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Phis thesis sommences with maorcasopie isransport theory
of slestrophoresls-diffusion proossses. Tha differentiasl
pguations for multicomponent aystems ere formulated, an
intogrel aqustion being Jerived which relates conosairation
zradients to the mebility distribution funotlion in ocases
whers the transport equations srs linear, This integral
gountion is then zolved und properties of the mobility diatri=
hubtlon function discusmed. Following this zenerszl theory,
thares=ion aystems of polyeluoirolyte and sdded snlt are don-
sidered, Charscterisitic parameters deseribling peréturbastions
fros linsarity {in the iranspori equation; and the consoapt of
electrophoretic similavity are introduced, followed by &
dotailed snalysis of Tirste-orier perturbation in the zlesiro-
phoretic ters. Ths solutions cbislned sre discussed with
referenoe to mobdility determinations and boundary spreading.
Aigher-order perturbations sre also dlscussed, in particular
their effeots on velooitien of sharpy boundariez and enantiow
grashy of conjugate patternst.

The next part of this thesis deals with microsooplc
transport theery, souzmsncing witk s general discussion and
Forsulstion of the probels. jeduction ¢ff the potential probe
ilem 45 oconsidered, followed by methods of amalysis for the

aurfsce sharge density of particles undergolng transperi.



f11)

The reletion betweesn electrophsretis shargs and polylonis
oharge is disoussed with reference to loo~bindlag. The
sbove is then gxemplificd by a consideration of sylindrical
ansorolons.

The final part eoaiuine z formulastion relating sleotroe
phoretic mobilities to Iineile poramsters in polyelsotrolyte
syatens. Yobilityerescdion coordinete relsticas are anslysed,
wobllity distribution poursmeters and the fragquensy diatribue
tion of various species in & glven systesm being sorrelsted

and interpreted,



This thesis eontains no msierisl previousiy sudbmitited
fop o degree or diploxa in sny university and, %o the best
of ny knowledge and belief, contains no materisl previousiy
gritter by any other perascon, except where due reference is

aadz in the text.
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Isslzstion of the sonponentis of ecomplex mixtures ané
their eharseterisstlion by aezns of slesirophaoresis have been
the abjeotz of numercus axperimenis sn g wide variety of
saterials. Studlies have been partisulariy directad towards
slologloally impartant zservacleoules, viruses and sells and
¢ genaral survey of ithe thuory and applications has boan

(1)

given by adbramson, toyor and Sowin i @mors recent cciesse

wont of wori in this Pleld usy he found in the monograph by

2o %
o {23
Rier” .

In recent yearsz, howevaer, thers hns beon a graster
avarensss of Sthe importance of «lsetirophoretie theory in
ahysico=chemical stufies of such phenomena ss the sonfipura-
tion of soiled polyesleotrolytes, sounterion-hinding %o
aharged sites of polyions and detersination of the sffectlive
gharze on & polyieon, The elesotrophoretis scthod has alss
Besn found wseful in s suaber of kinetic s¢udles and nronises
insight ints ths mechaniama af cerisin shealesl changes

duek progress has vet 4o be mede in the soordinstion of
the satroscepie approasch (issiaiion and chersolerisation)
with thess physiso-shesnpicael atudles but present indications
are cngourszinge Eeocant investigations have suzgested the

important rols elecirophorstic measuresenis may rlay In
£ oy
&

\

f;’,
syiology and neurelogy' s, posalbly leading ¢ a beiter

pnderstanding of the molecular bssis of biologienl procssases.



fhe development of electrophoretic theory has ugoessarily
Led L9 more sephistliocated masihegatical trestuents bul, =8
Giten happens, matheastiocel {orsulation of the prodlew has
tenced to ovubstrip avallshie nethods of solution (0.0, sedi-

cantalian analyslis’ ' je L sejor difficulsy hes desn the

Lppoesrance of nonlinsar 4108«

sreatial egustions in %he more

these are oit¢n bLerond

It ig hoped that the presens
shuidiez will be of ssslstance in using these models o intere
prot agperimental rosulis.

R PRy Ty [ & ¥ ol wR e B R R
1. ORE oF Taw Y f‘fﬁ&*?.{:: < ?.,. Ly h

This work 1s dsvoted %o Lhrew sspacis of cleetrophurssia,
Fart I contains maorossopic transport theory ssscoisted with
aokility deterainaitieons and Uard IT is = study o the rela-

%ions between ghargs, setsepotontisl and mebility. In Fart

i

¥I 1% is shown how charge-uobility relations may Be apnlied
%0 robhlems in reszsilion Rinehidcn.

In 2 %reatise of thiz mize 4% 1is inpossible %0 sonaider
avery 4speot of eleoirephoreais in deltail, The macrossopie
theory given hers deals only with boundary-gzradisst sleotroe
phoresisy cerieln secompanyizg phenswens, suseh s3 the effeets
of cheamlecel rosotlionsn, stronz esleeirie Flields, highly divere
gent szleotris flelés (dieloociroyhoresis) or superinposed

neznetio Tlelds {elestronszgnotophoresis! have been exoluded,



Tonie theory has nlso bheen reostricted, the potentisl problem
wetne solved only for erlirndriesl partioles {and afier negleo-
ting gorisin faotors, noisnkly nonumiformity of surfaee chargs,
srlence ePfeots of supporting elsoirolvtes, hydrodynamie =und
sioetrostatie intersotions =nd particle corndustsrce’. The
mobility~seta~potential rel:tionship lIinking the nmacrozesplo
and miorossonic thenry hap not heen investigsltesd,

B,  NEPUODL OF AFPRQACH

In exch csse, relovant chysicowchemicel sonsept: ~re
svnthesised in & umathemasieal strueture, this baing based
wharevrey possible on experizental shbsorvetions. Yhlle scze
of ths paransiers inveolved cz=anot ss yet bs Jetsrmined axporis
sentsliy, the general tresigeat given hers allews for npossible
afdvsnoes in teohniques of measurement and nlso gprovides sone
sualitative understanding of the subjest, This iz lmportaat
since, in view of the present sisie of eleotrophoretic theory,

% is often Aifficult %o zslent the Jominent parsmeiers io a

e

given sxperisenial siltustion.

The malthenstieal Formulations zre anslysed to provide
pelations that mey s used to sstinats governing rparameters
from experimental resulis, I» doing this, particular aticntion
nag bees paid te nomlinesr sspeets of the theory, snalytioal
srogedures being used as Tar as sossibie bhelfors having re-

sourss o numericsl aselhodz,. The use of dimennionless monoe



misls es snother notable feature of these smalyses snd, in
view of the multiplicliy ef fachors o be inecorporsisd inte
t1he mathemstieal framework, is particulariy helplful in zisplie
Cying the zlgebraic deteil, TFarsmeters gecurring in snuaticns
written 1n ‘erms of dimenslionless variables alao provide a

noans of characterisasiion and comparisen of systens.






FULTTCOYPONEND 3TITEEN

1 INTRO O ICTION

Reoruss of tha simultaneous infloenss af = number of
Faztors in slecirophoresis axreriments, esrecislly in palye
cinetralyte solwilons, dstersivations of =mobilities require
sarefal sneiyeses of ezverimenisl patterns. Por this resson
= mowplete dilscussion of the ascroscopie iranaport equations
is given below, taking into sonsideration 211 the relsvant
factors. ¢ zenersl solution is not prasticable and when
anelysing the pesulis of particulsr sxperimenis one is forced
%3 aake z judielous elimination of terms, then to sndesvour
to solve the simpler problen romalininge However, by first
sonsidering the nhopomensisgical squations in penersl form,
4 in felt that more roliablz inter:reteatisns of particuler

systems will result fren dus consideration of gll the govern-

oy

izmg Pactorz befors deeifling which of these muy bo neglsciad.
rhere possible, =n entire bounlary psitern should bw utilised,
ant  merely =z single polnt of the boundary,

7his chsoter commences with a movre complets foramulastion
of slectropheresis-diffusion processes than hasz been svalile

sble hitherto. It iz then shown how, under sultsble experi-



neatel senditions, ths dirlorentisl cquations lesd to an
intezral equation relalting sonseatraiion sradients o
mobility distribuilonse This sguaiion has been gquoted else=
where but & new methad ol sciulion based on & tnowledgs of the
distribution funetion is propossd. The general result obw
taloed 1s feund B0 agree with o number of gpeoisl suses son-
sidered hy <ariler workers sud anuy 2380 be of use ia salou=~

latding higher moments of the sobility dlsiribution funetione.

v b B R R et i L s T e TR ol el AT R ey FETERT T 8 % # o . B R
Y PHOPORE Y RELSTING THE GEOR TEY UF BUUNLARY paTisRuES

Before proeseding to 2 matbemsiicel lormuiation of the
problen, the governing fectors iIn alsctrophoresis-diffusion
systens will be gutlined, paying special astanilon %0 polyw
elootrolytes aoiutions.

(1) piffusioen

L review of diffusion in eleciroliytic selutions has
been siven ?gsantly‘&y'ﬁillag?}. iates of f4iTusioa
in pelyslesirulyte zulutions sre leargely depenfent
on molecular parsssters deseribing shape and siseia).
Thus if the polynes under consideration is polys
digperass with respest 4o soleculsr welght, the
problen bacomes one of zultioemposent diffasion and
more conplex phenonencloglosl squations ares required
for = somplete dssceripiion than mould be necessary

in the sase of moncdisperse polymers. . sotation



besed on fensor asnclyasis has been diseussed by
Ljunggragig)@ Gharge «fents alss aanur§1°} S¥en
4rn sisple M Pfusisr {i.8. in the =bkzenss of an
applied elzeiric fieid), o Purther difficulty
srlses in the er2z ol polymers beesuss ratss of
diifusion may be reduced By what has been termed
*zelelike™ hehsviour, the polymer irn "solution®
belag vegarded s o singie networi rather than as
8 oollection of fmslated partioles. Flaally, it
should be noted thel Jiffusicn ceeiffloientz may be
zarksdly conventration-dependent. agasawa and

7%
{12 have shown how ihis san drastieslly

Tujits
nodify Senlieren patierns.

In spite of thasa ceomplications, however,
s single 4irfusion coeificient will sui'fies for
the type of interpretation to e sousidered here,
nanely whers electircrphoretiec eflfeets sre nueh more
warked than thosse of 4iflusione “hen diffusion is
shzent, voncentration profiles «xhibit disoontinuie
tien and, 22 nontioned Ly Hakinoe and Ragcragij} the
maln effent of susllesssie diffuasion ies to “smear
aut® sueh dlsosuiisuities. ¢ single diffusion

asoelfivient iz suificient %o desaridbe this effect.



{11} Reactions
Reaetionn iy solubtion 2 leot the shape of boundary
patternz and the nuzber of pesks does not nseesserily
aguzl tha nuzber of conpanents gresaat(ﬁh)@

“ven ghen equilibriuz between polylons snd their
eounterions is zoaleved instantaneously a% all uolnis
iu the solatlion, & superinmposed sleetrie Plels will
ineresse the appsrant diff'usion soeffieieni to soue
value above thst ohinined in sinple diffusion. This
18 the phoncuenon of eleotrodilTusion, ihs theory of
thioh hazg been spplied to the study 2f 3he inetius

15}

soae sraectiosl consideratiens

(16)

of isnie resciions
bave receniliy Laoen discussed by Lijungsren
Randon soblility fluctustions aboudl an eguilibriun
steie are xesponsible for this effect bul zleosro-
diffusion does not proveed independently of ordinary
diffysion. Thus bBoundary spreading dus te ordinary
diffusion and eleotrodiffusion sre not simply sddiw~
tive. ilsec the total conceniraiion profile in She
lisit of sero externcl field does not ohbey 2 simple
diffusion esguailion unliess =211 interacting species
have identlieal diffusion coelfiocients.

The sobllity of =z polylon may wary markedly frosm



point %o point in an electrophoretic boundary due
to variationsz of 3 with conoentration. These variae
tiens strongly influence the eaxitent of counterion
binding %o polyelesireiyte chains, giving rlas 3o
ehanges of oharse snd hencs of nmobility. Do Tael

(7)) yove slse shows that the concentres

and Fegelin
tion of supportins eclectyrolyte is not constand

throughout o aoving boundary., Highsr concentraticns
of susch zn elestrolyte {avour ¢ounterion binding and

henos canse s reduction In wmobility.

Conocentration sraflients of sleotyrolytes underzoing
elestrophoresis will produce variation of fleld
strangth, ap will the gradients of mipporiing elec-
trolyte copoenirzitlon mentioned above, Ton binding
to polylons will reduse the sontributions of both
polyions and spall ions $o the sonduwetiviiy of the

gsolution, thus rsaising the fleld strengtih.

If & subsisnoe contalng species of various slectiro=-
phoretie mobilitlies, itas boundary soncentration=
gredient paitterns will tend %2 spread merse rapidly

(18)

thas in the sase of homogzneous soluiess



The conservatlon squatlions for o aystem of U epapouents

. {474
ney be urittﬁui )

8L
# & - g - it S "-:1 i ;’il';g sewwit (’!)
where Si = sensentration of iﬁh sompanent,
’ g £ T
d; = flux of eompouwat L (s vestor whose § = elesent

giver the molar vaite at chiok 4 crasscs unit arsa

-

. v h .
norasi te tne } seordinste axle in the posibive
diveation oF thet sxlsle

3$ = rate of produeilics of evsponsas § by resction.

rv,- \
in esrisin starehegel slesirophuresis sxperizents™ ' and

ia &lﬂgtramagn*%@yhﬁrasixggk;

sers Shan tne spoeee dimension
must ba cemsidered in feruuleting the governing egustions,
These speelal geses wiil not Yo samaldered hers snd ane apsce
seerdinate {(x! w111 suffise. Uslng s single 4irfusion oo=
piffdeiest I, the flux of ecomponent 1 =may thes b deseribes by

the seslsr si givea by

g4
Jl - - ;n § = 1375 woeall fz)
i v Ox

Lh

whapre wﬁ ip tho weRilidy &f the 3 ¥ gomponent end C o {04, Ca,

™~

....u? is the somposition wveekor for the systeme The



sobilities fui: end fleld strength (&) 4n equatlion {2) are
eritten in terms of the coempoziticn vestor besauss thie cone
centretions of Ghi Specles in solubion are 1imble 4o influcnoe

the Tlux of any conc conponent (cei'e the Johrston=lgoton effeot

o . §5),
L gedinenteltiocn J»

F o TN e g—— e ey b L —
gne sxauple of the Aiffere

tions {for iransport by 4if'fusion snd elestropheresis,

accompanled Ly Jirst

raeyr reversible resclios) hes been given

L+

g )
P A

$> . g e .
by Bak snd {ausan,” ™’ for = iwo=gonponent sysitens I the

snelysis %o +iow, such kinetle offects will sot be cousidered.
in additlion, $¢ keep the probles in Sracitebis fera, wguaiions
{2} will be written in terwzs of &he tobasl solute coneentration

0} ziven by
L = ) Qi (3)

Thus the relations (2) besoss, to this degree ef APFTERing-

*iﬂﬁﬁkg 2
. BE

B o ' Feor s imt ] E s
gi » - i-‘?j ?;éﬂ = ui%’{";.h%d}'gi‘} 15 1,2 easnall (£

gt

Sombination of (1] and (L) then yields the system off quasie-

iinesr 2quations

8, 4 - o5,

we ! £ oy s f & & 2 s £
v gy e | Do) geid - uxziaga'ﬁ‘- :.ug-w{j & = :i-pﬁ.,. sewell 53

8% By . ax
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nalysis in the oeze of heterovgensous systems is much
pore difficult than for eleetrophvrstically homogeneous sube
stences and care aust be teken not to initroduce too Bany pars-

!?"’
meters. rlexander snd Johnsoﬁ*'g)

have meniioned similar
2ifficulties in wonnectlion with polydisperse substances under-
gving simpie diffusiocn and warn sgalnet sttemptas %o give
detalled snslyses of experiments sarried cut en unfractionsted
paterials. In view of the wsure couplex situation to be con-
siderec here, sttoution ¢ill b {fosused sn very dilute soliu=

tions, where the Tisld strengih esnd mobilities wre sassentially

senst ant Tor say particuler suueriment,.
o -

{1} sntration uradient snd

function

tnder the conditions just given, the relations (5)
are linear snd sclutions are readily found. Typie=
oally, the concentrations of the various species will

be given by the solution to the Cauehy probleam,

90, ixp%) 8% ¢, (x,t)
it Lo LA i

it ax*

BG, (Xt
-4 heet £ 5 30, crm<xcw

%
1 m 1425 sessl (6)

Oy (xpt ) = aig é(x} {7



&x Yiwst

where dii'fusion hes bsen gllowed 1o procsed for a

tize t, belore elestirophoresiu, is.0e

¢(x) = % Br e {8)
o4 14 -] ¥?“ﬁ “{‘,

this probles may he solved {(see !'ppendiz 4} and in
sapiysing Sehlleresn getierass it will be convenientd
té use the laterscdiste integrals

144
‘.-“ a:‘ - L)
U R W e T A

ot g%
L

i m 1,25 esuell {9)

where %, iz the tise for which sisctrophoresis hao

bewn Lv progress, The gradient af totel ceoncentration

§

o %hen ziven by

Qi
<

g =imeu, B4, )% /81 )
i a_‘g! i ‘3:: FBUT (10}

e gp SSEmsiwitak

sx Shene
iml

If, inu the imitlelly uuifersm region x > G, g{ut}
is the molo-frestion ol particles with wmoblility uy

and ths totel coacentration is C@, than

g,° (1
- - ---;&--‘@ '
= ul — Wa

L™




) &)iﬁgi} E A {12)

8 _ .82 . n ) o~(®euEt Jf/4pe
ix  Viebt L.

Heterogeneisty arising froz (for esxsaplel a ohain af
firgi=~ordar resotlons may be dessrided L terms of a
dissrete dlatribution of asbilitles (see Chapier 5)
snd sguation (177 2elstes concentralion gradients to
such mebillty dlsteibuilons. I6 will Be szeen ithat
(427 invelves s superpesidion of fauotions of

, {21}
Porme Tn practlee’ "™’ the resclutiocm of

GCasusalan
sush Tundtions into their couponents Ls only practie
oable Jor ssall § and  snother meihed for fiudiag $he
mebklility distridbubiocn zust be soughlte G4tk this in
wind, eguetion (12) %lli be recast in zn sliernstive
Tforss

fue to the lsrge number (M) of chuarged sites on
a macromolecular chsim, 1% 15 pernissible to approxie
aste g(u%? by mesns of o sufttallie seatinucus Alstrie
bution funetion glu), i.0. 8 Puaolion suweh Lhat the
frection of polyions (demoted by ,{ui&u$}§ with

mobility u in the range ':'ui,u ) 15 given by

&
o

fpin
8
o
]
£
oy
<3
el
Bk
-
gy
ady
s
Tty



{11}

- 45 -

Equation (12} is then replsoed by the integral

eguation

-]

2 7 eixeust )/ »

8 , o= (X-uBt 2 /BDE o vau {14}
0x  Yhedt

Since equation (1h} is rp integral esquation of
the firat kind, explicit solutlon for s(u} is difrfi-
oult on Yot theoretical and practicsl grounds.
Twery object funsiion {glu}) whieh is nereiy integ-

rable produce:s z fiffe . result funotion

{8C/8x), i.6. thz sanifeld of glu) Ls trsnsformed inte

2 muoh more restirictive manifeld by the franss

Fon’
formation {1&)‘25’. Thus unless the Funstion 5§/8x

satisi'ies very siringsnt conditions, soluiion fer

%

giu) 4s not possidle. ZEquations of the type [i4)
have beoun Formally solved by lorse and Fsahbam&gzﬁ}
but their method leads %o o funocilion §{u) expresaed
in terms of the space differential coeffisients of
au/ax 2t 2 = 0, Le%e 20/8x must be anelyiic in x

2% X = Gs In practice, even il 8C/8x does nmeet theass
requirements, suscessive nuserigsl differentiation of
date from experimentel patterns {of limited securacy)
{27;

i unzatislnotorys. EBrown and Cunn were shlas to



find another form of the expliieit solutien for
mobility distributions by using cn empirical ezprese
sion to desoribe obaerved concentration-zradient
patterns, This sethod (see discussion by Raldwin

ot &L}{ﬁﬁ) is resiricted by the act that the final
axpression must e truncated belors numerical cone
putation c¢zn be carried outy, yet the point of trunw

cation nay only 4w ssoessed from estinmates of the

2% gl

her terms in the seriec solutions Such estinstazs

B A S e 8 T

are oxtresely prone 4o errers The cethod %o be
gesoridbed here L8 leas erbritrary then the use of
expiriosl formulac, srovided the fors of qg{u) is
known {(eege from rinetlec sonsiderations). Isn
addition, one ia 20le to compuitws an upper dound to
the errer involved in truncating after a given
nusber o Lerus.

sp implioit sethod of selutien will bs used in
whioh n suitable expression iy subsitituted for giu)
in equetlon {1hje The sobility ddetvibuticn srising
from themissl reacticn in polyelecirolyte asystems is
almost Gaussian 20 thal n SraweChariier a@riaa(29’30)

48 sdequats snd one nay write
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‘ o{gent® fon® | \ & Fyg e W)
glu) m =—be p=iu=w/20" {, =\ A ny (22300 (48)
wew L RN TIE NN
i=3

shere u and & are the =zean snd standard devistion,
respactively, of %he mobllity distridbution. Tha “3
nay be expressed in teras of the higher asomenis of

.3
g

the disiribution and s i the ¥ersile poilynomial of

grder Je Ii =il be noted thst {15} is more general

than sarlier treaitments 4n that the zolymer need nold

3 y
e ot 1ts average iso-sleotrie polnt {u = O}, If
{45) 35 substitnted in {14} and the navessary inte~

aration performed {see ippendix II), one okiains the

result
& 2 — a ﬂé E4 %ﬁ
i W - _“'. ¥ . 2 g T Fole - s “\‘ ‘1
Lef2u L9 CARTI | ) dd
Ja3
vhere w and Z nre deiined by
hiit
Y o — (17)
b
2® . h’?gtg. + 2D% {18}

zquations {16) = {48) relate the modility distri-
wution paramelers {4, h and the xéﬁ to the measured
quentitics 8C/8%, x, %ys and T by neans ef a Grem-

Cherlier series, i,2. the concentration gradlent



{444}

curve ia of the same form es the mobility diatridue-
tion fuaetiscn {ofs the sxplieit solutieas for glu)

7
found by Hrown and Gaﬂnﬂz?}fu

Eyalustion of e gults

(2} when diffusicn is negliszidvle, (13 shows
that the stsndard devistion of the gcoungeniration~
gradisat curve iz propaviional fo the time of

slectrophoreais (io agrecument with the result of

(b} Tur homogeneous polymers (b = G), 2* varies
directly as tho totel tine te Thus, curveiure
of & plet of £* us & funotion of ¢ will serve as
s Glegnostic lor hetervgenvity. It is isportsnt
toc remenber, hLowsver, that solution:s must be
sufficiently d44iute te provent any appreoiable
influence ¢f concentiration-despendense of
diffusion coefficlents, Yield sirengths or mobie
litiese

{e) In general, if ope rewrites {48) in the

form
-4 B8 £ 2
Se w D ¢ Bl o oEa g {1%)
2% 2 %

a plot of 5%/3% ss = funetion of tﬁzft is secen

to be a streaizht lins, This agrees with the



{343
celoulations carried out by &1horﬁy‘3€$ who hags
used a2n equaition of thias type $o detaraine some
values of the heterogencity constant {(h) for a

i}g)@ :leo, if X denotes the

aumber of protelna
position of the centreid of the 8C/Bx curvs,

equation {16, imzodiately gives

X = URb, {a0)
ﬁomguucrzﬁiﬁij hags shown that in homogensous
ayslens the sentroids of 8C/8x patierns should
be used in salowlating mobilitiss. Tquation {20)
extends this result o mobility &istridutionz of
the ¢ype (15} and shows that the centroid will
fow yield the average sobilitye

in practios oue can only measure about four
moments of 2 curve about s given point {to any
satisfactory desres of prosision). In addition
there are diifiloulties in correlating observed
refractive index gradientsz and gonceniration
grw&io&taii&;, simple proportionsilsy hetween
these quantities gf'ten being asaumsd. Lxperi-
mental limitztions of this type are disouszed by
?uéiﬁn{SE in hiz study of sedimentation in

cheniocally reascting systems, davertheless this



theory hes becn developsd Lecnuse slecirophoreais,
a2 & ool in siulying roscticn kinetics, is most
valusable in the luvestiostion of slovw reasections
en account of Llte abllity to register small
chenges of charge snd it is iu the osse of very
slow resctions Lhst wolbility distridutions are
soet likely %o devisle from normality {see
GCheapter 5)s Cuoh mobility distributiomas have
veen found 35! apd it should be possible o
detersine at least cne of the @yo [84milarly,
pon=nernal distribuilens of sedimentation coe

gffleients have been reported for calf thymus
{36) .
o)

nxa



CHAPTT: B

TOEEFeION SYSTIYS

- &

fe INCRODUCTION

Llsctrophsretic veloecitics have usually been sguated to
the veloocitles of maxima iy Lochileren refractiive-index gradlient
ourves. These, in conjunction with sonductivity _casuremcnts
{referring in smost cases 4o Lhe bulk of the elsotreolyte under
study ), have been used %o onlouiate mobilities. In general,
however, the wvalues obisined {rom ascending and descending
boundaries do not soinelds and the Jdiserepsncy becomes worse at
higher conéentrationz of the substanoe undersoing eleocirophores
#i%« 4 typloal sot of wvalues obtainsd by Nagasawa ot al(}7} is
as phown in 7igure j.

in wiew of these cilflicuities, 1t has been cuatomary to
zininise ths inliuence 3 Taclors with whleh ene iz not
directly converned (se.;e field pivensgth gradients through
boundaries may be reduced by inoluding s sulficlentliy larze
suantity of aupporting elescirolyte) but this may also tend %o
restriot the influencs of =» imporisnt eflect being studied,
eege varietion of mobllity wiid couceniraiion. Thus = more
setailed analysis 1z raguired s0 that one asy allow certain

secondary fastors tc be opersiive. T“hen s pslyelecirolyte

yields only e single aleoirophoretic spesies {apari from small
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calculated mobility (crm/volt sae. XIO*)

| l |
@ ! 2 3

polyion concentration (K XI0%)

FE%. I. Variation of calculated mobility with
polyion concentration for sodium polyvinyl alcohol
sulphatz in O-005 N NaCl (ofrer Nagasawa et al.)

e calculated frorm ascending boundary
0 calculated from descending boundary.



ions), it is possible %o study more concenirated solutiona,
with associasted secondary effncts,than oconsidered in Chapter 1
vecause the set (5) zoverning the consentration of polyions
reducaes $o a2 single equation, <‘hiz asy be solved without
assuming a constant values for the £i¢ld strength or mobility.
The other conditions involved in the formulatisn of equations
(5) are still assumed to holéd.

This chapter deslsz with the formulation and wnalysis of
the transport equaticen lox the concentration of polyions in a
solution eontaining polyelecirolyte and siumple eleotrolyte
(for simplicity, it will He zssumed that the latter contributes
ions identicsl to 4the counterions of the polyelecirolyie).
Characteristic parameters and the concept of sloctrophoretie
sisilarity are intreoduced, folloved by = considerstion of
perturvation in the elecirophoreiic %Lerm by concentrations
dependent fleld strengiths or mebilities. The solution in the
case of first-order perturdation is obtsined, this being shown
to mgree with z number of regults obtalned by other workers.
?his solution 1s then ueed in celculsting mobiliities from the
velocitiez of both moving boundaries. It is alss shown how
Tirst-~order perturtation leads te symmeitric spreading or
sharpening of boundaries znéd s methof 1s suggested for the
caloulation of diffusion scelficlents in these cases, Higher=

order perturbetions sre then counsidered, = general expression



for the veloclty of a sharp boundsry being derived. In the

spseial sase of comstant zobility, 4his shows hew bouadary

velonity eeablined with the fleld strengih in the supperting

slecirolyts or bulk of the pol wer solukisn yields & "zerothe

ordor” or "Iirsteorder" approximation, rgspecilively., The

conditions for enantiography of conjugstis natisrans

and sonfiras some appareatly intultive susgestions made by

ohherss The fiunzl gection desls with the iterative =zolution

of the irsnasport sguation for perturbations of zeeond or higher

aorders {assoointed with asymmetric boundaries).

2e CRARACTE RAMKTERS AND ELECTROPUORETIC SIRILARITY
fa 49, . 5 e .
(4 Lherssberistis Pargmetors
If C Ls the concentration ef polyelsetrsivio at
position x and itlme %, sgueticue (5) reduce to a

the Toklker-Flanek

type » Viz,

o iy : =

88 L, n{g) o 8¢ . u{c) - E{C) * & (21)
2t  Bx | ax Jd

The set U = (Dyu,”} is charscieristic of the

sulsr compound being investigated and cerves

baslis for cozparison with other substances.

pertie

as &
Thus,

as nentioned in Chapter 1, %the Aiffusion egeifioclent
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is closely related to molesular parsmeters dese
gribing shepe and size {e.g. %he axial ratis of Lhe
eguivalent hydrodynanmic ellipsolid), while the alestirspe

phoretic mobility i. Ltromgly dependent upon the

s.t.i

surf'soce ocharge density of the suspended particles 2}
The field strength is largely en external fzetor in
the senseé that 1t dependz on the aspplied potential,
but ites divergence is slse bound wup with the preper-
ties of the charged particies thexsalves,

\s mentioned in the iantroducticon, nonelinesrities
ecocur in the differontlisl gsquationa of slectro-
phoresls, these belng dus here %o the conssntration=
dependence of the clements of Y. Nagasaws and

{12} have intima’cd that this agpect of the

fujiine
diffusion coefficient may Be a8 laxportent as‘activity
or osmotlio coefflolientas in the shareaeterisestion of
polyeleatrolyse solutions. It thus appears that =
sot of paranmeters degsoribing the consentration depane
denove of U would provide o conolse unethod of chaynow
terisation undeyr a such wider vsriety of conditions,
sefore deriving these parameters, it will bde
coavenient %o introduse the dizensloaless variable
¢ éelined by

Gf

glx.t) (060 1), (22)



where c® is & sultable reference value, Thus a
typieal set of initisl conditions defining ¢° would

be

* _ {,’i v #
Ci{myo) = &~ = Hix) -

#F o

¥
23

Sl

o
]
i

&

in whiek H(x) 1s the "eaviside unit step functioen
defined hy(jg)

Hi{x) = i

1 AP x> 0 f
0 x < o (2%)

A set of egquations analogous to the virial

expansion =ay then be written

as
A ™ 3
D= DJ Yk, 8% {25)
Q{‘l - “{ﬂ & ,}
. m -
b = %
u = u 11 + 3 T §1§ (2@}
O i i J
i=1
o0
! xi? ' 4
e B | \ &” i
Qi1 + ) ?%1 J {27)
1t

slternative exprescions, such as the one pro=-
posed by Gosting end ’uéﬁia(&ﬁ} faop the diffualoan
soeificlient, may be prelerable uader certaln sirounm-
stances bud for present purposes squadions (25)%s (27)

are sdeguatee In praviice, only a liamited number of
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the oosificients in thess equations can be deter-
ained and the srzument here will be restricted to

a discussion ot &ﬂ, L aog ey Tq and %Ay, although
inmedicte extenzivi 1o a2 gresier numiter of charpew
teristie constants {used in Section L of this
ehapter) will be sbvious. JFor convenienas u, has
been used rather than the customary seta-potsntial
but the latter wmizght eqgually well have beesn included
in ths disouzsion. ‘otually, %he limiting mobility
at sero conceniration and the getswpotential are
guite simply relsted [see, for example, %cviwh(hq%@
{11}

Sinee there 1 now only one dependent variasble,
1t is possidle to use dimensionless guantiﬁicuikg}
to simplify the snlayais. Thus, if (2%} e (27)
sre trunsated sfter the first power of &, [24;

beconcs

& : ¥ ‘f”xﬁ
B8 - o 22 28 a0
ax* axs \

{28}

{111)
s1lthough 4iscnsional suslysis slone will not

give the complete solution to 2he transpori equation,
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the w-theoren does indicate the gensral form of the

latter snd 2ne i3 2ble Lo write

@ = 8{%,7,keyTesh1)e (29)
It is immedistely cbvious from eguation {29) that
regardless of the limiting diffusivity (Do) or
mebility (“b) of the slectrophoresing cpecies, or
even of the applied field strength {Eo}, all sube
gtances having the came yalues for the coefficienis
.snd hy have the samc § - X - I behaviour,
Such substances may be sald to be gleotrophoretically
similar and 1t follows from the definitions of the

above coefficients that interionie Interasctions
during elestrophoresisz will be 1dentical for all

*
electrophoretically similar compoundse.

™
It may be noted that if the characteristic constants ky, 74
(18},
]

and Ay are not conasildered {ez in the work of Hharp et al

the form of solution cbiained by dimensional analysis becones
0 = 8(X,T) (30)

Now equation (21) may be solved subject to the initial son-

dition (23), the result {in terms of ihe new variables) being

8 =1 <T = X)
5 et \"ovr (31)



This is seen to B¢ in aeaccordence with the genaral foraz of

zolublon

fadlested by egusiien

£

To test for electruphoretis similarity of 2ystems,

the consiaznts Eg, U, and Eg are e¢vsluated first. The
{183
83

work of Sher, and cowsorkers’ enasbles ong ©o

caloulate &Q, b ok tﬂ freom experinentel curyves, the
degree of accuracy of thiz wethod izproving as more
d1lute sclubicas sre favestigated (it will be
rengabered Lthet thelr treeiment iz eguivalent to
saguuing B¢ = T+ » Ay = 0)s Thus, extrapolation teo
inlinite dilutlon will ylelid the rsquired values
which ars then udsd in the dlagonal transformation

of variadles delined by

& %fc& @ 0 c

i - P i? L]
0 &;e 9 c Q x 132
i {’l @ 4

s 0 0 (u oiol Ty \ B

Experimentsl observations of ${x,%) may then be
sonverted to welues of 8(%,T) vias aquations (32) end
4t then folliows fros =guation {29 that solution
suraces Aefined by B8{X,T} in {(0,%,7) space will de

1dentliezl for electrophoreticaliy sinilar systems,
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3¢ THE LINITING CASE

teforz passing to more general consideraiions, the reduved
soncentration-gradient curve for the z2sse ki =7, = xi = O

(1#?’39 esns ! Bay ko wpltten

{ £y kT ey
86 g dl—m ﬁ“ix o ‘i-‘m)? /h?

. {33}
8z  Nam

This result follows direotly from ‘ppendix T {(for am initisl
condition of the form {8))s Systems for which this is true are
exasples of the simplest type of elecirephoretic similarity and
srp aprroximetely resilised vhen the ocsnceniretion of the sub-
gtance undergoing elecirophoraesis 13 low or when there is a high
concentration of supporting clectroiyte,

he FIRGT«ONDER TERTURB2TICNS I¥ TYY FLECTROPHURETIC TEuM

15 discussed in “eotion 2 {iv) of ihaptar 4, the rield
strength will vary aorosa an clecirophoretic boundary, such
variatisns %eing sininmal under ihe conditions mentionsd in the
liniting cnse zbove, 1In gertzin systems, however, the intre~
fuction of suffieient supsorting slectrelyte to effectively
siiminete field strengih sradlients will oonaideradly reducs
mobilities, perheps bringing them close to zerc {the iap~
aleotrio point)e In faci, ion-binding teo polyelectrolytes ssy
be 2o strong thet as supporting eleotrolyde ls added, a reversal

of ohargu oocurs. inally, the uze of higher concentrations of



elegirophoretio species (Londl

§o inoreerse field atrength
gradients) will meke Boundaries nore stable with respect 6o
conveoticne For these reasons certain siudies requirs that
appreciable fleld atrengih sradieats be allowed %o ooour and
1t 55 the snalysis of thege syatems that w11l sow bhe dise
susseds

This tyuzs of prodhics wee sonsldered by %tackaay@r{&B} who
shoved thet gpresding of boundaries Jepends, 4in pars, on the

nagnitude of fleld sirength gradiente., Lonsidering only Jirste

- . 4 " 7 "
erdoer voaristiions of figid egbtrougth (end nssuning o oonsizalb

motility s be found 5 the selution to the
tpansperd esqustion Por o moving boundary between twe splutions
of the znme salt.

in anslogouws @wlutiop Jfor the three-~ion systen ol polye
elsctrolyte snd simpls salt iz presentes im pard (14) of this
“ection, followed by arn analysis of this in pert (441, The

Toaticr corcludes with » considerstion of zistionary boundueries

and & furthsr analysiz of bBoundery velooity and apreading.

(i} VYsristion of Pield Ztrengzih uilth Folymer
Gongrntration

if the expressica for the fleld strength as & funotion
of conceuntratica L5 Lruncated alter two terms, one

obtains the approximsite result

Bow B {1 & NeO) (34)
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To justify the use of this expressien, i% may be

(15 £ _
noted that wvarlous suthors heve Tound thut the sone
tribution of 2 polyelectrolyte to $the condustence
f an agueous solution of simrle selt (hers uzsed aa
supportins slectrolyte) is relatively seull and of
plmced the same mognitude asz the lonid coonductance
of the polylfens [1f 1%t ls zssused 3hat thz condus~
tsnee of the simple oelt is not appreclsbly shanged
by the sresence of pelylons). flence the total
syeecific condfiugtance ftT} is ohteined by 268imz a
Lernm of the form €40 {24 = conste.) %2 ths speeilis

conductance of the almple solt solutlon (x.j, Le%e

Xy = Xg @ €5 {35)

The term €40 represents the ionle conduetznce of the
polylons (<=¢ % for concentrations of simple slege
srolyts that are met So2 low), hizher powers of @
veine neriigible under these conditlouns, tinee the

coneensrations of boih sisple snlt and polylons vary
{47}
peross & boundery' 7. % will not be oconstunt.

ipain a lineer veriostion of the type

X, =20 4 2368 {eg ¢ 0 for s three-ien systen; (35)

3 3

will be used (l¢,0l¢¢<xs° 1¢ sufficient supporting



sleciroiyte 18 pressnt), giving
Q \e By
xT = XE - (Gg = B9 ) (37ﬁ

Gince the field sirength at a point is ilovercely
proportional %o ths specific condusiance th ore, 1t

fallows that

. A £ 3
B o= o S {0 = chast,) (53}
x., 4 €€
where € = €4 + &3 {39}

. o & s 2 © y i

For the small valuesz of |ed/x envisaged here,
f ooy i

(38} may e approximated by

a0

A &

’I“ = e (1 A% »‘»Epw, . L j (.’;Q )
o
b, o
= s
; ) s e y 4, D - o
which is ihe Torm (34) with E_ = A/X_ and 2y = s/ks .

Usunally the conductivity of & simple =zalg
solution iz lower than that of the zame solubtion with
pelyelectrolyte added (i.8. ¢¢ > 2} end srovided
€y > |€al, it follows from (39) and {43} that the
field atrength will be lower in the polymer solution
than in the supernstsni slectrolyte, ilowever, wisen
the dzgrec of counteriorn kindinz to polyeiectroliyies
is large, ¢4 i3 2mall und ths field strength nay be

higher in the polymer golution than in the simple



eleotrolyte. The conduotivity of certain elestrolytes
way even be lowerad Ly the addition of peoliyclestrelyie

(h5,46),
(83546)y rne sign of ¢ (and

{$e0e €y 2ay be nezative
henoes of Ay) 1 thus dependent uporn the interienic
foroes operating in the soluition and, 23 in the ouse
of the scoond viri:l ocoeilTlcient of an isperfect gas,
will depond on whether thers 4s suiual repulsion {or
attrection; btetween paritiocles,

{44}

Under the sonditions considered in thisz seotion,

the transpori equation may be wsritten in the dimenzion

less form

28 28 |y, 2,0 28 T T, mw<Xco (M)
8r ax* ox

with the initiel ocondition

g 5 15 e ] ‘X' 1
@(ﬁ,Qg; » § Ord, =t (&2)
L

1If ome then iniroduces the mevinz coordinate (Y)

defined by
T g iow (T w ?°§ (4 & Ao {63}

end a new reduced %ime variable {%}, via.
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T=T T, {&4)

it follows {ses :ppendix IV) thet the solution

eoﬁmﬂp‘@nﬁing ‘&P’Z? {3}} i‘

7 £(wa Lj o . 5&- ort {7 T )» riylay |
3 \7 5, |
o] -
" o 7 - ) ) ~
?(‘.’. it g J?z" Voo flyidy i[ [ &7 XL« £(y)ay |
o (a5}
2"”‘f "7 mgi"
N
where
£(x) = Y (205 -y urt (3 [
Y} mexp| = * y =~/ *ye (y‘ )
&.u {”E & i\ -\QT@ ;
T o~ _.
s 2 ’.,g {exp :éfuz - g)}J (46)
Ne -ro
uiio

{a) %hem he¢ = Oy £{y) = exp Yy/¥T and (see ippendix

28 | M (a7)
ar Yier

whioh 18 equivaient to {33).



(b] *hen 7_ = U {i.2e when there is no diffusion

prior %o slectrophoresis) it is shown im ippendix IV

that
8 _ o~F /AT N LV N Y ¢ hyT
' » ‘ ]
3Y  Yha? L afT
w Vo 1
Ay T/2 - i
+* @ ard
e afr
4 i ?f E ?‘?tg'r
= l.f%%’er.g&? + Rt /4 erf « erfd
'y - @
R ERTY
-~ T 4 he¥ ey ¥ 4 AT 2
4 iax'xfg BYF  w——— s @ xe7/2 erf ; (48
‘ By i e 2‘(‘1‘ )

It iz readily cheocied that this agrees with (33) or
(47) when A¢ = Des Tgustion {48} slso shows that as
T s my & stesdy-stats solution 4is obtsined when

lt < @. vin.

=)y Re Y
mz;:ﬂ -ai = e ;.ch‘ e (hg}
Rl | S 2

This type of solution wps slso considered by

(43}
Etaakuaytr'&j’

and {Lﬁngaworthm’ ) } for nmoving oon=
gentration boundaries of the Ltype obasrved experi-

(%35 '
mentally by Longawcrth“’jf. It 4s shown in Part (vi)



of this Section that when Ay < O, the electrophoretic
term describes an effect tending to sharpen a boundary
and a8 T -» o, the spreading effect of diffusion 1is
balanced by this sharpening effect.s When A¢ » O,
boundary.apresding continues indefinitely.

(e¢) The expressions in (47) and (48) are clearly

even functions of the coordinate Y and it is shown

in Appendix IV that the same is true of the expression
in (45). This proves Stockmayer's assertion that
concentration gradient patterns will remain symmetrioc
under these conditions.

(d) The centre of the concentration gradient curve is
located at Y = 0 or, in terms of the original varisble:
at x = X where

x = utE Eo (1 « 2g) (50)

i.e., whers

veuE (1+2%) (51)

(v 18 the velocity of the centre of the peak).

This justifies, to the degree of approximation con-
sidered so far, the use of the field strength in the
bulk of the solution being studied, visz. 30(1 + ANg)s
in caloulating mobilities from velocities of peaks,
However, it is known that field strengths across

moving boundaries are influenced by the presence of
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certaln “"boundery snomaslies® or stationary bound~
ar&an(k?) which have not yet been consilered., It
may be possible to sliminate these by adjusinment of
consentrations Lhelors an experizent is p@rfornn&{hg}
but & slignt error iu making those ad Justments muy
zive wise to density inversion and csuse gonvection,
In back-vompeniaied eleotrozhoresis, sueh cs that
used iz sertain sharge &@taruinntiantikgz, the
dwhoundary {the stationsry boundary at the initial
position of the nsceonding boundsry; 4is removed,
‘However, this reguirss a series of sxperinents to
deternine the ionic strength at whieh the {=boundary
will dissppesr and it may happsn that st She reguired
toniec strength the mobility is low, Tence it i
desirakle in nany cescs to be able to caloulate
mobilities frow experiments in whick statlonary
boundaries are sllowed 4o coeur and the necesnsary
podifications of the snslysis will now be discussede

{iv) arv Bounderies snd Vapistion

Y
It hag Deen ﬁhuwn{h7* that the Hohlrausch regu-
latinz funotion for 2 phase @ defined by

“ﬂ o 3 Qsﬁf:r’

&
LR
3

S

/-
4
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has the same velue in avary phase on one side of a
stationsry boundurys [The sunmmstion in {52} ia over
all junie susoies 5 %i beling thelir respeecilve sone
seatrations in couloub/es. The ry ure their nobili-
tiea relative %0 %het of 4 refarence lon and are

here treatsd ag consisntss) On srossing = stationary

boundary betwsen two phases {& and 7), the regulating

function otanges avcording %o ths eguaiion

a

53 « s {53)
the solution on one sids of such a boundary deing
derivable ©rom thst sn the asther =ids by dilutlion
#ith solvent {by = fasctor p)s Thess boundaries are
partly responsible lor fisgld aireagth verlstions and
should be conzidersed before applyinz equetion [43)
%o She ealoeunlatiosn ol mebllitiess

The perameters 7 _and Ay in equation (34} were

o
introduced 4o describe the wariation of [lleld astrength
poroas a moving bousndarys If the resduced sonceniras=
tion of polyelestrolyte (0) falls from 1 to O acrosa
2 boundary snd é@ iz the field strength =%t thel part
of the boundary where ¥ a O, then the field streugth

wili change from = %@ Eai% 4 Bels Inm the abasence

of stationary boundaries, Eo may be identified as the
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value of the field streszth in the hulk of the
supporting clecstrolyie, In genersl, however, this
will nod be true asnd the field strength will very
a8 indiosted iu ¥igures IY and TIX, In Figure II
the field sirengih in the bulk of ithe supporting
slestrelyte {¥%} is reduced by g factor 2 on
orossing the ¢=-boundary {(dus 1o zn incresse in salt
s¢peentradionis E,. = ze/p 4 therefore the £,
value for the descending bounderye If Aep 18 the
velue £ A; appropriate to the descending boundary,
the Pleld strength #ill chenze %o EOD{’ + A¢p) on
ovossing ibis boundary., On reaching the S=boundary
{rigure IYI), the field strangth incresces by the
feotor p, then {eoross the sscending boundary)
changes 3¢ 2% sines this boundary ends im supporting
elegirolyts. Thus ﬁﬂé a B* 18 the %0 valus for the
ssoending boundarye The Cleld strength in the solu=
tion between the Ii» and sscendiing houndaries nay
therefore be written T,,{1 « Regle I% =112 be noted
that the sams factor § hes besn used st the B« and
g¢=boundaries, Thiz followsz sinoe the regulating
funotion only changes twios (onee asross eaoh
stasionary boundary) and must have the same value

in sackh of the end sslutions (sinos these are
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® k Eoo = E¥P j ‘
x 5 ®

A4

ﬁg. H . field strengthy near the descending boundary

i
Eoa (1+ )
Eon(]-!-)\m)f - E°°-‘°("7"°m fos 2
® @ O,
_ -

Fgg- III-Fiald strength near e ascending boundary.

2 = distance from § - boundary in the direction of motion.
&, = distance from § - baundary in the direction of mation.
® = bulk supporting alectrolyte.

= concentrated supporting electrolyte.

= bulk polyclectrolyte solution.

= diluted polydlectrolyte. solution.



1dentionl)e
from this, one may write {for the ascending

and descendinz boundaries respectively)

E,= E¥(1 o he Bl (54)
L 2;;‘3» (1 & haplyp) (55)
41so,
s 5, =0 * 11 E, {56}
0, = 1 0, -+ 1
Thus,
Agy = Bep {57}

In what follows, Ghe parameters in (57) will bde
denoted by Age

It should be noted thet although » single
vaine Ay suffices for ssoh of the %two moving boun~
dary rogions, the iatter asre not electrophboreticalliy
similar, TInolusion of initial conditions {see
part {vi}) shows ¢het thelr @ = X = T behaviour is

influenced by 9ffcgtive Ay values of wspposits sign,

Also, dilutiorn anross stationary boundaries give:s
rise to differencesz in £® {the polymer concentration
where 0 » 1) and in %he oconcemiration of supporting
slagtrolyto, l.es interionie interactions in the

two regions will dirfer,



*It will b2 reoalled thst slectrophoretioc similarity is bLased
upor invariance of the €(X,T) fuaoction under a2 group of trans=

Tormations whioch, for constant u and D, has elements {T) of

the form
T uns
X = e o x (53
D
{ug )*
P o el » g (59)

b
vhils other factors (sueh ss bulk conoentrations of the
various species) are held conziani.

(v} Zslgulst: Hobilities

Eoundary velgoities nre rsadily obiained fronm {51)
using %, and Ay velues from (iv)e Thus the wveloocity
of the deseending boundary {vgi is gziven by

L

Vo B8 4 =
L [

=

+ AgJ {69)

Sy,

and that of the ssoending boundary (v,) by

&%

v, = u 2% {§ - he) {54)

A

{remenbering that the eifective Ay wvalues for these

boundaries have opposite signs)e This leads to the

velstion
v 9 = hy}
méy ' . 2



vhick, Tor Ay & ©, reluces to a result derived by
Longararth(h7}@ vonductivity wmessursments yleld
the fleld strength in the bulk of the supporting
elsotrolyte (E*} and in the bulk of the polymer
solution {Fo{1 & Le)/2), thus snedbling one to
osleulate {1 5 2y} /5. Tubstituting this and the
ratio of boundery velocities (v /¥ ) im (62), %y
nay thenm be determined (and hence the dilution
feotor ) without resourse to sampiing techniques
whick tend to 4disturd bounderieas, The nobility
then follows directly from (60) or (41).

{vi} ipresding of Boundsries
Bountion (&5) provides o mesns for estimating the
diffusion soefficient (D} from the spresding of e
boundary and must be uzed whenever apprecisble
spreasding occurs prior to electrophoresis, Oy
meens of (43), {Lk}, {58}, (59) and the defining
reletion for ¥ (equation (22)), sne may relate the

expoerinentslly determined lTunction ggé%&gg to

O(Y,T; by mesns of the eguetion

R a1 (63)

The Aetera nation of Lthe 2iffupion coefficient ¢then
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rroceeds as follows:
2 first estinets of © (eop. one based on siample

boundsry coresdins dus %o Ciffusion alone)

tn (63) and the resulting estimate of Topeals

compares with the rizht hand member of [45) [evalue

ated sumeriocsily by the method piven in :ppendiz V).
At ¢his sizen, samporison need only be made of the
peximuz opdinates of the 84/3Y curves chtzined from
(48) =n2 {63} in turn, Etooknayegﬁ;&aﬁ tha central
ordinate of the conouniratione-grsdient curve in
deternining 2 parsmeier (A/D) of his ayatesm, Pitting
enpirical expressions to the integranda in an
equation sorresponiing %o {L3) a2 Y = 0, Fowever,

ne detaslls wers given in his paper and the smethod
outlined in aprendiz ¥ ia recommendied here pince
gables arewmrailable Tor garrying oul the integrations.
In eddition, this nethed 1as shown Bo be very sooue
rate provided = sufficiently large nuszher of values
o 4he integrands L1z useds The procedurzs is repeated
for 4iffarent values of D untlil the saximum ordinates
from (485} amd (53) oeincide, Let this sccur when

D om De

88/8Y at% n number of points ¥, {4 = 1,2, c¢ee N} may
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be oanleulated for values of D near to D Yy means of
{k5} and {63)s If the corresponding ordinates
found from (45} sad (83) are dencted by ¥is1 and

Yyom respectively, the wealue of U for whiok the sunm
n

?ow 3 ‘{’iﬂ- g2 )2 (62}

L=t
is » winioun 15 then selected as the Iinal estimate
of the diffusion 2oefficients In this way s nuamber
of ordinetes 15 used zsnd the of'fest of error in the
zensurenent of any one is graatly reduced,

“hen sledvirophoresis comssences with s sharp
boundary, numeriosl integrstion is no ilonzsr neces-
sary and an expiicit solution {eguation (48]} 4=z
available in slecs of {45)e A number of astimates of
D 1s atlll requirod snd this would be & lengthy prow
sedurs for hand somputation. Iowever, the right
hand sember of (43) is readily fouand {(for given
values ¢f hyy, ¥ ond 7! by ueing high speed somputers.
Ia addition, compuier calculsiions based on {LE) have
indleanted the sigupificanse of thae paraseter Ay in
desoribing boundary spreadins (Flgure IV), positive
values of this parameter belng sssoclated with moras

rapid boundary spresiing than in free diffusion and,
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conversely, when Ay 12 negstive, Boundaries that
are sharpsr Lhan those oblalned in free d1fTfusion.
spart from haoving sa explieit solution (42}
when boundaries are inltiaelly sherp; this tyze of
boundary is slso %o be sreflerrsd in vier of the
Ilimitatione on %tihw Tleld strength reprosentation
degoribed in Tigures IT and IIf, Ter exezple, 1f
e 8iffuse dezcendin, boundary and the €-houndary
overlap, Ghanges {n PLleld strength due to otk the

o

higher sonsentretion of pupporiing sleotrolyte telow
the €-~boundury snd the waristion in poelymsr Goncenw
tratlon ssross the zoving boundary =111l be combined
{(Figure V).

llowever, as mentioned in Jection 2 (1) of
Chapter 1, only ceses in which elseirophoretic
elfecis ars smueh sore sarked %than those »f 4iffusion
arz belng oonsidered and edegunde zeparation of
boundaries w%ill b2 zohieved under these clroussiances,

The general iheps of goncenivation srwsdient
curve: may bg Zesgrited as 2 distorted Ceussian
functions Introduelng %he variatle

-~
0o

7 A& ® 7
Low = == ( B ~ = }
427 V21

L e

7
(13
& 4

o

the liuniting oase Ay = U {equation 33) may be written



Fia. V. Fad atrength near & - and descanding
o boundaries.

x = dlngharmﬁ-om & - boundary in the direction of
ohn.

Firm line : overlapping § - and descending boundaries.

Doiied line : distinct & - and descending boundaries.
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°@§ - &;wwwv (66)

ises waoh velue of 7 15 2 stapdard normsl deviats,.
The boundary sprerding observed in this case 1a the

same a5 for simple diffusion but, more gensrslly,

= @ﬁﬁg%,ﬁa,ks} (67}

This refleots the Fact thet spresding of e houndary
will, 4n gzeneral, depend on a number of Tastors,
vige {1) diffusion; (1) ths relstive magnitude of
slectrophoretic and diffusion terms {mec aquation
59}, {141} the retis ¢ tismes of diffusion without
slectrophoresis to diffusion with sleetrophoresis
and {iv) field strengih veristions,

slthough 3heo dunensionless parameter A; hms
the same vale f'or the ascending as for the descendw
ing bBoundary the gogsetries of thsse bhoundaries
differs 7The reaszun for this is that iy hes been
def ined only in Serms of the variation of fieid
strength with concentration of polymer;, and «ithough
the governingz squation {(41) helds vor boih moving
boundaries, the initial conditlon (L2) does not,
This brings out &« peint discussed by Elin@gscﬁ. viz,

that 1t 48 imuortant to sxamine the governing



T

nh_?-

equations of = problen together with all the neces
sary boundary or initisl oconditions. Thusz {or the

ascending boundsry

s
g‘“ﬁg‘(?*iﬁi)% TR Ty eme X (K1)
axt ax

ss bvelore, but

0{x,7 ) = + are =t {68}
] 2 - "
°
which differa from {42}, By using s mwoving co=-
ordinate 7' = « ¥ sand the time variasble ?, however,

one obtalng

& !
88 B3, a(20 - 1) 28 (63)
&T aye* art
with
' Y L -Y
8(Y%,0) = = erf =——= (703
' a2 %ol

(69) and (70) are of the same forz as the corress~
ponding equationz Tor the #escending boundery (see
rppendix IV), equaticns (hel), (he9) 2nd {4411}
exoept thet Ay haz buen replaced by ~ hee Thus,
when Tield strength sredients tend o maks o
deszsending boundsry spresd sore rapidly than under

the sotion of diffusion alune, the opposite sffeot



is observed at the sscending boundary and viee
Yerjsze

Be BIGHER«O:DVR PRETHURBADTIONG TH THE VLRCTRCPHORRTIC TRaw

There has heon no quantitstive ireatnent of this problen
o date but the above solublons suro elsarly inasdequate for
the interpretation of ssymmuiric bhoundary patterns,

(54)

Lagerorants made corrections to "spparsnt® mobility vaiues
{ie®e 7alues based on the field strength in ithe bulk of the
solution under study’ But gave no details about the type of
gsorrection he used, In sd4dilion, he was unahle %o obhialn
compleie szrecment betwsen nobllities satinated fros asoend~
ing and desoendinz boundsries,

{4} TFormwulstion of the “roblem

The relevant factors have been discussed in Chapter

{1 {Sections 2 {1i1) =nd 2 {iv)) and the trensport

egquation may & writiten in the dinensionless form

C > | o~y
2 2%g ;%..[s; y yta*)( s Ae0Y)e | (74)
8r 8x* Bxi . foi i

L} 1=0

where * = % = fs If the infinite series i {71) are
4o represent zisguately the mobiliiy «nd Tisld
strength as functions of ithe reduced soncentration
(8), they must be convergent. In addition, For

small perturibations of v and E from their reference



valuesa u, and %ﬂg it is reasonable to expect thati
at least one of these series will be mnbsolutely
convergont so that one nsy =»riie

(e =)

a ~
236y ey B (9
8y axe o 8z

i=0
in whioh the ¥y are the Cauchy products
1
LV e
p

Vhen applying (72) and (73), it should be borne
in wind %het great care is needed in truncating
these bhecauss Lthe orders of nsgnitude of the pheno-
nenological ocvefficicnts xi and ki are 4iffisult te
nB8eBBs Thus, 47 T, is considered as well asz Ay,
it may happen that |re¢| c<c |X¢] dut [ryi § l2aa i,
1;®. firsteorder mobllity variations may be no mors

. s%renzth wvaristions

and allowance should therefors be made for the latter,
Some sneillary information on the variation of pH
and bulfer soncentration across =z boundary is useful
in choosing the necessary eoeffiolesnts,

®inally, cquatior {(57) is no longer velid

booause {5i) snd (%5} zre replaced by expressions of
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Lat
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Thus, a2lthoughk (56) is =ppliocable to solutions of
sirong slectirolytes {whers conduotivity and concene
tration may bs considered proporiional}, (57} is

renlaced by

o o3
) P ™) Pap (76)
i 1=t
aend the ltﬂ are noit necessarily equal to the corresse-

ponding hin@ 4 similar sistement iz true of the

.‘!ind Ti‘,}.

Tia
tome genersl results on the speed and geometry af
boundaries will now bo ferived,

(14)

When the #tffunion soefiPicient is very small, bdboun-
ésry spresiing is no longer sppreciadle bui the

veloeity of s boundary remains dependeni on the

electrophoretic parameters yjs To deteraline



the form of this dependence, it will b= sonvenlient
te intreduce a slight artifier at first, viz, to
sunrose that o a2mell amount of diffusion 1a sllowed
to ocour before clectrephursals starts, then o
neglest 2iffusion during the subsequent slechro=-
phoresises Im ihiz way one iz sble €5 use o sontinue
ous initial conditisn (s selution of the diffusion
squation) Tor the eleatrophoresis process, thereby
obtalning a continuous solution of the sonservantion
squation. (If diffusion is neglected entiercly, one
is Toraed %o deal uwith discontinuous solutions.
ipavrt Pron ihe 43 UTleuliy of bandling thess, the
fundanental Ltheorems sn honogeneoud Tunetions naed
in the prosendt system ol dimensmional asnlyais(kz)
presuppose continuily conditions.) The relstlion
setween the boundary velooity (v) and the yg is ihen
o2btalned by letting the tiae of diffuasion tend to

zero {see iprendix V1), ziving

o0 4
= {1 s 1)y, )
Y = Wi 5 M 5;77:*‘
e o J, i
1.0 2

Thus, the =mobllity {ﬁu} is equal to the veloeity of

the boundary divided by » Tlsld strengih equal to

P

o Gorrected by the fagtor showns, Tt lg interesting
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to note that when the mobility 1s constant (i.,e,

the v, ere all serc for i » 0}, the corrected field

strength (&6} has the fornm

{ g A

B ow E T & hag o wweew g e o .cc! (76}
¢ ° - .
e & &

since {3y 73} Yy = %iii s 051,2 seele This is seen
to ds =z generalisstion of scuxtion (51) and justifies

the use of the latter sas a2 First approximation,

Enantioaranhy of Conjfusate Fatterns

Prom equation {78} {for the desecending boundary), it
follows that ¢ reflestion X*' a » X will snly zive
the sanme form of %the gzoverning equation for ths

aspending boundary if
yiA m o Yiﬁ (i ] 1’3, vse) {?9)

This 13 trivially satiasfied 1f all the ¥y ars serc.
ther sonsiderable perturbation from the valuss .
and Eo ooours, i% i uniizely thgi theae relations
will be satisfied, &onsawarthijs} stated {without
proof) that & constani slectric field will generally
be necessary for enantiography. Phe sbove subm
stantiates this and; in eddition, indloates the need
for censtanay of mobility aa well, Langawortﬁ(#7}

also suggested that conductivity and mobility



varistions may tend to maak esch other, This may
be seen by somsidering the csse vhere 7y and by are

small and Tay T35 see Mgy 2335 see REgligible.

Than,
Ve = Tqg + Ry (82)
Ya = Tik’ (81)
and ¥y = ¥a = sse u O {82)

shen 1f 73 = = Ay (50} gives ¥y = O and (81) shows
Vs § 0 so thet conjuzaie patteras may appear %o be
snantiozraphic.

{iv) Golutiem of the Transport Ugustion

Ne slosed-fors soiutions of (72); beyond the firste

order treatment siven, have been found to dates In
addition, sny values obtained for the y, would
require careful interpretaiion sincs they sontain
inforsation related to Loth semduetivity and mobi-
l1ity changesx acros: houndarisass

The exiastence ol aolutions is assured by the

FE
sork of ﬁlngaﬁnahnhwua&iixgz)

s iron whose anelyzia
4% Tollows thet a convergent sequencs of approxina=
tions Bgy C4, Og,p seo @xists, where ©p ia the initial

sondition snd successive %ﬁ satisly



a0 s = 8é
--3 s S * R i / (i + 1) Yioi"’-) —dl n = 1’?’ LR R {(‘5}

T px® L Yoex

ial
In applying this rsavit to the solution of {72,
pn# is resiricted hHeosuee 4An Bpite of the facd that
the iieration for 0 involves » linear differential
squation (& _, heving been found), the coefficient
af‘&@n/§ﬁ will not Lo simple nt sny stage. Johngs;j
has glven z wethod for replacing suoh iinear egua=-
tions by euulivalant lategral ecuztions dui the
lstter ey be equally diffieult %o solvs,

Thus, although: the existence of higher-order
solutiona to equaticn (72} ia assursd, further
information on the coefficients ¥y and suitadble
anethods of =zoluticn based cn thess are necessary
before asyansiric boundaries can be satisfactorily

interprated,



HICROSCOFPIC TRAHIPORT THEORY



GYNYEAL UDORSIDERATIONS

1¢ INTAQOUCTION

The eleetrophoretic mobility of a particle moving through
s viseous Tluid is %he ocutcoxe of an electrostailo-hydro=-
dynamis foree brlances Theass foreces must be conaidered in
the derivation of nmobllity~zeiz=poftential relatlions asnd if
ong wishes %o caioulsiz the charge on « partieie Trom 1its
sobility, the relsationshir betwzen zeta=potential ané charge
zust also bo determined., Curraent solutivas to these protblens
involve gross simplifieztions and 1% would appear worthwhile
%o sunalysz more exsot fornmulationa. Tven 1" mors ascurate
relstions =2rs odiained, however, 1% will stl1l)l de necessary
to feteralze the nsture 2f the clectrophoretic churge., Tor
peiyeleoirsiyte solutiens, in parilouler, it is rsooznised
4hat the kinaitls unit underzaing trsnsport is not merely a
polyion but includes 2 nusber of counterions as well, Ton
binding studies %o date have Friled to indicate the extent
of counterionebdinding during itramsport and polyioniec charges
susts at pressnt, be found Ly other sethods {sege tilrationl.
The *partislea® relerred %o balow are statlstical entitles,

indicating time-average propoerties of the kinetic units,
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The mobility-setaepotential relationship for a particle
forus s link between s zmacroszoopic observable and s mlioro-
scopis parsneter. Felationships of this kind have been cone
sidered eluamhtrcti’z’&5’5k} and, in keeping with the subjeect
of Fert II of this thesis, aitiention will he focused on the
relation between $wo microscoplic parameters, oherge and seta-
potential,

This ohapter commences zith & survey of the faotors
governing electrophoretie motion, 7 physicel model is dez~
oridbed, this besing followed by a methematiocsl formulstion of
the potential problem. Twe smethods for redusing this are then
sutlined, ene sonverting the 4iferential equations te¢ a
single wguation, the other vreducing thet to dimensionless
forme The rest of the chapter is largely concerned with the
derivation of expresaions for the charge density 2%t the sur-
face of shesrs O(ne of the nethods used has already bveen des-
eribed by Gcw&n(1} and 12 brielly mentioned fer purpeses of
somparisons Ths seocond method Snvolves approximaticn of the
spiaoson=Boltsmann equation in %the manner indicated by
alexsndrowios snd xaﬁaha&uky{55}. ¥hile this method may yield
a satisfsctory ostimate of the elsstrostatic potential nesr =
polylon, it is unlikely to Do senerally setisfactory in charge
Zetorainastions (see Chapter 4} apmd s third approschk to the

probles is discussed, The chapter ends with s sonsideration



of ien-binding znd the relation betweean polyionle oharge and

slectrophoretic charge,

FACTORD GOVERNING ELECTROGIPHORITIOC HOETION

48 in the aacroscopic theory {ses Chapier 1), goveraning

factors will he¢ outlined befors foramuleiing the prodlem in

nathematicsl terms, emphasis beln: placed on the apesial

charsoteristivs of polyelecirolites,

This L8 %he primery Tsotor detersining the
elootrosintic fores zeting on a pertiocle in a given
electric fleld. In polyelecirolyte solulions 1t is
largsly deteramined by the polyionic sharge bui the
magnitude of the latter is reduced by the sorcening
slifecvt of counterions, The influence of these smzll
ions will partly despond on the temperature, Lhermal
egitation tending 4o reduve thelr conoemtration near
each polyion. Tolyleon-sounterion interscitilons will
slso depend on the dlmensions of %the warlous lons in
solution, as well as the loni¢ strength. The lasgd
guantity reflects the incressed sereening ohtalned
by using supporting cleoirolyteg of higher concen-
trations and/oxr valence types, Gpeocific adzorpiion

{57}

of counterions tends to override the effects of
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by~ionz, $he letter having e relatively minor
influence on electrophoretic mobilidy.

{b) Cherge Ditributien

This will influepece the sleoirie field in the
vioinity of 2 particles OConsicderable sipgpiificetion
of the snelysis 12 possible 4f the surfsce charye
density {(arising froo cherged asites) is considered
to be Yseesred cut” uniformly, remembering thai the
true ohurge densiiy will very from point to palns on
the swiesce of the particle. in the ceass ¢f poly-
ions, soresuing by sounterions will tend t¢ elimi-
nabe suoh oherge density veriations on the surfuee
off shunre aAltbhough the smearcd-charge model i¢ more
scourate at $he suriesus of shesr ithan at the polyion
itaeif, the effeot of this approximabion on expres~
sious for the sharge densily has aot yet been daler=
aineds Ib view ¢f the work of Laraess sud ﬁ111{58)’

it mould seen to warrant further investigetion.

sonduction of ¢lectricity {(through e particie
sndfor sloug its surfese) will modidy the sleciric
Pield srousd the pariisle, reducing the awbillty o
pelow the serrespouding value for sa lnsulsioXe.

dowever, the paszege of surrent througi e pariicle



will Be oprosed dy surface polarisastion, finee,

in addition, 4% 18 4iffioult to asaes» the maaznitude
of surfsoe zondutiance, anzlyses %o date have larzely
teen nonfined to insulstinz particles,

{4) ieometry

fartiele shepe and size influenoe hoth the

hydrodynsmic resistance to wotion and distortion

af the slesirie fielf in the doudble layer, the
latter Leiny nertioulsrly important when the
dimensions of the particle are lerzs compared to
the "thickrness® {Uebye-Tuockel radfus) of the

doutle layer, 7n solyelectrolyte zolutions, the
polylon concenérztion will partly determine intere
jonic intersctions (gel @rrwatémbcing noticeadle

in more concentreted sclutions) and thus influences
the zeometry of the moving units., The state of
pzeregsiion of polyions vill eslso depen? orn the
tempersture, Chenszee in the electrovinetic propere
ties of pletelets during thelr cggregation have
recently been studied by teamen and Vaaaar(sg}.
The sleotrophoresis of rigié amd pavtiaily
(v

3 v v
freeo~iraining aphtreaiég’ﬁi‘, dises snd long reods

haove been sonsilered by waricus authors. It has

been sugrested thet o sylindrical model he sdopted



(14) 7

-r‘;{)-

for 9aly1ana{62)

and, zlthough such = model may
srove of doubtfal utility in the case of flexible
pelyions, 4%t i mitel %o the study of rizid macro-
ions, feze iz sorielin T"H? solulions, This nodel

ir snelysed in Cheplter &,

iveraze {(Vasrosavcio) Pleld Strength

Tistortion of lines of forece in the double

layer around o particle will vary with the strength
af the slectirie Field, thue influcneinz the mobillsy.
The sleotris Tleld nlso tendsz %o zlign mwultigoles
paralliel to ltgelf, this effect beins more nmarked
at higher fileld ztreonzths.s. The resultent "strenn-
lining® of the particies with respext o the eluce
tricel ani hydrodynssic force fielis insrcaues thelir
motility to beyond the velue for rendomiy-criented
yarticles. lMowever, therwmal sgitation will opross
this effeot nmd, to dste, random corientetion of
perticles hes been supumed, The ervor involved in
paking this mssunption would he &ifficult to
epstimate dbut it 1o less serious st lower field
strengths,

*

{b) Fieroscopiec Veristiony of Vield "trensth

These will bte mout wmariced ipn the viecinity of

a2 polylons



néfu

(¢) Yaristions of bielsstris Coastent

The dielsotric constant of a solution hias been
shown to vary with the ionic s%rcnsth($3}. Hence
the bulk dielectric constent of the asupporting
solution will not e striotly applicable near a
moving particle {where there is & lozal excess of
sounterions and defiociensy of by~ions)., This dise
srepancy osn be reduced by increasing thes ionic
strength and so far hes not been inciuded in modility

theory.

Counterions contribute to drag foreces by stresme
ing in the opposiie direction tc that of the partiocles

undergoing eslectrophoresis,

(e) Relexation
Hotion of particles relstive to their ionic

atrospheres also gives rise to glectrosintic retare

da%iongsh). Thusy at equilibriuz the ionic atnose

phere of & given particle is, on a time-average,

sysmetrically distributed. Under these conditions
the ione surrounding the partiocle sxert no resuitant
foree o2n the laotter but during sleotrophoresis the
central particsle moves %o an aff-sentre position with
roespect to its lonlc stmosphere. This causes s re-

storing force Lo set until thermal wotion rearranges
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the ionic ztnesphers, There will be a sorrese
pondlng reducition in aobility bui the megnitude of
this effect will be aznall providad the thickness of
the Lloniec atmosphere is mueh less than the dimensions
ef the partiele. I% has basen shown that this effect
noy be safely igrepsd when anslysing the ol eotro-
{ng)

phoretie behavicur of linenr polyelectrolytes .

iynnale Pastors

“he visoosidy, seapresaidbility znd Reynold's
nuabsr o flow pant the particles will partly detere
ning the draz foroes {see niso (d)}s & conmplete
anal y8iz of tholr aodlion would bhe very complex,
sgpeeiaiiy im view af Lkelir interzction with the
gtheyr faciors consideved here. Tnder the usual
suaditlons of stmospheris pressure and low velosity,
the £laid motlon asy B¢ sonsidered incompressible
w0¢ laminars It Lz sl 20 oustosary %0 treat the
motion as ons of orseping flow ifor mshich the
inertiz %aras An the hydrodynamio sgquutlons af
moticn are neglisible pud squatiouns such as Htokes'

agquation for spheras are applicablels

4 Layer of eplivent may assooiate with 2 polye

ion~gountorion unit, thus inoreasing its affective



size, Unforiunately no reliable eatimate of the
thioknoass of %his laver haa been avallable to date,

"etting of pariieles Ly the solvent Lls nore-
mally csonsidered to osscur, thus allowling the use of
e no=31lip houndary sondition in solving the Naviere
tokes aquatlons Tthlis sondition i3 aere likely to
hold for masrelons than for amsll ions),.

S«  IHE PHYSICSY HUIBL

A kinetis unit {possidly salvated! will be repreasented
by a rinid s0lid of dieleotris sonstant &8¢ and surfsoe charge
density o, this being imnersced in a solvent of dieleotris
sonstant s+ Counterions {(of vadius 24*) ars clustered azbout
the eentral macroion, 22 are ionz of %he supvorting sleciroe.
iyvie {(bulk counssatrstion cg%ﬁ, ziving rise to zn uncharged

region of thicicnesa ry sbout eaeh particis. In the solution

*Those eounierions nearest o polylon %ill have 2 smaller
ai'fective ra2fius than that letearnmined Troz conduotivity
sesaurerents in eimple sali zolutiona since the sirung slettro-
gtatie attracticn betwesn polyicns and their comterioms tands to

remove wnater of hydraticn, =% leoast froz the outer co-oriina=

o

2ion spheres of *ths small Lonse 4% praesent, however, there is

no way af allowing for this el fect.



beyond this reglon, the shavege density will bde tsken as cone
%inuous, L.¢: the &lserets strusture of the double layer will
not Ye sonsidered, VYor sizpilielty, only thres-ion systens

%ill be oonsidered {ms in Chapiter 2} and all »aall ions »ill be
feien a8 univalont,

Le EOERULATION OF THE PROBNLE

The potential problam reduces to selving the Polssons
foltzmnann enustion over the aleetirissl double layer surrounding
% pertiels, It has been n%§ee%eﬁ§“6”*§} that this syustion
2 inoorrsst ainos the enseabls sveraze work (sppesring iz the
Toltemeon dlatridbution lew) required to pisoe an ion in =
given configuraiion with respect tc & oherged particle is not
Lingariy related ¢5 the potential funstions This iz ftrue sines
the iptroducties of sn Lon will Aisturt the loale atmosphere
of the pariisle under sonsideration, Howsver, Zaichaksky et al
(62 heavs peinted sut that the Jistridution of small ions around
% maerelon ia denminsted Ly the powerful sentral field of the
latier, other interaction effeets beliang relatively small, In
sddlitdion, ﬁuitiég} {secr aslge van ﬁlph@miﬁ&g} has exrried cut a
zonieguantiiotive suriveis of the sroblen, ashowing that of ter
correoting spece coordinstas (mozsured from a suliable origin
within the partiele) by seversi ‘ngstrom units, the Souy-
Chopman theory =ill zive epsentinldly corresi reswlis, For

these reasons, the Folsson-lBolissany equetion =ill still be
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nzed but it should te remenbeored thet :ny perticle dimensions

smployed should asllow for the Tsotors discussed by Toli.

1)

The Dirferenitial “aushiions
e " — e

The potential funstion #ill be considersd over three
TOLLONS
{a) vithin the surTase of shear {39}.

Zines fhare Lo no volums eherge density within
this region; the Folissen sguatisn for the potential
{#e(xr)) at s point p reduces %o Laplave's squation,
vise

*eyig) = 0 (84}
(b Betmesn G, ané the surlace of closest spproach
{ze) of vounterion centrez %o Sg°

igain, the potential (¥e(x)) must satisfy
#4e{(r) = O (63)

{8 irem G¢ %o inlinibty.

The Felsson wpuation for the potential 513(53}
over this region wilil be epproximated by the Folasone
Seltsmann egquation which, for the three-ion systen

sonsidered, reduces %o

. @ ;
gt °q g¥s(z) 86
Pealg) = sinh ‘“”;“” (86
€2

where ¢ = magnituds of the el zotronic charge



k = loltzmsun®s constant

T = nbsolute temparature

. ; and ths remalning symbols
& * %r - & 8 5 ;’} POy | &=
@ (VOELATD S GURIETT o oww breon defined above *%,

eass ¢f the three potentisl equations is of
segand order, 4ix boundsry condition:z are needed for
their coupledte solutivns These are derived as folliowust
ia) The potential ot g = 2 is finite, i.e. there

axicts s oonstant ) such that

1im %4{x) = A {87}
gl = o
{b) The potemtisl ie sontinucus aoress the surface
of shear, l.g.

(9002} = {®air)) -—
= jsg N\ fao

(This potentisl 42, by definition, the sets-potential,
Ziw

* inoluded in (86 since ﬁg° is usually ziven the dimensionsl
=3 3

forsuls ¥ L T, mot Y oas regquired by the corresponding

'3 %
o = (45}
foraule of iive and Hegasews' ',

seigy sonvenienses, ths poleniial funotion in [86) hes been

taken »8 positive. Then the surfece of shesr includes » net
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negstive charge, this funsticn 7ill be negative nesr the

sartiele {note the cleoirvsistic potemticl ourves given by

;mr@wct:&“”;, For ewxampiu, aivrietly spply only to suaitively

ahnsrged parilicles.

{s) The sleeirie dispircement thanges acrvss the
167}

eharged surfaue ia swel sz way bhat

Fmer S
i&@y ¥

{d) The petenilal 1s sontinuous at 34, 1.0,

ji;,\- ot ,L: ».» = 2 “
[%ipl] w{¥aipd, {90)
%, =/ f‘ A = aﬁ’j e

{e} The zlieetric dizplaeeasnt is continuous aoress
5¢ {sines thors is ms surfaecse chargs dlensity there).
in addition, 1t has besn sasuses that there is no

ehunger Lu Alelectiris sonstant on crossiaz this bouns

,\Sy‘ ” ; 4 ‘q'- ‘ & % 3 !
{Vigfp)) = {¥0sip) {913
- BAE ‘} 4 q- " - " &4

{£) The position of serowpotential =ay be arbitrarily
s2leeted., T is cuntomary O e¢hoose This position

£t Anfinity, le8, away froe the infivenez of the
esieetropiatic field of the polylon, giving

15m  ¥3ip) = O {92}
I;l - 19



e UEG OF BOURDANY SOHDTITT O8O

In solving the linesrised potential equation for & sphers,

sthramson et ﬁlgii

used the boundary condition at infinity and
the potential gradient 2t the zurfase of the particle, 1,0,
sonditions snelogous to (91} and {(92). The derivation of

(1)

Gorin®s formuls for syliniers has never been published but

his result sppeers $o have Luen derives in a nagneér analsgous

to that of Suﬁa(sa)

s» Who 2l 8o ueed boundary conditions correse
pouding %6 {(91) and (32})s in slternative cholice would be
wguations of the type (50) and (91}, 1,e¢s conditions st the
surf'ace of the particle. Ioth of these sprroaches ara, 4in
general, inadequate as the following will show,

Flrstly, Gronwzsll 8t giis?ﬁ have found that in ocases of
spherical symmetry end neglizilbie sounterion rsdius, conditions

of the type {91) end {92} yield = seiution of ths form

e
2 -Z. ) ey (rep)e 0F (93)
nsd

iety the doubie layer potentizl may be expressed aa a powey
series in the charze nt the surfscs of shear (2) with ege
effiocients that ere functions of %he radlal ecordinaste ‘r) and
various psraseters of the gyaston (gje The remcining condition

{of the ¢ype {90)) then lsacs to the result



. .n :
Ze ) b fra,g} s 0 (94}

4%

¥
et

ne0
vhere v 15 the radius of the surface of ghear,
it ia found that the series (%L) diverses for large 7,

- {705
sithough Levine ' ’ haz shown that inversion of this series

issds ko one of the iLype
oo
Qw y e, (roep) * 2" (95)
w 1} 4 n % ° ¥ ¢ s &
nel
vhich senverges for gll finite veluey of zZe The bn’ howevaer,
ere pot simple and thils iaversion will, iy general, bz 4iffi.
cuit o schieves Similar d107iculties may be sxpected for
¢ther particle shapes. ¥all and Earkor&ts‘71} have nasd boune
Gary conditions saslogous to {91; and {92) for ssiled polyiocns;
% zinilay approach bheing sdepted by Kotin and aaganavn€723 for
sylindrioal perticlez. In view ¢f the d4iffiguities Just
senticned, thelr selutions must he trested with caution at
higheyr seta-podsntiels.
5eoondly, ons night sitesmpt to solve {85} subleot to ihe
sonditions (90) and {51}, %ese a5 en initiasl walue proklenm.

f¥5Y )
‘75’3 Boondsry dsto vather than initial

Howsveyr (soe aradedian
‘a%a gre roquired to deteraine the seiution of szn elliipiie
gquation, lees 1% 13 necessary to ind s mluticn Ln the large.

Thig is harder to a2ohieve than o local soiuntior and the need for



gioual conatructions makes 1t espscliaully difficuit to master
non=ilicear elliptic equatlons; s¢ in the pressnt sasc. Kotin
and ﬁagasawa{7g) have chaerved that integrating outward from
wie surface of o porticle may lesd 6o instabllity. If 2 poor
estizete 15 made of the initizl value of' the poitentiel, the
soclution will %ecoms unkounded ot large distanses {rom the
particle,

Ung i therefore left with the thlrd alternative, viz,
solution o (86) subjlect to the Dirichlet conditions (90) and
(92)s This iz exemplifiec in the next chapter.

6e  ZEDUCTION OF THT POTHNTIZL PROBLEN

-

(a3

=,

Reduotion to & Single lheoundery-Velue Problenm
Bquations {(84) and (85) ars sclved first, boundery

conditions (87), (88) and (89) bveing introduced to

eliminate three constsnts of integration. The fourth

csonatant may be expressed in terms of the potential
in (88), viz, Ze« The differential equation (86) and
boundary eondcitions {30;, (91) and (92) remain. Two
of these conditions would sufiiece for purposes of
integration but u# third iz required to determine the
unknown parameter o,

It will be noted that the sbove cquations imply

& relation between & aznd Zeo This ils consisient with

itlce and Nagasawa's demonstration that particle charge



and surface potentisl are not indepeadent(hs), each
being determines by the other parameters of the
systeu,

{41) Use of Dimensionless Foncmials

Dimensionless wemonomials may be sonstruocted %o
Tacilitate both the solution of (86) and the com=
parison of solutions obtained for differsent values of
the parameters. GSince each member of (88) is egual
to the seita~potential there are effectively seven
boundary conditions and cne of the guantities appear=
ing in the above for:ulation is superfluous (e.z. as
mentioned, ¢ and Z are not independentj. The muitie
plieity of the dimensional besis 1s thus one unit too
large and in forming wemonomials, o ox Z {for examples)
should be omitted. It will be found convenient to
onlt o at this stage rether than £ since the latter
13 useful in normalising the potential and & (the
main objeot of thiz snalysis} is left as a free para=
meter (i.8. no:t nbsorved into sny monomial).

7o  SOLUTIOCH FOR THE CHAiRg: DLNSITY (o)

(4) Gorin's approximation
Cases for small surface potentiel may be treated by
means of the approximate Debys~Huckel equation. It

is comsonly believe: that this i: only :suitsble when
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the reduced potential (4%3/kT)! is nmuch smeller than
unity but Levim¢{733 hang ghown thst Tor spheriocel
particles (whoss radil nre not too large) this trecti-
ment remains saiisflsctory at higher potentisls,

If the eharge Jdensziiy ters om the vight Zand
aide of 1{86) is ex-nnded ms an infinite seriez and
trungated =fter ths first power in %3, one obitains

thne lineser zpproxiuzastion

K .l EY @
- WGy of
y o P’ y
T*%s Xi= ’ ‘%3;‘!:‘3 (96
g9 2T

Gorin's mathoed of wsiving equations &f this form
will be Adlscussed iz Chepler 4 with reference %o the
case of oylindrliesl syvmasiry.

sounciaryelaver solution

“hen the surisce pelisatisl 43 lergey, V3 shanges

rapidly near the surlace sl shear bud saly slowly in
the more diffuse pari of the double leyer. Thus one
has to 28zl #ith noen-uniform behaviour over a semie~
infinite reﬁian{ﬁﬁk and mathematioasl diffioultiesn

ars to be sxpeocteds In partionliar, the usual finitew
difrerense approximations sannet be applieds. Loeb

2t al{7$} have uesd z wmethoed invelving varisiie
seshesise {with resceot %o thelr radiul coordinste)

Budt it 45 provadly belter to gomaider increments in



s rether than r in any discretisation process. The
gnderlying thecry 57 sueh problems is still largely
ankno¥®n but a body of uaeful 1dees is belng developed,
The approach &9 boundary-layer problem:z introduced by
Hrandtl(75}, vize the utilisation of Aifferent catie
wates in different regiocns of the system, willl be

used here,

(55)

tlexzandrowics and lexandrowicsz =nd

i‘;,s.‘{:oha.'t.5lcy(5&”’.J

have solved the Foisson=RBoltsnann
cguation by this method for osses of oylindrical
symmetry and their type of solution will be applied
to the sharce problem in Chapter L. In general, one
replaces {86 by the spproximate equstions

Viigyeiz) = Loli6yTq Gava s (2)/kT re Dy (97a)
2e,

S W2
Vo3, (x) = HRIL G . ¥352{x) 1reh {97v)
sq kT

zhers
D¢ i2 & domain lying between 5y and 2 purflace
52 (the potentisl at the latter being small
enough to make the linear sppreximatlon {96)
useful beyond this domain

and

D lies between 53 and infinity.
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Gwer Niy the contribution of eo-ions to the charge
denslty is ﬁﬁglectea‘ fhese ionz being repelled
from the polyion) while the iinsar {lowepotentisl)
approximaticn 13 used over Ug,

Four boundary oconditions sre required, twe of
these fellowing dlirsetly Pren (90) an? (52} 1In

adédlsion, Fage ond Fs,ue are maiched zo that the

potentisl snd field are continuous across S, 1.6,

(3gs(x}) = (9senir}) (8a)
\ e £ " - / %

/ % i 3

(Voapalrl) = [T (p)} (98b)
Kﬂ "’/&a K -é‘;s.

14 now rensing o choose the surface 33, 7hl
is done 4n such » way thet the orrors in the
approximste oharge fensity terms of (97s) and(97v)

rospectively are of equal sagnitude =t 3, Lete
ﬂ?%,l‘ iz} 5

7 o fqed frop
i% ‘qﬁﬁﬂ'kxf/%* «» sinh j
7 avaex{p)  a¥seelm) s
= | sink - j {99)
\ kT 3 Je

¥The surface 3 found below hzs been found fe approximately
soinoide with the position of the minimum in the sounierion
probability densliy funetion ([e.fs the Jivision introdused by
Ejerrum $o deseribe pairwise sssovistion of ious in simple
&1«n%r@1y$&s}32
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In the method desorided Lelow, the charge
density tern {ripght hend sife) of [86) Lz repleced
by a gontinuous epprozimation rether than the dise
continuous one desoribed by ecuations (97).

(344} zemersl “olution

The oniy exect first integrel of the Poissone
foltzmann egquctisn that Yasz heen found to dote reflers
(b6}

to Tlat surfaecs ¢« Deveral approximats methods

have beon proposed Por integreting thisz equation in

(
zasee o7 sphericel svomeirys Haamin‘76} obtalned o
(76}

numericsl soiuticn but Loeb ot ul have found his
pethod of integration leads to inscourscies st higher
surface sotentlals, probelly s¢ 2 result of the
grester potential greiient near cseh partisle iz

such cases, The numerical enslysisz of Loed ef al
tskee this factor Lute sccound and 3ls0 covere a

(77} 4

wider range of the paraveters. [Merce & alse
{ntegrated the potestiasl egustion {(by » perturbrtion
technigue) and has pressnted hiz result as » series
of funotions, thue making manipulstion essier than

with tabulsr soluflons. However, his Taylor expansion

[ ]

le extending ihe

o

of the eharge Jfenaiiy ters, =h

[

linesrisetion of Corin %9 a mider renge of szuriace

potentlale, mey not be satisfasctory at high charge



fensities since the additionsl 4erms 4in his series
lesd to & grest =2mount of computation, Turther, he
has veed ssymptotic cxpansions {velid only ot lavge
distsnces from a particle) io evaluate certain
fantesgralae

The methed propozeld here involves plecewiae
linearizaticn of ths charge-density Zuncticn, *
seguence of n domgins T, bounded hy acuipotentisl

ES
surfaces 3, and gy {1 = 1,2, seee 1) is estad-

+1
1ished ir such = way that the inorement irn %the

rotentiel ¥;,; over ni iz sonstant, 1.0

h 4 Lo j \ P
(t,,i(g)\ - Bz dal (%3(5)i (£ = 1,24 «ee n) (100}
/3y m /34

and the ¥3,4(r) slsc satisfy linear aquations of the

form

ngC,Qq

P \ 1
V*Q,,iﬂi‘) = * &&1&?3,1(1‘) S bi) (1 = 1’29 Qto'ﬁ}

€y
{(101)
where oconstants ai and @i sye schosen a0 ¢that

, 5 ; N
(li’;,iiz) » 51)3 . m Kainh 93.§i£>}s (i a2 1,2, eee A}

i ‘ ) i i (102a)
(gi-ﬁ@,’i_%fz) + bi’1)« = %ainh @3.1{5))ﬂ {4 = Lg3p eee
e - w sn o+ 1)
Solution proceeds by {102p)

intezreting equations {101),the constants of
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integration and surfaces 3&43 being found {roz the
boundary ssnditions (3} and (92}, equstions {100)

and the following contiauisty relations for the

potential and {ield:
( .iﬁ & b . )
&%3,i-1(£)% = [ wagqfnld] (L 2 2,35 eeecpni (10:a)
/8 \ /3
i i
E?;giuiff)1 " {g@a, (r)% (ﬁ = 2.3. ancogﬁ) (105%)
"/ LN 1%
'“i =

The sgiution is completed by solving cver bn {evalua~
ting es many constznis as psasible), then suocessively
solving over aﬁﬁg, ﬁn_zg vess Jyo In resehing I,

vay undetermined sonatants that have been carried
through sre found {rom the last boundary sondition
{equation (90,

fa PULTIORIC GHAKGE AND ELELGVROPHURETIC CHARGE

Serious f2ifficuities avre encountered in the ealoulation
8l polyionic charges fron slectrophoretic measursaents on
socount of binding of swall iozns $¢ sach macroion.,. GCharges
celoulated 5 sboeve wbilise Lthe seta-poteniial {roferring to the
aurfsce of shear), not tihe Fernst potential of the polyion.
Fanes &1 L8 desirable to sstimate that Traction of counterions

54

B T erd =
el DAY

=
LS

transported wi
vhe diviszsion of cvunterions inte "bounéd® snd "free ©

cabegoeries L2 arsbitrary sinee a polylon exerts long-raags
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gievtrostatio foroes on pgll eounterions in sclution, Yenoa
none of the latter will behave zs 18 the polyions vers zhsent.
Notin and ﬂagauasa(72} have introduced g definition of the
fegrec of lon binding which i ilndependent of the added salt
soncentration but dependent uu the polyion sharge densily. It
Follows frorm this celinition and the potentlsl equation that
*"bound"ions will bde present in 4iffuse layers asurrounding the
polyions, l.0¢ one cannot Lu genersl, sonsldier “bound® iens to
be held nleose %o polylons, However, by wrzing with high
concsentrations of suppesrting slasciroliyte, the extent of these
diffuse regions oan be reduced, Thias will minimise the liberae
%don of bound ions by hydredynmmlie shear forees during slectro-
phoresis and also znable one o satislactorily approximade

the radius of eath kinetic unit by that of a polylen.



BYLIENDEEG R H2OuUTONE

Te IRTRODUCTION

The eylimdriocal model for polyionz mentioned 4in Vert 2
of Chepter 3 w11l be anaiysed mith » view %0 odbtaianing & nore
soourate solution than &arin‘éf).ﬂ@ keffore; microscopic para-
neters will be the main objeot of study, the mobllityeseta~
potentisl reletionship used by Serin being retainud:

This ohapter contains » formulation end snnalysis of the
problen scoording to the nethods outlined in Thapter 3.
2  FQEMULATION OF 7H7 PROBLREY

Gonsider » oylindricsl ppriloie of rasdius L surrounded
by » symmeiric lonile astmosphers., Let r bde the radial dlisteance
of » point from the axis of the eylinder, Thern the szurface of

shear {5 ) 48 the surfece v s ¢, and §

s 5 e the surface

{

¢in deriving this, Coriu used H%éry‘a rala%ian@{7§§ for
sylinders oriented parallel te and noraal to $he applied
gleotiric Field, aversging the Lwe caszes Lo obialn a {orsuls
for rapdomly oriented sylinders. Hias method of averaging has
been oriticised by &7&rh&eki79} But the latter 4id nod

sugsest any slternative procedurc,



2 G
re T+ T (where, as before, ¢ i3 the alfeotive redius of

a counterion}, the Aifrferential eruations heing

a a@ﬂ{r}
1.4/ ﬁ = O 0¢€rcry {100}
r dr dr / °

%y {r} .

1 4.1“;» ;r e = O ré"‘i :t‘o * By (105}
r dr dp
WY ALE 8oty U a¥s(r) ,
- : R ) , o wemcamssane 4 9l ero ¢+ Xy € T § oo {"0*{))
r dr g J/ Bg kT

The boundary econditions on these are as follows:

lim ¥elr) = & {107)
r--0
@.(rg} = @g(raﬁ {108)
- Eqly (1‘6) + g ¥y’ fi‘aﬁg’? a - 4O {(103)
Gg f % F w ¥ %‘ 4 5
i AL ry) = 3(r° + Ty, L1210y
T {r, + ) =0y (z o+ W) (1144}
lim !,éfr) = O f?13)
P o~ o

4 seta~potentizi-mobility reletlon follows dirsuily from
p

1}

the work of Goria end mey be written
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F,
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Ty

-
?”(ﬁro) -4

where n 18 the viscosity of thse supporting elecirolyte, « ia
the reciprocsl of ths Debyag=ilickel radius snd the lunction
F’(xro} allows for distortion of the electrie field in the
double layer {for different values of the ratic of partiele
radius to double layer %thickneszs). Unee the potential probe
lem {104} = (112) has een soived, ¥ may be found from {108)
{in terms of o) and subsiitution in (113) then yields ¢ in
terns of the mobility (uj,
Yo YEDULTICH CF THE POTENTIAL FRCBLEM
(4} Heduction %o a Single Doundary~7Velus Problenm
tquation {104) is recdily integrated, ylelding the

zeneral solution

Volr) » a4d T + e {144)
where 4y end iy are constants, Trom the boundary conw
ditions (107) and {108) it then follows that

o(r) = % (1453

A similar integrastion of {905}, followed by substi~
tution of thé conditions (108 sné {10%) zives {on using
the previous result),

heor .
&s : j
]



Tquations (106), {110}, {111}, (112} and (116}
then snable one %o formuleie the potential probler in

the feollowing manner:

1 a - s(r). 8eMc,%g qts(r) .
-“Kr \;llz -ainhm;r 4+ e % P € oo {‘306}

r dr ar J €y kT e

haor T
§’kr e 3"'1,9 - z .,m—-—a*n (mgam 1:11?)

€3 )
G
heroy
Yyt {1‘& +Py) m - - {118)
ﬁﬁ(?u + o)
lim ¥93(r) = © {112)
T =~ o

Thuz, provided (105) can be integrated {sublect %o the

above boundary conditions); s solution of the form
¥s = ¥a(r, 0 %o €2y Gi°p a, ky Ty ¥ e T) (119)

will bs obtained. If values for the last seven paras
metors ars substiiuted and ¥ replaced by usiug the

expression (113), & relation of the form

U3 = 23i{ry, oy u, %) {120)

is obtained (u and # being known parsmeters), As
asntioned in Chapter 3, two of the above boundary cone

aitions ((117} and (112)) sre nsed to integrata (106),



the remaining condition {148} providiang a relation
r »
between o and & (or U,
The charge () or churge per unit Zengih of eylinder

(¢/1) is then Ffound fronm
9 = 2#?015 (121)

(1ii) Reduection to Dimensionless Form

This i3 done in ippendix VII and the final form

of the problem reads:

14 (R &y ) = o~ ginh 3 W R 4 R¢ € R € oo (122)

aRr ar 0
hﬂUrQ ra + e
w(R0 ¢ Rq) =2 1 = == 1, ( ) (123)
¢3§ rc
1im Ww(R) = 0O (124)
R - oo
kwror
W(R ¢ Re) = = e .1 (125)
Ge(ro . Tg) t A 4
Vs
where AP (126)
&
R = kY (127)
RO = KT (128)
Rq = KXy

(429)
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- B =

| epu% ¢
la i "'ﬂf“**ws {130)
KN Garg®poy

aad Lthe remaining syubols have beoen def Lned sbeve,

SOLUTION FOR THE Laner LENATITY {@)

. =
éﬂug F i & - 3 b o ‘:131}
as* g ax

whiech has the zeneral sclution

¥om Ay * zai&} s Ag * %eiﬁ} (132)

ehere Ay and 59 sre sonsiszate snéd Kﬁg ﬁn ard modified

Lesael funetions of ths Piret and second kinds resnete

”

tively, eseh of order servs Sines I (X} 1z unbounded

a8 R +ony A4 = O {by [(15L;} Lets
yc“ 4 ”‘} o i
¥ ow B s 5 inr {433

§
i

g

15

biffersatisting (133} (see ippendiz VIII), substituting
in (%25}, replecing ¥(:  + %e] by the expression (123)

and rearranging; one finallir sbiains

B & Py BelB. » Ee)
ol ) ;‘ &3 ”i
£ lkewy s e \*%r R (ﬁ% . e
. E::__ 2 gmm_,_@ Batiny L u £ y %
- ' {8 5y (Fg * T L1354
' el + =8/ { Y
g sy = K [r + e 1 [ S ;J
L B (B, » %) . = \"F /



whieh approximetely =zr2es with Gorin's @gmmion.-

Sorin sppesrs %0 have used the method which he
developed for spheres. In this, the slectrical potential
2t sny point is resolved intc tws components, one dus ie
the chargese of the ilonic stacsphere. snd the other due ¢o

the charged oylinder, The above shows that this is une

nece32Ary.

Following the method sutlined in Chapter 3, a system

@i equstions may be writien thuss

ﬁs‘:‘zﬂ M
4 d f i ‘i BT N . .
- R o — 2, « Hg € R € Ry (135a)
 an \ %) 2z ®
- &g
la@;gfzm,?, g € B € oo {1350
noar N ap/

together with the boundary conditions

Loy T+ ry \
S (B, + 2g) u 1 o cmeall §_ B {136a)
" e% P\ g
xi
o
Telfa) = g (Ra ) (" 36b)

AR

term (1 + 2a) in his equation has bheen replaced by i, The

= fr

difference will be neglizible for a =<c 1 {"a™ iz hiz notetion

s equivalent to 7, shove .

‘e#x3inee thias seotion was written, s psper has sppeartxﬁ{""‘} en

g sethode Ths suthors 4o not mention the earlier mork of
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%laxandrnwioz(55} and Alexandrowies and ?atehazaky(56} and
have not osleulsted the surface charge density. Purther,

they have shown that their methed ecnnot be applied to certain
cubstanees such ssifii and the nethoed of piecewiss linearisae
tion: {swe bLelow) is suggusted os a umore general method for

dealing with such cases,

We! (Ra) = We! {Bg) {1360)

vg=) = 0 (1354)

and the equation defining Ry, vise

. - %E.w' (Ra) - >N sinh i’a‘afﬁ?q (%) = o sinh ab?ﬁg {Ra )
2:3“ ;:;ca gﬂ
- Gy {Rg) {(157)

Te solve this potenilal problem near each polyion, use
will be made of 2 transformetion {due %e Shifer)
snployed by Fuoss ot a&igog in their study of rod-lilke
polyeicetrolytes in the zbsenos of added salt (see
Appendix IX), The solution zay be written

b ot )
La’ sind®[g,1n(o,2)] J

where §:* and 8; are re:l numbers, 2+® passing fros

§t1(?‘ " "’;L 3-1“

(138)

positive wvalues through gero %o negative values with
inareasing charge density. 3Sinoe high charge densities

fahers Gorin's equation 15 inadequste) are heing



sonsidered here; laead #3 de fthe modulus o Pe, L2

Be =175 (139)
a0 that

48 5*
LB‘ ein®[Asin(fsR) ]J

{140)

g @,fm, s == 1ln

The solution for % {R) i2 of the same form as (132), vis.
o (R} aﬁnig(ﬁ) + waa () {141)

To determins the constants, cquations (4136) and {137}
are sapplied %o {140) anmd {141), %the ohargze Jdensity follow=
ing by (12%). The feliowing algeritham for osleculating
¢ is developed in ‘ppendiz X,

(a) Find the reel root &f

¥
zo‘“"’.nim A = "‘j -1 (1428}

(The Iswion=iaphson procedurs gives A = 1,011922 te
siz daoimal places alter two lteratiens, using 4 = 1
a3 the Initial approxiaeiion.)

{%) sssuping s valwe for ¥g, wstimate §y from

ke ® ilg AfeiRe ) o
F3 = gw .‘A R QPSR —— | {"&,?b}
N & 2 %,{%)

{6} #stimete £4 by means of



{411)

5,*"2;:" ':i‘ K‘ {R' }) n!
0ot g = [ wowe ~wmmem o §1/7, {1626}
8 KO(R,) /

{1t suffioss 4o select the positive root in {(1Llel,
3lesrly equation {140) i3 unaltered by revorsing the
sign of 836

(@) nstinmate gp from

o w = P8/ (1424}
Re

(IE Zastimats o from (ﬁ@.ﬁ)g lete

L Y g7 f ) 5 ] .
¢ & = |1 48y cot [A320(8e (R, + Re)}]| {1hze)
b o o L o

{£) Substitute this walue into {10.1), vis.

ooy oo Py oo
“p% A SO

- &ﬁ,a
= == 1ln & -
g (I’?g + Fg)¥ gin® {ﬁsln(ﬁs(ﬁo + Re))]

} (1428)

If thie latter equeticn 45 not satisfied, o second
wvaiue 18 assused for Hy uznd the procedure repaated

antll (1422¢2) 15 satisfiled 22 clesely =3 desirad,

The surfeses 3, fpee Uhapier 3) are concentric

eyiinders, S, Belng ths surface of shear (k= B,) ané



$¢ the surface & = B, o+ Eye The remaining Si aAYe
the surfaces R = &, (L = 2535 eeeey nst), the Ry
being defined by the relations given in Chapter 3
{note, Rn+1 is at infinity). 7The formulation of
Section 3 (1i) of this chapter will be used, ¥y
being the reduced potential over Qi‘

Consi dering yn first, one may write

1.4 7 o} |
= (R = } za W + D {14.3)
R AR \ 4z L

which has the genersl solution

b
Wy om e Ko (Rfﬁn) + B, I, (R%hnj - :9 {(154)
n

Since ?&’n(ﬁ) =0 as Rvew, 8. =b =0 and (144
simplifies %o
{145)
In general, over Di
e WP
; - { [ %)
?ii = *ai K@ (R¢51} + Bi Ia (R{&ij N \*1 = 1'2. n)
i
{146)
#here 8y and bi are found by combining equations

analogous to (100) and (102). Thus,



Ry ) %(1 = Taily eosn r)

{1472)

L, o+ B @(1 s 2pd; eee B 2 1Y
o n ' o ,
{4870}

wing + Be) belng given {in terms of &} by (123).
The &4 and £¢ nust satisfy continuily relations

of the type {103), fete

b
% Y o »t
Gy Ko(ByYag y) o £y y To(RyYay y) = =32

i1
By g

: b
= ﬁi ﬁﬁ(ﬁifhi) » ﬁi Xo{aifhij s ;¥ {i m 2,3, ssaen’
i
{148a)

@y Ba{RyVay o) = By y To(gVey o)

- &y ﬁ;(%ifhi} -8y x.{aiiii) (i = 253pessen} {1580)

The Ei in eguetions (148) must setisfy relationa of

the type (100}, vis

W, (R,) = Bzdtl o w(s, + 2a) (4« 255p0000m)
: n
(149)



In general, the following proocedure applien:

{a} 4ssign a velus to n.

(B} Zeleot a Tirst appyroximation to o
{6} Caleulate the By and ﬁi’
{#) Caloulste the & end F,.»

(e} S=stimats ¢ fron {125)s If this value does not
equal iliet used in {b), use the estipetse from {e) in
place of the provious one and repeat the caloulations
untll the values obtniaed frox {b) 2nd fe) are as
close 22 Ansired,

{€) ZInerease m stopwise until a sonstant value of

& is cbteinsd,

W

" SQUY NUYRATCY b AESTLTS

The data of ¥nitansbe and ﬂi(gf} {on Tobaooo Nosaic Virus)
and Rcu;(ga) (om DNA} have been analysed by each of the three
nethods given above, estimaioes of the charge purtnctnr& be ing

sat 2ut below,

*Charges ars cxpressed in slactronic uniéz per 2 of polyion.
Some useful conversion fastors cmployved in these caleulstions

are given in sppendix III,



"
o K

Sowints %ounaarynﬁqfor ?1ca-wisc‘ﬁ

Approxiaation selution binearisation
™Y 0eH29 0a5E6 o584
tia )
{1n0.008] St 5L, 54175 0,162
= ) _
{I20.01) 0.170 14192 0.188
{I=0.02) 04182 00210 0.207
DK 4
(I20.05) 0e206 o222 04220

*
I = iloniczc stirengih.

These results rofer o n s 2 IY is doubtful
whethor Lthe presand lormulation s socurste
¢nodgh to warrant the use of larger n. The
sethod of Section 4 (111) cam, however, be

mod ifiad to schleve greater secursey for an = 2
{se2 Appendix II),

6 ION BINTTHG

_porylomc
(1) Ziestropheretit iherzs Relsiion
A

The difference between <cleotrophoretio charge and
poliylon sharge was disoussed in “ection B of Chapter
Ze n sxpressisn Tor the nolylan sharge den sity will
no® bhe derived using %he formuls for the dvzgroe of

L . (72)
counterlon kinding given by Rotln and Nagasavwa .



s & P "
i £ 4a the degree ol counterion binding and

S the polylonic charge per unit 1@ngth.,

o
Egk?
fﬁ' = 1 = e ? e (1!&9)
29 3
P P

Alsc frow the definition of f*, the msgnitude of the
counterion charge bound per pelylon {(per unit length),
H.e 48 obtelned by multiplying £ by tho magaitude

ef the totel oounterionle sharge and dividing by the

nunbsr of polyions and the length of n polyion, i.e,

, (530 N/ o oC TN} _
ol 2 (150)

SB w f
(:va/ﬁ} s 1
where { = concontration of poiyumer {uasr per unit
volume of soliution)
G, = sonceniration of 1 = 1 sleotrolyte (moles
pe¥ unit volume of molution)
¥ = volume ol slution
R = Avogadro's number

¥ = zoleculsxr welght 2F polymer,

sFor simplicity, ap wili be tcsken %o be positive in this

Geetion. 4n asnalogous treatment holds for poiranions.



Hence by {145) and (150),
s ’mgaf{“f f\: ‘ii’; N £ )
5‘“ 5 %1 - e— (&;&,? - *mwé }{ i g:1§gjg
AN uggx W ¥ H 1 4 ]
B

I one now luntrocduses the slectrophoretic ohargs per
walt length of poilylon {SE}$ vis,.

5

A

&

¥

-
e

3
-~

snd subetitutes {(15%1) in {152}, a rearrangement of

tarms vields the reaulit

o
»

5, = " 9 {153)

3 o Oy

where
e kT
S =

. > (154}

v g2
2q

Equation (153 then g¢nadles one to estimete the

volyionie cherge deasity i Prom the electro-

phoretio shargs density
(14)

4 pumber of interesiing sonolusions may be derived

as foilowas

S . v
fa) Gines (by definition) 0 € £ € 4, aquation (149)

indicatez that (153) only applies shen &n > 30@ This
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&

Fige Y I. Variation of alectropharetic charge (St)
with polyionic charge (Sp). Other quantities
are as defined in tha text.



4

ip seen to be qualiitetively correct since, at lem

L7

polyicale charge, wonk elecirolyte bohaviour (and
hence covelent bonding between counterions and golye
fons) must be scneliisred, Yotln sud Hagngews
expllieitly emaiuded this fype of intersction fron

the derivation of {149).

b} Eoustion {453} l& oniy vaelléd For I, Cot pthere
3

wise one would ebitain o « ﬂﬁg the case cxcluded by

P
{ﬂ-}o
.. ¥ !“%M
(6] ho 5, ey &y - gi'-f o In this limit of very
- F oo
high polyionic sharge, £ = 15 L.8s all scounterions
are bound,
{@) The reletion hetween 5, and G, is shown in

Figure YI, Miferentieting {153) and substizuting

from that euuatioag

5 eH X
%mgm * Avg ™ Y 5
mwﬂtl . I"‘""‘“"""’/“‘E“" (155)
s, 8, By Cga¥

Thus,; on incressing the salt conecentraticn andor
decressing the pulymer concentration,; the lower limis
for &y in (e} iz reduced znd, by {155}, the curve in
izure TI becomes sieeper. Henee & sulfiolently hizh
value of the ratio ﬂafcpg in addition to giving o

more coppant doubls layer, also prevents small errors



in 3, from casusing large errors in the determination
Lo
of T‘v_u
b
{e) 2t the lsoslectric point (8_ = 0),
Ceky
o o 153}
P ¢ 1 €g KT, (156
L. @,QH &g

This suggests thut for gilven values of ths polye
sleniroiyte parameters fﬁﬂ and /1), ne well ab ¢;
and 7, there iz » unigue value of G!/SP a2t which

the alestronhoretic =oability iz zerog.

(£) In all sases, /1 nmust %e kacwn Bbeforc the ionw
binding eorreotion ¢an e appiied te the 2lestro-
nhoreatio sharge,

o fom binding correction has beecn applied to
the previous table sinee the acoursey of (153) is
somewhat unoertain {even when %he sundition hy a8
is satisfied)s The results of this ssotion are only
intendsd to provide guslitetive informetion and a
more sxaot snalysis would have to include weak

glmetralyte behaviour.
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CHAPTER §

ELECTRUPHORETIC DETERMINATICK OF RINETIC PARAMETERS
' IN POLYELXCTROLYYE 3YSTEXS

Te IRTRODUCTION

This chapter commences with a discuasion of the correls=-
tion between electrophoretic mobility and the extent of reace
tion, the formal treatment being shown to be conal stent with
experimental data and physico-chemical theory {(to a first
order approximation). The inadequacy of 2 linsar mobility=-
reasction coordinate relationship iz demonstrated, followed by
a discussion of the binomial distribution (derived by Freassman
and Starnbergnr(aj)B of species produced by 2 chain of firat
order reactions, %elations between mobility distridution
parameters and rete constants are derived, initially where
only one mobility is observable. The linear approximation %o
this relation is shown %0 sgree with experiment, General
relstions between parameters of the mobility distribution and
the distribution of species are then determined, followed by
interpratations of these, The ochapter closes with sone
possidble slternstive methods for determining rate constants by

nesns of other transport processes.
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2. GENERAL PRINCIPLES
(46)

It has been shown that, for a polyelectrolyte system,
electrophoretic mobility under fixed conditions of tempera=
ture, pH and ionioc strength is related to the charge per unit
length of polyion. The importance of this lies in the fact
that a correlation is possible between observed mobilities and
certain properties of polyelectrolytes. Thus it has been

(37) that a change of 177 in the degree

verified experimentally
of sulphonation of poly(sodium vinyl sulphonate ) gives rise to a
change of mobility also equal to 17’ (within the limits of
experimental error). One would therefore expect that the
course of a reaction may be followed by measuring electrophoretig
mobilities, provided the valency of each macroion changes as
reaction proceeds.

Certain reactions involving biological materials have
been studied in this way by separating reactants, intere
mediates and products and Brinton and Lauffer(sh) have sun=-
marised the convenient properties of the electrophoretioc
method as follows: (1) The concentrations of the various com=
ponents can be measured in the Tiselius apparatus. (ii) The
passage of an electric current large enough to separate com-
ponents does not affect their sctivity or structure. (iii)
Eleoctrophoresis is capable of detecting small charge dif=

ferences., However, only those systems in which the various
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components can be separated in this manner are desoribed by
the sbove authors and, after isolstion of these, they consider
independent methods of identificetion to be necessary. It will
be seen in what follows that for certain systems these restrige
tions may be removed and that the method is of nmuch greater
utility. By repesting the resction ai different tenperatures,
the Arrhenius parameters (frequency fasctor and energy of sotie
vation) may then be determined in the usual WaYe

In many cases other methods are availatle (e.z. chemical
analysis) but the eleotrophoretic technique is oftem prefer=-
eble. Thus, a8 mentioned in {1} above, concentrastions of
several components may be found in this way, whereas chemical
snalysis may only yield an everage composition for the whole
samples It will also be seen from (ii) that electrophoresis
succeeds in some instances where analysis is nade difficult by
the breskdown of molecular structure, Finally, nobility deter-
minations will of'ten yield more szocourate results than other
nethods due to the charge~sensitive property (1ii)., Thus the
action of formaldehyde on tobaceco mosaic virus may be studied

(aﬁ}g vizs by deiermining the infec~

by an alternative method
tivity of the virus after different reaction times, GHSuch
technique, however, apart {rom its inconvenience, does not
yield results of very high precision,

For some cheln mechanismz (sush as the sulphonation of
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3013aﬁyrenas), consecutive resctions may ;roceed very rapidly
until o aeriain spscles is formed, then seass, In sueh
instances; mobllity messurezenits are unsble ¢ Follow tha
zinetics of ¢the chaln, 1.e., slecirophoresis ecannot bhe used to
pitudy fast resotions. It may a2lso be argusd that even where
reaction ig slower =znd slesirophoretic heterogeneity sxists,
the range of mobilities in » given mixbturs is often too small
te he detected {with sufficient socurssy) from osbserved eon=
oentratico-gradient profiles. Feaks of esleeirophoresis
paiterns may spread quite noticesbly for several other reasons
{diffusion, Field ptrengih zrafiants or concentration=
depsndence of mobilities) 2nd matimetion of boundary spresding
dus to eledirophoreilc heterosencity may becoms very 4iffieult,

fas)
"4asher and Lauffcr‘ag)

s Tor example, noted that doundary
spreafiing with a treated virus would only be about 2 zrestier
than that abteined with unirvested virus., However, they 414
digeover thet the mean nmobility was sensitive to the sxtent of
rezation prior tc electirophoresis and 4% will bz shown helow
that the mothod is still useful 4p thess ceses, “hers slesiroe
vhorstic heterozeneity is marked, ons may uss the distriduiion
funotion mentionsd by Ealéwin; Lawvghton and ﬁlhnrtsgzs% ne
{inocusaed below,

i all ocases it must be ansured that the resosiion can be

[ 48
stopped before slectrophoresis i1s begun. Flsoher snd Lauffcé“ﬁj
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were able %o deo this by ndding specielly prejered hulfer to

iover Lhe pf %o the lgoelecirin peint of thedr virus, thus

cnusing » pitation, Other workers{e.g. Gilbert and

-’m«‘i
i A

i enkins " p Bak and Ygursn """} haeve atudied systems in whish

resetion snd tranzpory sseur simultacsously, b»ut sueh a tecle

nigne tends o arbe interprelistion of results 4ifflould. ‘'lso,
rapsport srooesses ove lempasralure-sensitive se that heste of

roaatting sould begcone troubles

258e L% Till be seenm that the

prozsent aethed nvoids %these dlasdvantzzes.

L el Y o A Yo o L W e o e W o o T s ww£ o= ow wyar, o
3 e ,}* B §31«‘? "n? * SRl o, I & S’%‘g & s i_x, a .{i :ﬁ = r;‘,, =kl fJi. ”:5”!‘

Conaider the class of chaln resstion wzhieh msy bde

desoribed by

he o X «& Ay

he & X o g
sreneenssns

{4573

shers By represents o poelyelieciralyte whiech, In
solution, libersivs meorolons bearing (4 « a)
oharged groups (s belng the nuaber of these sroups
initially preseni su eseh polylonle In gensral,
af’ber & givan 3i9s Las olapsedy all the speoles

Loy f4p vese Aﬁ of & particular asysten are liable to
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be present in the reaction mixture and electro=-
phoresis may be used to determine thelr relative
concentrations., Zach polyilon will be treated as a
sequence of N* units linked together to form a
single long chaine

Denoting the mobility of by Uy the following

iy
relation will be postuleted:

u; =K ¢ ¢ (a) (158)

where

2, = 2-tB (1 20, 1, 2, sees N) (159)
N#

the constant X having the same dimensions as the
mobility. It will be noted that each @y is pro=
portional to the charge per unit length of polyion.

Rewriting equations (159) in the form

«

L AN e a/N (s 54, 2, cee. 1) (160)

& N/

the mobilities, u,, on the basis of (158), are seen

to depend upon form festorss (i) the solute-solvent
system (characterised by the constant K and function
$); (i1) the initial valence of the polylons

relative to their maximum possible change of valence

(ie.ee &/N); (1ii) the extent of reaction prior to



electrophoresis (1,6, the reastlion coordianate /13
and {iv)} the total number of unlis 1in a polyten
relatlve to the number of these whioch may seouire o
§ . . .,
eharge by reacticn (L.0. X /M)

‘n fspertont point to nobe hare Lls that, unlike
diffusion coefflelonts, electrophoretie mobilities
are @ssentlelly indapandent of molscular weilshi lin

s given homolsgous seriesis Thlis Pfollowns {ron the
{é1)

wozrk of Heraans and Fujltae #nd 13 sonfirmed hy a

£ : " 8 '
aunber of 2xporinsstal atud&aa£57’ §-92) Por this
resson, only the relstive guantities 1/¥, a/% and
‘.* - P 1 x o
N /B appear in eguations {160), 205 N itself.

(11} 2irsi-order 'nproximstion

Sinow the Aensity of the zed [@a, %¢ senves “N] is
vary grest Jor large N, 2 may be ireated 55 s con-
tinuous vardisebles Then provided d{a } ls snalytie
aver Lthe interval a; € n ¢ Uy {158} may be expandied

in a Taylor serier sboubt 2a, leoe

(o, = ap} *

‘1 = K L?(%f -* i@i s gﬁ»é'fﬁf' i‘ﬂ; & ’"i%o) + .’._J (161}

21
and, for suwficisnily saall values of (ci - Qg B
zood approximation ia furnished by truncating after
the first derivetive; giving

4 i
i -~ ¥ = iy = 3 iﬁ »
i "N o . QN - Qg

(162)



Prom the definition {159), 1% immediately foilows
that

i
- = (G, = u) * § (163)

b W K
lees for smeall changes in &, the mobllity increments
{ui - ua} sre proportional to the corresponding
reaotion coordinstes (i lije

“he eonstsnt of proportienaliiy {u, - Vg ; could

be eveluatsd by messuring the nobilities (uii for
known values of i/K (determined by ochemicsl =aslysisi.
Zguastion {163} mouid then cnabic ofe 4o deteraiae the
extent of reagtion [(1/K) Ffor any other homologue
{obteined fros & polymer s of differcat meiescular
weight, by weusuring its mobility umdssr the sane
sonditions »f tenperature, o and ilonie zitrengihe.
However, as mentiocned eariier, suxiiiasry alaiyses
are unneceusary iu rate fonstunt determinsticans and
a2 nore direct methcd iz given in Leotion &

(414} Justifiestion of $he

Zqueation {163, hass oaly besr Formailly derived {ren

Linosr Law

the postulated relatieom {158/ and wust therefore he
tested by other wunss It will bhe shown (see Ceciion
53 that shen {163) i¢ combined with the kisetis
treatment of Cecliun 4, an expresaion is obtalned

which agpress with exserimencal obzervations of mean



aebilities ofter 4dillerent resciion tlimses.
ipast frex this esmpiridcald jusbliicebtion, 4§ 1ia
elso possible to show that {183) is sensistent with
surrent physico-chemliosl Ltheorye. This will first be
dong for rigid (vosedralning, macrolous.
The visoous retarding foree (¥Fs) seting on a
pertieds seving Shroeugh » Fiuld & low heyoaolis

sumber 1s very anssrly gropertionsl tp the velocliiy
F N

{ £ g . 4,033

v} of the particlis relstive teo the fluid’ ’), bLete

g = Py

f £
-
an
£

Sty

where I 4n the frictional soefficient, 17 the
particle has a gharse O, sn siseciric field of strongth

L will exert an scoslierating forece {Fy )} given by

¥g = QF {165)

In stesdy sisctrophoretis motion, these two forces
will be uzguel La azsgnitude wnd, insrodusing the

e inition of the mebility {ul, vis.

u {166)

;45

it readily follows from {164} and (165) that

o= {467}

o

if the ('riotional vgeilicient is esseatislly constant



throughout the s asvtion, the mobility~charge
relstionshbip {167} will be linear, TIniroducing the

exprsasion for the toisl charge, vig,

¢ = niz ¢ 1) {168 )

{167 assumes ths form
u =22, 8. {169)
£ b o
which mey be sritten

By = e s (u, = ua) * } (163)

The factor 2 ig introduced into {168) since the
friotion festor £ and charge 7 im {164) and {145)
roapectively refer Lo o "porticle” ss deseribed in
Part II of this thosis, viz, one bounded by the |
average surlace of shear (inner Helnmholts murraat(ga)é.
whereas (o 4+ 1) is the ohkarge that would obitain in the
sbsenoce of ocounterisns. Provided & {which axpres:es
the dezree of counterion binding) does no* change
sppreciably during resction, wquastion {163) will be
valid,.

The slectrophoresis of flexible msoroions with
pertial free drasincge has been treated by Herasns

o Y
and ﬁuﬁi%a§51f. & o Qg and . dencts, respuotively,



{dv)

the charge and frictional ocefficient of a ssgment,

thelyr sxpressisn Jor the a05illity nay bo wriiten

a %i {i ' %&f * - ajﬁ )j (170]

in wvhich ¢ 18 the shioelding ratic of Debye and
zumhiw“% £ being the ratioc of the raiius of a
polyion {oonsiZermd as a pariisliy-draining sphare)
to the raiius of its ionic atmosphere, Frovided the
ionle strength of thz solution is sufficiently high,

£ »> o snd {170} zimplifies %o

#u

- Efé {(471)

whieh is ansiogous to (167)s tquation {163} then

foliows ss in the sz8c of rigid ions,

The linear ralation between sodbility and the reaction
soordinate 1s only velid over small ranges of & and,
in genmeral, higherwsrder terms in ths expension (161}
will bde necessary to acoount for the veriation in
oharge at the surfece of ahear. 7Two shsrgosintere
astion nechanisns wsy be Aistinguished, viz, ion/

{23) {giving riss %o

indusededipole intersotions
van der 7zals sdsorption of ions on the polymer) and

M» 8 ]
&
tounterion Siading @ increases, the second
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procesasr bacomes reialively more imporiant and may
teeome g0 strong thet the value of = in egueiion
{168) i3 sppreciably decreased. Tor these ressons,
the nonlinger variation of mobility with =z observed
by ¥ods et 2272} 45 not surprisiag and, sm the
basia of the adbove, four regions mav, in general,

e expected {seec Flgure VIIj.(i) at .low values of a,
vhere ion/induced-dipole interazotions are moat
importent; (i1} 2% intermediste valuss of =, where
sounterion binding is mors important bhut m 1ia
approximstely sonstant (the iinear region); (141} et
larger values of &« whers a becomes somewhant lese
than in (i1}, i.e. the charge at the surface of
shear veries prozressively more slowly than in {411),
{iv) 2t largest values of z where strong poly-

gleotrolyte hehaviour is ochservyed and an increass in

b

produces s raduotion in mobility (o.f. Seotion &
of Chapter AL}

In sddition to variations 1a oharge, the friction
faotor will azlso ochenge with inoreasing o due to
sontraction of the lonie atmonphere, However,
shrinkege of the gompsot part of the sleotrioal
double layer {i.o. within the surface of shear) 4s

not likely to be great snough to have any signifiocant



(ii) N

(i)

f|gNII,Mobilifg (¢ ) as a function of the rmodified
reacton coordinate (o<). Numerals indicate
regions defined in the text. (The last part
of region iv is dolted because experimental
aviderce it lacking thara.)



(v)

It

- 1\;5 -

sffects Vhere partial free-drainage scours, the
friction factor for » pelyiocn will &epend upon the
sonfiguration o tho coil but, by using suffiocicntly
high conceniretions «i’ supporting clectroiyts, this
configuration will reusin cssentlally constani, pre-
vending any appreciabie varistions in frictiocn
fector.

saterpretntion of an Ex: erimental Siudy

T S

8 .
Noda &% al(gg’, finding that the mobilityereaoiion

coordinate relation for the neutralisation of poiy=
aorylic aeié was nonlinsar, proposed sn alternative
interpretation in whiok the frietion feotor of &
segment was considered 4o very whils the oharge on a
sogsent remained constant (a segment being Zefined es
a seqguence of sphericsl structursl units desring onas

eleotroniec sharge, a)e They itreated asch scgment as

az prolate sllipsoid of resolution with axial ratio p,

the latter being inversely proportionasl to a, Since,
by definition, & segment reducsas to a sphers (p = 1)
st eomplete meutralisation (@ = 1), 14 follows that

D Sli (172)
a

By introdusing Ferrin‘s tq&uﬁionigs) for the friotion

faotor (£{pj} of « prolate cllipsoid, viz,
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= vi{ « p®
2%/ 2 1a[(1 « ¥1 = p°)/p]

£{p) = Semp ° (173)

(ir whieh p 18 the radius of = sphere of the same
voluse 22 the ellipsoid and n the viscosity of ¢he
supporting electrolyte), thelr analysis leads to

the result
u = o/2(1/a) (174)

This btrzeiment, however, 1s untenable for several
ressons.

{a) Perrin's squation (173) assumes that the axial
ratlo has been defined 3o that p < 1, but this ls
slearly at wariasnoe with aquation {172).

() Even if the nxisl ratioc is taken as direotly
proporticnal to a@; (173) predicts that in the limit
@ ~+ 3 {les at Bero degree of neutralisation),

£ - 00; feBe w ~ U whereas, under thase oonditions,
the polymer will moszt probably have a noa~sere mobis-
14ty Que 46 its adsorhed shargsz as desaribed above
{the experimental dat: suzgest thisp see aslso the
slectrophoretis titrations of Mandel and Laytn:97)).
{6) The mobility varies almost linssrly with & over
the rengs 041 ¢ & ¢ UeH, 4in agreement with ths

sariler interpretsiion, whereaa the approach of

Kods €% al glives a poor Pit to the datame



(@) Tguation {172) inplics that the clhergze-raaciion
cuordinate prelaition Lp linesre. This Lz not 4rus of
the therge whilch determines $he mobiliiy (vize that
at the gurlaee o7 shsar) because m decresses ss A
iunereases {[soe adbove ).

It would sppuar Lthet tods st sl soiuaily used
rerrin's formule for ublate elldpsoids {p » 1) A
siunilayr difficuliy erises in the work of Abramson

5 {1) .

et el s HoreweiLs® hasd sleo implied %hat p » 1 for

proliaste @lliyﬁniﬁﬁqga}@

The gorrect foraulas may be found in Uerrin's

4(96)

nnd elsov in a paper by
(99)

ariginsl arsield
Gohsrasgs and Hondelkera

hoe COMPOCITION OF 117 ALRTURS DRIOR PO ELECTRUPHOLESIS

The relative soncentrations of the speseies Ay in sslution
{before slestrophoresis) will depend upen the kinetics of the
resctions (157} and snly Tirast order rate constants will be

considered here, & problem of this type has been conaldered

S

(e

#who used = protein as 1laitial
resatant (io}, f1odins being introduced in great exeess 40 pree
serve first srder kinetios at each ztags. Successive suybati-
tution of Lodine on tyrosine rests gave rise %o z series of

2ompounds iyy Ag eeee A, and, using {4, ] te denote the



csonoentration of speciesn ., af'ter o resction time ¢, their
E »

3
formule aay be written
f: 1
g 3 ' ol )
o A G P (175)

o
where k is the First order ratec constant for the resction
between iodine and a tyrosine rest on any of the i, {0 ¢ 1 <N},
Ao being the toial protein concantration, i.e.

N
D ERLY {176)
120

{(4p will aleo be squal to the initiai concemtrstion of A@-}

By introducing the new quantities definsd by

6lt} = 4 - o7kt (1773

and .
{4, ] .
£(L) u i {178)
Am

the relation (175) assumes the form

£(a) = () (1 - )t (479)
which is of the type discussed by DBaldwin et nl(zﬁﬁ in con-

ﬁaeticn with eleotrophoretie Leterogenelty arising Trom
shenioal reanoticne

Two speclel cases of (179} are of particular interest:



B
.ﬁ
N

If the product %t (sand hence @) is small, it follows
enat Tor the large values of N scourring iun polye
glessrulyés aysitess, eguation {179) will approxie
aate %o the Poissos JTura
-39 (N8)*
33

ihis is to Ve expected since tho numder of zvailsble

£{(1) = o (180}

rosetive sites is lapge whercas the number of ef'fes=
tive collislons iz relatively smsll (siues kt ie
smallje GSusch 4isirivutions sre mors likely te nccur
when reaction 1a slow {(small kj or iz thas esrly
stuges of a resction [smail &),

{44) hes O 4s znot small, = Gausaian dletrilbation functiom
sy be used in place of {179)-

STEIBUTICN CARAHETERS IE THERMI CF RaTE

The distribution »f mobilities in & given samplie and the

kinetic sxpression (179) for the dist¢ridbution with respecti to

the number of reacted zroups por moleoule will now be com-

bined, This ia schieved by mesns of the correlation (158)

vetween mobilidy (u) end the modified reaction soordinatc (aj.

(1)

as mentioned in Seetion 2, iseolation of sll the
components in s mizxture, followed by independent

identifiocation of mach; is not generslly necessary,



[f wi1ll now be shown how ralte constants may be
evaluated from nagsurements of only ths mean mobility
of Yotermedletes Ln $he resetlon schono,

Starting frow wguation (158), one may derive
the relrntion

W) = x5 * ¢ (ale)) (181)
whers the bars indicats averazes 4Laken cver all
snecies presente If ne heterogeneitry 1= observable,
a good approximation to equation {181) is

uft) = & ¢ ¢ {a{t)) (162
Returning e the binomial distridbution (179),

Tit) = n » () {163)
so that, combining {159) and {183), the mean value

of @ 18 given by

{184)

Henoz, substituting £{177) and (184} inte {182}, the
reliation Letween mean mobillidty amd rate vonsisni ia

obtained, ¥iz,.

- “kt &
Bt mw s g Nl = ) s 2] (q1a5)
- ae A



{14}

4 =
L

s = - ™ . a - -~ - f "
Preovided the functicn ¢ can be found (as in the
{92},

gxperiveats of Hods st sl’ )e Bome additional

i3 i 4 - o 7 oy 3 a ¥ . P‘J‘" L4 . i' k'
informetion le gbialnable, e.ge H/U% znd a/l"® caloue
lated frem (18D, eanble one %o compute a quentiiy v
given by

P | A {(166)

N'
l1,2. the nuzber of cherged zroups per structural
unit {after completn renction).
Far the delarmination of rate csenstants, however,
the functlon ¢ need not be found; provided one is
wvorking over small Iintervals of @, Under these cone

ditlens, equation [i53) innedintely gives

—— Y
u(t} = u_ = {“;v - 30} ;I;L‘!_& (187)

&
whieh, by {177} ané {483), may be written

Be) - uy = (uy = ug) (8 = o™ (498

This equation i3 of the same form as thet employed

*

)
by Fiseoher sad Lauff@xkss“ but will only be velid

sver linmlted raungss »f & Thelr sssumplilon thst
xobility equslis & (their X)) times sharge cannst be
Justified in geonevral.

Lgsss ihers Hetercgeneity is Observed

thile sesn mobilities are aulficiznt for the




@eternination 9 r:te constants, higher moments of
the mokility Jdiatritution ero ales dspendent npon
the kinetdes of the oheln (157)and amay provide
further ueefyl infornction.

(n) =eleticns between moments of the mobility and
i-dietributions %11l be derivel first. The Jth
roaeat (mé) of the motility distribution (probhebility

censity function g{u))about its mean {¥) is, by

ﬁ&finitiﬂn,
b 3

", uéj {u = 8) g{u)du 8 = 0,9,2, eue {189)
%o

end by {158) this mav be written

ottty - ¢ f%mﬁwég};(iﬁax 3= 0,152, sos {190)
L. R* ue

The spproximatica {102) will not, in gensral, be
suificlently socurate when heterogenclity is msrked
and the distribution funetion for ¢ must be cone
aldered when spplying (190)e Im generel osns odtains
relations qgathﬁ form

a
> s, (4 - 1) o{idas

g

J

By &R (191)

/
7D

o, ¥



or ‘13 = .’f 5 nn Uu ‘i = ';),.n:’.i’ 'EN i1}2)
nNo
N
whare ¢ & .
v, = (& -1)" #(1)a2

o

n = @’1,2 ene (193§
0

and thes a, are constaniss Thus any moment of the

mobility distridbution is & linear ¢ombination

monents of the i-distriduilon.

Under sondiiions where the linear relation {(163)

nolds; however, considerable simplificatien of {190)
is possidbla, Thus

= u” - Ea )
0 o» o= P SR {i - I}

(194}
N
8o that (189) beconss

ol
=

' % J
v J

e

yas (1985)

and the %wo sete of moments are then proportional.
{b} The paranmstars in the Graz-Cheriier seriss for

the mobility distributlon function, gfu) (see

chapter 1) will now be related io these ef the 1-
distribution vig 1195)e On substituting the expres~

slons for moments oi ths bipanial aistribntxan(3°),
%
vis,

* 4 here denote:z the complex nuamber for which

-2
H= - 1,
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Nwmign 3 4
) O . it.\N
v, = & é-g {1 « & & 00*%) ~} {196)
LR B 0

e

¢ene obtains
0 - u, = (“R - 303‘§ (197

(az in (188)) and

(u, = u.)®

M o —llele. B(1 - 8) (198}
N

while higher momenis are given by

.
u,.ﬁkrﬂfﬁsﬁ-enf-g> (199)

M = (S20)" [3p%e8(1 = 6)% + NO(1 = 8) (1 - 66
N

. 6”)] etea, (200)

Thus q{u) sssumea the form

Q.{u:; " mmJ:w ."(u“g(@))‘/zhﬁ (9) g,‘ & 1 = ga .

h(azc?vfzr 33 1 - @
n(e)
+ =48 60% * Hg (g""‘:"z}i&) + sens ?; (20"{)
L0 (1 - 8) n(e) J

vhere ul{f) and h(0) urs given by (197) and (138).

Geries of the type (201) are most useful when



deviations fromn nornelily are small, otherwlise cone
yergence {1f obisined at all) will be slow. The
higher-order terms may also 8xhidit non=unifora
bshaviour (as in the case of the Folsson distribu-
tion below)s OSince the error involved in {195) by
using the linear spproximation (163) will have an
inoreasingly serious effect sz higher-order fternms

ars considored, mowenits hlgher ithan the second should
he used with sauition.

{6} In macromolesulsr systems {large N), the higher
terms of {201) will be small (provided 1 = N6 25 not
té0 small) and = suitabls Sruncation is therefore
possidles The Tws speolsl ocases mentioned in Jeotion
b will be conasldered in turn.

For small values of & {i.e. when the product NO
is not very large), s Folsson distribution i obtained
andy using the faef that all eumulanis are equal fox
this distridution, it foliows 4hal g{w)} approaches

the form

*Rather than add Serams in their natural order, successive

approximations are better shisilned ai’ter rearrangement of a

Zrapse=Charliieyr &ariel.{1°o}
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glu}

L]

4 -(u-i‘i)ﬁfzh'{a i . @ = U
— 1 2 * Hy (S ]
s1(I)1/2 h

4 35 om ”. 4 g e ﬁ
& wemreemcs, ® Ty (m&} * L (&"’“W)
51(1)7 2 B

INTES »
""“L m E 2 m + o0 )]
. it Am{ g ( ) } (202)

¥hen @ 42 not small, the noermel form

. -f{uen ) &
a{u) = e & {u=u)®/2n
%

2%

s

(203

is cbtained,

(&) It now remains 4o interpret the parameters of
the mobility ddistribution, From (198) ana {177},
1% foliows that

(a, = uy)®
H

n = - o kb {4 = emkﬁ} (204)

The standard deviation {h) ashioves its maximum walue

wher t = % ¢ 1n 25 S48e at ths half-life of the
4

reastive sites, this value of % (denoted by hnaxz

being given by

By = Wy —
h o (205

nax ‘«3{!@
Sprrespondliagly, the maximus standard devistion in

the i-distribution, nfwz) ax? 8



(fvz) = iL (226)

in general,

Vvg = XE o Fre"KE (. kY (207)

Thus, ence k and éag - u@} heve been found from the
meen mobilities u(t) (using (188), (204) offords a
mothod for calculating the number sf resective sites
pey moleoule (N}, ¥qguation (483) will then enable
one to determine the Lime reguired for resotion to
procesé 4o z given walue of Ig the corresponding
range of products being indiocated by (207). This
range of produsts produced afier a given reaction
tims L5 better expraesased in terms of a ecefficient
of warliation, wis

\f"vg .i . e 1 ~ ;
T TN e e

&

{by (183} sné {207)) which indicater that clectro=-
phoretic hetercgenesity oy givem k%t vill, when
sxpressed in this way, deorexse in proporiion to
Viie

The zbove mechanism has beern used to desoribe
bhe reeotion betwesnu Sobacco moszic virus and

\

86
forma&dchyde‘aé”; It 18 elec intereating to note



that {153) is of & form used to desscribe the growth

of srg&niuna§1°1}@

The elecirophoretic method may
thus be useful in = number of biochemliosl studies
a8 anp aid %0 the correlation of macroscopiz changes
with resction meochanisms, Thls is borne out by a
reoent inveltigntian§3) in which mobilities hLave
been measured st different ztages of the mitotlo
syele, corresponding changes in ocell chemistry
being suggnsted,

{86)

The work of Flisoher and Lauffer » however,

inoluded the estimation of ssveral rate sconstants
{from the ninhydrin resoiion) and Laird et 11{103’103)
have recently considered more gensral growih laws,
Considerable modification of the shove will therefore
e neocessary when investigating mors complex reaction
schemes gnd, oncs this is dons, higher moments of
mobility distributions may prove useful (e.ze in
Pinding first approxiastions to the various rate

gonztanie.

6o  TRANSPOCRT IR OTHRE FIELDS

Separstion ¢f the somponenis 4, on the basis of differing
sobilities in an electriec fleld suggests that dif'ferences in
other transport coefflieienits nsy also prove useful in kinetic

atudies,



Resolution into componentis of different molecular mweights

(5)

nes been cohieved by altreceniriiugation and this sugzests
that ths kinetios of, for exauple, slow sddition-polyuerisation
reactions, could be followed by measurement of sedimentation
coeificients,

Differcntial motion has also bheen chserved im the presencse
of mutually perpendicular mesnetic and electric Pieids {electre~
mﬁgnntoph@reai;£21}. This has been Tound useiul in the i'rsotion=-
ation of seriauln necil suspensisns for whioh uitrasentrifuzation

15 ineffective’ 0h)

{transport of this type osours when suse-

pended partiocles differ from Lhelir surrounding fluid in eleoiri-

oal conduotivity, dleleoiric coustand or magnetic purmesability).
A% preseni, however, no xinetic studies of thess iypes

have been repcorted and much sxperimenial and theoretical work

remaing to ke donsg,.



GONCLUSIONE

This investigation inte the theory cnd spplication of
s2lecirophoresis hes led ¢ 2 more cospleis Tormulation end
snslysiz of several problems. - number of pusatitative
relations heve Been derived nnd thess are summorised below®,

1e HULTICOWPORANT SYSTEME

In suffictiontly &ilute solutlions; the field strength asnd
mobllitiees are elwcst constunt, If & rageCherlier distri-

bution of mobilitiss exints, 1%s perameters are related to the

concentrationwgradient funeticn by
o B m el ©® g% x - UEt
96 o L. g=(m-ums, )" /28 {1 oy =i g ()] (16)
8x IYorx Lo 38 * B J
§ul
“here
hEt
@ = —E w':" 7)
E
snd
I o« BPERLT 4 2D% {18}

It hans meen shown above that this sgrees with a nusber of
current relatlions, vize
{s} %hen D » O, % is proportional 2o tw(183
{b) then h = O, 5* is proportional te t(313 {test for
homogeneity}.

ePor definitions of symbols, see main text.



(e} 2 plot of 5% /2¢ versus 4%/t enebles one to catimste
T w3 (‘31 )
d ARR e

in néditivn, eguations {14) %o {18) show that,
{4} 7he centroid of = concentrationegradient pettern

yields the aversge mobility sinoce
% e o0 5%, {20)

and

{e} Higher moments of the 8C/Bx funotion may be used to
estimeie the a (st411 sssuminz solutions are

suffioliently dilute),

79

. THREE«ION SYSTAME

(a) Charscteristis Parameters

4 se% of eharscteristiec paraseters for a polyion-
simple sleotrolyte syatem has bheen derived hy expending
the diffusion coefficient and z0bility of & polylon, es
well as the field strength, as powsr series in a normae

lised concentration varisble, i.e.

Dagltoe 13 kot (25)
iei
g
usu {9+ ) v,oY] (26)
=feltt )N

wi



] . i
%= E, {1 * ZL;% ol (27)

vhere
o = c/c® (22)
(v) Electrophorstic Similarity

Ry transforming independent variables aoccordinzs to

u E
X:M.x

D

o /
} (32)
B 4
: ffg.gl_ . %
2,

3

<

the transport aguation is aseen to have a sclution of the

fornm

0 = B(X,T)kepTssre) {29)
if (25) = (27) are truncated after the first power of €,
ivee the function O(X,T) is invariant under the trans-
formations (22) and (32) provided k4, T4 and Ay are
invariant. Substences which give rise tc the same values
for kgy T¢ and Ay are sald to be slectrophoretically
similars 4n analogous result heids if higher powers of 8
~ are retained in (25) - (27).

(¢} Pirsteorder perturbation in the electrophoretic term
in the sbsence of statlionary boundaries.

Ir

E =R (1 + 2e0) (34)
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and new independent variebles sre Iintrolucel, vis,

YuXo (7«7 0+ he) (&3)
~
T sl ? {ha)

{14) rn expression is found for the reducsd concentration
sradient (898/8Y} st 2 Jescending boundary, {equations
(45) snd (4E}}e ihen T, = U, this may be simpiified
(equation $:8)).

{11) It is proved [see ippendix IV) $hst conceniration
gradient patterns are aymmeiriec abtout Y « O under
these concitions.

{431} Ths weloaiiy of %he cenirs of the boundary is given by
*ouwk, £9 & Ry {51}

{iv} whem Xg « Oy a steady-state solution &5 obtained, vis.

s 59 M MY ;
:vmml?“"’f;'m‘;’"h:_z" {48}

(@) Pirstecrder perturbation iz the zleotrophoreiis tera
in the presence of sitationary bhoundaries.
if the field strengiths aercsa the sscending and

deacenéing boundariez are represented by

L = \
B, @ B (1 & hey 93] (54)

and .
Ey = B°(1 + Resdp) (53)

)
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reaspectively, then

(1}
{11)

{444)

Bap = MDD = Do (57 )
The wvelositiez of both mowving Loundariez may be

ased to estimate h¢ snd the mobility. B  4is the
fisld atrength in Lie bulk ¢f the supperting slesiro-
lyte, Eﬁ(% » hg¥z shat is the bulk of the three-lion
slestrolyte, these two values ylelding (1 « L.

%4y is Bhen found frow

¥, (4 = 24!
=l m (62)
n {4 & N}

(¢ may alse be found from {1 + A¢}/p Af required).

the wmokility fellows fron

2% .

¥y ® B {4 » %y {60)
v 2

ar

v, = uE® {4 = 2yl {813

Poundary apresding may be used tv estimate diffusion
cosfiiolenta {Chnpter k, Seotion & (vi)}e I% has
also been proved that 2 walue of Ay associated with
sharpening of n desceénding boundary implies sproading

of the ascending boundary and vioe versas



(¢) HigherwOrder Perturbstions im ths Eleetrsphorstis

Thizg problien has beer Tormulated snd it hes been

found Hhat,

{4} the velocity of 2 shayp boundery is given by

oo s 1)y
v = uq‘f’:a ; o | weju ﬁ",’?}
Eond 2
L=
where
B
1ul

Lo 59 x 2o 4 o -
iai) 49 the rmobiidty is constent, {77) reduces te

g s 3

?:i&gn‘f’jﬁ %‘#3-14}"“*‘“#“*’5‘*-!@063

N

P

rhich 45 a more genersl ferm of (51);
(1i4) econjugate boundary pstiterns will only be ensatioe

graphie LT

Yyo == ¥go {6 = 1525 ses) (79}

These conditions are not likely to be satisfied unless

the field sirengih and 20%ility are constant,

although the ellegts of the LY and ki way nartly mask

gach other znd zive rise to apparenily enantiographic

patierns,



5» GENERAL MTCROSEOPIC THRQRY
{e} * gpeneral Pormulation of %Lhe poteniial prodlem is
#iver in Chapter 3, irecluding ths corrsct use of boundary
sonditions =2nd reduction of the squations to Almension~
iezs forn,
{b} Three methods for solving the potential sguation for
tha charze denaltry are 4iseussed,
)
{1) corint's Linearisaﬁion{1”
avs(x; ats{p) o
a2inh = : {98 )
kT N B
{14} 2 boundary-layer soiution (bazsed on ilexandrowies
= . 6,
and &a‘z.chalm:y{5 ) I
r‘ ¥ { P4
LW (el 4oy, (97% )
a¥s{z)
sinh w .
ww
{a7* )
(144)

The region of solution is subedivided into
smaller domains {ﬁik such %hat the increment in
¥5(y) eoross each y is constante sinh q¥s{p) /2
is spproximated by = linesr Funotion of ¥s{r) in

gach domain suel thaet the field 2nd potentisl are

gontinuvous gnd satisfy the boundary conditions.



oy

{a) Ton=binding and 4the nature of the 2lecirgphoretio
gharre are discussed in gensral terms,

e TRAKCFORT OF STYLINDRIG L “ICROICHTD

The davelop=zent of Chepier L follews that ocutiined n=bovae,
Formulec ers derived Por ealeulating the charge density (o)
and somsz nunerical results are givene T L8 found thst plece-~
wise linearisation ylelds s lorger valus for ¢ than Zorin's
puthod but = smeller valus than that obtained by the houndarye
larer technicue,

The cherge per unit lengih of & polyien {5_J) 4s related

B
to the corrssyonding eslesirophoretic chargs (3.} by
;:'
p L y
1 a2mm (,” - 99\
Gga N7 /
&
where
gg kT K
— i{
8@ = 20 %1 5"*)

rhess formulas are only epypliecsbles io su’fieiently strong

gleotrolytes {ﬁﬁ } snd low clectrophoretic charges
&
£ )a * stronger condition than 8 _» 5 is probably

required sinos weak slecirelste beheviour has heen sniirely
sxcluded from the derivation of {153).

Se SEIERY TERADIGE OF RINBTIC PARAMETERD

(s} The mobility~resciion coordinate relation,
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chain of reacilons of the form

{157 )

+ K =p B X

Ay 1o1  B=0,752 suee bed)
{where X 4g in excess) haz been considered, a mobility-

resotion codrdinete relaticz,
Uy = K¢ {(a) (153}
being postunleted, whers

& = el 057)
N

A first-order approximaiion to (15%) is derived by

truncating the Taylor sxpansion of @{11)@ giving

s b i f %
LE,, = B s * e * L ‘
b TR T B L & o

This forme)l treaiment is justified theoreiically for both
rigid snd flexidle mecroions. Higher-order spproximations
are sisc shown %o ba necescary, both on theoreticsl
grounds and for the interpretation of certain experimental
resultas

(v) The frequensy distribution of the species g

}
This has tbesn gderived n;aauhara{sj' and hes the form
Aok i 1 P
£1) = () 85 (1 =)0t (179)
v/
ghars
0 = 1 = e"zt {477)
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(¢) tGeneral correlation of (a) and (b).
The frequency distribution £(i) and the 3§°P moment

of the mobility distribution are related by

N
" - 3 “’j
u, = K9 / [}(1 £ 2) - ¢ (& = a{J P(1)ai § = 0,1,2, ees
J N N
0 (190)
(@) correlation of (a) and (b) %o a first approximation
(equation (163)).
(1) The mean mobility after resction for a time ¢
and the first-order rate constant k are related

by

u(t) = uy = (ug = u ) - 8(¢) (188)

This yields (u, = u ) and k.
(i) The variance of the mobility distridbution has

the form

- 2
o (uy = u,)

« 0(1 - 8) (198)

N
(1i1) If a Gram-Charlier mobility distribution exists,

then

1 ¢ ~(u-u(8))?/2n% (0) {1 § —=2__ g
h(8)vV2r Ll U

o "(e) - 68 66‘ o Ha ( "L:’iigl sse " (201)
Bkh(:j .3 £N5(1+~ 8) n(e) ) - j

q(u) =

Hs (



Poy large M, ecuntion (201) aay be simplified
{see squations (202) and (703),
{a) Terametars of the diatridbution £{1). ’
igquation {188} yields {nH - ma} and 0, whence N nay

be calzulsteds 1lso,

f & n¢ {453

nd
i (2

is2s ecleotrophoretio heltarogeneity alter a given reaciion
time, when erpressed in this wey, decresses with dne
grosaling He

Loue possibdble spplisaticas of vericus transport

ga

cxperinmeate are o dMscusaed end mey =2id the undere
stending of cvomplex resetion mecheniasms, especially in

blologliesl mysiens.
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APPENDIX I

SOLUTION OF THL LINEAR TRANGVCRT EOUATION

Sinse equations (6) sre independent, it will be suffiscient

to solve for n single somponenit, The initisl-valiuz problen

may be written in the dimensionless form (seec Appendix ITI),.

i ¥
%mw”ﬂ T® DT p »wom g X <o (11)
3T oX®  &x e

subject to the condition (for the descending boundary)

X
<

Q(X’To} = % Orf@ P - {1;:&3
&

{Bguation 142 is nbitained direotly from equation (8)).

This type of formuletion avoids explieit use of D, u and E by

50
absorbing these paramsters intc the "satural @nurﬁinatc&“iﬁa&

¥ snd Te
Let ihe Pourlier transform (F) of o funotion £(X,T) be

denoted by T(p,7)s Lete
o0
e " i - a
FL{X, 7)) = Z(p,T) = ; ° iPxf(x,?)dx (1e3)
.dw
{ 3
Then it may be shown®'0%/

r§y = gﬂ%%@zl (142)



?(g%) = =1p¥{p,?) {(1.5)
?( ) s =p*8(p,T) | (1.6)

IZ p is regarded as a parameier, (1.1) is transformed to the

ordinary differeniial equation

%gg = =8 . 1])8 ‘ {1.7)
whieh hes the zeuneral zolution
[ a{p)egii'p)r (1.8)

a{p) is dctermined by transforaing the initial condition {1.2).

Thus
F(ﬁf%‘i,"’ )} mj ﬁ!i’px*‘ % lrfg P - az (1.9)
©e
‘o
Therefore
-p(i=p)z,
¢(P) . Wmﬂ ! Q&px erfﬁ - —;L-- ax {1.10)
2 v
= oy L
Thus by (1.8)
[ ]
i) [ Tu® & ; .
E(p,r} = % &ﬁ(& pi(T ?o‘ { ’iyx arfo - =i 4x (1e14)
o 2{'{&
Inverting, 5
- - - F 1
@{3,7) = j' 1PX§‘% .p(i pi(T Lo}i Qip’ ery = ol dy ”ldy
Ao - avr

(1e12)
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and on changing the order of integration,

9 f o)

£ { - -ty L Y -3
0{X,?) w = | sre __z;.[j g 10%ep (12p) (=T Jaipy P
bar
- - on

The ssoond imtegral in (1.13) 1s resdily evaiuated. Thus,

o

5 @ﬂiﬁﬁ+ﬁiiﬂﬂi(%~?giwipy &5 = &ngrmf #F~X)‘lk(T~r°}.

L e
j “{A'; )rz (1.1k)
" o0

- wy -t )® {1
o~ (F=Xe= )% /4 (r Ta)«jmr§%?m (1445)
§ & o
Substituting 1a [1,13),
-
0(%,?) = ”W”“i”“m% rfg - > . ﬁ-{y“X*?‘?@}./k(Ta?@) dy
ai?T?Zﬁ‘j 21
° (1416)

To aimplify %the oanloulations, the following substitutions will

xa
]

mades

F

Ko t/400(T-T,) 5 » 1/27, b = 1/2/F°T, o w (o7 =3)/NT-T,_

{1.17)
?hﬁtng

- 8 o
0(x,7) = & [ ort {(-ay) o (by+o)® ay (1618

- o

Differentieting slth respect to o under the integral sign,

- , | 2 -
g& = # [ g o=l(a®40® )y"s2boyee® | ay (1e99)
a ﬂ"‘é‘ﬂ
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~-(a® + B ) ]
da
o Cf 2y,.2 2
= i&.j fe2(s® + »*)y = 2be] ot (a® + ¥*)y%42boto? ] dy
Yo
- o0
“ 2 2
- i .
% 2Kbe / e [(5 ‘Fb‘ )y‘-fﬁbﬂy-bc J dy (1.20)
Yer
- co
- y o0 o0
N !‘Jg e-[(u’+b’}yﬁ+2bcy+c“] |« 2Kbo gu(nﬁtb’)Y&-QFo'Au?+bg)dy
fﬂ' -0 ’fﬂ' o
(1.21)
i'@.
a _ 2Kbe o=8 0" /(2" 4¥®) (1.22)
ds (a® +« ¥*)

Integrating with respect %o s,

-l 2 IR
8% /(2% +1*) de + conste (1.23)

a
(a® + ¥*)
Haking the change of variabie m = so/Na® +« b%,

u®

K ac4§+§ -
O 5 = 2__[ e dm +» oonate (424)

Thus, dy (1.17),

1 T = T@ - X 5
8(X,T) = 3 Q!‘fe ( ) + conat,
T

Therefore,




2 1 clzelrer )] /a7 (1.25)

L e e

X ser

orx
B | 0 (zeuzs,)*/ae (1026)

BT "

Yhwld

This resul? ie tc be expected sinoe ud, is the displacement

of the boundsry af"ter eiecirophoreésis for a timse tE, i.2. ths
peak of the 8C/9x surve is locsted at x = uit,e The standard
deviation of thiz gurve §s V204, the same as for simple

diffusion Por o 4tims &,



LAEPPNDIX IT

ﬁELé?IG% BEPELER GQNS%E?Q%?IQ& PHADITNTE ARD
MOBILITY DIaTRIBUTIONS
substituting (15} inte {44},
o = " .2
88 . i ;g meutt )t /4 nt-(ueu )/ 20"
ox  VEEFDE
o
:‘,‘. Y .», gf P - ‘_:; .
61" } JHJ E"""""& 9} éu
L fes §& n J
Ju3

whioh may be simplified to,

30, gt T ~eh i)

8x ig;iirﬁi‘aln
- .
{%|% Y el H, (E.ﬁ.&)} au
FANTINS ¥ | h
§=3
whers S
= Shanteaeiia " 2 ;
LDt 4
hE
B womi (X - et )
2Dt

{x = ﬁﬁgg)a

C o« ™

hD%

(21)

(2.2}

(2.3!)

(Qoib)

(2‘56}



o f4] =
Haking the change of verisble

- b r £
X = (M} & sty @2.};}
h 24

m
ac g® (Ca® /20 “AXS
e B i N & @

ox  V8ePDt /

- s

{ 1% X+ ﬁ}} ax (2.5)

Ju3
oo 5 '
Let I, .!/ 6«.,».ea:" e {(x ;;) ax (246)
L - - |

4% thie point 1t 12 neceszary to oconsider the properties of the
Hernite polynomials., largenauw sund %nrphy(1@5) give the

zoneral form of the Gran-~Charlier series of = funotion and a
nunber of reiastions betweon the paraneters of this series and
nomsnts of the funotion =dbout the origin. However, the Hermite
polynomialas given bty them (ond 2lso by 3noédan(ssb are not the
ones appropriate to Gram-Jharlier series, The sorreet poiy~
nomials %o uss here have been dsf'ined by Snart(zg) {also
Kendall ané Etuart(3°)) and the properiies reguired heres are

te bes Found in these references.

SBince

3; (2) = 3 H:-.ﬁ LAy (2.7}
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cquation {2.6) bdecon=ss

B ar Y
] (401) EQ
which on iategration by parts gives
"? 8
25 whi
I Ty
5" G @ "7 X Hy (X + B/24) ax
LoGa -
2’. ! | -“.m . F - ; .
Iy » =S | o (X & B/28) 1,4 (T + 3/2r) ax
(3 + 4) ki
o oy
[+ ]
e e {x + B/22) &%
. 5*4
(3 +9) 4
or
I j + n o ' ‘ 1 = mg‘éi"'":
(3 1) 9 {3 + 13
(£ ]
; ‘;‘{S& .
. (x & 8/22) Hé *ﬁx + B/24) ax
.w“
Also,

LeBe

(x + 3/28)H, , (% + R/24)

33’2(1 + B/22) & (8 » %) HJ{X + B/22)

4 m.a}

iﬁn??

{2.10)

{2.12)

(2413}
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substituting (2613) in (2.%1),

B 2 -

T, ¢ owmhaom T . @ weecmeees + 2AT1 (2e14)
37 g B (5. P .
Prom the Aefinitisa (2.5},
| o
I, = ﬁg g {2.%5a)
2 |7
I, = ﬁ'j £ (26150}

41w, fvom (2.3a), (2.3b), (17) and (18)

g% = w8 {2168}
g.& - 1 » !
. = B (fi‘.‘lﬁh)
24
x - ut
where 5 = o {2s160)
p
ey , : A _ ,
thug 4 0y = IglJ s (2.47)

equation (2.14) btecomes

Qjoz(&"} - We QJ*%{u,u) + 08 (5 + 1) QJ(U,ﬂ) =0 §20

(2.%8)
subjeot to ths initial conditions
0y = ﬂﬂ(;} (2et19a}
Gy = wﬂ1(a§ {2190}



The finite Aifference aguation (2.1%) has the solution
{subject to (2.1%9a) and (2,19%))

8y = uéﬁéit} (2e20)
Lefy
I, =&[§?- u3aé(s} (221}

*

Zubstituting in {2.5),

-‘.‘-ﬂ

ﬂnmﬂ .(C«r 2 /ha)

? + \ ‘*ﬁé J {'a'ﬁ} (35022}
8x Ew’Dt L d

;J 3
Using the definitions (2.3} and (18), the required result is
obtained, viz,

'!@ .n ‘1"’0 ‘;
2 PN N ."f“.u“g‘?g)’/zz' 1 1 & } '4 JH (l“} (2.23)
Px = "(Eﬁ” L rs J:



DPIppsaransl ANALYHEIS OF PHR TRARACORT BoNATION

In order to simplify the solution of the Pokker-Flanck
equation, dimensioniess w-moncnisls will bo used in place of
the dimensional guantities in squation (21). Using the four—
{old basis commonly asgopted for slectroamsznetis phenonmens {vis,
wess ¥, length L, %ime T and eharge o), the dimensicnal tndle

19 as Follows;

G 8 0x 's ?g_ mg Eg
M 1 1 4 0 g =1 1
L - 3% « 3 1 D 2 e
T i @ 0 9 e 4 § -
2 Q o o o 0 { = 1

In general, all the charscieristic and universal eonstants
belonging to the theory of » phenomenos zust dbe taken inte
consideration (this is the third rule disousssd by Ps&aniaghiz
is seotion desling with crobles Formulation). Towever, ki,
¢y smnd Ay are independsnt and, by defianltion, d4imensicnleass
gsuantities 30 thal three dimensionless s-nonemials have already
been found and need not be vonsldsred in connecition ®#ith the
Tormation of the other w=mouonisls {rom the remalning guantities,
Turther sinee £ snd ¢° have the same @imensional @xponents,

snother of the required w-uomomials (in this case a form factor)



- 'l“' L

hes been defined by ecustion (22) smd only one of these
guentiiies need be considersd in *he dimensiowmal tahle,

rhiek therefore roodss

£ x ?, E% “e E°
¥ i 0o @ B = 9 4
“ = % 1 & 2 e 4
T 0 ¢ 1 -~ 4 i w2
9 @ @ 90 0 1 =9

Using the first, fourth, £irih and sixth eolusns above, it is

roeddly shown that the determinant {iy) given by,

{ 8 = % 2

- 5 2 0 .

e = O = i I w2 (S.H
3 3 1 = 9

ié non=2¥270 s thait the sairix of dimensionsl exponents is of
rank four, thus coufirming thet » strict besis has & mulzie
rliedty of twe. Hemee, the sxponents of x and ¢ (Jencted 8,
anc &g respectively) mey %¢ arbitrarily chosen when forming
renenomiale, and setting ox = 1 amd &4 = O, sne obtainz tun
fallowing aquations for the exponents of the remsining

quantizias,



‘E{‘:‘, ! ' v
8. - 4
- s {i:.::e ‘
& &
Yo
g, G
BQ
| tc o
L - 4
Be ]
= fﬁ-B}
@ 3
Q@
QE 4 ,

i1.e. the first dimensionless wemonomial (%) 48 given by,

]
e &
Ty = D * x, {3«5&-;‘
o

Jimilarly, putting #x = O snd g, = 1, one obiains

up ®
o

Isnce, the eemplete set of wenonominls readps

w ¥ u sy *
& o o wil »
%—5.--53—- lx'-sg,gﬁ-_w-ﬂ—m! t’ k'g f' and &ee
L n &

Taving dciermined & sultabla set of monomiels, 1% now

renains te rewrite the differential equation in tzrms of the



new variables O, X and T

o
=

he letter two heing reduced space

wal tlme ecerdinstes defined by wry and vy respectively), %o

whlsh end the followlrg opersior relationships #4111 de found
nsevult

(3.7)

>
“
»
il
/"
i
-]
B
i
*h

g 4;‘3 " %
ﬂ = M 'Y {5‘ 5;;
L«'m

I one writes the trensport eguation in full, the

folleowing sguntion la obialned:

Ky 2 a. 0y IMeTeu ¥
% o Gl
L ﬁwﬁ“;.'»w“fs&w(%x?) - ——2 0 8
. & n . P
9% i gx éx %, A 8x
2(3‘ % 1;}& A 5 -
c ax o9 ax

L)
T

it is shen raaflily shova that the gurresponding wsguation

ia teras of the new wariables seads,

o ] o] N &
%ie}:tﬁgﬂega-u a&i{ggfg‘?'i

ar ar* axt \ax/
- ngree® Lo, .70 8.2 {3e10)
& :: 3351 3.;1‘



in which Egg u e 2 and 5° ne longer appesr sxpliclitly. While
s general sclution of (5.10} is siill not possaidle, periicular
cases {e.ze DY asduming %4 = O in systems where diffuaion i
negligidle, or AqP¢ = O when h, and Ty are small) may be
solved more easily than with {3.9) and solutions expreassed in

terns of dimensionless variables are more sasily oompaved,



SULUTION DY THE TRAHSPORT ©oUPICH ZITH FPIL3T=O0RDER
PERTURBATICN IN THE FLECTROPHORFTIC TERY

The problem has been writien (equations 41 and 42) in

the form
| ¥
EE = 8. (1 & 20483 28 T» ?ginzm € X 2o (hei)
8T ax* 8x
3 4 X oy
Gfxg‘fﬁ?‘o;’ -5 lrﬁ’g u g;- {he2)
o

{for tho descending houndary).
To simplify the solution, & new spuos coordinate Y defined by
YaXe (T=-7200140) (Le3)

has been introduced (equation 43) sc that the origin ¥ = O
moves with the boundary and ithe iransformed egqustion descrides
enly the shape of the boundary, not its apesd, The reduced

time variable T {equation L4), where

% T = TQ (hob)

has alse been introduced aince the electrophoretic ters 1is

sboent for T <« T°@ I¢ followe immediately that

2 . 22). (5e5)
8x sY T



=3 -3
(2.8).. . (&2)s
ax')i' ayr T

The sheange $0 2 new %tims variable is resdily sarried out by

A
zeans of Jaoobians(1°73 thus:

28y 28,1}

or ¥ a(r,z)

S@;X! ”3

(!,T) O(Y,T‘

50 2

(Sl = {1 & Ny ) (*”}~
S sy T

and {he1) booomen

ﬁ"“g ﬁ;giaﬁn’ﬁ}ﬂ
ay® 8z

f%ﬂg

Using the new dependent varioble U ziven by

U 20 « 4

the problem now becomes

\
2y %0 _,,p U
3T ay* Y

U(Y.@} = ’fﬁr Y/ﬁ?@

{he7)

(Le8)

{he9)

{4410}

(heit)

510(1082 has shown that (L.70) is solved by means of the Nopf

teansformation

uuﬁ)g-é %gg%

{he12)
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vhere a{?,?} is sny selution of %he simple diffusion mquation

gg = g:g fé.i})
2% oy .

fie has slso proved the unigueness of the solution (he12)s The
initiasl eondition For (4.13) corresponding to {(he11) is
sktainsd by integration of {Le12)e Thus

de = 1n {24 (hoth)

- 2 Rﬁiﬁ,?)‘

7ithout loses of gemerality, b =y be shosen to be sers, giving

{for T » Q)

Y
= $ . e
W(Y,0) = #(0,0) © exp | = = jn{e.a)u ‘- (5015)
0

whioch relegter the initis) valuee wi(Y,0} and ¥(Y,0)e The
solution ﬂ(f;§} of eaunation {i.13) may be stated in warious

woys, one sonvenieni pspresentatiscn belng

-]
W(T,F) o == j exp L = (¥ = ¢P/AF] - w(e,0)ée
Jiaw? J )
-7 {he16)

Thus by (L15), |

€

[ = (7 = e/a% = (he/2) | U{n,0)8n]ae
&
L)

(‘Nf@ 7)

ileo, Ffroz (heiZ) 4% Tollowe that



-':4‘31-

™ N
2 o wu(y,7) {Le18)
3Y 2
Substituting (4,17) inte (4,18},
¢
j ----x gxp [=(€ = Y)2/AT = (0e/2) g{n.o)m]u
L' ; ? 2 ~ £
j 2xp =(e « V)" /4T = (Ny/2) %ﬁ(n@ﬁ)éniﬁc
- (é“. \..37')
snd, on integrating by perte {in the anuasrater),
- ¢
| o2 [=le = 1*AF - (\/2) [U(n,0)an] + Ule,0)ae
3 L ol ) %
U{Y,T) = - : SR ¢
oxp [=(e « 7)2/42 « (M4/2) [U{n,0)dn jae
- {be20)

The finite integrals in (Lo20) may be evaiuasted using ths

reletion
4 4 @gﬁ p
e (; prd ¥ L e E z 2T L (ha)
&z dwr ¢
Thus, i ﬁfﬁi?
l;ri’ /20T, & =l é erf 4 &
To 7 =e?/47
= ¢ erf cfz'l‘rﬁ ¢ 2 ,..2.(, 0 - 1)
T

(Le22)

= 5(#,?0} {4423)



\ ER W =TT
subatitutiong in {L.20) and dividing by e /03 in both
numerator and denominaton

o

- s hg
- exp a%m ‘e «.&;mm; (2,7,)] orf ¢/247 e

2 LT 2
(o 22)

Re

U{Y,%) = —~
r N‘:’v n £
i’ i%xp ié: t & o= gﬁ: - o @ (c’fozga'
4 2% (L I
- o
B9)y @ilfferentiating with respect to ¥

substituting Creun (i
end changlng the varisble of integration %o y, where
(

one 9btalus

Lj -y® rgymyj[j 7. J,,. eﬁ(

e 25)

g

s B i
| == )« 2(r)ay |

¥ .
N o J |

D

e m:) * P{yjay jL? 0 :’% g t’(riﬁ;r]

- 5o

—
- - _
j o * f(ndarng

(he28)

where
; =
f = . ] vy.p f ? §*:
5 %y} = @xy l @ b I ; 27 e ¥ erl | ¥ s
Ly 2 \ Nz, /
ih.??}



the Linitiog Case Ay = 0

Prom {Le27) it follows that when Ay = O,

(-]

£

f e £(y)ay gf exp [-y* + ..Z i

-0

. /ﬁ? .-(y-!’/zﬁ)‘ ay

- O

= Vo o 0.!'/“’1. (5-2&)

Llso, integrating by parts,

e
r

-y e, A % i f
e o« L fyidy = » == | {= 2y0
/ N 2% J = :

o

Therefore from (4.26)

-2 /4T
22 - &.’”‘“
gv Yiat

oo
Y : Y . oo
= | oxp |~y +=="¥idy
s "’% " 'f"e?/wjﬂ' (he29)
2T
'ya + i o ¥ b4 3 E’ 4
e Ay » === ) ert y | == ay (4.30)
f 78 o ?

B

By perfeoting the squere in the exponentisl and integrating

by perts,



(= ]
& e Lo ) o - «
20 . S g | f exp [= (1 ?f?e§§’ 4 == ¥ = T 0] ay
ay Jhet Vo A
o 3
~BAT T L8 )y - T o/ TTVE)? ;
= g—,wm e W — f e =] - e dy i_‘?i«xl ,1)
ha? Ve
@ - oo

Heneow

The Limiting Case T! = 0

Then ?@ a Uy
P % o / + . # .El | 3
fiy} = exp § st ¥ o= hew? {8{y) = Hiwyi}: (he33)
T J
Then
> ;- b I f'r
L ey i - E'&% . ® X % ey s - b a

vw %i?gf&? o BT} lﬁqu/E

g T
2

(L2l
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I
e e F(yia
. VT haed
? - - o
= “ia j ‘7’+§1f¥?+h’3ff dy + g y .‘ya+13/¢?~143{T &?J
g?im %
0 . n .
o3 (- I a2 s AT
i JT[_ {j”( e MiD) 0T Ty ay

o
T o+ KQT 4 Y
G Sepe—— .-’. & ﬁ + h]ﬂ? dy
/T

e

im (.. 2y -1 o %oV T) ,“’f & H-—k,y{r

2 {u Y + %1?} { .-,. . gg . 11,{@ Ay&
27 ' VT _j
= ig *(!‘/*'? + MPT/4) {W{Y kel 97&11’/2 — Y & kT
2 2 by o a7
{= ¥ LYEY. ; =Y &+ AeT -
- ;ﬂ‘}* ‘n}w"g/z ﬁ!‘fa mi d§ (#.35)

Thess may ther be used 10 evsliuvate the remaining Iintegrals in

{%:253, leBe



m15?u

¢
j 32{agy} = {my)ieiyldy = g_a-w‘ * ;; ¥ o+ Aeyd? ay

-

% Z .’F’ * 3§'3 = M FIT

e = XE J(T/T & MET/E) {ﬁitﬂf2 erf T4 M7
: - °
Jaai *"o 2 } (8o 36)
and

] ]
=y* - 4 B{y) ~ if{= £iyidy = ] - ik & ""*.I."'"“y{’r 3
/ ol 16 (3] i (viay “}” e Tt dy

&0
e ¥ ’
+'§‘m33 . 3..3_3& “"‘*’ﬁ T = x‘lﬁg dy
h YT

- (Y » T 7 e
aﬁr 2 2T LA 1
{fw T 4 AgT) . P L
- 2 ; 'Y - £ ] # L 4 | %
- YE (=Y + A7) /AT , ers, {Le37)
2 Vs b b ko

7he required form of (4e26) 15 thenm obtained by ameans of (ko 34)
to (he37)e To facilitate the simplification, the following
subatitutions #ill be mados



Y » 24T o T 4 AT
T V7T

{4.38)

¢ PSR ¢ |
—zm[@ orfoi-?a.,ﬂc arr°¢crt°§s+u arfo%if

)
¢* | 2 . P
{:Q erf‘Q ¢ s+ 8 eri‘c ‘%] (he39)

3
.
19

or on rearranging,

Y 4 heT

A

° oVt

Y YheT

a6 a“"/‘*’g . o~MPT/k {aa,r/a orf

- T 2 AT
VT

¢
‘ 2,
. hVET oF /BT s M T/h erf

@“l 4 Y ,"'?2

rf
* L °

erf

Y & AT w ¥ & AT
P A °2fr}

(Lo%0)

+ orf

B M
; [thffz - Y & AT "liY/2 Y & XQT}
2 ® o S

y of the Solution

Gonsider the integral

[ tey = [ oxo [- 3 o B - (i/2)(2Vey et i/,

-0

. 2 ’ ?—3.(-“5'2%/%- 1)§ (Loht)
v



Naeking the ochange of warishle

and using the faot that y erf gﬁﬁfﬁﬁ is an even function eof y,
it followe that

(o] -
¢ - 3 : # f ?ﬁ’ i ~ f;f
j o tiylay = '-jnv o e Bo () (2VF e noeren |2
ol J L b z o
T 7
+ 2 [ =R.{s 21, {heb3)
N ow J

Slace ¥ 45 only s« dummy wariadble, one =may write y in plsae of

W niviug, on raveralug the liwmiss of imtegraties,

=~ o0

-

[« eir)ay o [om |- - &
d 4 &, 4%
- oy e gk

&

3«“ . ; T - ~ 2 b
= 6-3£3¢§'y erf ¥ } -y zi w@‘iu'§$fj?§a-1 )ﬁ dy
2 N T L

(hehts)
Comparison of (h.h1) and {L.44) isnedistely chows that the
integral 18 an evem Punstion of ¥, Sisiisr considerstiona
ayplied to the remaining integrala in (4.36) indicate that

80/8Y in alsc an even funciion of Y.



AFPENDIX ¥

O
EVALUATION OF INTEGRALS OF THE FORM j 7 £(3)ay
-

Integrals of this type may be approximated by omitting
the term Rn(f) from the guadrazture formuls

o n
") 2 . = - . 5
f oY f(y)ay = ) gn " Tl ) e x (£) (5.1)
i, ;
e k=i
Krylov“og) hac derived ar expreasion for the ocoefficients
""kn” vize
ned 1/a
.ﬁ = ‘2" w . (k s 1'2’ soe n) (5.2)
k2 n sy, 11
' “kn'*

in whioh Hn(yf}) is the Hermite polynomial of degreec n defined by
n y* d“g’e"" )
H (y) = (31)" e = (5.3)
ay :
The nodes (ykn) of squaiion {(5.1) are the roots of

H (y) =0 (5e4)

and a real number (7) exisis such that the remsinder Lerzm may
be written
nigt/t

(2n)
£ 5¢5)
2% (2n)? o :




'
-
Liry
35 ]
L

Henae, Eﬁ{fﬁ 15 zero whenever £{y) i8 = polynomial of degree

€ Zn - 1, The Yen and fyn Have been tabulated Ior n = 1 (1)
{109) |
20 e



ACPERGLIYE YL
AT IO ST s A LTI

4

DERIVATION OF THE BAPRESSION Fo¥ THE VELOCITY OF 4 SHARP

=

BOUNDARY

For siectrophoreais without diffusion, the transport

equation beoones
ﬂg.i—} 114.1}3?81]&"' F20, 00 ¢ X oo {649)
o &0

subject to =n initial ecudition szimiler %o {1.2), vis.

-
ey
® 27

(<]

&m,O) - """ ers {6.2}

{for the descending hboundary).

The seoiution of {(6.1) and {Be2) nay then be mritten in the

impilieit §0rn(siu)
- ]
i 3 . o i i
Sagorfye—m (e ) (1sly®H)  (6:3)
¢ 4.=0
tiffereantinting, .
“’J’rf"’ a.:p £
R.- 10
&z ) o ~os
?Qm&~sw*@L(K-}ﬁnhghgk>&uin3”%
2var | bi L
. 10 1ad

{6t}



o0
Thus, whers X£ ) (e 1}};;;1%8
'isQ
iiz g _
T -0 -0 {6e5)
o
-]
= » Y 19;{ 11?{% ae
but at the point where X = 3 ‘{1 v 1)y,0 LR T3 does not

320
existes Thiszs demonstrates the fset that in the limit of
negligidle diffusion, there is 2aly ¢one point where 86/8X 4s
non=26ro, L.¢. the houndary remcins sharp, If XB denotss this
limiting boundary position, 1t follows from {(£.3) thet & = %
‘hera, i,e,

2 (1. 4ly

S __zr___i'i (6e6)

S—

1=l
% o
¥ = QGE@ ;} m":?‘"“ {6.7)
- P4
Lml

\ similsr result holds ror the ascending boundary (remembering
thet the gl'festive Yy values for aseending and descending
boundsries sare not, in general, sguzl = 8.f. Tection & (iv) of
Shapter 2)e

(L) sithough no 4ifiusion term is included in (6.1), the

diffusion coelficient enters the prodbles wiea the initial



sondition {6.2). Uoveraing eguations amd suxiliary
conditions sust be coneidered together smé redustion
to 2 singles lalopendsnt variabls iz therefors not

rossibls,

D

Sines squation ((e2) iz » standard resuls, no

i
gl
L28

derivation has deen ziveme It uay e vemaried, how-
#ver, that %he eiecirephoredin Zerm iz sot involved
fur ® ¢ § and, By onitting w, snd ¥ froa the
dimaenalonsl Labic [ses ippendix 111}, one obiaina thu
disensionless similarity variable 12 = 3ANt,
sugzesting that solutioss of the diffusion sgussion
should ®e of the forem § = 9{(i*)s Jines I» XAT,
(6e2) is of tie forms Thus dimansional mszthods risld
5 similavity vaviable squivalant to the sne introdused
By aglgnaann{‘%éﬁ in solving nonslinear diffusion
squations (redueing %hum %4 ordinary differential
sgquations).
f4%4) If 4he 41f7usion sceffieisnt is omitted Trem the
dimensional anslysis, » single independent wariable

T* o mfugﬁﬁt(a /% is obtained bPut nc continuvous

soiution of ithe Tors 0 » 0{T*; sxlats.



ATPFEDIT YIT

DINENSIONAL ANMALYSTZ OF THT POTENTIAL EOUATION

The boundaryevalius probles considered iz Chapier 4 randas:

1 & 7 '@‘3(!‘)\ mafﬁﬂ‘, 9.@3{!.}
- &r ) - *8inh == P 4P ST & (7%}
r dyr % dr -2 kT
) Loy T e ™
',{’rg & r‘) o g o w s 1In jwﬁﬁwm {7.2}
&3 r
o
lin %3{r) = O {73)
r -t oo
oy
#s‘irg YRR 2. (7Tek)

t,(rg + Py

ts discussed in feecilon 6 of Chapter 3, one of the parae
peters sppearing above is depsndent on the remainder and in
sonstruoting dimensionless monomials it will be oconvenient to
smit O

Due to the presence of the exponentiasl Beltarann factors,
the usuval fourfold hasis ef electromegnetic phencamens in
insufficient and a Tivelold basis {vis. maszs ¥, length i,
time T, oharge © and temperaturs 6) la reguired. The form

factor 93/% 15 one dimensionless monémial, the remsinder being



-16?4‘

determined from the following dimensional table®,

¥s %2 Gy g kX T r W
M 1 =1 1 ¢ 1 0 0 =1
L 2 -3 =36 2 0 1 O
T |«-2 2 0 90 -2 0 0 O
o |-t 2 © 1 000 O
] 6o © © 0 -% 1 0 O

Using columns one, two, three, five and six, a non=gerc

determinant {1z ) is given by

1 =1 1 1 0
2 =3 =3 2 0
g = | = 2 2 0 «2 O (7.5)
- 1 2 0 9 0
6 0 0 ~1 1

indliocating that the choioe 0f a Tivefold bails was correct,.
Ziving the exponents of ¢, » and ¥ the values 1, 0 ard O
respectively, ons obtains the monomial

V3q

Wy = e "(706)

kT
while the values 2, 1 snd O for thess exponents (in the same
order) yield .

Ta gy

Tg m =~ {?‘07)

#14 will bde noted thet the symbols Tor the absolute tempsrature

and the dimenslon of time sre {he seme., This i3 in acocordancs
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with standard notation and the mesning of what follows should

be olasar,

Tinelly, exponents of 0, O and 1 for g, v and N respectively

give ,
Fio P "L kg
T3 = ""'"‘"“‘""‘““"“" T {?o:’i)
LY g

Te sxpress the seluilon of [7.1) to {7.4) in physically
meaningful terms, s new set of monomials will be derived by
taking products of powsrs of the above monoaisla., Thus, sinme
7y contains both the dependent and independent varisblies, a

k-3
more suitable monomisl is wy o-ﬁ;1!§ {= Hiﬁj 359 /3

o )} which

then serves ns » new independent variable {ni. Usinz this and

the dependent variable © = wey the potential sguation hecomes

g Br(uoe®)/3g ,

&q g@} = “ aink © {7-"‘5*;
angé Sa kT

Further, eliminating ¥3 Irom vy 2nd @3,

(164 ) /g _
xS V4 I (7.10)
2e kT

Thua, parameters will not sppear ex;liclitly in the {ifferential

gguation Af z new variable &, viz.

R e VO » @4 * w3 n {714}



o

w (57 -

J 3#§?H§1°

= 5 e (?oﬂZ)
o € 2T
is introduced, giving
4 ) ;
1.2/ 4‘%@) = sink @ {7.13)
B A8 N &%

It 48 intsresting to note that the coefficient of r in squation
{7+12} is the reciprocal of thec Tebye~HUokel radius, i.e. this
radius is us~d as a scals factor in redueing r to the disension=
lu8s operdinaie Le

It now remeins to consgider the boundary cemditions (7.2)

¢ (Felje The form factor

Ta = $3/% (7eth}

ziven sbove ig Advided inte w4 to obtain a normalised sste~-
rotential Zo,visa

By = % (7.15)

The parameisrs r_ and ry are reduced to dimomsioniesas form by

e
aividiag each by the Debye~ifokel radius, (r; .}, giving

m‘f@g’ % f »
ao = = Kro §7 16)
Ton
Ty X
T = m = KTy (7.17;
ou

The problem may now be steied thus:



.?O?B}

w 170 =
1.4 {r 22} o =2 siah 2 ¥
R arR \ a3/ 3 v
4]
Lacy 2 I £ BN
€yl \ r }
[ -
1im #{2) « O {7.20)
B o=s o
haoy
- 2 € "'1" {?m:‘!;\
& Py LK

li/ B + Ry) a2 =
= LR

where W has been writien 4in place 58 wae
&% free puraneters have besn lefi 4n

It will he noticed thatl
the boundary sonditicns (0.f's Sectiom & of Chapter 3 4o onable

one to compute ¢ directly fram the selutien of (7.18)e
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APPENDIX TITI

DIFFRIBETIATION & xoia}

{142
iy definision, 2) tiae cylinder funstions of order m

are solutisns w = ﬁmi'} of Sessel's difrfasrential

saguastion
2 . # ; -,
ﬁ-—!+i%§.f‘] mﬁ ?'u@ (8.‘)
as* s 88 & st/

where m is any real number, They also aatisfy the

recurrence relation

Iy (8] & = 3" :-é [s™ 2, ()] (8.2)
4

Typieal functions sebisPying (f.9) and (8.2) are the
Honkel funetions of thae first kind ond order =,

AN
j?

B
5 (s,

Then & « 4% (i real), (6.1) reduces to the wodified

kessel ecuation

2 i &

2e®*  moa: A\ r®

rhose solutions Lounded ez R s w are the modified
Bessel functions of the second kind and order &,

k,{R}e These sre relcted to the Hankel funetionz by



(111) vhen m = O, (£.2) besones

{4) & {4°
Be* " (8) = - ﬁ@“ ! (%}

Henae by (8,4}

:*fiql{ﬁf a = Te {u)

{Boi)

]

.
T

(8.6}
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APPRLDIZ IX

-
&«e
hz?‘

SOUATION IN

To solve

E 4R 4ar / 23
°
one first naps the pairs {i,Ws) on ¢ the seorresponding pairs

£
{Up¥) by means of the trau@faruatiuna*go)

Y = fink + 5 Ty {9.2a}
U = ink (5e2b)
In thiz way, (9.1} is reduced %o
&2y 4 v -
e gy TR G {7a3§
vt ¢
whioh, sn mulitiplying by 2 4V/4AU, integrates te
‘ayn ¥ ¢
- + By {94)
(@H/

where a¢ 18 a constant of integrationm. For the second intee

graotion, let

Q? x &¢ Len® & (9,51
Pquation (%e.4) then becoues
cosec § ° [ ) - 3 A'ﬁk. (Fel)

an 2

and, on integration,



la%@osaoﬁacatéiﬁg%{m~U+a¢ (3.7)
.

J
where aa 1s the second conatant of Liategration, 7riting this
in terms of $he orisinsl verisbles {3y {Je2) zad (9.5)) and

Bolving Tor 4,

. 1. {f2fay » ot ;% 2 Ta ?3 P
$ B = K5 (el
z, Lr[c’"’ gt Yee 1] J
or
1 s t Jas 3
%q = == 1n ! : ™ é {53¢9)
Z, “R sink {=e ¢ 3 Yag im R] J
Tatrodueins new ennstants £4 and F, defined by
3 o p .
Fe = 3 Vay {9.10a)
fe = "“‘l{l’. (%0‘305}
squastion (%.9) gives
-~ g‘
: s Hv oy
#e m*'iﬁai (9.11)

3
A Le® ainp® [£s (In % ¢ 1n 8, )]-t

Finally, since B; iz arbitrary se Par {being determined by
boundary conditions applied feo {9.9 )). it w111 %e sonvenient %o

seiect + lnfe from [3.11), siving

1 3
i 'mlui_ [ | 5 (9.12)
Ze B sink® (24 in (eR)Y
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APPENDIX X

ALGORITHM FOR COMPUTING o (BOUNDARY=-LAYER ¥ETHOD)

Relations iving the Paramcters Ty Repg Bays B35 Bs

It follows immediately from (136d) that B4 = O while,
by (136a)

hoor r_ 3+ Is
B2é ro

4 4932
m =]

1 o (1041
;Z'o : L(RO & Rg)zaiIf {ﬁ; in (ﬁz (RO + Rq))] ‘} )

by (136b)
W s*
1 )
0 = fBs K_(Rp) (10.2)
Zg n{Rz sin® [8s 1n (/:?21151)].;»g =
by (136¢c)

2

- {ﬁ + B3 cot {B3 1n Qsaﬁz)]} = As Ke(Rs), (10.3)
% Ra
Q

and by (137),

Re® sin® [f; 1n (B2Ry )]
333’30

sinb [z fsK (Re)] = BsK (Re) (10.4)

Finally, from (140) and {125



1% 20 o

f - " r,. - I T ¥ P 4] ¥ .
-?-3;,‘3 4+ £3 oot |63 In (Ba (L, :uné))j & e, 10e5)
7 A e

(1) waltipiying (40,2 ant {10.L) by 7, @nd eliminsting

55:53
f{{ga sin® Lﬁ’ in {pgg%g}} i~ Iaﬁ;& 3
- w S10G '“aé ?
&3, Lue® sin® (75 1n (F22a)})
( LE . )
= in ‘ J 1065
{a?é.zg sin® [#s in (E48,)]
Lat 5&%3!
® lh (1074
Re® sin® £ In (PaRs )]
Then {10.5) besonss
2 s&isinh A=Al ot (10.6)
. J
(11} Dpividing {10.3) sy (10.2), Zg end B are agsain
eliminsted thus:
( . v )
£ 3 9 R § i} =
21 + £ oot [53 1n 5y #)3] %q (Bg ) )
~ (1009}"‘

= =
i } "%{"a)

Re iﬂ{ =
Eg: éfi,a. {133 l=n (ﬁ‘g;g)z

Let P2s in (Baa) = fs £10,10)
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Then substituting (10,7) =nd {10.10) in {10.3},

gh  Ey (23 N
oot fg = | - - ‘ﬁ)/ﬁi
V2 x (Re)

s1sa by (90.7) and (45.40),

éﬁ%’,i {1 + cot® Be) = Hg"® &A

Thus, slizinating B¢ from (10.11) and (10.12},

Finelly by (14,10},

Be m == Fe/B3
Rg

{(10.11)

(1c.12)

{10.13)



APPENDIX ZT
PIECEWISE LINGABTSATION OF THF FOISSON-BOLTZMANN
BOUsTION (n = 2

Eguetion (122) will be approximated by ths aystesm

§ ﬁ d‘ﬂ?t % - .

k 335(& o ;} maly v d BeMmerih (t1e98)
e

%3%(“%3'%& Re € R € oo, (11.11)
J

gy b and ¢ belng chosen 50 that the right-hand asabers of
equations (11.1) sultadly approximate the funotion Gzi}ainh
zaﬁ. Rather thas use squations of the fora (102}, %h: constantsa
#ill be chosen in such o way that the difference between the
right~hand seabers of {14.7) 2né the funetion (Ei) sinh an
hes zers integral over {ﬁg + Bgy; 0] deg,

gu (R + Ey)

(o% ol > wlaw
of = == « sinh 2 _¥}av
%
°

Y(ﬁo + Byq)
* i(aw + b = Ei ¢ s3inh 2 WidY = O (112)
0

me & 7{:\« + Ry)

(s bas been chosen sc thot Z(By) = é s(ﬁﬂ + Rg¢) in the maenner
of equations (100)) :ilso, the right-hand membersof {(11.1) will

be zet equal at Rp, i.e,
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%3’(}1& + Ry u% ;_’z'iﬁm + Bej + B {11,3)
ené finally, at R = & + H4y the right<hand side of (11,%a)
will be equated to (3=) * simh 2 ¥, l.e
-,4°
. 1
BW(R@ & Reg) » B = ‘g: * sinh Za.’?‘ (11.4)

For brevity, LA will bs written in place ef ﬁ(R& + FEql)o
Equations {11.2) to {11.4) then yleld the following solution

for the constents a, b and ¢

a = —2f~ zinh 295 4 -——*——- (1 - eosh "Qﬁo) {1445a)

§ @ 2 " s -
ua‘e-;e iz@‘@g)
3
h= = i zZ W s - {4 - 7 ¢
b= - 24inh o = {1 = cosh 7ﬁwn} {11.5b)
uo ug l\-'g

¢ w = ol ginh 5 ¥ = medene {4 = cosh 2,7,) (11.50)

- 6 6 . *
”
“0"o (z,%0)

Integrating equations (11,7},

Wy = Aﬁciﬁfi} ® Btaiﬁfi) - b/a {(11.4a)
Tp @ ﬁggtnfeﬁ {11.6%)

where 2, B snd C are comsiants of integration whieh nust

satisfy the bdoundary condition



S %9 . ¥ (11.7)

as well as the continulty relations for potsntisl and fileld,

vide
wylta) = Tp(Bs) (11e8e}
Te? (Fa) = %' (kg )e {444,6b)

FYinelly, % must L& shoszen no that

. " (11.2)

135

Fel(ta) = Ug{Re) =

IZ the gonstants 5; L, C and Rp are determined in this way,

one hzs the folliocwing algoritham Ueor cseleoulating ovy

(4) <Choose & first approximation %o ¢ {s.gs. by Sorin's
msthod),
{14) Caleulating , from {113) and (123}, i.e.

Yoy B e By
W - «a = M [ 3 lﬂ gmgﬁmm ; - (11.10}
4 ?'au v Te

3%ith the ald of (423) and (125%). 1n Aiffcrventiating ¥, it
should be noted that X {R} = = %4{R) a8 ia sppendix VIII,
anereas I (R) = To(2) s in sneddon 3%}, The atatenent by
sneddon that the ﬁs%@l funoitions zn end Nn satisly snalogous

recurrence relections is misleading.



{(41i) Caleulete Z from (413} snd (7.15), vis.

#qF ' nu

“o -
e k7

(iv} Caloulete z, b and ¢ from squations (14.5).
iv) “alect & first aprroximation 0 Fae

(vi} Ceoloulete 2, B snd ¢ from the following relations:

& & ‘ . o i P I %
(5,72 « b/a) = zo{ﬁ%g + hgWa) = (wc + b/a) o !e\hgdéy

Ko(Ra¥a) » 1 ((2, + Re}a) = Tel(Ry ¢ Re)Va) = I (RgVa)
(f‘o1gﬂ}
- (@ fz + B/a) * Ko((ﬁ s g Wa) - (w e %/a) ° % (R.ﬁk)
Ke(a&g‘rfli » Ia{(}i » Re)¥n) E ((A - Rt Wa) » 1 (‘z\’&i
{11.12b)
ki |
- — 11,12
2% (ReVa) : e
= f 2. 3 {5 * ¥g(ig¥n} « B +» I o 11.128
< Fc(ﬁgﬁb) L s{g¥n} s Ry lﬁj {11 )

{wii)} If the values of C fvom (14.72¢) snd {11.124) A0 no%
seinoide, further spproximations to 3y are inserted
at {v) and {vi) is repeated until {11.720)} and {11.12a)

yielid suffielently close estimntes of C,



{viii) Csliculate a second approximastion to ¢ by =means of
{113}, (125) end {1145a), viz.

AeJuf ' g .
o e Va o {2 Re((E + Re)Va) = BIs((E. + ReWa)l
AP ! o o )

(2}

(r
G’:""E

{11.13)

{ix) If the velue froz /viii)] does not sgual that introe
duced in {i), the cecond spproximetion is inserted
at (i} snl the wholie saloulation rspeated uniil ne
variation in o (40 a given fegres of ascuraecy) is

ohaarved,
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\PPEEDIX XIT

G

CONVERSION OF UNITS IN GHARGE CALOULATICNE

Yizcosity (n)
polsas = 1 gn/om.sec ® 1 x 107° gu/{1 aec).
4 1% v
1 on®/volt.se0 = X%@ x 10" {electronie charge).sec/gn.
sriotion faetor (¥ ')
Dimensionleas.

Jieiectric constant (eg)
3

P -k
4 (@evene charge)® + zec®/en’ .o = j—-uj; x 10
uk-& :

{electronic eharge)® sec® /2%zm,

iientronic Charge (o)

& = 1 electronias oharge.

E e 1,38 x 107" g0 ou? /se0® K 3 1,35 gn 4®/sec® °k.
The last sel of units in oach case yieid the charge density
(o) iz eleatroniec sharze /r%,
BCTE: For aquecus solutions of eleolrolyte at 27§°K snd

ionic strength I,

k= De320¥I (A7) {92.1)
and

(R, « Be) w Go32h (r o po)¥I {1262}
(where v, and ry are in A,

(]
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