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of these weight factors. It is,shown bow the known results

for several lattices can be d.er1ved. by this method.. lhen

the method. Ís used. to illustrate how the weight faetors can

be found. for a courplicated. eeil with single bond.s between

ce1ls. The partitlon ftrnctlons and. the critical conditlon

of this lattice for vanylng bond. welgþts are investigated..

Flnally a lattice with two splns to a cell and. ¡¡ru1tip1e

bond.s between ce1ls is consid.ered. and. the partition
functlon is calculated-.

In the Latter part of the thesls the mod.e1 proposed.

is comparecl to ottrer generalised. mod.els. The mod.el is
found. to includ.e all other exaetly sol-uble lattices with tTre

exceptlon of the J-attices whieh contain arbitary splns

consid.ered. by Fisher. Hovrlevere trtisher shows how to

transform his ]-attices into latti-ces which are eontained.

in the mod.el- proposed.. The conclusion is that the mod.el

pnoposed. gerærates a n€w class of exactly soluble Ising

lattl ces.
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1.2

Fisherra has sholrn that a wid.e cl-ass of Ising lattices which

are exaetly solubie can be ilerived- from the tnianguT-a¡î lattiee

by means of the d-ual, d"eeorating and. star-triar:gle trans-

format ionso

In recent ye¿ssiseî6 the eombinatorial metÏrod- has been

sirnptr-if ied. and- mad-e rigorous by the use of Pfaffj-arts"

KasteJq,m¿a7 11e has clag.Ífied- the coun'uing process by

showing the relatlonship between the Ising prrcblem and- the

Dimer problem. Ilurstr s has shoÏvn that the Pfaff ian method-

is appllcabLe to period.ie Ising lattlces provid'ed' tùrey d-o

not contain crossed. bond.s which 1s equival-ent to the

statenent that, the lattlces are pl-anar' Also Hurstzo has

el-assifled. plane Ising lattices agd. d'escribed" the par'titj"oil

fi¡¡retion and. criilcal behavÍour of Ð" subcLass c¡f plane

Ising lattices whichr lnelud.es all- the above l.a*uti(les ex*ep'L'

those d-erived. by Fisher. In this work we shovr¡ hr¡i'v the

partition function and. the eritieai behaviour af Hu::strs

fu1l class of plane Ising latti.e es can be d-eseribefl.

Tbe Ising problen can be f ormulatecl- in terms of a

ce]l stnretu::e" The region ccnsid-ered- is d'ivid-ed- into

congruent cells and- these cell-s are d-istributed' at points

whose position vector is

iz? + jrþ

where il , iz are integers *d A, þ are basis veqtons' The

cells a?e nt-:mbered. from 1 to N = IItrI sr:"ch that the eeIl i::

the i.ntn row and- the i"th col-umn is (i., - 1)n + ãz' fhus

the mod-el- consid-ered- is an m x n aruay of N fixed eell-s

which forn a two d-imensional l-attiee of N f 'epi.ne where
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z(r,"r¡)=[r¡lrrJ "*GBn[ø¡]) (1 

"3'n

whe::e thene are 2N terms in tïre zummation and. where p = h
with I, the abeolute temperature and. k, Boltzmann! s constant.
lhe thermod¡rnamie funetions can be obtalned. in the usual_

manner from d.erlvatives of the partition fl-Lnction.

The interactlon energr (t.t) can be d-eri.ved- by an

alternative method. which we shall find. useful 1ater when the

state of each ceII d.epend.s on several sp1ns. lve d.enote

the interaction ener.ry between the ith cel-I in the state
ni and. the ¡th cetl in the state , j by Eo-|c'i. The

interactlon enengy between the i

postulated. to be

th theelI arld. j ceII is

E å n**(r + ør) (1 + r¡)

+ ä E+-(l + ør) (1 - rj)

+ }. r-+(r - ør) (r + ø¡)

+ | a--(l - ør) (r - rj)

ij

= t(n** + Er- + E-+ + E--)

+ t(p++ + E+- - E-+ - E--) qi

+ *(E** - E+- + E-+ - E--) Í¿.J

* *(p** - E+- - E-+ + E--) oírj

If we now assume that the interaction ener'ry is due to

interaetions bqtween pairs of spj-ns then we nequire only
the quad.ratic term in (1.4). If the ++ and. the -- are

the preferred. states then the cond.ition

(t .h)
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probLem by a Pfaffian method.. They represent the bond.s

between cel-ls as the creatlon of a particle at one celL anil-

its annihiLation at the other celL. The generating funetion

for cl-osed. polygons on the l-attiee

21 = ã .co >
HV

is then eompared. r¿:¡,t/'the expression

2t = (no

H
x1

V
e 'o 

*q,,
f2

(l "a)

(r.9)F (") n)j

where p.(a) is the operator polynomial- of the ith eett in the
,)

ereation and. arurihll-ation operators ¿* and. a and. O is the

vacuum state for all operators. They show that Z1 and. 70

are equivalent 1f the operators are boson operators since onl

terms whieh palr together remain when the eJcpeetati.on value

ip taken and. hence only closed. polygons sunvive. Howe'\rere

for (t "9) to le evaluated. as a Pfaffian 1t Ís neoessa.ï"y

that the operators be fermion operators, and. that Po(") be
")'

fact"arized- intc a produet of l-inea:" fermion operators.

fhe,y strow thato provid-ed- the lattice is plariar, q termånais

ean be j-ntrcduced. to each ceil- ar:.d- internal- urperatcrs ea.TL

be d.efined. such that the Pfaffian coruectly counts the

closed. polygons. If the lattlce 1s non-planar the

Pfafflan method- breaks d.own due to nagative signs appearing

in 1t .9). 
i

KastelgtfThas shown that the countlng of closed. polygons

on atr Islng lattice is related. to the d.istrlbution of d.imers

on an assoclated. d.imer lattice" The::e is a one to one

eonrespond.eneje between the configurations of d.imers and" the

terms of a Pfaffian and. alI d.imers are eorrectly eountqd- if

1

N
iI

j
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bond. connections has been transformed. to a lattlce with

interactions between cells all of which have the same bond.

conneetionsr In this work a 'rgeneralised. l-atti-cerf refers

to a m x n array of cells each of whlch contalns f spins

aniL al-l cells have the same bond. interactions.

In chapter 2 we consld-er a mod.el in which there are
ff spins to each celI. Each cell has 2'- states and- we

d-efine an interaction energy between th.e states of

neighbourlng cells. We investigate the cond.ltions which

we must impose on the lnteraction enerry betuireen states

for the interaction to give rise to a comblnatorial- problem

which the Pfaffian nethod. of soLuti-on can handle. lhe

cond.itlon that the interaction energy 1s quad.ratic in the

spin variables gives nlse to a comblnatorlal- problen in

which there are only slngle bond.s betwçen spiús. A

necessary cond.ition for this is that the interaction energy

between states is lnvariant und.er total "pin reversal'

Alttrough only singte bond.s exist between spins it is found-

that multlpte bond.s exist between ceils and. these are the

characteristic feature of tþe generalised. lattices. Then

we consid.er the application of the Pfaffian method- to the

solution of the geræralised- lattÍces" Although Kastelynr s

methocl lead.s more d,irectly to the Pfaffian than the method-

of IÏurst and. Green, th latter method- 1s preferned., since

the elenents of the Pfaffian can be found. by a general

methoil. The application of the Pfafflan method. requires

the lattice to be planar and- this cond-ition restr"icts the

cLass of generalised. lattices which are exaetly soluble by
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the Pfafflan method.o TVe find. that a necessa-ry cond.ltion

that the generalised. lattices be planar is that the maxj.mum

number of bond.s assocj-ated- with each cel] be equal or less

I,h,ar.r 3f " The soluble lattices with the greatest number of

bond.s coruespond- to a triangulatlon of the lattice.
Multiple bond-s exist between the cells of the lattice even

when the Lattice is planar¿

In the thlnd. chapter we apply the Pfaffian nethod. to

the evaluation of the partitlon fbnction and. this gives rise

to an anti-hermitian d-etenminant, A general metLrod. is
given for the expansion of this d.eterninant in terms of

certaj-n weigþt factors which are associated. with the cell.
In principle the partition f\¡nction for the generralised.

lattice can be written d.own lnmed.lately the bond.

connections to a ceII are given and- the weight factors
caLculated.

In chapter 4 we first show how the establi-shed.

results for the Yamamoto hexagonal and. triangular lattlce
can be obtained. by our method-. Then we lnvestigate the

behavlour of a lattice whose cel-ls contain a large number

of spins" Thls is an extension of the lattices with

single bond.s between cells which have been consid.ered. by

ttur-ste"o trrinally we consid.er a rattice with multiple
bond.s between ceIls"

In the final chapter the relationship between the

mod.e1 pnoposed- in thls thesis and. other generalised. mod.els

is eonsj"d.ered. ponf has zuggested. a mod-eI with genei:al S

havlng 25 + 'N states to each cell-. Thls nod.el gives fise
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to a combinatorial p::obJ-em in which there are unrltiple bond.s

between ce1ls and. no exact solution is posslble. T\/e finil
that our mod-el also breaks d-own when the cond.ition that the

interaction energy be d.ue to lnteractions between palrs

of spins is removed. since the eomblnatorial- problem then

has multiple point interactions. Green"Ïh.as consld.ered. a

rnod.el similar to ours 1n whlch there are f spins to each

cel1 but he rest::1cts his lattÍces to single bond.s between

cel-Is. ïlIe show his l-attlces to be a subset of our

generaLised. lattices. Pott"""hu" d.erived. the crltical
temperature for a four state mod-e1 and. we show how his
rezult may be obtalned. by our method.. Fishef4has

d.enived. rslng lattices from tcnown iattices by means of the

dual, d.ecorating and. star tr:iangle transformationso Tl/e

show that Fisherr s d-erived. lattiees can be solved. by our

rnethod. but our most generar lattices cannot be d-erlved-

from known lattices because of the conrplexity of the bond.

wei.ghts. Al-so, trtisher solves exactly the partition
funetion for lattices d.ecorated- with arbÍ_tary spi.ns by

trgnsfornlng the Lattice lnto a simplen lattice" A¿though

the d.ecorated. lattice cannot be solved. by our method_ the

tnansfonmed. lattice can.
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CHAPTER 2

A MUTTIPIE ST.LTE MODEL"

In this chapter we eonslfler a nod-el in whieh there are

f spins to each ceI1 of the lattice. Similar mcd-e1s have

been consid.ered. ind.irectl-y and. d-irectly by other authors2.Ø2s

We Ïrave seen in chapter 1 that such a mod-e1 naturally

arj-ses 1n the classiflcation of period.ic two d-imensional

Isinþ lattices by Hurst. H€ solves the hexagonal-

lattice by consld-erlng a cell which contalns two spins.

Greefishas al-so forinrlated. a mod.el in whi-ch there are f

splns to each cel]. Hls aim j.n lntroducing more than

one spin variable to represent the configuration of a celI

is to consid.en a wid.er range of ord-er-d.isorder phenomena

than the theory of magnetism. The spin variabl-es serve

only to d.istinguish the d.ifferent states of the l-attice and-

need. not necessarlly represent eleetronic spin. In a

pÏgrsical situation where the number of states is at all

lange, more than one spin variable TVilI be need-ed- and- fc::

thls reason more conplicated. iattices are of interest.

All of these remarks apply equally to the nod-el consid-ered'

in this chapter. TVe compare Greents d.evel-opment of the

nod.el to o1rr own in chaP ter J.

2.1 . Tn nnot.i an êner.cñ¡ f F 9f sf.af.es to eaeh Cel]--

Each spln o'Ï'the system calL occupy two states and-'is

represented. by a Scalar spln variable ø which has vaiues

+'1 or -1 accord.ing to whether it 1s in the up or the d-ov¡r

state respeetively. We consid.er a moflel in which tlrere

are f spins to each cel] so there are 2t states for each
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tij = å(1 + ørr)(1 * ni.)s**'** +(l + ørr)(1 + ti.)

* å(l + ør.. ) (1 * n'r)n**'*- tU * ,'r, ) (1 - o-i

* +(l - ør, ) (1 - ,ir) n--'-- å(t - ør., ) (t - nJ")

Allowing E**'*-, E++t-+, E*-'**, E-+t++ , E--'1-, E--'-*,

Er-r--, E-t'-- to become inf inite after the summation

has been taken is the same as limiting the summation

,o n,rnr, = t1 , In this case

)
2

exp
1

Z= A
(T: Í:Jl L2

E )

where

E

If we d.eflne

ij =t(t + ørr)(1 * nLr)

+ |(r + øi,)(1 * rir)
" â(r - ørj ) (t - nrf,)

ij

n*+r++ å(1 + ørr)(1 * rj
Eti,-- å(t - rrr)(t - o-j

E--r** h{,,t + ør.,)(t * tj

)
2

)o

)
c

* å(r - ør., ) (t - ,=r) B--'-- ä(t - ør, ) (1 - Tir)

ôj=å[(1 +øU)(r +rrr)- (t-o-r.,)(t

=L(r* tÍ+ )J.{ L2

-F i")J

then ô, has valr:e s I 1

tij = #(E**u** +

+ +'(E++'++

* ft'1u#'++

+ ft{E++r++

correspond-ing to (t 
"1+)

make the tnansfornation

E i'|ti"rc jrT j, 
= E

and- tlre lntenaction energY is

E+tr-- + E--r** + n--r--)

+ E++t-- _ g--r** _ E--r--)4 Si

_ E++r-- + E--r** _ E--r--)4 ô j

_ E++¡-- _ E--rff + E--'--)4 8iô j
f or the two state model, vrhea we

8i, ôj
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2.2 Reduction to a Comblnatorial Problem.

TVe have seen in Chapter 1 that th.e tnansformation (t "6)

gives rlse to slngle bond.s between Elins when the exponent

is a quad-ratic elcpr€ssion in the spin var:iabl-eso If we

attempt to generalise this transformaf ion to an

arbitrary prod-uct of sp in variables t'hen using ê, = 1

we obtain

exp K nirnir s.c tj, = cosh n * rrrnr, .ec ni, sinTr K

= cosh K(1 * * nirni, o.. rjr) (2"6)

where x = tanTt Ko llowever. x can' no longer be

interpreted. as a bond. representlng the inter:action between

a pair of spins, but rather as a rnultiple point

interaction between al-1 the spins in tkre prod-ucto Wlren

the sunnatlon over the states of the lattice is

perfomed. only the terms in which all t¡1e ø1 s have an

even exponent are non-zeîo. This means that each spin

must take part 1n an even number of mul-tiple poi.nt

interactions. this combinatcrial probl-em is beyond- the

scope of present method.s and- we are restricted. to

interactlons between pairs of spins. We now lnvestlgate

tt¡.e cond.itions which this restrlctlon'places on the

interaction energies between the states of the ith an¿ ith

áett.
The cond-ition that only interactlons between palrs

of splns are alIowed. means that (2.5) must be a

quad.ratic f\rnction of the spin variables"
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E. .rJ ,:i "ÍTt)Fiodr, 
- olr"!ft)'ro'r, - ulr"55t)'ro'rt

(2.7)

*n"*" .f1 is the energy of interaetion between ttre k spln 1n
rJ

the ith-Lu trr" lth "pin in the ¡th cett, and 
"ÍÏ) 

1s the

interaction enerry between tfie *Ëh spln and. thre tth spin in

the ith ceIl" The set of 4f equations relating the

interaction between spins to the lnteractlons between the

states of cetl in (2.5) can be solved- glving

u(ti, 
nir"'nur'nr.r' j.' "tjf ) r rP -(ab-.crd.e.,g)\-/ Qr..

1J

f
k=1

= Z ã .o2
a-0 b=0 g=O

( z.s)

where p 1s again given by (2.5). Si.nce ail except tfie

quad.ratie terms are zero then (z.g) becomes

g(ti, ni""'n.-r' ir'¿="tjf) = >
a+b+ o o+g=Z rd 

e.g)
^f

showing that only (tr) of the lnteraetion energies between

the states of ttre cells are ind.eper¡lent in this casg.

If all the spins are reversed- then
(-t* - C: ccc -o-i g-ït- --fi{ . *i^)

E' J,1 L2 .f c, I \t2 df

a+b+o . c*g=l

(ab..crile..g)J

where Pf

Now

P-PI

=l+La(t *Øir)+å¡(l *ni",) +o..*åe(1 *tjr)

=â

(-)P'

= Lu(1 + r,J.l

Cí +bø=L2I

*r: )+.oc+åg(1 *o-+ -1+t, )Il' .t+ ¿f

+ ..o t I o-+
Grf

=j1 a1

= O (nod. 2)

since onJ.y two of the set a, b, cot g ean occur a¡d-
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Ti = tf!; Thus
. - Tt oco -la
11 L2 .J

) ('írni, " ' ø¡r) (z.t o)

This neans th.at t¡,e int:racti.on energy between the stabee

of the ith ana;th cell" j.s lnvariant nd-er tc aI spin

reversal.
The enerry of a pantianlar state É the lrttice hen

lnteraetions are al-lowed. only between nearest reighbour

cells a¡:d. lv¡¡en lhe interaction energy between celIs

quad-raticlnt}rtspinvariablesisfourd.bysubstituting
(2.7) ir (zJ) I ivins

E = ->f> ã Jfþil ¿ Íi Í,. z >.rffIì - r ci Í,-

ik l rr- r, -kli + 1)r' ii"íi + n + -ir. (i + n + 1)

. 
¿ 

,, rÍitl ,, ,,-ikoe * ,,L 
* ,rår"ÍTt) 'ro'rJ (z'tt)

where w, have *t, "Ílt) = "lol 1 i +,, = tÍol)r' * 1 i + n + 1

- -t(rr) since a -1 the eeLl-s are cong'u rnt ' U sing
= '1 + i + n
the tra sformation (t.6) we ha e

(r * =Íy) or{

cosn rcfl (r * *(Tt) ",fir)]]

f =EE

N
exp(- Bn) =: .IIi=1 tt

ff
IIil

Jc=1 T=1

1+

il
i+1
i+nj

jr)]f, i ccstr nf Tt)
k I 

J'cJ

i+n

"I
(2.'tz)

where oÍ5t)

uét

= B "l|t), "Í5t' = tanr: ufit) ' and

"ÍTt). 
she *Ílt) represenr bond.s between the(rr)

l-LK =6P
kth spin,cÉ. ttrre ith cell and- the tth "pin of the jth eett

a,nil wílI be eal]-ecl external bond's" The -Íf) iepresent

the bond-s between the xth ana lth spins of the ith ee11 and'
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will be cal-led. internal borrds' ff we assume that

J(P) depend.s upon k' 1 and- li - i I then there are three
" i j 

svyv¿¡*

classes of external bond-s glven by li - il = 1' n + 1t rr'

Thesebord.swillbecalled'horizontalrd-iagonal'and-
vertical anil the maximum number of each type vr¡iIl be

d.enoted. by h, d-r and v respeetively" Since no

restrictlon has been placed. on the interactions between the

splns of neighþouring cells, each spin of a partie'rIar

cellcaninteractwltheverysplnofthesamecelland-ttrre
six neighbouring ceIls. Thus the maximum nunber of bond's

entering ard. leaving a cell in a given clireetl'on is f2

ard. the nuurber of internal bond's is (tÉ-)' sinee all the

cells are congruent, the bonds entering a cel1 nust be

the same type as those l-eavlng the eelJ-' Thus the

maxim¡mnumberofexte::rralbond-sassoeiated.withacel]-

of f spins ís 312 "

Whenthesumoverthestatesoftheeel]sistaken

i4(2.12)theonlynon-vanishingt.ermsarethoselnwhichan
evennumber_ofbond.sarecon¡recteiltoeachsplnofthe

l-attice because 2 q; od'd' - o and' 2 to- "t"t = 1o*-" " -i'k tk'

llherefore the partition ñrnction is

z-cz1 H1 Hz
z1 = _l ¡ > ¡' y(Hr D' vr r)xr, *r, ..o

HDVI
where c is a proÖuct or the co* 

^!Tt)'

trËl
(2.'t3)x,

o
(å)

The

g(H, D, V, I) is the nr¡¡nber of closed' polygÐns whlch can be

d.rar¡vn on tlre lattice with H.t bond's of the true

xlc . . . e vra borrôs of ttre type nf, , ttd I 
(,9 ) 

bonils of
\2
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Thus the evaluation of the partltion

function has become a courbinatorial problen"

llVe now replace qaçh ceIl of the lattice by a group

of Z(h + d. + v) terrninals labçIled. accor¿ing to the

folIow j-ng cqnventlono

(f ) Termlnals 1abe1le¿ from 1 lo ht which conneet

horizontal bonds entering the ith cett from the

j - 1th ce1l.

(Z) Teqninals labeIled- from h + 1 to h + d', t¡vhiclt

eonne ct d-iagonal bond.s entering the ith cett

from the j - n - 1th cell-.

(3) TersrinaLs labe}le{ f:ron h + d' + 1 to h + d' + v = 8r

whlch eor¡nect vertical bond.s entering the ith

f.
(;)

(4) .

cel-l-froni-n"
['ermlnals labellecL fnom g + 1 to g + hp vrhich

con¡rect horizontal bond's J-eavlng the ith cett

f or tbre i + 1 
th celI'

lerminais label-led- firon g + h +'1 to g + h * dr

which connect d-iagonal bond's teaving the ith cett

forthej+n+1thceLl"
Terminals labeIIed. from g + h + d. + 1 to 29" whieh

connect vertieal bond.s leavÈng the ith cell for

ttrei*rrthcelI.
Ifre ord.erir¡g of the terninals 1s ae shown in FÍg o 2n1

(5)

(6)

forf=2o
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The external bonds can be labeLted' aceordlng to the

terurinalT*nt"n they connect ".,.: of the set [1 , 2, o o " 
g] .

The assr:nption that tÍTt) depend.s on ti - i I implies that

the bonil ]ebelleê i entering the ith celt fron a gÍven

direetion must also leave t'he ce1l in thp same d'ireetion"

We d.efine the termlnals fron whlch the ith uona leaves

the ceLl bY ir where

1r=B* h- i+1 if 1<i<h
ir=g+2]n+ d--i+1 if h+1<
ir.= g+2¡+ 2d.+v-i+1if h+d.+1<i<g

TVe say that 1f is the assoeiatecl terminal of i"

Tvith the external bord's labelIed according to the

convention d.escribed- above the i'nten+4I bond-s can be

incor?orated. in terms of weigþt factorso TlIe clenote

(2"14',

bV cr"tn. o* th cell weight factor corresponding to the

set of d.lagnams which can be coll.strrrcted- on the cell wit'?r

the splns crcnneeted. to the termina-Ls rst...w and among





2.12

Gonsld.er the eære ssion
N (z .t 6)7r = (s¿, I

4_4
J-l

rr(a) n)

where Q is the vacuum expectation of all operators. when

the expectation val-ue is taken the non-zerc terms will be

those in r¡hich all the creation and- annlhilatioll operators

pair togethero From the constnuctlon of nr(a) the

rron-zerÐ terms will correspond' to cl-osed' pol-ygons d'ralun

onthelattlce'Iftheoperatorsarebosonoperators
which commute then all the terms in (2"16) v'i]-l be

positive and- the polygpns will be counted' with the

eorrect si*.r and ( 2"16) will be the same as (2"13) 
"

However, to evaluate (2.16) as a Pfaffian it is necessary

thattheoperatorsbefermlonoperatorswhlchanti-
comrnute, and. hence all the terms of (z'16) may not be

positive o It has been shownr 6 that al-I the terms are

posltive if the lattj-ce is planar' Thus the next

condition which we place on¡änergy 1s that it gives rise

to Blanar ]attices" In the next seetion we shaLi-

corrsld.erthelimitationswhlchhavetobeplaceil-onthe
bond.sarrd.henceontheenergiesj.fthelatticeistobe
planar.

2"3 CIa s slf ic at ion of PI anar }attlces.

Since the Cells of ttre l-attic'e are congruent, vt¡e can

classify the lattlces according to tkre bancl connections to

each eell. We d-enote the class of lattices such that each

eelj-i:asfspins,hhorlzontalbond.s'd-d.lagonalbond-s,
v vertical bond.s, and- i internal bond's by (f ' frt d't vt i)'
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A planar graph is one in which bord.s neet only where spins

are loqated.. llVe have seen ttrat for interactions between

nearest neighbour cel]s the maximum value of h, d. anB- v

1s f2 while ttrat of i is åf(f - 1). Clearly fon f > 2

suçþ a lattice will have bond.s crosslng at points othen

than where spi.ns are located and. therefore wiLl be non-

planar"
l¡Ve norv show that a necessary (¡ut nçt sufficient)

cor¡d.ltion for tlre lattice to be planar is that

h+d.+v+f <3f. (2,23)

For a planar graph2a we have ttre Eu}er fornula

V+F =E+Zc and. ç2"24)

5F < zEe (2.25)

where F, Er and. V are thê nugber of faces ed.ges and.

vertiges rpsBectiveJ-y. For a generalised. lattice wittr

fnee ed.ge conrìçcti-ons in the limít of large N

V -+ Nf , ar:d

g+ N å(2h + 2d + 2v + 2i)

ConbinlnU 12"24) and. (2.25), f can be ellminated. to give

E+6<5v
Ihus in the f.inlt of large m and- n we have

h+d.+v+i<jt
if the lattice is to be planar. Ilhe cond.ition is not

sr¡fficient as the lattice (2, l+, Or It 1) of F1g. 2.2

has crosged' bond's in the horizontal d'irçctlon'



2"11+

Flg. 2.2 (2, l+, o, 1 , t )

. Iú Fig. 2.3¡ some of the planar lattices fon f - 2 in
whichh+d.+ v+ i = 6 are illustrated.. It car:.be seen

tÌrat tTrese cases correspond. to a tniangulatlon of the

lattice, slnce ttre nr-r.mber of bor:d.s associated. wlth each

cell of the lattice is 2h + 2d. + 2v + 1= 6f - i, and. this is
the nur¡ber of bond.s when f splns each with 6 nearest

neighbours are grouped. togetl¡er. It should., however, bê

noted. that a pantictrlar spln may have more than 6 nearest

neighþours as shown 1n (2, 2, 2, 1, 1 ) for example.

Although the lattice (2, 2, 2, 2, O) appears to have

crossed. bond.s there is no internal bond- and- it is planar.

This lattice is the $tperpositlon of two non-j-ntenacting

tnlar:.gular 1att1c es o

Tbe main characteristic of the multlple state mod.el is
that it gives rj-se to nult1ple bond.s between cells. The

number of d-ifferent bond.s which can exist on a planar lattice
with f spins to each cell 1s 3f and, the maximum nu^nber of
bond.s in any given d.irectlon is 2f - 1. Tn the next

chapter we see how the partltion function for such lattices
can be eva1p4ted..
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(") (2, 3t 1, 1, 1)

(¡) (2, z, 2Ð 1, t)

->

¿.J

(c) (2, 2, 2, 2, o)
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(o) (2, 3s 1, 1, 1)

Fig. 2.3

Thereisadlstinctionbetweent}retriangrrlar
(1 , 1, 1, 1, O) l-attice with equal bond's ancl- the

(2, 3t 1, 1, .1) lattice sÌ¡ou¡n in Fig' zJ(a) with all

the bond.s equal . In appearance they are al-ike, but the

former has 2 states to a cel-I and- single bond-s between cel1s

wh1le tkre latter has ,l+ states to a cel] ard- nultiple

bond_s between cel]s. The partition f\¡nction will be

illfferent for each l-attice as qan be seen by puttlng

all the bond.s equal in eqaation (4.5) ' [he d-etenminant

d.oes 'not reduce to that of a triangular lattlce.

This d.lstinctlon is shown in that both F1gs. ZJ(a) and- (¿)

are examples qf tlre (2, 3c le 1, 1) class of lattices'
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,sorurrot{ gF GPNERATISED PI,A}TAR LåUICES-BY THE PFA¡'UA}I

l[ET@-

3.1 ï

In thls sectlon we shall solve the combinatorlal problen

ofcountlngclosed'po]-ygonsontheplanar]-atticesof
sectlon 2.3 by using the Pfaffian method- cf Hurst an¡l

Greent6. The essentlal step neede¿to evaluate (Z'16) as a

pfaffian is,the factorixation of Pr(a) into a Brod-uct

of l-inear fernion operators. This is d'one by

lntnoùrclng internal operator" b j, which represent bond's

connectir¡g the 2g = Z(¡r + d- + v) terminals of the cel]-'

TVe then write (Z

7t = (o'
i

where
( ¡)A.
L

(¡ +x )jt J J

anct o ls the vacuum state of both the internal and-

extennal operators. Hurs{ehas shown that this st;ep ís

onlypossibleiftheweightfactorsofthecellpolynomial
(Z.tù satisfy the so caIled. consj-stency cond-itions'

The notation introduced. above for tTre weight factors I's

most convenient r,vhen consid-ering the external bond's to

acell,butforsubsequentworkitisbettertod.efine

new coefflcients whlch represent internal connections

within a ce1l. lhus v'¿e d'efi'ne

)6

1

o1

N

I
AS

1

2g

IJ

( i)
íA e)

1

2g
¿ a (3.t)

t

'e
âb. .h rst. .w

(3.2)
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where a, b, cr.,r h is that subset of the 29 terminals

which 1s complementary (in tne set theore-tical sense) to

the subset Tt s, t, e., w. In terms of the nel/v

coeff icients ihe consistency cond-itlons are

(ruo..d)'-lt- trur..h=\auo.,dijl 3't)

where Cab,,h is a coefficlent with 2u 1nd-1ces, Cab..d.

1s a coefflcient with 2¡t. ind-ices which are a subset of the

set ab".h¡ and. C.O"odi ' are coefficients with 2(p' + 1)

lnd-i-ces. these lnd.ices are restrieted. by the inequalities

a<b<

rieht had. sid-e of (3J) i" of ord'er 2(u - P')' It 1s

fonrned. by taking aI1 pairs of ind-ices 1 and' j which

satisfy the above inequalities. The d.efinition and' some

oftheimportantpropertiesofPfaffi-a¡.saregivenln

append.ix A.

The expression (¡.t) can be vur"itten as a Pfaffian by

using ìJVickrs theorem, which expresses the product of

llnear fermion operators as a series of normal prod-ucts

with pairings" The only non-zero terms on taking the

expectationvalueaÏ|ethosevuithgNpairlngsar:.d-this
an element of

correspond.s--to/a Pfaff ian of ord'er 2gN" Ihus

zt = P =\ "!ln) 
I

r-J

where the non-zero elements of -r,he Pfaffian are

-(pq.)^1i = fo' = onnoin = (-)P + q - ttnn

"Íi-l 1 =-*ÍP' u*¡ ror 1<P<h

*(nn

*(nn

-(pq-)*ii + n + 1

(pq.)

)
+1
)

ôq.pt for hcp<h+d- (¡"4)

P ii+n 8q-pt for h+d.<P<g
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lhe i, j range from 1 to N lvith 1< j and. the pr Q rar€e from

lto29withp<
The usual methodt 6 0f evaluating the Pfaffian is to

write it as the squâre root otr the correspond-ing

antis¡rmnetric d.eterminant arrd- evaluate the d-etermlnant aS

the product of its eigenvallf,es. One assumes a cyclic

bound.ary ccndltion and- the d.eterminant reduces to the

pnoduct of N d-eterminants of ord-er 2go TakÍng the

logarithm and. neplacing the resulting sr:nmatlon by a

d-or:lcl-e integral as m and- n are large we have

N-r 1og z' = # [."o 
* 

Io'o 
ur loe a( .i0 , "rØ)

where 4 = C2oat

Al..=4,-ij rJ

Aij = - ojt

ñrr
ij = -'¿Í

= - xj. eio

is a d.eterminar:.t of ord.er 29 with elenents

+r ij

= (-)

ô-: r far
Jr

Sjit fcr

1<i-<h (s.D)

ôjl, fcr h+d-<i<g

i + i - 1c I
ijwhere

and- I

= - l.
3 "i(o 

+ ø)

"iþ

I¡<i<h+d.

*i

fori<

and ô rr'[l j.f i = il
otherwise

,Åt'* ;t ; Èlt an4aL¿,Ìs¿ Lt*¿ 'l ;

The bond. weights Ïrave been red-efined- such that *t = *|

for1<

fon
(¡)

xn

forh+d-<i<go
the d-etermi"nant can be w:rltten so that all the Cl, frave
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a posltive sign factor bY uslne Cr, = -C¡1 for i >

then roultiplying the od.d. columns anÖ the even rows by -1

givlng

a = c2oiti, + (-)P'*."1Ú o¡r, 
I

-.trL+ IL'

i+i.t -1

')(+

¡+

ifi<j

ifi>i

)(t

(¡.e)where P =

NL

)(t

and. tlt is the appropriate angJe given in (3''5)"

The eonsi stency of the mod-el on changlng fron a

lattiee of the type (f , þ, d-, v, i) to a lattice of the

type (f , h - 1r d.r vt i) by removlng one of all-owed' t'oncL

connections will now be d-emonstrateil. For the

(2, 3t 1, 1r 1) lattice srrown in fig. 3o1 the welght factors

can be cal- culated by conne cting 'an even nr¡nrber of

external anÕ interna] bord-s to the spins. We finil-

Co = Ct z = Cia = Cts = Crlo = Xot

Ct" = Cr+ = Crs = Gro = C.t z = 1, etco and' the elements

)(+
j/c

1.
C".

/-l s
Ì,

of the d.etersnj-nant ere given
I trç
Jro

bvc s
j_j

t)Co

q

2

3
1

)1.

r3
ò

s

F1g. 3 ¿1 Co=Xo

For the lattice (2, 2, 1, 1, 1) obtaineil by puttin* xe - 0

we ha'¡e from F1g. (3"2) ttrat co = Cto = Ct 7 =- Cte = 1r

Atn = Cre = Cr+ = Ci' = xo" etco TVe wish tc show that

on remorrlng a bond- and. reord-ering the lattice
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can be

gives

L
z

,
3

Fig. 3.2 Co - 1

terminal.s, the d-eterminant A is eonsistent. If we

remove an external bond. from the lattice by putting

*, = O then the a, ar rows and. columns of d-eterminant

are antisymmetric. For ¿eflniteness IJÍe choose afralt'the

set [1, 2r.."r h]. By using the element Cåu, as a pivot

the iletermlnant can be redueed- to a d.eterminant of ord-er

-1rl

t 6taJ
I
atj

íû

where ttre ind-ices i, j range over 1, 2, "" 29 exclud-lng

29 - 2 whose elements are Pfaffians of ord'er 4 by the

method. glven 1n append'ix A, equation (¿"6)' Thus

(1.0¡ becomes

A=cã(cå",)4-2s

a, âr. The Pfaffian elements of the cleterminant

expand-ecl and. the consistency eond.ition (3.3) then

a = cã(cåul)4 - tul.åu,r, + (-)P "i cå.r ô¡1r êtll

I tr

c

a J-A

I
lar t

l¡ + (-)P*iôii,e

= cZ ":* 
- 4(G..,)¿+ - 

'ec,o 
- 2slcar,ij + (-)"liru.,ôii,eil

= (c.u, l"ltÊ:;î1 . (-)P *i I jrn .t/l
since c..u is t¡e weight factor fon the set of d-iagramst

which ean be d.rawn on (f, hr d-, vr i) when a, a¡ are
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not connected-, this corresponds to ce for the lattice

(frh- 1, d.r vr i)" ThereforeTVed-eflne

Dxt
3"t)oi 1 Do

and. reord.er the lattice terninals by changing the

complement of [., .t J to [10 2t .o.r g - 2l' In the

nev¿ ord-ering
lt

a = D'o loo, * (-)P + Q xo Eru, .t/ I

where Q'1" ttre sign chrange to *i o" "?ool.ui?i In

append_1x B we sh.ow that F' + Q' - k + I<t/ and. so establish

thre consistencY of the mod'eI"

3.2 OF

FACTORS.

In this section we show how the d-eterminant (l'ø¡ can

beexpanct-ed.asacompacterçressionwhichisquad'raticin
tf¡e weight factors. From equaticn (S.g) it can be seen

that A is the d-etermlnant of a rnatrix which is the sum

ofarealantisymmetricarrd-anantihenmitianmatrix.
Thelattermatrixissuchthata].lelementsabovethe
main diagonal have row ind.ices which range fron 1 to g

arrd. column ind.lces whlch range from g + 1 to 28. Henee

the rovü and- column ind-ices of li¡ for i <

d.isjunct setso tr\rthermore because A is an even ord'er

antihermitian d-eterminant, it is a real number' Hence

thephasefactorscanonlycontributetoÀlntheform
cos(po + q.ø) where -(¡t + d) < p < (rr + a) arrd'

-(a+v)<
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(O + ø) = X and. consid-er the coefficlent of

exp l[(pr - ar )0 + (p, - e.z)x + (p" q-")øJ

with O ( pr; qr < he 0 < Pz; qz <

The integers p1 define the number of phase faetors of the

various types lvhich come fram the portion of a above the

d.iagonal whilst the numbers Qi tive the number of phase

factors whlch come from below the d-iagonal.

In ord.er to evaluate the d.eterminant we consid e:: the

coefficient or xlt *To ... *{* *n"*e o { oi ( 2. I,et

1.¡, It, "..r 1r, d-enote the lndlces j' for which di = 2i

Ír, i", ...r in denote t'he ind-ices i coruespond-ing to

di = 1 and. a positive sign in the phase factor;

i¡ it, ..., jn d'enote the 1nd-1ces i correspond'1ng to

ai = 1 and- a negatlve sigrr in the phase fae+'or; and

kl , ..or k, d-enote the ind'ices i egã¡respond-ing to

di=o.A]-lt.Treind-icessatisfytheinequalit¡r
1 < It 1r i, k < g and associated- lvith the ind'ices

are the assoclated- ind.iees lt o it, it and kr which satisfy

g < kt, it, i', l-¡ ( 29. Let ny Pi, Ql and' m, d'enote

the number of bond.s sel-ected- such that 1 ( nt r P1 r 9r r

Irll < h; 1 ( nz t þzg Qzt m2 <

The requlred- coefflclent ca]l be unlquely d.enoted. by

o(r;i¡i¡k) = D(Ii,...¡lr,i it¡...rini i'tto'"ejn; k1 r""kt
(:' a¡

aniL tTre d.eterrninant can be expand'ed- as

A= >
Pi 81 m+n=g-P-q-

4', .c'e {t o(t, i, is k) (t.g)
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lnd.ex from thæ d.eter,minâFrto A1l" ind.lces cccur twice in

theoriginald.etenninantsothesej-nd-ieesarestill

present but only occl-lf. oi1ee. Th¿e Ï'ÖÏvs of the d-etermina::t

are labeli-ed- by i k k' i" and' tJre ecl-umris b;r i k k' it

an¿ frorn the marrner of constrrrction the sets Iit iu J and-

[i, it J are d.Ís ju.nc-t,' Tiie ï"olivs and- columns labe]led- by

k, kt for which ø, = O form a rea'L anti-symmetric

subnatrix of O(l; i; i; k) and- the d-etermÍaant can be

reduced- with respec+, to these roIVS aa1 columns by the

method- sïrown in append-ix A, equat:-cn' (¿'e) and' ai-reaC-y

used- 1n seetlon 3.1 o Thre sign fa:rti;r arising f::orn tTrese

operaticns is d-iscussed' in append-ix Co Tne d"etermÍnant

1s first reduced- to ord'er 2n + p + q - 2 hy selecting

tlre l-owest k1 with k1 < kl such t,ha+" botir cl6r a-r-Lct c-lrrgr

are present in the cre+"errninÐfit"

(cr<lrl )l+ - 2m ^ e - "''c;: lcn'on ok' j
R

þ,u
t
ile r
à

ikl

(-)
nt*kn j

c

C
a.,l

(3 "13)

= (-)R(ci.,ol )4 - 2m - P ntilt*ir;l

where R is t¡]e SigI ,:f the d-etermj.r¡'arrt ort performlrrg

theoperationsd.escribed.above"Theconsistency

cond-itl0ns have been used. to write the Pfaffian el-ements

1n terms of a weight factor" The cons 1s t,encY cond-it ions

can be written 1n terms of the gn by d.ividing (s "s)

through by Cuo - Ê givinc

(cå-rr."oå)' - u - ttåopooeh \tårurrl
This reÔuetåcn is r-epeated' by sel-eeting th'e lawest

(3.3)'
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k2 < kL such tl¡at Cårkl krkl and Cf,., ulrclu, are both present

givlng a d-etenrainant of ord-er 2m + p + q - J+'

D = (-)Rc:(cirrl¡a - 2m - p - +6co.,rl 
krkL)6 

- 2m - p - q

X
I 
cl., a¡r."x¡ cå.' alx" i

cxrklrå i

ci.,., r.¡ *,,
ci<' icl it<¡
carx,¡i¡

The Pfaff ian element s of the d-etermi-nant can be written as

Cirrl crrol k"klij by uslng the ecnsistency cond-itions (3J)'

so that on caneellation of the Crfr we have'

D = (-)Rc"" (r*lo"o L)u 
- 2m - p - q- 

Ituroixrr.åi¡l

In like marìner this reduction can be continu'ed- until- all the

anti-symmetniepartofthed.etermsnarrthasbeenremoved-

giving a d.eterminant of ord-er p + q wi-th the eoLumgrs

}abe1led. by [i, i, J and. the rÐws label-]-ed. b¡' [i, io ] j"n

nr¡-nerical o rd-ero

D = (-)R c"" (ciorrl ...k*kå )4-2m-P-q+2m'2

ltlrol ...kmkåj.iiX

In terns of the original weight factors

Ð = (-)R (cr r,,."kmk,)2 
- (p * q-) 

lt*, "..r.*4iil 
(5'14)

Fromthemannerj-nwhichthereductionhasbeenperformed.

we know that k, 1lxz ( ks orc ( k* ar:d' kr'iti' We

clenote the ind.lces [k, ku J bY E"

Asintheparticulareasee,cÏl'Síd.ered.aboveotheterms

of the d-eterminan.t of ord.er 1p + e-) form a subset* of the

terms of the Pfaffian of ord'er 2(p + q')
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\ co'"" 
I

where tfiþ ind.lces r, s range over the comblned" set

[f , i, it, ioi. Thus t]re d-eterminant is equal to the

Pfaffian, 5-f tkre terms 1n the Pfaffian with both the

ind.ices r¡ s from ihe set lio jtJ are mad-e zeho" Thus

lcgi¡ | = (-r )r * tNg""l 
\tz(õ' + q.)

- \tguol \cs'"I
Z z(i'+ q. - 1)

+ uVo.ol\cr*"1

(3.15)
I o6.aoaoa.oc

where Q is parity of the permutation to combine the sets

IiftJ liit J in numerica]- ord.er, and- where T is the cl-ifferenee

in sign between the terms of the d'eterminant and' the terms

of ttre PfaffS-an\co, ,..rkl,r r "l 
" The sumlnations are

over the Or 1e 2s o.o pâirs of ind'ices ae b which can he

selected. fron the set lio it i. By uslng the consisten6r

cond.itions (3.3) tft" Pfaffian cær be replaeed- by weåght

faetons

\ tu""
z(l' +

Ykab l\ci.""l
z(l' +

+q.-1

q. - 1)

= (-)P

CP
K

crIi,irit,il]
2(m+p+q.) (l.te)
= (-)Pcr.[ru] .Ë * q. - 2 

_gg[r¡j' ,z(ñ'+i+q--1
.g t5labedl tË u n - t"Urabad j, 

^,2(m+2) 2(n+P+q-¿)

q.)

2

c-Kaþ
1

l\9n.rl
z(ã' + q. - 1)

where the subscripts on the left hand- si-d-e d-enote the ord'er

of thre Pfaffian; the subscripts on the rlght hand- sj-d-e

d-en<¡te tkre nr.i¡nber of ind-ices 1n the weigtrt faetors;. P is



3 "13

the pari ty of ttre pe rmutation to rearuange [u, b J r [t, b J 
n

in numenical ord-er; and. t lr d-enotes the complementary

set to [ ]" Finally vie combine equations (¡"t4)

ar¡d (3"15) an¿ rearrange l5jii' jt J in numerical ord.er

(sÍg:n factor Y) givlng

D = (-)R + r + Q + Yltfg*tlts,i,jri, 
joJu

- ã(-)P clþuoJro t[g[uu]o 
Jr,i

* a(-)P .[EuocdJu ttgtabcdJ , J* * - - "] (l-t7)

where t ]" d.enotes the set to be in numerical ord.er.

The sign factors are iliscusseiL in append.ix C where we show

that
IV = R + T + Q + Y = å(pn + qr)(zit - Zmt - Pr - q.r)

+ t(p, + ez)(z¿ - 2m2 - pz q.e)

+ å(p" + qu)(zv - 2m" - ps - q-e)

+lp + q.)(e-n -p - q.) (l,te¡

whenp+çL>O;]tr/=Oifp=Q=0.ìJVenotethatthe
sj_gn factor is synmetric 'n pi and- Q, as it shoulc. be"

If pr = h, gz = dr ps - vr gr = Qz = Ç[s = O then

w = s ËÉ - 1 and- (1.17) reduces to (3"12). Thus the

coefficients of a Ïrave been neduced- to o;uad.ratic

expressions in the weight factors.

EEration (3.17) can be rewri-tten in terms of the

orlginal weight factors by using equation ( 3"2)
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, rTV fD " t-l 

[c¡trtnintåtåiä]* 
a¡rrri]r,i

- ¿(-)P "Irrr, [.,bJ, JN "Irr, abju

+ t(-)P "[l11' [alcd.J 'J" "[rrr' ,ârbr"ruJ") ç3.17)'

where

w = å(pr + q1 )(zn1 + pr + er)

* L(p, t q'z) (zn" t þz + qz)

+ å(p" + q.")(2ne + pe + q.s)

+{p + q.)(2n+p +"s.) (3"t8)'

The str.ucture of (3"17)' can best be seen by giving a

geomet:ric representation. lhe terms on the right hanil

s1d-e can be represented. by two clusters of 29 termlnals

labelled. as in Fig. 2o1. The filnst term correspond's to all

the teminals lrrr in, jn, 1å, i'å, ii ana 1n, lf, leine

con¡.ected by external bond.s in the first ar¡d- second'

clUster respectively. Tþe second- terrn Comespond's the

termlnals 1r lt " [r, bJt and- 1, lt, âr b being-corinected-

by external bond.s in the first arid. second. clusier"

respectively, The second. term d.iffers from the flrst in

ttrat the termlnals a, b are connected by external bond's in

' the second. cluster rather than the first.
' A" u1 example we consid.er the lattice whose ce11

structure 1s glven in Flg. 3.1 o The coefficient of

xo*!x!*o*u cos[ Q - x + øJ is D(z;1 ,5;4*) where

nr =1t Pt =1r Pg =1e qr-=lt aIId'm' =1' From

equati.on (f .tB)/ ure sign factor is
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w=å1.3+Li.1 +51"A + L3,5
which lseve¡" Since 1r = 8, 2t = 7 ¡ 3t = 6, l+t = 9c

5' = 10: €euation (3.17)t becomes

= +f.".t zusTesio azt i ez47es'to ctzsTo(z;1 ,51+;3) ,, L I
I cz4sTaro otezg I atz47e1o azszt)

where the signs of the second-, third. and. fourth terms alre

posltlve because (4e9,t oJÐ, Q+58J0,19)¡ trtd (t4e/ 959)

are odd. permutations of (f4¡AgJo). The terms in the

expansion of D( 2;15;\;l) are illustrate¿ in Fig. 3.3q It

can be seen that

o(2¡15;4#) = 2(1 * "f )

o
a

to

r fo

q

I

7_

ß

-l

lr

2

!.

rXo
.8

7

a(.t,Jo

a
+

+ ,t

5

czz = xoQ1z+slg9l o-= xo
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3.3 CRT T TCAI OUR OF THE MODEL"

Thre partiticn f\rncticn, eo;uation (S.S), is an analytic

function of the bond. weigþts a-nd. the temperatu.re. Fcr a

given iaitice the bond. rivelghts are flxed. lout the temperature

earr vary. The r,'al-ue cf the temperature at which the

partltion f.unetion has a singulari+"y is t'h:'e critical

temperature of the lattiee" Thus the critica] tenper"ature

can be found. by lnvestigating the pcsition of the

singuiaritles of (5.>). Hurst2Ö has shcwn t"h;.at fhe

integral- in (1.il is silgular vuhen the d.etermínani A and-

its d.erivatives with respect to t a:r;d p vani'sh"

A=0
a¿¡/ao = o (3'zç)

oa/a6 = o

For the mod.ei consid.ered- by Hurst with iìrú..s singl-e bond"a

bet,ween cel1s, thre second. and- third- equations gave ph-vsåeai

soLutlons when gu Ó - O, T. All cther sol-uticns ic th'e

eqr:ations u/ere for-:nd- to be non-physica-i' TVhen these

val-ues cf g an'J- S were subst:-tuteõ' in tÏ:'e fÌpst equa-tírrTì'e

Hurst obtalned- four equations involving the bond- weights

and-thetempera-t,urecorrespond-ingtothefourd-ifferent

waysasingularitymayoceurattheenct.pointscf.t"he

range of integratiorr'

Inournod-e].,wherether.earemuStipl-eboncl.sbetu¡een

ce1Is, we hrave found-, equation (3"19), tilat A is a süm

of cosine terms in multiple angles of 6 and' So uihose

coefficients are functions of the bond- weid:is and- ihe

tempe::atrJ,rÊo Thr:s the d.erivatives of a wi-th respeet t') a
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The coefflcient P(i., ooo irr) is the cofactor of tlre

Pfaffian when the rows and. columns containing the ind'ices

ir . . c i' and- their associated' ind-ices ir r .. if, ane

removed. from the Pfaffian and. the bond.s weight for whleh

cto=0aremad.ezero.ThecofactoritselfisaPfaffian
of ord.er Z(g - n) v,¡ith element" Cåu, whcse rows and' columns

are 1abe1led- by the set of ind'ices [i, itJiT whieh is the

complement of the set [i, itJ Ín the set [1' 2e "" 2g] '
p(ir . .. irr) = (-)e co \ tåo 

I

where Q is the sig.r factor to remove the bonos weights for

whlch q = 1o
1

By the consj.stency cond'itions (3J)t the Pfafflan\0"b1

can be rePlaced bY

(rå)* - n - ,rîr,i,J, = (ä)- 
- n - ' ttt:113'*

From the relation (3.2) we have tltrit ]iv = "[*ri, ]m

so that
p(rr .r. io) = (-)a "ttri,ìrv

thus ttre f lrst equatlon of (3'zo)
'l

A2= >
crt = O¡l

dz
x

2

In append.ix D we show that

Q=n+ntnz+nzlla+nlno (1.25)

Thef,ormofthecl-eterminantfortheothervaluesof

0 and. P ean be found. from the case 0 = þ - O by transfor-

rnatlonofthebond.weights.Fromthestruetureofthe
d-eterminant in (3.5) *" see irhat ihe change 0 = Q to a = 1l

has the effect of changlng x, to -x, if 1 <

a
q.

"Itri'Jn n

forQ=þ=Qis

... *% = o (3.24)
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similarly the change É = o to d = 7' has the effect of

changing xi to -xi if h < i < 8. The sigrr transformatlon

of the bond- weigþts to obtain the equations for a = o

frrcur the equation (3.21+) is

(3"20)

As an example we shall show how thls method can be

applÍed. to the triangular lattice (1, 1, I t 1, O) wlth one

spin to each ceI}. For g = P = O the expressi-on (3"22) is
1

Az - t"\ ct, cl . -clo _ x4 cl -
nt 

^lv2g v24

rrlv34

É=o
þ-'rT
þ= îÍ

nlvl5

c' cåu
25-^.2

c!,. creeO6-Xg

clu cå"
n1v56

The coefficient of xf xi x: ís found' bv puttins

xl -- x2 = x3 = O. The sign is positive since'ÌÛ = Oo

o'. P(O) = co\cl2 cå" cåo clu cå" 
I

The consistency cond-ltlons (S"l) t can be used" to reduee

thlsPfaffianoforöerCtoaweightfactor
e(o) = co(cå)l - ^ "lr34s6

= Cí 2s45.^
õ"o

The coefficient of x., is obtained- by putting x, - xs = O

and. removing the roïI/s and. cohunns eontaining the ind-iees

1 and.4. A r¡egative sign is producecl- because 1Ù = ùl = 1 ø
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p(r ) = co (-1 \ c;" cj,
^lvoa

vv

= co (-r) (c

= -Czsso

= -'4+

)
2-1

Again ttre consistency cond-itÍons have been usecl on tÏre

pfaffian an¿ then the relation (3"2). the coefficients

of xz and- xg can be found. in l1ke manner' The coefficient

of xtxz is found. by putting xs = o and. removing t¡re rows and'

columns containing the ind'ices 1245' The sigrr is

negatlve sinc e û, = 2 and. n1 = rþ = 1o

ioe. P(1, z) = co(-1)\cå"1
= -Cso

= -c1z4s

Thecoefficientsofx.¡x"and.x"x'carrbefound.inlike

manner. Finalry the coefficient of xtxzx3 removes aJ.1- the

rou/s and. columns fro¡n the Pfaffian giving

p(l ,zr3) =co(+1 ) =ctzs4s6

The sign is positive sinc€ rL = 5t \ = lrl2 - {,3 ='1'' Thlrs :

thecrltlcalequatlonforthetriangutarlattleefor

O=þ-Ois
Co - Xt Ai+ - Xz}zs - XgCgo - Xt&pgiz+s - X1X3C1946

- xexsc2s56 i xrxexect234s6 = Oo

The crltical eErations coryespond-1ng to ottrer values of

0 arñ' ç ca¡ be f ound- by the transformatlon (3'zG) ' For

example the case 0 = Tt d = O can be found- by the

transformat ion x1 + -xt , xz + -N'2 giving

Co * Xt e,t+ * Xe9zs - XeCsa - XlXzCtz+s S XtXsCte+e

+ xzxscreso * xtxzxsct2a+s6= O.

o

arl
26

nl
'gô
nlts6
nlv2956
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CHAPTER l+

S S

In this chapter Ïue shall show how the partition

fi¡nction and critj-caI equations for the class cf lattices

d-escribed. in section 2"3t ean be written d-own by usi-ng

the results of the previous chapter" The power of the

rnethod. lies in the fact t'trat the calculations are straight

forward.a]thoughted-iousolngeneralonlytherrethod-of

calsrlation will be given'

l+" 1 TVl/O SPTNS TO A CELIJ-

ïVe consid.er the lattiee from the (2, 3, 1' 1' 1)

class of lattices which is shown 1n Fig' 2'3 (")' thtis

latticehasflveexternalbond.sarrd.oneinternalbond"
we replace the ceII with two spins by a group of 10

terninals,oneforeachoftheexternalbond-sentering
and. leavi-ng the cell. these termlnals are 3-abeJ-ied'

accord.ing to the convention shown in Flg' 2o1 o The

external bond's are 1abe11ed' x.l 
' 

xz' xs¡ xqt x5r aceording

to the terminal which they connect to of, tfte set

[1, 2t ..cr 5J . The ceIl for this class of latti-ces

is shown 1n Flg. 4.1.







Ihe weight factors Cl, = 
Cii/Co can eas1ly be founcl- from

Flg, 4.2. We have

if ii contains an od-d' number of the set L3'4'5'6'71
if ii contains an even nunber of ttre set

L3rut5¡6r71 
arr e ve' ¿rs'Ávv5 (¿+'z)

Thus the d-eterminant to be eval-uated- is

nl
'1j

1

lxo
Ir

fori<

A

4.4
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)ta
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I
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L
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0
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Amethod.oferçarrd-ingthisd.etermlnantintermsoftþe
bond. welghts and- ttrre weight factors has been d'escriþed-

inChapterS.Ï\Ienoticethatifxtarrd-x"areselected-
frronabovethed.iagonalarrd.notselected-frombelowtl¡e
d.iagonal the J-st and' 2nd- columns of +'Ïre d'eterminant

remaining, when lst and- 2nd' rows and' the 7th and' 8th

eolumns have been removed.n are eq.¡alo No matier whleh

furtherse].eetlonsaremad.ethelstarrd-Znd.coIumnswilI

0
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remain equal so that p(f;1r2rÍ;i¡k) witl be zero for all

1, í, i, ko SimÍIarly we find- that

P(l;112rÍ;i;k) = D(l;i;112ri;k) = o
o(1;2o3ri;i;k) = D(l ;i;213ra|x) = o

P(r; 3s\oi; i;k) = D(1 ;i;3r4,i;k) = o
P(r;4r5ri;i;k) = D(1;Í;hr5oi;k) = o
o(r;1 ,4ri; i;k) = D(1;i;1e4¡i;k) = o
D(1t 5ol;5¡i;k) = D(135cL;5,i;k) = o

o(1;5si;1 oi;k) = D(1;1oi;5ei;k) = o

these relationships red-uce ttre nunber of terms in (3.19)

consid.erably,

The first summation 1n (3'19) i" over the 25 = 32

terms uft}ich arlse on seieeting the ! externai bond-s

into two gl'ouPs llr o.e , 1n and- krt o'o, kmo lhg

coefflcÍent üf --{r 4' oc. ,i" 'rhere oi = o ot 2 is

found. from ç3.1'7)t as

D(ln¡O;o;kr) = "î1{ ,.. rtnrtl ,.. rlåi (4,4)

From Fig. 4.2 ^2*Ït., 
, ". r1åJ i.s x2" ¡n 1 if [1.r o " . rIåJ

contains an od.cL oz. even number of the elemez:ts frorr the

set[ 3 14 15 e6 t7] nesPectively.

The second. surnmatlon correspond.s to selecting p

bond.s from above the d-iagonal and- the same number q = p

of d.ifferent bond.s fnom beiow the d-1agona1. sinee

thene are only 5 bond-s altogether, only p = q = 1 and

p = q- = 2 need- be corrsld-ered- for this lattice"

tr\¡rthermore ïrre have p(r;i; i;k) = D(1; i;r;x) sinee by

(l.lZ)r the ecefficient d'epend-s on the set

[i,, ..ip ii ".iäJ for a given J-1 . o1rr. Thr:s the

coeffieients ccmbir:e together to give eosine terrns.
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tr'or selections sucÏ¡. that Pi = Qí the angle

[(nr * pe - Qr q)0 + (p, t Ps s'z - q-")øJ is zê?ao

The third- summation coryespond-s to selecting p bond-s

from above the Ôi agonal- ard. q < p illff ererrt bond-s from

below the d.iagonalo For selections such that

pr + pz = Qr + Qa and. p, È Ps = Q-z + Qs the above angle

is again ze?o.

The coefficients p(f;i;i;k) are evaluated' by the

mettrod. 1I1-ustrated. in seetion 3.2 and- after some

ted-ious algebraic manipulations the d.eterminant is

found. to be

a = å(r + xf)(r * "l)t(r + xi)(r + x|)(t + xl)(t + *i)

+ (r - xi)(r - x!)(r - xl)(t - x!)Ì

+ 4xoxr(1 + xz*)(t * *3)[*.r (r " ":u) 
+ xu(t * "f )]

+ Zx1xu(t + xi)(r + xi)U + x])(r o *'r)

+ 4x*xu(1 + xfi)(r * *:o)lrrr(1 + xf,) + xr(t n "i)i
+ Sxox"xoxu(1 + xf)(r * *l) * J1xsxlx2xsx4xg

[*.,(1 +x!) +x"(t **î)]t(1 +xfi)(r o*:)(r-{ltt-4)
+ (r - xi)(r - "|)(t + ""o)(r * ,"€)] eos 0

2(1 * *1) (r + xZ)[xox"(t - "]){r - *'")

+ x*xr(1 - "i)(r "?l eos o

- 8xrx.[xuxr(1 - x])(r - *z) + xax5(t - "i)(r - "þl eos e

z(1 -xl)(r-*:)[xoxo(t -4\. -{l

ø)+

(+. ¡)
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This nesult ca¡ be checked. against the known reeults

for the rectangUlar, triangular hexagonai and" YamaUroto

latticesn A particular bond. x, of a lattice can be

removeÖ by putting xj. = oo A bond. ean also be mad.e

red.und-ant 1f we eoa]esce the qpins which forrn the end'

points of the bond.s by putting xi = 1. From Fig. l+.1

ïr/e can see that xo = 1 and- xz = xs = x4 = O or xo = 'l

affd.X¡ =Xo=X4=OO1l Xo =1and.X1 =X2 =X4=OO1t

xo = 1 and. x2 - x3 = xs - O will produce a reetangular

lattice.Fortheflrstcasethed.etermlnantis
!,=(r +xl)(r *ttu) -zxr(t -"i)eos 0-zx=(1 -xi)cos ø

A triangular lattice may be obtained' if we put xo = 1

and- x" = xs = O or xo - I and- x1 = xs = O or xo = tr

and.x1=X2=o.Fortheflrsieasetheileterminantis
r = (r + xi)(r + x'o)(r + *3) - zxn3 - x?4)U - xzu)ees 0

z**(r - "f){r - ":)cos(o 
+ É) 2*u(r - xf)(t - xl)cos ø

+ 8xt xoxu "

A hexagonal lattice may be obtalneê by putË1ng

x' = xs = xs = O or xt = x3 = xo = O and' the d'eterminant

for the latter case 1s

A = 1 + xf,x| + xf,xi + xlx! - zxoxr(1 - *!)eos 0

2xoxu(1 - xi)cos ø' 2x"xu(1 - "l)cos(o 
+ ø)

The Yamamoto lattice can be obtained by putting

Xl=Xg=0. Ilene



A = 1 + xfx'¿= + xf;xt + x2x2u + xlxzo + xzrx

+ x?oxf;*?^x?u + 8xex2xox5 2x*x"(1 - xi

l+,8

x2x.245
xfr)cos o

- zxoxr(1 - x=o)(r - x"r)cos 0 - Zxsxo(r - "!)(l - "i)co{o 
+ø)

2xoxu(1 - xi)? - "'^)eos þ Zxrxo(1 - "=o[l -:f)oos(zo + p)

zxrxr(1 - "l) (r - *'o)cos( u * ø)

All tkrese results agree with those obtained" by other authorsz

In the case of the Yamamoto lattice it is necessary to

trarrsform the a]lgle 0 + Ó to x to give the usual rezult 
"

The c¡:itical eqaations for thj-s lattiee ean be

found_ by the method- of seetion 3.3n For a singuS-arity

at O = þ - O the critical equation i-s given by equation

(3.24). For the lattice of Fig. L+.2 this equation is

Co -Gtexr -Czzrz -Csoxs -A+gx-+ =Osl,aXs*0'¡276Iå1X2

- OreeeXtXs - br+"q xtX+ t'O15s1çic1XE, - bpsô?Xaxs

- 9za7g XzX+ - QpszroðzXs - Ë:r4ag XsX.+ - gasetcXsXS

- êo.sst o X4xsX - br zoGTBxl-;-'2xs - Qlz4TBs X1XzX4

- 91 zszalölxexs - c't 3468 s x'1K'sx4 4 Ë135s8'l oxtxsxe

- ct ¿sssrcxt x+xs - C.234679 x2x3x4 t Ez3567t ox¿xsxg

t gz¿özetoxzx+xs - ca4569t o x3x4x5 - c'¡ zs4oTas x1x2x3x4

g,tr"sezeroEr 4.xax5 - Qtz+szast o xt x2x4x5 - C'l 
"4568gr#r 

xsx+xs

9za+sa7o16x2xsx4x5 + Qt.uos67se1qrx1x2x3x+xs = O (4'6)

wlrere the signs of the tenns have been four¡l by u.sÍng

equation ( 3"25). TTre weight factors are found" frrrm

Fig. 4"2 to be xo if the ind.ices conta,in an od.d. nur¡.þer

of e'lements of the set 13, ¿+, 5, 6, 7\ an'd 'l otlrerwise'

After some aigebraic manlpulation the e:cit,ica'] equ'ation

ean be written a.s

2+
5

) (1
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(l -xrx")(t -xoxr)(l *xr)(l -xs)
(x* # xa)(*o * xu)(t + xr)(t * xa) = o (4"2)

The other erltical equations correspond.ing to the other

values of 0 and- þ at which a singularlty may occur can be

found. by t:ransforning the bond. weights accord-ing to

equation (l.zO)n One can sbow that (+.2) gives the

correct equation for the rectangular, tniangularr hexagonal

and. Yamamoto lattices by tþe same nrethod. as used. in the

previous paragraph, For example, 1f we put xl = x3 = C)

we obtain the equatton

1 + xox"x¿xs = xex2 t tt*xs + xox4 + xoxs + xzx+ + x2xs

whleh correspond.s to the equation (+Zu) obtained. by

Hurstzo for the Yananoto lattlce¿

IVe note here tlre dlstinction between the 2 statè

and. the 4 state modeL o For xo = 1 there j-s no rntennal-

bond. arld. the lattice reduces to either the r"ectang'u]ar or

the tr'langular lattice. Tor x6 I 1 the lattice can be

reduced. to the hexagonal and. Yamamoto lattice by

appropriate selection of the other bond. weights, It is

therefore apparent that the latter eorrespond- to multiple

State mod.els @ven though rmrltiple bond.s are not present.

our mod_el correspond-s to a generallsatlon of these

lattices to the wld.est class of planar graphs.
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The determinant Ae and- the critlcal equatlons for sueh a

lattice ean be found. d-irectly fnom the paper by Hurst2o,

or by ueiing bhe method- of chrapter J, In terms of the

original wei-ght factors the d-eterminant is

A = ga o *"*T" + y2ç7o * xzy'urr"on

2x eos g(eoc.¡ 
" - 

y'zr+Êtr"o) 2y cos ø(GoÇ"o ^ x'Çl"ct*

zxy cos(o + ø)(tcorcr 2s4 ^ at"Çao)

2r'y cos( u - ù(tcoic.¡ 234 - cr +'cau) (4'e¡

The critical equations are given by the equation

',9o-xÇru -YQz+t xY Ç,tza+=Q (4'9)

and. 1ts transformations according to equaticn (3"26) "

The weight factors are the lvays in which paths may be

d.rawn thrrrugh the cell consistent with the external bond-

connections and. a]-r even number of fond-s to each spln of

the cello For example the weigtrt factor Ctu 1s

d-emonstrated. 1n Fig. 4.5"

Thus

9r" = XtX2X37.4 * X5X5X7X9 * X1)fy2XeI.4/.1XzXtlXlz

+ XsX6 l7XeX2)l3X4X1 I ê X1 X9X1 ôX+ * X'sX1 t Xt zXa

* Xt XgXt oJf-4I.6N7}-t 'tX1 z .F X5X1 1X1 2XsX2X3XeXl o

+ xlxsxltxs * XsXl zXloXe t xtðaXsXrsX12X7X6X5

+ XeXTX6XI lXeX2X3X+ I X1X2X3Xl oXt tXS

* XrXgXt2X7X6X5 + XBX7X6X1 '¡X1 6Xa + XsXl eXsXzXsX+

the other weígþt factors can be found. in the same way.

Sincev.fewis}rtoinvestigatetheeffectofalarge

number c)fl qg ins 1n a cel-l and. not the external bond-s to a

eei-l-r wo eoÏJ-apse the lattice by putting x = V = "1 
"
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The lattice is shovun 1n Fig. 4o6'

Fig, 4 "6

TlIhen the weight factors are substiiuted 1n (l+.9) tfre

critlcal equations lnvolve the twelve bond. weÍ-ghts

x.t, xzt o oôr xlzo aIrd' cari only be investigated' on a

eomputer. In the follolving subsèctions we shall consÍd-er

partiqrl-ar cases of this lattice which ean be eonsld.ered-

by analyt ic me+"hod.s'

4.21 AJ.l Bonds Equal"

If x' = x2 = oo. = xl z = x = tantr BJ then the critical

equations obtained- fnom (4'9) and (3'26) are

1 + 6xa + 16x6 + 9xe = 0 (0, O)

1+1l+xa +17xe =O (o, O)

1 - lOxa - j=6x6 7xs - O (0" rr)

1 + 6xa + '16x6 + 9xe = o (t, rr) (4'to)

since the first, second and. fourth equatj-ons consist of

a sum of posltlËe monotonlc lncneasing functlons of xt

they have no real soiutions, Descartes mle of sign

shows that tlle thlrd. equation has at most one positive

real sçlution in xa o By eonsÍd-ering the value s çf the
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left hand. s1d.e of the equation at O and. 1c w€ see that the

solution must fie 1n the range 0 < x2 < 1. Henee therc is

one posÍtive solution to the equation (* = c say) which

gives the crltical- temperatirre as

1-,J
11

kT" tanh C.

As the thlrd. equation i-s an even function of x the sane

solutlon is obtained- for the antiferromagnetic ease.

l:^22 lwo tv¡es of Bond.s"

Consid-er x1 = x2 = xs = x6 = xto = x1z = x = tanh BJ

and- X" - N4 = x7 = xa - xs = xir = Y = tanh PJ'. The

critlcal equations for this case are

1+ 4x2y2 +xa+y4+Bxayz+}xzya + 9x+y+ =O

I + 16x2yz - x4 - T4 + 2xcy2 + 2xzy6 + 13x4y4 = Q

1 - 8x2y2 - y4 - y4 - Bxay2 - 8t<2ya 2:i!6:y2

2xry6 3x+y,+ -* ,

1+ 4xzyz+x4+y4+Bxaqz +Bx2y4i 9xo'ya=O (4"t1)

Again the first arl1 fourth equations have nc reaL

solution. the second. equation can be shown t,o hav'e no

real solutions by using for 0 < x2¡ {â < 1

(z*y)" . (x, + y,)" <

We have

1 + 16x2yz _ x4 _ y4 + 2x6yz + Zxzyz + lJxaya

= 1 + l¡xzyz (x, + yr)' + xzyz(g*ry, + 2(x, + yr)")

As above the tÏrird. equatÍon has one solution for o < x2 c

y2 < tr gi¡¡ing a single sol-ution for T* which is a function
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of J and. Jr .

4.23 All bond- ecrual except one centre bond'

Consiiler x,, = T = tanh BJr and'

xt =xz = o.. = xtt = x = tanh pJ. Bhe critical equations

for thls case are

1+Zyxs +4xa+8yx5+8x6+6yx7 +3xe =0

1 + 6yxu + 8xa +1OYx7 + 7xe = O

1 - 2y7s - Bxa - BYxs Bx6 6Y'xz xe = O

1 + Zyxs+ l+x4 + Syxs + 8x6 + 6yx7 + 3xe = 0 (4'tz)

These eEratlons are Linear in y and hence we can write

yr=Y¿=-ffi

(¿+.t ¡)

If we Oefine t}- e ratio of t'Tre bond errergies by
rl¿d=T

arid- usê x = tanh þJ, Y = tanh BJr we find-

(¿+.11+)

l=1
(4.1 ¡)

1+( 1-x )

clearly the solution of eqlation (l+"lz) ror a partleolar

value of a will be where the curves (4.f ¡) and- (¿+'t¡) meet'

Fig. 4.7 shows the graphs of Y., , Yrn Y" and' the graph of

y for ilifferent values of ct.
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It can be seen that Yr = Yd, and- Y, have only the

d.egenerate solution x = y = 1 correspond-lng to T" = oo

For e particular value of a > -1 a single solution for I is

given by the intensection of Y" and- y (4"t¡). Howevert

the case q < -1 is not d-eteluined- and- d'epend's upon the

slope of the fi¡nction Y" at the point (-1 , 1) an¿ (1' -1)'

It can be shorn that (-1 , 1) and. (1 , -1 ) are maximum and-

mininumturningpointsforthefunctionYuand-henceYg
gives a sol-utlon for l for al-l flnite values of ct'o

However, for large negatlve values of cr tkre SOlution

approachesx={=-lorx=-1y=lcorrespond'ingto
Îe=o'
4.24 T

Consid.er x1 = Y .= tanh PJt and'

x2 = x3 = coq = xl , - tarsh BJ" The crltical equations

for tLris case are

1 + 6xa+ SYxs+8x6+ 8Yx7+ x8=0

1+4yxo +1Qxa +'lZYxz +5xa =O

1 - 4yxs 6xa - Syxs - 8xG ¿+yx7 - 3x8 =' O

1 + Iryxa + 2x4 + Byxs + gxo + 4yx7 + 5x8 = O (4.te¡

For a partictrl-ar value of the bond energies the solutions

of these equations glve the cri+.ieal- tenpeiature of the

Iattice. The so]-utlon of these equations for d'ifferent

values of the ratio of the bor¡ù weights d' ape shrou¡n

graphically in Fig. 4.8. The figure shows where tlre

curves
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¿l
1+6xa+Bx6+xB- -E-iE + gxz

1 + 10xa + ãxa
L2 =- 4xs+12x7

1-6xa-8x6-rxaYs=+@

Y+ = - ' t*3"i Ë;Ë*i fu?"" (4'rz)

meet t¡e ci:rve (4,t¡)'for d.ifferent values of ,'.

It can be seen that the critlcal- temperature is glven

by the' solution of Y" for d. > -1 and' by Yo'for ø < -1 '
The case q = -1 requires close investigation as there are

four possÍ.ble sltuations; both Y" and- Yo glven

non-d.ege.nerate soLutions; only Y" gives a non-d.egenerate

solution; only Yo gives a non-d-egenerate solutlon; or

only the d.egenerate solution exists. By putting

u' =;x in the original equations (4.t0¡ we find. that only

the d.egenerate solutlon corresponÔing to T" = O exists'

this behavj-our 1s sirnilar to that of the triangular ]ar'tice

in the case where all the bond- energles aI€ equal and-

negative26o It corresporrd.s to the lattlce having mcre

than one configUration wlth the minimum energ¡. FQn

J > O and Jt < O the zeTo of enerry for each cell- is

-11f + Jr. Fig. 4.9 sTrows two posslble conf igurations

for each ceII of the lattice, where a + signifles that the

spinj.sinacertainstateand.-signlfiestheopposite
state n
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Xtig. 4,9

TheenergyassocÍated.withacel].lntheconfiguratlon
shown in Fig, 4.9(a) 1s -11J - ¡'r while that of

Fig.¿+"9(b)is-9J+Jr.oThecond.itionthatttrecellbe
in ttrre state represented. by F1g. 4'9(a) is

-11J - Jr < -gJ + Jr which becomes cr > -1 o By simllar

reasoning the state represented' 1n Fig' 4'9(b) rras '''he

lower enerry when a < -1 o However, when s = -l both

stateshavetheSaneenergy-1oJ,and-henceeitlrerstate
can exist at rand-om throughout t'Ïre lattj-ce'

ourconclu$lorrfrlcmthisd.iscussionofalatticewlth
manysplnstoeachcellisthatthecrlticalbehaviour
issimilartothesimpletriangular]attice.Fora
glvenvalueofthebond.weigþtstherelsonlyonecritica}
tempe rature o
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't+,3 e¡H}tipfg BoJ=dj¡-,b etween Çel l-Ê-

In this sectlon we consid.en the case in which there

are a large nunber of bond-s between celIs. The

partieutr-ar lattice consid-ered. belongs to the

(M, M, o, Mr M - 1) class of lattiees and' 1s shown in

Fig. 4.1O for M =4, TVe will investigate the

asymptotic behaviour of the critlcal tempenaturre as M

becomes large.

Få"9. å+" 10
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The M honizontal, M vertica] and- M - 1 internal bonils are

labelled by xn y and z respectively.

Such a lattice naturally arises when a cubic lattice

with Ms spirns 1s projected. onto a two d-imensional- plane

and_ the l{ splns in the z d,irection are coILeeteit

together into a celXn xn pnd.er to. solve the problem by

the Pfaffian nethod. it j.s necessary that the celI be

planar and this rneairs that cel.L conneeticns si¡nilar to those

shown in F1g. 4.11 (for ¡¡ = 4) must be a'ssumed'.

'i

ü?

lL t! t+ t3

IL

ll
)c

t0

Fig. 4.1 1

Our mod.el resemþIes the ctrbic lattice in that there are

a large number of bond.s between cells but it avoicls the.

problem of crossed. bonos uhåc;h are present in the actual

pro jection shown in Fig. 4.i 2.

1
L

3

+ q

s61s
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F1g * 4,12

The weight factors for bond. connections to the cel1

are founil in tLre usual way" TVe have seen in Chapter 3 that

the evaluation of the cnitical equations invçLves finding

only the weight factors i.n which assoeiateit termlnals are

eort:oeeted. to the cel-l whereas the partitfon functlon

involves more complicated. weight faetors. The cri,tleal
equations are linear in the weight factors whereas the

partition is a quad.ratic expresslon in the weight factons

arrd. involves multiple angJ-eS of 0 and þ. For these reasons

ïve consid-en only the critical equations.

'l

L

?

+
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For the ease 0 O tF¡e critical equatlon (3.22) l"
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In chaptçr 3 we have shown that this Pfaffian ean be

evah:ated. in terms of the weight faetors for a cel-l-"

From (1"24) we have
MM

c(z) *t,yt, (,+.t g)

The thlrd. summation is over the weight factors c(z)

consistent with n1 horizontal and- n" vertical bond.s

connected. to the celI. The sigrr (-)a of the terms 1s

given by (3.25) " For smaLl values of' M the eri'tieal
equation can be found. by drawlng the vuelght factors to

each *e11. Vtle f ind.

el =(t -xy) (**y)
Gz =(r -*y)" - (r + z)('t +xy)(**y) +z(x-y)'
G3 = (r - xy)t - (r + z + z"j(i + xy)t(* * y)

+ z(z + z)(1 - xv)(* - v)" ,(x + Y)"
(lr' zo¡

We can formulate Gl¡ in terms of ttre lower ord-er Gts

by consld.ening ttre graphs which can be constructed. on a

eel-I with M spins. For the monent ïve conÈlcLer aLL thç

weight factons wlttr a positive sigrl. If no bond.

corulects the M - 1th 
"p1rl' 

and- the Mth spin, either no

bond. or both the x and. y external bond-s are corulected-

to the l¡th. "pin fon the Mth spin to have an even number

of bond.s @nnected. to it; factor (t + ry)o lhe other

M - 1 spins can be connected as it GM - 1 (see Flg. 4"13).

=å>nl =O n2 =0 c
-M ( -)a
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Fig" &.13

trf a bond does corurect tÌ¡e M - I

4.27

I

th thar:d M sp iså and. no bend

-2M
z connects

T

corurer¿"bs t¡e M - zth an¿ M - 1tn "nins, t¡en an x2r ïrYr or

y2 factqr results fnom the Last two splns (al-so z) and' the

rernainlng M - 2 points can be eonneeted' as in G* - 2

(see Fig, 4.14).

[v_")L ry
v

z
,\

'y

ñ-

Fig . 4.1 4

This pettrod. can be continued' untÍl a bond-

the Znd. spln to tïre Mth spino but no bond eon¡ects the 1st

and. 2nd. spins. From tJre end points of the bond- we have a

faetor (* o y)" and. the M - S lnternal- points gi-ve a

faetçr (f + :ry)M - 3* Bhe rernaining point has cor¡nections

L

n-LG
n-ZC, n-¿

(å
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such ti¡ai there is a gap between the 1st and" 2nd. spin:

factorl+xY+x+Y(seeFig.4.1r)c '

\
x-

n-l

2l'l

3t1¡l

3
,L

ø

f" i*,y)"(trry)H-ï

Flg" 1+"15

Finaliy we trave a boncl of lengttr zM - 1 
"o*r"ct1rrg 

the 1st

spin to the Mth sp1n. The internal points gi're a faetor

(r + xy)M - 2 and the end' points give a factqr

(" + y) + (r + rry)(* * v) as shown in Fig ' 4'16"

M-l
1 T

M

)t

,t

2H+l
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Thus we ha'v'e forrlulated a differ'ence ecluation for G*

terms of the lov¡en ord.er Gt s.

c*(x y z) = (t + xy)% _ 1(*, yt z)

+ (x y)? >M^
f=2

+ zM- * (o +xy)M-1(**y)
Gr(x, y¡ z) = (t + ¡y)Go + (* * y)

Gn(x, Jp z) F 1

Part of the terrn for the M
z 1 bonit has been i.nconporatei[

und.er the sunnation, sinee ¿t is conslstent wj.th the

d.efinltlon of Go, and. t"he remainÍng part has been addÇd,

tiVe shall. nsw incorporate the sign factor given by

{,5"25) as n f rr1n2 = (r, + 1)(n" + 1) 1 in the

d-ifference equatio4. trf *ttyt" is multÍpJ-íed by xy tlee

sign is cxranged. from (nt + 1)(nz + 1) - 1 to
(rr + 2)(n, + 2) 1 whlch has differencg n + 3. Henee

terrns with even n are changed. in sign, but those with od.d.

n are unchanged. If *DtyÐ' is m¡Ltiplied. by x2 or yz

thene is no change i,n sign. In G* the terms with even n

are glven by
even

Gl¡ = tler(xr I t z) + Gr(-xr -yr ")l
while those with od.d. n are given by

odd.
Gu = L"ter(x, ït z) - G*(-xe -t, z)l

Thus the d.lfference equaÈlon with the correct sigrr is

l-n

(*v z)

TÃ>2

r



c*(x, rre ù = GM - 1(* v z) + xv(-ufi"l*.1 * efid] .¡)

a,3n

,'- 1(t * *y)t - 'nfiu1 "

,'-t('t-xy)r-tufi"3to

+(**y)'¿M
t=2

+ (*-v) ¿M
2

r ¿

1-YZ +ry

M> 2

(4.2t )

(4.22¡

64,25)

Go =1
Def i"ne

thus

g(v, xe Yt z'] *M e*(xc vt z)
M=0

+ 1o

g(',*v)[r -v- +ffi-2
I

+ g(r, zc-xt-v) 
[" 

w + L

2

1-vz 1 xy

¿
I

v(x + v)- 1 - v z(1 + rry)

llr/e can write this as

h(v, ztx;v)g(v, ztxfl) + k(v, %txr1)g(v, zt-xt-ï) = 1(v tztxtï)

.'. k(r, zt-xt-v)g( v sfr,¡ill,ogr) + h(v, z¡-x¡-ï)g(v, zt-xt-Y)
- 1(v ¡zg-xt-V )
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and. sol-utlon 1s

g(vr zgxsy) v sz rxry Y sZ s-Xs-! -k v ,z txty YsZt-Xr-Jl

(4. z4)

g(v, zs-xt-l) h TtZt-Xt*yl h v, z rxry vzxy \ls%s-Xs*$

ObvlousIY

Here

h(vrzcx¡Y)=1-v-

= þ(v ¡zt-xt^y)

and. k(v, zcxcl) = (" * V *

= ic(v¡ zsnx.s-gj

Let

e¡]d. l, (vrrrxrv) = (f
(4"25)

(+.26

a=1-vz(1+xy)

F=1-vz(1 -rV)

T=v2z(x-y)'
8=v2r(**y)?

Ttraen after some algebraie manipulation we find. that

equation (4.24) can be- written as

g(vrxrY, z)

¿ l-ttfl+ )l- .t (t+ l[t-t(t- 5 + Y v (xt ))

.. ß Lt-7t +u'(l-.'¿')1 - 4 { [, - u (t -\]l' ßU ft'v(¡t-fl1 + {V
(4"27)

Substltrrting fot as pe n(* ô ån (4"27) and' rearrarlging in

porvers of v v'Je find- tl¡aù



g(vn X:,y:¡z) s "1 +Ev+Fve+Glrs+H.u4

4 "33

(4,2e )

Here

A=-(1 +x)(l +y) 2z

B = (* * y)(1 - "w) - z(x + 1)(y + 1)(x + v - 2) + ze(1 xzv'

C=^z(x+y)(l -x2)(1 -yz) -n2(1 -xy)(1 x')(t *v'n)

E=-2(1 + z)

F = (l - ¡çaya:) * Zz(xz + y2 2) + z2(1 - xny')

G = -zz(1 + z)(l - *'zr-"2) + r(r; - y)nll + x¡' .u z(1 - ]T')i

+ z(:c + Jr)' i1 - :iv + z(n, + x;;) J

II= *ß -x2 -;,.È -Zxy-x'y")(1 :x2 -y2 + 2xy-- t,-ayr:)

(¿r"zt)

If we expand" *ut (h.fg) us5.ng rhe bí.nomial- t3:*¡ren"" iire

find. that the ecç,,îf-i.ci.ents o.f v anrl."i.rz aï"e girreri hy Gr

ancl G2 as in (t¡,.::O), rhis e;ts a:ì a,.:heck o.r r],iï'

formulaiion ar,rå ev'a-i.uation *f -r,he d.ifference

equat j"on"

We note that, i?ie solutío:. (q"::8) Lc, lhre C"i..ffeze;:ce

equation (4"21) i" a rationai fþnctíon in v from which

a neTv d.ifference equation can be derived.3z. We lvrite

(t + Ev + Fvz + Gvs + Hva)g(", *, "ys z) = 1 + Av + Bvz "i" Ctr'3

(l+'¡o)

arrd. r:se the expansion (4"22) ror g(v, x, ls z) 
"

Equating coeffietents ,:f vM ir¡ (¿+.:g) v¡e fi-nd.

GM n EGl,t _ .l o FGtt _ z u GGI¡ _, + HG* _ ¿+ = 0 M > ]1

(l+" 3'i )

Thtrs we see that, o'u.ï" original d.Ífference equation (4"2-l)o

whieh waË rompiíca'çed. because of the sign faet,or n + ntnp
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ean be red-u.ceci to ti:e d.if ference equation (¿+.5''l ).

vfe are interested. in the asymptotic value for la:"ge

&[ cf ti*(xo Vt z) which is givør by the eoeffiej"ent cf,

,rM tn the erçansion of (4.28). The critical equation

e"(xo Vs z) ,,= 0 wÍft give ttre eritlcal temperature

fc¡r a large number crf bond-s between cells' In the

followj_ng d.iseussion v¡e consid-er: only ihe case in

rrvhich all the bond. weights are equaJ-,

I -- -_,"\2( = f :-: 2,\::., =C.!/n

Tlre ratj,i-riiå,l fur;c-r,icn (4,28) ,:a;r be exparrd.ei-ri'å in te::ms

of the rÕotls ,:;f the d.enomi.nator' Suppose the

d.enominat¿.¡:' .ías ¿+ unequal too*= S, #, #, fr wi:os' ord-e::
Pl Pz Ps F'4

of magrrJ-h:úe .ls such +"hat

l#l <

fhen (i+"t3) c¿* be w:'itten in partial- fraetions a"'e

,\.1-.---*--W+.-i¿h+ålt:,2?)s(i¡r xJ - ï'T.ø*.-r * 1 * ijr.'o 
i" i -7.,v' j * P,,v' \?'

Expandlng "by the binomial theorem and sej-ecting the

eoefficient c¡f oM *" have frrom (\.zz)

e*(x) = rä, ar(x) ø{t"l (h.¡:)

"1where ffi 
are tlre root s of

j+Ev+Fva+GvG+Hva=O (4,¡4)

ALtennati-reJ-y B.,(:r) are the roots of the ebaraetenåsti¡r

equatior.r o:f 1l;iie ctÍfference eqüaticn (4.J1 ). Uså:ng

equati-c.o (4"32) v'ie firrd-

J:
í3 "+
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,\lim
cr* (x) ='L 'r¡ -t

(r -p v)(1+Av+Bv2+Cv3)
-L 1+Ev+ +Gvs+H
Fi

Fi" * Mi" + BP., + C

Fi (4^lz)npi" +-Ñli- 3GÊt + 4H( )

Ehe critical equation for d.etermining x = tanh pJ afJ;d

hence the critical temperatune is

M (4,$)ø1 (x) p (*)=o
1

The r,oo."* Éi(x) are lnd.epend-ent of M since they are iust

the reciprocals of the roots of (+.¡l+) which d.oes not

d.epend. on M" However, ttre solution to the critlcal

equation (fr"¡e ) w111 d.epend. on Me. say xo(M) n ID

princlple the quartic equation (4"54) can be solved. 1n

terms of the coefficients and. the roots Bt(x) d'etenmined'"

In practice the problem wouLd- be hand.led. best on a

computer.

There are several cases for which the equation

(l+,56) cculc give a cnitical tempera'ture.

(f ) If lBr(x) I > 1 for some i, then a necessary cond-ition

for (4"36) to have a solution is that

Mlt* ai(x) ç o
M

If this condition is not satisfied. the tern ai(x)BO(x)

will not be finlte,
(z) rr lpr(*)l = l and tBr(x)l < 1 for i = 2e 3, 4,

then for 3-arge M we must have ør(x) = O" From (40¡¡)

j¡/e see that this cond.lt ion is

¿r

ì)
i =1
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1+A+B+C=O
(¡) rf lBr(x) I < 1 for all i then equatlon (4,¡6) is

automatically satisfied. for' large M. Tlrere is possJ'bly

a range of x su.clr that lBr(x) I < 1 . Thls suggests that

there 6ou1d. be a range of eritical temperatures.

Fnom equation (3.2ø) we f ind. that the cnltlcal equatlon

for {f,¡e case 0 = þ = ø' is the Same aS thre -case we have

eonsid-ened.. lheother two critical equations

eorrespcnding tc 0 = Tc d = O and- 0 = Q, þ = n give the

sane eEration which can be found using the above method'

wf t,Tr a sign factor D - rllrÌ2r
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CIIAPTER 6

Co¡üPARTSON WrrII OTHER MODEf,,S.,

5.'t DombrE mod.el wi!.h geng::al s"

Dombz7 has suggested. a nod.el in which eaeh ceIl of the

lattice has c¡ne spin variable s whose z component sz takes

(Zs + 1) values -s, -s * 1, o.Ðt so The interaction

enerry between cells (spins) 1s d-efined as

Jsij=-F

where the division by S2 normalises ttre interaction energy i

the sense that the naxlmum and. minlmum lnteractlon

energies between cells are + J" The partition function

for such a mod.el is

Z= j exp [lrK ="i", jJ (5 "z)

(5.t )
"zL'ri,

I
t,szr -s

Here K = pT/4s? and. the pnoduet is taken o'veu' all nearest

nelghbour pairs of spins on the lattice.
In ord.er to tnansform the partition functi.on to a

conbinatorial pnoblem ttr.e exponential is expand-ed-

glving

erqp [¿+K sztsz¡l = o l-o 
qË ("rr"r¡)r (s"s)

fhe general term in this expansion ca¡ be interpreted' as

bond.s of nultiplicity r between the spins srt and' sri'

When the produet of such terms 1s taken as in (5"2) the

general term in (¿+f) 
tr will cont ain contributions fron

all possibLe conf igurations which can be drawn oiÌ a

l-atti-ee with 1bonC.s, Each conf iguratlon 1s represented-

by a product szlszj ..o srO with on'e szísz¡ fon eaeh bond-"
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In ar¡y configr:ratlon a vertex which 1s the meeting point of
ttarr lines Wi]l $ve flse on summation oven the values of

szi to a faetor
a (¡.4)Sziszi = -s

Let C, be tbre number of occurrences of a given configuration

with L bond.s on the lattice, and. suppose that the bond.s

of thê conflguratlon have nultiplicity dc þt Ys oo.o.

an{ the vertices have multÍplicity ar b, c, '.oco then

q + p + T + oo.ô" = å(a + b + g + ooooe ) ='' ]'

and. the partition function (5,2) becomes

S

Nr
' = tol'

I¿
+ u* (¿+K)

ct

L+ua ub

¿ tro t/O

Lug

Ug

q,T p'. Ti
oaco

ôoiãc
$ "n)

11

Slnce t, = O if a 1s od.d., oniy cor¡f igUrations all of whcse

Vertlces are even. contnibute. The Ct have been ealsul-ated-

for small- '¡a1ues of 1by Domb et al- for various l-attÍces.

In the case s = å the z eomponent takes two values

of spin sr, = tni = *å and- tbre equation (5"¡) red-uees t'c

exp(K ørø¡) = costr K + o'fo-, sinh K

qi
if a 1s even
if a is od.d."

This 1s equation (l .6) and. ti"re partition fi¡nction (5.2) in

this case gives rise to the problem of counting closed-

polygons on ihe lattlce with single bond.s between spins.

Thus it correspond.s to the nod.el d.escribed- 1n the

íntroduction wÍth one spin to each eel-l for which an exaet

soj-utiorr eaíì he f'ound. f or the square and. tria]1$lIaIl Ia*r,tiees

.a(sLnce 0-i = 
L

1



In the case s = 1

5"3

the z component takes three values

sz, = 1, Or -1 so tÏ:e product szLez¡ has values +1 , 0, -1 .

rhe egaatS. on ( ¡.¡) gives

explK "zisz¡] = 1 + i+K szrsz¡ + å(h¡c srrsu¡)n + .c.r

=- 1+ szisz¡ sin l+K + (ruitr¡)'("osh ¿+K - 1)

= 1+ szlszj 2 sir¡h 2K eosh 2K + ('rttr¡)"

2 sinhz2K (¡.e )

IVhen (5.6) i= substituted. in (S.l) the problem becomes

that of counting the nunber of occurrences of polygons

with an even nunrber of bond-s to each cqË that ean be

d.nalvn on the lattice wit}r both singLe and- d.ou'i¡le bond's

between cells. The sipgle bond's have a weight

2 sinlr 2K eosh 2K ar¡d- the d.ouble bond's a weight

2sinTrz2K.Fig.5.1s}rowsSomeoftheconfigurationswith
6 bond.s that can be d.rawn on a triangular lattlee.

Fig" 5"1
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An exact sol-ution to thls problem has not been found. bt¡t

the number of oceurrences of polyguns ruith a small number of

bond.s has been ealculated.o2v

This case can be conpared. vr¡1th the mod.el proposeå in

Chapter 2 wÍth tyro spins to each eelI" There the z

conponent of the spÍn has foun vaL.ues 1e Or Oe -1

eorresponiling to the .t1ur +-e -*r a¡'¡d. -- states af the ceil

respeçtivelyn W€ can try to obtain a J state mcrd.el þy

removing one state (Say +-) from tþe lattice. Hcwever the

invarianee of ihe states of the celt und.er totaL striin

revensal, relatlon (2"10)r means that the -+ state is also

removeq ar¡d. we return to tþe two state moflel as shov¡n in

section 2.1 . The equation (z.to) is a consequence of

making t¡e energr of intçraction betvireen ceils a qlr"ailratic

ftrnctlon of the spin variables, relation ç2.9) " fhus if

we are to remove only the +- state from tþe latticet then

we have to nelax the cond-ltion (2.9). Then the

interaction enerry between eells (2.5) vuill- invoive the

multiple polnt interactions a¡d. d.oes not gÍ-ve nise to a

comblnatorial problen whieh can be solvecl- by the Pfaffian

method-" It appears therefore that Ðombrs mod'el

correspond-s to our mod-eI with rmritip3-e polnt interactions-

The flrture stud.y of multlpJ-e point interactions nay throw

fgrther 11ght on the exact solution of Donbts mod.el-.

5.2 Greçnr-ç mod.el- wi,tþ f spi+'s to a CelI.

Gneen2s has consid.ered. a mc¡del similar to ours j-n which

there are f spin half variables to each ceIl cf the lattj'ce'

He suggests that the partltion f\rnction car:. be expressed- i¡r



terps of ttre generating function
Nr (r

)
=l

5"5

+ xrsj"j**)(t + xssj )R(xl t z"zt Xsr x+) = 2
sJ

S
J +![

(t t xzs¡s¡+m+1 + x4sj+1sj+m - xaxasJtj*1 "jo*sj+m+1 ) (5"7)

Ín all gases where the partition f\rnction ean be found

exaCtly. Such a generating functlon correspond.s to the

partition f\rnction of a lattice with one spin to eaeh

ce}l and. intenactions with the next nearest neighbour as

shown in Fig. 5.2o

Fig.5.2
The lattice is not a physical Islng lattiee since the

crossed. bond term 1s negative. Green strows how this

generating fhnction can be evaluated. by the Pfaffian nethod

giving an 8 x B d.eterminanto

The lattice carr also be solved. by trre method- d-eveloped'

in this work. lhe ce1I termlnals ar€ as ehonr¡' in

Fig' 5.3.

.1,
IJ

X¡

3 xz+x

)f r
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Sincq ttrere iç oR}y oFrç çpin to each cell then all the

weight façto::s are unity. Thus thÊ 8 x I d.eternirrant is

slvea by .( 3"6) as

o(.oorut9¡ = n"o

I¡,o,r'u

+2

3
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-l o ¡ I +)tr0
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u(rrr;4;o;kr) + -re4cos(e - þ) (t - "1) 
(t - "ã) 

(t - x€)

o(1-;1liz¡r'^) * +4xrxzxe cos O(1 - xZ)

l(ro;xf+;2;k*) + +4xr xzxa cos o(1 - )r€)

o(rrr; 14;3;kor) + +4xr xex+ cos o( 1 - *ã)

o(rrr; zL¡;J;k^) -r +l¡x"x"xu cos p(1 - "l)
o(rrr; in; jn;kr) = D(rrr; initp;k*) "

Summing these resul-ts givçs

c("io, "id) = (r + x?)(r + xE)? + x€)(l * *"^)

+ Bxrx"[xr(t - x'") + *r(l - "7)l
+ 2*r(1 - x'.)cos llt+xrxo - (t - xÊ)(l ' "Ðl
+ z*"(1 - x?)cps S[4x"x* - (t x1)(t - "Ðl

zxr(t -x?)(1 -"?l? -x!)cos(o+ø)

which as,ree" #Í:;":î::: ;l::" ¿:lï:: *r=, "uu,l;1.,
i0q=e c

Green gives several examples of iaitlces v;ith f spin to

a eel-l-o He shror¡¡s in the examples coll.s1d-ered- that f - 1

cf tJ:.e spiris can be summed- over a31d- the partltion fi¡nctíon

erq)ressed- in terms of the generating function (¡.2) .

Green consld.ers the Yamamoto lattlee for which t'Ïre enerry of

interactlon (2.11) i"

E = -? l.Jl' ni"nr*1, - úla.irri+n+1, * ¡f,r" nrrti+n, *t'o?rrntr!
i"2

15.11)

The pantitlon furrction is
z = const.S 

l( 
1 + xl'nrrrr*r, ) (r * 4i*trircinnnl" )

(r o *LJrrri*rrn)', ,,(l * d= ot--ro) (5.12)

Greenrs method is co ehange the factors (f * *åiløirøí+rr*1n)
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r config¡lrations of a ce1] by a vector utrich can polnt' in any

one of r s¡rmn,etrieally plaeed. d.lreetions. Fig. 5"4 shows the

vector representation for r = 2t 5 and' 4.

{=3 +--+,
t=a

Fig. 5 "l+

Potts assulnes that the energy cf intêraetion between two

neighbouring cells is pnoportlonai- to the scalar product of

tt¡e veetors representing the states of tÏ¡e celi-s. The mcd'el

d.oes not correspond. to a higher value af spin l1ke the mcd'el-

of Domb, trut eorrespond.s to t'}re mod-eIs sugges,ted in ti:is

work ariù by Green in which the States cf the eell represent

physlea"L states rather than eieetror¿ie spin'

The ease oú¡ two states to each cell coffespond's to

usua}Squarelsing].attleewit,krlnteractionenergies

-J between Parallel veetors

+.T between antiparal-Ie1 veetorso

Tþe transition point of the lattíce is given by

xo 2Yå- e'=(t +^t2)
X1

wlrere xs = oxp Ke = exp(p'f) and' x1 = exp -J( = exp -Fû"

Fortheeaser¡fthreestatestoeacheelltherearetwo
d.ifferent energl"= of interaction

+
I

I
ï

-l 
-.--->
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Jo between paralJ.ei veetors

Ji between vectors aùe 12Oo,

Potts shows that tTre transltion point of the lattice 1n thls

case i-s given by
x
+=1+^[34l

where xo = €xp(-plr) and. x., = êxp(-B¡' ). live b,ave seen in

section 5.1 that oun mod.el cannot be red-uced. frorn a 4 state

to a 3 state mod.et without relaxing the cond.itlon that the

energy of intenaction is a quadratic expression in the spin

vqriables. The interaction enengr tþen involves multiple

point interactions and. the Pfaffian method. ls not applieable.

For the case of for¡r states to each ceIl the interaetion

energie s æe

-J betweerl Paral]e1 vectors

J between ar-¡tiBarallel veetors

O between perpend.icular vectors.

Petts shows that the transition temperature of the lattiee

for this case is

5=.%=3+,{B (¡.r¿+)-xt

where xo = ex-p K = exp(B.f) and. x., = exP(-,it)= exp(-BJ)"

Our mod.el for f = 2 has ttre four states ++, +'-¡ -+t and' --'

Therefore ou:r mod,el wilr corresponiL to that of Potts if we

choose

E++r++ = Et-¡*- = E-*¡-i = E--t-- = -J
Etr,-- =+ E--¡t* = E*-o-+ = E-4 gi- = J (5.tb)
E++e+- = Ef*o-* = E--rt- = E--r:* = O

E+-r++ = E-#s** = E*-r-- = E-ir-- =' O
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bond.s must be d.ecorated. j-n a period"ic maTl.ner so tf¡at the

bond.s of the known Lattice are nod-ifled- in a regular ïvay.

In this work we have extend.ed. the known solutions to

lattices wlth a perÍod.ic structu:¡è of bond. weights and.

herrce we have extend_ed. ttre range of application of the

d.ecoratj-gn transformation" For example t*tre p a¡rti tlon

f\rnctlon for a triang¡r}a.f lattice d.econated. as shown 1n

Fig. 5.6 can be e¡q)regsed. in terms of the partltion

funetion whose d.eterminant is (4.¡) for¡-nd- in seetion l+,'N

by uslng ( 5 .17) .

ß,Kt

KK

K

1(

K

ñ

K

Iro

Kq

Kto

l{q

K

K

ì\

K

dLr^"r^rf^r{ b"r'*r'l^'r*a'ü'*
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Fig. 5.6
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In the stan-trianelá'ithé--éentre qpln is coupled. to

th¡ree cells with one spin half varlable as shown in
Fig. 5,7.

Sr sr

K, I
R 2 K")<_

(¡ Kr

S3 Sr 53 s.

Fig. 5,7

Again Flsher shows that the states of the d.ecorating

qysten can be surmed. over given a factor f whieh 1s a

functi on of .the bond. energies K.' , Kz' and. Ks. Pt"ovid'ed-

the staies of the ilecoratlng system are invariant ur¡d.er

s

K

K3/,,

I

[+
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total gpin reversal the partitlon function of the d.ecorated.

(stanred.) tattice carr be expnessed. in terms of the known

lattice.
N^

trt"o(K) = f ù 
ltrowr, (r')

where N, is the nunber of star-vertices' Since we have

extend.ed. the class of tniangular lattices which "ut bu

solved. exactly" the class of l-attices which can be

dçrlved. by the star-tniangle transfonnation has been

extend.ed.. For example the hexagonal lattice with a d.oubl-e

period- shown 1n FÍg.5.8 gives rlse to the lattice shourn

in Flg. ZJ(a) uncler the star triangLe transformationn

h*

'nl

lKt

..K*

.<

I
Kg

-Kï

K7

Tç

-Kç

I

l

-Ko -K

tK,

;<

I

K

KJ

I

t,

Ki

I
/Kt

I
IG-K*-ßs

tfrt

{*

tKo

/Kt

l

,

l(

¿

.tí '{,

t(,

'..Kt

Kr

Kc
-&

Fig.5.8
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Fisher remarks that transformations where the centre

Þpin 1s attached. to 4 or mor€ spins involve corrsid.erabl-e

restrictions on the d.ecoratlng systen and. arre l1ke1y to be

of llttle interest. However, the method used. by Gneepzs

for tþe Yamam.oto lattice, whlch was d.iscussed. 1n seetion

5.2¡ corresBond.s to lhe case of a centre spin attached. to

¿+ spins as shown 1n Flg. 5.9,

Fig.5"9
Green sumq over the toSl spin of the cell redtcing the

partition function to that of the Lattice shown in
Fig. !.2 with a negat{ve crossed. bond. term. Green¡s

paper shows that the nod.ification of the bond. weights

in thls transformation is very invoLved..

lhen Fisher shqws how the partition function f o:r a

vqriety of l-attÍces cær be d.erived. from the partition
function of a know¡r lattice by a series of {ecorating and.

star-tr:iarÌgle trarlsfofmationso In Fisherr s paper the

a
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d.ecorations will all be similar since the known lattice must

have slmllar bond. weigþts. As we have extend.ed. the class

ofknouinlatticestothosevrhosebond.weightshavea
perlod.ic planar structure, then we have extend-ed. Fisherr s

d.erlved l-attices to those which have a perlod-ic d'ecoratecl-

structure.Flsherconsid.ersthecaseoflslnglattices
which ar"e d.ecorated. with spins of arbit?ary magnltud'e S as

shown in Fig. 5.1Oo

x

\
X XS

s: )
2

x
,/\

Fig.5.1O

tsy surunipC Qver the spi-ns of magnituile S ttris red'uces to a

tniangular lattiCe" Our eXtenslon to the class of known

lattices enabl-es the pa::titlon fhnctlon of a lattlce

d.ecorated. with alternate spins s.| and. s2 to be'found- as

shown 1n Flg. 5"11.



Ã .4ìq,

x s

o S.

x

s=t

x

Fig' 5 '-11

By *rmming oyer both 51 and' S" the partition

ft¡nction of the lattlce can be expresseil in tenms of the

lattice slrown in Fig. 2.3("). Althçugh our methoil cloes

not solve Fisherr s d.ecorateil lattices clirect1y, iM

tnansforrned. lattiees can be solveil by c¡'rr rrrethod' and our

class of exact solutlons extencls the range of d.eaorated-

lattices wi-th exact solutions.

Fisher also consid,ers the trd.iced.tt lattice (¡r:.s

Fig, ¡(a) ) which can be d-erived' f ron the triangulan

lattlce by a triangle-star, a d.ecorating, a star-triangle,

and. a dual transfornatLon" The lattice is shown in

Fig" 5.12.

0
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" 
Fig" 5"12

The nunber of d.ifferent, bond.s on the lattice can only

be ine reased. by the d.econating transformation as strown in
Fig. 5.5o Thus the partition f\¡nction of tTre rtd.iced.tt

Lattiee wf th 6 d.ifferent bond. weigþts ean be expressed. in
terms qf the partition function of thre known tniangular

lattiee witn. 3 d.ifferent bond. weigþts.

z al"
cLiced,

Z- n N- - .n Z--kagome - -decorated. Hexagonal '- -hexagonal ^
z.-triangular

The t'diÇed.tl lattice can be classified. accord.ing to tl¡e

convention given in section 2.J. The eell- stnrcture of the

lattlce is shown 1n Fig. 5.13,
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It can be seçn that 1t þelonþs to the (3, 2, 1¡ 1, 2) çlass

of lattices. The bon4 weights xû and. xtt refer to the x

bond. of the orlginal triangular,laitice whieh has been

d.oub1eCl during the d.ecoration process. ït can be seen that

Fisherçs d.erived. lattices belong to oul3 class of rmrltiple

state lattices. If we put xrtt = 1 then the lattice
becomes a (2, 2, 1, 1, 1) lattice Tvhich 1s not as general

as ou.r (2, 3t 1, 1, 1) lattlces. In both the

(5, 2, 1¡ 1, 2) and. th e (20 2, 1, 1r 1) lattices of Fishen

ttre rlght t¡anil sid.e spifrs- aacl be strmmed. over giving a

2 state rnoclel, since aItr the bond.s from the night hand.
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spins eonne"ct ío left hanÖ spins only 1n neigþbouring

cy-t'.lis" I'Ísher,rs d.eeorations have tJre effect of prod.ucing

a rnult,i-p3e state cel1 with mult1pIe bond-s between ceì-l-st

bt:r'u the ,Lecoration is always int:roduceil in such a way tirat

oïì sr:nn:.ation over the states of the d-ecorating spins the

lattj.r:e reü.u"e es to a known lattice. HoÏveverr Ïve have

seen in cempari,ng our mod-e] to that of G::eenrs, the çins of

ÇìJi- rnùãt generat lattice ca¡.not be Su¡runed. Qver d.ue to the

r':..:;:i1,¡ i'rr1',i¡'s,1;, l"ike spins in neighbouring cell-s. ÏVe see

tliat "-'*t,:,.0 l.a+ji,:;:es are more general than those of Fisher

tega:;-Se r*r,ì"1:., iar-,-¡iCeg eannot be expressed- in tefms bf the

l*trc;n'a ? srate l-attiees whereas Fisherr s carto

ln a i'ecejlt paper Fisheral consj-d-ers vertices

(Ce.i.r-s) ,¡hri.rh luive an a:'bj-tnary rr'¿'¡ber of external bond.s

E ,J:)r';nçeted t,i.¡ ther¿o H€ sfrows tirat a terminai -lat.*"j-ce

e?n ì:Je í,r:ilîis'bi"r¿Cted- a.t eacJr vertex sucTr l}rat each spin

h.â=q r.tn.:,.1-i! J h':nd.s eÐnrreCted" to it" There is then a One

t,, ç-(re ijorrespond.enee between ai-r poiygons un tÏi.e

origåna] latiice and- öimers on the termlnaI. lattice.

He shCIlvs how the partitlon functi-on for the orlginal

iattice ean be obtained. from the terminal lattÌce

by c'oa.Ieseirrg spins, Sueh a mod-eL correspond-s to

that -$låggested in this thesis a¡d. the d.eterminant G"e)

eor:.Iå be I'ound by this method. wittr the help of Kasteleynrgrz

:;::j-e;::¿t,at,i,ril t,l:¡.êtlrem" However, the evaluation of the

å.sú*+:r,:.inar:s in terms of the weight factors is best d.o:-re

b,,y r-:r:tt;g tire e'i,nsistent ccnd-itions of Hrrrstre.
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CHAPTER 6,

wtusroNr
The mod.el consid.ered. in this rn¡ork gave r"ise to a n-€w

cl-ass of exactly soluble Ising lattices which incl-ud.es

practically all pr€viously solved- lattlceso A cl-osed-

expression has been found- for bottr tkre partitlon fbnetior:¡'

and. the critlcal- temperature for the lattices consiflerecl.

Due to thre cornplexiþr of the algebra a l-imited. number of

lattiees ha*re been solved. exaetly, bulg 'th¿e metÏ¡sd of

solution 1s 1n princlple stralgþtforward.' It is hoped-

that the mod.el can be adapted to conslder the question of

rmrlti.ple phase transitionso

The charaçteri sü1c feature of the mod.el- is that the

extension of the usual mod.el to a muItiple state mod-el gave

rise to l-attlces with multiple bond.s between ce11s. One

ean consid.er tTre lattlce as a 2 state mod-el Ï/it'h a variety

of s1ngle bond.s between spins or as a multlple state mod.eI

with mult1p1e bond.s between celLs. tr'rom the manner in

wÌ:1eh tfie mod.eI was formulated., one carr see the eond-itions

whlch have been applied. to ttLe interaction energy betvtreen

the states of neighbourlng cell-s. It 1s hoped- that these

cond.itions can be relaxed. and. that eitl:en exact or

apprÐximate solutlons to the prüblem of rmrltiple point

interactions can be fourd"u

In partieular the case of 4 point interactions is of
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consid.enabLe interest. TVe have seen that the mod-el of

Potts d-oes not contaln a l+ point interactiqn although there

are 4 states to each celln Oun mod.el can be mad.e to haVe

a þ point intenaction as welL as the qlrad.:ratic tenms by art

appropriate choice cf tire terms interaetlon energi-es between

the states of nei8þþsr¿rJ,ng cells" In this case the

conbÍnatorrial problem has Sing]e bond.s between cells a¡fl a

4 pqint bord.o the Latttqe eeÏI polynornÍal 1s not

faetsrizabl-e for this ease and. the ¡nesh.;ü OevelopeÖ ln chaptel"

J d.oes not ÐpIJI. However, it is hoped t'hat an a¡lproximate

treatment ean be found. using this nethod..
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APPENDIX A

PFAFFIANS.

A Pfaffian of ord-er 2N can be d.efined in terms of

antls¡¡mmetric quantity Cij = -aj, where ie j are the pairs

selecteil frrom the set [1 , 2e o.ce zNJ . The d-efinitlon is

*{ci¡l= \ci¡l
= å 

(-r )F ci1 jr círi, ' c ' t'*t'*

where the sun¡nation is over all the per-rrutations of the

integers (1 , 2t .e or 2N) zuch that

i1 <

i" . ir (a11 r) (¿.t )

and. P 1s the parity of the permutatlon to aruange ttrre

integens 1l ir iziz o.. itq¡l,i in numerical ord'er

11 2r..e , 2N. The Pfafflan of ord.er,l+ is wrltten as

\ct , cre cr *
c". aro

C.o

- t': 
| "c.o - 

cl.c.o + ct acrs- vl2-34 - -13-24 ' -14-z

An inportant property of a Pfafflan and. one often

used. to clefine it is that the Pfaffian is the square

root of the correspondlng antisyn¡netric d.eterninar¡t

where the integers are fnee to range over the set

[1 , 2, ..., zNJ

\rrjr'= rcijt (l.z)

AS a consequence many of the theoreæfon d.etermina¡'ts ean

be rnod.ified. to apply to Pfaffians. A Pfaffian can be

expand.ed. by the elements of a row and. cclunn in terms of
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submatrix of ord-er 2m whose rows arrd' columns form an

antisymmetric matrixn Tl/ê seLect the smallest integen k

zuctr that bot,l. Ckk, and- CUrk are present in the

d.eterninant. lo every row of the d'eterminant othe:r t'T¡' .î

the kr th we ad.d. a constant multiPle øn of the k¡ row so

as to nake all the eLements of the fth colurur zerQ

except Ckt k

ii .; ôip op ctoil

c-
'oK

cLkt

'ij " i aip on ct<' j .3 Ðpj ÉPF'u'

= 
lt', 

. i ôip on cro'¡ * 
3 

ôP j ÉP cikn

since Ckrk, = O. To flnd' þp *" reaulre Cfln

lCl .l = lC-r.J

tåo = Cpk * op cktk = o

a

=O

a a op

Then to eveny column of the ileterninant other than the kr Ïr¡e

aêd. a constant mu1-ti¡l1-e pn of the kr column so as to nake

all the element s of t¡re tcth tlow zero except Ckk'

rl3

rÇ n
ij

i.€. lC n l=ij

+ U ôio oo Cktkt
p

cpp
J

ôp= lC:- + ãIJ 
B

ik

rl

ton * Én crx'

þp= þ

jc. .
r.Jc1t.

1J

Thus

+ c ikl

= O, i.ê.



\ tuo' coj cix

Cx, J Cik,

1J

A"¿t

The d-etermi-nant is
eol-umn giving

\tou' c." c.K]- KJ

ck'i ct<' j
t̂J" .

LJ

As a ctreck we note that C[, = CIX = 0'

expand-ed. by the kth row and. then the kth

'l
ckkt

2 - (2m + r - 2)tD=¡cljr =cr<k, 
t'l c*rc¡r¡ci¡'l (¿.e)

TVe note the antisynuretric su.bmaÈrix of the original d.eter-

minant forms an antisymmetric submatrix (or ord"er 2(m - 1 ) )

of the new d.eterminant for
all\ncir,l" = \crt., t*å

ckt k

= \coo' ckku

ckok" -tu¿o'

-cuLu"

c_
lr-zK

c On- ,-¡
2 ^'àL

Çl*rxl

-cr.ån

^ll-v.- II\2k2

Tþerefore the red,uetion prÐcess can be continrred. until all
the antis¡nnrnetrlc part of the original d.eterrnlnant has been

removed.
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S

We consid.er only the case when a e [10 2e ceoe hJ as

the other posslbiiÍties can be treated. by the same method..

From section 2.3 I'h:e associated- terninal of a is

ar = g * h - a + 1" We wish to show i + i8 * â = k + kr

ar¡l there are three cases to consid-er.

(t) If i € [1 , 2e coc, hJ then ir = g + h - i + 1.

For i < a the permutation of aat iit to numerical

ord-er iaai ir is evenr while for i > a the

permutation aat iir to numerical ord-er alit at is

again even. Thus Q = O and. we have

i + if + Q = I * h + 1' When the inclices have

been reord.ered- then k e [10 2e ..cr h - 1i and-

¡t = (e - t) + (tr - 1) - k + 1. Thus

k+kt =Bth-l ='i+1r +Q (mod.2)'

(Z) If i e lft * 1, .e .r dJ then Ít = I t 2h + d- - i + 1

and. the permrtation aar j.il to numericai erd-er

aiar ir is od.d., (Q = t ). Now

k e [h - 'l , or.r h + d' - 1J and.

kr = (g - 1) + z(rr - 1) + d- - k + 1 so again

1+ 1r + Q = g + d = k + kr (mod 2)"

ß) rf i € lrt * d. + 1r ...¡ BJ then

it = I * 2h + 2d. + v - i + 1 and- the permutatlon

aatiit to numerical ord.er aiaei* 1s od-d-, (Q = t).
since k e [n + d., o.., g - 1J and"

kt = (e - 1) + 2(x - 1) + 2d' + v - k + 1 then

i + ic i Q = g + v = k + kr (rnod- 2).
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APPE}üDTX C

ON OF D I :"

TVe lj.st in this aopend.ix the operations and. -bhei:: sign

factors for 'uhe selection of the eoefficient

D(ln; lpi in; ko,) froin the eq-riå-t,iori (S.e¡, where atl the

C, - are positive and- the sign on the bond. weights atr;ve
IJ t 

* :! .c , .rs

and. belov¿ the d-iagona]- are (-)= + io and- (-r)i + i' + 1

respecti'rel¡r. Frcm equatioa (z,tt) lvhie:h rel-ates the

term14a1s and. their associa-r,eå terminals we have

Sign(j- + it) = Sig:'ifg + h + i i"f 'l < i < h
le + o. -t-'î j"f h < å < lr. + d"

Ln*'î¿¡1 íf h+å<:.<g

The d.eterminani can be represenied. as

,/ (-r): - iî
,/

h
d

v
h
d

v l-(-1 )
I

l- "rY
where the bond. weights al'e l-ccated- on cire d-iagcna-;-* Shöiirri.

(r) seleetion of llrrJ (n = n1 4 îa * ûe) wåth di = 2.

TIie select n' bond.s from the set h above the d-íagonal-

coruespond.ing to At , ) e ., tr., and- n, bond-s from the set h

below the d.iagonal coruespond-ing to It u ao.e torr, "

Associated. with each seiee-bi-on is a sign from the t'c:.¿å

weigþt arrd a slgn f:rom the pcsiticn in the d"e-r"errnínanf'.

Due to th,e d-iagonal. structure cf the sets [h3 r [*3 , ["i we

can aS.lvays assurne that the n.î chosen are tl:.e n"* w-'Li,h bi::.e

iewest rclv index" Thus'the sigË] factcr associated. with

the selecticn of q fr"on'r ihe set [it] above the d,iagr:nal is
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the slgn factor on selecting q1 frr¡m the set [¡t - ttt J be]-ow

the d.lagonal is

$lgn = er(g + h) + (s - n - p + h - n., + 1) + o...o

+ (e - n - p + h - n1 Q.r + ''l + 1)

= et (e + h) * Lq,r(ze - 2n - 2p + 2J- - Znt + 3 - qr )

: Lq,tß - zn - zp - Znt - et ),
Sinilarly for the selectlon of [;nr] and- [iqui we ha",re

sien = Lq"ß - 2n - 2p - 2n, - ez) + åo.sß - 2n- 2p- Zrta q

Ihus the tctal slgri change orr seLeciing out the lipi and-

liqi Íç
IV = åpi(1 - pr) + Lpr? - pz) * åp"(t - pe) + åqt(1 qr)

+ Lq.U - e-z) + åq."(r te) + n(p + q.) + n1 (p, + q-r)

+ nz(pz + q.z) + na(ps + eg) * q. + pq (c.z

The form of the d.eterninant now is
m+p m+'q"

h-
d.-
v-
h-
d-
\r-

rl1

TLz

fro

nt
n2

n3

-Pt
-Pz
-Pg
-Qr
-ez
- 9_e

l
)"

çL-n-p
=ß"þÇ"

¡'i--¡-ai

=InfP

AJ.l the remainlng bond.s which occur d-1agonal1y as sÏ¡.cwn are

now mad.e zero so that the d.eterrninant has only the pclsitlve

elements C! -o¿J

3) Selection of [krJ with ei = O.

this selectlon correspond.s to the choice of C*X, and- can be

done in the saine wa5¡ as [1rr] , except the ne i s no si8rt

factor d.ue to the bond. weights" However, ther"e is a sigrl

factor associateil- r¡¿1tir the seleetion of Ckok from bel-ow the
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Q = [j'J

q * tjl

p = [i'J

(4) A term in the red.uced oeter¡ninant can be for:nd- by

expand.ing d.own the prlnciple d.lagonal. The coruespond.ing

term 1n the Pfaffian is given by expanding along the

d.iágonal show¡r.

p ]ii

Thus the sigrr factor 1s T =(l * q. - l)'r(pr rtl (c.4)

(¡) Combining üre roTr ind.iees [i, it J and the

column ind.ices Ii, it J in numerica] o::d-er'. The

operations and, sigrt factors for this task at'e l-isted. beiow,

jir i¡r -r jiit jt

Sign=p2=po

iilri' - [ ln' ] [in., J I iq"J Iin"J I inuJ I ip"] ti;., ] t i;, j tíå"1

tiä,1 [tå"] [iå"J "

Sign = pr (82 + as) + pees + ar lpe + ps] + eaps

= pq + prer * pzÛz + peQe

we now consid.er ttre sets Iier J [in., i a¡rd tiå]tiä., J" Each

set t I is separately in numerical ord.er and. oue to the

nel-ations (2"1,Ð the number of lnterchanges to br-irrg



c.7

linrJlfprJ to numerica]- ord'er is r'he same as the number

to bring ttå, liiå' I to numerlcal ord.er' Thus no further

sign ctranges result 
"

Q=P+pq+PrQr tPzSz tPcSe (c'5)

(6)SlnceD(i,i'j,k)isa-quad-ra.[icexpression

in the weight factor and. þ occurs in bcth lveight ta::t'crs,

then the slgn factcr resulting from bringing the lers

to numeri cal ord.er is

z \r=o (c.g)

where V is ihe sigx io rearrange E, 1n numerical ord"e1".

thus no sign factor is necessafy for this rearrangemerrt.

(z) The slgn factor for eo¡ribining the numerical-

set [kz*J and- the numerical set lir i, it n i'l intc

numqrical ord.er can be found- as ln (¡) abc¡Yeo

[kr, ] ¡k*"i [kme3 ¡kår 3 tkå"i [u,fi.i Iiq.., J Iip, J o " o ' t,t;å- 3 iiå^i

-' ¡k*'' J Iin.' J lip.' i ...oIt;., ] [iå., j lkå., ]

whlch is the same as numericai or<i-er becar:.se of (a"t+¡ 
"

Y = (pt .t q.r)(mr + Znz + Znu) + 'rp* + q¿,)(;r " Êf + 2'=,,)

+ (p" + q-e)(mr t nz + m") + (p, + qr)(mr * ne + *u)

+ (p, + q.,z)(*" + n") + (p" + qa)nz

= (p, + q.r)(mz + mu) + (p" + q.z)(mr + m") + (p" + qu)(m1+u

(c "t)
(B) tr'ina115', tve need- to shor¡¿ that the sign faciçn

on rearranging the set [8, i, i, iu, io i in numericai

ord-er is the saÍÞ as that on arrallging the sets [k, as b]

and. lhr [., bJt J in numerica]- order. V[e assuae

1 < âp b ( h for símpI1city, bui the method' applies t'c
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any selection.

E, a, b .+ ¡k ., Ju¡ [kmz 3 [kms 3 ¡kår ] [kå, ] [kå" ]

sig-r = Z(ry + 2m, + 2m3).

k, [*, bJ' -t [k*., lIinr, ip.' i" [k rJIiq.rJ[tn"J
bra'Ij'JIj'J[kå"]

ip', ]" d.enotes that âr b are absent.

a er 2) (mr + 2m, + z*u)

+ (p, 'r. q.e) (nr * ßz + 2*u) + .. e ..

-\¡

îhe sign factor to arrange [X- ìab in numerical ord-er ist mo'

where I in., ,

Sign = (pt

compensated. for by

nunerlcal- order sc.

If we combirç

tlæ relationships

h='ol +pr +

d.=IÌ¿ +þz +

Y=nstPst
B=n+p+q

then we obtain the sign factcr" fon D(1; i; i; k) given

1n equation (3.18> and- (5.18¡t.

the sign factor to arrange Jorar ín

the d.esired. result fo]-l-Qtr'rs.

the equations (c"t ) to (c.7) anc- use

Qt t ltr
o^+m^1¿A

8a * ûle

+m
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APFENDIX D

1he sig.r of the Pfaffian (3"22) after seleeting out the
d.t q.- q *

bond.s *i' , 4" , . o o, xuË for whlch di = 1 is the prod'uci

of the sign factor (-)i * it of the bond- weighto and-

the stgn facto:: (-)i * i + 1 correspond.ing to its position

in the Pfafflan" We shâ1I list the operations and-

thein assocíat'ed sign factors fon the expansion of the

Pfafflan by the method. of seetlon 3"3.

(f ) Selectlon of i1 ..o tr'' from f,he set [1r 2e ...e hJ .

He:re1+1r=grh+1
sign =:'l; ::: i'..nt1 i i.,,n...:'."".."

r (1 + g - n + 1 + h - n.' + 1 + 1)

- nr(g + h + 1) + bt (g + 4e + l+n - znr)

- rr1

In fird.ing tlie posltj-on of the bond weJ-gþt in the

Pfaffian one must remember to remove all the rows

ard. colurnns containing the ind-ices and- the

assoclated. ind.lces of the previously selecteit

bond. weights"

(z) Selection of tr' + 1 o" i such thatrll t frz

h<i<htd.
Here i + ir = I t d. + 1 (rnod. 2).

Sign = rþ(e * d. + 1) + (n - t.¡ + 1 + I - nr + h - n.,

+ d. + 1) + .oo.. + (n - tt + ''l È g - 11r - !12

+ 1 + Ïr - n, + d - n2 + 1 + 1)

= rllfre * frz (mod- 2)
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ß) SeleetioR of ir, r 
'e 

+ 1 .o. ir, *"1 tTìat

h+d.<í<g.
Ilere i + ir = I '¡. v + 1 (moa ZJ.

sisr = 
:;:*-.J : ;'-*,,'tn*-u"l l"u*-o" .ir'**.:...
* (ft - rr + d- Rz + 1 + g - rrr - ttz - n" + 1

r h - n1 + d. - n, * v - rÌs + I + 1)

= niDe * neîg f os

Thus the total- sigr factor on selecting i1 @.e io is
at-q = tI + nr4e * IÞne * olrì3 (o.t)
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