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Sin'/i¡ÍARY

A mathematical approaeh to the problen of checlring

ancl acljr:sting a nathematÍcal mod-el of a ptgrslcal d.evice 1s

presented.. A measure of the ad.equacy of such a mod.e1 is

pnoposed. ancl a d.etailed. stud¡r is nad.e of the case whene both

the system and. mod.el are linear tnansforrnations, lvhile the

inputs ane realisatlons of stationary raniLom processes wlth

rational spectra. the d.iffenence between the welghting

function of the system ançL that of the mod.el is then the

error 1n the weightlng functlon of the moflel. If the record-S

were error free ancl- of unlirnited. length this d.ifference coulil'

be founit as the solution of a ![lener-Hopf lntegral equation.

fn the case of an input whose spectrum ls sufflciently flat

and. of unit power cLensity, the requlred. solution may be found-

in terms of the cross-eonrelatlon frrnetlon of the input ancl

the cliffenence between the outputs of the system and' modeL.

lhe particular lnputs consid.ereiL may all be d.erived. by

linearly transformlng a real-isation of a process havlng a

flat speetnun; this problem nay therefore be recLuced. to

the cleterurination of a cross-cornelatlon function.

In pnactlce the record.s are of ]imited. length; the

pnoblem nay then þe reituceil to one of estimating the above

cross-correlatlon from a finite length of d.ata. A formula

is obtalned. for the vaniation of the expected. ad.eqr-lacy of the

conneetecl nocLel wittr the length of d.ata available for nod-e]
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correctlon. The welghting firnctlon of the mod'el should, ln

genenal, on-ly be ad.Jtr,sted. fon an lntenval of lts angument

which is rnueh snallen than the Length of d'ata avaiLable for

mocl.el correetion. A nethocl for cLeterminlng tTris lntenval ls

ctescnibecl. and. a slnple fornula, which will be a useful- gUícle

ln most eases, 1s cterLvecl.

The effect of enrors ln ttre record's 1s aleo lnvestig-

atecl. It is shoï'rn thatrpnovtd.ing centaj.n statletlcal lnform-

ation eoncenning the error¡¡ 1s avallabler compensatíon for

these erro¡rs nay þe mad.e. The effect of recond.lng ernons¡ on

the erpeeted. actequaey of the correctect mod.el then d.epencls on

the 1ength of d.ata aval1able accorcllng to erc¡rressions d.erlved'

ln the text.
If the system has eevenal lnputs which ane not cro'ès-

cornel-atecl¡ the pnoblero nay be reduced. to tfn case of a eingle

input with eryorct ln the record.lr¡gs. If the inputs are coltll-

eLatecl the Gross-cornelatlon technlque nay be used. lteratively

to lmpnove the ad.equacy of the corrected. nocteL, lrut the nod'eL

weighting fr"rncttong w111 not neeessanÍly converge to the

syeten weighting functions.
Ex¡leninental evld.ence is prod.uced" to support the

theonetlcal work and. extensions of the worlc to othen t¡pes

of systen ancl, input ane ctlscussecl ln the final chapter.
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CHAPTM, 1

-

a

INTRODUCIION

-
The gr.eatly increased. efïont, dunlng the 1.ast flf-

teen years¡ clLreeted. towands the d.osign ard. d.evelopnent of

ptryslcal d.evfcee of consld.erable conpJ.exJ.tyr fon exanple

gutttecl rreapons¡ has provotced. a conrospond.ingly lncneaseil.

lntenest 1n tlre appl-ication of mathematlcs to the stud.y of

such devices. Ehe te¡'n tteystems analyslsrr has been wiclely

useil to d.eecrlbe these stud.les and. thene 1s now a vast 11t-

eratune ln this field.¡ [t].
An frnportant aepect of systems analysls is the

descniption of a ptrysical. d.evice by meantr of a nathematlcal

mocLeL. Such a mod.el ean be used. to obtaln lnfonmatlon

about the behavioun of the physlcaL d.evlce 1t nepnegents.

In sone caaes thls lnfonnatlon is only qrralttatlve; but a
pninre requirement of each ¡rod.el, to be conËÍd.ered. ln thls
thesis, is that it be ad.equate¡ in the sense that it can be

r¡sed, to obtain useful, quantf.tatl.ve infor¡nation concenning

the penfonmance of the pÏgrsfcaL d.evlce ft repreeents.

Before euch a nod.el nay be used. wfth eonfid.ence lt nust be

checkecl andr lf neeessary, ad.Justed. to ensure that it Ís
ailequater The pur?ose of the work d.escrÍbed. 1n thts thesis

ls to stud,y the appllcatlon of correlatlon tecluriques to the
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checktng and. aòJustirrg of a nathematlcaL nod.elr

Eaeh pÌ5rsfcal d.evice to be eonsld.ened' maV þe char-

actenlzecl by nathenatlcal transformatlons nelatfng the lnput

and output of each of lts components. TTrese transfonna-

tions wlIl be callect the |tsystem transfornatl.onsrr or eirnpl-y

the rbystemrt,'., r ff a d.evlce has only one or two components

and. the system transfonmatior:e are eLenentary the system f s

cal].ed. a rfsimple sygtemrr. Aî example of a elrnple system

ie the nelation between the lnput and. output voLtages of

the electnlcaL cincuit lllustrated. 1n flg.1 , If ¡ on the

othen hand., the system transfonmatlons are numerous and.

conpllcated. the eygten 1s cállecl a corylex Bygtemr

Exanples of conplex systeme ane those which characteríze

guld.ed. uteapont¡, cheruieal and. other lnduetrÍal plantsr bus-

lnees r¡rdentaklngs, the econony of a countryr nod.enn air-
cnaft, autonatlc conputens, etc¡

Block d.íagrams ae sholvn in fig¡Z are often of great

asslstance in tTre stud.y of complex systêús¡ In the case of

a guld.edt weapon [2] the blocks of the cttagram may Fepresent¡-

lnput lnfornatlon eoneernir¡g the pnesent

poeltion of the target;
companlson F of the vreapon and. target posltion to

ctetennine the error 1n ttre $reaponr s

present course; ar¡y suÇh error wiLL

:result in a d.enancl fon eotrtnol;

¡:¡ The term rrsystemrr 1s cunrently r:sed. both fon the d.evlee
ancl the tnanefonnatlons whlch charaetertze the d.evlce.
In tùrls thesls lts use vri].l be neetnfcted. to the latten¡
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F¡

INPUT
voLTAGE vi(t)

OUTPUT
voufAGE Vo (t)

c

dx

FIC'URE 1. EXAT,IPLE OF A SIMPTE SYSTEXü

x
vo (¿) = *.J"- vi (t - x) ¿-n-c
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control of the actuators u¡hlch move the con-

tnol surfaces;

e¡ecutlon moyement of the controL sulfaceg;

feedbaclc ir¡fornatlon concerning the pnesent

position of the weapon;

output movement of fhe weaPon.

fn general, each bloclr nay be subd.iYid.ed. and. in the case of

a complex system the n'umber of lnd.lvfctua} bloelrs w111 be

lange¡ perhaps as many as one huxd.red. or more. The

tnansforxnatlons characterízfuig, inilivld.rlal blocks will be

eal-led. cotnponents of the systemi each eomponent w111 have

one or nore inputs ard. outputs whlctr are flmctlons of tlne.

Recent1y, there have appeareCt a nuldber of papers

¡Z-Sj descnlbing the evaLuation of colnB].ex systems uslng

mathematleal nod.el-e; an earlier paper, Siefent 16), d-es-

crlbed. the nole of coqputing maetrines 1n the anaLysls of

such systemsr lllork of this nature was rarely u¡d,ertalcen

before 1950. Before that tirne mathematlcal mod.eLs of co4-

plex systens were, wÍth one notable exeeptlon mentioned. be-

1-ow¡ gneatly slnptffled. nod.els of the Bysten they purponted

to repnesent. All but the highly nelevant was d.iscard.ed.

fn the intenests of wnlting a mod.el which eould. be manlpu-

lated. uslng the nattrenatlcal tooLs avalIaþle. Non-llrean

equatlons u¡ere llnean1sed., frlction uas assumed. eithen

viscous or rron exlstent, backlash was lgnorecl and. snalL

angJ-e approxímatlons wene freely used.. There wene two

ruaJor difficul-ties asgocLated. wltTr the use of nore con-

plicatedl mod.ele:
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(i) the enormous conrputirrg effort nequire¿ to obtaln

useful informatlon fnom the mod.el was selilom avaíl-

abl.e ¡

(lf) even should. one or two ntrmerieal solutions of a set

of complieated. equatfons ar:d. inequalitles be founclt

these solutions woulil þe vl¡tua}Iy uselessr un]-ess

they coul¿l be glven E]oüte¡ rrell und'enstood', pTtysica].

slgnlflcanee.

The acLvent of the lange autornatlc computer has, Ín most

eases, d.lsposed. of the finst difficulty; whlle the work

reportecl. by 1awrenee arul othens IZ-SJ t shows that the

seconCl is not always valid..

There is, however, one fleld.¡ vlz. accountingr in

whleh these tw¡ d.lffieul-tles were faced. arrd. overcoß€ be-

fore the ad.vent of the large automatlc computer. The

extremely detafleil system of book-Ireeplng has been þuilt'

up beeause no simple mathenatlcal mod.el of a buslness

would. suffice. To provicle agalrrst fraud.¡ a¡¡l possibly

fon othen valíd. rroâSooS¡ conplicated. mod.els of business

r-md.entaklngs ane esGentialr Fast autornatic computation

consld.erably incneaseg the usefqlness and. ease of manlpu-

latlon of sueh nod.elsr so 1t ts not sun¡lnís1ng that one of

the first and. probably the most suecessful applicatlon of

automatlc computers hae been to business accounting. On

the other hand., ln those actlvlties where a mathematieal

rnoilel is prized. mainly for lts elegance ançt sinpllclty,
thene 1s sometimes consid.erable neluctance to take fuIl
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ad.vantage of the autonatic computer in oriler to etud'y the

d.etails misslng from a sinple mod'eI.

Befone proceed.ing it w111 be u¡eful to distingulsh

for:r t¡pes of component and. their correspondlng inputs anil

outputo.

(f ) A component of a pÏrysical d.evicer êogre âIt actuaton¡

an el-ectrleal netwonk or a bu1lc stone' The corn-

espond.lng inputs and. outputs nay be shaft notationsr

voltages on good.s.

(1i) A conponent of a systemi a mathenatical transfonna-

tlon nelating functlons cf tine which are the lnput

and. output of the system corlBorl€rrtr

(ifi) ¿ component of a mathematical mod-el i a nathematlcal

transformatlon relatlng functlons of time which ane

theinputarrcloutputofthemod.elcomponent'
(iv) A conponent of a eomputer; a conputing uniti ê'gr

a D.C. ampliflen set up as an lntegratort or a

stonageunltofarllgÍtalcomputer,Withthein
elecùrleal or othen inputs and' outputs'

This thesis is not concerned. with physical eomponents as

sueh, þut 1n their charactetizalion as a system. It will

be asgumefl that there is a one to one correspondence be-

tween the inputs ancl outputs of a physlcal conponont and'

those of lts chanactenization as a system. If the volt-

ages or shaft notations, etc., which are the lnputs and.

outputs of a physical component are recond'ed-, then, assumir¡g

à
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no recond.ing ernors, the functíonS of tine so representecl

w111 be the lnputs and. outputs of the corneopording eysten

component.

The pnoblen illscussett by Lawrence an¿ others lZ-tj
is essentlally one of d.escrlblng, or evafir-atin& an exlstlng

pTrysÍea] deviee, Moet pnoblems ln pþysics are of this

true as are many problems ln other field.s [t]r such as

engineerir¡gr economícs, accountancy or psychologl. trrour

stages 1n this evaluatlon process have been recognlsecl ar¡il'

d.escnibed. elsewherer [t ] r Lll ¡ only tÏrose polnts which are

lmpontant to thls thesls are menttoned' below.

1.1*1 The &rmulation 9f a nathenatícal model

In the formulation of a nathematical rnoctel sone syetem

compcnents may be ignored- while others ane combined- and' nod'-

ified.. In so flolng it is possible to d.eetroy the physlca!

plcturer in the sense that very few, if anye of the lnputs

and. outputs of a noclel component nepresent inputs arril out-

puts of a system component. However it is essential for

the cheelcing proced.ure clescribeôl below thatr in a nr¡mber

of cases, the inputS and. outputs of a mod.el component cLo

represent lnputs a:rd. outputs of a system component, ard.

that necor(Lings of the correspordlng physlcal irrputs and.

outputs will be available.

It wll-l be asslxned. that the mod.el ls sultaþIe fon

progra¡nming for an automati c computenr

1.1 -2 Prosr.ammin-g model for. a eomputel"

Analogue conputers ìrere used. fon the ïuork clescnlbecl

by L,awnenee aniL othere [2], and Biggs and. Cawthorne [¡]t
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but as shoÌrn by Keate t¡] they ane not necessary for such

work; mod.ern digttal nachlnes may in eome cases be mot'e

suitaþIe. the essential reguirement from the computer 1s

that necord.s of certain physlcal inputs may be applied. as

inputs to the mod-el as programmed., and. record.s of the corr-

esponiling moilel outputs obtalneÖ. the analogue machine andl

the d.igital d.ifferential analyser neet this requirement by

ueing coruputing components to represent components of the

physieal slst€m¡ However, this is onJ-y one way and. not

necessarily the best way of meetlng the requirement. Fast

d.lgital machines are qulte capable of provid.ing the nequlred.

inputs and. outputs if they are programmed. to Oo sor

1.1 .3 CheckinE the mod.e1

A pnoced.ure for cheeking the mod.eJ ls ilescnlbed þy

Biggs t4] and. is represented. essential].y in fig.J, The

input and. output of a p}qysical component are record.ed. while

the d.evice is 1n operation; the record.ed. physical input is
then applied. to the cornesporriting nod.el component and. its
output ie also record.ecl. Ihe two output record.s, one from

the pt¡ysical eomponent and. the other from the mod.el cotpon-

ent, are then coüIparecL. The conpanator haS often been arr

engineer and the comparison process has been carcied. out by

superimposing one output record. on the other as illustratecL
1n fig.l+. After stucl.ylng such a flgure a¡rcL observing the

d.ifferences between the two record-s, a skllled englneer

wlth a good knowled,ge and. und.erstaniling of tl¡e system can

often suggest nethod.s for improving the ¡:noilel or, alternativelyt
d.eclcte that this eomponent of the mod.eI ls ad.equate for lts
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PI.IYSICAL INPUl PI.IYSICAL OUTPUT

MODEL
INPUT

MODEL OUTPUT
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RECORDER

RECORDER COMPARAÎOR
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FIGURE 5. ILLUSTR^dTINE A PROCEDI'RX FOR C}MCKING TI{E MODETJ
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purpgse. Dlfferenees between the record.s are usually

lntenpnetecl- in terms of gain or phase shlft errors in

the rnod.ele although tine d.epend.ent and. non-llnean effects

may also be cLetected..

fn eome cases abnormal inputs to the physieal coü-

ponent, such as step function-sr nay be used. to assist the

checlclng proeessi veny often, horever, lt is not posslble

to lnterfere with the normal operation of the cLevice. The

wor.k r¡f this thesis applies to those cases whene no abnormal

inputs nay be usecl¡

.Llthough the recoröings of the nod.el output may be

assumed. free fro¡n erronr there w111 often be signiflcant

eæors in the reeoritings of the input anil output of a

physJ.eal eomponent. Record.s of infonmation telemetned.

from a guid.ecl Weapone for example, are seld,om free from

errors which maY be signiflcant.
'1 .1 .lt Ann]-ícations of the mod.el

Lfany of tþe uses of a checkeè mathematical mod.el of

a complex system are cliscusseil in [e], lil axd t¡] ancl

also by Apostel [Z]. In partlculan, such a mod'el is often

the only practiçal means for studying the perforß¡anee of a

Bhysical d-evlee urd.er certain cond.itions whidr may be of

great interest anil importance; expenf rnent und.er these co]l-

d.itions belng vlrtually inposslble. For exampler a gUid-ed.

weapon sortie against eneny alncraft is not an experlment

whlch nay be conitueted. in peace tlme; slmllarIy experiments

which lnterfere wlth the econony of a natlon will seld.om be

pennltted..
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1.2 eced.ent þelateil work

sirnulation is now well establlshed. as a powenful

aid. to the stud.y of eoûplerc systensr [8] , lgl. The con-

pnehensive blbliognaphy gÍven by Mongenthater t8] contains

mar\y examples of the application of sinulation to a wid-e

range of actÍvltles. Recent examples includ.e: computer

stucties of the econony of Inôia by HoLland., [tO1 , bio-

logical appllcations d.iscussed by Dallos anil Jones ltt]t
De Lanct llZ1, and. lVatt ancl Young llil; slmulatlon of bus-

lness firms su.ch as that d.escribed þy Boninl [tt+]. For

nany years slmulation has played an important part in the

deslgn andl- cl.eYelopment of nlsslles arrct this application has

extenfled. natural]y to stuities of satellltes and space

vehieres, llS7, [16].
the opportunlty fon urod.el checklng arrd. actiustment

in the nanner clescnlbed. in section 1.J d'oes not anise in

all appllcations of simulatlon; for exauple the physÍcal

il-evlce may not yet exist, llSl. However the mthenatical

mod.el to þe useÖ in an evaluatlon exencise such as that

clescnÍbecl by Biggs anil Cawthorne lnl nust be eheclr,ecl

emplrlcallyr and. if necessary ailJusted., to ensure that 1t

ad"equately d,escribes the system whieh it represents'

The nathematical appnoach to nod-el- checl<ing and'

ad.Justnent, d.escribect in thls thesis¡ d.erives fron tÏre

luonk of ÏVlener llll on the pned.lctlon and. fll-tering; of

statlonary tire eeries. Many sirnpliflcations and. extens-

Íons of TrlLenenr s theory have appeared.. f,evi-nson ll7,
appx.C]¡ Bod.e anrt Sharmon [tA] and. Darllngton [tg] have
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presentetl nathematically simpler vensions of the theory;

wh1le Zad.eh and. Raga zzini I eO] , Davi's 1217 and. Shinbn ot

lZZl have consid.ened. its extension to non stationary prob-

lems. Most of th:is eanly work ls now available in text

books lZl - 26). Bend-at LZll gives a comprehenslve biblio-

gnaphy of work carried- out þefore 1959, wh11e d-evelopments

in pred.iction theory from 1957 to 1960 are sr:mmarised- by

zað.eh I ze] .

Kalman lzgl, in 1960, presen-bed. a new approach to

the pred.iction and. filtering problem applieable to both

statÍonary and. tlme variant problems. He oþserved. that the

precl-iction and. fllterlng problem hact only been effectlvely

solVed. in the case Of Gauss-MarkoV processes; irê. processec¡

which may be generated by exeiting a linear dynarnic system

with Gaussian ttwhite noisert. Arr e:rposition of this vrork

and work carried. out with Bucy [¡O], has been given by

Kalman [¡t].
A problen which is closely nelated. to the pred.iction

and filtening problem, is that of appnoximating a linear syg-

tem using necorcls of the lnput and output fnom the system

L24rp.34zf"' , Llz - 341 . In 1 95O Lee lzUF ,l4zl , showed that

the weighting function of a linear s¡rstem lvith constant Pâra-

metens may be obtairæd. by cross correlating its input and. out-

put when it 1s excitect by "white noiserr. Itilod-ifications of

this technlque using specially seleeted. inputs have been

suggested; And.erson ancl- Bulan¿ [¡5] Oesenlbe the use of

"'Ruf"""rr"uu to books will inalucle the number of the flrst
relevant page, lf appropriate'



15.

speciall-y selected. sanples of rrcLiscrete-interval binary

noiserr in a problem in ad.aptive control. Turin [ 36) t

Levin lZll and. T,ind.enLaub and. Cooper t¡l+] have eonsid-ered.

the estimation of the weÍghtlng functlon of a linean sys-

tern in the presence of noise; while Grinten and. Kriiger

[¡g] have necently d.escribed. an analogue ¡nethod. for oþtain-

lrrg the step response of a lirrear filter knowing the auto-

eorrelatlon fr.rrrctlon otr its input ancl tlte cross conrelation

of its input and. output.

Adaptlve control or self optimlzation has reeeivecl

eonsid.erable atten'bion d.uring the last d.ecad.e; woi:k 1n this
fieLd. prior to 1961 is revlewed. by Jacobs lzgl. Mathemat-

1ca1 found-ations for stud.ies in eclaptive control and. related.

f1eld.s, based. on the theory of d.¡marnÍc progranming, have

been laid. d.ow¡. by Bellman end- Kalaba [401 . One aepeet of

aÖaptive control is the frequent, or continuousr estimate of

a system whlch is sIowly ehanging in a nanner d1ff1eu1t or

lnpossible to pred.ict. Or the basis of sueh an estinate

þhe system may be restoned. to an acceptable form llS).
The work of Kenr and. surber[41] on the preeision of an

estlmate of the impulse response of a linean systen based.

on short, riormal operating reeords arises from this aspeet

of ad.aptive control.
In the same rvay as T4llenerf s approach lll) to. pre-

d.lct1on and. f11terlng haÊ euggestecl methods fon estimating

a linear system using lnput and. output recorcls, Matrne [lZ]
has ehoïm that Kalmanr s appnoach [¡t ] may also form the basis

fon estiaating the parameters of a llnear systernr pnovid.ing
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fuIl lclowled.ge of the state of the systen at any l¡:,stant 1s

availab1e.

The work d.iscussed. above is baseit mainly on metrLod.s

for stud.ying linear sys¡tens. fnterest 1n non-I1near neth-

ocl-s has increased. greatly cl.uring the past d.ecad.e; such

¡nethod.s are essential wtren a pnoblem is non-Iínear and- can

not be satisfactorlly linearized.. Bram and. Saaty lt+l)

give comprehensive bibliographles of worl< irrvolving non-

linear metLrod.s anil their appllcation prior to 1965; nuch

further work has been reported. since then [44]. However

althor-rgh some t¡rpes of non-Iinear systems will- be eonsid-er-

ed. in this thesis, the nethodts usect are essentially linear;

non-linear method.s may be requir?il fon further wonk on mod-91

checking and. ad.Justment.

1 -3 Scone of the Dresent work

the proeess, d-escrlbed- in sectlon 1,1 .3t nelies

heavlly on the intelllgent use of engineering juclgment.

The ultlmate alm of the present wor]É is to d-evelopr and.

stud.y, a mathenatical approach to this problern of checkipg

and ad.justing a mod.el. Sueh an approach would. not onfy

redluce consid.erably the rellance on engilleering jud.gment¡

but would. aleo pnovid.e a basls for answerir¡g lnportant

suþsiilíary questlons such as: t'Ho'vtt d.oes the ad.equacy of

the ad.justed- nodel d.epenit on the length of the necot'ds avall-

able for checlclr:g and aitiusting the mod.eJ.?rl

A. useful ffust step in d.eveloplng a mathematical

approach is to d.escnibe the intuitive approaeh of the

engineer ln a ïuay which ean be lnterpreted. mathenaticalllfr
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The englneer ex¿mines the two output record.sr one from the

physical coDponent and ttre other from the mod.el eomponentt

looklng fon agneement¡ or laclc of agreement, between them'

Good. agreenent ind.lcates an aclequate modeJ. If the agree-

ment between the two records is, in his opinion, lnsuff-

icient to lnclicate an ad.equate mod.eL, he will then examine

the record.ed. input to the physical conpoaente looklng for

some explanation fon the d.iscnepaney þetween the two output

necorûs. JD Other word.s he ls looking for eorrelation

betv,¡een the lnput and. the d.lfference between the two output

reeord.s. This cornel-ation may also be investigated' math-

ematieally.
This thesis is primarily concerned with presenting

the pnoblern and. stud.ylr:.g the case of a stationary linear

system; however the extenslon to non-linear systems Ïv111

also be d.lscusseil¡ A rnathernatlcal investip¡ation of the

cross eorcelation mentioned. above is carried' out in the

case yrhere no abnonmal inputsr such as the test signals

used by BulanÖ and. Anilenson lls)r ilâJI be applled. to the

ptrysical d.ev1ce.

Teehniques other. than erosÊ correlatíon mlght also

be used in ttre present pnobl-en. llnd.enlaub arìd. Coopen

t¡+] have cliscusseil three techniques; vtz. cross cornelation,

rnatehed. filtens mentio¡ed by Tunin lrcl, and. sampleil input

output ctata cliscussed by Levin lll]. They have shown that

these th¡ee teclunlques are equivalent to each other and- also

to an rf ld.eal 1d.entlfl€Ftt¡ when they are appliecl to the

related. problem of system id.entificatlon in the presence of
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noise, Howevor'e as mentloned. by l(err and. Sur"ber [Ut],
conr"elation technlques are more sultable in cases such as

the present one where comlparatlvely long lengths of input

and. output record.s are avallabler

In Chapters 2 and 3 of thls thesls the problem is

statecL more precisely and sone prelfuolnary d.efinitlons and.

theoneme are given; most of these are weÌl knourn ott ad.apta-

tions by the author c,f well lcnown results. Part (t ) of

theorem lle for exampler 1s only a partleulan case of the

work of T.,ee lz4t P542]. Apart fnom Keats [U¡] ' ho';reven¡

no previous statenent or discussion of parts (fi) and. (1if,)

of theorem ,l+ has appeared..

The case of a stationary l-inear system is lntrod.ueecl

in ohapter l1; alternative approaches to this case are con-

sld-ered. and- reasons are gLven for prefernlrrg one of these.

Not r:nexpected.ly 1t ls shoï'In that the pnoblem nay then þe

recLuced. to the solution of a Vfiener-Hopf trye lntegna1

equation, Some well known methods for attacking the

Tïiener-Hopf equatlon are mentioneÈL and. an example 1s given.

[he ad.vantages and. consequences of a rrwhitened.rr input ane

also d.iscussed. in preparatlon for the theoretical work in

the followlng ctrapters. The Íteratlve proeess and its
convergence, whieh are stud.led. in section 4.1.1 , have not

been mentloned by othen authors.

The nain contribution of this thesis ls contained'

1n Ørapters jr6 arú' 7, Eaeh record', avallable fon nod'eL

correction, is consicLereil to be portlon of a reallsatlon
of a stationary nonmal. rand.om process. Theonetieally
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each realisatlori of this process may be ttwhiteneilrr suffic-

iently for the problen to be ned.uced. to the estlmation of

a cross correlatlon function. The effects of flnite length

reeordls, and. errors in these recorcls, on the ail.equacy of the

corrected. moiLeL is cllscusseit in d.etail, and. mathematical

expressions for these effects äre obtained.; some examtr)Ies

are given. Many of the tecluriques ugecl have been applied.

to simÍIan problens, but their application to the present

problen has not appeared. elgewherer

The d.etails and. results of experlnents carried. out

to eonflrm the theoretleal wonk ane reported. in chapten 8r'

wh1le in chapter 9 extenslons of the worlr are þriefly con-

siiLered..

1 .l+ N.otation

Although the subseriptecl notation used., especially

in the case of correlation fr:nctíons, becomes a littl-e
r:nwielAy 1n chaþters 6 and.7t it seems, to the authore to

be mone meaningful than a, poeeibly less cumbensomer use

of figuree. Thr:^s the interpretation of PISrO*(r) as the

cross cornelatlon function of the input to the system and.

the output of the mod.e1 requines less effort than the inter-
pretation of an alternative sueh as P3r5(r), Neventheless

some compromi.se has been mad.e in chapter 6, To allevlate
this pnoblen subscripts will be onritted. where they ane not

relevant to the work of a particular ehapter ancl a complete

I1st of notatlon appears aften the append.ix.
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CTIAPTER 2 a

Ì/i"ATHEMATTCAT STATEIIEUT 0F liID PROBT,EJU

In this thesis the expresslon rrchecking the modeltl

Will mean a pfocecLure Sueh ae that outLined. ln 1.1 .3i i.er

a eomparlson of t1,u0 outputgr one repregenting Systen output

and. the other nod.el output, to an lnput wh1ch, apart fnom

necord.íng errors, ls the same fon both system and- mod.elr

A neeord. of this input will alwairs be available for coflgíd.-

eratlon ïuhen making the comparison.

An lnput on output to a sy8tem, on mod.ele will be

regariled. as a neallsation X(trw¡) of a measunable rand.om

process X(trw) [4e ,p.60], a function of two variables, such

that t belongs to the set of real nr-:mbers and. neprese4ts

tine, whl1e Ty is a point in some pnobability space VU on

whloh is defined. a probabillty measure Pr [4erp.6O5]r Fgn

fixed. w = tvg, X(trwü ) lu the¡ a neal valued. frrnction of ,

tirne whlch is lebesgue measurable fon almost all cholces of

vlt. Acconöingly 1t will be assumed. that input reeorClg

taken from the ptryslcal ilevice arer apart from necord.lng

errors, values of sueh a tea\Ization fon some lnterval of t

Fon flxecl. t = t¡ , X( t¡ ,w) is a nand.om variaþle (measur-

able fr¡nctlon) with expectatlon / x(t¡ rw)dP a¡d. highen
Jur

a
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noments / Xn(t¡ rw)ctP assqmirg these exlst. Sinllanly
Jw

errons lntnod.ueed. 1n a neconðing wil-I be negand'ed' aa a real-

Lzation of aome measut able nanflom proeegs N(trw).

2.1 Ad.Justlru¡ the nodleL

This tenm wil-l þe nestnlcted. to ínclr¡d.e only minor

alteratlons to the mod.el. For exanpler âD altenatlon to a

component of a mod.el whlch chen€;ect the IEan sguare output

by more than !O pen eent woulcl not, ln genenalt be call.eiL an

acLjr¡strnent. such an alteratlon wouId. usually be too d.rastlc

to be mad.e wíthout f'¿¡rthen stuc[y arr} experlnent on the phys-

ícal cLevlce ! the resultlng cþange to the rnod.el ls tten in

the natune of a neur fonmulatlon. However 50 per cent 1s

nather arbitnany and aome tol-eralrce coulcl be alIowed..

2.2 causa-l $'ransfonnatloJrs [47rp.95]

A nod.el on system component 1s a eausal t¡ransfonma-

tion. A transfornatLon Tr whose clomaln ls €, ls said.

to be ltcausaltt lfrglven argr ftrnctlon f(t) e € such that

f(t)=0, t<t¿'

then t[r(t)]-or t<tr.
Such tnansfonmations may be rnathernatical nepresentations of

physieal phenomena, tY¡lleallY:

(i) stationary, lineane phenomena causlng gain anct phase

shlft between an input and. lts comesponding output;

(11) phenomenae which vary with t1ne, (some panameters

of T ane then time clePend'ent);

(111) various non-Ilnean phenomena t ê¡8. Physlcal linlts

on the amor¡nt of rotatLon of a shaft, Coulomb fnictlont

voltage nectlflcation.
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This tenm, urhich 1s used. by l¿wrence a¡d. others lZ),
ls notr of eoursee llleaningful, unless the purposer for whictr

the mod.el is ad.equater 1s statect. In this thesis the foll-r

owing neasure of the ad.equaey of a mocLelr ot conponont of a

mod.el, ïuill be usecl.

Consicler a syetem component TS, which is represent-

ed. in the nrod.el by ÎM. Fon each wt 6 TVr a pnobabllity

Bpace having probabllity measure Pr 1et ta(trwU ), a neali-

satlon of the rand.om process IS(trTr¡)r be an input to TS

and. Iet Os(trwtr) le the eornesponding output. Let the out-

put of TU to the input Is(trwt ) be Or(trwi, ). The acLequ-

acy of the nod.e1 at t = t.¡ will. then be measured by

2-V adeouate moitel

/,,
Ios(t.: rw) o*(t.l 

'w)]sd]

1
2

a (2.1)

/ro.'(t¡ ,w)or

An ad.eqr:ate rnod.el w1}l be one which satisfles certaln re-

strictions on A(t)! €ogo A(t) >

acttraL restrietlon d.epencling on the pur?ose of the moc1el.

A more useful quantity fon many pur?oses ls

1 - A(t), which will be denoted by Ã(t) ancl caLled the 1n-

ad.eguacy of the mod.eI.

[0.(t¡ rw) - ou(t¡ r*)]"aP
Iz

Ã(t¡ ) =
/,

I oo" ( tl ,w)op
JtrT "

c (z.z)
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ected. by an aclJustnent to the nocle]. is
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which 1s aff-

l..to*{tJ rw) - ou(t¡ rw)l'¿P. ( 2.J)
Jw- o'.'

2.h Statenpnt -olth,g. Pnoblen

Glven: (i) a moclel. conPonent TUi

(fl) a set J "t al.loweil eausal. trans-

formations one memben of which w111

nonmally be Tui

(ii1) ron some i' (t <

< 12¡ and- for some intenval of t,

(a) reeonËlg of ÏS(trwu ) and' the

correspond.irrg or( trwu ) r

(t) a recond. of the outPut of tne

mod.e1, o*(trw[), to an fnPut

which apant from reconcling

erron = IS(trwt)i
(iv) Bome lnforuatlon regardlng the reconcl-

ings and. thelr errorsi

(") a erlterion of actequacy fon the nod'el

corrponent based on A(t) , (2.1).

Choose fnom the set "2 " nodel conpoÏ1gnt sucTr that

A(t) satlefles the glven crlùerlon of adLequaey.
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CTTAPTER 3 I

s'grpIoN

PRETTMINABI qr$.INrIroNS AIl{Ð THEoREJEI

This thesls is mainl-y eoncenned. wlth system and.

noilel components which are stationary, l-inear, Causal

tnansformatiollsc The follovrlng d.efinitions anct theorems

will be requinecl; most of them are vrell known or ad-apt-

ations of well lcnown nesultsr

D,ef lgltiorl 1 - Statiqnanv'l' tna,nsfornation [47tp.85]

l,et € r" a llnean space of real valr:ed. f\rnctl ons

f (') such th^at if f(t) e 6 tnen r(t + c) e €¡ all

real cr

Defíne the shift operator Ac such that

Acf(t) = r(t + c)r f(') e €.

T,et T be any tra'sforrnation d.efined. on A and.

satisfying TIf] e €,
Then T is a stationary transfonmatÍon 1f

r[a"[r]l = ao[t[r1J ror all r(') € 8'

:l: The terms trtlme invanianttr, and. trConStant parameterrr are
a].so used. to ctescribe such transfonnatlorrsr
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D-qqi¡!!1-9]}-2 - A c1as.g of stationanv. linF.an tnans-ÊoFna@;.¡.-
The syrnbol I¡ w111 be usect for. causal transfonmatlons

d.efinecl. on a linear space of real valueiL fi¡¡rctions f (') such

that
l[r(t)] = f ttt - u) !ï(u) dui

J
Eoo

where TV(t) ls real- ard.r ln generalt

ï'r(t) = ,!rÐ (t) u"J t,

TT(t)=O , t <

n is a Positive integen t

P¡ (t) f" a PolYno¡ola1 in ti

sJ is a complex number whose real p-art ls negatlve.

W(t) may also inelu¿e generallzed. functions of the form

6(n)(t - r), r > o;

i.eo the Dlnac clelta frrnctlon ard' its cLerivatives d'efinect by
'1OO/ r(t - u) d'(u)au = r(t)t

J

t> o, (¡rt)

-oo

frt* - u) 6(n)(u - r)au = r(t')(t - n).
J-o.

Ingeneralthed-onainofl'wil1þetheclassof
measllnable functions f(t), such that r(t)e-b(r-t) is

T,ebesgue integnable (-r") for all T and' all positive

real numbens b, Hovrever this ilo¡rain nay be further

restnictecr. lf genenalized. fr:nctions are lncluoe¿ in v'¡(t)f

Ar¡y sueh operator I ls stationany¡ linear ancl causal.

DefÍ.ni-tign 1 - Wicle Fense -stati-onarv æ.rid-orn process lZSrp '15)

Theld.eaofanand'omprocessmaybeextend.ed'to

lnclud.e €(trw); i.€e a vecton rvith components
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wid.e sens¡e if :
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Such a process ls stationary Ín the

I(1) I fr,(trw)oP = pL 1s flnlte ar¡1
J 1¡I

incl.epenclent of t;
and (ir) I C, Ctrw)rf¡ (t + rrw)dF = Br¡ (r)

Jtll
exlsts fon all I and. Jr and' 1s

lnd.eçrerrlent of t.
prJ (r) w111 be usecl insteail of BU¡ (r) lf and. only lf t

the assumptlon is belng nade that t4" = Or all 1. In the

case i = J, pr"J(r) is cal}ed. an 'rautocorrelation functlonrr,

othenvlse 1t is callecl a ttenoss eoruelation firnctionil. If
pL = O, then

Ptt(o) = /*trz(t,w)ol = *t
which is the variance of

,@If / lpr,¿(r)lar
J

fr, ( trw) fon every t'
exists, the spectnr:.mr oF sPeetral

(z.z)

-oo

Oensity function of fu(trw) may be defÍned- as

su r (a,) = l-- pn G) "-r*dr,J

and. siruilarly a cross spectnal d.ensity functlon
-oo

.-oo

sr.¡(ø) = frrt?) .'L*d, ß,1)

nay be d.erlnea if f tor., (r) I ¿r exlsts.

Definltlon hæ - uu'*uår o"op""" I l+6 rP .71 ]

Let f(trw) þe a ra'd.om p'ocess ancl conslcLen a

finite colleetion of rand-on vaniables fl(tl rrr). If for all

such colleetlo¡r,s the Jolnt cllstributlon of tTre rand.om variables
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1s normal then the process w111 be called' Gausslan.

EnEpd.ig, proces-q lz5 rP', 1 6]

Let S( trw) be a Gaussj-an, wid.e sense statÍonary

procesÊ of zeno IItêâIIr Und.er qulte general cond.Ítions such

a process is ergocllc, which implíes that the followlng equå-

tlons, lnvolving rÞan square lirnltsr are true.

1Ín
T-+oo

# tO 
(tr*)€¡ (t+r¡w)a t = Pr¡ (r), all I and J. ::,'s)

# lÏ"(t,w)at 
= LrL = o, ar,. 1. ( ¡.4)

3,e)

ùlean square limlts imply limlts in probabilityr ande accord'-

lrrgIy 1t is often assumed. lz6rp.9O], ürat if €(trwr ) fs

any neallsation of the above engod.lc process €(tr*)t

and. lirn
T--rco

anÖ lin
T+oo

lim
T+oo

h f*e,, ttrïvx )dt = o,
Jñr

1

2T u (trwx )f¡ (t+rrwk )at= p¡.¡ (r); 3.1)

vrhere the lebesgue integnals on the T,.H.S. II¡ay be approx-

inatect by Riemann sums [4e 
'P 

.63f ,

In this thesis the assurnptlon that $(trw) 1s an

engod.lc process with ¡¿ero mean will irnply that equations (6)

and. (Z) nof¿ for eacli realisation f;(trwr<) conslilened-r

Definition B - Statioqalrv- Gauss IIarEPv pF-oe,ess

A real ranilom process, M(trw), 1¡¿llch is Gaussian,

wid-e sense stationary wlth zero nea¡Ir and. whose auto-

eor.r"ela*uion funetlon is of the forrn p(r) = Í2"*lrl 1s a

statlonary Gauss Markov process lZ5tp'15¿+]. The paraneten

d is real anè positiverwhile o'2 1s the vanlance of the
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process M(trÌv), The obvlous abbneviation ScG.Mr w111 be

use¿L 1n t'Tris thesls¡

Definitlon 6 - .4. t¡rce X.' of nanclom Process

u¡here 3

(i) ¡,i(trw) is an s.G.trfl. !

(ff) W(t) has the exponentlal fopm (t ) and. therefore

has a Fourier transform É(c¡);

(flf ) r is neal and. maY be zetoi

(iv) the freqr-rency response fun'ctlon l< + þ(or)t

comespond.ing to the weightlng function

f<d(t) + I'U(t) , has no zeros on the real axls'

This restnictlon, which apparently has l1tt1e

practical slgnlflcance LZ5rp.162) is necessary ln

the sequel.

Ranclon processes suCh aS x1(trw) ane known to exist

pnovld.lng

f ft-(t-u)[kd(t) + \¡I(t)][r<d(u) + lu(u)]at au

In thls theeis a nanclon process wi]-l be cal1ed. a t¡¡pe

X¿ process 1f it rnay be wrltten in the form

xs ( trw) = /i-, t-u'w)trï(u)au + kM( trw) , (5.8)

-oo ao

exists lZ1rpr53f , This cond.itlon 1s always satiþfied- in the

pnesent ease since prt(t-u) 1s of the form tr'e+l t-"1 
'

As ï'IiI1 be shofin in theorenr 1r processes of type X1

have a rational Opectrum which hag no poles on tTre neal axls'

Equatlons (l+) anil (¡), wfth i = J, ar3e therefore true fon
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such processes lZ5rP.21 ] .

The assumption vri1I be maile that each realisati on of

a t¡æe Xl pnoeess, consid.erecl ln this thesis, may be ti'¡x'ltten

lrr the forio

xr(trwx) = r.,r[u(trwx)]'

where LL is a transfornation of tlæe ], whose welghtlng

function satlsfies (ff),(:.ft) and (in) abover Sueh trans-

fonmations w111 be ca}led. t¡æe Lr. Tlre reallsations

Xr(trw*) and. M(tr\\rx) wil1. be assumecl L,ebesgue measurable and'

when rnuItlp1led. by u-þ( r-t) , r >

assrtrrect Lebesgue integnable, (*rr), for all To The qutte

genenal eoniLitlons, und.en vuhich similar assunptions hold- for

almost all nf, are iLiscussed. by Doob (4e , Chapter II).

Theonern 1

A type xr pnocess has a rational spectnum urith no

poles or zeros on the real axis.

Thls speetrum may be wrj-tten in t'Tre form lþ(d) fl@J,

where t(u) = Bl{S; the polyrromlals P*(ar) and ps (ol)

have the followlng ProPerties:
(i) the öegree of Pt(c'l) fu less than that of

P, (ø);

(if ) the zeros of Pr(o) und P"(r¿) all 1ie in

the upper hal-f plane and are ei ttrer on the lnag-

ínary axis or occur in pairs of the fonm a + ib

and. -a + lbr a >

(1if ) tfre coefficlent of (o,)n in each polynonial is

of the form in rnultlplied. by a real positive

eonstantt



30,

pr.ocf These resurts are ï,rell knorivne [4erp .543] rlzSrp "1617retc.
l,et the freqr:ency response flrnction correspond.ing to I.l1 bc

n + þ(u) where É(al) is the For¡¡rier transform of some W(t)

haïlne the e4ponential forn (t )'
Ï-,engng

É(-1s), tTre T.,aplace transform of l[I(t), may be

written ln t]re fonm Es.t€¿, where the polynornial.s ps(s) andr+\s/
P+(e) have rea1. eoefr'lcients anCL the iLegree of Pg(s) fu

less than that of P¿(s)t

PFooE qf l,_e,qma Since $/(t) is the sum of terms of the fonm

cttesJt, Re(s¡ ) < O, then lts f,aplace transfonm is the sum

of terns of the fonm

/i"* ""J 
t"-utdi'.

This integrat exists for Re(s) > or since Re(s.¡ ) < O,

ar¡d 1s eo*ual to

=+ [""( sJ -s)t¿t
osJ," J o

c(nt )
= (l;¡7n:r

Henee the laplaee transfonm of

(¡.s)

iï(t) Ís ratiorral arid naY be

¡ where the d.egnee of Ps(s) 1s

IÍ{hence

r¡¡ritten in the form

less than that of Pe(s).
Ë:Tqì

Ø(-is) = Eå[Ë] ñf"T
3,g)

a

Furthen Ø(-is) = [*f tlu-ut¿t ls real for all neal posltlve
JO

s, since TtI(t) 1s real. Therefore (g) ls tTre ratio of two

pol¡rnornials which ane neal fon all real positlve sr Any

such po1¡rnomlal. p(s) has real coefflclents; otherwlse
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the poI¡rnonfal p(s) - Þ-fÐ wou}d. be zero fon aLl real pos'r

itive s arrct at least one of its coefflcients would. not be

zero, FIence the e)cpressfon (9) is ín the requlred. form

anrl the lemma ie pnoved.r

It follows from thls lemma that:
(") tc + þ(-ru)r ancL therefore t< + d(or)r 1s

rational, and. when u'nitten as the ratio of

two pol¡mornial-s in Ei¡ or o), the d.egree

of the numerator ie not greater than that of

the d.enonínator;

(u) the pores arrd. zeros of i< + É(-1e) ane nea1.

or they appear in conJr:gate pairs of the sane

ord.er;

(") the poles of u + þ(-ru), which from (S)

occur at s - sJ ¡ all lie in the left hâlf
pIane, since Re(s3 ) < O. The poLes and

zeros of f + É(o) are therefore lmaginary,

or ttrey appear in palns, of the same otcLert

having tile fonm a + ib arul -a + lb. Tlre '

poles of x + d(ø) all- l1e ín the upper

half pIane.

/t vueLl-knolrn result lz6rf ./-27l glves the spectnr:¡n

ot X1( trw) as

(k+É(or) ) (i<+þ@)'¡ (5.t o¡

Thls expression 1s rational since l. + d(or) is rational;

1t has no poles or zeros on the neal axis sÍncer k + þ(u)
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has no such poles or zeros¡ (aerinition 6).

Since eacþ pole and. zero of the rational ex¡rressÍon

(fO) is accompanied. by its conJugate, it may þe factonlze¿ to

the f or¡n þ(u) WJ, where þ(u) has the form '"# anil

the zeros an¿ poles of {(u) lie in the llpper half plane¡

The renaining parts of the theorem may now be pnoved'.

( i) Slnce the d.egnee of the nu.merator of ( t O) is at

least two less than that of the d.enominator then

the d.egree of Pr(¿,1) is less than that of

P, (ø).
(ir) The zeros of Pt(c,r) arrd Pr(al)e all of whlct¡

lle 1n the upper hal.f plane, arise eithertfrom

the zeros ancl poles of *'+, or

(k+ø(a,))(tr+õ(o-)). The first tenm gives níse

to a ze?o of pa(ø) on the lmagtnar"y axís at

la; whlIe, fnon (c) above, the secorrÖ tenm

gives rj-se to zeros whleh are elther on tÏp

imaglnany axisr oll oocür in palns of ttrre f orm

a+ib and. -â*lb, a >

(iu) each of the polynomials P"(ol) ard Pr(ol) maJrr

then¡ be factorlzed. into terms of the fonm

(c*r)çuã)r or. (r,¡-l¡r)r (3.11)

whene z hastheforn a+ibr a>0¡b>

and. b1 1s al.so Posltlve.
These factons naY be newrltten as

(tc,u-llz)(rr,¡-Tã)r op (lo+br); (3.t27

but in so d.olng Ú(u) may Þe ruu1tiplled by
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I r -i or -1 and' to compensate V@1 mr:s t b e

rnultiplled. bY -ir t or -1 .

the quad.ratic factor in (12)

= (iø)" + 2þ(rr) + a2 + bP (Z.ll)

Each of the polyno¡nial-s Pr(al) and. p"(ar)

may therefore be written as a pol¡rnomial 1n ial

which¡ from (lZ) and- (ß), has real coefflcients

of the seme slgn. these coefficj-ents nay all',

be mad.e positive by multiplying Ú(a) and'

V@J by -1 , if necessaryr and. the nesul-t

(iir) fotlows

fheorern 2

If a nealisation Xr(trvu,i ) of the rand.om process

Xr(trw) nay be r¡vnltten in the fonm Xr(trwt ) = T,rt[tut(tt*t )] t

where Mr(trw) 1s an S.G.lvl. having autocorrelation function

a t'"nl"l ; then fon eveny positive real Í2 ar¡l P there

exists, r:td.er the assumptions following definitlon 6e âr.I

S.G.lf 
' 

Mp (trw), having autoconrel-atlon fi:nction crr ' "-Êlrl,
such that Xr(t rwU ) = Lrz[U" (trwU )] . îhe t:raneformatlons

T.rr and. lra are of t¡Pe T,t.

Pnoof The nand.om Proeess

ûrs (t,w) = (€)u Filft'(t-u,w) (.,-þ)".9od'o + Mr(t,*)l

exlete and. is of ty¡le Xr, since the fnequency response functlon
1

(E\" A /iar + cr\ (¡.t4)
\ã/ t \ry7

eorresBondlng to the weightlng fu¡retíon

,,
(€)" ft [d(t) * (.'-F)u#tJ (z'v)
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has no zeros on the real axls.

Itet A¿u be the type L¡ tnansformatlon havlng the welghtlng

f\rnetlon ( 3.15).
The process Ma(trw) has speetnume lZ6rpcl2Jf ,

##(Ð"#(É+Ë)
Toz ß

(oF + þ") ,

and. its autoeornelatlon fr¡nctf on ls
rrz e-Êl"l .

Mâ(trw) is therefore an S.G.Mr and. using tJre assumptlon

folloving d.efinttlon 6,

I[2 ( trw¿ ) = T,¿" u1( trwtr ).
Define the tnansformatlon Lt+ havlng weightir¡g functlon

ldL
\P)"ä[û(t)+ 

(Pq)u*t]'

Then r.t+ll,r"IMr(trvru )] I =
1

= trr+t(Ð (Ð[m1(t,w1 ) + @-þ) /i.(t-x¡w¡ ¡e-'rsxorl I

= Mr(trw¿ ) + (æF) 
ñ-t(t-xrw¡ ¡e-Éxa:c + +

+ (p*r)fmt(t-xrw¡. )e{xdrc + +

+ (þ-a)(q-Firfu-"vt/r-. ( t-v-xrw, ¡e-ÉxorlL' 3.tø7

The repeated. integnal- in (t6) teconese aften tJ:o substitutlon
.T=X.*Vt

(øo)(q-þl 
f;u-"v Ft(t-r'¡w¿ 

)e-B(r-t)dr dv. (1.17)

's fhè convention to be ueecl in this thesls lol rgpgateÕ int-
"eoäIã 

iË-ïñrorn ¡y these squane brac)rets¡ which wll-I be omltted'
hereaften.
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Using the assr:nptlon following d.efinition 6, that

M(trw6¡e-b(r-t), b >

shown that

ñ"*"ñl u¿ ( t-y-xrw¿ ) I s-Fxor ov

is finite. The ord.er of integration in (17) nay therefone

be reversed. to give

(p-o) (aú)ñrut ( t--rrw¿ ).-Pr fr"'<tv"Flr¿v 
ar

= @-F) ñMt(t-r¡w¡ )("*t-u-Fr¡ar.

The erçression (t6) is therefone eEra1 to Mt(trwt ) ¡ vrlrence

X1(trw¿ ) = r,.rIlr*[u, (trwu )] ] "
-Llso 

1

r,r+[Mz (trwr. )] = (Ë)t(ä)luz (t,wu ) + G-orlrî, (t-u¡v'r¿ )eauau] ,

so that lf, L..,t has weightlrrg fi¡nctlon kd(t) + t¡¡(t)r then

L*rlLt+[Mg(trwU)]] equals, apart fnom the eonstant tenn
1

, (t-xrwu )e.'#oc

+ f*rtt-x¡w¡ )u¡(x)oc + +
JO

(p-o) 
fivriCu) ñ*r(t-v-xrwr)u**d" 

dv. (5'ta;

Ae ïvitþ tlre d.oubLe integral fn (t6) the ord'er of lntegration

in the douþ1e lntegral in (tS) may be revense¿l to give

G-o) fr" t t-t'¡w¡ I f*t"1"-o( 
+v)¿v d?'''Jo"' - Jo

He,nce the ex¡rression arl IT,r+[Ma ( tt*¡. )] ] 1s equal to

Lr, [Me ( tr*r, )] where \tz has the weightlne function
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(Ð*e trd(t) + r<(B-<x)"*t* w(t) + (p-o) /ïc"1"*(t-v)¿vl .

s6 (ar) =

so that, given anY Positive
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t
ard @o ¡ then

such that lrl < alo r

The convorution /þCul.*(t-v)av 
ls zeno fon t <

for t > O is the sun of terms of the forn

/1"" "s.¡ 
Jr""ct"ordy, ne (s¡ ) < o,

1t is therefore of ttre form (t).

The frêquency response funetion connesporxllng to L13 1s

(r)*ä (#+*) 1-. ø('))

whlch has no z"rlos on the neat axtq sinee X + þ(ø) tras no

such zerosr Thenefore T-'.re 1s of type L1 ancl the theorem

ls proveil¡

Beeause of this theonem any realisation of the t¡æe

X1 procesa Xl(trvlr)¡ DâY be wrltten

xr ( t¡wr ) - rå [un ( trwt )] r

whene & (trrl) is an S¡G.M. havir¡g autoconreìation fr¡nctlon

f; "-olrl , anit,. d. rnay be chosen anbltnarlly large¡ The

S.G.Mr then appnoachegtfwhite noledt¡ lZ5rpp.94 and. 162) r'of,

r¡nlt qpectnal. d.enslty. Its epeetnr¡n is

6

o<lt-So(ar)l <€ fonalt.
pnovidlng

d.z , 9o2.(1-el .€'

It is often usefuL to consi(l'en t¡æe Xl Brocegses

to have been derivecl fnom SoGrMr procesges which appnoxlnrate

(r)
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ttwhíte noieerr o¡.r eolloquially, tteactr realisation of Xl(trw)

to have arisen fnom paÊslng whlte noLse throrrgh a filten of

t¡4pe lttt.
Theorem 3

T,et X(tr'J'r) þe a t¡rpe X1 process. Then ttrere exists an

S.G.M.r M(trìlv)¡ satisfying an equation of the fonn

M(trw) =,!oh xr(t)(r,*) - 
ñ*r(t-urw)vu(u)¿u,

where the welghtlng fr¡nction
n

lll=O
onn A(' )( t) + !v( t)

correspond.s to a tnansfonnation of tJæe

Pnqo.f Accord.ing to Theorem 1 X¿(tr*)

spectru.n of the form ür) Ñ1 whene

the pol¡monlale have the followlng propentles:

(1) thetr zeros are all in the upper half plane;

(ff) they nay be wnltten as pol¡mourials in tu with

real coefflcients.
Consld.en the erçressLon

ffiB#ì.
This may be wnltten 1n the fonn

ps(lø) * ffi,

Ir.

has a natlo¡:al

ú(u) = F#Ì and,

(l,tg)

(") the pol-ynomlals PsrP+ and' Pa have neaL

coefTicients;
(¡) tf the d.egree of P¡ = pJ ( ¡ = I - 5), then

Dr - P4 = 1r

Pa Ë 9g - Pt -r 1.

where:
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The e:çreselon (19) le the fnequency nesponse

functlon of the requlned. tlæe L transfonnatlont The

lntllviclrral terns ln pa(lol) conreBponcl' to d(t) anl lte
clerlvatlvec¡, whlLe nay be tnansfornecl bY contour

lntegnatlon to give an e:q¡,reseion 1¡I(t) of the fonn (t).
Since fVfO V@, (aP)poaø exlets, then the auto-

-oO
cornelatlon fr¡nctlon of Xl(trw) nay be cllfferentiated Ztr¡s

tines¡ and therefore lz5rp.z3) the Brocees xr(n),trw)

exlstEfon n(pso
Hence the proeess

Po

lll =O

PÂ( 1úr)iltffit

r(,n xr(n)(r,w) . 
ñt(t-urw)w(u)¿u

is also dlefinecl¡ lte

t@) t" tBît#Ì
à

of +*
as negul¡red. by the theoren¡

On the basls of thte theonem 1t w111 be assu¡necl that

each nealleatlon of a t¡pe X1 process conslclerecl ln thls
theele nay be transfonneö by a tlæe l, tranefornatlon to

glve a neaLlsatfon of an SoCl.M¡ The paranetene æ afld q.

1n the connelatlon fr¡nctlon of thle SoGl'ü. r¡ay be chosen

anbftranlJ.y. In partlcular they rnay be choeen so that

f =ä ancl q, ls large, ln whlct¡ eaee the S.G'rl[¡ approX-

lnates white noiee.

It is well known lZl+rB ð42J, ühat ar¡ estlnate of the

wefghtlng functlon of a Llnear transfon¡utlon (ff:.ten)r naV
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often be for:nd. by applylng to it an lnput whfeh 1s a real.lsa-

tlon of a procees whlch approxlnates whlte nolser and. ttren

cross conrelatirg the lnput and. output. Thle pnocedtlre ie

now investigatecl more cloeely 1n the case of an S.G¡M. havlng

autoconrelatlon functlon Ë. .*l"l . Thls lnvestigatlon

appllesr wlth sllght nod.lficatlon, to othen typee of statlon-
any nar¡d-on proeese whloh appnoximate white nolse [U¡].
Theore¡n h

For each posf tlve real nr-uber d, J.et ¡¡n(trw) be

an S.G.Mr lravlng autoconrelatlon fi¡nctlon pr(r) = L "nlrl .

l,et f þe a llnean causaL transfornatton wlth

welghting functlon T\t(t) of the fonn (1)r þut restrlcted.

so that lts fnequency response function¡ þ(u), satlsfiee

ïrr(r) lø rs rlnite.
-oo

ï,et oÉ ( t,ïv) = /i" ( t-urw)r¡v( u)au

and. po, ,o(r) = E[Mc ( t.-rrw)on ( trw)] .

llhen:

(r) 
*i* o" ro (r) = \il(r)¡ r > o;

(11) Horro(r) +Pe,ro(-r) =w(r)¡ r>oi

(lrr , f o^ roî) + po,ro (-ø)ar = f;*t 
r)drt all dc

(1) Applytng the Schwanz lnegualltyt

E I Ma ( t-rrw ) uo ( t-xnw) |

= I anil ls thenefone flnite,

Pnoof
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P

Ìuhence 
Jo lw(*) | nt l¡rh ( t-rrw)tto ( t-xrw) I l¿r.

fs flnlte.
Thenefone

Pa, ¡o(r) = E[Md 1t-rrw)frun ( t-xrw)w(x)a:c]

f;*C*lu[u" 
( t-'rrw)tun ( t-x¡w)]a,c

l?"(r-x)w(x),r".
The tr'ounLen tnansfo¡rn of the convolution (ZO)

ls so (ol) þ(u),
where So(ø) 1s the spectnun of un(trw), 'rJ,z,

ú
d,3 + of a

Thenefone

(3.2o)

(s.zt7Iln p4 ,o(r) =
L
2rr /-so 

(u)þ(u)et*dr,
-Ðod'+oo

But fbn every

1in
Þoo

Iln Sa (cl) = 1

Þø

æo

u

and. lso(r)l <t;
so that by cloninatecl convergeneer slnce

foó

/ I øtar) ldr, ls finltee
J

the llurltingî* integnation openations in ( Zt )

rnay be lntenehanged to glve

lln p4 ro(r) =
qt''rc,t.

t f øø)"tu'a'

=W(r)r T> 0. (3.22)
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(rr) rt fotloïvs fnom (zo) that

Pa. to(r) + Pa ro(<) = ftr^(r-*) + Pq,( -r-x)lw(*)¿r'
JO

wh1ch, sínce p"(r) fs an even flrnetion, becones

f¡.(r-x)w(x)drc 
. 

J?,(r+x)w(x)o:c

Ïlr(r-x)rv(x)o* 
* 

Io 
o,(r-x)vr( -x)a:c.

-oo

The Founler tnansfonm of thie el$)ression is

sn (ø) ø(u) + s¿ (ø) þ(-<'t)

= 2 s6 (ø) np(ø), (3,ú)
where Z nf@) = twice the real part of þ(ø)

anil 1s the tr'ounler transfonm of the even f\rnctlon

whlclr equals U/(t) , t ). O¡

Hence

liro p4, o (r) + pu ro (+) =
_!_
Ztr J* 

r"n(or)np(o )uL*a,
d¡åoo

11m
dt+ú Foo

=tf',
rco

(u)eturut

T>0.
(.111/

=

[*t*)* =

Ë
[Ro ro 

(x) + Pdro (-x)Ja:. =

Tu( r) '
ø(o),

frr,o(x)o:c
-oo

- sø(o) ø(o)

= d(o).

The theonen is provecl.'

SLnce the process l,[d(trw) 1g engod.ic the enoss correlation

fnnetlon poro(r) fs equal to the expneeelon



42.

å* #lr-n ( t-+rw¡ )on ( t)at . (3,ry)

Now euppose an estimate 1s nequired. of the welghting flrnctlon

T'¡r(t) of a linean system whiefl 1s knou¡n to be of type L¿.

d reallsation, Ma (trwt ) of an S.G.I,f . whose correlatlon

fi:nctlon is f; e-ølrl nay be applied as an lnput to the

systen and the enoss correl-atlon ftrnetlon Pa, eo(r) esttmated.

aE¡ a tlme avenage. then¡ nelytng on theonen 4r 1t woulcL be

erqrected. that, f on lange q arrit T > O, Po,ro(t) wouJ.cl be

a good. appnoxlmatlon to l|lf1(r).

As an illustratlon consfiÌen

i,\lr(r) = Te4Tt T à or a neaL and- positlve,

= 0r f < O .

pa,ro(r)=ñÊ,"-ol"-*l*e**dr., Tvot

= Ë. .*"1L u-(a-ø)x* * ï. """T" u-(a+a)x dx.rr Þ 0r

-àT d. 4T+ z(î:îJã e tTÞ0,
(l,zt+)

-ãTTE

-àTwhlchfor r> 0 approaehee Te

4 Ò

The d.lffenence between the e:çnession (2ü and- lT¿(r) t

= æ* r.-^' - G'*tr .-^' . fu "-'r.
The usefulness of the e:çreselon ( Zh) aB an appnoxinatf on to

Tul ( r) may be Judged by consld.enlng

ñ,0',0 
(r) - Ìrïr(r) laar

63

Ag C[ -] oo¡

1a
uæ - uær a )) ,

+

for c>>
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ft*r(r)l'4" = 4þJo

1s apprordnatelY

*G)1 ß.zt)

Howeven theorem 4 part (i) d"oes not apply to a]-L

systems of t¡4pe !1o For exauple ff Tltr1 (r)=e-'T, t à Q¡ a > Ot

=0 ç T < Oi

then the cornesponfling fnequency response fi¡nction 1s

whlch d.oes not satisf! the requlrement

f 
' 

t(c,r) l¿ø is rínite'

the ratio of thls er¡rresslon to

In thls case I

Pa,o (r) = ñ ï. u-"l'-*l u-'**

d;a --ãT 
-d 

-=7frre -E@ãJ -dT T > o; (lrzï)e ,

anil. thenefone

L1n p4 , o (r) -- "-dT = lvr (t) t
c['+oo 

= +

An ennon ln 1¡Ir(r) at T = O

lnpontanee, but fon flnite d

have lange errors, not onlY at

of T nean zeror Thr¡s if d.

pq. ro(r)

which d.lffens fnom urr(r) bY

T>ot
î=O.

only 1s of, no Pnactica].

an estimate of VUr(r) naY

T = Oe but al.so fon valueo

= 10a

=# "-^T -h u-1oar, T> ot

J- e
99

-aT tr
-L
11

e-1 Oar
a
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The usefulness of the expresslon (ZB) nay also be Judged' by

conputing

fo, 
o.ro (r) * ï'lr(r) I 

2¿r

2-aT -dT¡el dr

whereas ln the fÍnst
the Lowest ord.er tenm

e

=

1a- & + W ¡ro

The natlo of this expression to
loo

Jo(*'r)zat
contains a first ond.er tenm in (Ð
ease consliLened., vIz. VIr ( r) = Te-a

, /a\swas =\ai '

,
T

,

As anothen example consider the case

Wr(r) = t(r) 2

so that

Pa ro(r) = Po(r) = $ e*lrl '
If 1n this case the estimate

TVr(r) =Paro(r), Tà 0t

is used. to compute the out¡rut of the syetem to a glven lnput

the answer will |n generaL be aboUt half the cornect â11gÏV€tlr

This follows immed.lately frorn the fact that

f;f "*töt = ¿ ar¡d. not I as woulit be necessarv fon a good'

afproxlnatlon to d(t).
In the last case a more useful approxlmatton to

TUr(r) would. þe the exPresslon
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Pa.ro(r)+Pu.ro(-r)s Tè ot

which is consld.ened. in pants (ti) and. (i.ii) of theorem l+.

The pnoof of these parts is etill vat1d. Íf the restniction

| /(or) lao ls finitee

ls nel-axed. to I nr(r^r) I aø 1s flni te.

Thls latter nestnlction 1s satlsflefl by all Ut(t) of fonn

(t), sincerfor such lly(t) rû(u) ls rational and therefone

nr(r,,r) ls nationaL anit rea1. Hence nt(ø) rnay be wrltten

1n the fonm

nt(ar) =

where Pe (ar) and Pz (ø)

coefficients and the d.egnee of

t7 (o).

pe(al) 1s less than that of

Thus nr(a,) =F#ì F**+ (z,zg)

r
-oo

rroo

Pe (rrr)

fiTõ) ,

ane poli.ynomfaLs 1n u wiith real

O

rØ
But nr(or) = /O*(t) 

cos úrt dt arrd is therefone even' so

that (29), whose d.enominaton is cleanly evenr nust be the

natlo of two even pol¡fnornials in a)e Slnce an eYen poly-

nonlal in U contains only even powers of u the d'egnee

of the nu:nenaton of (29) must be at least two less than

that of the clenonínaton. Therefone, since þ(u) has no

polee on the neal axis,

f t*rCr) I a, rs rlnite,
-oo

Conslcten again the examPle
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a>otTV¿(r')=e-âr t îÞ ot

=O t T1O.

The criterlon
loo

| ^leoro 
(r) + Pu ro(-r) - rttrr Q)l' ar

JO

fon the usefulness of the estlmate

Pa ro (r) + Po.¡o (-r) ¡ T Þ o'

of tÏris weightlng functlon, ls equal to

(l.lo¡

In the case of the onlginal estinate, tíiz.

P6ro(r), T > ot

thls eriterlon contalnecl a f lnst ord-er tenm t" (*)i Ít

therefore seemg that (¡O) is the þetter estlnate.

The above d.lscussion 1s summanised. in the

follovirlng theonem.

Theoren 5

-

L,et a linean system of type L1 have a weightlng

firnctlon ]cd(t) + W(t) and. freçLuency respollse functÍon

k + þ(r), T.,et Puro(r) be the cnoõs correlation function

of the input arrd. output of thls system when the input is a

neaLlsatlon of an S.GrIfr havirg autocorrelatlon functlon
q,

2 e-cx I rl
a

Iet f ( t) be a bouniLed. ancl piecewiee contlnuoqs

function of to

Then:



(i) pueo(r) + pato(-t) = :rca,e4î + V/n(r),

where ].ím ial¿(r) = W(r),
d.'+æ

(rr) 
f¡r.o 

(r) + ps. ,o(+)ar = fno
..OO

fr< !-v)[Rn, o (v) + P,.to ( -v) ] ¿Y =

r'(t-y)[t<cç"1 + Tv(v)]av.

Wn

T>ot
T > 0;

(r) + tl/(r)ar¡

Pnoof

(rii) Lim
d-àoo

Pants (i) and. (li) follow immed.lately fnon theoren 4

and. the pnevfous d.iscusgLon.
f@

/ ^r( t-v) lrn ,o (v) + Pa. ro ( -v)l av
JO

= frtt t-v) ltrqeaY + v,la (v) ] av.

consiclen ft(t-u)kcre-tldy
Jo

= ftt* - rt)t.-zdu.Jo

Slnee f(t) 1s bourxlect write

lr(t)l 1 K¡ all t,
then lr(t -â)o"-'l <rlt'"i"-"

and

fn tot e-zd.z exlets.
JO

thenefone

1in
&rØ

-oo

(ili)

*l
dz¡ ke)

z
ct

ñ*r(r-ft)x.-uaz
= k f(t)

= ftt Þv)rd(v)¿y.
-!o
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Sinf,-Le.nJg

* ñt(t-y)wu 
(v)ay

ñ * r(t-y)wa(v)¿v

= f,tC 
t-y)w(y)¿y.

lhe lntenchange of llmiting and. lntegratlon ls Justlfied.

sincee as ehoïvn tn the append.lx, for y > O

ïln (y) ls of the f orm

tp(ø)e-du* ,lnnr(vrø)esJ¡rr Re(s¡ ) < o,

whene fu (yrø) ts a poLynomlaL ln y whose coefficients

d.eperd on c¿o It 1e also shown that the coefflcfents of

Ql(Vra) and. fp(ø) are boundteiL for cr > øo >

The nestnictlone p1"acect on f(t) in thls theoren

are sufflclentl-y wicle to lnclud.e most, if not all, praetlcaL

appllcatÍons.
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caAPTER h
-..rffi.....+

a

STATTONAF"Y I,Ï$i'iAR SYSTEJVI A}ID NTOÐEI,

ERROR FREE RECOB}|'J OF T]NT..,JNilTIED I,.ENGTH

In this chapter the sturl.y 1s restnicted to system

components rrhlch are lirÌear' anrl of type I (aefinition 2).
îhe following assumptlons are also mad.e:

(a) there are no rest::ictlons on the ler¡gth of the necord.s;

(¡) there are no record.lng errors;
(") the inputs to the system aniL mod.el are realizatlons of a

ra¡rd.om proeess of true X¿ i
(¿) the oniginal nod.el conponent TU is of t¡æe tr.

This sltuation may be represented. in two ways as

shown 1n figs,- 5A and 58. fn both figures T 1s the
S

system conponent ancl TU the mod.el component, I'(trwt, ) ls
the system lnput and. os(tçwt ) ls the systern outpute while

o*(trwu ) 1s the model ouiput to the input r'(trwu ). rn

A the cornection to the mod.elr fCAr 1s shoïvn in panalJ.eJ.

with the origlrral mod.el, whll-e ln B the cornectlon TCB t

ls ln series with the orlginal.
Und.en the assunptions of this sectlon cornectlng

transformatiqns ÍCAr or1 îCBr can be found sueh that the

output of tTre corrected. mod.eI wiLL be the same as the systen

output to this class of input. Howeven TCA end- TC¡ are
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(A)

os (t , w¡)

o *, (t, w¡)

Tc¡
-t
t--

o. (t,w ¡)

(B)

os (t. w

o (t,t i) r -t
JL

Tce I
J

FIGURE 5. TÏIÍO APPROACTTES TO MODET CORRTCTION

A. CORRECITNG IRANSTORMATroN Tc¡. N PAR'A],l',Et

W:TTII Î}IE MODET

CORRECTTNG ER.AI\ISFORMATION TC¡ tr SM'IES 1¡IITTTB

TI{E MODEL

)
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1n genenal qulte clifferent fnom each other. In partlcui-ar

a TC¿ of tlæe f, can alwaye be for¡nd. whleh conpS-etely

corneets the mod.eI. On the othen hand. no TCg of ty¡re L,

whfch conpJ.etely correets the mod.el.n may' exist. trton example

if TS has weÍghting fr:nctfon d(t) and TU has welgþttne

fi¡nction d(t-r), [ > O, then TCg must have weightir¡g

functlon d(t+T); hence TCB ls not a caueal transformatÍon

and. therefore not of true f,. tr'or thls reagon repnesentatlon

A f.s ¡rreferrecl and. wi1]- be use(l. ln thls thesle. However 1f

Tl¡ ryere restnieteit to the class of urinlnrrr¡n phase transfonma-

tlons [4erp,2ï2fr êrgo its fnequeney resBonse fr¡nctíon ïvere

rational wlth aII its poles and. zeros above the nea1- axls¡

then the nethoil d.eserlbecl below fon representatlon A nay be

appJ.led.r wlth minon altenatlons, to Br

For nepreserrtatlon A the fo1lowlng t'Treorem app1J.es.

Theonem 6

T,et tr(trwt ) ¡" a rearlsatlon of the process

I'(tr'n) of t}æe X1 aniL Let TS ancl. fM be t:ransfonmations

of ty¡re Lr wlth correÊrponctlng welghtlng functions n¡S(t) and

ïIM( t), sucTr that TsIrs( trw¿ )] and rM[ rs( trwr )] exist.
of tlæe T,

sueh that
fhen thene exists a transfornation TC

corresponcting welghtlng fr-mction TVC(t)

wltlr

(

r)
TM * ta)rr(trwù ) = rs[rr(trwu )1r

le the unlque L, tlæe solution of

(4.t )

T > O.

(tr.e¡

and wc(

-(r-x)w(*)¿n = pTros(r) - pÍrou(r)r



Pr,oof The exÍstence of IUc(t) ls trivlal slnce

TTc(t) = tttrs(t) - TtrM(t)

satlsfies the nequirement.

Now let equation (3) frofa and. then

f tr,t-x,w)w.(*)o, = f rr(t-xrw)wu(x)a:c -

52.

(¿+.¡)

tr( t-xrw)lvd")o*.

( 4.4)-oo

.to

-oo Foo

Multiplyfng each side of equation (4) ¡V la(t-rrw) und tak-

lng erçectatlons ylelds

nr(r-x)E(*)ü = / R-(r-x)rvs(x)dx - f otçr-x)ïv,o(x)drc
-oo -oo

= P!ros(") - Pyrou("). (l+.¡)

P inve sion of the e leetation and integnat on

operatlonr 1s Ju tified. for weié tlng function of fo n (3"1 )

since

ftl f rr( t-rrw)ï.( t-xrw)t^r(x) I I ox
I

is f1nÍ.te] On he oth n harul for wel ;htlr¡g unctlon I cor-

tatning genenali¡ ecL functlons, assuming fa(trw) nay be

cliffenentlated. I tlme ,
n[ r.( t-rrw)f t.( t-xrw)c(n) (x-r )a:c]

-oo

= E[ rr( t-rrw)rr(n) ( t-[rw) ]

Pa
(n) (r-r) t49rP,165)

(r**¡6(n) (*rr )a:c.
¡to

pI
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Assune now that equatlon (2) has two T, t¡æe sol-u-

tlons, vLz. wr(r) and. $(r). It will þe sTrorrrn that

Wr(r) - 5(r) = o. Simllar theonems are provecl' by

[itchnarsh [5O, chapten XI] .

rf ttr(r) ancL rþ(r) both satlsrv (2) then
F"

J ortr-x)[w.(x) - wo(x)]drc = or r ]. o, (4.e ¡
-oO

whene tttr(x) - 5(x) 1s of ttre forrn

¡årP¡ 
(x)esr\å" þr* rd(i )(*-r¡ u ), Re( s¡ ) < o' rr t >

(

arrd. is zeno for x < O.

r,et >(*) = .9 t, (x)esJx, x ) or
J=a

=0r x<Ot
have Fourler tnansform þ(r)¡ which is tl¡en a national

fr¡nctlon of d wlth all lts potes above the real axi.s.

AIso ascu.üe, for the moment, that all the flU are zeto.
1r
.i orr, eguatlon (6) nav be
L=a

*rr"-x)>(x)drc 
* ,åou., $ n-c") = r(r), (4.e)

whene r(z)=O ¡ TÞ O. (¿r.tO)

If Vþ(x) represents an ad.rnieslble tnansfornatlon of ty¡re Ï,

fon thls lnput then the Forælen transfonm of the left hanÖ s1d.e

of (g) exieter so that

ú,(or) = sr(ar)tø(r) * 
,åoo, 

(rø¡i1

= sr(r.r)[É(or) + F(crr)]; (4.tt ¡

x.>0,
4.7 )

Thenr wniting k¡ in place of

wnltten
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urhene:

úr(u) ls the tna¡rsforn of r(r);
P(c.r) ls a pol¡rnomlal in d¡

sr(ar) is the epeetrum of Ir(trw).
The equation (11) nay be written in the for"n

h(o) = ft*[#l F#], Q+,t27

where B:#ì = s-(cr) is a rationar spectnrm, since r.( trw)

1s of f,yT¡e Xr. It may be assr-med. that the polynonlals

Prn(ø) and. Prr(ar) have no connon faetons, they ane both of

even degree 2n anct 2m respectlvelyn and. have half thelr
zeros above anil half below the real axls (theoren 1). It nay

also be aseuned that Pq(ø) ar¡d. P.(c,l) have no connon factors

Now úU(<^t) is tlee tnarlsfonn of a functlon whidr 1s

zeno fon t > Or thenefore lt has no poles aþove the neaL

axls. Hence the r zenos of P"(or), whieh are all above

the real- axis, since >(x) = O, t <

Psr(o) above the neal. axls must also occur in Psn(ø) ar¡d.

Pq (al) nespectively.

Therefore q>n and. ûÞtt¡ (4rt¡)

Now conslden g:#Ì lfi#Ìl' (4,14)

whlch, if (l) repnesents an ad.nlsslble tnansfornation, ls the

spectnun of the output of a system havlng tnput ls(trw¿) a¡rd

welghting fi¡nctlon wr(x) - tüuo(x)' lz6re.126). The inequal-

lt1es (13) show that the htghest powen of u 1n the nr¡menaton

of (t4) 1s at least equaL to that in the d.enonlnaton¡ and.

therefore the only pennitted. value fon (11+) le zeîo fon all

?
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rea]- Q)s

then

ir€r þ@) + ç(a¡) - oi (4.t¡)
whenee both the rational function þ(u) whose numerator le
of lower. d.egnee ttran the d.enonlnaton and. the polynomial

P(ø) nust be zero for all real a),

Thus, in üre ease where the TJt are all zero, the

e:qrnession (7) i.s zero for all x and. theref<ine

wr(x) = 5(x).
In ease sone of the T¡ ¿ a¡re not ze?o, 1et Ts be

the smallest of these, they are all positive. Equatfon (6)

now beeomes¡ after insertlng the ex¡rression (7) fon

wr(x) - 5(x) and rearranglng the ternsr
Pt , \-, \- q l-r -l

I Rr(r-x)>(*)ox * ,Þg. ,d*o.,, # cr?)

1,.,,, -,î,ËrJ,, #j,,,"-',,,. (u.re¡

Conslden the open intervaì., O ( Í ( Ts, in whicÏr

F(t) 1s ze?o. the left hard. siÖe of (16) has a Fourien

tnansform which is a ratlonal ñrnction of a), (11)r It nay

therefore be evaluated.n fon r > 0r by contour integration
of thÍs tnansforn nultiplled. by "I*, around. the upper

semleincle; ir€. by evaluating resiclues at poles urith

posltive lmaginary pants, fn the interval 0 ( I < Ts then

the left hancl sidle of (te; wiLÌ þe a sum of terns each of
whicTr contal-ns an exponentlal of the form u-u', but no

exponential of the fonm "'T, where Re(z) > Oo

Since s-(at) I o,

t
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On the other lnnd. a similan evaluation of the right
hand. sid.e for O <

.-IMJL 1n each transfonm, involve corrtour integration

anouncl the lower semlcircle, alct hence give rise to tenms

containing uuT but none containing u-u', ne(z) > o.

Clearly equatlon (6) can not be satisfiecl, 1n the lnterval
o<
T¡ t are zetorwhlch 1s the case f irst d.ismissed..

l+.1 x4odel egrnectiop not involrlinfi sg$eralieed. functlgns

Unden the assumptions of tþis chapter there 1s, thent

no d.lfflculty in reclucing the prciblem of corueetlnti the mod.el

to one of find.Íng an Il true solution of the TVíener-Hopf 1lIce

lntegnal equation (Z). In this section 1t is al-so asgumed.

that the mod.el conrection Uir(x) contalns no generallsed.

functions ¡ The conrelati on fi.rnctlons Cr?) , P.*r 0S( r) and.

RrrOr*(r) nay,in pnincipS-e, be calculated" fnom the d.ata slnce

the necord.s are supposeCL free from error and. of unlimíted.

lengthr

The Tfiener.Hopf equation has been extensively stuclied.e

(see¡ êrgr , ¡ÐJ). TYiener gives the soLution [tZ] in the

fonm
(")

ór(u) = l@J *" f""i"u,
r. os(u) -sr ttturri (4.r7)

øG)
-oo

dr(cl) ls the fnequency response f\rnction eorrespond'1ng

to wr(t);
(r) 1s the Fourfen Transform of

where:

sr, os Plres(r)'



i.ê. the cross spectral d.enslty of IS
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( trw) and.

os( trw) ;
Sf rOn¡(r) ís the eross spectral d.ensity of IS(tru¡) and.

oM(trw);

sr(o) -- ,tr(@) W, .

That the fight hand sicl,e of (17) is the frequency

response f\rnctlon ccrrespondlne to Wr(x) ie readlly confírmed

by d.irect subs'r,itutionr since

sr,os(o) - sr,ou(o) = ú(u) WJ Cç(u)r

ia¿ava

and- thereforre the right hanil sid.e of (17) is

i@'i *" Ïr"iartu. I*v<"1 Ér(u) uiotd..'.

(4.t41

( 4.t g)

has no

-co

Moreoven the rational expression ü(.*) Øt(u)

poles below the ::eal- axis and. therefore

fVf"l É.(u) "1otao ls zero ror t ( or

-co

whenee ( 19) þeeor,re s

!r(u) 1 .alø) =þc(u)'

Both the solution (17) and tire less general form (tg)

are of restricted. praetleal application, since they involve

For¡rler tnansformationS of the d.ata. Hor¡Íeven lt is u.seful

to represent (17) as two It t¡æe tnansfornatlons 1n serlest

as in fig. 6, whene the frequency fi.rnction of each tna¡reforma-

tlon is shoì,rn.
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59,

Ag shor¡rn in theorem 3 there exists an L tJæe trans-

for.matlon such thatr for almost all wLr

r,[rr(trw¡, )] = ùla (tr*¡, )t

where Md(trw) is an S¡G.I[. having autoconnelation functÍon
d. -alrlä e *''' and q. may be chosen arbitrarlly large. The
z

frequeney response f\rnctlon correspond.ing to this T, ls

i@r' ÉrÐ (l'zt)
which, for large d.e appnoaches the frequency response

ftrnctlon of the first component in fig. 6,

Similanly, since IS( trït¡) is a t¡æe X1 rand-om

pnocess, íts realisations may be written 1n the formt

tr[Mo (tr*r, )] = rS(trwr ),

where l¿ is a transforrnation of the type d.escribed. in
d.efinitlon 6. fn this case the frequeney respor¡se function

correspordlng to I,1 is

ú(u) (*åg),
and. hence tTrat correspond.ing to the prod.uct transfornation

TC .Lr 1s

ö"(u) ú(ø) (%*). (4,22¡

tr'or large q, the er¡rression (ZZ) approaches

ó"(u) V@),

the frequency response function of the secpncl component in
fig. 6.

The finst conponent of 4ig' 6 may therefore be

consid.ered. to transf onn the input to rtwhite nolserr. Theorem 4
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shows that the welghting f\rnction correspond.ing to the

second. component nay then be found. by cnoss corneJ-atlng

1ts input anÖ ouþut. Slnce S-(r^r) and thenefone {(u)
ls knoï'rn the welghting fr¡nctlon of the fÍnst component 1s

also knowTl. The ænvolution of these two welghting

fr¡nctions 1s thè l.equfuaed. welghting function U/C(t).

The possÍbllit,y of applylng these lileas to the pnes-

ent problen is lllustrateil in flg, 7 which 1s an elaboratlon

of f 19 . 5A intnod.ucing these two tnansf ormations I and. Lt,-

If the parameter d in Mc(trw) is large enoughrther¡as 1s

clear from this figure aniL theorem 4. the wefghtihg

function correspond.ing to TC nay be estimated by cross

cornelatLng Un (trwg ) with

T,[ os( trïvü ) - ou( trwu )] .

A number of componente in f ig. 7 are inclur-led. only to erçIain
the fd.eas mone fuIIy, the figure nay clearly be simplifiecl to
fig. B.

The proceclune Just d.iscussed. is equivalent to mod.ify-

lng the irrput to the components TU arrd. TS so that the

autocornelation function, p(r)r of this rnodified. input 1s

sma}J., excê.pt fon values of T near l"l = 0¡ and.

ftt r)dr = 1.

The comesporuling spectnun 1s then virtually constant and.

approxlnately equal to 1r O < lrl 1 cùo, whene es is large

and. positive. Thls proced-une 1s k¡nown as rrwhitenÍ.ngrr the

lnput; lts usefulness has been recognlsect in similan actlv-
ltlese ergo the measunement of power spectna l1lrl.28], It
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has also been intuitiveLy recognised. 1n the earller rruonk on

nod.el cheet<1ng lZ - 5]. As alread.y ind.icated. the conputa-

tion pnoblem 1s of ten easien ifltwhltened.tf fnputs are used''

Cross correlation techniques ane then more easily appliecl

ar¡d., as cliscussed. at the encl of this section, other computa'r

tion technfques are also assistect by a rrwhitened.rr lnput.

A fi¡rttrer acLvantage of a'rwhitenecL" input rnay be

rnentlonect hene although 1t is not relevant to this ehapten.

Ernone lntrod.ueed. 1n necording often approxlmate a realisa-
tion of a nanËLom process whose speetrum is slgnlfieant at

high frequencies. "TVhitenlng of the inprrt, if carnled- out

before recordlng¡ w111 hel.p malntaln a satLsfactony signaL

to nolse ratlo at these higher fnequenclee l5l, P,r28] .

Two possible method.s fon achieving the effect of

a rrwhlteneclrr irput are illustnatect in figs. 9A and 98. In
each flgure pÏryeical- components are shown, vice tÏre syetem

components of fig. 8¡ The s¡runboIs P and. P1 d-enote tTre

pTrysical components ïrù.ich ane chanacterlzed. as systems by

L and. I,r. The finst method., fig. 9Ar may be impnactical

1n urany cases slnee it interferes witlr the operation of the

pllyoical systemr

A thirct methoitr v1zç to use for moÖel checlrlngt

only those inputs which ane Juclged. þy inspection to be nich

Ín hlgh frequency content, has also been usecl¡ [e].
A further possibll-ity 1s to use specially selected

lnputs! êogr step fr¡nctioûsr on d.lscrete interval- binany

noLse nepeated. peniod.icalLy in the ranner suggested. by

Arrd.erson and. othens llil. Howeven the use of zuch lnpute
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TM

RECORDER RECORDER
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Ty

ECORDER RDER
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PI.IYSICAL COMPONENT
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lnvoLves a d.egnee of intenference with tJre nonmal openation

of tT¡e physlcal systen whieh may not be permltted. or poesib)-et

Several othen ¡rettrod.s fon taclcllr¡g the Wlener-Hopf

eqrutlon are lcrown. Lanirrg anl Battin lZ3, P.283J d.escnibe

1n oonslclenable itetail a rnethod.¡ used. sevenal years eanl'1er

by the authonoF, fon soLvlng this equation when tho kenneL and.

the night hand. sld.e are etcprec¡sed as sums of ex¡ronentialsr

They al.eo cleseribe a corrplete set of e4ponentlals (some of

whieh they tabulate), orthogonal over (On*)¡ which rnay be

used. to approximate the kenneL and. the right hand. sid.e of

this equatlon. T,aguenne fi¡netions have also been proposecl.

for this purT)ose, It7] r[ 26),

An effective, lf elementary, nethod. fon the present

ptupcse, assu-ming no generallsed. functions are involveiLr Ís
that Oeseribed. ln reference L5Z, P.448]. Assune a solution

of equation (Z) of tTre form

wr(r) = a1g1(r) * &zez?) + + + angnþ), (l+.zl)

where ttre gu(r) ane functions vr¡hich are orthogonal (Or-);

€ rB¡ the elq)onential-s of reference lú1. Then d.etermlne

values for the aü by a least squares methoil. [hus the

e:çresslon
tT /co

/.t/fr, r-x)tråra¡Bu(*)J¿.< - [nr,o.(r) - pt,o¡u(r)J]'o' (4.24)

nay be minimised. with respect to the âü. The linit of

integnation f may be taken as oo 1n the present case wTrere

the length of d.ata available is unlimlted.; 1n practÍce I

Classifled. paper published. by Royal Aeronautical Establish-
ment, Fannbonough¡ U.K.
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will þe finlte. Slnilar1y the number of tenms taken 1n the

approxlmation u!r."teL(x)r i.ê, the valuê of rre will d.epencl

on ttre pa-rticular applicatlþn¡
The nininisatlon of (2Ð Ieäd.s to equatlons for the

ab 1n the forn
n

r}rcruat = Dk r

where

!', f¡.rr-xr)ex 
(*n )¿*,. f:r(r-x2)er 

(*, )axoar,

D¡ = Ätor,os(") - pr,om(r), 
Ëo-('-*)ex(x)o¡c 

ar.

The followlng, somewhat trivlal, example illustnates the

effectiveness of this procêss1

T,et the system component have weighting funetÍon

t
o.g ^- 27.
2.2 ' 

tà 0t

while that of tJ:e mocLel component 1s

*u-tt , tà0,
ancl suppose

nr(r) = "-ltl .

Direct calculati on shows that

Plres(r) =
T

,

-*r -T

)lo
3v

.!.
3

(4,20)

r< ot

T>O;

Plres(r) = -9l9
312

,

e

ô

e

T
æ. I

so that

1¿2
312

T
,

-T ,
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T1-E

T
æ h-3e 1

E
-TRr,or(r) - prrou(r) =#" e+ t T > 0.

The onthogonaL ex¡ronentlals lúl ane formed. fz om

the sequence

"-"t , e-zct, , "-3oi . ., .

The parameter c rnrlst be d.etermlned.; acùordingly the

assumption has been rmde that the correetion, Wr(t) r

required. to the moitel weighting f\rnctíon, d.ecays at approx-

inately the sarre rate as the mod.el weighting flrnction itself .

This assumptlon su$gests that the value c = t shoul-d- be useil

1n this example; however the more conservative value " = fr

has been used.¡ llith this value of e the orthogonal expon-

entlal-s are )

er(t) =
Æ
2

$tes(t) = 3e 2e
2

Ét

1,
4

Ie

frt t

es(t7 = $(to.-
$t12e +3e )

etc. Only the flnst two have been u.sed., i.e, the approx-

i¡oation

Tuc(t) tr"te.(t) + azee(t)

has beer- assr:med ¡

After per.fonuring the required. ealculations the vah:es

â1 = -0,0588t

âs = -0.0380

were founil and. tþe weightirrg function for the comeeted.

mod.eI isr thent

-*t -*t
0.586e ¿ +o.o35e L+, t)0¡
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A companison of the weighting functlons for the oníginal

noilel r the systern eomponent and. the corneeted. rnod.el is shor¡wr

in the following table.
Table 1,

lTelEhting Function

t Orisinal [1od-e1. S,vstem Comoonent" Coruected. l,lloil.eI

0 O' 500 O' 409 O'I+21

+ o'3ïg 0,326 0'331

1 0.303 0'259 0'261

2 0.184 0-165 0.153

3 0''111 0.105 O,1O3

4 0.067 0.066 0,065

6 o. ozï o- 016 o,o27

B o.oo9 o.oi1¡ o.oiz

1 0 O'00Jl+ 0 '0044 O. OO53

Howeven a nore useful critenlon for conpaning the

ad.equacy of the two mocl.els is A(t), (2.1), whieh rnay be

written, by vintue of the ergod.ic fupotheeis,

R, ( r-x)wa( r)i,rta( x)dr d:c
L
2

1 (4,2e¡

J # r( r-x)vr, (x)rv, ( r)ar o.,c

thls erçression ineneaseÉ from

originaÌ nodel to 0.98 for the

The following similar
lnvolves approxinating 1¡iC( t )
(ry). The at nay be ehosen

in a least squanes naruxer, the

approxinately 0'Bþ for the

eorrecteil mod.el r

approach to the problem also

by an erqlnesslon of the fonm

to have values whleh minimlse,

quantfty
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[t.,t-x) lrår"rer (*)Jax - [or(t) - om(t)] . (4.27)

this lead.s to a d.ifferent, though similarr Sêt of equatlons

for the âl r t¡i-2.

,lrttküaü =Dtki (4'ze¡

wheg.e

c'xü = c'!- = Ëñ Rr(r-x)sr, (x)ek (r)ax ar,

D'x = fotorros(") - prrou(r)ler,(r)drn

In general these values for the au w111 d.iffen

from those obtained. fro n (25) with T = oor Howeven if

O-þ) Ís of the form fi .-"1"1 , then calculations simil-ar

to those in the append.lx show:

l1m C1ç¡ = l1m CrrcU
d-tco C[+oo

= 1s

-0,

1=kt
r lk¡

1*o* =**D'xi

i.ê. the values of a[ fnom QA) approac]r thoee from (25)

as d. appnoaches oo¡

Alsoe if the lnput is|twhitened-rr, then Cx¡, and- Ctx[

will be snal1 for i I k compared. rr¡ith their value fon I = k,

and. the courputatlon of the aL from (25) or (Zg) will often

þe assisted.; the off-d.lagonal- terms in the nratrix (Cxi ) or

(Ctrni ) belrrs: small compareiL lvith the d.iagonal tenms¡

h.1.1 Cornec tion bv iterated- cross correlation

Ae nentionecl above the resul.ts of t'heoren l+ may be

appl1ed. to the problem consid-erecl- ln this sectlon. Provid.lng

IS(tru¡) approxinates white noise, a good. estimate of the
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correcting welghting fr¡nction l,TC(t) *uy þe forrnd þy eross

conr:elating ttre input IS(trwt ) with the d.ifference between

the tr¡vo outpute OS( trwU ) and. Or( trwl ). the corrdctlon

to be mad.e to tTre rnod.eL welghting function 1s then

prroc(t) +pr.roc(-t)' t> o,

where

pr, oc( t) - Pr, os( t) - Pr, onl( t ).

After this eorrection has been nade the moclel weightíng

function becomes

vç(t) +pï,oc(t) *Prroc(-t), tÞ o,

so tTrat thene remaLns au. error

tvs(t)-\('c) [pl,or(t) +pr.,os(-t)J' t>o,

=!tlc(t) lptroc(t) +pt,oa(-t)J' t> 0e

In princíple this proced.ure may be repeatecl; it is

the purpose of the next theorem to d.etermine eond.itions

whlcTr ensur'e that such an iterative proced.ure corrV€r$eao

The particular question ansl[erecl ie: tthow closely mlst

IS(tr'Jy) approximate white noise in ord.er tÌrat the itenation

wil-l converge?rr

Theorem 7_È
T,et ls(trw) be a rand.om process of tJæe X1 having

autocorrelation function er-r) and. spectrum St(co) such

that
sr(ar) <

tet the weighting fr-mctions, \,TS(t) and- Uç(t)' have the

exponential form (l.l) ancl conrespond. to t he systen and' mod.el



71 .

components whose inputs are realisatlons of IS(tr1'I).

T,et oT*C., )(t), wu( Ð&))..v'Iulrr)(t)r... be a sequence of

moÖel weÍghtir:g functions such that

t'urCr ¡(t) = ì¡uM(t)

wrvr(n+1 ¡(t) = w*çrr¡(t) * Ptroclr¡(t) + pr,oc(n)(-t)t

0

also has this fonm.

Si¡nilarly each of the

t

t>o¡
t<0;

whene

oc( rr) 
( t rwi l= f,trt t-x¡w1 )tur(r,) (*)o:c

and.

lvrlrr¡(t) = ïus(t) - lú*tn¡(t).

fhen

f* *rtr.)(t)= o ¡ '',r-t tn

?roof T,et the frequency r.esponse flrnction cogesponiü.ng to

each Wclrr¡ ( t) have neal part n r(r^r) .

Then, as in theorem 4t

prrocç.)(t) + pt,oc(1)(-tl = loter(t-x) 
* Pr(t+x)lwc(r1(x)ox

has Founier transfonm

sr(r^r) znr(ø),

whicTr is ratlonal. Thenefore for t >

prroc(1 )(t) + Prroc(i ¡(-t)
has the form hence(1.t1,
wm(z)(t) = wu(,,)(tl . fte-(t-x) + pr(t+x)lwc(r 

1(x)a:c,

Ìrulrr¡(t) is of the forn (3,1),

r,>0,
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w¡riz¡(t) = wu(.,)(*l . ftar(t-x) + Pr(t+x)lulc(,,1(x)ax,

Since

=O

.ô.1so

and. therefore

t>0,

t(0,

t>ot

t>ot

,

wc(z)(t) = vtls(t) - vum(r¡(t)

= wc(. )( 
t ) - l;rrr( t-x) + R1( t+x) lruc(., 1(x)a:c, t > o,

then

=0 , t<
Sor as 1n theorsp 4r

R" (or) = n1 (ar) - sï(c,r)nr(ar)

= Rr(ø)[t - s-(c.r)l.

Similarly
nrr*.t ( o) = nrr(ø)[t - sr(ø)J

- R1(ø)t1 - sr(or)lt.

Now¡ for a type X1 Processr Sr(ol) >

thls process

o c sr(or) <

1rêr lr - sr(ø)l <

Hence

lim R¡(co) = O, aJ-1. 0).
Iì-too

wrçrr1(t) = +o ft*"çor¡elotor*,

ffi vr,nl(t) = *H /**n(,u)"Í'td',

-oo

oo

*" I l* 'on 
çor)"1@tao,,,

-oo

t>ot
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=Or t> O.

Since, f or al-l rr5

lvrqrrl(t)=or t<

the theonem is proved..

In agreement wltTr the assumptions of tlris chapter, the

strict application of ttreorem 7 d.emand.s the inpractical requlre-

ment that tlre l-ength of d.ata available for model checking Is

rr¡limited-. ITevertheless this theorem gÍ ves some hope that

quite large d.epartr-:res from a flat spectrum nay be tol-er"ated.

if the neconiLs are not too short and. several iterations are

possible.

IL"z Model eonr et 1 on when r¡enera].lsed- functions are invol-vect

Tf the eorreetion WC(t) contains generalised.

functions tlr.en 1t will usually be necessary to moiLify the

proced.ures d-lscussed. in sectiorr 4.1. Thus refer:ring to

figs. I and. B anil the reLated. d-lscussíon ib is possiblet

uncier these cineumstances, that the e:çression

r,[ os( trvrs ) - oror( trwu )]

may not exigt.
I sultable mod.ification, which vri1l overcome this

d-ifficulty, is illustrated. in fig. 10, where the t::ansforma-

tfons Ir Lr, TS, T¡f ard. TC have the same meanir:g as in

fi.g. 7 . lvlth this noclifícatlon the rnethod.s d-i.scussed. in

4.1 may þe used. to estimate the weighting fi.mction corresponil-

1ng to the prod.uct transfonmatlon II¿'TC . The cornectlon to

the mod.el is then the procLuct of the two transforrnations Il
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u, (t, w'¡,) I (t o5(t,w¡)

vo (t, wt)
ou (t.wi)

(t. w¡)

FIGT'R3 10. üTUSTR.IT]NG MODIFIED APPROACH TO MODEL CORRECTION IVTIn{ TITE

CORRXCTTNG TRANSFORMAÎION MâY CONIAIN GE}TERATISED ruNCTIONS
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and. L¿'tC. The weighting functlons correepond.lng to both

these transfornatlone are known anð the required. Correction

may thenefore be mad.e. If it is necessary to estlmate

Vì¡C(t) expllcttly lt my þe for¡nil as the convolutlon of the

welghting fr¡nctlons comespondlr¡g to I' and. T.rs'1l6r
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orf4PgF.L å.

sIATrgI[A&Y T,]I\F4R Srqg.Eìr aND.-JMoPEL

ERR9B .Ï'REE BEcqRÐg gg-r'rNlrE IEITCIH

In cTrapter 4 the length of the recorcLs avallable fotl

noclel checklrrg was assuned. to be rrnllmlted. Thls assumptlon

fs now nelaxed. ancl the mone pnacticaL case of ftnlte length

recorcts 1s Gonsld.ered.; a1t the othen assrrmptlone of ohapter l+

ane netalned. The case of one set of necord's of length T¡

LE flnst congÍcler'ed'

The folIowlng three ôlfflCuLtles arlse fnon thls

restnlctlon on the length of the reconôsr

(f) Slnce the output of the nodelr O'(trwt )r to an lnputt

Ig(trwU )¡ applted. at tine to and. nemoved' at tlne

T¡ + to, 16
t:to
I r*(t-xrw¡ )w*(x)or, t'o < t ( Tn + tor
Jo rr

then no useful eetlmate of the welghtlr¡g fr¡nctlon

wo(t) = \rlls(t) - *o'f t)

can be expected. for values of its arg:r¡nent gneaten

than soue lm whfch ls lese than In. If acconê-

f¡g1y, no eonnectlon is mad.e to the nod'eL welghtlng

firnction Uh(t) fon t > Tnre th connectect noclel w111'

clue to thls fact alone¡ have an erron 1n lte output at
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time t of

,( t-xrwü )wr(x)o:c.

,(r-x)w.ix)wr(r)axar

(l.t¡

Consequently even though

w*(t)=ws(t)' o<t(Tm
the ad.equacy of the eorreeted. mod.elr âs neasured. by

¿(t) , (2.1 ) w111 not be þetter than

f;fi'
1
2

1- , (5.2)

'ðs
foo loo

where rðs = J oJopr(r-x)wu(x)vuu(r)oxar.

The erçressl on (Z) can not be calculated'

exactly without knowing lïc(t)r Tm <

pnactice a useful estlmate of the value of Tm r

which ensures (Z) fras an acceptable valuer fiaV often

be for:ncl fnom icrown chanacteristics of the physlcal

component, its inputs and outputs" tr'or example the

d.esÌgn of the physical eomponent wllL usually have

entailetL Eome consid.eratlon of the spectrum of

rr(trw) and. therefore some lnfornation on vrhich to

base an estlmate of n-(r) wil-t þe available.

A conservative estlnate of Wa(t) ron this purpose

wouId. be V,/M(t), the known welghting functlon of the

mod.el, and. the expresslon

%un = ñi-( r-x)w*(x)iç(r)axer

nay be used. as an estirnate of oõS. It will be
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assumeclr then, t}rat a useful estlmate of Tmr based-

on the expresslon

f f ,rf?.-x)Ìv*( ")ïüM( 
r)axar

Arhrm rm
, $.1)

rnay be tnad.e.

(fi) Some length Til at the beginning of the reconcl of

OM(trwg ) must be ctiscand.ed.¡ sÍnce lrnelevant trans-

ients will be set up when the recond- of ÏS(trwu ) 1s

f irst appl-ied. to the rnod.el; sone settlirrg i;ime I l+t ]

must be al-lowecl fon these to d-ie out. Zeto tine w111

be taken as the tirne of commencement of an acceptable

output from the nod.el after d.lscandlng this length T,l '
The output of the mod.eI at t = O w111 then

d.lffer fnom the output which would. have resulted. had.

the complete input prior to t = 0 been lcnownr by

foo

/- rç-*r*r )w*(x)dx. (¡.4)
h

The square of thls quantity avenaged. over all w[ r

io€e all realisatlons of IS(trw), and- d.iv1d-ed. by

tf'u is

( 
"-* )tryu ( " )v'¡M ( r) axar

( ¡.¡)

't*

,
tðm

Whfch may therefone be usecl as a measure of the slgnif"

icance of this effeet, The valr:e of this ex¡rression

w111 usually d.ecrease rapid.Iy as t increases from
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ze?o since the lower limlts of integnation become

Tnl + t.
The expressions (Z) and. (S) are id.entlcal

apart from T¡¡ and" Trf r the J-ower limits of lntegna-

tion; funther, the totaL lerrgth of neeord. avail-able

fon mod.el checklng w111 usually be mueh greater than

îm. In genenal therefore 1t will be of no pnactieal

lmportanee and- of some theonetical convenience to take

Tm = f¡fi.

Estinates of autocornelation and. cnoss*correlation

functions based. on necord.s of restnictecl length wl11

not be exact. Sueh estimates however must be used. 1f

the techniques il"Íscussed. 1n previous ehaptens are to be

applíed. to mod.el eorneetion; they will leail to an

estlnate, wp( t) r of Wc( t), the useful-ness of which

will d.epend. on the length of the available record.s.

The next section is concerned. wlth the case of

a whitened. S.G.M. lrrput. The relatlon between the

ad.equaey of the cornected. rnod.el aniL the length of

record. available for mqle1 cornection is investlgated.

The nesults obtained. may easlly be extencled. to cover

the case of any t¡lpe Xr lnBut and. thls 1s done in
sectlon 5,2.

5-l Gauss Markov innut.

Let the system lnput be a realisation of an S.G.M.r

Md (trw), whose correlation function
let the correeting welghting function

R*o(r) =1.-ol'l , and.

Trrc( t ) contaln no
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generaliseil functi-ons. Because of the resid.uaL ê1'Po1.¡

Til.(t) - \lilE(t), the acleguaey, A(t)r of the eorneeteil rnoclel

ls 1n this case

IïJ*o(r-x)[rirr.(x) - q(x)] [vur(r) - uúE(r)]axar
1
2

t $,e71.-

Setting VIE(I) = o,

wa(t)r o < t ( Tm,

whene

%t

t ) Tm, arul u.slng theonen ll to estinate

glves

fuore6(r'wu) = # /in* 
( t-r,w¡ )or( t,wu )at

RMcx, oc

PMo, oc

of T.

(-rr*i ) t

( r) aniL

ïüE(t) = p*q.roc(t) + P¡,raro6(-t), 0 < t ( Tm,

oc(trwr) = os(trw¡) - oru(trruù)'

Fr:om the clata sanple values *loo, or(r'wu ) '
of these cross-correlatlon fi¡netions

PMo, oc( -) nay be calculated. for some va^lues

For example

$,1)

where TÁ 1s the effeetive length of the reeord. aften dls-

card.lng an arnount Tfr = Tm !

i.e. Tr{ - T¡ * Tm,

For O < r ( Tm the erçressi-on (7) w1ff be used. as an eetlmate

of p*or'r(r) and accord.lngly the function *ftor96(rrwu ) fs

d.efined. such that

*úors6(rrwu ) = \oorog(tr*u )t O < r ( Tmr

(¡.4)
r ) E¡¡.=O
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Howevenr âs shown Ín theorem 4.1. in the append.ix, PM'TOC(+)

d.ecays like e-dT fon T > O a¡cl. hence the d.eflnition of

*fror gg( "r*t ) r" eonpleted þY

*úonoa(-rrwu ) = lvloror(-rrwl )' O < r < r(ø)t

$.9)
r > r(ø),=0

where r(") appnoaches zeno as

an effective length TÁ + T(ct)

ord.er to compute *úoroa(r), 4(o) ( î ( T¡¡¡ using (l)'
However, since TÁ >>>

expression (7) and.

'{-T(a)

q. tend.s to oo. ActuallY

of Öata would. be requi.recL ln

the ôlfference between the

Mn ( t-rrwu )oc( trw¡ )at
T

oI
has no practical or theoretieal significance here¡

The e:çnesslon

ff p¡¡o(r-x)[wr(x) - wr(x)1[vrr.(r) - \ryr(r)]axar (¡.to)

is the only part of (6) which is affected. bv \(r).
Apant fron the constant tåS thls expression is equal to

the square of the inad.equaey of the eornecteil mod.elr

Since

wu(r) = Rúorgç(trwu ) + Rfnoror(-rrwl ), T > or (f ,tl}

the e)cpression (tO) d.epend.s on the partictrlan realisationt

Wb r which was used. f on checking the mod-el. The expectation

of (fO) is then¡ apart from the constant tðSr the mean

square lnad.equacy of the correeted. mod.el¡ when€ the average

is taken oven all the nealisatlons which rnay have been
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avalLable fon mofle1 checking. The value of this expectatlon

wflI depenfl on Tñ t a small value w111 correspond. to an

ad.equate mod.el. It ls useful thenefone to study the vanla-

tion of tfrls expectatlon wlth TÁ.

Substltutlrrg the expresslon (tt) fon lþ(r) rn (to)

and. talting the expectatlon yield.s

r 
I ffrr*o( r-x) [w.(x)-[So, o6(

_[Ríro

= Ë/.r-o( 
r-x )u I t w, ( 

") - t 
*foo, e, ( x, w ) +11,o, es 

( -x, w ) ] J [vi. ( r)

- lR¡1o, er( rrw)+núo, o6( {rw) I J I dx¿r .

(5,t21

CalcuLatlon of tl:e reguireil e4pectations is trivlal apart

from termg of the form

El{no,or(x'w)nfiaroc(rrw)] ' $ t3)

which fon¡ mr and¡ 0<?.(Tmr
(xrw)n*o, oc( "r*) i '

1-xrw)0r( tr rw)nrc ( t, -zrw)oa( ta r*¡atrat" ]

= EIRMo, oc

( ¡.t l+)

Since the rarrilo m vanlables ùlE.( tt -xrw) , OC( tr rw) r Ma ( t2-r ,w)

aniL Or(te rw) have a Joint nornal clietributlon*a well knou¡n

nesult, Bend.at lZ7rp.2BB]¡ êD.ab1es (fl+) to be wrltten
mfrn

p*or96(*)R*o, oc(t)*puo(t, -t¡'-t+x)poc( t2-t1 ) +

p*oroc(t"-t1+x)p*øroc( tt-tz+r)atrd'ts . $'15)

0<x<T

= E[G+r" l*o/'o*,,,

o
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The fnportant ease 1s that of a rtwhltened-rr in$ut and.

aeconö1ngly the limit of (lZ) as d. tend.s to oo wlll be

consid.ered. hene. The followirrg results are iustlfied. þy the

work 1n the append.lx.

H /il P¡¡o( r-x)n[ wr(x)wr(r)] axar

= /*[wrtx)]Pax. (s,ta\

f* ñÄ puo( r-x)¡[ -ï'lc(x)Rfio, os( ", 
*)] o:c¿r

r[m l*
= lim - I "' I p¡no(r-x)wr(x)puars6(r)axar

d,+oo JO JO

= - ['' [wr(x)]rdx. (s.ll)

/.ñ puo( r-x)n[wr( *)Rl¡o, o.( -+,w) ] o:c¿r
qr+oo
T,in

Irfun -
q1@

Í,1m -
C¡âoo

frln
dràoo

=1im-
d-¡oo

=0.

/: ff n*o{ "-x)wr( 
x)nnra¡ oc( -r)a:car

q )(

(l.t e¡

/;Ë ps¡o(r-x)u[n;o, o.( +x,w)wr(r) ] arax

(*) l'o:,.c

=0.

$.19)

ËË 
pu,,( r-x)nlnfiae oc( -x¡w)wr( r)] arax

ff p¡¡o( r-x)s[\íno, o.( xrw)nfiø¡ oc( rrw) ] ¿xar

(5,2o)
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is nade up of three terms correspond.ing to ('lS) z

(i) the linit as d ,+ oo

(il) the lfu'rit as

A' i:- 
px¡o ( r-x) t Gb" /:* /:o 

r-cx, oc 
( x )pua, o.( r) atr at" J ¿x¿r

Æm Æm

= å* J ;' J o" 
pr,¡o( r-* )p*o, es 

( * )Rx,r,r, o6 
( 
") 

a*a"

= ff [r,ur(x)],¿:c;

C.+æ

ç5,21)

(5.22¡

ç5,21+)

¡5,2s)

(5,2ø¡

A'/i puo( r-* ) tr*h"[-/loor-, ts-ta-r+*)poc( te -tr )¿t, ¿t, l ox¿r

ff'ðrt

/i /T 
pno ('-* )frþ /:o /Ï t-ø 

¡ oc( t2 -t 1 +x )PMo, o, ( te-ta +r) at, .ltp d'ndx

þ /î/ictn-t" )ivr(r-ta )Tlr(r+ta )atuor ' ( 5'23)=18

cx¿* J OJ O

(rif ) tfre llnlt as du + æ

=O.

Llm
Þoo ff p¡¿o(r-x)u[S¡or es( -*rw)*loo, qr(rrw) ] a:c¿r

0.

L1¡l ËË 
puo( r*x)E[ n;o, oc( 

r, ,*)Rfio, or( -r,w) ] ¿x¿r
qtæ

=O,

The lirnlt as q. tend.s to oo of the exlpression (tz) then
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becorne s, d.ing by oðSt

,ra Tm f
Ëi 4 . 

o /o(tÁ-t" )w.( r-ta)rvr(r+ta )¿t"ar

1[*nl,lc

+ (5.27)

In ord.er to stud.y this erpnession further some

assumptlon must be mad.e concernirrg the unknor¡nr conrection

il[C(t). The follovying 1s a slmpJ-e assumption u¡hielr seems

to lead. to useful results. Assune that the error, wa(t),

in the mod.el il-eeays with the same time constant as the weight-

ing function of the modeI. Ðstimate, fnom the model, a time
4constant * whlch approxfunateì-y d.escribes the decay of

[k(t) and. assume, for this purpose,

i'üc(t1 =L"-ut, k>o' a>

Then

ioo

/ w.'(*)orr.
rhrm

d,2 ¡e
= 1im

Ct-+oo
(uz+az )1;ãæj ðlt)

R2
ñ D

wheneer r¡¡nitlng aTm =p r and. atÁ = g.y' and. substitutlng

rn ( z7) yieLd.e

tðc o zaz 
Tn r

6 ã + 
%s-6n /, /.,t*-t") t*e-areâta"-a?'u-atsataar*ff +



86.

L
p

(y,zg)

which for q >> p >

tåt g t.n - 1 -
%s Q '' 'P e-sP(-#)f

='þ t p*l * e-aÞ1. (s,lo)
'os \{

For f1xed. Qr i.€. fixed. Length of reeon¿, d.ifferentiatÌon

of (2g) vith respect to p sholvs that (29) has a rninfmum

valueif 
1+ e-zp[up-d--2n1 =ot

orfon q>>p
p o å rn(zq). (5Õ1)

As an example, if the length of record. availablet

Tr{ r wene J.Q ¡¡6v¡ T¡¡ ehouLd. be chosen about T *tu

the expected. value of the square of the inad.equacy of the

correeted. moiLelr âs measured. by the e4pression ( 29) t is about
*21 "ocg%.

The value of (29) Ís, in many pnactical cases, not

very se:rsltlve to that of pr Thllg-for Q = 100 and.

p Ë Z the value of (2g) is o.ol+7 
ffi"*n"reas 

for I = 1Oo and

e,^
p = J it ís 0.042;#.

'os

-p-1--l--glt.q. q. zpq, P" t,**-#-e-,P(z+tðc o'
=æ-ltõs q-



87,

uor (t, w u) Is wi) os(t,wi)

Mq (t,w ¡)

t s (t, w¡) oy (t, w¡)

(t, w i) Oc t,WL

FIGURS 11 . II,T,USIRATING MODET., CORRTCTION VüHE$T SYSTMI INPUT fS A
RE.AJ,TSATTON OX' -4, ffPE Xr PROCESS
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5-2 Inout erived fnom Gauss l\{ankov DFocesg¡ S

The case of a system input Is(trwu) which is a

reallsation of a t¡¡pe X1 pnocess is consj"d.ereil in thÍs

section. Such an input may be generated, by operating on a

realisation, lila (trwt ), of an S.G.M.r Ma (trw)¡ having

autoconrelation func'bion ff "*l"l . The sltuation is

lllustrated. ln figr 11; the transformations I, and La

being chosen so that

rs(trwr ) = lr[uo(trwi, )]

and Ma (trwü ) = L, [I'(trwt )].

The existence of these transformations was cLlscusseil in

chapter J.
If the parameter q" is chosen lange enough then¡

as lllustratecl in flg. 11, |t rnay be expecteil thåt the

expreÊsion

prnoroc(")+Pì{ar'g(-r) ;Tà or (s.sz)

will be a goocl appnoxinration to the convolution

i¡¡r (r) 'r' wr(r) i $.lz)
where UI1(r) is the weighting frrnetion conrespond.lng to the

transfor.nation f,r. As explalned. pneviously the frequency

response fr¡nction correspond.ing to L1 1s

"*-4 {kt); ( 5Õ4)

whene {(u) W, is .ttre spèctrum of. rg( trvr). and. r/(ø) 1s free

of poJ-es and. zeros 1n the l-owen hal-f plane. Ït follows from

(¡t+) that, in general,
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89.

(r.ss)
CXåoo

The pnoblem of estÍnating the convolution (ll) fnom

a finite length T¡ of the realisations Md(trwu), Os(tr*t)

anil OM(trw¡, ) 1s id.entical to the one d.iscussed. in the

previous sectlon; proviiLing ït¡C(t) iu replaced. by the con.-

volutlon
ritlr(t) ,,,T¡a(t).

\ryith this ehange the expresslon (27) applies to the present

case. The val-ue of the parameter rrarr used. 1n the assunrption

(ZA) must nolru be based. on the convolution of Wt(r) with the

e4pression ( 15) i this Value wiIl, in general, be smallen than

one based. on Uir(r) only. The resuJ-ts of the analysls foIl-

owing the assunrption (ZA) shoì¡t that the smaller the value of
rrarr the greaten must be tTre lerrgth of neeord., Tnr to give

the same mean square inad.equaey (27) in the eorrected. mod.eL.

It may be concluiLed. that, in general, the 'rwhiterrr the lnput,

Is(trw), the smaller is the lerrgth T¡ required. fon the

same impnovenrent 1n the mod.el.

The foregolng appnoach to the pnoblem of this section

leacls to an estimate of the convolution (Sl) from whic|t

VfC(t) may be estinated. if this is requlrecL specificalLy.

On the other hanil the relation
Tc = r,[r,r[u, ]]

shows that the eonrection to the moilel may be Íncor-ponated. as

the transfonmatlon eorresBond.irrg to (SZ) in series wlth the

knoWn transformation T.,. If it is necessary to eStirnate
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cLlrectly the mettrod. cliscussedt in sectio[ 4.1 and-

illustrated. by flg. 7 may be useal. Io this case WC(t) fu

estinated by eorrelatlng Iüd ( trwU ) with

o"(trwu) = T.[or(trwu) - om(trrvr)] $.16)

provid.ing the latten exists.
The mean square lnaÖequacy of a mocLel cornecteit 1n thÍs

TVay is, as before, the expecfed' r¡a1ue of

+ /Ji or,r-x)[vrrr(x) - rivr(x)1[vr.(r) - nE(r)]¿x¿r, (5J7)

where

ïir'( t) = Rúoror,(t) + n;oro1(-t)

*fto,0"(r) = # /î* (t-r,urtr )0"(t,w¡ )d.t,

=O

=O

=0.

,LÞ0,

t<
0 < r ( Tmt

r >'Im!

o<r<r(ø)t

r > 1(o)'

,

*l,o,e1(-r) = # /i- (t+r,w¡ )0"(t,ws )at,

The 1Ímlt of tlris expectation as d' tencls to oo may

be d.enivecl in a similar way to the expressions (16) to (27).

It is again tTre su¡n of three tenms, vi.z'i

ffr{"-x)wr(x)utr(r)axar; $ú6)
' thftrm rm

ï"þ ilort")(1,-v)(tÅ-v)po"(v)avt 
( 5Õ7)

"f"/t, 
fi'or,r-x) /"tt,t-u)vu.(x+v)w.(r-v)drdxitr. 

(s'fi)
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The eontribution Ge1 is dr-re to the truncation of Vltu(r) at

r = T¡¡ . As sho\¡'In in üre append.Íx, the erçression (ll)
appnoaches Tm

mlrn as TÁ ancL T¡¡¡ appnoach infinity ln
remains finlte; i.¡eer fon lange fÁsuch a rvay that T¡

mtrn

Gl) rnay be approxinated. by äl tðr. There does not seen

to be any useful slmpliflcation of (¡A),
5^ã Sewer.cl Jnnrrt end outnut samnles

,7c

If thene are sevenal- input and. output sanplee available

fon nod.el checklrrg they may be treated. in the following way

whicfu is very sinllar to the prevlous tneatment for one sample.

T,et the lnputs to the linear system TS whose weight-

ing function 1s of the form (Z.l)¡ 1.e¡

vtls(t) = rirtr(t)esJt r Re(u¡) <

$.zg)

=O t(Or
be neallsatlons of an S.G.M¡, Mn (trw), whose cornelation

firnctlon 1s f; "*ltl. T,et there be a mod.elr TMr of thls

system, whose welghtlng frrnction \ltt'(t) fu of a form slmilar

to (lg). Suppose there are avaj.lable I sets of recordee

the lth set conslstlng of a finlte length lnl from the

reallsatlon M6(trw¿) and. the eonrespond.lng outpute¡

or( trvru ) and o*( trwu ) r fnom the system anit noÖel. Consld.en

the case of large q, whene the error in the weighting

function of the nodel is estimated. as

11
wo(r) = (r3rtÁr )-1 uln rÁi l\fror es(tr*t ) * Rúono.(-rrwr )J '

where as before:

( ¡.40)
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u¿ ( t-+rw¿ )oc( trws )atr o < r ( Tm r

, T > Tmi=0

*fnors.(-rrwr )= fr- l:n'M¿ 
(t+r¡wr, )oc(trw¿ )at, 0 < r < r(a)r

= O , T > T(a);

tlm T(ø) = o,
0l'Ðoo

TÁr, is the length nemaining of the ith sample after dis-
eaniLing sufflcient to ensure that the effect of tnansients

set up 1n the output, %ul(trwL ), is negLigib1en It wi1l be

asÊurrÞd that TÁ¿ ) Tm r all i.
The e:qrectation

ttññ puo(î*x)[tru.(x)-rrrru(x)][ wc(r)-wu(r)]¿xar (¡.1+t )

muet be caleulated.. this calculation is sinilan to those

previously canried. out except there are now terms of the forrn

-. fo f*
"tJJo 

p*cr,(r-x)n,{r,r,{¡nf*ore6(rr*u )Rínorsç(*r*J )¿x¿rl (g.t+z)

[*f ^ tn- j oJ o 
,Mo. .-x)TÄ¡n¡i¡ nInoiøroc(îrw[ )V,,roror(xrw.r )d:car] .

The synbols w[ and. wJ ane here to be lnterpreted. as

polnts 1r" two sinilar probabllity spaces liü¡, ancl 'l,¡tr¡ . The

expectatlon is to be taken wlth nespect to the pnod.uct space.

Fon¡ 0 ( x ( Tmr and., O ( I ( Tmr the required. expeetation

is given by

¡: [Rilro, s6( rr*u )\1,o, o.( xrvr; ) J

_r I lTr{r._
=uL,rç,.,r, 

J o un ( tr-rrwt, )oa( tr r*, )atr/T*'*n ( ts -xrw¡ )oc( ta rw¡ )dtz l
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= tt#t-.,i:*u1r'{lE[Nra (t1-+rw¿ )0.(rrrwr )Ma(ts-xrw¡ )or(ta rwJ )]at.at,

= 

"*-tïi:* 

t 

/Ï' pruro, s6( r)R¡oo, oc( x ) ¿tr dta

= P*aror(")R*oroc(x); ( 5J$)

slnce the rand-om va.riaþIes d.efined. on ITU and. VfJ are ind.epend-

entfor t/ J.

Hence the erçnession (42) equalsrfor i / Jr

Ëm Æm

J;'/;'p¡¡o(r-x)ráurñ¡p*oror(")R*o,os(*)dtor.. 
(¡.1¿r)

The ltnit as e. tenCl.s to oo of the expectatlon (l+t) now be-

comes the sum of the f ollourlng terms.

"# Ë/i*o 
( r-x )r''r. ( x )vu, ( r ) o:car

fco

= /ov%t"lo* 
. (5.40)

r* drm- r,irn 2 I I puo(r-x)wr(*) [puoros(")r-t'ø¡oc( -r)laxarøæ Jdo
rTm

= -2 /o %(x)dx. (r.ue ¡

I y'I'm rTm I I
rin( rl*rÁ r )-' J o J o 

puo( r-x ) [, 1,. j ?rr'i u rr{l pso, es( ")Ryo, oc( *) J arox

r'Tm

= /o %(rc)drç. ( 5,47)

(.
L

mlrÍl r,)-2mrm t #fT n'oc.m,rn
I(>

tî,=l.I

1
Þ6c

1 FnrT I
r( 

, J,.*Á , f , |.o" 

i o( ,3,.rÁ r -ry)Tvc( r+y)ws( r-y)dyar .

( r.4e¡

The thnee terms (4¡), (46) and. (l+Z) tosether contnibute

( 5.49)
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I t¡¡?(x)drc;
lm v, rfll

i.êr the amount clue to the tn:ncation of þ(x) at x = fm.

The for:rtTr and fifth terms arlse only frorn the expectations

s[Rí,rorsç(rr*r, )Rúoroa(xrwl )J for i = i

and. are therefore the sum of 1 sinilar expressionsr one for

eaeh sample.

As in thre case of one sample thls erçression may be

.stud.f ed. fr-rrther by making the aesunption Vúc( t) = ke-ât

and. vuriting

êTm = p and.

1
a il, 1r{r, = Ç1.

The ex¡rression (41 ) when d.ivid.ed. by tõS then becores

i# ti, * * - rh - .-2u(, * *- + - å - rh - å)1. (5.50)
uii

In most applications the inequalities q >> p >

q >> 1 will- hold. and. in such cases (fO1 is approximately

,7c
'os

p +,J + "-2P).
(s.st )

For fixed. q the ilerlvative of (ro¡ with respect to p 1s

zero 1f

1 + u-2n(4p -ry - 2q.) = oq.

i.êr poåln2q. (S.Sz)

Comparf:g these results with the resul-ts for one

sample, (30) and, (Zl), it appears that 1n general thene 1s

little to eÏroose þetween 1 samples of total effectlve length

\ q.
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Tñ and. one sample of length Tú. In the fonmer câe€¡

howeverre more of the total length of record. must be d.iscard.eiL

þecause of transients set up ln the output of the mod.elr

the above d.ieeussion assumes that Tfr¿Þ T¡¡ fon all
samples. Or:J.y narely, lf at a1lr woulcL samples of such small

length that Tr{U ( Tm be used.; the analysis could. be extend.-

eil- to cover sueTt cases if suclr an extension ìruere useful.
5.lr Correction by iteration

The d.Íscussion. Ín the last section nelated. to the

case whene a]-l the available record.s Tvere used. to estimate

the correction, Vì¡C(t), to the origina). mod.eI. A:r alterrn-
ative proced.ure is possible, vLz. €âch set of necond.s is used

to ad.jt-lst the model- before pnoceed.ing to use the next set.
If there are 1 sets of recond.s there vrill then þe 1 su.Gcêss-

ive corrections mad.e to the mod.eI. The eonvergence of such

an itenative proced.ure is now discussed in thre case of a sys-

tem lnput, Ida (trÌv)r whlclr is an S.G.l,[. havirng autocorrelation
fnrrction $ "nl"l anil d. 1s arbltrarily large. It is
assumed. that each set of record.s is obtained ind.epenilently ancL

the panameter T¡¡ is the same for each iteration; the method

d.eserlbed at the beginnirrg of this ehapter coulil be useit for
d.eternining a value fo r Tm .

Tret

f u#,(x)ax - K,
lrn vrrm

anil Iet an effective length Tr1r, of the input Ma(trwt ) ¡"
used. in malcing the lth ad.jr:stnent to the rnod.e3..

Then accord.ing to the expression (27)t the mean squarìe

error in the output of the nod.el after the first ad.Justrnent,
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when averageit over atI possibilities for Ì[1 1s,

* *{-rnÍ

* Hry-rni

ft'l
Iñ- Tår

%c * f-i;p /î/.',t,4 rts )w.(r-te )vrrr(r+ts ) [ at" dr+K

'ðc * th iî/",,%{"-r") * r%( r+ts)at,¿r + rç

, ,l^ t2T
noc * th jo"'Jo g(v)avdr + K

fir;'õ.

To- ,.,-"
1Á2 " 0c1

+ I(,

Denote by o6U the nean square error in the out-

put of the moclel after this fÍrst ad.Jr:strnnt and. consÍiler the

situatlon after the seeoniL ad- justment.

[he mean square erron 1n the output of the mod-el

after this seconrL ad.Justnent when averaged. over all poss-

ibilities fon w2 is
+K.

This expression when avenaged. over all possibllitles fon ïr1

is

Thus the mean square error in the output of the mod.el avenaged.

over all posslble ind.ependent choices of the flrst 2 sets of

neeord.s is given by (SZ).

Pnoceeil.lng by ind.uction, after the lth comection

to the mocLel the mean aquare error 1n its output averaged- over

all posslble lnd.epend.ent eholces of the first I sets of

necond.s is
( ¡.¡4)
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ffi . Thls e,cpression

( ¡l+) convenges to

unless
1z

as 1 -+ oo pnovid.ing O < i < 1.

/lc\
\%-'/

Thls iterative met'Ïrod shoulcl not then be used'

Tm nay be dtosen such that:

< the requfued. value of tlre inad.equacy ã;

-2axdx

Êit < 1 all it

However if, for exantpJ-e, T¡¡ nay be clrosen so that
1

l#\' < åÃ,
Y os/

Tm <frrlr{ur all ie

then the pnoced.ure should. be satisfactory.
In some cases it nay be useful to d.ivid-e one set of

neco,'eils of long length into two or more sets of shorten length

anil use an lterative proceilure. Consicter fon exarnple the

problern d'iseussed. at the end. of section 5"1 and' take

af,{ = e = 1OO and. a$m = p = 3. The valr:e of the nean

square inailequacy after cornectÍon u.Slng this one set of

recorils was found. to be appnoximately O'04 tõC. The para-

neten K 1n thls case is
lft(x)ox

e¡z

Ë',

r,
a

= o. oozï nlc,

The length Tá may be d.ivided. into

lengths, but at each d.lvision an amount T¡

1 eqtral shorten

("uy) must be
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il.iscard.ed to allow for transients in the mod.eI and. to

ensure the record.s are 1nd.e¡lend.ent. Hence ttre length

of the shortened. necorcLs will be

rÁ (r - 1)T,
I

and the parameter J w111 be

21T'n
rÁ (1 - 1)rm

2Ip
q- - (1 - 1)p

103 - 3L
6t

¡

The fol-lowlng table gives the value of the expression

(¡l+) ealculated. for some vah:es of l-.

Table 2.

1

2

3

4

5

6

7

B

{0

o.o6Tzoa

o.o1 yic
0.0090-ðc

0,ooBaõc

o.o08o'ðc

o.01øðc
o¡ o1 tto-ðc

o,ozyzoc

o.r 5 rôc

Clearly there is a ôistinct ad.vantage in d.ivldlng up thls
long neeorcL of effective length TÁ lnto for-¡:r on five shorter
lengths and. conrecting the mod.el þy iteration.
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n. ñ.,CorrectÐns invplvlns $enenalised' f.unctlons

The wonk of this chapten may be extend.ed. to the eaae

of tr.ansfonratlons [S and. T¡¡ wlrose weigþting functlons

lnclud.e the generallsed. funetíons d(t) and its d.erivatlvos¡

It would. be meanlngless in suctr a case to eongid.er an lnput

which is a neallsatlon of an S'G.M. rrhose autoConrelatlon

fr:nction 1s $ enlrl and. then aI1ow the parameter ø to

appnoach ooi the mean square outputs "õSflã¡¡ 
and.¡ pnobably¡

nlC would. also appnoach oo¡

However the general case of an input lr( trwu ) whi'ch

1s a reaLísatlon of a t¡rye X1 process and for whÍch the

mean squareg of the correspond.ing outputs are finiter presents

no d.ifficulty. The weighting fr:nctlons corresponding to

tlre transfonnations Ir1'Tgr T,1'T¡¡r and f-.,L'TC ' shown on

flg. 11 wilL alI þe of the elcponential form (3rt7,

Accordingly the first method. d.eecribed' in section 5'2 may be

used. to estlnate the effect of flnite sample length on the

ad.equacy of the correcteil mod.eI¡



1 00.

CTIAPTM 6.

STATÃONARY T,INEAR SYSTEM AI{D IIIIODEI

REC_oI{D.S Iff ,ITH .ERRORS

In this chapter tTre effect of enrors in the necond.s

of Ir( trwu ) and os( t rwù ) are eons 1d.ered., both in the

case where these neeord.s are of unllmlted. length and also

1n the case where the length of the reccrd.s 1s flnlte.
lhe other assulu¡ltions of eTrapten l+ are netalned..

fhe situatlon ls represen.ted. 1n fig.12 where;

(") tr(trwl )r the system inputr is a realisatlon of a

ra¡rd.om proeess of t¡æe Xr i
(¡) TS ancl TU are the system ancL rood.el conponents;

( 
") Nr( trwu ) and. No( trwl ) are neallsations of ranclom

processeÊ of t)æe X1 which appear as errorsr or

nolse, in the necord.inge of tr( trwu ) and. Or( trwi ) ;
(¿) bI and. bO ane constant bias errors lntnoducecl ln

the necord.ing,

6.1 Recond.s of unlinited. lonsth

Suppose¡ flrst¡ that the necord.e ane of unllmited.

length, the welghttng functlonc¡ correspond.lng to fg anil T¡,t

are of ttre e:qronentiaL fonm (3.1) utt¿ the bias errors bt
ancl bO are bottr zero.



lflE utYl

os (r , wL)

os (t, wu) * N6(t, w;) + bo

t.(t,w¡) + tt1(t,w¡.) +bt Oy (t, w¡)

FIG{JRE 12. B],OCK DIAGR.AM ITLUSTRATING R.ECORDING ERRORS
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I

Is (t, w¡)

TM
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Accord.ing to theonem 6 the enror 1n the welghting

fi:nction of the mod.el 1s the solutlon of the tViensp-Hopf

equation

/iorfr-x)uu(x)ar,= e¡rsç(r), r> o;
JO

where ptrOC(t) :,u the cross.conrelation funetlon of

ta( trwu ) anil the d.1ff erence, oa( trwt ) r between or( trwu )

and. O*( trwu ) in the absence of necordlng errors. Howevêr¡

owing to the orrons i[r(trwi) an¿ No(trwu) tn tne necorils¡

neithen O-U) nor n-r.r(r) may be caleulated. exactlyr

unless centaln inforrnation concemlng these errors 1s

ava11able. If these eruors are lgnored and. correlation ls
carnieit out as befone, the quantlties

et(r) + Purrr(") + Prr*r(r) + nr-(r) (6'1 )

anc[

p1,ss(r) * pNr,oc(r) - I7r,n1('-*1wr(x)ax 
- Jit*,r-x)5(x)ax

+ pNlrwo(") + prrno("), ( 6'2)

w111 be obtalneÖ instead of nr(r) and Pargç(r).

Clearly some }cnowled.gq or assqmption, concerning the eorrela-

tion fr¡netions involving ltr( trwt ) and. t'io( trwt ) r 1s

nequired..

lhe following assumptions, whleh are not irnrealístlc¡

will þe mad.e in this eection.

(") It wouId. be surprislng if the pnoeess NO(trw)

were correlated. with eittren IS(trw) or Nï(ttw).

Accond.lngly it $ril1 be assunecl that
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Ptrno(") = o*rrivo(t) = o. (6J)

Sinee these are the only terms involvlng No(trwt)

ln (t) ana (z) it follows thatrund.en thls assump-

tion, No( trwt ) maY be lgnoneÖ.

(t) tr'on many neconding d.evlces it. will be safe to

a$sume that the error in the reconcl 1s not correl-

ated. with the signal belng record.ed. or with necond.s

of other quantities. Accoröingly it w111 be

assumed. that

PNrrr(r) = Pr.rNr(r) = PNrroc(") = o' (6'4)

(") It will often be satisfactony to assume the spectnun

of NI(trwt) to be suffieiently flat thatr with

negligible errort
Íoo

i [p*-(r*x)+pn-(-r-x)] h(x)drc = r2rç(r)r r )- 0 i
Jo (6.5)

wher"e ¡â 1s the height of the spectn:rn of

Nr(trw) at lovr frequencY.

Consid,er norrrl the case where Is(trwL ) = Ma (tr*¡, )t

ire. a realisation of an S.G.Mr t4¡hose autocorrelatíon

fu¡ction is ff e-alri . For large ot the eorrection ,5(r)

teyr as before, be estirnated. þY

p\xoror(r) +P*argr(-r), (r> o)'

If the expression (Z) is used. as an aBproximation to this

quantlty, thene ,J'¡i11, und.er the above assunptions, be an

error of -aÊtç(r) d.ue to the presence of the noise

The resld.ual mean square error in the output ofNt( trwl ).
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the correcteil mod.e1 will then be

ñJ-"(r-x)r<2\1r)t<2tri*,(x)arox 
(6'6)

= k4 tlmes the mean square output of the orlginal nod'eI orr

approximatelyt

k"rðs. ( 6,7)

since ¡a ie the natio of thre power ilensity of

N'(tru¡) to that of Md(trï'r) at low frequency 1t willt in

most cases, be much less tlian oïIêc The error (6) nay then

be so small that it can be acceptecl; alternatively a know-

Ied.ge of ¡a ¡¡ou1d. allow a simple correctíon to be nad-e to

the estinate of Wa(r).

A sü¿ilar result is obtained. if the input fr(trwU )

1s a reallsation of a type Xl process which is rrwhitened'rr

to an S.G.IÂç having autocorrelation function $ "-alrl ,

before recoriling. Ae illustrated. 1n fig. 13, provid-ing the

realisations olf ( t rwt ) ancl 1[ oS( trwg )] + Ng( trwi. ) exist,

an estimate of Wa(x) nay be obtalned. by cross correlating

the necord.eö ttwhitened.t' lnputr Ma ( trwU ) + N1( trwU ) r vrlth

the d.lfference between the recorctecl, rrwhltenedrr systen outputt

L,lo'(trwi )] + N'(trwl)r and- the output of the mod'el'

OM(trwU)r to the recorileil, rrwhiteneclrr lnput. The nesult of

thls cross conrelation w111 be, r:nd.er the above assumptionst

PMo, o"( r) - /oî*rt 
r-x)vit*( x)dn;

where or(trwr) = a[oa(trwu)l - tM[Md(tr*l)]. The erron

ln the estimate of Wr(r)¡ d.ue to the record-ing erlrors, ls

then the same aÊ that obtained. for I.(trwt) = ì,[a(trwU).
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If the v'reightlng fr-mctlons eorrespond.lng to

TS and- [U 1n f ig. 13 contain generalÍ-seil functions then

the quantities T,[os(trwu )J + No(trwù ) and o]r(trwr ) may

not exist. To overcome this difflculi.,y a sr*ltabIe trans-

fonmation La nay be placed. in serÍes with TU so that tTre

welghtlng function or- the pnod.uct transfornation lr'Ttrd

has the erçonentlal form (f .t1. The output of the system

Or( trwu ) should- then be transformed. by the prod.uct trans-

formation L,'¿'L lnsteacl of 1, as shown on ffg. 13n A

pnoceilune similar to that d-eseribed. above w111 then lead. to

an estinate of the rveighting frinction correspond.ing to the

prod.uct transformation T,a'TOO.

Tf the I'rrhitenÍngrr is carrieÖ out aften recording

then the transformation T, acts on the necorlling errors

NI(trwu) aniL N'(trwt) as well as on the syetern input

and. output. The previous results would- st1Il apply if
the recond.ing errors could be replaced. by r..,[Nf (trw¿ )] ancl

t[No(trwu)]. However these two expressions may not exist
as nealisatlons of a type Xl process, in which case

eoruesponðing practical d.lfficul-ties will also arise! €.S.r

if IS( t'w) has spectrrrm s-(o) = L6$l' and.

Nï(trw) has spectnr:.m tæ{71, the fne

functlon correspondfng to T, w111 then be

quency responÊe
a( ß + irrr)g

d,+íu
so that t,[X.(tr*U)] is not a reallsation of a tlæe X1-I

process.

This d.ifficulty rnay be oveneome by mod.ifyfìg the

transformatlon T,. One posstble mod.lflcatlon, which is
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lllustrated. ln f1g, 14p would. be to rnod.ify IJ to I€ such

that

r'[rs(trw) + N1(trw)] = t{o(trw); (6'8)

this wilt þe satisfactory provid.ing Ls [NO(trw)] exlsts.

Unct-en the assrrmptions (l), (4) anA (5)r of this seetion¡

the existence of a¡ Ls satisfying (8) may be shown in

the following wâV¡ The spectrum of the proeess

fS(trw) * NI(tr*) is the Fourlen transform of its conrela-

tlon fi:¡tctlon

n1.(r) + prr*r(r) + Pnrrr(r) + pxr(r)

whieh unclen the assumptionr(4), of thls section

= prs(r) + e*r(r).
The spectnu:n of thls sum 1s, therefore, the sun of the

spectna of IS( trw) ancl NI( trvu) which rnay þe wnltten

(tfreoren 1) as the natio of two polynomlals in uB with

real coefficients aniL no zero} on the real axis, This

spectrurn ilrâtr thenefore, be factorlsed. to the form {(u){@),

whene Ú(u) has all lts zeros arrd poles above the neal axls;

these polee a¡cl zenos are elthen imaginany or occun in pains

of the fonm a + ib, and. -a + 1br b >

shown in theonem 1, Ú(u) may be written as the natlo of

two polynornials in (iol) with neal coefficients.

L,et T,s be the tnansforrnation whose frequeney

response functlon is V6 ffi then

f,rIfr(trw[ ) + N1(trwt )] is a rea]lsatlon of a process which

exists anil has epectnun
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a

Hence thls tnansfornation T,s satisfles the eqr,ration (B).

As lllustratect 1n fig. 14r the output of the systent

after recorillng and' transfonrning by Ls ¡ is

r," I os( trwu ) + Ne( trwu )] .

Assr:.nlng thie erçnession exíste 1t is eEral to

r,u (r*[ rs( trw¡ )+N1( trwù )] )+r* [no( trwt ) ] -r" (tr[Nr( trwt )] )

= Ta[Ma(trwr )]+r*[no(trw[ )]-r*çnrlsr(trvrr )l)' (6'9)

The cross correlation of the input to the mo¿el, M¡(trw¡),

wlth the d.ifference between thÍs erpression (9) an¿ the

output cf the mod.el naY be wrltten
pM*,oI(") + p*,,rN2(r) * PMarNS("); (6'to)

where, for bnevlty, the notatlont

o"(trwt) = (rs - tu)[un(trwt)]r
Np ( trw¡ ) = r* [no( trwu )] r

It" (trwr ) = fa(rrlnr( trwr )] )r

has been lntrocluced'.
TJnd.er the previor:s assumptions 3), (4)t (¡)t that

vanious cross correlation tenms are zê?oe the expreseion (to)

beeomes

Ptûoro"(r) - PiqrgS(r)

= Prcator( r) - P¡¡ r¡4( 
r) - Rp 

r1q5( 
r) ;

whenet

( 6.11 )
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N (tr*u) = r,s[m-(trwr)J,

N4( tew¡ ) = r,g (r*[nr( trwü )] ),
N5 ( tew¡ ) = ro çrr[u-( trlvL )] ).

In ord.en to proceed. as above the connelation funstlon

n*r(r) must be known and. thenefone the expressÍon ASrX¡¡*(r)

may be calculated. and. a]lowed. for in (11). The thlrd. tern

fn (tt ) lnvolves the r,:¡.lknown transfonnation TCr but as

shoïyn bel-ow an lteratlon process sueh as that d'escrlbecl ln

theorem 7 wÌIl eonverge.

Aften a11owlng for pfVr*4(t), the conneetlon maile

to the nod.eI welghtlng function 1s

Py*ror(") + Pyaror(*) - c*r*r(r) - Prrrlq5(q), T > ot

so that the error nemalning is
wr(r) - pgaro"(r) - Pyoror,(*) + tr¡r*5(r) * Pnrn5( n),

T>O¡

The r.eal pant of the Fourler tnansform of tþ1s qr.lant1ty le

n(ar)[r - sn(ø) + s*(or)l

wheno n(or) is the neal part of the frequeney responge

firnctlon connespondÍng to Vfr(r). Ar argument slnilan to

that used. in the pnoof of theoren 7 now shows that this

Itenatlve pnoced.ure will converge pnovid'ing

f r - sn(a,) + s*(c.,r),1< 1. (6,12)

"'o"= ::l;l ] 
totii,,,, ,- sa (0,)

\ü(') + sr(ø/
(ø)

Sn (ar)
a) + d
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the cond.itlon (tz) 1s theoretically always satisfleil.r

6.1.1 eond-s u¡i th blas errors

where b is this constant €rror¡

finite because

This expnessi-on 1s not

A common tyrpe of recordlng error Ís a constant error

or blas. As shown in fig. 12 the record.s of lnput and- out-

put ane, in thls case, of the form Is(trw[) * bI aniL

Os(trwf ) * bO whene bt and. bO are constantg. In the

case tU( trwU ) = Mo ( tr*t ) .t estirnate of Wr( r) baseiL on

the correlation of Io(trwt ) * bI with

os(trwi) + bo - t¡llrs(trwt) + br] will be

p'oror(r) * Puoroc(-") + 2brb; - ztr'/*wr(x)ax'

since the length of each reeord. ls unlinrited. then each bias

may be cLetermined. and. an allowance mad.e. If thls is not

iLone then lVr(r) as estlnated. w111, d.ue to bj-asest be in

error by a constant. Pnoceed.ing neehanically this will
prod.uce a mean square error in the cornected. mod.el- of

* 
IJ7,*o(r-x)arax

ño*-,r-x)dx=1-tu*'t
Howeven ln pnactice the estlnate of Wr(r)

so that this estlmate 1s zero for I ) Tm

expnession (te) then beeomes

rTm rTm
o' 

/ o' J o" 
o*o( r-x)dxdr,

(6.t2)

T>0,

woulcl be tnuncated.

( u"v) and tÏæ

(6.ß)

whictr ls finlte ancl approaches b"Tm as cr approaches oo¡
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Q.Z- ¡'ipite l.enFth records with eF

In thls section the work of chapten l, d.ealing with

finlte length record.s, is extend.ed. to ta]<e aecount of errors

in the necorcLs. The ease in which the following assumptlons

hold., is consid.ered. in d.etail.
(.) The system component TS and. the mod.el component

T¡n þoth have weighting functions of the exponent-

1al- form (3.1¡.
(¡) The system lnput is an S.G.!I. Mc(tr*) whoee

autocornelatlon flrnctlon 1s 8. "-ol"l .

(") One set consisting of finlte lengthsr Tn, of

necorilings of the real-isati on Ma ( trwg ), the

correspond.ing system output, OS( trwu ) r anit

mod.el output, O*( t rwü ) I is available f or nod.el

checklng. The length of the record- of oM(trwt )

is red.ucecl_ to Tn, when sufficient to allow f or

translents has been iliscandecl.

(¿) The errors in the recordings are pontions of

realisations of ty?e X1 rand.o¡n processes

NI(trïv) and No(trw) together with emal-I

constant blases. These biases vary wlth each

realisation 1n such a way that for eveny choice

of ir, lz and. Js the normal rand.om varlables

ua ( t¡ r rw), Nr( tJ a rw), No( tJ a rïv) r tr(w), lo(w)

are ind.epend.ent and. have zero meafl¡ This assunp-

tion, which is similar to that mad'e in seetion

(6,1 ) 1s neasonable in nany practical câsêB¡
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( 
") The corneratlon functlons R*r( r), R1¡g( r) r and'

the vaniances nll, nXO, are knovYn.

The recorcls available f on moiLel ehecking are e thene

flnite lengths of the neallsations

Mo(trw¡,) + N1(trwr) + br(wu)r (6'14)

trlMa(trw¡.)] + Ne(trw[) + bs(wt)r (6.15)

and ronlua(tr*r, )] + ro,lNr(trwr )] + rrlbr(wt )], ( 6't6)

fon one realisation, ïvü r of the rand.om processes

Mc(trïv)' Nr(trw)r tr(w), No(trw)' to(w), For the present

punpose nr(w) and. t.(w) rnay be consicl-ereil to be ranÖom

processeg whose reallsations a1.e Constants, 1.ê" ind'epend'ent

of t. Tt w111 be convenient to consid.er the vector procesÊ

having realieation

5( trwu ) =

ili¿ ( trw¡ )

iVr( trwt )
br( trwr )

oc( trwr )

wo( trwu )

bo( trw¡. )

tton( trwu )

bM( t rwr )

t
( 6.17)

( 6.1S)

( 6.19 )

( 6.zo)

oa(trwu) = (rs - t*)[ma(tr*¡.)],
NM(trwu) = - Tlf[Nr(t'wu)1,

þM( trwu ) = - TM[þr( trwr, )1.

where
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The followlng table ctlstlngpishes conrelation func-

tlons whictr, und.en the assumptlon (¿) above, are lctentically

zeror from those whlch are not i a ticlr mearrs pfr¡(r) * Ot

a ctash means p¡r¡(î) = O.

Table 5
h12

J
tll^l

2J
3-
4J
5

6-
7J
B

The quantlties o 33u) , and P 66?)

=O T

678

Ì
^l

t

^l

t-

I

^l
I

^l

J

ane to be interpreted.

r whil-e e3gþ) 1s

are

Ã

l

l+

J

J

3

J

^/

as tßf ancl nlrO for all values of

also lnd.epend.ent of T and equal- to

--f r/.--r-( y)¿v.

The d.efinition of R(rrw¡, ) anit n'(rrw¿ )

extencleit eo that fon h = 112¡3, and i = 4 - B:

nír¡( rtwl) = # /:^'fn( 
t-r,wr )f J( 

t,w¡ )at,

nå¡(-î,wrl= # /o

0 < r ( Tmr

( 6.2r )

t , r ) Tm!

fn( t+rrwr )ç j( trw¡ )d.t, o < r < r(o) t
(6.22)

, T > f(a);=0

n
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where

and.

and.

lin T(c) = Oo

The elpectatlon of

then equal to
3B

h=1 j=l+ j

fn( t'wu ) f ¡( trwu ) ane components of Ê( trw¿ ) r

üa@ 3

)
-th

B

¡1+ 
*å¡(lrwt ) * 4¡(-rrw¿ ) 1s

ph (r)+p (-r), Ocr<r(o),hj

3Bi>
h=1 i=4 ¡rd

0 , T ) Tmo

For large ct the eruore \(r), 1n the weightfne

function W*(r) of the mod.el may be estirnateit by cross

correlating the erpression (14) wlth the d.ifference between

(15) and. (16)' arrd. then compensattng, where possible, for
the errors in the reconils. The quantities requÍ^ned. are

ptrîorga(r)+pMørq6(-r)r o<r<T(o)t

P*oroc(") ' 
T(a) <r.(Tm!

they may be estlnatecl fron the iLata anCl. the glven correlation

funetions ast

3838
nir ll,**ír¡('rÌvù 

) + n[¡({rwL ) - 
n'=, ¡>=itpr,¡("1 

+ R1¡( q)f 
'

("r*u ) - nn¡(r) '

o<rçt(a)t
(6.2r)

r(") ( T ( T¡¡o
3

h=

B
>RJ.

j=4 nJ
3B>, >,

h=1 j+
The d.ashes on the sunmations, E'Xt,

is to be onltted. from the surunation.

lnd.lcate that Pt+

The quantÍties (4)

n¡¡(r) excePt

1

nay be courputecl since all the requireil
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0 < r ( [¡, andl

In the lntervals¡

pt+ are kno'vvn or assuned. to be zeto.

In ord.er to iLetenmine the mean sguare inad'equacy of

the cornected. mod.el the expectation of

ñ/ir" ('-*)[wr(r) - lïE(r)][r¡¡c(x) - wr(x)]¿rox (6.24)

must be lnvestigated., where wu(r) is siven tv Q3) fon

fon T< 0r and. r>T¡.tVr( r) = o

O < 1( T¡¡, O ( x ( T¡, the exPectation

nInfir( r)n;1(r) I

may be writtenr ras 1n ChaPten 4r

t C-#/, /.^t"( 
t,--r)f ,( 

t, )fo('b"-x)fr( t' )at'at'

= ïTþ/noÄoonr(")pp(*)at,at' + +

t ir'i fr'{. TT-hJrjo /o 
pr,r( tz'tt+r-*)p lr( ta-tt )att¿t, + +

1 Ê'{ ÊÅ* (tfr)"J o J o 
prrr( t2-ta+r)n ¡¡(t2-t1-x)dt1d't2 G'25)

= prrJ(")pr.r(*) + o'ther terms. ( 6'26)

This nesult 1s true for all hrk ( 14), and' Jrl (U-e¡t

pnovld.lng the terms involvlng bï, bo and. bu are interpreted.

ag above.

If the othen tenns in (26) were not present, 1¡€. if

E[Rir(r)n;r(x)] = E[Rlrlntnit(r)] r

then the ex¡reetatlon of ( 24) wouldl equal

ffor.,tr-x) [wr(r) - n[wu(r)] J [ur.(x) - r[wr(]c) I ldrctx

whlch, as d, tencls to oor aPProaches
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(*)a*; (6,27)

i.€¡ the mean square error in the output of the corrected'

mod.el d.ue to the tnrncation of the estinate of VUa(r) at

î = ll¡¡r

In this lfuniting case where q, approaches oor the

eo¡.trlbutlon to the mean square error anising fnom the othep

terms tn (26) may 'þe written as the linlt ct '+ oo

/î /i puo( "-*lJ=,,åu i., rår*+"fi0/iopr*( 
t2 -t1¡r-x)n ¡1( tz-tt)+

+ + Pm( ts-t¡+r)P¡¡( tu -tr-x)i[t¿d'tsd'xd'Í'(6.e4)

The parameter t(,x) appearing in the estimate (4)

of ljliC(r) has, 1n thls case, been given the value zeno attð-

aceord.fngly the tenms in ( 23) wåth negative arguments have

been oruitted.. These tenms may be of lntenest in othen cases

d.ependirrg on the value of uue

The mean square enror in the output cf the cornected.

moilel novy conslsts of the eontnibution (27) d.ue to the

tnnncatlon at Tm plus the DorL-z€lro tenms ln (28), These

latter terms will be consid.ered. ind.ivld.ua11y.

If h I tr and. J *,L thene are 6 non ze?o terns¡

eo.ual ln pairs and. eoruespond.ing to the subscripte shown 1n

table 4.

rOO

i*å
rhrm



Table 1+æ

172
2l+1
183
341
283
372

Correspond,lng to the snbscripts 1

there are two terms i vlzz

4

7

l+

B

7

B

1r2 t4 and- 2e421¡7

118.

may be lnten-

is an even

,

ld-J Ë puo ( 
"-- ).1o/i* 

Äo 
o,. ( t, - t, +r) p z a( t, - t, -x ) at1 d tp drirx'

rTm rTm
u'a fU o J o 

puo( "-")frid:^ foo 
0,, (t,-t¡+r)P+,' ( t, -tr-x)at¿ dta dîdr.Ê

Slnc e

Funthen the vaniables of integnation t1

changecl, as al-so maY x and. T since

nnr(r) = Pjn(-r) the second. of tJrese terms nay be wr.itten

Hf,' /Ï o*-, "-" ).,1'Ao 
fon 

0,,( t, - tn -r) p t+( t,. -t, +x ) atr otÊ dîdrc,

and. tg

Pmo( r-x)

t #î/t, o*-,"-")¡¡nl.)'/TÄnt'" (t,-t,+r)ps, ( t,-t"+x)at,dt'2 dxdf
funetlon. HenCe these two tenms are equal and- their sun is

which, as in the append-J-x, is ectruaI to

rÎm rTm ¡ fTl
z #i /i o*", "-")fd)"i' 

n 
( tÅ -tu ) [ p ** ( tg +r) p2z ( x-tu ) ] ¿t" d:cd'r +

rTm l'Tm

+ , H5o jo puo("-")fr*f/Ï(r,{-t" )[pr*( r-ts)p"(x+ts)]¿tudxdr
(6.29)
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2 fT* fT'{
= f#lo J o 

' (r,{ -t" ) [wr( ts+r)pst (r-t" )+\{6( r-io)prr(r+ts i ] ¿t" er.

The tenm correspond.ing to the sr:bscripts 1r4r3r9 is,

slmilarly, twice the limit d -+ oo

/:'/:'puo( "-")Gbr/T [0r," 
(is-t¡+r)p, 

" 
( rr -ta +x)atl d tp dxdr,

which, since Pse is constant and. equal to *årfr**(y)av,

becones

--i-(ñ,,*c"l-")çrþ/i* /î , rÅ -ta ) [Tic( tu +r)+ïrr( r-t" ) ] at' ar'
(6 Õo)

[he remaining term correspond.ing to the subscnipts

2t7 ¡3 r8, is

- -*r(ñ* ( 

" 
) .ÐfrÍ;p./ 

-J 

/i ( r,4 - tu )r p,,( t" +r) +p, t (r-t ") I at" ¿r.
(6 31)

If h I k and. i = I thene are no non zero terms in

(ZA); lf h = k and. t ll there ard again no non zeto terms

in ( ZB); it therefore remains to consid.er the terms for which

h = k and. j = 1.

fn the case h = k = 1 there is for each iri = 4-Br

the ter"m

33[i /î o*-, "-")rnl]P/l*/îr-"( t, -t,+r-x)p¡ ¡ ( ra -t, )atnat2 d:cdr,

and', acconcling to equation (5¡22) and the append-íx' these

wil]. stl¡l to

itt¿. *'ft0 *'f,0 *'ísM * "3*)' G.sz)
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h=k='lThere is also tlre ad.ditlonal term (5123) when

ancL j=1=4rYiz,

*#"/î /"c 
t* - ts )ïttc ( r- ts)t''r, ( r+ ta ) d' tu ar'

the term

In the ease h = k = 2 there is fon each Jri = l+-8r

ancL the sum of these five terms 1s

(6,11)

( 6.¡4)

Hil:'i|'o*.,"-")*;'/:o/Toorr, 
te -rr +r-x)p¡ ¡ ( tr -ta )d tr dtz ilxdr

I .t 1T¡ ¡1¡{ ¡Tfr

, i.rîfrP J;" J;'J ;'pr,tr 
( tB -tr )p¡ ¡ ( tz -tr ) ¿tr at" ar

rTrl

ÉiþJr (r,{ -t" )n*r( ts )P¡ ¡ ( ts )dt" '
B

j=4

There is also an ad.d.ltiona] tenm when i = 1 = 7t viz.e

the lim1t as cf, .+ co

In the case h = lr = J there are the tenms

rt*"Ä'/:'Puo( "-")/T fo^ 
o" ft'-tr+x)pz o ( t" -ta +r)d tr dt¿ dxdr

= GÍ3n.ft" /:o/:*t " (t'-t¡+r)Pz' ( t"-t' +r)d t1d t" dr

= ffili/:-(rÁ-tu )p,,(ts+r)pz,(r-tu)at"ar' (6Õ5)

, !*'i, l* ii /î 0r,.,"-")¡f¡'/|Å/i*0., ¡ ( ta -t. )ot,dta dxdî

= W ,i./:o/lno,¡ (tB-t,)at,at,

- -,irt: 3, Ito (*å-ta )p¡ ¡ ( ts )dr" .= GÐr Ênl o
(6J6)
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tr,on the two caees J = 6 and j = B thls expresslon (i$)

slmpllfÍes to rrtlflåo and. rrøårff;wr^tv)dvl2 nespeetlverv.

Again there is an ad.d.itional term when J = B, vl-z.

di fo' o** ( 
"-- )rrÍT'/io iio t" " 

( t, -t a +r') p s" ( t' - t' +x ) at' dtz dxd r

= r,o-fir[/in-,y)¿y]". (6.tt)

Many of the expressions (29) Gø\ are stil1 qulte

Complieated.. Fr¡rthen slmBlifleatlon 1s possible in cases

where suitabte assurnptions are appropnlate. For example

lt may be appropriate to assume that the process NI( ttw)

is rrwhite'r of power d.ensity k? over a frequency nange

wid.e enough that the following approximations are useful

pzt(r) =-rfvrl*(t)r t>
pnr( tB -tr )pt¡ ( La-tt)¿tt = k?4 ' o <

Urrder these assr.urptions the e:çnessions (29) ße1 beeome

( 6.lB)
(6re)

(6 Õza)

(6 '.¡ta)

Ffp, fl lirn -tu ) [i,v.( te +r)\.¡M( r-ts)+u/6( ?'-ts )w*( r+to ,, u*î 

î,,*^,
--erÜ î*- t v I av)¡d;"/i /:- ( t* -tu ) hïc ( tg +r) +vrc ( r-t",, uu, 

ll;0,,
+zri#?(/o'*f*, 

", ÐGf,"/î /Ï . r 4 - t a ) t uç ( ts +r ) +.h ( r- t',' 
îl . lî;,

Ëf-t'õ. *'ft0 *'åo *o-lr* 'åu )+

Gfo li /r,to-t" )w.(r-ts )wc( r+ts)dt" dr '



122.

Uå* ('ðc * 'fio * ,Xo * o-lTM + øfy ) .

ffi /i-[,tn-t" )w*( ts+r)ih( r-ts) dt"dr.

Tl:.T,^ trÅGTf Jo' 
(rÁ-ts )eo.( t" )d't".

ffiJP Äo,rÅ-ts 
)n*o( ts )d.ts,

t'øåfllo .
(6.36c)

*ïþ /io,r{-te )n**(t, )dt". (6,36d,)

r6
T¡¡ r+,rl / wrr(y)ay]', (6Õ6e)

vÄ Jo ¡r¡

r¡ 'irtñ**(v)ovl' . (6J7a)

For the purpose of estimating the effect of reeond-Íng

errors these expressions may be rearranged. in the following
flve categoriee.

(1) Those whlch are present when there are no recond.-

lng errors, viz. ¡

tl %t' (6Õ8)

Z lI^ rT

Cfi"/ o"'J o( 
rr{ -t" )wr( r-ta )iür( r+ta )d'ts dr. (6 Õ9)

(fi) Those whicrr contain the neeordlng erron NO, viz.¡

(r +]cî,fttft', (6.1+0)

Tl:.5^
GT]r

(6.3t$)

(6 J5^)

(6.16a)

(6.16u)

(6.41 )/T,rn-t. )pno( t" )dt" .
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(fff ) Those vrftrieh contaln the recorcllng erron b'r vtz.t

(t +k3)ffirgo, rc.42)

nrn øBr nlo. rc'lú)

(fv) Those terms, not alreaily contalnecl ln categorles

(i) (r:.i)r urfrlch contaln NI, vIz.,

d#/i /iC 
t,r -*, ) t w. ( tg +r )\¡Iu ( r-ts ) *% ( r-ts)tç ( r+to 

I IAî
ù#4t /lqt r )." hrfi,"/:' li ( t,4 - t" ) [ w* ( ts +r ) +\ ( r-ts' 

I lÏî'
(r + k?,) äf rft, + x? (ffi)('äc + crfs) . (6.r+6)

fffi 1î[,rÁ-ts )tç(tu+r)ïu*(r-ts )]atu¿r' (6,t+7)

Tlt r^ ï-rb" /î,rÁ-ts ) n*(.", ul¿.*l

(v) those terms, not already contaLned. in categorles

( i) ( in), whiclr contain bI r Tiz. ¡

-24, t f;ik C 

" 
I urf çrfp/h /io, * 

* ts ) t w, ( ts +r ) +'luc( "-tu ) I ¿tu ac

( 6¡4e)

( e .¡o)ir "ru rn,

ã3r r' ely /; (î,{-t, )n6o( tu )¿t¿ ,(6.5't)

2rr4r[ fu¡rn(v)ov] " . çe .zz)
"*JO*

Thetermslnthefirstcategoryhavealread¡rbeen
oiecussett in chaBten 5 . Bhe slgnlflcance of the terns
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1n the other categories may be estimated. by conparing then

wíth the lcnown quanti.ty tõu = jj*n, t)dt. All these tenms

may be calculated. from the glven data exceptlng (44)r (49)t

(¡f) and. portion of (Ue1; estimates of these four quantitles

nay be nade using the assurnption mad.e in chapter 4r viz.

the error in the welghting fr-lnctlon of the moclel- d.ecays wlth

the same time constant as th,e welghtlng functlon of the

mod.elr

The tenms in categories (ii) and. (ffi)r 1¡êo those

which are zero Íf there are no errors in the reeord. of the

systen output, are fewer, easier to calculate ar¡d., 1n genenalt

of less slgnificance than those in eategories (1v) ana (v)'

If there were no errors 1n the record.ing of the system

lnput" i.e . 4t = dlif = O, then the nernaining terms in

categonies ( il) (r), vlz,, äfttíro + øßo), would" in

general be less than the term frl "ðt 1n categorv (i)'
On the othen hanfl the terms in categories (f.t) ard- (")

remain, even though the errors in the record.ing of the

systen output are eliroinateiL.

If the bias error in the input, þï, is zero then

all the terms in categonies (i) (") approach zero as the

length of reeoril TÁ â oo¡ However the terms (l+Z) an¿ ( 5z)

are independent of îÁ and. pnoportional to Tm ! blas

errors in the recond.ing of the input thenefore requlre

speclal consicleratÍon when Long lengths, fr4¡ âre avail-

able for correcting the mod.el. A bias in the record'1ng of

the systern output neecLs no such consld.eratlon'
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In section 5'1 an elq)resgion (5131) leactlng to an

optlnum value of T¡¡ for a given TÁ Tyas d.etenmfned..

Bhe pnesent sectlon coulit þe exteniled. along those llnes;

but 1n practf ce it wíll ugually be satf sfactory to d.eter-

mfne T¡¡ from (5Jl) and then compare the ad.dltionaL tennst

categories (if ) (.t), with those alreaity taken into accountt

categony (f ). If any of the ad.d.1tfonal terms are signfflc-
ant it may be neeessary to revise the value of Tm.

This chapter may be extendecl along the lines of

chapten 5 to coven the two cases:

(.) I'(trï'r) 1s any true X1 rand-om processt

(t) nore than one set of reconiLs ane aval1ab1e.
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CTTAPTER, 7.-...,..-.-

uivconnor¿rep wi,grpry ræ

AphysÌcalcomponentmayhavemorethanoneinput

and. output. f11 ord.er to chal'actetize such a component as a

system, a nur.lcen of transformations must be known, sj'nce the

relation betv¡een the systen inputs arrd' outputs will be of the

form

,.3- to 
¡r<[ 

rs¡( t rwu ) ] = os 
r( 

trwu ) ; (l .t)
k=1 ù

where each of the n inputs ISO(trwf,)r as operated. on by

the appropriate tnansforrnation tSJO, provid.es, in generale

some contrlþution to the output Orj(t¡w¡). A nod.el of the

system w111 then involve corresponfllng transfonmations

Tl¡jt ; the task of ad.Justing such a mod'eI will involve

ad.Justing these t*jO.

The follow1ng nestnietions apply to the problem

dlscussed. ln this chaPter:

(t) the eystem components fSjL al1 have neal

weighting functions of the forn
t

,ljk
n
>P

1=1

s- ..
(t) e rJK

whene the

(¡) the mod.el-

weighting

PIJk(t) are PolYnomlals in t;

components TUJta af1 have real known

functions of the form

arjk(t) u"'io*, Re (r1ik) <
m

1=1
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where the Aljk(t) are polynomials in t;

(") the system inputs are all realisations of type X1

rand.on processes;

(A) one set of record.irrgs of portions of the inputs

rsr.( trwu ) r and the outputs os i( trwt ) aniL

o* 
¡( 

trw¡, ) are availabl-e;

(-) the Ínputs are not cross cornelated', i'er

ptstorrsl(r)=0.¡ r.lr.

This problem may be recluced. to one of those already

eonsicLered. ln previous chapters. since it will not be

necessary to d.istinguish þetween the system outputsr the

subscrlpt J w111 be onltted. when used. for this purpose;

e rBr ln ta ¡o, t* ¡¡, o, j( trvu[ ) n

7 .L 
-Err-or- 

É-c-e-e r^gggfgs of-@!t e4- fglglh
If thene are no record.lng errors and. the reeord-S are

of unllrnfteÖ 1ength then

*!r,tro - tv,r)[ruo(trw¡)] = or(trwu)r Q'z)

whene OC( trwu ) = OS( trw[ ) - OU( trwt ). MultiplyÌng each

sld.e of this equation by ISf( t-rrwtr ) and. takÍng ex¡recta-

tions yield-s

*1, 
(tro - r**.) [nrrrrrsr( r) ] = Prsr., oc( ") ,

This beeomes, since the inputs are uncorrelated-t

(trr_ - rl¡r)[nrrr(r)l = Frslror(r)'

r > oi

(l.t)
so t'ltat Jirutr-x)lv.r( 

x)dx = Prsr, oc( "),
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m-rF-tF'cr-'sl-*M1'
Equatlon (l) is the Tui.enen-IÏopf equation al-reaiLy cliscussecl in

chapter i+.

7.2, F,econge gf fln*.te-1sr¡Efh

If the record.s are of flnite length thenr as rl'Iith a

single Ínput, the ailequacy of the cornecteiL nod.el w111 vary

wlth the lengths of the record.s aval]able for nod'el check-

ing. The case consld.ered. here 1s one where there ane no

necord.ing ernors and., for each kt

rsr.( trw) = MoL( trw),

1.er an S.G,M. of zego mean and- conrelatlon fqnctlon

ff"-or I t I . The weightlng function In¡Ot( t) correspondtng

to the transformation T rrl -T 1s then equal to
c1 S1 M1

, r>T nl

and.

where 1l[

where I1nor*

I1m puolrocr(t) + Puatrocl(-t)t t' > o;
Ct't+oo

where ocr(trwü ) = Tcr[Mor(trwu )].

The recond.ings avalLable may be used. to calculate, for

eaeh 1r the quantltY 
m,

*'*orrss(r,wu) = *h/;Mor(t-rew¡)0.(t,w¡)at, o < r ( rul,

128.
(t) is the weightlng frrnction eorrespond.ing to

_/l
- 

v,

o t

Rhorres(*,*r ) = r+/:Áuor{t4r¡w¿ )or( trwu )at, o < r < r(or),

r > rçar);

n(ar) = O, and. Tfi ls the effeetive length of



129.

the necord.s after d.iscard.lng sufflclent to allow fon trans-

ients in the output of the rnod.el; Tnl may be chosen d.iff-
erently for each TCl.

Since

Rúorre6(tr*r ) = Rf¿ørrocr(rrwü, *o2rnfiør¡.cr( r.wL)¡ (z'¿+)

then

E[Rúorres(rrwu ) + n;o.ros(*r"u )J 0.s)
= p*olrocr(") + Pgølrocl(q)¡ 0 < r < T(or)t

ancl p'o].rgg1(r)r r(øt)<r<TmI.

Hence as o1 tend.e to oo the ex¡rnesslon ( 5) approaches

war(r), o<r(Tnr.
The adequacy of a rnod.el sonrected. in this way will

now le investigated.. Since the lnputs are not eonrelated.

with each other

= *l*tð,o'n7c (t.ø¡

Equation (e) nay be rewnltten in the form

oc( trwr ) = ocr( trr¡uü ) * 
uÌrocr( 

trw¡, );

whence 0r( trwu ) nay be interpreted. as the cLifference between

reeord.lngs of OSf(tru¡[) and. Omf(tru¡ü ) where the record. of

osr(trw[) rras a reconding error of

ated. wi ttr the input Mof ( trw¡, ).

>0
ßlL

( trwt ) r:nconrel-
CK

The present problern is therefore ld.entical to that

consid.eneiL in secti ott 612, restnicted. so that
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Nr(trï'Ir ) = br(trwu ) = bo(trwü ) = N'(trwü ) = b*(trwr ) = o

and.

No(trwr) = o2, 
ocL(t¡w¡).

Hence it nay be d.ed.uced. from the results in sectlon 6.2 that

the mean squane inad.equacy of a moiLeL ad.Justed as above wi11,

as o1 approaches infinity, contain the following tenns.

Q.l)

( z.e¡
m

mJ-ñ7-rn ,tðc
Í

n

" ock
T

mJ-ñ7-rnk

úT A*lr,-n t" )w.r( r - ts)w.r(r + t" )dt"dr. (t.g)

If the caleulation is nepeated. fon each lnput then the mean

square inaCLequacy of the components of the model- contribut-
ing to tJre pantlculanrroutput d.iffenence¡ OC(tr'w[ ), being

consid-ered. w111 be >
1_4¿-l

f*rr, (*)¿r. . þ 'ðc * 
"å"i:"/o{r,i-t" 

)%r( r.,ta)rr't.r(r+ts )aÈ¿r.
It'r

'mI (7'to¡
As 1n sectlon 5.1 it may þe useful to approximate

Wrr(x) þy kro-alx and. end.eavour to d.etenmine a crlterion
fon each Tnl assuuing Tñ fixed.. ttrnitlng

alTnr = Pr'

"tTå = 81,

and. substitutlng in (tO) glvesr âs 1n sec'bion 5.1r
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,i, t'ðr, u-4r..6. þa.rtü - ,U" &,r,-e rj pI-q-q
(7 ,tl ¡

Diffenentiatlng (tt ) with respect to P1 gives

+5. *'ðcr e-Z'''çs i )'
which is equal to zero if

.4t =5g(, .4 _ 9\*, ( 7.12)
"oc \ e1 \L/ r

or pI o å ro Cät-¡. ( 7,t3)

If one is prepared. to make a f\:rther assunptlon coneenning the

ratio 
# 

then expresslon (tz) or (lÐ nav be used' to .eten-

rolne a useful value of Î*t for a given Tr{ . Those mod.el

components ïvhich contrlbute most to the lnad.equacy wlll t'hen,

neasonabLy enoughr reggive the most attention. 0n the othen

hanil argr fon which ffin, * 1 should. not be adir¡stecl.

Thls dlscussion may be extend.ecl as 1n sectlotr 5.2 to

coven the caee of type X1 lnputs.

In thls seetion aL1 except one of the mod.e l- outputs lrave

been tfeated. as a neconcl.lng err¡ropr In nany cases the genulne

record.t¡g errors w111 not be inpontant 1n comparlson wltlr thle

term; lf neoessary they may be d.ealt wittr as 1n sectiot:r 6.2.
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C}TAPTER B a

soME ÐFERIMEI{LAI. 9oNFIRIvISFIoN

$çerlroental vyork to conflrm some of the preced.ing

theonetical results has been carried. out using analogue

conputing equlpment at the Weapons Research Establishrnent,

Salisbury, Sorrth Australia. In ad.d.ition to stand.ard.

computlng eqt'.lpnent for lntegrati-on, ad.d.itlon and- nulti-
pIlcatÍon¡ the rnurtl-channel oigital to analogue converter

IDAC proved- very useful in t|ris ìi'Iork. IDAC will convert

up to 20 charurels of d.iglta} d.ata storecl on magnetic tape

into voltages whlch appear at each of the 20 outputs of the

nachine. These voltages nay be changed every

Thusr given any bould.ed. fr¡nctlon of time f(t),
output Vo(t) may be obtained. from ÏDAC which'

ft secona.

a voltage

apart from

a scale factor, is a step fr:netion approximation to f(t);

êrgr vo(t) = f(å'), ft* t .lft
where n 1s a non-negatiVe lnteger. This converter is

fully d.escribed þy Dr:¡¡e lSll . In the experinents to be

d-escribed. herer IDAC was used. in the fo]-lowing way to

generate synthetlc inputs to the system and- modelr

Rand.om numbers fnom a population nonrnally dlstnibutect

with ze?o mean and. generated. using a methoiL d-escribed by

ßaussky and Tod.d- [¡¿+], u¡ere stored. on the magnetlc tape for
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IDAC. Each IDAC char¡ne1 contained. the Sane nr¡mbens, except

that they wene d.lsplaced so that the voltages Vo(t) anit

Vo(t-î) ïuere avallable sinultaneously at the output of IDAC

fon a nrrmben of values of ?'¡0 ( r < 5 ' As ex¡llafnecl' later

this facíIlty was extremely useful for cornputlng points on

the expeninental crross;conrelation f unction *iUrga(z).

The output, Vo(t)r of rand.om numbens fnom IDAC was

assuned. to be portion of a reallsation X(trwi) of a station-

aqf nornal process having zero mean and autocornelation fi:nc-

tion
o-2a (, l-rl\r) , l"l ( r,

=o , Itl >r;(8.t)
where

f equals the constant step length, i.". $ second, anil

"Z ls the variance of the rand.om nr¡mbene. This autocorrel-

ation f\rnctlon may be d.erivecl by a methocl slnilar to that

d.escnlbed by Solod.ovnikov lZ6reó105], for example. The

cornespond.ing spectnun,
rT

zl rz ( I - *) ses úvrdT
Jo "' 'L-

,

1s almost flat fon lanl < ti ln partículan for l,l <

1t lies between 0'98øåT ancL nZT.

If X(trw¡) fu openated. on by a tna¡sfornation whose

weÍghtlng fi¡nctlon is o"-ot the result will be a nealisatlonn



rS(trvrrü )r

134.

of a statlonary normal procesg having spectnurn

rfit eins( )

)
( 8.2)

(

Apant fnom the scale factor nZT this expresslon d.iffers

from the spectnr-Ln of an g.G.M. havlng autoeornelatlon f\rnctlon

$ e'o-lrl by <

For the erpenlnents iLescriþed in thls chapten the

quantlty

r^(t) = [v"(t-x)toe-1o*dr.Ð' Jo

was uged. as systern input. lhls q.rrantlty uÍas assumed. to be

Bortion of a reallsatlon of a statlonary nonmal process of

zero mean whieh d.lffers from a Marl<ov process 1n epectrum

and. other chanactenlstlcs by amounts which are r:nlnportant

fon the pnesent erperimentg.

Two experlnents wil-l- be d.escribed.. The finstr whictr

conflnns that the guantity *úoroa(t) * {,orOr(-t) may in
some cases glve a better estimate of the weightlng function of

a systern component than d.oos *úor.a(t) aIone, was also used,

to check the experJ-mental nethod.. The second. anit main exper-

lment confirms some of the results of chaptey 5 using ân

electnomeehanical servomechanlsm as the physical component.

8.1 Ercoenlrnent '1 : companison of cross conrelation a'oprox-

fuoatiggg to an e.rcpgnential weiehlinq fu&qtlop

8.1.1 Objects of the exÞeriment

(i) ro show that *írroc(t) + nirroc(-t)' (t > 0)'
pnovliles a better estimate of the weighting



]Ilrc( t) than does RÍsroc
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( t) 1n thef,unctlon

case 3

(u) rs(t)' the system input, is generated'

as pneviously descrlbed. in this chapter;

(t) ulc( t) = e-t, t )- o.

(if ) lo checlt the usefulness of the equatlon

p = f rn 2q, (s.zl)
and. the e4presslon

-2p

( iri. )

cLenived. in chapter 5, which relate the quant-

itles Tm, TÁ and. the mean square inaiLequacy

of the corrected. nod.el.

To check the exþerimental technique.

8.1 .2 Method.

The cornputing r:nits ïvere interconnecteiL as s,hourn in

fig. 15. Each of the outputs Vo(t) ana Vo(t-?') fnon

IDAC was applied. to a filten, having fnequency response

function ffi6r to produce the system lrrput IS( t ) ,

aniL lslt-"). Ts(t) was then appliecl to the system whoee

welghting fqnctiOn ïvas e-t and. frequenèy response f\rnction

¡fr6 to pnod.uce the system output OS(t). Tn this experí-

ment there ie no nod.el¡ 1r€. OM(t) = 0, anct thenefone

oc(t) = os(t).
The tr¡ro quantlties OS(t) and. fa(t-r) u¡ene then nultiplÍed.

together and. the result applled. to the integraton, aE shournt

"þ
"os

l'*1
[+

+e I (s.lo¡
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vo(t) Is (t) (t)

T'IGT'RX 15. BLOCK DTAGRAM OF COMPUTEiR TÌfIERCONNECTIONS FOR Ð(PERIMET{T 1

0

lo + it¡
lo

I DAC

I
l-+ i1¡lO + iuJ

ro
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A continuous record. of this guantity was d.isplayed on a

d.igltal voltmeter which was read, at 3 second.s t 1O3 seconcls

and- 2O3 second.s af ten the conmencenent of each run; the

thnee second"s ïvere allowecl for transients to d-1e out.

Pen recordings of the quantitles Vo(t)r rr(t)r 0S(t) and

# /trt r-r) or( t)at

to glve

ïuere taken throughout

recond.ing of the last
8.1.3 Results

The main data

1n table 5, where for
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the experlment. A portion of such a

three quantities is shown as f1g. 16.

obtalneil from the ex¡leníment are shou¡n

each of eleven values of T the otrtput

l- fÏnt /+-.¡.1r
10 JO 

*S\ - . rOC(t)d.t is shown fon T¡ = J secqr 1O3 secs,,

and. 2O3 second.s. The quantítles 1n tTris table have unlts

of voltz secorriLs. In ord.er to estimate the systeur welght-

irrg function their vaLue at 3 seeonils must be ded.ucted. from

those at 1O3 and. 2O3 second.s and. the nesult d.ivld.ed. by a

scale facton. This scal-e faetor is the pnod.uct of the

follouring quantÍties :

(") ,Zr -- # = 4.88 voltzsecs.;
(¡) the gain of the computer = fo;
(") the tlme of integnation = 1oo or 200 seconds.
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Table 5

-o'30
18- 6

115"8

69.5

68,3

55,9

4l+'o

41 '1

21,6

11 '¿t

7.7

-o'25

-0.1 0

0'OO

0.1O

O,25

0'50

o.75

1.OO

1,50

2.0O

3'oo

0

o'l+

o'¿+

o.6

o'7

0.6

o'l+

0.6

O,2

Or2

0.1

O.20

10'o

24-g

37'5

37'3

31'9
20,7

20'O

11,6

5,5

5'3

# /:"rr(t-r)oo(t)¿t at valuee or r¡ =



1 l+0.

The scal-e factor is therefore¡ numerically, \B'8 for 100

second.s lntegration timer aJld 97'6 fo3" 2OO second's integra-

tion time.

lÏhen ad.Justeil in thls vray the d-ata proviiLe the

quan

and.

tities *Í.roc(r)
*í.re.(-r) for

for some T in the ranger O ( I -( 3r

T = Oe O"1O anil 0'25, Tables 6A arrd

6B show the quantities *Í.r0.(r) * Rísroc(-r) aniL

RÍs 
roc( 

t), for the values of T covenect by the expenÍment

and. the two integration times of 1OO second-s and.200 seconlsn

These results are also shown on the gnaphs, figs. 17 and' 1Bt

one for each integration tlrne. Eaeh graph also shows cunves

fon e-', the system weightlng function, and. calculateit

values for PMoroa(r) anil PMoror(r) * Piltoroc(-); whene

Mn ( trwt ) is a reallsation of the stationary Gauss Mar"lcov

process having correlation function E, 
"-ctltl, a -- 1o's an¿

oa(trwu) = [o,t'(t-xrw¿) 
e-xd:c.

8.1.L Discusslon

(i) Clearly the first object has been achieved. since

for val-ues of T where *Írr9g(-r) is signific-

ant, i.ê. T = O and. T = O'1s the values of

*Í*ror(r) * RÍsroc(-r) are much closer to

those of e'T than is the value of nf*roa(r)

a1one.

(rr) The equation p = ! l-n 2q (5,31) gives values

of p=2'65 fon q=1OO and- P--3 for

Q = 2OO. Since the time constant of the
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Tab1e 6A,

Table 6n

*Í.r0.(r) * RÍsroc(-") *Í.r0.(r)

0'50
o.76
o,75
0.64
e.42
0.40
Q'23
0.11
0.'10

0

0.10
o'25
o'50
o,75
1 .00

1 .50

2'OO

5'00

1.O0
o. 95
e.76
0.64
o.42
0'40
o.23
0.11
0. 10

*íurot(")

Integratlon time 10O Secs.

r 1n Secg.

0

0.10
O'25
0' 50
o.75
1.O0
1,50
2. OO

3'O0

o, 92
O. BB

o. 68

o,56
0.46
o'41
O'21
0'11
0.08

0

0

0

0

o

7o

46

.69

0.41
O'21
0.11
0.08

'56
,46

Integration time 2OO Secs.

r Ín Secs.
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system weightlng fr.¡nctlon 1s 1 seconcl then a

value of

T¡1 = 2'65 seconils eorneeponds to Tñ = 100 s€cond's¡

anal

Tm = J second.s correspond's to T¡{ = 2OO seeond.s!

The eonresponfling 1¡a}ue for the mean square inaileguacy

of the cornected utod.e]. as glven by

r?

"tr 
(Y * "-'n) (sro)

- 0'042 fon e = 10ot

ancl O'O23 for ç[ = 2AO¡

Arr uppen lim1t to the lnad-equacyt
1
2

-A ,

of a rnod.el based. on the d.ata from thls experiment

nay be found. 1n the following ïtrâfr

rJ?,(r-x) [ e-x-wr( x) ] t "-r-wu( 
r) ] ocar

tõs h f,-(') cþl cLø

tõs

-oo

æT
-e-2tr

¡"o slna (+) ^B 4

I -ffiîF "a;æ @ *
1"" \T)

Í2 T r2l+

t_,,* (.eB) 100 1

f-t0ææf Tæ)' dcrl

='# (.es,'i^: e;fu-çffi"1 o,
_¿4
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='# ffi z4nc tan 24 - ft .*" tan 2'4)

= 0.44 råT ,

/J.tr, r-*)[ "-* - wu(x) J [ "-"-r¡¡n(r) J o¡car

*o I*urf'l lo(or)la d¿dr

-co

= fit u-x-wr( x ) ) e-1ffidx ,

( B.¡)

where o(r)

The above exPresslon is therefone

lo(0.,) l'au
-oo

=o'lr fl"-"-*u(*)l'arr. (8.4)a J o'

In the case q = lOOe 1rêr T¡¡ = 2'65 6êc-

ond.s and. TÅ = 1OO seconcls, and for the values of

T in tabre 6A ttre d.ifference |e-r-wu(r)I <

Hence 1n this case the e4pression (4) will be less

than

n^Tlz¡xlo'+ x 2'65+f "-2*o*l
h.- 65

= o.oo9 øåT. (8.5)

fhelnad.equacyofthecorrected.mod.el¡Í.€.one
usÍng a weigþting fg¡ction baseil on the d.ata of tÏtis

experiment should- therefono þe less than

1

(fitff)" = (o'oz)t = o'14; (8'6)

so that ln tlris case the aiLequacy actually obtalned.
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is þetten than that pred.icted. by the expression

(5.¡o).

As nentioned. below the accuracy of the

eonputations fon TÁ = 2OO seeond.s was affected' by

drift 1n the multiplication unit. For thls reason

the èlfference ¡ e-\(r) I is fon some values of
1Tt+T, notably mucTr gneater than the value

obtained. for TÁ = 100 secondLs. -A calculation as

above would. have to be baseal on

I e-r-'5( r) I < o' 1o 
'

which lead.s 1n this case to an inait-equacy of 0'26.

A fairen estimate of the 
!Uort*-wu(x))'ox 

woula be

one based. on Slmpsonrs rule for lntegration, €o$re

filetr"lo-a+4x 1 O'2 +2x21 x1 O-a+4x1 O-a+1 6x 1 O-a ) +

.r 
¿( 1 6x1o-a+4xl o-a+6x1 e-+ )+9x1 o-a

= 0'OO57,

Thls estimate plus /*"-2xax, combined. with
J3

tðS = 0'44 c-!T leaÖs to an inad.equacy in this case

of Ã=o'13, (8.7)

Ihe equatÍon (5.31) and the ex¡rnesslon

(SÕO) appear then to give a useful pned-lction of

the ailequacy of the corrected. mod.el in the present

CâS€ ¡

The eomputlng equipment intenconnecteil as 1n fig. 15

was extnemely useful for this wonk. The uae of a

multlp]ien an{ integrator, together with the record'-

t111/
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ing of the lnput on several IDAC channels, proved.

a most efflcient method. for conrputir'g points on

the requlned. c¡ross cornelation functions. Many

ruethoils fon cornputlng suctr flrnctlons have been

d.escribed [2618116], lZl+rvz76l, Bome simllan to

the one aetr:ally used.. One alternatlve, vtz.e

read.ing the pen recorcls of IS(t-r) and- or(t)t

and. feed.ing these to a d.lgltal computer to cornpute

the cnoss cornelation fr:nctionse was at finst

contemplatetl. tiany hor:rs of wor]< would' have

beerr nequined to pnoiluce the nesrrlts which were

avallable lnned.iately frorn the expenlmental

arrangement, fig. 15,-

The only d.lfficulty encor¡ntened- was some

d.nlft 1n the multlplylng unlt which lntrod.uced.

sone lnaccunacy 1n the read.'ings at 2o3 second.s.

Errons of 3 or l¡ volts are possible in these

read.lngs¡ As a nesult of thls expenience the

tlme of lntegratlon was restnlcted. to 1oJ second.e

1n the seconcl erçenlment. f t was later founil

that thle Örift could. be greatly red.uced. by uslng

a aervo-multipl1er rathen than the electronfc

multlplier used. in ttrls expenlment.

8.2 Erp-e.nimen-t 2: ad.iBÊtlnq ,thp-$gthema-tlca1 nojle] o-f E

gervomechanlsm

Jeets of the exneniment

(i) To d.enonstrate the use of cro6g connelatlon fon

ad.justing a moöeL of an electromechanieal d.evice.

B-2.1
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(ii) To d.emonstrate the ailequacy of a mod.el ad.justed. as

1n (i) aþove.

8.2.2 Method.

The physlcal component used. in this er¡lenlment was a

servomechanisn which, it was known, could. be appnoxlmately

characterlzed. by a transformation having the frequency

response functfon . Thís component was inter-
+ a

connected. wlth the computing r:níts as shown in fig. 19'.

The system input IS(t) was generated as ln experi-

ment 1 and applled to both the physlcal component ancL the

moiLel as set up on the computer. The mod.eI chosen had. a
a

fnequency response function of
espond.ing weighting functlon o

+
-1 ' tf 3'16 e sin

and. a cortr-

o,62t; this
I a

cholce was based. malnly on a d.eeine to ensure that Eiome Sig-

nificant ad.justrnent wou}d. be necessârgr The d.lffenencet

0C( t), b etween the physical output and. the mod.el output was

then nultíp11ecl by IS( t-r) ¡ which was also generated. e.s in
ex¡leniment 1. the result of this multlplieation was

fntegnated to give # /-rtt-r)oa(t)dt. 
A continuous

record.ofthÍsquantityrrvasd.lsplayed.onad.igitalvoltrneter
which was read, at thnee seeond.s and. 1Oi second.e after the

eonmencement of eaeh r'üflo Pen reeond.lnge of the quantities

vo(t)e r*(t)r os(t), o*(t), oc(t) ancl # /trt t-r)0.(t)at
were aLso taken throughout the e4peniment.

8.2.3 Results

The main d.ata obtained. from the experirnent are shown

in fable 7 where, for each otr 16 values of T, the output
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vo(t) os(t)

o"(r)

-f oc(t)
loo

FIGIIR.EIg.BLocKDTAGRÀMoFINÍERCoNNECTIoNSFoREXPERTMENT2

t)

lO + ir¡
ro

MODEL

t5(t - r)(t-r)V

I DAC

lO + iu:
to PI{YSICAL

COMPONENT
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l-
10

( t-r)o ( t)at 1s ehourn for T¡ = J second.s and.
S C

T¡ = 1O3 second.Éi.

Table /

1n secs J second.s 103 sec

In
ï

# i:"rs(t-r)0.(t)at at values or r¡ =

1

E
1_
{0
0

l-
10
I
E

z.

I
1

1*

^7,2

ú
2

,i
4

z
2t

3

0'0

0.0

o.2

o.o

o.2

0.1

Or3

0'1

0'0

0.1

-0' 1

0'0

O.O

0.0

O'0

0.0

-0. 9

-0.4
1'6

5'Ll-

13.9

15.3

13- 3

6,o

2,2

-1'3
-l+'3

-5't
-6.9

-6.7

-5'7
-4'5

In ord.er to adiust the mod.el, the figures 1n this

table at 3 seconcls must be iled.ucted. from ttrose at 1O3 second.s
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and. the result divld.ed. by the scale factor 4B'B as for

experlnent 1. îhe nesult of so d.oing is ghown in Tab1e I
together with values of the weighttng function aften ailjust-

ment 1.e. 3,16 
"-1 

'26'"Ln o,62r * RÍsroc(7) * Rïsroc(-.î).

Iaþle I

r 1n secs *í., s6( r)+nts, oc( -r) Mod.el weightlng functlon

0
J

10
1

E
1

2

?,

I

ú

É
z

1É

2

,i
,L

4
3

0..06

0'10

o.26

o'31

O'27

o.12

0. 04

-0.05

-0'09

-0. 1 1,

-0'',|4

-0.1 4

-o.12

-0. 09

0. 06

O,27

0. 60

0'81

0.80

o'62

0.48

o,34

o,21

o,13

+0'0J

-0.01

-0.02

-0.02

These results are also shown on the gnaph fig. 20 together

wlth eurves of the weigþtlng function of the oniglnal mod.el

and. an estínate of the systen weighting function obtained

ind.epend.entlyr This ind.epend.ent estimate was supplied. by
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staff of the Weapons Research Establlshment;

using a transfer funetion analyserr

8.2.h Dlscussion
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it was obtained.

It 1s clear from fig. 20 that cross correl-ation has

been extremely effectlve in pnovid.ing d.ata requlred. to ad.iust

the mod.el. The inaclequaoy of the mod.el- before ad.justment may

be estimated. in the followlng way. Fon this purpose the

systen 1s assr.med. to have the frequenoy response function
L

-øãËf6i-o:fr ana the lrrput to have speetrum ø'åT 1-#' a

-ðs t
I

=f;r/t 100
1OO+utè

du

d@r (n = 3),

l-
2n To-2

6oo
+

(B.B)u ¡
a

Integrals such as this have been conputeil by Solod.ovnlkov"'lZe},

His table for
I¡ J-

2nt

É-

-oo

where Cn (c.,) = bçQ)4 + bruz * ba r

IIn (ar) = a6øs * ê'aouz * à2ou + âs r

and the equatlon n(a,) = O has all its roots in the upper

half plane, gives

Is=
âqâ1b2

-ê2b9+a9b1

o âOâs -àtàz a

s 
Append.lx IV of reference lZe1, whieh æntains these tables,

states they 
^ou 

"ta,bles 
oånçrr1

ñ I ffiroTffi) dø

-oo
and. d.eflnes Cn(al) iliffenently. this statenent is not eorrect.
The correct stá'Èement may be for:nd. on P.165 of the neference.
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Substituting the values bo = þ1 = O, b2 = 16001t

âe = -1 ¡ àt = -13.4, 8s = 38t, ani¡. âs = 40 in thris expr"ss-

lon for Is yield.s

'ðs =rzr tffi =r|rffi
=0

Sinl
T2l

a

,57 rZI = 2

larly

.8, slnce d1".= 244and.r =#.(8.9)

-co

a

a

2__L-2ntðc dúlr

= 1oø!r *"r
.rco

t.l
aa + a+

Solod-ovnilcovrs fornula for this case, where n = 5

and. bo=br=b+=0r ls
+ I4E_is=æ)

where M6 ned.uces to

4oþz(.o uu -ãta¡)+aob" (-"o astala2 )

and. A5 is equal to

ao 2 as , -2aoâ1â4âs -âo âa âs âs *â9 âs 2 aa+aaz a4B +aaazz as-àLãzâ¿ a'4 t

On substituting the values of the aü and- bg in the

expression

rðc = 100 crår i 15

1t is found. that

øðc = 0'074 o-åT - (8.10)

Hence the inad.equacy of the rnod.el before ad.justment Tuas

approximately equal to 
.r

/g' jl.4\" 
= o, J6 . ( 8.1't )

\o'57 /
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îo iLetermlne the ad.equacy of the mod.el aften ad.iust-

mentrthe new mod-el murst be d.etermlned. conpletely by fitting
some curve to the experlmental poÍnts shown in flg. 20 and

table 8. The followlng proeed.ure was actopted. in the

present case. The form of ttre mod.eI weightir¡S ftrnction,
-ati.e. ke sin bt, was not changed,r but new values for

the pararneters k, a and. b were d.eternined. ln the follow-

lng way. From flg. 20 the first zero of the weigþtlng

function occurs at t c 2'45 second.s ao that 2'l+5þ = lr

i.ê. b = 1'28. The maxfmum value of the corrected. model

w111 clearly occur at about t = 0'625 seconds at which

vaLue
. -at-aK e sin bt + k b u-tt cos bt = Oi

í.e. â=bcotbt

= 1.25.

The value of k was computed. as 2'5 by taking a least squares

fit of the d-ata to a curve of the form

k e-1 '25+' sln 1 '281,

\ryith this new mod.el set up on tJre computer an estinate of

,bC was com¡luted. as O.O1J. lhe ì-nad.equacy of the mod.el

after conrectlon 1n this way was therefore approximately
1

/g:91â= = 0.07. (e.rz)
\2'B )

fhe equation p = f 1n 2q, (5.31) and. the expression

-2is lptt * .-2p\ (5.3o) were used. ln planning the expeninent;tös\q rv 
/

for this purpose the error in the nod.el was assu-ned' to d.ie

out with a time constant f = f seeond.. Equatlon (5Õ1)



1j6.

then glves a value of l¡ = 2'65 seconits and. so the cross

conrelation was not canriecl beyond. T = 3 seconcls. The

expresslon (5.f0) applled. to the pnesent case pred.lcts an

lnad.equacy for the conrected. mod,el- of

{

1
2

lnu*,ro,
r'ut \ 1 oo + '00

{

- /etL\z- \57 )
= o.o8. (8,ß)

The nemarkable agreement between this figune and. the result

actually obtained. ls, to some extent, fortuitous slnce the

aesunptions on whlch (f .rc¡ and. ( 5.31) are base! are not

satisfied. in the present case, However the equatlon (5.1O)

aniL the expresslon ( 5,31) appear to þe a usefur gulcle in
planning work of tTris natune.
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cïrAPrpR 9 a

pISCUSSION AlTp SOME EðITENSJONS 0F [rrE 1'U0FK

The wonk d.escribed. in chapters l+ to B of this thesis

iLeal-s with some panticuLar eases of the general problem

d.etaÍled. in the statement 2.4. Fon these cases the problen

was restrícted. in the fo11or¡¡ing way.

(r) The inputs to the system were realisations of a

tree Xi process as defined. in sectlon 3.1 .

tlVhen mcre than one input was consid.ered., as 1n

chapten I, cross-correlation fi:nctions were

assu¡neiL to be zero.
(¡) The system and- mod.el components v¡ere both requlred.

to be statlonary and. to have welghtirrg functicns
of the form (l.l), viz,e

t'il(t) = r!r"r(r) esJt, Re (u¡) <

=0, t<
In some cases the generalísed. functions d(t)
and. its d.enlvatives were also aIlowed..

(") The errons ln the record.ings of the inputs and.

outputs vreue assuned. to be either constant biases

on realisations of t.læe X1 processes. ït was

also assuneit that autocorrelatlon fi:nctions anCL

othen statlstical lnformation concerning the input
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and. the errors in ttre necord.inge, ane knot¡vn'

Uncten theee restnietÍons¡ urethod's of aclJustÍng

the mod.el have been eonsld.ered. and, in particularr 1t has

been d.emonstrated. that the eross-cornelation teehnlque

il.escribed. 1n sectlon J.1 ís extremely effective fon this
plrrpose. Thls teehnlque has been stuctlect, in consld.enable

d.etail, for the pnactlcaL case of flnite length sanples;

particulanly the problem of d.eten¡¡1ning the effect of tÏtis
flnlte length on ttre ad.eguacy of the cornectecl mod-e].

The nelatlons d.eveloped. in chapten 5t between the Ier¡gth of

neconil, Inr the extentr Tm, of the attjtrstment to the

nocLel- and. the lnad.equaey of the corrected. mod.elr shoulÖ be

very useful in planning experlments to provld.e d.ata for
ad.Justlng a nod.elr It shoulit be noteil that, Ín this
application, an accurate knowlectge of the speetrun of the

lnput on othen pnocesÊeg 1nvolved. ls not nequlred'. .A.s

shovrrn in the erçerlments d.esenibed. in chapter Br fainly
cnuiLe ir¡fornatlon coneenning these qr-lantities can 1ead. to
useful resultst

If sevenal earnptes are avallable fon rnod.el checklngr

then they rnay be used., as d.escll1bed. ín sectlon 5.3r to

provid.e one eorrection to the mod.el, In that case there is
little to choose¡ âs fan as ad.equacy of the connected. nocle1

1s concenned., between sevenal samples of effectlve length

TÅ ar¡d. one sample of the Same effective length. Howevent

as d.lscussed. 1n section 5.4r 1t is sonetlmeet more efficlent
to use an iterative nethocL, even to the extent that a single

long length of recond. 1s d.lvid.ecl lnto sevenal shorter lengthe.
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Recond.lng errors were d.iscuesed. 1n chapten 6.

It was shov¡n that the cross-conrelatlon technlquer with

Bome small mod.lficatlons, couId. also be veny effective
ln the presence of ennors. However a very large numben

of te¡'ms noïv appeareCl in the estimate of the ad.equacy of

the eorrected. moctel. Und.er certaln assumptionsr which.

tt 1s thought woulcL be satlsfleil by many good. record.ing

eystems¡ most of these terms are zèto; these assumptlons

are su-xnnaniseil 1n table 5. The non zero tenme actmit of

some slnpllfication ar¡d. theln lmpontance wllL vary with
the pantieular. applicatj-on. The expnesslons d.evelopecl

in chapter 6 shoul-d. help ln d.eterrninlng the lnpontance of
these terms in conparieon wlth those pnesent in the abeence

of lrnoiserr.

Uneornelated. muJ-tiple lnputs were coneidleredt 1n

chapter. J, where it was shov¡n that this pnoblen coulcl be

neiluced. to one alneady consid¡.ered. in prevlous ehapters.
Each nod-el tnansformatlon may be ad.Justed. sepanately; all
othen lnputs, except the one relevant to the transformatlon

being consíd.ered., may be treated. as record.lng €lrlrorsr

In this chapten some ad.d.itional aepects of the

genenal problen, statèil 1n 2.4rw111 be d.lscusseil in an

lncomplete anil less d.etalled. manner. This d.lscussion

could. be the stanting point fon futune wonk.

9.1 Connelated. stationary urultlole iruruts

If cond.ition (e) of chapter 71s nelaxeit so that the

fnpute to the system may be cross-connelated, then it is no

longer necessany that the pnoblern ( 2,1+) has a unique solutlon.
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For exanple, let the system havê two inputs both ilf whleh ane

nealisations of the type X1 processes, ISt(trw) 8nd.

Ise(trw), such that fon everY w¡,

tst(trwt ) = T1r[rur(trw¡, )]; (g.t )

where I,tZ ls a llnear causal transformation of true Ï.]

whose weighting function contains no genenallsed. functions.

Then any of the systems correspond-ing to real k in flg. 21

have the same lnputs and. output. Any of these systems

which characterizes a pantlo:.1-ar physical d.evlce must, of

course, correspond. to a particular value of k; thi e value

can not hovrreven be d.etermined. from the d.ata available.

If, for example:

(u) ISe(trw) uras an S.G.lvi. having correLatlon functlon

f; u-"ltl , d, Iarge and. posltive;
(t) there was no original rnoilel;

(") the flnst lnput cross-correlatecl with oS(trw¡,)

Tvas rsz( trwu ) ;

then, neglecting the effects of flnite d. and. finite length

of recond, the cnoss-correlation technlque would. yield the

noiLel corresporrd.ing to lc = 0. Similar'1ye 1f thene had. been

an oniginal mod.el such that

T*tIrsr(trwr )J + T,*r[rse(trwr. )] = oM(trwu )r

then und.er. these condltions the mod.el woul-d., aften the finst
ad.Justnent of Tn¿2, have no error in its output, If the

mod.el 1s required. soleIy to pned.lct the output of the system

given inputs satisfying ( t ) then any mod.el f ound. by the above

proceiture will be satisfactony; lte ad.equacy (2.1) woulcl
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t.(t,,wi)

l12(t,t";)

FIq'RE 21 . nLUSttsATINC iTlE CÀSE V\rI{Em TIIE MOD$,
CoRRECÎI0N IS NoT UNTQUT

Tsa

ftz Tst(r - t)r

kf Tst

(t w
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have the maxÍmum vaIue, 1c Nevertheless care vlould. þe

need.ed. 1n uslng sueh a mod,el since its ad.equacy may d-eten-

lorate marl<eilly if the inputs were changecL so that ( t ) was

no longer satlsfiedt.
If the reeord.s ane error fnee and. of ur¡].lmitecl

length then a Bnoced.ure such as that ln sectl on 7.1 yíeld.st

for each 1r the equation
n

*3.(t.u - trn )[prsrrls¡(t)J = Prsrro.(r)r

n fooor *]r/oprsrrrsk( r'x) w*(x)a:c = prstroc("). ( 9.2)

Talcing the Fourlen tnaneform of each sid.e of (9.2) gives

*}rtrrL(,) øo{or) = slror(ø); ( gÕ)

whene the notation has been simpllfled. ln an obvious manner'

lhls set of equationsr one for each 1r which is
l<nown to have one solution of the requireil forrm¡ has no other

solutionsr provid.ing the Hermltlan natrix, whose elements

are the spectnal density fu¡:.etlons Str¡(r)r 1s posltlve

d.efiníte It7rP.1o6] o However the solutÍon of ( z) yv talcing

Fourlen transforms, solvlng the set of' equations 3) and.

transfon¡nlng back is hand.]y a practícal pnopositlon. The

problen 1s only sllght1y red.uced- in complexity if the lnputs

are mod.lfled. to stationany Gauss lúanlcov processes wlth the

panameter d, so lange that
/Ðo
I

/oo-ar-rrsk(r-x)v'¡k(x)dx = wr(x) for 1 = kr

since no such slmpllfication is poselble for I I k,
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On the other hanil the correlatlon technlque nay stlll
be useful in the case of cornelated. lnputs; sincer âs shotrn

be1ow, the ad.equacy of the mod.el is not red.uced. 1f we ad.d. to

the model welghting function, içr(r), the solution of the

ïillenen-Hopf lntegna]. equatlon;
f"o

/opr.r(r-x)try(x)drc=prstror(r)t rÞ o. (g.4)

T,et w'*(*) be the eotution of (4) and. o*(trwu ) be

the output of the moitel when W*r(x) has been neplaced by

\r(x) + !T'i'(x).

Then

o[t trwu ) = os( trwu ) - o*( trwu )

= os( trwr ) - on( trwù , - /irr( t-xrwi )lv'*1*¡arc;

o[(t,wu ) = oc(trr¡ù, - /i.r(t-xrw, )i,v"'(x)dxt

-äc"' = nbc - rl7 *r., o6(x)w*'( *)* . .ffiorrr( r-x)vu"o(*)ïy"'( r)orar.

But, fnom equatlon (4) after nultlprying by TT';'1r) and. integnat-
lng wlth nespect to T,

Ë/irrr( "-*)ui"'( 
*)tu"'( r)axdr = /lorrr, oc( r)u¡* (r)ar,

i.O.

and. therefore

so that

where

råc,,, = nlc - /J.rr.r(z-x)w"'1 
*1u,"'1 r)dxar,

= nbC - rlsl,',;

rsl',,( trw¡,, = /ltrr( t-xrwr, ;vrt"'çx¡d*,

Therefore

rðC"' < rðC and. hence
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n2:':1 æ2 1

1-m)ã>.|-ffiJ=.
If pIStr.r(r) = O, T > O, then there urill be no

lmprovement in ttre aitequacy of the mod.el, since

-qfrfst", = / oprsr, oc( r)w"' (r)ar-

Conversely 1f thene is no lmpnovement in the ad.equacy

of the moiLel then pïSlr'a(r) = Or T > O. Thls may be shown

by consld.erlrrg the equatlon

(r) I É"'(r) l,¿ø = ø!rr'r,,

where þ"'(r) is the Fourier transform of l,v*'("). If there

1s no lmprovement 1n ailequacy then tTSl',' = 0. It fo1Iorrs,

slnce srar(o) >

#/i,,'.

process, that ø"(r) = o.

Ptslroc(t) = o,

Further, since
ntcp.

oc( trwr ) = ,1, Jotrt( 
t-xrw¡ )w¿r(x)d:c,

then multlplying both sld.es by Or(trwl) and taking erçect-

ations yleld.s

*z 
ll footé' = 

'lt /onttt' oc( *)%r( x)¿:c;

Therefore Tri"'( r) = I and. hence, ( 4) ,

r>O.

so that, 1f rf;" I o, then all of the plstroa(r) can not be

zero fon r> 0.

It thenefore seems, that with whitened. lnputse solne

impnovement in the ad.equaey of the rnoiLel w1l-I be achieveiL by

cross connelating eactr lnput ln tr.:¡rn wlth the cunrent Or(t)t
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each nod.el weightlng functlon belng adJusted. before pnoceedl-

lng to the next. Howeven¡ ov€o tfrough the ad.equacy of the

nod.el be lnpnoved. coneiclenabJ.y by tJris pnocesar the

lndlvld.ual nod.el weighttng functlons may¡ at the concluslon

of the process, bear leee resemblance to the connespond.ing

eystem welghtlng fr¡nctlone than they d.ltl at the beglnnlng.

A poselble netTrocl of actrievlng the effect of whlteneÖ

inputs 1s shown ln fi.g. 22. OnJ-y the lnput ISf(trwü) f"
conslilened. and. it 1s assumed. the coruespond:lng tJæe X1

pnocess 1s such that ISr(t¡ï¡!) = LnMor(trwt) anè

Mor(trïu[ ) = r[rsr(trwu )]. rf Mor(trwû ) rs GÍosa-

eorreratect with 0a(trwt) = oS(trwü) - 0u(trTvü) then, fon

l-ange d, an e¡cpreselon wlll be obtainecl whlch approxlnates

the solutlon, Tu"'(*), of the equatlon
/oo

/oo*or(r-x)w(x)drc =pi.ialroa(r)¡ T è o.
J

Acconcl1ng to the pnevlow dlJ.scueeJ.on¡ 1f the pnoduct trans-
fonnatlon f.,1'Ty1r ln fig , 22, ie repS.acecl by I,r'TM' + ffi1,

whene täf has welghting function Vi"(x), then the nean

sqlrare ennon ln tre output of the nod.eL w11L, 1n generalr þe

red.uced.. Thls ad.Justment ls equlvalent to neplacing TUI

by TM:. * 
"'*il, 

ard. ero inpnovlng the adequacy of the mod.elr

9¡2 Non-linean and._ o!,þer systens not of t.me I.,

In all cases so far consld.eneè 1n thie thesle the

system components have been aseunecl to be of tJæe I, as

cleftnecL ln chapter 3. Although thls ls a satisfactony
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(t,

u.r¿ (t, w¡)

t'tn¡ (t, w¡)

rs2(t, w¡)

t s¿(t, wi)

r"¿ (t, w¡)

FIq'RE 22. TLLUSÍts.AÎTNG A METHOD OF ''TÍHISENINEI
AI{ INPUT IN THE CA^SE 0F MULTIPLE
INPUTS

Os (t, w ¡)

ou(t, wi)

I

Ll Tu¿

L

L¡
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assutrÐtion in a large number of practical situatlons, there

are also many in whieh it iS Unsatisfactory. If no restrict-
lon is placed. on. the type of tnansformation which may be

lncorponated. in the mocLel in ord.er to obtain better agneement

between the sample system output a¡c1 mod.el output, then, 1n

most cases, gooil agreement will ultl¡rately be obtalned..

Hor,veVer the tranSformations of tlre ad.ju,sted. mod.el may then þe

r:nJustifled. pTrysically and. quite u¡I1ke those of the sysiem.

It is thenefore conslilered. that no acLJustment to a mod.el sh.ould.

lnvolve the introduction of non linean, or other tnansforma-

tions not of tJnpe I,e which were not present in the original
mod.el. If as a nesult of mod.el cheeking 1t is suspeeted.

that some type of transformation exists in the system other

than 'bhose repnesented. ín the originaL mod.elr then a neul

formulati on is requfu.ed-.

AccoriLingly this prelimínany dlscussion vr¡ill be

restricted. so that:
(i) the mod.eL checklng and ad-Justment consists of

ad.iusting the value of a few parametens ln mocLel

components whl.ch are not of t¡pe L, combinecl

with ad.iustlng t¡¡pe L eoinponents;

(if ) 1f the inputs to the system aniL rnod-el. are specified.

fon al.l t then there is a unique system output

and. a unique rnod.el output;

(fif) ¡otn the systera and. moclel are stablee i.ê.¡
1f r¿(t)=r"(t), t> to,

ancl f 1s the system or mod.el transformation
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havlng Ir(t) an¿ le(t) as possible lnputs, then

l1m r[rn(t)] - t(ru(t)l = o:
t-too

furthen, the d.ifference between these trrvo outputs

1s negllgible fon t > te + tr, where t1 <

the lengttr of reeord aval].able fon mod.el checklng.

A sinrple example, of the ty¡re of eysten being considered., 1s

the quite eommon situation of the output of an L type

transfornation being llnitecl ln anplitud.e¡ Bo that

it d.oes not exceecl Êone cons¡tant valuee -ô, 1n absolute

value, i.o,

loa(trwr,)l <^ fonall t and. f.
There is noïv a eonsid.enaþIe literature dealing wlth

tirne vantant lzlle rror-11near [U¡] anit other tnansformatione

not of ty¡re T,. Different netLrod.s are available fon taek-

llng ilifferent t¡rpee of non llneanity or othen d.epanture

fron tree L. Howeven the pnocese of nodel checJrlflg,

reetnicted. as above, 1s of ten sinpler than genenal problerrs

involving non-Ilneanitles. the remalnd.en of this ehapten

1s devotecl to two or three examples.

912.1 f, tlrpe moclel of system not of tr¡oe T,

'Veny often it is known that, although the systen is
not of type L, neventheless, it should. be posslble to
nepresent 1t aÖequately by an I tyTe nod.eI. In some such

cases the system output nay be assu¡ned. to be of the fonm

r[ rs( trwu ) ] + J( t¡w[ ) r
whene both IS(trwt ) and. J(trwg ) are processes of ty¡re

X1 which ane, ln genernal, crosst connelated.. If the input
is an S.G.M. wlth correlatlon functlon $ e-"ltl ar¡1 thÍs
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input is cross-eoruelatecl with

r,[rr( trwl )] + J( trurr ) - ol¡( trwü ) r

then, for d. large and. a J-ong length of reeord.¡ a good.

approxfunatl on to

vrtr(r)-v5o(r)*pr¡(r), r> or (g,s)

wlll be obtainecl. Here Wa(r) is the weighting funetlon
correspond.ing to the system transforrûatlon f,,

If the mod.el transfonmation is ailJusted. by ad.d.lng a

transformation having (5) as weighting firnctlon, the error
Ín the output of tlre ad.Justeil mod.el becomes

o[t trwi, ) = J( trwr, ) - ftrC t-xrlvü ),or rr(x)Ðc.Jo "
trfu1tlpJ.ying each sld.e of this expression þy tr( t-rrwt ) and.

taking expeetatlorrs shoìJ-'rs that

ljåot.roc'F(r) = o' r> o,

Since, 1n such cj.ncumstances, 1f Y/(x) 1s any weight-

ing firnction corresporrd.ing to an T, t¡npe transfonmationt

Et(o;(trw¿ ) /i.Ct-x¡w¡ )v,¡(x)ox)lB' J0 "
íæ fco foo

= o'fi.'rr r/ 
oo-rroc','(x)w(x)drc 

. I Jop-u(r-x)lv(r)w(x)¿r¿x

= øf,a:;r + rtr'r, ,

where rg,,.( t-x¡ur¿ , = ñtr( 
t-xrw¿ )w( x)ax,

then there 1s no polnt in ailjusting the rrod.el funther.
Thenefore, in this case a process very slmilar to

that d.escribed. in pnevlous chapters will lead. to the I type

model of hlghest ad.equâcy¡ Thls ail.equacy will however be
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less than 1 if the systen iÊ not of type ï,.

Two funthen comments are necessarye

(i) In genenal 1t will be wrong to whlten the input to
the system. If the system is non llnear it may be

funposslble to pned.lct its output to the oniglnal
Ínput knowlng only its output to a whitened. input.

However as mentioned. 1n section 4.1 it is usually

rrnd.esinable, fon other reasons, to intenfere with
the openation of the systen in this ÌlrâJ¡r 0f
course there is no objection to whitenlng the

¡noclel lnput.
(if ) Theorem 4 part (f ) has been used. 1n d.eniving the

expnession (5)o If part (rr) of thls theorem

ïvere used. the correspond.ing expnession wouliL be

vrtu(r)-ç(r)+pwþ) +pr¡(-r), r> o. (t,ø1

The d.iscussion following (¡) would. not then be

val1d. since Orr(-r) is not necessarll.:y zero,

In narry cases of thls t¡æe, thenefore, only the

result of the correlation for non negatlve T

should. be used. in ad.justlng the moiLel.

9n2.2 ï, t¡nce s.ystem ïvith l.imited. _outprl!

It 1s often necessary that the anplitude of the output

of a Bhysical d.evice þe lim1ted.. If the system output is of
the form

or( trwu ) = r[r.( trwr )l, lr.[rs(tr*u )] I < Â,

os(trwu) = /\ , t[rr(trwt)l ÞÂr
os( tywu ) = -A , t[ rr( trwr, ) l <
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whene 
^ 

ls a posltive constant, the proeed.ure glven in
previot;^s chaptens may be used. to d.etermfule an aclequate mod.el

of I provld.lng that portions of the reeond. whene

I r,[ rs( t rwr. ) ] I > /\ ane not used. when co rre]ating rs( t rwt )

with Oa(trwU ), Nonnally the period. of tlme for whiclr the

output 1s linited. is only a sma1l portion of the total reeord..

The cornelation may be eanried. out takíng OC( t¡wü ) = O for
the peníod. tt in whÍch the output is lfuoited.; the total
effective length of record. fon this purpose ls then red.uced.

from TÁ to TÁ - tl. Since /r. is not knor¡r¡n aco:rately,
1n general, sone eonservatlve vaLr.le less than ¡. shouJ-d. be

used. in decld.lng the intenval-s d.urlng which or(trwt ) iu
to be taken as zêFo¡

Flaving iLetermined. the linear part of the rnod.el by

the above metLroil-, the correct value of .4. nay be estimated.
by varying thls parameter in the modeL. Since ârr âpprox-
lmate value of ¡' fon the system ls lcnounr tL,.ene w111 usually
be little d.lfficulty in d.etermlning a value of .{r, which

provid.es an adequate model.

suppose it is known tirat 0r(trwt ) may be expressed.

as a functlon of the ind.epend.ent varial¡res rs(trwl ) ¡ ã.

finite nunber of the d.erivatives of rs(trwt ), togethen
with a few parameters I¡r(j = 1-n), whose values ane known

appnoximately,

1rê. or(trwu) = F[IS(trwt)r..., },r.r.Ò, ]n].
Let the mod.el be of the form
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oM(trw¿) = Fttr(trwt)¡...¡ \s¡".. Ino],

where Àro ,. . .\o ene the approxirnate values of the IJ t

used. in the mod.elr

[hen oc( trwu ) = os( trwu ) - oon( trwu )

mdl assuming F is a d.ifferentiable functionTlve may write

or(trwu ) = ,!, (tr) *., ptus terms of higher oriLen in the

AÀ¡ . The e:çressio"u fr are to be evaluated. at the values,

IJo, of the À,¡ ; they wil-l þe of the form, f¡ (trwu )r and-

they nay be found. knowing the lnput I*(trwt )¡ Hence tf
the highen ond.er terms in

AÀ¡ =ÀJ -IJo
are negleeted. 

noa(trwr) o rSrtr(t¡vr¿ ) a À¡ .

If the effective length of the necord.s is TÁ then

oÇ i:- [ oc( trwü ) - 
., !,r, ( t,wi )ar¡ ]z at

nay be minimlsed. with respect to the AÀ¡ to give n equa-

tlons to be solved. for tÏìe AI.¡ .

Aesr:ming these equations have been solved. to give

useful values for the AÀ¡ aniL the mod,el a,iLiusteil aceorcl-

ingly, a further inprovement in tho aÖequacy of the nod.el

mâ¡rr 1n general, be obtained. by introduclng a t¡æe I tnans-

formation 1n parallel with the acl.justecl nrod.el-. The ad.visabil-

ity an¿ neeessity for d.olng so w111 d.epend on the particular
Câ.Se ¡

A slnnple example of this procedure 1s the câse¡



or(trwt ) = l.T3(trurü)r

o*(trwu) = \rt(trwr,)r
r( trw¡, ) = IË( trw[ ) r

so that the e:sl¡nesslon to be rnlnimlsecL ts

t*t /Ï[or(trÌvü ) - aÀrÊ(t,wr )]'at¡

173,

INthis cleanLy has a nlnlnr¡.m val-ue for
pr.aetlce thls nettrod. woul-d. yteì-d. AÀ

il
rfi( trwr, )or( trwr, )at

r$( trwu )at

AÀ = I - ìo.
as the natLo

0

the two lntegnalo belng conputed. fuom the reeond.s available

fon model checklngr
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CTIAPTER 10+

CONCI,USTONS
tÆ

A mathernatical appnoach to the pnoblem of checking

anil acljr¡sting a mathematical mod.el of a physical syetem has

been cLescribed.. Thís formulation of the trnoblen has pro-

viiLecL answers to sone outstand.ing questions which cou10 not

be answered uslng the eubiective approach cLescrlbed in

earlier papers lz - 5).
the lnportant case of a statlonary llnear systen

whose inputs are realisatlons of a partieulan true of

staülonary random process has been stud.led- ln consld'enable

d.etail. It has þeen shown, both theonetleally ancl ex-

perÍnentally, that in thls ease, the process of checking

and. adjustlng the mooel nray be represented. as one of

estirnating the Cross-conrelation between the lnputt
Itwhitened.rt 1f necessary to give a suitable spectrumr anit

the flifference between the system output and. the model

output. This nepresentation lead.s t'o a rtlation between

tþe length of reconil available for mod.el eheekÍng and.

the lmprovement to be expected- in the aiLequacy of the mod.eI

as cLeflned. 1n chapter 2o This improvenent increases with

the total effective length of necorö ava1lable aecord.ing to

the expnession ( 5.27) given in chapter 5, Howeven if the

length of record. avallable fon mod.eI ehecking is consiËLen-
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able¡ or. if there are several samples available, an Íterative
method., such as that d.escribeit in section 5r4, may be more

efficient than a elngle connection based. on the total effeet-
ive length of record. avallab1e. As sÏrown in chapter B the

nelation ( 5.27) is useful in planling er¡reniments to check a

mathematlcal moileli it should. be veny useful in cases where¡

because of cost or fon some other r"€âsorre there is an ad.vant-

age 1n not prod.ucing more d.ata fon mod.el checlcing than is
necessary,

The effeet of necord,ing errors on the adequacy of
the corrected. mod.el 1s stuiLied. in chapter 6. In ond.en to

compensate for such errorsr statistlcal lnfornation concern-

ing the vaniance, correlation and. cross-cornelation of these

errors is required.o Fon most t¡ryes of recorcling emor, the

adequacy of the eornected. mod.eI incneases with the length of
necord. avallable for mod.el eorrection. However the effect
of a þias errorp pnesent in the recorillng of tLre system lnput
1s, in pant, lndepend.ent of the length of the recorils ava1l-
able.

the enoss-coruelatlon technique nay also be appl-ied.

to the case of multiple inputs, If these lnputs are not
themselves correLated. then the transformations þetween each

lnput and the output nay be actjr¡sted. ind.ivld.ualþ. That
pontlon of the output v¡hich d.oes not anise fnon the irrput
und.er consid.enatlon may, as ehown ín chapter T, be tneated.

as an erron Ín the output. In this rrray a neLatlon between

tho improvement in ailequaey of the mod.er and. rength of necord.

availabre was f or:-nd. for the case of uncorrelated. nultiple
inputs.
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Othe:r cages have been diseussed. 1n less detall" 1n

chapten 9r Th€ croge-Conrelatlon technlgue nay be appllecl¡

sometlmes with nocllflCatl.onS¡ to gome of theee cases. IloïI-

ever thene is EtlLl a lange nr¡mber of caees¡ êrgo the eae¡e

of non statlor¡åry lnputs, whLch hae not been studlleil. These

corr].cl be the subJect of firtu¡pe worlç,o
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^APPENDIX

RO.IIIINE E|\],CULAÎ_IONS 9SED_I¡IAINIY IN_ CIIAPTffi, F

A nr-rmþer of results, êrgr ( l.t e 1 to (5.26) ,

have been guoted., wlthout proof , 1n the mai¡r text' The

pnoofs have been onltted. since 1n margt cases they are 1ong

ancL ted.iollEie In thls append.f.x a few of these results are

p:roved., the others may be provecl in a slutllar ûEnner3

Theoren A1 T,et a l-inear system have weighting function

Tré(t) =
J

Re (ul) ( or t > ot

t<
where P¡ ( t) 1s, f or each j, a pol¡monial in t,
let the input to this system, Mn(trwu)r be a realisation
of an S.G.M. having correration firnction I "*ltl- l,et'2'
o.(trwu) be the corresponding output frorn the system.

Then for ø > l"¡1, all Jr

Rroror(r) = fr(oìr-or, r < oe

= rz(ø)e-dr+ 
.,!re, 

(rra)ø"J", T > o;

where ¡

(i) ltu f1(ø) and IÍn fp(a) both exist;
CX-roo d-'co

( rr) the Q¡ (rrø) are poI¡momials in T whose

coefficlents are functions of d. ancl T¡ave a finite
lirnit as q. tend.s to infinity; these coefficients
are therefore borrnded. fon c[ > øo >

n

0

n3 ( t)esJ tt
1

9
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PRooF 
/ o* 

( t-xrw¡ )wa( x)ox = oc( t rwü ) r

whence, muIt1plyÍng each sÍd.e by Un(t-rrwg) anô taklng

expoctatione ¡
roO

(r-x)W^(x)¿rc = þ,,-. ^^( r). (Ar ).
J oo*o("-x)wa(x)dx = PMcr,s6( r).

Now coneicler f; Z "-ø 
| r-x| *t"uJ *dn

= l" g e-d(r-x)*nueJxdrc + f g e-d(x-r)*musJxd.rc¡ TÞ o,- Joz 
v õv srr 

Jr2

= *þ ,l:i e-4(r-x)"s¡xd:. + l;f e-d(x-r)"e¡ xocl t r 2 o'

òm rc[, 2a sr ?' oL --cl"T-= ãät tË ÉÐ eoi' - ãG-ft¡ "-*'1, r > c'

= ¡S' t(1 - #) 
n"ur" - +(, * #)-'"'o'lt r è o,

= esr"t*Þo(Ð"- ffittr - #ln-'n-i + (-1 )'-k(r * }¡**-!ll
--d'Tt n! (-t)r+r(1 *+){nlr T> o.+e LTAr \-1 /""-\1 +î1 - *J¡ 

(¡r).

For î < o, I; ", 
u-a I r-x I **""¡ **

= /* g 
"-a(x-r)xm"BJ*dr.- lo2"

Ë Z e-cxxesJ xeord*

òm rdT
= -ðqn r" ãGåqDf = eor fih' t1 - +)-1*, r < 0.

(.t" ).

Fon T > O, fr(o) fs then a l"lnean combinatlon of telrms of
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the fonm

$c-1 )'+r(1 * ff)*-', (â")

the linlt of whieh¡ âs oL approaches oor is +
fon û=0 and.ze?o otherwlse.

The coefficient of 11< in the poI¡monial Q¡ (trø)

will slnilanly be a linean combLnation of terms of the fonm

(n) áffiq¿trc-r - #l**-'*(-1 )*-*(t * +)^-*-'J, (¿")

the limit of which 1s 1 for r = k and. zero otherwise.

Fon r < O, fr(a) is a l1nean conbinatlon of terrns of the

form

#c1 - #)-n*, (¿u)

the liurit of which 1s ! for r = O and. zero otherwise.

Since fr(ø), fr(q) ar¡d. the coefficients of the

pol¡momials e.¡ (rrn) are contlnuous for all d such that

d)de >

they are bound.ecl, for all o ) cte. Hence mroc(") is

þou:rd.ed. for d ) cts anil all T.

Several conollaries foIlow from the above regults.

Corol-lary 1

-

Fona11 rÉO ]S pru,"roc(r) = t'v.(r).

This nesult follows fnom a consid.eration of the llmits of

expressions (;t" ) , (Âu ) and (¿" ).
Conollan¡r 2

For all cr ) cte the following integrals exlst

['o*",06(*) I a*, a and. þ ar¡y real numbers¡
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-oo

Further 1im of eacli of these integnals exists and-
Ct+oo

11n
C[-¿oo

** /:r-ø,oc(x)d'( = J: }* o*o,or(x)ox;

l?*",0c(*)o* = f^** oro,s6(x)dx'

These results foll"ow fron the fonm of the lntegnand which is

d-ominated by an absolutely íntegrable sum of erpressions

similar to ïUC(t) fon t' > o and. to WC(-t) ror t < o.

/T o*-, "-x)Pmø, e6( x) orc = vu.( r) r

f lPuo,sr(x)lö..

O < r ( T6.

lÏo*-,t-x)rsoroc(t"+x)ox = l'üc(r+t"), o 41< r¡¡.

Thís result nay be obtalneit by penformlng the integration.

Theorera A1 anÖ its corollarì-es may be used. to establish

the resuJ-ts quoted. in the nain text. Turo exarnples v¡ill be

= lim
ø-too

= I1m
d.+ø

/Ji-"( r-x)n[wr( x)vrr.( r) ] axar

ñ/i-"1 r-x )w. ( x )nos( r) axar

/io*", or(r)vr.( r)ar

ii lX P*o,o.(r)wr( r)dr

(equation Ar)



The lntegratlon and. Iiniting operations nay be inter-
changed. slnce R'orgg(r) is boundeiL¡ d. ) d.s r ârl'd.

ftw.Cr) lar existe¡

Example .2

Conslder

Ê* frln Pmo(r-x) Ë'4 Ê,{jo Jo" J"' lo 
p*oroc(tr-t1+x)p*øroc( tt-tr+r)at"dt1clxdr.

Subetltutlng ta = tB ti and. inverting the ord.en of i-ntegra-

tlon red.uees this er¡lression to

/:' i:- {fiFfi' o*o( r-x )PMcx, 6ç 
( tu +x )P¡¡o, oc 

( -t" +r) oxat" ar

/oo

/w
Jo

2 (r)ar, (Corollary I ),c
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(l.te¡

cr ) crs and has a finite
of this expression is

4î+fÞ) pv,o 
ro.( 

r-to )f.n**('-*)P¡no, oc( t" +x )dxd t" d.r.

The lnner lntegral is bour¡led. for all
limit as d -+ oo¡ so the 1in1t ct '+ oo

equal to

/:./:- Affii'/ 
*13 

or*, oc('-t" l/] n*-{ r-*)PMo, oc( t" +x)oxd tg dr

= /i/i ,+rf;* vrr(r-ta)w.(r+to)oqar, (corolraries t ar¡d ¿+)

F^f' 2
= /; / o óW ( t,{ -t" )wr('-t" )ur.( r+to )¿t" ar (¡.zt)

slnce $I"(r-ts) = 0, ts ) Tt



The flnal erçression to be exan:ineiL ls
182..

$,ll)Ff7 fi' o, t u) ( r,n -v) ( rÁ -v)por,( v)¿v

= , f ercu)(frf - fr) (,r - ft) R6(v)ov.

AlLq¡ving 1[m and. Tñ to tend. to lnfinity 1n such a way

1s a finite constant, thle e:çnession becornesthat (f;r)

,frñor,r)no"(v)av

frrf
-oo

nr(v) no"(v)ar

= Ëf # f 
tr,r) so"(c'r)or'r.

S-(ø) ls the epectrrrn of f(trw) and lt nay there-

fore be f,actonl-sect to the f onm þ(u) 7@I. SO"(ø) ls the

spectrrlrn of O"(trw) ancl. ls therefore equal to S't(ol)

nul-tiplf ed by (Ú(r) fr@))-r so that the expressÍon ( 5J7)
apBnoaches

tr#f'o'(')*

= (ffi) ntc'
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NOTATTON

Adeqr¡acy of the mod.el.

Irraitequacy of the rnoitel ã'= 1 - A'.

Correl-ation f unction for random process'

As subscript ind.icates correction.

Ex¡rectatlon of ranôom varlable . 
'

As subseript ind.icates estlmate'

A]-so usecl to ilenote &rr €rroto

with subscript; fi:nctÍons used. in tabulatect integrals

of reference lzel.
T4lith subscript; functlons used. in tabulated. integrals

of neference [e6].
Ranilom process, realisations of whlch constitut¡

inputs to the system and- mod-el; with subscripts'

As subsenlPt, ind"lcates inPut.

A stationaryr linear, causal transformation'

Assubscriptind.icatesthef\rnctionhasbeentnans-
formed. bY such a transformation.

Atypeofstationarylinearcausaltransformation
Clefined. in chaPtêt 3.

StationarY Gauss Markov Procêssr

Assubscriptusrra]-lyd.enotesmocle].;butincombina-
tlonMa,orMpdenotesstationaryGausslvlarkov
process. AIso an expresslon used. in the tabulated.

lntegrals of reference Ie6].
Random processe realisations of whieh appear as errorE¡

1n recorcLlnge.

G

H

1

1

ïr1

M

N
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Random process, reallsations of which eonstitute

outrruts of the system ancl mod'el.

As subserlpt incllcates outPut.

Difference between the system output and. the nod.el

output in the absence of recordlng êrroPS¡

Probabillty measrJre ¡

A pol¡momial ex¡lression; lower ease subscrlpts

if necessaryo

A polynonial erçression; lower case sr:'bscripts

if neeessary.

An estiuate of a correlation function'

Real part of a complex fr¡netion; often with sub-

scnipt.
Estirnate of a correl-atlon flrnction; but zeîo

outsj-ile statecl values of lts argument.

spectn:m of rand.om processe subscrlpts ind.lcate

the pnocegses coneerned.

As subscrlpt irrd.ieates sYstemo

Transformation; subscniptecL in upper ease where

necessary. A constant representing tine; lower

ease subseripts if necessary.

Time after which no correction is mad.e to the mod-el

weighting functlon.

Length of record.

Effective length of record.
h m,rn - .In.

Ti¡ne whlch approaches zero as q. approaches infinity.

0c

P

P(')

8(.)

R

S

I

pt

Tm

T¡
m,tn

m,Im

r( ø)
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Voltage.

PnobabilitY sPace of Points wr

Ttreighting function, subscrlpted as necessary'

A ranclom Process.

A t¡rye of rand-om process d'efined in chapter J'

Domaln of transforrnation; a linear space of

functions f(t).
A set of transfor¡natlorrs¡

A eonstant;
! used. as time constant.
a

A eonstant, usua}lY a bias erroro

Afr:nctionrusuallyoftime;oftenwithsubseript'
lVlth subscrlpt, a member of a class of orthogonal

functi orIS ¡

Constant sPectral d-ensitY.

Degree of polynomial. Non climensional quantity

arllaJ-m I

Non ilimensional. quantitY aTá'

Complex nr¡mber, wlth subscriPt'

Argunent of T,aPlace transform'

A point in a ProbabilltY sPace f"tr'

A complex numben.

Shift operator.

Expressionuseclintaþulateil'integralsofreference
Ie6].
A constant.

Fr.lnction which 1s sum of several functions '

x

a

Xr

G

J

b

f
g

Jß-2

p

q.

S

TT

Z'

A

/t
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€
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Panameter, usually of etationary Gauss Markov proeesst

often as eubscniPt.

Parameter of stationary Gauss Markov processt

The Dirac d.eLta fu¡ction.

Mean of a stationary rand-oil pllocêss r

Coruelation fi¡nction whose nean 1s Zeto; subScniptect

to incllcate the process or processeB eoncerned.

varianee of statlonary rand-om process; subsenipted-

where lrêcêssarfr

Time, usually as argunent of correlation f\¡n-ction.

For¡rler tnansform; often frequency response functlon.

As a vecton indicates rand.om process; subscripted.

to lnd.icate its conponents.

Fourien transfonm. Also facton of spectrum haVing

all its poles and" zenos in the upper hal-f plane'

Argunent of Fourler transform.u
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