergences obtained are consistent with expectations based
on the counting of momenta in the integrals. At this stage no proof of the general validity
of naive power counting exists for Feynman integrals with the alpha prescription. The
reason why one should not in general expect this is because in the Feynman integrals the
denominator (p - n)? + a?(n?)? arises. In some directions in momentum space this scales
like p? for high momenta, but not in the directions in which p-n is constant (for example
if n, = (1,0,0,0) and p, = (v, V), for fixed vy and v, where 7 is the scaling variable).
Nevertheless, for the specific case of my one loop results naive power counting works.
Moreover, the divergences are polynomial in the external momentum. This means that I
can introduce, at the one loop level, counterterms that are polynomial in the fields and
derivatives. If one assumes that this is sustained at all orders then one can write down the
general form of counterterms appearing in the Lagrangian, to any loop order. The first
types of counterterm that will appear are those of the same form as the original terms in the
bare Lagrangian. These enable removal of divergences by multiplicative renormalisation.
The second types, which do not correspond with terms in the original Lagrangian will

remove divergences subtractively. Thus power counting and the dimensionlessness of the

action give for these counterterms

Le ~ (aVn2)~Po(D) (6.33)

)

Here D is the operator dimension of Oy’ counting the number of fields and derivatives in

the operator. By the assumption of power counting D < 4. I take OQD) to be homogeneous
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in n, (namely, independent of scaling of n,).

Generally if these counterterms are treated as vertex insertions in Feynman graphs,
they will generate new counterterms at the next order in perturbation theory. Will there
be a finite or infinite number of these? In (6.33) the factor (av/n2)*~L plays the role
of a coupling constant - with positive mass dimension. Renormalisability to all orders in
perturbation theory is indeed guaranteed[132].

Other issues such as the breaking of BRST invariance implicit in (6.33) and the case
D = 2 shall be discussed below.

6.4.2 Counterterms

I now deduce the specific forms of counterterms necessary to cancel divergences in the
fermion and gluon two-point functions and the fermion-gluon vertex to one loop order.

Beginning with the fermionic sector where matters are quite simple. The coupling-
constant, fermion-field and mass renormalisation constants for constructing counterterms

are simple to write down in the MS scheme:

Zip ( ) )/e (6.34)
Zi=1+ ] )2302(3)/5 (6.35)
Bl 1l = )/e (6.36)

(4 )
where, as usual, ¢ = 2 — w. These are consistent with the naive Slavnov-Taylor form for

the Ward identity discussed in the previous section
ZyF= 2. (6.37)

For the gauge-field renormalisation matters are complicated by the non-transverse term

in the gluon self-energy result. Introducing the usual field renormalisation constant, Zs,

defined by

7 =1~ fhog O

will eliminate the transverse part of the divergence.

(6.38)

For the longitudinal part one is now forced to resort to a counterterm consistent with
(6.33) as neither the Yang-Mills Lagrangian nor the alpha (or @) Lagrangian of chapter
4 give a term of the appropriate form to cancel the divergence in (6.22). To one loop my
result for the counterterm Lagrangian is

2
(o) one—loop _ o 9p 02(G) 2 42 . AN2
Ly =« ) e (n°A* +2(n- A)*). (6.39)
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If divergences at higher orders remain polynomial in the external momenta then to higher

orders the counterterm can be written as
L) = oX(2,n* A% + Zo(n - A)?) (6.40)

for appropriate (infinite) renormalisation constants Z; and Z,. It is clear that the two
terms in this expression are consistent with the general form (6.33) for the case D = 2.

This counterterm may be implemented in one of two ways (as opposed to the cases
where D > 2): either by including it in a new kinetic term and generating a new propagator
for diagrams, or by inserting it as a two-point vertex of order g% at each loop order in 1PT
graphs in perturbation theory. The latter course is related to the former in that the new
propagator will be the consequence of an infinite sum of a geometric series of insertions;
the first method truncates the series implicit in the second approach.

Following the course of defining a new propagator is undesirable. Consider first that
this situation is similar to that found in massive QED/QCD, where a mass term in the
Lagrangian M2A* A, is is seen to generate a term proportional to p,p,/p?M? in the cor-
rected propagator. The difficulty that arises here is that power counting is lost in the
propagator and the theory is not manifestly renormalisable[132]. In the alpha prescrip-
tion, av/n? behaves precisely like a mass and the same danger is apparent. The danger of
nonrenormalisability is however avoided by truncating the series as stated above. The sec-
ond reason defining a new propagator in order to introduce the counterterm is undesirable
is because the object of fundamental concern in this work is precisely the Landshoff form
of the propagator (4.1); it would merely obscure matters to follow the course of defining
a new propagator.

The other issue to be dealt with is that of the breaking of BRST invariance for non-zero
a in the new counterterm (6.39) or more generally in the counterterms (6.33). Because
the gauge-dependent divergences found are proportional to a? it might seem reasonable
to take the limit o — 0 before the limit 2w — 4, provided it is done in gauge independent
objects for which we should expect, if the theory is consistent, the limit « — 0 to be
viable. In the Wilson loop computation it was possible to take the limit o — 0 for the
sum of all diagrams before 2w — 4. What was occurring in that calculation, had one been
explicit in dealing with the divergences in the loop, was that after the first limit (which
had no singular behaviour) one would have been left with divergences in the Wilson loop
amplitude which were alpha independent and which could be absorbed in the coupling
constant renormalisation [111].

However, the legitimacy of the limit & — 0 in all gauge independent quantities is a

formidable question in its own right and the ideal approach would be to disentangle it from
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the renormalisation problem. The introduction of the BRST non-invariant counterterm
enables the one-loop renormalisation now for @ # 0 and so facilitates this disentangling of
problems to one loop order at least.

The price to be paid for this unravelling of two problems is that, alluded to before,
of characterising divergences at the higher loop level via Slavnov-Taylor or equivalent
BRST identities. In admitting the counterterm structure (6.39) such a tool is surrendered.
Moreover, for non-zero « unitarity would be violated for the non-Abelian theory. And the
verification that the limit & — 0 restores unitarity is a long way off.

At one loop, nevertheless, the renormalisation of the fermion-gluon vertex and the

fermion and gluon propagators is now complete.



Chapter 7

Conclusions - The Alpha

Prescription

7.1 Results

I have discussed in depth two approaches to a well-defined YM theory in the temporal
gauge in perturbation theory. The former, based on fully-fixing the remaining gauge de-
grees of freedom, invokes complications which undermine any usefulness that the temporal
gauge might present.

I have therefore focussed in greater detail on the second approach - that of the alpha
prescription.

I may conclude that it is possible to derive the exact alpha prescription based on a
Lagrangian theory. The two forms this may take presented in this work involve either a
BRST invariant Lagrangian in the temporal gauge which necessarily generates an infinite
number of, well-defined, vertices that must be included in the Feynman rules, or a BRST
non-invariant theory which nonetheless simplifies the number of additional rules required
in perturbative calculations.

The generation of a new four gluon vertex rule in the first derivation has not been
checked in the static Wilson loop, which Landshoff shows to be consistent with the prescrip-
tion provided the regulating parameter is kept non-zero until all diagrams are summed.
Landshoff’s work omits any reference to tadpole graphs which are not necessarily zero for
non-zero alpha. But I have shown in this work that these also do not contribute to the
Wilson loop in the limit & — 0. Also in this approach to the derivation I have outlined
how the BRST quantisation could proceed for the complete non-Abelian theory - but the
presence of the new vertices again causes one to question whether this is a satisfactory ap-

proach to the temporal gauge; though FP ghosts are shown to decouple, the new vertices
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again overcomplicate the theory.

In the BRST non-invariant approach, due to Przeszowski, I outlined his Hamiltonian
approach to the quantisation which becomes difficult to solve in the interacting theory.
Thus limiting myself to the free Abelian theory I reviewed Przeszowski’s work showing that
in a subspace of the indefinite metric Hilbert space it is possible to recover the physical
requirements of the positivity of the Hamiltonian and number operator and the weak
implementation of the Gauss law. I discussed my joint work with him demonstrating the
recovery of Poincare invariance in the limit @ — 0 in the same subspace of physical states.
In particular, this subspace does map into itself under space-time translations, rotations
and Lorentz boosts.

Finally I initiated work on renormalising YM theory in the temporal gauge using the
alpha prescription. I developed techniques for performing Feynman integrals for loop am-
plitudes in this prescription, and used these results in computing the ultraviolet divergent
parts of the gluon self-energy, the fermion self-energy and the fermion-gluon vertex to one
loop. These results were seen to be eminently more simple than corresponding results
in the most seriously considered alternative prescription in the literature thus far - the
generalised Leibbrandt-Mandelstam prescription.

The renormalisation constants for the fermion and gauge boson fields, the mass and
coupling constant were computed. A counterterm, which is not BRST invariant, was con-
structed to remove the longitudinal divergence in the gauge field two-point function. Thus
the renormalisation of the gluon and fermion propagators and the fermion-gluon vertex
was demonstrated at the one loop level. This renormalisation was achieved, moreover, for
non-zero «. Dimensional arguments and the assumption of power counting, valid at least
for the graphs considered so far, dictated the general form for these BRST non-invariant
counterterms. Introducing these as vertex insertions at the next loop order was shown to

be consistent with a renormalisable theory.

7.2 Outlook

Most of the problems that arise directly from this work rest on two outstanding diffi-

culties for their resolution:
e The completion of the Hamiltonian quantisation for the full interacting theory.

Knowing the full Hilbert space in light of this would show that the temporal gauge is
a physically consistent and unambiguous theory, from which the unphysical degrees of

freedom - such as Faddeev-Popov ghosts - have decoupled. Thus, turning to the goals
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established in the opening chapter, the fulfillment of conditions (1) and (2) rest on the

completion of this work.

o The verification that the limit & — 0 is permissible for, at least, all gauge independent

observables.

Condition (4) in chapter 1 is tied to the completion of this task, but also invokes the re-
quirement that, upon taking the limit, the gauge-independent amplitude for an observable
results. In the absence of any elegant method, one appears forced to check this for all
conceivable gauge independent observables. The root of this problem is that conventional
field theoretic work is based on Green’s functions as the primary constructs of the theory.
The limit o — 0 is ill-defined at the level of the coordinate space Green’s functions. The
check that the higher order vertices implicit in my derivation do not affect the physical
theory involves the limit. This involves two subsidiary questions: whether the new vertices
spoil gauge-independence in observables, and whether divergences arising from them ruin
renormalisability. The demonstration of unitarity of the S-matrix as @ — 0 (condition (3)
of chapter 1) is, of course, intimately tied into these questions, and no work has been done
in this respect.

Another question is what form will divergences arising from the three-gluon and four-
gluon vertices at one loop take? Is naive power counting sustained in integrals with
the Landshoff denominator? This would secure the renormalisability to all orders in
perturbation theory on the basis of general arguments. The explicit demonstration of
renormalisibility is hindered by the numerous places where BRST non-invariant terms
have been added into the Lagrangian - either to derive the alpha prescription, or to
renormalise.

Numerous outstanding difficulties remain. Nonetheless, the work presented in this
thesis suggets the alpha prescription is a way forward for a physically consistent, and
renormalisable theory of the Yang-Mills field in the temporal gauge. That the final form
this theory will take is not much simpler than the theory in covariant gauges seems an
unavoidable conclusion. Immo id, quod aiunt, auribus teneo lupum nam neque quomodo a

me amittam, invenio: neque, uti retineam scio'.

!Indeed it is as they say, I have got a wolf by the ears; How to loose him from me I don’t see, how to

hold him I can’t tell. Terentius, Phormia 3, 2, 21.
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Appendix A

Conventions and Rules

A.1 Metric Conventions

The following conventions - largely adopted from Itzykson and Zuber [99] - have been

used for the metric tensor

10 0 0

" 0 -1 0 0

9 =g = (A.1)
0 0 ~1 0
00 0 -1

where derivatives with respect to contravariant (z*) or covariant (z,) coordinates are

written in the form

0

7]
L
o = 5,

Repeated Lorentz (Greek) or spatial (Latin) indices indicate summation
A-B=A,B"=A"B, =g,,A*B" = ¢*’A,B, = A°B° ~ A.B = A°B° - A'B' (A.3)

where a boldface letter represents a three-vector and the Latin index runs over (1,2,3).

The three dimensional gradient operator is denoted
V = (81,0, 05) = (&) = (-&") (A.4)
The Laplacian operator is written throughout in either of a number of ways:
V2 =00, =NA=-8; (A.5)
and the d’Alembertian operator is then
O0=0"9,=03-V2=8,-A. (A.6)

89
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With these metric conventions we adopt the following definition of the Poisson bracket

for a theory with a vector field A, and a scalar field ¢:

3, du bv B bu v bu bv _5_u6_v
{”’”}:/ d [6A;(z)67ri(z) 512) 64 2) | 30(5) bmg(s)  brgba) s AT

A.2 Feynman Rules for Yang-Mills Theory

As mentioned at the beginning of this work, the conventions of Muta [100] have been
adopted for the Feynman rules, with appropriate modifications to the propagator for
working in an axial gauge. Because ghost-decoupling is a sought for aspect of the work

FP ghost Feynman rules are not given.

¢ Gauge Field Propagator:

Figure A.1: Gauge Field Propagator

b‘ab
D% (p) = ———d A.
#u(p) (% + ie) wo(P) (A.8)
where d,,(p) is the appropriate factor for either the bare axial gauge propagator
(no prescription) or with the alpha prescription - see the main body of the text for

details.

e Quark Propagator:

Figure A.2: Quark Propagator

T X

where, in this context, the indices (3, j) denote the components of the representation

(A.9)

matrices of the gauge group SU(N).
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e Three Gluon Vertex:

Figure A.3: Three Gluon Vertex

- z'gfaxazas [.qmm(pl - P2)ua + g#zﬂa(pz - p3)#1 + Juap (Ps - pl)uz] . (A.IO)

e Four Gluon Vertex:

) ag™ Uy

Figure A.4: Four Gluon Vertex

—gP[(Fo109% 2O — fR104° £93528) g iy G+ (A.11)

(falagafaatua . fala‘afazasa)gp,lpagy.gy.4 + (falaaafmaga _ falagafa3a4a)g#l“4g#3#2]

e Fermion-Gluon Vertex: a1

1 J

Figure A.5: Fermion-Gluon Vertex

97T (A.12)
e Gluon Loop:

1 d2w D

e ab _puv
;| @yt (A.13)
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o
< =

Figure A.6: Gluon Loop

Figure A.7: Quark Loop

e Quark Loop:

1 d2wp

_ 2| 2 5iigop .
i) @np’ I (A.14)

where a and 3 are spinor indices.
e Symmetry Factors: The gauge boson loop and tadpole diagrams both have symmetry
factors of 1/(2!) = 1/2.

A.3 Feynman Rules for Static Wilson Loop Amplitudes

The above rules apply for diagrams within the loop amplitude. Extra rules are required

in order to ‘attach’ the diagram to the rectangular loop.

o Gluon Attaches to Horizontal Rungs:
T/2

=
<
{

Y

-T/2

-L/2 Xq L/2 -L/2 L/2

(a) (b)

Figure A.8: Gluon Attached to Horizontal Rungs: (a) Lower, (b) Upper

L/2
(a) /;L/z dz3D§2(~T/2,x3; Y0,Y) (A.15)
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—L/2
(b) /L . 49D, i T/2, 29 (A.16)

o Gluon Attaches to Vertical Rungs:

=T/2=es
~-L/2

(a) (h)

Figure A.9: Gluon Attached to Vertical Rungs: (a) Left, (b) Right

-T/2

(a) /T/2 dmong(yo,y;a:O,—L/Q) (A17)
T/2 \

(b) /_ ., d70DGk(z0, L/% 30, ) (A.18)

In the temporal gauge these last two rules are unnecessary as Do, = Do = 0. That

is, such diagrams will vanish.

o Group Factors: As well as the above rules, a representation matrix T° is present
at each vertex between the gluon and the loop contour. These matrices must be
multiplied in the order in which they attach to the loop in the direction of the
oriented contour. The trace of the resulting matrix in the final amplitude must be

taken. For order g2 diagrams the trace generates an overall ‘Abelian’ factor:
Tr[T°T*)6°° = Cy(R) (A.19)
where the §2° comes from the single propagator in the diagram.

A useful rule for simplifying the sum of double propagator diagrams such as those

in figure [A.10] may be derived from the properties of the gauge group algebra.

This diagram involves the expression
Tr{T°T T°T?|[6°06° T, + 66T, + 696> L) (A.20)

where I is always the integral corresponding to the ‘crossed-propagator’ diagram.

After some group algebra, the expression can be rewritten as
Ca2(R)*[I1 + I + I3} — 1/2C3(R)C(G) 1, (A.21)

where the first term here is the pure Abelian contribution to second order, and the
second is the strictly non-Abelian contribution. Thus the non-Abelian contribution

arises purely in terms of the crossed diagram (2).
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Q
o

s

(1) (2) (3)

Figure A.10: Double Propagator Diagrams: (1) + (2) + (3).



Appendix B

Feynman Integrals

To simplify expressions the following notations have been introduced:

2

[= ——— B.1
I 1672(2 — w) (B.1)
lg.n]* = (¢.n)* + &*(n?)? (B.2)
Tipy....un] = symmetrise T w.r.t. indices piy, ..., fin (B.3)
d2wq
== B.4
17 en (B.4)

B.1 Integrals with Linear Noncovariant Denominator.

The following integrals complement the results given by Konetschny [128] who deals
with zero or one Lorentz indices - that is, zero or one momenta in the numerator of the
integrand - and has the equivalent of the parameter « = 0. Here I keep o nonzero and

give results up to four momenta in the numerator.

B.1.1 Complete Integrals

I begin with integrals for which the complete results have been determined - divergent
and UV convergent parts. The result for no Lorentz indices is given in chapter 6 in 6.13,
and the notation developed there will be used here - with the additional simplification of
writing (p-n — ta) as p- n in the result. This is to avoid confusing a in the prescription

for the p - n pole with the exponents o and 3 in the integrand of the expressions below.

e Two Lorentz Indices:

4
9uv - (1) ()52 i
/Dq(q2 T2 -qg—L +i)(q n+ia)p Jg T3 (p)S;"(a, Biw,p)  (B.5)
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where the TU) denote the following tensor structures:

(1) — gl“/ T;Slzl) = pupu (B.6)

T;g) = Pl T;E:l/) = nuny,

and the functions S are given by:

i(—1)xt+B+1
51(2)(0,5;01,13) (_(4)7FT_

Fa+f-w-1I'2a+p—2w-2)

4a+ﬂ—w—3/2(n2)a—w—1(2p R n)—(2a+ﬁ—2w—2)

T(c)T (20 + 26 — 2w — 2) (B.7)
' 1 1 4L
X2F1(a+-§—w—1,a+§—w—— §;a+ﬂ—w—§;1—%—)
e o ﬁ
5N, Brw,p) = %4““"“(#)“‘“(21,.n)—(2a+ﬁ—2w)
Ia+ 8 —w)'(2a+ 6 - 2w)
F(a)T'(2a + 26 — 2w)
2
X 2F1(a+g—w,a+g—w+%;a+ﬂ—w+%,l—pp-£L)
(B.8)
S§2)(a,ﬁ;w,p) _ z((41)) qetB=w=1 /2y yamw=l gy p)~(atf~20-1)
Na+pf -—w)l(20+ 8 — 2w — 1)I(B+ 1)
F'(a)I(B)'(2a + 26 — 2w)
2
X 2Fl(a+§_w_ %,a+§—'w;a+ﬂ—w+%;l—%€)
(B.9)
. _ 15% ﬁ
S‘E2)(a,ﬂ;w,p) — 7’((4173): 4a+ﬁ——w—l(n2)a—w—2(2p_n)—(2a+ﬁ—2w—2)
[a+ 8 —w)l(2a+4 8 — 2w —2)I(B +2)
T(a)I'(B)I(2a + 28 — 2w)
2
X2F1(a+§—w—1,a+§—w— %;a—f-ﬂ——w%—%,l—p;éL)
(B.10)

e Three Lorentz Indices:

/Dq(q2+2p'q—L+i€)o‘(q-n+ia) ZTMV)\( ) (a ﬂ,w P) (B.ll)
J=1

where we now have the six tensor structures:

T;Ellz))\ = g[uupA] T(.,))\ = Glur ) (B12)
T =puppr  TE = ppony

Ty =pmny TS = nununy.
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The six S 1(3) are:

i(—1)2th o e e

SfS)(a,ﬂ;w,p) = _((473_)‘”4a+ﬁ 3/2(2) L(2p - n)~(2oth—2w-2)
a4 f-—w—1)I2a+ - 2w-2) )
I'(a)l(2a + 26 — 2w — 2)
B p 1 1. pP+L
X2F1(a+2 w_]-7a+2 w_§7a+ﬂ W—E,l— p% )

Y.

553)((% IB;w,p) = u4a+ﬁ—w—2(n2)a—w—2(2p . n)_(za+ﬂ_2w_3)

(4m)*
INa+f-—w-1I'Q2a+p—-2w-3)(B+1)
I'(a)I(B)T (20 + 20 — 2w — 2)

B 3 P . 1. pPP+L
Xfi(at+ 5 —w 2,a+2—w—1,a+ﬁ—w—§,1—_p% )
(B.14)
i(—1)eth+r o . o
5@, Biw,p) = (—(4)”?—4 - (p2)e—w(p . )~ (20 ~2w)
Lo+ B —w)I'(2a + 6 — 2w)
I'(a)T(20 + 26 — 2w)
s B 1, 1. pP*+1L
X2F1(a+2—-w,a+2—w+§,a+ﬂ_w+§11_ 7 )
(B.15)

_ 1\a+8+1

523)(a7ﬂ;(¢)’p) = —-3( (Z)‘,r;} !

I'(a+ g —w)l'(2a+ 6 —2w—-1I(B+1)
I'(a)T(B)T(20: + 28 — 2w)

i1 g L P4L
X2F1(a+2—w—2,a+2—w,a+ﬂ_w+§11_

4a+ﬂ—w—1/2(n2)a——w—l (2p i n)—(2a+,@—2w—1)

pr
(B.16)
Nt
SéS)(a,ﬂ;w,p) _ 74( (];l)ﬂ-;'u +1 4a+ﬁ—w—1(n2)a—w—2(2p . n)—(2a+ﬂ—2w—2)
I'a+pf—w)l'(2e+ - 2w-2)[(f+2)
I'(a)T(B)T (20 + 26 — 2w)
4 p 1 1. p*+1L
X2F1(a+§—w—1,a+§—w—§,a+ﬂ—w+5,1_ T)
(B.17)
i(_l)a+,3+1

S((S.B)(a’ B;w, P) — (47r)w 4a+,6—w—-3/2(n2)a-—w—3(2p . n)—(2a+ﬁ—2w-—3)

I'(a+ 0 -w)'(2a+ 6 —2w—-3)I(B+3)
T'(a)[(B) (20 + 28 — 2w)

Y 3 p ] 1 p*+ L
X2F1(a+2_w 27a+2_w—1;a+ﬂ_W+§,1—?).

(B.18)
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e Four Lorentz Indices:

990909 ZT(J) ( (4)
/ - A p)S (o, B;w,p).  (B.19)
(q +2p-g— L+ ie)*(q-n+ia)f =T

There are now nine possible tensor structures to deal with this, and nine correspond-
ing coeflicient functions SJ(-4) . This is the most complex integral necessary for the

calculations in this work.

TIEV))\P Gluv o] T;Eu)/\p 9uvPArPp) (B20)
3
T;SV)Ap = GluvPATtp) T( ) = Il A1)

TIEV)/\p PuPvPrPp T;Eu)/\p p[upl/p)\np]

TI»EV)/\P PluPvnian ) T/S.l/))\p = PluuaT )
TI-(L?’))\P = nun,NAT,
. . a+ﬁ
S{‘Q(a,ﬂ;w,p) = i(4_;)_)w__4a+ﬁ—w—3(n2)a—w—2(2p . n)_(2a+ﬁ_2w_4) (B.21)

lNa+B-—w—-2)T2a+ - 2w —4)
(o) (2a+ 26 — 2w — 4)

B B 3 3., p’+1L
ngl(a+§—w—2,a+§—w—§;a+ﬂ—w—5,1— o7 )

i(—1)at+8+1

554)(06@60,17) _((tl—)w)"’-__

Ma+pf-w-1I'2a+ 8- 2w—2)
I'(a)'(2a + 26 — 2w — 2)

4a+ﬂ—w—3/2(n2)a—w—l(2p . n)—(2a+ﬂ—2w—2)

p p L 1. P41
X2Fl(a+§_‘*’— 1’04‘*'5“‘0— §,a+ﬂ—W—§,1— T)
(B.22)
i(—1)t+O+1
S§4)(a, ,6; w,p) ( (4)7r)w 4a+ﬁ—w-—2(n2)a—w—2(2p . n)—(2a+ﬂ—2w—3)
Na+pB-—w—-1I'2a+p—-2w-3)T(B+1)
[(o)T(B)(2a + 26 — 2w ~ 2)
g 3 B , 1 p’+1L
Xﬂﬂa+2—w—ya+2—w—La+ﬂ—w—Tr—ig—)
(B.23)
i(—1)x+P+1
5‘24)(0,,6;(0,]7) ( ) 4a+ﬁ—w—5/2(n2)a—w—3(2p . n)—(2a+ﬂ—2w—4)

(4m)~
FNa+pf-—w—-1I(2a+-2w—4)T(8+2)
I'(a)I(B)(2a + 26 — 2w — 2)

g, L Pl

B :
X2F1(a+§—w—2,a+§—w—5;a+ﬂ—w—§,1— )

)
(B.24)
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. a+p

), 4. i(=1)>*

55 (a,ﬂ,w,p) (47[')‘”

I'a+ g —w)'(2a + 0 — 2w)
X I(a)T(2a + 26 — 2w)

4a+[3—w(n2)a—w(2p . n)—(2a+ﬁ—2w)

B B 1 TR
xoFi(a+ 5 —wat T -wtsatfowt ol o )
(B.25)
. _1 a+ﬂ o . (20 ~ ~
Sé4)(aaﬁ§w,17) = %4a+ﬁ w 1/2(n2) 1(2p-n) (20+B—2w-1)
TNa+p—wl'(20+ 8 — 2w - 1)I(6+1)
I'(a)I(B) (20 + 206 — 2w)
g 1 p . 1 p>+ L
x2Pi(at g —w-get g mviatfowtgl- s
(B.26)
i(—=1)otp o e et i
S (@, Biw,p) = ((47))“4"“’ 1(n2)0=w=2(2p . )~ (2o+B=2w-2)
I(a+f —w)l(20+ 8 — 2w — 2)T(8 +2)
T(a)T(B)[(2a + 206 — 2w)
B p 1 1. P+L
szl(a+2 w 1,(1-'—2 W—2,a+ﬂ-—w+2,1— p% )
(B.27)

i(—1)x+0

s o) =

INa+p—wl'(2004+ B — 2w - 3)T(B +3)
T(a)T(B)T(2a + 26 — 2w)

4a+ﬁ—w—3/2(n2)a—w—3(2p ] n)—(2a+ﬁ—2w—3)

B 3 g . 1 p?+ L
X2F1(a+2—w—2,a+2—w—1,a+ﬂ_w+§,1_ p% )
(B.28)
i(—1)>tP . e i
5§(a, Biw,p) = ——-((4,3)w gothw=2(p2ya—w=d(9p . p)~(2a+i-2w—1)

INa+ B —w)I'(2a+ B —2w - 4)(B +4)
I'(a)I'(B)'(2a + 20 — 2w)

B p 3, 1. p+L
szl(a+5—w—2,a+E—w—g,a+ﬂ—w+§;1~?)
(B.29)

B.1.2 UV Divergent Parts

Inow give the divergent parts of the basic noncovariant integrals used in deriving results

for the alpha prescription. The parameter o has been kept finite, so these complement the
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results given in the appendices of the review by Leibbrandt [90]. Pole or divergent parts

of integrals are now assumed from herein.

e Massless Integrals:

1
by =4 B.30
] 7*(q— p)* (g n+ia) ( )
Qu U =
=4 B.
./ 3 *(q—p)*(g-n+ia) n? (B.31)
Guqy _p-n+ 2t Pl ~ 3 B
/ P pPqntia) - T Ut el (B32)

91909\ prnia, Pludu)
D = 2 Hedvd]
f 2= pg-n+ia) ( 3 5) n?

_n2 . 2n2

(B.33)

N [ugvi]
(n?)?
1 2p-n . PMwny
+ 2p[#p,,n,\]—( 3 +ia) [E‘ 2)2]

4(10 n)?

p n? 0N
(n?)?

0uq D, L(p-n) .. 2 a2
D — = |—= 2 . -3 . B.34
/ qu(q—p)2(q-n+za) [ 6( 2 + 2ia(p - n) a'p-n ( )

— 2 +

+(——F5——+4diap-n - T

p2n2p *n iaP2n2 )g[uug)\p]
4 2 (n?)4
P i GluPAPy)
+ 4 + 3) n2
-n)?2  2ap-n  o? 2p?
B ((p ) . Eiap P

3~ T 24)

GluvPATp)
(n?)?
1

+ g((P -n)® 4 dia(p-n)* - 6a’p-n — 4ia®

p*n’p-n | iop’n? ) JlwTAg) 1 PP/ PAT)
4 2 (n?)? 4 n?
D- Q D #pun)\n ol

-2
( 4 ) ( 2)2

81ap n

+

2p2 nLNAT
(e-m)?+ e
- (2(p- n)3 + SZa(p . n)2 —12a% - n — 8ia®
4 p - np’n? + 2iap2n2)n,‘n,,n)\np
3 3 (n2)4
Qv 2 JiuuP
/D - );(r; n +ia) =[5 ntia) ([”2)2] (B.35)
Gluv ]
(n2)?
PluPvTy
(n?)?
Nuny,n)

oy

— 202 -+

17

)pupup/\

+ (p n+za)4 +2(p-n+ia

) PluTtvniy

(n2)?

—2(p-n+ia)? + -1+ o

3(
—4(p-n+ia)t L2
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Qudv9p 5 9[uv9rp)
D B.36
/ q(q p)(g-n+ za) 15(p n +ia) (n?)3 ( )
(p n+ i )3——9[‘E"€;f”] + 3(p ‘n+ ia)‘*—g[‘E:LI;;Z”]
_ _(p n + m)sg[u(u 2;4 ) +2(p-n+ Za)p,upup/\pp
—9p-n+ia )21’[#(1"/21'3/\2 ol f (p _— la)gp[uf"/:)z"p]
. g PR, 32 L s MM, TN, -
—A(pent i) St 4 T i) S
e Massive Integrals:
/ D ! — 0 (B.37)
"Pllg=pP —m?(g-n +ia) '
qu
D — = Same as result for m = 0. B.38
| P d (B
9p.9v
/D a7 —Mm2](q wEia) = Same as result for m = 0. (B.39)
qudvdx D- n ta. g ;wp)\]
= B.
| P i = G5 42 )
(p : n)2 . 2 P2n2 g[;wn)\
_(—-}—zap-n—a + 5 " 2 )(n2)2
+;p[“i” A +(4(("’3 2 +iap-n — o?)
2 2,2
p*n?  m2n? n,n,ny
P T Ty !
The following integral is useful for the non-Abelian correction to the fermion-gluon
g g
vertex:
9999y
Dq B.41
| PG = - SR

Lp-n k-n i 9uwds 11 94.Prn, n 9lpv k/\np])

[5( 3T T T o) +3!2( n?

p n  k-n  ta Gunan
( i 31 s ) (n?)?
1 p[“n,,nxnp] k[un,,n,\np])
31 (n?)? (n?)?

p n k-n o NEMy AR, =
4

HGr Tt ) T ey |

The results for integrals with the same denominator as in the integrand of this expression,
but fewer momenta in the numerator vanish - consistent with power-counting. All of these

results have more general applicability than the alpha prescription.
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B.2 Alpha Prescription Integrals

B.2.1 Massless Integrals

99 _ 19w nunu
| Po gy = o 2! (542)
999 _ Pludvr] _ LM DY _ YUMLON
/D - pPlanl L2 2T (n?2)? (n?)? (B.43)
NyNyMNHy .+
4p.n—Lt
WP _ 1 2 _ 2022, 2024y Il
| Pag e =[5y — 02 4 P ) (B.44)
 G[uwPAPy] n 2p.n GluvPAT)
(n?) 3 (n?)?
2 Guy AT
= —(2(p.n)2 _ 2a2(n2)2 + p2n2/4) [?n2)3 ol
. gp[up,,n,\np] 8p.n PNy AT
3 (n?)? 3 (n2)3
+4(2(p.n)? — 20*(n?)? + pPn? /6)%]f
9u9v9)9, 1 Gluvdrg 4 Gl TATp)
Dq =z = B.45
/ Hg—p)PlgnPl(g—p)n)* "3 (n?)> 3 (n2)? (B.45)
+ 8—"“?”532""]i
/ q quqv9x [2 Pludvr]  4pnnuguy] 8Py (B.46)
(- p)*lgn)’[(¢ —p)-n]> "3 (n?)? 3 (2 3 (n?)? '
LOUIR N
+ 8p.n (n2)t 1
G#f.'qup 2 2 2, 232y I[uvdrp)
= [ (3(p.n)? -2 .
S Pttty gy = RGO - (B
n gg[wpxpp] 4p.n gl PAT)
3 (n?)? 3 (n?)P
2 2/, 22y J[ur AT )
+ 3(3(10-") — 2a°(n") )(T)‘;p
- §plﬂp,,n,\nﬂ] PluwNan )
3 (2P +8p.n (%)
32 NuN,NAN, =
- -5-(3(}).71)2 = 2a2(n2)2)~1(W5p]I
B.2.2 Massive Integrals
quqv
Dq = =
/ (@ =) - mDgn] = Same as Result for m =0 (B.48)
9uqv g
Dgq = Same as Result form =0 B.49
| P d (8.49)
9udvdrqp 1 Glpv9rp)
==l B.50
I e o e i (B.50)
_1gpwnan,) ”unvﬂ»\“ﬂ]j

2 (n?)? (n?)?



B.2. ALPHA PRESCRIPTION INTEGRALS 103

These integrals suffice to generate all other required divergent parts using the reducing
methods discussed in the main body of this work. One observes that replacing the mass
by zero introduces no IR divergences, thus divergent parts are the same as those for the

corresponding massless integrals.
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ERRATA

Page 4, line 23: “gauranteed” should be replaced by “guaranteed”.

Page 9, para. 3, line 3: “rrepairable” should be replaced by “irreparable”.

Page 10, para. 3, line 5: insert [125] after “Przeszowski” .

Page 10, para. 3, line 10: “safegaurding” should be replaced by “safeguarding”.

Page 15, after equation (2.15): replace entire line with “where £ is given by (2.4), J* is a
c-number source for the gauge field, and x and X are a-number sources for the fermion”.
Page 16, last para., line 5: after “dimensional regularisation[102].” insert sentence “Of
course then, in any regularisation scheme other than dimensional ghosts do not decouple
for the inhomogeneous axial gauge.”.

Page 17, para. 4, line 5: between “the BRST transformations are a” and “subset of the
gauge transformations” insert “(global)”.

Page 18, section 2.4, line 2: delete comma in “define, by”.

Page 19, equations (2.28) and (2.29): insert brackets “(” and “)” around the operator sum
Deb(z)mb(z) + g¥r0T Y-

Page 32, equation (3.3): “z—y” in denominator should be replaced by “x—y”.

Page 34, equation (3.13): “1/27 should be replaced by “l»,

Page 37, equation (3.31): “1/2” should be replaced by “1”.

Page 44, line 6: “gaurantee” should be replaced by “guarantee”.

Page 44, para. 5, line 2. “accomodate” should be replaced by “accommodate”.

Page 45, equation (4.7): insert factor ¢? in second term.

Page 45, second last para., line 11: “ ‘prescript’ ” should be replaced by “prescribe”. Next
line: “unprescripted” should be replaced by “ynprescribed”.

Page 46, two lines after equation (4.10): “ynprescripted” should be replaced by “un-
prescribed”. Two lines after equation (4.11): “prescripted” should be replaced by “pre-
scribed”.

Page 46, section 4.2.2: “specfically” should be replaced by “specifically”.

Page 46, section 4.2.2, line 4: “and nor” should be replaced by “and s0”.

Page 50, line 7: “invariance” should be replaced by “poninvariance”.

Page 54, equation (4.36): all factors “1 /2” should be replaced by “3”.

Page 57, after equation (4.76): between «and has” and “only contributions” insert “(un-
surprisingly)”.

Page 62, after equation (5.3): replace line with “where the number of space-time dimen-
sions is continued from four to 2w. The general form (5.3) is consistent with both my
result, to be discussed in the next chapter,”.

Page 63, two lines before section 5.3: “occurence” should be replaced by “occurrence”.
Page 66, line 3: delete the sentence “The problem with ... in the result.”. (The sentence
only confuses and the intended meaning contributes nothing extra).

Page 67, second line after equation (5.36): “assymmetry” should be replaced by “asym-
metry”.

Page 73, end of first para.: add “The specific problem the generalised LM prescription



Lo F]’NI T

suffers of relevance here is tnat of nonlocal momentum dependence. Green’s functions
in the temporal gauge with LM prescription suffer from terms with external momentum
dependence 1/(p-n). Now in the light cone gauge these consistently occur with a factor
n, so that the unamputated graphs vanish and the renormalisation is viable[49]. In the
temporal gauge this does not occur and so no renormalisation program has been developed
for this gauge. The question is whether with the alpha prescription matters are any
better.” .

Page 76, after equations (6.14), (6.16) and (6.17): “(6.13)” should be replaced by “(6.12)”.
Page 85, para. 3, line 4: delete commas in “number of, well-defined,”.

Page 87, last para., line 2: “suggets” should be replaced by “suggests”,

Page 93, equation (A.21): “1/2” should be replaced by “1”.

Page 100, line 2: “herein” should be replaced by “hereon”.

Page 109, reference [96]: should be replaced by “A.C. Kalloniatis, R.J. Crewther, ‘Propaga-
tors for the Fully-Fixed Temporal Gauge’, Adelaide University preprint ADP-92-186/T116.
Submitted to Nuclear Physics B.”,





