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SUMII.ARY

Let f = f(I) = f( xltxz¡ ... ¡x¡ ) be ar ind'efinite

n-ary quaclratic form of Signature s and. d.etermlnant

t1 ; that is, f(¡) = xtAx t¡¡here A is a real

symmetrie matrix with deterninant 11. Then when we

saythatftakesthevaluevwemeantha.tthere
exists integral ë / L with r(¡) =. Yc

The problern of asymmetrie minima is to find. for

eaeh t > o the yalue øt(t) aer:.nec. to be the infinn:¡n
n

of the set of all posltive q" such that every form

f takes a value in the closeil. lnterval [-arta] ' the

value Ét(t) is thus a measure of the least close¿
n

lnterval I = [-urb] containing the origin and' v¡ith

asymmetry b/a = t such that every form f takes a value

in any open interval containing I'

For tt = 2 Segre has given an upper bound' on
o

ø"(t) which 1s best possible if and. only if either
o

t or 1/t is integral. Hotyever lornheim has shown how

to calculate Éo(t) tor ar¡y given t > O in terns of
2

infinite chains [g¡,], -oo ( i ( "o¡ of positive lntegers

and. slnrple continued. fractions associated. with these

chains, and. 1t appears that

conplicated. f\rnction.

o
ø (t)

2
is an extremely
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ïn this thesis the function øt(t) i" evaluated. for
",.all t > O and. 1t is shourn that tø"(t) is â' eontirmous

piecewise linear function of t. In fact constants

crL and Bi, O ( i ( 9¡ are found. such that

øt(t) = min I nax (otrfu/t)l : t >I o<i<g

Thls nesu1t is proved by shor,ving that every ind.efinite

tennary quad.ratie form of cletenminant -1 takes a value

in each of the closed. intervals [-oi, þi) ' and. that

there exist nine special forms FLr 1 < i < 9t with the

property that F¿ takes no value in the open interval

(-ai ¡þt-t), where the fu are in d.escend.ing ord.er.

A further asymmetry problen concerning ind-efinite

quad.ratic fonms is the following. Let m*(f) and.

m_(f) d.enote the infirn¡m of the non-negative values

taken by the forms f and. -f respectívely. FurtTrenmore

Iet ¿(r) d.enote the ratio m-(r)/m*(r) where this is

d.efined., Restrictlng f to a given rn¡rnber of

variables (") and a given signature (")r the problem

is for each integer k >- 1 to d.etermine the least value

that the absolute value of the cLeterminant of f may

take if f satisfies A(f) > k.

This problem is d.eaLt wlth in chapter 2 for two

special eases, and. the results so obtained. are used.

later in the thesis,
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This thesis contaÍns no nateríal which has been

accepted. for the award. of arSr other ctegree or d'iploma 1n

arly University. To the best of ny knowleclge and'

belief the thesis contains no material previously

publisheÖ or written by anothen person' except vrhere due

reference ls mad-e 1n the text of the thesis '

(n, T. \¡IorleY')
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IÌqIRODUCTION

Part 1

In this section the terms and symbols to be used.

throughout this thesls will be introduced ancl some of

the lclor.'¡l results concerning quadratic forms- wi]-]. be

given.

J. In this thesis we shall be concerned with real-

ind.efinite quad.ratic forms in n variables; - that ist
forns f =f(ë)-AtAã wtrere A isarealsSrmmetrie

matrlx - whieb }rave d.etermlna¡t aet(f) = ¿et(A) + O.

The signature of sush fonms is denoted. by 6.

As most results ar.e concerneit with laet(f ) l, we

uÊe ¿(f) ¡ op d where it is not ambiguous, to
d.enote laet(r) l.

In the case of binary forms it 1s more usuaI, to

express results in terms of L = ZJd,, wTrere

Az - D is the d.iscrlminant of the form.

A fonn f will be ea]-led. nornallsed if it has d. = 1.

Z If there exists integna1. x + g such that

f(X) = v then v 1s ca1l-ed. a value of the form f.
If f d.oes not take the value 0 it is calIed. non-zero.

The quantiiles Ð+ = n*(f) and. m- = n-(f) are

d.efined, by

m*(f) = inf[v; v >- O is a va]ue of fJ,
m (r) = r. (-r) .
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The problem of asymmetric ¡oj-nima is to find for
each t > O tlre value øl{t) aerined. to be the

infinum of the set of a1i posltive cr sueh tå.at every

norr^oli..J form f takes a value in the closed. interval
Lnrtø], Tlre value ø"(t) is thus a measure of the'n
least el-osed interval I = [-*rb] containing the

origin and. with as¡rmmetry b/a = t such that ever1¡

no.rnolís'oú form f takes a value in arqr open interval

containing ï.

1 In the theory af quad.ratic forms it 1s often

convenlent to pass from one form f = ë¡4,5 to an

equivalent form g = xr'Bë where B ls related to

A in that there exists an integral uninodular matríx

T such that B = TIAT. [t¡e use f - g to clenote

that f is equivalent to I,
In passing to an equivalent fonm, d.rn and. s

renain unchanged, and- as equivalent forms take

preciseJ-y the saÌne values, il+ and m- are also

unchanged.

If v*O isavalueof f takenatapolnt
x = (*rr*r e...¡x¡) v¡here gcd(xr ¡xz s. o o ex¡) = 1

there exists a form g equlvalent to f such that

g(1rOr.. ro) = v.
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4 The sinpl-e continued. fraction c[ = (atrazr6..ta¡¡..)

where a1-l the aL are positive integers is defined to

lrave the vaLue lin Pn/qn where
n-bo

Pn/qn - âL +
àz+

â3

= (^rrurr...ran).

Ttre notation (ãt tãze " . ¡â" rArç1 e " " eâ5 ) is used to

d.enote the simple continued fraction

( t", . . e â¡ râr*t e . r 9 â5 ¡ âr+r ¡ . . ¡â5 ¡a¡.,-1 ¡ . . )

yhere the block âr+t , , . r âs i.s repeated indef initely'

If d. = (arrazr..¡â¡r..) a.nd. P = (b"r'.rb¡,¡..)

are tr¡i¡o sirrple contirn.red, fractions then a > B if and.

only if the first lton-zero signed- difference

(-1 )t-e(a¿ - b¿ ) is positive. Furthermoi'e 1f

cj = (a"rãzt,.raj) and- Pl = (tr,rà2¡..tai + 1), then

cU ro>ÞJ if i isevene and. crJ.o<ÞJ if

j is od.d..

2 A non-zero ind.efinite þinary qtiad-ratic fori:r

f = axz + bxy + cf is called reduced- if
O<A-b <Zl,al <a*1o.

É. IagrangeIs results: The following properties of

Doo-Z€ro lnd.efinite binany q-l¡ad.ratic forns ane ilue to

+
a L

an
+
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Lagrange and. ane proved in Dickson [6].
(f) Bvery form is equivalent to at least one reduced

form.

(ii) To every reduced. form f there exists an

infinite chain (r¿)r ,<o ( i ( -r of reduceiL fornrs

equivalent to f and. such that

f¿ = (-1 )Latx" + b¡xY + (-t )t+1âL+rf ,

where the f¿ are related. by the followlng pnoperty:

Ehere exists a chain [ei] of positive integers

9Lt -oo ( I I æt such that

(t) (gr rgr+rrst*z r. ') = F[

= (¡r + L)/2a¡nt,
(b) (org¿-rr8ü-"r..) = s[

= (-ti + A)/2a¿*r,

(c) ft = Fi + S¿ = {ai+t, and so

(a) f¿ = (-1 )[+rr,*t [f + (-t )t*+(tr'r = Sü )xv - F¿SirP ]

= (-1 )t +1a. *r.(y t F¿x)(v ç Six).

(f:.i) Avery neduced. forn egui'rmlent to f lies 1n the

chain (r¿ ).
(iv) Every value v taken by t such that

lvl < t/Z occurs as one of the coefficients
(-t )ta¿ 1n the chain (ri).
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J Segrets resultl Ehe fol-lowlng resultt clue

basically to Segre [19] 1s proved. in Cassels 137.

Iff=a;f+bxy+cy?takesnot'aluesinthe
open interval (-prq) where p > O and q > 0t then

d > pq + f,nax(n" ,ú).
tr'urthermore equrallty is rcquirecl if an<l 0n1y if

either p/q, or q/p 1s integfal and' f ls ecluivalent

to the form -pxa - nax(Prq.)l(Y + '¿;i,

g Tornheimt s results: In his paper Torrrhetnr [ZO]

has used. the continued. fraction approach o-t' I'agrange to

exteld. Segrets result above in the case whei'e either

p/q.orq/pisintegra]..Althought}reraainresult
is not of use in this thesis a number of the ¡ninor

results w111 be used.. Ïlowever before stating theee

resulte t;ie neces,sary notatiOn has to be introÖuced..

Let q. be an ind.efinite binarl¡ quad'ratic formt

and. let A d.enote tire forn oJZJd so that O has

^ = 1. Let p = rn*(Q) I tq = m_(Q) and, for a given

integer E>2 1et A-max(l/p'k/N) wherethisis
d.efined (w" shall not be interested. 1n the cases whe¡e

elther p = 0 or N = 0), Let [ei ] be the chain of

integers associated v¡1t6 A as in 6 above. Then

the fo]lowing are Tornheimr s nesults.
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(i) If any Bz L+r > 2 then .L > 2k-.

(il)If any EzL >k then A>k+^/5.
(iii¡ A > Jm. with equallty 1f and onr-y if

I 1s equivalent to a mul-tJ-p1e of the form

* - kqr - rr;É .

(iv) If al-l. gz L+r = 1 and. aJ.J- gzL < k then

k/N >- Jm..
(") If k is od.d., a]-l Bz L+r - 1r and. ez j > k + 1

forsome j then A>n¡ffi.
(vi) If k is even and. A < + + 1 then

geL+r = 1 and k/2 ( BaL < k for al.J. i.
(*ii) ptttren A = år = "/FTìE 

with equality ae in
(ur) above or A > As = (t* + k + (Su - t)A¿)/(t+k - 2).

Furtherrnore whi3-e A = As onl-y for one form A (and its
equivalent forms) t¡rere exist forms with A arbltrari\r
eloser but not equalr to Az.

This last result may be intenpreted. to give the

fo11owi,ng. If q. is a binarSr form u¡hich takes no

values in tlre open interval- (-frff) t¡ren either
(") d. = 12 A: /4 and. q. - 1(kx3 -k¡q¡ - f ) , or

(r) d > lsAs'/4"
It should. be noticed. that the relatj.ons

l/e = sup IÇ ü r l/n = sup 1(z i+¿
r(1(oo =ocicoo

d.o notr âs Tornheim appears to Ïrave assumed, foJ-J-ow



(7)

d.irect\r from Lagranger s results quoted. in 6 above 1n

the cases wTrere tÌ¡e slrp¡le¡na aa'e lesg than 2. HOWeVer

the relations can st1II be proved. in these cases.

Part 2-

fn this section some of the knourn resu]-ts

conrreetect with the as¡mnetric ¡ninimum proÞIem will be

given"

l.Theprob].emoftilesymmetricminlmrrmrâs1tis
sometimee ea1led., is thât of flnd.ing sup U(f) over

a]-l normalised. n-ary quadratle forms f with signature

I, \¡vhere

u(r) - min [m*(r) 'n-(r) ]

= inf tl"l ; v 1s a value of f J.

Hence

sup M(f) = Ot(1 ).n"
For convenience we shalJ- use øn to d'enote øl{rl.

o

In 1879 Markoff t I ] sÍrowed. not on]-y that

= J-V5 = IIll , Þut that there exists an infiniteó,

sequenee IIIr rllte ¡ts e o. o of successive mlni¡na m! with

linit Z/3, and. a sequence of forms ft rf.z lfs e . .. such

that t't(f ¿ ) = nLr r¡¡ith the properW that M(f ) < z/S

for all fi.o¡pnalised forns not equlvalent to one qf the

fonns fü.
It is suspeeted that a sinllar sequenee of
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succesaive mlni¡a mL occurs for n = 3 and' n = l+,

that 1*tr=o for Ã=3 a¡rd'n=4' a'dtTrat
s

ø- = O for rt >- 5. However tiiere is no eonelusive
n

evid.ence that this is so¡

For n = 3 Markoff [g] nas srrown that ø: - "Jãß,

arrd. Venkov lZll has- shorçn tfie existence of at l-east

eleven successive minima'

For n = 4, € : O, oppen-trelm [t3] rtas sÏrown that

0". = lÉre arrd. that tJrere exj-sts a sequence of at least

eight successive minimao

For n = 4, s = !2, gppenheim [t4] ¡ras s¡or¡vn tl¡at
õ-õ
-e

ø" - þ* - fún ancl that there exlsts a sequence of at

least three successlve ninima' In this partlcular

case tïrere are two non-equlvalent forms f[rl anCL

f|z) with ¡¡(r) = Ire ¡

Z A problen that is sometimes l<rrown' as the aslrmmetric

minimum problen to distinggish it from tbe above prob].em

is that of fi.ndlng sup lt*(f) over all normaliseö' n-ary

forms f with signature Ir where

M+(f) - inf [o;v>o isavalueof f]'

For:f-=2thesolutionofthlsprobl.emrd'ueto
Matrler anè proved. 1n Cassels lll, ie that u*(r) < 2

for al_I f, that equallty is necessary only wiren f is

equivalent to xrxa, and- that for any e >
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exist infinitel-y na-qy non-equivalent forms with
M+(f,) >

nlniuum problen there exists no sequence of succeseive

minima.

For rr = 3 Davenport [5] fras shown that
sun M*(f) = P/4 for fonms of signature 1 and. ttrat
sup u*(f ) = W7,4 for forms of signature -1 .

Oppenlreim [15] has extend.ed. ttrese nesuJ.ts by s]rowing

tbe exlstence of several successive minima.

For n = l+ Oppenhein [ 16 ] has shown that
sup u*(f) = 2, ffi'ß, FSZ@ for forms of signature

O, 2, and. -2 respectively. He has a1.so shorryn the

exlstence of several successlve minj-ua"

For n > 5 it is suspected. tha.t [f+(f) - O for
a]-]. forns, f.

2 Another one-sid.ed. problem concerning inclefinite
quad.ratÍc forns, simiì-ar to the above, is that of
finding sup n*(f) over all.nonmalised. forms f .
This prob1än d.iffers from ttre above probì-em onay in that
z;er.o forms are virtuall.y exelud.ed. from consid.eration.

rt is easily seen that eup n*(f) = dnt (o).

For Ð-:= Z it is easil-y seen that øl to ) = Z. fon
o

øz (o) < sup u*(f) = 2¡ úri1e taÌ<ing the l-init as

p/q - * in segre¡ s work shows tilra.t øo (o) > 2.'2



For n = J¡ 4 B¿pn€s t1 ]

0ppenhein lZl Ïrave shovr¡r that

ø]'tol = ffiß, ø] col = lffiî,
f.o 4ffiÆ.

and Barnes and.

,

in wtrich ease tt¡e

(ro)

anô

For n > 5 it is susPected tt¡at o]tol Ê o.

! There are a: nr¡mber of results on the as¡rmmetric

mÍnimuru of blnarXr forms.

FortÞ1 segre[19]

and [tZ], lrave s]rornn that

arrd. others [7]r[to]'[tt ] tltz)
øi ttl < e(t" + ht)*, wlth

equaJ.ity onlY if t is integralt

form

takes no va1-ues. in the open interval

By using tÌre relation

øj ttl =

o
(-ø, (t), o

rø2 (r) ) .

lrl'h/t) t>0

a correspond.ing result for t < 1 may be d.edueecl.

Sauyer [tg] has proved. that for lntegral k > 1

every normalised form f, not equivalent to 3(k),

takee a value 1n the slosed interval I - t+(t )rt<¡(t<) I

wbere ø(r) =z(Ê +l+k+2+lrn)4, anctthat

furthermore the interval I nay be opened for k > 2.

Torr¡}leim [ZO] has shown that for integnal k > 2

every norm.lised. form f not equivalent to ¡( t<) or

a¡otlrer form f[rl takes a value in tfre open interval
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J = (-x(x) ,kX(lc) ) r,vhere

x(k) = t(È2 + k + 3u, - t)^|ffi)/(et = ¿+) l-"

!\rrthermore ire has shoi,¡x that f[xl takes the value

fcX(ic) and. that for arbitrarily sma1l € > 0 there

exist infinitely marry non-equlvalent normallsed' forms

taklng no values in the interval (-X(*) + ertcX(X) - ke).

I'or non-lntegraf t > o it fo110ws from the work of

Tornhein that øo (t) can be found as foll-ov'rs.'2

Let lgi ], -oo < i ( *, be an arbj'trary chain of

positive integers arrd 1et Ku be d-efined. as in seetion

6 oÍ' oart 1 of this intnoductiono l'üt

p = slJ.p lGu¡ rr = Sup KøL+rr
1r

and. tet ,i([eu ]) - rnax(pr-un) . The¿:

óo (t) = inr A(leu ])'2

vsJrere the infimi¡m 1s taken over all possible chai:rS

Iei ].
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CHAPTER .I

Results on the as¡rumetric minima of ind.efinite

ternary quad-ratic formg.

The complete answer to the problen of ùÌre

as¡rrnmetric minima of lnd.efinite ternarXr quailratie

forms, that is, the evaluation of øl ftl and ø"ttl
fon alJ- t à O, fol-J-owe from the following theorem.

Theorem A

Every normalised. ind.efinlte ternary quadratic form

of signature 1 takes a value in each of the foJ.J.owing

el-osed. intervalsi
Io : lorWß)
It : [åÏW,ffi]
rz : [-Wre,ilEnl
ra : [-Wg, ?lTz3Ñ]
I+ ; [-frfr, fúT
15 : [-WB,Wre]
Ie:I
17 : [-l-ßn,Tø4)
rs : [-W'"^/ZÆ5]
rg : [-tT6ßr o].

hrrtherrnore if re ðefine!
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fl = (x * bz)' - b@ - Qz - 2f )

f2 = (x + åy * bz)" -r&(2" - 2yz - 3f )

fs = (* * tv * tù" - *(r" ?Yz JP)

ta = (* * åv * ?r)" - ??("" - Yz - Y")

r5 = (x * þ + tr)' - 7(r' - ?v, - åf )

f6 = (* * $,v)' - ?(r' vz - åv')
t7 = (x * tv)" - 3(z' yz - tv")
fB = * -B(z' yz- #f )

fs = (x * b:¡)" - l5(2" vz - {6v'),
and- Iet Ft, 1 < i < 9t clenote that nu1t1p1e of

fg which has d-etermj-nant -1 r then for O < i < B

closure is required. on the left of interval I[+r and-

on the right of interval I¿ only for forms

equivalent to FL+,-

Clearly tlle closune cond.itions of this theorem

iræ1y that if I is any interval about the origin in

which every normaJ.ised- ind-efinite ternary çrad.ratic

form of signature -1 takes a value then I mrst

contain an interval Ig for some i with 0 < i < 9.

Thus in panticular for ever¡r t > o the interr¡aI
tL

l-ø- (t)rtø (t)] rmrst have an end.-point in comnon with
a3

an interva)- IL. From this it foJ-lows that as t

increases from zero, øt(t) anil tøt(t) remain fixed.' 3 
"talternatelyr so that the graph of tø"(t) is
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piecewise linear and. continuous.

Ig = [ *i ,Ft), we have that

Thus if we 1et

I r"" (c't,fu/t)l : t > o
øn(t) =

rnin
o<i<9

a

d,9 : t=o,
r¡¿ith a sinilar expresslon fon ø-t(t).

3

It is of interest to note that the forms f¿ have

rational coeffícients. the follow1ng table gives

m_(fu) and d(ft)' while m*(ft) = 1 for at-l i.

Table 1 ,T

m (rr.)
d(fr )

The proof of theoren .A' occupies most of this

thesls. After some prelininary results ln Chaptet 2

the forns F1 are consld.ered. in d.etail in Chaptet 3.

In Chapterr h theorem A is broken d.own into ten

separate sub-theorems and. in the following chapte:rs

these sub-theorems are provelr,

6

agE
z

1
cg 2 4* 1,

3
.t

2
a
5

o
2 24Ê.4

¿-aàÉ
5+

ô*I
1 2-A-
-¿&t26 e.

2
LLa,
27
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CITAPTER 2

2.1 In this chapter Tue p1¡ove results concerning the

d-eterminant of ind.efinite blnary ancL ternary quad'ratie

forns I which have as¡rranetrY

A(r) = ffi, o

for lntegral 14 > 2.

proved..

the fol.lowing are the theorems

For integral k > 2 there exlsts a positive

constant e(k) such that whenever an ind.efinlte binary

quacLratic form q. = q.(xry) satisfies
o<

fon some c with O < c < c(k) it may be conclud-ed'

that either
(i) q - ra*(+) (x3 - kxy - k'Ê) and a(q.) I k, or

(it) ¿(q.) >

Theo 2-1

theo 2-2

Let k > 2 be integral anil d.efine

K = kz + 6lc + 1t

t(s) = K2 (1 + 4/s)/64t
da=(Ic" +12K)/61a,

d.s = nâx ( min [t(s),g(s + JE)'/64] )'
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where the naximum is taken over all positive integers

's* denote the S at which the maxirnrm Ís

For positíve åntegers r and' s let

d.enote the inC.eflni-te binary quadratic

s(r + 2) t+2 o24t

S, and. 1et

attained.
q.(rrsiJrez)

form

y2 rs+r+s yz rls+r+s

and. for integral 1r O < 1 <

itenotetheind'efiniteternaryquad.naticform

(x+ t& + t$<)q.(rrsie¡z).

Let f = f(x¡Y¡z) be an ind'efinite ternary

quailratic forr,r of signature 1 with d'(f) = d such

that (i) n*(r) = 1 an¿ tJris value is a',,tained. by

f , and (ii) m-(f) > k. Then either

(") d. ) roln (drrd=), or

(t) n-(f) = k and' f - f(Frsrl;xryrz) for sone

r and. s such that r < s < S'".

Theorem2.lmaybeused.toobtalninfordation
about ind.efinlte birrar;'r quad'natic forms q' that have

asyminetry ¿(e) slight].y below an integer k' It is

elear from the s'¿atement of trle theorem +.hat if q is

an ind.efinite binary quaüratic form with

k(1 -e(k)) <¿(q) <k

Ev**ù'-frt



then setting c = 1 - A(q)/k yield.s tfræt

a(q) >

rn ad.d.ition, the following eorollarxr to theorem 2.1

shou].d. be noted.

(r z)

is an

and

Cgrollarv to ll.eoren 2.1

If E > 2 is lntegral- a¡rd' if q. : q.(xry)

indefinite binary quadratic form with t*(e) = 1

'-(q) ) k + tu,î"r"å(:'*oåo 
iï + 1.

It should. be noted that the condition t'Ïrat

f shouÏ.d. attain the value nn*(f) - 1 ea¡r þe removed to

make theorem 2.2 ãpp1y to all forms f with n*(f) = 1

and. m-(f) > k, This is easj.].y done wlth ttre lre]-p of

theorero l+.1 in eæ;ctly the siame way aS it is shown tb'at

theorem Ci inp]-ies theorem Bi (see chapter 4).

It should. a]-so be notlced. that not a]-l forms

f(rrsr};xryrz) have n*(r) - 1 and' m-(r) = k. rn

laet it appears to be the exception rather tfran the rule

that a form sha1l satisf\r this conditlon. Caleulations

performed. on the CSIRSt s C.D,C , '32OOo computer 1n

Ailelaide Trave shown tr¡at for k = 7c1Qr11 and. 12 not

one of the forms has m*(r) = 1, n-(r) = k a¡rd'

a(f ) < nin(d.trde ), whlle for k = 213111151618 and 9
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tlre forms 11sted. in table 2.1 were fonnd. to be the

only ones satlsfying these constraints (note: for

simplielty in the table the transformation x + x - tf]V
has been performed-, where t5 ] d.enotes the integer part

of k/2) .

For comparison with the iletermlnants of the forms

liste¿ in table 2.1 e nin(d.r rd.") is listed, in taÞIe 2.2.

1aÞl-e 2.1

formk
2

2

2

3 lv, )

2e211 l
1 l+ 0 7
2 r4rCIr16k

xz - 8(f - yz IrBrOr24
x+åy+Sz)2-åã(Jf - ?yz - ler" ) I 3r'l'8 19 t54

S

4,
r
4

d.

,
1
2

)f(

,

4
5

)

(* + *z)" 3(f l^=z
(* + tr)' - t(f - yz - L*)

f 3(f ïr" \

6l(*+Iz)' - 15(f - yz - taz') 20,2O r1O'167+

6l (* + Lz)' - 15(f - yz - *r') I e ,a J,937
6

I
f - 15(f

- z!(f - yz - *sr')
z2) I lrl8,o196

9 19 r0 1208

g l("tlzr+tz ,z- ty?-(f - l?v" - *a"') I g ruz,21 ,27o

Table 2.2

k I z lt I l¡ le lt I

n:.n(ar ra, ) ll .0. .117 .slsl.7 . -159.3-.196.7 - -

klslg
ll4g .3. .
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Tt wil-l--be notj'ced that the forms in table 2.1

wÌricl¡ Trava least d.etermlnant for k = Zrh anð 6 are

equivalent to the uuJ-tip3-es of tlre forms Fz rFe and'

Fg which have m* = 1. This nay be related. to the

fact that tirese forme have determinant in absolute value

much less than tÌre corresponding value of nin(dr rda ) .

rlíe sha1l now prove ttreorems 2.1 and. 2.2 a¡rd the

corol-lary to theorem 2.1

Prcoll of the qcle]-JarÏ to Theorem 2.1

Taking e - 0 in theorem 2.1 we flnd' that

d. = d.(q) >

Suppose that d. t(É + 6k + 1) + 1. ÎÌren as

**(e) = 1 we may wnite for arbltrarily sma.l-J- ô > 0

n-T+(x+hY)'-d(1 -û)f ,

a¡rd. so by ehooslng x such that

(É + 2k + 1)/4 < (x + l)" <

we obtaln a value of q v¡hich for sufficiently snal]

ô lies 1n the open interva1. (-X - Iri). Ttrls

contrad,ictseither ß+=1 or m-> k+1.

Pr_qgl of . Theorem 2 J
The proof of this theorem d.epend.s upoll the work of

Tornhrein I zc ]. '.Te let
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Q(xry) = q.( x,Y)/zJd@ ,

so that a is an ind.efinite binary quailnatic form with

d.iscrininant Ñ = 1. We d'efine

ùt = rn*( e) r

I'1 = m-( q) ,

A = nâx (l /urkÆ) ,

A1= ^7Ír+-!E r

".(,.T: i: *"r*:':.- 
1)Ar,/(w - 2) '

Then Torrùreim has shown that either

(") A = Ar and. lit = k}l; in which case

Q-M(xz -i.xy-kf)' or

(t) a.r-,iÆ'?Tffiv oP

(")M>1/M anil N<k/Az.
consid.er firstly the thind. alternative. This

irnplies that

N/kM<At/Ar=1 ""(k),
arrd. so

n-( q-)/k < ( 1 
"*'( 

i. ) )n*( o) .

Hence if we set c(k) = c{'(l<) we have, for

O<c<
rn_( q.)Æ < ( 1 e)m*( a.) ,

whieh contradiets the given. It renains to show tfiatt

with c(k) = e"(k), the conclusions (i) arrd' (ii) of
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thetheoremfo]-].owfromthealterrratives(")and'
(b) above. Since (") clear\r lnplies (i) we

neecl on].y shor¡r that (b) iuplies (ii)'

From (t) we have that

nax (1Æ,k/N) '- JFTffi '
and. so

2ltffi) > ,F;Ñ nin(^*(e),n-(q)Æ)'

Using the given it fol].ows that

a(q.) > tin*(e) jz(r - ")'(F + 6t< + t)

as required.

Ïn ord.en to prove theorera 2 '2 vre need' the

fo1l.owing J-emma on ind'efinite birrary quad-ratic forms'

temma 2.1

Let q.(xrY)

formwith A=1
be an ind.efinite binary quad'ratic

and. 1et lgi ] be the chaln of

positiveintegersassociated.with-r,bechainofreÔuced
forns equivalent to Q¡ Suppose that the elements

gz¡ of the chain are bot'-nö'ed' above by the lnteger

Se and. 1et

c(s) = 3J5/L+o(s * ,t)' .
r,et MrN d.enote m*( +) ,ro-( c¿) respeetivelJ¡' Let

\t > 2 be integral and. let Qa and' cz be siaall

positive numbers with Qa < C(S) such that for each
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negative value -n taken b¡r q. either

4,/N<t+ca
or

4,/n > (i.' + 6t< + t)/(t* +l+k) - %.

Then either
(i) 1/N > 2, or

(ri.) 1/N > ffiTsl(k' + 6k + 1)/(w + LÏ) %,f ,

(ri.i) nhere exlst integers r and s1 þoth at most

S, such that for all integers i'

EzL+t = 1, 8,+i = fr g+L+z = S¡

or

Proof

If gzü+r > 2 for arly ir then as irrd'icated in

the introduction (Bart 1 section 6) q. takes the value

-n where
1/n = (g"i *rt*zL#ztgø[+sr..) + (Org"Lt*z¡-1¡")'

ilence 1/n > 2, and- as n > N it follows that 1/\ >- 2.

Ifle now sltppose that gzL+r = 1 for all ir and in

ad-d.ition that the chaln is not of the form given in the

third alternative. Clear.ly the proof of the lenma

v¡í1I be complete when rve show that alternative (li) must

hold..

As the ehain is not of the forrn in alternative (fii)

there must exist an i fon v¡hich 4zi / gri++. Let

s = nax (grrrgrl++)¡
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i = min (g"Vrg"f++), and-

f = gZL*s.

Let

1/n

= (1r*r1rtr) + (orp)

and

1/nt = (1 ,rr1 ,sr1 ,... ) + (ortr1r...)

= (1r*r1rp) + (orÀ)'

where the c t r indicates the continuation of the chain

in the ex¡lected. mannerr so that -n and. -n are values

taken by Qr Consid.er the function

r(x)=(O,r,x)-x
= x/(1 + rx) - xo

Then the d.erivative f '(x) of f(x) 1s given by

f'(x) = 1/(1 + rx)z - 1,

and so f,(x) r-i for r>1 and. x> 1. Novrby

the raean value theorem of calculus, as f(x) is

continuous and. d.ifferentiable for r > 1 and x > 1,

wehavefor t>1 and. 1 (x2 (xr. that

f(x¿) - r(xr) = (x, -xs)f'(cx)
for sor¡e d. e¡ith x2 ( cl ( x1r Substituting

x1 = (1 rX) and. x2 = ( rp) and. simpllfylng, noting

that f'(cr) . -È, gives th-at

l/n - 1/n, . -å(1h - t/p). (2.1
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Now

i¿ - I = ("r1r...) (tr1r...)

>1+t-1
=*

and. 
^f¿ 

< (S + t )2 as h and ¡z are each at most

S + 1. Hence

1h-T/p>1/2(S+1)2.
üsing this in (e.f ) Yield.s that

l/n - 1/nt < 4/B(S + 1)2.

Norv as 1/\ > 1/nt it foll-ows that

n/lÏ - 1 > 3n/B(s + 1)2,

frou rvhlch, as 1/n < (t,T) + (OrT) = Jfr rve can d.eituce

that

n/tt > I + lJ5/L+o(s + 1)z = 1 + c(s) > 1 + cL'

Hence, using the given cond-itions, lre mrst have

n/N > (i." + 6k + 1)/(k" + 4r) þe

Now

1/n >- (1æ) + (o,ET) - ^/f+nß,
and- so we ean eonclud.e that

1/1Í > ilîT-TlS[(k'? + 6k + 1)/(v3 + lr,]<) - cz]r

which is altennative (ii) as required-.
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The Proof of theorem 2.2

Let f be an inclefinite tennary o-uairatic form of

signatifre 1 such that n.(f) = 'lr x1_(f) 2 kt a¡rd. let

f attain the value I " By passing to a suitable

eo;uivalent form ïve nay assume f to be gi-ven in the

forr¡

f = (* * Ày + pz)z + q(Yrz), (2.2

whene q. is an 1¡1¿sf,inite binary quad-ratie forn"

Let e clenote ur_(q")r so that fon arbitrarily s¡nal1

p > O we maY v¡rite

q(v,z)-e,o(v,z) = fr(r* %r)"*gplf,
where tO depend-s on p and- satisfies l%l < å'
Then for arbitrarily snall p > Q there exi-sts a form

tp such that

t - tp = (* * Þu * þpu)'* %(yrr),
where b and' Lr,, d.ePenÖ on P.

Consid.er the section

t(xry) = (x + ÀOr)' ey2/(1 - p)

of fp. Clearlv

n*(t) = 1, n-(t) > n-(f) > k-

Hence we may apply theoren 2.1, with d = O, to

t to conclud.e that either
(i) t - * - kxy - kfr orl

(ii) d(t) >
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l$ow one of ttrese possibilities rmrst be trrie

for arþi.i;rarily smaII p. If the second. possibility

hold.s for arbitrarily sna1l Pt we have that

e/(1 - P) >, (t' + 6t< + l)/t+ = K/4

for arb. smaI1- p and. so e > Il/4' ITor¡¡ q- cannot

take argr value in the open ir¡terval (oJ/4)¡ eise by

choosirrg x suitably we could- obtain a value of

f contrad.ictirg m*(r) = 1. Iïence as *-(g) - e?

q. can take no values in the opell' lnterval (-e rJ/'l+) '

ThenbyaresultofSegrementioned.intheintroduction
a(q.) >, 3e/4 + fnax (g/t6, e"),

i.€. d' > 5K/16 + K2/6\ = 01'

'f,re norv consid-er the ease that the first possibility

above, nauely t - * - kxy - k¡ft occurs fon

arbltrarily small p. This inplies that

d(t) =e/(1 -p)= (k'+t-w)/4

for arb. small p. Hence our "arbo Snal1 pt' rsust be

p = O, and. so

t = (* * ^ov)' 
- t(x' + !ic)f .

As this is equi'valent to * - k:ry - kyz , a form r¡¡ith

lntegral coefficientsr lre nust have \ -: )E/2 (nod' 1)'

Suppose that qo takes a value in the open

interval
r = (-(r' + 6x + 1)/4r-(r' + Ur.)/t+)'
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say at the point (y r^) = (t rz) - lrren choosing

x such tiiat (x * 
^oY 

+ poZ)z lÍes in the closed'

interval

t (É + 2k + 1)/4,0e + !l< + t+)/al

would givè a value of fe lying 1n the open interval

(-kr1 t, which, as f - fo, contradiets either

m*(r) = 1 or r¿-(r) > k. IIence qo can take no

values in the interval I"

Suppose for the moment that the integers gzi of

the chaln lgi ] associated- with eo (as in ]emma 2.1)

are bound,ed. above by S{'. Then by appl-ying

lemrna 2.1 to the form

fu (x,y) = 9o (x,y)/zJaW 
'

taking c1 = åe(S*) and c2 arbltrari1y snallr we

may conclud.e that one of the f o1lov¡ing hold-s:

(") z^FTqo-T/n-(q" ) = zJa/e >

(¡) zJffiJ /n-(qo ) = zJa/e >,lT7[ft"1frffif - ez),

(c) There exist lntegers r and sr both at rnost

*S , sueh that for all Lt

Bz L+r = 1, E+L - tt g+L+Z = s.

ïf however, 8z i" >

elther (") above holds if gJ > 2 for at least one

od.d" j, or g j = 1 for all od-d- i and ao takes a

value IIII where
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fhis latter imPlies that

zJa/n*(øo) >s* +J5,

anCl so

zJ..>r*(oo)(So +J5).

Thus if the possibility (c) above d.oes not holdt

eÍtÌrer
(i) 2Ja > ze, or

(ii) zJa > e^t[+nß*((t* + 6k + 1)/(Ê +4k) - cz) ror

arbitrarilY smal-l cz ¡ or

(iii) zJd ) ú+(ø)(st + JÐ.
From these we conclucle that either

(i') d.>ezr oF

(ii') d > rf (1 * t+/so)/64t or

(irr') a > 9(s* + J5)2/64.

we shal1 now sbow that in each of these eases

d2dz.C]-earlyitisonlynecessalïrtoshowthat
ez >- dz. For k = 2, nunerical- evaluation shows

that S*= 6 and-'that

e2 =9 >

As t(S) (and' hence 51 is increasing wlth k it

folJ-ows that S* > 6 for k > 2, and' so

c[2 < F-åa(xi + 6k + 1)" .

Now for k > 3 it is a simp]-e natter to veriflr that
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t.áç(rf +6k + 1)z . ((x' + t+t<)/4)',

and. henee e2 > d2 as required.

Thuse strluqarising¡ w€ have proved so far that

if f satisfies'the conditions of theoren 2.2 then

either d. > rnin (dr rd= ) or f is equlvalent to the

form

fe = (t * Àoy + poz)z + ø(yrz),
vrhere

Ào = åk (nod 1),

ut-(ø) - t = (t* + t+k)/4,

eo = -ê(y + ôoz)z + dzz /e,
and. the chain of integers lgi ] associated with Qo has

the property that ttrere exist integers r and s, both
*

at roost S , sueh that 9zL+t- = 1t 8+L - rr and'

g+L+z = s for al-1 integers i" C1ear1y, to complete

the proof of theoren 2.2, we need- only show that

fo, with the above properties, nust be equivalent to

f (rrsrl;¡ryrz) for some I ( s¡ and that rn-(f) - k.

If, eo has the ai¡ove properties then

qo (y,z) - -e[f - ËË" -ilp'" - ffi2'? ì

.-eÍy'- dl#+)=vz - 6fftu'l.
äence by passing to an equivalent form if neeessary Iffe

may take fq to be of the form
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(x * Ày + pr)' eq(r,sìYtz)

wlrere ï'fe may assume v¡ithout loss $ g"n""a1ity that
*r(s<S. Thecongruence

¡. = åk (mod. 1)

may be d.educed. in the same way tlrat Ào - +k was

d.educed.. Ilence f 1s equivalent to the form

f* = (* * årry * pz)z - lW + l+k)q(r, sl¡'tz)

which takes the value -k at (xryr") = (or1ro)'

as m-(f ) > t< 1s gi-ven we must have *-(f ) = k'

now reilains, to eomplete the proof of the theoremt

srrow that þ = r/s (nod' 1) '
ll¡e have

fo(*,1r-s) = (* * |r< - Ìrs)z (É + J+k)/4,

and. so bY choosing x such that

å(r< + 1) <

!Íe oþtain a value of f* contrad.icting either

m*(r) = 1 or n-(r) > k unless

år< - ¡ts = ta (nod l).

Thus

rt
to

That is,
þ=l/s

forsome 1 with 0<1<
f - f* - (x + åiry * tz/sY - r-E3* +,+k)q.(rr silt rz)

as required. Thls completes the proof of tireoren 2.2.
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Z.Z Furtherirrformation abou¿ the relationship between

r¡s and- I for those forms f(r'rsrlixr;u.rz) which do in

faet have rn-(f) = k and m*(f) = 1 may be obtained' by

applying various automorphs of q.(r, si;rrz) and by

applying various x-y transfornations' The following

theorem gives sone oí these relatlonsÌrips '

Theoren 2.J

Let k > 2 be integral a¡rd let d-1 ¡cl2 eS and'

f - f (rrsrl;x r1rz) be ôefined' as in tireorem 2'2' Let

B = s(n + z)/(rs + r + s),

e-(É +Lù<)/4,

E = B(1 + åx) + Zr/s¡ ârld-

F = Q/s)z - B(1 - 1(1 + iu))/s + e* /4'

Then if ¿(i) < nrin (d"rdr) and if m*(f ) = 1 and-

m_(f ) = k the following cc'd.itions nust be satisfj-ed':

(i) r(u/z + t/s) = o (rnod 1),

(ii) The fraction se13, vr¡hen reduced to its lowest

fcrm, has d.enominator at inost So,

(lii) there exist positive integers r' anÖ s', þotir

at most S*, ancl an integer b such tÌ'lât

-ì = 2b ! B'

and

-r' = -þ2 j bBr + B'/t' ,

where i¡¡e he.ve r:sed- Bt to denote the fraction
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"'(*t + 2)/("'"' + r' + s'), and'

(iv) For this r' anÖ s' ,

v'/4 + B/s = (g')' /4 + B' /s' .

gæ€
(il Considering the section

f (x,r + 1,r) = (x * ån(r + 1) + tt/slg (t* + t*)/4

in tlre same way I'hat the section fn(*r1r-Ê) was

consid.ered 1n the proof of theorem 2.2 yielos that

åt<(r + 1) + rt/s = -äI< (mod 1) .

Thls elearJ.Y imPlies that

r(u/z + l/s) = o (mod 1) .

(ii) Applying the transformation

(x,yrz) -) (xrx 'Yrz)

to f yield.s the equivalent forn

(x * åkY + Dz)z e(f + ¡-.YZ + EZz), (z'3

u¡hene

2D = l(tc + z)/s + eB. (2.4

Repeating the argument of theorem 2.2 we find. that

Yz + WZ + FZz - q(n' ,st ;$rã)

for some rt and' sr sa-tiefying r" < st <

now proceed to find out further infonnation about the

transforinations yield'ing this equivalence'

Let h be an integer such that

o<
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and. consid.er the transformation
y*Í +nZ

7' -2.
This send.s the form f + EYZ + EZz lnto the form

*'(i'z) ==T.: 
::; :Y;,. 

(r', + Eh + ¡')7

BychangingthesignofvÍfneeessarywemayassume

E1 to be non-negative. Let d. d'enote ¿(q) = d(ql).

and so

+ hB/s >

F1 >

q(r' , =' ;l rã) or

(2.5

(2.6

However

I

J

Tlrenas s>r wehave B>1
Er"+l+Fr=4d=Ba

Hence as E' < 1 we find that

now show that qo(l rZ) is either

vtr,s 9
( ).zq

SuPPose that

F1 > Ja..

Then d=812/)a+E>Jd, andso ö'>1.

this lead.s to a eontnad-ietion as fo]-].ows:

(a) rf s 7 2, then

-8s+d-=1 ù

whicb contradicts d > 1"

(¡) If p = s = 1, the only other posslbilityt

d = 5/4 and. ErF and thus F1 ate integral.

r+
rS
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Hovrever

5/t+=dàîl->J5/2,
and. this is c]-earl;' insoluble in integers Ft'

Fromtheaboveconsiilerationsi+,fo]-lowsthat
F1 a Ja, and- so, fron a theorem of Latgrarg'e

mentj_oned. in the introd.uctJ-on, -Fl occurs as a

coefficient in one of the reducecl forms ectruívalent to

Ç-r (and hence o-(r'rs' ;ÍrZ)). From the na-ture of the

elrain of integers [si ] associateri. rvith q1 it followe

that either
F1 = (r' * Z)/(r's' + r' + s')

or

F1 = (s' + Z)/(rrs' + rt + s')'

upon caleulating El from d in terns of r' and. s"

it imned-iately becomes clear that gr is eÍt'her

q(r' , Ê' .ft@) or q(s'rr' ;YrZ). By cì'ropping the

assurrption that T' <

er = q(rt ,s' iî rZ) .

Applying the transformation (2"5) to the form (ZJ)

yielils the equivalent forn

(x * tvfl * (o + þxn)Z)z- eq.(r'rs' iî,2) '
consld.ering this form as in theorem 2.2 J'1e1os that

o + fkh = L'/s' (mocl 1).

l{ence



Ð = f(k + 2)/s + eB = 2!t,/s' (noo 1)

and. so

2sÐ = eBe = Zs]-t/a' (ruoÖ 1).

Thus the d.enonlnator of the reduceô form of the fraetion

$r'l

'O = -h.
q1 ylelds

seB iLlvid.es st arrd. hence ls at most S

(11i) æ 9¿ = q(P'rs' iîrã) 1t follows upon sortirrg

out the nelatj.orre between hlE¡F181 and' F1 that

B'-E1 =t(E+2h)

a

and.

B,/s, - F¿ = -(hz + Eh + I').

The required lnteger b is then given by

(1v) Equating the r3-eterr¡inants of q- arrd'

that
B"/4 + B/s = (B')u/4 + B'/s'.

It should be noticed' that conitition (fv) of

theorem 2.3 is highly nestrictlve' Calculatlons

¡rerformecl on the CSIROIs C'D'C' ttSzootr couputer 1n

Ade1ald.e have shown ',,hat for S" < 20O, the couple

(n, ,s, ) ¡iust be either (rrs) or (srr)'

2.5 As the result of theorem 2'2 for k = 2 v¡111 be

used'}aterinchaptenll¡Vf€wilInov¡showthatthe
formg f(rrsrl;x ,Ytz) given in table 2'1 for k = 2
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aretheon]-yformswithû*=1,û-=2and.d.eterginant
at most 7.5 irt absolute value.

The numerical ealcu-latlons involved. in shoiving

that Sn' = 6 and. that nin(drrd¿) > 7'5 (ron I< = 2)

are straightforward., ard. hence will be omitted-' Ïn

table 2.3 beloi¡¿ the values of seB for r ( s < to

have been listed..

labLe 2.3

B 1

seB 1B

2

B

seB

Using conclition (il) of theorem 2.-3 we need only

consid-er tbrose r and- s where the d.enorninator of

seB is at most 6. These are ("r*) = (616), (6J) ,

(612), (5,5), (Lç¡4), (lrr1), (lrs), (2,2), (z,t), (1r1)'

1{e may exelu_d.e (srr) = (arl ) or (t rt ) as 1n these

cases f(rrsrI;x;{sz) fras d(f) ) 7.5' fn table 2'4

the remalning ("r") possibilities are listed. together

with -,,he correspond.ing 1 which are not exclud.ed- by

S

r
6

6

1

1

1

1

S

r

2 1L¡ 31 5tr 3 25
aq.4 ¡''

a5.41
gc
to ar..2Às- I 1Ê.

< I {fl 1t-e.
a17

19.q+2-41

+sq I q?EgEolqz^a\z,3lt stQ.a
-q

82+
.{1trytr lzo

2 11 3 2l+ 3
1 ê

51 .lLL?- L
alq

a0. å.
7

L

31

3gl
a 6 8g

6
96
7 'l.6 9 Á,9.9

LL12 zlgí9
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cond-ition ( i) of theorem- 2.3.

Table 2.1+

6 15
alIov¡able 1 o11 ,213r\r5 o 1214 0r5 o11 r2r3rL+ o,1 ,2e3

srr) 3 212

a]-lowable 1 o O e"t eZ or1

As f(rrsr1;x¡ltz) - r(F¡srs-l;xrYrz) tue only need

to consider those al1ov¡able 1 with O < 1 < s/2. Tn

table 2.6 the forms q.t(Ír?)r âs d-efineÔ 1n theorem 2,3t

are listed.. These must be one of the for¡ns

q.(r' ,s' 1:lrz) or q.(st ,r' iyrz), for a1l-ou¡able rt altd. s¡,

whieh are listed in table 2.5.

( d'ro) I

îable 2.5

q.(r'r d;v,z) q(s'r f ;v rr)
(6,6) I f -yz-tr' yz -yz-'ar'
(6rl) l y' - *yr - 8zz' l f - *yr - 8zz'
(6,2) ! yz -?yu-tr' ly'-lvr-?""

1

(¡,¡) I v'-vz-tr" lv'-vz-!r"
(l+r¿+) I yz -yz-L"' lf -yz-*r'
(l+,t¡ I y" -*yr-*r' I y" -|vr-?r'
3rl)l f -vz-tr" lv'-vz-tr'
(zrz) I )Ê - yz - tr' I y' - yz - br'
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Table 2.6

(",")lrls lrf qr(î 
'Z)

(6,6) I o I 2l{-. Iy"-f;2"
Irl2áltg !l" -*fr-IçZ'
lzlzT I åå l-v'-'fr- ttlzs6"

lrl I I 1"¿ I "v" -fr - tæ
(6,Ðïola* I a0.lZ? I -]É - gT" - b+z'

I t" - *T" - 3-,q
?tZ25 l-f -?fr-*Èæ

| -f - 7W - 3'76-zz

(¡,¡)iolzlåä ì5" -8o*
Irl27 IffoI-f 3w - f*62

lzlzgttåå I :y" - gffi - f*az'
tr -F'

ir f bT"
L
+

y -tu -'tæ

zl
I2 âa

2?

(6,2) I o I lF 
I

lz I L?- l¿e.e.lJl5|rlOO

(4,r+)lolzl12
2* 1¿L

16

lz 1

(¿+,1) I o I å I r if -zsfr-2"2"
3,t)Ìolzl | 7 - -'?z'15-

L2

Irlziãl*å
(z,z) I o t z ì å lf -læ

Irlt !å I F' -fr - bæ

Tt 1s easily seen that tÏre only rrs and' 1 for

vrhieh qr(-y,z) is one of the for¡cs in table 2.5 are

(r,sr1) = (¿+r4r2), (t rl+ro), (2rz11) '
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Hence the only possible forms f(rrsrl;xrYrz) which

have rn*(r) = 1t m-(f) = 2 and' d(f ) < 1.5 are the

foll-owing:

f1 = f(Irr4, Z;xryrz) - (x + *z)' - 3(v' - Yz - *'"),
tz = f( 1 ,11r0;x, Yrz) - i2 ' 3(f - îV" - **),
f3 = f( 2r2r1 ixry,z) - (x * tz)' - 3(f - Yz - b").

It is now a slrrple exercise 1n congrtiences to

verify that these forms d-o in fact have m*(f) = 1 and.

m_(f) = 2. The followlng facts are suffleient to

show this.
(i) The coefficients of ft-r¡.z an¿ i15.s are integers.

(fi) Taking congruences noCL 3 it can be seen that

fa cannot take the value -1 t while ta.king eongruences

nod. 9 shows that it cannot take the value 0 fon

relatively prime xry and. z, and hence that i-t cannot

take the value O at all.
(iii) raking congruences mod- B, as

t2 = x2 + Yz + (, + zY)' (rnod. B)r

it can be seen that f2 can take neither the value

-1 non the value O for relativel¡' prine x2S artd z.

(fv) Takíng congrllences nod. B, as

4fa = (2x + z)z + (zv + z)z + 5za (nod B)'

it can be seen that 4f" cannot take the values

1î!2r!3r-5r-6 anð, -7. In ad.flition, talcing congruences
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nod. J shows Ûlat l+fs eannot take the values -4 on

-1 . -tr\rthermore, takirrg eongru'en'ces mod' 3r9 and 27

1n turn shows that 4fs cannot take ttre :¡alue O for

relativelY Prine xrY and- z.
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CITAPTER f

Inthischapterweconsid-erthespecialforns
I'¡ and. show that the closure cond.itions of the intervals

1¡ are neCeSSarY.

The forms F¿ are eonsid.ered. in separate lenrnast

each giving n*(Fi) and- m-(Ft) ror sone i'

Lemma 3"1

m.(Fr) = lEn" m-(r*) = "JTft,+

Proof (oue to Bannes [t]l
F1 =Wßl(x* tù" -*(r'-2Yz -eY')l'

For the proof we eonsicler the integral forn

er(xrv, z) = Itßfr, F1(xry, z)

i.e. G.(x sygz) = l1x' + I+xz - 22 + 4yz + 4f .

Then we must proYe that rn*(Ge) = l+ and. m-(Gr) = 1.

Since Gi clearly takes the values l+ and. -1 r we only

need- to show that G1 carurot take the values 3t2r1 or O.

Takirrg congruences mod. B¡ as

ei =(zx+z)z + (zv+z)z -322,
it is clear that Gl eannot ta}<e the values JrZ or 1.

To eliininate the value 0r ïYe suppose to the

contrary that oa(x,y,z) = o has a non-trlvial solution.

then there exlst relativel¡r prine Ney rZ v¡ith

4¡z + l+XZ - 7z + L+YZ + 4f = O.
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Clearly congruences moC. l+ give Z = 2l' fon some integer

t. Then we rn:st have

(x * t)z + (Y * t)" + trz : o (nod l+)r

i¡rhleh can only be satlsfied- if
X + t = Y + t = t = O (nod 2).

Thls gives 2 as a eonnon d.ivjsor of NtÍezt eontnary

to the assunption that xrYrz were relativel¡r prime.

This shows that G1 cannot take the value O and'

completes the proof of the lemma.

Lemma J.2

n*(Fz) ={5TÆ, rn-(Fz) =ffi.
Proof

Fs = WfiÆgt(x + åy * tù" - {t(r' - ZYz - åf )J.

For the proof we eonsid.er the integral form

G2(xrYrz) = 3ffim Fr(x - I+z¡Ytz)

= 3(x - y)z - 21xz + 35zz + 7:qY.

Then we must prove that **(e, ) = 3 andr n-(Gz ) = 1.

Since G2 takes the varues 3 and' -1 at (i rOro) and

(4rOrt ) respectively¡ and as taking' corrgruences

nod. 7 shows that Gz ear,¡rot take the values 1 ot 2,

we cnly need. to show that G2 cannot take the value o.

Suppose to the eontrary that G"(xr1rz) = O has a

non-trivial solution. Then there exj-st relativel-y

prinre XIYrZ with

l(X - V)" - 21XZ + 3522 + ?(Y = O'
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This irrplies that X = -'l (nod 7). Setting

x = y + 7t and takir¡g congruences mod- h9 yield.s that

(Y * 2z)' + Zz = o (nod 7).

Tlris can have only the solution Y + 2Z = Z = O (nod 7)r

v¡hich iuplies that 1 is a common d.lvisor of xtYrz,

contrary to the assuraption triat Neyrz ï,¡ere rel-atively

prime. This contrad.iction shows that G2 cannot take

the value o and- eor:npletes the proof of the lemma.

IremmA 1.n

n*(F") =ffift, n-(Fa) -frn.
Proof

Fs = l6n|(* * bv * *r)' - tk' - 2Yz - f )l'
For ihe proof we consid-er the integral- forn

Gs(xtYrz) = 2ffi7T, F"(x - Yryrx + Y - z)

=Jr? +3f -22.
Tïren we have to show that rn*(Gs ) = 2 and ra-(Ge ) = 1 .

SinceGsclearlytakesthevalues2and--1'and.as
tal<ing congruences mod i elirninates 'che va.lu€ 1 , YVe

only need. to shor.,¡ that G3 iloes not take the value O.

a.s usual- !¡¡e assune to the contrary that there exist

relatlvely prime NrY rZ lvith

3xz + N - rz¿2 = o. (3.1

Tlowever takirrg congruences mod. 9 shows that ar¡y

solution of this eo;uation satisfies
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X=Y=Z=O (rnod-5)r

and. so (3.t) has no relatively prirne solution. This

shoïcs that Gs cai'urot take the value O and- eornpletes

the proof of the lemma.

Leuma 5,4
n, (F+ ) = 1T25re)+ n-(F+) = frlß,

I

Proof

F+ =W51îffi[(**åv*?r)" -?l@" -Yz -f)1.
For the proof we consÍd'er the integral form

Ga(x'Y'z) ==:re."il'i'l'u, 
* uu, - uzz,

Then rve rmrst show that in*(Ge) = 5 ancl m-(G+) = 3,

As G+ clearly takes the values 5 anð' -3, and. as

G+ :- 5(x + 2z)' : Or5 or 4 (nod 8)
and' 

G+ = 2(x + 2Y - 2z)'= o or 2 (nod 3)

it is elear tTiat we onJ-y have to prove that

ea(xryrz) = 0 has no non-trivial solution.

As usual we assune to the contrary that there

exist relative1Y Prine LtYrZ with

5* + 8)CY + NLz + BYZ + Bf ' \* = o.

Taking congruences nod. 4 yield.s that x -- 2t for some

integer t. Then as Nry rZ are relatively prime

either Z is od.d. or Z is even and- Y is od-d-. We

eonsid.en these two cases separately.
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(") z od.d: IÍe have

o = Zatz + 16tY + ïtZ, + BY(Y + z) - LtZz ,

vrhlch inplies that

4t2+Bt-4=O (nod16)

which Ís inpossible.

(¡) V od.d.e 7' even: Futting Z = 2s we have

O = 2Otz + 16tY + 16ts + BF + 16Ys - 16s2,

which lmpl.ies that

hta+B=O (rnod16)

u¡hleh is also impossible.

Thus Ga cannot take the value o. this completes

the proof of the Ienrn.

Lew¡g]l¿5 (pue to ttankoff [9J )

n.(Fs) = ur-(n5) = flffi.+

Proof

FE = lîßl(x * åy * tù" - *(z' - ?vu - grF)].

For the proof we consid.er the lntegnal form

G"(xryrz) = l7n Fs(xrY,z)

= xz + Nz + xy + Zyrz + Yz - z2 .

Then we must show that rn*(Gs) = t-(e6) = 1. This

elearly follor¡¡s once we show that Gs ean¡rot take the

va.lue 0.

suppose to the contrary that there exist relatively
prirce XrY rZ v¡ith

* + x(Y + z) + (Y o z)' - 2zz = o'
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Then takirrg col'lgruen'ces mod- 2 gives that

X = y + Z = O (mo¿ 2) and. taking corlgruences mod h

gives that Z is evenc Hence Xrlrz cannot be

relatively prirne. Thj-s shows that G6 cannot take

the value o anc)- completes the proof of the lemma.

Lemma J.6

n*(Fe) =flnre', n-(Fo) ={TJSffi''
Blgof

tr'6 = lúre.l(x + åy)' - 3þ - Yz - åf )J.

For the proof we consid'er the íntegral form

e6(x¡vrz) = 3ff2'îm Fo(x + v$tz)
= Jxz + Bxy + Bf - Ezz + BYz.

Then rve must s]low that n*(Ge) = 3 and. n-(Ge) = 5.

As G6 takes the values 3 and' -5, and' as taking

eor€ruences nod. B shows that G6 can¡rot take the

values 2r1 ,'1 ,--2 ar'd, -3r Îr€ only need' to show that

G6 eannot taice tire values -l+ and- O.

Tf Gu (X ,'Í rZ) = -4, then talsing congnrences mod B

shor¡¡s that X. = 2 ( moo h) . Setting X = 2t and.

taking congruences rcod. 16 gives

12tz + Bf - 87,2 + ïYZ = 12 (mod- 16).

lTow as t is odd. this Yleld.s tltat

f + yZ - Zz = O (nod 2),

which only hae the solutj.on Y = Z = O (nod 2) r
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thus Nryrz are all ev€rt¡ However this ilrplies that

G6 takes the value -1 at the point (X/Zry/ZrZ/2),

r,vhich we }o¡.ow is impossible.

If g"(XryrZ) = O where NrYrZ are :relatively

prime then taking congruences ¡nod. B shows that

X = O (mod l+). Setting X = 4t and. tal<ì.ng con€ruences

nod.16 gives that

f +YZ-22:o (urod.2).

Heneer âS above, we ane led. to the contradictlon that

Xrlfr? are all evenr This shows that G6 cannot take

the values O and. -4r and. completes the proof of the

lemmâ.

Lenma ".7
n (F") = Wn, rn-(Fz) = lT6Æ,+

Procf

F7 = WreL(x * bv)' - 3(z' -yz - åv" )J.

For the proof we consid.er the integral form

G.7(xryrz) = m. Fz(x * Jtrvtz)

=*+fxy+3y2-322+3y2.
Then we rnrst show that n*(G" ) = 1 and. 'n-(G" ) = 2.

As G? takes the values 1 anÔ. -2, and. as tat"ing

congruenees mod. J shows that G7 cannot take the

vafue -1 r vre only need. to shov¡ that G? carurot take

the value 0.
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As usual we suppose to the contrary that there

exist relatively prirrre XtYrZ u¡ith

* + ï(Y + 3Yz - 3zz + ltZ = O.

Clearly taking congr¡uences rood 5 shows that X = 3t for

some integer t, Then taking congruences mod 9 giveS

that
yz +YZ-72 -o (nod,3)'

i.e. (Y - z)' + Zz = o (nod 3).

Hence Z=t - Z=A (nod J). Then 3 is a eonmon

d-ivisor of XryrZ, contrary to our assuÍrption that

xryrz were relatively prirne. ThlS Contrad.iction

shows that G,7 cannot take the value o and completes

the proof of the lemma.

lgnna 4r8

n*(Fa) = lTm, n-(Fa) = {ffi.
Pgopf

tr's = {1Æl* - B(r, - yz - $vr)}.
For the proof 'f¿e consider the integral fornr

Gs (x'Y'z) = {Zf+ F, (x, Y rz) ,

Then we must show that in*(G" ) = 1 and- m-(Ge ) = l+.

As Gs takes the values 1 and -4r and. as taking

congru.ences nod- B shows that Gs carmot take the

values -2 ot -1 , vte only need. to show that Gg car¡not

take the values -3 or 0,
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suppose to the conti'ary that there exist integers

X.rY rZ with

* +Y2 +BYZ-BZ2=O or -1,
yz +(y+t+z)" -o (nod5).i.e.

This implies that

integers t and. s.
gtz +9s2 -2l.+Zz =Oor-5r

i.e. BZz - O or 1 (nod 3).

This im¡rlies ',hat Z = O (mod 5)r and' so 3 must

d_ivicle each of x.ryrz. IÍenee Gs can¡ot take the

values O or -J for relatively pnime N'rYr?,.. Thls is

sufficienÈ to show that G8 can:rot take the values

0 or -J, and. completes the proof of the Lemna.

I¡:mroaJ.o

m,(Fg) = tTre, n-(Fg) = ffi6re,.
1

gg€ (oue to Barneõ and, oppenbeim [z jl
Fe = WreI(* * *v)' - t5(z' - Yz - #tr)]'

For the proof we eonsid-er the integral form

Ge(xryrz) = lß5ft F"(x + 5zty - lozry - 11,2)

=x2+:sr+y2-Jozz,
Then we ¡uust show that n*(G") = 1 ancl rn-(Gs) = 6.

As Gs takes the values 1 and- -6 at (t rorO) arrd

(BrZrl) respectively we only need- to show tfrat Ge

cannot take the values Ot-1 ,-2t-3r-\ or -5.

X. = 3t and. Y + 4Z = 3s for some

Then
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Novl

lcg = (zx + y)2 + 3yz -36oz2 (3.2

and. so talcing congruelLces nod. J ghows that Ge eannot

talce the values -1 o:r -4. F¿rthermore if G"(X ÏrZ)
víere -3 vse r¡¡ould- have to have 2X' + Y = O (nod J).

Setting ?J, + I = 31a we have

3tz +P - 12ozz = J+r

which is impossible modu]-o 3.

ff Gs(XrYrZ) = -2 then taki¡rg congnrenees nod- 2

glves

* + lÇY + f : O (mod- 2)

which Ínplies that X = Y = O (nod. 2). Setting

X, = 2t and. J = 2s we have that

ztz + 2sz + 2ts - \Dzz = -1 .

Thus Z must be od.d. anð.

2tz + 2ts + 2sz : ¿ù (nod. B),

which is impossibler

If Ge(XrYrZ) = =5 then taking congrueri-ces mod' 5

in (3.2) yield.s that
(ex + Y)2 + * : Q (rnod 5).

this has only the solution 2X + Y = Y = O (nod 5).

Setting 2X + Y = þt and- Y = 5s v¡e have that

5tz + 5s2 + 3zz : -4 (mo,i- 5)r

v¡hich ie itçossible r

îhis 1eâves only ttre value 0 to elinÍ,natgç
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suppose to the contrary that there exist relaf,ively

priure XrY rZ vri'r,h

(zx + l:)2 + 3-t' - 3,6oz2 = o.

Then talc1ng congruences mod- 5 yie1-d-s that

2X. + Y= Y = O (rnod.5)r and. taking cor¡gruences ûoð'25

yield.s that Z = O (nod- 5). This gives 5 as a

eonmon d.ivisor of xryrz, contrary to the assumption

that xryrz v¡ere relativeLy prine. This shows trr.at

Ge cannot take the value o and. completes the proof

of the lemma.
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cH¡prm h_-

In this chapten we establj.sh the general method. of

proof of theorem Â.

We first break d.ogn: the theorem into ten sub-theorems

which when combined. together are equivalent to theoren A.

Each of these sub-theorems takes the following form for

some ir O < I ( 9, wher"e a¿¡bi¡Ii arrd- F¿ are as in

theorem A.

Theorem A¡
æv

Bvery nornal-ised ind.efinite ternary qu-ad.ratic form

of sÌgrrature 1 takes a value in the closed j-ntenval

Is = [-flui ,ft¿ ] .

Furthermore (for O < í < S) closure is requireö on the

right onl-y for forns equivalent to F¡+rr anil

(for 1 < i < 9) closure ís required on the left only

for forms equivalent to F[.

We now take the theorerns Ai and- try to reduce then

to a form in vrhich they are lnore easll-y lllsov€lì¡

Consld.er, fcr 1 < i < B, in place of theorem A¿ the

theor{n Bi as follov¡s.

theorem Bl

-t

If g is argr ind-efinite ternany quad-ratic forn of

signature I and. with A(S) = d where
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o < d < tht,
anCL if ra*(c) = 1t then either

n-(s) < ,ffi
or g is equivalent to a multiple of either F¿ or F¡+1,

It is easÍIy seen that theoren A¿ follows from

theorem Bi, for if f is any nornalised- form with

rn*(r) = m then

(") If o < m . fl6î, f clearly takes a value in the

intenior T[o of f[.
(¡) If n > ffi, consider the form

g(xryrz) = f(x¡y¡ z)/m.

Thls has

d=d(s,)=1/m8<1ht,
and applying theorem Btr gives that either

(i) m_(e) < m, from which it follovs tfiat
n_(f) < fl*t, and so f takes a value in Tüo, or

(ii) g is equivalent to a multiple of eithen Fi on

FL+r, from '¡rhich it fcllorivs, on comparing d.eterrninants¡

that f is eo;uivalent to either Fg or Fi+1 n

(") The closure cond.ltions follow autoraatically froär

the results of Cirapter 3,

Thus 1f we can establish theorems A6 and. As and.

prove theoneng B¿ rB¿ ¡... ¡Bs we will have provecL

theot em A.
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Theorems Bü for 1 < i < 8r or more speeifically

theorems c[, stated belovr, fr¡om rvhich theorems B¿

folIow, v¡il1 be consld.erecl in later chapters. For

the present we wilJ- consid.er theorems Aq anil- As.

Froo@
Barnes tt ] has pro'red- the following.

"Every indefinite ternary quad-ratie form of

signaturel with ¿(f)/O takesavalue v satisfyÍng

o<vaffiJft.
trlurthermore equality on the right is necessary 1f ancl

only if the form is equlvalent to a nultiple of

l1L = -* + B(f + Yz + z'),"

Theoren Aa foJ.lows immed.iately on setting d(f) = 1

aniL observlng th.at

va(xryrz) = åhr@ - 2x - ZYrxrY){ffi.

Proof of Theorem A*

Barnes and. Oppen¡reim [2] have proved the following.
trEvery ind.efinite ternary quad.natic form of

slgnature -1 wlth d(f) I O iakes a value v

satísfying
o<v<WJre.

Furthermore equality on ihe right is necessary if and-

only if the form is equivalent to a mrltlp1-e of
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b2 = -xz - ry - f + 9A22.'

Theorem Ae follolo¡s ir¡med'iately on uultiplylng the

forms by -1, settlng Ö(f) = 1 ' and' observing that

T"(xry rz) = -!h(x - 5z rl + 1oz'-z)láre'

In ord'er to siurplùfy the theorems 81 r-re need' the

foJ-3.owing theorem'

Theorem 4.1

Letfbeanind.efinitetennaryquacl-raticformof
signature 1 and' such that both n*(f) an¿ n-(f) are

¡lellFzeror lhen if f Öoee not attain the value

m*(f) t" can' associate wlth f another ind'efinite

ternan¡r q1lad.ratic form fr with the following properties'

(i) aet(rr) = aet(f).
(ii) n*(f'¡ = m*(f); n-(r') > t-(r)'

(iii) rt

(iv) ft
coefficients.

Progf

As *.(f)+

each integer

that

attains the value (r),m
+

is not a nrul-tiple of a form with integral-

is not attained. by f ure can fincl' fon

n >- 2, relatively prime xnrynrzn such

n*(r) < f(xnrvnrzn) ( (1 + 1,/n)n*(r)'
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Let

f(xn syntzn) = (1 + dn)m*(r)

,,vhere O < dn 4 1/n. Then lve ean f incl a form

Bn equivalent to f sueh that

Bn = r*(f)(1 + dn)[(* + ]nv + unz)z + o,n(r, z)f .

Now qn is an ind.efinite blnary quad.ratic forn and. it

can¡rot take any value in the open interval
(-r-( t)/zn*(1),1/t+) (4.1

as otherwise by choosing x, such that

(x * \y + pnz)z < 1/l+ we woulcL obtain a value v of

f satisfying

-(r + dn)n_(t)/z < v < (1 + dn)n*(t)/z,

which, as dn < 1/2, contradicts the ilefinit1on of

either m*(f) or o_(f). Hence there exists a chain

of reduced. forms, as d.escribed- in the introduetiont

all equivalent to 9n. We take one of these recluced-

forns and- denote it bY

cnY€ + d.¡]rz + ênîz .

Then by passing to an equivalent form v¿e have

Bn - lh = t*(f)(1 + dn)[(" + ctnl + Fnz)z

+ cnf + dnyz + enzzf.

{Ve may assume without J-oss of genenality that

lonl <1/2, lBnl <1/2,
as if this srere not sor by usÍng a sultable parallel
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transfornation on x we could. pass to a further

equivalent form v¡here thls cond.ition would- be satisfied''

clearly as qn Cannot ta]lrle any values in the open

interval (4.t ¡ both Icn I aniL l"n I must be 'oounded.

aïray fnom zero by nin Í.1/4rn-(t)/zn*(r)J. Then as

4d(f) = (1 + dn)"(n+(f))"(drf +4enenl) (4.2

it is elear that the seqtlences ["nJ [o-nJ and' [un] are

bound.ed. sequencesr As [onJ an¿ [¡SnJ a¡e also bognd-ed'

sequences we can choose a sub-sequence lrn J of ll/nl
such that the corresponiling subsequences of ["nIr[¿"L

["n ] , lon i and- lpn ] converge to limits crdr era and' B

respectively. VrIe shal1 shovr that

fr = **(r)[(x + ocy + þz)2 + cf + dyz + ezzf

has the ilesireo proPerties.

By taking limits of the subsequens€s corresponèing

to lrn j in (t+.21 v¡e have

l+laet(r)l = (n*(r))"(¿' + 41""1).

Then property (i) follov¡s as the right han¿' sid.e of

this equation i-s -4aet(ft) and. as fi rsust clearly

have signature 1.

Property (iii) i" trivia:-.

Froper-r,y (il) clearly foIlov¡s on showing that

f takes values arbltrariiy elose to any value taken

by f r. If lt takes the value v at Nryrz, Let
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B = xcax ( lxl r lvl ' I 
zl) " From the definitlons of

erö¡erø and. B it ls clear that for any r > O rrre ean

choose N such that the coeffieients of * ,f ,23 ,ry,
xz arrd' 5rz in \ d.iffer frorn tlre eorrespond'ing

coefficients in fr bY at most c.

[¡,on exaurple, if K >- 1 Oenotes a conmon upper bouncL

of n*(r) and. the elements of the sequenees llen1¡t

Ilan¡]rtle¡lJ, choose N suchthat 1/\ lsin lrnlt
3K3/'N < a/4, and each of lc - g:tlrl¿ - dlil rl" - uivl,

lc - ø¡l and lO - fol is less than r/8x2,)

Then

l5(xrv,z) - rr (x'Y'z) l <

i o ê. l it*(xrtr z) - vl <

As tf - t, anil as cr > o is arbitrarye it is clear

that f takes values arbitrarily elose to arry value

taken by fr.
Using the notation that f is in the e-neighbourhood

(abbrevlated. nhd) w*(e) of g if the coefficients of

* rf etc. in f d.lffer by at most € fron the

eorresponding coefficierr'ts 1n E¡ then v¿e have seen

abcve that for any e > 0 we can choose n such that

hn is in irÏr' ( e ).
In ord.er to shorv that ¡t cannot be a- ruultiple

of a form with integral coeffieients we refer to the



$g)

result of Cassels anð Swinnerton-Dyer t4] concerning

the isolation of ind.eflnite 'r,e1rilâ1rs quad.ratic forms

with lntegra]- coeff i-eients ' This result ís that if

g is such a fonm and. Q,t"tl) i" any open interval there

exists a nhd- 1["(e) such that âD¡r 1'o"* lyir,rg in N*(e)t

not a rnultÍp1e of Sr takes a value in (Prn), If we

assu.me kf t to be integral for some nu¡nber lcr and- take

(prn) = (orlxm*(f)), then the above isolation theorem

shows that there exists ltrr(e ) such that every form

g ln wr,(e) rvith **(e) > åm*(f) is a uriltiple of

f r. As there exists n such that rh is in ITSr(e )t
hnr and. thus f, nnrst be equi.lalent to a mrltiple of

fr. However this implies, using properties (ii)

and. (:.ii ), that f takes the vaLue m*(r) , in

contrad.iction to the given. This shows pnoperty (i.t)

and. eompletes ihe proof of the theorem.

\4re nay now simplify the theonens Bi as fo1lov¡s.

Suppose tha't, theorern B¿ is false, Then there exists

a form e of signature 1, with a(e) = d where

o < cL < 1þt, with t*(S) - 1t such that g is not

equlvalent to a multiple of F¿ or F1a1 and such that

n-(e) > ffi;ã.
Iî **(s) is not attalned- by 8r then by the above

theoren there exists gr, not a unrltiple of an integral
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form (anð hense not equivalent to a nultiple of F¡ or

FL+r) with d(gt) = d" t*(Bt) = 1 attaiflecl by 8',
ana such that n-(et ) > t(g) > lÇa.
Hence if theoren Bi is false it stllL remains false if
we Ínsert the extra cond.ition that n. (g) is attained-

by g.

Let theorem C¿ d.enote theorem B¡ wltir this extra

assumption. Then cJ-earl-y theorem Bi v'¡i11 follow

once we have eetabJ.ished. theoren Ci.

For the proofs of theorems Ci we use a chal-n of
(¡.

fonms (&), --co ( i ( *r equivalent to and associated

with a given ter.nary fonm f.
Let f be an ir¡definite ternary quailratic forn of

signature 1 taking the value rn*(f) = 1. Then we

can find an equivalent form

g = (x n Ày + pz)z + q.(yrz).

ÌTow q- 1s an ind-efinite blnary quad.natic fonm with

a( q.) = d( f) / o, ancl it cannot take a value in the

open interval
(-n_(e) - 1/4, 3n+) (4.3

as otherwise we could. choose x suitably (i,". such

that (* * Ày + pz)z < 1/t+ if the value of q were

non-negatlve, othervrise such tliat
1/4 < (* * Ày + pz)z < 1) to obtain a value of g



(61 )

that contrad.icts the d.efinition of either n-(f) or

n*(f) = 1. Hencer âs in the introduction, thene

exists a chain of reducecl forms

qt=(-1 )Luff +:o¡yz+ (-1 )L+La¿+¡zzs ro(1(oo
each equivaÌent to Q. By applying a suitable y-z

transformation we nay replace q(vrz) in g by ariy

one of the q.¿ (yrz) givirrg^

sj = (* * dLy + fuz)t + q(vrz)
equlvalent to f. Then by changing thc sign of y tî

neeessary and. by applyÍr¡g a suitable pa-raIlel

transformation to x I're obtain, using 'che relations

of the introduction, a chain of forms

g;k¿ = (x * Àry * p;z)z + (-1 )t+1(z - Fuy)(z * Sty)o.,.,

with l\l <f, and lpr, I < å such that each form tsf' of

the chain is equivalent to f. Tle shal-I eal1 such a

ehaj.n an rrequivalence chaÍnrr for f . It shoulcl be

noted- that there nay be a number of d.lstinct

equivalence chains fon a given f , d.epend.ing on the

initíal choice of g.
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OTÍAPTER 5

In this cbapter we prove theorem C1.

makes use of the following results,

The proof

Lemna F.1

l,et k > 2 be lntegral- and- Iet q. be an

lndeflnlte binary quad.ratic form. Define

A=iif +k+ (Su- l)/Eræl/(t*r-2),
B = min (t+t'rÉ + 6k + 1),

d. = mir fÉn-z /tÊ,B'ro+2 /Lrum-" /4t? I

where D+ = n*(o) and. rt- = *-(q). Then eithen

q. 1s equivalent to a nultlpJ-e of f - kry - l# or

a(q) 2 d.

Proof

The proof of this result depends on the work of

Torntrelil I zO ]. Prlt

Q(x,y) = q.(x,y) /zJÑ
so that I has d.iscrimina¡t Ñ = 1 and. 1et

U=rn*(Q) =rt
n=or_(e) =n
P - max (t/tt,

then Tornhein has sÌrown that either
(a) P>z:re or

(¡l P = m. and. A is equivalent to

M(tr - krry - tqf ) = N(xz - kry - 1{É)/k, or
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(c) From the proof of le¡nna 7 of his papert

N < k/Ar oP

(¿) From his lennas I and. 1O the chain of gt for

A contains at least one (t< + t,) and.

P>,tm.
Now (a) and. (¿) glve

l/w or t</iv > min (zrrnaffiT) = ,/B

from whicÏr, using (5.t ) r w€ Ìrave -uhat either

a(q) 2 ^*"8/4 
>- d, or

a(q) >n_zn/'+Ê >d..

Sini]-ar]-y (e) gives that

¿(q) >njñlrrt* >d,.

The lemma now fol1-ows on observing that the alternative
(¡) imp]-les that q- is equlvalent to a multip]-e of

*-kry-:r;F,

Lemma 6:-?,

Both rrr(x) = lf -tä(* + t¡-)" and.

hz (x) = f - å(* * þ)" have only one neal root.
Proof

Evaluation of the roots of the oerivatives of

h1 and. Ìr2 shows that these roots are at most 1/8 in
absolute value (i.n faet they are (l/8 t JTffiy¡ø
arrd (l /g ! {1W) /6 and the maximum of these is
1/8). then h1 and. h2 are negative a,t these points,
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and. so their graphs have Þoth turning points below the

x-axis. Tlri.s lmplies that ht(x) a¡rd ha(x) have

only one renl root.

The Proof of Theorem Cr

lïe are nos/ in a position to prove theorem C1 which

for referenee 1s re-stated'
oIf g 1s arqr lndefinite ternany quad.ratie form

of signature 1' with a(g) = d- where

o<d<49/54,
(g) = rû* = 1 1s attained by g then elther

(a) n-(e) < WÆ, orl

(¡) g is equivalent to a nuJ-tlpl-e of either F1 or Fz.u

As indieated at the end of Chapter 4 we eonsider

in plaee of g an equivalence chain (g¿ ) of forms

equivalent to gr TVe have

gr = (* + Àiy + ptz)z + (-r)t*tul** Q - F¿y) (z + siy)

where as indicated. in the lntroduction

aL = ai41F¿S¿

Fi = (p¿rpL*1rPü+ar,..)

si = (OrpL-1rpü 4t...)
Ki=FL+S¿

al+rKi = Ai Lz = 4d. (5.2

Sinee (-r )t*taL *r(, - Fiy) (z + S¿y) carurot take any

+
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values in the interval- (¿r.5) we have, assuming that

r_(e) - m_ > lãÃ8, (5.3

the following:
(5.h

(5.5

Using
(5.6

ïve obtain

Ki = IJGF/gâL+r.

Then using tlre bound.s (5.t+) and. (¡.¡) we find that

Ku < 28J-6p/27 < 2.54o3Jp (:. odd) , (5.7

Kr. < Tl6pl.sf pG + fffi) i-t <

As pt < F¿ < K¡, vi¡e conclude that

pt < 2 (:- odd); pi < 3 (i even).

The proof is now presented as a series of l-emmast

eaeh elininating varlous possibilities for eombinatior,re

of pt occurring in the chain [pi ]. In these 1eromas

the followlng property wil-l be used.,

uIf the sequenee (rrg1...et) = (pirpL+ir...rPL+j)

cannot occur in the chain lpi ] then neither ca¡r the

sequence (tr... rsrr) = (px-¡ ¡ o n. ¡pft-1 rPk) where

k = i (mod. 2) .n

This foJ-1-ows from the fact that repJ-aeing y by

-y reverses the order of the chain [pi ] wlthout

aL > 3l+ (i even),

aL > ìtr- + t/4 > {W * 1/4 (i odd).

(5"2) and setting

a=4g9/54, O<p<1
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affeeting the values taken by the formn

frn fact, if q,(yrz) = (-t ) 
i*t- aL+L(z - Fiy) (z + S¿y)

then the transformation ã - z + ply, I = -y gives

q.(yrz) - ã(Í,ã) = (-t ¡i+' ''i+tG - V#)(ã + g¿v)

wTrere Éi = (tr. ¿ - pi ) = (OrpL*r rP L*z r...) and-

{¡t = (s¿ + Pi) = (pirpL-rrPü+¡...). ClearÌy this

reverses the ortler of the ehaln. ]

For slnpJ-lclty, 
^ 

a¡ld. lr will replace Ii and'

ItL in the loea1 eonsiderations of the chain [p¿] in
the followlng work,

Lemna 5.?

the chaln cannot contain eitÏrer pL = J with

1 even or pt - 2 with 1 od-d.

Proof

Let pi. -- 2 v¡ith i odd and suppose that one of

lpL-¿rPû*r 1s not 3. Then

Ki>
which contrad.icts (5.7). Thus 1f pr - 2 with i
oc[d. then ÞL-r = PL+¿ = 3.

Let pL = J with i even and suppose that one of

PL+:- rPL-¿ is not 2. Then

Ki>

ri'¡hieh contradicts (5.8). Thus we must have

Pt-r = Pl+r = 2, and. sO PL+ = Pü+z = 3. Then
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Kg>
which again eontrad.iets (5.8). Since pt = J (f even)

l-eaä.s to a contnad.ictlon and pL - 2 (i odd) inplies

p[+r = J the lemna foJlows.

From this lemma we can concl-uðe that
pr-1 (:.odd.); pi<2 (i.even).

Lenma E,4

The etrain carrnot have PL-r = Pü+r- = 1 where

i is odd.

Proof

Suppose that P[-r. = pL*1 = 1 with i od-d'. Then

Fi>

SinilarJ.y Si >

(5.1) we can obtain tjnat P > .719W a¡rõ comblnlrrg

this with (S.S) and (5.A) we finil that

m > .2386. (5.1o

Now

and.

F¿<

Si<
Uslng these bound.s togeth,er with the lower bound.s (l.g)

ïve obtaln that

..91068<I'iSi<1
.91068 . (r¿ t)(si + 1) ( 1.

(i.tz

l
(5.t r

In add.ition we Trave, with regard. to (l.l+) ,(5"2) and.
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(¡.9), rhat

.75 < âL+r = l^Fp/gXt <

Suppose, contrary to rrhat we wish to prover that

a L+1 <

(* + p)' < *, it is clear tbat we must Ï¡ave the value

(x + p.)' * al+r >

(x+p)z >1-âL+r >

[hls implies that

ll¡, - åll <

where llt ll d.enotes the d.istance from t to the nearest

integer. Clb.oosing x so that 1/4 < (x + tr)z < I
gives gL tlre value (x + X)a - âü+rFiSu which is less

than 1. Then

(x+},)" <a¿+r.F¿Si -m-.
Uslng (5.t0) and. (5.12) gives that

(x+À)a <

and. so lh - tll . .256. comblning this with (5.t3)

yiel-d.s that lh - ¡r ll < ,3202, so we can choose x such

that (x * À - ir)' < .1o3. Hoïcever using the borrnd.s

(¡.g) and (5.11) *" find that

ai+r(1 + Fi)(r - Si) < .8963,

giving

(* + \ - p)' + eL+t(t + ri)(1 - si) < .9993.

This is a value of g¡. contradicting &+ = 1, ætd.

strows that we cannot have âL+r <
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.81 <

In the following values of gt we ehoose x such

that the square lies between 1 anü 2.25 j-nclusive:

(x + ?r)z - ar+r.Flsi r

(* * À * ¡r)" - ai+r(Fi. - t)(si + 1).

Equations (5.12) show that these values are non-

negativer so they must þe at least t (=m*). Thus

(x+À)z >1+aiç1Flsû. (5-15

Then using (5.12 and' 15't4) we have

(x+À)z >

sim11ar1y lh * p - å ll < .182 . rhus llp ll <

so we ean choose x such that
(x + ¡t)2 <

In order that the value (x + p)' * âL+¿ shall not

contrad.ict D+ = 1, we must have ãL*t >

UsÍng this instead. of (5"th) in (5"15) and repeating

the argument gives that ll¡r ll <

x such that
(x + ¡ùt t aL+r <

This contrad.icts m

the lemma,

= 1 and. comple-r,es the Proof of

Lemma 5.5æ
The ehain eannot have PL-s = PL-r. = 2, Pl+r - 1

where i is od.d'.

+
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Prgof

Suppose to the contnary that such an i was in the

clrain. Then the previous 1-emma implies that Pû+a - 2,

and. so

Fi-r = (2r1 ,1 "1 ,2r1 t.,.) > \211,1 11 ) > 2.6329,

> .721+7.)Si-r = (or1r2r'l ,...) > or1 r211 11

Thus Ki >

find. that

m->W/t+,
and. insertlng the above bou¡rd for Ki gives that

m->ffi¡4.
By iterating on this, conmencing with m_ ) 0r tJse

eventually obtain that m_ > "21+2.

The foJ-J-owing bounds on Fi and. Si nay be eas11y

obtained..

1 .57735 < (t ,t ,fr) < ¡'¡, <

.366 <

Then Ki > 1.9433, and. using (5.2) and. (5.6) we can

deduce that e-L+t <

bound.s for Fi and. Si, yield.s that
a¿a1F¡Si <

a¿+r(1 + 3Fi)(¡su - 1) <

(5.16

Clroosing x wlth 1/4 < (x + tr)z < 1 gives, by the

cane rnethod. as in the previous lemmâ¡ that
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(x + l)z < aL+1FLSL - IIr-.

Using the above bound.s fon m_ and. a¿a1F¿Si gives

(x+h)z <

and so ¡lr - åll <

ll¡x - p - åll <

âLr¿ ç7 .JO9) ( .¿+61+) <

and we can choose x suelr that 3,4 < (x + l+À - p)t < 4.

This gives a Poslti-ve value

(x + 4À - p)z - au+¿ (1 + lrFi) (æi - 1)

of BL r so in ord.er not to contradlct o+ = 1 we must

have

a"t+tQ.sog)(.¿164) < 3.

Thus aü+a <

bound.s in (5.16), and. repea+'ing the analysis yielcls

that ¡fx - åll < .o21 and that ll¡l - t, - ill . .o21 .

rhen llp ll <

o<(x+p)'+âL+r<
Thls contrad.iction to fl+ = 1 conpletes the proof of

the Iemma,

It fol]-ows fnom the above lenmas that the ehaln

[p¿ ] mu.st be one of the following:
(") -(1r2)*, i.eo for all- i, ppj :2, Pz.¡+1 = 1.

(¡) *(1r111 ,2)*, i.e" for a1l j,

P+i-r = P+J = P+i+¿ = 1, P+i+z = 2.
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Vüe now consider these speeial cases in turn.

Le.-mma, 6.6

If the ehain [pi ] ie -(1r 2)*, then g * Ftß71,.

Proof

If the ehain is -(1 ,2)*, we Ìrave for i even

gr = (* + },iy + pLz)z - aL+t(22 - Zyz .- 2f ).
Since gL - g there is no loss of generality 1n dropping

the suffixes and. taking gt to be g. Then

d =d.(e) =3a'<I+9/51+,
and so a < 7Jã/1s . -55 -

rn add.ition, d/4A = */16, and. so (5J) and (S.S)

yie1-d. that

m-3 >

i.e. ¡u.(n_) > o.

By using lemna 5.2t noting that nrj/ù = O, rve have

tr:->1/4; a>1/2.
Conslder the binary quadratic foru

t(xrz) = àlz2 (* + þz)' ,

the negative of a section of 9.. Thie mtrst have

n*(t) >

Then taking k = 4 in 1emma þ.1 we have that either

(") tø(z'-l+x:z-l+*)/4 and a=¿(t) =1/2r or.

(t) a=¿(t) >

For the moment ].et us eonsider the second
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possibi)-ity" This glves

m_ )- Wß > .26.

Choosing, without loss of generalltf, O < ¡r < å, lre

have j-n the sectlon 't(xrz) with x = -z = 1 that

(t -p)'-a<.5.
Then thi.s value must be at most -ll-e and- so

(r - p)z < a - m- < .29 <

from which we can d.ecluee that .4614 < p < .5, Then

in the value -t(t,f) we have that
j.66< (t +3p.)z <6.25,
¿+.85<9a<4.95"

In ord,er not to eontradict m = 1 we must have
+

(t + 3p)z >

value -t(5r-4) we have that

9<ß-4ù'<
8"622<16a<8.8.

Then as û+ = 1 v¡e must have 16a < 8.67. In the

value -t(1,4) we have that

8.35< (t +l1fr)" (9,
8.622 <

Then as r+ = 1, m_ > .26 we have that

8.35 < (r + W)' <

Hence *" -"":;;' 
.t:*. ,+75. ( 5.17
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Bv an'u""":;: 
:ïii"ä ïi'"",1,"::",.:"""î: -z = za

-tz = (x+ (l* \p.)zr)'-&zzzz z-3zz =37
rrre can clerive that

.4728 <^ -p <

,472g <

(¡oodu1o 1), These inequalltles (5"17 ) r (5'tA) and

(5.19) can be shor¡m to be inconsistent by adding

4 rines (5.17) to (5.t8) 
"

Thls e1ininates the possibility that a > .5389

and. leaves a = L. Jn this case

t-Lzz (x+tr)',
t1 - Lrt' (* + t"r)' .

Thls yÍ-eld.s on consld.ering the t¡r¡les of forms equivalent

to tr' (**tr)" that p=h-p:_+ (mod1), from

whieh 1t follows that g is equivalent to

(* * tz)' - tG" - Zvz - #) =rt1;f77i,.

Lemma 5.7

If the crrain lpu ] is oo(1r 1,1 e2)* then

s * E"lWü,.
@

If the chain 1s -(11121 ¡2)æ we have for i even

and pt =2 that

gr = (x + Àiy + ptz)' - al"+t(22 - 2yz - Ff ).
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Since gL - g there is no J.oss of generality in d.ropping

the sufflxes and- taking gL to be g. Then

d. = d(g) = 8a2 /S < 4g/5t+,

and.so a47/lz.
In ad.d.ition a/UA = * /18 and. so as 1n ttre previous

lemma we obtain that ¡r¿ (m_) > O. Since nr(.23) < O

we must have m_ > .23. By the same nethod. as 1n the

prevlous lemna it can be shovrn that either
(u) azz (* + pz)z - Lzz (* + lult r or

(¡) a > .5389.

For the moment 3-et us consider the first possibllity.
In this case a = t. If we sei v = 3zs¡ z = -2zs

then we must have

dzsz (x + (¡¡. - zp,)zs)z - tzsz (* + tz")' ,

whieh yÍeld.s, taklng (") into consid.eration as we1.1-,

that p = 3X - Ztt = L (rnod. 1). From ttrls we ean

d.educe -r,hat X = å or t$ (mod 1). However )'" = lå

gives the section (x + À)2 + $ the value åår and-

À = å gives the seeti.on (x + I - ¡r)"' tU + 2 - *)
the value 

"1, 
in each ease contrad-icting E+ = l.

This eliroinates the possibil-ity that a = t, learing

a > .5389, from which we obtain that

m->m>.252.
Choosing x wlth 1/t+ < (* * tt)' < I in the section
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(x + ¡r)2 - a gives a value less than 'l , so this value

is at nost -0_o Therefore

(x+ p)" <

rhie yie].d.s that ll¡, - åll <

2<. such that

5.o <

Tlren as h.85 < 9a < 5.25 this glves (* + 3p)' - 9a

a value greater than -¡n_r so this value is at least 1 '
Thls inpl.ies that

(*+3ù'>

from v¡hich 1t fo]-]-ows that

ll¡, _ åll <

Tlre value (* + À - ¡r)' - 4a/3 wlth x chosen

such that 1 < (x + À - ¡r)' < 9/4 yierdsr âs

.718 . 4a/3 < 7/9, a positive value of $- This

value must be at least 1t so

(x + }. - p,)' t 1.718 > (tåt)",

whieh yie1-il.s that

lh-p-tll ..19. (5.2t

Slnce 5^/l < 35/36 1t is clear from the eeclions

(x + À)s + 5a/l; (x + 2h - p)'+ 5a/3;

(x * x + 2¡.t)2 + 5a/3; (x + 2À + 5p,)" + 5a/3i

that we uust have

ÀrÀ + 2pr2^ - þrzÀ + 5tt eaeh at least I from 0 (5'zz

(nodu]-o 1 ).
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It is easlly verified. that the onl-y sol-utions to the

eongruence inequal-ities (5"2o) r(5.21) and (5.22) are

^ 
= tå, Ir - + (nod. 1). Then in orcter that the sectlon

(x + À)z + 5a/3 shaal not take a value contrad.leting

m - 1 we nnrst have a = 7/12. thus we must Ïrave
+

e - (x + åv * ';")" ' Í;(r" - Zyz - ?f \ = P.T4 t+

as requlred,

Courblning the lenmas proven we have shown that if

m_(e) > "JaTA then g is equivalent to a roul-tipl-e of

elther Fr on Fa. This is clearly equivalent to

proving theorem Cr,
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cH¡r"rgP. 6

In this chapter we prove theorem Q which for

neference is re-stated..

"If g is argr lnd.efinite ternary quadratic form

of signature 1, with a(g) = 0 where

o<è<g/8,
and. if t*(S) = Iß* = 1 is attained by g then either

(r) m-(e) < FWgr or

(¡) g is equivalent to a nultiple of either Fu or Fs."

The Proof of Theonen Ca

As 1n the prevlous chapter we consid.er, in plaee

of E¡ an equivalenee chain (gi, ) of for.ms equivalent

to g. For sinplicity we use the sârne notation as in
the previous ehapter, renamlng (5.2) as (6.t ) e i.ê.

ai+rK¿ = Ai L2 = ltd, (6.1

and. rep]-acing (S.l) by the assumption that

m_(e) = m_ > Wre. (6.2

Simil'ar]-y (¡.4) and. (S.S\ become

aL > 3/4 (r even) (6.3

aL > m- + 1/4 > lzaÆ + 1/4 (i oaa), (6.4

fron whieh, using (6.t ) and. setting
d,=9p/8, o <þ{1, (6.5

we obtain that
Ki = 3þp/zãL+t. (6.6
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Then using the bounds (6.1) and. (6.4) we find. that

KL <ffi.2"82843,[þ (iodd) (6.7

Ki<
As pt < F¿ < K¿ we can conclud'e that

pL <2 (ioea)i PL<3 (ieven).

The proof 1s norr presented. as a series of lenrnas,

with the uee of ÀrË for Àt rpt respectively fo:r

sirqglicity.

Leurna 5,J

The ehain lpi ] carurot æntain pt = J for

i even.

PJoof

Tf þt = 3 vrith i even then

Fg>

and so K1 >

I,enma 6.2

the chain [p¡. ] cannot contain pî, = 2 vrith

i od.d. unf-ess PL-r = Pü+r = 2.

Proof

Suppose that pt = 2 with i od.d- and- with one of

pt-rrPt+¿ not 2. Then

Kt>
which contracllcts (6.1).
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Le$¡ua 6. e

Tf in the chain [p¿ ] there is an od'd. i with

pJ = 1 then either' (*) p¡-, = Pi+z = 1 or

(b) pj-r = pj*t = 2 and. one of Pi-erPi+z is 1.

Proof

suppose that pJ = I vfith i od.d. and- that one of

pj-z rpj+a is noi 1 . Then lemma 6.2 sho'ss ihat

there are in effeet two poSsible eases where (t) d-oes

not ho1d., viz
(i) pi-z = PJ+z = 2i the chain is ..e2r2r2r3r22?¡2e"

(ii.) pJ-z = 1t PJ+z = 2i the chain is .n21 e'r3r2r2r2¡,'

It should. be noticed that the reverse situation to

(ii), i.e. pJ-, = 2, pJ+z = 1t is equivalent to (li)

this ,,Mas observed in chapter 5.

I¡te now '¿ake i = j + 1 and- eonsid-er these two

cases together, for the actual nethod of proof is the

same althrough the bound.s may d-1ffer. 'fUTrere the

boun'ds d.o d.iffer, those given will be those for case

(ii) with those for case (i) following ín squane

brackets.

TVe have that

Fi>
and. that

Si>
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Hence

that

Ki>

a!+r < 3/(3.O322J2) < .6996t [.68].

Now we a].so have that

F¡<
ancL that

Ss<

Consicleration of the section Y = 1 ¡z = 2 of 8L ¡

vrith (* * )¡ + Zp.)z < 1/+¡ yield's that

aü+¿ >

llr. * zp - *ll <

In ad.d.ltion, as I4-3 )- â1+LZK.2 /9q we obtain

in each caÊe that
¡r_ > .349.

Consid.ering the section (x * p)' - âü+r wit

1/4 < (x * p)' < 1 Yields that

llp - åll <

Then uslng (6.9) vre obtain that

llr - pll <

By ehoosing x such that 1 < (x * h - ¡r)z < 1.72

1.552 <

(**\-p)' -ar+r(1 +Fu)(1 -s¡,)
rve obtaín a value of gt in the open lnterva

(.085r.879) [(-.1 38¡.35)] which contrad'lcts either

n =1 or m >
+
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Lernrna 6,h

If in the chain lpi ] there is an od-a j with

p¡ = I then we car¡¡ot have pi-z = 1r Pi-r = PJ+r = 2.

Proof

Suppose that such a situation oceurred-. then

settirrg i = i - 1 t¡e have that

Fi = (2r1 ,2r ..) 7 (zrt r2) >

Sg = (Or1r..) >

ilenee K¿ >

(6.6). combining ( 6.1 ) ,(6.2) and ( 6.4) vields that

m_s > aL*"'Kf /gB >- K¿'(n- + l/4)2/98,

and. inserting the bound. for K¿ gives that

98m-" > 11 .o5629(t- + 1 l+)z .

Iterating orn this, comnencing fron ãì- ) Or eventually

gives that m- > .339r ât+r >

Consideration of (* * p)' - âl+r with

1/tr < (* * p)' <

in the value (x + 3p)" - 9aü+r r¡¡e have that

5JA1 <

5.567 <

gt that contrad-icts elther ** = 1 o:: m- > .339,

Lenma 6.5

If 1n the chain [pr, ] there is an odd' i with

pJ = 1 then pt = 1 for all odd. i.
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tllle on\r need. to show that PJ -a = PJ +z = 1 if

pJ - 1 v¡ith i ocid. This follows from lemma 6.3t

using lemma 6.1+ to elinlnate the possibility (¡).

lemna 6.6

ïf in the chain [pr, ] thene is an od.d. i with

pJ-1s pJ+¿=2 then pj-1=pj+s=1.

Proof

this is a d.irect consequence of lesrlras 6.4 and 6.5.

Ler¡rna 6.7æ
If in the chaln [pt] thene is an odd. i with

pJ = 1t ÞJ+¿ = 2 then pj-s / 1.

Eg
Suppose to the contrary that there was an od.d-

i with pj-B = PJ - 1, pJ+r = 2ç then settirrg

i= j+1 wehave+"hat

2.518 <

.618 . (orT) < orl ,1 11 ,1 ,1 12 ) < .62021 ,

and. that Ki >

that used. in lemuua 6.4 r're obtain that aû+r. <

and. that

9Bn-" >

from which m_ > ,33 follovr¡s by iteration.
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Consid,er the forn

t = âL +tz' (* + þz)2 ,

the negative of a seetion of gL. This has

m_(t) =n*(si) =1t
m*(t¡ > m-(si) >

Now uslng lenma þ.1 with k = 3 we find that either

(i) A(t) >.6577, w¡rielr eontradicts the prevlous

þound. âL*r < .6556, or

(ii) a(t) = âü+r - 7/'t2"

Tben as Ki <

d. = âü+r'r-f ,/4 < 49/54

and the result follows from theorem Cr.

Lemma 6.8

pt - 2 fon at least one i.

EM
If pt = 1 for all- i then for i even

gr = (* * Àiy + pLz)z - at+t(zz - yz - f ).
Sinee gt - g there is no l-oss of generality in

droppi.ng the suffixes. Then

d=d(e) =5a'/4<9/8,
and, so a < .9487. (6.10

If a < .852 then d. < 49/54 and' the result fol].ows

from theorem Cr, Hence it is sufficient to assume

that a > .852.



Consid.ering the sections

(* + À - pF - a; (x + ¡.r.)" - a

with 1 < (x + ¡r)" < g/4, 1 < (x +'¡t - p)t < 9/4

find. that each square r¡ust be greaten that 1 .852,

(85)

Ìve

fron

which it follows that llp - åll

llr - p - åll < lhll <

find x sucÏ¡ that

o<
Tlrus as E+ = 1 we must have a > .921 . Repeating

thls argument uslng this new bound. glves that a > .947 t

and. a further iteration gives that a >

contraä.ieting (6.t0). This completes the proof of

the ]-emma.

Suppose that pj = 1 for all od.cl i. Then fron

l-enrna 6.8 we must have pü+r = 2 for some oôd ir and.

lemmas 6,6 ancl 6.7 app].ied. to [pi ] and. the reverse

chain show tt¡at

Pü+s = pL-a - 2t PL-r = Pü+a = 1.

Repetition of the arguroent yield.s tbat
pj = 2 (j = i * 1 (moù 4))'
pj =1 (otherwlse)r

and. hence the chain [pi. ] is *(1r 111 ,2)* .

Suppose that p j - 2 for some ot10 i. Ttren

lennas 6.2 ancl 6.5 s]row that pj - 2 for all j, and.
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so the ehain is *(2)*.
T4re shal1 no'w consid.er these remaining two

possibi3-ities.

Lemma 6.9

If the ehain [pi ] is -(1,1 ,'l ¡2)æ then

g -Fsffi,.
Proof

If the chain is *(1 ,1¡'l 22)æ we have for i even

a¡rd. pL -2 that

gr = (* + ?riy + p'Lz)z - a't+L(22 - Zyz - Ff ).

since gL - g there is no loss of generality in droppi-ng

the suffixes and. taÌ<lng gL to be g. then

d, = d.(g) = A* /3 < 9/8,

andso a<.65.
By tbe usual nethod we obtaln that

m_8 > 16(*_ + 1/4)z /t47.
Hence

1t+7n_3 16m_2 8n_-12O,
anct so

(l^- - t)(49m-' + 11rn- + 1) 7- o.

then as n- > O we must have m- > 1/3, a > 7/12.

lÏow eonslilering the seetion (x + p)' - a rrith

1/4 < (x + p)P < 1 as in lenna 6.7 we finit tTrat

llp - åll < 'ol+1 '
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Then consiitering the section (x + 3p)" - 9a with

5.65 < (x + 3p)2 < 6.25 we find, if a > 7/12, that
g takes a value in the open interval (-.2r1),

contradicting elther t+ = I or m- > 1/3. ïIence

a = 7/'12. Then a = 49/54 and. applylng ttreoren C1

shows that g-tr23J$4.

Lemma 6.1o

If the chain [pi ] is -(2)* then g - E"fifr.
Proof

If the chain is -(2)- we have for i even that
gt = (**Xiy+ pLz)z -ai+t(zz -Zyz-yz).

As gL - g there is no loss of generality in d.ropplng

the suffixes and. taking gt to be g, Then

d=d.(e) =2a2 <g/9,
and.so a<3/4.
As E+ = 1, consid,ering the sections

(x+h)2*4, (x+À+2p)"+a
we find. tirat a = 1/\ and, À = À + 2¡t, -- [ (nod 1).
Then as p -: O inplies that g takes the value

1 - 3/4 = 1/4 when V = 0t z = 1e contradieting rtr* ='l ,

we must Ìrave p - +. Hence

s - (* * åy + tò' - lþ' - Zyz - f ) = r'flffi.
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CTIAPTER 7

This chapter is d.evoted. to proving the following

result:

Theorem D

ff g is ar5r indefinite ternary quadratie form of

signature 1, with ¿(g) = d. where

and. 1f n (
+ )C

È¡ +m

o<

- 1 is attained by B¡ then eitber
(") *-(e) , Wn, or

(t) g is equivalent to a nultiple of either FgrF+ olr

Fs.

This theorem is s^t ronger than either theorem Cs r

which makes the stronger assumption that d. < 1l1J+/125,

or theoren C+ ¡ which has the weaker eoncluslon that

n_(e) <

wh,en we prove theorem Ð.

App)-ylng theorem D to nornalised forms, in the

way that theorems A¿ are deduced. from theorems B¿ r it
can be seen that ever5¡ normalised- ind-efinite ternargr

quadratic form of signature 1, not equivalent to F+r

takes a value in the elosed interval- [-frÆ,Wß], the

lnterseetion of intervals Is and I+.



Progf of Theoren D

As usual we consid.er, in place of E¡ an

equivalence chain (g¡, ) of forms equivalent to 8.

Assuming that m-(e) > ffire and. uslng ttre sane

notation as in the prevlous chapters we have that

aü+rKL=A; Ê =4c1,

r_(e) =m_ >tlß,
aû > 3/4 (i even),

aL >m-+ 1/4>læ+1/4
d,=3p/2, o<þ41,

a¡ril K¡, - Jãp/at+t.
Usj-ng the bor:¡rcls (7.1) and. (2.4) in
that

Ki < t+JTpß <

Ki < J6ptitp(yt * å) l-' <

Hence we must have pt < 3 for a].l i,
pt = J for some i we would. have

(i oild.),

(sg)

(7.'t

(7.2

(7.3

(7.4

(7.5

(7.6

(7,7

(i even). (7.8

If however

Q .e) we obtain

Ki>
whieh contrad.iets the relevant one of (l.l) and. (7.8),

Thus v¡e must have pt < 2 for aL1 I,
We now pr.esent the proof as a series of l.emmas.

Ler¡rn a 7-1

If pt - 2 with i even then pt-¿ " 
pL+r' ='2.
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-EToof

Let pL = 2 v¡here i is even and. suppose that one

of pL-t ¡PL+r 1s 1 . Tlren we have tha,t

Ki > 2 + (orl ,G) + (or2 rÇ2) >

and. comparing this, with (7.8) yie]-ds that {p , .96113'

i.€. ?lF , .92377. Hence aÊ m- > ffi we have that

m_>

the above bound. for K¿ ln (l,A) r w€ flnd that

âL+¿ <

to the form

t = âi +tzz (* * þz)z ,

the negative of a section of gL (and thus t-(t) = 1,

n*(t) >

(a) t - å(*' - Zx.z - 222), with A(t) = âü+r = 3/4, or'

(t) âü+r. = a(t) >

in either case contradieting .758 <

l,enma 7.2

If pt - 2 wittr i even then pt = 2 for a1-l

i and- E - Fa ?/qß.

FEoof

Let pt - 2 where i is even, Then we have

that

Ki Þ2+ (o,z¡) + (o,z¡¡ =1+J3.
Now combining (7,1)r(7.2) an¿ (2.4) rr¡e Ïrave that
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m_3 ,- KL' (m- + 1/4)"/36,

and. insertirrg the above bound. fon Kg yield-s that

m_s >

From this¡ by iteration, we obtain that m- > .478r

and. hence the for¡¡

t = â¿+t* - (x + pz)z

has m-(t) = 1r ur*(t) > .478. Applyine lemma 5r1

ìviür R = 2 yielÖs that either

(") â[+r = 3fl+, or

(b) âü+r >

However as (u) inplies that d = ât *r'K12 /4 > 1-55

whlch contrad.icts the given we must have aL+r = 3/4.

Now we have, using the prevlous lenrna, that

Fi<
ancl so F¿S¿< 1 with eo,uality if and only Íf pt = 2

for all i. However as FiSt < 1 inplies that

a¿.,1FtrS¿ < 3/4 which contrad.icts (7J) we uust have

pl, = 2 for all i. Thus

gr = (x*Iry+ pLz)z -lþ -2Yz -f )t

and. so ¿ = d(g) = 9/B and. the lemma fo11ot'¡s fnom

theorem C2.

For the renaind-er of the pnoof of theonen D

Í¡ay assume that pü = 1 fon all even f .
TI'C
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Lemma 7.5

If pt = 2 with i od.d- then PL-a = P[tz = 1.

Proof

Let pt = 2 with i odcl and. suppose that one of

þL-zr pû+s is 2. then

l'L 7 2 + (or1 ,2rT) + (o'T) >

which contracticts (7 ,1) .

Lenna 7.1+

If p¿ = 2 with i odd then P1-+ = pt ++ = 2.

æ
Let pt = 2 with i ,od'd. anil suppose that one of

pl-+r Pû++ is 1. Then by consid'ering the reverse

chain if necessary y,re Elay assume that DL-+ = 1. This

gives the fol1-owing bor¡¡rd.s:

2.618 <

.61g <

Hence K1 > 1 + J5 > 3.236, ano using this in (l ,07

gives that âü+r <

follows from (1 Õ) , so combining ( Z.t ¡ and. (t .Z¡

with the above bou¡rd. for Kg yielcls that

m_3 >

i. e. m_ > .545.

ConsÍdening the value (x * p)' + âü+r of gt

yield.s that
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llp - åll <

Furthermore ehoosing x such that 1 < (x + À)z <

in the section (x + À)2 - a[aeF¡,Sî, of g[ yield.s, as

1.212 < aü+rFûSr.< 1 .237, that ll^ - åll <

Conbinins this with (Z.g) shows that ll ¡l - :¡¿ll <

and. hense we can choose x such that

1 < (x * 5À - 3y-)" 1 1.19. Hov¡eve¡r

1,o8 ( al*r(3 * 5Fi)(lst -Ð <1.24,

and- so gL takes a value in the open interval (-.zL+r.11)n

contrad.ictlng either *o = 1 on m- >

contrad.iction conrpletes the proof of the lemna.

Tt fo]-1or¡¡s fnom the above lenmas that if

e y' Ðd{V8 and. if pt = 2 for sorne i then the chain

must have

pi = 2 (i = i. (mod 4))'
pJ = 1 (otheri'iise),

and. so the chain is ""(1r1r2r1 )*.

Lemma 7.E

If the chain [pr, ] is -(1 ,1 ¡2¡1)æ then

e - Fsßft..
Ptoof

If the chain is -(111e2e1)* then for odd- i with
pt - 2 v¡e have tha.t
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gr = (* + Xry + piz)B + a¡*a(zz - 2yz - tf ).
Since gt d g there is no loss of genera-1ity in
clnopping the subscripts and. taking gt to be 9. Then

¿=d(s) =Ba2/343/2,
and.so a<3/,+.
However as a > 3/ì+ l¡Jt Q.3) we ¡mrst have a = 3/4t

and. so consid-ening the sections (* * p)' + 3/4 and.

(x + À)z - 5/4 we find- that p - )t = t (nod. 1). Hence

s - (x * ty * tù' + f;(2" - 2yz - 3y")
N (x + ty * tr)" - *(r' - lvu - åf )'

1. e. g - Fs ßre..

There is only one furthen possibility left fon the

chain lpi ] , nanely pt = 1 for all i. 'vVe now

consid.eri;his case.

L_emrna. 7.6

rf the chain tpr ] is *( 1 )* then g - F+IW.
Proof

If the ehain 1s *(1 )"o then for I even we have

gt = (x * Ity + u;z)z - a[ +*(z' - yz - f ).
Sinee gi ^, g there is no J.oss of generalit¡' in d.ropping

the su-ffixes and. taking gL to be g. Then

¿=d(e) =5a2/L+<3/2,
ancl. so â ( 1.096.
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In aåd.ition a > 3/4 follows from considerir:g the

section (x + À)z + a. Tn fact we must have

a > 1 - lltll"
and. as

ïl^ll <

it fo]-lows that

a>-1 (llp-åll *ll¡,- P-äll)', (l.to

Now the section (* * p)" - a with x chosen such

that 1<(x*p)' <

the half-open interval (-.09611.5f. Then as

TÐ.->ffin>{Sl+r.427
is at least 1, and. so (* * P)' > 1+a.this value of g

Henee

llP - åll < 3/2 1 + a.

Si¡nil-arly it can be shown that

llr - ¡, - åll < 3/z 1+a.
Inserting ttrese in (7.t0) ylelds that

a)1-3-zJTa)",
whieh on slrnpilficatj.on lnpIi-es that (Z5a - 2ùa > O.

Then as a > 3/4 we must have a > 2l+/25.

Considerlng the sectlons (* + p)' - ã¡

(x*À-¡r)" -a and. (*+7r+Zp,)'-a withthe

squares ehosen the closed. interva1 11,9/4] t" find that

llp - åll <
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lh_¡,_åll <

and. [lr, + zp - åll <

Subtraeting (7 .t2) from (7 .t3) glves ll¡¡r ll <

whi:-e nu:.tip:.ying (7.t't) tv 3 gives lllp - +ll = .3t

i.ê. lllpll >- .2. Henee lllpll = ,2¡ and combini.ng this

wlth (7.11) we finð that þ = .l+ or .6 (nod 1) .

Without J.oss of general itJI we may take p. = .4. Then

(7.12) and (7.13) inply that }, : .8 (nod. 1) '
As 3.84 < 4a < 4.4 the value

3-2p)'-4a=4.84-l+a
w111 contradict o+ = 1 unless a - Z4/25. llenee

s- (*+åv*?r)" -?EG -yz-f)
=traf@.

This completes the proof of theorem D.
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CHAPTER 8

The proof of theorem Cs.

For reference the theorem is re-stated'.

Theorem Cg

ff g is arçr indeflnite ternarSr quadratic form of

signature 1 e with a(g) - d. whene

0<
anil if **(C) = D* = 1 is attained. by g then either

(.) *-(e) < Wßr or

(t) g 1s equlvalent to a nu].tip]-e of eitheF Fs or tr'6.

Both this theonem and. theorem C" may be d.ecluced

fron ttre work of Venkov [Zt ]. This wil.l be sholrn in

ehapter 10" For the sake of conpleteness, howevert

theorems Cs a¡rd. Co wlfl be proved. flrst by nethods

similar to those of the previous chapters.

Proof of Theoren Cs

As usual- we consiiler in plaee of g an equivalence

chain (gi) of forms equivalent to g. Assunlng that

*-(g) > lñß and. ueing the same notation as in the

previous chapters we have that

aL+rKL = A; Lz = 4d, (8,t

n_(e) = îr- > ?fñß, (8.2



aL >- 3/4 ( i even) ,

aL > ø_ + 1/4 > ÐaZ + t/t+ (i oaa),

d. = 112p/27, O < Ê 41,
and. K¿ = AJTF/lJ7^r*r.

then uslng the bound.s (9.3) and. (8.4) in
(8.6) we obtain that

K¿ < B^mßß {pflza+/at + t/4)la <

for i even and. that

K¿ < l4lB/gJl . 5.t+31z1Jp (i odd.).

Hence we nust have

Pi < 5 (i od.d'); Pt < 2 (r even)-

Now suppose that pt = J for sone od.d. i.
Ki>

which contrad.icts (S.7). Hence pL < 4 for a]-l

odd. i.
ïVe now preeent the proof as a series of lenmae.

(ga)

(8.3

(8.4

(8.5

(8.6

(g. g

(8.7

Then

Lemma 8.1

ff pr =2 with i
Proof

Let pL = 2 with 1

of pL-¿r pi,+t is not 4.

which contrad.iets (8.8 ) ,

even then pt-¿ = pü+r = 4,

even and suppose that one

Then

q >2+ (0,ÇT) + (o,,3,ìl¡
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Lemma 8.2

pt - 1 for a1-1- even i.
Pr-opjE

Let pt - 2 with i even. Then PL-r = Pü+r = l+

and, so

Ki >2+ 2(0,[J) >

Hence uslng (8.6) we obtain that aL+r. < 1.688.

Now combining (8.r ) ,(8.2) anil (8.1+) glves that

r_" àKLt(*_+ 1/t+)2/6' (8'9

anit insertlng the bound. on Ki y1e1ds that

m> .97'123 m_+1 c

By iteration, commencing with m- ) 0, we eventual-J-y

obtain that m- > 1.35, and. so (8.4) ylelds that

âL+r >

1 < (* * p)" < 9l+t and so gL takes the value

(* * p)' - âü+r lying in tÌre open intenval (-.69r.65).

This contradiets elther m+ - 1 or m_ > 1.35.

Lemma 8.3

If p¿ = 4 with 1 odd. then PL+¿ >

Pi-, >

Proof

Let pr - 4 with i od.iL and. Êuppose that p¡2 = 1.

Then

Ki > ¡+ + a(oiT) i 5¿236¿
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Using (8.t ) , 18.2) and (8.3) we obtain that ro->1 .369.

Now it folJ-ows on consid.eration of (t * þL-t)z - ãL ¡

choosing th,e square suitabl.y in the cJ.oEed. intervals

Ll/+rtl and. llrg/t+1, that if m_ > 1 then ar uust

be at least 1 + m_ for odd. ir 1.e.

aL > 1 + m- if m- > , (t odd.). (8.1o

Hence as m- > 1,369 we must have aL >

No¡¡¡

Ki-r >

and. so

d=ai2K¿-t2/4>4.3
which eontradicts (9.5). Hence PL-z >

Slmilarly (¡y consiitering the neverse chain) we

must have PL+z )- 2.

LemmA _8.1+

pt < 3 for al1- odÖ i.
Proof

Let pt = l¡ wlth 1 od.d..

PL+z >

Then pL-z >2 and.

and. so

K¿ 2 ta + 2(Or1 ,2rT)

whleh contrad.iets (8.7) .

Lenma 8.6

If pL = J with i od.d. then pL-ø > 2 and.

Pü+¿ > 2.
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l,et pt = J with i od.d and. suppose that one of
pL-¿ ¡ pl+z is 1 o Then by taklng the reverse chaln if
necessary we may assume that pL-¿ = 1. By a simlJ.ar

rnethod. to that useil ln lemma 8.J $re oþtain that

K¿>

Ki-r >

and. uoing this in (8.6) yie]-d.s that aL < 2.24.

Then considering the value (x + W-7-)z - aL with

1 < (* + þ¿-t)z < 9/4 we find that ll¡rr-t ll . .0255.

Hence llzpr-r ll < .o51 and. so we ean choose x sueh

that 8.6 . (* + Zp,t-r)z <

a value (* + z¡tt-r)z - l¡ai which contradicts either

E+ = 1 or n_ > 1.189.

Lemrna I .6

If pL = J for some odd i then pt -- 3 for alL

odd j. and g * F6lf@.
Pigsg

Let pt = J with 1 od.d. and, suppose that

Pl- = 2. Then

Ki>
and. so using (a"t¡r(B.e)

m_>

In ad.dition,

(orlrzrT) > b.W,
and. (4.3) we oþtaln that

aü
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Ki-r >

and. so aL < 2.513 follows frorn (8.6) .

combinlng (8"t0) with (a't ) and (8.2)

aL = âL+:.FiSi >

and. so

aL+rKü >- [t + l/;;7ffiJ?¡n, + i/st). (8.tt

As

3.7236 < (lr1 ,2r1) < Fi <

and-

.7236 . (O 11 ,2r7) < Si <

it follows on consid-eration of (8.t1) trrat

a[+rKL >

By iterating on this, starting with aL+rKL >

eventually obtain that aL+rKL >

that m_ > 1 .337 and. aL > 2.337.

Consid.erlng the value (* + þt-t)z - aL where

1 < (x + þn-t)z < 9/t+ u¡e find that llpt-" ll . .086.

Thus we can ehoose x such that 9 <

ilowever this gives tire seetion (* + Z¡.r,t-t)z - lrai a

value in the open interval (-t.t r.B), contrad-lcting

either il+ = 1 or m_ > 1.3-57.

Thls contraC.iction s.hows that pL = J ln¡ith i od'd'

lurplies that PL-s = 3, and by consideratlon of the

reverse chain, that PL+z = 3' Hence, clearlyt

pt = J for all odd i, and- sor fon od-d ir we have

Now

gives that
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gr = (* + Àiy + ¡t.tz)' + a¡¡a(22 - 3yz - 3f ).

As gL - g there 1s no }oss of generality in d'ropping

the suffj-xes and. taking gt to be g' Then

and. so

Now

d = d(e) - 21a2 /tr < 112/27,

u < 8/9'

m_>f77V>Fffi > 1.253t

considering the section (x + À)2 - 3a, weand so,

find. that

3a>1+m->
and 1<(x+À)2<Ja-m-. (8.12

rf 3a < 2.419 tlren (8.t2) j-mpl-ies tÌrat lhll <

and. so v¡e ean choose x such that 9 <

However thls implies that g takes the value

(* + 2^)' 12a lylng in the open interval (-.7r1),

eontradletlng elther r+ = 1 or m_ > 1 "253. Hence

we must have 3a > 2.)+19, and. so n_ > 1"314"

Consider the value (x + 2^)2 - 12a of gr where

9 < (* + 2},)2 < 12,25. As 9.67 <

two possiblJ.ities: either
(a) (x + 2?r)z - 12a 7 1, or

(u) (r * 2À)2 - 12a ( -û_,

Consid.er the first of these two. In this case

(* + 2^)z > 10.67 , from whieh it fol]-ows th"at
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llrll >

1 .283 < (x + À)z < 9/4. îhen eonsid.ering the value

(x + À)z - 3a we find. that 3a > 2.597, aniL henee that
12a > 10.388. Repeating the analysis sbows that we

ean ehoose x such that 1.39 <

2.597 <

g contrad.icting either û+ = 1 or m_ > 1 .314.

lhus v¡e .trave elimlnated. the first possibi1it¡rr

leaving the possibility (t). This implies that
12a >

(* + 2}.)z <

that llZlll < .05. Considering the seetion

(x + À)z - 3a we find that lll' - å ll >

must have lh ll <

Slrnilarly it can be shown that llX * :lrll < ,OZ5

and. so, by subtraction, it fol-lows that

ll¡p ll <

'IVe may assume, wlthout loss of generallty, that
0 < É¿ < å. Then as consld.eration of the section
(x + ¡t)z + a shows that llp - +l <

(a,r l) that

þ : r + 1/3

wirere O(r<.O2. As p."+a> 1 wem¿sthave

^>8/9-2r/l-12 >S/g -P.
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ïIenee

23.46 < 24 - 27r < 27a < 2I+.

Now as ltltt <

24.25 <

Hence g talies a value (* * 3^)' - 27a which is at

least .25 n fhus this value 1s at least 1 , and- so

(x * ñ)" > 1 + 27a > 25 - 27n >(5 - 3r)".
!Íenee ll ¡lll < 3r, and as llltl <

lllll < r. Similar:-y it rnay be shov,¡n that lll + Spll < r'
and. so, b¡¡ subtraetion, ll¡pll ( 2r. Ilotrveven as

llZpll = 3r this implies that n = 0. Thus r¡re rsust

have p=1/3ra=B/J ancl },=O (nocl 1), and-so

- 
- l:: fl" 

.-i',";--7." 
--,jJ','

E|flfrTm "

this completes the consid.eration of ehains

coniaining pt = J for some od.d- i ' For the rest of

the proof we üay assulle that Pt <

Lenm.q_3-Z

Tf pû-r = 2 wlth i even then Pü+r = Pi.-g = 1.

Proof

Suppose that Þi-r = Pü+r = 2 where i is evell.

Then
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Ki >- 1 + z(o 'ãi) = ^13

and.

Kû+r >,2 + (or1r2rT) + (orT) ) 3.3416.

Now ãL+z >

d. = â[ a"'Klnr'/4 > 9(3.341¡6)2/61+,

i{ence m- > 1.015 and. al+l > 1 + m- > 2.015. ThÍs

yield.s that
m- ) $ffiflT >

and- so âl+r >

that âû+1 >

d. = aL*r,K¿'/4, I+.2O5,

rvhich contrad.icts the given cond.ition that d. < 1 12/27,

This proves that, glven Pû-1 - 2t we raust have

pl+r = 1. Upon replacing i by i - 2 1n the above

proof 1t can be seen fhat we nust also have Pt-s = 1.

Lenma 8.8

If pl-r - 1 with i even then Þl+r = ÞL-s = 2.

Prgof

Suppose that Pi-t = Pü+r = 1 where i ls even.

Then

2,1547 < 1 + 2(o,1 ,æ.) < ri <

and.

2.236 < 1 + 2(orT)(K¿+r ( 1 + (o,17) + (or111ræ.)

< 2.366 .
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Henee as âL-z >Ú.1.-

i.€. m- > ,716. Thus aL+r > m- + 1/4 > 1.026, and.

so ß_ > lffiT > .93. Repeating ttre argument

a nu¡rber of times gives that m >

that ai+r >

cL = âû*r,Kt, /4 , l+.7,

v¡hieh contradiets the given bound. on d.

I'rom the above lernmas it is easily seen that the

only posslbility left for the chain [pt ] is the

ehain *(1 ,112c1 )*.

Lenma 8.10

If the chain lp¿ ] is -( 1 r 1 e2e1)v then

g - Vsffift..

Proof

If the ehain [p¿ ] is *( 1 r 1 22 e1)"" tiren for 1

odd and. pt = 2 we have

gr = (* * I¿y * pLz)z + a¿ *t(z' - 2yz - 3y").
As gt d g there is no loss of generality in dropping:

the suffixes and. taking g[ to be S. Then

d. = d(g) = Baz /l < 112/27,

and so a < ^/fifi ( 1,2473. (8.14

Now a > 3/4. Suppose, eontrary to wh'at we vrish to

prove, that a >
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so 5e/3 >- 1 + n_ > 2. Hence a >

m_ > 1,36. Hovrever this implÍes that 5a/3 > 2.36t

i.e. e >

a = 3/1+ and. m_ > 1 , Then eonsì-d.ering the sections

(* * ¡r)" + a and. (x + À)2 5a/S it is elear that

l.=:p.-t (mod. 1). Hence

s - (* * Ly * tr)" + f,(zz - 2vz - åf )

- (x + ty * trY - V(r' - 7v, - åy')
= F6flffi'

This conpletes the proof of theorem C5.
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CTlfuDlER 9

The proof of Theorem C6.

For reference tire theoren is re-stated'

Theorem C"

If g is ar¡y indefinite ternary quad-ratic form

of signature 1, rvith A(g) = d- where

O<d.<9/2t
and. if' n*(S) - Ít* = 1 is attaj-ned by g then elthen

(r) m-(e) < Wd'd're.r or

(¡) g is equivalent to a rnultiple of either Fe or F7"

Proof

As usual we consicler in place of g an eç¡uivalenee

chain (gL) of forms eqr-r-ivalent to E¿ -A,ssunirrg

that m_(e) >- Wfire. and- using ttre same notation as

was used. in the previous chapters we have that

ai+rKl = A! 6z = 4dr (9't

m-(e) = m- >- Wíre., (9.2

ai > 3/+ (i even), (9,3

a.r > n_ + 1 /+ > W-ÃT1 2. + 1 /4 G oa¿X 9.4

ô,=)B/2, o<F(1, (9.5

and K¡ = 3Jîp/aî. +1 . (9.6

Nov¡ if d. < 112/27 Ít follorvs from cb'apter J and.

theorem c5 that g - Fe fW. Hence fon the
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remainder of the proof we may assume that

112/27 <d<g/2. (9.7

From (g.Z) it fol1or¡¡s that m- > 5/3t and, using

(8.10) *" may neplace (g.4) by

ai > m_ + 1 > {@d.1Ïffi. + 1 (i odd). (9'B

Then using the bouniLs (gÕ) and (9.8) itt (9.6) *u

obtain that

Ki < 14^/TF 1 5,651^ß (i oaa) (9.9

and.

K¡ < I^ITBL{FU + {ffia)l-t ( 1.5651F (i even).(9.10

Fron (g.9) anil (9.t0) it follovrs that

pr<
i{orv if pt = 5 for so¡ie od.d- i ti:.en

Ks>
v¡h1ch contrad.icts (g.g). Hence pt < 4 (i odd).

Tn ad.d.ition pt > 2 for i od.d for 1f pt = I we

ir¡ou]-d. have

K¿-¿ > 1 + (orz) + (or¡) = 1.7

whieh contradicts (9.9).

Ihe pnoof is now ccntir¡¿ed. as a series of lem¡nas n

lemma 9.1

pt >- 3 for all ocld. i
PqqoÊ

Suppose that pt = 2

t

for sorne od-d. i. Then
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FL-r >

sü-e >- (o,El) = iQ7 - 1),

and. so

Kr-, >¿ (z * iJr)/4 > 1.56.

Uslng this in (9,6) gives that a[ 1 2.72. Tn

ad.d-itionr âs K¿-r < 1.565ffir w€ must have

fF , .9968, att'd- so

m_ > tr1234m > 1.7.

Thus using (a.tO) we Ìrave that a[ >

value (" o ttv-1-)z - aL of 9l-r, wheirè

1 < (* * ttit)z <

(-t-r'.35) u¡rless

(** pt-l)2 (at -m- <1.o2.

This inplies that lT¿ri-r. ll < .01 and- so $re can choose

x such thât 2l+.7 <

2l+.3 < 9at < 24.48. Henee 8¿-r takes a value

contrad.icting tn* = 1.

Le¡nma 9.2

ff pt = J with i odd. then pt = J fon all

od-d. i and. the clrain [pi ] is -(1 r 3)*.

Progf

Let pJ = j v¡ith j odd. and. suppose that one of

pj_zr pj+a is l+, By taklng the reverse chain if

necessary yre may assume that Pj+z = 4. l'hen setting
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i=j+1 wehavethat

1.2a7 < (TÐ < Fi <

and-

-261 <

ITerrce Kg > 1.468, and uslrrg thls in (l.e¡ yield-s

that al+r < 2.891 ,

Consid.er ihe section

(* .- À + ¡¿)' + aü*t(Ft - t)(si + 1).

ïIie have

o < aü*r(Fi - 1)(s¿ + 1) <

anci so in ord.er not to contrailict ** = 1 we mrst have

ai+1(F¿ - 1)(si + 1) >

îhis inrplies that âL+r >

m_>ffi >1.69.

By choosing x suelr that g/4 < (* + p)' < l+ in the

section (x + ¡z)P - âù*r we obtain a value of gt that

is greater than -.7 . Hence in ord.er not to contradlct

either *+ - 1 or m_ > '1 .69 we must have

(x + p,)z >

and so ll¡r ll <

25<

However

25.5 < 9au+t < 26.1 t

and. so gt takes a value in the operì interval



ltts)

(-1 .1 ,.75), contrad.ietlng elther ß+ = 1 or

It fo1.J-ows from the above that pj '3
j odd. iropl.ies that pj-z = pj*a = J and so

f or al-l ocld. j.

m>
with

Pj =J

f,_emma 9.3

The ehain [p¿ ] cannot be oo(1rJ)-.

Proo{

If the chain lpi ] i.s -('t r5)- we have for
i even tbat

gL = (* + Àiy + pLz)z - al+r(z' - yz - trf ).
ITow as gt - g there is no loss of generality in
d.ropping the suffixes and. taking gt to be B. Then

d. = d(s) - 7*/12.
Using this 1n (9.7 ) *u find. that

B/l . a < Jfi/J < 2.78.

By chooslng x such that 1 < (x + p)' < 9/4 in ttre

section (x + ¡t)" - a ïve can contrad.lct the bound.

m_ > 5/3 found. ear]-ier unless

(* + p)' < 2.78 - 1:.66 = 1.12o

Hence ll¡r ll <

lln - p.l . .06 and ll¡l * ¿¡1zll . .06. By subtracting

these we obtaln llspll <

lnp]-ies that llpll < .02¿+. ÏIence we can choose x
such that
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24.28 . (¿+.928)2 <

However as Z4 < 9a < 25.02 the value (x + 3ù" - 9a

of g contrad.lcts either F+ = 1 or m- >

This completes the proof of the l-elnroa.

the on1-y renaining possibility for
ch.ain -(t rh)* where pL = 1 (i even)

(:- odd.). lüe now eonsid-er thls case.

[pi ] 1s the

and- pt = l¡

l,æ-2"!
rf the chain [pu ] is -(t rJ+)- then g - EzWT2.

Pr,g
Let the chain [p¿ ] be *(1"4)-. Then for

i even we have that

gL = (x + À¿y + pL",)z - at+t(zz - ytz - þf ).
As gL - g there is no loss of generality in ðropping

tfre suffixes and- taking gL to be go Then

d.=d,(g) =az/z<9/2,
and-so a(J.

As D+ = 1 anil g takes the values

(x + À)z + u/4 and. (* + I * ,)' + a/4 it foll-ows that

a=3 anir lhll =lh*pll =å. Hence

s - (* * +y)' - 3G' - yz - tf )

- Fzlw"

This completes the proof of theorem C6.
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CTíAPTER 10

Deduction of fheorems Cs and. 06 fron the work

of Venko'¡.

The result of Venkov that we refer to 1s the

following.
"Let f þe an lndeflnite ternary quadratic form

with d.eterminant d. > O (anit hence signature -1 ) and.

d.efine

M(f ) - min [rn*(r), m_(r) J,

Then either
u(r) . WaTe

or f is equivalent to a nuJ-tiple of one of the

foJ-1-owing forms:

L=-*-qr-f+2*,
7e=f +)ry-f -222,
1s =-* -f +322,

L+ =-xP -xy+f -8r",
15 =-x3 -Frry -f +Nxz+l?-yz+*íLzz¡
16 =-x2 -f -xz-yz+3zzt
1-'7=-*-q¡-f+522,

I.s - +* + zry - \Lv' + lxz * tvu * 22,

Ie = -* + 3*:r - yz * ty, + *zt ,
1'o - -f + tqr - f + 3yz + !Lz',
la= -f + qr - f + 2xz + 2yz + 222.
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I\rthermore U(f¡.) = 1 for 1 < i < 11.

We ean use this to prove tlreorems Cs and- C6 as

fo].]-ows.

Let g be an lndefinite ternary quad.ratic form of

signature 'le with a(g) = d. ere O < d' < 112/27, and.

let m*(e) = 1 be attaineil by g. Furthermore let
m-(g) >- ffi/3. Then

M(-e) > min llzaß¡\
> min llnß,127ð,ml
> "JñN,

Hence g is equivalent tc a multiple of Lu for some

i, 1 < i < 11. Now this is a positlve nuJ.tipl-e as

LL and. g have opposite signa lures and. so lve can let
g = -Icl , k ' O.

Thus

t = m*(e)

Now as I'[(11) = 1

-1 it foll-ows that

= m_(xri) = km_(Ii).

and. each 1¿ clearly takes the value

g = -11 for some i. Hence

m*(li) =m-(e) >lzd,n (10.t

and.

d(1¿) = d < 112/27. (1o,2

As 1¿ takes the value 1 for í = 2r3rLçr6r7 and. 8,

and. Is takes the value 8/l at (-1ror1), it can be

shown that
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m*(ri ) < ld-Þ
for 2 < i < 8. In addition ¿(fs) >

so the only values of i for whicÌ¡ 1i satisfies
(to"t ) and (to.e) are 1 aniL 9.

As

-11 (xry + z,z) = T7Þ. Fs (xryrz)

and,

-rg (x, -y tz) = "J11Tm Fo (xry,z) (to.3

theorem Cs may now be d.educed. frorn the results of

lerunas 3.5 and. 3.6,

Proof of Jhqoren_lqo

Let g be an ind.efinite ternary quadratic form of

signature 1, with ¿(e) - d. where O <

1et **(e) - 1 be attained Þy g. Furthermore let

> í/125d'/112. lhen

M(-e) > ninlffia@,tl
> ntnfflT5dffi.,Wnl
- "Jzd'ß.

Heneer âs in the above proof of theorem Cs t I = -11

for some i.
As 1i takes the va.lue 1 for i = 1r2r3r4r6rJ and.

8, and. as 15 takes tÌ:,e value g/l at (-t ,Ot, t ) and.

1þ takes the value 3/2 at (3rO72) r it can be shown

that n*(ti)<lÑß unless i=9or11.

*_(e)
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A,s (t0.3) shows that -1g is equivalent to a

rnuJ-tiple of Fe, and. as

-1rr (x + zt-y ¡z) = filz F,7 (xry rz) ,

theorem Ce may now be d.educed. from the results of

lenmas 3.6 and. 3.7 "

It should. be noticed that it can be d.educed.r in a

simiJ-ar wayr that threorems Cs and Ce nay be replacecl

by the following:
uI,et g be an ind,eflnlte ternary quad.ratic form of

signature 1, with a(S) = d. wlrere O < d. < 9/2, and.

1-et **(s) - 1 be attaineit by B. Then either

n_(e) . Wß
or g is equivalent to one of -1r r-1g ¡-16 or -111l
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CIÍAPîER 11

The Proof of Iheoren Cþ

For reference theoren G¿ 1s re-stated-.

Theorem Cç

If g 1s argr indefinite ternarX,' quadratie form of

signature 1e with A(g) - d. wlrere

0<d.<24,

and. if **(S) = IIì* = 1 is attained by g then elther

(") rn-(e) . Wö'ß¡ or

(t) g is equivalent to a multiple of either Fz or Fs.

Proorl

Ae usual we consiiler in place of g an equlvalence

chain (gi ) of forms equivalent to g. Assuming that

t-(e) > {ÑE and using the same notation as in the

pr-evious chapters we have that

aL+L-KL =^; Ñ =l+d'

*-(e) - m- > lßæ,
aL > 3/ì+ (:. even),

aL > ß.- + 1/t+ > Waß + 1/4 (i od.d.),

d. = Zl$e O < F { 1,

anö Ki - NTP/"I+I,

(tt.t
(l'r .z
(11.3

(rr.4
(tt.5
('n ,6

Now if Ê < 3/'16 we have d' < 9/2 and using the

results of theorem Ce and, ]-enma 3.6 it can be seen
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that g must be equivalent to a multiple of Fz"

TIence we may assume from noÌv on that B >

Then

m->flF.26" =2t
and. so using the results of ehapter 2 we find. that

either (i) s - (* + tz)" - 3(f - yz - *r"), or

(ti) s d (x + L^)' - 3(v' - yz - tr'), or

(iii) e** -3(f -lvr-þzz), or

(iv) d > 7.5.

Now possibllity (l) may be ellnlnated as B / l/16 for

thls form, and. possibllitles (ii) and. (i.ii) nay be

eliminated. as these have m- = 2 < ren, contrailictlng

equation (ll .z). Hence d. à 7.5t and. so P >- 5/16.

Uslng this in equatlon (ll,Z) we find. that

m_ ) "J6ß > 2.37 .

AppJ.ylng tire corollary to theorem 2,1 to tlre sections

(*+ ¡t,tr)z -aL+tzz

of gL (v¡here i is even) we find that ât+r > I+,62

for all evell i, and, hence that q.i (yrz) can take no

values in the open intenval (-4,62r.75). By a res.ult

of Segre [19] it follows that

d = d(qi) >

IlVe may no\rr¡ use this ln (11 .Z) to obtain that n > 2o5.

Repeating the above process yield.s that



m_ > 2"53; al+r > ¿+.78 (i. even). ( 11 .7

For the present we shal-l- assume that

ö, < 243/16" (t t "8
Then P < B1/128e and. uslng this in (11.6) ïve obtain

tha.t Ki <

even io
Combining (ll 3¡r(tr.6) and (tt.8)

pr<10

(tzt)

we obtain that

for i odd..Ki < 10 "393
For i

lrrtL

and so Ki

that aL*r

some even

for odd 1, and. so

even we have that

> (lr1or1r11), su >

< 6.6 for even i. Now suppose that, for
i,

5.25 <

Then in the secüion (x + ¡t)' - aLr¿ of git choosing

x sueh that 4 < (x + p)2 < 6,25c Ere obtain a value

of gt contrad.ieting elther o+ = 1 on m_ > 2.53

unless âL+r >

Ki>
that m_ > 2.8, whiJ-e the value (* + p)t - aü+r lies
Þetween -2"6 anC. -.28. Thi-s contrad.lction shows

that we must have

4,78 ( aü+r <

We may now lmprove our bouncl. on Ki, r for even i,
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as fo1lows. From the corolla:ry to theorem 2,1 , AS

m_> 2, we have that

aL*t > 4.25 + (m_ 2) (i even), (11.10

and. combining this with (tt "t ) and. (il.Z) yietd.s that

þ.r(n_) = m_3 - lt<r, (2.25 + m_)z > o (i even), (ll.ll
Iïow from (ll .9) and (tt.to) it is clear that
m_ < J, hence the inequality (tt.tt) must be satisfled
fo:r some m_ < J. However using tòe known bound.s on

m_ anil K¿ it can easi.ly be seen that the d.erivative

Éi'(n_) = 3n: - $tci" (2.25 + m_) ) o¡

and. so (t t .t t ) must be satisfled. with m

K¿ < 6J3/7 <

7 Hence

(11.12

Ihe pnoof is now continued. as a series of lemmas

eliminatlng all posslbiJ-itiee for the chain Ipi ].

Lenma 11 .'l

p j < I for all od.d. j.
Prgof

Let pt > 9 for some od.d. i. Then pt is either.

9 or 10, and. so

12/131 = (orto,1 ,11) < si < (o tgrz) = z/lg.
Now using (ll .3) *" have that

dL+zFL+rSL+t = âL+r > 3/4,
and. so, using (tt.9) e it eañ be seen that
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Fü+r , T*fÍ*f,! , 1"357. (11.13

Coneiilering (ll .lZ) and. noting that

1 + l/(l + pr+p) < FL+r < 1+ 1/pr+,

1t follows that pü+z = 2^ Thus

SL+s >

and so in ord.er that (ll "lZ) nay be satisfled. we nrust

have Fi+s <

FL+a >

it follows that pL++ >- 7, and. so

FL+r <

Thie contradlctlon to (ll "13) eompletes the proof of

the Iemma.

Lemma 11 .2

pj < 7 for all- od.d. j.
PI,oof

Let pL-r = 8 with i even. Then

10/89 = (or8 ,1 ,g) < si < (o ,Br2) = z/t7,
and. so using (ll.lZ) we find that F¡ <

ad.d-ltion, consid.ering the rel.ation ai+rFiSi = a! > 3/+,
we obtain the bound. Fi >

Now âL*rFiSi < .85r so by choosing x sueh that
(x+L)2 <

&+ = 1 unless

llx _ åll <



(tzt+)

In ad-d.1tion, by ehoosing x such that

4 < (x + p.)z < 6.25t ïve obtain a value (x + p,)" - a[+r

of gt whlch eontnad.icts either ü+ = 1 or n- > 2.53

unless llp - å ll < .096, Combining this witn (tt.t4)

we f1nd. that lh - pll < .2o9, so we can choose x such

that 9 <

knourn bounds on aL+1 , FL and. SL nte can show that

9.j < aL*t(1 + ¡'¡.)(t - si) < 11 .1 ,

and. so gt takes a value ln the open interval (-2.1 r1).

Thie contradiets either [+ = 1 or m_ > 2.53.

@!.:LJ
pj < 6 for alJ od.c[ J.

P{.-oolC

Let pL-r = J with i even. Then

9/ll = (o 17 11 ,8) <

and. so using (ll .lZ) we find. that I'¡ < 1.359. Now

tr'i >

8.81 < al+r(1 + pi)(t - Sr) < 10.82,

and so v¡e can oþtaln a bound. on lh - p - + ll t" fo1lows.

(") rf 8.81 < aL+t (1 + pu) (t - si) < 9.89 then by

choosing x suchthat 6.25< (*+À-¡r)'<9 we

obtaln a value of gt whlch contnad.icts either il* = 1

or m_>

llr-¡,-åll <
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(¡) rf 9.89 < a¡*, (1 + ¡'i )(t si) < 10.82 then by

choosing x suchthat 9<(x+À-¡r)'<12.25 ïve

obtain a value of gt whieh eontrad.icts either Ir* = 1

or m- > 2.53 unless llX - ¡, - åll < .2. Thus in eaerr

of cases (") and (¡) we have (t t .t 5) ho1d.ing.

In add.ition we can showr âs in the proof of the

previous lemma, that

ll¡r-åll <.096. (11 .16

llenee eomblning this wlth (ll.l5) we find that

lh ll < Jogr so v\re can cTroose x sueh that

(x+À)2 <

a¡a1F¿S¿ >

in order that the value (x + À)2 + agalF¿S¿ shal1 not

contradlct ü+ = 1 . Thls yield.s r uslng the known

bounds on aL+r and. S¿r that

Fi>
and so K¿ >

(tt.tt ) yield.s, ff n_ < 2.85r that Ki < 1.416,

which 1s lmpossible, Henee

¡n- > 2.85", aL+t >

using the bound.s (tl.l7) and. (tt.tA) it can be

shor¡nn that ai+r(1 + ¡i)(t - si) > 10,12, and. so by a

method similar to that used. in (¡) above it fo].lows

that

lh - ¡, - åll < .166. (tt.t9
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Nor,'rbyusíng (ti.1,8) r,ve can,refine (11.16) to

llp - åll <

and. combining this r¡,'ith (11.19) gives that

llÀll <

value

(* n 
^)' 

+ aü+rFüS[ <

this contradiction to t* = 1 completes the proof of

the lemna,

teuec-l!4
pj<

PEqgf

Let p¡,-r = 6 v¡1th i evell. Then

8/55 = (01611,7) < S¿ <

and. so using (tt.tZ) r'¡e find" that F¡ < 1,3L1. Hence

we must have Pü+r >

F¡>
Sinilarly, by considering the neverse chainr we have

PL-r >- 3 and' so

S¿<

Nov¡ F¡ >

8.73 < ai+r(1 + r'¿)(t - s¡) < to,5t

and. so as in the proof of the previous lerniea vúe have

that

llx- p-+ll<.213. (i1 .zo
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Tf aù+r 2 4.96, then by choosing x such that

I¡-s (**tù" <

of gt that contrad.iets either ** = 1 or m- > 2.53

unless ll¡, - å ll <

then by choosing x such that 2.25 < (x * P)' < l+ Yue

obtain a value of gL contrad.icting m- > 2.53 unless

llp - åll <

must hold- we rmrst have

Ilp - åll <

From the nelations between aLral+rrFt and S¿ it

may be shov¡.n that âL-r = aû+t(1 + 6Bi )(t - 6Si ) and. so

by a simllar analysis to that useil above it can be shorrrn

that ll 6À - p. - +ll < .o6. Combining this with (11 .21)

rre f ind that ll eXll <

some integer 1 rvlth O < 1< 5. As (tt.ZO) and.

(11,21) together 1rnp1y tha-ü ll)'tl <

that I = or1 or 5 and so tllll <

As the value lllll" * a¡¡1F¡S¡ of gt nr-rst be at

least 1 we rnust have a¡-¡1F¡Sg >

the know:r bound-s on aL +r and. S¿ we f ind. that

F¿ > 1,24. Now if PL+r. >

F¿<

urhieh contrad.icts the above bound.. Î-ienee as Pi+r >

we must have PL+r = 3, Thus
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F¿>

and. so K¿ > 1 .¿+03.

Now as É{(nn_) > o the inequality (11 ,1'l) yi.eld.s,

if m_ < 2.8, that Ki < 1.4 which is irnposslble.

i{ence m_ > 2.8 a.nd. ak+i >

By ehoosing x such that L¡ E (* * tt)' <

obtain a value (x + p.)z - aL+l of g¿ which

eontrad.icts either ** = 1 or m_ > 2.8 unless

llp' - åtl <

ar+s - ai+r(4 - JFi )(4 * 5su )'
we find. rhat ll ¡l * ap - åll <

ll ¡r * 6p - ill <

Hor,vever as Fi <

7,7 ( aù *r(2 - p¿)(Z + S¡.) 4 8.4r

so by choosing x sr:ch that 6.25 < (" * À + 2i¿)P < 9

we obtain a value of g.r. v¡hich contradicts either
0*=1 or n->
Clear'ly this is incompatible v¡ith ( 1 1 .22) .

Lerrya 1J .5_

PJ < 4 for all od.d. i.
Proof

Lel pl-r = J urith

7/4t = (or7r116)

i even, Then

< S¡ <
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and so rising (lt.lZ) rne find that Fg ( 1.315. ÍIencee

as in the proof of the previous lemmar PL+r > 3 and. so

l+B/l+l = (l ,5r1 ,6) < Ftr <

By consld.ering the sections (x + p)" - â[+r and

(x + 5^ - p)z - at-r in the same way that the sections

(* * p)" - aL+r and. (x + 6I - ¿¿)' - aL-r r¡ere

consid.ered. in the proof of the. previous lemma we may

d.ed.uce that llp - åll <

ll ¡¡lt 1 n12. Hence

llr - Lilll <

lnteger I with O<1<4.
(ll.z3

fon some

Now

B.l+B < al+r(1 + Fr)(1 - sr,) < 9.96,

and. so by the same nrethod as u¡as used in the proof of

lemma 11 .3 ïve can show that llÀ - p - åll < .213. As

lie, - åll <

have fron (11 .23) that llhll <

nsing the ineo;uality ltp - åll <

llr * zpll < .38U, (tt .zt+

and so we can choose x sueh that

7.O5 <

7.1+1 ( at+rQ - ri)(2 + s¡,) < 9.5

this yield-s a value of gt contraclicting eithen t* = 1

or m_ > 2,53 unless both
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âL+rQ - Pi)(2 + s¿) < B (11,25

and.

ll^+zpll <.1 . (ll.z6
Uslng the known bound.s on ât+r and. S[, (ll .25)

yield.s that F¿ >

if pl+r > 4 it feflo$Is that PL+r = J and. so

F¿>

the same netirod. as r¡as used. in the proof of the prevlous

lemma v¡e have that ll ¡h + 6p - ill <

this is lnconrpatible rn¡ith ( 1 1 .26) .

Lemma 11 .6

pJ<
Pro.of

Let pi -r = L¡ with i even. Then

6/z9 = (or4r1r5) < S¿ <

and- so using (lt.lZ) vùe fj-nd. that Fg 1 1.279. Hence

as in the pnoof of lemma i 1 .4 we find. that !L+¿ 2 3t

ÞL-a >

As pl+r < l+ v,¡e have F¡ > 35/29 anil so

K¿>

the prrof of lemma 11.4 we have that âü+r >

n_ > 2.8 and.

lip - åll <
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Using the ]inovun bound.s on F¡ and S¡ v¡e find- that

8.oj ( âL+r (z - Fi )(2 + Si ) <

and

8.79 < ai+r(1 + F¿)(1 - S¿) < 9.49,

Hovrever u¡e may choose x1 and. xs such that

6.25< (x.+À+Zp)'<9 and. 6.25< (*r+À-p)"<
Hence gt takes a value Iyfuçg in the open interval
(-5.21¡r.91) in contrad.iction to either *o = 1 or

m_ > 2,8 unless both lll * Zt" - ill <

lll - p - +ll < .1 , S,:btractlng these yleJ-d.s that

ll ¡¡rlt <

As a eonsequ-ence of the preced.ing lernnas pl-r can

onl.y be 1 rZ or J for i even. Hence for i even

we have that

K¿>

v¡hich contrad.icts (1t.12). Frorn thls contrad.ictj-on

we can ded.uce that the asru¡tlrtion (11.8) r",ras fa1se.

Thu-s fron now on ïre nay assu-ne that

d > 243/16, (11.28

Insenting this into (ll.Z) r,ve find. that m_ >

By an obvious mod.ificatlon of the corollary to

lemna 2.1 applied to the sections (x + u'uz)z - a¿+tz¿

of g.r it follor¡rs that, for all even ie

âL-rr>7+(m--3)>
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Hence the binary form q.¡,(yr") can take no values in

ihe open intenval (-l rS/4) y so by the resu-lt of Segne

it follovrs that

a = d(q.i) >

,rlle now use thls in plaee of (ll .ZB) and. repeat tire

above analysls to oþtain the bound.s m_ > 3,145,

âL+r >

a number of ti¡nes yields that > 3.19 and that

âL+r >

uslng (11.2) and- (11 .29) in (t t .6) we find

that, for. i evei1,

K¡<
while usir¡g aü+r >

that

K¿ <16J6F/S<13.o1^/F (iodd). (11 .31

Henee as p < '1 we cân coneLud.e that

pi = I (i even); pr < 1J (i odd.).

i{ow if pt < J with i odd v¡e would. have

K[-t >

u¡hich eontrad.lcts (11 .fO). Hence pi > 4 for oiLd i.
Tn add.ition, 1f pt >¿ 12 r'¡ith I odd- rn¡e v¡ould. have

Ki , Uzrl ,b) + (ort,4) = 1J.6

i',¡hich contrad.iets (ll3l), Henee v¡e inust have

h<pi<
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For i even s¡e have

K1 >

anil so using (11.6) ue find. that âü+r < 8.4 fon al.l

even i. If howevêf âi¡1 > I for some even 1 then

by choosing -¡.. such that 6.25 < (* * p)" < 9 ute

obtain a value (* * i¿)" - âü+r of gg that contnadiets

either m_ > 3.19 or m* = 1. Hence

7,1 < aü+r < B (i even).

\,Ve nov¡ obtain an lmproved lower bounrl on â¿+r for

i even and. a bound. on lllrili. For a given even i we

nay assume without loss of genenality that O < PJ < å.

f'hen in ond.er not to contrad.ict either E* = 1 or the

ciefinition of m- it is clear that v¡e nrust have

(z + uj)z - aj+1 <

and.

ß - pj)z - aJ+l > 1. (11.33

Subtracting (11.33) trom (ll.32) vields that

lOttj < 4 - n_ and. henee that uJ <

25< (¡+ãpJ)z <26.7¡

and. as

28,72 < li.j *t <

r¡¡e must have, 1n ord.en not to contnadiet the d.efinition

of m_ , that

$ + zpl)' - 4aj+r <
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By ¡aultiplying this last inequality by 9/l+ andr

rearrarrging we obtain tha.t

(B + 3ps)z - 9aJ+t <

I{ence in order not to contrad.ict either ** = 1 o? the

d.efinition of m_ r,r'Ie must have

(B * 3t.tt)' 9aJ+r ( -B-. (11.34

Bj¡ subtracting 9 times (ll J3) from this we find.

that 1O2¡-r.3 ( I - m_¡ and. so

pj<
In ad.d-ition reamanging (11.11+) yield.s that

pa¡+r >

and- so

aj+r. >

As j was chosen arbitrarily we may ded.uce fnom

(11J5) and. (ll Õ6) that for all even 1 þoth

ll¡rr, ll <

ancl a[ +¿ >

Using this new bound. on â[+r we find.t 'by

repeating the argrrment irnined.iately fo11ovríng (11 .29) t

that m_ > 3,26. This enables (tt.3a) to be

refined. to

âL+¿ >

Vüe now proeeed. to elininate all possible chains
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lpt ] except the one required- to glve g as equivalent

to a mu1'ciple of Fe o

åsqna-e-Z
pï, < 11 for some od.cL i.

Proof

Let pt = il for a1l- od-d i

we have that

a Then for even j

qJ = (x + l¡r + IrJ'¿)z - aj+t(zz - yz -frv"),
and. so qJ takes the value

lll, ¡P + aJ +t/11 < 1/L+ + 8/11 I 1,

eontrad-icting m= 1.

Lemrna 11 ,B

pj < 1 O for al-I ocld. i.

Froof
Let p[+1 = 11 with i even and suppose that

4 < pt-r < 10. Then

168/155 = (t rtr ,1 ,12) < Fi <

1j/142 = (orto?1 ,12) < ss <

and so

a¿+r(Fi - t)(Su + 1) <

Hence in ord.er thai the value

(x * À * pr)" + a[*"(Fi - 1)(Si + 1) shal] not contrad.ict

m.=1 forargr x wermrsthave llX*p-ill<.o75,1

+
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Combining this with (ltól) v¡e find. that

llx - p - +ll < .171 and. so rve can choose x1 and. x2

such that

11 .O7 <

and.

12.25 < (x, + À - p)' < 13.48,

However

12.3 < a[+1(1 + Fr)(1 - S¡) < t5.2'
and. so gt takes at least one value contrad'icting

either n. =f or m >
+

x1 1f at+r(1 + F¡)(1 - S¡) < t\"33, otherr"¡ise the

value involvir:g r.z).

I{ence pL+r = 11 lurplies that Pt-r = 11 .

Repeatirrg this argument inclefinltely to both the

original and. the reverse chains shows thai pJ -- 11 for
all od.d. j, in contrad,iction to the result of lemma 11.7.

w_&2
If p[-r = :lO ttith

Pr*€
let pL-r = 10 with

P[+r 2 7. Then

1)+3/131 = (t,tO 11 ,11)
12/131 = (OrtO,1 ,11)

i even then tr>[+e <

i even and. suppose that

<F¿

<S¡
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and. so

1t+.15 < ai+r(1 + Fi)(1 - Si) < t5.Lr7.

However we can choose x such that

12.25< (x*À-i¿)'<
contrad.ictir¡g ei'uher ** = 1 on n- > 3.26 rurless

llr - ¡rll <

that lllll <

!lÀll " + aü +rFü s'' <

contrad.icting m, = 1,

Lemma_ll--1-9.

pj<
Pngof

Let p[-r - 10 with i even. Then using the

previous lernrnas r,'¡e have that

95/83 = (,611 e11) < ¡'r <

12/131 = (o,tor1 ,11) . su <

and. so I{i >

the steps

d = (ai+rKu )"1+,

m_> ffiæ,
(t t .40

yield.s that m- > 3,35.

Nor,'¡ a¿ ¡1tr''i Sg <

llÀll" + aù+rFi,Sü shal1 not contrad.ict r* = I we must

have lll-¿t¡ <

I
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Tue f ind that lll + zpt - L"ll <

x1 and. x2 sueh. that

1o.l+ < (*, + h + 2p)2<112.25

and.

12.25< (x, +À+ zp)'<1\,3.
ïiourever

12.3 ( â[+rQ - Fr)(z + Si) <

and so gt takes at leasi one value con'oraCLícting either
m. = 1 or m > 3.35 (tne value involving" x1 if

I

a1+1 Q- F¿)(2+Si) <13.15, otherwisethevalue

involvlng xz).

Lemna 11 .11

If pi,-r = 9 with i even then pü+r ( 5.

P-re-e-f

Let p[-r. = 9 rvith i even and. suppose that

Pt+¿ >, 6. then

12O/1Og = (t,g?1 ,1O) < ru <

11/109 = (0r9,1 ,1o) < s¿ <

ancl so a¡+1FiS[ <

ll^ll" + aL+rF[Sû shall not contradiet ** = 1 'n,e must

have llÀ - åll <

find. that llÀ - p - +ll <.JOB, so ïye can choose x such

that

12,25 < (x * À - ¿r)" < 1\.51 .



ï{orvever

1l+.0 < a[+r(1 + Fi)(1 - si) < t5.45¡

and- so gt takes a value contradictÍng either

orm>
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m =1+

Lemna 11 .12

If pi-r = 9 with i even then PL+r = 4.

N
t,:t p[-r = 9 wlth i even. Then 

"r'e 
only ha.ve

to shov¿ that FL+r = 5 is impossible. If ÞL+r = J
then rn¿e have

16/65 = (1 ,5,1 ,1o) < F1 <

11/1Q9 = (or9 111o) < si <

and. so Ki >

fincl that n_ > 3.1ç19" Now

11+,55 <aL+r(1 +Fi)(1 -S¡) <t5.63,
and. so in ord.en that the value

(* * À - p)" - a¡+1(1 + F¡)(1 - 51) shall not contradict

either n = 1 or n > 5,Lç19 for ar,y x r1¡e mr:-st have
+

ll^ - pll <

(ll J|) and. the knoum bor-rncls on Fi and. Si these

ineo.rralities 1nP1Y that ìllll <

Hence gL takes the value

llllì'+ aü+¿Fûsr <

in contrad.iction to ** = 1 .
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Lemma 11 .13

-

Pj < I for all odd. i.
Proof

Let Pü-r = j with i even. Then fron the

abo'¡e 1em¡aas 1t follorvs tha'u pü+t = 4. Hence

6f/1¡,t+ = (1¡br1r1o) < Fs <

11/1OJ = (Orgr1r1O) < Si <

and. so K¡ >

conjunction with the bound.s aü+r >

anil- âL +r >

and- m_ > 3.641 respectively. Now

14.78(aL*t(1 +Fi)(1 -S¿) <t5.BB4¡

where the upper bounil. rnay be red.uced. to 15.869 or

15,73 accord.ing as the upper. bor¡nd. on a$,+r is nedueeil

to 7,992 or 7.922 respectively. Hence fn ord.er

that the value (x * I - p¿)' - at*r(1 + Fr)(1 - Sr,)

shall not contrad.ict either t* = 1 or the bound. on

û_ for argr x we ¡uust have ll}, - U¡1 <

a¿+¿(1 +r,r)(1 -sr)(i5. Thus llÀll <

âL+r <

lllll' + aü +rF[ Si <

in contradiction to m
+

teesall,l-4
pJ>
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Proof

Let PJ = l¡ with j od.d.. Then

KJ+, >

vyhich contrad.icts (11 .30) "

T,emna 11_.1å

If pj = I for all odd. i then I - Fe ïfr.
ProS¡f

Let pj = B for all od.d. i. Then for i even

we have that

gr = (x + huy * nz)' - ^L*r(z' - yz - åf ).
As gt - g we may d,rop the subscripts tr¡ithout l-oss of
generality. Then frorn earlÍer v¡orli \¡ue knov¡ that

ll¡,ll <

anil that 7 .l+7 < a < B. Tn add.iti-on,

m_>lTTæ=lñl7ß>3.i3.
lrTov'¡ 14.0 < lJa/B < 15 and so in ord.ei' that the

value (* + À - p)' - 15a/B shall not contnad.ict either
m. = 1 or m >

+

ilr - ,¡¡ <

ConirÍnir,g this ïuith (11.41 ) yield.s that

ll 2À - pll <

16<(x+2?.-p)'<18.5.
Howeve:: as 18.6 < 5a/2 < 20, g takes a value

contradicting m_ > 3.33 unless llZl- - ,1¡ <
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Hence ll zlll <

ll^ - all <

inconpatible with (11.41 ) and (tt.4z), hence

llÀll <

Now ag the tnansfornations (yrz) - (y * Bzr-z)

and. (yrr) - (y * Bzry + 9z) seni!. g Ín',,o

(x + Ày + (S^ - p)z)' - a(zz - yz - #f )

and_

(x + (x + ¡¿)y + (8À + 9p)r)' - a(zz - yz - tf )

respectively it is clear that any bound for ll¡rll n'nrst

hold- for ll AX - u¡¡ and l[ BÀ + gp.ll, ïIence taking the

bor.r¡rd lllrll <r wehave ll ex-r¡¡ <r and ilBÀ+gpll<r
v¡hich yie1d. that

ll alll < zr ('i 1 .h4

and. lltOpll < 2". Fron the second. of these we have

that lle, - L/1Oll , "/S for some integer 1 with

o < 1 < 9. Using (ll "37) it is clean, if r < .048,

that 1 must be O and that ll¡rll < ?/5. Repeating

this arg¡rroent indefinitelSr yield.s, 1f r < .048, that

llpll < r/25t r/125, etc., and so¡ for r < .ohB, the

only possibÍlity is that llpll = O. SlniÍ1ar1y, for
r < .oh8, (1t.44) may be replaced by ll shll < 2r/Dt

zr/25, etc . ¡ and so ll elll - o.

Ilow consid.ering (11.h1 ) ru may take r = .O¿tB
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and so we üust have ll¡rll = o and- Ìl aX¡¡ = O. The

second. of these yield.s, taking (11 .43) into

consideration, that llXll = Or and- so

e; - xz - a(* - yz - #f),
Thus as the value a/B contrad-icts t* = 1 urrless

a = B we ntrst have

B - xz - 8(z' - yz - tf) = F.ff;.

Lemma 11 .16

If pl-r = I with i even then p[+t f 7.

P_r_oof

Let pü-r = I v¡ith i. even and. suppose that

?L+e = 7. fhen

8g/7g = (1 ,7 11 ,g) < F¡ <

1O/Bj = (OrB 11 ,g) < S¿ <

and. so K¡ ) 1.2389. Using this 1n (11.1) anÖ

(ll15) it follows that ât+r 1 7.91. Hence

14.08 ( ai,*r(1 + r'i )(1 - ss) < t4.94,

and. so in orÖer that the value

(* + À - ¡¿)z - atr*r(1 + ¡'i)(1 - S¡) shal1 not contrad-iet

either m. = 1 or m > 3.26 we must have
+

lla, - ,1¡ <

'bhat the value llitll" + aü+TFUSL shall- not contradict

m, - 1 we must have aU+1 >
T
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bound. in the above analysis yield.s that

ar+1(1 + Fr)(1 - si) > i4.3|p llx - lrll <

and. at+r >

16<(x*2h+3p)'<
< 19.42

for suitable x anÖ

18.46 < a;+r(3 - zni)(3 * zsi) < 19.06.

Thls iroplies that gt ta.lres a value contnad.ictir¡g

either m =1 or m >3.26.
+

!sre.-11-ü
If Þü-r = B with i even then pü+r I 6.

Proof

Let p[-r = I viith i even and supl]ose that

Pû+r = 6, then

79/69 = (1 ,6 11 ,g) < tr'¿ <

|O/Bi = (O16 11 ,g) . St <

and- so Kg >

it follolvs that âl +r_ <

yield that m_ > 3.39. Following the methocl of proof

of the previous lemma v¡e have

14.2 < ar+r(1 + pr)(1 - s¿) < t4.84, lll - r" <

and so llzl -,¡1 <

that 16 < (x + 2\ - tt)' < 1 8.1 . Iloi¡¡e'.'er as

19.0 < ai+r(1 + 2F¡)(1 - 2Si) .19.9
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1t can be seen that g[ ta]res a value contnatlictlng

m_ > 3.39 unless ll zl - irll <

These two lnec¡ua1itles lmply that

16<(x*2À+3p)'<18.2
for suitable x and thåt

17.3 < a¡.+13 - 2Fi)3 * 2Sr) < 17.9.

Fience gt takes a value in the open ínterval- (-'1 .9¡.9),
contrad-lcting either *+ = 1 or m_ > 3.39.

Lemma 11 .18

If pú-r = B r¡,'ith i even then p[+r I 5.

Prooje

Let pl-r = B with i even and. suppose that

ËL +r = 5. Then

69/j9 = (t,1ri,9) < r'¡. <

1O/gj = (O,g ,1 ,g) < si <

and. so K¿ >

(11.5) it follows that at+r <

(11.1+o) yie1d. that in_ > 3,44. Using the sarne method.

as in the proof of len-Ìra 11,16 t¡e have

14.31 < ai+r(1 + ni)(1 - s¿) < t4,74t lll - ¡rtl <

and. so 1l zL + :øll <

that 12.96 <

15,82 < ai+r(5 - 2Fi)(¡ * 2Si) < 16.33

ancl so gt talies a value contradieting elthe¡' ü1, = 1
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orm>

From the above worl< it is clea:: that if pL = B for.

argr od-rL i then pJ = B for all od.d. j and.

g - Fs tÑ, Hence ïve may a6suïïIe, for the nest of the

proof, that pj <

enma 11 'l

Îf Pü-r = J r¡¡ith i even then p¿+¿ = 7.

P_roqg

Let pl-r = J ivitn i even a.nd. suppose that

PL+r I 7. Then Pü+r is either 5 or 6. Hence

7'l/62 = (t ,6rl rB) . pi, <

9/71 = (o 17 11 ,8) < su <

and. so K¿ >

(11.5) it folloln¡s that aL+r <

(11,40) ¡'ield" that m_ >

method. as in the proof of lenma 11,17 r¡,¡e have that
13.97 < a¿+1(1 + r¿)(1 - s¡) < t4.61 ,

lir - øll <

ll zr - ¡rll <

16 < (x * 2T - p)' < 18.6 for srritable x,

18,3 < ar+1(1 + 2r,i )(1 2Su ) < 19.25t

and. so gt taices a value contrac'licting eittrer ** = 1

or m_ > 3.42.
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Lemrna 11 .2O

pj = 6 for all od-d. j.
Pqe-g-f

Let pi-r = J \¡rith i even, Then b5r a.pplying

the above lemma lnd.efinitely to both the original and. the

reverse chain we find. thai pj = J for all od.d j, and.

SO

gt = (x + Àty * tt.Lz)z - a¿ +r(r' - yz - åy').
As gt - g l,ve m,ay dnop the suffixes i'¡ithou.t ar¡y loss of
generality. As d. = 1ta2 /ZB and. a > 7.47, eq.¿ations

(11 .2) anct (t t.5) imply that a <

FoJ.lowing the nethod. of proof of the above l-emma we

have tirat

13.87 <13a/7 <11r.53t

lir-'"<
ll zx -,1¡ <

16 < (* * 2T - p)' < 18.8'1 for suitable x,

18.1 < 17a/1 < 19,ot

and. so g tal',es a va.lue contrad.icting either r* = 1

or m_ > 3"39. Hence pj <

However if pt <

KL-¿ >

which eontrad.iets (11.30)" Hence pJ = 6 for all
od.d- j.
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Lenma 11.21

pt / 6 for some od.d. i.

PIoof
Let pJ = 6 for all od.d. i. Then for i even

r¡e have that
gr = (* * Àiy * pLz)z - a¿ *r(r' - yz - åy").

As gt - g we may drop the suffixes without any loss of

generality. As ¿ = 5a2/12 and. a >

(11 .2) and. (11.5) inply that a <

Fo}lowing the method. of proof of lenma 11.19 we have

that
13.69 <11a/6 <13.92t

llr - e,ll <

ll zr - ,¡1 <

16 < (x * 2T - p)2 < 19,22 for suitable x.,

17.43 < 1a/3 < 17.71 t

and. so g takes a value eontradicting either o* = 1

or m- > 3)15 unlees ll2À - f/ll >

this v¡ith (11 ,37) vre f ind that .245 < ll 2À - zpll <

and so there exists x such that

52.49 <

Flov¡ever as

5L+.76 < 22a/3 <

this inplies that g talces a value contnad.Ìctirrg

m_>
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The resuli of theoren C" norv foI]ows as vúe have

shov¡nthatif O<d<
g is equivalent to a :nultiple of either F7 or Fe .



(r¡o)

CHAPTER 1 2

the Proof of Theorem Ce.

For reference theorem Cs 1s restated.

Thæ,E,N,E

If g is ar{r ind.efinlte ternary quad.ratic forn of

signature 1 , rvith a(e) = d. where

and. if rn, (e) = lrl.+'-' +

0<d.<67,5,
= 'l is attained. by g then either

(u) o,-(e) . 8Jñ71, or

(U) g is equivalent to a multiple of either Fe or Fg.

Progî

As usual we consider 1n place of g an equivalence

chain (g¿ ) of forms equivalent to $. Assuming

that r_(S) ,- ?llffi and. using the sane notatlon as in
the previous chapters we have that

aL+rKL = A; As = 4d, (12.1

*_(e) = m- > lñß, (1'2.2

aL > m- + 1/4 > ll6ffi + 1/4 (i o¿a), (12,3

aü > 3/4 (i even),, ('12.4

d=135p/2, O <þ<1¡ (t2.5

and Ki = 3Jfiþ/aL+l . (12.6

Now if d < 24 then using theoren C,z we have that

¡n- < lß{g unless g is equì.valent to a muJ.tlpJ-e of F6.
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Tbus ïve may assume from no\ff on that d. > 2l+ and tny to
show that g is equivalent to a multlple of Fs.

Unden this assumption we have that

m-)Wffi>¿+.
Applying theorem 2.1 to the seetions

(x + pLz)' - uL+tzz (12.7

of gL (where i is even) vre find. that âL+r >

for all- even 1e and. so q-i(yrz) can take no values in
the open lnterval (-tO .25r.75) , By the result of

Segre 1t follot'¡s that

ô = d.(q¿) >

and uslng thls in (12.2) w" find. that m_ > 4.49.

VVe now use tbls and. apply the coroJ.lary to theonem 2.1

to the sections (12.7) of gL to show that
âL+r >

process yield.s, after a few iterations, that d. > 37.87,

m_ > 4.65 and.

âL+r > 10.9 (i even) . (12.8

For the present we shalI assune that

\a/S < 125. (12.9

Using this in (12.5) w" obtain a bound. on P r¡rhich in
con junction r'¡i th ( t 2.4) , Uz "5) and. (l z "B) yield.s that

Ki < 18.267 (i- od.d) (te,tO
and.

K¡<
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Fnom these we have¡ âs K¡ > pL, that pL = 1 fon

even i and pt <

Now if pk < 3 for some od.d k then

Kx-r >

which contraÖicts (12,11). Hence pL > 4 for all
odd. i. Using this we ean inprove our uppen bound on

pL to pr<
some od.d. k then

Kr>
which contnad-lcts (t2.tO). This enables us to show

that pL >

odd. k then

Kr-r >

which eontrad.icts (12"11) " Thus we have shoïrn that
pL = I (i even) t 5 ( p¿ < 16 (i odd).(12.12

Before commeneing to eliminate various [p¡, ] chalne

we shal-ì- finst obtain upper bou¡rd.s on âL*:. and,

llpt - åll for even i" tr'rom the bounds (lz.tz) ïre

have that

Ki>
for i even, and. so using (lZ"l ) and. (12.9) we find
that âü+r <

conslder the values (= * llerll)" - âL+r and

ß - ll¿rll)" - ât+r of 81 . In the first of these



va].ues we have that 10.9 <

9<
contnad.let either f,+ = 1 or m_ > 4.65 we must have

(l* ll¡rlll'-âL+r Þ1, (tz.t3
and. so al+i 4 11 .25. Consid-ering the second. of the

two val-ues, as (S - llerll)" ( 9r it ls clear that

3 llp ll)' âL+r. ( -*-.
Subtraeting this from (lZ.l3) we find. that
rzll¿rll r1+m-, e.ndso

ll¡,ll >

As m
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i.en

(tz.tD

m_>

llp -åll <.o3"
tr'rom the corollar¡r to theorem 2.1 ,

have that
âL+r >

Combining this with (lZ.l) and. (12.2) I'ie1ds that

úi(n_) - r_t 2Kf (6.2j + m_)r/3 > o (i. even).(12.17

lTow from (lZ.16), as âL*r < 11 .ZD, 1t is clear that
m_ < 5 and. so the lnequality (lZ.lT) must be satisfied.
for sone m_ < 5. Ho'rever using the knor¡rn bound.s on

m- and. K¿ it ean easily be shown that the d.erivative

if i' (¡n_) = 3n: - 4Ki2 (6.25 + n_)h >

and. so (lZ,l7) must be satisfied. with m_ = !. Hence

K¿ < J4om < 1 ,2172 (i. even). ( 12.1g

Funthermore as ,/ut(n-) >

AS
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rili(x) < o for all al-lowable values of I(i then m- > x.

The bound. (lZ"tB) allows us to i.rnprove -bhe bound.s

(lZ.lz) on pL for i odd. to 6 ( pi <

pk = J for some ood. k then

Kx-r > (t,6) + (ort7) ,1.22
which contradicts (ie.tB) 

"

The proof ig rrow continued as a series of le¡nmas

el-iminating all possibillties for the chain [pi ].

-t-æ"1åL
pj < 14 for all od.C. j.

Prggf

Let, 15 ( pl-r < 16 for some even i. Then

18/17 = ?rl7) . Fi . {1 ,6,1 ,6) = Dj/48,
1/17 = (0,t7) < si < (o,15ri,6) =7/ttt,

and, so a¿arF¿Si <

lhll' + âL+rFiSi shall not contrad.ict n+ = 1 i,,ie must

have llX - all . .07. Combining this with (tZ.t5) we

f lnd that llzl - ¡, - å tl <

x such that

a8,¡+ < (x + 2À - p.)' < 3c.zj.
However

29.6 < aL+r(1 + epu)(t - esi) < 32.68,

and. so gt takes a va'ìue contrad.ie+,ing either r+ = 1

or m > 4.65.
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!@
pj<

Proo_!

l,et 10 ( p¡.-r <

255/239 = (rr1Å¡r1r15) < Fu <

16/Z3g = (0r14r1r15) <

and. so

2o.t+ < aL*t(t + ri)(t - si) < 22.53
and.

19.25 < aL +t(Z - Fi) (e + Su) < 21 .97.

Hence in ord.er that the values

(4 + lh - /rll)" - al+r(1 + ¡'i)(1 - s¿)
and.

(4 + llx + zpl)' - âL+rQ - ri)(z + si)

sha3.l not ùontrad.ict either il+ = 1 on m- > l+.65 we

must have lh - ¡rll < .23 and llx * zpll < .17.

However by eubtraction these yleld that llspll < .4
which is j.n contrad.ietion with thrlce (t2.15) .

Lenma 12.3

pj>
Frqof

Let p j < 9 for a1l- od.d. i. Then for an¡r even

i we have that

120/109 = (t rg 11 ,1A) . ¡'¿ <

11/1o9 = (or9r1 r1o) < su <

and. so Ki >
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Ku>

Consider the values

and.
(4+lh-pl1"

(4+lll*zpl)"
- ai+r(1 + ri)(1 - Si)

- aü*t(2 - tr'¿)(z * s¿).

As

2o"o < aL*t (1 + ni)(t - Si) < 21 .8
aniL

2o.o < at+t(Z - Fi)Q + si) < 21 ,8

it fofl-ows that gt takes a value contrad.icting elther

il+ = 1 or m- > 4.93 unless ilX - pll . ,12 and.

lh * ztrll < .12. However subtracting these yields that

ll¡¡rll < .24 which is ln contradietion v,¡ith thrlce
(lz 

"1 5) ,

Fron the contr-ad.iction of lemmas 12.2 and. 12.3

it is cl-ear that the assumption (12.9) is false.

Hence

sd/j > 125 ?2.t9
and sor using (lz.z) ¡ wo have that m- > 5.

By an oþvious nod.ification of the eorollary to

lemma 2.1 applled to the sections (* + p.tz)z - aL+tzz

of gr it follows that

âü+r > |t+ + (n_ - 5) > 14 (lz.zo

for all even i. Hence the binary forrn q.i(yrz) can

take no values 1n the open interval (- t4, "75), ancl so

by the resul-t of Segre 1t fol.lows that
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a = a(q¿) >/ (lgø + 4z)/4 = 59.j.
llle now use this 1n plaee of (lZ.l9) to obtain new

bounds on m_ and âL+r. Repeating this iteratlve
process a number of tines y1e1d.s that m- > 5,538 and.

that ã'v+t > 14"538 for all even i. Combining thls
with (tz.'t+) and. (12.6) r" find. that

Ki<
ïile may obtaln a tighter bound. on K¿ for 1 even

as folloïqs, As

aü+1 >

we have that

Ki <t/lg+lMl"
Itow the RIIS of thls lnequality has positlve derivatlve

v¡ith respect to A (over the allowabIe range) and. so

as A < J27O vre have tinat,

Ki < JzTo/(g + tm') < 1 .1222 (i even) . (12.22

From (lz"2l) and (tz.zz) we have lmmed.1ateIy

that pr = 1 for a1.l even i and. that pt < 21 for
al.l od.d. i. Now suppose that pk - 21 for some odd.

k. Then

Kx > (zt ,z) + (o rz) = 22

whic}r contrad.icts (12.21) " Hence pL < 20 for all-

od.d. i o Suppose that pk < 12 for some od.d. k.

Then
Kx-r , Url3) + (orzr) > 1.12u
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whlch contrad.iets (lZ "zz) . Hence pL >

odd. i.
We now find upper bound.s on a.t +t a¡.d. ll¡rt ll for

even i. o As

Ki>

using (12.6) yield.s i.jnat âL+r < 15.01 . Now

eonsid.er the values

(t+-llpll)" -^L+'.
aniL 3* llpll)'-u,*,
of gL. CJ.earþ we must have

(¿+ - llpll)' - ^L+r >
and

3* llpll)" -âL+¿ <-0,538
in ord.er not to contrad.ict either E+ = 1 on m_ > 5.538.

From the first of these it folJ-ows that ât+r <

whil-e subtractlng the first fron the second. yiel-ils that

llir ll < -o33. He*ce

ll¿r, ll < .Q3i (alt everr i). (lz.zj

lVe are now in a posltion to woni< on the [pi ]
chain, elininating alJ- possibilitles except that whieh

gives g as equivalent to a multip1.e of Fe.

T,enma _l_2 .2+

If pj - 20 for al1 od.d. j then g * prl@.,
Pnoo{

ï,et pj - 20 f or a1-l odd. j. Then for any even
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i r¡¡e have that
gL = (x + þ + pz)z - aL*r(u' - yz - tof).

As lllll" * a¿¡a/zo >¿ 1 in order not to eontrad.ict

D+ = 1 it is clear that we must lrave âL+r = 15 and.

llX ll = å. Sinilar tt'eatnent of the value

lll * pll' * aL+L/2o yield.s that Jll * pll = t and. so

ll¡rll = o. Hence

s - s, -=::,;rr4 - 15G2 - vz - *av")

as required,

In order to e1-ininate the other possibiJ-ltles for
the chain [pi ] we sha11 suppose from now on that

pL < 20 for at least one ocld. i.

Lemma 12.6

If p[-r = 20 with i even then pL+r + 19.

Proof

Let pL-r = 20 and. PL+r = 19 where i is evenr

Then

46't/439 = Url9r1 ,zi) < ¡,i. <

zz/4øl = (or2or1'rz1) < si < (o r2or1 ,13) = 14/293,

and so ai+rF¿Si <

value lllll' * aL+1FLSü shal1 not eontrad.ict n+ = 1 we

must trave lf a' - å ll <
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inplies that ll¿r ll . .OO8 as otherwise tlre value

(¿+ - ll¿r ll)' - aL+r wiJ'l contrad,ict either D+ = 1 or

m- > 5"538.

using the above bound.s on ¡ll - +ll anil ll¡rll ute

find. that llel + gpll . .096, and. so there exists x

such that 81 <

83.3 < ai+r(9 - 8Fi) (g + 8si) <

and. so gL takes a value eontrad.icting m_ > 5.538"

Leruna 12,6

Pj < 19 for all od.d J.

Prooj

Let pk = 20 for some od.d. k. Then by the above

lemna there must oceur, either in the original on the

reverse chain, an even i such that pl-L : 20 anit

13 ( pü+r < 18. Then

Wl+19 = (rrt8 11 ¡21) . ¡,i < (t r13r1 ,13) = zo9/190,

2z/4A = (orzo,1 ,21) < si < (o r2or1 ,13) = 14/293,

and- so a¿ç1FiS¡ <

value lllll" * âL*¿FuSi shall not eontradlct F+ = 'l we

must have lll - å ll <

Now combinlng the aþove bound on ¡ll - åll with
(lz.z3) we find that llzl + 3ø ll < .137 t and so there

exlsts x such that 36 <

However
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38 ( ar+"(5 - 2F1)(¡ * 2sr) < 41,534

and. so gL takes a value contrad.lcting m

Lemma 12.7

pJ < 18 fon all od.d. i.
Proof

Let pl-r = 19 with i el¡'en. Then

U+o/L+tg = (1 e19t1 ,20) < Fr <

21/419 = (orl9r1 ,2o) < sr <

and so Kg >

that âü +r < 1 4. 936, Hence ai ç1trt¡ Sg <

in ord.er that the value lllll' + aL+rF¿S¿ shaLl not

eontrad.ict t* = 1 we m.rst have ltÀ - åll <

Combining this with (12,ry) we find. that llzX + :pll <.22,

and. so there exists x such that

36 < (x + 2h + 1t.t), < 38.7.

However

38.5 ( a!+:.G - 2Fr)3 + 2Si) ( 41 ,666,

and. so gt takes a value contradicting either fr+ = 1

or n_ > 5.538 unless â[+r >

ll zl + ¡p¿ll <

find. thar ll sÀ + gp.ll <

xz such that 81 <

78.4 <

Bl ( ât+r0 - BFi)(g * 8si) < 84.2



Uez¡

and so gt takes a value eontrad.lcting either
or m_ > 5.538.

m =1+

Lemma 12.8

pJ > 14 for all od.d. j.

FLogf

Let pt-r = 13 with I even. Then

K¡>
which contractlcts (12.22),

Lemma 13.9

pJ<

Proof

Let pü-¿ - 18 with i even. Then

3gg/379 = (1 r1g 11,1g) < FL <

20/319 = (orre / J9) < s¿ <

and. so K¡ >

that ât+r < 1\.862. Hence a¡¡1F¡Si< .838, and. so in
ord.en that the value [llll '* ala1F¿Sg sha1l not

contrad.iet o* = 1 we must have lll - åll <

Coribining thls with (lz.z3) we find, that llel + ¡pll <

ancl so there exists r such that

36<(x*2À+tp)z<
However

39 (ar+r3- 2pi)(l* 2s¿) <41.3
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and" so gt takes a value contrad'icting either

or n_>

m =1+

Lemma 12.10

pj>
Proof

Let pi -r = 1l+ with i even. fhen

Kg>

v¡h1ch eontnaclicts (1z.zZ).

Lemma 12,11

pJ<

Pnoof

Let P¡, -r = 11 with i êv€rl¡ Then

360/31+1 = (1 ¡17 t1 ,18) < Fi <

1g/3t+1 = (O¡17t1 ,18) < Si <

and. so K¿ > 'l o1114. Using thls in (lZ.e) we find.

that ât+r ( 14o785. Hence a¿+1F¿S[ <

j-n ond.er that the value ll¡.ll' + a[ +rF[ St shall not

contnad.ict il+ = 1 we m:st have ll^ - åll <

Combinirrg this with (lZ.Z3) we find. that

ll 2À - pll <

56 < (x * 2\ - p)' < 40"1. However

4o.1 < ar+1(1 + zFi)(1 - 2si) < 41 .1, arrd. so gL takes

a value contrad,icting m- > 5,538,
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temma 12.12

pJ < 1 5 fon all od.d. i.
Proof

Let p[-r --'16 with í evel]. Then

323/305 = (1 ¡16 r1 )17) < F¿ <

1B/3O5 = (ort6 ,1 ,17) < S¿ <

and. so K¿ >

that âL +¿ 1 14,'7 . Hence

39.91 ( aL*r(1 + 2F1 )(1 - 2Sl) .40"6.
Now by choosing x1 such that 36 < (x" + 2l - pf < 1P.25

we obtaÍn a value of gt contnadÍct1ng eithen rl* = 1

or m- > 5.538 unLess ll 2^ - u. - ill < ,1 . Hence

ll el - pll > .h, anci. comblning this with (tz.z3) we

find. uìat llzlll .> .367. Thus lll - åll > .183, and. so

lll - p - +ll > .15. Hence there exists x2 sueh that

25< (*, +À-¡¿)" <29. Hoft¡ever3

28.1 < ar+r(1 + F¿)(1 - S¡) < 28.6,

and so gt takes a value contrad.icting either t* = 1

or m_ > 5,538.

Lemtna '!Z;L7

pj > 15 for at least one od.d. J"

Pnoof

Let PJ <

i rre have that
Then fon all even
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K¡>
which eontrad.icts (1Z.ZZ) .

Frorn the contraclictlon 1n-trerent in Lemmas 12.12

anil 12.13'. lt 1s clear that ïvs have el-irninated all
possible lpt ] chains which have pJ <

one od.il j. fhus the only possible [p¿] chaln 1s

that giving g as equivalent to a mrltiple of Fg,

This completes the proof of Theorem Cs.
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