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SUMMARY

A stud.y is r¡ad-e of e. one-d-inensional systen of id-enticrl
porticl-es in rvhich the forces between neighbours ore nonl-inear.
rd-entical- springs connect o.d-jaoent particles, which each hcve
an effective clianeter d.. The end. tv¡o particles, heId. fixed- lt
a d.istance L e.part, behave 1il<e ri6id- war-1s. A eollision
occurs betvueen any tlto ad.jacent particles lvhen they cone into
contact lvith their centres a d.i st&nce d. apart; otherr,¡,¡ise the
force of interaction between the tv,¡o parti_cl_es is linear. Syr-r-
netric notion, which is d-efined. rerative to the centre of the
systen, is shown to be d-estroyed- in these nonlineer systens,
while antisynrietry is conservei[. An efficient nethod. for
corrying out the nunerical- cornputatíons on the nod.eI is d-eve1-
oped.r and. the question of the numeriool error i-s d-iscussei[.

f f the system were J_ine ar, the energy Ei in the i-th
nornar node would. be a constant of the notlon. However, l_n the
nonrineB,r systen E:_ is constant onry between collisions, having
a fini'te iump d.isconti-nuíty at each coll-ision. Expressions for
the oouplin6 an<l energy sharing between the aod.es at a. colLision
are d.erived. exactly. rt is show'h that ener8y is shared amon¡;st
alL the nod.es, irrespective of v,¡hether or not the systenn is set
in notion in cne particular mode. Hoïrever, the rate of energy
sharin6 j-s f ound. to b e d.epend.ent on the initial c ond.itions o

Partitionin6 of the totaL energy a.nongst the d.egrees of freed.or,r
is d-emonstrated. by numericar c on.¡:utetion of the tine everû,ge
<Ei> of the energy in each mode.
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An ec¿uation of state, and ¿rn expression f or the energy

of the systen es a.f unction ol' thernod.ynanic v¿riable s, ney be

sinply derived" via st¡.cistical rrrecJ-ranics by the use of a.n iso-
baric grand lar-tition functiorL. iiiücs the energy is olways
known, expEcted- ve.fues forthe te:--rirera,iure and- pressure of any

system nay be c oni;utecl . These provide o oheck f or tlre nuineric¿r.1

values of tliosc,variables arísing froni-hhe conl:utatioirs. The

estirnates for the pressure and- the temperature are d.erived frore
the forces acting on the end. particles, which are heltl- fixed.t
and- from the total kinetic energyr rêspec'bively. FLuctuations
in these estir¡ates are conputed- j-n ord-er to d-emonstrate that
the system tend.s toward-s a state of equilibrium. The behaviour
of the velocity autocorrelation function is also d.iscussecl.

The evid-ence provid-ed by this investigation stronßfy
sugßests that these nonl-j-near systens are ergodic. It is con-
cÌuded. thot this mod.el- shoul-d. be useful in providin6 nunerical
verification of other resufts i-n statistical nechanics. Some

suggestions for further investigation are offered..
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CT{APTER 1

T NTRODUCTT ON

1.1 Ierui, Pasta, and- Ulanls Conputations

Consid-ere"bIe interest has been sholvn in the surprising
results obtained. by Ferrni, Pasta, and. Ulam It ] who carried out
nunerical conputations on & one-d-inensional nonlínear systen
and- founcl, rather unexpectedly, very 1itt1e tend.ency toward-s
equipartition of ener6y aìlongst the l-inear nornal nod.es. They

consid.ered- an as serebly of point particles c oupled. by f orces
which I¡rere linear except f or sna]l nonli:near terns. The inter-
action potential- betlr'een two adjaoent particles a d-istanoe r
apart t/ras assuned. to be of the forr¡

É(") ( )

w-here a and- y are constants, and. ó, (r) l" a perturbation tern
v'¡hich gives rise to snall nonlirLear forces. In the cases
stud-ied- th ese f orces yüere quad-ratic, cubic, or broken ì-inear.

If there are N + 2 particles *, and x. is the d-ísplace-
nent of the i-th particle fron its equitíbriun position, then
the equations of notion for the quod.ratíc case Are given by

Lv G-")' + ö, T

l[ (*i+r
(i=

---(1.'t)

"t-', )" I
--- ( 1 .z)

aa
x.

L
(*r*., 2xr+ *i-t )

tZx. )L.
( x

a

1r..rN),
,Ê

Sone authors choose N + Z particles while others choose
N + 1t lead.ing to confusi-on in the l-iterature. In this thesls
vì¡e choose N + 2 parti_cl-es urith the encl two held_ fixed-, in rvhích
oase there are N d_egrees of freed.om.
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tocether rlith the b ound-ary cond.itions *o = *N*1 = 0. I ís a

ronstan-b lrhich trs.s chosen so that the nonlinear tern çvas alltays
srirall compared. wíth the l-inear t ern.

.Ihe results of one of the co nrputations carried. out by

FPU for the s.:¡sten of er¡ua.tíons (e) 
""e ilfustrated. in Fig. O.

Tthen the systelil liúts started. fron rest with all the enerfy in
the first linear nod.e, for exan.ole, ener"sy \ÀIas sharerl anongst

onÌy the first fevr nodes in an alurost period.j-c nanner. ¿Lfter

sorÌe tirne the s¡yster.r returned. ver]¡ clos e to the inÍtial con-

f,iguration, r-rith nearly__ all the enar¡.:/ in the first node. The

qualitative features of these results !rere typiccl of the three
flifferent types of sJ¡stens studietl. ItIo exl:Ianation was liven
by FPU for the appa,ren-i;1eok of er3od.icity in these nonlinear
systens. It ür¿ts conj ectured tho,t q'rasÍ-states nay exíst in
certain systens l,rhich are ap¡: roxir::.tely nonlineer. Hor'rever,

n&ny physicists (and oth ers ) have þeen pLLzzled. b¡r the f ail-ure
of these s¡/stens to show the aitproach to equilibriun which is
nornally exrre cted. of such nonlínear sitstens.

t¡ 2 nE l-anation Forcl

trn explanatJ-on oi' the ob servctions
provid-ed- by Ford- lZ), rvho inve>sti¡;ated the
Kryloff and. Bo.goliuboff serie s s olution to
the linear systen d.ef ined. by (Z) rvith tr =

freguenoies ,i are given by

Ford- shou¡ed- that apprecj-able enerßy sharing
nonlinear systens only if there is internal
the frequenciet ,i, Í.e. only if there is a

of the forn

nad.e. by FPU has been

¡;'eneral forn of thc
the Egs. (z). For

Or the n,trnal mode

ür.: = z sin[]iTr/ (x+t )l (i-
l-

1r.,rN), ---(1.1)

cân ocour
resononce
d.ependence

in the
enonßst

r elati on

¿'J. = OI

N
\-\ n./tl-l

i=1

---(1 .'+)
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f or sone nonzero colleotf on of inte3err [.rl, ïfhen N + 1 ts ¿r

prine or a povver of t¡¡o the ri given by (l) are linearly inrr-e-
pend.ent on the inteí3ers, Thus Ford- concl-ud.ed. that the systerns
stud-ied- by FPU could. not exhibit appreciabre energy sharinq ¡ âs
the only cases consi-d_ered. viiere for N + 1 equal to a power of
two. This arqument is only valid. in the oase of very v,¡eak

oouÐIine in whi-ch ì. .n 0. The actuaf val-ues of ì, used by FpU
were as large as 1, in which case Ford- suggested- that the con;
d.ition (+) shoul-d- be replaced. by an approxiniate cond-j-tion.
îhis cond.iti-on for ener8y sharing, v¡hich was d-erived_ by Ford.
and. Waters t¡] in a aore recent paper, is

I ---('t .5)
i-=1

N

riri 5 ì,.

l¡Ihen N is suff iciently Iarge,
approximation becomes poorer
further explains the results
f rorn zeîo one v,¡ould. exp ect
higher and hígher rrod.es.

The Eqs. (Z) may be

uz /..2 us/3 ¡rr, where the
read-s to

û.1 1 ê'

as one

obtained. by FPU.

e ne rgyappreciabl-e

transformed. i.nto the form

the right. This
As tr is increa.sed.

sharing omongst

N
aa
o. + ti.2 o-

l_
T I Ajre¡øu (i

j rk-1

1¡..rN),
--- ( 1 ,6)

vrhere tho Ajt aqe d-etermi-nable oonstants. The Qi are the nornal
coord.inates in the ]inear systern, and. are obtained. from the
coord-inateu *i by a simpte Linear transformation. TtIigner-
Brillouin perturbation theory lyas used. by Ford. and. Tùaters to
provid.e a solution (to ord.er À2 ) f or the particular case when
N = 2. The cond-ition (S) resulted. from generalization of the
necessary conditions for energy sharing in this sirnpÌe system,
Exact sorutions to (0 ) were obtained. f or systeras of N = 2¡ jr5,
and. 15 partioles. The object was to show that, although there
is little energy sharing when the frequencie" ri are gi-ven by
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(l) (when N + 1 is a prime or a power of 2), resonancè occurs
if the frequencies are chosen such that 

"i = 2i/N. Although
this vras certainly d.enonstrated., it should. have been pointed,
out that the criterj-on (¡) is not o sufficient cond.ition for
resonance. This is shown by the results for the c&se IrI = 5.
The ri gÍ-ven by (l) then satisfy u1 + o5 @5 = O, yet there
1rÐs no resonance evid.ent in the correspond.ing computations.

L*2 Ergod.i cit and E uilibr m

Ford. and- T[aters suggested_ that if er4od.icity is neces-
sary for an approach to equilibrium, then the weakly nonline¿r
systems of the type investi,3at ed. by FPU sh ould- b e aband-oned.
However they rvere rel-uctant to believe that these systerns d.o

not exhibit an approach to eguilibrium, and. therefore offcred.
the alternative sugßestion that ergod.icity nay not be a neces-
sary prereguisj-te for equilibrium. îhere is evid.cnce that nany
physically interesting systens ore not ergod-ic. A conseguence
of the conjecture is that an anarytic solution of the approaoh
to equiJ-Í-briurn should. be nore read.ily obtainable.

In support of this, Ford. a.nd. ltatcrs shor"¡ed many simil-
aríties between their nonlínear resonant systerns and- linear
systems, They used the perturbation theory to shov¡ the exist-
ence of stable normal rnod.es in the nonl-inear resonant systerns,
and. also found. an anal-ytic constant of the notion d.ifferent
fron the total energy. Although these systens lrere nonergod.ic,
equipartition of energy anìonßst the linear nodes (in the time
average ) r,oos apÌlarent in sone of th e re sonant systemsl The
partial success of thc perturbatíon sohenes in provid.ing an
analysis of these systems 1ed. ther,i to b clieve that the problerns
of irreversibrc syster¡s are on the verge of solution.

Jackson t+] gave a rìore conprehensive account of the
question of. ergod-icity by a d-iscussion of the existence of
constants of thc notion. He conclud-ed. that only linited. inforn-
ation about er6od.icity can be obtained. fror: a stud-y of construc-
ting constant s of a particuJ.ar f orr,i, ond- that tlre satisf aotion
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of (+) rl¡oul-d. be unlikcly to play any role in thertcoarse-groined.rr
ergod.icity of systens with any f inite h.

In his ps.pcr Jackson aLso d-eveloped_ a d.ifferent pertur;
bation theory rvhich r,vos later [ ¡ ] applicd- to th c systcns of the
typc stud.ied. by FPU, o.nd. Ford- ¡.ncl lïatcrs. The analysis rras then
conpared- vvith resul-ts obtained- f'ror.r conputer solutions of' thc
equations of notion. lÏhilc agrccing that Ford-r s observetion is
truc in the cese of v¡eel< coulli-n5, Jackson sh or,¿cd. that ?rthc non-
ergod.i-c behaviour of thcse systens d-oes not rcsult si-irp1y fron
the inconnensurability of thc uncoupred. frcquencicr Iril, but
also fro¡a the particular forn of nod-c interaction and- the
initial- cond-itions uscd- in alL the calcufations, both of r,¡hich
aff ect the c ouplecl f rcquency spectrun f Qi l. . .. . A thcoretical
exanino.tion of the d.cpe nd-ence of the c ouDled- f requencieu Iai I
on thc initial cond-itions shoivs that thc ergod-ic behaviour vri11,
in gencraL, bc strongry d.epend-ent on the initiar conditions..rl

To illustrate thesc renarks, Jeckson comparcd- tirc rccur-
rerlcc tinc tr (acfinea ¡Ìs thc tj-nc requircd- for thc ncar-
recurrcncc of the initierl- cond.itions ) ¿utcrniined- f ron thc
theorctical- and. c onputcr sol-utiofl.s ¡ It 'wos f ouncl that therc
rvas wid"e d-isagrcencnt bet'rreen thc thcorctical cncl conputed-
values f or r., f or the FPU results r,lhen l-ovr ord.er theory wos
used-. Tlle concl-usion \,ras that the Fpu ccses arc not in the
linit of lveak coupling and. a higher orcler ernalysis is necessary.
Jacksont s highcr ord.er anaÌysis, r,l¡hich Ìvas only valid. f or
I S '85t shoivecr- very good. agreencnt with the conputer solutions
for varues of r up to .75, and for N - j and. B. îhe energy
curvcs obtained by FPu f or N - j1 o.nd. l, = f oo""e al-so pred.icted
nuch nore a.ccurately than by trord_rs anal"ysis. Although there
Iv¿ls an increase in the anount of energy exchanged. betv,¡een the
i.lod-es as À r?a.s increasecl,, thc recurrence tincr ttr d.ecreosed..
This featurc v¡ourd- not preclud.e thc possibility of an crgod-ic
behaviour except thcLt in thesc systens cncrßy is transnitted. to
the higher r,rod.es onry vi¿ the interired-iary ones, índ.epenclcntly
of the forn of the nonlinearity. To renove this property,
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Jackson introd-uced. inpcrfections iirto the systen by having d_if-
ferent couprinq constantu tri bctween pairs of partÍcles, A1-
thoug;h there Ti¡írs consid-erably nore enerqy sharing in these new
systcì,rsr a pcriod-ic bchaviour rr¡.s stirr appcrent so they could-
not be d.cscribed. as ergod-ic.

1.1+ A Differen t Nonlineor l¡lod_ 1e

It is not intend-ed to pursue further the investigations
on thc nonline&r systens of the typu introd.uced by Fpu. Hov,r-

everr ê.s a contribution to the stucly of the behaviour of ncn-
l-ineer systens, this thesis [6] er.rboclÍcs an investi4ation into
the cnergy sharinl3 and. equitibriun propertie s of a d-if f erent
nod-e1. L one-d-inensi-onal assenbly of particles is consid-ererl
in whj-ch nonlinearity is introd-uc ed- by assuning thot collisions
occur between ad-jacent particles v,¡hich each ha,ve an effective
d-iar-rcter d. Thc ad-vantoges of the nod-el ere that the conput-
ations are f acilitated- because thc sys,cen b ehaves linearly
betl¡een col-l-isions, nonlinear effects ce,n be nad.e srial-1 or
l-arge nercly by altering the neo.n cnergy per cì-egree of freed.on
of the systen, ancL thc rno<lel_ has physical real_isn.

Considerabl-e effort has becn clevoted- to the developnent
of a"n cff icient and- accurate nethod f or th e nunerical conputa-
tions¡ and- to the conservatÍon of conputer storagc space to
avoid-'che use of nagnetic te,pes, or otrrer backín..; stora¡3e.
Bef ore beconinr; involve d- in the ¡rather-ra'¡ical d-etail- a.nd- d.i scus-
sion in the next fow chapters it shouJ-cl be notecl that the r,rod-el-

is essen-bia]Iy very sinple. The basic infornation to be d.eter-
nined- is:

1. the notion of the systein, d.eterr-rined fron rinear
equations which e.re used. to coiirpute the particle
position and. velocity coord.inates at each coll-ision,
and the tines at which these occur;

2. the energi-es in the finear r,rod-es, which are evaluated-
frgn the knor,,rn positions and. verocities after each
c o11i si on;
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3. the nean terirperature, obtained. fron the s,verage
kinetic energy of the systen;

4-. the Llean pressure, derived- fron the avers,ge f orces
aoting on the fixed- end partioles.

Subsid-iary conputations are carried. out at suitabte j-ntervals
of tine to obtain estinates for ttre fluctuations in the -benÞer-

ature and- the pressure, and the ve1 ocity autocorrelo.tion func-
ti on,
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THE I'i0DEt

2.1 Def initi on of the ltf od.eI

By the one-d-imensional mod.el is meant a system of N + 2

particles, each of mass Ivi and, effective d-ianeter d., constrained-
to move on a" straight l-ine. 'rhe end particlesr hel-d- fixed. at a

d-istance t apart, behave like rígid. walls. Ther e aîe theref ore
N d-egrees of freed.om in the mod.el. If the particles are equally
spaced, the d.istance between an ad.jacent pair is L, where

(m+t )¿ L. ---( z.t)

It is supposed- that ad-jacent particles are connected
other by id-entical springs of spring c onstant y and.

length a - cL.

The force of i-nteraction between two að_jacent
with centres a d_istance r apart, is

v (r-a) ,

to each

natural

a Linear function of r, Nonlinearity is introd-uoed. into the
systern by supposin6 that ad.jacent partíc1es suffer elastic
coll-isíons when they meet, 1.]neir centres then being a d.istance
d. apart. The system is thus a conservative one, v,¡ith a poten-
tial- energy of lnteraction gi_ven by

l=

=OO r ( d.,

particl es o

--- ( 2.2)

É(")

É(")and. þo + LyG-ù" r > iL, --- ( z, i)
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studl.iect have a mean .nergy/partlcle glven

10.

r ---)

cl with centerg r apart,
E-d.. The systetna
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0
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FïßURE 1 . The potentlal É (r) = Ço+ty("-" )t ,th""" lo - -*y.64-")t



A graph of this function is
tial energy is taken to be

spaced., then ø(¿) = O, ancl

l- Dr111m

of the

11.

in Fig. 1. If the Poten-
the particles are equaÌIY

sk etche ¿1.

zeto when

þo ây (¿-r)' , ---( z.'3e)

If the d-isplacement of the í-th particle from its equil-
position i" *i aL tirne tr'chen the eq ations of notlon
system, between coll-isions, are

M y(*i_+1-2x' + *i-t) 0, -__ ( 2,L)

= 0 for all t.
1 and- j when

bo und.ary cond-iti ons r

inequali-ty signs

aa
x.

a

together vuith the bound-ary cond-itions xe = *N+1

A ool-l-ision occurs between particles j -
any of t he equali-ties

d = o (¡ 1,2r..¡Nç1 ) ---(2.S)

i s satisf i ed., where
The equality signs
betv'¡een c oJ-lisions,

h av e mad.e

(l)oo
use of the

repl¿oed. by

coll-isions

ï'I e

in àTe

ire. between

*j *j-t + a - d. > o (¡ = 1r2t.,¡N+1).---(2.6)

rrihen a collision occurs, the positions of the irarticles are
unaltered., but there is a d-iscontinuity in at least.one of the
v.elocities. For a co]-lision between particles j - 1 and. J at
tirne t, the vefocities of the collicl-ing particles immed.íatel-y
af ter the col-l-ision are d.etermíned- accord.ing to the scheme !

Ìß

It vril-l- b e
(l ,z¡.. ¡N),

assumed.'r;hat the range of the suffices í antl j Ís
except where another range is specJ-fi-ed., or the

context ind.icates a d.iff erent interpretation.

**
the

Referenoe to equations in the same chapter
ohapter number assocíated. v'rith the numb er

wi]-l not includ.e
of the equation.



coll-ision índ-ex j
,l

2¡... ¡N

N+1

X1

X2

velocity

í., (t+)

x.
J

*N

ìr_, (t+ )

(t+)

(r+)

changes

= i' (t-)
= ir(t-)
= i. , (t-)

J-l

= i*(t-).

12.

---( 2.7)

---( 2.9)

a

The col-Iísion ind.ices j = 1 and- j = N+1 correspond" to collisions
on the left and right wa1ls, resoeotively. A1I other collisions
are internal. The equatíons (¿-) together with the conditions
( 6 ) and. (l) c ompl et e1y d-ef in e the nroti on of t he as s embly of
p articl e s.

Z:.?-Jþq:l{e.!,4-eg.e*,i-c=el-gel,,t!i"er
Equation (+) mey be rewritten, in matrix notation, in

the form

x ---(2.8)

where å is the position vector at any instant, and- $ is the
posj-tive definite matrix givenr r€spectively, by

+ R x = 0,
NNÞ

, andR=ffi

2

0

a

0

-1

2

_rl

0

-1
2

0

0

-1

aa o0

The vector
The

the form

00

ord.er N; 3
of (e) may

-1 2-1
0-1 2

x a

a

x

a a

aaN

fron which it f ol1ows tho.t

Sctt R

oford.erNxN.
wri-tten down immediately in

J i" of
s o luti on

is
be

J(t) = COS Rt
J 1

si.n[rz(t-to ) ]ë(to ),(t-to ) Jg(t" ) + R

1

2 sin[-R.
'1

(t-t")l¡(to)* cog f¡åCt-ro ) J5(t, ).
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îhese last two equations nay be wrítten together 1n the form

g(t )

¿, (t)

gr (t)

¿,(t)

rx(to )¡(t-t. ,[iì;";_],

g(t-t", [i

¡3. (t) A, (t)-
[,ì;; ;; i;;J'

't1
B-2"i"(Bzt ),

ê' (t),

- 3 3. (t).

--- ( z.t o)

---(z.tt)

--- ( 2,1 2a)

---(z.tzr)

---( 2.i2c)

---( 2.tt+)

¡s(t)¡
[t*r-j

(t' )

(to )l
where

and.

The transf orma-bion (t O ) is the exaot solution of the
s.ystem, provid-ed- that no collisions have occurred in the time
ínterval (tort), i-.e. tire system is 1ínear throughout the inter-
val. If a coll-isíon ocours between r¡articles j 1 and- j a't

time z, the changes in the vel-ocities given by (l) may be

represented. in matrix notation by

5('* ) = I (t ) r(t- ). ---(2.1 3)

3(r) is obtained from the unit matrix fr of ord.er N x N, by
reversing the sign of the unit element in the first or last rov¡

if i = 1 or N + 1, Tespecti-velyn and- by ínterchanging rolrs j - 1

and- j if 1 < j < N + 1. îhus, rvhen there aye colLisions, the
position and velocity vectors at any -birne t are

r*(t)-' r-x o ,.-I o ,-x(t.)--
L*, r )-J 

= 3 
( t -t 

"'L; 3 cì 
"l-jå( 

t,,-t,'-1 ) "'L- 
r (;, )Jå( 

*' -t' )L; 
i -, ;J

saXr virhere the ooJ.Lisions have occurred. at times ti(i =1e,.rrr)n



The transf'ormati-on
nonl j-near s¡¡ st em.

theír d.erivatives
yalues at time tor
í ne d..,

2..1 Svmmetrv
-.-.-J..6.fü 

y.+¡- 
". 

i..,
a nd. Ant i svmm

Let ï be the orthoE5onal
reversing the ord-er of the rows
N x N, i.ê.

00 aa

rl

01
10

1 l+.

(t +) is -bhe basis f o r oomputations on the
From it the values of the X coord.inates and.

at any time t may be obtained from thej-r
provided. that the co]-lisions can be d-eterm-

matrix which
in the unit

i s obt aine d.

matrix ï of
d

by

ord. er

K

1

0

a

0

1

a
t

aa 00
and- l-"t S be the partitioned matríx of order 2N x 2N

commutes with a matrix
centrosymmetric, i.e.

c c

--- ( 2.j 5)

--- ( 2.1 6)

of the s am e ord.er if and.

element s r,vhich satisfy

--- ( 2.17)

), for aLl t.
the matrÍces
by the same

0

The

only
matrix
ifc

c

has

K

AS

iri N+1 -ir N+1 -j'
The proof of this theorem ís triviaL since, if Urr, is the
Kronecker d-elta functíon, K., ! E ô^r., r...a r J r\+'t ,l_+ J

i\s R is a centrosymmetric matrix, the partitioned bl- ocks
of ,n,(t ), which are given by (l Z) t àre al so c entrosymmetríc and
each commutes with K. Hence Q cornmutes vrith
It foll-ows from grou'o retrresentation theory t
3(t ) are reducible, the red.ucti-on bei-ng ef f ected
similarlty transformation which red.uc.r,g to d.iagonal forn.

Symmetric and- antisymmetric position and- v elocity coord--
inates may b e d-ef ined. by the orthogonal- transf ormatíon

a(t
hat



,(t)
or(t)

L
!2

0

K

0

ï

KO
OI
TO
0-K

I
o

K

o

15.

e ach
to

--- ( 2.i B)

v elocity coord.-
For convenience

where y, represents the symnetric posj_tion and
inates, and I¿,S the antisymnetric coord_j.nates.
we ohoose N to be even, in v'¡hich case ys urd 

I.+s
N-d-imensional- vectors, and the partitioned_ bfocks
of ord-er å}[ " ån. 3 i" the reguired. matrix which
d-iagonal- f orm, i.e.

are each

of P are
red.uces a

r

0
PQP'

-TP A(t-to )p,l -
NÈdI LJ

---( 2.19)

--- ( z.zo)

---( 2.21)

t
Thus, ín the ner\¡ coord.inate system d-ef ined- b.y (t g), the trans-
fornation (tO) becomes

rÏI l,(t)
or(t)

,(to)
or(t")

,

wher" : å(t ):' may b e repre s ented- in the f orn

red.ucti on
is more

g g(t)g'
rAr t (t)l-LO

o
I

A", (t)

Equations (zo)
that symnetry
syst em. The

cated., but it
sÍven in (zt)

lïe nov¡

The matrices
so that g(t)
the form

and (zl) demonstrate
and. antj-symmetry are

t he w ell- knov,¡n pr op erty
co nserved- in the li-near
is more cornplete than ind-i-

to leave it in the form
of

useful-
r(t ) by

here
P

a

j-nvestigate what happens
(ti) in (t+) do not, in
nd- Q do not commute. If

nonlineall system.
commute with K,

is partitioned in

in the
general,r

a PBPI

PBP' t lI':
Bzr

3t"

P",
t



the noncommutativity of .Ð and_

rBr r -Btz--,

L;,, _;")

of ord-er }-w "
and- only if "verr), then the

- 1 and- j
co 1l i ding

16.

at time t
particles

^g 
impl.ie s

r B:t/ l-
L-n, .,

B,t z

'Bz z _l
a

Ït may therefore be d.ed-uced- that the rnatrices g(t) &re irreduc-
ible in general, i. e. symmetry and. antisymrnetry are not con-
served. together. Furthermore, as energy is conserved- in the
nonlinear system, conservation of symmetry together with non-
conservation of antisymmetry (o" vice v"rsa) is also impossible.

Ihere is one exception to these observations. I[hen the
nonlinear system is completely antisymmetric initially, co1lis-
ions always ocour in conjugate pairs. rnd,eed. if particl-es
i - 1 and- i coflid.e at time ti, then so arso d.o partj-c1es
N + 1 - j and N + 2 - j. For this pair of col_Iisions at ti,
J(tr) is cen-brosymrnetric. The rnatri-x p(t) f or àny t then com-
mutes with Q, so that È is red-ucible. Antisymmetry i-s therefgre
conserved- in this special case. This conservation of antis/¡re
metry is unstable because a smalI ad-mixture of symmetric motions
vrilL grad-uaIly force collisions to occur other than in conjugate
pairs.

lvhen the system is initiarly symmetric, it is simple to
shol¡ that the symmetry ís d-estroyed ir,rmed.iately a collisi_on
occurs. ff r/Te write

a
z. = Q - Z.t

J- l-

z

v'¡here I ancl K are each
system is symmetríc if

åm (x

\r- åu+t ¡," ¡N) ---( 2.22)

Ïlhen a col-l-ision occurs betr,r¡een particles j
(assume ¡ t åw), then the velocities of the
are Ínt erchanged., and, w e have
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2 ,_, lt-) ,-, (t-)

,(t-)

, 
(t- )

(t- )

i**r-, (t - )
o

o,

a, r(t-)
a
x

a ai, _, {t* )

*N*1 -j

*m+2-j

(t-) 0,

(t-),

ir(t*) - ^j-1 i**, -, (t- ) '
a

and 2r-rlt*)= -ir(t*) /o.
syiametry has obviously been d.estroyed-. rt is even simpler t o

show that symmetry is also d.estroyed_ when j = 1 or N + 1, and
the cases for 1 < j < å¡l are analagous to the above.

To sum upr synmetry and, antisymmetry are each conserved-
1n the linear system (no col-lisions). In the nonlinear system
neither symmetry nor antisymmetry is conserved., except in the
special case when the system is cornpletely antisymmetric. 'tr'Ile

shal-l- usually avoid. this special case when choosing the initial
conditions for numerical computations on the mod-ef¡ although we

shal-l investi6ate some cases in vrhich the initial cond-itions are
only slightly perturbed. from complete anti-symmetry in ord.er to
observe the instability of the antisymmetric motion.
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OHAPTER 3

TT{E NUMERTCAI NIETHOD OF COMPUTAîION

3.1 The General- Method.

Suppose that a col-l-ision has occurrecl at time tn, ancl

that *(trr) an¿ i(trr*) r"" the position and vetocity vectors
immed-iately af ter th e collision. Af ter a subsequent time i-nter-
val- h, 'che position and- vel-ocity vector s can be found_ f rom

t
)-l

)J

(x t +hn rX
g(r. )l iLx

--- ( 3,1)

---( 3.2)

(t )

)i ( t rr*it (

n

nt .l

This iteration is then repeated_, the m + 1-st iteration being
gíven by

r-X

L;
[t. * (m+t )n]r r-xrr' l- ¡(n)l -
I trr* (m+r )rr ]J - ' Li

(tr,+mir)

( t rr+mtr )
a

After each iteration the inequalitie s (2.6) are tested.
Ïf no inequality is viol-ated- further iterations are perforrned.
until one of the j-nequalities¡ saÍ the j-th, is not satisfied.,
thís ind.icates that a col-lision between partÍ-c1es j 1 and- j
has occurred. in the prevíous time in,çerval_ h. This proced.ure
establíshes the tíme t.+1 of the next collision to within h;
in fact, if the first inequality to be unsatisfied- is found.
af ter the n + 1-st iteratj_on, a f j_rst estimate of tr+1 is
taken as

tI+
n+ 1 n + mh.



The correspond.ing estimates of the positi_on
vector s immed.iat ely b ef ore this collision ar e

n+1
(trr+mrr),

19.

and. vel- ooíty

of
tim e

---( 3.5)

x

a

x

t

t

n+1

( x

o
xn+

)

and-

and.

+'"n+1 t.
o[(ôt)-]
of the
th en

where At
p o1 ati on.
time t

n+1

( ,') (trr+mtr).

To enable a more accur,ate estimate of tr*1 to be mad.e,

K matríces l(nr) (i = 112r..¡K) r"e evaluated, rvhere h1 is some

convenient starting ínterval, and_ hi*1 = p-1hr, ! being an
ì-nteger greater than one. rf *i + 1 iterati-ons have been com-
puted. vr¡ith ,1,(ir, ), then an estimate of tr*1 ís

Ltr\'-tr*i = trr*L*tntt --'(s.l)
i=1

o<t
n+1

A final estimate of tr*1 is obtained. by making use
the knov'¡n vafues of the position and. velocity vectors at

It < h_-.
n+ -l Jl ---( 3,1+)

ff hf is sufficiently snral1, an extrapol_ation to
by Nev¡tonr s metho will- establish tr+1 to the accuracy

c omput er. The f inal estimat e of the co llision ti-me i s

,+ tt+1 + at 
'

is the small- time correcbion established_ by the extra-
The values of the position and_ velocity vectors at

are computed- by extrapolation from the values at time
t a

1n+
Having d-etermined. the time tr*1 and. the values

position and. velocity vectors immed.iat eIy bef ore the
the velocities of the collid-ing particles are al-tered.
to the scheme (z"l) to d.etermine the velooity vector
immed-iately after the coll-ision. The l¡hole process i

of the
col-1i si on,

accord.ing
,?(trr*, + )

s then



repeated. to d-etermine the tíme of the next
The elements of the matrices

d-etermined- fron Eqs. (Z.ll) ana (z.l
uation of these ma

mations for sin (t
an expression for

To

For the numerical eval-
r.

2

ni)(

)

c o1l-i si on, and-

(i = 1rpt..rK)

20.

SO OTI¡

are

+ 'l el enent s o

sati sf¡¡ Q) ,

trioes using economized" polynomial approxi-
zt) and. "o"(.ãt), it is necessary to d-etermine
the elements of R"n for positive integers r.

3,2 An Expression for the Elements of Rr

Consid-er t he matrix

-(u/v)&, ---( 3.6)

wher" 3 is given by Eq. (2,9). $r ís a band matrix, of order
N x lfn with nonzero efements on the principal d-i-agonal and- the
trvo ad-jacent d.iagonals. The nonzero elements in any rorv, are
given by the three ooefficients ín the binomial expansion of
('l -x) r rvith the exception that there are only tr,vo elements in
each of the first and. last rows, In general, the nonzero e1e-
ments in any rovr of Rr r are given by the 2r + 1 coefficients in
the binonial expansion of (l -*)2' . This cond.ition is var-j-d f or
all el-ements for which the rovr and. col-umn suffices i and- jr
respeotivelXr satisfy the inequalitl_es

r < i + j < Z(t'I+t) ---( 1,7)

R

The first r and- the last
Furthermore, the efements
í.e.

fewer than 2r
and j do not

r rorvs have

f or vrhich i

i + j < r, or i + i > e(u+t) T, ---(1.8)

are not the appropríate binomiel coefficients, but a combination
of two or three of these coefficients. This propert¡r is d_ue to
rrenil eff eotsrr ín the matrix multiplicati on.

I['e nolv make the hypothesis that the ef ements of Rr ", f or
r ) O, are given by the expressíon
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where ô
L,

and.

ït is also assumed. that

s=O

'the Kronecker d-e1ta functi on,

m= i + j¡

mt = z(n+t ) Ill ¡

(t. g)

---( j.1o)

---( 3.11)

þ i, ,l()-(:) -(.:-,)l'

---( 3,12)

ït follor,vs that rlrhen i and. j satisfy one of the inequalities in
(g) there is a c,orrection to be made to the appropriate binomial-
ooefficíent, and that when both inequalities hold-, whích can
only occur when N < T, there are tlvo oorrections.

The proof of (g) is by ind.uction. The hypothesis is
obviously true for r = 1, f or an.y vaLid N. Assume the result
hold.s for the general oase Ín which r = rlr Then for t = n + 1

N

l-*r j

t2r.
I )=o fork(o.
\ r</

In+

k=l s=0

X ôk, j+1

The propertie s

n+i+k-2N- ianrk+ s

2n 'ì

)

( 2ô +ô ) ---( 3.13)

--- ( 3 .1t+)

ktJ k'i-1 a

ô. .=KrJx
k

urrj,ô.ark

and.

ô irk-m ô i+mr k ---( 1.15)



f o11or,r inmed.iately f rom the definition of th e

function. It may also be shown that

('ï)=(")+,(:) .(:-).
\

The l-ast relation
(lz) is imposed-.

the result
N2n

is valid. f or
using (r +),

int egers s

(t z) 
" and-

22"

Kronecker d-elta

---( 3.16)

if the c ond.i-ti on

(l 6) in succ es sion,
all

(r¡),

)-, LI ()
ì
J

(-)" Ò ô -2õ +ôi+nrk+s k¡ i+1 ktJ( k,j-1
k=1 s=O

'¡'¡here ¡n and m/
-bhe cond-iti on

2

-)"
!+2
\(l-
s-O

( ô
2n+

ê

,)
i+n+1rj+s

may be d.erived-. .ê, similar analysis of the remaining contribut-
ions in (ll) yíe1d.s the requj-red- resutt (g), with r repraoed by
n + 1. the initial hypothesis i-s then Ðroved- by ind-uction.
ITote that the proof is ind.epend.ent of N.

The required. expression f or the el-ement s of Rr is now
obtained- d.irectly f rom (6 ) and- (g) in the f orm 

æ

2r
U/t¡)

r
¡c-,".1(
s=O

are given by (tO) and- (f f ), respectivety, and
(lz) is imposeil.

The EvaLuation o fA (Ð

2rf t 2r.,. z 2r \l
, )-("-') -("-', )-lu'*r, j+ s' --- (t't t)

a

If approximations to the functions cos 0 and. sÍn 0 can be
reÐresented. by the economized. polynomi als

n

cos,€ c o .0
2r lel Lo, ---(1.18)

T=O

I oz**t u2t+t I u I

,?v

and-

sin0e

T,=O

1,, ---( 3.19)



of d.egree 2n and_ 2n + 1, respectivel¡rr then

n

)

1-r
r-0

Dr -2r+1¡Ll¿.

23.

ranS e ,
to

---( 3.21 a)

---( 3.21b)

if N is
and.

Sinc e

I
2

ïr
i-
)

/-J
r-O

,2y
T'tcos (R r) c^ Rr

2Te

and
'I'z J

sin(aãt )R c 2r+1

The ranße of valid-ity of

Itl <

these last trn¡o approximations is
tt1
-L-(., /tr\-V
Ír\y/m) 

., ___( 3.2O)

1 ...i-rr unl_ t s
+

if we choose (v/a)-L as the unit of time. For t in this
the par-bitioned- blocks of ¿(t) in Eos. (z,rz) u"e given,
ord-er rr, by

n

g.' (t) t'
LJ 2r

-r .2rxt,c

0T=
n

3, (t) \'zr*t 3" t2'*1 ,

and. ¿r(t) = -a¿n(t). ___(3.21c)

The etements of t(t) are evaruated. from (tl) and (zr¡
using the coeffÍcients in (te¡ and lll). Holvever the structure
or ¡'(t ) makes possible a consid.erab].e red-uction in the number

of elenen'Gs requiring eval-uation. It is evid-ent that the ele-
ments in the i-th rorv or e1 (t ), f or example, are synmetric about
the i-th el- ement i n that ïoï1Í, i, e.

r-0

I n, (*) I = [3, C*l-l ,r J'rt*u L- -iri-k
providing the corumn subscrípts are var-id.. fn general,
suffioiently large, i may be chosen so that both n > n
rn/ > n are satisfied- for every erement in the i-th rorr.



2+,

to satisfying1<
the

't¡¡i th
each

r olv

iin
zeto

i < N and., in (Zl), O < r ( n, this amounts
cond.ition

n<i(N+1 fl¡

thls range, the second. and.

for alI r (r = 1r2r..rrr).
third. terms in (ll) are
the elenents in the i-th

[*' t*'],

where

The variab
unit (v /vt)

TV'hen i < n

For such elements
appropriate value
obtained. from

where m

are th en

ïn
n-ththe

are then

(tl) and (zt a) ,
n

Â7ô

2"\ zr
)"2, z 

'T-m/

of ¿., (t)
n

2r
(r< Or1r..en)¡

---( 3.22), i+k
T=0

Z=
1

2 --- ( J.23)0 /t¡) t.

z is then â measure of the tíme in terms of the

)-(

t')
v-k/

there are el-ement " [3, (t ) ]i . f or vrhich m ( r]¡.

a correction must be subtracted. from the
d-eríved. f rom (ZZ) . The corrections, which are

(-)k ,2r,

1e
1-z

a

c = (-)* I(m

[3' (t ) ]i
which m'

r-0
is d.efined.

. Eiven
¡ a+m
< n when

tm/'

ord-er to comput e each of
ord-er it is apparent that

B 1k

This term is just the element
Consi-d-eration of the cases for
n shov¡s that the c orrection t erms

the Nz elements of ¿r (t) to
onlythen+1 quantities

by
by

i>

(ro).
(zz).
N+ 1

= (-)k
-! D-.

L[_)"r" u2' (r< =o,1 ,..,n)---(3.2t)
r=0

The "2, are the coefficj-ents in the n-th
to cos 0 given by (tg), and z is d.efinetl by
zero for k ) Dr every element of ,qr (t) ruy

ne ed.

ord.er
(zt) ,

b e eval-uat ed-.

approximation
Sinc e B 1k r_g



now be expressed. in the form

[¡,, (t)] r.J B

and-

Bzr. = (-)k 0/r)-å Ë ä 
o2,+1u

r=O

2r+1 (r =_11 ,r..;:rî),

,2"*'(u=or1r..rn¡1 ),
---( 3'zB)

B
1m

2r+2

t+1 -

B

2r+1

c

t

zD.

---( 3,25)

ev al-uat e d-

,and. whi ch

g" (t) ancl

1k m1

wh ere

k = l i-¡1, ---( 3,26)

m and n' are given by (tO) and- (ff ), respectively, and. t is
restricted. to the range given by (eO).

The el-enents of the other blocks of .t(t) may be
f rom expre s sions which are anar-ogous to (za) and. (zt) ,
are d.erived. in the same rÍay . Ind-eed-, the element s of
¿s (t ) ""e 

f ound to the n-th ord-er f rom

n

B (-)k*'Q/*)å t.
l--1,,3k

I=O

1,1+ The Extra¡olati-on Pr oc ed-ur e

respectively. Note that Btt and. BZU. are each the
fron the k-tir ord-er up to the n-th ord-er, aniL are
the k-th ord.er, vrhil " B .,l, is of' the (t<-t Ist
Hence the (i, j )-tfr el-ements of each of ,\r a

L-th ord.er¡ and. the c orrespond_ing elements
(t-t )-st order (t > O), where k is d-efined-

the time t-- ^'gÌvenn+1
satisfied.. However,
time ar*r, then at t

r I'
x, (tr*r ) *j-t

by (l) , al-L th e i- ne qualití e s

if the particles j - 1 and- j

or d-e r

sum of terms
therefore of
if k > 0.

a.Te of the
are of the

d = n > 0,
---( 3.29)

range 1 < j < N+1,
t ._

n+1 t a zerOt'h

nd-

of
by 26).

Ã2

T
(

5

At
(2.6) are
co1lid-e at

where

Since
or d.er

n+1

(t ) +
1n+

n<<
the velocity coorclinates are known at t
estimate of At in (¡) is
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the next ord-er, At is
polynomial

26^

). ---( j.jo)

sme.Il-est positíve root of
^t

n/(i a

-x j-1

theTo

the cubic

ao t3 + attz + D,2t + a3 = O, ---( 3,31)

n+1 t

d 0. ---( 3.32)

---(3.33)

which is given by the ool_Lision cond.ition at t

The coord-inate. *j_,
ear transformation

j n+1
(t*i-l

.at
J

(tr,*r

x

¡-Xl:Lx

(t

(t
)t
)-J

n+'1 )l
)J

) )n i

and. x tr*, are d-etermined- by the lin-

n+1

t

Blz =

Bzz =

B=z =

¡.(ôt)
(

t
n+1

(tr,*1'

where terms up to O[ (ô
required el-enent s of A

form (zù usins the fi
(zl), and. (za¡. îhese

t)t] onry are retained- in A(ôt). The
(Ot) are f ound. from expr""iron" of the
rst ord.er el-ements obtained. f rom (Z+),

element s are

Btr =
DÐ2 1 =

B¡t =

and.

B¡s =

co * zc" (y /w)tz ,
cr t + zca (y /M)t3 ,
-z(v /v) t [ 

" 
t +3cz (v /ttt) t, ] ,

-"= (y h[)t tt .

u)t',
tvl)tt,
cr+¡+c=(y/t¡)t'],

0/
0/
)tI/v

C2

C3

I. 
t,-, - ii*, l

v

Tlre coefficient" 
"i in (ll) are nor,v f'ound, f rom (lz), (lÐ, and

(:t-), to be given by

--- ( j,3t+)

j= 1

1< j < N+ 1

j= N+ 1,

--- ( 3.15a)
j=1

1< j< N+ 1

j= N+ 1¡

---( 3.iib)

âo= "' (y /M)

far-
L2x,t - xz J
F 'a a

Ll(xi - x.r-¿
. rd .d I

L -2*t * *N_1

)

l
al = ", (y /m) + * j-z - *j*', ]
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---( 3.35c)

---( 3.iDd)

&g

$(at) i" (tt). rhe
o[(nt)'], rrom the

vectors at,

el-ements of

*j-1 I

&z

where the position and velocity coord-inates alre those at time
li4tn+1 , and. cs = c1 = 1> a2 = -t, and- c3 = - ¿, to this ord.er.

Îùith the estimate of At given by (fO¡ as a first
approximation, Newtorrt s method- may be applied. to the polynomial
(ll) to obtain ân accurate estimate of At. The position and
velooity veotors at t
ation f ro¡n the known

n+1 can then be d-et ermined. by extrapol-
,ttn*1 r using the transformation

å(At) u"e determined, up to
quantities evaluated- in (:+).

3.5 Quantitative Evaluation of the Theorv

The numerical computations v\iere carried- out on fBM 1620
and- rBÀ4 7o9o computers using single-rength froating point
arithnetio (ror most of the calcula.tion), i. e. eì-ght signif icant
decimal figures (B fig.). The elements of the iteration
matrices a(hr) (i = 1r2r.. ¡I'i.) o"e theref ore computed. correct to
B fig., or to ten d.ecima] places (to¡) ror the higher ord-er
el-ements. The seconcl cond.ition a.rises because the positions
(o" velocities) of any tvro particl-es aTe not necessarily of the
same ord-er of magnitud-e, bu'c the probability of these magnitud-es
d-iffering by more than 1oz is negli6ib1e. rn particular, the
snal-l- numerica] error invorved. in conputing the ef ement s of

to 1oD only is more than compensated. by the increase in
peed- of the computation over the cases in vrhich higher

"j-'' )

¿(t)
the s

ord-er t erms are considered..
The coefficientt 

"2, and, "2"*1 rsed_ to evaluate the
el-ements of 3(t ) are d-erived- in Append.ix I . To a.chieve the
d-esired- accuracy in ¡(t) these coefficients are obtained- from
the first seven terms of the chebyshev series expansions for
cos 0 and- sin 0, and are computed_ to 1ZD. The val_ues so
obtained- are listed- in Table A1 in the append.ix, It immediately
f ollov,¡s that the elernents of ¿(t ), f or I t I . k unÍts, need. be,+
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cornputed. to only the 6-ttr ord_er at the most.
The initial- tine interval- h1 for the iteratj-on proced.ure

should be mad,e as large as possible to j-ncrease the speed of the
computa'cion, yet shoul-d- be small enough to avoid missing any
collisions. fn general this second. cond.iti-on is more restric-
tive than the range of val-idi l;y (zo) f or the nu¡nerical- approxi-
mati-ons to 3(rrt ). rt rvas f ounùr experimentarly, that suitable
starting in-bervals are approximately hr = .4 uni-ts for N < 10,
and- h¡ = ol units for 1O < N < 40. The computation is most
efficient if succeed.ing iteration intervafs are bisected- vshen

a collision is indicated-. For bhe final- extrapolation, lvhich
i-ncl-ud.es terms to O[ (ôt )t ], the range of val_id_ity is

6c¿ (y /tt)" to /.o < 1o-r o

i.e. ltl. 2rl'î " 1o-3 units. ---(J.J6)

The iteration proceclure ma.y theref,ore be used- for any time
lnterval i-n the range t1 . ltl < tz o where t1 = z,l'5 x 1o-sunits

4
and. lz = -¿{ unit s. Sinc e t, /t 1 < 2, , at most only 9 natrj_ces
are required. f or the comr:utations. A,s every element of a(n, )
can be computed to the n-th ord-er from the jn + 4 quantities
given by (24) , (zl) , and- (za) , where r¡re have si no e shown that
rI = 6, the total computer storage reguired. for the iteration
matrices is less than 2OO lvord-s. I'hj-s is d-espite the fact that
there are over 4000 elements in each ¡natrix when N = 32,

The analysis in this and- the preced.ing chapter emphasises
one of the main ad-vantages of the mod-el; that the cornputation
mey be red-uced. to a very simple form. Numerical_ computations
have been carried- out on systems f or whlch N was jrì+17 rBr15ri6,
31 t and- 32. These values of N were chosen because of Forclts
suggestion that the nonLinear systems stud.ied. by Fpu coufd. not
shor¡¡ appreciabl-e energy sharing when N + 1 is a prime or B.

power of two. Realistic values were assigned- to the parameters
Mr Y t !', a, and- d- of the mod_el, the values so assigned being
given in TabLe f. The unit of time is therefore

t

0/v)-z = .27i9 x io-12 s€c¡ ---( j.37)



29.
TABLE I. fhe numerical values assigned. to the poro,meters in

the computation. The particl-es each have nass nil,

effectíve d-iameter d., and- & mean seperation of !' d..

Ad.j acent particles are oonnected. by springs rvhich have
s1:ring constant y and. natural length & ' d-.

Paramet er Numerical Value

M

v
f'

a,

d_

1.O x 1O-zi 8ß
IFOO dyne/cn
4..OOO x 1O-B cm

1.995 x 1O-E cm

I.r+OO x 1O-8 cm

The quantities which are used. to evaluate the typioal
iteration natrix n(t)n t = 1O-rrsec (* .36 unÍts), are given in
Table II. fn this instence there B,re only si-xteen terms which
are non-zer.o to 10D. For smaller t, even fewer terms are need-
ed. to determine l(t). To compute the elenents for the iteration
matrioes correot to B f ig. or 1OD, we used. the J-uxury (if it can
be called. that) of d.ouble precision floating point arithmetio in
the conputations on the 7O9O (using FORÎR¿.N II )¡ and- rounited. the
resuLts so obtained. to 8 fig. Theae vaLues were then hel-d- in
the fixed. store for use in the computation of the colLisions,
where only single precision arithmetj-c was usecL for the iter-
ati ons ,

Measuretl in terms of the o,verage time taken to compute a

oolLision, the speed. of the oomputation is approximately pro-
porti.onal to N. For N = 31, the 7O9O caloulated.100 oollisions
per particle, and. carrj-ed. out al.l the ad.clitional computations
requÍred., in about 70 rninutes. Ample means f or checking the
accuraoy of the conputer progran¡me are available since the total
energy of any systen is constant, the motion 1s reversible, and.

antisymmetry is conserved. if the initial configuration is anti-
synoetric. ¿, listing of the FORTRAN rI programme for the con-
putations on an rBM 7o9o j-s given in Append.ix j. The nunerioal
nethod.s analysecl Ín this chapter, and. in Appenclix 1 , are
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TABTE II, The quantities Btfr B2k, and B5¡r determined from
(z+), (zl), and. (za), respectively, vrhich are used. to
evaluate the elenents of the ¡natrix rt(t), where
t = 1O-r 3s€c¡ Only the terms up to O(1O-t o ) are
includ.ed, in the table, and. each value is gíven to, at
urost, I d.ecimal figureso

k B B2k * 1o13 B x 1o-r l1k tk
o

1

2

3

4
6

+ '8710¿F
. 0637 5

. ooo72

.00000

.00000

581

26tt9

1 2057

321oo
ooo77

+ '956t+5
. o21 63
.0001 4
.00000
.00000

508
6616

53505
Ot+634

o0009

- .24927

+ '12177
'0O28,1+
. ooo01
.00000
. o0000

959

\.29
6t 86j
92566
0061 6

oo001

progranmed in suBROurrNE cOttN and suBROuîr\tE M¡.TRÏx of the
programme" SUBROUTINE C0l,LN has been mod_ified. slightly to
inorease the speed. of the connutationr âs the,most frequently
used. starting interval f or the i_terations is hr c .18 units,
and only 15 terms, at mostr âre reqr.ríred. for each g(trr).

3,6 Error Analvsis
:E.#

An error e is expected in each of the position and ver--
ocity coord.inates f ountL f rom an j-teration of the f orm (t ). Each
position coord.inate, for exampre, can be red-uced- to the sum of
2n + 2 prod-ucts of two terms v'¡hen the elements of 3(it) are com-
puted. to the n-th ord.er. The computations are carried- out to a

f ixed. number of d.ecimal figures (B f ig. ), ancl there is a trun-
cation associated- v¡ith each sum or prod.uct of two floating point
numbers. However, if the sunnation is so arranged that the
smal-l-er (rrigh order) "ontributions a.re add.ed before the larger
contributions, the total error in determining each coord.inate
is limited, to the finaL trunoation to B figures. The ¡ßean

error in the absolute value of each 1-losition and. vel-ocity is,
therefore, ê = - L in the eighth figure, for each iteration.
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Error is also introd.uced whenever the extrapolatíon pro-
ced-ure is used- in the final d.etermination of a colrision. To
ninimize this it is necessary to cornpute the time inorement At
given by (¡O) and. the elements given by (lù using d.ouble pre-
cision arithmetic, otherwise the error in the extrapolatj-on
proced.ure would. be much greater than that in any one iteration.
lffhen the

i (t,,*r )

elements in (¡¿*) have been evaluated, ë(trr*t ) and_

are computed. to single precision by extrapolation from
ana i(*rr*,'). The expected. error in conputing the5(tn*t' )

extrapolation is then of the same magnitud.e as the error in an
ord-inary iteration. Because infornation on each system is
required- at exact interval s of time (usualIy hr ), there B,re

normally tl'¡o extrapolations for every collision; one in the
conputation of the c ol-l-ision, and. another to get back ín step
with the equal tine intervals.

For repeated. i'bcrations and- extrapolations there i-s a

linear buiId.-up in the total error. An actual estj-mate of this
error is d.iff icul-t to obtain as all the varues of ï = l"r l , say¡
are d.istributed. about a mean 1. rf pk is the probability that
)f lies in the range

a+k o+k+ 110 < x < 10 ,

where k Ís any integer, and.

expected. error in X after I
a is o constant integer, then the
iterations is

e (r) $t 1oa-7 xr. pk 1ok.

The error therefore
function for X. To

possibilities:

ô x 10*, p

e (r)

(¡) Ï

d-ep end.s on

illustrat e

the probability d.istribution
this consid.er the following

)(
, = .4r po = .5 t all- other pk negJ_igible, then

.27x1oa-7 r= -.27x1o.7 ï¡(-;

SxlOtrp_=.Zspo=- - _t

e(r) = - '41 x 1oa-7 r

B,

c ,08 x 1o-7 Il;
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(") .9 x 1O", p_r = '1t '7 t Prx

1.36 x 10 T êc .15

c9
_ L,

x 1o-7 T1.

Po

a-7e(r)

In these rough
of X increases
is by no means

tive quantity
ranS e

c onst ant .
ï we shaLl

examples the error in the eighth figure (tOe-7¡
as Ï irroreases, yet the ref ative error e (t)/7

ïn estimating the error in any posí-
assume that I always lies in some

1oa< ï< 1eu*1,

where a is some integerr.antl- pred.ict that the error estinate so
obtained. is within a factor of 10 of the actual error,

Iifith the above assunptionsr'rhe mean error ín the absol-
ute value x of each position and. velocity coord-inate after r
iterations and. C col-lisions is

= '5 x 1oa-7 (r+ec ). ---( 3.38)

X(X+2e), the pred.icted error in the total energy
is proportional to 2e*x 2N, i.e.

er(r,c) = 2x lob-7 (t+zc)N, ---(3.i9)
1ob < E . 1ob*1, b being an Ínteger.

(apart from the er"or)r.E is <Lirectly proport-
íonal- to I + 2C, the total nunber of iterations an¿ extrapol¿l-
tions. The errors in the energy of severar systems of N = 31

particles on whi-ch computations rvere carried out are given in
Table III. The d.iscrepancies betvreen the pred.icted. and- computed.
values are welJ within the tol-erance suggested- above. The given
figures are a striking ill-ustration of the fact that the errors
&re a f unction of E, as well_ as of I and. C.

The error is, of course, d.ependent on the aceurecy of the
floating point arithutetic routines (or j-nstructions) used on the
con¡ruter on which the computations are carrÍed. out. Most of the
computa'bions were d.one on an rB[4 7090 computer, rvith FORTR¡,N rr

"*(rrc)
Since (x+e)" êr

E of the system

vuhere

For constant E
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TABLE III. The computed. ancL pred-icted. errors in the mean ener6y
per d-egree of freed-om nrlN for different systems of N = J1

particl.es, after I iterations a.nd C collisj-ons had. been
computed.. The values given are the errors in the eighth
significant figure of the numerical values for BrlN.

(e/n)x loro r C Computed- Error Pred.icted- Error

'/+
.4

'7
.7

27000

24000

1 5000
1 5000

J000

lo00
looo
looo

- 35700

- 36100
I+l+2OO

- 448oo

- 66000
60000

42000
- ¿+20o0

as the source programne language. Thus eight significant fíg-
ures are retained- rqith truncation after each arithmetic oper-
ation. 0n a d.ífferent computer (o" if the programme had- been
written in a d.ifferent J-anguage) more fi-gures might be retained,
possibly vuith round.ing instead- of truncation. In such cases the
error vrould- be much snaller, and- coul-d. sometimes be positJ-ve
instead- of being always negative. since each system stud.ied.
has physical meaningr w€ may regard. the small- ross in energy as
a grad-uaI Ioss of heat from the system, which coul-d. otherwise
be said. to be isol-ated- in a heat bath at a constant temperature.
Before conclud.ing this section it is interestin6 to d.iscuss
what effects the numerical error has on the d.ynamical properties
of such systens.

To check the reversibilíty of ihe motion the velocities
of a system of N = 31 particles rrere reversed. after 5OO collis-
ions had. occurreit. The path of the system in phase space vra,s

retraced closely for over 2OO coll-j-sions before B,nrrincorrectrl
collision r,vas noted.. Over J+OO collisions and 2OOO iterations
were computed. before the motion strayed. significantlJr from the
expected. path, It should. be pointed. out that¡ although the nean
expected- error in each position and- velocity coord-inate after
this number of iterations and. collisions is only about -1J+oo
units in the eÍghth d.ecimal place¡ thettspread_r in the error is
very 1arge.
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In another case a systen of N = 16 pârticles rvas set in
utotion r,vith aLl the energy in the 16-th nod.e initially, i. e.
the system was completely antisymmetric. As the error increased-
so too d.id- the tii,ies betvreen two collisions which should have
occurred. simultaneously in a conjugate pair. Hov"ever 150 col-
l-isions occurred before the total energy in the symmetric mod.es

exceed.ed- .OO1/o of the total energy of the system d-uring the
longer ti¡ue interval- between any tr,vo pairs of conju6ate col-lis-
ions. Thereafter there lras an increase in the rate at v¡hich the
antisymmetry was d.estroyed.. After 17o coll-isions the energy in
the symmetric mod.es vras not less than 1.5y'o of the total energy,
while after 23O collisions the system rvas no longer d.ominantJ-y
antisymnetric. Although the nurnerical error can be expected- to
play a d.irect part in the loss of antisymmetry, it ind.irectry
read.s to a rapid- i-ncrease in the symmetric moiles, due to the
instability of the conservation of antisymrnetry in the presence
of symmetric perturbations. Resu].ts of numericaf computations
which verify the properties of antisymnetric systems are given
in lables IT - )tI in the next chapter.

Finally, the linear mod.el (tto corl-isions ) vras run f or a

system of N = 32 particles. Over 6000 iterati-ons v¡ere cornputed-,
a period_ correspond.ì-ng to 1600 coìlisi_ons in the equivalent non-
linear system, yet the configuration of the system remained. in
the first mod-e with an error. of l_ess than .Oo1y'o,

From the analysis oud. d.iscussion in this chapter we can
conclud.e that tþu numerical computations are efficient, and.

economical- on computer stora6e requirements. Furtherrnore, the
numerj-cal error is no greater than that expected..
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The eigenvalues and.

the matríx L defined by Eg.
of the orthogonal symmetric
d.iagonal f orm are gíven by

15.

CHAPTER 4

ENERGY SHARING

the correspond-ing eigenveotors of
(2.9) u"e wel-1 knovrn. The elements
natrix S rvhioh transforms R

N
into

1

2

where

--- (+. ¡ )

acl j ac ent
dístinct
of the

--- ( 4.1)

In the linear system normal coord.inates are d-etermined by the
t ransf ormat ion

o -- - ( t+.2)

u r/zn,

2\
N+ 1/ "(#l-

and- the normal mocl-es vibrate wi-th frequencies
1

"i = ,(f)',r,1#.î) .

s.. = (r-J \

Sir

Not e

0<
that r,l l-s €t monatonically increasing function of i, and

'i ( z(v /n)
a ,|

2 ,

\,.2 Equations f or the Coun1inE and- Enersv Sharins
*¡r-à,.,i..;ã !-r.#..ær#-r.:r,.ì--ú,.--Ë

îhe potential energy of interaction between two
particles is given by Eq. (2.3). Since there are N + 1

pairs of ad.jacent partioles, the total potential energy
systen ís
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P.E (n+r )ø" I (*¡ +1.-a)z+ *v
N+1

j=1

-x j-1

ff l, (*j-*j-r r"]+ (u+t )[ø.*åv @-")']
N+1

j=1

åu*' Rxt

åu(x'n* * ,?'i)

if we choose þo &s in Eq. (2,3a). The total energy of the
systern is therefore

E --- (b.4)

e of pernissíble values for the suffix
, unless otherwise specifiecl.

oxr in terms of the normal coorclinates of the linear system,
-,-l

E = åu ) (r".-"qi"*å*")r ---(+,¡)L..
i=1

ïf the system trrere linear

Ei = åu(ri'qi'*åi"), ---(¿*.6)

the energy associated with ttre i-th normal mod-e, wouId. aLso be

a constant of the motion. Holvever in the nonlinear systern Ei
ís constant only between collisions, having a finite jump d-is-
continuity at the time of each co]-lision. n'or a collision at
time t the changes in these energies are

aEi (t ) = årut åi (t+ )" - å, (t- ). l

= lut ^;i(t)[zår{*-) + a[. (t)], ---( t+.7)

vrhere

aåi(t) = år{.*)-år(t-). ---(L.s)

To express Aåi(t) in terms of the velocities of the
colricLing particles, (z) and. the conctitions (2.7) r"y be used.

to show that, when the two partieles j - 1 ancL J collide*,
rl.

ïn this chapter the rang
j is always (1r2e..¡N+1 )
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íN

(t+)
t+) - ir-.,, (t+)

*(t+)

ì -4rr-t

1< j < N+ I
j=N+1.

57.

j= 1

1 < J < N+1

j - N+1

--- (t*, 1o )

---(4-'11)

i, {t* )

¡äi(t) S -ùij irj-t
2S i*(tn )

,t

La/(n+1 )là"ir,I Li*/(n+r )]ooståi( z¡-t)r/(u+r ) IIai¡(t)L
---(1.9)

zl.,

= f.;,!- -2x

t l[i¡(t+)- ir_.,(t+)]

If the
rical
f orm

elements S,, are evaluated. from (t), simple trigonomet-
r-J

manipulatíon red.uces each of these expressions to the

aå. (t)=

wher" I ai,
iurpul s e at

(t)1, whioh is proportional to the nagnitud'e of the
each collision, is given by

l¡i (t ) I
J

Equation (g) may be written more conveniently &s

= [v(n* t)/zt¡]-å r, ,rj ¡lirl,¿åi(t)

where ,i is given by (l), and

c ij cos []:- (z¡-t )r/ (x+1 ) I . ---( 4.'tz)

The natrix C is of ord.er N x
N

(tt+t ). Equation (tt ) shov¡s

a collisionthere is bouplingr between the nod.es whenever
while (Z ) gives the c orresponcling changes in the energies Ei.

4 g I __!þ e _ c-gger ! gå_þg3ge e,t_t h e _M o_49 s

The inorenent A{rqt) for a collision i at time t is the
prod.uot of three f actors; the magnitud.e of the impulse at the
collision, the coupling term Cij, and a modulatíng term whi-oh

is d.ireotly proportional to the frequency @i. The impulsive
force is d.eternined. by the velooities of the collid.ing particles,
ancl therefore increases, on the average, as the total energy of
the systen increases.

that
occurs,
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(lc
The

¡
=l

absol-ute value
) when

of the coupì-ing term is a maximum

r.J

for some integer m? 0f all the. cases
(ll) is approximately satisfied., there
particular interest in the d_iscussion
ions oocur between particles which are
(¡'t)r or the ri-sht wall (j*¡t+t), lCi
mod-es (i* t ), provid-ed. N >> 1 (i. e. N-

---( 4.1 3)

f or v,¡hich the conditi on

are two which will be of
to foll-ow. I[hen collis-
ol-ose to the left wafl

| * 1 for the first few
4 rJ say). The coupling

i(z¡-t ) em(w+t ),

J
1

if

term is also large in magnitud.e for the rnod.es i = zk and.

i = N-2 (k-1 ), (r<'r ), vrhen coll-isions occur near the c ent::e of
the systen (i = [å(w*1 ) ] ). As the integer approxirnatíons become
r/vorse the numerica.L value of I ci¡ I a"creases. Arthough I arrl
can be large for the l-ovu mod-es, in general the increment ¡qi
will be larger in magnitud.e for the high mod.es because of the
rnod.ulating term, which is proportional to oi.

The sign of Aqi, which ís determined. by t,j, is positíve

4n-1< j-(zj-1)/(m+t) < Lm+'t ---(4.1¿+)

for some integer m, and. negative otherwise.

a The 3 T Sh ari

The energy sharing arises f rom the d-i scontinuities in
the kinetic energy associated with each mod-e v¡hen oollisions
occur. rt is seen from (l) that the increments aE. in the
energy of the i-th mocLe are depend.ent on the normal- velocity

Icoord-inates er(t-) immed-iately before a collision, and- on their
o'increments a,ii (t ). Because the latter are proportional to the

frequency oi, it follorvs that the rate of energy sharin8 for the
high mod.es should. be much greater than that for the low mod.es,
if N is large.

since c- . A;* > o f or al-l i and. j, the energy increment
ani(t) is po"iTi*,u-i,



c > 0.IJ

aJ

år{*-)
39"

--- (¿- .t i)

---(4. t 6 )

---(+.tt)

lVhen

c år{*-) < 0,

¡n. (t) is positive or negative accord.ing as

I aqi(*)l ì ,l år(t-)l.
. The potential- energies of eaeh rnode are continuous func-

tions of time throughout the motion. Holrever, as the system
behaves linearly d.uring the time interval betv,¡een coll-isions,
there is ener6y sharing between the potential and. kinetic ener-
gie s of each mod.e. Thi s f orm of energy sh aring i s p eri od.ic
vrith period. T:_ = Zn/u. f or the i-th mod.e, and. is theref ore much

more rapid. for high mod.es than for fow moiles. It follorvs then
that the kinetic energies of the mod.es, and. hence the d-iscontín-
uities in these at each collision, are d,ependent on the frequen-
cies o: r This d-epend-ence is negiigible unless the time betireenL -u- 1

any tv¿o coll-isions is of the order of (y/U)'z.

4.5 A Dominant ltlod.e

Suppose that at some time d.uring the motion the k-th mod.e

becornes d.ominant, in the S en6e that the energy Et is a large
fraction of the total energy E of the system. f.f the first mod.e

is d-ominant, nith år > O and lå1 1 >>

col-l-ision r,viIl most probably occur near the right wal-l-. l,[hen

i > å(u+r), Ctj < o, and- in this case C. å < o. Similar oon-
siderations vrhen the k-th mode is d-omi"iia Trr-r- show that the
collisions j most 1ike1.y to occur subsequentl¡r are those for
which tuj ån. O, tr'rom (t6) and (tl) it is seen that this con-
d.ition wil-l usually 1ead. to a decrease in EO.

The above argument d-oes not preolud.e the pos sibil-ity that
d.uring the motion some mode may become ðominant. rnd.eed., if the
nod-el is to exhiblt ergod-i-city, this is to be expected_. Such a

cond.ition coul-d. oocur, f or example, when the potential energy
|tvturo" g¡' of the k-th mode is much larger than the oorrespond.ing
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ki.netic energy. At subsequent
increase in the kinetic energÍt
the rnod-e, if either l¡ån(t)l >

E after any collision there
next collision AEo will- b e

l+.6 Th e Num e, qå.qql. -,qgsB !] j-.e !.is qF-

The above anal-ysi-s does not yield- an exact expression for
the amount of energy sharing to be expected- over any time ínter-
val. Hor'¡ever it d.oes ind.ioate gualítatively tlnat energy is
slrared- between aLl modes, that the rate of energy sharing is
greater for'rlhe hi6her moi[es, and- that the 1:robability of any
mod-e becoming, or rernaining, c[or,rinant is smal]. For quantita-
tive resuLts ire turn to the computer solutlons of the motion
for d.ifferent nunbers of particles.

For àn:l given N, the initial- configura'bion of the s;rstem
may be taken to be

E
a

ôru E,

sâ,/o This correspond-s to the k-th normal mod.e in the linear
system. Since ooll-isions mus'ü occur íf the mod.el- is to be non-
linear, there is a lower bound. on the total energy E of any
nonl-inear system. fn the numerical corn,¡utations r¡re always chose
k = 1 or k = N. To avoid. the special case of the conservation
of antisymmetry d.iscussed- earlier, the initial configuration rvas

usually perturbed. s1íght1y from these ideal cond-itions, but the
perturbat j-on was such that the total energy in all- th e mod-es

other than the k-th lras not nore than .oozÈ. Both rveakly coup-
l-ed. and- strongl.y coupled- s¡rsterns have been investigated-, the
streng-th of the coupling being d.epend-ent on the total energy of
-bhe s.vstem. As the energy is increased, so too is the collision
rate, and. the averaEe magnitucle of the impulse al each collision,
The initial behaviour of any system is strongÌrr depend.ent on the
starting confíguration, the number of -particles, and the iÌìean
energy per particfe.

collisions
and- in the

zläu(t-)1,

there rvould. be an

totaL e:nergy E, of
or Jnr;lr--i,oo.

However if Ft is a large fraction of
is a greater probability that at the
negative, rather than positive.
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For the values of the parameters used- in the computations

Table I, p29), the potential enerSjy of interaction betrveen
particles about to collide is ø (¿+ ) = ,7OB x 1 O-r 4 ergs, and.

- 'J x 1O-rIergs, ff rùe denote the nean energy per partic-
by

E/N, ---(+.18)

Then the energi es of the systems stud.ied rvere given by
et = .lt X 1O'1 4 ergs, and- er, = .7 x 1O-r4 ergg. These energy
levers are il-l-ustrated. in Fig. 1 (pr1o). Tt is evídent t]nat
s)'stems with energies Ne/ will be r.reakly nonl-ineat, v,,'hile those
v'¡ith energi-es [Te// wi1]- be rnuch more strongly nonl-inear. this
concl-usion 1s supported- in the next chapter where a plot of the
theoretíoal ener6y-pressure curve P = p(.) in Fig. 6 also shorvs

that svstems in which € = et are u'eakly nonlinear. \ile notr d.is-
cuss the computed, results for systems in which the initial con-
fi-guration is slightì-;' terturbed. from the k-th mod_e; the three
cases consid-ered- are k = 1, k = N (W od.d-), and k = N (W orr"n).

4.6 ,1 Cas e k 1

li/hen a system is started- in the first mod,e there is a

gradual loss of energy from that r,rod-e with an increase in the
energies of al-1 the other mod-es. The energ.y loss f rom the f irst
nod-e is explained- by the faot that rnost of the colfisíons occur
initially in the neighbourhood- of one of the ryalls (tire right
r,ral1 if åt (O) t O) and., as rïas noted- abol.er the conditlon
^lCt j qrj < O is usually satisf ied.. f t lvas also sholn that f or
such col-lisions lrr¡l " 1, if N >> 1, The loss of energy is
then a maxinum, even though the ac-bual- loss is small d.ue to the
mod.ulatin¿1 term, The second- and. third- nod.es j-ncrease more rap-
id.ly than the others, initially. This is becaus e CZ¿ > O íf

rÈ

Note that there are N+2 particles in the systern. Hovrever,
sinc e the end- two h av e zero kineti c energy tve exclud-e th eni f rorn
oonsj-deration, and refer to e loosely as the mean energy per
particle, al-though it is really the mean energy ller d.egree of
freed-om.
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j < tt/lu or 3N/t+ < j, and there is an alrnost continuous stepvrlse
increase in E 'z &s ,rj g2 t 0 at almost every colLision. Atthough
the coupling at each ooll-ision is often stron6er for the third.
mod.e, E2 increases more rapid.ly than E: as C,, A, is of ten neg-tJ ')
ativer lead.ing to some d.ecreases in E3. As the increnents Ei
for the higher modes are negative armost &s often as they are
positive, there is no appreciabl-e increase in the energies Ei
initía1}y. Eventually, rrhile the first mod.e is sti1l d-oninant,

tathe sign of qt j-s reversei[. It{hiIe the magni-tud.e of er is smal1,
the first inequality in (ll) is satisfied for some col-l-isions,
and. there are sma]l- positive incrernents in E1 . There is then a

perÍod- without collisions d.uring i.rhi-ch the entire system of
particl-es tswi-ngs I in the opposite d-irection to the oríginaI
rnotion. Collisions th en occur pred-ominantly in the neighbour-
hood. of the other wall-, read-ing t o f urther los ses of energy
f rom the f j-rst mod.e. Af ter s ome time the conf iguration of the
system bears littl_e resembl-ance to the initial_ state, and the
mod-es begin to exchange energy freely in a more rand_om manner.
Frequently one mod.e is found- to have much more energy than any
of the others. There is, holreverr Io evid-ence of the period-ic
behaviour found- in the systems stud.ied_ by Fpu and. otheïs. The
only significant d-ifference in the energy sharing pïoperties of
weakly and. strongly coupLed. systems started- in the first mod.e

appeared. to be the rai-e at r'lhich energy !ïas shared- amongst all-
the mod-es.

ïn Fí9. 2 Er and E2 have been plotted. as a percentage of
the total energy E f or the system N = 15, r¡hich lvas started_ in
the first mod-e with 6 = êt,, The curve is a histogram because
of the cons-banc,lr of the energies betlveen collísions. 'E1 d_e-

creased- initially until, after about 20 coll-íslons, lå,| | ona"

snall. The increments AEI vrere then ne6l_igible, and for several
collisions E1 remained almost constant. The explanation for
this behaviour is that rr = 2n/ur is rong compared. with the
average time betureen coLlisionsr so that å,r d.oes not al-ter
appreciably from one col-l-isj-on to +"he next. The whole system of
particl"es then sïrung in the opposite d.irection until the 37-th
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collision occurred. on the lef t wall. El then d.ecreased. more

rapid-ly again. l'he pred.ominance of c ol1.isions in the neigh-
bourhood. of first the right v¡a1l-, and- then the left vra1I, is
clearly shown in fable IV. As the energy became d.istributed.
amongst al-1 the mod,es, the f luotuations in the numbers of
collisions between each pair of a.d.jacent particl-es in any 6iven
period- decreas ed..

TABTE fV.
and
E-

The numbers of
j in inte.rvals
€" , and. E1 ¡. E

col-lisions betrveen
of C co]-lisions in
at t = O.

particles i
the systen N

1

15t

C j 1 2 3 4 5 6 7 B 9 10 11 12 13 1t+'t5 16

0

21

37

20

-ro
5o

122645
1221142'l

43 2 2 21

The partitíon of the total energy amongst all the
at intervals up to 1500 collisions is shown j-n Table V.
the f irst mod-e has ceased. to be d.ominant it i s apparent
energy is freely exchanged. betr,¡een al-l the mod.es. This
furtirer irrustrated- by computa'cion of the time averages
the energies, given by

T

mod-e s

0nc e

that
is
<E

L

<E.> = T-l
1 rr(t)at. --- ( 4,19)I

Numerioal values for these averages are given in Tabl-e Vr. The
approach to eouipartition of the energy amongst the mod-es, in
the time average, is strongly evid,ent.

Ïn a sinj-1ar system with the same starting configuration
except that € = €t, the d.ecay of energy from the first mod.e is
much slovrer. The col-lision rate in this system r,ras not much
more than 25,q" of the rate in the more strongly nonlinear system.
Tables for the energies Ei and. their ti-me averages <8.> at inter-
vals up t'o 750 coLl-isions aTe given in Append.ix 2. The approach
to equipartition is still evid.ent, even though the system is
only vreakl-y nonl_j_near.



TABIE V. energies 3

the case N

The

for
it as percentages of E, af;ter C

15; G = êt', ancl k = 1c l, =

col-]-isions and tine z unit s

Q /t¡) 
*åt l

v !=1 2 J 4 5 6 7 I 9 10 11 ¿t2 13 14 15

0

5

10

15

3o
l+5

60

75

9o

105

120

135

150

lo0
450
600

750
900

1 o5o

'120o

1 350

1 5oO

rQ

e$

r$

1r2
2r9

13.2
15.7
21 .O

28'I+

32-7
39'2
+7-2
57 .6

123'4
196.3
262.5

126ç2

195,8
À-70. o

528.9
593,9
668.5

I OO'O

95, z

88.8
82. g

76.4
46'4
32.5
33. 3
17.2
21 .2

9.9
11 .9

12.O

6.2
7.3
l+'3

6.3

5r7
.9

11r2
7,1

11 .5

oQ

rh

2,1
l+'9

11,3
1Or9

12'O

9.2
5.8

15.4
13- 8

6.o
3-7
1.0

11 .4

1-7
10 .5

6.0
3.5

12.9
1t5
5.8

rQ

.6

1.8
2.4
2.O
'1 .1

-9

3.5
6,6

'5
1'2
5.o
2.5

28.5

7'6
2\.4
5'6
1,3
9'2
1'1

tJ

3')+

oQ

.4

'¿+

oJ

2r3
1,6
1:O

4'O
1.8
3.8
3.1

4.O
1.o

'l5'1
40.6
2'2
l+'5

5.3
3'1

21,2
1r2
6.1

.o
ol

.1

'5
.6

5,3
.7
.1

5.5
1.6
8.1

5.7
5.5

'1
Ì+'2

23'4
of

3'1
6'8

1Ot J

'5
8.1

oQ

rQ

.6

.1

1.5
4.7
4,2
2.2
3.5
1.5
9.6
1-6

'12'7

7'2
.7

20.1
-7

9.3
3.3

lOrl¡
1,1

2.4

.o

.o

.r+

'7
.9

3,5
6.1

1.9
2'6

14- 5

10'5
2.6

14. 5

3.8
4.O

3.2
8.7

16.8
7.8
1'o
9,8
1.5

.0

.o
rQ

3'1
.rl

2'l+
2.8
3-6
2'3
1.6
9.O

4-3
8.5
1.8
6-6
2.6
1.5

'11-3

6.1
.3

5'2
.8

.o
oQ

.6

3'2
.7
.6
.4

2'B
6"o
2'1

.6

3.7
4'1
3'2
1.O

'5
5.7
l+'6

5'?
l+'9

26'8
5.9

.o

.1

1.8
.B

1.9

'7
.1

8.1

11.4
1'1
3-7
2.5
4.5

2J'1
2.O

4.5
29.3
4.1
7 'lv

.6

9'a
1l+'3

.o

' l!-

2'Q
.0
.B

1.4
11 .0

t'7
14'1
l+'0

8.o
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2'1

.4

l+'1
.8

7.2
4.7
1-O
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13rj
11-6

.o
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1'1
'5
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.7
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8.7
9.9
2'1

otl
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12'5

o'l

1'9
2.4
2.9
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aL.

11 '6
10.0
1,6

rQ

1.O

'5
ol.

.9

1.8
2.6
1.9
9'l+
2.2

'12- 9
.4

,+' B

,.1
lv'9

'5
6,'l
2.1

7-4
1'9
2.9
1'1

rQ

'7
oQ

tl

'3
13'1+

5'6
4.6

'l+

19'l+
7.8

19-1

2.9
6.,

tf

6-t
6,\

13.2
52.2
4-9
7.3
1.+

oQ

cl

.o

.o

'3
5.6
5'2

12.5
1.6
9'2
J.O

1l+'1

8.6
.6

3'6
3'3
+.1
9.6
¿s'8

5.O

4.2
4-5

t
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TAELE VI.

c ZL

The

N=

1 OO.0

99'O
96. B

93. 1

83-g

76.1
69-7
60.6

52-4
I+7'9
l+3')+

37 .9

33.4
19'6
13.5
11 .3

9.9
8.7
7.9
7.5
7.3
7.2

percentage tine aver:a6es <Er> after C collisions anrl- tine z for
15c ê = êÚ, and- k = 1.

1 2 3 4 5 6 7 I 9 rO 11 12 13 14 15

o

5

10

15

3o

45
60
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9o

105

120
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150

JOO

t+5o

6oo

750

9oo

1 o5o

1 200

1 150
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.0

.6
o$

1'2
2.9

13.2
15-7
21 .O

28.4
32.7
39'2
1+7.2
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262.5
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395. I
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o)l

'5
1-7
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9.7
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8.7
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7.9
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eQ

.rl

.6

1'5
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2.4
2'2
2r2

3.O

3.1
2.8
3'1
2'B
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8.8
9'2
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8'2
8.1
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eQ
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rQ
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6.3
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rQ
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1.O
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4.6,2 Case k .lir ="{
o d.d-

rn syst eas f or rvhich the ini'cial conf iqurat ion i s E* = E,

there is.3 very rapid. loss of enerqy frorn'bhe N-th rnode. \[ost
of 'che collisions occur near the c entre of the systen initially,
and the first fer¡ have índices j rrhich are even if q*, O. This
explains 'uhe loss of energy fron the N-th node, since the con-
clition t*j ä*. O is satisfied- when such coll-isions occur. The

enerti'y l-oss is large beceuse at each coll-ision I C^,= I â¿ 1 t and. I\J'
the noCLul-atin,3 tern is a naxinun. Furthernore, the increnents
l¡qml a.re so large that äN ouickl¡r becomes ne¡;a-bive. Any fur-
ther coltisions f or lvhich j is even will l-ead to small increo"ses
ín E*. Hov¡ever nhen å*. Or collisíons for which i is od-d soon

be¡,;in'bo occur, lead-ing to further decreases in E*. After a

shor-b tine EW is aLmost neglj-qibr e¡ The energie" Em_2, EN_Lr. ¿

increase rapid-J-y initially. It has been shor,vn that lC. .l c 1r-J'
f or i = N-2, N-[1 .. ¡ and- i = 2¡L.e.. lvìren col]-isions occur in
the neighbourhood of j = [å(m*1 ) ]. ï/hen the nod-ulating tern is
talcen into account it ís obvious tlnat rapid- increases in EN-2,

EN-4r... are to be exllected-o An in'ceresting f eature is that Ez

increr.ses slo',v1y but fairl.y stead-ih'. Ind.eed-, for large N, it
is not long bef ore <Ez> becones greater than <EN>. The couplin,g
tern Co., is ne¡1 ative for a. large nul;rber of collisions initíal-l-v.

î.J'lrrhife qe re¡nains negative the increr¡rêrt AEr at each collision,
al-though sna11, is all",rays positive, lead.ing to s. slow but steady
increose ín Ez,

Tn Fig. 3 ,¡¡e have plot-bed- Er ¡ cind Ers f or the f irst 50

col-Ìisions in e systerir which v'¡as started- very close to the N-th
nod-e, rvith N - 15 ¡.nd- ê = et'. The rapid- exchange of energy be-
tween these tr,¡o nocles is clee,rly shown. Vefues for the energies
Ei anil -bhe tine avereßes <E. > f or all rrod-es ilre given j-n Tabl-es

VII and. VIII, respectively. The approc.oh of the tiräe averages
to equipartítion is a3a"in evid.ent. Compari son l¡ith Fig. 2 a.nð.

Tables V c.nd. VI shoîrs that this Ð.pproach i-s nore rapid- f or the
systen started. in the IiI-th nod-e, beoeuse of the nore rapid.
exchange of energy initially.
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TABLE VIf. The percentage energies Eti N 150 € = ét, k = 15.

c 1 2 , ,+ 5 6 7 I 9 10 11 12 'tj 1l+ 15

o

5

10

15

30

45
60

75

9o

105

120

135

150

JOO

I|5o

6oo

750
900

1O5O

1 200

1 350
1 500

rQ

1'O

3'4
8.7

13-7
27.4
35'2
)+3.2

50'6
J8.1
64.2

70-1
77 '2

151 .7

228.4
296.2
553- 3

415.7
+gg-6
553.8
611.9
677-6

rQ

1'9
9.9

10.6

7'1
9'7
7'2
9.5

16.3
4'7

'I+
.1

5.0
1'2

2+. B

15.3
6-g
2'4

trl

7-3
ol

22- 5

,IQ

rQ

.1

r{

1 'I+

3'3
1.5
6-3

22-6
1r+'+

15-6

3'3
3-9

ttl

7-8
3-8
t-7
2.7
8-5

5,2
2.2
3.8

rQ

.7
6.2

,8

2.7
6.O

l\

11'7
5.8
9.6

.7

1.O

3.9
9'o
¿+'O

3.O

4'7
1.8
1.5

15.O
l+'5

3'7

rQ

oQ

CJ

rJ

1'6
8.1

'3
7'1

'l'1 .5

J'7
1 3'o
'14'6
19.O

.8

5.4
6.8
'l .2

5'8
8.5

15'2
1.O

10.8

oQ

'3
.6

2'8
1.2
7'8
217

9..9
.4

8.o
5.8
2.4
7-6

'11.9

2.9
2.8
2.5
8.7
4'2
7.9
212

10- 5

oQ

rQ

1.5
t¿l

1'8
rQ

tl

5-3
J'1
1'2

10.6
1.1

5'7
4-7

14- 5

17 -O

4'1
2.4

17-B

5.9
1.3
2'1

rQ

tJ
.4

1.9
8.2
,¡'4
2'8
6.2

?5

1'8
B.g
6.4
4'1

25.1

5'4
I+'5

1 3.9
5'8
9.4
l+'l+

21 '5
.1

oQ

.7

5'9
4-g

cJ

3'5
10.2

9'7
11.8
1.7

.6

16.3
1.O

2-8
11 '6
6.o
l+' 1

10. 3

20-9
12. B

10. 6

'3

rQ

ol

rJ

.1

20. 1

23'O

'|'1 -9

2'O

3.+
cS

3.4
7'2

13- 5

5'6
6.j

.5

3.9
11.O

'5
Ir'6
9.6
2'1

rQ

.l+

12.3
1 9'8
16. B

5'1
16.4

cl

'5
1I+'7

1.4
1'5

10.5
4.3
1.9
6't
9-7

.7

1'O
2.O

tl

'1O.8

rQ

r{

'5
e$

7.5
.1

5'3
8.2
1'2

13'3
9'2

12-4
5.8
2'B
3.5
I+'7

1'9
9.7

o$

1.2
1'1
2.5

rQ

21.Q

52.5
5'9

13.3
6.7

31'4
6.8

.4

1Q'3
11.7
1.6
2'2
2.5
1.O

17.5
1l+'I+

3'O
g.B

.3

.6
cl

eQ

tl

.B

1.2
't

6.O

2.7
6-5

17.5
2.3

'l 2.2
19.7
13.6
17.3
1'3
2.9
2.7

11'3
2.2
2-1

12'B
3'o

100

74'6
9'1

!1.O
17-3
I 5'8
5'2
6.j
3.7

11 .2

2'6
8.5
1.8

i0.7
1'o
J'B

17.8
2.5
9'2

15'It
7.5

19.7

ZL

rQ

rQ

rQ

rQ

r.l

CJ

3'8
4.3

a,

.6

3.8
3.9
2.4
1.4

rl.

5.1
8.5

21-9
6-g

.8

2ì+'7

7-g +-
\o
a



TABLE VIf I. The percentage tine aver¿rges <8. >; N=1 J¡

.0
ol

ol

.4

.4

1.7
1.4
2.1

J't
2.8
2.9
3-8
4.7
5.9
6.6
7.8
7-5
7.O
-7 .9

7.o
6-9
6-7

oQ

.2

.8

1.8
2'O

3.3
3.7
+.7
5-1
,.1
5"4
5.5
5"5
6.2
6.4
6-3
5-9
6"o
6.o
6' l+

6-6
5-5

.0
-7

3-5
7'1
5')+

7.O

7.1
7.6
7.5
7.4
7 'Lt

7-1
7.6
6"9

7.3
6-B
6.8
7-O

6-5
6.5
6.5
6-6

oQ

ol

.3

.7

1.4
3-B
6'1
o'I
6"1

6-1

5.9
5.7
5.8
6.7
6-5
o.z
6-3
6-1
6.2
6.1

6-1

6.2

€=ett , k=15.

z i=1 2 3 ¿F 5 6 7 I 9 10 11 12 13 1)+ 15

o

5

10

15

3o

l+5

60

75

9o

145

120

135

150

300

450
600

750

900
1 O5O

1 200

1 350
1 500

.o

1.O

3.+
8.7

1 3.7
27'1+

35.2
l+3.2

50.6
58- 1

6l+'2

JO. 1

77'2
151 .7

228'l+
l)(. I
353.3
Ly1 5'7
488- 6

553- 8

6i1-9
677'6

oQ

.0
-o
.o
.o
.1

.5

1.1

1"2
1'1
1.2
1"4
1"5
2,8
DoQ

It-'5

5-8
7-o
8.o
7.9
8.2
8.2

.o

1,5
6,1

9-J
7.5

'1 1 .0

9.8
9.2

10. o

10.1
9'6
8.9
8.2
7"2
6.o
7.5
7.8
7'l+
7-o
6-B
6.7
7.O

oQ

.o

.1

-1

-1

.6

1-4
2.O

1.6
7-O

7-8
8.0
7-5
6-5

5.7
5')+

5.4
5'2
5'1
5-2
5't
5"3

.o

.8

l.B
3.O
2-8
3'2
2.1
2oQ

Lr" 3

+',
4.6
L oZ

Lr' 1

3.9
5.3
5-4
5"4
6-o
6.o
6.o
6.2
6-o

.0

.3

'l+
1 'l+
1-2
2.7
2.+
2-B
2.9
1.7
1-6
1.6
3.7
6.4
5.9
6-z
6-1

6.6
6.8
6-B
6.9
6.8

.o

.4

.6

1.3
1.6
2"9

3.6
4.0
1-8
1-7
J-8
,l+' 1

4.4
5-4
5')+

5.6
5-5
5.6
5.6
5.9
5.8
5.8

.o

1'0
7'o

1Lr" 5

12.6
10.7
11 '1
11'l+
10.2
9.6
9.3
g-6

8.8
7'Ir
7.4
7'z
6"7
6-9
6.7
6.5
6.j
6.4

.o

.3

.5

.7

.8
9otr'

t.7
3.9
4.3
),.),

5.1
5'L'.

5.8
5'6
7'2
6.8
6.7
6.3
6.0
6.2
6-o
6"o

.0

1 8.8
4-O. B

JO.1

23-5
1B. g

18.6
16. J

1+- 4

13-O

12'8
12. 3
1'l . l+

B.g

9.1
8.1
8.1

7.9
7-9
7'8
7.9
7.7

oQ

'3
.7
.7

1.6
)+'6

l+'7

5't
5.1

5.1
5.8
6.7
7"1

9'o
B-5

7.6
l'o
7'2
7'z
7.3
7'2
-l -o

100

7 5'l+
35.5
28. 8

39't
25. g

22.8
20.3
18.1
16.1

14- g

1l+' 4

1J-9
11"4

o.n'

8"6
8.5
1'9
7-B
7.5
7.5
7.7

\.rI
o



51 .

L.gl*å, -'-.Ç-q" Þ- e 
-E ."= .N* -N - e=y--e*

It has alread.y been shown theoretically (SZ. J) tfrat anti-
syometric motion is conserved. in a system vyhich is comÌ:l-eteIy
antisymmetric. Ilovrrever, in the presence of sma1l symmetric
perturbati.ons, the conservation of antisymmetry is expected- to
be unstable. To d.emonstrate this property computations trere
carried- out on systeras of particles in which the initial con-
fíguration was within .OO14 of EN = E, with N even. In Table fX
values are glven for the energies Ei and. tine aver&ges <E.> for
all rnod-es in a system of N - 16 particles lvhich lvas conpletery
antisymnetric initially. The antisynuretry is obviousl¡r conser'-
ved. for sone time; al-though there is er'erF,:/ in the odd, ¡nod.es

a.fter some coll-isions, there is no con-bribution to the corres-
pond-in3, time averages <8. > as the ener¡; ies in these mod.es a,re
zero af ter the next col-lision, r¡hich occurs in¡¡redi atel-y. the
build--up in the numerical error, holvever,,qrad-uaI1y introduces
syrnrnetric llerturbations. As discussed_ in 53.6, collisions no
lon¿1 er oocur exactry in conju1.,;ate pairs, and. the tine everages
<E=> for the symrnetric mod-es begin to increase.

a.

One might argue that this j-s entirel;r d.ue to the numeri-
cal error, rather than to the instability of the conservation of
antisynmetry in the presenoe of the 'rerturbations. To disÞrove
this h.ypothesis computations trere carried_ out on a sinilar sys-
ten r,vhioh rvas slightry perturbed. (. .oo1l-,) fror the previous
initial- configuration. After onLy 50 colli.sions and. zl+o iter-
ations the energies in the symmetric modes'were as high as .01E

at a time lvhen they should. have been zero¡ This increase i-n the
energies of the symmetric mocles cannot be accounted_ for by the
nurnerical- error alone. Values f or the energies Ei and time
&verages <8.> for this system are given in Tabres x and, xr. rt
is obvious that the small initial symmetric perturbation lead.s
to a rapid- sharing of energy amongst al3. the mod.es.

Á'part from the anti-synnetry consid.eratíons¡ the cases
k = N (t even) 

"re very simi1ar to the cases k = N (m odd) which
vÍere d-iscussed. above. Energy j-s shared pred-ominantly by the
mod.es N, i1¡-2rN-4r.. r and_ to a lesser extent by the mod.es



îABLE IX. Percentage energies E

N = 16, € = €t', Et" =
( 
") Irf od.e Enersies

c

.o

1O.8
.7

11+'o

20.1
23. J
19-3
15. 9

oQ

16.3
12.5

.o

.o

.o

.5

.o

.3
oQ

'o
.o
.o

2.7

.0

.6

8.6
21 'O
'19-1

1'1
1l+' 1

23, O

7.6
1.5

25.1

l_
and.

Eat
tine averages
t = O.

<E=> for the antisymmetric systen
a

Íe'f 2 3 t+ 5 6 7 I 9 tO 11 12 13 14 15 16

o

JO

6o

90

95

120

125

150

180

210

2l+o

o

30

60

9o

120

'l50
180

210

2l+O

oQ

23'B
41 .8

56.2
56. I
66. I
67'6
78. O

90.5
1O3'l+

120.1

oQ

rQ

.o

.1

rQ

.1

oQ

rQ

.o
c)l

.1

(u ) Energy ti¡re
rQ rQ .0

23-8 .0 9-O
lp'f 'B '0 6'9
56.2 .O 6.5
66-1 .O 8-3
78.0 .O g.g

90. 5 .0 9.7
1O3'l+ ' O 9'Z
120-1 .0 10.4

.o

.o

.o

1'1
"o
-1

rQ

.o

.o

'l+
tl

.o

5'1
2J.9

.7

I.2
10. 6

3-6
6.8

12.5

26. +
6.J

.o

.0

.0

1.6
-o

-5
oQ

-o

.o

1.O

8.9

.o

21 -g

10. o

3-6
2.J

10. B

1.1

25.9
19. o

6-7
19-3

eQ

oo

-0

1'7
.o

3.4
oQ

eQ

.1

2'O
2.4

.o

B.B

1.7
15.6
12. 1

8.6
26.1
1B.O

2t+'9

7't
1 'l+

rQ

.o
oQ

1-+
oQ

6.9
rQ

.o
r.l

.8

7.1

.o

1'2
10.7
1lr'8
1B. g

15- 6

3.3
8.7

12- 5

9'1
4'6

.o
oQ

oo

.B

oQ

6.7
-o
.o
.o
.6
.8

oQ

26.1

3.2
3"7
3.1
8.5

32.O

'5
12.9

1.5
.1

-o
oQ

.0

.2

.o

2-6
.o
.0
.1

1 'l+
.8

100

25-5
1+1 '1
19'z
23-3
1'2

.5

'l '2
'1O.5

23.2
7.5

average s
oQ 'O
.0 ¿+.8

.0 4-g

.o 6.1

.o 7.4
-0 9-5
.o 8.7
'o 9'4
.1 g-7

.o
-0
.o
.o
-o
-0

.o

.o

.6

.o
eQ

.o

.o

.o

.o

.o

.1

-7

rQ

.0

.0

.0

.0

.o
-o
ol

.5

oQ

.o

.o
oQ

-0
oQ

rQ

.1

'5

.o

.o

.o
rQ

oQ

.o

.o
-1

.6

.0

3'B
9.6

11 .9

11.9
10.9
1l+'2
1 l+')+

1l+'2

.o

5-9
6.+
7'o
7.2
9't
9.1
9-5
9.6

.o

7.3
9"9

10-g
10- 3

10.4
11.O

11 .1

10-6

.o

11-5
11.6
12'O
11.J
11.9
11 .7

11.)+

10. 5

'o
28.8
24- 5

21-4
21 .l+

19-2
17 -7

17'l+

15. 6

.0

.o

.o

.0

.0

.0

.o
-2

1.2

100

28-7
26-3
23.8
21 .8

19-2
17 -7

16-9
15.2

\tr
N)¡



T¡.BLE X. The percentage energi es Ei f or the (perturbed) system: N-l 6 , ê=€rt , k-16.

c

1 .O

2.O
3 .1

4 crl

5 -9

6 1.0
7 1.O

B 2.o
15 10-7

30 22.5
60 38- 2

90 53.2
120 63-g
160 81.3

32O 144-7

4BO 216.3
640 2BO-5

8oo 345.7
960 +o7.9

1120 473-6
12BO 5t+5.5

1l+4O 611 .2

1600 684-1

z i=1 2 3 1+ 5 6 7 B 9 10 11 12 13 1t+ 15 16

oQ

.o
,o
e0

-o
rQ

.o

.0
oQ

rQ

'5
1.6

.9

2'6
.2

2.8
-2

1.5
1.7

15.1

15.6
.6

1"1

rQ

.J

1'1
1.5
1.9
3.6
4'8
6-2
4-5

11+'J

5.4
'5
.6
.3
.7

12'5
.6

+.7
1-g
5.5
2'6
2.7
5.3

.o

.2

.0

.J

.o

.0

'1
.0
.o
.o

1-g

3.7
'l '6
4.2

3-3
2.3

ol

1.1
.L

5't
6-l
4't

rQ

-7

2-6
1.4

.6

2'9
3-1
3'l+
9'3
3'o

16.2
3.8

12.9
1+'2

2-6
.6

10- 2

'7
3.6
3'5
3.1

-9

1.3

.0

1"l
.0

"l
.o
.o

1.0
.o
rQ

ol

.8

6.5
12.6
8.5
6.8

12.3
9.2
6.L

12.6

7'O
1-5
6.8
2.O

.o

.5

2.o
-2
.4

'1 .0
o¿l

'3
1-g
2.2

'i6-4
1'1
3.8
5.7
3.5

18.6
9.2
4.8
1-g
.8

3.9
17.1

4.2

.0

3.1
.0
.6
.o
.0
-5

.o

.o
-+
ol

10.5

'l+

5.7
1.5
6-2
6.1

2.3
2'3

24.2
.9,

8.6
5.6

-0
rQ

o)l

oQ

-1

3.O
-o

1'8
.1

6"8
1.7
9-3

.8

8-7
18-9

1-6
2r+'7

5.9
16. g

11.8
'lo- 2

5'1
23-7

.o

5.0
-o

2.O
.o
-0
-1

oQ

-o
.7

1.1+

1.0
1-g

13.3
10.9
8.5

.9

1'o
3.7
2-4
9'1
2.5
3'2

rQ

'4
1"7

o)l

1.1
B.B

5.3
2.7

-1

1.6
2L.3
27.5
2'6
5'1

20.3
'1 .7

3.7
10.1

15. J
1.2
1.2

to.2
16.1

.o

5.3
-o
.1

.o

.o

2.5
.0
eQ

1'0
'l+

+.1
1.O

7.5
1.8
2.2
4.9

1 O''1

14.0
1.O

'19.9
.5

3.4

rQ

2,7
10-7

2-B
.l+

10. o

6.9
)+')+

1-O

8.O

5-3
+.1
8.7
3.5

-6

12. 9

4"8
2.5

.7

1'2

eQ

3-6
.0

2-2
-o
.o

4.7
-o
oQ

.8

2.8
8.3
+'2
3'9
1.8

12- 3

5.5
4.8
4.6
3-1

3.9
7-+
2.6

.o

6-2
21+'7

23. O

2'l -4

32.1
42'O
53-I
19-8
40- 6

1t+'9

3-6
10-B

,{-'4

2-2
6-6

.7

7.6
4.O

3'l+
6.4

"l+

9.5

.o

1-2
.o

3"1
.o
.0

2'4
.o
.o
.3

10. t
'l 2'8
4,6

1+- 1

12. t
1.7
1-5

20-o
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9r"
2 242. , ¡ initially. îhese, of course, are the antisymmetric
nod.es. Grad-ualIy, however, energy becomes freely d-istributed-
amongst al-l- the mod-es.

The general behaviour of every system stud-ied- was very
similarr once the inítial cond-itions had- ceased. to be d-ominant,
In particular, a slight variation in the number of particles
from N = 31 to N - 32, sa¡rr d.id. not yield. essentíalIy d-ifferent
results, provid.ed- lve exolud.e the special antísymnetric systern
from consid.eration. That is, the nonlinear systeurs stud.ied here
d.o not shov,¡ less energy sharing when N + 1 is a prime or a pov\¡er

of two, which \ìras a reason given by Ford. for the lack of energy
sharin6; in the systems stud.ied- by FPU, In our sJ'stens if all
the energy wa s initially in one normal- mod.e, it b ecame f reely
d-istrj-buted- amongst aIL the mocles, provicl-ed. there tvas sufficient
energy for at least one coll-ision tc occur. Data frorn some of
the other computations carrj-ed. out are given in Append.ix 2. The
evid.ence suggest ed- in the theory and- sullported. by the numericaf
computations strongly suggests -bhat these systems are ergod-ic.
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CHAPTER. 5

îHE STATTSTICÁ,L l\rnCHAI\TICS Otr' THE L'lODEI

5.1 The Isobaric Grand. Partition Function

In statistical nechanics the grand partition functi-on of
an assembly of N particl-es confined- to a volume V is d-efined- by

zs(T,þ,T) = t (*) z(TrNrv)"*p(nu,/tr), ---( 5-1)

vshere Z(TrNrV) is the ord-inary par-bition functíon. I is the
absol-ute temperature of the assenbly, ¡r is the ôhemical poten-
tial-, and- k is Bottzmannts constant. The partition functions
are reLated- to thermod.ynami-o variabfes via the equations

-kT øn z(rrtrtrv), ---(5 .2)

and.

F

PV

r'¡here P is the pressure, and- F the Helmhol-tz free energy. If E

is the totaL energy of the assembly and. S the entropyr then

F E TS ¡¡N PV. --- ( D.)+)

kfAnZ (r, g ,v),I ---( 0.3)

¡rNr the Gibbrs f:'ree

N, and P by

The eguations above suggest that an isobaric grand. par-
tition function tZ] be defined- by

t(u) z(r,Nrv)exp('Pv/kr). ---( 5.5)zi(T, N, P )

The correspond-ing thermod.ynamic potential
energy, will be given as a function of T,

pN lcT '0n 7,í(rrNrP).



From (+), and. the f irst and second 1av,¡s of thermod-ynamics,

Sd_T+Vd_P+trdNr

57.

---( 5.6a)

--- ( 5 .6a)

¿ (pw)

so that

#("r¡l = v'
and.

6fo(rrlr¡ = s.

Equation" (+) and- (6) tosether yie1d.

E=!N-r#(¡rlll P fp(p^r),

i.e.
E = u{t a$(¿" ,r) + e ft(ø" ,)). ---( 5.7)

This equation expresses the total ener6y of the assenbly as a

function of the tenrperature and- the pressure if the number of
particles in the assernbly is fixed.. AIso, if the volume V is
given, then P is derived- implicitly from (6r), r,vhich mey be

lvritt en as

V k1
AP
a &n zí(TrNrP). ---(5.8)

5.2 Evaluation of z.3rNrP)

In statistical- mechanics the partition function of a

d-ímensional asserubl-y of particLes with N d.egrees of freed-om

shov'¡n to be

one

IÈ

åw
z z C'

vuhere ñ' is Planck I s constant r ârld- ZC

partition function of the assernbly.
by

N+1

zc = [../""{- [ ø("¡ -

--- ( j .9)

the configurational
our mod.el thi s is given

il,I K T\*-Y)(

is
In

Yj-r )/r.la¿ ,

j=1

---(5.10)



integrated.over0=¡ro
written y. = i4 + *j.
abLe L of our assembly

zi(r, N, P)

< Ir ( oo a lN*1 = L, where we

0n replacing the variable V by

we obtain, from (¡) and (g),

58.

have

the vari-

---( 5.13)

=(

/uvr\
\TF)

--{ 
exp( -PL/kr)zr(r,N, L)dL

hH)å- zr(r,w,n/tt)'

zerewh Ls

I
the
is

Laplace
d.ef i- ne d.

---(5-tt)

transform of Z c'
as the Laplace transforn operator

oö
I
/ "*p(-Yr/ur)[r(r)]¿'t ---$.i2)

J.

Tf

lftG))
repeated. use of the convolution formula,

r
r(r-À)e()',)arl = LE(')1. Lle(')1,

gives
zr(r,N,p/kr ) = Af"*n[-ø(" )/ur,]]**'.

Since exp [ -ø (") /xr] 0 for r ( d.,

I f "*n t -ø ( r) /r<tf] = exp ( -pd./kr)ll""nt -ø ("*a)/r.rJ],

which red.uces to a stand-ard. Laplace transf orm when th e f unction-
aI form of ø given by Eq. (2.3) l" introd.uced.. fndeed.,

I l."n[-d 
("* d) /krf] = "*n( =l$o*ty(u-d)" J/r.f

x f [""n( 
-tvlr" -2r(a-d) r/kr]

'(
=eX Ð

-[øo*åy(u-d)" ]/u

t

where

q"= (ur/ zv)
1

2

d' l"*p(-"" /4a" )),
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and. l' is the Laplace operator gj-ven by (lZ) r¡hen P/kT is re-
placed- by

p Ip-v (a-d))/ur.

The remaining transforn, whích may be found. in stand.ard. tables
[g] of laplace transforms, is 

oo

f 'lexp(-r'/+o')) = 2or exp( a'i|" ) t exp(-t2 )dt.rJ 'Je

After a process of back substitution into
equations, the Ísobaric grand- partition funotíon
bly of particles is finally evaluated. to be

'l
2

the
for

v&r1 0u s

the as sem-

zí(T, N, P)
ï

(ut /v )
1

2 ¡ (v ) "*n(-[ ra+É o +Ly( u-d)' f/-Ù]\ 
---( 5'1r')

,

rvhere

and-

r(v) exp(åy') exp(-åst )¿s

an error funotion which has been
An equation of state for the

and ( t +) in the f orrn

P + y@-r)
1

2

v Ip-v(u-d)](vrr)

(vtr )

---(5.16)

tabulated. Ig].
mod.el is noï'¡ d-erived. from

'l-z

ôo

t

r(y)-'.

---(5.10)

---( 0.17)

I
v

(8)

Koppell It O] has d.erived an equation similar to this. However
the above evaluation of the f unc tJon Z, is rnuch simpler I f f 1

bhan the cornplicated, sad.d.le point method. which Koppell useä- to
avaluat " Ze,. . The use of the grand. portítl'on f unction avoid.s th e

¡ad.d.Le point method and thereby greatly simplifies the mathe-
ratical analysis.

A similar critici sm was mad.e over ten years ago by Lewj-s

rnd. TÍannier llZl of a paper by Berlin and Kac llll. The latter
lerived. the spherical properties of a ferror¡agnet by a lengthy
¡ad.d.le point evaluation of the partition f uncti on. Lev¡i s and.

vannier showed. that Itthe mathematical manipulation can be
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red.uced. to almost nothingrrthrough the use of the grand. partít-
ion function. They also felt that rrthis observation is of sone

consequence in a d.omain of research in vrhich progress has been
largely imped.ed- by mathenatical d_iff icultiestt, 0f course it
has to b e borne in nind. that the d-if f erent partition f uncti-ons
give the same nean values of the thermod.ynamic quantities, but
woul-d. gi-ve d.ifferent results for fluctuations, and. other quan-
tities in which second--orcler terrns are important.

5.3 The Pressure and. Enersv E ouati ons

Our equation of stat u (ll ) "1early shows that the d.iff er-
enoe betrreen the pressure of the nonlinear system and the pres-
sure d-ue to the tensj-on in the springs is given by a correction
term, vrhich is a function of the temperature, and the funotj-on
¡(v) d.efined- by 1r i) and (r 6). Nagamiya Ir¿-] has consid.ered. a

¡nod.eI in v,¡hich the mutual- interaction energy between particl-es
was taken to be

d (") þo + ty("-u)' ( f ( oo¡

Here no cut-off was assumed. to exist at r =
therefore Iinear, and. the equation of state

F + Y(ø-a) = O.

d-. Th e

d-erived.
mod-eI w&s

was

---(5.18)

This is just our equation of state (17) with the correction
replaced. by zero. The correction terrn, then, represent s the
d-ifference between the linear and. the nonlinear cases. îhe
sul-t in the linear case is, of course, f ormurated- in Hooke I s

For further comparison it is possible to recast (ll)
the form

y (¿-d) (vt r )
1-2

t erm

lalvn

in

=-y+ F(y)-'. ---(5.19)

One coul-d. assume that there is a míninum d.istance betvreen mole-
curar centresr say d., in Nagamiya t s mod,el-. By ad-d.ing an appro-
priate t ern in each si-de of (t g) and- eff ecting some minor
rearrangement vre have
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FIGURE l¡ ' Curves for the equatlon of state, in rlinenslonless
forn, for bothrthe linear and nonlinearrsJrsteng.
x=y (¿-d) (yk!)-2, and, y-[p-v(a-d) ](vtr)-ã.
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--- ( 5 ,2o)

in Fig. 4.
b etween the
the figure

Equatíons (t g) and- (t g ) are represented graphically
Note that, for any given abscissa N, the d-ifference
y coord-inates of the nonlinear and, linear curves in
is

y -yr = x+Í = f(y)-t, ---(5.2t)

where y1 is the ord.inate of the linear curve.
The totaL energy of the assembly may be obtained from

0) and (t+) in the rorin

E = (m+å)rr +f (x+r ¡r-,f e' - y. (L-a), -(ykr)åu(v¡-r Ir+y(u-¿)]1,L -)'
---( 5'22)

where u/e have used óo = -tv @-a)' . on using (ll) to eriminate
n(y), the energy is found to be given by

n/(¡t+r) - r<r - +(L-d)[e+v e-u)] -å(n+r)-rkî.

T(hen N is assumed. to be infÍnite the nean energy per particle
d-ef ined by Eg, (4. t 8) i.

ê = kT tQ-a)[p*y(t,-a)1. ---( D.ü)

ïn linear systems the pressure is 6iven by (tg), and- e = krr âs
expected..

lor given values of the paraae-ber s y ¡ l,, a, and d., (ly),
(ll)t and. (zl) is a set of three ind.ependent equations in the
four vari-ables e, P, T, and. y. Any one of these variabl-es may
therefore be expressed. as a function of any one of the others.
Theoretical- values for the expected. teärperature and pressure of
any assembly may therefore be computed.. Sketches of the curves
T = r(t) and- P = p(.), for the numerical vafues of the parameters
given in Tabl-e r (p.29), have been drawn in Figs. ! and 6, res-
pectively. 'rhe pressure of a rinear system virith the given par-
ameters is P = - tl x 1O-? d_yne. It is clear from FiS. 7 that
the mod.el becomes approximately l_inear when e < .25 x 1O-r 4 ergs.
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Because e is then snall- conpared- with ø(¿+) = .7OB x 1O-r4ergs,
the out-off in the potential ¡t T = d. has little effect, i.ê.
few col-lisions, if en¡rr occur. Thj-s is further evid.encecl by

ref erence to FiE. t (p,10). Note also that the mod.el appe..r.rs to
be vreakly nonlinear when e - et = .14 x 1O'14 ergs, which is the
tf,ean energy per p¡.rticIe for some of the systens on vúhich con-
putati-ons TVere c arri ed. out.

Fluctu l_ on

Fluctu-ations i-n the teilpera-'oure
expected- in an isolated. assenbly. The

the t ernperature T are given by

and th e pre s sur e ,xr e

rel-ative fluctuations in

oT" = (r-F)'/1,t ---$.2+)

wher" ñ is the pÌrase averaqe of '-l . Holvever, beoause ïre are
using id-ea1 walls f or the cal-culation of the pressure, we cannot
consid.er fluctuations in the actual pressure. Ihis ís because
any estinate of the pressure recluires o finite tir're for conpu-
te-Ûion. lTe therefore conslder fluctuations in the tirne averarre
of the pressure Uf) d.efined by

(. P> --- ( 5,25)

Computa'bion of these fl-uctuatlons will yieId. furtirer evid-ence on

v'¡hether or not the rilean terl1:erature a.nd- pressure of any systen
approach equílibriun values.

The erqod-ic theoren states tha'u the phase average (.e.g.f)
is the scrne as the l-initing val-ue of -bhe tirile ¿!verage (e.g. <T> ).
.t1.s our systerns appear to be ergod-ic (Cfrapt. 4-), r,\re nake esti-
mates of the fructuations by conputin; tine averages of r and
<P> r rather than phase averages. It lvould. al-so be c onvenient to
d.erive expected. val-ues for the fl-uctuations fron statistic¿11
r'iechanics. Hor,,,'ever, as has alread-y been pointed. out, rve cannot
obtein the oorreot values f or the expected- f l-uctucrtions in the
ilícrocanonical- systems being stud-ied- fron Zí, v,¡hich wâs evalu-
.'.lted. by consid-ering an isobai"i-c grand. canonical ensenble.

c'rP, =
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CHAPTER 6

COMPUTATI0N 0F îHE THERIvTODYNAMIC VARIABLES

In the last chapter the statisticaL mechanics of the
mod.el- rüas d-eve1oped., i. e. expres sions were f ound. f or the ther-
mod-ynanic variabl-es when N v¿as assumed- to be infinite. Mathe-
matioaL expressions wil-1 nolr be found. for the correspond.ing
variables of the finite nod.e]..

6.1 îhe l[ean îemperatur e

Sinc e

foLlows from
there are N d-egrees of freecl-orn in the nod.ef, it
the equipartition principle that

< KE> åm <T>,

vvhere <KE> d.enotes the tirne everage of the kinetic energy of
the system. The time a,verage of the temperature i s theref ore
given by

<T> = 2 <KE>/(Nk). ---( 6.1)

A measure of the instantaneous tenperature is taken &s
T = 2 x KE/(Nk).

The tine averege of the kinetic energy over a''y tirne
interval (Orr ) i"

T

<KE> d.t . --- ( 6 .2)Lu, -' 1..Ixtx
l*N
o

rf there are no col-lisions in this interval (i. 
". the system



th en,
T
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r earranging,behaves linearly )

where we

Eq. (+.+)

aa(x'x - x
dNæ

r"l
o

1..
tm / (*'*J--

o

on integrating by parts and

årvr[", i ]
T

'ax)at O'

have used- Eq. (2.8) to evaf uate x, i'.
, since the systen is cons""rrotiiur-

T

+ x'Rx)at rE.

But from

the ti¡re average of
) , if no c oll-i si ons

Ad.d-ition of
the kinetic
oocur:

the l-ast two equations yield-s
energy over the interval (Or"

As T increases
t ed- re sult f or
f -+ oo.

where

and- t
ïf rve

<KE> Ln

s econd
1i ne ar

Ln

d-uring
(l) so

T
,_, [*, i] *dÈ0

___( 6.3)

term tend.s to zero, giving the expeo-
system <KE> = tn in the limit as

+ ** "-'[J';r;'
the
the

'vïhen there are colli-sions
there is a correotion term C, in

the int erval (Orr ),
that

a,, _-_ ( 6.4)< KE> + fu

v=

i (i = 1 ,2r... ) are the times at whích the collisions occur.

*r'-'
- .-ti+¡iLJ'*J*r_,

d-ef i ne

D, t:' j r;: ,

then, for a collision betvreen particles j 1 and j at time t,

D, = x._r (t)t;._1 (r+) - ir_., (t-)l + "r(r)t;j(t+) - ir{t-)1.
0n usíng Eqs, (Z.l) and, (z.l) trris may be reduoed to

(t)1,D, -(a-a) I ai j



whe'e l A;r (t ) l

the nonfi-near
is given by Eg. (¿,..10).

case in which there are

the
+1

68"

The oorrection term for
collisions is therefore

ct __- ( 6.5)

v'¡here the suminatíon is over all collisions betu¡een particl-es
i - 1 and- i at tine" ti d.uring the -birire interval-.

The time average <T>, which vre shall- caLl- the nean temp-
erature, is cor,iputed. from (t ), (¿r), and (l), i.e.

---( 6,6)

6.2 The Mean Pressure

** '-r (a-d )r, I ai . 1t, ) I ,

<r> = n/(mrc ) * åu(r¡r.r ) -'It*,¡f . - (¿-a)r. 
^* j 

(tr ) l].

Between c ollisions
holding particles 0 and. N

forces exerted. by the constraints
fixed- are

f y(xr +'o- a),
and.

fN*1 = y(-"W+1,-a),

respectively. Since the mocleI is one-d.inensional, these f orces
are the j-nstantaneous pressures acting on the l-eft and right
t'ral1s, respectively, províd-ed. there are no col-lisions on the
lral-Is. Thus, in the 1ínear system, the time average of the
iflean pressure acting on the tlvo lva.Il_s taken over an interval
(0," ) is

T

<p> = - y(e-u) -Ly r-i t (x. -x*)at. ---( 6.7)
I

From Eq. (2.8) it fol-l-or,','s that 
O

T
T

*. -x*)at y (r't' -a ,)[ l ---(6.8)N ,

o

0

a

x,I(
o

r,¡her" lt,
th e niatrix
T 4 æt

and- d

R-l .
N

âre the first and- last rorúsr r€spectively, of
Since this integral is finite, in the lj-mít as

<P> -+ y (('-a) t __-( 6.9)
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',i'hloh ts the resul-t f or the l-inear system pred.icted- in Eq.. (5.18).
:t;Ihen there are end- col-l-isions, however, there are acld.it-

ional- contributions to the pressure due to inrpulses on the waIls,
A me&sure of the time average of the pressure over the interval
(Ort) in the nonlinear system is therefore given by

<P>

For an end. col-lision'çlne impulse of the i-mpact on the wall is
2Ml;iI, i = 1 or N. If E' and- E" clenote sumr¡ation over all
coll-j-sions on the l-eft and. righ-b waI1s, respectively, then

ctt - ul r-r [x' lir | + Dttt ---(6.tt)

v@-ù -trr-'[ (*., -x*)at + crt . ---(6.t0)
0

l;Nl l.

y(a^,-sm, ,[t;f; - riti]lîl],

the d-efinite integral in (tO¡ is evaluated by

the partíal integrals for the time intervals between
of co]-l-ísions. Thus

,1,

the suilma'cion being taken over
t:_ (i. = 1t2r...). To simplify

T

s urnmi ng

each pair

---(6.t2)(*. -**) at

DI' 0 /tt) (m+t ) ( o' '

c o]-l-i si ons at
expression r,re

.t+
- Ín' ) [*]t-.

tines
introduce

1 and- j at time t,

all
thi s

Sinc e

and-

0/tt)(u+t) S,t' = (u,tu-t r...¡t),

0/w)(l¡+t) 3u, = (i,22...,N),

then, for a collision betv,¡een particles j

= [n+1-2(j-1 )][i¡_rDII

the bound-ary cond.itions being assumed.. By

cond-ition " 
(2.7) this may be red.ucect to

(t* )-ir-r (t-) l*[m+r -ei ] ti, (t*)-;j(t-) l,
using the collision
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2(N-1) li'(t)l
-rli¡(t)-i¡_,(t)l
z(m-r) l;N(t)l

j 1

Dtl t 'l<j<N+1

J N + 1i

Thus, if

-v

d.enotes sunmation over all internal collisions,
T

(*1 -x*)at = y (lr, -:*, ) tI]o

al-]- the contributions in (f.O) rùe obtain the est'i-
pressure in the form

0n acld-ing up

nate for the

where the
j -1and-
nined- from
1arge, !re

systen.
In

where
l-in
7--foo

p (yur)-+ =

wh ere y and. F (y ) are d.ef inecl by

tively. This last equation is
1

Irll
¿

I
0

+2M[-(n-r )¡,1i, I + 8,, li;-í¡-1 I - (m-r )r''l i* ],/(u+r ).

<P> = -v(('-a) * tvr-'(5,,'-gx')t¡f; + Ir(N+1 )-tt-trrl¡i¡¡tr)l ,

___(6.13)

summation is over al-l- coJ-lisions between particl-es

i at time" ti (i = 1 ,2r. .. ), and.

Eq. (4.to). Provid.ed- the tine
lair(t)l i s d.et er-

(o,t ) isinterval
sha1l call- thís estirnate the mean pres sure of the

the limit as 7 4 oor

<P> -+ y(p'-a) + F, ---(6.jL)

p

ê t then, represents the d.iff erence between the pressures of the
correspond.ing linear and nonl-inear therrnodynamic systenE. Fron
Eq.; (5,17) we should- expect that, for large N and large r, the
nurirerical- estinates for 0 and. T shoul-d- satisfy'che relation

u(n+1 ) -' r-trrl ai¡ (ti ) | . --- (e.ts)

F(v)-',

Eqs. (5,t 5) an¿

jus-b Eq. (S.zl¡
sh oul-d yí el-d. th e

---(6.t6)

(5.16), respec-
wrítten in a

vertiaa]-(vtot )d.ifferent forn. Thus p
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nonlinear equations of state, drarnrn in Fig. 4
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(p.61 ), at
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ancl

the x

6.3 Resul'cs of the Conputations

The numerical c omputations f or d-iff erent systems shovved

that the r0ean temperatur"es and pressures approach the values
pred-ic'ced. theoreti.cally. That a sr-rall nunber of particles
gives a good- approximation to the infinite assenbly seems a.

characteristic of rnol-ecular d.ynanics. Even r,¡hen rve chose N as
small as 7 or I the mean -benperature approached- to vritini.n 4/o

of 'che pred-icted- ter,rperature f or ',;he inf init e as sernbly, vr¡hi1e

'she error in the inean pressure ryas of the ord-er of lofr. Tüe

t'ril-1 norü d-iscuss fulIy the farEest s;,rstems on which conputations
trrIere carried. ou-L , and- only ref er to 'che results f or smaller
systens for comparison¡

ïn Fig. 7 we plot <T> f or the two systerns in ivhich N = 31,

€ = ett = .7 x 1O'1 4 ergs, and- the initial- conf iguratíons tvere
E1 = E and. E* - E, respectively. ft is quite olear that <T>

approaches near the thernod.ynarnic value in each case. I¡'igure B

shows the behaviour of <T> in the tlro sirnil-ar s.;; stens in vøhich

€ = et = '4- x 1O-r 4 ergÊ. In a linear sy sten in r¡vhj-ch all the
energy is in the i-th norrnal- nod-e¡ say, tJre curve of <T> as a

funotion of the time t r,vill- osci-11ate period-i-calIy about the
nean l/(nf<) r,vith a period. ?tr/u.. Th; oscill-a'cions about the
nean will- decrease to zero &s t -+ oo. This expJ-ains the period.ic
oscillations in th e curve label-l-ed. k = 1 . In the iveakly non-
l-inear systen the f irst rnod-e renained clominant f or a consid-er-
abl-e tine as there i/vas l-ittl-e energy sharing lvith the other
nod-esr and- the osci]lations in <T> are therefore to be expected..
The period. of these oscill-ations is approxirirately
2t/u1 = 1'751 x 1O-ltsece Hovrever, as the energy becor,reÊ dis-
tributed- amongst all- the mod.es, <î> begins to approach near the
-bhernod.ynanic value of 3l .70 a,. The approach is slow because of
'che d-omj-nance of the first nod.e for such a long time. Because
of this, the nunerical estiurate of crz f or this system should- be
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rnuoh larger than the c orrespond.ing estinat es f or the o'cher

syst ens.
Figures 9 and- 10 shorv the.t the me&n ;oressure <P> also

approaches near the pred.icted. thermod.ynanic values in each of
the four systems discussed. above. fn the more strongly non-
linear systerns (fle. 9) <P> rapid-Iy approaches the pred-icted
vaLue, and- then fluctuates near this val-ue v¡ith decreasing
variatj-ons. The systen correspond-íng to the curve k = 1in
Fig. 10 is obviously strongl¡¡ linear initlally, si-nce the pres-
sure given by Hooke I s Law f or the linear s)¡sten is
P1 = '2OO x 1O-7d.yne. îhis concl-usion is supported. by the
rernarlçs na¿le above about thís particular systetn. As in the
case for the tenperature <T>, the pressure <P> approaches the
therrnod.ynanic value as t j-ncreas es, ind-í cating a nonli.oear be-
havi our.

Sorrre actual values for <1> and. <P>, together ttith the
rel-ative fluctuations crrz and. c.rrz computed- frour Tlqs. (¡,2+)
and- (5.25), respectivelyr &re given in TabIe XTI for s)¡stems of
N = 15 and N = 11 particles. For N = 15 the va.fues of <T> for
the givcn systens d-íffer frorn the pred-icted- thernod.ynanic temp-
eratures by about 2.5o1o, For similar initial time intervals the
results for N - 31 show that, vrith one exception, the estinates
for <T> are within about 11" of the thernod-ynanic valüêsr Hovr¡-

ever, for second- time intervals correspond-ing to collisions
15OO i lOO0 when N = 31 , the error is about ,6Yo lvhen e = ê't
and renains near 1/o tnhen e = e", with no exception. The snalfer
rel-o,tive error when € = et is to be expected- as the tine in'cer-
vafs consid.ered. are corrsid.erably larger than those consid-ered- in
the nore strongly nonl-inear systems in vu'hich € = €il. It is seen
that the larger systems (N = 31) give results which are much

closer to the thernod-ynanic ter,rperatures (n = * ). The conputed.
values for crz when N = 31 indicate that the temperatures of
these systems approach equilibriur¡ val-ues. As expected., the
correspond.ing rel-ative f luctuations f or N = 15 are larger. The

computed. val-ues for the nean pressure¡ although not as accurate
as those f or the nean tenperature, al so sho¡,v an approach near to



77"

TABIE XII. Time evera,ges of the tenperature <1> and- pressure
<P>, together with the relative fluctuations ol" and.

2o.pr- r rêspectively, over in-bervals of C col-l-ísions and.

time t sec for syster,rs of (") N - 15 and. (u) N - j1 par-
ti-cIes; Et = E at t - O, ancl- e = E/N. x and. y 6ive the
vafues of the variables in the dirnensionl-ess equation
of state Eq. (5.1g).

e k Cx 1O-l txlOro <î> 6 2 <P>x 106 d x y x+Tr
2

<P>

. o626

.o143

. oo22

'oo32

(o)
,.,.e I 1

e' 15

ett 1

eil 15

o-75
ô-7 5

o-75
o-75

1.1j
J"O1

.Bg

.97

30.9
31 '2
60.7
60,3

.048

.048

. o36

'o35

, 0647
. o779
. t+361

'3922

'l .837

1 .827

1.311
1.315

'1'772
-1.751
-1.062
-1 " OBg

. 065
,075

" 249
.226

(¡)
et 1 O-15O

1 50-100
et 31 0-150

1 50-JOo
et 1 0-150

1 50-loo
ett 31 0 -1 50

1 50-3OO

3, 31

2. 66

2.85
2- 65

,77
.85
.85
,87

30,6
11 .5

31 '3
31 .5

61 .4

61 .5

6l .6

6j .4

.078

.01 I
, O23

.022
, o16
.o15
.019
. o17

. o605

.o875

.OB1J

. og8B

'5101
.4476

'l+695

'4Lr9l+

.7578

.0048

. o0B0

. o00B
, oQ42

'00O/+
. oo25
.000J

1 .846

1 .820

1 .825

1 ,820

I .303

1.3O2

1.301
1 .303

-1 "7Bl+

-1.739
-1 '7t+8

-1 .7 30

-1,015
-1 'o49
-1.o36
-1.048

, o62
. o82
. o77
.o90

'288
.253
.265
.255

TABTE NTII.
for
the
e all

The th eore'cicaI1y pred-icted. th ermod.ynamic values
the tenaperature T and. the pressure P. x and. y aTe

coord.inates of the appropriate points on the nonlin-
curve in Fig. l+, r,vhich represents Eq. (5 .19),

ê T P x 106 x v x+ f
et

eil
= tl+ X

= .7 x

1o-r4
10-r 4

31 .72

62- 07

.1 060

'5051

1 .814

1 .296
- 1 .718

1 .011+

.og6

.282
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the pred.icted. pressures. Again, the results are, in generalt
cl-oser to the thermod-ynar,ìic vafues vrhen N = 31 than vuhen N = 15.
Of course the fl-uctuations o"pr" should. tend- to zero if <P>

approaches an equilibrium vaf ue. The given e sti¡irates f or oarr2
when N = 31 therefore support the conclusion that the nean
pressures d.o, i^ factr approach equilibriun values. It should-

b e p oint ed. out that no c ontributi ons to ol" and- o. 
"ra 

ïrere
conputed- f or the f irst 5U coll-isions v¡hen € = €' , and f or the
first 1ON col-lisi-ons u¡hen ê = êtt. .A point of interest is that
the averege rate of col-l-isions per degree of freed-orn C/Nt is
approxirnat ely the sane f or evcry system v'¡ith tho sano energy
per degree of f reed.on e, This rate increases rapid-Iy as e in-
creases, being about three tiiles greater f or €, = et' than f or
ê = e I .

îhe vafues obtained. for the variables x and. y dctermined
f rom Eqs. (5.19 ) and. (5.17 ) u"e also given in Tabl-es )rII and-

Xïïï. Alnrost evcry pair of coord.ina-bes x and y conputed. for
the systems in r,rhich N = 31 gives a point v¡hich lies very cl-ose
to the curve for the nonllnear equeLtion of state in Fig. 5.
Ind.eed. the reason for not plotting these points is that they
are so close to eaclr other, and to the curve, as to be aLrnost

ind-istinguishabl-e on such a snall- figure. .tl.s suggestecl by

Eq. (5.21), the theoretical value for x + y for any given e is
the vertical d.istance between the finear and. the nonlinear
curves in Fig. !, and- is therefore a rnea.sure of the d-ifference
between the l-inear anrj- nonl-inear systens, Comparison of the
values for x + y in the tables shows that the point" (*ry) for
N - 15 are not as close to the curve for the equation of state
as are the correspond.ing points f or N = 3l . In other lvorcl-s,

the systems in rvhich N = 15 d.o not sholv the d.ifference betv¡een
the l-j-near and nonl-inear model-s as lvell as d-o the syste¡ns with
N = 31. Ilovsever îIe su6gest that, if sufficient computations had.

been carried. out ¡,vith N = 31 , saÍr for d.ifferent nean energies
et the ourve for the equation of state could- have been obtalned-
experinentally. In particular, trre conclud.e that the nuinerical-
conrputations provj-d-e an adequate evaluation of the thermod.ynanric
properties of the nonlinear mod.el.
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CHAPTER J
OCORRETATION FUIüC T TON

L"1 - -.i*tr o 4s sli.sg
îhe volume of the total phase space availabl-e to an

isolated- microcanonico.l s;rsten of total energy E is finite.
Fron this it can b e concl-ud-ecL that the pa.th in pha.se space
vrhich represents the notion of the systern must be clos ed., j-n

which case the system nust eventually return to its initial
configuration, before tîei)eatin11 the previous motion. The

length of tine for such â repetition is knol¡n as the Poincar'e
recurrence tine of the systen. It is knov¡n tha.t the existence
of an equilibriun state with fluctuations need not be ínconsis-
tent with Poincarä cycles, and- that snall- ftuctuatj-ons frorn
equilibriurir shoul<i- have snal-l Poincarå c.ycles vrhíl-e large fluc-
tuations shouLd- have very long Poincar6 cycles. tr{ezur and- Mont-
roll ll Al have extríbited several f ormulae which show that the
Poinoarä cycles which are nost relevant in the analysis of
typicLrl experinentaf situations involve d-irectl;r only e snalf
nunber of variables. The forrnulee aiven usually invo]-ved. cet-
tain correlation f unctions of the variab].e s. \[azur ancl Montroll
also showed. that a d.ynarnical- function is ergod-ic when its phase
correle"tion f unction tend,s to z ero as t + oo. Thus the charaoter
of ãny system can be d.ed,uced. fro¡¿ corre]-a.tion functions of vari-
ables r,vhi ch are functions of the notion of the system. An exam-
pfe of such a functíon is the velocity autocorrelation functÍon
a,ssociated. lvith the i-th particle in our systern of N dep;rees of
freed-onr, îhis ís d_efined_ by

l.im
7-åoPNri(t')

lr(t)nt(t+t/)
---(7.1)

is the momentum of
numericaL resul-ts

particle.\ Before d.iscus-
\or this fulrction for the

f.in .Tã

the i-th
n, (t )'

lvhere o.
si n¡=; th e obtained. f



nonlinear sy st ens stud.ied_, 1re evaluat e

sy st ens.
PNri(t')

by Eq. (¿r.l). By transforning
usi-ng (Z) 17e obtain

år{t)oo(t) 0,

80.
for the linear

7.2 The Linear Case

th e aut ocorrel- ation f uncti on d.ef ine d- above l-s read.lIy
evaluated. for the linear systen by transforning the lntegrand-s
in (t ) ínt o the nornal c oordina.t es d ef ined- in Eq. Qrr?) t and
their d-erivatives. The solution to Ì;he equations of notion of
the linear systen in t erns of thc normol coord.inates is

qi(t) or(o) "os o. t + ,í-t år{o)sin 'itt

where th e ar- are giv en
a

normal coord.inates and_
N

j ,k=1

It is sir:rple to shovs that

f.im
7--foo

and.

v'rh ere E j

Since pi = M;

sy st em i s

lín < år{r)åu{t) , = }u-rB
T-_foo

is d-efined in Eq. (t*.6¡. Hence

lin . ).\' t. .\ 
N

r-åo ( *itt)ii(t+t,) > = + f r-,
/J rJ

ir{*)ir(t+t, )= I ,rjriLå¡(t)[-rrro(t)sin "kt,*åu{*)"os ,kt,f .

å=1.

--- ( 7 .2)
into th e

--- ( 7 .3)

)=

ô
J jkt

2 M-r cos o) .t' .
J

E
J

j=1 --- ( 7 .+)

the autocorrelatíon function for the linear

IN

S..2E.cosr-J J

s..2x.].J J

t^l.t
J

N

)
1-r
i=1

it

eN,i(t) t --- ( 7 .5)
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a function whioh is obviously periodic ín t. There are two

speciel ccses of interest urhen the autocorrelation function in
(¡) is red-uced. to & very simple form.

(u) 'vÏhen the energy of the l-inear systen is equipartítioned.
anongst all- the nod-e s,

N

pN,i(t) = [ 
srr""o" "j,

j=1

N

(tt*t )-t I( 1-couIei j r/ (m+r ) I
)

cos

--- ( 7 .6)

so thet

--- ( 7 .7)

0rh, 211 ,...).

---(7'B)

u .t.
J

(¡) If the confiEuration
aIl- the energy is in

j=1

of the systen
th e jc-th ir od- e ,

is E.
J

th en

u juu'

= COS

7 .J An Estinate f or the Nonlinear Ca.se

Equatíons (t), (6), and (l) are offered as an interesting
basis f or comparison with the ¡.utocorrelation functions for the
nonlinear systems that have been stud-ied-. Unfortunotelyr the
autocorrel-ati-on function is not easily evalue"tetL in the nonlin-
eaï cese; ind.eed- we are forced to resort to a nunerica,l approx-
ination to obtain estlnotes for the necessary tine averages in
(f ). As the nethod- of conputín¡; the notion f or each system

facilitated. the obtaining of ínforr¡ation at egual tir're interval-s
h, û.n estinate of the autooorrelation funotion d.ef ined- j-n (t )

wa,s taken as .+ .
) i, ("r')ii(t+rn)
L+
r=0

eNri(t) al. t.t{

PN,i(t) t (t
n

I ;. ("r,)'
/- 

-L

The

r=O

estimate f or t = mh has no raeaning unless
'O5n say. In Fig. 11 we have plottecl the

m <<

ourv e

Tt, i. ê.

ob t ai-n ed.n<
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f or purt (t) for the system N = 11 t ê = Ê', and- E1 = E at t - 0.
this estiiaate of 'che autocorrel-a.tíon functi-on rvas obtained- from
a conputation vrhich ran f or 12OOO intervals r,vith h = '5 x 1O-1 3

s ec, and- 'cLte f unction is plott ed- f or only 160 suoh int erval- s.
Although this systen appeared- to b e the nost rveakly nonlinear
of all- the systens stud-ied-, the crirve pfotted- bears no conparí-
son v¡ith the autocorrel-ation function for the linear systen
star-bed- in the fi-rst rnod.e. In the latter sysJcen

pNrl(t) = cos ntt, and. the period. of oscill-ations is
2n/u, = 17'5 x 1o-rz sec conpared- r,ví'bh an initial period- of
oscill-ation of about 1O-12 sec j-n the nonfinear case. The curve
plotted- ín Fig. 11 is typícaJ- of the correspond-ing curves f or
every system stud-ied.. In particular, pNrl (t) appeared to be

índ-epend.ent of N, and- of the rate of collisions in the systeils o

ïn every case the tir:re betvteen the fi-rst tlvo naxima r,'ras about
'l O-12 sec, and- thereaf ter the curve f l-uctuated- with a naximum

amplitud-e of about " 15.
The curves ri'rere only obtained. for 2OO intervals of t,

i.e. u! to t - 20 x 1O-1 2 sec vuhen h = 1O-r3s€o.¡ as computing
orn, (t) f or nore intervals of t vrould- have required runníng the
whole cornputation Lruch further than lvas necessary to obtain
saLisfactory results for the other propertíes of these systens,
vrhich have been d-iscussed earfier in this thesis, It is not
possibì- e to d.raw à:ny conclusions f ron the curves obtained- f or
the autocorrelation function, but it is sigrrif icant that our
nonlinear nodel- enables a dynanical- estirirate of this function
to be nad.e. The curve clrar'¡n in ]-i'i6. 11 theref ore provides an

interesting comparison with the hypothetical curve drawn by
ÌÍazur and. Mon-bro1l in Fig. J of their pâper.
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the mod.el. For the snaLf vo.l-ues of N used., the speed. and êoorl-
o¡¿ies of the computation enabled- estiìîates of the pressure,
tenDeroture, and- the autocorrelation function to be obtained.
quickly, without recourse to nagne'cic tapes for interned.iate
storage, whereas the computational tirrre fo r N = 128, sa¡r r lvould.

have been prchibitive lvith the linit ed. computing f ¡.cilitíes at
our dis;¡rosa1. Ït is sußilested- that o numerioal verification of
sorne of the other results of statis'cicaL me chanics could be

obtained- fron this rilodel-. Tn particular, a cal-culation of the
entropy function and- its fluctuations for both e systen and- e

subsystem could- be attern.pted.. Thi-s should. l-ead. to a nunerical
evalua-bion of the H-thêororil o

It ruould- be interestíng to try'bo d-erive the macroscopic
properties of the nod.el by the generation of & stochastic pro-
cess. The tine intervals between tlro col-lisions could. be chosen
at rand.on frorn a probability d-istribution. The trajectory of
any systerir in phase space may then be foLl-ov,red- by repeated-
application of the li-near transforiration (Z.lO) for the seleoted
tirle intervals, together wíth a rand.on choice of oolLision after
each iteration. This nethod. should yiel-d. sJrstems rvhlch a,re

statistically eguivalent to the ones vrhich have been discussed.
in this the sis.
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APPENDI]T 1

EC Oi\TOMIZED POTYNONTAT .A.F OXIX4ATTOI\IS 10 Cos 0 ancl Sin 0

noni al
by Eqs.
seri-es

d-efined.

and.

(") = cos(r arccos x) ---(¡.t.t )

It is a well- lcnown property of th ese polynoniaLs llll that, it
a given finite range, a function of a real variabl-e is repre-
sented. more accurately by a Chebyshev series approximation of
¡resgribed. degree than by a truncated- Taylor series expansíon
of the same d-egree. Clensharrr It S1 has cor:rpiled- tables f or the
first ten coeffioients of the infinite series

oo

-Lo* L

the coefficient" ,2, and c2r+1 in
approxinrations to cos 0 and- sín êr

(3,18) a.nd. (3.19), may be d-erived
expansi-ons f or the se f unctions.
The Chebyshcv polynorlial f"(x) of

by

the economized poly-
respectivelyr given
fron the Chebyshev

clegreerinxis

l"l ( 1, ---(41 .2)

rr

I
cos *2" t rr(x)

0

oo

sín tnx =X ø l*l ( 1, ---(A1,1)

0,

2r rr" (x )

r-0

where the prime d.enotes that the coefficient cre is hal-ved. in
the surnnation. the Chebyshev polynorrrÍals may be d-erÍved fron
the reourrence relation

r+1 x r"(x)2xî )( n*-, (x)+

lr"(") Iwith f e (x) = 1, and. T1 (") = x. Si-nce < l for all x, the
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3) after theabsol-ute error d-ue t o truncation of either (Z)

n+1-st ternr say, is given by

I n"ro"l u2, .

Hence the number

ies ín ord.er to
t ai ne d-.

If the infinite series (Z) and. (l) are eaoh truncated.
after the n+1-st tern, they ney then be expressed. in the form
of Eqs. (3.18) ana (3.19), respectivelxr af ter making the chan€ie

of variabl-e 0 = trx. The el-erìen s of 3(t) given by Eqs. (Z.ll)
and. (3.21 ) *"e computed- correot to eÍgh b significant figures,
or to t en d.ecinal places f or the snaf ler elenents, t'rhen only the
first seven terms in each of (Z) and. (l) are retainecl. The

coefficient " "2, and "2r*, coiaputed. f rorr the f irst seven coef -
ficients uZ" evaluated. by Cfenshavr for (Z) and (l), respectivel¡
are given to 12D in Tabl-e A1 . These coefficients are used- in
the appropriate eque'bions in 55.1 to evaluate the eleräents of

¿(t ) to within 'ch e presorib ecl €rrorr

r-n+1
of terms to be retained- in

obtai-n any d-esired- accuracy
the Chebyshev ser-
is read-i1y ascer-

TABLE A.1 .

p olynoriri aI
The coefficients c

aFproxinations to
given by Eqs. (5.18) and- (l.lg)
i ent s are evaluat ed- to 1 2D f r or,r

of Eqs. (z) and (l).

and- "2r*,, 
in the econor-rized-

0 and- sin 0, respectivelXr
in v'¡hich n = 6. The coef f io-
the first seven terns in eaoh

2r
cos

r c a 2r+12r

o

1

2

3

¿+

q

6

+ '999999
't+99999

+ 'Oì+1666

- .001 lB8
+ '000O2t+

- .000000

+ .000000

999999
999970
666t+l I
88841 7
801 040

27 5247
oo1 gg1

+ 1'000000
.1 66666

+ 'ooBTJ3
- .0001 gB

+ '000002
. oo0000

+ '000000

000000

666661+

1J3320
41 2667

755695
o25030

0001 54
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APPENDÏX 2

TABTES OF VAIUES FOR E . and- <8. >al-

The tables which foll-ow are suppLenentary to Tables V-XI
vuhich appear in Chapter 4 to i1l-ustrai;e the energy shari-ng prop-
erties of the nonlinear systems being investigated-. Eacln table
gives the energie" Ei in the linear norrnal rnod.es as percentages
of the 'i;otal energy E, anð,/or the tiine averages <E. > of these
energies for sone systen. The Ei given correspond- to the pa.r-
tition of T just before the C-th coll-ision at tirne z units
l, = 0/ll)zt], and the <8. > are the tirae &verages f or the
interval0tozunits.

In the tables j-n this â:?pend-ix z and i are represented. by

Z and Ir respectively. For siiirplicity the system to v'rhich each
tabl-e ref ers ís l-abel-Ied- n1 - Ír2 - rI¡ I where nr = N; Yr2 = 1 or
2 acoord-ing as the energy of the systen is given by ê = et or
€", respectively; n¡ = k if the initial configuration of the
systen Iîas slightly perturbed- f rom ttre k-th rnod.e, i.e. Ei o ôÍkE
at t - 0, excep'c for the an-bisyalìretric sI¡sten in TabIe A.2.15

when 'che inítio.l- c onf iguration Lras not perturbecl f ror,r the k-th
node. li¡hen N = 3l or 32 the tabl-e is snlit into tl¡o sections,
the f irst of which gives th" Ei and./or <8. > f or the mod.e s .1-16,
trhil-e the second- part gives the req.uired- values for the remain-
ing nod.es.



T ABLË

A'
A2.L. PERCENTAGE MODE ENERGiES AND TIME

MODE ENERG I ES JI

THE SYSTEM 1-2-L.
T IME AVERAGES

1 ¿ 334561

AVERAGES FOR

B.

99.9
99.I
95.4
92.o
92.4
19 .5
15.6
66.5
59.1
4ó .0
38.0
29.8
25.r
2L.3

Ig.5
17 .4
11.6
15.5
11.3
15 .0
12.4
12.8

Z I=l- 2 4567
U

2

4

6

I
10

L2

T4

1ó

z4

32

40

4B

56

64

72

BO

140

280

420

56A

700

.0
r.2
1.6
2.0
-r2t aJ

7.9
8.7

11.0
14.0
2L.6
29 .2
?1 .4
46.3
EÊ '7
))a t

6r.6
70.1
7 6.3

L48 .2
271 .O

426.4
59ó.0
I46.O

99.g
94.4
83.2
f9.4
59.g
39 .4
34.L
33.4
24.9
22.9
3.2
1.2
3.8
3.4
1.1
J.5

27 .O

13.1
4L.9
4.1
8.J
3.L

.0

.6
l.o
7.4

12.5
3r.1
30.6
14.4
6.3

13.0
5.7
3.r

20.4
29.1
12 ELJ.J

36.0
.0

15.7
3.1
J.g

I?.1
6.0

.c
r.3
6.6
I.5
3.0

IT.2
4.0
3.?

14. 0

9.?
29.7
53.8
11.3
2.4

t7
29.9
15.5
21 .6
11.5
19.5
4.5
3.1

.0
1.5
2.7
6.3

12.o
1.6

L5.4
12.1
2I.4
2.4

24.6
10.5
3.I

17 .9
39.6
10.0
11 .9
9.6

15.1
aa9

?.9
41.4

.0
L.?
.1

4.9
4.?
1.8
7.0
4.4
6.5

L3.2
19.8
15.9

.8
7.4

29.5
.6

14.5
r.3

11.0
!6.4
50.2
25.-l

.0

.8

.3

.6
7.9
1.!
1.5

11.7
7.1

26 .2
3.8

14. 0
25.L
7.1
4.9

14.2
2r.9

5.?
14.1
33.0
2.1
8.9

.0

.2

.6

.I
4.6
1.1
1.4

20.r
rg.2
13.1
14.3
1.4

35.6
33 .2
11.7
2.9
J'J

27 .5
2.0

l7 .6
!7.2
5.1

.0

.1
1ÊLa)

2.1
10.8
11 .7
13.0
13.7
12 19

10.8
13.1
11.7
12.1
14.1
15.3
11.g
17.0
16.7
16.4
L7.6
16.4
15.4

.0

.2
7.4
1.5
2.L
2.4
2.5
3.0
3.1
ó.8
6.9

15.2
14.3
15 .4
14.3
14 .4
14.3
13.7
14. 0
13.8
I3.T
13 .4

.0

.2

.6
L.7
1.5
I.1
2.2
4.L
6.1
6.4
8.0
9.0
9.9
9.9

10.7
11.1
11.6
12.9
14.6
13.2
14.2
L4.3

.0

.2

.3
Lr2
1.ó
2.o
2.2
2.6
2.5
8.0
8.7
9.1
8.3
9.0

LI.2
1r.2
11.6
11.5
11.9
11.5
13.2
13 .3

.0

.1

.4

.ó
oa/

1.9
2.1
4.1
4.I
1.6

13 .4
L7 .4
15.2
L4.2
12 -l
LJ' J

!2.1
13.1
15.3
13 .6
13.8
15 .2
15.0

.0

.1
2a)

2.J

.1

.9
1.9
6.0

10.4
14.4
L2.O

12.g

14.5
15.5
1E aL¿')

L5.3
\4.1
L4.4

12.3
15.2
15 .5
15.g

æ
\o
a



TABLE

A.

0

2

4

6

I
10

L2

L4

16

24

32

40

48

56

64

12

80

140

280

420

560

700

.0

.2
2.8
6.6
8.8

11.3
14.2
i9.5
27. r

28.9
?9.5
44.4
53.3
65.4
71.0
71.2
88.0

187 0

283.2
444.8

591.0
1a2. OlJJat

.0

.2

.0

.1

.8
2.r
3.4
1.6
1.1
r.3
.4

4.4
32.3
22.L
L9 .1
9.9
5.4
2.2
2.o

36.3
58.6
L.2

.0
4.5

1l.g
5.9
3.?
I.2
2.6

.1
1.0
4.8

10.5
24.9
1B .7

L2

4.6
23.5
20.5
33.1
28.1
Ll.5
3.A

?L.4

3

.0
3.1
tr.ó
2.O

10. 4

6.6
10.4
11 .4
L4.2
44.9
?g .7
13.6
3.6

2L.6
8.4
8.9

L5.O

15 .6
4.4
3.3
1.5
1.1

.0
8.9
2.6

16.0
2.A

12.6
4.6
4.3

13.9
10.8
35.8
26.2
5.5
1.6

17 .0
9.1
9.6

20.7
10.3
10 .6
5.9
I.3

.0
76.4
23.2
?5.Q
4.0

16.5
2r.3
25.3
16.?
9.3
4.1

19.4
9.5

29.8
9.2
9.8
6.5
2.8

.6
15 .6
4.9

L2.0

.0
4.5
2.?
2.7

18,7
36 .6
35.9
45 .7
8.3

19.7
3.8
4.3

26.L
10.4
?1 .1
2-l .6
24.7
13.1
48.9
6.7

16. 0

43 .6

99.g

ó1.9
58 .4
38.4
60.9
24.3
2r.g
12.2
45.3
9.3

17 .2
1.2
4.3
2.1
3.4

I1.4
18.3

11.9
5.1

10.1
10.1

B.g

.0
3.1
9.4
8.4
6.9
5.9
5.3
4.2
4.O

4.3
4.6
6.3
9.5
9.7
9.2

10.5
11.5

14.0
15.0
14.0
15.3
15.0

.0
2.6
1.1
1.7
3.5
4.6
5.J
6.5
6.8
9.6

11 .5
17.1
14.9
12.g
L?.2
r2.3
12 .4
1r.2
11.0
L2.5
12.3
L2.7

.0
6.3
2.5
1.4
6.ó
6.9
6.8
9.6
9.9

IO.2
12.o

L4.5
11 ÊL) a )

12.o
!2.4
12. O

Ll.7
1a tL)a)

12.9
14.8
12 trLJ')

17.3

.0
11 .5
r8.2
21.1
2L.5
19 .6
19.8
i9. 1

19.2
23.1
23.r
2L .6
19.4
18.8
IB rz
19.0
18.7
14. 0
11.9
13.2
13.l
r3.1

.0
21
J' L

2.a
2.3
ó.0

10.4
1ó.1
24.2
2? .6
r8.4
15.1

13.9
15.2
)"5 .6
15.3
14.1
15. 0
14.4
13.8

14.4
14.3
I4.'7

99.9
77.2
66.9
52.5
55.4
52.7
45 13

34.9
35.r
32.4
26.6
')Ê 1L)'L

22.4
2c.4
rg.7
19 .0
1g .4
15.9
14.7
14. 1

13.6
13.6

A2.2. PERCENTAGE MODE ENERGIES AND TIþ1E

MODE ENERG I ES JT

AVERAGES FOR

B.

.0

.1

.0

.0

.2
Ea)

r.1
I.4
r.4
1.3
1.1
L.4
5.r

10 .6
L2.O

12.5
I?.4
17.0
20.8
L6.9
11 .9
17.0

THE SYSTEM 1-2-1.
TIME AVERAGES

C 7 I=L 2 4561 L234561

\oo



TABLE

A.

c

0

o

16

24

32

40

4B

56

64

12
Qrì

120
r60

200

240

320

40c

480

560

640
120

800

Z I=1 2

.O

9.5
17.8
5.1

!6.9
2.6
9.9
4.2

11.5
12.2
7.0

L2.o
9.5
L.2

29.5
6.9

23.7
7.9
5.1
5o5

1.9
23.4

A2.3. PERCENTAGE MODE ENERGIES AND TiME AVERAGES

MODE ENERG I ES Jf X

345678

FOR THE SYSTEM 8-2-T.
B. ÏIME AVERAGES

I 2 3 4 5618
.0

L.3
8.7

14.2
2?.3
29 "7
36.0
42.2
45.9
5r.3
58.4

109.1
139.8
179.1
209.2
292.1
353.L
425.2

507.I
593.9
643.4
1 14.2

100

1B.g
?5.2
29.9
3.8

11.9
26.5
22 .2
L3.g
3.2

.7
9.3
3.8
6.1
L.4
J.7

29 .I
q.

a)

11.3
22.9
15.1
2.o

.0
3.2
4.1

10.1
19.6
3 0.9

1.2
14. 0
4.1
3.I

14.2
ll.3
1.5

13.2
L2.3
5.5
8.4

11.7
25.2

1.9
8.9

11 .6

.0

.2
5r4

15.1
8.8

L-l .2
3.6

3L.3
8.3
2.?

L6.4
3.3

2L.O

L5.3
26.1
21 .9
2.7

16 13

16.0
5.r

)¿- ^
20.1

.0
3.0
2.3
9.4

14.9
4.4
9.0
7.9
9.2

24.9
19.3
3.r

L7.2
.9

3.3
.1

1.8

16.1
L4.6

.6
19.1
5.1

.0
2.4

.1
8.9
I.4
2.9
c. ç.

7.9
15.6
2I.5
26.9
4r.1
?5.O

6.5
r.2
I.5

11.0

J.9
1.2

44.1
1.2

21 .6

.0

.7
6.3

11.1
2!.r
9.0

55¡4

2.4
24.1
22.9
15.1
12.g
5.0

11 .6
3.7
4.5

10.9
1g .7
g.ó

4.O
1.9
I.2

.0
2.4

2g.g
9.6

L3.5
2!.3
l1. r
10.1
r2.g
9.9
L.4
1.L
2.O

79.5
22.O

45.4
L2.5

2T.L
l1 .4
Ll .1
I4. 0

L.)

100

84.1
72.4
5B.B
42.3
35.?
32.r
?I.2
29.5
21.r
24.O

11 .5
15.3

13.1
12.4
11.7
10.7
11.6
11.8
11.9
12.1
12.2

.0
6.6

11.9
9 o6

8.9
9.0
aÂ

8.0
7.8
8.4
9.2
9.0
8.8
9.0

10.9
9.1

13.0
12.4
13.0
13.5
13¡0
14.0

.0
3.2
3.8
8.1
7.6

11.8
10. 7
10.2
10.0
9.6
oo

10.1
9.2

10.5
10.7
12.5
l1 .6
L2.3
!2.L
11.7
11.5
11 .7

.0
I.2
2.5
3.5
9.5

10.1
9.2

10.1
9.9

11.1
10.9
10.0
10.3

10.2
10.3
13.0
13.0
12.4
12.2
12. I
12.3
12,3

.c
1.9
r.4
4.9

10.1
9.3
9.3
9.5

LO.2

10.0
10. 9

ro.2
12. O

11 .6
11.3
11.6
11.6
lr.2
10.9
11.1
11.3
11.1

.0
L.2
1.4
3.r
1.6
1.4
8.0
8.2
9.0

10.1
10.9
10.9
L2.5

12.8
12.2
12. T

11.5
T2.T

11.9
12.0
12. T

r1.8

.0

.7
3.0
2'2

4.4
6.3

12.2
!?.2
L3.3
13 .0
13.0
18.2
11 EL l a)

17.1
16 .6
14.8
14.8

14.6

15.1

14.9
L4.2
I3.6

.0
Ea)

3.1
g.g

9.7
10. I
10.0
9.6

IO.2
1C. 7

11.2
I4.2
74.3

15.2
L5.1
14.1
13.9
13.3

13.1

12.8
13.0
L3.3

\o
H
a



TABLE A2.4. MODE ENERGIES AS PERCENTAGES OF E FOR THE SYSTEM 15-1-I.

c
0

5

10

15

20

25

?o

3'
40

45

ó0

75

90

105

r20
L35
150

300

450

600
750

.0
19.4
49.4
64.1
80.0
94.8
98.8

112.1
11ó. I
r29.4
157.r
196.5
208.1
225.0
249.1
266.8
280.8
462.9

69L.2
9?8.9

1141 .9

100. 0
99.7
98.2
gv.6

89. 3

97.0
82.4
77.2
73.5
ó8 .9
58.1
33 '3
L5.5
9.6
5.4
4.9
3.6

l0.g
8.1
4.2

.6

.0

.O
2..J

L.4
2.5
3.3
4.0
5.9
4.6
6.9

10.8
L5.5
5.3
1.9
2.4

15 .6
24.O

L4.2

20.8
9.1

23.7

.0

.0
Ea)

1.5
2.2
1.9
1.1
.7
.5
.4

1.0
IL.2
15.5

6.8
5.0
2.5
L.2
7.1
9.2

16.0
4.2

.O

.0
a)
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TABLE A2.5. PERCENTAGE MODE ENERGY TIME AVERAGES FOR THE SYSTEM 15-1-1.
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TABLE A2.6. MODE ENERGIES AS PERCENTAGES OF E FOR THE SYSTEM 15-1-15.
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TABLE A2.7. PERCENTAGE MODE ENERGY TIME AVERAGES FOR THE SYSTEM 15-1-15.
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TABLE A2.8. MODE ENERGIES AS PERCENTAGES OF E FOR THE SYSTEM 16-1-1.

c

0

5

10

L5

20

25

30

35

40

60

80

L?O

160

200
240
320

400

480

560

640

120

800

.0
20.L
31.3
53 .4
69.5
97.5

103.0
120.0
136.4
L67.6
r98.2
254.4
300,0
35?.3
4L3.1
501 .1
641.5
155.5
864.3
961.5

I079.6
1199.5

100 .0
99 .1
91 .g
95.5
93.1
9L.4
90.6
gg.g

B6.g
66.2
49.g
Ll.2
v.4
7.1
g.g

3.6
4.4
3.9

.9
4.5
3.2

t9

.0

.0

.3

.9
L.3
1.9
2.o
2.4
4.0
8.9

14.1
J.6
4.4
3.I
9.7
r.4
8.4

L4.5
2.?

l6 .6
7.3

1I.1

.0

.0

.5
1.1
L.2
1.1
.4
.1
.2

L.5
2.4
3.2
1.1
3.L

10.5
E.aJ

3.4
1.0
2.1
1.1
3.3

tra)

.0

.0
Êa)

.9

.8

.8
L.2
L.5
1.0
3.2

.3
2.6
4.8
5.5
8.2

.2
9.1
5.1
1.0
3.6
3.o
5.3

.0

.0

Êa)

.5

.6
r.5
r.5

.1
2.5
2.3
2.3
1.5
8.9
5.5

12.5
r.1
3.1
9.9

.1
15.1
9.6

.0

.0

.1

.3

.l-

.0

.1

.1

.8

.6

.1
10.0
12.5
2.6

.2
L3.5
5.5

.0
1.5

15 .4
I.7
5.6

.0

.0

.1

.1

.1

.6

.3

.1

.6
1.6
2.9

.9
5.7
4.0
2.9

14. B

7.5
1.8
4.0
6.4

.1
l9.B

.0

.0

.0

.1

.1

.9

.4

.l

.1
1.0

.8
6.9

10.9
3.8
7.I
.4

1.4
5.1

14.5
1.9
1.2

18.1

.0

.0

.0

.0

.0

.1

.7

.0

.l

.3

.1
14.8
L4.5
1.2

3I.6
Ea)

6.2
5.4
5.5
9.4
1.r
1.1

.0

.0

.0

.0
,2
t4
.3
.4
.0

r.4
9.4
5.4

L?.O

9.8
.6

11.1
1.8
7.8

22.2
L?.3
4.2

11.0

.0

.0

.0

.1
oa/

'3
.0
.6

1.0
l.g
1.5
7.3

15.7
.2

8.0
7.0

.6
7.2
3.4
J'J

L2.I
8.6

ZI=I?7456189101LL21314l-516
.0
.0
.0
.0
.8
.4
.2
.1
.6

o.U

1.4
I.3
I.?

24.L
3.7
1.0
1.9
4.1
8.9
4.9

14.7
2.3

.0

.0

.0

.0
2

.J

.3

.2

.2
1.8
6.4
1.2

.1

.9
9.3
1.0

L2.1
2L.3
3.4

.1
8.9
r.1
2.4

.0

.0

.l

.2

.1

.2
1.0
2.L

Éa)

1.5
1.5
.1
.6

3.6
.2

4.6
r.5

L3 .2
8.9
2.6

Lg.2
1.5

.0

.0

.0

.2

.3

.1

.2

.6
2.L
2.2
?.1

L?.8

1.8

I.3
2.8

12.6
3.I

1g.g
8.7
5.2

.1

.2

.0

.0

.0

.1

.3
1.0

.8

.1

.2

.3
1.7
5.9
1.9
6.6

.1
3.4

20.4
1.3
5.4
2.8
1.0

1.9 \o
o\
a



TABLE A2.9. PERCENTAGE MODE ENERGY TIME AVERAGES FOR THE SYSTEM 16-1-1.

C Z I=1 2 7 4 5 6 7 I 9 10 11 L2 L? 14 15 16--õ-----;õ-ioõ;õ---:õ---;õ--lõ---;õ---:õ---;õ---:o---:õ---. õ---. õ---:õ---:õ---:õ---:õ---. õ

5 zO.L 99.9 .0 .0 .O .O .0 .O .O .O .O .O .O .0 .O .O .O
10 31.3 99.6 .0 .l .1 .1 .0 .0 .O ¡O .O .0 .0 .O .0 .O .O

L5 53.4 99.0 .1 .2 .? .1 .1 .0 .O .O .O .O .O .O .O .0 .O
20 69.5 98.1 .? .4 .3 .2 .1 .0 .O .O .1 .1 .1 .1 .1 .1 .1
25 81.5 96.9 .6 .5 .4 .3 .l .1 .1 .1 .1 .2 .1 .1 .I .1 .V
30 103.0 9ó.0 .8 .5 .5 o4 .1 .1 .2 .1 .2 .2 .2 .1 .2 .1 .3
35 120.0 95.1 1.0 .4 .6 .ó .1 .1 .2 .l .2 .3 .2 .2 .4 .2 .3
40 L36.4 94.4 I.3 .4 .ó .ó .1 .2 .2 .2 .2 .3 .2 .2 .6 .3 .3
60 L61 .6 91.1 2.6 .5 1.1 .6 .2 .? .3 .3 .3 .3 .3 .4 .8 .5 .4
B0 198.2 8r.6 3.6 .8 1.0 L.2 .3 .ó .4 .8 1.0 .6 .6 1.1 .9 .8 .7

I20 254.4 73.6 4.2 I.? I.2 2.5 L.2 .9 1.1 2.5 2.L 1.1 1.5 1.9 L.4 I.4 2.a
160 300.0 64.7 4.9 ?.L 1.9 3.o 2.3 L.7 I.1 ?.4 3.3 1.8 1.8 1.8 1.6 1.9 2.L
2OO 353.3 55.1 4.6 1.9 2.5 4.3 2.5 2.O 2.0 4.I 7.6 2.5 3.2 2.3 2.3 2.6 ?.1
24O 4I3.7 48.5 4.7 2.2 ?.4 4.6 3.2 2.1 2.4 4.5 4.1 3.O 4.2 3.O 2.9 2.8 3.8
320 5O7.1 4L.2 5.1 3.L 4.5 4.6 3.3 3.4 2.6 4.4 4.6 3.2 4.L 3.9 4.0 3.8 4.3
400 64L.5 34.O 5.1 3.2 4.4 4.2 4.5 3.2 2.8 4.4 4.1 4.2 4.8 4.2 j.Z 6.1 5.2
480 755.5 30.0 5.0 3.5 4.5 4.2 4.9 4.1 ?.8 4.2 4.6 4.1 4.9 4.1 5.9 6.3 5.4
560 864.3 26.5 5.1 ?.5 4.3 4.6 4.6 4.2 4.0 4.6 5.I 419 5.2 5.2 6.2 6.3 5.6
640 961.5 24.2 5.5 4.2 4.6 4.9 4.9 4.? 4.3 4.6 5.3 4.9 5.2 5.1 6.1 6.2 5.5
12O 1078.6 2L.8 6.4 4.2 4.7 4.8 5.4 4.4 4.3 4.1 5.2 5.5 5.6 5.I 6.1 6.0 5.1
800 I188.5 20.L 6.2 4.3 5.1 5.4 5.3 4.4 4.5 4.9 5.? 5.4 5.1 5.0 5.9 6.0 5.9 ro

-¡
a



TABLE 42.10. ENERGIES (A)I AND TIME AVERAGES (B)T FOR THE SYSTEM 31-1-1.

c

A. 0

30

ó0

90

120

150

310

620

930
L240

1550

1 860

2L10

2480
2190

3100

Z I=l 2 3 4 56 1 8 9 10 11 12 13 14 15 16

B. 0

110

1550
2320

3100

100

56.g
35.r
25.9
20.9

.0
5.1
4.4
3.9
v.6

.0
L.3
1.9
2.4
2.4

.0
2.3
2.6
2.4
2.5

.0
L.3
1.9
2.r
2.2

.0

.B

2.?
2.4
2.4

.0
r.3
1.8
2.2
2.4

.O

1.1
1.9
2.3
2.4

.0
1.1
2.O
2.?
2.3

.0

.0

.0

.2

.0
1.0
.1
.1

r.2
2..J

2.5
.0
.2

L.1
.3

1.9

.0
1.0
1.7
2.!
2.2

.0
1.L
2.O
lo5

2.7

.0
1.3
2.L
2.8
2.9

.0
39.6

r01.9
167.5
197. 1

23L.O

446.O

65r.2
950.0

IO43.4
L232.L
r442.2
r666.5
1836.9
2045.3

2252.1

100
gg.7

96.g
93.7
87.1
83.3
4B .0
4.6
2.1

.3
L.3
9,0
6.1
4.9
L.1

e
a)

.0

.l
tr

.J

I.4
2.9
3.,

f3.0
.1

3.r
Ea)

8.9
21J.L

Ãa¿

2.3
4.5
2.8

.0

.2

.4
1.0
1.1

.8
2.9
1.9
Z¡1

2.1
.6

I.4
7.1

.8
2.L
?.8

.0
2.4
2.8
2.9
3.2

.0

.1

.0

.1

.5

.4
1.9

14.5
9.5

.7
oa/

2.9
I.4
1.5
2.O

2.1

.0

.0

.l

.1
Ea)

E

.6
2.L
2.6
5.0
1.6
I.7
.9
.2

1.6
2.3

.0

.9
1.6
2.I
2.4

.0

.0

.0

.1

.1

.3

.1
10.1

.4
1.6
1.1
2.6
.3

3.4
3.0
6.8

.0

.0

.0

.1

.3

.1

.0

.6
1.6

L2.8
1.8
4.4
2.2
1.0
6.1
2e

.0

.0

.0

.2

.1
a¿

2.r
.2

7.r
6.2

L2.0
?.4
9.2
r.3
3.O

6.2

.0

.0

.0

.1

.2
a

.J

.1
10.3

oa/

2.9
1.1
I.3
5.4
.l

2.8
4.5

.0

.o

.0

.3

.1
aa)

I.2
2.6
.2

1.4
I.4
l.g
3.1
r.1
?.2
4.5

.0
1.6
2.?
2.6
2.9

.0

.0

.1

.7

.2

.1
3.4
5.8
.6

6.7
.9

?.6
1.ó
7.3
5.3

2.
.J

.0
1.1
Z¡5
2.1
?o

.0

.0

.1

.2

.I

.0

.3
1.0
1.0
6.1
4.I
2.I
1.9
1.8
1.1
.9

.0

.0

.0

.0

.2

.3

.J

2.?
1.1
1.9
1.8

.9
1.6

a?

L.2
10.7

.O

.2

.2

.3

.3

.6
2.L
1.9
3.4

.6

.4
4.8
5.2
9.1
4.2

.5

.0

.0

.1

.0

.2

.1

.6
2.8
3.0
L.2
.9

4.1
2.o
1.9
2.L
L.3

.0
150.3

L232.L
11 54.0
2252.1 \o

@
o



TABLE 42.10(CONT). ENERGIES (A)T AND AVERAGES (B)T FOR THE SYSTEM 3]-1-1

c

A. 0

30

ó0

90

L20

150

310

620

930

I240
1550

I8 ó0

2t70
2480
2190
3100

.0
?9.6

101 .9
163.5
197.1
23I.O
446.0
65L.2
850.0

Lc43.4
r232.L
1442.2
I666.5
1936.9
204r.3
2252.7

.0
r0
.2
.2
.3
.1

1.6
Ea)

4.I
8.9
1.6
7.1
8.3

.8
3.0
5.3

.0
r0
.0
.0
a?

.2

.8
2.o

11.1
?.9
1.5
4r4
3.3

LL.7
6.3

.6

.0

.0

.2

.0

.2
1.4
.3

5.8
.6

12.3
2.2
3.3

.6
1.0
2.r
1.7

.0

.0

.0

.1

.9
1.1
2.2

Ea)

3.3
.7
.1

2.8
.8

2.2
.6

11 .4

.0

.1

.0

.2
Ea)

.1
5.0
5.8
4.0
21Ja I

4.4
.4

5.L
Ea)

1.4
4.2

.0

.0

.0

.0

.1

.6

.8
3.9

.3
L.3
1.7
6.2
2.7

10,9
I.2
L.3

.0

.1

.0

.0

.4

.6
L.4
.8

7.1
Ea)

1.9
5.9
L.4
4.6
2.3
4.1

.0

.1

.0
a?

.4
Ea)

.4
8.3

.1
I.3
2.3
5.1
3.0
2.1

14.1
.4

.0

.0

.6

.0

.1

.2
2.1
1.ó

12.6
1.4
.0
.8
.1

.6
1.8
4.1

.0

.0

.0

.I
a?

.4
a

.J

2.3
2.r
3.8

L3.4
.2

9.3
1.6

Ea)

1.1

.O

.0

.0

.J

1.1
.4

a
.J

3.8
2.8
3.4
?.9
]ELa)

16.0
?.4
7.9

.0

.0

.0

.0

.7
aa)

r.2
.1
.J

3.2
4.3

.4
2.5
2.2
3.o
L.3

B. 0

770
r550
2320

3 100

.0
150 .3

L232.L
Ll 54.O

2252.1

.0
I.3
2.3
2.5
2.9

.0
1.5
2.4
2.1
2.9

.0
I.5
2.L
2.3
2.6

.0
L.1
1.9
2.4
2.6

.0
1.5
2.O

2.4
2.4

.0
1.3
2.I
?.3
2.7

.0
I.4
2.L
2.1
2.8

.0
1.tr

1.9
2.4
2.6

.0
1.0
1.9
)21a¿

2.5

.0
L.5
2.3
2.5
2.7

.0
L.2
2.2
2.4
2.1

.0
1.1
1.9
2.3
2.5

Z I=17 18 19 20 21 22 23 24 25 26 21 28 29 30 3I

.0

.l

.2

.1

.1

.6
1.1
?.9

.4
?.8
9.1
4.9

.8
1.0
?.3
2.3

.0
I.2
1.9
2.L
2.5

.0

.0

.2

.4

.4

.4
4.0

.1

.0
r9
.2

4.4
5.4
.7

4.8
.6

.0

.0

.1

.2

.2

.4

.8
2.o

10.3

I.5
6.6
4.6
8.5
4.8
2.r

)a)

.0
1.3
2.1
2.8
2.8

.0
1.0
1¡5

2.7
2.8 \o

lc'
a



TABLE 42.11. ENERGIES (A)r AND TIME AVERAGES (B)' FOR THE SYSTEM 31-1-31.

c

A. 0

30

6C

90

120

150

310

620

930
r240
1550
I 860

217 0

2480

27 90

3100

'[J
26.8
5r.2
14.1
91.Q

118.7
229.7
450.4
652.2
860.9

106-l .7
L27 8.4
L454.L
1ó81.5
1870. ó

2060,8

.0

.0

.0

.0

.0

.0

.6
2.9
.I
.4

3.1
2.4
3.L
v.7
7.9

.9

.0
4.6
I.4
2.L
3.0

.0

.2

.2
L.2
2.I

Ea)

5.8
.6

3.7
I.3
2.1
5.2
2.6
6.2
8.1
L.2

.O

.6
3.6
3.0
3.4

.0

.6
1.8
4.r
5.9
2.6

.1
?.6
6.8
9.1
3.4
1.0
9.2

.1
7.8
5.8

.0

.3

.3

.U

.5
2.I
L.2
2.9
9.0

.3
6.1

13.0
9.6
3.L

Ea)

2.6

.0

.2

.9
1.4
3.o
I.5

.3

.9

.9

.0
?.1
5.1
.6

?,L
.J

1.5

.0

.4
1.7
2.3

.5
11.4
2.9
3.I

i0.5
3.3

.2
1.9
1.3
2.a
2aJ'J

3.2

.0

.2

.8
1.8

au

3.0
1.5
1.9
2.9
2.o

C,.J

1.0
.1
.1

21J'L

3.0

.0
4.6
7.1
3.2
3.4

.0

.9
1.0
'1 tr
La)

3.o
3.A
1.3
2.1
2.5

.1
10.7

.1
4.6
L.2

.6
3.6

.0

.2

.9
a)

.4
tra2

r.2
2.3

a?

L.5
.2

2.I
oIU

I.3
4.3
4.1

.0
4.3
3.3
3.3
3.5

.O

.9

.1

.6
2.3

.8
L.4
5.8
4.9
r.0
I.?
I.?
3.2
2.3
6.3
4.4

.0
L.2
I.3
I.4
2.8
4.9
E1)aL

2.6
L.2
L.4
1.6
1.4

10.8
6.2
2.2
4.6

.0

.8

.8
2

.J

5.2
6.5

.2

.3
1.5
8.9
1.9

.6
5.4

.7
4.0

15.1

.0

.2
2.o
1.5
6.4

.4

.4
5.0

Ea)

.4
,oca ¿

1.9
4.3

c

5 rI
.0

.O

1.6
2Â

6.5
3.I
1.9

I?.2
2.1
8.4
1.9
2.I
3.8

.3
8.2

Ea)

.6

.0

.2
I.2

11.3
3.1
3.2
1.8

18 .4
2.6
4.5
l.B
3.6
5.3
1.8

1.8

ZI=I23 45678 9 I0 11 12 L3 14 15 L6

.0

.0

.3
a^La>

?.1
4.1
9.2
1.9
6.9
1.9
6.6
1.9
3.3
6.0
4.1

.8

B. 0

115

1550

2325

3100

.0
553.L

LA61 .-7

L551 .8
206A.8

.O

11.6
3.9
3.5
2E

.0
10.5

7.J,

3.3
3.5

.0

.4
3.r
2'l¿aL

3.r

.0
6.0
3.0
3.r
3.2

.0
9.8
20

4.4
a-7Ja I

.0
1.5
3.3
3.5
3.L

.0
a)

2.3
2.8
2.1

.0
4.1
3.5
?.3
3.L

.0
L.3
3.0
21)aL

3.0

.0
r.1
3.O

3.O

3.L

.0
2.4
3.2
3.4
3.2

¡U

.6
3.1
3.4
3c5 Poo

a



TABLE A2.Ll(CONT). ENERGIES (A)r AND AVERAGES (B), FOR THE SYSTEM ?I-L-?I.

c

A. 0

30

ó0

90

L20

150

310

620

930

L240
r550
1860

2L7 0

2480
2190

3100

.0
26.8
5L.2
14.1
97.0

118.7
229.1
450.4
652.2
860.9

1061 .1
L218.4
L454.L
168 r.5
1870.ó
20ó0.8

.0

.1
L.2
5.4
1.9
1.7
3.3

.1

.8
5.5
4.1

2

L.2
13.9
3.9
L.4

.U

r.0
1.6
2.9
1.9
2.0

.2
1.9
L.5

.9
1.6
5.1
r.1

.1

.6
1.0

.0
5.5

.0
L.5
2.3

.2
2.5

.5
6.9

.2
2.1
4.6
2.3
4.9
)2)aJ

4.6

.0

.4
7.3
7.0
2.1
5.9
2.6
2.7
3.I

.9
3.6
?.1
5.L
2.8

Ea)

2.4

.0
7.O

L.6
2.3
L.2
2.O

4.3
10.4

.L
2.8
1.3
2.L
5.0
\.4
6.4
2.3

.0
1.9
ó.1
4.4

20.2
5.4

.7
4.1
9.4
3.1

.1
2.6

.4
22

ItrLa)

3.9

.0
3.9

4.1
7.1

ta)

2.7
3.L
3.2

15,1
3.0
6.4
L.5
5.0

a)

5.9

.0
1.2
2.2
J.g
2.5
2.3
3.4
r.3
.2

6.2
5.1
3.O

aa)

7.1
.3

2a

.0
14.9

.9
6.9
3.r
9.1
5.5
2.9
2.2
2.9
2.I

.2
?aJ av

3.3
3.2
9.2

.0

.0
r.4

LT.2
r.2
4.2
1.0
3.1

.1
8.8

.4

.2
3.2
1.8

o4

2c5

.0
23.9
76.9

1.0
4.0
2.9

TL.2
2.5
2.O

2.L
6.1
3.1
5.4
L.1
5.2
3.2

.0

.I

.7
2.7
6.4
5.7
1.6
4.6

.7

3.5
1.7
.1
.1

8.5
1.0

Z I=17 18 19 20 2L 22 23 24 25 26 21 28 29 30 3L

.0
20.5
3.r
2.6

o4

2.7
2.2
L.2
?.4
3.L
8.7
6.7
4.0
2.1
1o6

1o9

.0

.1
2.3
1.6
1.7
7.-4

¡4
1.8
2.5

t6
2.5

.8

.9
ea)

.2
1.8

100

10 .4
Ll.3

.1
1.0
r.5
6.3
1.5

1.1
a?

Ea)

1.6
L.2
2.9
1.8
2.O

B. 0

115

t550
2325

3 100

.0
553.L

LO61 .7
1557.8
2060.8

.0
2.5
3.1
3.0
3.L

.0
oat

2.3
2.6
2.7

.0
2.r
2.6
2.8
3.O

.0

.8
3.4
3.4
3.4

.0
6.L
3.O

3.0
3.0

.0
4.0
eE

3.4
22

100

1.4
4.6
4.4
?.9

.0
5.7
3.2
7.2
7.2

.0

.4
3.2
.)ç
)a)

3.3

.0

.6
3.L
3.I
3.r

¡0
3.8
3.L
3.r
3.r

¡0
I.4
3.O

2.9
3.0

.0

.0
4.2
?.9
3.6

.0
2.9
2.9
2.7
2.9

.0
2.8
4.0
3.6
3.5 +tso

P



TABLE A2.L2. ENERGIES (A)I AND TIME AVERAGES (B)' FOR THE SYSTEM 3L-2-T.

cz I=1 2 3 4 5 6 1 I 91011L213l-41516

A. 0

30

60

90

r20
L55

310

620

930

L24A

L550
1860

2L1 0

2480

2790

3100

r0
L.1
2.4
3.5
4.9
1.6

40. 0
100.0
165.5
224.7
29r.4
354.3
414.0
480.5
549.1
6L?.6

100

9I.g
83.O

l1 .o
74.7
15 .5
?L.2
5.6
6.2
2.3

.9

.l
L.1

.2
Ea)

I.?

.0
r.2
5.4
9.0

10.7
11.0
7.8
.1

4.6
3.L
2.2
8.1
6.9

.4
4.2
4.1

.0
1.ó
4.L
2.5
1.9
2.2
8.7
9.7
L.3
2.6
L.3
3.1
2.9
?.9
1.9
L.2

.0
4.2
6.2
4.1
4.I

.0
I.2
1.1

.9
1.0
1.1
3.I

a)

1.6
I.3
2.2
.ó

3.9
Ea)

?.6
Ea)

.0
3.0
2.4
2.2
2.3

.0
E

.1
1.6

1.0
2.0
3.6
L.2
2.0
I.2
3.4

.0

.2
1.4
I.8

.0
1.8
2.3
2.1
2.4

.0

.l
a?

.3
1.1
.2

2.2
.4

2.L
3.6
7.9
1.r

.7
2.6
I.7

.0

.0

.3

.6
2.J

.1

.4

.3
1.5

tra)

5.2
L.2

L5 .6
5.8
6.9

.1

.0

.0

.l

.6

.1

.1
1.6
3.1
4.3
2.9
1.ó

13 .4
a?

.9

.9
4.0

.0

.0

.0

.1

.0
Êa)

t4
8.4
4.6

13.6
.8

3.1
2.5
8.1
6.5
3.9

.0

.1

.o

.5
2.a)

.1
1.5
1.4
2.5
5.3
6.1
2.8
1.6
2.3
4.3

.1

.0
2.6
2.8
3.L
3.0

.0
2.J

.1

.2

.5
2.J

2
.J

1.ó
6.9
4.1

Ra)

1.1
1EL. )

/oI

4.6
5.8

.0

.4

.0

.1
2.J

.1

.2
2.3
6.7
L.5
1.6
1.9

11.4
.2
.2

1.1

.0
c2

¡O

.4
t4

aa¿

1.0
.3

6.4
?.1
3.O

¡9
3.2
L.1

Ea)

L2.o

.0

.0

.0

.J

.1

.6
a)

L4.3
3.1
2.9
l.?
5.2

Ea)

2.5
1.0
2.4

.0

.1

.0

.3

.3

.1
aa)

1.8
11.9
10 .0

.ó
3.1
I.?
8.3
4.1
L.2

.0

.2

.2

.9

.9

.6
t4

1.6
.9

L.2
.4
.1

1.9
2.2
4.5
5.1

.0
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TABLE A2.12(CONT). ENERGIES (A)' AND AVERAGES (B)r FOR THE SYSTEM 3L-2-I.
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2.9
3.I
V.2

.0

.0

.2

.0
1.1
.4

L.7
4.8
1.9
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TABLE A2.13. ENERGIES (A)r AND TIME AVERAGES (B)t FOR THE SYSTEM 3I-2-3I.
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TABLE A2.13(CONT). ENERGIES (A), AND AVERAGES (8}T FOR THE SYSTEM 3T-2-3L.
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24.9
3r.2
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1.5
2.L
2.7
1.6
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TABLE AZ.L4. ENERGIES (A)r AND TIME AVERAGES (B)r FOR THE SYSTEM 32-2-I.
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77 .1
14.9
15.2
?2.5
29.7
17.0
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1.9
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7.6
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r.2
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.0
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?.1
1.6
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5.2
4.4
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.9
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1.5
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1.0
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4.O
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2.5
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4.1
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2.9
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4.9
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26.9
L7 .6
13.0

.0
9.3
8.9
6.1
6.?

.0
2.8
3.0
4.O

?.2

.0
1.3
L.7
3.8
3.6

.0
1.8
2.4
2.4
2.1

.0
1.4
2.?
?.8
2.5

.0
1.1
1.5
2.2
2.3

¡0
.8

2.L
2.3
2.6 Poq\

a



TABLE A2.L4(CONT). ENERGIES (A)¡ AND AVERAGES (B)' FoR THE SYsTEM 32-2-I.
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ó40

800

960

r120
1280

1440

1600

.O

1.5
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1.9
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2.9
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1.9
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2.5
2.9
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.0
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1.6
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2.8
2.9
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.1

.2
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5.0
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4.1
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1.5
2.5
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4.5
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5.L
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2.L
!.2
2.7
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.0
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4.9
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.0
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I.3
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2.9
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1.5
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1.9
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.0

.1
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1.0
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1.0
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2.5

.0

.0

.l
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1.0
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.0
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2.7
3.O

2.8

.0
L13

1.9
2.o
2.5

.0
2.5
2.7
2.1
2.9

.0
r.2
2.L
2.5
2.9

.0
1.0
1.9
2.3
2.9

.0
1.9
2.5
2.6
2.9

.0

.9
1.9
2.4
2.8 Po

-¡a



TABLE A?.L5. ENERGIES (A)' AND TIME AVERAGES (B)T ANTIsYM SYSTEM ?2-2.32.

C Z I=1 2 ? 4 5 6 7 B 9 10 11 L2 13 14 15 16

A. 0

?T

60

90

L2L

150

200

25L

300

350

B. 0

3L

60

90

12L

r50
200

25L

300

350

.0
3.7

1ó.1
23.1
27.1
36. L

46.2
54.I
65.7
76. 0

.0
3c7

16. I
23.1
21.1
3ó.1
46.2
54.L

65.7
7ó.0

.0
6.3

11.5
29.4
20.9
1g.g
6.3

.9
4.7
5.0

.0

.o

.0

.0

.0

.0

.0

.0

.0
1.1

.0

.0

.O

.0

.0

.0

.0

.0

.0

.O

.0
3.9
5.2
3.9
?.6
1.7
2.9
2.9
2.9
1.0

.0
1.9
3.6
4.9
4.7
4.2
4.0
3.9
4.2
4.0

.0

.0

.0

.0

.0

.0

.O

.0

.l
I.3

.0

.0

.0

.0

.0

.0

.0

.0

.0

.0

.0

.0
9.7

.1
6.1
6.9
r.5
2.6
2.7
2.7

.0

.1
?.4
2.9
2.9
2.1
3.9
3.5
3.L
2.9

.0

.0

.0

.0

.0

.0

.0

.0

.0
1.6

.0

.7
11.8
2.0
1.1

.1
1.8

.1
2.2
3.9

.O

.0

.0

.0

.0

.0

.0

.0

.0
5.3

.0

.0

.0

.0

.0

.0

.0

.0

.0

.1

.o
E

6.2
7.4
3.4
3.3
5.3
7.O

3.8
1.6

.0

.2
3.2
4.2
4.0
3.8
3.7
4.7
4.3
4.4

.0

.0

.0

.0

.0

.0

.0

.0

.0
2.6

.0

.O

.0

.0

.0

.0

.0

.0

.0

.1

.0

.4
4.0
I.4
5.9
1.9
5.5
1.3
4.0
2.3

.0
a?

3.?
3.O

3.L
2.7
2.9
3.6
4.0
4.5

.o

.0

.0

.o

.0

.0

.0

.0

.1
1.9

.O

.4
2.L
8.4

.0
11 .3
5.6

11.8
4.0
8.0

.O

.0

.0

.0

.0

.0

.0

.0

.0
2.7

.0
L.2
2oI

.1
5.6

.9
IV .4
2.6
4.3
1.1

.0
t0

.0

.O

.0

.0

.0

.0

.0

.0

.0

.0

.0

.0

.O

.0

.0

.O

.O

.0

.0
3.L
g.g

L3.5
14.8
L7 .5
L6.1
L4.7
L?.9
12.0

.0

.0

.0
¡0

.0

.o

.0

.0

.0

.1

.0

.4
2.8
3.L
3.6
3.8
3.5
3.6
3.1
3.1

.0

.0

.0

.0

.o

.0

.0

.0

.0

.2

.0

.J

?.O

4.5
4.5
4o3

4.3
5.0
4.4
4.1

.0

.0

.0

.0

.0

.0

.0

.0

.0

.1

.0
E.J

3.2
2.8
?oO

4.2
4.9
4.6
4.3
4.2 tso

@
a



TABLE A2.L5(CONT ¡. ENERGIES (A) r AND AVERAGES (B) r ANTISYM SYSTEM 7Z-2-3Zc

c z I=17 l8 19 20 21 22 ?3 24 25 26 21 28 29 30 31 72

A. O .0 .O .0 .0 .0 .O ¡0 .0 .O .0 .O .0 .O .0 oO .O 1OO

3L 3.7 .0 1.6 .0 1.4 .O 5.5 .0 7.2 .O 10.7 .O t9.O .O 17.I .0 24.I
60 16.1 .0 6.9 .0 7.? .0 1.9 .O .6 .O Z.Z .O Lg.3 .0 6.1 .O 2.5
90 23.7 .0 13.0 .0 L.l .O L.7 .O 7.5 .O 2.7 .O 3.7 .0 .4 .0 17.6

LZL 27.7 .0 .1 .0 5.6 .0 10.0 .O 2.O .O L2.4 .O .2 .O 4.7 .O 11.2
150 36.L .O 3.9 .0 3.? .O 2.3 .O 16.ó .0 2.8 .0 5.7 .O 2.4 .0 1Bo 1

2OO 46.2 .O L2.2 .0 6.5 .O 2.5 .0 3.8 .O L.3 .O .3 .O ZL.Z .0 4.1
25L 54.I .0 5.0 .o 5.4 .o 18.7 .o L.7 .0 eg .0 5.6 .0 25.5 .0 2.2
300 65.7 .0 2.L .0 4.0 .1 .1 .2 zO.L .1 26.9 .3 ?.6 .1 3.6 .4 g.7

?29--I9:9---i:9- -?:9--9:2--1:l-- ?:1--!:!--2:?--2:9--!:?---:2---:2-l!l-- 2:2--9:g--l:t--1:9

B. 0

3L

60

90

t2L
150

200

25L

300

350

.0
3.1

1ó. 1

21.7
21.1
36. L

46.2
54. L

65.1
76. o

.0

.8
4.1
4.1
4.5
4.2
3.9
4.4
4.9
4.7

.0

.9
4.4
5.3
5.5
5.4
4.8
5.2
5.3
5.0

.0
2.2
5.9
4.7
5.0
4.7
5.3
5.5
6.4
6.0

.0
3.¿+

6.0
5.6
5.2
5.3
6.3
6.0
6.4
8.2

.0
8.9
7.1
5.7
6.1
5.9
6.2
1.2
7.4
7.4

.0
l1.g
9.6
8.4
1.9
7.8
7.L
6.8
6.3
5.9

.0
34.9
75.5
]^3.5

12.2
10.5
L0.2

ra.2
9.6
9.3

100

30.2
11 .4
L4.2
13.2
l2.g
L2.3
Il.2
12.6
11.9

.0

.0

.0

.0

.0

.0

.0

.O

.0

.2

.0

.0

.0

.0

.0

.0

.0

.0

.0

.I

.0

.0

.0

.0

.0

.O

.0

.0

.0
2

.O

.0

.0

.0

.0

.0

.0

.0

.0

.2

.0

.0

.0

.0

.0

.0

.0

.0
r0

.1

.0

.0

.0

.0

.0

.O

.0

.0

.0

.l

.0

.0
¡0
.0
.0
.0
.0
.0
.0
.2

.0

.0

.0

.0

.0

.0

.0

.0

.0

.1 Po
r\o



TAtsLE 42.L6. ENERGIES (A)r AND TIME AVERAGES (B)r pERTURBED SYSTEM 3Z-Z-32.
--¿----;---l=;---r----;---ì----;----¿----i----;---l--ï---ii---lt---î;---ü---ît---rã-

A. 0

3T

60

90

L20

150

180

210

240

270

300

400

5C0

B. 0

50

100

200

300

400
500

.0
3.7

ló.0
23.3
26.9
31.1
36.4
40.1
46.5
51..9

59.2
16.L

96.5

.0
L3.3
24.6
39.2
58.2
16.1
96.5

.0
6.3

11 .5
21.9
19 .6
28.4
9.4

11.0
4.0
2.9

.6
6.5

1r.3

.O

.0

.0

.0

.0

.0

.2

.1
1.ó
2.8
3.L
r.5
1.1

.o

.0

.0

.0

.1
1.0
1.0

.0
3.8
5.4
3.1
1.5
4.6
4.9
3.5

.2

.6

.1
L.2

4.?

.0
?.8
4.8
4.4
3.4
3.O
3.3

.0

.0

.0

.1

.4

.1

.4

.1

.2
2.8
5.6

C,a)

2.9

.0

.0
10.0

a.J

6.8
.6

1.0
2.I

.2
5.3
6.9

12.5
2.8

o0

o0

.0

.3

.1
ta)

1.1
.1

Zc5

.4
1.0
4.2

E.a)

.0

.1
11.8
1.0
5.9
?.7
6.9
?..8

7.4
1.6
.9

7.9
11.4

.0

.0

.0

.2

.5

.1

.2
2.6

a
.J

1.1
L.2

.2

.1

.O

.5
6.3

r1.4
6.0

.4
I.5
2.8
3.9

.4
1¡1
I.3
.9

.0

.0

.0

.4
L.4
2.2
4.8
2.6
.4

4.1
.8

ó.1
Ea)

.0

.4
3.5
.7

6.6
ta)

L.1
5.9

.6
L.4
6.7

10 .4
1.1

.O

.0

.0
1.5

o4

.1
1.5
3.3

.0

.6
2.7
3.9

I?.4

.0

.4
2.?

15 .8
1.?
r.2
L.5
4.2
4.L
4.0
5.3
1.9
.6

.0

.O

.0

.1
1.4

.3
1.1

.8

.1

.6
1.9
.2

2.o

.0

.0

.1
Êa)

1.0
1.ó
1.6

¡O

L.2
2.7

.2
7.7
3.2
3.8
4.2
?.9
?.8

.1
1.9
.0

.0
3.4
2.8
3.6
3.?
3.L
2.8

.0

.0

.0

.0

.0

.0

.1

.1

.0

.1

.2
2a¿

.9

.0

.0

.0

.0

.0

.1

.2

.0
8.2

13.g
L6.2
L2.7
10.5
Lo.6

.0

.0

.0

.1

.7
I.4
2.L

.0
1.0
2.6
2.4
3.0
2.9
3.4

.0

.0

.1

.2

.9
L.1
2.O

.0
1.4
3.L
3.1
4.0
4.2
3.8

.0

.0

.1

.3

.7
L.2
1.1

.0
1.7
4.O
3.6
3.4
3.4
3.3

.0

.0

.l
L.3
2.I
2.o
2.r

.0
2.?
2.9
3.2
3.5
4.O
?.6

c0

¡0
2a)

.5

.9
1.1
L.7

.0
2.1
4.8
4.1
4.1
3.8
4.0 H

Po



TABLE A2.L6(CONT). ENERGIES (A}T AND AVERAGEs (B)T PERTURBED SYSTEM 32-2-?2.

C Z I=I1 L8 19 20 2I ZZ 23 24 25 26 21 28 29 30 ?L 32

A. 0

3L

ó0

90

L20
150

180

2IO

244

270

300
400

500

B. 0

50

100

200

300

400

500

.0
3.1

l6 .0
23.3
26.9
31.1
36.4
40.1
46.5
51.8
58.2
7ó. r
96.5

.0
L3.3

24.6
39.2
58.2
16.L
96.5

.0

.0

.0
)a¿

.1

.9
2.2
3.9
9.6

.0
2.4

2.
.J

.2

.0
1.6
6.1

14 .2
2.9
6.9
4.8

.1
2.4

.9
3.1

Ea)

.3

.o

.0

.O

.0
L.2
1.ó
8.3

.0
2.8

L4.5
1.0
.2
.4

.0
I.?
1.6

.7
1.8

10. l
q,

a)

.9

.2
5.I
2.9
2.9

.2

.0
eO

.1
)

1.5
.8

3.4
.2

2.5
tra)

.2

.1
2.4

.0

.0

.1

.8
1.0
L.5
1.9

.0
5.4
r.3
.ó

2.5
L.5
2.4
.I

2.9
4.2
4.6
4.5
3.2

¡0
.0
.1
.4
.4

2.1
?.4

.8
9.3

.2
g.g

10.3
I.1

.0
7.2
1.0
1.9
2.5
9.3

.3
lg.3

8o4

1.6
5.?
1.0
1.7

.0

.0

.0

.J

1.0
2

.J

5.4
2.1

.6
7.1
1.5
2.3
I.3

.0
10.5
3.2
3.2
5.0
4.9
2.9
4.6
2.9
9.3
2.4
1.8
1.3

.0

.0

.0

.1
I.2
1.8

L2.2
5.2
4.6
4.7
7.2
\.2

15.2

.0
L9 .6
L7 .6
2.4
6.5
5.2
8.7
5.0
r.3
1.4
9t3
8.5

Ea)

¡0
.0
.0
o1

L.7
1.9
1.9

Ê.a)

16.1
2.2
8.5
2.3
?.6

.0
17. 5
5.7
ol

2.6
2.9

.1
6.5
?.9
3.6
4.?
?.0
6.2

.0

.0

.0
Êa)

.0
1.1
.7
.6

L.2
4.8
r.3

.0
1.0

100

23 .4
3.4

11.5
2.9
1.6
2.9
3.7
2.4
2.4

.1
1.5
7.0

.0

.0

.1

.6
L.3
1.4
1.ó

.0
4.3
4.3
4.4
3.4
3.7
Ja)

.0

.0

.1

.9
1.8
L.7
2.2

.0
4.4
5.3
5.I
?.9
3.9
3.5

.0
5.8
4.6
3.1
3.7
3.6
3.?

.0

.0

.1

.9
I.7
2.3
2.8

r0
7.1
5.4
5.L
5.5
4.9
4.5

.0

.0

.2

.1
1.4
r.1
1r9

o0

1.1
6.0
5.1
5.0
4.1
4.3

.0

.0

.1
o9

2.5
3.L
3.1

.0
9.1
7.8
6.1
5.?
4.6
4.5

¡0
¡O

.1

.8
2.7
2o6

2.9

.0
17. I
12.6
9.7
7.1
6.8
5.8

.0

.0

.2

.1
1.9
2.4
2.7

100

19.6
L3 .4
9.1
6.8
6e0

5.4
P
P



11 2.

APPENDIX TIT

THE 7O9O T'ORTRA}Í II PROGRÀIiÎ{E F OR îTIE C O},{PUTÁ.TI ONS

Consid.erable eff ort rì?es d.evo-ü ed- t o achieving an eff ioient
conputer progranne for carrying out the calcul-ations on the
mod-el. The programne in its final forn is listed- in the fol-low-
inE paSes' tr/Iany other subsídior¡r progre.mmes tîere d.eveloped- to
test the accuracy of the nunericar Þrooeclures, to prepare d.ata
f or the starting c onf iguration of each systern, to d.erive theor-
etical energy-pressure-temperature'cabì-es, and. nany other cal-
cul-ations. rt is irapracticabre to líst ar1 these progrannes
here. The conputations were carried_ out on rB[{ 1620 and_ rBM
709o conputers. rhe 1620, rrhich was read-i1y availabl-e in the
university, rv&s us ed. f or no st of the d-evel opment of the pro-
gramnes. It lras even possible bo c onpu-be the rirotion of systens
of up 'bo 16 particles on a mininun conloíguration 1620, vrith
infornation at each coll-ision being output on card.s for further
pTocessinE5 to obtain the nunericel- results. Horvever, lvhen
access to o.7o90 was obtained-, nios'b of the conputations were
transf erred- to that conput er. rn all, over goo hou.rs of cour-
puting r/ras d.one on th e 1620¡ and_ abou.b 1OO hours on the 7OgO.

The ! co¡lnents I rrhich appeor in the Ìísting ind.icote each
main phase of the progrp,rÌtrrler The rel-atíonship between the varí-
ables used. in the preced.ing-bheory and. those employerì. in the
proEramÌ:ìe is as fol_lovrs:

N

j',t

v
4)

úü

N

lil!T

U

Dt
D.A.

nunber of d.egrees of freed_on;
mass of each particle;
spring const ant 3

mean free path;
natural- length of spring; is a- d;



a

d.

x
J

x.
J

h
l_

a(r,, )
K

T

c

t
Q/u)
s

üJ.
a

o.
a

9i
e

J

E.
a

< KE>/N

DD

x (t*l )

xx (,r+ 5 )

r(r)
¡, ( r+,r )
KN

NNIT

ttcþ;,n
TT

UÏI

s(r)

11 3,
d.íarneter of each particle;
displacenent of j-th particle;
velocity of j-th particle;
í-th iteration interval;
i-th it eration natri-x, J = 1 8,t (f -1 ) ;
nurab er of d-if f erent it erati on int ervals;
total nunber of iterations;
total nunber of coll_isions;
tine systerrr ha,s been in notion;
the inverse square of the basj_c tinre unit;
transformation r,ratrix¡ only I\f elenents nec_
essary;
nornal- nod_e freouency;
norrnal_ coord.ínate;
nornal vel ocity coord.inat e;
nean energy per d.egree of freed.om;
coll-ision ind.ex j;
energy in i-th r¡oder 5€cond. ind-ex perraits
storage of these for up to 1OO co11ísions;
tir¿e av erag e of Ei , a s 8" per c ent ag e of E;
tii:re average of kinetic energy/N;
Boltzmennl s constant;
instantaneous tenperature ;
tine averaße of tenperature;
tenperature fl_ uctuations ;
tine average of Ðressure;
mean tj-ne averogei
pressure fl_uctuations ;
P - þ' t where Bt ls cî.n estinat e f or B in
Eq. (e.t 5) ;
rÌean, or averaÊle, val_ue of pH;

ve.riabl-e d_ef ine d by Eq. (0.19) ;
variable defined by Eq. (5,17¡,
estimate f or p in d.irqensionless form;

), r,r¡here F(y) iu given by

Ty(r)
q(r)
0a(r)
EE

ri\rcørN
nn(rr,r)

<E
l- ENM ( T r2)

k

T

<î>
oT"

<P>

:Þ;
Ç.Pr"

ENKE

Bþr.,Tz

TNP

TÌ,,4P

FLT

P

PA

FP

PH

PHA

xXT
YYP

I
P (yur ) 

-z vpc
R (xr+vp)

Eq. (5.
r (vr
t6);

o*r.t (nh) ACC(M+t ) estirnates f or the autocorrelation function.



111r.

FoLlowing the listing we give a typical sanple of the
output obtained. fron the prograìrme. The computations are fer
the systein N=162 e=ett E.o ô.rE at t=0. The frequency and
quantity of the output is d.eter¡rined. by the par&meters
NC1rNC2r... ¡NC!, values f or rvhich &re read. in v,¡ith the j_nput
d-ata at the start of each runr rn the first line of output in
each group TMP = T, whiLe j-n the second_ l_ine îMp - <T>. îhe last
tlo quantities i-n the first rine ere values for <KE>/N, and the
average nunber of iterations per colÌision. The renaining
informa'bion in the first tl,ro lines is obvious if reference ís
r'rad-e to'che list of variables obove. The third. line gives
vafues f or the tir,re averâges <8.> f or the intervar o , t = îr,
and- in the fourth 1íne the time, and- nod-e energies Ei, for the
interval betç¡een -bhe l-ast two collisions are given. The above
are always given lvhen output of numerical results occurs. l\d-d.-
itional output, which noy incr-ud-e the position and veì_ocity
ooord-inates at that inst ant, and. / or the tirnes and. mod-e energies
for the interval-s between every other pair of coll-isions since
the last output, is optionor. rn 'ch e s ampre, the positions and.
veJoci'bies Írere given onì-y at the 5oo-th colrision. Estimate s
for the autocorrelation function for zoo intervals of h1 are
given period.ioally.

sone of the output parameters ere used- to prevent the
oomputation fron running for too rong betl¡een rnormalr outputs
at given collision intervafs. The conputation is also ternin-
ated- if the estj-mate of the tenperature goes outside specified-
bound-s. At the end- of a run'çhe d.a"ta necesscry to restart the
run is output onto card.s in octal form, if required..
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CARDS COLUMN
MAIN PROGRAMME
NON LINEAR GAS MODEL - SERIES METHOD
ÏHE FUNCTION OF THE MAIN PROGRAMME IS TO READ IN THE
INTÏIAL DATA' INITIALIZEI TRANSFER CONTROL TO SUBROUTiNE
COLLN r AND Pl..JNcH OI.JT DATA AT THE F I N I SH OF THE RUN I N
ORDER TO RF.START I F NECESSARY.
C )MMON XTXXTN TNNTPN TUTWWTDLLTDATDDTKNTNTSITVJTST Ltrl rLNM¡

IEE rA r T rUfV rQ rQQ rNN I T 
'NCOLL rNCO rNCl e NC2 , NC3 r NC4, NC5 r NC6 r

2ITICZ r INrTE ITT ITLAST IC I I NCoLN I TIVPITMPl ITMP2 INCoLITLST I
3f F tUM r UK r uU ruc ¡ p r PH r ENKET r VENK r PT r PtlT ¡ GP r GVP r GPtJ r
4GVPH t XDOT T XXDOT r T I r NOTE r NC B r NC9 r N I T 1 r NAUTO r AC r AV r ENKETT

DIMENSIoN x(50) rXX(50) rw(40) rS(40) rA(180) rr(11) rubJ(1 )

DIMENSIoN EN(40r1Ol) rENM l40ç2 ) rTE( 101) 'o(40r2) rQQ (40t2l ç

tAV ( 201 ) rAC ( 201 )

FORMAT ( 3I 2r 5E10./r r 288.4)
FORMAT(14I5)
FORMAT ( 4EI B .8 )

FORMAT ( E18,8 )

FORMAT ( 4018 )

FORMAT ( 6O12 )

FORMAT ( 1HO32H I N I T I AL POS I T I ON-VELOC I TY VECTOR/ /
1(1X8Ë16¡8) )

FORMATITHZ4XITHMODEL STATUS FOR f5¡2.H (T3¡2H IT5ç
ILzH CoLLISioNS./ /4x13ç2X24HËMERGENCY PRINT-oUTS AT t5¡
221H ITERATION INTERVALS./ / I

FoRMAT ( IH042HPARTITIoN oF THE ENERGI ES oF NoR¡4AL MoDES.
I//(I6FB.3) )

FORMAT ( 1H ]. )

FORMAT (1HO32HFI NAL POSI TION-VELOC I TY VECTOR / / (LX8E16.B ) )

FORMAT ( lXB E]6. B )

READ INPUT TAPE 2¡5OTNTKNTNTSTTUTWWTDLLTDATDDTTMPl rTMP2
NTS=l
PUNCH 50 r N r KN r NTS r lJ r WW r DL L r DA r DD r TMPl r TMP2
¡¡=\+5
PN =N
D L=D LL-DD
uu=-U)+ ( DLL-DA )

UC=WW/ (PN+1.. )

UK=ì¡,W/(4.*PN)
IJM =UK*DL
CALL MATR i X

DO 19 I=1rKN
PP=1.E-10
PP=. 1*PP
IF(PP-T(I))1BI18IT7
A \A=T( I )+pprF.9E_7
PUNCH 53IAAA
NNp= N+ I 0
D0 J I=lrNNP
X(I )=0.0
XX(I)=0.0

D

50
51
52
53
54
55
ó0

6t

63

64
65
66

I1

D 18
19

D

D 7
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READ IN PARAMETERS TO DETERMINE THE LENGTH OF THE RUNI
AND SPECIFY t^/HAT OUTPUT IS REOUIRED.
READ INPUT TAPE 2rSrrNCoLLrNClrNC2rNC3rNC4rNC5rNC6rNCTr

INCS , NC9
WRITE OUïPUT TAPE 3;6ITNCOLLTNCITNC2TNC3TNC4
NOTE=0
NCOL=NCOLL+NC 1

NC =NC2-NCOL L
NC0=NCOLL+NClr(NC5-I
IF(NCB ) 12 ¡12ç13
NCB= 1

IN=1
T 1=0.0
IF NTST LTE ZERO THIS IS FIRST RUNI OTHERWISE THIS IS A
CONTINUATION RUN.
IF(NTST)3;3ç4
READ INPUT TAPE 2ç52 r ( X( I ) ¡ I=6rNN/ r ( XX( I ) r I=6rNN)
WRITE OUTPUT TAPE 3çóOr (X( I ) rI=6rNNl
VJRITE OUTPUT TAPE 3ç66r(XX( I ) rl=6rNNl
C\LL NORMEN(INITl)
WRIïE OUTPUT TAPE 3¡63r(EN( Ir1)rl=1rN)
DO 6 I=Iç2OI
AV( I )=0.0
AC(I)=0.0
DO B I=1rN
ENM(Ir1)=0.0
TT=0.0
ïLAST=0.0
NN I T=0.0
ENKET=0.0
ENKETT=0.0
VENK=0.0
PT=0.0
GP=0.0
GVP=0.0
PHT=0.0
GPH=0.0
GVPH=0.0
TF=0.0
CAIL AUTOCN
CHECK COLLISION INEOUALITIES INITIALLY TO ENSURE THAT NO
PARTICLES OVERLAP.
CALL VCRTST(DLIK)
GO TO (2r1)rK
READ IN CONTINUATION RUN DATA IF NISI GI ZtRO.
READ INPUT TAPE 2s54r(X( I) rI=órNN) r(XX( I ) rl=órNN)
READ INPUT TAPF 2¡54r(ENM( Ir1 ) rI=1rN) TTTTNNITTENKETT

IVENK I PT TGP T GVP
1 ¡ PHT r GPH r GVPH r T F r TLAST r ENKETT
READ INPUI TAPE 2¡55rAVrAC
P=UU+PTlTT
PH=Ul..J+(UCxPHT) /IT
TE(1)=0.0
CALL NORMEN ( INrTl )

1
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117.

I N=2
CALL NORMFI\ ( I N, T1 )

CALL OUTPUT
I F ( f\C5 l2:2 ¡II
WRITE OUTPTJT TAPE 3r6Or(X( I ) rI=6rNN)
l¡JRITE OI.JTPUT TAPE 3r66 r (XX( I ) r I=6rNN)
WRITE OUTPUT TAPE 3164
ïLST=TT
NAUTO=TT /f (It
NAUTO= ( NAUTO/NC9+ 1 ) J+NC9+2OO
CALL XDXXD ( XDOT I XXDOT )

TRANSFER CONTROL TO SUBROUTINE COLLN FOR MAIN COMPUTATION.
CALL COLLN
DETERMINE WHETI-IER TO Pt,'NCH CARDS FOR A CONTINT]ATION RUN.
IF(NTST)15¡14ç16
I F (NT.ST-1 ) 14 ;I4 ç75
NC2=NC2+NC
PUNcH 51 TNCOLLTNCl rNC2 rNC3 rNC4rNC5rNC6rNcTrNCBrNCg
PUNCH 54; (X (I )r ¡=6rNN) r (XX( I ); I=6rNN/
PUNCH54T ( ENM ( I : 1 ) r 1=1 r N ) rTT rNN I T r ENKËT rvENK rpT rGp rGVp r

lPHT TGPH I GVPH I TF I TLAST I ENKETT
PUNCI-l 55 r AV rAC
TdRITE OUTPUT TAPE 3¡65r(X( I ) ; I=6rNN)
WRITE OIJTPUT TAPF 3ç66r(XX( I ) rI=6rNN)
WRITE OUTPUT TAPE 3ç63r(EN( IrIN) r¡=1r¡)
WRITE OUTPUT TAPE 3ç64
END OF RUN FOR TH I S SYSTF-M I START A NFÌ^/ SYSTEM.
GOTOl
ENI.)

C \RDS COTUMN
SUIJROUT I NE OUTPUT
OUTPUTS RESULTS REAI-'IRED AS DETERMINED BY THF PROGRAMME
PARAMETERS NCO NC9.
coMMoN X r XX rN r NN r PN r [J r ww r DLL r DA rDD : KN rNTST rW r S r EN r ENM r

IEF rA rT r UW rQ rQQ r NN I T TNCOLL r NCO r NC1 r NC2 r NC3 r f\lC4 r NC5 r NtC6 r
2Nc7 r I N r TE r TT r Tt-AsT r c r I NCoLN r TMP r TMP 1 r TMP2 r NCoL r TLST r
3I F tUM r UK r UtJ rUC r P ç PH r E¡IKEI rVtNK r PT r PHT rGp, GVp r GpH r
4GVPI'II XDOT I XXDOT I T 1 I NOTF I NC8 ¡ NC9 , N I T 1 I NALJTO I AC ç AV I FNKETT

DIMENSIoN x ( 50 ) rXX ( io ) r\^/ ( 40 ) rs ( 40 ) rA ( 180 ) rT ( 1 I ) rLJI¡j ( I )
DIMENSION EN(40r1O1)rENM l4012 ' rTL( IoI/rQ(40rZ / rQO (40¡2t c

1AV(201),AC(201)
FoRMAT ( / lx4HNcoL r4r4HrTT=Er2.SrBHSECrTMp=Ft ¡2¡3H¡p=

1E1 2. 5 I SHDYNF I PH=E 13 .5 ç5Hr E/N=E1 3. 6 ç l. OHERGS I KElN=E 13. 6 ç

2IOHTITN/COLN=I3)
FORMAT ( lX4HTMP=FJ .2 s4H rFL=F7 .4 t4l1r PA= 8I2.5 ç4H ¡Fl=F7 .4 çl5HrPFIA=Etl.tr+HrÊL=t-l'o'i r-nrA r,'. ,.ti)r=i -¡'r rriirK.i'i r r

25HçYPC=F6.3 r9HrCOLLN J= I3 )

FORt'4AT(1Xl-6F8.3)
FORMAï ( lXE11.4 ç16F1.3/ lIzXI6F7.3l )

FORMAT(1X]OE1].4)
FORMAT ( 1X]-6F8.3 )

L

15

ó0

í¡l

62
63
61+

65

t

C

t)



9

66
67

T2

119.

FORMAT ( 1X8816.8 )

FORMAT I5XT2E1O.3 )

BOLTZ=1.3805E-1ó
FNIT=NNIT
F,ICOL=NCOLL
NIT=FNIT/FNCOL+.5
ENKE=.5*EE+ENKET/TT
ïMP= 12.)tENKE ) /BOLTZ
E KE= ENKE
I F ( NCOLL-NC7 I I2 çI2 ¡9
TTT=TT-TF
ENKE=ENKET'l /TTT
VAR=VENK / T T T _ENKE JTENKE
FLÏ=VAR/ ( ENKE*ENKE )

PA=GP /TIT
VAR=GVP /TTI -PAxPA
FP=VAR/ ( PA*PA )

PHA=GPH/TTT
VAR=GVPH / T T T -PHAJ(PHA
FPH=VAR/ ( PHAIÉPHA )

GO TO 10
P=UU+Pf /TI
PA=P
PH=UU+( UC*PHT ) /TT
PHA= PH
FLT=0.0
FP=0.0
FPH=0.0
DO L3 I=1rN
ENM( I r2 )=ENM I I rL', /TT
CALI. KE ITNP )

wRITE otJTPtJT TAPE 3 ¡60rNcoLL¡TTTTNPTPTPHTEETEKETNIT
CALL GRAPH ( TMP rPA TPHATYP TYPCTXT rXXX )

WRITE oUTPUT TAPE 3 ¡6l-rTMPrFLTrPA TFPTPHATFPHTXTTYpTXXXT
lYPC I I NCOLN
WRIïE OUTPUT TAPE 3¡62r(ENMII¡2)rI=trN)
I ND= I N-1
WRITE OUTPUT TAPE ?¡63çTE( IND) r (EN( I rIND) rI=1rN)
I NN= I ND-l
IF(INNl205ç205ç200
I F ( NC6 I 205 ç?05 ¡202
WRIïE OUIPUT TAPF 3¡64r (TE( I ) r I=1rINN)
WRITE OUTPUT TAPE 3¡65r( (EN( IrJ)rI=lrNr rJ=1rINN)
I : ( NCOLL-NC O) 203 t20? s2OI
NC 0= NC 0+¡6 1 *NC 5
l^/RITE OUTPUT TAPE 3ç66r(X( I ) r I=órNN)
hIRITE 0UTPUT TAPE 3r66r(XX( i ) rI=órNN)
T I =0.0
NITl=0
DO I I=IrN
EN(lr1)=fN(IrIN)
IN=l
R ETURN
END

10
I3

200
202

205
?OI

20?

8
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CARDS COLUN4N
SUIJROUT I NE MATR I X
COMMON XTXXTN rNN rPN rUrWflrDLLrDA¡DDTKNTNTST rWrSr EN rENMr

IEETATTrUW
DIMENSIoN X(50)rXX(50) 'W(40) rS(40, rA(lBOr rT(11) rC(14) r

1D(14)rUW(1)
DIMENSION EN(40 r101 ) rENM(40r2 )

52 FORMAT ( E18.8 )

P I 2=1 . 5 701 9 63 267 9 4B9t
P I =3 .I4L592653589193
UU=l.J
W WVJ =ir/W
Uh/=UUl WWW

PPN=PN+1.
PIN=PI2lPPN
PINN=PIlPPN
C )MPUTE NORMAL FREAUENCITS W( t, r AND ONLY NTLLsSÁ\Ry
EI.-EMENTS OF TRANSFORMAT ION MATR I X S.
SQR=2.*SQRTF ( UW )

SQRR=SQRTF I 2. /PpN )

DO I I=1rN
WI=l
1¡/ ( I ) =SQR*SI NF ( Wi.lÉPIN )

1 S ( I )=SQRRìêSINF ( WI *P INN )

DEFINE CHET}YSHEV CONSTANT COEFFICiENTS.
C ( 1 ) =.944OO243I5364695
C ( 2 I = 2. 55 25 51 I 2480453 z
C ( 3 ) =-r 49 9 t+0325 82.1 O4O1 I
C (4 ) =- .28526I569I B t 036O
C ( 5 ) =.O21 99201 9 6Ii 547 62
C ( 6 ) =. 9 1 1801600665 tB O?F.-O2
C (7 ) =-.5966951965¿+88465E-03
C ( B ) =- .136587 5I354 1966 tE-Õ?
C ( 9 ) = .67O439486991684E-05
C ( 10 ) =. 1 I 8496 1857661 ó98-05
C ( 1 I ) =-.4 6532295897 3ZE-07
C (12 )=-r61O27 9160383E-OB
C ( 13 I = .219345-7 6i9OE-09
C ( 14 I =,2661 2-l 8599E-10
COlvlPUÏE CoEFFICIENTS oF lHb. ECONoMLLLD POLy¡loMlALs lN X¡
DO 2 I=I¡2
D ( I+12l =2O48.xC I I +I2t
D ( I+10 ) =-6144¡xC ( I+I2) +5L2.*'C ( I +10 )

D ( I+B ) =6912.onC1 l+I2) -12BO.r.C ( I+10 )+I2A.xC( I+g )

D ( I +6 | =-3584.'oC I I +I2) + I 120 ¡'^C ( I +I O I -2.5 6.++C ( I +g ) +3 Z.xC( I +ó )

D( I+4) =840.*C( I +I2)-4OO.rÊC( I+to'+Ibo,*c( I+8 )-48.*c( J+6 )

1+g.xç(I+4)
D( I+2 I =-'72.+êc ( I +r?-l+50.*c ( I+ro ) -32.*c ( I+B )+18.rÉc ( I+6 )

l-9.*c ( I +4 ) +2.)(c I I+21
2 D( I )=C( I+I2l-C( I+10)+C( I+B )-C( I+6)+C( I+4)-C( I +2t+.5*C( I )

C ( 1 )=D ( I )

PP=1.
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D
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I20.

DO 3 I=2¡I4
PP=PPxP I 2

3 C(I)=D(Il/PP
EVALUATE ITERAT ION MATRTCES A( T ' FOR KN VALUES OF T INPIJT.
K=0

4 READ INPUT TAPE 2¡52¡Df
K=K+l
J=(K-1)x1g
T(K)=Dï
B=uwnDTìrDT
B B= BxB
A(J+l )=( ( ( t, ((924.*C (13lxB+252.+(C( 11) )xB+70.*C(9 ) )*B+20r,¿

lC(7) )*8+6.*C( 5 ) )l+B+2..)r.C(3 ) ))fB+C ( I ) )

A( J+21=-( ( ( ( ( 192.+C( t3 )*B+21O.xC( 11 ) )xga56.*C(9 ) )JrB+15.*
lC (7 ) )*B+4.#C( 5 ) )*B+C t3' txB
A(J+3)=( ( ( 1495.*C(13 )*B+I200-x.C( 11,r )i+u+2g.xc(g) )lÉ8+6.*

LC(7))*B+C(5)¡xg3
A(J+4)=-( ( (22O.*C( 13)+ÉB+45.JÉC( 11))*B+8.*C(g) )x3ç6(7 ) )*BrfBB
A(J+5 )= ((66.*C( 13 )ì?B+10.*C(11) )rfB+C¡9 ))*39r.-33
A ( J+6 )=-( 12.xC( 13 )*B+C ( 1t ) ) J(BxLits*tsu
A( J+7 )=( ( ( ( ( (9?4.*C ( 14 ) xó+¿jt.xLt L¿ t ñrÞ+ iUo*Lt rU,,nu+

120.x.c(B ) )r+8+6.*c(6 ))rfB+2.*c(4) )*t3+c( 2 ) )

A(J+8)=-( ( ( ((792.xC( 14)x¡3a210.JÊc( 12) )+B+56.1ËC( 1O) )*B+
115.rÊC( I ) ) *B+4.y.C ( 6 ) )*B+C( 4) ) *B

A( J+9)=( ( ( (495.nC( 14)*B+120.*C( 12 ) ) xB+28.*C( 1O) )ìfB*6.*
lc(B))*.8+C(6)¡x3E3

A ( J+10 ) =- ( I I 220.*C ( 14 ) *.8+4 5.)(C t, 12' I'ÉB+g r.)rC ( 10 ) ) x3a6 1 g ¡'
lxgxgg

A t J+11 ) = I (66.rÊC ( 14)*B+to.*c t12 I tv"B*c( 10 ) )+BB*BB
A ( J+12) =- ( 12.rêc ( 14 ) #.8+C ( 12 ) )J+Br+BB*BB
A( J+13 )=-( ( ( ( ( (34V2.*C( 14)*.8+924.*C( 12 ) )+B+252.J(C ( 1O ) )rêB

1+70.*C( 8 ) )*U+2O.JrC( 6 ) ) )ítJ+6,*C ( 4 t )îó+¿.irL( 2,,*b
A( J+]4)=( ( ( ( ( ( 3003.*C( 14)*B+792.+C(IZ), xB+210.*C( 1O¡ )lfB

1+5ó.*C ( 8 ) )xB+15.-xC( 6 ) ) +ÉB+4.*.C (4 ) )rçB+C ( Z ) )*B
A ( J+15 ) =- ( ( ( ( ( 2oo2.xC ( 14 )*B+495.rÊC ( lZ) ) -x-B+1zo.xC( 1O ) ) rÉB

1+28.*C ( I ) )+8+6.xC (ó ) )+ÉB+C(4 ) ) *BB
A( J+16)=( ( ( ( 10O1.xC( 14)*B+220.*L t12 r i xB+45..nL ( 10 ),*B+g.

1*c l8 ) )j(B+c (ó ) ) *B*BB
A( J+17)=- I I 1364.*C( l4) +8+66.xC ( 12 ) )xga1O.*c( 1O) )ì(B+c (B ) )

lJTBB*BB
A ( J+18 ) = ( (9I.råC ( 14)ìrB+12.xC( 12 ) )*B+C( lO ) )*-8.)rBB*BB
DO 5 l=7¡12
IK=I+J
A(IK)=A(IK)*DT

5 A(IK+6)=A(IK+6t/DT
IF(K-KNl4¡6t6
ROUND MATRIX ELEMENTS TO EIGHT DECIMAL FIGURES.

6 DO B I=1r18
DO B K=IrKN
IK=(K-l)x16a¡
PP=10.
B=ABSF(A( IK) )
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IZL c

PP=.1r+PP
I,t ( PP-B ) L4 çL4 ¡7
IF(A( IK))15tI5¡16
A( IK)=A( IK)-PPx5.E-B
GOTOS
A( tK)=A( tK)+pPx5.H-B
CONT I NUE
R E TURN
END

CARDS COLUMN
SUBROUTINE COLLN
THE MAIN COMPUTATION TO DETERMINE WHEN COLLISIONS OCCURo
coMMON XrXX rN rNN rPN rurvJW rDLL;DArDDr KN rNTsT rw rs r EN r ENMr

lEE r A r T r Ut¡'/ r Q rQQ r NN I T r NCOLL r NCO ¡ NC I r NC2 r NC3 r NC4, NC5 r NC6 r
2Nc7 r I N r TE ;TT r TLAsr çC sI NcoLN r TMp r TMp 1 r TMp2 r NCoL r TLsr r
3T F ¡uM r uKr uu ruc rP r PH r ENKET rvENK r PT r PHT rGP rGVP r GPH r
4GVPH r XDCJT r XXDOT r T 1 r NOT E

DIMENSION X(50) rXX( 50l. )W(40) rS(40) rA(1BO) rT(11 ) rUW(1 ) ;
lY(50)rYY(50)
DIMËNSIoN EN(z+0 rlo1) rENM l40ç2 ) rTE( Lol ) re (40r2 ) ree (40¡zl
FORMAI I /IXl4HTEMPERATURËS r 3E18. B )

DL =DLL-DD
TAF=TLAST+T(1)-TT
C=0.0
K=3
L=0
IN=IN+1
NIT=0
T1=0.0
GO TO 25
COMPUTË NEW POSI T ION COORDI NATES BY I TERAT ION.
KK= K-KN
JK=( K-1 )x16
DO 20 I=órNN
B=0.0
DO 32 J=1rN
I J= I +J-4
I:( IJ-5 l3I¡3It33
I J=JK+ I J
I 1 =J+5
B=B-A( IJ)x¡ ( I I )-A( IJ+ó)*.XX( I I )

DO 35 J=1rN
I J=N+7+J_ I
IF ( IJ-5 134¡34t18
IJ=JK+IJ
I I =N+6-J
B=B-A( IJ)*x ( I I )_A( IJ+6 )nXX( I I )

DO 19 J=1r4
I J=JK+ó-J
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73

74
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I22.
II=I+5-J
III=I-5+J
B=B+A(TJ)x(X(II )+X( III ))+A( IJ+6 )*(XX( II )+XX(III ))
B=B+A ( JK+1 ) *X ( I )+A( JK+7 ) *'XX ( I )

CHECK COLLISION INEAUALITIES.
IF ( B-Y ( I-1 ) +DL ) 6 t20 ç20
Y(I)=B
I =NN+ I
IF(-Y(NN)+DL)ór1r1
IF(L-Il2¡7Ott+
L=1
IF(K-3 l3ç3¡7O
K=2
c) To 25
L=1
IF(K-3',,5,5l10
K=1
GO TO 17
IF(KKl7ç4Oc40
K=K+I
GO ïO I7
coMPUTE VELocITY cooRDINATES IF No coLLISloN INDIcATED.
DO 78 I=órNN
B=0.0
DO 72 J=lrN
I J= I +J-4
IF(IJ-5I7Tq-IL¡13
IJ=JK+IJ
I I =J+5
B=B-A( IJ+12 )*X( I I I-A( IJ)rÉXX( I I )

DO 75 J=lrN
I J=N+'/+J- I
IF( IJ-5 )14ç14r.16
IJ=JK{'IJ
I I =N+ó_J
B=B-A( IJ+12 )*X( I I )-A( TJ)*.XX( I I )

DO 11 J=l r4
I J=JK+ó-J
I I = I+5-J
III=I-5+J
B=ts+A( IJ+I?IX (X( I I )+X( I I I ) )+A(IJ)Jê{XX( I I )+XX(I I I ) )

YY ( I )=B+A(JK+13 )xx( I )+A(JK+1).rXX( i )

DO 19 J=órNN
X(J)=Y(J)
XX(J)=YY(J)
TT=ïT+T ( K )
T1=T1+T(K)
NIT=NIT+1
TAF=TAF-T(K)
IF(K-I128¡28c2I
IF(KKl22¡25¡40
K= K+ l-

20

I
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D

l)
D

D

D

D

D

25

26

21

2B

40

46

41
48

49
4T

42

L2?.

DO 21 J=KrKN
i F ( TAF-T ( Jt I 21 t26 t26
K=J
GO TO 17
CONT I NU E
DT= TAF
KK=-1
GO ïO 42
CALL FLUCTN
CALL AUTOCN
C=0.0
TAF=T ( I )

K=3
L=2
I F ( NOTE-NC 3, L-t ¡99 ;99
THE F INAL EXTRAPOLATION PROCEDURE TO DETERMINE COLLI SIONS.
KK= I
A3=X(I)*X(I-1)
A2=XX(I)-¡¡(I-t)
A1=( .5*(x ( I+1 )-x ( I -21 I -1.5rÉA3 ) *Ut^/
A0=( ( xx ( i+1 )-XX ( I-2 ) I /6.-.5xA2 )nUW
A3 =43+DL
IF( I-6146¡46¡41
Ao=( (xx( I +lt-20*XX( i ) ) *Ut^/ ) /ó.
A1=( .5*X( i+1)-X ( I ) )xut^/
G) TO 49
IF(I-NNl49t49t48
A0= ( ( 2.*xx ( I-1,-xx( t-2t,t*uw | /6.
A1=(X( I-1 l-.5xX( I-2) )J(UÌ^J
Df =-43 / A2
FT= ( (A0*DT+Al )rÊDT+A2 )J+DT+A3
FDT= ( 3. *A0*DT +2.1ÊA1 ) *DT+A2
DDT=-FT /FD'l
DT=DT+DDT
I F ( ABSF ( DDT )- I. E- 22t 4?_ ¡42 ¡4!
K= 11
T(K)-DT
B=UWxD ï *DT
A0=-B+1.
A1=.5*B
A2= l -.3333333 3x3ç1. ) #.DT
A3=.16666667x8*DT
A4=( (B-2. )*B)/DT
A5=( ( -c66666667*B+1. )r+Bl /DT
A6= ( . 16666ó67*BrÉB I /DT
DO'43 J=6rNN
B=X ( J-1 )+X ( J+1 )

G=XX ( J-1 ) +XX ( J+t )

D=X(J)
E=XX(J)
Y ( J ) = ( ( (AlJfB ) +A3xG )+AOxD I +AzxE
YY( J)= ( ( ( (46*( X (J-2 )+x (J+2 ) ) )+A5xB )+A1rúG)+A4ìfD)+AO.)ÉE

D

D

D

D

D

D

D

D

D

D

D

D

D

D

D

43
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44

10

95

96

97

I2

T3

YY(6)=YY(6)-A6xX(6)
YY (NN ) =YY ( NN) _A6*X ( NN )

DO 44 J=6rNN
X(J)=Y(J)
XX(J}=YY(J)
TT=TT+T ( K )

T1=T1+T(K)
IAF=TAF-T(K)
IF(KKl28ç28r10
CHECK THAT NO COLLISION HAS OCCURRED FOR LARGER J.
II=I+1
NI=NN+1
IF(II-NI)95¡95. 14
DO 91 J=I I rNI
IF ( X ( J ) -X ( J-1 )+DL ) 96¡97 t91
I=J
GO ïO 40
CONT I NUE
c0LLISI0N FouNDr ALTER vËLocITIES AND coMPUTE coNTRIBS
TO THE TEMPERATURE AND PRESSURE.
IF(I-6112t72¡13
XX(I)=-XX(I)
C=C+2.xXX ( I )

I NCOLN= I -5
GO TO L5
G=XX(I)
XX(I)=XX(I-1)
XX(I-1)=G
C=C+XX(I)-G
I NCOLN= I -5
GO TO 15
I =NN
XX(I)=-XX(I)
C=C-2.*XX ( I )

I NCOLN=NN-4
NCOL L=NCO L L+ I
NNIT=NNIT+ITIIT
T:(IN-1)=T1
CALL NORMEN(iNrTl)
CHECK TO SEE IF OUTPUT NOW REOUIRED.
I F ( NCOLL-NCOL ) 16 r 86 r86
NCOL=NCOL+NC I
CALL FLUCTN
CALL OUTPUT
C=0.0
CHECK THAT TEMPERATURE IS WITIIIN A SPECIFI ED RANGE.
IF(TMP1-TMP)B7IB1¡90
I F ( TMP-TMP2 ) 88 IB8 ¡90
I F ( NCOLL+ l-NC 2 I L6 ¡L6 ¡99
l^/RITE OUTPUT TAPt- 3¡64tTl4PlrTMp2rTMp
RETURN
END

c
c

I4

t5

86

c

87
B8
90
99

c
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CARDS COLUMN
SUBROUTINE AUTOCN
COMPUTES THE ESTIMATE FOR THE AUTOCORRELATION FUNCTION.
COMMON X r XX rN rNN r PN r U r WV{ rDLL r DA rDD r KN r NTST rW r S r EN r ENM r

lEE rA r T rUhl;Q rQQ rNN I T TNCOLL rNCO rNCl r NC2 rNC3 rNC4,NC5 rNC6 r
2Nc7 ¡ I N r TE r TT r TLAST rc r I NcoLN ¡ TMP r TMP I r TMP2 rNCoL r TLST r
3T F suM ¡ uKr uu ruc rP rPH r ENKET'vENK r PT r PHT rGP rGVP r GPH r
4GVPH r XDOT r XXDOT r T 1 r NOTE ¡ NCB r NC9 r N I T 1 r NAUTO rAC r AV r ENKETT

DIMENSIoN x(50) rXx(50) rw(40) r5(40)'A(180) rT( 11) ruw(1 )

DIMENSioN EN(40r1Ol) rENM (40¡2) rTE( lO1 ) rO(40r2) ¡6ç (40¡21 ¡
IA I t2O1 ) rAC( 201 ) rACC(201 )

FoRMAT I / rx22HAurocoRRELAT I oNS r TT = E1ó .B / (rxzaF 6.31 )

FORMAT( Il-10 /IXIóHEMERGENCY EXITr I6ç
149H ITËRATIoNS wITH K - 1 sINcE LAsr ouTpur. NCOLL = r5¡
zIH. / )

TLAST=TT
NITl=NITl+l
DO 1 I=Lç2OO
AV(I)=AV(I+1)
AV(201)=XX(6)
IF(AV(I)12ç6s2
DO 3 I= NCB ¡ 200 rNCB
AC( I )=AC( I )+AV( I )x4y( I+1 I

AC ( 201 ) =AC( 201 )+AV( I )*AV( 1 )

NIT=TïlT(1)
IF(NIT_NAUTOI6¡4¡4
NAUTO=NAU TO+NC9
DO 5 l= NCB r 200 rNCB
ACC(I)=AC(I)/AC(201)
WRIïE OUTPUT TAPE 3c60rTTr (ACC( I ) rI=NCBT2OOTNCB )

IF(NITI-NC4 )9,1 ,7
WRITE OUTPUT TAPE 3;67rNIT1'NCOLL
NOTË=NOTE+1

'TE(IN-1)=T1
CALL NORMEN(lNrTl)
CALL OUTPUT
IN=2
RETURN
END

CARDS COLUMN
SUBROUT I NE KE ( TNP )

COMPUTES THE INSTANTANEOUS KE.
COMMON X rXX TNTNNTPNTUTWW
DI MENSION X ( 5O ) IXX ( 5O I

ENRGYK=O. O

DO I I=6rNN
1 E,IRGYK=ENRGYK+XX( I )4+XX ( I )

ïNP= ( WW*ENRGYK ) / ( pN.fê1. 3805E-I6 )

R E ÏURN
END

D

60
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CARDS COLUMN
SUBROUTINE VCRTST (DL rK)
CHECKS THE POSITION COORDINATES AT START OF A FIRST RUN.
COMMON XTXXTNTNN
DIMENSION X (50) rXX(50)
FORMAT IIHz/ ( 1X8E1ó.8 ) )

FORMAT(5x3gHINEOUALITIES UNSATISFiED INITIALLyT I =I?tlTHrDL=E16.8)
DO 1 I=5rNN
IF(X( I+1 )-X ( I )+DL I 2 ç1cI
CONT I NUË
K=1
R E TURN
K=2
J=I-5
WRiTE OUTPUT TAPE 3t65r(X(J ) rl=6rNN)
ìilRITE OUTPUT TAPE 3ç66rJrDL
R Ë TURN
END

65
66

I

2

*

c

D

C \RDS COLUMN
SUBROUT I NE XDXXD ( XDOT I XXDOT )

QUANTiTIES REOUIRED IN THE EVALUATiON OF THE TMP AND PRESS
COMMON XTXXTNTNNTPN
DiMENSION X (50 I rXX( 5O)
XDOï= 0 . 0
XXD0T=0.0
PPN=PN+1.0
DO L I=órNN
SI=l-5
XDOï=XDOï+(PPN-2.*SI )JeXX( I )

1 XXDOT=XXDOT+X( I ))+XX( I )

R ETURN
ËND

CARDS COLUMN
FUNCTION ENERGY(X)
COMPUTES E/N
COMMON XrXX rN rNN r PNTUTWW
DIMENSION X (50) IXX( 5O)
ENERGY=U*( X (ó) *X ( 6 )+X( NN )x¡( NN ) )+VúV.J*XX ( NN) +TXX (NN)
IF(NN-6)3¡3¡'I

1 I N=NN-1
DO 2 l=6r iN

2 ENERGy=ENERGY+Uv"(X( I+1 )-X( I ) )x(X( I+l )-x( 1 ) )a¡4¡¡x¡¡1
3 ENERGY=( ¡5xENERGY ) /pN

RE TURN
END

)¿

D

)xXXtl)
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CARDS COLUMN
SUBROUTINE FLUCTN
COMPUTES ÏHE TEMPERATURE AND PRESSUREI AND THEIR FLUCS.
COMMON X r XX rN r NN r PN r U r lrlW r DLL r DA r DD r KN r NTST rW r S r EN r ENM r

lEE rA ¡ T r UW rQ rQQ rNN I T TNCoLL rNCO rNCl r NC2 rNC3 r Nc4 rNc5'Nc6 t
2Nc7 r I N r TE r TT r TLAsT rc r I NcoLN r TMP r TMP r r TMP2 rNCoL r TLST r
3T F ;UM r UK r UU rUC rP r PH r ENKET rVENK rPT rPHT rGP r GVP rGPH r
4GVPH r XDOT r XXDOT r T I rNOTE r NCB r NC9 r N I T I r NAUTO r AC r AV r ENKETT

DIMENSioN x(50) rXX(50) r\'l(40) rS(40) rA(180) rT(11 ) rUW(1 )

DIMENSIoN EN(40r101) rENM l40ç2) rTE( 101 ) rO(40r2) ree t40 çZl ;
lAV ( 201 ) :AC ( 201 )

TTT=TT-TLST
TLST=TT
EE=ENERGY ( X )

PH=-X DOT
E NKE=-XXDO T
CALL XDXXD ( XDOT TXXDOT )

E NKE=UKrê ( ENKE+xxDoT ) +uMr(c
PH=0.5* ( PH+XDOT )

P=UC* ( PH+C )

E N KE T= E NKET+EN KE
PT=PT+P
PHÏ= PHT+PH
IF(NCOLL-NC7l3çlç2

I TF=TT
GOTO3

2 ENKE=( 0.5xEE+ENKE/TTT l.l+1 .E+ZO
EN KE T T= EN KE T T+fruK E*I T T
VENK=VENK+ENKE*ENKE* TT T

P=UU+PT /TT
GP=GP+P*T TT
GVP=GVP+P*Px.T TT
PH=UU+ (UCì+PHT I /TT
GPH=GPll+PH*ITT
C /PH=GVPH+PH*PH*T TT

3 RETURN
END

CARDS COLUMN
SUBROUTiNE GRAPI-t( TMPrP TPHTYPTYPCTXT rXXX )

COMPUTES OUANTITIES RELATED TO THE EOUATION OF STATE.
COMMON XrXX rN rNN rPN rUrl¡/WrDLLrDArDt)
DIMENSION X(50) IXX( 5O)
BOLTZ=1.3805E-16
ROOTP ?=L .253?I4I
ROOï 2=I.4142136
UK=UxBOLïZ
UAD=U* ( DA-DD )

ULD=U* ( DLL-DD )

RTUKT=SQRTF ( UKxTMp )

FCï=1. /RTUKT

D
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c
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88
89

YP=(P-UAD)*FCT
YPC= ( P_PH ) ìÉFC T
X T =ULDXFC T

YYY=YP /ROOT2
ERFN=ERRF (YYY )

ZZZ= ROOT P2X 11 . -ERFN ) *EXPF ( YYY*'YYY )

IF(YYY)8Br89rB9
Z,.Z= 2. *ROOTP2*EXPF ( YYY*YYY I -ZZZ
XXX=(XT+YPI*ZZZ
R E TURN
END

r

C

CARDS COLUMN
SUBROUTINE N0RMEN( INrTI )

COMPUTES NORMAL MODE ENERGIESI AND TI-IEIR TTME AVËRAGES.
COMMON X r XX rN rNN r PN rU rWtd rDLL r DA rDD r KN rNTST rW r S r EN r ENM r

lEErArTrUhirQrQQ
DIMENSIoN X(50) rXX(50)'W(40) rS(40)'A(lBO) rT(11 ) rUþJ(1 )

DIMENSION EN( 4O ¡ 101 ) rENM ( 40 r 2 ) rQ (40¡2 ) rQQ l40¡21
EE=ENERGY ( X )

FCT= ( 50.*WW ) Z t ptrlxEf I
DO 5 I=1rN
D 1=0 ' 0
D2=0.0
DO 4 J=6rNN
IJ=lx(J-5)
SS=1.

1 JJ= I J-N-1
IF(JJl3;4¡2

2 IJ=JJ
S5=-SS
GOTOT

3 SS=SSxS(iJ)
DI=D1+SS*X(J)
D2=D2+S5*XX ( J )

4 CONT I NUE
Q(Irl)=Q(l¡21
Q(lr2)=Dl
OQ(IrI)=QQIIç21
OO( I ¡21=DZ
EN ( I r IN ) =FCT't (l^l ( I )'-W ( I ) x¡r1x¡I+D2*D2')

5 ENM(I rL )=ENM(I rl )+EN(I r IN-1)ìÊT1
R E TURN
ENt)

D
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