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ABSTRACT

One of Èhe fundamental qrrestions in few and many-body physics

ís to what extent are dífferences ín the off-shell form of two particle

amplitudes obseryable i¡ the properties of composite systems. This

question is parÈicularly relevant in the field of pion-nucleus interactíons

rnrhere short range pr:operties of the pion-nucl-eon inÈeracticn are poorly

determíned.

I.n this thesis we have studied Èwo dífferent problems to

examíne the depen<lence of physically observable quantities of the pioil-

nucleus rnany-body system on the off-she|l behavj.our of the pion-nucleon

amplltudes. Ln the first parÈ of the thesis r/¡e invesÈiga-te the possibl-e

sources of off-shel1 dependence in the energy shíft of the pion-deuter:on

system. In Ëhe second part of the thesis ne calculate Lhe differential-

scaËtering cross-sect.ion of the pion-carbon svstem using t-he second-order

optical potential.

A consistenL off-sheIl behaviour of the pion-nucleon scaÈtering,

amplitude has been obtained from the Yamaguchi type separable potent'ial

for Èhe pion-nucleon interacÈion. This particular type cf two-body

i-nÈeraction also facíl-itates numerical calculations.

In Chapter II we provide different separable models for the

píon-nucleon interactj-on. The parameters of the inÈeraction have been

deÈermined from the experimental data. For the resonance (P33) and

absorption (ptt) channel-s a simple Yamaguchi type interaction wíth energy

dependent strengÈh has been used Eo fit appropriaEe experimental phase

shif ts (up to ^' 30C lleV), scatterj-ng lerrgths, Ehe position of the resonance'

anri the position of the poJ.e at the nucleon mass. The models for the



other pion-nucleon chånnels also fit the experinental phase shifts and

sca!tering lengths correctlY.

By t,reating the strong interaction contríbuEÍon as a

perturbatíon to the Coulomb interacÈion, the energy shift of Èhe 15 1evel

of the pion-deuteron system has been calculated r^rith the aid of the

Faddeev theory from the knowledge of the two-body pion-nucleon scattering

ampliÈudes. Having d.erived our exact'expressíon for the energy shift ín

Chapter III, we have investígated critícally the approximaÈe nature of

Deser et aLt,s formula, relaÈíng the energy shifÈ to the pion-nucleus

scaËtering lengÈh. Our calculatíon of the energy shift of the pion-

deuteron system demonstrates the importance of off-she11 contributions due

to

1. the momentum disÈribution of the pionie wave function

and

2. the momentum variation of the pion-nucleon amplí-trrde

at negative energies.

Deser et aL assumed that these off-shell contributíons were-

negligible in their original calculaÈion. Our results strggest that if

the experimental value of the energy shifÈ ís refined frlrther' as seems

likely in the near future, extraction of Èhe scattering length from the

energy shíft will requíre a more careful treatment, taking account of the

corrections indicatcd by the present ca-lculation.

In ChapEer T-V the second-orcier optical potential for the pion-'

carbon system has been constructed in terms of the two-body pion-nucleon

scattering amplitude and the nucleon-nucleon correlat.ion function in

order to ínvestigaLe the effec.t of the nuc-leon-nucleon correlation in

píon-carbon scatteríng at íntermediate energies. The main part of the



nucleon-nucleon correlat.íon ls generated by the sÈrong and repulsive

nature- of the short-range part of the nucleon-nucleon forces. The

dependence of the differenÈial scattering cross-sectíon on Ëhe range

parameters of the pion-nucleon inÈeractíon and on the rrucleon-nucleon

correlation length has been examined by usíng dífferent sets of the

pion-mrcleon interaction potentials and varying Èhe correlation length.

l{e find that dífferent correl-ation lengttrs alter Ëhe numerical

results only for the large angle scaÈt,er:ing. The best fit Ís obtained

for unrealístic values of the correlati-on length. The irnplication of

thís result is, discussed in Sectíorl 4.8.

The differential- cross-sections have been calculated from the

second-order optical potenËial using two sets of pion*nucleon ínteraction

potentíals to check the off-shell dependence. I^Ie fínd that the scaËteríng

cross-section is sensitíve ( - 10 - L5% ) to the off-shell dependence

of the pion-nucleon scatteríng arnpl-itucles and to the range parameters of

the pion-nucleon interaction for the c1Ífferent channels. llowever, ít is

dlffícu1t Ëo state to v¡hat extenÈ Èhe scatÈe::ing cross-sectÍon depe-nds

on the individual range Parameters of the mode1.

AlÈhough the secorrd-.order cptical potential gíves a more

complete description of Eþe nícroscopj-c Processes, in ouT calculat:'-ons

the adclitiot'l of Ehe secon<l-orcler optical potential does not improve the

agl:ee-ment of the theoretical results obtaíned from the first-order

optical potential with Ëhe experimental data. The basic assumptions of

the model and possible res;ults for this discrepancy are discussed in

the final secÈion.
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CIIAPTER 1

INTRODUCTION

The basic ingredient for the microscopic theoríes dealing wiÈh

plon-nucleus scaEÈering is the two-body píon-nucleon, scatteríng amplitude

or t-natrix. This amplitude ís a function of Ëhe three índependent

variablesi the ínitíal and final momenËa of the ínitial and final

scattering states and the total energy (E) of the system. trIe say Èhat the

scatterj-ng amplitude is on-shell if both the magnitudes of the incident

(ki) and fínal (kr) momenta are equal Ëo the rnomenÈurn (\) corresponding t<:

the toEal eneigy (B) of the system

k
l_

kr h ( =lfzus ), (¡ ,)

l- 
- 

l-ot-of

and r.¡hen both are indePendenE

where U |s the reduced mass of the system. If one of the tr¡/o momenta

is independenÈ of the momentum h,

ki = ku *kt

l-. e

or k. +
l-

then the arnplitude Ís called half off-shel1,

of the momentum kE, i.e.

kr* h+kr
the amplítucie is said to be fuIly off-shell-. For microscopíc Ëheory we

need both on-shell ancl off-shell amplitudes of the two-body sc.atterinpi. The

physlcal relevance of Lhe off-shell amplÍturle rnay be seen front thc

following 
"

If nuclear scatÈering ínvolvíng more than two particl-es is viev¡ed

as a succession of two-body scaÈteríngs, then energy and momentum are not
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necess¿lrily conserved ín any two-part.j-c1e collision because momentum

can be Lransferred Èo the other part.icles. The virtual processes, where

energy and momentum are not conserve<l quantitíes, can only be described

by means of the off-shell scat-teríng amplitudes or off-she11 È-matrix

elements. These virtual processes have a very sígníficant influence on

Èhe physically observable quantitíes, such as the scattering length, cross--

section and energy-shift. Consequent.ly, the knowledge of the off-she1l

behavi-our of the t-matríx is basi-c to the understanding of nuclear

scattering involving a many-particle systern. The physically observab-le

quantÍties of the nuclear scatÈering depend not only on the on-shell t-

matrix elemen.ts, but also on the off-shell t-matrix elemenÈs. The toÈa1

contr:ibutions of these off-diagonal* elements are known as off-shell

contributions. Now, the effecÈs of the off-shel1 two-body t-matrix are

more easily observable in an N-body system, so the three-body system,

being Èhe simplest one wiÈh N > 2., offers an unique opportunity to test

the inporÈance of the off-shell conE::íbution.

The two-body picn-nucleon scaÈtering data are fairly well-known

over a wide energy range from zero to 700 MeV, and as we sha1l discuss :'-r:

Èhe next chapter, can be reproduced, more or less accurately, by a

varíety of potenÈial models. An advantage of the potential moCel. approach

is that for a hermitian potential the corresponding scaËtering amplitude

satisfies the rqqrrirements of tíme reversal. invaríance and off-shel-l

unitarity.

It is well knor,¡n that the Lippmann-Sch.winger equation for

the two-body t-maÈrix embcdies all the rlynamics of the two-particJ-e

scaitering pr:obleur. AÈ least formalll' this equation is adequate for the

The transition operator c is a matríx ín the
momentum sPtrce" The on-shell. elements of t are
the diagon¡rl e1 crnents

1ôå-'
gaør¡¿i.t (t.r¡ 

"

*
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treatment of t\./o-particle scattering. The scaËtering cross-section

can be determined easily from the solutíon of this equation.

Unforf,unately, this simple prescríption c.eases to apply r.'hen

Ëhree or more partíc1es are preserrt because of the possibility of formation

of bound states. In two-particle scattering thís causes no essentíal

difficulty because conservation of energy forbids the formation of bound

sÈates. However, if there are three or more particles participaÈing in

a process, then tï/o or more may form a bound slate whíle the rest of the

particles may go off separately. Because of thís, the correspondíng

LÍppmann-Schrvinger equation for the Èhree-particle problem is not a r.rell

behaved integîal equaEion. More fundamentally, Ëhe difficulties in the

Lhree-particle problem may be seen as arising fr:on a situaEíon in r+trrích

tr¿o of the partícles interact while the thirrl propagates through uninodifieé.

Mathematically, the unmodified propagation is gíven i¡r terms of Dirac

delta functions which occur j-n the kernel- of the three-body Lippmann-Schrvinge:

ínÈegral equation. The presence of the delfa funct.ions makes the ker:nel

neither sqriare inf-egrable nor compact. However, Faddeet¡ (l-) show'ed.in

príncÍple, how to write the three-body amplítude in terms of the off-shel1

two-body t-matri.x. l'addeevrs equations provide a gooC insight into ttre

physics of the probj-en, buE, ÈÏre equations stíIl do not admít an easy

numerical solution. Subsequently, the r¿ork of Mitra (2), Anrado (3) a¡.C

Lovelace (4) demonstrated Ëhat the soluËj.on of Ëhe Faclde-ev equatj-ons could

be greatly siruplified by the assumption of separabilJ.ty for the two-

particle poterrtial, but only at the expense of the physícal ínterpretation-,

because sucÌt potentí-al-s are non-local . By inÈroducing Ehe two-body

separable interac.cíon r¡/e simplify the two-body interac.t.ion so that the

three-body pr:oblein can be solved exacËly. From the point of víew of the

three-body oroblem this approximaEion introduces t\,ro rnajor simplífícations:
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(i) the trt¡o-body t-maËrix for any partiål r^Iave can

be obtained and therefore one can construct the

three-body kernel easilY;

(íi) the three-body equations with Èhe separable inter-

actíon can be writt.en in terms of the one-dímensional

fntegral equatíons for each Ëhree-body parÈí'al wave

and these can be easily solved numerically.

The recent. studies (5) on the pion-derrteron problem in terms

of the Fadde.ev equations including pion-absorpÈíon and the píon-nucleon

resonance have shov¡n quíte good agreement with the experimental pion-

deuteron diiferential cross-section up t,o energy 240 MeV. Such calcul-ations

are necessarily lirnited by the separable structul:e of the inpu,t potential

or the two-botiy t-maËrix. The three-body pion-deuter:on model

calculati-on includes the conÈributions fr:om Èhe nuclear-sLrucËure of the

deuteron and the effects of absorption and resonance on the rnultipie

scattering series of the pion-deuteron scatÈerj-ng. Afnan arrd Tiromas (6)

have observed Ëhat the multiple scattering serjes diverges r"hen the pion-

absorption channel is taken into account.

on the other hand, the results of picn-nuc].eus scattering

calculatecl in terms of the opÈical potential (7) corrtain inforrnation about

the many-body conËributj.ons such as the size cf Lhe PToton anC neutron

distríbutions, the nucleon-nucleon correlations and the fermí motion of

Ëhe nucleons. The existence of the pion-nucleon resonance utakes the piotl-

nucleus scal-tering amplitude sensítíve to the energy variation of the

pion-nucl.eus scatteri-rtg. I^Iithout havíng a complete many-body theory ít is

difficul-t to estimate the many-body contril¡,uÈions ar:isíng from the nuclear

uaLter to the pion-nucleon inLeraction inside Ehe nucletts. Therefore the

agreement with the experirnental data may not llecessarily yield any
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fundamental inforuraÈion about. the basic pion-nucleon ínteraction.

Before constructing a mode.l for the two-body t-matrix or

potentíal , \re cannot avoid asking the cluestions: what guides us ín our:

search for the two-body interaction, and how c'an we íncorporate as much of

the physical properties of the interaction as possíble in a model

suitable for describing complex nuc.lear reactions ? For example, the

pion-nucleon and nucleon-nucleon interactions whi-ch are the buildíng bloc.ks

for all microscopic Èheories have some well kno-urn features, such as the

energy varíation of the scattering amplitude, charge symmetry, saturation

character, the exisÈence of resonances, nucleon-nucleon correlatíons, and

absorptÍ-on prôcesses. Any theoretical model r4/e may use to describe a

particular process should í-deally exhibi.Ë the correspondíng feaÈrrres of

the basic interaction. In practice however, it may not be possible to

ínclude all of them in any single model because the ínteraction is

necessarily quite complÍ.caÈed. It ís also necessary Eo understancl clearly

the relationship between the mathemaËica1 structure of the model in

quest.ion and the physieai- features of the two-body inËeracËíori at

dífferent energies, whích ít seeks to describe.

The problem of constructing a realj-stic two-particle t-matríx

for the microscopíc theoriee from the knowJ-edge of thcì t\,Io-particle daÈa

does not have a simple unique soluLíon. rl,ctually, several models may

re-produce two-body scat-teríng data wíth varyirrg precision. Each inte::action

depends not only on fj.ttíng phase-shifts bui also on assumptions abcut the.

two-body off-shell behaviour of the nodel, so under these ci,rcumstances it

is not easy to decide how far the preclictÍons of a given model may be.

atEríbuted to the natur:e of the interacii-on, as embodied ín the potenLial.,

or how far they depend on the approximations of the calculaÈional technique.
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part of thís arnbiguity may be eliminated by considering the off-shell

behaviour of Ë,he rnodels having simj-lar on-shell properËies (known as phase

equivalent rnodels) .

Theoretically the circumstances in whích the off-shell effects

should be important can be appreciaÈed by considering Begts theoreur (8).

The theorem states that : for fíxed scatierers' íf the projecÈile-

nucleon interaction range is fi-nÍte and if the nucleons are separated by

at least twice the range of the projecÈile-nucleon range, then the nuclear

scaËtering amplitude will depend only on the on-shell projectíle-nucleon

scattering amplitude.

To undersÈancl Lhe implícation of this theorem, let us assune

that :

(1) the ntrcl.e,us consists of fixed scattsering ce-ntres and Èhe

respecÈive co-ordinate of each scatterer is x.. Thís is the frozen

nucleus approxirnation ;

(ii) the range (trrrr) of Ëhe pion-nucleon i-nteractí'on is

finl-te (0.3 < tnr, ( 0.7 fm) and Èhe interactíon regions never overlap,

so that

,ITN (r) 0 for r2t ITn tv

and I x.-*.1 >2r-.
a 1' lln

In this picture iÈ is clear that betweerr two successive scattering thc

pion passes Èhroirgh a force free region where the momentum of the píon is

on-shell. This picture fíts very well j-n the límit of l.oru nuclear densíty

(9). However, in an actr:al nucleus the situation ís mol:e complex and
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sírnple arguments above may be modífied. We observe thaÈ z

(i) the energy blnding the scattering nucleon to the

rest of the nucleus is one of the sources of the off-shell dependence

in the lorv-energy pion-nucleon scattering amplítude for the frozen

nucleus approximatíon ;

(fi) Ínsíde the nucleus Èhere exists a strong repulsive

nucleon-nucleon correlation when two nucieons come wíthin Èhe

correlation length ..( - 0.5 fn ). If the range tT' is such that

r _ > 2 t_ , the píon-nucleon ínteracÈíon regions will never overlap.
c În',

Thus the repulsive nucleon-nucleon correlatíons will re.duce, íf not annul

completely, the off-shell effecËs. Sí.nce a pion must ÍnteracÊ with one

nucleon before it undergoes off-shell scatteríug with a sec.ond nucleon, íË

seems that there ís en intimat,e relation betweerr the off-shell dependence

of the pion-nucleon t--matrix, Èhe shorE range nucleon-nueleon corre-laiíons,

and the pion-nucleon interact.íon range;

(iii) for every loca1 interactíon there should be a well defined

range for Ëhe corresponding potential. For any pract"ical calculation one

ll""-
assumes thaÈ7 potential goes to zero beyond the irtteracÈíon range. The

/\

typical val.ue of the nucleon-nucleon correlation lerigth is about 0.4 to

0.5 fm and from the theoreËical studíes (10), the co::respondíng ranges

of the pÍon-rucleon interactíons are abouÈ 0.3 to 0.7 fm. But there

aïe some ambÍguiti.es abouÈ the values of the pion-nucleon range (9). i'rom

these stan<lard values of Èhe nucleon-nucleon and pÍ-on-nucleon ranges ít

seems that Begrs theorem ís not strictly appli.cable in the pion-nucleus

scat.tering. Nevertheless, it helps us Èc) understanci hor¿ the off-shell

contributions enter into any calculation and when the off-shell

contríbutior.s become unimportant.
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The scatÈering of a pion by a free nucleon is eompletely
thl

descríbed by the on-shell values of¡pion-nucleon t-matrix,

but the pion-nucleus scattering a1ço depends on the off-shell values of

anr, (Et, k E ). These are not measurable ín a. Èwo-body experiment, so the

off-shell dependence of anr, (&t, k, E ) will always íntroduce some

uncertaínÈy ínto any calculation" But this knowledge about the off-she-ll

two-body t-matrix is equivalenL to knowing the potenÈial or the wave

func¡ion inside the scatterÍ-ng region. Therefore \¡Ie may get in princíple

more i-nformation about the trvo-body forces from the many-body experj.mer-¡t

than from Ëhe Èwo-body experiment.

The'relative merits of two phase equivalent models, having the

same on-shell properties but díiferent off-shell behaviour , can be

assessed from the off-shell properties of their two-body È-matrices. The

ezact off-shell behaviour of the píon-nucleon t-matríx is unkno-wrr sj-nce

a complete covariant theory of pion-nucleon scattering ís yet to be-

formulated. There are <tifferent \,üays to generate model two-body pion*

nucleol t-matriees. Several attempËs (11) have also been made to develop a

covariant theory for the pion-nueleon sca.ttering on the basis of the Bethe-

Salpeterrs equation. In that approach the interaction potential becotnes

non-local and energy dependent. It is very dífficrrlt to obtaín the

nttmerical solution for the Èwo-body pion-nucleon t-metrix (12). l'or non-

relativístic scatLeríng \,re generally const.ruct the two-body t-maÈrix frorn

the solution of Ehe ordinary l,íppmann-Schwinger equation r^rith an energy

índepenclent real ÍnteractÍon. Because of this simple choice of interaction

the corresponding scattering amplítude sat,isfies the unitarity condition.

For an accurate esÊimation of Lhe off-shell contribution in the

pion-nucleus scatteríng, Ètre precise informatj-on about the pion-nttcleon range

Èfin (E" k, E) ,
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is needed. It is possible to deflne an overall range of the pion-nucleon

ínteractíon from the scattering data but to give an exact estímaÈe of

the range is theoretically dífficu1t, since InIe cannot construcÈ a lccal

interaction potentíal for every possible interaction associaÈed v¡ith the

pion-nucleon scatÈering at the various energie.s. Theoretícally Èhe rar.ge

of the ínÈeraction depends on the position of the ne.arest left hand cut of
t6

the t-matrix. The location ofOleft hand crrt is determíned by the mass of

the e-xchanged particle. Thereforerwhen r¡e fit Ëhe parameters of the

potential model to reproduce Èhe experinental data we basically approximate

this left hand structute (dynamical information) of the E-matrix by a

fínite number of poles or a finite cut and as a consequence of this

approxímation we lose exacÈ drossing symmetry.

It is not clear whether the potential moclel '¡hich approximates

the left ha¡d structure of Ëhe scatÈe::ing amplítude, is the besÈ way to

construct tlie. pion-nucl.eon potential . In recent years seve-ral attempts

have been made Èo derive the correct analytic structure of the Pl1 and P33

channel ínteractions. The P11 channel is resporisible for Èhe absorption

and the pion-nucleon resoltance is in the P33 charrnel. A critical analysís

of the analytic structure of the pion-rrucleon t-mâtrix has been considered

by Harnilton (10) .

The chew-Low (13) field theoretical- model provícles a

fundamental description of the P-ruave pion-nucJ-eon j-nteractíon. Thís rnodel

can generate successfully the P33 resonance- with the rj-ght energy and width.

But ít ís noË very successful in describíng the other P-wave interactions.

This may be due to the neglect of

(i) the recoil of the nucleon (which is the corìsequence of

the static limit approximation);
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(ií) the possíble direcÈ meson-meson interaction. The

neglect of the nucleon recoíl makes the Chew-Low scaËÈering amplitude

factoïable r¡hich permits one to go from the off-shell scatteríng to

the on-shell scattering siÈuation ín a simple manner (14, 15).

The scaÈtering amplitude in the lowest order, consists of two

dístinct types of diagrams (or processes), (i) Èhe díagram in ¡,vhích the

incident and final meson lines do not cross (direct scattering) wíth each

other; (ii) the diagram ín which the iniÈial and final lines cross with

each other (exchange scatteríng). To <letermíne the appropriate off-shell

behaviour of the scattering arnplítude we need to know the actual analytic

sËructure of Èhe pion-nucleon t-nìatríx in the complex energy-plane.

The success of the Chew-Low urodel suggests that we consj,der-its analytic

structure for the pion-nucleon scattering amplítude as correct and

appropriate.

According to Chew-Lovr theory, the- pÍon nue.leon transition

matrix has the following analytic structure:

(i) the scattering amplitude has a simple pole aÈ E = 0

(corresponds to the crossed Born graph ín the Chew-Low- model), and ít

goes to zero like L/E for large E;

(ií) 1t has branch points and euts along the real axis for

E t tn and E < - m?T, where *rT is Èhe mass of the píon;

( j-ii) the arnplíÈude satisf ies

(a) crossíng symmetry v¡hich provides the conneciion

-between the process being studied and the pot.enÈial

which determines it;

(b) reality (due to tÍme reversality);
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(c) unirariry { t+rr{n) rji(E) = t)

a basíc constraint on the ampliËude, i

of number of particles;

r,¡hich provides

.e. conservatíon

where i and j are the appropriate quantum numbers required to specífy

Èhe scattering process. These analytíc propei-ties províde the practícal

basis for solvíng the pion-nucleon problem in the chew-Low theory' I/¡e

also assume that the inelasËic scatÈering cross-secEions are small compared

to that of the elastíc one (one meson-staie approximation).

Tlrerefore, when we construct a model to replesent the pion-

nucleon scaÈte;íngr !¡e shall expect its analytíc properties to be consistent

with thaÈ of the scaÈÈering arnpliÈude obtaír'red from the che¡'r-Lo¡'¡ model"

Now we shal.l discuss briefly the analylic behaviour of the two-

body pion-nucleon models available in the li¡eraÊure to describe the pi-on-

nucleus scatte-ring and correspondíng ranges obtaineci from those mcdels' Tire

Chew-Low mc¡del predicts that the pí-on-nucJ-eon range should be finite

( - 0.3 fm ) for the P33 ínceraction'

KÍsslinger(16)fi.rstgeneralisedtheon-shelllowenergypion-

nucleon t-matríx to approximate its off-shell behavioirr and used t'he form

ann (E" k, E) < k'lÈnn (E)l k ) = år (E) + b (E) kr. k'

where- E is the scattering energy, a (E) represents s-wave scattering

and the second te-rm i.s related to the P-rvave scatteríng. Using this model

different authors (17) have calculated the pio¡-rrucleus opËical potential

r^rhich is non-local in co-ordinate space and from whic'h they have determined

the energy-shift and r,¡irltTr of the pion-nr¡cleus bound state problem' But

Kisslinger's mor-lel cioes not reproduce the re-sonant behaviour of the pion-

nucleon scat.tering anplitude arrd it is an essentÍ.ally a zeTo range ínter-
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actÍon model whic.h is unrealistic. The reason for Èhese shorÈcomings

may be related to the inappropriate analytíc propertíes of the model,

which ís divergenË linearly at the far off-shell regíon and has no

resonance sÈructure.

One mary agaín assume that Èhe píon-nucleon t-matrix depends

on the momentum transfer g = (kt k) and has the form

tn* (1!'' . ].'lrrN(E) 15, = a(E) + b(E) g' .

The corresponding poEentíal in the co-ordínate space is generally knornm as

the Laplacian poËentíal" This model also possesses the unwanted analyÈíc

behavi-our of the Kíss1Ínger potential and it is divergent quadratically

for large values of k and kt and gives unphysicaL zero-xange píon-nucleon

interaction. At low ene-rgy both these models are good, but at higher

energy they are inferior to the separable nodels which we shall use to

describe the pion-nucleus scaÈtering. For these singular: + zero range ínter-

actions, the pion-nucleon ínteraction potential overlaps completely rvith

the nucleon-nucleon potential, thereby inducing high u.nphysical off*shell

sensitivj-Ëy for these two models. The corresponding opiical potentials

also exhibiÈ the unphysical behaviour.

Separable nodels are generally construcÈed eiËher from the

inverse scattering theory (18) or from fitting the paranìeters of a suppl-ied

form of the interaction (19). The separable ínteraction for each reaction

channel is determi-necl fro¡n the experimental- data corresponclíng to that

channel. Thereiore, this model should reproctuce the actual properties of

each channel for all vah¡es of the momentum, such as the resonance sÈructure-

ín the P33 channel, the change- of the sign of the phase shift in the Pll

channel- at En, - 150 Mc+V. It also goes to zero smoothly for large values

of the momentum and pr:edicts a finíte range (0.3 to 0.7 frn) for the pioll-

nucl-eon interaction. Ttre analytic properties of the separable t-matrix are

E, E)
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also consístent \,rith that obtained from the Chew-Low model . However, a

one-term separable interactíon (19) fail s to reproduce the crossed Born

graph which has a pole aÈ zero energy in the Chew-Low model for P-wave

lnteracti-on.

This consistency of the analytic propertíes of the separable

È-matrix means thaÈ the potentíal model provides a reasonable off-shell

extrapolation of the pion-nucleon t-matríx. The separable interaction

replaces the left hand cut of the píon-nucleon t-matrix by the double pole.

But the structure of the model is non-unique and therefore íts off-shell

behaviour is also non-unique. The off-shell behaviour of the

arrU(!', k, E) computed from the Yamaguchi (20) type form factor is

reasonable for the proper off-shell behavíour. The-refore Yanaguchi type

form factors have become our natural choice Eo represent the various picln-

nucleon interactíons.

In this thesis we shall present the results of two differenÈ

calculations regarding the pi-on-nuclelrs scattering. The first problem is

to estimate the off-shell effects in the energy shifÈs of the pion-de-uteron

system. The second problem is Ëo calcu-late Lhe differential cross-sectj-on

of the píon-carbon system at intermedia'[e energies using the optical

potential model. In the opÈical pctenÈial- calcul-aÈíou we have included Èhe

second-order term of the optical poÈentiai. To provide the basís for ou::

rÁrork v/e shall díscuss in the next chapter some of the essential features cf

the píon-nucleon ínteraction and present dÍfferent separable rnodels l-o

determine the various pion-nucleon reaction channels.

In Chapter III we wíll consi.der the shift in the energy level-s

of Ehe píon-de-uÈeron system (mesi-c atom) induced by the strong interaction.

A mesic atom is formed when a negative pion Ís captured in an atontic orbit.

The Èypical value of the Bohr radius (ao) of the mesic atom is
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âe = L2Z:/2?n )
z

where Z is the'atomic number of the atom. Therefore the pion Ís well

ínsíde the atomic electrons and has little overlap r¿ith the nucleus. The

mesic atom can be well represented by a hydrogenic type model. The pion

in the atomj-c orbit interacts with the nucleus via sËrong as well as

electromagnetic ínteractíons, shifting and broadening the atomic levels of

the unperturbed atom. Different gïoups (17) have calculated level shifËs

and wídths ci Ëhe various mesíc atoms to determíne the pion-nucleus

scatteríng length and absorption rate of the pion. The standard procedure

ín Èhís schemg ís to prepare an optical potentíal to desc.ríbe the inter-

actiorr of the atomic pion with the nucleus. The eígenvalue of the Klein-

Gordon equati-on r,/ith this potential gives Èhe shift and widÈh. An extensÍ."e

theoretical study on the mesic atom was made on the basis of Lhe optical

potential by llricson-Ericson (17). The p1-oníc atorns have also been studied

experímentaily over the whole periodic table by BackensÈoss (2L). It has

been observed that the resulting shifts and widt.hs are small compared to the

atomíc level spacing due to the Coulomb interact-ic¡n. Their magnitudes

Íncrease rvj-th íncreasíng Z-va1ue. For a given Z , lower 1eve1s show

greater shífts and widths.

Howe.¡er, ttre important poinL ís that the effect of the stronEl

interaction relative to the level spac.ing ís small and Ëhus one may treat

the sÈrong interacÈion contribution as a perEurbation to the Coulomb Ínter-

actíon. The approximaLe Bohr energy of the ruesic atom is

e
1T

( - 3.7 KeV) Z2

InformaËíon about the pí-on-nucleus slrong interacÈion is

contained in the shifts and widÈhs of the energy lar'els of the mesic aÊoill .

Therefore it is necessary to develop a rigororrs micr:oscopic Eheory for the



energyShiftcalculationonthebasisofthetwo_bodypion_nucleonE-matrix

with suitable off-shell behaviour. The first attemPt was made by Deser'

Goldberger, Baumann an<l Ttrirrlng* (22) to relate the pion-nucleus scattering

length (on-shell rl'rantities) Eo iEs energy shift' They calculated the

energy shift of the pion-hydroSen system from Èhe pion-nucleon scattering

lengÈh. A questíon whích naturally arises is Ehen hor'r the energy shift

depe¡ds on the off-shell part of the plon-nucleon È-matrix ? To irrvesElgate

thlsproblernwehavecalculatedtheenergyshiftwiÈhtheaídofthe

Faddeev theory from the knowledge of the two-body pion-nucleon t-rnatri-x' it

has been shown ttrat one can re-<lerive the formula of DGBT, relatíng the

energy shift Èo the scaltering length, starting from our exacË expression

to, it,u energy shifÈ. Theír forrnula is wídely trsed to calculate Èhe

scattering length from the experlmentall-y obse-rved enerSy shift' However'

vre note that they neglected l-he followlng important fact'ors in tliel'r

calculaÈion:

(1)themomentumdlstríbutionofthepionicv¡avefunction;

(ii) the nontetrtum var:iaEion of the pion-nucleon amplitude aE

negative energíes;

(11i)tlrecve.rlapoftÏrepion-nuc]-eonandnucleorr-nucleon

inÈer:action Potentíals'

Welraveassessed.separatelytherelaÈiveinrporËanceoftlrese

contribuEions to the energy shlft'

InClrapterlVweshallconsidertlrepion_nucleusscatteringin

Èerns of the optical- pote-nt-inl . The exact optical potenfli-al contaí.ns al-J'

possible con¡ributíons of the- many-borly scattering, name-iy, Èhe f e::¡¡rj

motíon of thg rrucleotts, nucleoft-nucle-on correlatíons etc" It aiso involves

the structure bottr of the- nuclear target, through t'he nuclear form faclor'

and of the elenerìti-tr*y pion-nuc.leon interactio'.r through its off-she-Il

* Future ref erentc¿r¡ to these authors are índicaEecl by the
abbrevi-ation D(ìIl'l'.
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dependence. Neither of these quanÈities carr be determined in a model

índependent r^Iay from the experimental data. No.one has been able, to

date, to evaluate the complete form of the optícal potential. In our

rnodel calculation rlte have considered the-second-order term of the

optical potenEíal to study the carbon-píon scatterj-ng at the intermediate

energÍes. Once the optical potential is eomputed' I¡Ie can calculate the

elastic pi-on-nucleus scattering cross-sectíon by solvíng Lippmann-

Schwinger equation. The main purpose of studyíng pion-nucleus scattering

ín terms of the optical potentíal is to understand the importance of Èhe

pion-nucleon resonance, absorptíon and ferni moËion of the nucleons and

nucleon-nucleon correlations "

Until recently only the first.-order optíca1 potentíal has been

calculat,ed for pion-nucleus scattering aÈ ínternrediate energies. Lan<ìau

eb aL (7) calculaÈed the first-order opÈical potential- in moilenÈum space

for pion-carbon scattering includi.ng fermi averagíng and the angle

Èransformation (importance of the angle transformation was pointed out by

Mach (23) ) . Their !¡ork 1^/as the f irst improvement over the Kisslinger type

poEential which ís singular for large molnentum. Their results are quite

good for the intermediate e.¡ergies but not ímpressive for: ve-ry 1ow energies'

The elastic scattering cross-section has been over estímaÈeci to some exterlÈ

in the region below the reso¡ance. Recentl'¡r Landau and Thomas (24) have

suggested that the aPparenË disagreement v¡íth the 1or^r energy data may be

reduced by a new choice of the effeebive píon-nucleon collísion energy' í.e

three-body energy choice.

In our cal-culation \^/e have evaluated the contributíon of the

second-order multiple scatteríng corïÈction to the optical poËential which

ís generally called the second-order potentj-al . [,Ie have followed the
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conventional multíple scatÈering theory of Kerman, McManus and Thalar (25)

and of llatson (26) in the pion-earbon nucleus to compute the optícal

potential. Recently, Lee and Chakravotty (27) and Wakamatsu (28) have

also evaluaËed the second-order optical potential for the pion-Helium

scattering. Lee an<l Chakravorty (27) have calculated Èhe nucleon-nucleon

correl.ation contributíon in the second.-order opÈical poËential elaboratell',

but Wakamatsu has also incorporated along with the nucleon-nucleon

correlation , Ëhe spin and iso-spín degrees of freedom of the pion-nu'cleon

amplitude- expliciÈly. He has Èaken Èhe pion-bound-nucleon t-matríx in

place of the standard free pion-nucleon t-matrix. He has conclucled that

Èhe contrj.butíon of the píon-bound-nucleon t-matrix is ímportant particularly

when Èhe incídent pion is less energetic. This contributíon is knornm asO

the binding correction.

However, in ou:: model calculatíon \¡/e have discarded the bindíng

correction, since within Lhe impulse appïoxímaËion, the difference betl'/een

a nucleon in a nucleus and a free nucleon, is neglígible at the high energy'

luloreover the second-or:cler oPtical Potential not only inc'ludes the rÌucleon-

nucleon correlations, but it al-so accounts for the departure' from the

coherent scattering. In coherent scatteríng ttre nucleus remaills in íÈs

grouncì. state during the scatterÍng period. The departure from it ne-ans that

the nucleus cân go to a higher excited staEe during the collision and

finally r-eturns back to the ground staÈe. In calculating the first-and

second.-order optlcal poLerrLial we have usecl:

(i) a spin and íso-spin averaged pion-nuc.l-eon t-matrj-x

for the S - and P -wave interactions, and

(ii) relativistic kínematics for tlia pion and nucleon. l'le

have deríved t\^ro sets of separable form factors for the s-

andP_waveinteractions.Weharrealsocheckedthe
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iuportance of fermi motion of the nucleons ' The

final results of this calculation are given in

Chapter IV.

. Before the end of this chapler, we believe that a few words

are in order Eo state briefly Ëhe current experimental ínformation about

the píon-nucleus scattering at different energies. In early experímental-

work the use of the pion as a probing projectile to study the nuclear

structure was not very successful. this was largely caused by the low

intensity of the pion beams, the poor energy resolution in comparisou wíth

the conventional parÈicles and the very small lifetime of the pion'

Therefore the,results and the conclusions of the earT-y pion-nucleus

experiments were not conclusive" consequently, the nicroscopíc the'ory of

the pion-nucleus scattering r^7as only tesËed qualitatívely. But j-n recent

years the situaÈion has changed greatly, maínly due to the availabili'ty

of the ner¡r experimental data. Very high intensity accelerators are now

.being installed whích have better particle counËing systems r'¡ith highly

sensitive det,ecËion facilities. Therefore the precise measurements oÍ the

energy shif t (30), angula:: dístribution of-- the cross-sectíons,

polarisatíon, differential cross-sectíon (31) at below and above the

resonance energy are possible. Hence. it r¡ould be interesting to estimate-

theoretically Èhe interplay of the various aspects of the two-body pion-

nucleon i-nteraction, as mentionecl earlier, and Èheir effects on the

experimentatly measured quantities (32) .
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CHAPTER II

SEPARABLE MODELS FOR PION-NUCLEON INTERACTIONS

2.r Introduction

In this chapter we will give a bríef account of the naËure of

the pion-nucleon interacÈion. Using the experimental pion-nucleon phase

shifts and scattering lengths, v/e construct separable models for the two-

body píon-nucleon t-matrices ín Èhe varj-ous reactíon channels. These

t-matrj-ces are required in Ëhe later chapters of the thesis to calculate

the energy shift in a pioníc atorn and to derive the optical potential for

pion-nucleus scattering at intermediate energies.

The'phenomenological properties of the pion-nucleon ínteraction

are generally obtaínecl from the sÈudy of the two-body pion-nucleon

scaÈtering process over varíous eriergy ranges. The pion-nucleori cross-secticn

shows consíderable energy variation. The most interesting pheiromenon is

the P33 resonance at the pion lab. kine,tic energy ET - 180.0 MeV, with

orbital angular momentum I = 1, total íso-spin T = 3/2, and.total

angular monentum of the pion-nucleon system I = 3/2. This resonant

channel doninates Ëhe píon-nucleus scattering in the intermedía-te energies

( En 100 - 325 MeV). The energy dependence of the pion-nuc1-eon

scattering is quite unlike Èhe energy dependencc¡ of nucleon-nucleon

scattering, where Èhe scattering cross-sec-tion decreases monotonically with

energy wíthotrt resonances at .i.ntermediaËe energie-s. Furthermore, aË low

energies (E_ < 50 MeV) the magnitudes of Èhe differential cross-section

for nucleon-nucleon scattering is ín barns, rvhile that for the pion-nucleon

scattering ís in milli.barns, buE aE high energies boEh the scattering

cross-sections are i-n barns (32). Because of the exisEence of the P33

resonance, the pion-nucleon scattering anrplíLurie exhibíts both forward and

back-w-ard peaking of the elementary amplitude nicely.
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It is knor,rn (7) that the microscopic theory provides a beÈter

description of píon-,nucleus scatteri-ng Èhan nucleon-nucleus scatteríng.
J,'.r ol d^n-

This can be attríbuted to theffollorving properties of Èhe pion and the

píon-nucleon interact,íon :

(í) the pion ís Ëhe lightest of all hadrons, so the pion controls

the long range part of the nuclear force (range - *;t ) and thus ínfluènce

sÈrongly low energy nuclear scatËering. The smallness of the pion mass

may be explaíned by chiral i-nvariance (33), which also implies that the

low energy pion-nucleon inÈeraction is very weak. This probably explains

the rapid convergence of the pion-nucleon rnulLiple scaËÈerillg series' Ol't

, ab¡e^ph,on
Ëhe oÈher hand the pion-æi-ea is very sErong j-n the

ttJa.'r

internediate energV regío{, so the'píon ís a good probe for studying the

dj-sLribution of the nucleaï maÈter (in contrast to ttre electron, which

probes the disÈribution of Ëhe prc'tons only);

(ii) the pÍon is a splnless, pseudo scalar particle (.iT = O-),

where J ís the spin of the pion and II ís iÈs parity The simpl-er

plon-nuelecln spín structure 0x% restt:icts Èhe number of inj-tial and

fínal staÈes i1 any scattering process and simplifies Èhe phase-shift

analysis considerably compared with nucleon-nucleon scattering. Moreovp-r,

the spinflip parE of the interaction nay provide some i¡.lformaËion aborrt

the nuclear spín densitíes;

(íií) since the pion is an iso-vector, it participaEes in single

and double charge exchallge reactions. which can be used tc ínvestígate

the isobaric analog states of the nucleus;

(iv) the existence of the resonance aÈ Er - 180.0 l"fev. The

interactioD c¡f the P33 resonance wj-th other nucl-eons in a píon-nucleus
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scattering can give insíghE ínÈo the nature of the strong interaction

as well as Ëhe conEribution of the nuclear many-body seatterings;

(v) the absorptíon of a pion by two nucleons provides

information abouE Èlre nucleon-nucleon correlations;

(vi)forthepíonkínetícenergy(300MeVthecontributions

of D- and F-waves are negligíble and may be discarded safely;

(vii) the pion-nucleon scattering lengths' ("nn) are very

small compared Ëo Ehe- average separation betr,¡een the nucleons

("n* < r-t > è 0.05). Therefore the mulËiple scattering serie-s will

converge rapidly. Hence it is possíble to T¡Irite the píon-nuc.leus

scatteríng in terms of the multiple scatteríng series aÈ low energy (9).

In formulating a microscopic descri-ption of the interactíons of

a pion r.riËh a nucleus the Ëwo-body pion-nucleon t-natrÍces for tlre

dífferent reactj-on channels are the essential ingredients. The strengLh

arrd the range of the inclividual interactíon potential for each chanrrel are

deEermined from the- experinental daÈa at Èhe various energies. I'Ie sha1l

now discuss several moclels of two-body pion-nucleon t-matrices, whích

include different aspects of the pion-nucleon interacËion mentioned earlier.

In order to simplify the comparíson with experimental results \nte follorv

the notation of Koltuu (32) to represent the píon-nucieon elastíc

scattering amplitr.rcle f n* (\t, k, E) in Eerms nf the rotationally invariant

amplitudes f (þt, þ, E ) with iso-spin (r) and total angular
-]T ,2¿ l- I = ít

momenLum (J) by

f n"(E', k, E) = ì Q, 3 {lLf(h| ,,8,) + (1, + 1) f,(,t,-1,-1) 1fr,Ûtti)L L k zI rLl- t 2f ,Lt.+l

n$t- lf(a"h.,Ê) -,f(p"k,,E ) J P¿'tî''î¡¡
21 ,2.(-ì - Zf r 2¿ + l

(2.1.r)
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where n = it * n and o ís the spin of the nucleon.

pro.jection operator on to a st.ate wlth toÈal iso-spin I.

the channels of Èhe pion-nucleon system by

QI is the

I,Ie w-ill label

(2.r.2)

J = l/2.

on the

(2.1.4)

0 = urr, 
29.' t L

sor for example, the S31 channel has .0 = O, T = *3/2 and

For the o-cha¡rnel the partial ríaves amplitude f o (kt, k, E)

energy-shell l-imit (k = kt, Ek - Ek ) reads

f o (k, k, Ek) = (no exp(2i ôo,) - r)/zik, (J'1-'3)

where ôo ís ,the ::eal phase-shi.fts for the channel cx and lo ( 1 is

the corresponding i-nelasticity parameter. The value of

f.,(k,k,Ek)lu*o="q

Ís the scattering length, frorn whích it is possible to infer the attractive

or the repulsive nature of the basic two-body interactioJ The effecti-ve

range Ëheory predíct.s that the phase shifËs at the lor+ energy límit shoulCr

be related to the scattering length by

Llrn
k+0

29"+I coE ô
t_k a a

c[

9. 
-.. - c Ltwhere ^o = ^Zi, 2J . This low energy behaviour of the scattering

amplítude (va1ue of the scaÈt.ering arnplitude at the zero energy is the

scattering length) ís one of the criteria ÈhaÈ the model two-body amplitude

should satisfy. For the elastic scattering (kt = k, EO,= EU), the

scattering ampliÈude and the l--matrix are

f TrN 
(k, k, E) (2tr)" I E;t * t* t ] .nu (k', k, E)

t fL¡, ;'

Ink r+ei-o n

0'o ¡ ì d'e Å' tL'-* tþ

tu-pp o rf '4 bo otn 4

,J k *o v¿n n'vt t'14.

I'l*-0<-

ortV

.lÐ gJ

Iru €

tt pf
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where En = + and El¡ = + are the pion and nucleon

relatj-visÈic energies. In the non-relativisÈic lirniE the energy factor

becomes sírnply the píon-nucleon reduced massi *r,. and \ are the masses

of pion and nucleon resPectivelY.

Thetwo-bodypion-nucleont-matrixísgenerallycomputedfron

the Lípprnamr-Schwinger equation as a funcÈion of the two-body ínteractíon

potential. The actual form of the pion-nucleon interaction is noÈ

completely known, but both energy dependent and energy in<lependenÈ (18' l-9)

Yamaguchi type separable int.eractions approxj-mate reasonably the correct

low energy pión-nucleon ínteraction proPerties over a wíde energy range

for the different partíal waves. As mentioned earlj-er, Èhe analytic

structr:re of tTN(kr, k, E) predicted from the one ternt separable potential

is very sinilar to tha¿ obtained from the field theoretical model except'
th¿-

that this interactj-on cannot reproduce the conLributíon due to¡crossed Born

term, r¿hích has a pole aÈ E = O in the Chev¡-T,oiv model . The separable

interactrl-on preserves Èhe unitarity but it violates crossing symmetry' For

the pion-nucleon and pion-nucleus scatteríng aE intermediate energies

one might expect unitarity to be a more ínportant r:estriction on the

scattering arnplitude. The relatíve1y large mass of the nucleon ensures

that crossi-ng síngularities are rffaril away ancl hence (hopefully) not very

important. Moreover the ability Èo reproduce- the on-shell píon-nucleon

data more or less correctly is a measure of tl're succe-ss of the separable

interaction. This interaction also preserves Ëhe off-shell unitarity and

generaEes a reasotiable off-shell behar¡icul: for the pion-nucleon t-matrix'

In fac.t, Èhe separable approximation for the tr+o-body interaction is exact

in the neighbourhood of a sharp resonance. An excell.ent example is thä
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resonance in the P33 channel.

Before going further j-nÈo Èhe details of the calculaÈions for the

separable models., we would like to discuss Èhe range of the píon-nucleon

interacÈions for the S- and P-waves scattering. Knowledge about these

ranges is very ímportant for the correct estimation of the off-shell-

conÈríbution in the píon-nucleus scattering. Theoretic'ally, Ëhe range of

any ínteraction consists of the contributions coming from the different

processes involved in that interaction.

The S-wave part of fhe piorr-nucleon scattering consists of the

three-types of ínteractions :

(i.) t,he exchange of two-pion in the iso-spin zero state

(which is knovm as o-exchange, with range L/2mn - 0'7 fm);

(íi) the exchange of trvo-píon ín the iso-spin 1 state

(which is knovm as p-exchange with a range L/5.4m, - 0'3 fn);

(iií) the hard core rePulsive interaction'

AÈ very 3-ow energy scattering, Hamilton (10) has shown ÈheoreLic'ally that

the conÈribrrEions of Èhe O-exchange and the hard core repulsj-on cancel

each oËher. Therefore Èhe S-wave interactíon is mainly due to the- exctrange

of the p-neson and has an approximate range :< 0.5 fn. The recent, moJels

given by Thomas (19) for the S-v¡ave interactj-on do not predict unambiguously

Èhe exact range of the interaction because of the nonlocal structure of

the form factor. But his models can reproduce nicley the experimental data'

Similarly the models we have usecl in our calculati-ons are not free f::om

this ambíguíty (see Table 1. ), and Ehey can also reprociuce the phase shifts

and scattering lengths correcÈly. There is no centrífugal barrier to keep

the S-nrave out frorn the central region of Ehe interactíon. Therefo::e the'

s-wave scatter j-ng ampi ítude is sensitive tcl the short i".tge f orces in the
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pion-nucleon scatÈering. Because of the large cancellation of Èhe iso-

scarar part of the S-wave scaÈter in{, ^n 
accurâte cletermination of the

pion-nucleon scattering lengths is very fmportanL and the corresponding

off-shelI correction should be significant for the S-wave scaEtering'

ThesltuatíonforÈheP_waveismore.complexsínceitisa

strong lnteractlon channel cornpared t.o !, = O channel' In addítlon to the

EyPesoflnteractionsnecessaryfortheS-r¿avescattering,oneshould

also conslder:

(f) Èhe nucleon exchange conEribuLion between pion and

nucleon ínt.eracÈion;

(f1) the nucleon pole contributlon;

(ti1) the pion re-scaÈterlng contributlon'

The importance of the re-'scattering is to generate a resonance'

AnapproxímatevalueofÈherarìgeofanyquasi-particlepi.on-

n,ueleon interacEign with an angular monìentum at the rnomentum p should

be

rrN*p>¿i

for the p33 resonance, we have .( = t, P = 3OO MeV/c theref ore

,nN ) 0.7 fm. The models of Landav et aL (f8) a-nd Londergan e't 4L (18)

preclict the value of the range for the P33 interactioD is about 0'8 fn"

The- correspondíng valrre obtained from Hamilto¡trs (10) a¡d Hüfner et aL (34)

calculatíons ls - 0.7 fm ancl from chew-Low model we get about - 0'35 fm'

ThepresentuncertainliesregardingËherangeofthelnteractíon

and its off-shell behaviour encourages one Ëo look for dífferent models'

These models should gÍve correct plon-nucleon scatÈering lengths and phase

shifts for Èhe appropríate channel and a realÍstic' pion-nucleon lnËeraction

I IL¡ç ì¡ 1 fe s u.l-i^ Ur".4 þ LL'.Ð s \^^n.n oL-+'¡a-L tao-rcL' , lze

^,W 
¡Q,t*-,.rgl. o -! ['*)* \ ( t
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range. Otherwise they may induce spurious off-shell contributions in

the calculation of the pion-nucleus energy shíft' scattering lengthS and

differentíal cross-section. It may be importanÈ Èo note that use of a more

realistic and complicated Ëwo-body potential may not signifÍ-cantly improve

Èhe result.s which have been obtained from much simpler and cruder models'

For example, Èhe símp1e Amedo model (35) for the neutron-deuteron

scattering can reproduce qualitatívely almost all the interesting propertíes

of the scattering. Using a complicated realistic interaction (36) the

results have improved sJ-íghtly but the amounL of complication ís enorrnousllr

high.

But at this sEage of the pion-nucleus scatteríng one nay try to

unclerstand qualitatively the physics of the pr:oble¡n íncluding different

phase equivalent models, contaíning the. essentíal f eatr-rres of the pion-

nucleon scatteríng. However, to keep the calculation simple and transparent

t^re have chosen Yamaguchi type interaction wíth non-re-lativístjc and

relaËivístic kinematícs to generate various off-'shell behaviour ' The

estimation of possible off-shell effects ín the eîergy shift of Èhe pion-

deuteron system and the influence of resonance, absorptíon and fermi motion

ín the pion-carbon scatte::ing are our main points of ínteresE.

2.2 Determínatíon of the P ion-nucleon form factor from the
experimental data

Ttre Lippmann-schwinger equation for: the two-body Píon-nucleon

) takes the formsystem wit:h the interacÈíon poËe-ntial vc, (1,:l

I dC' vo (p', C') to (C', P, E)

J u* - E*(p") - nn(1")
(2 .2.L)

f (¿r' ¿, e) (pr'g) +
CI

En

v
cl,

E
TÏ

where an<1 are the correspondíng nucleon and pion intermediate



kinetic energies anci E* = E * iË is the scattering energy. The

scatÈering phase shift is related to the on-shel-l solution of the

Lippmann-Schwinger equatíon bY

roon (p, p, E = a',r(r) + 5 (n))= ffi-(Ðfo ,t 6o (r)) sin ôo (r),

where uïrN(p)=+#ffi

The simplest non-local approxímaÈíon to the tr,oo-body pion-nucleon

lnteractíon is the separable interaction

u* = I eo > Ào .Bo I t
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leotç-' (E)tEoi

l*.1, tt, 0 ) uo ' *J' nìI' 0, I

(2.2.2)

(2.2.3)

(2.2.4>

(2 .2. s)

(2.2.6)

where

st
*Jtv ,

trI
I

where Ào ís +1 or -1 according to the interacÈion beíng repulsive

and o[ = {,0, l, J, J, n } labels the quantum rr'umbers' such as angular

ilomentum, spin, total angular momentum, total iso-spin of the pair and

pari-ty, llecessary to denote the channel; *J and *I are Èhe

corresporrding z-componentsof J and I respectively. For a nodel

dependent calculaÈíon one generally supplies some analytíc form for the

form factor I tO t. For the separable type interaction gi','en in Equation

(2.2.4>, the soluËion of the Lipprnann-Schwírìger equaÈíon may be wri.tÈen

in a closed form

CX

(E)

for whÍch Lhe two-body propagaÈor is

t

rcx (E)
f-

tr-r
ct

P

(2.2.7)
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Here ¡.re have adopted the moment,um normal-ization for the plane I¡7ave states'

so thaÈ

< p'lp > = 6t (p' - g) (2.2.8)

and E ={! e.z.s)p ¿rnN

if the c'm. kinetic energy is non-rel-atívistie, but

(2.2 .to)+ mî + ./"-Tç
if ít is relatívístic" unN is the reduced mass of the pion-nucleon

system. 
)

IÈ is easíer to work wiÈh R-matrix instead of t-matrix to

determine Èhe parameters of the interactíon (3 7). Since Rct(E) is

proportional to the inverse of pcot ôo, it has no cuÈ along the real

axis at least if the potential. is suitaþly bounded and it is always real'

For the separable inEeractj-on Equation (2.2.5), the R-matríx becomes

R0(E) leo t fol (E) . eol (2.2.1i)

p' ¿p got g
E-E

Ep

where r

tan ô (E)

(E) À-1
ct -P

f-
(2 .2.L2)

(2.2.L3)

0,
P

anrl P denotes the cauchy princípal- value integral. The phase shifts

and r;1 (u) are related bY

(B)

system for ttre scattering eilergy

E=V?+Ç+

WÍth Èhe help of the Equations (2.I.4)

cß2 (k)

k +m"

n u n"(t) k

CT,

cl

where k is the on-shell celltre of mass rùomentum of the pion-nucleon

r

and (2,2.L3) one nay r¡ríte

(2.2,L4)



fi uîN(k) k go'(L) p' dp go'(p)
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+P
a

ct

S1

p' + or2

tùi-È(Ei,Ðl

P

À -t
ot,

t E-E I lr * o

(2.2.Ls)

Combíning the Equations (2.2.13) and (2.2"I5) together wiLh experimental

phase shifts, one can easily determíne the parameters of the potential for

a given channel. The pion-nucleon phase shifts over a wide range of

energies (0 to 700 MeV) are nor¡r available in the recent literature.

However, some of the phase shifts may be unreliable, in particular various

CERN daÈa, as reported by Herndon et aL (38) as well as the data of Alrnehed-

Lovelace (39). This has also been pointed out by Carter et o.L (40) in

their recenË analysis of the phase-shifts data.

For the S11 and S3l channels we have consídere<l the data of

Roper, I^Iright and Feld (R-I,ù-F, 4L> coveríng the range 0 to 700 MeV'

as '¿e11 as the data of Carter et aL (40) . It ís very easy to f it R-l{-F

data to the different forms of the pion-nucleon ínËeractions.

For the energy shifÈ calculation, only S11 and S31 channel-s ha.¡e

been considered anrl we have used non-rel-ativistíc kinemaÈics. The

analytíc forms for S11 and S31 channel interactions,are

g0= Srrrsrr(P) - Se -

P -|- o{.2

(2.2.L6)t

Using these types of two-body interactíon one may compute the phase shifts

(rnodel functiou È (¡, A)) from the EquatÍon (2.2.L3) and then use the method.s

of least squares to fit the par:ame,te:: è [ ê (sr, sg, ß¡, ßz) ] appearing

in the model function for the data ôr, ôz .... ôro observed at the

energies Er, Ez ....Er0. We chose the l¡est fit L 2 the minimiser of

2I------
o.'

1

tf 10

i=1
(2.2.17)
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respectively. Circl.es are the experimental points frorn Ref 41.
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where o.2 is the variance of the ith observat-ion. An inltial1.-
set of values of Ao have been supplied aud then minimised the EquaElon

(2.2.17') wtth the algorlÈhm of MarquarclE (41a). The ca1cu1al-ed values

of the parameters are gíven in Table I and the fI t is shor¿n 1n Figure 1.

In the case of optical- potentíal calculations we have

consfdered S11, S31, P33, P31, P13 and Pll channels and used relaEivisric

kinemaEics for the pion and nucleon to fíx the pararneters of these

lnteractlons, sínce rve studied the plon-nucleus scattering at lntermedj-ate

energies. The t'eason for r:e-calculatíng Ehe potentials for the pion-

nucleon interactions, altfrough Èhere are some nodels available 1n the

lfterature, is that the kínematícs of the other rnodels are dífferent fronr

ours. It 1s also not clear how one can íncorporate the peculiar behavj,our

of the Pll absorption channel for the separabl.e Yarnaguchi moclel type

lnteractlon. Assurnlng a two-potential model (41b) we have been able

to reproduce the change of sign of the phape-shift at En - 150 MeV (fab)

eûergy. The analytlc forms for: the S- ancl P- wave pion-nucleon

interactions are :

(a) 8.,="rl,s3l(P)

8cr=o¡rr"r,(P) (p' + Êr2)
Sz

(il- * ß rît
s2 pt

(p' +'Bz')'

(2.2 .t8 )

(2.2.79 )

Q.2.2a)

(2.2.2r)

+Sr

(p' + ßr1',

Sr(b)

(d)

-t'

(c) 8cl=ps3,p3r,prr(P)

Bo=p¡3¡pgrrprr(P)

All of Lhem have che correct low energy behavi.our conslstent- with tlre

Equations(2"2.I3) and (2. 1.4 ) and we may calcirlate the appropriate model

phase shífts function ( È ff, A )) for the respective channel and then
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follow the same technique as menËioned earlier to fix the strength, range

and scattering length. The phase shifts of R-I,í-F and Cartet's et aL. (40)

scattering lengths have been used to adjust the parameters. Thomas (19)

has also calculaÈed the strengths and ranges of the pion-nucleon form

factors for the S- and P-wave scattering using semi-relativistíc kinematícs'

This is also one of the reasons why I have re-calculated again the

Yamaguchi type pion-nucleon interaction models using relativistic

kirrematics for the pion and nucleon. The qualiÈy of the- fít is gíven ín

Figure 2 arrd poÈenÈial parameters are presented in Table 2.

There are large uncertainties in the P-wave scattering phase-

shifËs reported by Ëhe varíous groups (19). To illustrate these

uncertainties we mention the P13 phase shifts at varíous energíes.

TABLE 3 
t'

,1-ab
in MeV

R-I^I-I' CERN

Theory
Sqlomon Bugg CERN

(rirsopp)

31

5B

9B

L20

L44

L95

310

_t

-.4
o

- 1.1

- 1..5

- 2.r

- 3.7

t+ t

.6 r .2

- .9 r .13

- 1.3 t .3

-2,4!.5

- 4.6 t .B

- .3

-.6

- 1.0

- L.4

- 2.4

- 4.0

-l-.11 t

-L.7 +

- 2.4 !

- 3.7 !

.3 + .9

.02

.6 - 2.6

3

2

6

6

4 - 4.8

To <iescribe the pion-nucleon interaction in the Pll channel the tr'¡o

term potential has been considered (4lb)

vo = lro(t) r ¡, . *o( )l * l*o(t) -- 
^, 

. ro(')l , (2.2.22)

Pll channe-l interacÈion for the oion-nucleotì scattering

* This Eable has been taken frorn Ref. 19
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where o = { !, q, J, J } denoÈes Èhe two-body Pll channel quantum numbers,

Àrrz = *(-) aecording to the repulsive and attracti-ve parts of the

potentÍ-al and ,o Ís defined as before

v=>
*J*r

In Ëerms of the matrix notation uo becomes

l*otÀteo l, (2.2.24)v
C[

where l"o t l,p > lo' I , (2.2.25)

(2.2 .26)

(2.2.27)

and À
À
0

The correspondíng Èwo-bod-v t-matrix may be writt-en as

I
t l.

0

Àz

ro{n+) l*o >T
I(E') . Bo l)

ct

þr which the propagator ís given bY

-t
(E+) [ À-' - . 8o I co{n+) lso , J

(2.2 .28)

Here Go(E+) ís the Ewo-bocly Greenrs function and E+ ís Ehe scattering

energy. The R-matrix on the energy-shell limit is related Eo the

scatteríng phase shifts, EquaÈion (2.2.I3> " The appropriate expression fc'r

the R-matrix in tr.7o-prrtentÍal model is

| 
"o " 

Yü(E) . Bo l, (2.2.2e)

T
c[

R (E)
0

where Y'(E) = [ À-' - <€s ¡ coP{r) I *ot I

Vüe may re-write Equatíon (2.2.29) explícitly as

-T (2:2.30)
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U'(k)(Àz-' - Tzù + V(k) 0(k) rrz
+ ô2 (k) (Ài-1 - rr rì

Rc(k, k, E)
[( Àr-' - rr r) ( Àr-' - r-zz) - (+rl I

r k qn* (k) tan ô k)1 ( (2.2.3L)

?
o

(2.2.33)

cl

P GP'oo I V t, Tzz = <O 
I lOt, Ttz=2<t I

G 0>

(2.2.J2)

and G-P ís the principal value part of the Greents functíon. The
o

experimental phase shif t goes to zelo at E,rT - 150 MeV (lab). The

corresponding momentum is donated by ko (saV). I^le may force this conditÍon

by setting

where Irr <rf G

l_. e

or r -1
^2=L22-

Ro(ko, ko E) = Q

V'(to)(Àz-t - r.zù + V(ko) O(ko) rrz * 0'(t o)(Àt-t - rrr) : 0

0(ko) Ttz 0'(t o) (Àr-t - Ir r)

V(ko) ú' (too )

Cornbining Equati-ons (2.2.3L) and (2.2.33), it is now straightforward to

determine the other parameters of the interaction by the ntethod of le-ast

squares. The chosen analytic forms for I q, t and I O ' are

l,lr, = -----P=._, lO> = 
--P:- 

(2'2'34)= T?-.ß7f (p'+322)'

The fit is preserrted in Figure J, and Ëhe parameters are given in Tal¡le 2(b).

lle. now conclude this chapter by noting that one may also calculate

the pion-nucleon vertex function for an individrral channel by the clirect

soluÈion of the inverse scattering oroblem (18). This is a very straight-

forward \day Èo determi,ne Ëhe potential fctr any channel where the phase

shlf¡s are known for all energÍ-es. But one encouriteïs Ëwo serious problems
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in this method for Ëhe case of píon-nucleon scattering, namely

(i) the phase shifts are no'È known at al-l hígh energíes;

(íi) at very high energies the inelas'tic pion production

channel opens.

However, Landau and Tabakin (rB) used this technique to

determine the for:m factors appropriaÈely, takíng care of these Èwo poinÈs'

Afterwardsra multichannel separable rnodel v¡as intro<luced by Londergan et q'L

(1S) to get rid of these thro uil^Iarrantecl features of the inverse

scattering Èechnique. The two-body t-matrix derived by this method has the

saile sorL of off-shel-l behaviour to Èhat of the t-matrix calculated from

the parameter fitting technique. In the parameter fitting method we get

a mixture of the aÈtract.ive and repulsive Yamaguchí type inEeractions wiÈh

different strengths and ranges to describe the pion-nucleon ínteractíon.

The píon-nucl-eon verÈex functíons obtained from the inverse scattering

techníque are not convenienE for Faddeev Èype calculations to study the

pion-nucl.eon scattering. I^le prefer to use Yamaguchi type form directly

for the pion-nuclecn r¡ertex, which makes the angular mome-ntum reduction of

Faddeevrs equations easíer and also facilitates their numeríca1 solution

greatly. The fall-off of the corresPonding two-body t-matrix is snooEher

compared to that obtained from ínverse scaÈterí.ng theorlz for large momentuü'



TA3LE 1

SeÈ

Results of the parameter search for the mode[_ pion-nucleon potentia].s. The inverse ranges
are in f m-t, Lhe strengths s in (IfteY/f n)'2 anci scatcering lengths a are in units
The parameter set a(b) corresponds to the phase-shifts of R-I,ü-F (Carter et aL 40)

0i 4,2

0
fn.

aChanneL

Srr

Ssr

Ss r

Form factor

Sz

p' + d,z2

Sz

p" + a,zz

Sr

Àt Sr Sz

À(

À(

Sr 52 r--T-----; ¡ -------; ) 9.5945p- * 0,r- p' * dz'
1.5099 5.9576 2.3688 2.9026 .24L9

) 202.8913 1.0824 -.0815 3.6232 r"2s94 -.L344

) 9.218 -L.4OL2 6.4t20 2.7508 3.1711 -239L

) 278.4231 1.0887 -.0811 3"5822 L.2382 -"1316

a

I

rn
cî

f + u"z2

Srr

b

Srr (Ssr) channel interaction is attractive (repulsÍve).
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THE

,
¡ Fr' À-t nrNanN û

Channel

P¡r

Prr

Sr S2
þ

sr¡ 31.920 22,865

S¡r 1.112 2.730 _Lz.tJo 7.Ls45 .1088 -.092ç -. 09 2mni 
t

or55 .s99 - '0969 .171Ç¡ 'r7rm;-'

-:0832 .325 - 3.988 2.140 g 'L822 -'043ç' -'043nn-'

-.0802 .1119 -3-443 2'Lg| \5'47g -'029mrr-¡ -'029mn-l

I

\o

I

P¡s 4.078 3.332 -7..618 7 .978 .2r4mi¡ ,214mn-l

-.056m

.24r

-.o261
Prr 2.46J 3.650 -3'104 16'26i

the Prr rave 1È le dimenslonless'

For Èhe S+aves Èhe parãmeters refer Èo EquaÈlon (2'2'18)and for Èhe Pr¡' P¡:'

Èo EquâÈton (2.2.20) "";-;;;- 
P'r -wave t" tq""ioi-(+'r'¡r^ ) tjì:-."qu"t" of the

the S-rraves sÈrengrhs;.;"i"'¿;-t.- fo¡ thå P¡r, Pì¡ and P¡'¡ wavcs Ehe sÈrerig

tß-¡. The Pr¡ wavc sÈrengchs are dÍ¡rensloniåá"'- The paramecer Ào for the

-.056n--r ÌT

P: ¡ i.raves tl'.e Palamete
Ínvcrse ranges (ß') are

ch Sz ls ln fnr-t ald
P¡¡ r¿ave is fn fm-'

rs refer
. - -2IN IM
Sr ls ln

¡nd ior
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CIIAPTER III

THRBE- BODY PERTURBATIVE ES TII',IATES O}- THE

ENERGY SHITT IN THE PION-DEUTE RON ATOM

3.r In t-roducÈion

Inthlschapterl¡eshallpresenÈourmodelbasedonthree.-body

pert'urbatÍontheorytocalculatedirectlyÈheenergyshiftforthe

K ('p - tS) transitlon 1n the pioníc-deuteron sysEem without evaluaEing

ct

theplon-deu}-eronScatÈeri.nglengthbytheusua}.multiplescatterrng

formalism. TheoretlcallYrÈhe pionic deuie-riurt system provídes the sirnplesE

exarnpleofapionlnanatomicorbl.Eínteractingwlthacomplexnucleus,

exhibtËlngmoscofthephenomenarelaEingtothepion*nucleusscaLtering

process.AlsoEhedeuteronIslooselyboundnatureinakesanon-relativisEic

Èhree-bodymodelappropriateforEheproblemandt,hewellknorn'nStructure

of the cleuteron allows one to appraise the nucl-ear strucEure effects on

the plon-nucleon scatÈering series '

Inapimesj.catonrËhebounclpioninÈe-ractslvíththenuclerrsvia

strongaswellaselectromagneticinteracEions.Theexperimen'.alobserr¡aticns

(21)showthattheeffectsofthestronginEeractiononËheCoulombenergy

levelsaresma].lcomparedwiththespacingbetweerrlevels.Tlrísshift

lncreast= with the increase of the atomic nunber 7' of Ehe atom' The Bohr

radius of the meslc aÈom is*
-r 200

âo =. (rnn Z a) æ -V7 f n'

hence the pion is well inside the atomi" "t""ttons 
and interacts with f!í¿

nucleus directly. The Bohr: energy is

uno = -'4 mtr (za)' = (- 3'7 KeV) zz '

AstheeffecEoftlrestronginteractionj-ss¡nall.oneassunesthatthe.

* m
TT

i-s the mass of Èhe Píon '



_39-

strong inÈeraction acts as a perturbation on Èhe coulomb interaction' The

ratio of the nuclear interaction distance Èo the mesíc-atom Bohr radius

l-s

(AYtrn-')/(za rn)-t
\t

z^'

AE = ç2! ¡tn
2

where. I Vrr(r = o) 
I

L37

where o is the fine-structure constanÈ, and A is the atomíc weíght.

The smal-iness of this ratio justifies the above assumption. These ideas

were firsÈ introduced by Deser, Goldberger, Baumann and Thiring (D G B T, 22)

who showed ÈhaÈ the strong ínteraction shift of the atomic level ís

relat-.ed essentially to the píon-nucleus scatÈeríng length ("nO) by Ëhe

expressíon
2

I ün (r = o) I "no , 
(3'l-'1)

is Lhe probability density for Ehe atomic pion

being at the nucleus. We would like to emphasize thaÈ DGBT macle Èhe

followíng approxímatj-ons in deriving this relation :

(i) the pionic density p(r) is constanL over

the nuclear vo1-ume;

(ií) the aÈomic bindÍng energy ís small relative

totherangeofenergyoverwhj-chthepion-nuc1.eus

amplitude varies;

(iii) Èhe off-shell dependence of the pion-nucleon

amplítude is negligible.

l{e have investigat,ed Ehese approxímations separately ín Section 3"

Because of the weak nature of the pion-nucleon inÈeraction,

several aEtempts

scattering length

(5) trave been made- to calculate the p-ion-nucleus

(a ) in terms of Ehe multíple scattering series in lhz. Tþ,.
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low energy limit. The pion-nucleon scattering amplitude may be

expressed as (32) :

frr* (E',-b E) = fo (k!, k, E) +f r (kr, k, E) t'L ,

where Í o and f rÏ'o"n" iso-scalar and iso-vector parÈs of the pion-nucleon

^scattering ampliLude and depend on the spin, iso-spin, momentum of the

píon before and after the collisiorri 3 and ¿ are the iso-spin operators

of the pion and nucleon respecÈively.

In terms of the single scattering approximation, the pion-

nucleus transítíon operator (T-matrix) aÈ low energy rnay be wrítten as

A
TnA = jì, tnN(j), (3.1.2)

where rrN(j) = - (zlù-'(ry;:iìt r*. (3.1.3)

A small correction due Lo the P-wave scatÈering should be taken into

account in this Èerm. The píon-nucleus scatÈering length under this

approximation is then given by (32)

m

afo(z,u) = -(2t)" m-(1+*)<rnA>Ï,'lrtN

(1 + mn/ur^)
(Af o + (N - z) f t). (3. t. ¿+)

(1 + mn/Arn*)

In particular, for the pion-deul-eron sysÈem, '¿e have

o
*rr+\

) (ar i 2a3) . (3.r. s)a,IICT

\ * *n/,

The mass factor arises from the transformation to the' c. u. co-

ordinates of pion-.deuteron. at ancl a3 are the píon-'nucleon scattering

lengtlrs corresponcling to iso-spin I/2 and 3/2 tespectively. soft pion

theory (42) predj-cts thaË the iso-scalar combination (ar + 2a¡) should

be zero. Recent lhecretical estimates (43) are in close agreemerrt with

2
=-f 3'
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the predíctíon.

As a result of Èhis sma1l value of the iso-scalar parË'

the corrections due to off-shell contrj-buÈion become important ín pion-

deuteron scatÈering. Hence one may question whether Equatíon (3.1.1),'

which is essentially an on-shell approximation, is sufficiently accurate

to eval-uate and from Èhe experímental.ly observed energy shift. The aím

of this chapter ís to appraise Ehe sensitivity of the energy shift to the

off-shell dependence of the pion-nucleon ampliËude and the momentum

dístríbutíon of Èhe atomic Iíave function, using a form of three-body

perturbation theory which avoids the ínÈermedíate step of calculating

the scattering length. Furthefmore, Proper treatment of the unítarity

correction (44, 45)Sgenerated due to Èhe three-body kinematícs and the

associaÈed off-energy shell variatíon of Èhe pion-nucleon amplitude ín

the negative ener-gies appearíng in the individual terms of the mulÈiple

scatËering series, is essential if arì accurate eval-uation of the pion-deuteron

energy shíft is desirecl. These consíderations should also be taken into

account for the cor:rect evaluation of the pion-deuteron scaÈteríng length"

¡'äfat (46) pointed ou¡ the importance of treating corrections to the

simple impulse approximat-iou consistently, Èaking all terrns Ëo a given order

ín the pion-nueleon scattering length into consideration. He has shor'm'

that for a loosely bound sysÈem the impulse approximatíon is quite good

because of the muËual cancel.laÈion of Èhe bj.r'rding correction in the first

three terms of the ruultíple- scatteríng series. An excellent review of

this problem has recenÈly been given by Thomas and Landau (47). One of

Ëhe ways to study the sensitivity 
.of 

the experÍ-mentatly observed quant-ities

associated wíth pion-deuteron system to Èhe off-she11 variations of ttre

pion-nucleon amplitudes is tc solve the Facldeev equations which sum the
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nulÈip1e scatrering series to all orders. Although off-shell

contríbutions are successfully incorporated in the Faddeev caleulat-ions '

it is diffíeul-t to díscuss their magnitudes ín comparíson ¡¿ith the

estimates obtained from the rnultiple scattering series, since individual

multiple scatÈering terms aïe not usually singled out explicitly. There

is also the practical problem of repeating lengthy numerical calculaÈions

to test the sensitivity of the compuËed results to input amplitudes with

dif ferent off-shell ProPertíes.

our method of calcu]-aling the energy shíft is based on the

formaL reduction of the three-body problem to an equivalent two-body

problem v¡ith an effectíve poÈential actirrg between the pion and deuteron

c. m" In this respect our method is símilar to the calculaÈion of

energy shíft in pionic aÈoms wj-th heavier nuclei in terms of the optical

pot,ential (17) prepared from an assumed phenomenological form of Èhe

pion-nucleon ínteraction and nuclear form facÈor. Sínce the píon-nucleorr

range ís relatívely snall in comparison with the nuclear size, the

nuclear form factor is a sharply peaked function ín momentum space'

relatíve to the two-body píon-nucleon amplitude, and Èhis suPpresses

partially the off-shell differences of the phase eqttivalent potentials.

Moreover, the optica-l potential may show unphysical off-shell contributions

to the energy shift if the pion-nucleon interactíon has an urtrealistic

range.

But in our rnetho<l the effective interacticn is not

phenomenological in Èhe sense of the potential useC by Ericson and

Ericson (17), but íÈ has been determined from the pion-nucleon amplitude.

The essential feature of our derivation of the energy shift is Ehe

eomparíson of the actual three-body problem wiEh a solvable model three-

body problem with a <iisplaced. Coulomb interaction. The difference between
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the true effecÈíve potenÈial whieh includes the strong interaction between

pion and nucleons and the effectíve potentíal of the comparison problem

which gives unperturbed Coulonrb energy le'¡els may then be treated by

sírnple perturbation theory. hlhen. the resulting first-and higher-order

expressions for the energy shift are expanded in terms of the píon-nucleon

amplÍtude, terms similar Ëo those occurring in the rnultíple scatËering

expansion of the pion-deuteron scattering length are obtained. Hovlever,

the perturbation expansion is expected to converge moÏe rapidly due to

the presence of different energy denoruinators in the íntermediate states.

In the light of the calculatíons of and mentioned above¡it j-s

ímportanÈ to ask whether higher order terms in the perturbative approach

can be neglected and whether in fact they might affect ouT observaËion

about the role of the off-she11 effects in the síngle scaÈteríng

contributíon t,o the energy shift. In this chapËer \nre give estirnaËes of

higher order terms and confirm the relative ímportartce of Èhe off-shell

correction to the DGBTts formula. In Section 2, out expression for the

energy shift is derÍved and the various approxírnaÈions needed to re-derive

DGBTts formula have been considered. The first-order energy shíft is

evaluated in Sect.ion 3, using specífic separable parametrizaÈions of the

pion-nucleon amplítudes. Only the S11 and S31 channels have been

considered. We have also calculated Èhe typical values of the weight

functíon I_ ,(po) correspondíng to Equations (3.3.I3) and (3.3,16) for
t0,'d

different values of ¡o to exarnine the ímportance of the momentum spread

of the atomic wave funcÈion and off-shell dependence of the pion-nucleon

t-matrix in these two channels. In Section 4, we derive the rotationall-y

invariant deríving terms which are required to solve Faddeev-type equations

to esÈímate the contributions of the multipie scattering part to the first-
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order energy shiit and the results have been described in Section 5. 'Ihe

values obtained for the total fírst-order shift are compared with those

obtained from neglect.íng the off-shell dependence of the pion-nucleon

amplitude and the momentum distríbuÈion of the bound pion. The numerical

results are summarised in Table 7, Unllke the first-order shift, the

second-order shíft allows nucleon-nucleon re-scatteríng to occur in the

intermediate sLates. In the calculations of the pion-deuËeron scaËtering

length, sucTr process play an ímportant rol-e. Therefore in Section 6 r¡e

have determíned an upper bound for the magnitude of the second-ordei shift

andshowitisreasorrabl),smallcomparedwithLhevaluescalculatedforthe

fírst order shift. Finally, the implicaÈions of the various approxímations

for the calcul.ation of the energy shífÈ are discussed and conclusions

offered.

3.2 Theory

The three-body hamiltonian, describing the interaction of a

negative píon bound in an atomic orbit with the deuteron nucleusgis given

by

H = Ho * Vr, * ,rrn (3"2'I)

Here Ho Ís the total kínetic energy of tlie system, urrn is the

potenti-al binding the proton and neutron in Èhe deuteron ,Þd and Vfi

ís the interaction between the pion and the constituents of the deuteron.

I'he non-relativistic elasEic scattering amplitude for the negative pion

from the bound state of the deuteron is given by

T(E) Vr + VTG(E) '1.r, ,' (3.2.2)

where G(E) = (E-H)-t i-s the full Green's functíon. To obtain a rvell-

behaved integral equation satisfied by T(E), we wr:ite
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and G(E)

tn

Gr [1+vnpc(E) ]

-4s-

[1+vT c(E) ]Gz t

13.2.3a)

c3.2. 3b)

where Gls) = (a-no - vrr)=r and Gz(E) = (E - Hù - vnp) are the

operators acting in the three-particle space. Combining Equations(3'2"2)

and (3.2.3b) ue get

T(E) = vn * vn Gr(E) r(E). ß.2,4)

This integral equaÈion has a singular kernel (48). InLroducing Equation

(3. 2. 3a) i.nt.o pquation (3 .2.2) we have

T (E) (3.2.5,\

Replacing G(E) from Equatíon (3.2.5) with the aid of EquaÈíon (3.2.3b)

yields Èhe appropriate integral equation for T(E)' í.e.

r(E) Tr(E) + Tfi Gq(E) rnP(E) Go(E) T(E), (3.2 .6)

where t and T are the standard Eransition operators for
np II

the interactions ,rn and Vn and Ge ís the three-body free-Green's

operator Go = (E - tto)-.t

Assuming a separable type interaction between neutron and proÈon

system

urn = -Àlf¿t.fUt, (3.2.7)

we mây reduce Equatiou (3.2.6) to an equivalenÈ two-body problem. Following

Dodd and SErobel (48), the three-body transition ope-Tator corresponding to

Equatí.on (3.2.7) may be written in a form whích separates out the

dependence of the kinetic energy of the pion

= V +Vï Gt(s) vn * vfi Gr(n) vnp G(E) vn.
TT

(E)
p lra'î%crl âo(n) À%<t>.ra l. (3. 2. B)
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Ilere the caret indicates that the operator acts only in the subspace

spanned by Ëhe keÈs l¿ >, g being Lhe momentum of the pion relative Èo

the c.. m. of the proton and neutron.

Explicítly, ;' and â, are defined bY

2

<P.fa lco(-ru1!¡l I f ¿P' ,4co (E)

..p. I iäcu> I -p'> = <r 
I

. p I co(E)

where td

<p lg'

2 -l

I p' )= .p I _p.' > (E+ru-!rl,

is the bindíng energy of the deuÈeron anrl

m (m +m)
T'( -n P'

-P

and

M

(3 .2.e)

(3. 2.10)

(m *m f m )'fi n p'

substi_tuÈion of (3.2. B) ínto (3.2.6) , yíe1ds f.he Lippmann-schwínger equation

^T̂=V+ VGo T

for an equivalent two-body operator

î = þ .r a I cs r cs l, urî', (3.2.11)

for pion-deuteron scattering with an effective potential

î = ik .t al Go rn Go I t urì'. (3.2.L2)

On the energy shell liruit, p' = 2M(E + ed) = pr2 the scaÈÈering

aurplítude is related t-o ihe eff er:tive two-bocly operator

. s, | îCu> ltt = <s' Od lr(s)I 3 0a',

so that the er,'aluatj.on of îCU> on-shell yields the physical amplitude'

Let us norv consider a similar siÈuatÍ.on r¿here the pion inÈeracts

only with the Coul-omb fieid of the deuÈeron with its charge concentrated at

its cenËre of mass. Following the above procedure with Vn replaced by
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the Coulornb potenËial U"o, we find an equívalent two-body arnplitude

^^^To = t/ + \f Go f ,
(3.2.13)

(3.2.L4)

( 3. 2 .16)

(3.2.L7)

generated by Ëhe effectíve potential

(1 -Go (Ero) \f ) lvno

 l-
h'"\P

o ^l-
I f u t n'<f

d
Gs t Gs

c

where t is the two-body Coulomb L-matríx corresPanding to v
c

o

c

o

The nodel problem descríbed by Equations (3.2.13) and (3.2.14)

ls exactly solvable,since the ínternal motion of the deuËeron and the

motion of the pion are independent. The ground state of Èhe model problem

is well represented by hydrogenic type wave functions. The corresponding

ground state energy is uno = - Ed - e'T, where tn is the Coulomb bindíng

energy of the pion with the deuteron consídered as a point charge.

The ground state wave functíon lûr, t of the actual three-bociy

problem with ground state energy En and the model three-body ground state

lûrrt > wíth the grouncl state energy Urro saÈisfy the tromogeneous equaÈíons

(3. 2 .1s)(1 -âo(Er)î) ût = o'

and > - 0.

The nodel grourrd sËate wave function l'üno > is constructed from Èhe

usual-{ouJ.o¡oL¡, wave function lüno > (4S)

lun'
L.

I üno)=ki

l,le consj-der Èhe dj-screte part of the spectrum of the- exacÈ three-body

hamiltonían (i.e. perturbed problem) correspollding to the scattering

Equation (3.2.10) as non-<legenerate. In tact, we have only one discrete

staÈe with energy eigen value Efi. In general there ís also a continuum
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part of Èhe specÈrum, but r¡re are only concerned w1Èh eomputing the

perturbaÈíon of the siruple díscrete state in this calculation' The exact

three-body ground staÈe wave function

t->ûn'1in luno
oav->

^where A V ís

function (i. e.

tür

0

Èhe perturbing potenÈial and l,þrro > is the unperturbed r¿ave

model wave funcËion)

The energy shíft ís defined as

u
AE=En-unu (3.2.18)

. t,o AV
1T

<Ìl o
rp

1I 1ï

The next sÈep is Èo obtain the sol-ution of the perturbed three-body grounrl

state r¡ave func¡ion I û- t in terms of the model wave funcÈion I û-t > '
' ' TI 

Lç!'rÐ vr t 'T[

tr{e may re-r^rrite the Equation (3 .2 -L5) as

 ^(IIo+v-Eî) lVnt = o

or (Ho +ù - uno) I û" t = ( ù - î *un -'no) I û,r t

= (^E - ^;) I ûn t. (3.2.1e)

The hornogeneous part of Equation (3.2.19) gÍves the solution of the

unperturbed problem which ís knovm to be Èhe ordinary hydr:ogenic type

wave function. The required solution of Ehe perturbecl problem is

I vno >+ (^E-Àv) lUr,r,
Ìtu - Eno +\f

and (uo + ft) I ûn' , = E'o | ûn' > ,

where a is the projection operator I - I

of the ground state energy shift is

(3 .2.20)

(3.2.2L)

<üJo
'1t l. The sÈructure

TT

o >+<AE = <(,
fT

AV rpî ,l,o Av
Ho - Eno

v

+\'
(AE-^v) lvnt ß.2-22)
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As the perturbative poEential 
^î 

= î - ù is very weak, the series wirl

convergerapidlyandcanbesolvedinprinciplebyiteration.The

successivetermsoftheiterationarelabelledbyÈhenumberofpowersof

^V 
that are retained.

The fi.rst--order energy shift is

(')
=.ûo

'TT
û

0>
AE

) = lvno

AV ,IT

0

Ho-E +rf
AV ìf

(3.2.23)

(3.2.24)

^vlúno>

(3.2.25)

(3.2 .26)

Simllarly the firsÈ-order correction Eo I Vn t reads

(') o>
iün >+ To

fT

The second-order energy shift is given by

^E(') 
- .ûr,o 

I
AV .l,r

('),

Ho-
nv)l ü

o
. ûno

t+.ûnoûn'

(t ) = . üno fa I co ( Tn - ."o ) Go

l¡v(1+ ffEo +rf
ïT

<rI o l¡vl AV
,II

Ho -Ero + rf

combining Equations (3.2.I2) and (3.2.I4) together with the EquaÈion

(3.2.I7) the fírst-order energy shift is gíven by

AE I f¿ p"l

TheÍ¡rteracÈíonofthepionanddetrteronmaybeexpressedas

the sum of the separaLe pion-¡rroton and píon-netlr'ron interactions

V+vVT tTn Tp

Therefore the plon-deuteron elasÈic transítíon operatot Tn satisfies

the coupled equati-ons

r -- 4r r rr .3'2'2Ì)tr[ - t'lTn ' ^fip t

where 
'r,o 

= 
'no 

* tno Go Tnn' (3'2'28a)
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and

T
TN

state

úrith AE
o< ìJ,

TI d

s

lco(Ènp

^8.
n ,

+t to
'tTn

t +t gs T,np

)col

(3.2.28b)

(3.2.30)

(3.2.3r)

ïtn TN

The mul'-iple scatEeríng series for AS

Tn = anr, * ann + Èn. Go ann *'nn to tnr, * "' (3'2'29)

Theflrst-orderenergyshifÈmaybesplitintothesinglescatÈering

contribution and Ehe higher order re-scaEÈering eonErlbuEion of the pion

fromthenucleonswithoutbreakupofthedeuteronintheintermediate
1 ) (') (')

Tfi

(
AE

üI r u ''t

+AE

(')
c

s

The coulomb scaÈt,ering contribution between the pion and the proton may

beelfmirraÈedpartiallybyintrodueingtheCoulombt-matrixt.inthe

pfon-proÈon subsYstem

ou"(t ) = . llro td I co ( tnp 4 Enr, - t") Gs I ürro f u t

+ . úno fd I co { r" - r"o) Go I ur,t f¿ t' (3'2'32)

Thefirsctermofther.h.s.ofEquaElon(3.z,3ùgivestheenergyshift

duetotheSÈronginteractionandÈhesecortclÈermístheelectromagnetic.

correctioir due to the finite size and poLarlzal>ílity of the det¡Eeron'

Thenagnitudeofthiscorrectíonissrnal-lanclhasbeenignor:ed'

Itshouldbenotedthatínthefirst-orclerenergyshift

calculatic¡n there is no conEributi'on from i'ntermediâte N-N re-scatlering'

slncebreakupandrecombinaÈiorrofdeuteronc,c.curonlyinilritial

andflnalstate6.However,theseconcl_andhigher-ordertermsinthe

expansion of tÌre energy shifÈ in powers of Ehe perturblng poterrtÍal

Aî = î - în, ot¡taine-d by iteratlng Equatlon (3"2'20) contaín

of N-N re-scatÈeríng, ancl these w111 be consiciere-rl in Sectíon 6

the effects
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Evaluatlon of the first -order ener shif t
3.3

The evaiuation of the flrsÈ-order energy shíft of Equation

(3.2.31) ls simpllfled by neglecting the Coulornb lnteraction in the

nulttple scattering terms of EquaEion (3 '2'29) 'and assuming iso-spin

invariance. The operator Tn rûay Èhen be split lnto two parts'

Tn = Trr * rn, according to which of the ldentical nucleons labelled by

r or 2 interacËs last with the pion. rf p is.the operator which

exchanges Èhe observables of the nucleons PTn¿ = TntP, the firsÈ-order

energy shift ruaY be exPressed as

(') z . üno fa I co tn, co I f¿ ü*l

2

(E-åù)

>r (3.3.r)
AE

a

where Tn, rnaY be determined bY

Tn, = an, * tn, Go P-r Tn, 
'' 

(3'3'2)

ToevaluatetlreenergyshifrfromEquati.on(3.3.1)weintroduceaslmple

separable potent'ial, acEing in the }lilbert space of the three partfcle'

for the interactín7 Plon-nucleon pair; The correspòndíng two-body t-natrj':<

acting in three-Partícle sPace is

tn, (B)

where T

= * | ut pr trr, , pr, to t "tc, / "0 n
c¿

.Àr, r pl , no l,
0

2

ur scr I

E

) (3.3.3)

'&'so I
À

n

Ì-

r Ptr fio

I(E) - E(co)

sn (9o) ô3 (ro - lr)'

n
0ù

n
(x

and

ct0

Here 
^ro 

ts the sl-rength of Èhe plon-nucl-eon f orm f actor trro (S.r) 'io
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is the momenÈum of the spectator particle (0), a., (E) is propagator
ct

of the quasi-particle and ro represents all other quanÈum numbers

required to specify the three-particle state . The explitic structure

of the three-parÈicle state is (49)

Àn0
'Pû' n> Àr, , po, (L*(j., j.,) S ) Jl.,r; (l i )r M- >

- '-0, -0'- IcI,ü

We generally couple the pair total angular momentum t to spectator spin

j^. to get the channel spin !^ which is Èhen added to the orbital
-{¿ - ----t-¡,

angular momentum h clf the spectator with respect to the pair c. m. to

obÈain the total angular nlomentum { and its z-component }f' símilar:ly'

the pair iso-sPin To is coupJ-ed Eo the free particle iso-spin å to

obÈaintoEaliso-spin-Ianditsz-comPonentMlofthethree-particie

state. This coupling scheme is callecl channel coupling. I¡r this mo<lel

calculatjon vre have considered iso-spin L/2 ancl 3/2 channels of Ehe pion-

nucleonsystemonly.Thespecificformsofthepion-nucleoninÈeraction

potenÈial have been given in table I in Chapter II'

S'ubstituting Equations (3.3.2) ancl (3.3.3) inlo Equati'on (3' 3'f)

the first<rder energy shif t contribution j-s

AE

n0
Àn

and the multiple scattering

AE(')=
h

ot

C[

Fd
oß

(p" ) 'L
-p

Tn c-Ero
CI

2

F
o

contribution is

n
(') = 2E Its -ñoJ ^no,d

H' u'o,dgo)

(&) t,,oc-n|- 
Pi,.r) ¿ 

(rà) d3 Pcr,,

(J.J.4)

with F
,d 

(Po) lb, ro I co (- Eno) I üno f o ' (3.3.5)
t

pot
(-Eno -#) o'u,r,o(jß ,. - ç o\

r Ì'^, t t)r t
-uil

"ß

Po dt Pß'

tcl'tß

d3 (3.3.6)
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Anu 
, no(3ß ' -Po ,

¡ ) satîsfies the standard form of the

Faddeev equations with separable potentials,

onu,no(% 
'Pü' 

E) tnu,no(Ib' Ptr' E)

The ampl i tude

+

rfi-! (r = 0)
¡t-

Ì.', f '"u,nr(%, Pr, 
"tny(' 

- #) o,,r,',r(PY' 'lä' E)d'Pr'

where

(¡.¡.s)

describes the exchange of pion between quasi-Particles.

The sensitívity of the energy shift on the off-shell dependence

of the pion-nucleon t-maÈríx and the momenËum dísËríbution of the atomic

wave function can be studied from the momentum deperrdence of FrrOra(Po)'

The ground state wave functíon for the model pion-deuteron system ín the

monentum space reads

rf (-q) (2n) (3. 3. e)

,

ß3.7)

Bnu,no (P€'lh' E) = < Ànu'%' nß I co(r)P I
l
n Pctno>t

(t + aoz {)2

0

(i)

r'rhere , . -k ^- r / ao (3. 3.10)üno{t) = (n ao') '' e '

- h,2anct ao =:--= 193.73 fn is the Bohr radius of Èhe pion-deuteron atom'
m..e

1I

An elementary integrat.ion yields

lz (3.3.11)
Vno {q)

a0

d
,/, 

I
o

Îf
3 t ,

and (r, 
"o')-%.

(3. 3. 12)
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The explícÍt expression of the weight functíon Frrora(!o)

(k + uIb) f a (po * À k) ìi,îo (k)

Ls

gn
ct d3kFrro, a(Po) Ei * po' /2M + (k + uIä)' lzm

c. m. of lh'o

(3.3. 13)

(3.3.1s)

(3. 3. r6)

where in Ëerms of the nucleon mass \ and the píon mass tfi the

reduced masses M and m are

= m,,(\ + mn) / (2\ + mrr) , \ *n/(r5 + mn), (3.3.14)
M m

and the parameters À and U are

À 'ol/ 
(\ + r5) , mn/ (m¡ + rnn) .u

The value of the atomic wave function of the pi-on at the

J 
,f,r' (3.-) d3 k

deuteron

we get

can be extracted from F^ ,(p^,) sínce the atomíc bound€tate \dave
llc! ro.{

funcÈion of the pion falls off much more rapídly in momentum space than

the deuteron on píon-nucleon vertex function, and under this approximaÈion

rJ,
'IT

(l= o)

t/,
F ,.1(Ià) = Únt (l = o) (2t¡) sn (u po) f d (.%)

c[n
0

with -l (3.3.r7)f d
(l")

SÍnce the argurnent of the píon-nucleon form factor contains the mass ratío

rd (?o,) = (Eno -'i, + 9," ,

v - L/7,

ofF n
CI, '

deuteron vertex f d" Also by dropping Ðr, from Eno (err<< eU) in the

denominator of Equation (3.3.17), the object fd becomes the exact

deuteron bound state rþd aud we ger the simplest expressíon for

a more acíhoc approximation is to neglect the momenEum dependence

u arising from the pion-nucleon vertex compared wíth that of the
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Fr,o, 
a 
(!o)

3tt

F'o,a(po) = (2tr)' ún (r = o) gnd(O) 0d (fo) (:.3.18)

l,le have presented in Tables4-5 the typical values of the weight function

Fr, ,d(!o), corresponding to the channels S1I pnd S3l, obtained from the
ct

Equaríons (3.3.13) and (3.3.16) for differenÈ values of pcr.

ímporÈant conclusion from Èhese tabulated values of Irrord

¡nomentum variation of F , arising frorn that of Ehe pion-nucleon form
tcl t'

factor and the atomic wave function is quíÈe signífícant and should be

taken ínto account properly for the evaltration of the energy shíft' I^Ie

also observe from the Tables 4-5 and Figure" 4-5, that the values of Ftcr'o

for small- values of p4 correspondíng to the Equation (3'3'16)

are always greater than those obtaínecl from Èhe Equations (3.3.13).

trrlith the approximation (3.3.16) the first-crder energy shif t due

to the single scaÈteríng becomes

.utb 
I

(là)

2
Pc[

'2V[ I u r")

The

is that the

(3. 3 " t-e)

AE (2r)' I ,t,
1T

(r=0)c i _ o
2(
I ,Jd3Po

rd2

s

(-E o
)t

lTr fi

The deuteron nuclear form factor Qo'{n) ís a sharply peaked functíon

ín the momentum spâce compared with the picn-nucleon t-matríx since the

size of the deuteron nucleus is appreciably larger ( - 4.0 fm ) than

pion-nucleon inÈeraction range ( - <' .7 f¡¡). Therefore \^/e may assume

thaË Ehe pion-nucleon amplitude is a slo',,;rly varying functíon of the- off-

shell energy - Uno - \rz l2l'1, over the nornentl¡m variatr'-on of the 0U'(¡o)

and may replace the pion-nucleon amplitrrde by its val-ue at the zero energy'



-56-

i.e. scatterÍng length approximation. Under thís approximation the

íntegral over Jo in Equation (3.3.19) is jusÉ the normalizaÈion íntegral

for the deuteron bound s¡ate and the energy shifÈ is relaÈed to the iso-

scalar combinat,ion of the pion-nucleon scattering lengths

(t )t' = 
2,

']I
lq,,

0 (r=o) l'(1",+å",). (3. 3. 20)AE
s fi

,^cX

Thís is the DGBTTs formula telating Èhe energy shift to the scattering

length. I^Ie may consider Lhe EquaÈion (3.3.4) as the off-shell

generalizatíon of the DGBTTs formula. The uncertaín energy dependence of

the actual pion-nucleon amplituCe for the negatíve energies urakes the

approximationsleacling to Equation (3.3 .20) dif f j-cult to justify. tr{e

have calculated the pion-nucleon scaÈterj.ng amplitude f (0, 0, -E) for

the negative energÍes, t-o show its off-shell dependeuce ín the S11 and S3l

channels (see Table 6 ). The off-shell conÈributions to Èhe energy shift

due Êo the pion-nucleon interaction ís generated mainly from the negative

energy dependence of the two-bod¡' pion-uucleon t-matTix. In rel-atíng the

energy shift in terms of the pÍ-on-nucleus scatteríng amplítude, DGBT

+-L* e,J te-1tiaìbLc--
@thisnegativeenergy<1ependenceofthetwo-body

scaÈtering anplitude. To tesÈ these approxímations, calculated values of

the energy shifts defined by the Equations (3.3.4), (3.3.f9) and (3.3'20)

have been compared. The calculatecl shifts ar:e presented in Table 7.

nn*,rro(gi P' E)3,4 The l-ar Momenium Reclttction of

To s6h,g EquaËi.ons (3"3.7) it is necessaly to write them in

the rotationally invaríant form in the angular momentum and íso-spin space.

The::otationally invaríanÈ amplítude is r,rri.tien in terms of the channerl-

coupling scheme as mentione<l earlier. In Ehis coupling scheme we coupJ'e-

the Èota1 angular momenturl of ttre interacting Oair: to Ëhe spectator
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particlets spln Èo get the channel spin. Then rve couple Èhe channel

spin to the angular momenËum of the free particle relative to the

paír c. m. to obÈain ttre total angular momentum of the system. The main

advanÈage of using the channel coupling scheme is Èhat rnle can determíne

the ËoÈal parity of Èhe reactj-on easily. sirnil-ar1-y, the iso-spin of the
t!,ü

lnteracting pair ís coupl-ed to4iree parÈicle's iso-spin to get the total

íso-spín of the sysÈem. The toÈal angular momentum and iso-spín are the

constants of motíon" Let us defíne our notaÈions:

(i) Jo(*o) , + (tn') and ír(t"r)
(z-component) of the Particles cl

(ii) L(ÀG) is the relative angular ilomentum (z-component)

of the inÈeracÈing Pair (u);

(ili) + * J"f = 5(oo) is the total spin (z-cotuponerit) of

the interacting paír (cl) ;

are the indívidual sPin

ß and Y resPectívelY;

is the total angular momenÈum (z-

(a);

is the Èotal sPín (z-comPonent) of

(ív) .Q,^. +
---tr

component)

t(%)c[

of the pair

(v) J" n J* = %(>o)

the channel;

(vi) 1o(",r) is the relative angular momenËum (z-conponent)

of the free-partícle

the pair (n) ;

relative to c. m, co-ol-dinate of

(víi) L^, + s^, = {(l'Ð is che total angular momentum (z-component)
-Lx -C¿

of the three-Particle sLate.

Under Èhis coupling scheme the scattering ampliÈude ì"



Aru,r,o(p" p, r) = (iß 4, jq"b, p" rß lal To {, joro, p, oc¿ )

tß'rß lrurr.Lñr^,
ct

lr\
-Im

J
It
M, S

(P', P, E) = ['
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JI

(Pt, P, E) *
æ

s, l

"nr)o
(pt, gtt, E)

ím
G CX,

tß tiß

tß 
"ß.L M'0,0

tß 
'ß'si

CIcL

.îoño, io*o lso>o> <LGMcr, to)o l¡u'

.lg ñg, iß% I sg >g > <Lß tß, tß 
"ß I r¡l 

t

"i * (i') A: 1. (p', P, E) v, 
" 

{i ), (3'4'r )

"ß,lþ 
" tß 

".cr "cr cl,

where o'jlrr,r,tn', p, E) = 'rß,rß,4,TÊ,nu,P' I aJr ¡to,scx'JG'i,r'no:P > 
'i

.Qhe Clebsch-Gordon co-efficíents and spherical harmonics are defined

according Èo reference (50).

Here ro conËains all other discrete quantum numbers, i.e. parity

of the individual particle and Ëhe quasi-partícles, required to specify

completeJ-y the corresponding three-particle state. Simii.arly we calr also

r¿riÈe the corresponding rotaÈionally ínvariant form of the driving term

ín Equatíon (3.3.8) in terms of Btß'to (pt, p, E). The ínvariant arnpl.l-tude

th;
is independent of M because of¡ltrigner-Eckart theorem and also

A
AJItß too

díagonal since the haniltonian commuÈes wíËh (.1' J"). SubstíÈuting Equaticn

(3.4.1) and the correspondíng expression for B into Equation (3.3'7)tß'to

and using orthogonality relations for the vector coupling co-efficie-rlt ånd

spherÍeal harmonics, ÍE is easy to Prove that the amplitude ail.r, {l', p, E)
þ' c)¿

saÈisfies Èhe one-dimensional integral equaEion

JI
AJItß rt

JI qtt'dqtt B
tß'^o

(E - #Mi
Y

AJI

c[

T
n tYtto

(qt', P, E).

tß'ty

(3.4.2)
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This is the appropríaÈe form for the evaluation of nurnerically.

For every value of Èhe Èotal angular inomentum J there will be a seÈ of

couplecl equations. To solve these equatíons we supply Ui t- (p', P, E)- nß 
'nct

and T,'_ which are deÈermined from the knorvledge of the separable Èwo-body
Y

inËeracÈion. In our model calculation ít is relatively símple Èo solve

Equat,íon (3.4.2) sínce the energy varíable E = - U,rro is below the

threshold. Therefore no logarithmic singularity will appear from the

kernel and the equati.ons are non-singular. üIe replace Èhe íntegral by the

discrete sum and the matrix inversion method is used Ëo obtaín the

numerícal solution.

Now, we shall determine the- ratíonally invarianÈ strrrcture of

the driving term. To achieve thís end we shal1 foll-or^r closely the steps

given in References (51) and (52). The rotationally ínvaríant form of

the driving Lerm is

JI
Atg'to

r(
tg'toB Pß, pü, E) : J-2 Ð < jrtr, joto 

I

. [ß lß, 
"ßoß |

À''

"ßoß 
, . jßtß'

lo ão t . Tß ñß, jß*ß I tß 
"g 

t

im"YY cx0
tS

jg%' <L socLq

ttg %' sß )ß

cl

<T *"cI, cx
im
"cr, cx C[

JM> <L l'1cr, g"' S l¡utcI, cl,0

. 
^ru, 

Mß, Lg, ng, pg I co (r) p 

' 
Àncl Mc,., LG, no, Pcr, > '

The summation includes all angular momentum projections. The

objecr " Àr,^, %, Lß, ng, pß I co (¡) p I 
^rr^, 

Mct, Lcr, tcr¿, P,, > is written-'ß cr

as (51)

<).,g. %, Lß, oß, Pß I e t (E) P 
' 

tr'* Mcr, Lo' to' Pcx )
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f.;" uis un* u4 
"iu,%, nß) '^ru '%tß

Ë'
2V

lt t gt',, sot I 
^ro, 

no, to t Ylorto (no) ,

-Pi q'o t
P -t)

where U B ls the reduced mass of the partícle

uyo is the reduced mass of the paír (a + y)'

wrítten as

(3.4.4)

Ê and the pair (o + Y);

The form factors are

(E-
nd'

2V
)

ß l(l

. po, go ¡ Àr,^, !tc,¿, no ) = ô3 (lo - Pto) *rro (go) t.Q,o Ào 
(no)

0

(3 .4. 5)

The relative momencum g()¿ can be expressed in terns of the free rnornentum

p{ and !ß of the interac.ting parÈícles as

g" Pe+poPo; sß=-P{-pßPß,

where
go = \/(mU + rnr), gg = nç¿/(mo * mr), (3'4'6)

and *0, ,ß and *y are the masses of the particles 0, ß, and y respectively.

Using the identíty gír,,en in Reference (53) one can write the sptrerical harinonics

^^
"uor^o(;o) 

ín terms of the spherícal harmonics Yr,ro"(Po) and 
"u,*u(Pß)

^ 
(+o)

0

sr

am

4t¡ (29- + 1)!
C[

(2a+1)!(2b+r)!
t4

uo ,u
o¿

1"
- 9" - afl¡

tT

{ ]

(P*no

a' IIL
b

Y

b

ba
Pp

P a.m'a Tq
D

(lU) <am", bmo luo 
^o 

> (3.4.7)(p^
LL

)) to,

The partial wave decomposition of the product of forru factors and Greenrs

function ís
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s:ß ttu (sß)

-1,
lB )' q otno (g")*

r,

tß'to

,ry
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E-

1

ñ
CX

_rg

Lg *

0 ----

4tr ErM F
*^^

(nß, no, E) Yr, (eU) Yrt (no)'

+pR

(3. 4. B)

h

where

pr
oß'o

(lU, lo, E) dx

. -,e,)3., cr P, (x)

)'

1

I
(9ß )

1
2

(Po
cx, t - po' /2mu - ug" /2"g'-

2m
Y

(3.4.e)

Here x is the cosine of the angle between Èhe unít vectors pcl and

nÍ

;ß t4,rro tnß' lo' B) contains all the dynamics of the interaction'

Now combining rhe Equatíons (3.4.3) to (3.4.8) and using the following

relatíons

(1)

Y (p) YIt rmt Lz rmz LM
sr (21,t + 1) (21.2 + 1) (2L + 1) l

{+n
(p) =

( !,r 9.2 L
o

)()
L
M

L

m

9-z

m2 "i,, (i) (3.4. r0)

(3.4. 11)

oo

(ii) Equarions (2.20) and (3.21) of the Reference (54) or Equation (25.3)

of the Reference (55) 
" i,iê-may re-derive Lhe'fí-n31 expression for the

invariant driving Èerm as

J
tß'to

(ng, Po, E) (1 - ôrß,rro) Po[ß Pß
!.

Tr,tß'toB 0 ,
P

(lg, Po, E)

L
CT,

n

þ
* *ìo ¡ìo u"ä:"1' b{ro/nu)"-b

where
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7!rarb-Âtß'to
^^^

S
ct

1,, iu î" îoR(-) lo [ß 
"ß

tß jo jß

oßo { (2!,o + 1) t lZl,u + r) t/(za) ! (2b) | (2 e'C- 2a) t (2r"g -2b)t]
t-

a
Pct

{so
^^,

;1^r ]
tß Jc[ j

-hî j
r

^^2 tß

T
Jß

S
0,

fÌx ß

Y
*

Í L^LJÉcx

I C[

^
I
)

^r x
L

o¿

?lì.tß

^

L f 9"
ct

ß 4

L

tßß

^

tgf
[ß-o

-ab

ooo

"o [o Lg 
"ß

ooo

^rc[

-ao
x, b

o o
0
o

[ß-o A

o

R = - J +Lo*Lß + Scx + tß *To +Tß + 
",r+

^where 9" = tl 2!,+I

[ß-jo 
'

(3.4.L2)

The 3j, 6j and 9j symbols are defined according to Edmonds (50) 
"

Following Ord-Smith rire can define 12j symbol. This complÍ.cated structure

of the drivíng term \nras fírst deríved by Stíngl-e and Rj-naÈ (52) for the

neutron-deuteron scaËtering. In theír reference more detaíled stepsr are

given. The íso-spin c.ontribution can be determined separately. The

corresponding contribution to the invariant, driving term is

. [ (iY, to) îß h ] r I t (iß,ty) To, to I r >

J

i
o¿

tß

i
Y

I
(3.4. r3)

where i.^ is the iso-spin for the- particle (} ; and ic[ i-s the i-so-spin
-0

for the pair (ß + y). For our c¿rlculation we have considered only Sll an<i

S31 channels. For t-he S-v¡a.ve pion-deuteron scaf tering the toÈal angular

(_)io * t, _ tß * ,t lß
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^8 
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^ Iooo t{ ooo

Lß g
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a

oo

l,ß- b 
^
oo (3. s. z)

Fínally, the specifíc form of the <lriving term for a free exchange of

a pion is

L

B {(1 -ô

-ß
Atß'to

p
tß' c[

pß)
ug

"r, 4u,r,o(nß, Po' E)
n

CT

t"
c[

*ß

b=0

a-b ] c (r, =a^
þ

by standarci matrix i.nversion

(no nß)

The Equation (3.5.3) reduces to a very simple form for our calculatíon
IE

since 1o = 1ß = 0; LU = Lo = 0. The values of.¡3i, 6i and gj ts have

been deterrnined from Rotenberg et aLts (5¿r) manual. Combíning the EquaËions

(3. 5. 3) and (3.4 .?-) h'e can solve O-t 
-ttß'to

method. Now, introducíng the solutions of A ínto Equatíons (3.4.1)
tß'to
JI

and then using Equation (3.3.6) it is straíghtforward to evaluate the

higher-order re-scattering contributions. The rnultiple scattering

contributions to the fírst-order energy shift has been evaluated for the

parameter sets a and b of Table 1 in Chapter II. For the par:ameter

sets a and b the cal-culated values of ¡u(t ) a'Íe - 1.28 eV to - L,24

eV respeetíveiy. The corresponding values of 
^Uh(t 

ì when we neglecË the

momentum spread of the pionic wave function from the weíght function

F ,,Equation (3"3.i6)' are - L.42 eV to - 1.37 eV' FÍnally the
n .ct'

CT, 
,

scatterj-ng length approxirnaÈíon is urade by using Equation (3.3.18) for the

factor F , an,J replacing Arr^r, (pt, p, - uro) by the zero energy on-
tct 'o Þ o¿
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(')
shell value (o, o, -urro). The values of Âun obtained underAtß'to

this alrproxirnation are - 7.I2 eV to - 1.07 e'J for the parameter sets

a and b. trJe note that off-shell correcti-ons are a]-so signifícant in

the multiple scatteríng conÈribution to ihe first-order energy shift'

The calculated values of the total first-order: shift AE and its

components under the various approximations are sunmarized in Table '7'

3.6 Contr ibution from N-'N Re-Scatterin

Nucleon-nucleon scattering does not crccur in the fírst-order

energy shift of our theory but it appears only i.n the second and higher

orders of the, perturbatíon ô î = î - ,f . Terms involving nucleon-nucleon

re-scattering are hor¡ever not negligible in calculations of the pion-

deuteron scatteríng length using the multiple scatteríng series' Therefo::e

iÈ seems desirable to estimate the second-order slrift Èo confirm the

validity of our aPProach.

From Equatio4s (3.2.22) the second order shift is gíven by

C) lovl tJ,
?T

AE

c )Gol

are of the or<le.r of - eV and the energy denontírrators, tno - E

a i - a o . are of the order - Kel/.
TlT

ûnt ',l,i < tl.r
' 'fT 'lo 0>

V

Eo -E *T1Ï

where we have introduced a complete set of sÈates I Úrrt > with

energies tnt of the model problem. These states are simply related to

Èhe usual atomic states I Vrrt > of the pion bound. to the c. m. of

thecteureronby lûntt -ì-" (uni) lprrít anrlhaveenergies Eí=-e--
IT CI

i í'"'n" coulomb bi - the pion' The secorrd-ordertnt where Ên'lsthe Coulomb binding energy ot

energy shift should be small since the matrix elements

t

i+0

(3. 6. 1)

(3 .6 "2)tuTo l0 v I
tûntt . v,nt f ¿ I co (Tn únt fu t

IT

a



Replacing unt by unt, the energy of the first excited

state of Èhe model pion-deuterori system and using closure, we have the

standard bound
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t.V'o l{Ov)'l,l >-<q/
a2

úno > )'

(3. 6. 3)

VAE

v

(')

,4

1 o 0 lo

Ge

<r I co (.n, * trrr) co (
d

,r 1ï

lru dGo > h <f Go

t
2Pr

zVt) np

u

(-Erro -ftt

EI
1ï

0
E

'fi

To estimate the second-order shifÈ wê have evaluated Èhe righË hand si.de

of Equation (3.6.3) in the sÍngle seaÈtering approximaËion for ô V.

(ô ))

EO
1I

h

V
2 =i4,.f ico (rn, +t

1ï

(t +r )' 'lI r '11 2-d 2

lf a t ;%

-e d

(3.6.4)

I^lith the parameter set a, rve obtained the bound 0.1-7 eV and for set

b, 0.15 eV. These esÈl.mates seem to confirm the rapid conve.rgence of

the perÈurbatíon series

Moreover, the modificaÈion of the unperttrrbed aÈomíc state by

the strong interacÈion is given to fi.rsÈ order by

1 l_ loîlvno>'
EÎt

l- 1ï

The admixture of excitecl Coulomb states is smal-l , since

Go ( rnr * .rrr) Gs I t u, ì'

ìl

. ûnt

0rr\r/441Ï i+o
vnt t

EOfi KeV.E1
IT

< tl.,

T EOÎf

ô
qr eV and

n

3.7 Conclusíons

From Table 7, the calculated first-orcler energy shíft, which

includes multiple scaÈterlng of the pio¡ on the nucl-eus is - 3.68 eV to

V
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- 3.55 eV depending on the parameteri-za:-|orr of the pion-nucleon

interae.tion. The agreement between the calculated and presenÈ experimenÈal

measured shíft ( - 4.8 + 1'6 
"V) 

ís quiÈe good. The calculated energy-
- 2.O

shift t¿ou1d increase slightly if we inclucie (í) charge exchange type

reaction 1T p + Tron ; (Íí) P-wave conÈributions; r.re shall give rough

estimates of these contributions later on. It is hou'ever ímportant Ëo

noËe that because of the large cancellation in the iso-scaLar part of the

píon-nucleon scattering length, the first-order e-nergy shift obtained from

the exact expressíon Equation (3.3.4) ís - 1.12 eV greaterî than that

obtained from the scattering length approximation of DGBT., Equation (3.f.f) 
"

lüe interpreÈ this contribution as the off-shell correcl-íon to the energy

shift. InIhen we neglect the momentum spread of the pionic -rvave function

from the energy shift calculatíon Èhe absolute- val-ues of the shifts for Sti

and S31 channels become larger compared to thoseobtained from the exacE

evaluation of the corresponding energy shifts. This fact can be irnclerstood

from the tabrrlated values of the weight funcÈj-on F- ,(p^) for the
ncx , cl -' cx-

respecLive channels. Simílarly, the energy shi-fts obtained from the

scattering length approximation fcf Ëhe S11 (S31) channel ís greater

(small-er) than that obtained from the Equation (3.3.16). Thís poínt can be

explained from Figure 6 of the S11 and S31 channel propagators. Fror,r these

sets of results we have been able t,o demonstrate the sensítívíty of the

energy shifË Èo the momentum spread of the píon wave function and off-

shall dependence of the pion-nucleon t-matrix" These factors have been

ignored in DGBTts calculation. The importance of ttre off-shell- behavíour

of the pion-nucleon amplítude in the single scatEering approximatíon which

was previously noted in our earlier work (St) persists when the Èotal
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first-order shift i.s evaluated. The results of the Table 7 are slightly

different from those of our published paper. There r^tas one prograroming

error in our earlíer calculation (57). Bugg et al (43) have re-calculated

the píon-nucleon scat.terj-ng lengths from the low energy píon-nucleon angular

distributíon data using clispersion theory. They have found that the

uagnitude of the iso-scalar part of the pion-nucleon scattering lengÈh

is really ve.ry small (ar * 2as = - Q.014 mT-r ). To determine the pion-

deuteron scatteríng 1-ength, Bailey et al (30) have measured experintental-1y

the strong inËeraction shift (^E lJ of the t S level of the píon-

deuteron sysLem. Their method provides a check on the theoreÈícai results

obtaínecl for þion-deuteron scatteríng at low energy. They derived the

pÍon-deuteron scaËteríng lengÈh following DGBTTs formula

a-,ITd ao 
^E1 1

where a0 is the pionic llohr radíus. They obtained

SS

The- pion-deuteron scal-tering length can be wrítÈen as

/+E

eV

+ .031
- .a24- 0.073 Ím. (e-xperimental) ,

4
5

AE

h
_ 4.s I l:3

4
1Íd ficl

+

\

h
a

TTCI

0

m+
T al+ as).where and

\ + *trlz

The contribution of the higher order re-scattering t"l¿) of the pion to

the pion-<leuteron scattering length was firsË evaluaÈed try

Kolybasov and Kuclryavtse-v (KIi; 5) summing Èhe mrrltiple scatter scatter:íng

series. They obtaineci ,nl 047 to- .037 fm. Afnan and Thomat ( ü)
hh

estÍmated rnä r¿ith the aid of Faddeev theor:y and found and - - .036fn

The calculation of Kwon (58) provídes an estimate of tå about

o ( 2
5
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- - 0.045 fm. Recently authors Galimzianov et al (59) have calculated

the energy shift and píon-deuteron scatÈeríng l.ength from a variational

technique and obt,aíned the scatÈering length - 0.083 fm, and the energl't

shj.ft - 6.09 eV. Therefore, the experimenÈal measurement of the energy

shift is of urgent interesÈ. Unfortunately, the l-nherent error in

Baíley et alrs measurement of energy'shift is too high to make any

conclusive predictÍ-on. The fundamental importance of an accurate

experimental determinaËíon of the energy shifÈ is Ërvo fold :

(i) it wíll give independentlv, a bound on the pion-

deuteron scatEering lengÈh not relying on the

approximations of the díspersion theory;

(íi) iE will also provide a check to the convergence

of a graph summíng method in sËrong interaction of

KK (5) and it, will also assess Èhe reliabílíty of

precise Faddeev calculaÈions.

Recently Beer et al (30) are tryíng Èo detarmine the energy shift of

the pion-deut.eron system to ari accuracy t 0.2 eV using better experimental

arrangements. This accurate result rvilj- gíve and or the energy shift to

an accuracy required t-o test the importance of the theoretical calculation'

Nevertheless, it would not be possible to seParate out the off-shell

conËributions from the pion-deuteron scattering length if we use DGBTTs

formula to deÈermine- it.

The estimates of charge exchange and P-wat'e scattering to the

energy shift can be fixed up in the folloioíng way. The contribution of

the charge exchange scaEtering to the pion-deuteron scattering length is

approxÍmately (60)

"rrd = arr-P + rPn ( < t-t >rl)anc n-t1Ï P 009 6m--'
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The total P-r¿ave contributíon ís - 0.OO6mn-1 (60). The net contribution

of Èhese tr^ro processes in the energy shift calculation will be --1 .12 eV.

If we now aclci these contributions to the calculated energy shift, the

total energy shift becomes - 4.80 eV to - 4.67 eY. trIe believe this

is the appropriate re-sulÈ for Ëhe energy shíft (theoretical).

The width of the t S level transition ís very small (9) which

implíes that the absorptÍ-on contribuEion will be neglígible. A1-though

the P-wave contribution is very importanË in píon-nucleus scaEÈeríng ít

has a minor effect on ¡r(t ), âs the pion orbits are large compared with

the nucleus raclíus and a pion in a relaËive S-state to the nucleus, the

S-wave interaåtion dorninates. I^le also conf irm that the iterative soluÈion

JIof A " - converges rapidly as might be expectecl from the rveakness oftß'to

the pion-nucleon ínteractíon (the second Ítera-tion gives matrix elements

to an accuracy of better than - 8%).

It appears fr-om our calculations that Ëhe correctíon to the

first=order shift from N-N re-scattering in internediate states is small

and insensitive to the choice of the pion-nucleon form factor. On the
/

oÈher hancl, ín multíple scattering calculatíons of and nucleon-nucleon

scattering rnalces an appreciable contríbuÈíon. To understand thís apparent

díscrepancy it is necessary to consider carefully the differences between

the present perturbati-ve approach and the usual treatmenEs. If Equation

(3.2.f0) is íterated, the terms of Èhe usual mu1-Èiple scattering seríes

are obtained. Hor^¡ever, rve have not aEtempted to solve Equation (3.2.f0)

by calculating terns in Èhe seríes solution, which would be the analogous

procedure to that of the usual scattering J-engfh calculations. Instead

using perturbative theory we have compared tire solution of tlr.is equation r'zith

the solution of Èhe Equation (3.2.ß) which descr:ibes the solvable three-
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body problem where the pion interacts with the deuteron onLy through the

Coulomb potential at its c. m. Thus, alÈhough ttre hígherorder terms

in the perturbation ô î = î - ù include re-scaÈtering of two nucleons ,

the effect of these terms cannot be compared directly with the multiple

scattering terus associaÈe<l wiËh the iterative solutíon of Equatíon (3.2.13)

whích may converge slowly. In particularrthe energy denominators of the

perturbat.i-¿e series are much larger than the intermediaÈe propagators

in the rnultiple scatLering expansion,

A necessary restriction on the form of Ëhe inEeraction in the

presenL theory is separabílity of the nucleon-nucleon amplitude, which

was íntroduced ín order to reduce Ëhe three-body problem Ëo an equívalent

two-body problem. The form of the pion-nucleon interacÈion ís, however ,

quite general . trle can also use diff erent types of pi-on-nucleon interaction

potentials in our calculation.

Finally, we observe that the theoretical estimates of the energy

shíftrbased either on the multiple scattering expansion, the Faddeev

equaÈíons or the presenË perÈurbatíve Eheory are in reasonable agreemel'ì.8

rrríth experimenÈal resulÈs. Indeed the naive impulse approximation gives

a quite good estimate of the shif t, for the reasons discussed ty fäl at G6) .

Nevertheless, our work does shor,r that if the experimental value ís refined

further, as seems likely in the near future, theoretical analysés will

require a more care.ful ÈreaÈment of the relati.onshíp betr,reen the energy

shift and the scattering lengÈh. BoËh the moment.um spread of the pJ-onj-c

wave function and the overall- off-shell dependence of the pion-nrrcleon

amplitude should be taken into accounÈ properly.
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I

EquatÍon (3.3.1-3)
. t4 3lz

Meli' Fn'

Equatíon (3.3.16)

u"vb t^7'

0.0

L

.2

3

4

.5

.6

7

.8

.9

1.0

TABLE 4a

.4512 x 10-2

.3816 x 10-2

.2575 x 10-2

,L675 x 10-2

.1102 x 10-2

.0751 x 10-2

,0529 x 10-2

.0384 x 10:2

.0285 x 10-2

.0216 x l-O-2

.OL667 x 10-2

.5143

.43L4

.2890

.1840

.1198

.08L1

.0568

.0410

.0304

.0230

.oL77

10-2

10-2

10- 2

10-2

LO-2

10- 2

10-2

LO-2

10- 2

. o-2

10-2

x

x

x

x

x

x

x

x

x

x

x

The values of the ,¿efght functíon ltrrr,U(n)l
for the parameter seÈ a of Table 1.
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Equation (3.3',.13)
L4 3lz

MeV'F'

Equation (3.3.L6)

u.vb t-7'

0.0

.2

1

.3196 x 10-3

.2708 x 10-3

.1843 x 10-3

.t-191 x 10-3

.0784 x 10-3

.0535 x 10-3

.0378 x l-0-3

.0275 x 10-3

.0204 x l-0-3

.0155 x l-0-3

.0120 x 10-3

.3644 x 10-3

.3057 x 10-3

.2049 x 10-3

.1306 x lO-3

.0849 x 10-3

.0577 x 10-3

.0405 x 10-3

.0291" x 10-3

.0217 x lO-3

.0165 x l-0-3

.OL27 x 10-3

3

4

_5

.6

7

.8

.9

1.0

TASLE b The values of the weight function ltrrrrU(n)l
for the parameter set a. of Table 1.
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P
(t{e'v1-) cn-t

EqüÊtion (3.'3..13)
t{¡eY4 Tdr

Equatlon ( 3..3. 16)
uevä Fm3/z

0

l_

2

4

3

5

.4644 x 10-2

,3942 x 10-2

,2681- x l-0*2

.L73L x 10-2

.1138 x 10-2

.0776 x 10-2

.05469 x 10-2

.0396 x 10-2

.0294 x 10-2

.0223 x 10-2

.OI72 x 10-2

.53L3 x 10-2

.4457 x 10-2

.2985 x 10-2

.1901 x 1.0- 
2

.L238 x 10-2

.08379 x 10-2

.058751 x 10-2

.0424 x 10-2

.0314 x 10-2

,02377 x 10-2

.0182 x 10-2

6

7

8

9

1.0

TABLE 50, T.he values of the weight function
the parameter set b,of Tabl-e 1.

F (p) forsll,d

I
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P
Eque
MeVz

tion (3.3.1-3)
t'¡z

EquptÍ9n
MeY"á. f¡z

(3..3.16)

(M€t'?b) F..- -r

x

x

x

0

1

2

3

4

5

6

7

8

9

.3267 10- 3

.2769 l-0-3

.l_885 10-3

.12L8 x 10-3

.08028 x 10-3

.054B x 10-3

.0387 x 10-3

.o28L x 10-3

10-3

.0159 10-3

.or23 10-3

.3727 l-0-3

.3L26 10- 3

.2095 10-3

.]-325 10-3

.0871 l-0-3

.0590 10-3

,o4L4 10-3

.0300 10-3

.0222 1.0- 
3

.0169 x 10-3

.01-302 x 10-3

x

x

x

x

x

x

x

x

x.O2O97 x

i_.0

x

x

-tAe"g-å! The values of the weight functionltrrr,U(l)l for
the parameter set b-of Table 1.
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E
(Mev)

f r(0, 0, -E) (fn) f g(o, 0, -E) (frn)

0 .24L9L

.L9275

.186889

.18390

.L8202

.l-8069

.L7969

.17891

.L7828

- .13409

- .20999

- .24887

- .27897

- .30410

- .32586

- .34513

- .36244

- .37818

3.0

6.0

9.0

L2.0

15.0

r_8.0

2L.O

24.O

TASLE 6 The off-shell dependence of the Sl-1 and
S31 chánnel pion-nucleon amplltudes
calculated from the parameter seÈ a. where
t t and f s are the anplltudes for the
channel Sl-1 and S3l respecËively.
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parameter set a

AE
(t )" (')' (')

ÀE AE
(t )"

ParameËer set b

^r(' 
)'AE AE

(')

9.66

.- Lr.97

2.3L

L.24

I

l\r\
I

s11 + 12.33 + 11.69 + 9.80 L2.L4 11. 55

s31 - L3.66 - L4.49 - L2.22 - 13.38 - L4.L9

SSC 1. 33 2.80 2.40 t-24 2.64

MSC L.L2 L.42 1. 28 1.07 L.37

TA3LE 7 First-order energy shift in eV for the pion-nucleon paramet,eF, sets a and b
given in Table 1, Chapter II. The total fírst-order shift 

^¡(') 
ís the sum of the

single scatteríng contribution (SSC) of Equation 3.3.4, consr'sting of cantributigns"
from the Srr and SJI pion-nucleon channelE, and tþe,multiple Sca,ttefing contrÍb.utiQn
(MSC) of EquaËion 3. 3. 6. The values AE( ' änd Âg( ' .)': are approximate shíf ts obtai-ned
by neglecting.the momentum spread of the píon b.ound staËe and additíonai-ly- in the
case of AE(')', the momentum dependence of the pion=nucleqn :rnpliÈude.



CHAPTER IV

SECOND-ORDER OPTICAI POTENTIAL FOR TI-IE PION_CARBON SYSTEM

4.L InÈroduction

In this chapter we shall sÈudy the inÈeraction of the pion

r¿íth the carbon nucleus at intermediaÈe energies by using an optical

potential constructed from the two-body pion-nucleon ínteractíon and Èhe

nuclear form fact.or. When Ëhís optíca1 potential ís introduced into the

two-body Schrädinger equation, the solution of the equation correctly

descríbes the multiple scatteríng of ttre pion from the various nucleons

in the nucleus. l,Ie sha1l introduce sorne f un<lamental approximations to

convert thís many-body problem into an effective two-body píon-nucleus

problem. In partícular, the nucleus can be consídered as "frozen" by

means of the closure approximation on intermedi-ate nuclear states. Then

one calculaies the píon scattering amplitude from a set of spatially fixed

nucleons and averages these amplÍ-tudes over the nuclear form factor to

deterrnine the pion-nucleus scaÈtering arnplitucle. Immedíately one can make

some corrections to thís pi-cture such as

(í) the tr,¡o-body pion-nucleon amplitude- used as ínpuÊ

for the calculation nìay be fermi average<l;

(íi) the two-body pion-nucleon amplitucle may be evaluaÈed

aÈ a shifted energy to take partial account of the nucleon binding or

the proper kínematics oi the problem (61).

These tr,/o correcti.ons are importanÈ since ttre pion-nucle-on cross-section

is very sensitive to the energy variatíon at ínterrnediate energies. Again

the existe.nce of the pion-nucleon resonance has marle the pion-nucleus

scattering arnplitucie sensitive Èo the energy-vari-aticrn of the pion-nucleon

scatteríng arnplitudes .
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For the evaluatÍon of the optical potential ín our calculation,

v¡e shall use thisnfrozen"nucleus approximatíon. Otherr¡ise the numerieal

calculaÈíons are too complicated to manage. But iÈ is clear Èhat this

approximation neglects Èhe nuclear dynamics during Èhe íntermediate sÈages

of the scattering process and it is also difficult Èo give any precíse

t
estÍmate of the error incurred by this approxímatiotl.

Unlike Lhe firsÈ<rder opËícal poÈential whích is Èhe product

of the trvo-body píon-nucleon scat.tering ampliLu<le and nuclear form factor'

the secondrrder optical potentíal- depends also on the pair eorrelation

functions. In facÈ Ëhere are three types of pair correl-aEions, viz.

(i) Centre.of-mâss correlation due Èo the recoil of the

nucleus during Èhe scattering;

(ií) Paulí correlation because of Ëhe anti-symmetrizaÈion

of nuclear lvavefunctions;

(i1í) The short-range dynamical correlation because of Èhe

nucl-eon-nuc.leon ínt.eraction.

The contri-butíons of the first thro-type correlaËíons are smal1 and have

been negl-ected in our study. To ínclude the short-'range dyna:nical

correlation ve assume that the short-range part of the t¡^ro-nucl-eon reia.tive

qrave function of the Índependent parËic1e model should be modífied. This

i-s achieved by suitably approxímating the intrinsic two-body density

function 0 (:r , îz), rvhích is Ehe probabílíty of observing a nucleon

at point I_t if another: nucleon is locaÈed at t2 Q7) .

The questíons we would like to consider ín our study of the

píon-carbon sysÈem are the following:

t Fo" Ía^'S lelaø^' ^/e o4,^,^0t' be {t'\^L-'

þ,trl' r, ( :1t"- .-f+ - ( LLPL tþ¿t 4 ^oLa ^ '-a- ;t

r^-'W;V tl'r¡"'¡ al* x ¡ u-hå h '

It-6+ a !t'X't-i þ'cca,Þ

Lþ + zh' < c-c<t ¿\z¿l , 
à-



-80-

(i) WhaË are the effects of including the second -

order optical potentíal in the calculaÈíon of the differential cross-

section ?

(ií) How does Ehe dífferential cross-section change if we

va::y the nucleon-nucleon correlation length ?

(iii) Is the scatteríng cross-section sensitive to the off-

shell behaviour of the two-body pion-nucleon t-matrix ?

Our calculation also confirms the observed (7, 27, 2B) downward shifÈ

ín the peak of the total cross-section of the pion-carbon scattering at

íntermedíate energies. To answer these questíons, we need informaÈion

about Èhe basic pion-nucleon and nucleon-nucleon interactions qrhich are

the buílding blocks for any pion-nucleus microscopic theory. As tnentioned

earlier, we have construcÈed separable models for Èhe two'-body ínteractions

from the experimental data at dífferent energies for all significant pion-

nucleon re-actíon channels.

There are m.åny models of pion-nucleus scattering, both above and

below Ehe resonance region. One of the more successful uses the rnultípJ.e

scattering theory of l^laCson (26) to write down the pion-nucleus optical

potential in terms of the basj-c two-body inÈeractíons. Because it is

better to use a theory valid over a wide energ;' region, rather than to

slmply extrapolal-e from either high or low energy models, we sha11 make

physically reasonahle approximations to consíder the effects of Lhe

complicated nuclear structure of the target on our construction of the piorr-

nucleus opÈícal potenÈial.

In principle, \^/e corrl<l try to solve. Ehe many-body Schrðdittgu..

equation for the pion-nucle.us system, subject to the appropríate boundary
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conditions, to determine the scattering arnplitude. In pract.íce this

would be a very diffícutt procedure, since excíted intermediate states are

involved and the manyåody effects caused by the target nuclerrs are poorly

undersËood. However, r^re are prirnarily inÈerested in the elastic scattering

of pions by the nucleus, and this is basically a tr.ro-body reaction, even

though the internal degrees of freedom of the target nucleus can be exciËed

during the scattering process. Most of the nuclear sÈructure effecÈs can

be íncluded in the optical potential.. InIe sha1l construct an approximate

optical potentíal by using onty part of the bound state information, such as

nuclear density and nucleon-nucleon corr:elatj-on funcÈions. The aims in

this chapter are

(1) Ëo calculate the fírst-order opÈica1 potential u(t )

and the secondrcrder optical- potent.Í-al U(t ) using the general Kerman-

McManus-Thaler (KlfI, 25) formulation;

(íÍ) to evaluate the differential cross-sectionsfrom u(t )

and u(t ) + u(') to estimate the imporEance of Ehe nucleon-nucleon

correlatíon;

(iii) to investígate sysÈematically ihe off-shell

dependence of the differenEial scattering cross-secÈion using thTo seEs of

phase-equivalent poËentials for the pion-nucleon interactiorL/).

One of the important reasons to include the second-order optical poÈential

in thís calculation ís the fo11owÍn-g. The conÈributÍons of the multíple

scattering of pions from the carbon nucleus are significant at interinedi-ate

energies. The sum of all single pion-nucleon scatte.rings contrfbutes

6o(ri-n) + 6o(r-p) to the Ëotal cross-secti-on, rvhich ís about twíce the

cal.culated cross-section at resonance (7).

Therefore, the double arrd híghe.r order microscopic re-scattering Processes



82

should be íncluded and they acÈually cancel Ehe Large contribution

obtained from the single scattering approximation. The first+rder optícal

potenËial íncludes only the eonÈributi-ons of the single scattering

processes. The solutíon of the Lipprnann-Schwinger equation with U(t ) + U(t )

includes a larger class of microscopic processes than Ëhose conÈained in

the solution obtained from the firstrcrder opÈícal Potentlal only. In

principle the solution of the Lippmann-Schwínger equaEÍon with the second-

order opLical potential should gíve better resulcs.

From the studies of Landau et aL (7), Lee and Chakravorty (27)

I,ùakarnatsu (28) and GarcíLazo (29) on pion-nucleus scattering aE different

energies, it. Í.s clear that the- firstrcrder optical poÈential is quJ-Ee

adequate for the qualitative descríption of the píon-nucleus elasÈíc

scatteri-ng at and above the resonance energy. The results are also consistenl

for the elastic dífferentj-al-scattering cross-sectionsat smal1 to mode.rate

angles. It is also clear from their studies that at large angle scattering

the differential cross-sections are very small and the momentum transfer

is large, so the second-order opÈical poterrtíal should probably be included

Ín Èhe calculation. The success of the firsË-order optieal poÈential mc'del

at intermediate energies is mainly due to Èhe strong absorptíon in Èhe

resonance region, which actually makes the theoretical results to some

extetìt model-independent (6f¡. Belornr Èhe resonance energy, where the

effects of resonance are very weak, the predictions of these models are not

as good, possibly bccause the models faíi to take account of the inelastic

contribution . When the kj-netíc ene-rgy of the pion ís Eoo low to excite

the nucleus, the only source of ínelastícity is associaEed wíth true

absorption of pions, so the correct representation of the Pll channel,

1n which the absorption Èak-es place, ís very in",portant. In practí.ce lhe
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optical potential nodel can only take absorption into accounÈ in a gross

manner. For a better description of the real- absorption one should look

for a fíeld theoretic approach. The optical pot,ential calculated from the

field Èheoretic approach shows some probleusregarding the convergence ot-

the hígher<rder terms of the opÈical potential series (62, 63). In our

calculations r^re have considered two different nnódels Ëo represent the Pll

interacÈion.

In Section 4.2, we introduce our work with a brief account of

the formal theory of the opÈical potential, following the approach of

Feshbach., Gal and ttüfner (FGI{, 64) an<l Joachin (65). NexE, ín Section 4.3,

we derive explícit formulae for the firsÈ-and secondrcrder optical potentíals.

I'ollowíng Landau et aL (7), we shall express in Section 4.4, the pion-

nucleon ampliËucles in the reference frame of the centre of mass of the píon-

nucleus system. These transformations are not unique. In SecÈion 4.5 we

shall present the separable model interactions for the P33 and Pll channels.

The parEial rvave decomposítions for the firsË-and secorrd-order optical

potentials are given in Sections 4.6 and 4.7 respecÈívely. I{e so.lve the

Lippmann-Schwinger equatíon for the reactíon maÊríx Rg (kl k, E) using

Ëhe technique of Noyes and Kowalskí(66) to determj-ne the pion-nucleus

dÍfferential scattering cross-sections.

Finally, in SecËion 4.8, we shall discuss the resulÈs of the

differential- scattering cross-sectionsevaluated from u(t ) and u(t ) + u(t )

to examine the importance of the nucleon-nucl.e<¡n correlations, and the c¡if-

shell dependence of l-he cross-section will be appraised using two seËs of

pÍ-on-nrrcleon interact.ion potentials. Recently Lee and Chakravortv (27) an<Í

Wakamatsu (28) have calculated the second-order optical- potential for the

pion-Helium nuclerrs and subsequently have Cetermíned the pion-llelium

differenÈial- cross-sections at different energíes and scattering angles.

Their models representíng the pion-nucleon interact.ions ar:e quite clifferent
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from those we have used in our calculations. They have also included

the nucleon-nucleon correlaÈion term and Èhe contribution of the binding

correction. Lee and Chakravorty have examined the influence of the

varÍaËion of the P33 channel range parameter in píon-Helium scattering.

Ttreir calcul.ational steps are also different from ours. Moreover our

parameterízations for all pion-nucleon interaction channels are very

consistent with the experimental results. trnle have ínvesÈígated the pion-

carbon scattering using thro sets of phase equivalent potenËials. The Pll

channel has been included to compute the second-order optical potential.

This channel contribution has not been considered in earlier calculaÈions

(27, 28) ,

4.2 Formal Theory for the Optical Potential

tr^latsonts theory (26) of multiple scattering leads to a simple

descriptio¡r of pion-nuclerrs scattering. The effects of all corrrplicated

ínteractious between the pi-on and target nucleus can be íncorporated into an

opÈical potentíal, through which the incident particle propaga-tes. Once

the optícal pc-rtential has been determíned, the scaËteríng proble.rn reduces

to a one-body problem, namely, the scattering of a partícle by a potential.

However, the cost of thj-s dramatíc reducËion from a many-body Èo a one-body

problem ís Ëhe introduction of a complex, non-loca1 optical poÈential,

rnrhose rletemrinaÈion is necessaril-y difficult. Therefore I're must in practíce

work with an approxímate model for the optical potenËÍal.

Followíng KlfI (2-5 and 65\, \¡re may wríte the total hamiltonian of

the system, macie up of the íncident pion and target nucleus, as

H=Hs*V, Ho=H"t-K ) (4.2,L)

where i\ and K stand for the hamíltonian of the target nucleus and

kinetic energy of the íncídent pion, respectively. The potential V,
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whlchrnaybeconsideredasaperturbatlon,isthes.umofallprimary

lnteractions beËr¡eerr Ehê píon and the nucleons of the nucleus'

(4.2.2)

The lnltlal and fínal asymptoÈic states of the target nucleus plus the

fncident Plon satlsfY

A
= ) v..

i1
v

Ho0 EOa'a

0 {i0 a,ErJn=0 o, lTa

e

(4.2.3)

(rr,9r ¡ ]r2, s.z'¡""r¡n 9.6)t

(4.2.4a)

L2, sl2i... r.6, -s-¡)

(4'2' 4b)

a

1¡oQU E¡Qu

where

and

1 K.R
e

BK1_

=Q
üu, u ,(g¡, gr;

I.Iehaveassumec]thaÈthereareAelementaryScatterersinsldethe

nucleus and lrr rzr "" IA are Èhelr spatial and slr s2"" 9A are

theirspinco-orr:IinaÈesrespectively.TheÈargetnucleusinitiallyl-ras

momentum K, spfn YT, and bound state wave function Úo, v1 The

corresponding quantities 1n the firral stale are Kt ' !tT' and

R is the cenÈre-of -lnâ s co-ordi¡rate ancl Õ"rE,!n and Qb,E' 
,Yn

the vrave funcÈions for the inciclent and scatterecl pion with inomenta E

and kr respeetively, The inlfíal and fírral energies of the system are

Qb = to,E', v<'ff

T
Vü

o

K2

ñ"Eï(k) + ÊoE +

are

a

Eo = En(k')
Kt2+ Êo +7-

(4 .2. s)



86-

where Es is the i-nternal ground sÈate energy, l\ Ls the mass of

the Èarget and En is the pion kinetie energy.

The píon-nucleus scatteríng state
I

(rP"') is given by (65)

.L

V"'=0"* 1 VìI +
+ a

(4.2.6)

(4 .2.7)

o r!T

HE
o

This many-body scattering state ,p-* contains ínformatj-on about all,a

processes between Ëhe pion and target nucleus. In fact the complete

scattering soluÈion ú"* embodies the descriptíon of elastic, inelastic

absorptíon, and produc.ti-on reactions.

The elastic scattering cornponent of the total many-body scattering
I

sÈate (U"') 1S

+
êrâü

-l-
II-o ü"' ,

ì; I vo,y; > 'üo,!i I

where we define IIo to be Èhe projection operator on the. state ,l¿

IIo (4 .2.8)

+
The el-astic scatteríng state if saÈisfles the integral equation

êrâ

ìl + I (4.2.e)
êrâ +

ao

r¿here T is the corresponding elastic scatterlng component of the total
c

scattering operator T.

lùe now define ari operaEor F which reconstrucl-s the total

scattering staÈe out of its elastic scatterí-ng conponent by

+

r" o"'
HE

ô+'a

ú+,a Fuê¡â
(4.2.L0)
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Mul-típlying by the operaËor llo from the l-eft of -Equation (4.2.6) and

usíng Equation (4.2.1), we have

+
v 0êrâ

Vúopt llovFrf

rl,
+

êrã'
(4.2.LL)

(4.2 .r2)

I^re must
opt'

Combiníng Equations (4.2-.6),

+

+

+
a

+
êrâ

where

or

wlth

0>

+
êrâ

rl

V <o lv r I ,opt

lot=,f o,!T

For an explícft representation of the opËical poterrtial V

know the exac[ structure of the operator I'.

(4.2,L0) and (4.2.11) we write

l'v+
q/

+
êrâ

i-
êrâ -|- V €râ

a.
1I opt

i- vF u
+

êrâ
a

+ 1 Iïo v F tJ.,

+
rl€râ E

+ êrâ
H

a o

1 (1 -.rro)vF)ü{r+ +
E

a o

Therefore

E
o

+ +
E H

o

+ .J-- vFü
E. - H

o

êrâ '

êrä

(4.2 "L3)
J.

H

(1 -IIo)VF. (4 .2 "L4)
2,

On cornbining Eqr.rations(4.2..L2) and (4.2.L4), we obtain the general forra

of the optical potentia

F=I.+-=r¡---E'-H
o

v
op

<o lvl o > + < o lv 1 (1 -rro)vl 0>+
Ë E H

a o

v I o t*
(4.2.Ls)

+ * 0l V --f- (r - rrol v -=L-- (r - IIo)
E"' - Ho Ba' - Ho
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A

The appearance of the pion-nucleus potenEial U = l t, in the optlcal

potential 1s a greaÈ obstacl" Lo lts praetical applícatíons. our

intention is to re-wrlte Equation (4.2.f5) in terms of the ErÀro-body

t-matrlx..Toachievethisaim,welntroducean.auxiliaryequation

w1Èh

F

F
J

TJ

and the operator Fr 1n terms of Watsonrs equaÈlon' is

I
'j * 'j 'E"= q (1 - IIo) ti i

t * 3 +q 
(1 - IIo) 'jtj

(4.2.16)

(4.2.r7)

(4. 2 .18)

(r - Ilo)jÌr.jtj. (4 .2.L9)

A

1+ 1

E--H
d

Ð. (1 - iÏo) .kFk .

k(*¡¡=1 
.

o

Introduclng Equatlorr (4 ,2.L7) ínto the deflnition of F in Equation (4 '2'L4)

we wrlte

1 (1 - IIo) vF=1f E--H
a o

A

t E--H
a

Now, it is easY Èo see Èhat

1 (1 - II0)V
o

A

j T.F.
]J = å", + å,.r-,j)r:.nìv,(rr-r)

a o

(1 - lTo) t Fj j
ll
srv+

Jj

A
V*)v

J

1

E-r
a

A
+>j

-H o

j)1,

A
t;l

k(+ \rj (1 - IIo) tntn

kEk'

A

-. Iio). Ð- r
K=I

(r

VF'
(4.2.20)
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where the Equations(4.2.L6) and (4.2.18) have been used to derive

Equation (4.2.20). IË ís straightforr"'ard to shor¡ from EquaÈions (4.2.L9)

and (4 .2.20) that

1 (1 -IIo)v {r+ 1 (1 - n¡)vFÌF=1* f

E.-H E*:H Ia o

1 (4.2.2L)1+ (1 - II0)\'Fg+-tt
a o

Equation (4.2.2L) explaíns thechoice of ihe auxiliary EquaÈion (4.2.L6).

SubstituÈíon of Equation (4.2.20) into the definition of the optícâl

potentíal, ín Equation (4.2.L2) yields

VoPf F.
J

Iot (4.2.22)

Now, Equatíon (4.2.22) ís exact. But the coupled equations saÈisfíed

by F. âre very complicated, because the Greenrs functíon and the
J

scattering operator -j are many-body operators and carry information atrout

the structure of the target nucletrs. !ùe assume in our calculation that

(i) Ëhe pion-nucleon scatteríng matrix may be equated

wiÈh that for scaÈtering on the unbound nucleon tj (i.e. ímpulse

approximation) and

(ii) Èhe energy transferred to the target at any stage during

the multiple scattering process is negligible compared r¿íth the incident

energy.

As mentíoned earJ-íer, the second approximaÈion strongly influences the

whole calculatíon.

On the basis of these assumpti.ons $/e may set

r. Å t. G.z.zz)i- J

A
-<ol>..' j J
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and the equation for Êhe optical poÈentíal becomes

VoPt -<0 f.
J J

s
j F lo, (4 .2.24)

wiËh
1A

F,=tr '- t 
)t(1 -IIo).tFt.J ' n+ - n k(+j), (1 - IIo) ttFt' G'2'2s)

o

The validity of the first approxímation is jusÈífiable, íf the energy of

the incldent parÈicle is much greater Èhan Ëhe average EargeÈ p:rrticle

binding energy. It ís a quite good approximation for the pion-nucleus

scattering at intermediate energies. I^Ie may imagine the pion to be

scattered at a poínt with very high velocity, ¡^rhile the shock wave carl:ying

the nuclear excitation r^rill proceed from the same poínt at a much lower

velocity. Before the meson reaches its next interaction poinÈ it will

overrun the nuclear excitation and wil-l- find the medium again in its

ground state. Therefore r^/e may omít the effecÈs of nrrclear excitatíon frorn

the argument of t-matrices ( 26 ). In this derivaEion, the íncíclent

particle is not Ídentical wiËh the bound target parÈícles, but this

conditíon may be relaxed with l-ittle modifícation to the structttre of the

optieal potential equation (67) 
"

4.3 Explícit Expressions for the First-and Second{rder Optical
Potentials

Following the method of Feshbach - Gal and Hüfner (FGII, 64) or

re-arrangíng the Ectruatíon (4.2.24) slightly the first-anC second-order

optical potentíals nalr be wriÈten as
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(') (')
U(E) U (E) +u (E) ,

where

<rf

u(')1n)

(A-1)' t

(A - 1) <v

(r¡o) lV

(4.3.1)

(4 .3.2)

i3: o rlT E--k,

(r¡o ) I ,lÈ.
t- o'Yr

I
0 l

or!T
11årA i

and

u(' ) 
1n)

t1
Ã(Ãft < rir t (uro ) o'Yr

tÀ

li 'j t,(oo)lüo,!r
u*_rrr_E_4 o'Yr

1 1A
å I .rcro, *o,r, ',<ú

orlT

(4. 3. 3)

l,le use the closure aPproxlmatlon for the evaluatíon of the second-order

optical potential. In facÈ we replace the origínal errergy clenominator

+
,+ -Kn - ,J - uJ,J by an average val-ue u- - kn - t - uo whlch is

independent of Èhe lntermediate nuclear states (27,64)' The term E is

the mean nuclear excíÈatíon energy and f" is the average optical

potential operator . kn'q lLJ pfnn Þ'¿ntlì" Qnn\f tfz"ta '

The free píon-nucleon operator tj (c¡o) = tn" (oo) is defined

by

I
.j (rrro) = rj nrj 

õ_Kr:\ '

where \ is the nucleon kínetíc energy operatcr and tjo is the p:'-on-'

nucleon scatÈering energy. The choiee of ûJo is rnodel- depeDdent an<l

arbÍËrarycogomeextent.ourparticularchoíceíspresenEedin

Section 4.4.

Let us nor.¡ focus on Ehe first-order optlcal potenÈial gíven in

Equation (4.3.2). fire spin-flip and spin-isospirr f1i'p pal'ts ôf tlìe Ewo-
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body plon-nucleon scattering amplitude do not contribute to the pion-

nucleus optícal potential for nuclei wiÈh zero toÈal spín. The pion-

nucleus scattering process is representecl by the fo1-1owíng diagram.

(A-t)
FIG. 7

For the elasËic scattering of a pion from a nucleus, the sLandard form

of the first {rder optical potential ís

<k' ¡u('){e) ll

trÍ!'\k
f\-

j

-!'-k

? I^
r.6

J
k._J

eq'r Ij)

r
AA

(A-1)

- ík.. r. ikr.. r._t _J
eJ'eJ

A
- kt - kt.)

-lEd

jI dr drrj j kk t (r¡u) lk, k. ) ,_J

(4.3.4)

J

where

(.j r.) =_J f *.1r, (v,, 12... r¿.) *r,rr,,å , L2....-'¿,) d!r-..drA"p

(4. 3. s)

k. and kt. are the momenta of the j Ëh nucleon of the target nucleus_J _J
before and after the collísion. After integratíon rvith respect to &'j

Equati.on (4 . 3. 4) becomes

= q+ I or, -d¡r -dr,i .- 
t'!t'(g-l'r) 

"t(}--u') 
' -r-" g{¡r, r,r)(2t,, )

.E', kr - 9 | t (urol I E, kr > (4 . 3.6)
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where g = kt - k is the momentum transferred by Èhe pion in scaÈtering

from momentum & to momentum kr. We nov¡ introduce a crucíal assumption,

namely thaÈ we ignore Èhe dependence of Ëhe píon-nucleon scattering

amplitude on kr, the momentum of the struck nucleon. This iurpl-ies that

the kinetic energy of the target nucleon is negl-igible compared with

that of the íncident pion so we may extract

(kr, kr -g I t (oo) lt, tt

from Èhe inÈegral sign and evaluaÈe iË at some average nucleon momentum,

kr = ko ( o k/A) . Ttris procedure is known as the factorlzaLion

approxímation. The momentum k1 then appears only ín the factor

exp( - ikr.(r - r')) so the ÍnÈegratíon wíth respect to k1 yíe1-ds

(2n)t ô (rr -I'),

and Equation (4.3.4) becomes

dt* p(i)

(A-1) .&', &o - _g lt (oo) (4.3. i)

Equation (4.:.7¡ may be generalised and for any nuclear state Jüg)

(4 lu('h) f Ð= (A-1) 'E', ko - q I t (oo) l, l, ' f

X ¡.jJ o rYT

i -q.t

k, ko > P(g).

'üß, E' I * (t¡o ) rir k

- ,'ß,o ! ko -g lt (oro) lh, to ) , (4.:.9)

(4. 3. e)

where tß,0 is the appropriate nuclear form factor. For Gaussian type

nuclear ground sËate r¿ave functious, the appropriate value of ko is

The first-order optical potential in t.erm,s of the neutron and protcn
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t-matrices for a spherically syrnmetríc nucleus becomes

(' )U (E) k

(A-t) p(g) (r¡o ) !

E

(k',ko-gll.nrCro)+l t
1ïP

k, ko&

ke

(4. 3. _10)

¡,¡here we have written the pion-nucleon t-rnatrices in terms of the iso-
spin L/2 and 3/2 components.

4.4 Transformation of the Píon-Nucleon Sc-attering Amplj-tude from
Pion-Nucleon Co-ordinates to Pion-Nucleus Co-ordinates

The frame of reference for the Equatíon (4.3.10) is the frame

attached to the centre-of-mass of the _pion-nucleus- system, and so the two-

body pio.n-nucleon amplitudes appearing in the equations must be. expressed

in these co-ordinates. The experinental data for the píon-ntrcleon

scatÈering are usually given in Èhe frame attached to the cenËre-of-mass

(c.*. ) of the pion-nucleon system, so hre need the Èransformatíon relating

the anplitudes in these two frames. There- ís a dífficulty here. The on-

shell amplitudes are translationally invariant, because energy and

momentum are colrserved in the reaction, and so the transformation í.s

uniquely deËermined by Poin."t"' ínvaríance. For the off-shell anplitudes,

Èranslation ínvaríance is losE and it is not clear whether the

transformation be.truee-n the fr:ames is unique or whether any non-uniqueness

has observable effects. InIe will si-mply exten<l the transformation from r¡n-

she-ll to of f -shell amplÍtude.s.

If we assune Lorentz invar:íance of the transition probabílities,

the required transformation j-s (37)

(A-1) p(s) ko - e l(lì t, (uo) + ( qf, ) t7, (rrro) 
I

Kko - q r (t¡o) I F, Eo > == y <S' ¡T CõolL (4.4.1)
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system and ûJo ís

píon-nucleus c.m.
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are the relative momenta in Èhe pion-nuclêon c.n.

Èhe on-shell pion-nucleon scattering energy in the

system. Thus, following Landau et aL ( I )

where

+

kn2 *m2-,fi E (ko)

trlo = Er, (ko ) EN(ko /A)

E
TT

, 0 +

energy

(,ùo and

\, (4. + .z)

ís invariant, \^/e-

the on-shell momentum

N

Because the square of the total centre-of-mass

may relaËe Ëhe corresponding on-shell energy

K0 in the pion-nucleon c.m. sysÈem by

S ¿ ÛJo2 (E,,r(r{ o) + ErG o))'

(En(ko) + E"(ko /A))' - ko'Cr - þ'

For on-shell scattering y is given by

y = Enk o) Er.rk o) /En(ko) E*(ko/A) t

ofyis

,'4).

and Èhe appropriate off-shell generaLízat'Lcn

nrr(r) En(r') EN(R) E*(r')

(4 .4.3)

(4.4 .4)

G.4.s)Y= (k) Er(k') EN(k/A) EN(k-'lA)

I^Ie shall use Equati-on

momenÈa, Kt and I

(4.4.3> to <leterrnine Ëhe pion-nucleon off-shell

from the corresponclíng off--shell values Et anci E

in the píon-nucleus centre of mass system.

the píon-nucleus system. For orr-shell scatEering, we have

KO
.2

-KO

Sirniarl.y the invaríance of the square of the four momentum

ínítial final"transfer ¡ -(Pn-^^--^*t-p-'i"-r" ' suggests Èhe appropriaÈe transformation

relaÈing Ehe scaÈÈering angles in the c.m. of Èhe pion-nucleon system and

2 ,2
K0

æcos 0 + cos 0TnucleusTN K-6,2

A corresponding off-shell generalizat.j-on is

(4.4.6)
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En( c) EN(K) Er(k) En(k')
cos 0

lIN KKI

+ cos 0

P (cos 0 P-(a*bcos0 , )Y,' Tlnucleus-

kkm Tnucleus

or
L nN

g r<.c d P (cos 0 (4.4.7)t"9" I LI nnucleus) .

Therefore it is clear from Equatíon (4 .4.7) Lhat Èhe P-wave scatter j-ng in ttre

pion-nueleon c.m. influence t 4r'= O, I waves of the pion-nucleon

scaÈtering amplitude related to the pion-nucleus c.m. frame. The values

of the co-efffeient dg,g,, for different values of L and l' are gíven

in Table B

TABLE B (Ref 7)

The le transformalion Coeffícients d f or Legendre Polynornials

Lt
0

1

a

1

0

b

2
r.

0

1

2

0

0

b2

4.s

(3a2 +b2 -1) 3ab
a,¿\

P33 and Pll channel interactions

I^le presenE here two símple separable models Ëo describe

accurately Èhe on-shell data, namely the phase shífts and the scatteríng

lengths of Èhe P33 and Pll channel inËeractions, First we shall consíder

the P33 channel.

It is very ínportant to reproduc.e the resonance channel

accurately for the calculaÈion of pion-rrucleus scattering. Assuming Breit-

trdigner Èype form for resonance ampJ-itude. one may well approxÍ-mate the

P33 channel in the neighbourhood of the resonance. But the Breit-trüigner
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Theoretical phase shifts for the P33 pion-nucleon wave. calculated

from the parameËe-rs of Table 2a (dashed curve) and Table 2b (dashed-dotted

crrrve) . The solid curve represenÈs the experimental poínts (nefs 40, 41) .
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form does not give a good representatíon of the arnplitude when the

scatÈeríng energy is away from the resonance.

In this channel the pion-nucleon interactíon proceeds by P-wave

coupling to A isobar. Fig 8 represents the píon-nucleon amplítude

in the P33 channel

lTr N
JT Í. ..fr srl

+ +

fl\ N N
FIG.8

The model interaction corresponding to the fírsÈ diagram on ríght hand

side ín Fig. B , is

^ NNN

Y
9,

p P) À(E) vu(e'¡ vu(n),

where À(E)
Ào

E2 - lDa

According to Equation (Z.Z.tt)

V

the reacÈion matríx ís

&(k') v¿(k)

( (4. s. r)

(4.s.2)

(4.5.3)

(4.s.4)

R
r,
(kl' k, E)

Y[ (E)

and
q' v¿'z (q)

Y[ (E) 1
). r dq-P E - E(q)

Here D^2 may be interpreted as the square of the Ísobar mass. By mak-ing
A

the strength of the mc;cle1 j-nteraetion energy-dependent, r^Ie have been able

to include the basic forrn of Èhe inÈeraction obtained from the field

theoretic approach (68). The unkno\^In parameter tA' of the model can be

el-imínate.d by the conditíon

Y¿ (t * Er) = 0, (4. s. s)

t¡here E_- determines Èhe position of the resorìance (experimental data), Onr
conbining Equations (4.5"5) and (4.5.4> Èogether with Equation (4.5.3) we
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obÈain

r¿here

v[(k')
9"

v (k)

R[ (kt, k, E)
Ye(E)

Y[(E)
l,o

'f
q' dq v[2 (q)æ

E2 -E
2

r +? r
q, aq v,u (a) ,.

Sz p2

n - E(q)

ørrJ, E q))
(4. s.6)

Nor¿ we shall folLow our usual Èechníque of section 2.2, Èo fix up the

parametersofthenodelinteractionfromÈhephaseshiftsandscattering

length. The chosen forms of the potenÈial

Sl +
(4 .5 .7 a)

Ït * 1,"

(a) v¡ (p) (p * ßr

Sr p +

(p, + ßz')t

3
Sz p

given in lable 2

(4._s.7b)

and

(4.5.8)

(4.s.8)

(b) V
9"

(p) (p' + 9f)' (pt + ßz')'

The calculated values of the Parameters are

I

the flÈ is disPlaYed 1n Fig 9 '
For the Pll channel interaction'

pole when Èhe scattering energy becomes equal to the- mass of the proEon'

toaccountforEheemlssionandabsorptionofapion.Thephaseshift

of thls channel also changes its sígn at Eo * 150'0 MeV (lab)' One of

thesimpleandeconomicwaystolncludethesetwofeaÈuresistosec

the scaEEering amPlitude has a

À= jl---"e ),0 .E-mp

Here, the pararneter *; can be eliminated by

y[(E -] np) =0

where tp is the mass of the Proton'

for this channel ís

The :rPProPriate reaction natrix
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.V ft'') v
0

(k)
R[ (kt, k, E)

9" ( Ê;€ ) (4.5.10)

(4. s .1r)

'(L
t

where

Y[ (E)
E-m

p
Ào

+ (Eo -m ) r
q, aq vf, Cr)

*p - E(q)

dqvi (q)

E - E(q)

Szp
(p" + ß22 )

p

æ
2q

(¡o - n) P

The chosen form for V (p) is
r"

v¿ (r) _Sr p
(p' + ßr2)

+

Tl-re parameters of the interactíon have been <leËermined from the knowledge

of the phase shifts and scattering length (41, 43) following Èhe earlier

techníque of Section 2.2. The values of the parameters are

presented in Table 2a and the corresponding fit is gíven in Fig 3

In our earlier model given in Section 2.2 for this channel, we have

been able Èo reproduce only the phase shifEs. A relaÈivistic generalisation

of the present model has been gí-ven by Schwarz et aL (68).

To incorporate partially the ccntribuÈíons of Ëhe fermi motion

of the nucleus we shall replac.e the propagators of the two-body t-matrix

of every channel in this calculation by

T j'." (oo), (4.s .L2)

where 0(p) is the nuclear ground stat.e wave- function.

4,6 The Partial l^/ave ÐecompositÍon for the First4rder Opti.cal

r = Ju' PlotP> l' r I
tJ

Potential

The first-order optical poEential, Equation (4.3.10) is the

produet of the two-body pion-nucl-eon scaÈtering amplitude ( an.l (oo)) ancl

the nuclear form factor p(q). The separable models for the two-body

scatÈeríng amplitudes ã-, tão ) for alj. signifj-cant pion-nucleon inter-

actions have been determined from the experimental píon-nucleon scattering
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data. l.le determine tn* (uro) (which is in the pion-nucleus centre-oi-

mass system) from the knowleclge of in* {õo) by means of the

transformatlon 1n Equacion (4'4'1)'

The stan'dard form for the spin averaged two-body t-naËrix' ín

the plon-nucleon centre-of-mass frame, for a definite iso-spin channel

ls glven bY

I çK > = < Klt.K (oo) trN (oo)

^^
ì.: (i -F %) lri (K', K, õo) tu(r<" r<) '

(4.6.r)

(4,6.2>

(4. ij .4)

(4.0.s)

rghere l, and ,j are the orbítal angul.ar momerrlum of that channel and

its total angurar monentum respecLively. !,iith the help of Equation (4'4'7)

lre may wri.Èe

P
L

(k t. r<)

The nuclear form factor p(g) ín terms of parEial waves reads

pu (cos 0n^) =Ê?<1, dg,g., P g,, (cos orN.r"l.,l")

p(k' - k) p(q) | (Zr+r ) oU(t', k) PO(k" k) ' (4"6.3)

TheFouriertransformofthenuclearformfact'orísgivenby

p(q) e
i q. r4 - P(¡) d3r

where p(r) = p(o) [ 1 + o ( ; )']t*pç -'r' /a") 1

and ct = (À-4)/6.

The pararnet.er a is determined from the elect-roll scattering daËa'

The expllcit express jr-on for p[(k', k) is

p[(k', k) = îT*d- [( 2+34-2crx) QL+L)tok)

4 2az (9, 1r_r(z) + (.0+1)lt*r
(z) )l

(4.6.6)
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where z=.5kk?a2; x =.25(t2+tt')u'

and íUG) is a modified spherical Bessel function of the first kind

( 0g ). If ¡n¡e now combine Equation (4.3.10) together with the

Equations (4.6.L> (4.6.6), we obtain the parÈial wave expansion for

the fírst-order optical potential in the pion-nucleus cer'ì.Ëre of mass

frame,

k lu
( Irt=ï(2L+r)ul (k" k, r) Pl(k'. k) , (4.6.1)) (')

(E)

where

kur(')
nl
x,

o

t] 2r"

o
(k' E) (A-l) 

Ì,u, ,u,,,f 
u" + 1) (j + %) ( L

o

r i dyy¡ 91,, (k' , {
2Z
3A

(rc', rc, õo) . +F;¿'
,2

k) t tj (K', Kr tio) i -

E ís the scatÈering energy. This is the fi-nal expression for the fj.rst-

order optical potential for L th pion-nucleus parÈial Ì^rave. The angl.e

transformat,ion facto:: dLL, mixes Èhe pion-nucleon partial waves into

each pion-nucleus partial wave (7). As a consequence the P33 resonance

will conÈribute Èo every pion-nucleus scatt-ering state. To kee-p Èhe

calculation transpar:ent rve have considered only S- and P-wave pion-nucleon

scattering sÈaÈes. Now ¡nre shall concenErate on Èhe seeond-order optical

poLentlal

4.7 The Partial ru'¿tve Decompositíon for the Second-Order Optical
Potential

Introducing Ìlquation (4. 3. B) into Equatíon (4. 3. 3) r¡Ie may r:e-write

the seconcl-order opt:'.cal potentíal- U(') ín the fort
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k (')
U (E)

(B+

E

d

Ê

(A-1)'
T^ !"' .&', po'-L' ltn" (oo) I kt', po' t c(E - E', k"' - E)ktt

k xn - To) I n"' > .E", po-1 ltn*(oo) I k, po

k
r^rhere g=ktt'-ErPo A

+

(4.7 .L>

I (4.7 .2)

m
1T

2 + k'/L uf + t') (4.7.5)

q (A-r) kttk
2L

ktt q' (A-1)
2A,P0' = - Ã + and

c(gr, qz) = P
(' ) (gr, qz) - o (gr) p(gz) (4.7.3)

is the two-paittcle correlatlon funcÈ1on in momentum sPace.

On fhe basls of earlier argumen¡s vre sha1l assume thaÈ Ëhe averaÉÌe

nuclear fl-ucÈ,uatlon fr:orn the ground sta¡e 1s small during the

propagation of the pion, and Ëhe average optlcal potenÈíal operator inay be

approximated bY (27, 64>.

(i ) ko (4.1 .4)
Uo <ko U (E)

where \o ls the íncident momentum.

The mean nuclear excltatíon energy (e ) has been neglected ln

our calcuraEio*. Therefore Ehe propagator Ín the Equation (4.7.1) becomes

+ -l p"'>'.E" 
I

(E-uo- kr

Ð

)

5 (E' .. kr,,) (E*- Uo -

subsrirurion of Equarion (4.1.5) inEo Equation (4.7.r) yields

.!, ¡ u('){n) l r. t

= (A-t)z Iou" (k', po'--g'ltn* (uro) lk,'Po't
)

c(!'- k", !'- Ð .-U', Po-g lt-* (r,Lo) I k, go > x

f11 c lli_ rY\-þ\,aA à-Í t;'-4 
^"7r/
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+(E-Uo

(')

-1
m

IT
+ ktr2 Ç+ t"2 ) (4.7.6)

The term o(' ) (gz, 9r) Ís the momentum representation of the two-nucleon

density function

o(')1rr, rr) dtr...dIA I r|, (rr, rz. . . .ta) I

2

o, YT

Lgz. yz (') igr. rr
and p (qz, qr) dtt !t, "

p (rz, rr) e

If the nucleons Ínside the nucleus move independent of each other Èhen

the two-nucleon density functíon ís simply the product of two síng1e-

parctícle densit.íes. Consequently the seconcl-order optical potentíal

vanÍshes completely. Thus the second-order optical poEential depends on

the nucleon-nucleon correlations ínside the nucleus. InIe have consid.ered on1','

the short-range dynamical correlation in our calculation, which occurs

because of the comparatively strong and repulsive character of the shorc-

range part of the nucleon-nucleon forces whích are connected to the shel1

model wavefunction Èhrough the G-matrix (64, 70). To accounÈ for this

correlation one should rnodify Èhe íntrinsic two-nucleon density function

suitably. There is no direct experimental evídence about

the shape of Èhe Èwo-nucleon correlat.ion function. I,tre assume that the

two-nucleon density funcLíon becomes zeto if the relative separation

between the Èr¿o nucleons ís le-ss Èhan the hard core radíus and the producÈ

of two síngle-partícle densities for large relative separation. A

particular model which fulfils these cril-eria is

a
)(

p (rz, rr) = Cop(rl) p(rz) [1 + c( tt-12 )l (4.7 "7)

The constant Co is determined by Ehe normalization conditíon

d¡r d¡z g (rr, !_z-) = f .

However, it can be shown that the constanù Cc ís very close to one (64>.
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ThefunctlonG(l!r-t,llisonlynon-vanfshlngwhenthetr^ro

nucleonscomewiEhinadistanceless'thanthecorrelationlength.

Therefore lt nay be reasonable to assume that the funcÈ1on G( ltt - t' I I

iseffecÈl.veoveraregionmuchsmallerthanthedimensionofÈhenucleus.

Thus ¡¿e Èake

p(rr) p(rz) c( lt, - t, l)^J o' (h!t + rz)) G( lt' - tt I )

(4.7. 8)

I{lththehelpofEquatíons(4.7.7)and(4.7.8)LheFouriertransformof

the two-nucleon correlatíon fùnctlon can be r:e-writÈen

1 (gr. ri * gz; rz)

I
p(rr) P(rz)G(lrr - trl)c(gr, 92) = dr r dat- e

1(gr.rr + gz. rz)
p' (t"(rt + 12))d d2z e

¡ c(lrz - ttl) (4.7 .e)

In Eerms of the relaEive and centre-of-mass co-ordinates ' Equation (/¡ '7 '9>

reads

I
)

c(E'-E"E'-E')= dlt dgz e
r(E' - k") .ß * Ð

iE'-I).ß-å)
Xe

p(')(8,-k)c(g,-&$'r,

drdRe

(4.7. ro)

where
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e
i(k'-E)

and

cG" -;)
k+k I

k+k I - i(k" - --- ).r
dr)

Itnr(rrro) I

(4.7.11)

(4.7 .t2\

(4.7 . L4)

SubstÍtuÈ1on of Equatíon (4'7'10)

yields

U

dkt'

.L(E'- üo

G( r

c( r

in the second-order optical potential-

(')(')1u) lr., > = (A-1)' p (k' - tr)

k+kl
c(k" - --;- > I trr* (rr:o) lg', ¿'o

= I"

k

I
q

-l

E

I g
tu

1t

(4. 7 .13)

To proceed further we need a moclel for Èhe correlation function' For

thiscalculaEion,agaussiantypecorrelationfuncÈlonhasbeencrrnsidered.

The pararneter 9"

The corresponding strucltrre of G(Et

representation l-s

Po

ís the correlation length'
kr+k

+ ktt2 uf -r k"2 ) <!", Po

_f/L"
)

c

i¡r monentum
2

k r+k

G(kt' - " )
/-

= - ( i;,' exp( - cr (k"¡t ''r (k' + t" )))

.t exp( - x cos 0) exp( z cos 0r) exp( y cos 02) '

y = c¿ kktt,
1

= c[ kftkl, o, = =4g,

^^10=k.ktrß=1,
c

o kkrx=--T,
 

^.0r = ktt' k

2where

Az k". k, (4 . 7. 1s)
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k r+k
dk" G( t" - r-l )

¿
. E'', -e.J - -g.'ltnno (uro) I t.",

2( ) ! > = o('z)1t' - E) ã (k', k) (n-l)' (4.7 . L6)

Po

. k'lu (E)

where

+r(n - us

Ttre term

and

where

I
E)(k'A

tqr' + k"2 . E", po-glt.n"(uro) | k, go)
-1

n

t<) P6 (k

L

+k
(4.7 . L7)

For the evaluaÈion of Èhe secondrcrder opÈica1 potential we have used

the closure aPproximatlon and the flxed scatterer approximation which

make., the plon-nucleon E-matrix dependent only on Èhe pion momentum. To

incorporate tþe fermi moEion of the nucleons we have replaced the two-body

propagato. ,U (õo) by the ferml averaged quantity, Equation (4.5.12).

Af Eer some angular momenturn algebra, the partial wave de-composition of

the second-order optlcal potential can be writÈen as

k, E) (k
a
k^l

m
T

<kl ¡u(')1n) lr, = i (2L+1) urt' Pt)(u', )

(') (A-i)2 (k" k) An(k" k) ( n
o fras'r¡ )

m

our. (kt, k, E) om,

,/,

n

f It
(k k) is related to the square of the nuclear form factor

1tt +tc'2 ¡ ¡

(4.7.18)

(4.7 .Le)Aô (k

)

k)'

æ
Ql''+ La

I
)

-c[
ãu tr. k) = - TZr-t'

t 1I

E'
¿¡n ¡tt2( e

o

Yr (rc' , r") t
,R,

(Kt, K", o:o) Yz(r", r) a[, (k", K, (r)o)

L,Lt ,
Lt rLr,

/\r n

n*- uo It
1r

* lctt Þ[r + ktt2

i
&¡

(-¡rt lrr(x) tru G) (v) cô (L, Lt, Î.e, Í,,', n, il) (4.7.20)
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,( 9.t
o

^^^^A^2
cô (1,, Lt.' Lt, L+, D, Â ) =([ .R r f,g .C+ n 

^ 
)

L, 9-s no) n 
^ 

ô .2
o o o)

,
)(9,,+ 

^oo

(k', k) for

(4.7 .2L)

(4.7 "22)

dk"

(4.7 .23)

(4.7 .24)

oo

where T.L and ÍU, are Èhe appropriate spin and iso-spín averaged pion-

nucleon t-matríces. The terms yr(rt, K") and Yz(rtt, rc) wíl1 be determined

from the transformaÈion (4.4.1). There wj-ll be a greât simplification in

evaiuatiol of Equation (4 .7. 20) since we have considered only S- and P-r¿ave

pion-nucleon scattering. Because of the angle transformation facÈor (dg[')

the possible values of 9. and Lt are only o and 1. Ilere .Q, ís tTy + t

i'Ie substitutedthe resulting matrix element of the optícal

potential

(') (')
uL (k' , k) ur, (kr, k) + uL

the inÈegral equation saËisfíed by Èhe reactíon matrix

ui. (k-t, k") \

t(k" k, E)

(k", k, E) krr2

RL(k', k, E) = ur(k', k) +P
I a + krt2

U (k k)

k
L

L
ur,\(t , k, E) ;E) tt2-¿Lu

1+P
E _ vr;- + kîrz- _'tÍ

+k

Thís equation suggests how one míght recover the orl-shell reaction matrix

fL\, from the funcÈion f L. The funcÈion satisfíes



-109-

f +
L

whose kernel- t (k", e, E) is

{ (o", 9, E) = AÉ;

y'¡ (k", 9, E) f , (c, E) dq

ul, (k", k) ul (k, q)

uL (k, k)
- uL (k", q) ]

(4.7 .25)

(4.7 .27)

I

(4 .7 .26)

Equatíon (4.7.L9) is a well-behaved non-singular Fredholm integral

equaËion when E > 0. For positive E, the denomínator goes to zero when

q2 * E, but aÈ Èhe same ti-me the numerator in the square bracket al-so

approaches zero. Conseqrrently A, ís continuous in the neíghbourhood of

q' -> E. We converted EquaÈion (4.7.25) to a system of línear equations

and determined f L numerically by matrix inversion Èechníque.

Once we have obtained f

scatteríng nay be computed from

, the phase shifts of the pion-nucleus
L

where

\ (k, k, E),

(k)
T h +kEr(k) m

T
+ and E

The pion-nucleus centre of mass of scatÈeríng amplitude for a definite

scattering angle 0

1ô (k)
L sin ôr(k)

eA
A-1f (0) f(21+r¡ D

I (cos 0) (4.7 .28)
k L

Tire correspondiirg difierenÊial cross--section for the elastic pÍon-scattering

ís given by

tlg{o) = lr (o) l'dCI tr

In this model calculation üre have ignorecl Ehe effects of Coulomb ínteraction

in the optical potential.
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4.8 Results and Discussion

In thís section we shall díscuss our results on the pion-carbon

differential cross-sections calculated from the first-arrd second-order

opÈical potential-s at intermediate energies, assessíng Èhe impor".ance of

the nucleon-nucleon corre.lat.íon; P33 resonance, fermi motion and the off-

shell dependence.

Two sets of phase-equivalent pion-nucleon inÈeraction potentials

for S11, S31, P11, Pl3, P31 and P33 channels have been consj-dered to

examíne the off-shell depencience of f.he scattering c.ross-section. The

parameters of these ínteractíons are given in Table 2. The ímportance

of the second-order optical potenÈíal, i.e. Èhe contributíon of the

nucleon-nucleon correlation has been presenÈed in Fíg 10. The

calculaËed values of the dífferential scatteríng cross-sectionsfor the

parameter sets ( Za ) an<i ( 2b ) are displayed in the Figs L2a - L2b

respectively. The solid and dash and dash-doÈ curves ín Fíg 10 represerÌt

the corresponding values of the díffe-rential cross-sections obtained from

experiment, u(t ) 
"r,d 

u(t ) + u(') r."pectívely. our results are slightly

larger in rnagniLude than the experimental- results (10-20'/"). To

incorporate partíally the contribution of the fermi moËion we have used Ehe

fermi averaged values of the appropríate propagators (of Equation (4.5.12))

for two-bclcly t-matrices. From Fig 10 it is clear thaÈ the second-order

optical potential induces a small additíve contribution Èo the results of

the first-crder optical potential calculatiorì at inÈerrnediate energies.

The calculaiions of Lee end Chakravorty (.27) and trù¿rkamatsu (28) also suggest

a simílar conclusíon. But they have noted ín addiÈion that at 1ow energies

E_ < 75 MeV , the second<rder optical poÈenËial ::educes slighEly the
fi

forward scattering cross-sectíons. Therefore \^/e may conclude thaÈ the

inclusion of the second-order optical potenÈial clces not improve the

numerícal results, But in principle, it should have given a better fit to
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the experimental data since the second-order opËical potential contains a

more complete descri-ption of the microscopíc Processes.

To examine the dependence of the cross-sectíon on the nucleon-

nucl.eon correlatíon length ((), we have eompuÈed the differentíal cross-

sectíorrsfor u(t ) + u(') using different values of 1" in our rnodel

correlation functíon and the results are dlsplayed in Fig 11. It has been

found for a given set (say set a) of the pion-nucleon ínÈeractionsand at a

particular energy (En - 180 MeV) r,rhen ¿" is changed from 0.46 - 0.86 fm

that the angular distribuÈíon for large angles becomesflatÈer. Thís

conclusion remains unehanged when En takes different values. The

different correlation lengths alter the numerj-cal results only for large

angle scatÈering. The best fit ís obtained when the second-orrJer optical

potential is minimum. This ís equivalent to assuming that the effecL of

correlation is vanishi-ng, i"e. the cor:re1atíon length should be

minímum. In other words, Ëhe modification of the intrinsic two-rtucleon

densiÈy function is very sma11. This observation conLraclicÈs one of the

important theoretical conclusions of nuclear matEer calculaËions which

suggests that the correlation length is non-vaníshing ( - hard core racli-us )

NexÈ, we have tried to investigat-e the following properties of

the differen;ial cross-section

(i) It s sensitívity to the off-shell- behaviour
ofthepion-nucleont-matrícesatdífferentenergies;

(ii) The change in the off-shell contribution induce<l by

using diiferent form facÈors artd írrteraction ranges

for the píon-nucleon interacEíoî¿'

I,{iÈlr regard to (i) , the dif f erentíai crosS-sections have been

calculated from u(t) + U(') ,r"iog the pa::ameter sets (a) and (b) for the

pion-nuclecrn interactíons respectively. The results are presented in Fig 12'
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It seems Èhat the resulÈs are not very sensitive Ëo the detaíled

structure of the off-shell varíations of the pion-nucleon t-matríces.

The theoretical results do, however, depend on how Èhe P33 channel inÈer-

action is approximated. The overall difference ín the theoretical results

calculat.ed from these t\^ro sets of parameËers is about - I57'. I^Iithout

considering phase-equi'ralent ínteractíons, Lee and Chakravorty (27) in

theír calculatíon on pion-Helium scattering have varied the range of the

P33 channel inÈeracLion. Theír observations are noË dissímilar to our owÍÌ.

AcËually one should use phase-equivalent poÈentials to examine this

sensitívity. Otherwise, the variatíon of the range parameters only

misrepresenLstlie basic interaction, since the pion-nucleon interactíon ranges

are different for <Jífferent channels. Another díffículty in discriminating

between off-shell contributíons of dl-fferent models is that the nuclear form

factor is a strongly peaked function in momentum space compared with the

pion-nucleon t-matrices" Conserlue-ntly, it suppresses a la::ge portion of

the off-shell corrtributions of any particular two-body interactíon (7).

To understand the second point of Èhe precedíng paBer we proceed

as f ollows. From Fíg 12 \¡/e se-e thaÈ the results obtained f rom two sets of

poÈentials depend on the off-shell behaviour of the two-body interacti.ons.

In facÈ, the nature c¡f ttre interactions ís clifferent and the range parameters

are also quite differerrt for every channel . Therefore, r¡re conclude that

the scattering Èross-secjtion ís sensiiive to the off-shell behaviour of

the pion-nuclecln t*mat-rices and the range parameters of the pion-nucJ-eon

interactío1 for the different charrnels. However, íÈ is dífficult to stal-e

to what extenÈ the scattering cross-section depends on the individual range

parameters in ihis rnodel calculaEion. To obtain a better fít to the

experimental data for individual channels we have increased the nurnber of



.LLz_

ParameËers and this in turn forbids us to make unarnbiguous estimates of the

off-shell conÈributions coming from the range parameters. Although model

interacÈíons with higher rank separable potentials may gíve better overall

numerical resulÈs, íË is not clear whether one learns anyËhj-ng more abouÈ

the basic features of the Èr^ro-particle inÈeractions. The numerical results

can be ímproved to some extent by varying the range parameters, nucleon-

nucleon correlaËion function, correlatíon lengÈh and usíng different types

of model potentials for the pion-nucleon inEeracËions. However, very good

agreement witb the experimenÈal resulËs for boÈh the forward anC backward

scattering does not seem possible, This is undersLandable, since we have

made several simplifications which could lead to significant changes ín the

results, viz

(i) fixed scatÈerer approximation. This appears intuitíve1-y to

be a good approxímation for intermediate pion-nucleus scaËtering (cf argument

on page 90 ). Neverrheless, ii suppresses any possíble role for nuclear

dynamics and rninimizes off-shell contributions. The nucleons are staEic ín

a*frozen'hucleus. Therefore the velocity operator Oj for the j th nucleon

1¡ the Heisenberg picture is relat.ed Ëo the intermediate nucl-ear hamiltonian

(51 uv

*. = í [\, *j lJ - N- J - 
z

and <Qo i oj' l0r t = Ì (Er, - uo)'l . <Þo I *j I Qr, t I )

where (r;-ri*) It|:"t=0, (no-so) I0o>=o.

The frozen nucleus approxímaÈion demands Er = Eo for all intermedíate

staËes, i.e. all nucle-ar excitatic¡rt euergies are zero (9);
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(ii) the neglecÈ of the contribution of.the medium on the

two-body scattering amplitude. This ís generally known as the local

field correction and iË is quite signíficant (62);

(íii) approximate de-scri-ption of the pion absorption. trIe have

not considered the influence of delta ( A(1236 MeV)) Propagat,ion;

(ív) difficulty in consideríng recoil effects;

(v) overestímates of multíple scatte-ring 'contributíons G7) .

FurËher, r're may iinprove the theoretical results slightly by

making the following more straightfor,'ward corrections :

(í) coulonb correction;

(ii) a more realistic nuclear form iactor and nu¿leon-

nucleon cor::elatíon funcËion.

Hor¿ever, our observatiolts agree rsell with those of Lee and Chakravorty ( 27 )

and WakamaLsu ( 28 ) obta-Lned from their calculaÈions on pion-Heliuni

scaÈtering. Iùakame.þsq has íncorpor-ated the contríbution of binding

correction. Thj-s ruodel calculaÈion shows that at íntermerliate energies

the second-order term in fact overestÍmaËes the differentíal scattering

cross-sections from the corresponding experimental data, and faí1s Eo give

a fully convíncíng fit to the data. Therefoi:e as a fi::st sÈep ín tesLíng

the optieal pctentj-al nodel approach to pion-nuclei¡s scattering ít ís

necessary to include the most accurate possibl.e inpuL informatiorr. The

separable model interactions used in our calculation are quite good and they

consistently reflect the dlmamics of the dífferent channels. The Pll

channel interaction has not been considerecl previously in compuËing the

second-order optícal potential. Clearly one should take more rígorous
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account of the contributíons of the fermi motíon and the Pauli bloeklug

in terms of an effectlve pion-nucleon interactlon. We al-so note that

the dffferentíal scatterfng cross-sections at lãrge angles (0".r. > 9Oo ),

calcul-ated from u(t) * u(') ,' are roughLy 2- 3Ëimes greater than the

data. l,Ie have not included them in any diagrans (Zf¡ .

In general we belíeve that one can understand qualitatlvely

some of the aspects of the pÍon-nucleus scaËtering in terms of the

optical- potentíal aË íntermedíate engrgies. As suggested by some authors

(62, 63) a more rigorous theoreÈical approach, which íncludes' appropriately

the varj-ous many-body conËributions, apPears necessary for a more

adequate descripËion of pion-nucleus scaÈtering.



FIC. 10

the effects of the nucleon-nucleon correlation on the plon-

carbon elastle differential- cross-sections. The differential

cross-sectlonsäalculated frorn u(t ) (dashed curves) and

u(t )+ u(') (dash-dotted curves) are compared. The experlmental

data (solld curves) are from Ref 31. The parameEers of the pion-

nucleon lnteractlon potentials are glven fn Table 2a. The value

of the conelatlon length (&.) ts .46 f.m.
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The elastic differentlal cross-sectlons for the plon-'carbon

lt)*u(t) for L =.46fmscatterlrtg calculaÈed from U' c

(solid curves) and [" = '86 fm (dashed curves) are cornpared "

The parameters of the pi<,rn-nucleon :irtteractions are glven in

Table 2a.
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