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ABSTRACN

The boson Caleulw has been useal e)Éenslvely in the stuÙ

of the r:nitary gfoupg U(n) as a neans of congtr:uctlng exI¡Iicit\y

all lrretlueible rrnlta.rry repre5entatl.ons. Honer¡er, the bogon

calculr¡e ln this form eannort be appllect itfrectlJ to the gubgroups

SB(n) and o(n); our ain 1s to clerrelop the boson calculus fn a

fom wÌ¡fch iE in'r'etliately applf cable to aLl the classLcal grot4ls.

fbe U(n) representatlon space Íe construcùecl from tensors'

whleh ln the restrictlon to Sp(n) an¿ O(n) ¡¡r¡st be traceless lf

the representatÍons are to be irretluclble. Instead of the u5ual

boson o¡nrators we lntroduce ftrnodlfiedl boson operatorstt af whf ch

sstlsfy tn pa,rtlcular the traceless condition onn { { = O

(sr¡matlon) , where p |s the ¡netrle for Sp(n) or 0(n). Wtth tt¡ese

operatora, whlcþ behar¡e as r¡ecto¡s rndler Sp(n) or O(n) ' ve are

ù}e to eonstnrct nanlfestly traceless tensors (nultlvectors) of

arbitra¡¡¡ syretly. Fqrthernore, all obJects to be etuclietl nay be

ctefi.ned ln te:rus of these operators. In general-, we fincl that the

nocllftett boeon celeul"rr.s wlrlch we derrelop has, for Sp(n) and O(n) ,

a clomaLn of applleatlon vhlch not on\y fncLutþs that of orcllnary

boson operators, bd ls conel.derùly larger.

I{e are noç¡ able to construet slup\y tt¡e lrreclucible Épaces

whictr carry all- representatlons of Sp(n) a¡¡a O(n). We calcnlate

na:d.nal antl seni-nard.na.l basLe etates, üd all statee 1n symetrl'c

tensor representatlons of O(n) and Sp(n), md also general etates

for arbitrar¡r tenaor repreÉentatj.ons of 0(3), o(l+). rtre o(3)

statee appear as monomlals anit the 0(L) stetes as Jaeobi poly-

nomlals ln rnodliflecl boson operaton.



fn the aBpllceÈlon to Sp(n) Ire encoultter the problen of

state-lcÍbe}llng. I.Ie restrLct our ebtentlon to Sp(l+), atttough

keeping in nlntt the genera,t problem, antl we seek a golr¡tlon uslng

the paraæter:s rypearing in the brancTring theorem for Sp(h) res-

trlcted to Sp(2). We r¡tilf ze uoctlfletl boson operators 1n the

constructlon of the non-ozthogonal WeyI states, a,nd. earlXf ogt a

sr¡tteble Gra,æschmitlt orthogonalizatlon to obtaln e:çllcitly the

orthogonal basls Etates. Although !n prinefple the e:rtra label-

llng o¡lerator which ls r:equirect mg¡f be for:ndl from theee states '
its forn 1fi.l} neceasarlly be eorçlfcatetl. It is formô that a

satlsfactory solrrblon to the state-labeLllng problem' exhibitfng

the structure an¿l sfrylicity which ls apparent for U(n) and O(n),

does not exlst.

lfe carrXr out a f\¡rbher ctevelopnent of the boson caleuLt¡s for

O(n) to enable the ex¡rlicit construcúlon of a}l- splnor (ttouble-

va.Lued) rep¡esentations in spaces of traeeless tengors. For the

l-ower order gSoups this ls d.one Ln such a lfeÛr as to obtain the

representation 6pace of the eovering g1¡o1Ð, by flnclln8 operatorE

rft¡ich satlsf! thê traceless conclitlon, but are ctlfferent frorn

noctlflect boson operators. Sone of these operators satlsf! sln¡rle

trfple comrutaÈlon relatlong ïhlch are of lnte:rest for both group

theory a¡rdl. fLeldl theorY.

In order to enable the constructlon to be macle of all splnor

representaÈlons of O(n) Ln general 1n a space of traceless tensors '

or eqr:ivalent\y, harmonlc homogpneous polJrnonf als, we establlsh

ftrætly the retatlon betr¡een the uetrods of the boson caleulus

and of Zheloberiko t U . Tt¡is latter nethoal uees polynonlal-s over

a honogeneoug Bpaee cleftned. by a ceTtain trtangular srrbgrorrp, üd



ve Ehotf the tr.¡o netþods can be dtrect\y relaÈed'. eo that one

constructfon ean be nappecl fnto the other. Zhelobenkorg fonnall'sn

lnclucles the splnor repreBentations Ln a natural vay, &ð we ehÚt

hon to tranfer to the boson caleuLw 8o as to retaln thig con-

struetfon; this le ac?rlevett rrltimotel¡¡ by flnôlng neallzatlqrs

of the Lle a3.gebra of O(n) r¡rtctr are ne1ú. Resr¡lte a¡e rrrLtten

out erçllcitJy for o(3).

t1t D. P. Zhelcber¡ko, RuEs. Math. Sr¡rv' )Nî[I, I (]t9621'
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1.

CHAPTER 1

TNTRODUCTION

61. HistorlcaL Aceount

Ttre theory of group representatlone ls well establlshedl as

belng of central- importance in several brenches of physlcs ' partl-

cularly elenentary partlcle physlcs and nuclear end atomfc phyefcs.

Thls was al-reacly clear fn the initfaL fnvestfgatlons of the quantun

theory of angular morentr¡m, whleh lt was found [ il cor¡liL be based

on the algebraic results tlerivetl fron the connr¡tation relatlons for

angula¡ monentr¡m J x J = I li these relatfone are aÌso the tleffnlng

relatLons of the Lfe algebra of the gror:ps O(3) and SU(z), md there-

fore these ßroups are of funilanental 1¡rportanee.

The reasons lrhy the representatfons of gror4ts Ln general are

signffieant, have been cl-earfy e:çlatnett by Dyson [2] as follows:
lt

(f) States of a system whlch obeys the Ìavs of quantum

rechanics are clescr{.bed as vectors ln a vector-spaee V over

the flelcl of ccmplex numbers.

(Z) An atonic system usually hag sone degrree of eyrnnetrXr,

deserlbecl by a ggolrp G of operatlons r¡ncler whlch the equatlons

dleserlblng the system are fnvarlant.

(S) Each'symetry operatlon g tn G clefLneg a. llnear tratrs-

formatlon t(g) of the vector spaee V lnto lt6eì-f , a¡ldl the

transformattone L(e) constltr¡te a representatlon of G.

(l¡) T'he eharaeter of a etate, so far as the physlcal protrËr-

tles eonnecüedl wlth G are concerned, fe completely speclflLed

by the lrrectucfble representatlon of G lrtthin the (irreclucible)

subspace V, to whfch the state belongp,
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(5) States of thc system oceur ln nr¡IttpJnte, the etstes

wlthln a rnrltlplet havlng the sa¡¡e enerry andl tranefornlng

into each other r¡lcler the operatLons of G. lte nr¡¡iber of

etates Ln a mr¡ftlplet is equal to the tllmenslon of the
ì\

eorresponctlng Lrreclueible representatlon of G'

Iet r¡s eonsldler a,s an exsrnFts of such a system the 3-direneional

ha,nnonic osclllator. The Hanlltonian energr for a single partícle ls

H=bz I tn3 + x]) ,
J

r+l¡ere we har¡e cÌ¡ogen unfts such that the mass, frequenct, 8nd h are

ullty. x = (xI¡xz,x3) an¿ g = (1lrrpz,pg) cÞnoüe the positLon antl

llnear monentr¡m of the pa,rÉlcle and' aatlerY I x, 'Orl = i ôiJ , with

oùher conmnutators being zero. Ttre equatlons of motl'on of the

partfcle are pJ = ìJ, éJ = - *J and are invarlant untler O(3)' Ítre

etates of the oseLLl-ator are g¡or4reil 1n nu.Ittplets wlth illnenslons

1,315r..r the states ln the nultlplet 2ß+1 havlng angular monentun

equal to [. Hot¡ever, the true invariance group of the system ts U(3),

for lf we let
1

,Æ
-tpX( (r)tJ

J J

then the equatlons of motion are å, = I tJ ' whieh a¡¡e invarlant untler

all com¡rlex rrnftary transformatlons of the 3- component nector a'

!,!ore generally, the lnvarLance group of the n-dlrenelona1 harnonLc

osclLlator ls knom (t 3l ,t 4l ) to te U(n); wing thle knowLectge the

etnreture of the state space can be revealed, in partleul'ar all

partfcle states can be classlfled t 5l .

ff ve cleflne also

ãr=*(*J*rpJ), (1')
¿{2'
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the aclJoint of ar r tben the essential Hanfltonlan may be wrltten as

n = I a, ã, , sntl the elgenveetore provlcle a basis for aa irrectu-
í 11'

elble repreeentatlon or u(3). As Dlrac rras srrom ([6] $31+), trre

elgenvectorË mry be r¡rltten as polynoÍd.al-s p(a) fn the operators

a* ectlng on the state lot or lor,rest enerry satisf}lng ã, lot = g.

Qrerator war¡e fl¡nctlons of thls for:n vere usetl by Fock [ ?l , a¡rd so

the space ls knostn as a Fock space.

trYom the cormr¡tatLon relatf ons of x andl g we flntt that ar, ã,

satlsf! [ ãr,arl = ôU, I a*ar] = O¡ shot¡tng that the operators'

in tenne of whlclr the problem has been formrrlatecl, are slutr¡]y l¡oson

o¡lerator.s, a¡rd elgenveCtors of H are homogeneow polynorlals ln at

aeting on l0r. In thls wa¡r boson operatore provlde an lrreduclbte

representatlon space of U(f), vhilst appearlng lnitlally 1n the

conte:ct of the slrple hartonf c oscll1ator.

llhe formallsm of second. quantfsatlon of a syste¡r of n lclentl-

eal pa^r:ticles Ls closely connected to the boson reallzatlon of the

harnonic osclllatorr 8s Dlrac has clescri¡ed ([6] , S6O). [he states

tn a system of n iclentlca.l pa^nttcles are syrrretrlc and. are labelLedl

In1rn2r..nLr..), where n* is the nr:¡iher of pazticles in the fth

state, end r = [ nt. These pa^:tlcles are known as bosons becawe
f-

the cor¡esponcli.ng statlstics were ftret studlett ty Boee [8l (anct also

Eingtein t 9l ). l{e dteflne the operator ã, Uf

tr-tãi ln1rnzr..nir..> = y'Di lnlrne.. rnl_ - 1,.'>

ancl also the actJolnt a* for whlch

"i |trrtrr..ni¡..) = Ittrttr:,nl + 1"'> '

T¡e follortng eonuutation relatlons of these operators ' vl¡lct¡ mnihi-

late ancl create pa,r:tf eles r nall be verlflecl:
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[ãr,arl = oiJ , Iar,arl = o = [ãi'õJI , so that boson operetors

haveagainappeared.TheoperatorN,="iãllsknolrnasthenrlrtber

operator for the state I becar:se it has eigenvalues r1r anil the

states lrrro, .. nir ..) noy then be regardett as basls r¡ectors ln

the representatlon for r¡lrich alt N, are cllagonal.

Let r¡S also consicter a system composed of ser¡era} l-dfmenglonal

ha¡monlc oscllIators, each of which is ttescribecl r:slng a boson opera-

tor a.nd lte adJoÍnt. I{e obtaln a general state vector by allowing

the boson operators for each osclllator to ect on the vacur-un lOt

The state lOt, the trstand.ard ketrt for the Fock representatlon of the

assembly of osalllatore, !s the procluct of the vaeuum states for

eact¡ osclLlator. The state corresponctlng to n bosons ie
llr

atnl a2n2 .. .J ' lOt rnftft n = nl + .. + nJ. Thls stete uay be

regarclett also as the syumetrizatlon of an arbltrary stete ln an

assenbly of boeons, r*rlch neans that the dynqnrlcal System eonsl-sting

of an assembly of bosons 1s equfvalent to the {ynenl eal system con-

sisting of a set of oscltletors. In thls way the boson nealfzatlon

of the sfr.pJ-e har¡nonic oscillator is of fr¡rdanental- tmportance for

syetens of itlentical par:üleJ-es, and eonsequently for the theory of

ratliatlon. fÌ¡e normal-lzett state in the systen wfth oceupatlon

nunbere n1, n2 is
arnt t n2 

lot

/ñ-¡ 
"2 

t

where n = nl t n2 , an expresslon whfch appears also in the repre-

sentatLon theory or SU(2).

ÏJe har¡e noÌ¡ seen hor boson operators actlng 1n a Fodt space

appear natr.¡ralIy fn the dlscweion of physlcal eystems. Theee

systens mqy elso be Lnvaria¡rt rurder Sroup transfonnatl'ons t and' the

boeon statee then provitle a representation spe,ce on whlgrt the grouB
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actB. EhlE rnethod of eonstnrcblng representatio¡ É?a,ce€, whleh Ís

knom as the boson ealcul-us, has aBpearetl in this $faðr a^s a polerful

tool for the stu{y of groì¡p Ïepre8entatt ons 1n an eltpuclt form.

As Blectenharn has emBhaslzed (t lOl ,[ 1il ) the representatLon

theory of Lfe Sroups ln general has receLved several classfc treat-

uents, but whlch are noù as explleit and construetLve as the physlclst

requires. The boson calculus uses the classLc nethodls of l{eyt ([fZ] '

I fSl ) 1n the forn of the erç11cÍt reallzatlon of boson operators' In

thls fornallsm the fi¡nctlons of the representatlon space, ancl the

o¡rerators which act on thls space such as the group gpneratorsr af,e

aII erçressed !n ter¡ns of boson oBerators. It le then posslble to

c8f,rîr or¡t itirect ancl e:çIiclt calcuLatlone, pernlttlng the colputation

of matrlx elements of generatore and tensor o¡lerators ln general, andl

enabltng a thoror:gh lnveetlgatlon of the propertles of the group urcler

consltleratLon.

The conneetLon between boson operators appearfng ln a physleal

syetem ancl grorrp representatlons was ftret revealed by Jorclan [ 1l+l

ln a dlsctæsion of the relatLonshfp between the ltnear group and an

n-Ba,rtlcJ.e system. uelng the uethod of seeontl quantlsatlon of the

system, boson operators a,i were Íntrotlucedt a¡ril Jorclan then eonstructetl

\,r, = %ã¿ (e)

whlct¡ were shown to satlsf$ tEna,EJJ = ôJc Et, - ôr, E¡t ' the

comr¡tatlon relatlons of the Lle algebra of Gt(n) ' Ttrls analysls was

carrlect or¡t, for fer¡d.onE also, so that here r¡e have the beglnnlngs

of the bosoo and. fenrlon ialcu1uE.

lÍe shall, regarcl the boson calcr¡þ:e 1n a wlcler Eense as the con-

strucùlon of representatl.one fn spaees of homogeneor¡s pOl'ynonlals of

conplex varlables. A pure\y o¡rerator construstLon ea¡r then be carrLed
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or¡tr, slnr¡Iüeoeor¡s\y Ð :¡egüllròlnSi eaclr tariable ¿f as a- bocon opera;tor

a' vlth a,tfotnt t, = 
t 

. The relatLon of t rese lsonorp-tric rethocle

has been cl,ariflect by Barg¡oenn [ 151 , as w111 be ctÍscr:ssed' later. In

thls wicter vler¡ the boson ealcu]-us may be eonelclered to have orl8lna-

tett earller than the work of Jorcl.an. As oçÌalnett 1n Chapter 2, the

boson calcrrlus 1s a real-Lzation of a space of tensors on çhich the

group actÉ, and such a reallzation was cteser"Lbeô prevtor:s\y by l{eyl

[13]. E]ements of GL(n) aet on a'vector x = (xl'xz' .. xrr) fron

which quaclratlc antt hlgler order fon¡s ean be cøretructedl, and fleyl

polntect olrb ([13] p.121+) that these for:ms thenselvee constftute a

representatLon Bpace of tensors on çhlch the gror4r acte. By intro-

ctucing adttlitional- arbitrar¡r vecto:rs y, z c ete. , arbitra^r¡¡ tensors can

be construstect. lleyl dtescriUe¿ [ ].21 how to reduce thls epace wlng

the syrmetr"!.c group, alrd thfs in\testlgatlon was publlshe¿l already

ln 1;925 [16], lneLuctlng O(n) and Sp(n) as well as Gt(n). Alreaff,

then, the teneo:re eonstituting the itsubstratrn I of the reprelentatLon

Êpace have appeared as mononlals *rft *rfz *rrtn , üd these are

later to be knonrn as tle: 1 states. For SU(2) these nor¡oa.llzed mono-

-tk
¡rlalE tatce the fom x(n) = Ð (t + t< = 2J, I - k = 2n) where t,

/r: r:
n are veetor coqponente.

As ue hsve mentlonecl, Jordan subeequently lntroducecl the operaF

tor formaLlsn but lt lras not untll sctrvlneer I 17] caniedl or¡t a

thorougþ analysls ulth abstract boson operators that the fulL capabl-

Iltles of the boson calculr¡s rrere rea-lizecl. Sdrulnger introdlueedl

boson operators àL, àZ (anil thetr acfolnte) anct atl other obJects to

stuttled were cleflned ln terms of the ar. The phyelcal reasons notl-

vatlng thls approach are those whlch ue have mentloned tn genera-l'

that a¡¡gr¡lar noæntum ln quÉntum nechanlce ean be regarcÙecl as a
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sq)erflo€ttlon of am asee¡tbly of elernetrtery as¡r!'os* fftb' aagulAr

monentrm J = lr. Such an assenbly may be regardect as a Bose-Elneteln

system whieh may be cliscusse¿l psing seeond quantisatl'on, whereby

boson operators are lntroducetl. The basls Btates appear as

"1f,*t "zo-t lot

ß + m)l([ - n)l

enct the generators ere etq)ressed as 1n the reallzatlon (e). Using

this formallsn Set¡vlnger wa5 eble to present a velx¡r com¡rlete aceowrt

of angular nomentum anA SU(2), clez{.vlng natrix elenents and relevant

propertles for both ftnlte ar¡tl fnfinlteslnal group elements, together

rrlth an aceor¡¡t of the ad.dtltlon of two, three and for¡r engular

momenta and of the theorxr of teneor operators. Ttre ¡nethocls usetl by

Schwinger are of sucb porer because aJ"I obJecta to be stuctied can be

Íntrottuced ln the e:ç11clt realf zatlon of boson operators, vhich

thenaelr¡es are easfly ua,nlpulatedl.

eorgnann [ 151 has reviewett the theory of angular monentqn in a

fonrulatlon çhich fs isomorphle to Bdrwingerrs operator nethodl'

Irreclucible repreeentations of SU(2) are obtalned by considerlng

horcgeneor.s po1¡rnonials ln tvo complex variabJ-ee, defl'ned Ln a

Hf lbert 6pace, ffid the star¡dlartL uethocÙs of analysls are avaLlable at

eaelr step. In the vlevpolnt whlch we aclopt Bargmannf s methotl ls not

clietingUtsheil from that of the boson caleuh¡s, so that a boson

o¡rerator a, anct the varlable z, are treatecl lnterchangeably accorclLng

to what le aost conr¡enlent.

1!he l¡ork of Jorctan, üd in pa,::tler¡Iar sdrwinger, h85 lecl to

extenslr¡e reËearch on the clevelopænt anil applleatlon of ttre boson

calcuh¡s (".e. tl8l ,[19] ). Dlrac Þq carrled out lnclepenclent work

uslng a æthod suggested to hlnby Foclcrs guantum theory of the
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haroonLc osclllator; representatlons of the rotatfon and Lorentz

grot4)Ê nere constructett in the sBace of eoefflcfents of a p*ter

series ln the variabl-es Eil f. = 1, l+. Theee varlablee, eal-]-ecl

tteJçansorstt, are eastly transfornect to the eorrponents xu of a four-

vector, whiclr can be regarcled as boeon var{ables, so that Dlrac

lntlepenclently encor¡rterecl the boson caleulus.

Consitlerable ctevelcpnent of the boson calcuh.¡s , 1n the

generallsatLon to hlgþer orcler w¡ftarlf groqps , has been camletl out

by Moshinsky (t ¿Ll ,1221 ,Iæ1), The motlvatlon here has again been

the study of the harmonle oscillator, and boeon operators have

appearedl as fn (1). Results are obtained eoncernlng the form of the

polynorrla3- bases, in a cor¡p3-ete1y group theoretf ca.l conte:ct ([ el+] '
t 251 ) , in partlcrrl-ar the state of hlgheet wef ght becomes of prfne

iuçortance. For an irreducibS-e repreeentatLon thls state fs unlque

fiZ6l p.3?) and so its expllclt kncnrrleclge for arbitrary representa-

tfq¡s of U(n) ls an luportant advance. I{ith the expressLons for

Icnering operatorc knonn Íz]fl ,lt is nor possfble to caLcr¡late aÍbl-

trary Gel-fancl basis states.

A coqglete ancl genera-l aecount of tl¡e boson calculr¡s vas glr¡en

by Batrtt antt Biecter¡ha.r¡ [ 1-0] , in whlch the fi¡l1- pos¡er of the Íntegral

approach agaLnst the lnfinlteslmal nethocls r¡as demonstrated. Here

the boson ealcr:h¡s ls rer¡ealed. as a rea.llzatlon of the tensor spaces

enplqrect by l{eyl, and the e:çansÍon of the C'elfancl stateg ln terøe

of the l.Ieyl tensore fs carrieit out e:çlfcitl.y for rJ(Z) ana SU(3).

Ftrll r¡se Ls made of the Yor:ng tablear¡c çhidr ttefine tbe synretry of

the basls tensors, even to the e:ctent of assoclating rlth the Yotmg

pattern a üleasure? or nonns,llzation of the state, by meane of an

etçl1elt algor{.thn invol-rrlng hook lengths. Wltb sueh technlques en
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elçIf clt der4vaùlon of natrJx elements of the U(n) een€r.¿tors

becores posslble, to glve the reeults whiclr had been statedl pret¡iou6:Iy

by C,e}fanct ancL Zettln t 281 .

SLnee the tlne of thls work, one deyelopnent of the boson calctr

Lr:s has been concernetl r¡lth the e:çI[cft for.rn of the basls states

(t æl ,t 3Ol ,[ 3il ) and the relevant eonbinatorial Btructì¡re (t 321 '[ 331 ).

Another ctevelopnent has occurred es part of a general progrs¡n Cort-

cernlug the Lnr¡estlgatlon of tensor operato:s in the unltar¡¡ groq)S'

I¡ uhat fe termecl the Racatr-I,Iigner anguJ.ar nornenttn ealculw (t 3!l '
t 11l ), lt !.s reqpiredl to fnyestlgate the foltowing: reductlqr of

itlrect proctucts and lllgner coeffLeients of the groupi lrred'uclble

tensor operators and f{igner-Eckart theorem; Raea}r coefflclenta of

the gror4r. The role of the boson calcr¡lr¡s tn thls prog3.an has been

erçIatnect by louctr [ 3l+l , antt has been used (t 351 ,[ 36J ,[ 3Tl ) for the

expllclt caleplation of Ìflgner coefficLente, fn a ætt¡od fhich le a

generallzatlon of lflgnerrs orlginal calcnlatfor¡ [ 381 .

Other rnodern work involvtng the boson calculr¡s has concernecl

the applicatlon to nuclear structure (t 351 Vol-. If , P.3hO) and to the

n-dlnenelonal harnonic oscLll-ator [ 5l , and also to problerns of state-

Iùellfng t JBl . Genera.lfy, where erpllclt groqp theoretleal resulte

are requlredl the boson caLcr¡}¡s formaltsn provlclee the noet poÍer-

ftrl rnethott of inr¡estlgatlcn.

92, The Neecl for a t Deve of Bos on Ca]-cr¡lus

It 1¡ notlceebLe that the boson calcr¡}:e has been derrcIo¡red so

as üo app\y pr{.nar{.ly to the unltary grot4)s. O(n) ar¡d Sp(n) are eub-

g.orrBs of U(n) anct therefore nary pîoperÈfes of U(n) apply aleo to

0(n) a¡rd SB(n). It 1s of conslderable Lnterest to har¡e aval'lable an

eleï[clt boson celculus for O(n) and Sp(n) vhich J.neorporatee
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pa,r:t,lcrrlarly thoee propertles ìrl¡1cl¡ resqlt fuom the erctra st:nrcùure

whleh O(n) and Sp(n) pogÉess throWþ leavlag fnvarlant a eertaln

quaitratLe fo:m. The lnterest in O(n) and Sp(n) , for physf ce, steus

fron the fact that these groupg a¡e fìa rieh fn structure as U(n),

antl therefore freqrrently appear as e¡nnnetlXf Sroups of phyelcal systens '

Ttria ls parÈlcularly trr:e for O(n) ' whereas Sp(n) has been scn¡ewhat

neglectetl, |Iþe inportanee for physlcs of O(f ), whleh ls local-ly

isonoryhic to SU(2) an¿ Sp(a), ls well known. O(l+) appears as the

symetry group of the bound state problen for the t¡ytlrogen atou'

under a Cor¡lonb potentlel (t t+Ol ,tbil ). S0(l), whldr ls localIy

isorno4rhlc to Sp(h), tras been stucll.ed by Hecht I l+2] wfth a rrlew to

aBplications in nuelear spectroscopy andl el.sewhere, bú oW methods

ril1 slnpllly nuc¡r of hls r¡ork. Another stuff [l+31 ot SO(5) arfses

fron the ctescrtption of nuelel states wlÈh the 5-rilnenslonal har-

nonic oEclllator. Ttre synpleetlc grouB Sp(¿J+l+) has appeared I l+l+l

in the claselfication of shell moctel states, anct the fur*bher tlevelop-

ment of thls vork [ 181 has revea].edt the Bresence of enother Sp(h)

groqp. In hls study of eouplex spe".bra, nacatr [ l¡51 shcnrecl hotr botlí-

the general ogbhogonaJ- ancl synpleetie groups cor.¡tcl be weô 1n the

theory of Eenf or.!.ty, leatlLng also to f\¡rther tlevelopnents on sym.

plectlc spnrnetry t l+61 .

Fron the rqathenâtical point of vler¡ a boson ealcuh.¡s for O(n)

anö Sp(n) fs of interest as¡ an e>çlfeit construdlon of aL1 unltar¡r

lrreduclble representations. Together l¡ith SU(n), O(n) and Sp(n)

con6tltute the classlcal groups, md vlth ühe exceptl'ona.l groqls

nelce up nl'l the senl-sluple eonpact Lle gror4ls. Becar¡Ee of these

properties, the kncrrledge of the group gtructure ls certaln to be

of conseqr¡ence for mathenatical interest alone. For exanrFle, basls

staÈee wor¡lcl be special fr¡¡rctlons $t¡ich corrltl be stutll'etl wing groqp
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theoretleal propertfes, a.s has been tlone by lüil-ler I h?l , Ta]-nan I l+81 ,

a¡rctVllerrktntbgl.Ingeneralltlge:çecteclthatasultùIeboeorr

caler¡lus wor¡ld enable an lnr¡estigatlon of 0(n) and Sp(n) In the way

that has been clone for U(n) r¡lÙh consequent appllcations 1n both

nathenatfcal ancl physfeal areas of fntereet.

As we har¡e nentlonedl, O(n) and Sp(n) a¡e subgror4rs of U(n), eo

that the boson calcr¡lus for U(n) can app\y to 0(n) and Sp(n) by con-

sltiering a sr:itable irretluclble strbspace of the U(n) representatlon

spaee. As w111 be e:çLa.inect, ve need to earry out a restrlctlon from

the space of tensors of cer-tain symetry to the Subspace of tracelese

teneors, or in the equlvalent vlerr¡rolnt, we need' to conslder the har-

monl.e subspaee of homogeneous polyno¡rlal-e. ltrÍs restrfctlon ls veIl

knorn for O(J), where the basts states becore the spherlcaL harnonlc

fqnctlons, or eclulvalent\y, synrnetric traeeless tensors (t¡Ol , p'39?)'

S¡mrnetric representatlons of O(,n) have been etudüeil [ 5il where the

basls states ar€ regarde{ as polynonials ln boson operators, actLng

on a vacuum state, and slnflar calculatfons have been done for general

representatlons of SB(l+) t ¡el . States of hlghest veigþt have been

forrnd for o(n) [ 531 , together ç1th ].owering operators (t 5hl ,[ 551 ), so

that ft 1s poeeible to calculate a¡bltrar¡r basls stabes. It lroujltl

seem from this that the boson calcuh:s applies to O(n) and Sp(n) tn

the saæ t¡a+r aa it cloes to U(n), sirply by consJ.tlerlng O(n) and Sp(n)

as subgror4ls of u(n).

Hcrever, there are soúe ctrear a¡rcl clefinlte ilefìLefenctes fn thfs

approaclr which are apparent aLreacly for O( 3). Rtrctly, the basLs

Etates for O(3) ane venf conpl,featect by co:ryarison rlith the monomlal

basls statee of SU(z), althoqgþ SU(z) fs of eomparable coq)lextty to

O(3),; aeeondlly, the basis states sre not ranffeetly hamqrlc f .e.



L2

the re¡:resentatl.on spaoe ts n<rb ttt=¿s¿itrJ.e l:¡ ar¡ cÈ''rdor¡¡ wqr, and' ls

not nanffestly lnvaria¡rt wrcler the operators on the space. Connectecl

wlth these dteft cleneies !s the fact that, althougþ for U(n) lrleyL

Étates can be wrltten dovrn fron the Yor:ng tableau by lnspectLon as

nononiaLs, the salne earlnot be done for o(n) and sp(n) i'e' the traee-

less tensors of the space are not ðeterrnlnetl 1n an obvlor¡s ua¡r firom

eacl¡ Yor.ug tableau" a,nd there are no ¡nonomials whlch eor¡lcl be regarcletl

aE the traceless lleyl tensors.

It is clear that the boson calcuhæ for U(n) ls not fnnetllately

appltcable to O(n) and Sp(n) ancl requires a nodif,lcation ln orcler to

overeone the cteficienciee ctescrlbect. [he startlng polnt of the clevelop-

uent requJ,recl rdL1 be to flndl operators, "modlfled bosonst' tl, vblcL¡

behave as ordl.nar¡f bosons in rnany lfffgr e.g. they comute antl are

vectore r¡nder 0(n) antl Sp(n), bub wl¡lch satiefy fn adclltlon

uî + . . a? = O (for o(n)). Tensors constructect as polynomfals ln a,
'll

acting on lOt wilI then be nanLfestly traceless, sf.nce nodÍfiecl boson

operator.s wL1"I operate only r¡ithin euch a 6pace, r¡nlfke orilinar¡'

bosons. ft ls necessary to generallze a* to ser¡eral sets a! uhlch can

be wecl for arbitra,rXr representatlons of Sp(n) as Ìtell- as O(n).

Ivlth the ba^sf c nechenie!û of the boson calculr:s eet up the tlevelop-

nent tahes place as for U(n), so that l{eyl tenrors ma}r be conetructed

ancl. orbhogonal Gelfantt states calcrÈated. Althougþ ín prlnclple these

states ¡nEf be ca.lculatect r:sing ordfna,ry bosons, the gi4¡llctty vhictl

nocliftect bosor¡s per.mit all-ons the constnrctlon of soue general sté,tes,

r¡htct¡ hatl been prevtor¡sly preventecÌ becar¡se of the Sreater couple:dty

lf oritinar¡r bosons are use¿[. It wt]-I be showr¡ that there are tl{'o

applicatlons trhere roocllfted. boson operators are Lndispensl'bIe, I'e.

ordl.nazy bogons do not pernlt the cliscovery of these resul-ts at aLI'
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Tt¡e fltret is in establlshlng the nefatlon of the boeon calculw

fomalism to an apparently coüpletely ctlfferent ancl powerful rnethocl

usett by Zhelobenko t 561 , Md seeonclly ín tbe eonÉtructlon of all'

ep!.nor representatlons of O(n) !n ha¡monic epaees. fn ge4eral lt

vlL1 be cleer that, for O(n) a¡¡cl Sp(n) , the domaln of appl-lcatf on

of nottifted. bosons not mly lnel-uclee that of ortti.nary bosons, bú

Ls eonsLderably larger.

q3. Sr.rnnery of Thesls

The development of the boson caLculug tor O(n) antl Sp(n) wtll

be describecl as follows. In Ctrapter If we glrrc an account of the

boson ealculus and fts deveLopnent for U(n), partly to set the

notatlon, ffid pa::ùly- to lndfeate how the tler¡elo¡lnent for O(n) ancl

Sp(n) should be carrl-edt or¡t. Mainly ho¡er¡er this ns.terlal serves

a6 a plrerequl-site for the study of O(n) and Sp(n) because these groups

are subgrot4)s of U(n), anci many properties of U(n) eppl-y eLnost

lmnediately to O(n) ancl Sp(n). ÌIe íntroduce here the cllresb procluct

space in utrlch are clefined the mrltfvectors known aB l¡eyI ten6ors '
a¡rcl we give the equivalent tlescriptfon, clue to Bargnann, in the space

of homogeneous po\ynomlals. The labelLlng of states, the Gelfanct

basls states, a¡d the uethort of thelr calculatlon are a-lso dercrlbect.

In Chapter 3 we carry cut the re(lusblon fnto the subspaces

which are lrrecluelbLe under O(n) and, Sp(n), lnrnolvlng the apBearance

of traceless tengore sncl hermonlc homogeneous polynonlale' The

conElaleratione for both grogps can be co¡lblnedt by r'rslng a gBneral

netrlc or,; lt is for thls reason that the dlevelopnent of the boson

calculus for O(n) 1s also a ctevelo¡trænt for Sp(n), md vlce vensa'

lle lntrocluce Ln Ctrapter 3 the motllfiect boson operators whlch fo¡m the

basie of our inræetlgat|cns, both as abstracÈ operatore ln a Fodc



1l+.

space, and. ee dtifferenttal operators acùln6 on fi:r¡ctlon€ of cornplex

varlables. !{e exanú.ne their propertfes, parblcularly wfth regarcl to

the realizatLon of the groqp generators they provide, and thelr

properties as vect'ors. Asitle fron gror4r theoretica'I coneepta'

rpdllfletL bosons are usefirl ln the constra¡ctlon of traceless tensors ¡

given a rultir¡eetor r¡e ean vrlte ctor¡n lmeclfately Lts traceless

parb, not Jwt for symetric nr¡ltlr¡ectors as has been d,one before

l,5n , brrt qr¡tte generaJ.ly.

fn Chapter l+ ve apply noctiftect bosons to the task of caleu-

tatlng basie statee for O(n). t{e shor¡ how to obtain }leyl etates

qr¡lte çneral1y, a¡rd r¡e write cþwn the maxfmat ar¡cl eeni-na:dnal

states of the Gelfancl basfs. Tt¡fe LeacÙs also to a tlerivatlon of

the branchlng theorens, t*tich are usecl aa a neans of labe1ling the

statea. I{e cal-culate general basle states for O(2), O(3) an<t O(h)

antt synrnetrlc basle etates for O(n). In sorÞ cases, these are

cllfferent , si.lçIer for¡nr¡latlons of kncrrn :¡eeulte, bú the e:çression

for O(l+) tasts states as Jacobi po\ynonials r¡oulcl appea,r to be new.

fn Chapter 5 we r.¡se noctlftedl bosons ln the calcul-atiorr of

Sp(n) basls states. I{e are able to calculate maxfmaÌ states andL

symetrlc states of Sp(¡), but for the general states ue eneounter

the pnoblem of state-Iabe}llng. Sp(n) does not posseso a sultabLe

subgrogp cl¡aln, as do U(n) anfl O(n), uhich coul-ct be usecl to labe1

the states coupleteìy. For this problen we restrfct or¡r attentfon

to Sp(l+) tçeeptng ln nindt the geheral case. I{e shcht hol¡ the basls

states can be label-IecÌ ugfng the brat¡ahing theoremr ' ar¡d, we cale1¡.

Iate the general C'elfandl state by c¡rrrying ogt a suitabLe ortho-

gona-llzatlon of the non-orthogonal l{eyl stateE. Our soLr¡tlon to

the problen is therefore on a globaf scale, utlllzlng Etate vectors,

anit it becouea elear that suitable labelling operators emstn¡eted
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from the groì¡p generators al.e \¡erlr conrplleatedl. F'ron thls polnt

of view no sr¡itable solublon to the problem edsts' Our uethods

epply al-so to the well knovn su( 3) ) o( 3) labelllng problen'

In Chapter 6 ve exa.rrlne ln ctetalL the trlple corm'ubatLon

relatlons encot¡¡teredl when first conslderLng noctlffed bosons'

Íhese relatlons are of lnterest both for the groqp theory involvedt

ancl also aE a neans of tteffnlng a new fìleldl theory' l{e shon that

the conrmu[ator a.lgebra of these relations is fsornorphlc to the Lie

algebra of 0(n12), antl we flncl the corresponclLng representattons ln

a Fock BPa.ce. lfhere are aleo solr¡tíons of these triple cornrrutatlon

reLatlons as tlor¡ble boeone, &d tbese are all classlflett.

Fron Ctrapter Fl to ctrapter 9 we turn or¡r attentlon to the

conetructl.on of the epinor representatic¡rs of O(n) ' a constructl-on

not acbier¡ect ln ctrapter 3. lle e1e.m{¡g fìlrstly the role of the

cor¡ering groì{ps aÉ a neanE of obtainfng t}re spfnor representatl'ons '

The triple corrnr¡tation relations of Chapter 6 a¡rpear again ln the

study of certain operators whtch eatlsf$ the tracelees con'lftiolrs '
br¡t are tlLfferent from modlfíed bosons' lfheee operators provltle

a global napping 1yon 0(n) to lts coverlng groqp, for n = 2 ' " 6 '

an¿ 1n parblc'1ar for n = 5 involr¡e tbe nocllflett bosons for Sp(l¡) '

In C¡apter I we demonstrate the relatfon between the boeon

catcr¡lr¡s, for U(n) and a.tso 0(n) and Sp(n) , ffid a cllfferent nethotl

tlevelo¡rett by Zhel-obenko. Ttris latter nethoct can be regarcled as

belng nore mathenatfeaL fn origfn conpared' to'the rather more

pþslca] motivation of the boson calcult¡s. Z'Ïrelobenko has tlevelopecl

hls uethod to eonstruet atl fLnite cllænslonal repreeentations of

the eonrplex clasel.cal gror4rs, Lncludlng ttre splnor representatLons

for o(n). Tt¡e methotl relles on the erdstence for these groups of

a Gause cteeoryorltlon, ancl all representaÈlons are Lniluced by the
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subgroì¡p of df agonal natri'ces. Zhelobenkors rnethodt ldtentlflee

clearly the honogeneous spaces 1n uhigL¡ the repreeentatlonc are

eonstructe¿l, an¿l by establlshing the rel-atlon r¡ith the boeon

caler:lus we rer¡eal the true roathematl.eal crlgln of the boeon ealeu-

lw, ln terrns of the homogeneous spaces lnvolvetl.

fn Chapter 9 ve shon how to transfer fYom the forma.Lisn of

Zhelobenko to the boson calcu}¡s ln a way that Ís general enough

to retaln the construct{on of all representatfons of U(n), O(n)

and Sp(n). As a r.esuÌt ve are able to eonstruct all splnor repre-

eentatl-ons of O(n) in harnonle spaces' vhic?t for o(3) a,norrnts to

qsing as a basis the eaüe set of f\¡nctlons, the spherleal harmonics 
"

ae Ls r:secl for the tensor representatLons. Tt¡e two types of repre-

eentatl-sne, single- ancl d.ouble-vafu:ed., are ctlÈtlnguishetl by the

dtlfferent form of the generator.e; here ¡rotllffecl bosons plqr an

luportant parb.

In conch¡sÍon, tben, re hanre eolpleted' the princlple task'

whicÌ¡ was lxrtþr lnvestfgatlonn the clevelopment of a boeon ealcultls

for 0(n) anfl Sp(n) uhich woul-cl enable the e:çlleft conetructlón of

alL r¡ritaRf representatlons in ¡na¡rlfestly frrectuotble fotm. It

renalns nor to ttelælop theee æthods f\¡rther as has been done for

U(n), andl to apply the teehniques to problens 1n both nathenatfeE

antl p?ryslce.
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CITAPTER 2

DE\IELOPMENT OF THE BOSON CAI¡ULUS TON U(n)

$1. Space. of TeneoTB

The boson ealeulus has been tlarrclopecl firlly from lte initlal.

stages by Biettenharn [ 10132,351 endl Moshlnsky [ 2L,21+,?rl and co-

workers. The descrfBtlon of the carrler Bpaee Ln terme of tensor€

reallzecl. wlth boson oBeretors ls es folLo¡s.

The fi¡r¡d.arnental (ctefLntng) representatlon of U(n) has as lte

canter Epace an n-ôlmensiona.l veetor space A. T'he l{lgner-Stone

theonem [ 35, Vo].. If , p2l shfrrs that rre na¡r construct all rrnttary

Lrretlucf.ble represent'atfons of a compaet natrlx group by takfng

re¡reated dlirect proclucte of the fr¡ntla¡¡ental :repreeentatlon of the

group.

Heuce we form r = ¡(1) * A.(2) r .. A(À), the ttlreet

proctuct of À spaees llke A. B ls then the carrler Bpace of tensors

of rank À. B 1s rectuclble becaræe the tranefotmatlon lndlucect by

the operattons of U(n) eonmr¡te nlth transforrnations permutlng the

À r¡ector Bpacee among thenselves. To see this Let r(r) = Tl1ir.,1^

be a tensor of ra¡rk l¡ then the transfornatlon of T r:ntter U(n) tE

rír) = r(p) s(p}(r) i¡e'

tír,.i^ = Tpr..r^ gnrtr" gn^t^ s e U(n)

(su¡matf on over p).

the symretri.c grorrp of ortler tr. !'en

(sr)¡*) = ré(r) = r(B) s(p)s(r)

= rs(p) ss(p) s(r)

I€t SeS^

= (sî)(p) s(p)(r) ,
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rpùere uc l¡aaa r¡Ecõ the fa'ot that +h€ ter¡sorr +¡a¡foa;r¡d,f¡tr lc bt-

symetr.i.e. lle hcve shoern that B ean be reduced lnto subepaces each

of whtch Íe spannedl by tensor¡ of the sa¡'oe syurretry. A glven eyr

metry f .e. an elenent of S^, correeponcls to a lor¡n8 synuetry pattern

deflned by a parÊ1tton I Ul of À. Hence each pattern uniquely clenotes

an Ln¡ecluclble subspace of B. Eaeh Yotmg tableau (tt¡e yor¡ng pattern

ffLlect lexLcal\y wlth the lntegers tlenotlng the À vector spaces)

deflnes an operator, the Young synætrlzr¡r which proJects the tllrect

proctuc't space B lnto the lnvarlant subspace cleftnecl by the Young

tableau.

fiie basls veetors of the lrreducible representatLon of U(n)

al¡e cletennlnecl ln a one to one corr¡espondenee r¡lth the le:d.ca1 Toung

tableau ln uhfch the inðíces of the Young synretrlzer tableau have

been assLgnecl nr.nrerical values (f to n).

fhe boson ealcul-us appeare when we realfze each abstraet

Bpace ¡,(o) *rtn boson operators, eo that the erements of ¿(o) "t"
bosong .! f=f , ,. n ït¡ich behave as r¡eetors und.er U(n)¡

a' = âB 1.e. 6' 6

"t=tp%i
ryhere g e U(n)

These boeon olnrators are tleffnect by the eomutatlon relatlons

ta!,'jl =o=la!;ajl ,

tãi,.jt = ôtJ ôo" (r)

vhere ã! i" the clestructlon operator a,ttJotnt to the ereatLon opera-

tor a! . A tengor fn B 1e nor conEtrucÈedl fron boeon operators

actlng on the unique vaenun lO>. The effect of the Yor¡ng synuetrl.zer

actlng on theEe tensors ls to lntrocluce the foll-ordng antisy¡¡r¡etrfó

conblnations (symetrf c co¡dbLnatlons appear ar¡tonatleaily) :



or,'.rn=te(rt"r*)al,, t " '(z)

Ivhleh fs the tùatermlnant of the k x k matrl.x 
"rJ = "j The state

vhtch corsesponcls to a dlagran ls ealled the WeyS- state and cæl now

be nr{.tten clorr¡ e:çlfcttly; for exa,nple the }Ieyl state with dlS.agran

L9.

Ls a3 a12 lot

the abstract generators tt¡ ot U(n) satisfy

I ttJ '\.ol = 6J* Eto - 6rt \.¡ ( s)

Tt¡ese generators ean be ctlvidletl lnto welgþt generators, aûil lowerlng

anil ralsfng generators. Tl¡e cl-asEiflcation fn telms of the generaF

tors Eo correspontll.ng to root a Ls

Hr = Eii

Eel_e¡=EfJ , rt J=1r..n. (h)

tlte EtJ can be reel-lzed ex¡rl1cttly wfth boson operators aa

Eu-{ãj, (¡)

vhlcÌ¡ is chect(ed wtne (1). lhe her¡nltfclty property ET¡ = E¡1

ensur€s that the repnesentatlons are unftarXr. Bosons behave as

r¡ectore under theee generators (as prevlonsþ noted):

tnu,{t = ôr¡ 
"T 

. (6)

The lleyl basis 1s rrcry usefuL, parb\y beeause of lts sirpll-

dty being alv4rs a rcnonLal, a¡rd because 1t ean be rritten clorm

lnmedLetely by fnspectlon fron the Yornrg tableau. Hcr¡ever the lleyl

basis has the dllsaclvantage that in generel lt ls not an orthogonal

basfs.

2
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A labelllng sehene r¡hic?¡ refers to orthogonal- basLs states was

originatecl by Gelfantl and Zetlin t 281 . In this scheme a baeis state

l(r)t for u(n) is \ürl-tten

l('), = (r)

tl

tLn 
^zn

mnn

tLrr-l- mn-1 n-L

tr-1

where the n' a,re non-negatfve lntegers satlsfVlng

ti*l,J*r-"trJ<mt¡+:- ' (8)

The meaning of the mr, 1e that the nr¡nbers (nrr, t2i .. tli) for¡r the

hlgþest velght vector of the subgroup U(i) contaLned in the ite-

eonposition U(1 + 1) f u(1) x u(Í). The ínequalítlee (?) are then

sfmply a statenent of the trùeyl branchfng theorem for U(i + 1) res-

trlctect to U(l). Ttrese C'elfancl basfs statee åre necessar{.ly orbhogonal

becawe of the group theoretlc meening of the mrr.

Since the Ge1far¡it labelling enu¡nerates the states correctly, the

C¡elfand states ean be put lnto a 1 - 1 corresponclenee vlth the lley1"

states. tbe natural eorresponderrce is the folLovring: wíth the

Gelfanct state l(or)t ve associate the !ÍeyI state tteterr¡fnect by the

Toung tableau eontaining in the kth toor q-k kf s followect by

(\,**, - Lr. )k+l'E 'r rr

fi

(%r, -%n-L)n's , fork=1,.. r.

Generally we put tr ç n in order to obtain aIJ- representattons of U(n).

Taking for exa,n¡rfe U(2) , the C'elfancL state 1s

mlz m?z

mll
l(r)r =
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ancl ls assoclatert rllth the lley1 etate (aenote¿ wlth ror¡rcl brackets )

nl I mtz

mlz m2

ull
,) (s)

m2z

= ,rmrl-m2z 
"rmtz-ar, "rfra lor ¡

fn this case the @lfanct antl l{ey1 stateg are the Bare, but in general

the Gelfancl state wfll'be a llnear conblnatlon of the l,leyL states.

These ex¡ranslons have been studled e:ctenaive\y for the unitary Sroups

[ 10,32,331 .

â2. Ho4ogpEeous Po1yno¡nlaIs

lll¡e boçon calcuh¡,s can aleo be dteecrlbecl !n the follosring wry'

in whlch the canier spaee is constructed from honogeneouË poJynonlale '

I{e ean cteflne a repregeutatfon T of U(n) Ln a fi¡nction epace Rn

consLetlng of fi.urctlons f cteflned on n-dLrensional oonplex varfabLes

!r bV

rg f( z) = f(ze) (ro)

u?¡e¡e e e U(n)

Thls re¿tucible representation rrifl- be lrre{uolble lf se restrict f

to l1e in the subspace R[ of Ro]ynonlals homogeneor¡s of tlegree 9' Ln z

1.e. such that f(rz) = l[ f (z) qr eqr¡fvalently

n f(zl = zpþ il"¡ = n, f(zl
p

The space Rl ls not large enougþ to carrxr arJ' representatlons

of U(n). I{e enlarge the space by lntrottuclng more varlables eo that

a fu¡rctfon f 1s dtefinecl on a set of variables zo, ilhere o = 1, .. I.

f(z) 1s now â. poÌynonlal honogeneor¡s of degree 9,o Ln zor, for

o = 1, ,. )r, and. belongs to the lrreitucib]-e space

2

21
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(sr) (L1 ,L2, . . oÀ )
R

by (ro), bd '¡here z now stancls collectively

I
(

1g ls deflnett in R

for In varla¡Ies zYI

u^)

o
a.

]-

(t'
Slnltarly to each f(z) e B

(e'

ve ean obtain a new polYnoruial 1n R

I there corresBoncls a polynonlal of

(r, ) )

Gir¡en f(z) e R
I T

nhieh fs of ôegree Ld + L ia zs, na,nely zo, t(z). Ttrls process 1s

slnply that of applying a creatl.on operator "[ to a¡r arbitrary state,

henee ue make the associatlon

A
o
I

(n)

of degree 9,- - I ln zo, which is +: r(z) . The operator {' haeú ,"i uri

the effect of a clestruetion operator (renovíng a pa,r:tlcl") *d 8o we

write
â (u')

àz
d
i

The operators *rd ã obey the co¡nrnr¡batlon relatl-ons (r) or bosonoz.
1

àz
T

J

operators. In thls rray we lntroduce bosons ancl the roethodl (fO) of

eonstnretlng representatlons is an equlvalent vlerr of the boson

ca1culus. ltre tasis states, hornoçneorrs polynomials, car¡ be equally

well regardecl ae teneors or nrul-tlvectorg congtrueted from the vectors

,o,. The generators becoue cllfferential operators1-

Et ( re)

thls can be seen elther by Eubstftr¡ttng ror (5) wtth (1t), or

by ealcul-atlng E' frorn (rO). In thig calculatlon we But g = 1 + te

-6a.
!-

D
z-.

1J

ã

,rl

where eU le an n x n matrix wfth elerrents ("'J)OO - 6ik6Jl . Tt¡en

1J



t=0

lle hane or¡Èlinecl two apparently tllfferent vays of obtalning the

tl(n) representatlons , both involvfng the boson ca,lcu1us. Bargnann [ 151

has cliscrrseett the equlvalenee of the ebstracû operatgr approadl carrieil

oub by Sctrwinger [ 1fl for su(Z), årid that rælng Htlbert spaces of

horcgeneous polynoniaLs. He points or¡t the characterlstic differences '
that in the first case the boson operators "T, 

ãr" a¡rtl thefr eomuta-

tlon relatlons are postulatecl. Other obJects to be stuclletl, sueh as

the basls states (tensorÉ) are deflnetl ln terns of these o¡rerators with

the enphasls befng on the construetion of repreeentatlons uslng the

lnfLniteslnal generatorr¡. fn the seeontl case the fi¡nctfon space R 1s

postulatedt anct etudie¿t wittr the nethodls of analysls, vfth the repre-

sentatlons deflnedl ttirectly on R. The space R wlth lts cllff.erentf a^I

operators can be regartùad as a realizatlon of the more abstractly

defllnetl system constructed. from bosone.

S 3. Sca1ar Protluct

EiJ = S r(ze)

t

Dz:
1

a

Az\
J

23

By postulating the oBeratot* u! and their atuoints we haræ

tþflned a scalar product. An arbitrary etate has tlre to¡m f(a) lOt

where f ls a fr¡r¡etion 1n tbe boson operators and lO> ls the vacur¡m

state. Tt¡e eealar protluct (f rf') ls then cleflnecl as

(f,r') = <ol r(ã) r'(o) lor . (r3)

I{lthln R we needl to cleffne the scalar producb so that "i = "l
ls the aclJolnt of e = + . Bargnann [58,59] has stu¿Uedt thls space andL òZ!

the sca,lar protluct ln cletall anô has dleflnecl

(f,l') =

n

V(z\ t'(z) apn(z) ( rt¡)
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r¡here

durr(") = n-n e)a (- l,"z) TÍ dt1, trt

I,Ie then bar¡e

(f ,z*f ') = $ r,r1 as reqnlretl.

Alternatfrely, glrrcn a homogeneous po\ynoniar r(z) - 
I * 

Jnt

we na¡r pub

,*cJ=lr,(#tn'

where tr = (htr..nn) *a rth! = ,rn' .. "ont . Then we deît'ne the

conçlex nwdber

( r,r') = þ. eJ ,'( r )] 

"=o 
( r: )

whfch le easfly checkeö to satisf) alL the requirenents of a sealar

product.

gl+. Basls States

HevÍng constnrctecl a srrltable representatlon Epace çe now ïleh

to calaulË.tc¡ the C'elfa¡¡cl basls staÈes , whleh Ls alone ss follows '

F:trstly we obtain the state l*"t .t whlch ls of highest weigþt le' ,

the state çhfch ls an elgenvalue of the weight generators Hí = Eil

ln rftlch the eigenvalues, or the T{elgh!, take the hl.ghest posslbl-e

vah¡es' Tlrls ulll be the case [26] if Eo lg*'¡ = Q r¡here E/are all

the rafstng generators of U(n). In an frreclueible space Inalc'> ls

unlque, by Cartanfg theonem eü (¡ee also Zheloberiko [56] pl2 Corr' 2)'

fbe state Ito''t 1s also clycrle, i'e'by applying the Eenerators E t
of U(n) re cbtain all other states fn the spaee (t 561 p12 Corr. 2), B'y

qpplytng sultable codblnatlons of the E' ve reaeh states r¡hlctt are
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the or.bho6Onal- C,elfentt ttatee. These eonblnaùtæS, oallod lorerlng

an¿ ralelng operetorg, have been calotrlatetl by Nagel ancl Moshlnsky [ 2?l '

It le noÈ necessa,rry that our spaee be lrreduclble fnltlally.

SLnce U(n) Ís compaet ancL therefore corpletely rediuclbLe the reBreaenta-

tlon space can be r¡rltten as the rlirect sr:r¿ of lrrettucfble spaces.

EqulvalentJy the Bpace rlLL contain several states of highest vefgþt '
one for eaetr irreclucible subspaee. We seleet the nost eonr¡enlent of

these states a¡rd. obtain the basis vectorg spannlng the irreducible sub-

spo,ee by applicatlon of the Err. Ífhís ls the case when we fotm the

space R&l x R02 * . . R-À from çhicl¡ we clroose the Lrrectueible subspace

n(er) = n(¿t"'gtr). The Eü cannot Leadl to states or¡tsfile the space

becar¡Ee the EU eonmtrte wlth the group Lnvartants, the eLgenvah:es of

whlch iletermine the representatlon a¡d remafn r¡nehangecl.

For U(n) the state of hlghest weight iE

mt-m2 m2-mg
mn (16)na:(.> =

-uM' al atz '!2. ,n lo,

where ml..mn are the repnesentation lebels anct M the nonnaDzatlon'

which ean be calculatett fron (ff) as hes been clone by B{ecleriharn and

Ciftan 1,321 , To shor¡ tf¡at (16) {e of higþest vefgþt we need to show

that
trJl**.)=o fori<J. (rf)

llo check thlr lt ta sufffelent to shorr on\y that

EL,l*l lt*'¡=Q (r8)

beeawe Eu "* be wr{tten as the repeatect conmutator of Et ri+1'

Ei*1,1*2 .. tJ-rrJ. lttrls ls so because Ei l*1 corresponcls to the

sinple root e, - "l*1 fro¡r lrhleÏr aLL other roots ean te obtalnetl by

aclttltion. nor¡ (t6) telongs to an f.rrectuelble Bpaee (tt ts a \{ey1 gtate},
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enô slnce there fe ogly one soJ,r.tlon o,f (ff) U æ }pcduclble space ' b¡¡r

Carta¡¡rs theoren we fl.nd that (f6) fs the requirect. state of higÞest

weígþt. By applying the ctlagonaL generators H, to (f6) we findt thaf

the nn¡ibe* 11, vhieh must satigfV nr Þ m2Þ .. ) t, Þ 0, are not only

the ttegrees of the polynomial |ro.t but are also the actual representa-

tion labeIs.

An alternative nethod of finillng (16) fs to r¡se the fact that the
(r,. )

representatfon spaee R' ^' capies representatfons of nort ¡r.rst U(n),

¡ub U(n) x U(n) where the seconA U(n) group Ls generated by

Eoß={tå, ffidlEiJ,toBI=Q. (rg)

TI¡e onl-y representations of U(n) x U(n) lrhtcÌ¡ the spaee cagles

a,ne those ln r¡hictr the Labels of eaelr U(n) gror¡f¡ a.re tt¡e seÍ€

(rrt,,.*rr). lrtris ls because the fnvartants forueil fron ttJ *U those from

Eoß *e the sa¡p uhen the eubetltutions (19) and (5) are nade (Iouck [5] )'

Thls cÉrect prorlucb has been clenotetl U(n) * U(n) [ 601 , and the tvo groì¡ps

referred to as conplluentarîr [ 6il .

The nethoct of Moshinstry [ 2hl ls to note that an anbltrarry basls

state of U(n) generated Uv EfJ can be chosen to o"tlllhlgþest weigþt ln

U(n) generatect ¡y Eoß f .e., the po\ynoniels f of R n ,"r, be charac-

terlzedl as the solr¡blons of the eguatlons

Ec6f =m f ct=1'...t¡,--o - ( zo)

Eoßf=o o<ß

Moshlnsky has eolvett these partlal tll.fferentlal. equatlon8 [ 21-l

andl by requlrlng that f be of htghest wetgþt ln both U(n) eroups has

obtainett (f6). Tl¡ls rnethocl has been follos¡ed aleo in the treatnent

of O(n) t62l a¡rd Sp(n) t631 . Hcr¡ever as a meane of obtalnlng the state

of hlghest weight thfs epproach is r¡rnecessarl\y eonplLcatecl by
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eou¡rarlsorr û1tb tÌ¡at 1l.xlt ouüL:Lncd- I{e r¡tII ugc tt¡e slryl€? r¡ôtboal

to fintt states of hlghest weLgþt for o(n) and Sp(n).

Moshinslcy [2Ll has ¿listinguistred between his approaet¡ (cerrleð

ogt fLret by Wlener [ 38] for O( 3) ) r:stng honogeneous polynorrlals , a.ndl

that of i{eyI r.rsing tensors of cleflnite synrnetrLes. Ho¡lever vhen ve

eonstruet tengors with bosons, wJ.th the assoeLatlons (ff) tt¡e tno

nethocls becone lsomorphic. Ìle w111 regardl the appnoaches a^s equl.valent

and r¡se the nethods of eacb es conr¡enl.ent. T?rls eltuatton rrltl appear

also for O(n) an¿ Sp(n) e.S. for O(3) tf¡e basLE states wlll be negartled

both as Eynmetric traceless tensora ancl as hsrrnonl-e homogeneouB poly-

nonlals (sBherlco,t ha¡uonics ).

Wtth the state Iro.> known $e can reaclily caLar¡late basis ststeg.

f¡is h¿æ been done for U(2) and SU(3) Uy BaircL ancl Biedenharn [ 10J :

tor u(2)

l(r)t =

mtz

mtt

m2z

= frf a¡rm22 
"r 

gtt 3'm22 mt t"mz 3

(er)

= ulk a¡rmlz arnll-mzz arml2-ltll iot

r¡here (trr - n22)'. (trz - ntr)!
tr,! = (n12 + 1 ) mz1t (tfZ tzz + 1)l

oncl for SU(3)

ml3

ml2

ull t mt 2-ml l mt 3-ül zxaz 8,3

al 423
x ZFI(tZZ - m23r mtl - Etl2¡ loll - m23 + f;;;-;;)

where N is knorn. Qz')

tr'rm the norma]lzect basfs states ft is possible to calculate the

matrix elemente of the goup generators, Bnd thls has been done for U(2)

a¡rct SU(3). It ls possible [10] a],so to caLer¡late natrlx elerents for

mzg o

mz2 al
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aröftrary n, .a&ð,tberr,the origln¿.l ¡coult* of C'elfABö antl 'Zø¡¡a l28l

afe cibtà,lnect.

Tlre fom of the Gelfandl básls states for orbber unltax¡¡ grotltlg has

been Lnvestlgatect (t Z9l , [ 331 , t 32] ). E]¡e elqrreselone obtalnèdt ere of

lntere6t ln epeclal fr¡nctlæ theor,¡r because of tl¡e nal[r propertl'eE of

speclal fi¡netlons nhlcl¡ can be der{veit frcn gnot4r theor}r (t l+91 , I l¡81 ,

t l+?l ).
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CIIAFTER 3

¡MDIFIED BOSON OPERATORS

$1. p-Orthogo.nal GrouIrE

The orthogonal. group O(n) in n dlLuensl.ons ls cleflnecl ag the

set ofn xnmatrlces gsuchthat ggt = 1. Ifg aets on aapece of

yectors z (clenoting a eo!¡plex or real row n-vector) then ue rna¡r

equally well cleffne an orthogona.l- matrix aÉ one leavlng invarlant the

qua¿ratlc to¡6 zzl. !,!ore generaLly we tleflne the set C(n) of

p-orthogonal natrleeg as those leavÍng fnvarfant the general forn

zpzt where p is ari n x n nonsingular natr{.x. These p-orthogonal

matrices g nwt then eatrefy gpgt = p, If p is s¡nmetrlc we obtaln

the orthogonal group O(n), a¡rd lf p ls antlsymretrlc we have the

synrplectte group Sp(n). Ïn the latter case the requlrement t'inat zpzl

be a nonclegenerate bllinear fo:m restrlcts n to even va,l¡eg. We ca¡r

aeeomodate both choiees for p blr chooslng the symetry contlitim

giJ = ngrl nhere n = ! 1. In adtlltion we assure ppt = r' We trlll be

coneerned. rrfth the compact subgroupa of U(n) br¡t our approach vllI

stlll- be useful |n o'btalnlng ffnite-tllnensional (non-rntta¡ry) reBre-

sentatlons for the non-coupaet groqps.

l{e rvlsh to clevetop a, boson caleulr.¡s for O(n) a¡rd Sp(n). To tlo

this we approach the problem as for the rgfta4y group U(n) t.e. r'te

take repeeted clLrect, products of the n-tÈnensLonal carr{er space A

of the rteflnlng representatlon to forn the redluclble space

B = A(1) ,, R(2) , .. A(I). 1,he l,Iigrrer-stone theorem (t 351 vol. II,

pZ) tt¡en shogs that a1l lrrerluelbl-e unlta"rry repreeentatlons of G(n)

can be extractecl from B. B ls decou¡losetl by apBlleatlon of the Young

s¡rmætr{.zer whlelr proJects B lnto tbe subspace dleflnecl by the
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corresponclLng Yor¡g tableau. fhls procegs ls thet of dlecouposfng en

arbitrary tensor into synretry ty¡les as cleecrlbecl 1n Chpt fI, 51.

For U(n) this cteeonryosftlon 1s sufflcient 1.e., the varlous subspaees

are irnecluclble. The boson ee]-eu]-ug 1s lntroclueedl by rea.lLzing each

space n(o) ,¿tt, boson operators.

92. Traeeless Tensors

For G(n) B nr.¡st be d,ecotçosed firrther because of the appeêrance

of the rnetrie p. From each teneor Tfr..t of rank r we may form

another tensor of rank r-2 by contractfon çlth p:

Tf,..1, * onn ttr..n..e..i'. 
.

It was obsefl¡e¿t by Vfey1 [ 121 that the operatLon of contraetlon

(taktne the trace) of tensors belonging to B eonugtes with the

p-orthogonal transfornatlons. If T- is the transforn of T r¡ncler G(n)

then
tír 

. .f.,. = Tpl 
. .Þ" %rr r " %"t" '

contractlng, for exanple oyer the flrst two lntflces, we have

o T' ..'pq. -pq.l g. . l"

= Tpr.'n" %rn sBzq %gra " sP"l" onn

=T (r t'-'pr..P" *#8 /prp, un"t"

= Pplpz tnrnr..r, Snals " 8P"lt

= [ o* tpnrr.,r"l I

fle see now that the subspaee of tensors of zero traee Ls

lnvarlant. In order to obtaln an Lrreducible representatLon Epace

we rm¡st starb fron the arrbepace of traceless tensors and' apply the



Totmg symetrtzer-to obtaln traeeless tensors of a glven symætry

type. A tensor Tlr..i, ca¡r be dleeorposett r-nfquety into a tracelese

tensor To plus a tensor of the rorn ([ 5ol p392):

'r,..r, = er1l, oÍ11]r, * ¡' * oror' tÍiÎlr"-rin+l..i8-1rß*r..i,.

F(+te'-s)
Hence the tracelesr parb of a tensor can be r¡rltten

mo -m'll..f" - '11..1" -F

31.

(r)
1r..1

Our prcbÌen ls to proJect from T to To.

The requlr"euent that a tensor be both traceless ancl of a gfven

eymetry Ls a atrong condltlon end lt Ìras been shown ([fe'50] ) tfrat

tracelese tengors of certaln syluetrles are fdlenticaLly zero, 1.€'t

sone Young ctlagrane are nort admrseltle. f'or O(n) we harrc that trace-

leee tensors correepondling to Toqng cllagrans ln wbigr¡ the grrn of the

l.engthsoftheflrsttwoco].r¡nrrsexcee<Isnm¡stbetclentlea]-lyzero.

For Sp(n) traceless teneorË correBponcting to Tor¡rg dtiagrans ln vhfch

there are more tha¡r v = ! rooru are ltlentical\y zero.

If ne realize B wtth boson o¡rerators as before ne could atteqrt

to recluce B by proJectlng out the traceless Bert of protluets of boson

operators. l[t¡|s ls the nethotl prrevlously r¡sed for obtafning an irne-

dlucible representation space, but æe whlcTr is urnecessarl\y coqpllcatedl'

the eonplLcations arlse beeawe fr¡nctfons in tÌ¡e representatiø Bpaee

appear ln the elçandect fom (f).

A slryIer ¡oethoit le to realtze B vtth operators d¡osen eo ùhat B

ls inædtLately traceless. In thls rnethod we reallze ""oh "p""e 
A(o)

rltlr a set of n o¡leratot" *! whlcÏ¡ behave aa vectora r¡nder p-or'ühogonal
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transformatlms ancl whleh eonmute wlth each other. An arbltrary

tensor rrr..r^ tt B then 1s the sun of terr¡s such 8s "ìr""1^' 
For

T to be traeel-ess 1.e., onn ti'..p..q.,il = 0 çe requlre that the

.6operators ai should satfsfJr

I aT=o for arbltrêr¡r o' 1. (zl
çt

o
a,ppft

Clearly these operators cannot be orclinarX¡ boson operators'

The coryLexlty vhtcþ was present !n (f) is non úsorbecl into the

operators a[ whictr then, as w1lI be seen, clo not have all the slm¡lIe

properbles of bosons.

Havlng reallzect B as a spac€ of tracelegs tensors we apBly the

Young syriurietrlzer to proJect into lrrectucíb}e Bübspeees, as before'

In order to gee how the o¡rerators 
"T 

t* be dlefinedl ancl to revea'l

theÍr propertleg, we eonsider the problen with the fol-toulng equlvaLent

approach.

5 3. Ila¡monl.c Spaces

Beglnning as for U(n) tefor€ we cleflne a repreËentatlon I of

g e c(n) in the Ëpace nc ¡y

Tg f(z) = f(ze) vtrere t(z) e Rr (s)

lle coneider lnltla.lly only one set of variables zt eo that the tensors.-

of the representotion spa,ce are aIÌ syretrlc. Hence R0 fs the space

of honogeneou3 polynonial-e of tlegree 9. Ln z. Not¡ aLthougþ R& |e

lrrettueible under r:nltary transformations lt beconee retluclble nncler

t,ransformatlone of G(n). llhe subspaee ( rrr\R$-? ls lnvarlant because

(z,z) = opn ,p rqremaing i-nvarLant under G(n)' Iêt H& cbnobe the

orthogonal coruplement of (z ,r)nu-Z ln R[. Then tf hg e H[ we har¡e

(no, (r,r) 1L-2) = o for alL fL-2 , R0-2, where ( , ) denotes the
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the sca.lar procÌuct ln

where

ne (qrÉ rr g3). rherefor= 1v2rr[, fc-2) = o

v2=ppq ,

x .. R

sfnee the acfolnt of z, ln R0 is th f0-2 1." arbltra^r¡y therefore we

har¡e V2h& = 0, 1.e., Hß fe eharaeterLzecl as the subspace of Rl con-

slstlng of ha,ttonle po\ynord.aLs. We ean wrlte R[ as a dlrect sum

(t 6r+l , BE9):

Ro = Hc e (z,z\ R¿-2 . (h)

1[t¡ls result has prevlolrsly been notetl by VileUcfn ([ h9] ' pbl+l+).

As (z ,rlab-2 ls sttll redlucible lt is clear that Hc ie the

lrretluclble space . ve erc scekfn6. l{e ean see dlrectLy that

the space tt0 1s lnvarfant under C(n) beear.¡se the o!,erator V2 1s

lnvariar¡t rmiler C(n).

Ir[ôre general]y re neeô to eonEl.der po\ynonlale of ser¡era1 sets
C1 9'2 [.

of varlÐIes. We for¡l the space R x R x R À r¡hf ch then conEiEts

of polynodals homogeneow of clegnee .co fn z!, tor o = Lr.. À' Íhe

nepresentatlon T fs cteflneil as befo¡s t6t (3) br¡t non z stsnds co]lee-

tt-rrcly for all vartables z!. Not¡ ttre subspace 1s

,,1., (ro,,')'ot * " 'oo-t 
* " n'ß-t "'" Rgtr

lnvarLa¡¡t rmdþr e(n) uecar¡se (zo

c(n). rr (1.) (¿.)
h ^ eH ^ =H

,zB) = onn "l o[ i" lnva¡rl,ar¡t r¡ncler

cteffnett as the orthogonal couplenent of

(9,y ,1,2r. .ll )

LÀ
U

ca rß=1

9'1 t( 
"o-,rB 

)n

tnen (h
to^', (ro,"g)r) = o for arl d¡$ = 11'.À antt for aIl- f " Rf,l

. AB befo¡e we flnd tt"t tr([r) ¡"tteflee v2u h(gr) = oR[À

X



for arß - 1r..À where V2U

corçosftfon of the space as

I{e ma¡r nrlte the cle-

uB-t

3\

Il1
CB

9.1,1 [, (ø^)
n x .. R ^ = H

Àt o,H=t

1,¡
x x .. R x.. R

(r )
(r, )

ÀThe ir¡rettucible space Il rith whtdr we w111 carry lrredlucible

representatlons of G(n) nay be ctraracÊerLzect as the space of harnonl.c

homogeneous polynoniale or equlva.lently as traceless tensors of clefinlte

syurrretry tlæe. llrls fact has been kncnrn and used in nost treatnents of

O(n) antt Sp(n) (t2l+,481 ). Þrorklng as for U(n) ve wrfte cLc*¡n the state

of htgþest uefgþt ln the harnonic space. Ttrle state is cycllc so that

one can generate all the basie states by appllcatlon of the group

generators. For o(:) ttrls l-eads to the fentlier spherlcal- ha,r-nonl'c

fi¡¡rctlons (t Zf] , I l+?J Chpt 2). These fr¡nctlons ea¡¡ also be regardedl as

traceJ.ess tensors but becawe they are constructed wlth orclLnar¡r bosons

they eppear fn a fors unnecessarily conrylicated'

Ttre Etate of hlgþest weigþt for O(n) has been calculatetl by

Wone [ 53] . A].l etates for symetr{.c repreeentatLons (wing on\r syrn-

retrlc tensors) trar¡e been calculatect (tffl , t65l ). ttotman [52] has

calcr¡lated basls states for sp(l+), büt the attenpt to proJect or¡t tbe

tracelese pa::b of tensors fs lnconpLete. Ner¡ertheless the results are

correct becauge the state of hlgþest wetgþt ie dlosen correotly. Agaln,

these calcr¡latlons are uxnecesÉe,rl\y conpl-lcated antl the stnreture of

the results ls cla,rlfledl by the use of operators satfefVfne (e).

gb. Mocllfl.ecl Bosoù¡g

( ro r"ß )R R

Ite need to fi:ncl operatorr a! ana their atfolnts ã! t*rfen behave

as vectors r¡nder e(n) ana ïhlctt satlsf$ onn d ul = O' By forutng

po\ynonla.ls from theee a, actlng on the vecuum lo' we rrlll- obtaln
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tracelees tensors or equirmlently harmonlc ?olynonl+ls. If

h([À) " H(ll) rr" 
""nrrre 

that 
"1 

n(o^) . 
"([1"'go+1"'n^) 

*u

-6tr. n(u^) " H(gt,..oo-1,..0t).

Conslder flrstly only symetrie representatLons 1..e. , X2r..ßl = 0'

For U(n) we have rl = ,f , ãl = 
ù. 

For the p-orthogonal erouPE G(n)

we fincl that the a¡lnli¡ilatlon operator is rlrcharrgedl slnce

'ò -9,
ËrtI

e Hs-1 tf Hg-9,ne

Hence we put t, = t 
. Hor¡ever zrhß t n[+r becan¡se vzzrhg { o. Ncnr

fron (h) we eee that

zrhL = ul*t* (r,r){r-L
wher=

*Í*t , H1'+1 antÌ tl-t " Bo-1

Clear\y el*1 r" the po\yno¡niar we requ5.re by applytng al to hc 1.e.,

t+l _LgT-'= .rh" . t mr¡st then have the forn a, - zl b,z)*, for søre

oÞerator Ar. The requlrenent arhl e Hß+l enables us to flnô that

A1 = 4 Y2 ,(z,z)l p 1o âz^p

(nottng that [ 12,1i2,(z,z)71 = Q ln Hc)

Hence -1
tt = (t- (z,zll'v2'(z,z\l 

'zlzr

= ot - þ,2)(n + 2N)-t o*n 
4 

(6)

together wtth ã, = Uh (6ì ). These operators, whieh har¡e been encountered

by VlJ-erikin (t h9l p¡+hz), are nodlflect from the ortlina:ry boson o¡lerators

antt so ve call then t'modifiect bo¡on o¡reratorlstr . Ìte 1.¡111 see the¡r have

Ð
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all the properbles we require of them. the folfcpfng c-omutatlon

relatlons are readilY ehecketl:

tãr,ãJt =Q (r)

and henee

I a*a.rl = Q

ancl -1
[ -a*ar! = 6iJ - orp "p Ë * *) oJq ãq .

I{e could deflne notllfled boeons by these relations or by thelr e:çlfcit

real_lzatlons (6). we wflf use eLther ctefinltion as convenlent. The

ctlfferenee in approach ls that dllscussed earll.er (Ctr"p. fI, 52)

betçeen the abetract syStem construetecl rrith boeons ar¡tt the etçIlclt

reallzation ln a Hllbert space of polynornlals. Non 1f we cleflne the

lmlque vacutrmty ãt lOt = O for all l=l,..n then it follone flom

(?) t¡at ãr "J lot = ôiJ lot *a then also ã, onn "p uq. lo> = o'

Fron the unlqueneas of the vacuum ve have opq. tp "* lot = K lo> for

Eolle constant K. An a¡bltra.rT state lC> can be written as the sum of

Broducts of c creatlon operators and therefo¡e we hanre

p-- a- a- løt = r lct i.e.,'Bq[ p q

Hence

ê
çl

=t(

ancl then
ã

B
a lot=Rlot=9

o a a =l(.'pq p q

;ppqp

p
pq. çt

so that ve muEt har¡e K = 0 L.ei ,



'pq. 
up tn = o

T'hls ls the requf.red traeeless eondltion (2). ftre actJofnt relatlon

o ã, ã = 0 is the harmonlc eonclltion on our space as ean be seen'pq p q

by substltutlng (6'). For synnetrlc representatl.ons (one rosr 1n the

Yor¡rg pattern) ve uge the operators deflneit by (t) to obtaln states

of lrretlucible representations of O(n). for Sp(n) (wtren p ls antl-

s¡rmretric) bosons are sufflcl-ent because gp* *p tn = 0 1s satlsflecl

w'Ithout nodlflcet 1on.

In order to obtaln other representatlons we requlre more

varfables wlth wt¡1eh to construct tensors of the varÍous synnetrles

a¡rd. consequently nþre operators *1, o = 1,..À.. Vle reqr¡ire that

"i, ãi satrsr) o3s "î h-(0À) = o ;. oåu ãî h(sÀ) = o ror

drÊ = 1r..tr. The annlhilatlon operator remains unchangetl so that

â

37.

4
"f àz

ct

I

The creatlon operator must have the forn, uEtng (5)

{ = "i - (2o,"Ê) lou(o)

(q,B sÌ¡rued)

(o) fs an o¡nrator to be cleterrnlnect. Ile requlrevhere AoB

l.e. ,

provlcledl

(ø )
vl.r"i - (ro,zß) eor(o)l h I

=Q

,t vf . , zll = t vT. , 1"0,rß )l lou (o )

j2t (o)l = Q
Ye

,Acß
(8)
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Iêt
a(r)1ye)('g) = 1"vtr", 1"o,"8)l

a(uu)(or) = 2[n ô(uv)(or) + pau ô(ou)(o.) + Pdv 6(uo)(or)]

Tl¡en A ls a tr2 x 12 natrix of operators satl.sfVtns the syrmetries

I{e have now

Aoß(o) = a-1(^)(oe )(,r) [ vzrr' ool

= 2 a-1(^)(og)(ov) prp Ð

azlp

r¡he:re ¿-1(r) 1s ilefinect by

o-t(uu)(cg) 
^(og)(ot) 

= ô(uu)(o.)

= %(o ô
uo

Not¡

ur
ô +nô
VT¿ )

(g)

( rr)

( ro)

vo

where

ancl satlsfles

Puu uã
pâ v

p

(ø
wlthtn H

I vå., PuuJ - Q

)
. Hence the contlltion (B) is satfsflecl.T

I{e non have for our operators, whLgrt depend. on the nunber of

rows l,

"!trl = f 1- (ro,rB)A v2 1

Ye-

o
t-1

(ae)(ve) z

- "i z(zo ,zs)oilr)(ov) orn åp

( rz)

ãi=*
or!

These operators satlsfV

t -otr ã;r =Q
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end therefore

tul, "lt = e . (rs)

We also have

t{, *jr = ôiJ6o" - \ prp { ^il"l("elp¡q 
ãl

shere A-1 is e:çressed lmp1ieÍtly in term^s of the a's a,ccorttfng to

(ro) ena (il) (noting thaÈ Puv = d ã;). To veríff these reratl.ons

we need to calcu]-ate

';h 'o
r¡hich is tlone by wfng (fO):

-1
(oß)(rv)

tå, ¿-\a = - ¡-1 tù ,ot

Ttre relattons (13) are the deflning relatLons for our operators

r¡hen conglclertng I rows. Ìfe ean shc¡.r that these nocllfled boson

operators satlsff the requlred traceless eondltlons 1n the folJ-orfng,

way. t{e clefine the rrnique vaeulm state OU ãT lot - o

T,Ie have lrnædiately Ai "; lot -- or.Joo lot antl then

ãl onn { r; lo' = e. For this ve need to know

oiiulto.l lo' = * otuv)(ot) lo'

calculated from ¡-1 ¿ lot = r lo, rn the sare îray aB before, for

one row, ve obtain the result that our operators obey the traceless

conctition o to aT = o'pq p q

for all i, o.

also

-155. Deterulnation of A

lle har¡e cteffnetl a-1 forroally by (9) ar¡¿ (10) whler¡ are the means

by whleh rle ean nanlpulate A-1. Hclllever the appearance of negatlve

poerers of operators requiree sorË explanatlon and to do thls we neecl

to kno¡,r A-1 e:<¡rllc1t\y. Ttrls trz x À2 natrd.x of operators fs



l+O

cor¡rJJ.cated even for tr = 2. I{e have in thls case (puttlng p = I):

lãr,arl = 6U - %É + N)-1 ãJ

- tor - tË + rv)-lel CI-1EJ - eS * n)-1 ãrl ,

[6r,arl = - ["i - btË* r)-bl n-lt, - rS* lr)-1 ãrl

(r\)

where

". = .lt)11
z)

antl

o = n + N + M - QÊ* 
")-1P 

- rË* tr)-le

aacl

N = pll, M= p22, p = pl2, Q = p2l .

The erçressfons for [E*Ur] antl [ã*,trl are read,lly detlucedl from (ft+¡.

I{e w111 flncl that fortunately 1t wfII nob be neeessar¡r to know

the e:r¡rllcl.t fo¡:ur of A-1 ln ealeulatfone'of basls stetes. Our nethoct

of caleulatlng these states is to apply sultable lowerlng operators,

uhich are fr¡nctLons of the generators, to the state of hlgþest wefght

lm"x.t, Moctifiett bosons are r¡eetors r¡rder the group generators, as

r*1ll- be shcnrr¡, &d so properties of A-1 are not needecl Ín the process

of applying lowerlng operetors. Furthersore rnoclifled. bosons appear

fn the state of higþest welgþt ln such a va¡r that the contrlbr¡tion of

terns lnrrolvlng Â-1 cancel out (to ¡e shown). Hovrever proper-bles of

^-1 
try neetl to be knorrn 1n catcul-atlng normallzetlons when the connu-

tation relatfons are Lnvoh¡ed^,

"ft'bi=

Iet r:s outLfne a reeureù¡e nethocl for the calculatlon of A-1.
(ø, )

TI¡e ¡nethoct ls to form tbe sBace H ^ by a neans oùher than tlecon-
.01 [,

posing R x ,. R n aa was clone earller. Srppose we have alneady

fomed. r(¿r-r) r¡ith noctifted bosoo" "!(À - 1) 1.e., we have formect

a spaee wtrfel¡ is lrr.ed.ucibLe vhen À - 1 rows are consfcterecl ln the
(9., ) (Lt ,Lz. . [, )

Yor¡ng pattern. tle now forn H ^ = H n by tteconrposfng
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(r )t-1

)t
) r-rou

o=1

h
) (l,

=0forh

r¿
ßa

x fl0tr asH

H

(e'
(ac(r-r) , .tr(r) ) ,(ot "0o-1"'or-r) * 

"o^-t

Hence "!trl ha,e the forn

rltU = "T(À-1) - (a"(r-r),"À(r-r))lo(t,o)

foro=1r I.

Here c ls sur¡recl frou 1to À - L, anil r¡e have cteflned "|tl-f) = al(I),

ana Ao is to be deternLned. lfe requlre trrat {(l) satfsfV

v? rY
^ü1

(r)
(o^

^) . *(o^), fo" c = l-,..À - r (tne conclltion

(s )
oto¡ "T(r) tr

constructton).

proviclecl

Let

r¡here

Hence

À
= 0 holcls alreaff for o,ß < ¡ a¡rd for a = ß = À blr

Hence ve require

t vig, a!(r-r)l = i vis, (ro(l-1), ar(r-r) )l lo

a l-1 x tr-l matrix of operators. Then

t vz^u, lol = Q

t vle, (ao(r-r) , "r(r-r) )l

oo = nîlpl toîe, a!(r-r)l

-1ntiel n(eo) = oro '

( )

'[tU = "l(r-1) - (aa(r-r), ur(r-r))of]ul tole, uT(r-l)l

= [r - (aq(r-r), 
"tr(l-r))oi]r) olel *!(r-r)

Ífris e:çressfon Lnvoh¡es ¡-1(f-f) where lt apBears fn a!(I-l). By

eomparlson rrtth (12), whictr Lnvo|¡es ¡-1(f)' wq ean obtain & rêcì¡f-

sive e:çreEElon ror a-l(t),ln ten¡s or ¡-1(r-1).
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Let w carqf or¡t thfs procÉ.€ e:çXl.citly for 1' - 2 (ptrtùtng p = I)'

t{e harrc two sets of mottlfted bæons ar(r) = ai(L), bl(r) = aî(t) for

one roÍr each. I{e fom r(01''02) ,tot HcI *d' H02'

Hcr x HL2 = *(01,ø2) o (a(r),¡(1)) n0r-rx H0z-1

Now rltzl = a!(1) - (a(t),t(r)) l(r,o) nr¡st satisrv

v!, a!(e) n( Lt'Lz) = o

Iæt

o = n(É) = lv?2, (a(r) 'u(r))l

= n * N + M - e[å* ru)-h - eS+ r)-1e

vhere

anc[

lnH

$tth

AIso

(9't,9'zl

wbe¡e (*r= or

Itre nequtreuent t V!

l{e have now

N=pll, M=g22, p=P12, Q=P2t

Pue = ru(r) â,, 
= ,t +- -P'-' 

"l 
n t"l

Puttlng o = l-, we have

l,v?,2,ar(r)l = t - r(} - *)-t t
1) , YL = '.2')

Aol = 0 Ls nor easily seen to be satlsf,lecl"
2t

ar(z) = ai(1) - (a(1), b(r))o-1 Ê "(å 
* *)-t 

t.)

(a(r),b(1)¡ = (x,y) - (x,x)(¡ + 2fi)-1q - (v,v)(n * eu)-b '

ar(z) = xa

B¡¡ couparlson r¡e flndl thaü the lndependtent eom¡ronents of Â )

- z(ze,"B )¡-l(
(

â

) (rv) ,"Ï
2l
oß

(

are (renedberlns that ô(r)-t(,,)(*) = t Ê * *ii'

-1 2
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¡(z)-1(rr)(*) = + (ä* N)-1 fl.. o r'-1 p (Ê. -)-t]

a(z)-11rr)(re) = - I Ê * *)'t Q n-1

¡(z)-l(p)(rr) = - + n-1 P (} * lri-r

a(z)-11'.¿)(tz)=in-t

t(z)-Lez)(rr) = + Ê * M)-1 p n-1 p Ë * *)-t

t(zj-L þz)(re) = - I Ê . *)-1 P n-1'

l{1th the e:içJ_lelt form of a-1 krro*r¡ we ean see how to lnterpret

the inverse operators çhich appear in the formal expressione' For

À = L there is no probtem because the operator N 1s replaced by a nm-

negatlve nu¡nber so that Ë * t):1 1" always r¡eli- dleflnetl' For À = 2

we need to r¡rclerstancl the meanlng of n-l

n-, o( 
9'¡,9'2) = (n + ø t + Lz #'2

r Lt - Lz (n + 9'1 + 9,2 - 2l 
-l-1 -(ø1,!.2)

= lf¡ ? x, I - oZ -L - 
T*Lz-r (ä+Lz-r){}+n'1 -1) I

sle e:çancl thlg lnr¡erEe aB an lnflnite serles to obteLn the form

n-t n( LÌ.,L2) = [ c, (re)n o(e'r,Lz) (r¡)
m

for soræ coeffiefent Cr. Nor (pQ)n fs a ðffferential o¡lerator aetlng

m t(Lr,Lz) *r"n fs of flnlte clegree. As a consequenee for m large

enougþ the ctlfferentla-l operatore glve no contrfbution, Éo that an

tnflnlte serles of <tlfferential operators wlth convergence problens

does not in fact appear fn (15), md n-1 is well deflnecl' For arbl-

trary I ve need to rmderstantl the meaning of o-1,oß) *d thls ean be

done in the eane üaY 8,s for n-1'

We har¡e

-t 
o( 14,r,2)

l*ur-'-
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Generally A-1 has an explf.eit fom whlch ls too conpÌlcatecl to

be usefuL andl ln most cases we wlll be abl-e to tlerlve the necessarÍ

propertles from the deffnltlons (9) ana (ro).

Modlflett bosons enable us to wrlte clom traceless tensors whlcb

appear in a sinple form, br¡ü the colçlexity of equatton (1) has teen

ebsorbed. fnto the Etnrcture of 
^-1 

where lt ls more eesily ÌrentlJ-ect.

56. Scalar Protluct
,o^, 

,n such a va¡r thatÌle have ehogen the scalar procluct fn H

the aclJcint of r! i" ã!. The scalar product ls ¿tefine¿t Ea

(rr,r¡') = <ol tr(ã) tr'(a) lot (16)

(sr)
where h, h' e H are fi¡nctione of noctlflecl' bosons. l'll¡en subetl-

tutfng for 6 wlth the real-lzations (fe) we find that the scalar
1 R,

93) reg-
)

we have

protluct ln H
(s

trÍcûeô to H

À)

I)

( s. )
ls slnply that for R ^ (see CÌrapt. II,

( n''

Consitlerecl as a scalar proctu.eb in R ^

(rr, a! h') = [r,, [", - z('zo,zllt-L al
(aß)(ovlorn # n')

-, P

aß ) (ov,vlf rr 
'rr 1= ([Ë -2p

= (* n,n')
àrí

= (ãT h,h')

-'t1p'p
-1

^
(

because vfi' rr = o

( t^)
Here we have usedt the fact that A-1 is hernitean ln R

(t )

Henee tre mqr eva-luate (trrb') ln two ryrys' If h' h' e Il ).

then hrh' mql, be wrltten as functions of a! (noilffiett bosone) a¡ra

(tr,tr') ls cteternlned from (16) ustng tbe cown¡tatlon reLatlone (f3).

ArternaÈfvety ve nay regardl h,h' * *îions not or a! but z[ and

evaluate (hrh') as a sealar prottuct ln R n qslng the conmr¡tatlon

relatfone of ordlnanf bosons. Tt¡ls entalls wrltlng fr(a) as a cllf,ßerent,
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generalJy rÐre compljcated ?r¡nctlon t{zl, a p¡obJr'n ltrt4h rre conelder

nerû

s?. Cons o f Traceless Tensors

Ustng rnodtifiefl bosons $e earl wrlte tloun thetraeeless part of a

teneor constructecl from eÌementary vectors z. Let f(z!) aenote such

a teneor, then the tracel-ess part of f("or) t f(a!) vhere "[ *"

modlfied bosons, Tttis nay be seen lf r¡e write donr f(a[) usfne ttre

reallzatfon (r2) . rn e:r¡ranclf.ng

r(a!) = r(z! -- 2(2d,"ß)a-1,oÊ)(ov)prn 
*Lr)p

ve fÍnd the leacling terrn to be t(zdr). Clearly we have erçressed a

tensor f(z[) aB a sum of a traceless teneor f(a!) pJ-us a remalncler,

as ln the fo:m (1).
(¿

If f(^) . H
)

T so that f(z) ts already a tracelese tensor then

t(a) 1s the eaÍe tensor but e:<preeseil with a[ which satisf] the traee-

less conclltlons. These extra conttltlons enabl-e us to e:qrress f(z)

in a einpler form. For exa4rle the spherieaJ. harrnonics are [ 65]

(- zt - !zz)k*t( zy - lz2¡k ",[-n-2kro^h) * I

(z)=Y

( rr)
,2k+m 1¡ + n) I kl (o .. nr - zt<) !

(z real).

Non Y
0m tm

(a) wtrere the a'B are nodlfied bosons satlsfVlng

222^
ú. * "i. + ai = O (here pU = O*J ). Hence (rt) fe equal to

(- ar - laz)k*t (a1 - ia2¡k 
",0-n-2kI

k ,?k+m (t + n):k!(r,- n - 2k)!
lo'

* (- at - laz)^ u3o-t ¡ot ,

which is a nueh slmpler expressl.on, ancl is manffestly a harmonie

poJynourial (traceless tensor) .
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fn the reverse procegs we may obtain fron f(a) ttre correspondl.ng

traeeless tensor h(z) a fi¡nctlon of z by substltrrtlng for a! ana

erçancllng the result as ebor¡e, so that

f(

In the case of symretric tensors, sueh an operator has treen founcl by

Vllenkin t [9] . For a metrl.e p this has the forn

r(i) lo' = r(z! - z(zo,zï)t-t(ou)(o.v)prp fr, = rr(z!)
p

0f cor¡¡se fr(z!) - t(a!) ana by using the traceless condltlons

n(a!) = r(aT) .

Glven a honogeneor:s polyno¡nlal r(z!) ve earl proJect lnto the

harmonl.c subspace to obtaln a ha:monic polynonial f(aT). It le use-

fut to knolr e:çlicltly such a harmonlc proJector operator, i.e., to

know an o¡rerator H such that

= H f(zï))
otl

n = I (-)k(n + zrv - ?r< - h):: þ,r)k v1k
k 2K t<: (n + 2w - l+)l:

For tensor.s of other synrnetries it ts much more cllfficult to wrlte

do¡n H. Such an H eouLct be regardetl as orlglnatlng from the e:qrression

a!=rz!
vhere

L = 1 _ (ro,rß)¡-t(oe)(ve)vie .

H fe the resr¡lt of ¡novlng the operators L to the lefb of a polynonial

fn al, åDd r¡111 fn general be of a conpllcated form.
L'

Ilowever tre ca¡r rrite cl,own H for the cese I = 2 o when p ls antl-

(ra)

8yÌìlÌtetrlc'

H=T
m

r¡here

(-)n(n + lr + l,t - n - eìl r-- --F., 2m
\x¡lL v12

)N=Pll, ltl=P22tx=z (r Y=z
(z)

( rg)
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Uslng H we een wrlte dcr¡n a tensor Ln terns of bosons rather than

rcdifleil bosons, which is r:sefi¡l for the evaluation of the scalar

proclueb, as clescribed. in $6. this w111 be done 1n fincling normaLlza-

tions of Sp(l+) basis statee.

$8, ProoertLes of lulodified. Bosons

MoctlfLett bosous u[ ao not appear expllcltly ln the basis states

(except for o = 1) because the applicatlon of the Young synnetr{.zer

IFariB tbat onSy the antlsyrmetrlc eo¡lbinations a{- { (Ctrapt. TI,r1..rk
Eq. (a)) apf¡ear. The traeelese con¿[ltton f.mposes the folloring

relatlons on these tensors:

opq tfr..itp tJr..Jog.= o eo\

Itris follovs by e:<¡rancling accorclfng to Eq. (ff.Z), when the factor

p-- a,: al (rot Bo11Ê o,ß) appears ln each term vhich is then zero. In'pçL p q

the sa¡¡e wað¡ we can also sholr

gpq.rpqfr..r*=0. (ar)

This relatfon fs non-trivial only when p is entlsyrunetrlc.

Moclifiecl bosons po6sess several- propedies vhict¡ enabl-e them

to be txed equalLy well as bosons 1n sone aspects, besities satlsf$-

fng ln atl.tlitlon the traceless conditÍon. lüe fincl that the grot¡p

generators can be realizetl in teroe of rnoctiflecl bosons. Since G(n)

ls a sribgroup of U(n) (or Gt(n) as applfcable) the generators G*,

nanr be wrltten as a llnear co¡dbfnatfo¡ of tl¡e generators EtJ of U(n):

GtJ = ptp EpJ - n o¡n Ept þz'l

= 9ip EpJ . PpJ Ept

-_ncJio



lhe cormutation relatlons are

I otJ,onol = ekJ Giß 't pnr G¡r + esJ Gki * prr GøJ (zs)

The real,lzalLon of the OrJ l"

l+8.

(et+)

T¡ls erçressior¡ can be obtained froro the representetLon 1g deflned
*

¡y (S). Ttre hermltleity property GiJ = - Pip oJs. Gpq eneures that

the representations aire rrnftar¡'. ÌJe ean verif! that Gt, satisfles

(eg) tV using the cownrtation relations (fS). Hcn¡ever this 1s more

easily seen with the e:çl-lclt substltqtion ot (12¡ 1¡ (ZI+) wt¡en we

flncl that only the boeon parbs of the a! contrtbute:

(r; - z(z3 ,r\ )o-t( 
ßv ) ( oe ronn fr) 

(o

4'
â

tn 
tî 

- PPJ
J

crâaA
= Pip "n a4 

- PpJ 'e a"7

Gir=pip{äi-onr4ti.

¿2

tð, Ppq PpJ
àz

=Q.

\r.
1

beeause

-1
^- (ev)(c¡e)

(¡.

IP â,
p

¿2
CI

àz¿
çtq

ct

J I

Hence in the e:çressÍon (Zl+) the a's mqf be regardecl as eÍther orcll-

narlf or nocllflett bosons.

l,Ie may also shoer, as tÍe requirect tn lnttlal consiôerations' that

tne a! are vecbors wrder Grr:

t or¡,"fl] = ôJk o*n "l - ô* op¡ { .

Iet r¡E check thls wlne (fg) t

r.r¡,# = Þip "; t'i,4t - ppJ { tai,il

= oJk PIP "; -

cßo
rB "p oJq tq - opJ 

"p

o
ik PpJ tp

rrrq "ål 
o-t(uo) (ov)pr., ãI- t¡[p

6
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and the last tem ls zero.

lJe see that both rpttlfleô ancl orclLna:ry bosons behave ln the

same $aùr r¡ncter G(n). In thls wry the couplexf.ty of ¿-1 cloee nctÈ

a,ffeet the properbiee of {. This fact ls of lnportanee Ln calcrrla-

tlng basls statee.

The representatl.on space carrfes nepresentatlons not only of

C(n) tut also of U(À). 1^Ie fintl that the polarizatlon operators

(zs)

satisff the U(À) eo¡mutatlon re1ations:

I puv rPoll = 6vo Pur - ôut Pov

as is rcrifiedl by sr:bstltut'1ng for (12):

Puu = "u 
äuPB

u --va'a=pp ,l # - z(zo,rß)r-11oe)(uv)
p

v2
Yv

ovp
a

åzvp
o^)(

beeawe oTu = 0 1n Il

Also ve ftntl I euv rCrrl = 0 so that ln faet we can obtaln representa-

tfons of G(n) x u(À). Tt¡le result fs in anal.ory wlth the cage for

orctina^r¡¡ bosortb where the space canles representatlons of U(n) x

u(n) irmedded ln u(n2).

The two Srorrps G(n) and U(À) are cou¡rlenentary t6il 1.e., the

only nepneserttations of eaeþ Vhieh appear are those rlrith the ea're

representatLon labels (nt"..^f ). Ttrls fact Le proved in Chpt. Mut

we can gêe vhy it ls so for a sln¡lle ease C(3¡ x U(1). fhe lnvar{.ant

for o(3) rs or" opn on, on" = 2(z'z)v2 - 2N(N + 1) andt the invarla¡rt

for U(r) ts N, uhere N = "o #. Slnce V2 = 0 \üe Bee that eaeÌr
-p

lnva¡lant operator speci.fles a labeL whlcþ ¡nrst be the sarm for the

tvo grot4ls.



50

The questLon arfses as to çhether $e can ffnd a Bpaee whlch

carrl.es lræ'itucible repres¡.ntatlons of G(n) x c(n) wÌ¡ere the two

groUpÉ are coryleæntary. This coultl be d.one by restrlctlng the
(l,. )

Bpace to the subspaee of homogeneous potynonials h ^ satlsfllng

ftrrther
(sr )

p h =Q

¿2
(ø^)

(tn aclctltlon to p
P8 auo arßpq

h

fn thls va¡r ûe ean chooee Epaees to carry any one of the follorlng:

0(n) x o(n), sp(n) x sp(n) , sp(n) x o(n). ThiE would Leait to

another mocllflcatfon of tne a! eo that they satlsfy the tracelese

eonctLtion wlth respect to the upper indiees, 1.e., Þpq. { { = O.

These operators are of further conpleldty which 1s unneeessarJr, as

our interest ie prlmarity fn G(n) and not c(n) x G(n) anct so this

nodlflcatLon need not be consl.dered.

99. Cholce of p

for O(n) lt 1s wual to put otJ = ötJ. In thls fo:m 1t 1s

posslble to r¡n<þrstar¡cl a geoætr|ca] pÍcture of rotatlons ' for then

the lnvarfant (z,z) inas tbe forn ,2 = r? i .. * z2 where the z, are

Cartesla,n coortlinates whlc}¡ are real. Hence ln thls dtofce of p the

corpact O(n) ts also !eaÌ. ft¡ere ls eleo the aclvantage that the chaln

of subgrorrps O(n) > 0(n-1) .. f 0(2)' are eagl\r selected..

Tt¡e clisaclvantage of puttlng p = I ls that the generators

JU = - f GfJ a¡e not fn fureclf ate Ca¡Êan etan¿tardt forru. wone [ 5h]

has J.istedl the llnear eonblnatlons of the J' whlch a¡e Ln the Ca¡:tan

for.n. fl¡ese llnear co¡iblnatlone a.lso appear 1n the str:ucture of the

basle statea rhlch then lnvol-r¡e lLnea¡ coribfnatlons of the vectos tl.
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For exâÍrple when n=3 the vector coryonents whÍch appear are the

spherLcal eou¡ronenta I (a1 t t ez), Ê3.
/z

Thls anh¡ard¡ress ean be avoitledl by ctroosfng p = o wüere

oU = 6i,o*1-¡. In thls ca^se the generatore KrJ = *tJ are ln Cartan

forn, ancl the classiflcatf on ln tems of the generators Eo corres-

ponclfng to the root o ls as follo¡s:

I = If I = lr..U'h+l-i,1H

Eop*"q = Kn+1-q.rn+1-p' E

tun-"n = Kn+l-Þrg

uhene p¡g = 1r..! antl

=K-ep-eq pq

(26)

rn adtclftion for o(zv+r) we har¡e E*n = K2v+2-p,v+1 anil E-"n= Kv+1rp,

for p = 1¡..u.

Wtth thts netr"f.e the spher{caI a¡¡tl Ca¡Éesían r¡esÈor couponents

are the BF@r wfth a consequent slupllfication ln the appearance of

basls states. For n=3 the vecùor eomponents ln s¡iherlcal coordinates

are

zl= r
/z

e
r0 sinO

22 = r eosO þt)

zz= e-10r
lz

sin0

uhich for this ctroLce of metrlc are coryIex. 0n a global scaLe the

cholce e = o al-Ior¡s a Gauss clecomposftton [56] (for the complex group).

I{e v.lII r¡se both netrles p = o o? p = I as conr¡enient.

In the ease of Sp(n) ve wlII pr¡b p = e

0-1

0 -l-

vhere

Ê= 10

10
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The generaÈors SU OiJ o. then in Ca¡rùan form claseiflecl es foLlosts:

-d

p

E
el

-c{€ zpzq,p çt

Ht 21,21-t I = 1r..v

E = -4s-2e
Ezu =Ls2p2p 2p-1,2p-1

(28)
t

p

E d

-e 2p-1,2q-Lpçt

p

-e

t"n-un = trn ,zrl-a p,e = 1,..u

and v =[$i" the rank,

Anoi:herusefirlct¡olcelsp = € 
-å) rrhereoLs av xunatrl,x

ae above. In this case we ea¡î carry or¡t a Gauss tÌecomposftlon [56].

The conclltlon that g e G(n) satfsfles gp gl = O ls a r¡edcer eon-

clLtlon when p ls antlsynretric than for p syrmretrlc. As a eoneequence

motliffecl bosons for Sp(n) har¡e a simpler form than for O(n), for a

glrrcn nlurber of rcn¡s. Ilence for one row bosons are sufff clent for

Sp(n) elnce rpq. "p "q = 0 is sagisfied trlvlally. For tr¡o rctrl6' as

wouldt be requirecl for sp(l+), rüe use nodtifletl boson o¡rerators uf = "Í1),
o, = "Í') cterLnect bY

[ ãi,bJl = .tp bn (n + N)-1 ,Jn ãn

=S b (n+N) (zg')ai'aJ rJ ipt
-1 e- b

Jq. çt

t6i,bJl = ôfJ - ,tp an (n + N)-1 ,Jq. ãq.

[Ër,arl = ,ip an (n + N)-1 ,Jq 6q

where ]ì[ = +b 6 (tortat nr¡¡iber operator). These o¡reratorspp
satlsf} .pq. "p* = O = al2 + ag4 (fron (zr)).

aapp

910. Furüher Prooerbtes of l4ocllfied, Bosons

The erçressfon for syretr:Le moclffiect bosons 1.e., when À = 1,

n4r be nrltten 1n the followlng wry:
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L þt
9.

q*f

follows then that

h h

ð -n-29,+2Pio ez ¿

-p

wlrere h0 e H[, (zrr) = 12, alÌd we may take p to be syrøretric' rt

L (so)

(:r)

h

-n+2e.+2m-2 
(^ #^ #nortpfppr

Henee for n=3, plJ = ôr, we have

("r)t lo, * tzn+L (#t i .
uo!- L

T'þls etçression appears 1n the theor¡¡ of n¡ltlpoles [ 661 ; in

connection wlth a llnear ttfstrlbutlon of eharge. The poùentfal of a

point eharge of *th orcler ís

where p(t) t" a upltlpore of o,th o"de", &d the toùal potentiar fs

4=Ior.
m

¡'ron (30) we see that a eon'enient e:çression for a, can be

for¡ndt by renormallzing ln the fo].lollng way:

!,Ie put .l * "Í$+ U - f)

lrlth ãt wrchanged, ór alternativelJr Ln order that the scalar

product be unclranged'

"i 
* 

"f Ë* * - ù4

är*Ê+N-t)%är. (se)

Íhege r¡enorrnallzedt nocllfied bosons satlsfy the follorlng trlple

comnr¡È ation relatlons :

la'art =Q =[ãr,-arl (33)

[ar,[ã¡,Ll] = - ôJr. rt - ôtJ L * ô* "¡

(rr)t to *

1_ro*= o(m) (_)r at
["" *i- à"t
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Thege relatfons earr Berye aa an alternatlve defLnltl.on for eyrnnetrlc

nodifled. bosons, bìr|, eannot be generellzed to lnclude nultiple sets

of operators. The operators d'eflne¿ ty ( lS) are dlseussetl nore fulIy

ln Chapter 6.

fn our eonstructlon of representatÍons we have usecl essentially

boeon operators. Holrever there exlsts also a fermion ealcuLr.¡s [ 6?l

fn vhich basl-s states are construcbeat from fernlon operators. The

dlsaôvantage of this approach ls that to construct a sufflcfent

number of basls Etates tt ts neceseary that a large number of fermlons

be Lntrod.ueecl. It 1s possible to extencl thls fen¡fon ealculus to

O(n) ana Sp(n) by constructlng, ;vith the rnethods used above, modifiett

fermions eatlsfying the traaeLess eondltfon. Ttrls car¡ also be done

for parafe:mlone and parabosons.
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CÍTAPTER h

BASIS STATES TON O(n)

5L. State Labe1llns a.ncl Branchins Theonem

lfe have seen how ln nodlfled bosons we have a slr¡rle way to

construct frrettucible carrier spaees for representatlons of O(n).

In thls chapter we ealcul-ate basfs fi¡ncùlons !n both the non-

orthogonal Ï{ey1 basls and the orthogonal C'elfantt basis.

The flrst problen 1n thls cal-cr¡l-ation 16 the methocl of label-

J-ing the basls states. For o(n) tr¡rs problem 1s eaelly solvecl

becar¡se the chain of subgroupe

o(2) c o(3) .. c o("-1) c o(n) (r)

provlcle sufflcient labels. From the tnfinlteslmal vlewpoint this

is to sa¡¡ that the comnuting hermltea¡¡ lnvarlants of the groups ln

the chatn (1) are suffLcfent in number to providle state label-s fro¡n

thef r elgenvaluee. This was shown by Gelfanct antl fsetün [ 68] wfth

the lnctepentlent Lnvarlants being listetl. The problem has also been

exemlnett by Racatr lZq and Louck ISh,69¡ ancl srdtable invarlants

investlgatett by Bracken ancl Green [ ?0 r?il

An lmecllate solutLon to the problem of state Labe1lfng ls gfven

by the branchlng theorem wtrlch vas statetl by Gelfanct and TsetHn [ 68]

The representations of O(n) nay be labell-etl by nrrmbers m1 ,..Dv which

are simultaneously lntegers or senl-l.ntegers (i.e. half ocldt lntegers)

ancÌ satlsf$

m¡Þm2>..>

end

m1 ) n2 " .. " Trul for o(2v)
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vhere " = l4l . 1¡he branchrng theoren nnry be statect as fotlorrs: on
L¿J

restrictl.ng the representatlon of O(2v+1) wftn labels (nt, . ' nu) to

o(zu), the repæsentatlons (q.r, -.. qu) of 0(2v) eppear Jr:st onee eagtt

such that
nr Þ q.r Þ m2Þ qz> .. Þ 

"u> \ 
> - Dv .

Or restrictíngthe representatÍon of O(zv) l¡ltb Labe15 (nr, .' nr) to

o(zv-r), the representatlons (pr,..Pu-r) of o(eu-l) æpear Jr'nt once

eaeÌ¡ auch that

nr Þ pr à m2Þ p2 > ..t nu-r> Itul . (3')

The nwber€ qr I p1 €ìre eimultsr¡eou8ly a.tI lntegers or semi-integprs

accordllng as the mi ere integers or semi-l'ntegers '

lle can nor.r l-abel basl.e etates 1n the frrectuclble representatlon

space n of O(n). Suppose ft ls known hc¡t'r to cto this ror o(n-L) ' -

llncter O(n-1) the epaee R breelcs up into a dfrect sum of subspaces

trredluclble ur¡der O(n-l) ; tlthln eaeh of these subspacee lt 1e

posslble to seLect a basls rlth a knov¡n 1abeL11ng. Byr taking al-l- of

these bases together ve obtain basls statee 1n R. By incluctlon then

we obtain a tabel,llng r¡sing the srrbgror4r chain (f) an¿ lnvolvlng the

brencbing theore¡ns (3). The Gelfancl pattern for 0(n) then has the

form
mzv+L11 m2v+112 t2u*1rv

m2u,1 \v 12 %u,u

(s)

%v-1,1 ^2u-! 12 %v-1,v-1

%r

for o(2u+1) anô tbe sa,re for O(2v), except rdthor¡b the labels

%v+1r1. Í|he restricùlonÊ on the nü are sLq)ly those given by the

braae.hing tt¡eor.eu (3). In this chapter the n* wlIl be 1nÙegers only'

Ítrese basls staües we:re introcluc.ecl ty e'effanct ancl Tset1fn [ 681

ancl bar¡e been elçlainetl by Pang and' Hecht [ 551 ' a'nct a]'eo dteecrlbecl

by Zlrelobenko [ 56] .
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92. weyl- States

Itre gror4r theoretlc neaning of the mlJ ensures that the basis

is orthogonal, br¡t the system of numbers used ln the labell-lng can

also be used to ennuterate the non-orthogonal ÏJeyl states. Ihe

advantage of the Weyl states |s that, using ¡roôlfietl bosons, they

are monomiale anct nay be rrrftten do¡m fr"om the Yor:ng taþl-eau of the

representatlon by inspection.

Conslcler f6¡ gne.ÍT[rle n=3. The Gelfancl state talces the fom

lo\ where - 0 < m ( .Q,. Here .Q, ts a non-negative lnteger labelllng
try
the representatlon of O(3) gnd m is the l-abel- of the O(2) suberoup.

The general Young tableau r¡1th one roÍt assoclated wfth this Gelfar¡dl

state ls <- 9. +

*-ñ.*
whlch ls fllletl with the nodlflecl bosons a1 and 42. The lJeyl states

then tatre the for¡r (denotett wlth ror¡nd brackets):

ll = aî aå-In lo,

This e:çreselon eovers also the ease when rn is negatír¡e sfnce the

treceless condltlon reade (tor p = o) Zatag + a?. = 0 so that

"T "å-* lo' * uJ* r!*' lo'

For O(h) tne C'elfanct state fs

(n)>
m1 m2

L

the Yourg tableau for tço rors fs

corresponillng to

with m2 -< f. 
( n1

2

û2

m

L

1 þ 3

m



llrls hottls for ¡l Þ m2Þ 0, and for m2 > lotl > Ot

m L mt

v lo'
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(lr)

= é-^r rrtt-u "23*2-t "rz^ lot

m2

ryhfeh holtls for all negative values of m by uslng the followlng

equations tterLved. from III (20) (ror o = o):

a¡Zal3 = 0 = al2a.24 = al3a24

al2ag4 = - ø,232

aqe23 = - a2a3q

SÍnilar I,,IeyI etates ean be written tlorrn for m2 ( 0'

83. State of Hfshest Weieht

Our metho¿ of ealculating the Gelfand be"sls state is to apply

certain lowering operators to the state of hÍghest welght as erçI-ained

in If 9l+. Sultabl-e lor,rering operators for O(n) have been caLeulated'

by Pang anA Hecht [ 551 and firong t 5l+] . These Gel-fand states wlll be

ll.near eomblnatl.ons of the tr{eyl statee.

slnce our spaee ís Lrreclucible there is only one state of

higþest welght lr-r.>, ffid this 1s specified by the labeLs (nt,...ou)

of the representatlon. 1,he ex¡l11eit ex¡rreesions for lmax.> are

(Puttlne P = I):
ml-m2 n2-m3

A1 Arz .. \_2..u
m. -*.

lmax.> = M '

where M ts the nor.mal-:lzation, antl where we have tlefllned

oT = "år.-t- 
t ";i I = 1,..v'

a¡rct the antls¡rrnnetrle comblnations AtZ..t are tteflnecl as fn If (2)'

fle see that for this ex¡rresslon to be neaningf\rl atl the m, 1=1r"v

nr¡st be non negative lntegers satLsfVfne (Z). As lnillcatecl earlier'

32

32l_
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we obtain wlth thfs eor¡structÍon only the tensor or fnteger repre-

sentatlons antl the n, car¡not be half integers.' ftrere fs the possL-

biJ-ity for O(2v) t¡at mv can take negatfve values and ln thls ease

we have

-,M. A:-.z
. .v-1

m -+4.v-l- v 4u

\e.,. u
( h')max.> =

ml-m2
A1

t¡

-mv 
lo,

o = 1r..v (r)

where

ancl

where

lJe have

anil

so that

a!="!1.1 *i 4^.

The weigþt of the state (h), (h') ls given by

.r,i1t-l
Trr..t., = '"(rr..iv) 

A;' " Av-l u-t Ãu u

Jze,za_! lr**., = ro lmax;>

JfJ =-l orJ

2a, r2a-L'
oil = ôio AT

[Jzo,zo-r' Ã'T] = - uuo ÃT

[J2a,2o'1'Atz..q] =412..q' q>d '

=Q q<c{

encl

[J2cr,2o-1' l].2..ul = - Trr..u d = v'

= lrr..u d<v

Eq. (5) trren follows.

The states (l+), (l+-) are of trlghest welght becarrse they are

annlhllated by all the ralslng generatore:
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4.
Av-v

t- Ito.> = O P = l-r..v-l

t_ Iro..r=o roro(ãu) (6)

E).r*r Inax.> = Q ror o(2v+t)

where

4*r' oT-t' Elu*r

are raising generatore of O(zu) mcl O(2v+L) correspondlng to the

simple roots, as cleffneti by Ìüong [ 5l+] . l{e have

t {*r, alt = ôi-1 n AT-l-

(=Oforf=1)

and

t{*r,ÃT = e

so that

antl

AIso

so that

ancl

t {*r, nrr. 
, nl

= Q e = lr..v

t {+r , xv..J = o

f Av-I-v ^I =Q

I ol-t, orr..nl =Q

t nl-l, alt = - al-r

so that
toì-t, lrr..ut =e.

Also

trlu*r, ATt = e

Eq. (6) now follotrg.

lJe have ehorn that (h), (l+') are solutlons of (6) r¡ith wetghts

gi'en bv (¡), Ðd slnce our spaee ls lrreduolbl-e they are the only

solutlons by Car:tanrs theo:rem, ancl are the:¡efore the r''equlredl etates

of highest weigþt.
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It is wefuL to know the form of f nex,> T{hen ft - o, beeauËe of

Its sirr¡rle appearance:

t12. .v
mu 

lot

ror O(2u) there J.s also the case tu ( 0,

m -+mV-J \¡

max. > =
-azM.

ml-m2 m2-m3
al alz

, -72lnax.> = M '
ml-m2

aI "12..v-1
tLz..v-1 v+1

(r)

lo' (?')-mv

m -+m -%v-f v

It ls posslble to see nov more elearly uhy the tr¡o cases arise for

O(2v). It would seem at first that several states of highest veigþt

eoul-cl be forrned' nare\r

ml-m2
mAX.) = &l

mv-e-\-t
. v-2 t-2..v-r^Lz

* 'Lz..l "rr..v-L u*rP-*uIot

where p ls not r.rniquely cleter¡nined. This state is annlhilatecl by aI-I

raisÍng generators, and belongs to the f rrettucfble space label-lecl w1th

the nr:nbers (n1,..mv) as is checked by application of H, (fff (e¡))'

However lt fol-to¡s easlJy from fII (eO) tt¡at ,tZ. ., t-2. .u-f u*l- = 0,

so that elther p = o 01. p = mu, leacling to the tr¡o possibillties (r)

ena ( ?') .

We har¡e shown that for n = 2v the space reduces lnto the sum of

two lrr"ecluclble spaces cleterninett by the two states (f), (?')' These

two spaceB are lrreilucibl-e only untþr the proper orthogonal group

SO(n), a¡¡d the representatl.ons are knom as mlrror conJugate repre-

sentatlons t ¡61 . Under the full_ orthogona_l grolæ the tno mlrror

conJngate representatlons conbfne to glve a slngle irrecluclbl-e

representation (t ul Chapt. v). For exa,mple lf

01
10

1t

èt-

1
1-
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then g e o(n) *¿tt ¿et g = - l, ancl g pen':tee the coorctLnate axes

l¡lth the numbers v ancl v + 1. Hence r¡riler g (7) antl (?') 
"re 

inter'-

changetL.

(l) an¿ (1") are !fey1 states which correspontl to Young diag:nem*

of no more then v rows. However it ie possible to har¡e crther cllagrarns

for whleh the sum of the lengths of the first two co}-¡rmÉ Ls not

greater tha¡¡ n. These other diagra¡ns are kncn¡n as assoelate cllagra¡nc

([fe,5o] ) an¿ urder SO(n) glve representations \úhich are equlvalent

to those cleternrined by (t) anA (7'). Lürtter the ful} orbhogonal-

g1.oup hower¡er, 
"epre6entations 

eorresponcting to assoelate d-lag::'¡ms

are non-equivalent because of the different tranefor¡nation proper-bLes

of basLs tensors undef refle'etims. This wlll þs s¡sml¡ed more ftrlly

ror o(3).

An lnportant property of the states of higþest weigþt ( (l+) '
(h') or (t), (?')) fs that the rnodffied bosone appearing there may be

regarded as ordfna,try bosons. tafclng (?), (T-) for exarple, and rrslng

the expllcit reallzation for a! :

"l = "T - ('o'zß)A-1 a_. = zí _ \o ,.¿, tu (ag)(oy, ,"1*r-,

we have
d T r^ O T

tllu>='t'J
because here L,J ( v so that n + 1 - Í > v ft foll-ov¡s then by

lnttuctlon that a[ lU, -- 1llt where Int fs a state corçooect of

motlffieclbosonsartsuctrthatJ(v"trlternatlve\rwecourtlshct!'Î

ln a more abgtract waY that

tä!, "jt ln = ôiJ ô ls'

Tt¡is result e:çIalns why prevlor¡s ar¡thors [2h,531 have been

able to construet states of higþest velgþt aclequate\y vith ortllnarJr
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bosong. Sue¡ states f(z) tetong to the ha::nonic space sp that

t(z) = f(a), vhere f(a) ts l^o.> expreã'ett ulth noclifÍecl bosons.

Ttrls rcsult can be seen as clerfving from the faet that the state

of hlgþest weigþt Ís ttetermÍned corplete\y by the eonditfon that lt

be annihil-ateit by the raieíng generators, end the generatore ean be

regardecl as corqpoBecl of bosons or equally wel-l noèifled' bosons

(shorn ln ffl, E8).

Slnce the corrplicatecl A-1 erçreseíon does not appear ln Inax'>

or¡r task of nornal|zlng this state la greatly stmpllfied" Ttre nornall-
1-

zation l¿-'á le ealeulated. from lr{ = <lflo;c. I t-r., by uslng the boeon

comutation relations. lftrls problem has been solr¡ecl a]'ready in the

eontext of U(n). From the Yor:ng tableau e^ssoclated with ft), fi')

we can wrlte donn lmrecllately the nornalLzation in terns of hook

Iengths uslng knom algorfthns l'321,

In tÌ¡e fornr (t), (Z ) lt"*.t ie the sarne as the state of hig'hest

welgþt for U(v) (see ff (f6)). This 1s expect'edin view ofthe fact

that our spo.ce carries representatLons of O(n) x U(v). We can noç'

sbolr es.sÌJy that the gror4ls O(n), U(v) are colçIementary vhen the

generators GlJ, Puv har¡e the fom III (eh) ana III (25). I'Ie need to

shcnù that tþe representatLon space of O(n) x U(v) carries representa-

tions ln whlch the labels of each gror4) ere the sane (m1 ,..tu),

No¡ the representation spaee of O(n) x U(v) ls the space II of harnonic

homogeneous polynonlals in the. variable t 
"o, I(q,) (n1" 'nf )

Thls spaee ls larger than H - = !f

i = 1r..l], ú = Lr..v .

which earries lrrecluclble

representatf.ons of O(n) , beeause ve har¡e not yet appJ-lecl the Young

syronetr{.zer. I/ 1s rectucibLe r:nder etther U(v) , or 0(n) ; for example,- (n)
all states ln H -v'cF are states of hlgheet weigþt for U(v)' Iloçrer¡er

ll 1s lrrecluelble uncler u(v) x O(n). flhls ls because the epace
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mrmom
ß = R')< B'.. Xn u ls irrectrreible r¡r¿er U(v) x U(n) ( ttl) and the

ancl the reetrictlon to the subspace I/ of harmonÍc poJynonlals ensures

that l/ 1s Lrreduelble untter U(v) x o(n). Hence I/ eontalns only one

state r¡hich is of highest welgþt in both U(v) an<l O(n); thls state

1s (f) as is verifiecl by applyíng all raising generators of

U(u) x o(n). Nc¡w finally by applylng the veigþt generatot, Pff '
Gn+1-i,i i = 1¡..v¡ r¡e finci that both U(v) and O(n) r¡ave the sa¡le

representation 1.abe1s (tt,. .tu).

In thls proof r¡e have for¡ncl it r.mneceBsaqy to carry ouù

e4rllclt caler¡latlons with tbe ínveriants, but have introclucecl the

representatlon labels througþ the state of highest weigþt. Couple-'

æntary gror4)s have been util-lzect by other auttrors 162 163l to cal-cr¡late

states of highest weight for O(n) , ffid Sp(n). Hos¡ever because the

restrlction to the harmonLc subspace hes not been caffiecl or:ü ' the

group6 couplenenta,rry to O(n) end Sp(n) arê hott-colçaet ancl thr.ls t¡lth-

or¡b the sirpler propeÉles of U(v). the calculations ([ >h'6S] ) to

obtain the state of higþest -welgþt e^re unnecessarily colrplicatetl by

eomparlson r,¡"ith or.¡r methocl, when tr'e have taken advantage of the fact

that the harmonie subspace le irretlucible.

5h. SEMI.MA)GMAI STATE

The semi-mæcimal Étate 1".t.> ís a C'elfand basls etate whleh

is ualcímal in the t¡nurecliate srrbgror4r O(n-l). Tt¡e Gelfand pattern ls

s.m.> =

9,

v for o(2u+t) (8)

ml

Í,1

.01

91

m-mv-I v
L nv-L
u-1

wlth rn¡ v 9,1Þ .. [v-1 Þ mu Þ nrÞ - uru (a11 Lntegere) antt



v-1

f,¡

with m1 Þ cr> .. n,u-, > Itul (a11 lntegers).

In the ctrol.ce of netrlc p = I, the O(n-l) sribgroqp fs d¡osen

to be that rhich leaves invariant the vector cotponent, al. For

p = o we choose the O(2v) subgror4r of O(2u+1) as that whlch leaves

lnvarlant "T*r, ancl the O(Zv-l) subgroup of O(2v) as that whlcÏ¡

lea'¡es ínvariant al + "l*, .

I-,et r¡s consialer the reduction O(2v+1) to O(2v). ltre e4>l-icit

fonr of ls.r.r is determined by the requirenent that 1t be annlhilatetl'

by the ralslng generators of 0(2v), md that |t be an efgenvector of

the cllagonal generators H, wfth eígenvalue 0rr i = l-" 'v' Hence in

forming the e:çresslon tor lg.m.> we may ræe polynonlal-s rtot onfy Ín

al' al2' .. "12..u' aËi .rras useci for l**'t, but also Ln &v+L'

trr*r, " *l-2.,u-L u+l sLnee "l*r r" lnvariant rrnder o(2v)'

Therefore çe have that 1"...t is a linear coûinatlon of pol'y-

nord.a].s of the fotm

1".') ml

f'7

r
v

.V

m-mv-I V

9,

st s2
av+1 L.r+r

65.

ror o(2v) (8')

a11 12 v
al at? 

^W
ulz..u-1 u*l-

Becar:se each ter.n nust be a polynonial homogeneous of clegree n, fn al

ve har¡e

ml-m2=rl*SI

m2-m3=¡2+ a2

tu="u*"u'

Eaeh tern Ls alreaff an elgenrrector of H, ancl In order that ls'n'> te

an eigenvector wlth eigenva¡:e Í.i we have (notfng that

rn' ajr = ur¡ "j 1 : i';'l)'
rt+r2*.."U+aZ+ Su=[t
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îz + .. tu * "l * .. sv = 02

"u =&u

lJe har¡e 2v indepenctent equatlons for 2V ¡r¡knorms, &d the soþ¡tlon is

sr=mr-l'

1
r tf *l- i=1" 'v

Henee

(vith nça1 = o)

L-fmZ mt-f,t 9.2-ng ÃZ-LZ
av+1 alz 

"1v+1
7.

M.g.m.> = al

x
m-[v

..v-l- v+1
(s)

v 
lot

(9 -)

^12
t12

Lt-mz

L v v 
lotv

From III (ZO) ft ls easily detlucetl that

2^
2*1..u-l-u "1..u-l- v+2 + *1..u-1 v+1 = o

and r.rsing this we nay rewrite (9) as

B.m.> al
-9,

ar-2..u-l- v+2
t12..u-t- u*1

v
mt0

v-,M.

ltJe requf.re that all e:çonents be non-negative lntegers, 8nc1 thls

leatls to the restrlctior¡ of 1,, to those vah¡es (B) efven ebove' !{e

have in faet pro'ved the branchÍng tbeorem (2 ) for O(ev+l) restrlcted'

to O(2v). 1¡tre representatfon Bpace for O(n) ie recluclble r¡ncler O(n-l)

ancl we ha've founcl. the ex¡rlielt retluctior¡ by lttentif}tne the states

ls.n.t of hlgþest welght in O(n-1).

ïn the reductlon O(2v) to O(2v-1) ls.t.t ls fonned from poly-

nomlals in a1 ¡ alzt -. "12..v 
as before, lrith also au * â$+1'

Lu * "1v+1, 
.. u!z..u-zu * "l_..v-2 v+1. Íhe facto'\2..v-Lv +

,jp..v_l_ v+L neecl not be lnerutled becar¡se *12..u "rz..u-r v+1" = 0'
onl-Y

so thatiÇ..u oontrlbr¡tes (for nu > O). We fintt fu the sane wq¡ that
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mz'lzL-mz'-,ls.t.> = M ' (ru * tu*l_)
nr-[ I lz-ng

("1u * 
"lu+t)al atz

ou-*u' . qnv-l-ov ^ 
tu

* ,12..u_l_ (1_2..v_2v * '1..u-2 v+1/ 
v-¿-!v 11..u ' lot

(ro)

whlch holits for mu) 0. Again r¡e har¡e proyecl the branching theonen

(B/).

The normaLLzatLon M = <S.m. ls.m.> connort be calcul-atecl as' easlly

as for the state of hlgþest neigþt. l,þthotts of calcr¡l-atl-or¡ fneLucle the

following: we coulct we the cormt¡batLon relablong for the al, whLetr

woulct be ðlfficr.rlt in general becauee the properbles of ¡-1 wor¡ldl be

requlrecl;r we could e:çand the rooctlfled bosone v'Íth the heJ-p of the

proJectlon operator H tleecribecl in III $?, a,nd then r¡ge the eo¡mn¡ta-

tlon relatlons of ortlina.z'¡¡ bosong. A thlrd' nethocl would be to uee the

normallzecl Lowerlng operators of Wong [5]+] to reach ls.t.t fron lma'x'>¡

we wlLl flnct this nethod the nost practical for n Þ L'

It should be noted that, untlke the sltuatLon for Inax'> nocllfÍecl

boõons are essentlal in this construsbion or ls.m.>. The correspontllng

expresslon vlth orclinary bosone wouLd' be much more complicatecl a'ncl

coultl not in general be wrltten d,own funned.lately'

s5. Basis States

The general state for O(2) is also the state of bigþest welgþt

a¡¡ct te leþelleô by one number m. fÍe har¡e (putting I = o) and using

(?), (?') ' "rml* = ;- lo> rr Þ o
tlm!

t
4,2

=-'-lg> n(0, rnintegral . (rr)
/- m!

trhe traeeless conclltion readg a1a2 = 0' }Ie car¡ change to polar eo-

ordinates by pr¡tting
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zr= r
/z

ie
e

Tzr=-e-lz

so that t2 = 2z¡z2o ancl then Int - tt u1t0, The ex¡ronentlal firnctLon

Ln eonnection with O(e) Uas been stud.ietl by Vilenktn([ \9] Ctrpt. II).

In the restrictlon to S0(2) r¡e have all the single-valuecl representa-

tLons, btÉ for O(2) tnere !s also the representation in which the

Young tabl-eau has the forn , to whlch eorreÉpondls the state veetor

alz lO> of scalar angular mornent¡¡m.

The general_ state for O(3) 1s also the senl-maximal state,1.e.,

is of trigþest weigþt in O(2). Henee usins (9)

ll) = vf\ a1n a2ø-n lo> $z)
ln/

r,rhere - ,0 < m ( I,. Negative values for m are lnelucletl. by r:sing

2a1a3 + aZ2 = 0, so that the ninimr¡m state is

lu.) - vf" ,rL lo'
l-e- I

The generators are

J* = K32

J- = Kz (rs)

J =K3l

The vaLqe of M can be for¡¡d by r.usfng the commutatlon relations of the

a.i, or alternatfvely using

r- lå) = [rø - m + 1)(ø + rn¡]- lå-ù

I{e flndl
!t= 2L-'

-10

!,- +m
29,

The generaL state (fe) fs necèssartly an operator form of the soIlcl

spherieal harmonLc fi¡nctlons. Thls can be seen dLrecÈIy by pr¡btlng

^L = ,í - r2(3 + 2Nr-t "rn ù
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where 12 = 2zIz3 + zZ2. Ihe etçension of ,ZL-^ lS carried out most

easlly wlth the proJectlon operator H (Iil (fg))t

llr m t-m
lt/-n"t 7'2

(-)k(zø - 2k - r-)l: ,r^ "& orL-**
i

zk ic: (n. - m - 2k)!k

C-mar zl

az}:9, r.2
=--lÊ 2L+l-

'.* tå ( rh)t

wfrere Cff; ls a Gegenbe,uer polynonlal. Another erçressfon for

can be çritten by putting
lå)

ø+3 cI L
dzo 29,+L

0 sLn0

Lh

çhere hL e HL is of degree 0 (see III, g1o). We har¡e then

l¿\ zr,+r m , d ., c-m t
l'/ *' zt tã-) ;2;¡'

Ïle can transform to the more fa¡n1llar spherlca-l polar coordinattes by

puttlng 
zt = *eio sl"e

/z
z2=rcosê (r¡)

r-1
"=7r"

antl then

Ttre e:qr:resston (1-2) for the ste,te Ls much slnpler than that for

the spherical harnonics Ln the usual erçanctecl for-m. Olre coulcl treat

the Etate of hlgþest weigþt as coneisting of bosons ancl by epplytng

(J_)g-t obtafn the e:çanttect e:çresslon (rh). Ho¡¡er¡er tn thls context

noill.fle¿. bosons have aLL the sluple pro¡rer'üles of boeons lrhlle satis-

fVtng fur.ther the traceless eondition. ft le a sirqle uatter tO

sr,rltch fron (fl+) to (fZ) ty slmply regarcllng the z, as nodllfletÌ boeons
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ef and pntting 2a1a3 + az¿ = O' as e:çlalnetl 1n ffl, 9?. Íhe tllfference

in conplerdty betrreen (12) ana (fl+) fs that dlfference ilhtch appears

betveen the decomposition of a teneor into a traeeless pa.r:t ancl a

remalncler (ltf , 92) , antt the eomposition of a tensor w'1th motllflett

bosons, uhich is manlfest\y traceless.

ttre basis state (f2) eorresponds to a Yoqng tableau of one rorr

so that on\y synrnetric traceless tensors appear. It le also permLs-

sibl-e to have Yor.¡ng tablear¡s nith two anct three rotls. The corres-

poncling basis fr¡nctions are

lÐ " "rz "r'-1 "2s-' lo' ' (16)

If we calcuLate thle ste.ùe by appJ-ylng J-&-n to the state of hÍghest

welgþt (whieÌ¡ ls a12 rr¿-1 lO>) tfren ve need to r.¡se the relatlons

atal3 t a2a12 = 0 fn (f6) takee lntegral values wtth 0 > 1. ftre

state for ß = O is the trlple scalar procluet a123 lOt. For the firl-l-

orthogonal- group O(3) tfrese basfs states carry ne'vl replresentatlons sLnce

the tensors (fe) are polar br¡t the tensors (f6) are axial.

A.s vas clescrlbe¿t ln IIf , 52 tracelesg tensorE are zero nheno ln

the corr¡espontllng Yor¡¡rg pattern the sre of the lengths of the fl-rst two

colurr¡s fs greater than thr"ee. f{e c8¡1 see this e:<¡rlicitly in the

fo3-Lodng relatlons derlyed. from the traceless conditfon:

"ÍJ %g = 0 = a1232 = ti 8,t23 = af.J al23

i rJ ,k ,9' = Lr2r3 .

rn the choice of netrtc p = I (fz) t¿ces a sligþtly ctlfferent

fo:m:

li) = t¡¡-4 ("t - i a2)n '3s-' lo' ' (r-?)

anct the cÌra,nge to s¡ltrerlcat polars 1s madle by pubting



z!=telnocosQ

22=a,slnQSin,$

23=t coso.

For 0(l+) tfre state of htghest weigþt 1s (for p = I):

7t

( r8)

m1 m2

mI

m1

= ,ffil)
"4

Arml-m2 Atz^2 lor m2 Þ e

where amr+mz(n1 + t)l nz: (nr - n2)!

"ffil)= (mr-m2+-L)¡

is calcul-atecl accortlLng to the aLgorithn glven tn [ 32] . The eemi-

na¡<inal state 1s (Sl+):

where

Nolr

whe:¡e

ml n2
9,

n,

L

= *(r)

mI
9,

g,

-4
"*tl-o Ar[-*, Atz^Z lot .

In order to ftnct the nornallzatlon ue need to apply the norrnallzed

J.owering operator gl'ven by Wong t 5l+1 . This operator I's

l_ = (K_ Jzt + I J- Ja3ìl\trr + 1) + \ t-2tr.-

Jt=JgztiJ31 K*=J,r2tlJa1t

*Z\

I
L

N2
tltl
9,-L
9,-r

N = 29,(Zp, + l)(nr - t, + l)(nr + 0 + 1)(ø + nz)U, - rl.2l .

Apptyfne (r,-)nr-g to lmax"> we obtaLn (rB) øtrr

*ü) = ,2e'+m2'm1
(nr + 1)l m2t (nr - s)l (ø - nz): (0 + ¡!2)l

(2¿+t ): (m1 + m2 ): (n¡ - m2

fn thls calcr¡latfon $e must use ln partLcul-ar

(at - L d"z)(a12 + ag,.) = I (a3 + I aa)412.

+ 1)!

( rg)



The generat state of the C,elfantt basls I'E ncn obtaínecl by lOreílng

n frcm¡ its hlgtrest value ß to a generar value m" tr¡r applying J-[-m to

(f0). One obtains Jaeobi polynorolals:
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(zo)

m1

L

m

') = 
"(å)-% 

,{m+nz 'ür-Er2) (+J

* "u*t Ar*-t' Atz^Z lor '
çhe:re

Mtå) =

,2m+m2-m (m1+1)l n2! (n1-[)! (r,-!ûz)l (ø+nr2)l (c+nr+t)t

2g+l EI1+m2 1-m2+1 0+¡r

The eesLest wa¡r to shor¡ that (20) Ls the correct elçression le to appLy

J a¡ld. shot¡+

ml m2 %
ml n2
9,

n+1
9, =[(s-ro)(s+n-1)]
trI

i nr(al2 t as,+) = ArzAr

ArZÃrZ=-(at2+aS+'tz

J
+

Írhls le clone wlth the help of the foruula

*rn(o,ß)(x) =4(o+ ß + n + r.) prr-r(o+L'ß+1)1*1

for posi.tive antl negatiye o,8. Negatiye values of or$ are lnterpnetedl

r¡lth the forrnrla

Ç) ,,,(-o'B)1¡¡) = flu) F#)o ,,,-lo'ß)(*)

It shouldbe notett that atthougþ the argrnent or err(c'ß) i' 1,å..J

thls elçression le eymbollc end no lnverse of a4 appears expl'lcftl'y'

In tlre GeLfar¡ô pattern m nay take negatír¡e valr:es ' andl the negatlve

exponents of A1 vhlch nay appear are'interpretett wlth the retatlon (19)

( zr)

ancl



Hence for exa¡Fte ff m( - mz

l;t "\= (-)'2 ,a'u(Ð* ,hi*z,mz-m) ¡-L)I' I
, 

"utt*t Ãr-rn2-n Ãrr^' lot

Forsytmetricrepneeentatlonsueprrtm2=oanclthenthegeneralstate

(eO) fs erçressed ln terrns of Gegenbauer polynomials:

73.

(zz)nro
L

m
= ui4 (ar - r a2)n uq*l-t Cr3 ç *) lo'

Thie eoul-ct also be declueecl lumediateþ fron (fb). Tt¡e conneeùion

between aymetzd.c repreSentatlone of O(n) antl C'egenbauer polynomLaLs

has been previously noted by Vllenkin (t h9l , Orpt fx) '

From the general state one can fllnd the rnatrLx elements of J43:

J+s

1

ml m2

L

m

( l+rn +t) (l-m+r) (n1-1) (mr+t+2) (n-mz+:-l( ¡+n2+1)

(zs+r) (zt+:)1s+tl2

4

n(rn1+1)m2 ml m2

L

û
+

L c+l_

,;:
[+nr) ( t -n) ( nr - [+1 ) ( m1+.e,+ r) ( n'-n2) ( ø+n2 ) ml

l- 1
(zn+t)(zt-r.)s,2

vhlch ls the requfrecl result I72l . firls caler¡latlon lE ca¡rietl out by

&eans of the Étanalartl ctlfferentiatÍon for¡nulas antl recurrenee relations

for Jacobl polynonlals [ 73] .

One can also carry or¡t a slml1ar analysls when m2 ( 9. The state

of highest velgþt le

9,-
EI

mr m2

mt
m1

= u-\ Arnl+n2 lrr-'tt lot



Tl+.

where
Zmt-mz(- roz)l (n1 + 1)l

Irlt =
(n1 +m2+L)

Fo:mulas silril-ar to (f9) ho1d, ê.8.,

Ar(arz-a3r+)=1Trrg,

antl the ana,lysis proeeetls 1n the sa,ue ray.

Uslng nocllf,tetl bosons rte ean ca].culate eimply for 0(n) basle

states 1n sym'aetrie representatlong, for v?rlch ltr2 = IIt3 = .. = mu = 0.

Thls ha,s been done before (lSt,6Sl ) uslng bosons, ln whfch ease the

structure of the states ls neeessarily ûore coqplicatetl.

Ihese ba,sfs states are labelled by (n - 1) lntegers L2, .. Ln

where f,= refers to the l-abel of the O(t) suUeþuP, representations of
L

dtrleh appear aecorêLng to the brenchlng theorem;

9, > 9, .> .n n-I

The semi-na:çimal state 1".r., = lln" Ln-L, Ln-L, .. [n-1> can be

written clo¡n imrnectlaûely ;

. 9.-9" - L

ls...r = tf4 ,nn t-t (ar - i a2) n-a lo, (zt¡)

andt by using the eonmutatlon relatlons we fincl
9"-n-r

2 orr-1! (lrr-ørr-r) I (n+ + -3): 6+2 -l+): :L
14= Itn+29, --3n-J_

n+2 n

Tt¡e modlfíed bosons an appear{ng fn (Zh) itepentt on n, br¡t' the factors

(.t - i a2) are lndlependent of n beeause only the boson par:ts contrlbute.
9.-

Nor¡ the generators of o(n-l) aet only on (ut - i a2) t-t b"""*e a' ls

fnvarlant r¡ntler O(n-l). The state whlch is semi-ma:clural- fn o(n-2) lc

known, so thaÈ

l[rrr[o-rr[rr-, Ln-z, = M-l trot-u"-' .rr-rnn-'-on-' (al - I a2¡Ln-2 lor

where the a - are ¡noctlfieð bosons ln n-l clirnensLons. ContlnuÍng thtsn-I
way we flndl



75

Ißr,' lrr-r' ''
. 9, -9.

ttl-ã " 
n n-r

n

Ln-:--xn.'2 9-s-92
a3 ("r - I ae) lo'

9,2>

&n-I

9,2

(zs)

where a, ls the moclLffetl boson for O(i), i.e., w€ har¡e variect the

tlluensfon n on whÍch the uodÍfledl bosons dependÌ.

The e:çreseÍon (Zl) fras a mueh slnpler eppearance tha¡r that

previorrsly obtained ([¡f ,6¡] ) ana the strucùr:re 1lçosed. by the eüb-

group ehain o(n) ) o(n-l) .. f o(2) is elearly vtslble' rt is

possible to r¡rite these symetric states using nocliflecl bosons for e

congtant n dimenslone on\y, but the nesult cloes not erit¡tbit the sa¡ûe

slrnplícity afict structure. For example, for n = 5 we wouldl har¡e

l'¡ o
mt0
L

L

.. (ar - i az)o "ret-o .fi1o 1,{-) lo'

Then ve apply J- , which acts only on (*r - f 
^2)g 

. Ìfo¡er¡er

utl + azz + a32 equals not zer.o, bub - a'42 - a52, and so (frcn (rh)):

("r - i az)n "sLrL.åî1, (#Joc

L1 0
mto
L

m 9,-m

x
a3

(aa2+ ^s2)2 lot
i a4 +45

Uslng the teehniques we har¡e clescribecl 1t woulcl be Boss1ble

to calcr¡late basfs filrctfone for arbltrary represe$tatlone of O(5),

enct the higþer order groq)s. fhe besis fiurctions lroulil be cou¡lllcatecl

fn structr¡¡e br¡t r¡or¡ldl be of fnterest in special fr:nctfon theory.

Tt¡ose f\¡nctiong obtainetl worrltl be generallzations, probably new, of

Jacobf polynod.als in the sarre wqr that basis fu¡rctlons for SU(h) and

higþer ordere are generalÍzatfons of the hy¡lergeornetric f\mctfon

([ 29,33] ).

c#4
J¿-M
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cHAgrER 5

BASTS STATES AI'ID LABELTING FOR Sp(n)

81. Brandring Theorens

lle harrc constructetl with noctÍfletl boeons a 6pace whieh earrl.es

aL1 irreduclbLe representatlone of Sp(n). ft ls of lnterest to know

e:çlfcltly the form of the orthogonal basls states ln thie sBaee, for

the calculatlon of matrix elernents anct for the study of the speclal

fmctÍons which misht arLse. Such properbles of Sp(n) ¡ane received'

llttle attentlon Ín the l-iterature partly because Sp(n) ís lacking

in sone pro¡lerties which the other claselcal grot4)s possess. Tlrere

ls no synplectfc group of octcl dinænsLon and so the subgrot4> dtain

sp(2v) )sp(2v-2).. rsp(a) (r)

Le not complete as for U(n) and O(n). As a result there is a problen

ln the 1abelling of basis states becaqse the chain (f) aoes noù pro-

vlcle a conplete set of l-abe]s. Sp(ev) ls ot orcler v(Zv+f) (tne

nu¡iber of generato::s ) ancl so If,e need to l-abel unlqr:ely the elenents

of a matrf x of u12¡+1) paraneters. As Raca?r [ 261 anct Blectenharn

tgrl harrc e:çLalned, it is necessarJr to fincl # operators in

e<ltlitlon to the group invariants and the tllagonal generators II, '
vhere r is the order of the groqp, md 1, 1s the rank. I{e neetl to

provide, therefore,a.z(t(Zv+l) - þ) = v2 - v firrther labels. 0f these

the sübgror4r chain (1) prorrlcles 1+ '. + v - 1= | (u - 1) tabele by

æans of the subgror4r invarlants, so tfrat | (v - 1) opere,tors are

stil1 requi:rect to label the basis gtates. For sxarnBle, for Sp(a)

(fs@otThie to SU(2)) no more labels are neqqLred., bqÈ for Sp(\)

one ¡lcre operator has to be foundl.
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Ttre maxima.l subgror4r of Sp(2v) fs Sp(Zv - 2) x Sp(2) anct this

groqp can be lnserted fn the chaln of subgrot4la

Sp(2v) : sp(zu - z\ x sp(e) ) SP(ev - z)

Ho¡¡ever the Sp(2) group proviites on\r one more label rhidr is stilÌ

notsufftclentexceptforsp(l+).Ttrereduetlonofsp(h)wlthrespect

to Sp(Z) * Sp(e) has been studlecl by llohnan [52] ancl basfs etates

calculatett. Ttre rethocls enrployect here can be simpllflecl by the uee

of noillfLecl bosone, ffid by irryoslng the traeeless contlitÍon whlch

rea¿s gr2 t ê34 = 0 for SB(l+) (see IIf (ef)). Thie enables the basls

statee to be put' 1n a eln¡ller form.

In general we 1111 try to solve the problem of state labelllng

fn a manner ana.logous to that for u(n) and O(n) ' througlr the brandr-

Lng theorem. Tlie reBnesentatl.ons of Sp(ev) are speciflecl by nrnbers

rolr..hu which are non-negative lntegers suctr that mlÞ m2> " >

The re¿usbton Sp(2v) to Sp(Zv - 2) r¡as flrst consl.dtered by Zhelobenko

l, ¡16l , who gave a stateuent of the branchlng theorem: Ttre restrf'ctLon

of the representatlon (nt, .. mv ) of Sp(zv) to Sp(2v - 2) contalns

in lte spectrr:m aIL representatlon" (q.r, .. \-f) of Sp(ev - 2) such

that
mt Þ pt > mz> pzÞ mgt .. pu-r-Þ mu ) Pu Þ 0'

pr Þ qr 7 pzÞ qz> -. Þv-t = \-r'Pu þ)

vbere the it¡ctice" \' P, are all non-negative integere' Tl¡ie theorem

vas later pro'vecl also by Hegerfetctt l7l+l , anil results for v = 2r3

gtven by vlhlppnan t fl+] . We have conelcterecl the recluctton Sp(2v)

clfrectly to Sp( 2v - 2) rather thar¡ thrsWh Sp(2v - 2\ x Sp(Z) ttre

maximal stibgfogp. slnee ve a,re seeklng a labelltng slnf.lar to that

tor U(n) entl O(n).



Using the branching theoren Zhel-obenko vrote dom bagls vectors

l(r)r as a "Gelfancl" pattern whieh cen be dlone in the follot'¡1ng way

(tshi ):

?8.

(:)(n)

mv1

Pvl-

nv*1 1

m
uu

D-vu
mv-l- v-l-

ntt
prr

where the rnr' piJ satlsff lnequaJ-itíes accortling to (2). The use

of the branctring theorem to r¡r"l.te clo¡¡n ba.sls states 1e the sa.re as for

O(n) (fV, Ef) , except that here the "ÍnternectLate" Lntegere P' clo not

have any group theoretic slgrriflcanee. the piJ are attachett arbitrarilV

to representations of Sp(2u - 2) tatellect by the sa,me nr.¡¡nbers, whictt

appear rnore than once and. need to be tlistingulshect by clifferent Pt,

Iabels. For Sp(b), for sxam'le, the representatione of Sp(e)

Iabe]l-ecl .C appear 1n the nepresentatlon (ntr¡lZ) such that 0 ( Í, ( nf

and '¡lth nultiplicity (nt - 0 + L)(m2 + f) for l, Þ m2, ancl

(rr - m2 + l_)19 + 1) for !, d m2. T¡e l-abels PtJ can be attachecl

arbitrarily becarrse reptresentations of Sp(2v - e) r¡ith the en?ne l-abels

are all equivalent. Ttre restd.ction of piJ to the ranges glrrcn fn (2)

ensures that the Sp(2v - 2) repreeentations are cor¡nted correctly'

Ttre states (S) ean be ct¡osen to be orthogonal wfth respect to the

laÞeIs nil as weAL * *fJ becatrse the red.uctton sp(zv) to sp(zv - z)

Le eonrpletely reclueible, eo that stibspaces earrylng representatlons

of Sp(2u - Z) ta¡ellecl by the same nqmbers ean be made orthogonal;

the tH.fference betçeen such subspaces is their Pr, Iabels.

It fol1or¡s from the conslclerations of ärelober¡lco that the states

(3) are also weigþt vectorg, 1.e., they are eigenvectors of the

<liagonal generators Ht, .. Hv . Ttris Ls also the ca.se for U(n), bì¡ù
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not for O(n) where the Gelfancl states are not wefgþt r¡eetors. Ttre

eigenval-ues of H1, . . Hv mq¡ be for¡ncl from the anal-ysis of ZheLobenko:

.r,1 JJ:l 1Hrl(n)'= lz I p.', - I r.r - -l ür_r {l ltr),u L i=1 i=l- i=l_ (J -'*J

By approachlng the lebelllng of stateg througþ the branchlng

theorem rse have east the problem in a fonn very slmilar to that for

U(n) ar¡a 0(n). For Sp(n) however the labels piJ do not har¡e a groqp

theoretic neenLng becawe Sp(n) does not eonte.ln sÌ¡ltabl-e subgroups.

It ls hopecl that neverbhelees the n' ehare sore of the inportant

properbies possessed by the nrr, in partlcular that they a,ppear as

elgenvalrres of certain labeLllng operator:E. lltrf s seetrs reasouable

coneíilering that, for rnost properbies, Sp(n) is ttnot qr-lite so simple

as ct(n) ancl not so eompllcatetl as o(n)" (tfeyt [ ]-2J p.229).

In order to ner¡eal the prcpeÉies of the Þ1, labeJs çe wll-I

earrxr oub elçLfeit cal-culatlons tor Sp(l+) .nith the laþelflne (3).

As v111 beeome øpparent, this labeJ-1ing ls cllfferent from the srùgroup

l,abetllng Sp(e) x Sp(2) nhÍch solr¡es thÍs pa^:Élcular problem, but

whldl cil¡es not generallze suitably. Fir:stly ho¡¡ever we caLcr:late

gtdte generally t'he etate of híghest welght, ffid eyroetr{.c basls

states.

82. Stats of Hlgbest Welebt

Since the representation space constructed fìrom modlflecl bosons

ie Lrre¿lueible ther^e is one state of hlgþest weight. Íhie state Ls

speclffect by the representatfon labels (rat, .. IIrv) an¿ so ean be

caLeulatedt fnctepenclent\y of any l"abel"ling problerns. Our nethotl here

fott<rrs elearly that for o(n) (IV, $3). ftre stste of hÍghest welgþt 1s

' lllr -!tlo ltro.-D3 m

l.ar,.>=M-%al'' "rr' "13..2u1_v lot . (b)
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To prove this tt is sufficlent to show that lr"*.t is annihllatect by

all rafslng generatore (ttste¿ tn lrr (28)). BV applying the dlagona.t

generatcrs H, we deduce that the nr¡rber:s (mt, .. Dv) are not m\y the

polynordal. degrees, but aLso the representatlon lale1s. The requfre-

ment that the e:r¡lonente be non-negatlve lntegers ehcrts that lre har¡e

obtalnecl representatlons for whidr n1 ) m2 > .. >

are aLl lntegers Í.e., 'we har¡e obtalnect all representations of Sp(n).

Agaln as for O(n) ft ls eaÞy to see that only the bogon pa,r:ts of

the modtlfied bosons fn (h) contrÍbr¡te. As a :¡esu]-t the nonnallzatlon

M is calcuLatecl r.rsing boson operator teclrnfques [ 321 .

TLre erçression (l+) t¡as been useal previor:sly for Sp(l+) Uv Holnan

LSZl . Lhlng a cllfferent netrlc the general etate of hlgþest weight has

been caleulated by Qr¡esne [ 63] uslng the propertles of conplenentary

grol4)s. Hor¡ever our rethocl provicles a more cllrect soLutlon, without

using the complenenta.try grotrp t:(v). Ttre remarks of TV, 5f 4p1y herre

al Eo.

T{e note that (h) is also a !,Ieyl state, corre6poncllng to a Yor:ng

dJ.agra.n of u = kn ror,rs uhich is the naxÍr¡r¡m allowect (ftf , ga). We can

vrite clo¡n other Weyl states by r.rsfng the system of pararneters vhlch

appear fn the branchfng theorem, in the Barre wa.y as lre har¡e clone for

U(n) and O(n) (tv, 5Z). ft is a airaple ratter then to write clorn¡ a

corrplete set of non-orthogonal- basls states. Taking Sp(l+) for example

the general GeLfa¡rd state ls

nl n2
pr p2
L

m

wher"e a1l para.rneters are non-negatlve integers and

nrÞpr¿lli2>pz>O
pt>[ Þpz

9' Þm >0
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Ilere (n1 ,rn2) are the Sp(l+) fa¡efs antt C le the Sp(e) 1úe1. The

corresponilJ.ng lfeyl state le
ml a2
PI B2
9,

m

ancl the e4lllclt erqrreasions are obtainect flon the Yor¡ng dllagram:

n Cpf m1

2 lg
2 lE lhl_

P2 m2

= s*mr-Pl arDr-L 
^zL-* 

rt.t-t2 arrnz-Pz ,teP2 lot
(9,2 mz, mÞ m2)

mCpIml
L 2 h

2

P2 m2

= *nI-Pt a,Pt-rnz ^rf,r-o ,z+9-^ alun-Pz 
^tzþZ lot

3

m

(1, < m2, øÞ p2)

Pl mI

Ir

l+

Pz t2

= "unt-Pt 
arPt-n2 

^gu^2'L ^2uL-Pz 
a2rPz-n etgn lo>

(gcmz, m<P2)

mf,
1

p2 m2

= ¿umt-Pl arPt-c ,zb'^z ^rrÞ-^ alum-Þz 
^tzÞZ lo,

h

3

321 I

32

l+52

(ø)m2, Þ2(ncn2)



l+3

ì+32

82.

m gPtnl

Pz m2

= ,uml-P arPt-ß ,zL-^z arrm2-92 a2rPz".m rret lot

(nÞm2' n<P2) '

l{ey1 etates can be vrltten dlorn ln a eímllar vey for all- the

synpJ.ectle groups. Recently t ?51 {t was shc'h¡n how to construct

o¡rerators which are po'Jynqsfla.]s in the group generators and which can

be usetl to obtain basle states by applleatlon to the ¡tate of hfgþest

rrelght. Ilorever the statea obtafnect 1n this rrÊy e,re nor¡-orthogonal.

C1early ¡rodtlffecl bosons have made these operators obeolete sinee re

ma¡r vrtte ctor,rn by LnspectÍon, without use of Lo*ering,oBerator:s, the

non-orthogonat buü very sfuple lleyl etates. lowerlng o¡rerators are

rlsefrrl only when they al.lo:,r the calculatlon of the orthogonal CeLfand

states.

$3. Sy-netrÍc Basle States

ft ls poselble to ealeuLate basle steÈes for O(n) ln a syrctrLc

nepresentatlon (i.e., for whlch m2 = O - m3 = .. tu) (see fV .n).

Ehe eaüe ls tn¡e for Sp(2v), where the basls etates roqr be labelledl

l(øu, nu, 0r, pt) . Here S* refere to the labe1 of the subgron¡l

Sp(at), ånd the nr¡dbeïB pt, .. pv are deflned fro¡r the eigenvalues of

the conmr¡tl.ng generator:s {*, vutetr have elgenvalues zpk - ck - 0k-1'

for k = 1, .. V. In thfs vry the gtates are aclequately Iabe1.lecl.
r,

The state of hlgþest weight is lnax., - ", 
u lot. gt¡e Sp(2v)

state whieh is nard.maf in Sp(2u-2) ls g = l[u, nu, [u-1r [v-].t

ancl ls construsbecl from the orclinarXr bosons &t, 
"Zu-1, 

t2u. firle

state ls then a lJnear conbinatlon of the polynonfals 
"rP 

t,u-f &2u" ,

vhere p + q + r = ßu sl.nce Cu ie the polynonial degree. Also, becauee

1
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ûe have

Therefore

H r¡=(2o -9,v tu v

Hrt=9u_tú

q-r=4u 9,-
v--L

L )0v-1

m2

p2

o=C^ U-II

f, -D
a2vu'u lotv-l- n -1,^v v-r

ü= al
"2u-L

m1

p1
L

m

v

r,

The generators of 8p(2v-2) ac't only on a1
v-1, so that contlnufng

as ebor¡e r¡e obtaLn

9.

v-l- ov-l-Pv-1 lr-Þr Pt
az al

l!,r, pu, .. cl, pr>

. 0 -n Pu-0
N-ã 

"2u 
u 'u 

"ru-,
lo'

'zrl-2
ïhere

s\. Lebeillne OPeratols

In orcter to caleulate orbLtra.ry basfs stetes çe need to r¡ndler-

staûil the rnethocl of labelllng states, and for thfe re8son 1{'e carry

or¡ü exf¡llelt calcr¡latLons m Sp(l+). In the r¡sr¡a1 approaelr ve tr:tf to

flncl a sufft cient nlrnber of inctependent ccmnrting operatora r¡hose

el.genrrectors then couprise tt¡e basis states laþefleci by the elgat-

valueg. !Ìe requlre that theee operators be helsltean ln ortler that

tbe besls states be orÞhogona.l.

For Sp(l+) ve need to ffnô 6 intlepenctent operatore. F\¡rther-

rnore thege muet be choeen Bo a,s to speclfþ the rabels appearlng ln

the GelfancL Pattenr

our proble¡l cliffers sllgbtly from the lrgual state IabeIl1ng problen



ln tbat Íe aire seeklng a parbleqlar labelllng eystem' For Sp(l+)

the label-lfng of states 1e solvecl by the r"edluctlon

sp(h) r sp(z) * sp(z) : sP(¿)

br¡t thls solution is ncrt the C'elfancl type labeIIlng'

Of the 6 cr¡rerators required tço are the Sp(a) subgroup laþe1e.

These are

Ht = Szt wlth eigenvalue 2m * 9' '
andl

I¡2 = 4rr(s2) = Hr(Hr + 2) - srr szz

wlth efgenvalue [(n + Z)

lle have wedl here the notatton (Sz)tJ = ttn tn, (sr.mnatlon over p)

rhere rtJ = "tn 
rn, tttti eiJ = - elJ. lherefore Tr(S2) = sqn SPq

= Ê s S S (srmmatlon). (tt¡ts notation 1s ugefir1 for the-q.r -ps rp Bq '-
¿igcr¡eslon of gror4l lnverlants ancl ctrarasteristlc f clentltles; see

t ?O rTil . ) II1 and Â2 are herrnltean ar¡d cornmr¡be rith each other.

Tt¡ere are also the two group lnvartante of Sp(h). Ttreee fnvatlånts

anct thelr eLggnvalues have been studllect extenslvely ln a general

eontert ([ ?0,?1 ,16 r7'll ) ana n4r be ligteit as fol]'ot¡s:

C2 =t¿tr(s2) =4 tnn tnn (p,q. = 1, l+)

= ur(Hr + l+) + tt:2(H2 + 2) - Srr Szz - Sgs S,t¡

+ 2 Sa1 SgZ - 2S31Sq2

vlth elgeuvalue
Sz=ml(nr+b)+m2fu2+Zl

8¡+.

C,+ = fr(Sq) nlth eigenvalue 2S4 + 652t

r¡he¡e
54 = (n1 + 2)t+ + (nz + t)q - 1? .

Another labelllng operator le H2 - s43 vfth elgenvalue

2pt+?pz' n1-n2-[.

(:)
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As lnallcatecl earll.er there remeLns one operator P to be for'urcl, r¡hich

m6t be an Sp(Z) lnvariant, hernÍtean, antl comute ulth II2. one

poBslblllty ts L = - (S2)qa = S¡+2 Ssr - Sqr Sgz' Honerær' wfth vhat

is a e}raracÈerlgtle ty¡llcal of state-labe]llng problens, thfs cholce

ls not r¡ntque and there is another inclepenitent poeslbtllty:

M = _ (s3)r*a

= S,+Z Sf r SgZ + S,+t SeZ SSf

- S+r S32(H1 + 1) - S4z Ssr(gr - r) '

It ls etratghtfor:urartl to show that other posslbf.lltles clependl o¡r the

se\¡en o¡leratoræ we have lletecl, nane]y

Ht, Hz, L2 , Cz, C4, L, M (6)

tJe cor¡Ld eyroose for exar¡rfe (Sr)q3 for r > 3 bub then we r¡se the

cl¡aracterlstic lclentlty for Sp(2) (t ffl ), r^*rictr reads 52 = 25 + À2 
'

to etçness (sl),+e 1n terss of the operators abor¡er ê'8'I

(sa)þs = s'n(s2)n* tn, (p,q. = 1,2)

=-l+M-f(irz-E)
wlng

[ Â2, sn3l = t sn, t"t - 3 ssq '

Slnllarly operatora sucïr s¡l SgS B¡r+ and nore generaLly (St)gS (Sr)'*ç

also are not lnitepenclent. The Ínva,rlant of the second Sp(e) gror4¡ is

nz = Ilz(H, + 2) - Sg¡ S4q whlcTr ctepencls on C2 1n the folloring vry:

Cz-frz=lt2-2L-2112

Tl¡ereforebychooslngLtobeùlagonalwer¡oulttreeoverthe

Sp(e) x Sp(2) ta¡ettlne. In thle ua¡r the elgenva1r:es of Ï., are easy

to fLnrt. Ilcmer¡er the Sp(z) * Sp(a) label11ng f-s noË the Celfancl

labelling aB we can easf ly Éhottr. Lbing the no'tatlon of lfolnan [ 52]
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the stateg of Sp(l+) > sp(z) x sp(z) are wr{tten

l,l^, Àr; J, Â; MJ, M^> (r)

rhere Jr, Âr are the Sp(l+) labeIs andt J, M, and' Â, M^ are the

sp(a) x sp(2) sr:bgror4r labels' fn or¡r nøbatlon

n¡ = 2Çr m2 = 2Ìr*t ¡ = lrf, + J' !' = 2J

Tlre branct¡1ng theorens are given by the lnequa3-itiea:

J -^ (J+^<J +À-m m m m

.J +i\ <J-il<J -/\- (8)-m m ü m

-À<Mn(A
-J<M.r{¡.

ff the Sp(Z) x Sp(2) fa¡efftng fs the eane as the Gelfa¡rtl labelllng

the state (7) wfff be equal to

iTI
pr
L

m

t2
P2

wlth
m1 =2Jrrm2=Z,\rt 9'=2J, D=MJ+J'

Ncllû pr ¡ pz mel be deflnecl ae p1 = ]llEl)c. (9") , pz = nfn. (0) etnce

p2 < [ ( pt. From'(B) ue see that bcûh tbe foLlorlng lnequalltlee

mrpt be satlsfieil:

- 2l¡ + 2J^- 2Â, ( 2J < zJn + 2l\m - 2^

2L - 2Jn+ 2tt, < 2J'< 2J^- zl.n+ 2h

ther"efore
pl = dtr, (zn + 2J, - 2^m, 2Jm + 2Â, - 2Ii)

pz = na:cf 2L - zla+ 2/\r, - 21t + 2Jn - 2^n)

Bhls napping, rhich |e the only one posslble, is not acceptable

beeauge here p1 , P2 aÊ ctependlent, sLnce they dlo not clependl on Mnr
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r¡hereae ln the @Lfand basie state they are lndepenclent labels. In

thfs way we clecluce that the CæLfandl Labe111ng ls not the Sp(z) x Sp(Z)

labelltng antl r¡e eannot choose L to be the st:cth labelIlng operator.

lltre reqr:lrecl operator P w'llL be a fi¡r¡ctl.on of the operators (6).

There 1s now the problem &s to hot¡ the fo:m of P nry be tÌetelroinedt.

It wae for¡rcl that no nethocl appea,r:eil to exist u?¡f eh lecl to a sultable

choLce of P.

Ore nethoci trleil ls the fo3.3-owlng, &d was wed ty f,ouck [69j

for obtalnlne O(n) matrlx elernente. I{e try to flncl matrix e1e@nts

of a generator Ln a eerbaln basls by taking repeated conmr¡tatore rfith

a labelli.ng operator to flnct the selectlon rr¡les on the corresponcllng

Iabe1. fhie üethotl clepencls on beirr.g able to e)q)rees the comt¡fator:s

ln terms of the generator anct label]lng operators. For example ' we

have

[nt,[ hz,Sa2ll = 3Sr+z + 2142lrz + Zhz Sa2. (g)

By taktng ¡latrlx elenents of both sf des we fincl

ml m2

Pr Pz
L.
ß' 1,,-,1

ml tz
pl p2
9,

m

=Q r¡rleee 9,' = 1,, ! L.

Ttrls eelectlon rrrle 1e a reeult of the fact that Sa2 1s a vector

emponent r¡rder Sp(e). Slnll-ar ruf-ee holct for the other generators.

In the sane wq¡ we telce cornmr¡tatore rrsing M antl L ancl from these

e:çresslons hope to chooee a conbination of M andl L whlctt enables

r¡e to ealcrrlate a comutator in'ttre fom (9). Ho'¿rer¡er a suttúIe

euch conibinatf on coultl not be for¡ncl a,r¡d so thls netbotl falls. lhese

type of calcqlatlone with repeatetl conrnutators are hlnclerecl by the

faet that M ls of thtrtt order anct c4' whleh mqy also be lnvolræcl' is

of for¡r.bh orcþr, leadlng to eompllcatecl ex¡lresslons. Ttre e:çantlecl

erçnessl.on for Cr¡ 1s
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Cq = l+Sgg l,6+q + r,(t6gz - 8^2 + 16 + l+u - l+r') + 2C2 + L6ll2

+ M(ht + I+C2 - l+Hz2 - \¡2- 8H2 - ::6) + 2C22 - \cz 
^2 

+ U^q

+ lr0n2 + 2oH22

ancl the eigenvalr:e (:) re checked' by applying C+ to the staÈe of

higþest vef.gbt.

Anotheruethod.trlettr¡astovritedo¡nmatrixelernentsl.n

the ¡rost 61eneral poselbl-e forrn anct lmpose the eonclltLcn on these

eleænts reqr.rirecl to satlsfy the conrrutatlon reLatíong' Tfien by

chooslng e:qlressJ.onE for P lt vas hopecl, this furbher lnformatLon

wor¡]d a1low the eguatÍons to be eol-ved. Agaln thte !ûethod wag not

euccegeful.

Pa¡toftheproblemherelethatweareseeklngapartlcul-ar

labetllng scbene ancl therefore also a parÈlcrrlar labelI1ng Operator'

withor¡t any knor¡letige of thls o¡nrator, lnflnlteslnal tedtnf'quee

are ncrt effectlr¡e. For exetnFle lt 1s not poeelbLe to ca'lculate lorrer-

ing operators es has been done for U(n) and o(n) ' AÊ nentloned'

earller the operators of ltieltelseon [ ?5] leatl only to non-orthogonal

basis etates.

s5. Sp(ld Labeu.ine Paraneters

In orcler to rer¡ee.l the origin of the labele Pl r P2 let w

derive the brancl¡lng theorem by lclentlqfing, aE dicl Zheloberiko [ 561 '

the states of hlghest welgþt of ttre subgror4r Sp(2) '

TÌre lrrettuclble Bpace whlch carríes a-11 repnesentatÍons (n¡,m2)

of Sp(l+) consLsts of poJynonlals homogeneous of clegree mI - m2 !n a1r

anô of ilegree mz ln arr. llhe subspace, clenotecl R' vhlch Ís of

higheEt uelght tn Sp(2) conelsts of polynonlals vhieh are annlhtlatect

by Szz, the ralelng generator of sp(a)' Norr IS22'a1l = 0 excelÈfor
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L = 2. Therefore polynoniaLs 1n B ane constnrcùecl from a1' &3r &l*'

aI3, alqr a34 (we har¡e 1522, apl = O a1so, but &L2 = - ae+), ând

these varlables are not connectedl by any trace]-ess eonðltion'

Now }et r¡s cc:slder slmt¡ltar¡eor,rsly the lrrecluclble space R'

whieh carrles the repnesentstfon (m1 ,m2,0) of U(3). TtrLe sBace con-

siete of poJynornl"ele homogeaeoug of degree mt - m2 ln the varLables

ctl, elz, ca ancl of degree m2 I'n the varlables o12: ctl3 ¡ a23 rhere the

clrs are ortlfnary boeons (the varlable c123 doee nqt appear because

ng = o) '

}le can eatoblish a ]. . 1 mapping between the spaces R anð R,

by eorrespondf.ng the variables ln the foJ-lowlng w4r:

&I + ol , à3+ o,2, ar¡ <+ d,3, &l 3 # 412

al+ + trl3t a3q ë a23 '

Tt¡lE correspondence cleterulnes a na¡rying betveen a f\¡rctton f( ") t R

anct the eorrespo4cllng funetton f(o) e R'. fn tbla ¡rapplng wefght

veetore are mapped lnto welgþt veetors. Ttrle 1s becauBe the effect

of H1¡ H2 on the a¡s ls the saüE as the effecù of E1l, Ezz - E¡a

(aeftneaby II.5) on the o,'s. Thls ls easi\y seen from the commuta'-

tlon rel"atlons:

t
t
t
t
t
t

Ifl
H1
H1
ll2
H2
H2

t
t
,
,
t

arl
asJ

a4I

=41
=0
=0
=0
=43

[811, c1l =
[ 811 , cr2l =
IErr, sg] =
IE22 - 833'
IEzz - Esst
IEze - Egs'

=0
=*d,2
--Cr3

sl

ezl
oel

0
o
cllall

asJ

, a4l - -e,4

The basls states F(o) fn R' mry be clenotecl

0
r(a) =

m2
p2

ml
p1
1,

nhere pr, pZ are the U(Z) süberouP labels, ancl I the U(1) suberoup

1aþel. Fro¡r our knorletlge of u(3) ue nay write
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811 F(o)=sF(a)

(Ezz -833)F(o) = (2pt + 2¡¡2- rnl - mz - L)r(c)"

It fotlo,¡s lnnedliately that

Hl F(a) = r, F(a)

H2 F(a) = (2Pt + zzz - ml - mz - L)r(a) '

uhich shows that the representatlons of Sp(2) appear{-ng ln R are

Iabellecl C. Ttre nrnber of tlnes thlg repreõentatlon apPearE 1s kno$x

fro¡r the branchlng theoren for U(3) : U(e) f U(1), e¡ld Eo ís tleter-

d.netl by the inequalltles

mtÞptÞm2ÞPzÞA

Pr> L ÞPz

In tble weqr the nu¡nbers Pt, Pe appear orlelnalry as u(Z)

labels, bú once applieil to Sp(h) are slgnifica¡¡t only as paraueters

vhlelr count correctly the rn¡ltip1-tcity of the Sp(e) representatlons'

Ue1ng these peranreters r¡e LaþeL the statee f(a) ln B as

al t2
p1 p2
g,

g,

ls labe}lecl
0

t

correspontllng to

F(a) =

Hcnrever lt ctoea not follor¡ thst the eorresponcllng state f(o) ln R'

m2.

p2
m

p
9,

or vlce versa. 1ltrie 1s becarrse althougþ the states f(a) are ortho-

gonal, the ststes f(cl) wil,l- not be orthogonal beeau5e of the cllfferent

conmr¡tatlon relatlons of tbe ars. In other words, the etates F(a)

I
I

lû2
p2

I
I

m
p
g"

0
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fors a non-orthosonel bssle Ln R' and the orÈhogonel etates

m1 tz
Pr Pz
9.

r,

ar€ a lineer combination of the states F(a)'

If l¡e ca.l-culate natrlx elenente in the basle states F(a) ttren

the assrrrptlon that theee are orthogonal leadts to contradf ctlons '

1.e., the rnatr{ces do not 1n fact represent the generatort of Sp(l¡)'

A technique for writing dor¡n matrlx elenents of $p(2v) has been

cþscrlbect by Gífuoore t ?Bl . Tbe results for Sp(b) are those obtatnecl'

lA"lth the elro've aseu4ttlor €ncl ít 1s not cllffLcult to show that the

results ar€ lncorrect. If 1t 1s deslreit to vrlte clom matrl'x

eLenentB ln a non-orthogonel basls it woul-dl be sfucpler to use the

lleyl etates.

s6. on of ffihoe Basle Statesc

We have seen how the nrmbers pl, p2 have been lntroducedl üo

lebel ba,sls etatee " but no operators slgnlflcance has been estú-

Llshe(t for these nu¡dbers. If ffe choose a Iabell-lng operator P then

lts elgenfr¡r¡ctlons uill- be lLnear conbinatlons of the basls states

fn the repnesentatl.on space R of hi$reet weigþt fn Sp(z). (States

not of hlgþest velgþt tn Sp(z) e?e easlly c'btalnect by applleatfon

of the Sp(Z) lcnrering generator). A seÙ of non-orthogonal basls

etates ln R 1s obtalnect fron the U(3) representation space R" nane\r

F(u) = tll1
p1
L

mzo
p2

çhlcÌ¡ are hypergeometri.c fi:nctLons (see II . 22) Ilcnrer¡er there 1e a

nueh slryIer basie Ln R, the l{eyl stetes of btghest velgþt tn Sp(2),

whlct¡ are:
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h

3
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Iprml
mI
pr
9.

r,

mz

Pz
I

Pz m2

= uro-^, arPr-0 aunt-Þt arunz-Pz ar3p2 lot

(n. > n2)
antl

L pr ml

I+

P2 m2

= urPl-n2 aunl-Pt aluc-Pz ,g,*t2-[ "tgP2 lot

(l (n2) .

Tt¡ese lleyl states I (t) ) are also ueigþt veetorg :

H1 l(¡n))=ll(m))
and

H2 l(t)) = (2pr + ?pz - ml - mz - L) l(t)) . (ro)

The Gelfancl states a¡e a linear co¡ibination of the !ÍeVI staües:

| (tn)t =

m1 m2

pr p2
I'
9"

nlr,nu\i nl
#)m1

pí
r.

L

(rr)

lle now shorr hoer to cateulaÈe exact\r thÍs llnear conblnatlon, f .e.,

to obtaln an erçticft expreselon for the coefflclente Apí pã !Íe

tto thls by firstly obtainlng restrlctlons on the para,neters of

srsmatÍon, añd then by iu¡I¡oslng the orbhogonal-lty requlrements on

the Gelfar¡cl etatee. 1,[e are In effecú carrying out a Gran-Schnlttt

orthogonallzatfon of the Weyl etates, bub only Ln the one w4r poselble

whieÌ¡ leacls to the GeLfancl statee. Íhe final expresslon for the co-

efficlents A . - lnr¡olvee the Lnverse of a certaln nebrfx of scalar
PT Pz

proitucts, eld by eatculatlng so6e Bpeclal cases ve wlll eee that

these ex¡lreaslons eannot be fi¡rther slnpllflecl'.

h3

31
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fn talrlng the llnear coziblnation (1f) there is no slümatLon

over mt, m2 whlch are the group invariantB ' or over C sfnce we mr¡st

have H1 l(t)t = r, l(t)t . In ectdlLtlon sfnce

tt2 l(t)t = (2pr + 4z - mr - mz-L) l(t)t

we harre fro¡n (10) that the suxmûatlon o'rrer pí, pí fs euch that

gî + pí = pl * pz. (rf) can no¡ be vrltten

vhere Aq(g) ttepend,s a,lso on the para,neter"e m1 , rr2¡ PIr PZ' lhe

su@ation over q 1s furbher reetrlctect by the requlrereub that the

lnequalitypl>øÞp2rorstbesat'lgfie(t.Onthertgl'tha¡rtlsicle

of (æ) üe Eee that p2 + q < n ( pt - çl Eo that the naxlnr¡m value of

t ls p1 - ntn.(q). slrntlarly üln.(c,\ = pz + rnrn.(q). 0n the lefL

hand s16E we have max.(0) = p1 o nin.(!') = Pz so that we mwt have

nfn.(q) = O, 1.e., q Þ 0. (tZ) nov beeornes

ml m2

pr p2
9.

r,

n1
Pt-q

(,

L

m2

P2+q ( 13)= I s(r,)
q.lo q'

uhere the nad.nr¡¡r value of q fs tleternlneit by the lnequalltiee

pr - çl Þ mzÞ Pz + q.

pt-qÞ1, Þpz+g. (1¡+)

TIre e:çreeslofi (13) ena¡Ies ug to vr{'te d'o¡n eer,Eral gtatee

eryllcttly, 1n pa,r:üf cr¡lar the followlng gtate vhlcTr 1n analory wlth

o(n) (lv, glr) ve call the eenl-lra^:dnraL state:

6.m'> =
"-% 

,rpr-m2 aunl-pt .tgP2 al+m2-p2 lot

Ttre orthogonau.ty of the basie etates fs assul¡ecl here becar¡se pt 18

rûl mz
pl p2
pr
pl

also the sB(z) subgnorp Label. A sinllar e:çressl'on ean be çrltteu
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¿¡rn q'lte Benerally for tbe sel.t^sra¡dnal stât€ of Sp(2v):

.J<
le,Ìû.> = M ' *2utt-Pt ar rPz--ns a"f;z-nzpl-n2aI

At thte etage we night try to cledluce the fo:m of P fron the

knowledlge tbat P 1s cliagonal on l",ra.t. Slnce such afi operetor

ctletingUishes betteteen Bps,ees labelled by pl anct ÞZ we nlgþt expect

this to be the requln:dL operator. By ealcuJ.atfng natrlx elenents

of the operators (6) r¡e ean shosl that the follcn'rlng P ie dllagona'l

on ls.u.t, v!.th an elgenvalue thaÈ Ís knorm but ís compllcated:

p = pt42 - 3,ft - 3LM + 3L2 - 2L2L2+\LH2L2+ 2nlft12

- ZZ¡IL - tZL + l+Ur\z + 3Hz2 + l+ttrzttz - L2H2 - l.:6n2tr2. (f¡)

Horrever thie approaeh falls because fro¡n (13) !J'e ha'r¡e that

mI m2

pr ß2
n,

L

ancL P ís not cllagonaS. or¡ thle etete. rhís mea¡rs that a fr¡rcÈlon of

tbe forn (f3) car¡not 1n general be an eig,enfutctlon of (fl)' Clearly

It ig necesBa¡J¡ to cltoose a 1lþrÊ genera!- P rrhfch le dllagonal on the

etate l(t)r.
Tnorclertocalcule¡tethecoefflcientsAnweluposetheortho.

gonality condLtlona reqr¡lred on the Gelfanct basis etates. The con-

clltf one ¡rey be lrrltten

Í11 m2
( 16)

' 413. .Zl,-3 2v

m-D

Pl-n P2+n
9.

r.

u trr..zu-l'u lot

= ufh urÙ-*z arPt-Í' auul-Þt ^r3^2 lot

ml ß2

Pr Pz
9,

g,

=Q

for n = 1r .. pr - ß.

Orthogonaltty l¡etween the labets nl, El2, l' ancl Pt + Pz ls aLreedy

satlsfteclbecause (rS) fe an eLgenvecùor of Cz' Cq' H1' H2' In the
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equations (f6) it ie not nece6sat1¡ to eons1der n ã 0, beeaure thle

lro¡lct give simpty the nowtall.zeÈion. I'le are in fact carrying out

a Graæ.Scl¡nfdt orbhogonal-izatÍon nlth reapect to the seml-na:cfmal

state eince, beglnning with n = ÞI - [ r¡e enEure that all states

MI frz
pl 92
9"

L

are orthogona-l to

E,m.> =

tx2
pt+l.z-L

and, then, by puttlng n = pl - 9"- Lr Pl -' L - 2' " 1, suÇeeeeively

ûe ensure that

ml
L
r,

L

m1

pl
9,

L

m2

Pr+Dz-o cÉ

mz
pl+P2-&

A2

Pz

le orthogona.l to all other states.

I'lre equattons (16) can be greatly sinpl:lfÍ'ecl by the knowleclge

that lt ls sufflclent to requlre

ðn Pz+n =Q ( rr)

f .e., the Gelfa¡¡dl state ls orthogonal to the üIeyl etates' I'Ie noÉe

that

I

ml m2

Pr Pz
9,

9,

mom1

PT
f)

R,

ml
L

r.

L

m1

r,

L

g,

so that (f6) fs equivalent to (f?) for n = pl - ø. Suppose (f6) fs

eqr:lvalentto (r?) forn=pr - [,Pl- [- 1, " pr'- 1'-k' Now

¡[t m2
g+k+l p1+P2*ß-k-1
t
L

L

L

9,

I n2
plþz-r

= Ãpr-g
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+Ar
m1

Í,+k
L

v,

*Ão
n2

p1+p2-1,*k
ml m'2

.Q,+k.Þl p¡+p2*0-k-1
g,

r,

(ln tf¡ts e:q>reseLon the l{eyI Ëtates and corresBonding coefflcievrts

for whlch the inequalltlee (fh) are not satLgfíect. 1,¡111 be zero.)

lflre firrt k terus of thiE e:çreseJ.on are already orthogonal to

m1 W.pI p2
t,
g,

by assumptlon, eo that (16) impfies that (r?) noras ror

n = pt - 9, - k - 1 also. By fnttuctloa then (f6) fs eqrrlvalent to

(rr).

(ff) can be rewrltten:

I

T

-9,

=Q

p

q

1111

pl-n
L

9,

IA2

Þz+n
D¡I

Pt-8
t,
9"

m2
p2+q¡, (¿)

q.

M=
nq

=0. (rB)

l{e nq¡ a,s6r¡rne that Ao([) = t by bringing out a nonnallzatlon factor

N-%(r,), whlch ls deterrdned from.(n)l(nr)t = 1, onee An ls knorn.

(fB¡ n* eoneist$ of pt - [ s|¡cultaneous equations for the sÊme

nqnber of r¡nlcno$ne, errd mry be written l4A = - K wbere M fs a

pf - g x pl - 0 natzdx rrlth elenrents

ml m2

Pl-n Pz+n
L

L

m1 m2
pl-n PZ+n

9,,

L

ml
pI-q

g,

9,

ancl

IIence

K
n

n2
PZ

I
I

m
p
L

L

Aq
(s) = - [n(e)"\

Ihe normallzatlon fs glven bY

qp r (s)
B
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ll(s) = I
g 'F0

Ã (r) n (r.)rq.

m1 n2

Pt-9 Pz+Q
L

9.

ml
Pr-r

L

L

mz

Þz+r

since from (r8) only the tenr r=O contrlbutes, for which Ao = 1,

Therefore

u([) =

p1-&

nlo 
nn(ø)

ml m2

pr p2
g,

L

m1 m2

Br-q P2+çl
fl,

L

û2
P2 - r(r.) ¡t-1(r,) r(!,) .

ml m2

Pr Pz
9"

n

t
I

m

p
L

9,

lhe evaluatlon of An anil. lü depencls on being able to caleul-ate Mpq(!,).

Ttris scalar pnoctueb can be cal-culatecl uslng the eorn¡rt¡tatlon relatlcnrs

(fff .Z8), tr¡t only nlth eone cllfftculty. An easier næthod I's to use

that outlinetl fn fII, 5? takfne actvantage of the proJectlon operator

H. The fi¡ncbiong |n R are homogeneor.n polynonials ln notlf fled bosone

but rory be r¡r^!.tten ae polynond a.ls 1n orcllna^:¡¡ boeons vfth tbe heJ-p

of H, A fr¡rctlon f fn R then takes the for^¡t H f(a'b) where

(-)r(r1 tmz^ r+2)l
r m1+m2* 2)'"

(an + tg,*)" (ã¡2 + ãsq)t

r=0

anil the ata are now ordinary bosons. f ifuceg not cmtaln afry

operators az or b2 (since R ts of highest vefght 1n sp(2)) and so

the terus ã12 and a12, $hen actlng to the rÍght anô lefb respectlvely

g!.ve no contrdbr¡tlon. In R then H takes the fotro

fl=
ß2

I
¡rÐ

(-)r(otr +mz+2-rl'.
r! ml+n2+ )t

r
ag

I{e are nor,r able to calcul-ate arqr basls state

ml m2

Pr Pz
n

m

m2

]r= I

l+
-r
4,34
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r¡here tue u(1) c sp(¿) lúet m is cÈteinedt6r alptrylog (srr)[-tto

m¡
p1
L

2,

m2
p2

fn orcter to obtaln sorne idea of the eolqlleldty of the co-

efflcientg A_ Iet r¡s ca.lcuLate the expression for
s,

mz
p2

1

whfclr ls êlet 3

*lÏr-r) arPt-mz-l a3 anml-Pt urrPt alunz-P211 + A1(pr - 1) ãffi

Ïfe neecl to knol¡

ml n2
pr p2

Pr
pl

(ml - pL)'.2p2:2(pr + 1)! (¡rr .. pz + 1)l(n2 - p2)l
(¡nt+m2+'2)t, (¡cr -- rn2 + 1) !

(-)t(r1 + m2 * 2 - ú:(pr - nrz + r)l
illni - ti - Ðllpi ; i)3(pr - p2'+ r + 1)!

ancl

t-

mI
pr
t-
t-

p
p

) lo,

mr m2

pl p2
pr
pr

XT

ttrl
pr

pr-1
p1-1

ml
p1-1
pl-1
p1-1

ß.2
pz+r

mz
p2

(p1+m1+2) (u1-p¡+1) ' lpr+t) lp2l (n1-pl) tpr I (nz-pz) I (n1-p2) I

(ur+ml+z ) (nr-¡tz+l):

XT
(nr + m2 + L- r):(-)r(pr - nz - t + r):

t

We fíncl then

r!(m1 -p1 -r)l (pz-r)!(pr-pz+r)l
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(p1+n1+2)(n2-p2) 3r2 f r-nz ' -ml+Pt ' -p2 i)
- m1-m2-1' PI-PZ+I

Ar(Br-1)=-
(n1+rn2+2)(pr-pz) 3E(Þt-mz 

r -Dl+p , -92-
)

.-ny-m2.-2r Pl-PZ

çhlct¡ cannot be sirylified. f¡rther. fhie regult ls mudt nore

cou¡rLleateil tha¡r hact been erçectecl by ana.1-ory wtth U(n) and' O(n) '

It is poeaibl-e to tr.eat the problem of state lerbe1l1ng for U(3)

and 0(h) fn the sane $qy aa,re have clone here for Sp(l+)o trlthout

uslng propettles of U(2) ana O(3) reepectlvely. lle çouLd carI1r

or¡t the redluctíons u(3) f u(1) and o(h) f 0(e) arrectly anct then

obtaih the requlrect basis statee (tt.ZZ anct IV.t8) whieh are much

siurpler !n form. For exauple the U(S) tasfe ft¡nctLon to be colr

panecl l¡1th (19) 1s

)

l""lî

ml m2

pr p2
p1-1

mc - 92 "t %f In>.. ,rpt-m2-, ^, arnr-Pr atzpz arfz-oz (t . õr-_ m2 a2 a¡s,

Tþe calcr¡latfon of fr¡rbher coefflclents, Eueb as Al(pl - 2),

A2(er - 2) shçtfs only that theee atre al-so of simlLar conpleldty, &d

lecking tn tbe gtructure ve e:ç>ected.

I{ith the ba"sls states knorn e>4¡Itcltly, lt le possfble to

calculate natrix elenents of the group generators. It 1s Eufffelent

to ealcr¡late on3y the natrlx elenents of one ggnerator, S32 for exan¡rLe '

sLnce nll çtr¡u" repreeentatlon matrlces ere then <leterufnetl by com-

m¡tatlon. It r¡as hopecl ttrat the fo3-Lor¡lng aelecúlcft¡ rules vouLcl

-spply: ÀPl, APz = 0, t 3- e 1.e. ¡

ml
pr
L,
m'

t\2
p2

=0

unless pl' = pl or
p2. = pZ or

pr!1
Pztl

m2
p2

1

I
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Calcr¡lations uith the baeie staÈee for epeclal casee ehoet this le

nst the cage. Ttre ur.atr{'x el-enent Le noa-zero for Apt, Apz -- ! 2'

ancl hfgber vahres.

lttren tbe representatfon matrices ere detemlneit {t is poaslble

to finct the natrix eleuents of L ancl M and then cbtaln a functlon of

these operato::a çhie}r ls ¿llagona}, and whleh wllI be the labeIllng

operator P. ltrat such an operator e>dsts !e kno$n because the sot

of representation matrl.ces form a compLete matrlx algebra (l{eyl

t 12j pg1). The dllagonal matr{x vlth the requlred elgenvalues ca¡l

then be expregged as a reBfttgentatlon clepenilent fr:nctlon of the

generator representatlon natrlcee .

5?. Conch¡elon

We har¡e 1abel1edl the basls ste,tes of Sp(zv) uslng the trranchlng

theorem, in tlre hope that these labe]s wíLL possess all the BroBer-

tles we requfre of them, even thougþ they ilo not all har¡e the elg-

nlflcance of gror4l invarLents. I,Ie har¡e spproachect the Broblen 1n

a tfe'r r¡hf c¡ voulét also be app11cable to U(n) an¿ 0(n), where the

reeufts are s1ßple vith a clear Etrructure. CalcrrLatlons for Sp(l+)

hcf,rever shorr that eorrespondlng elçresãLons for Sp(2v) are much rore

coropl3catetl and laeÏlng ln stnrctr¡¡e. 1IT¡e lnternedlate labeIs nt,

tlo ncrt poBEeBË a.ll- the properbleg of groq) lnvariant lebels so that '

for exau¡rle, selectlon rr¡lee for natrlx elenentg are nore compllcatedl'

Altborrgþ lebelting o¡lerators exigt, fltd a,re ¿letetmlnecl' in princlple

f¡om the crthogonal basis statee, thef r fo::n is coutr¡llcatecl to the

pofntthatelçl.1clte:çressl'oneforthenareofnopractlca].rrge.

In seeking a soluülon to the state Labelllng problen there 1s

the qr¡estlon of the kincl of soh¡tlon regulre¿Ì. For the SU(3) f O(3)

problen lt ls necessa,ïlr to flndl one label r¡hlclt ls not a g:rouB
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l_01_,

lnvarlant" Tn the approach of Bargpann anct Moshinsky [ 23] a label-

llng operator 1s chosen for lts ptrysieal slgnifLcanee' Elgenfunctlons

are llnear conbfnatlons of the knorn non-orthogonal basis statee, üd

eigenvalues may then al-so be calcr¡lateil in princlple. Or:r situatlon

fs the Baüte, ühe?e ve harrc the non-orbhogona^1 l^Ieyl statee and a

labelllng cperator nry be eþogen r:slng L anit M. In Our ca6e t as for

SU(3) ) O(3) algo, resuLts are s1¡Gpter I'n a non-orÈhogonal basls

than ln an orthogonal baEle ' Althoueh we harre not solr¡edt the probren

ff ft ls reqr:lred. that a labelling operator anil lte elgenvalues be

knoçn e¡qpltcltly, ûe have speclfleô the e:ç]!c1t fo¡:n of a couplete

Bet of o¡thogonal basls states. A ]abell-tng operator fE then cleter-

nlnect inrp1.:lcítly.

0r.r approactr 1s alse pcEslble for the veII kncn¡n SU(3) ) 0(3)

state 1abe1L1ng problen. [Ì¡e nrrsiber q wtrtch appeaìrt¡ ln the branching

theorem slthor¡t group slgnificanee ean be r:setl to list the non-

or.bhogonal basls states [ 23! . By an orthogonallzatlon procesB ile

obtaÍn the neqrrlretl states from nhich a labelling operat'or can be

t¡¡plleitly cteflnect. fhe reducù1on SU(3¡ > O(3) correÊponcts to the

rectuctlon of the representatj.on Bpace as cleeerlbecl ln IfI' 53'

ldoctlfl.ed bosonB can be wecl wlthln the hartonl.c st¡bspaceE on whLch

o(3) BctB.

In the applteation of our aIìproach to the SU(3) f 0(3) probLen

re geek to label the etates as

lûI mz

ß

m
¡8 t

where ml" 
'o2 

are the SU(3) lóels , L, ß the O(3)' O(2) tabel¡, Ðd

q ls the e¡rbra quantum nunber appearlng ln the brand¡1ng theoarem"

lll¡ese orthogona.l Etates r¡111. be a ltnear codblnatlon of the non-
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orbhogonaL states ]|eted tly Barguann a$'d UloBhfnsky [ 23] , antl thle

co¡ùfnatton is for¡ntt by carryÍng out a Gram-sctrutdt or"tbogonallzatlon

ln the Blngle rray vhieh procluces the requlredl Btates, ffi we har¡e

clone for Sp(l¡). It sho*lct be noted that ln thls approach we Eeelc

a pa,:rtlcrrJ-ar Labell.fng seheme, 1n whfctr the exüra qua¡¡tr'¡n number q

hastheslu¡lleetpoeslblepropertieS,J..ê.,qta]cealntegerva.lueg

betueen knorrn units. other label11ng schenes are poeefble tthere

the extra l-abel, has less sfnrple propertles , bub rrhere, on the other

hancl, the labeLllng operators mry be less compllcatecl' The problew

ln fincllng sucïr o¡rerators have been e:cp1ained by Raca¡r [ 96] ' and are

elntlar to those tre har¡e encountered for sp(!)'



CTTAPTER 6

TRIPLE COMM]TATIOI{ REL.AÍTI ONS

E 1-. Deflnltlon and Prooerties of Operatore

becore

In the study of the comqtatlon rel-atlons satlsfiect by nocllffecl

bosme (Ct¡pt. III), trlple conmutation relatlons of the follorlng

fo¡m çere encor¡ntered :

I a'arl = o

lar,[ä¡,%ll = ôi* "J - ôJn "i - ðr¡ L' (r)

In thls clrapter we inr¡estfgate theee relatlone nore firlly ancl cÙeter-

mine real-lzatlone other tha¡r rccllfÍetl boson operators' Technlques

for analysing triple conrnr¡tatio'n relations are knorm fron para-

statletics [ ?91 . In fact the paraferml' relatLons '

Iar, [*J,%ll = o

[ar,äã¡,1]l =oiJ % Q)

ar.e sl¡d.lar to (f) tr* sltgþtly more eotplicatecl becawe both

relatlons are tr{.llnear. For ctirenslon n = 1 the relatlons (f)

103.

(s)[4, Uã,aJl = - E

vhich ie tl¡e Êa¡Ê as for parafernione in one clfrenslon except for

the eien, md !s ictentlcal to a relatLon stuclled by Katlernova and

Kraev [ 80,8il. Tt¡ese authors general-l.ze¿ (3) to the follorrlng:

["rJ*J,1r]l = o

[a* k[ä¡,*,rJt = - ôr¡ 1, (h)

rhlch ls a slqle rccllficatlon of the paraferai relatlor¡s. The

o¡lerators satlsf$lng (h) were lntroduced (t BO,8L,82l ) as the dteftnltton
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of a nerÍ paraatatl'tice ln field tbeory, bu+, it has been shorn [831

that a eelf eonsletent theoq¡ 1s norb poeeible wltÌr such a çnerallza''

tion.

[I¡e trlllnear relatfons (1) offer a dffferent generalizatlm

of the relatlone (h). ft ls therefore of interest to study theee

o¡rerators 3o a,s to reveal propertles likeJy to be t.urportarrt ln both

fielti theory end grou¡r theorA.

In attclltlon to (r) we haræ the conJr:gate relations

t ãi,äJl = e

and

l,ã-,tÃuJ,-%ll = ôilr ãJ - oJo är - ôrJ qr ' (¡)

ÍÌre Jacobi lttentity requlres that

I ar,[ ã¡ ,%11 = [ a*,[ ã, ,atl I

whictr ls seen to be satisfled. IÊt

*iJ = +Jãr'arl .

Tt¡en frorn ( 1)

[*tJ,*xo] = ôfo tJu - 6¡a Ntr - uJu Nki * ôtu NLJ ' (6)

By lnterchanging the lnÖices (fJ) t* (r¿) ve t¡ave

[Nkg,NiJ] = ôik *oJ ôtr, *kJ - uuJ Ntk * ôtJ Ntn, ' (r)

Co4raring (6) and (T) t¡e obtaln

ôr* (*uJ * *J*

1J

)=ô I,J
(u

1k
+ t*r)

N +N =Q forLfJ
Jr

N N = tvt for o.11 i,J.
11 JJ

(8)

so that

andl

Generally therefore NtJ * tJt = 2 ôtJ M' The lntlependlent operaÈors

rre can fort fïon tt , ãJ are then
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J

J¡+1ri

J 
n+2 rJ

Jn+lrn+l

The operators J

Íher€

rJ =å(*r¡-NJ1) operators)

ancl M, tf , ãi' a totel of

rt follotrs from (6) ttrat

[JiJ 'JksI = i(61k tJo * 6¡r Juo - oJn JLn" - 6ro tJ*)

so that the o¡rerato6 JlJ are the generator's of the Lle a^Lgetnla of

o(n). From (1) ve see that

t'JiJ,%l = t(orn a¡ - 6¡¡ "t)

shoafng tlrat ar, ã, behave as r¡ectors under tra,nsforruatlore of O(n) '

Ítre har¡e cleflnetl J for f ,J = 1, .. h. In ad.clitlon l-et
1J

+ -ar) = - Ji n*l

- *J) = -- J j n*z

ancl
J

¡+P r¡*1 =M=-J ¡+Lrn+Z

wlth

(+ + r)(n + z) operetors

= 4(øi

Lr-
= ã('J

i = l-r .. l1 t

J = 1¡ .. rl

-fi-1-u-un*?rn*Z'

are all herrnltean ærcl. they satlsfy the fol,lowlng:
rJ

lJU,Jksl = i(plk tJo * pJn Jil. -trJk Jtu - rrr, JJL)

irJrk'Q, = 1, .. n*2 t

p 1J - "lJ

=-$

lrJ = 1' .' n

Í rJ = ¡¡f l, nf2

elsewhere.

1J

=0

I{e have Ehown t}ret the algebra of the 2n operatorg tlefinea ty ( 1) '

is lsororphtc to the IJe a-lgebra of o(n'2)' By eorçarleon the

o¡lerators ctefltned tV (h) generate the Lfe a3-gebra of 0(2n,1), ffid

bo'th casee redl¡ce to O(2,1) - SU(1rl) for n=1'
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Let r¡E flnct the representatlone of tt¡e comr¡teülon relatl.ons

(f) fn a Foc[ spaee, l.e., r.fe flnct a certaln class of repreeentatLons

of O(nr2). In thls spaee there ls a urlqr.¡e state lO> wtrtefr obeys

ãi lOt = O for i = 1, .. t1, aûd whfeh we call the vacr¡¡m gtate. The

Fock space is then a Hilbert Épace which 1s the closure of vectore

of the forn P(a) f O> wtrere P 1e en arbitranf polynonlal-. In thle

Ëpace rre have rro¡r ( 5 )

ãrã¡%lo'=o foraLLl'

so that, because lor ts rrnlqrre, ãJ % lot = cJn lot . Now' by

apBlylng (6) to the state l0> ve eind

ôtx c¡ø * ôi[ coJ = ô¡r crn * ôJn, crt

Pntting J = k, t * t t r', we obtaln Cro = 0r for L l g, and Br¡ttlng

k = J rL= lçe obtaln Cil = aJJ =Þ, â constent. Generallywehave'

ã, t lo, = p ôiJ lo' (g)

and therefore
p=<olãrtlot>0,

andl is lndePendlent of i.

The representatl.ona of the conngtatlon reLatlons (t) ln the

Fock spaee a;re charasterlzect by the nr¡mber p, slnce each spaee for

a gfven p fs J-nvariant u¡cler a, end ãr. The nep:reeentatlon' a,re

fnfinfte-tlinenEimal sLnce the polynonials P(a) lO' ean be nacle of

arbltra.rX¡ hlgþ degree wlthout vanfshing, for p > 0' p can be any

non'negatlve nr¡riber since

.o I ãrq arq lo> = nt {fthd ,

rftllch is a.Ïfrys non-negatfve, so that stsbes Ln the Hllberb space

are alvq¡s well cleffnett. The nr¡¡iber p, to çhldr we refer a.e the

oribr of the statletLcs clefinedUV (f), takee contlnuow va.Ìues



whereas for parafermÍ atatlstlcs p ean be lntegral only.

ÌIe have for¡nct a reallzatlon of the trllinear connutatfon

relatlons r:slng rooclÍfietl bosons (see III .32). thig reallzatlon

eatls1ileg the f*rbher propert' -u-2 = 0 = a^2 (sumatton) ' Ho¡eyer
çt çt

not etl o¡rerators ileftnecl ty (f) posgess thle property' fron (1)

and (9)
-, a^2 lo" - z(p + 2 - n) af lotti 

çt

=Q lf P=n-2'

ït fol1o¡s in the Êane wEf as for rnottffled boeons (tlt, El+) tfrat

a2 = 0 fnthe Fock epace sueh that p =n- 2i on the otherhancl
q

p # n - p irplles anz # 0. I^fe note ttrat the reatlzatlon as nodllfled

bosong satl'eftes P = n' 2' A more general realizeÈlon for arbltrarxr

p 1s given bY

-"4+2zr"p+

10?.

=pz
J

¿t

N=z
çt q

and. ve can cl¡edc (B) directlY.

92. Beall zstlons as Dorible Bosons

Ít¡ere are other reallzations of the tr{l-tnea,r comnrutatlon

1

"r dzL

r¡here ,2 = ,q2. The vacuÌt¡tt state beeoæs the eonstant 1' For thle

care

lãr,arl = oiJ(P + 2N) + 2(zrù ". q'
çhere

ct

dz t

&t=lzs.tz +4o22

ùz=4Le1'-lor'

a3=Lctlcrz

reLatlone. L€t

(ro)
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where ü1, cr2 are orclina,lry boeons. It is reacllly dreclçed' that the

equatlons (f) are eatisflect for lrJrk = L,2,3. I^Ie car¡ let the

r:nique boson vacuum etate, ctefined. by õl lOt = o = -ez lot , be alao

the vacuum gtate of the operatore al, and 1n thlg Fock space lre fincl

thatp= 1. Noselnee ¡=Jrrehar¡ep= ll - 2 eothat al?+ a22 + a32 = 0

sa ean be cTreckecl dlrect\y. TÌ¡w we har¡e founct operators r¡hfch satlefy

the traceless con¿tl.tlone but are itifferent fron modifiecl boeons. The

group theoretical orlgln of theae operators w111 be exa¡linecl ln

Orapter ?. It le of lnterest to find. other ctoubLe boeon realizaùions

of the tripLe comrutatlon rel-atf ons, since theee qrerators offer

an alternatlr¡e to oodlfled bosons.

In genera.l ve seek reallzations ln the follonlng forn:

,L = 4 yrpq on on (rr)

i = 1r .. ß

where y is an m x m ¡ratrtx which $e ca,n elroose to be aymretrLc sLncet
rn(¡r + L)

the orctinary boeon" op, an conrnute. Iüe require that n (

ln order that a1, .. a' be lntlepenclent.

2

-DO-u! = 4 Y1'- on on

where l, is the conpLex conJugate of Y, ancl fs aleo the herultean

conJr.rgate, The relatlon I a*arl = 0 is satisfiect lttenttca-t]y. l{e

I{or¡

have algo

2N

ancl

lle requÍre

tJ = [ är,arl

= k rr(yJ ir) * (v, i1)Pq op õq

I ar,[ ãJ ,%11

( rz)

- - (t, l, v*)Pq op oq.

b(v, i, yr * yk í¡ tt¡ = 6tJ Yr. * ôJr. Yr - ô* YJ ' ( rg)



109.

Therefore

trirYi=Yl , (rl+)

ancl so
(v, l1)2 = v, i, . (r¡)

Now frrxo (Bln urlne (u) we deciuce that

Yr Îr = tJ iJ for all l,J

ancl
vr i¡ * tJ Ì, = 26iJ Yr ?r . (r5)

In ffncling representatlone of the matr{ees Yk ve çilI chooËe Yl Ï1,

whtch 1s lndtepenctent of i, to be dtlagonaL. From (rl) v, i* rt.s

eigenvalues 0 ancl 1 anct the:¡efore can be repreeentecl in bl-odc form

ag
YfYl= rå3)

ff the matrfces yn are all nonsingular then Y, lt= I anA fron (16)

26 ( rr)

Stralgþtfonrard caJ-cr¡l-atf ons shoÌ¡ that, wlth the asstrm¡rtion of nor¡-

slngularlty, (1?) is equlvalent to (13).
,a 

3lIf sone of the nabrlceË Yk ere slngular then Yk Yk = tO (

and from (fh) we can vrite Yn 1n block form:

iJtrV¡*rJi,=

r-0¡l< \Yk= b sJ
(r8)

By r¡slng (f6) ve finct that the ¡ratrlces fO ntæt eatLsfy (17). We

can Eee nø that it ls not necegsary to consider where the Yn are

slngular because fron (18) thls poaslbtltty has already been accot¡nteô

for ln ( rr) , by te,lcing sna.ller vah¡es of m.

I{e need to flncl aynrne,tric nonsingular matrLcee satlsfytne (t?).

lfhese equattons appear slnilar to thoee satisfled by Cltfforcl matrices '
oi oJ * oJ ol = 261J. lle can ln fact sho!¡ !þ¿t e-11 sor-utlons a,re

obtainetl fron the Cllffortl el-gebra.
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Beginnlng with VI we Ir€f, vrLte

Yl=Y1R+lYII

where yl' anil y1I are real. Then

vr ir = yl_R2 * trrt - l[vo,vrrl = ]
so th6f

lro,vrrl = Q

TÌ¡erefore y13r y11 are a pair of cormutlng symretrlc matrÍces an¿l

so there extsts a real orthogonal naùrlx such that Vr*, V* can be

si¡ûultaneor.uly ctfagonal-lzeil. Yl 18 therefore cÌ¡osen to be clfagonal'

oncl yr ir = t reqql.ree that the elgenvaluee tr eatfsfy lll2 = t. Ìle

can Buf te
J(vr ) oJ*

Jk

Nolr with

the conclftlon

requLres

1.e.,

\z=\2g*iY2I ,

vtlz + Yz Vl = o

10-
o = e J [ {vrr)rk - i (vzr)Jxi + [ (vrn)rk * l(vr1)¡¡l e

coe 0,, + cos 0n 
,(v21)¡r=-ffi(trr)Jo

= - cot &+) (v2p)¡r .

0, + 0,1-i"*# (tr*)J*

-1 oL

lÍhe real- antL inagfnary parts recluce to the same equatlon' gJ'vlng

kz)Jk
(

=-ie (o z) Jk'
i

rt¡ere
(oe)Jk = (v2¡)¡rl"rr, 5f-%' ,

ç?rtch Le a real matrix.
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Now y2 lz = t imPlfes

=g 2

Puttlng

(o -0t .f k 1.e. azz=L.

ôJn = - I el 5} (oe)Jp I e-l 
t% 

; 
tn' 

(oz)pk

(oz2l
Jk

/\ =e
t0J6 t

Jk

we haræ nor

Yr = /t (= n-1)

\2='tPo2#
rrhere o2 Ls an arbltrary real symetric Eguare root of r:nlty.

By app\ying this result to Y3 l¡e fincl that 13 mret ha\¡e the

forr

Jk

vs=tþorþ where osl=!'

Now

vzls + vs 1z = o

iupliee
þo*,;\ rr,-% * Po r#,:'"o r!,-" = o

i'e' o2o3+o3G2=o

VIe can see no$ that ln gpneraL all solr¡blons of (1?) ?¡ave tt¡e

for¡n
Yl = /\

Yk=-f þ ok i" k> z

where {or,o'} - Zô¡k ancl r¡here on 1s reaL and syñÌtnêtlÈc. In thle wqf

all eolutLone are tletermlnecl by the rea1, symetrlc Cliffordt matrfces'

fhe representatlon properties of C}lfford' matrLees a,re knowr¡ [ 8l+l , and

we flnct that there exlst at most 2v + 1 Lrrecluclble natrf ces of degree

Zv îot v Þ 1 satlsfying the Cltfforcl alçbra. For v = 1 for exa,m¡r1e,

the cllfford matrlces gre etuply the three Pauli matrl'ees:

(åï,LT-å) (?-þ.
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of these only the flrst two are syætrf.c' ßlvlng n*- ¡s1þørlng Y

matrices (where we have put À = 1):

Yr=(å T , Íz= (| -þ , Y3=q ål '

ancl ve har¡e then the reallzatLon (fO).

Thls reallzatLon is of order p = L' as Lndieated' earlLer' The

order of the general- reatfzatlon (ff) ls fotmcl ln tlre follotring uay.

¡'ron ( 12 )

ã, "J lor = p ôrJ lot

= L rr(i, vr) lo, * (v, i1)Pq op õn lo'

l.e.
p lo' = t rr(v, i1) lo' + on än. lot (rq)

Although ã, lOt - O for all i lt doee not follow that ã, lOt = 6

slnce the boson Fock space need not be the se¡ne as the Fodr space

of the oÞerators ar. In the choLee of operators (10) for example

the s.tateB lJ> = e, dl e, aZ 0 alt sattsfV ã* lOt = 0, where 0 ls

the boson vacuum etate. In thls way the boson Fock space ls

reclucible tmdler "i, ãJ. Ïle ehoulcl note hor¡ever for ¡¡1s stce'ftçìIe

that the Epace butlt gp from the etate o1 0 lncLucles also Cl2 0' so

that the vaculltrr state Íe not unlque, anÉl soæ of the abor¡e analyels

ôoee not aPPlY.

¡"rom (19), uglng rr(v1 ir.) = m' rre obtain p = ä + N wÏere N ls

the nr¡¡iber of boeons fn the state lOt, In thfs way the reallzatlons

(ff) can be of order þ = a4, ,, l, , .. A1I of these reallzatlons

canbe obtalnect lnthe boson Foek space (rhen N = 0). Thle epace alEo

has a r:nlqrre vacuum andl eo Ls our moEt conr¡enlent cholce.

fhe reaLizatlon (rf) rlÌ1 eatiefy the traceless conðl'tfon if

p = n - 2. Now fron Aoemer I th] we flndl that' of the 2v + 1 matrf ceg

of dlluenslon 2v satfafllng the CLlffordl +lgebra v + 1 are real end
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Eyüætric. Ttrerefore by fncludfng Yl üe can obtafn a marclmum nunber

of n = u + 2 matriees satlsfylng (1T).

Now p =l= 2u-1 so that if p = n - 2 is tobe ¡atlsfiedlre

reqnlre v = 2v-1 i.e., u = L or v = 2. I.Ie see that there ls only

one other poesibÍI1ty for o¡rerators s8Èlsfylng the traceless con-

dltlon. Thls gotuùlon ls obtalnecl ft'.om the h x l+ Cllfforct matrlces

dvtne the followlng reallzatlon¡

a1 =c1102+o3c¿4

az = 1a1o2 - Lo3a4 (Zo)

a3=fq103*ic2d4

a¡+=ül(l3-Ctzd.+

Tlre gror4l tÌ¡eoretle origin of these operators vtll be exanlned' nore

cLosely ln ChPt 7.

lle har¡e shonn hosf to cbtain etl- sol-r¡tLone of the tri'Ilnear

relatlone o s dOuble boeont operators ancl essentially onJy two of

thege eatlsfy the tracelese conditlon. l'Ie have also recovered' the

reallzatlons useil by Kraev andt Kailenova for n = 1' If we talce m = 1'

theny=].anct a=4a2. For m=2ffecanehoosey= q þ l'e"

a = dld2. our analysls has rer¡ea]-ecl nany other possibilltlee as well'

The tr.i.u.near nelatlons we har¡e for¡ntl are not lneonsfstent 8S

are thoee of Kraev ancl Katlenova ln general. If ne <teflne the nrmber

o¡lerator to te
N={ãr,arl -È=M-å

then lNr?kl = %, a¡rcl N can be assureð conslstently to har¡e a spectrum

of aIL non-negatlve fnteçrs. ftris assu4>tlor¡ ls consLetent because

we haræ founcl realizations for whiclr this ls true'
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93. Oùher Trip1e Comrut at on RelertLons

The :¡elatfor¡s (1) were for¡rd- from noclf fied bosonE at bts the

sübgtitì¡tlon 4ar+ar(n+2N-2)

ä,*(rr+2N- ù4-\
1

The sane can be done wlth orcllnary bosons' 1'ê" ve put

u.*ar(Þ*w)t

ãr*(r+N)%ãJ,

vhere af are oritlna^rry bogons, N = tn än ls the number operator'

an¿l p ls afiy non-negatLve nr¡iiber. The operatore obtainect ln thls

wry also satlsfy tril-fnear comutation relsblons:

ttar,ãrl ,ç = - 6iJ % - 6Jr tr (zr)

I ar,arl = o

For n = l these equations red'uce to (3), Ðd eo forn another

generalLzatlon of the statlstfcs conslderecl by Katlemova a¡¡d Kraev

IBOI . Tfre algebra of the operators satisfylng (Zf) fe lsonorphfc

to the Lie a-lgebre of SU(n,l) (t S5l ). ReellzatlonB as clouble bogonE

eldst, as for (1). It 1e likeJ.y that (21) rll-1 be rnore usefi¡l than

(f) as a cle1iLnltlon of a new parastatíetlcs, Élnce tt lE posslble'

rnllke (r), to clefine an lntl1vlclual nr¡nber operator' 8E well as the

tota.l- nr¡¡iber oPerator.

lIe nentiotr aleo that tt ts posslbLe to obtain trlllnear collmt-

tatl,on reLatLons lnvolvlng antL-comutators, by r.rfng fernlons ancl

rccltfLed ferd.ons.
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CTÍAPTER ?

SPTNOR REPRESEI{T.trTTONS Ai{D COVERING GROUPS

51-. Prob of ion

The irrecluclbl-e repreeentations of O(n) are labelled by

nunbere m1 , .. mv (u = tÐ) satisfllng

mtÞ mz7 .. muÞ o for o(2u + 1)

m¡ Þ m2 l*ul for o(2v)

In Chpt IV çe constnrctecl all the teneor representatlone, l'e' the

eingle-valued representatlons for which n1 '' mv are alL lntegsre'

Hovever there erd.st also the eplnor representatlone wtrlch are double-

val,e¿ anô for which the labe1' ',re 
a11 senl-lntegers (fiaff o¿¿

lntegers). Í,bese representatlons do not appear ln the prevlous con-

structlon because the l#e1s ml 8,1¡e also the polynorntal degrees ln

rl. 
"o 

that the mi are necessartly lnteçre' Ttrie fasb has been over-
J

l-ookecl by l{ong t 531 , who has alloeted the label-s to be senl-inteçre

vlthoubestab}lshinganeanlngforeorreapontlingstates.

Theeplnorrepresentatl'onearleebeeausethegror4lmarrifolcl

of SO(n) is doubl¡¡ conneetecl for n Þ 3 (see lleyl [ 12J , Cfipt VIII' 512)'

Dorjble-varr:ecl eontinuouE ft¡nctLons rnay tben be clefined, i'n particular

rnatr4x eLenents of the repreeentation can be clouble-valrrecl' antl so

there wll-L exlst dor¡ble-vah¡ed representattons ' No¡ lt is lrportant

to be abl"e to eoustruct these :nepresentationg bece'we of thelr

physlcalllçortance.Forexarple,soæparblcleshaveasplnengular

mooentu¡r s rrhlclr Eatlsfíes the conuuLatlon relatl0ns or o(3),

q " S = i q. Ttre eigen-vaLue of 92 i" then s(s + r) antt e' the epfn

of the parblcle, labels the representatl.on of S. Maoy partlclee are
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knownwtthha].ff.ntegerspin,suchaselectrcns,protoas,neutrons

for whlclr s = 4. Clearly then the spf'nor representatlons cannot be

lgpored.

Tfhe easLest way to inelucte these representatlons ls to coneLder

not aetually tbe orthogonal group bub ltE covering group, as 1s the

cage for SO(3) co.r¡eretl ty SU(2) (see for exarple Bargnann t151 )' TÌ¡e

doüble-valuecl representations of O(n) becoue singLe-va'1uect representations

of the covering group, the spin grou¡r spin (n)' lhis method' ís effec-

tf ve only for the lov order groì¡pÊ, vhere the cor¡er{'ng group ls 8'LAO

a classica-l gror4r whlch is reacllly hanctledt' The eoverfng groups of

so(n) are su(2), su(z) x su(z), sp(l+), su(l+)' for D = 3r \' 5' 6

respectirrelY.

Ïre qitL see hor¡ to carry or¡t a siuple mappfng fron the orthogonal

grouptoitscoveringgroup,includLnginthlelra¡rthesplnorrepre-

eentations. Ae thfs rethocl does not gpneral-1ze to aLI orthogonel

grolæsr,feeee}ca].eoaeonstruetlonlnclependentofthecoverlnggroup.

Posslble approaches 8re nentimeil ln this chapter, bú a eorrplete

golutlon, uelng the sqrrre ha¡monic Bpace as for the teneor repreeentar

tfons , is deecr{.bect in ChPt 9 '

52. uniftett Treatnent of ol3), "¡ SU(2)

operator:ssabisf}ingtrlplecomt¡tatl.orrrelatloneoft'he

followíng forn çere stu'tfe¿I in Chpt VI:

I ar,arl = Q

I ar,[ã¡,%l] = otr. pJp tp - oJn tr - 6rJ h '

çhere previousJy we hact piJ = OrJ' O* here ue etroose p = Ú' Ore

pooslblerea].lzatlonoftheseoperatoreuEeBmodlfleclbosonswhlcl,t

satl.sffonn'p"q.=O.T}rerearea].sootberrea.tlzetlonssatlEfVlng

the tracelesE condltlon, such 8s (tor n = 3):



â3 = - \oZz

where o1. cr2 arê ord.inary bosons (these operators are the spherleal

corponents of those glrrcn 1n VI 1O).

ï€t

*tJ=korptãr,anl . 4o.,ntãr,"J (s)

Then K* generate the Lie algebra ot 0(n), alld the a, transform as

r¡ectors. Ag shom ln Ctrpt. VI, we ca¡r cqrstruct syretrlc representa-

tlons of O(n) ln the Foek spaee of the operatore tþflnecl by (f ); the

representation 6pace rr111 be irretluelble prorrlcted. the ai 8re of orcÙer

p = n - 2, eo that onn.p tn = 0. For S0(3) we ear¡ ealcul.ate'basis

states sfrply, using ln particrrlar K' lOt - O, and that the a, behave

es S0(3) vectors. fn general r¡e have

l1r\ = ¡ufh "1t "2r-t lo, . (t+)
lm/

Now tf we use the reallzatlon of a, es noctlfled. bosons we reeoner the

e:çresslon for the spherleal har:nonlcs ' as we,s stu6lled ln IV $5 ' md

the generators (3) re¿uce to the usual forn given in fV (fS). As

prevlo¡sly lncllcated, we obtain only the tensor repreaentatlons, sinee

the state of highest wetght lr.*.t ' ,tL lo, rras neanlng only for

integral 0.

Sr4pose ho¡ever ve substltr¡te for a, with the reallzatlon (2).

TÌ¡en lnax.) = ,r"' lOt wtrtcf, fs well-tþflnect for half fntegraÌ valuee

of f,. In thls way the operatqrs (2) pernit the construction of all

spLnor representatfone of S0(3). fhe generaL basl's state has the

a¡=\ø12

1aZ = - 
aI.cI2

117.

(z)

forn (fron (l+)) t

(rron (g)):
Ò = N4 orr*t o2[-* lo,n.l

anÈl the generator'e are
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K3l = %(o1ã1 - azãz) = %(Er t - Ezz)

K2r=Lorã, =*¡:r, (l)
lz lz

Ksz=åorã, =*Pt, ',/z lz
where trJ = otõJ

It is clear nor that r¡e har¡e eonetruetetl elnply the representatlon

space for SU(2), ar¡,1 the spinor repregentations of SO(3) trave

appeared as single-valr¡ed. teneor representatfons of SU(Z), the co\rer-

tng grot4l gÞneratecl ¡y EfJ. Ttre operators cl rcl2 are eplnor colponents

urcler So( 3).

It 1e wual to carry out the napplng from the orthogonal gnolæ

to its corrcring group on 8n lnflnlteslnaL ecale, by ldentlfvlne

cor.:respontllng generatore. Howeve¡ þ\ providles a napping on a globa1

scale sinee the repreeentatlon epace, on vhieh the gror4 as a vhole

aets , ls neppecl over by replaclng a fr¡nctlon f( a) with the eorreeponclíng

fr¡¡rction g(o) wlng (2). The global nrapplng then cleternl'nes an

lnflnltesfuoal mapplng of the generatore througþ the eo¡mon elçressl'on

(¡). The operators (2) trar¡e been encor¡nteredl before in thls eontext

e.g. f,Ieyl [ 13] , p1l+6, ancl Brlnkna¡r [ 86] .

tle harrc rer¡ealetl norr the Sroup theoretlc orlgfn of the operators

(2) which appearecl, ln Chpt. VJ. l[he follonlng operators (lrhere oi are

ortlLnary bosons )

el = dld3

â2 = olctr¡ 
(6)

a3 = d2c¿3

a4 = - ct2ot+

appea,red also, esEentially as the operators VI (19). They satlef$

(t), and aLgo the tracelese conclftlon atah + a.24,3 = 0. ff r¡e caleulate
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the generators accordlng to (3) then the substitutlon of noctlfiect

bosons glves the usual so(l+) generators *rJ, o* the substltutlon of

(6) elves the generators of SU(2) x SU(2). The corresponclence of the

çnerators appears a,e foll-ows (where EU = arõ, ) :

te(:r'r, + K32 )

%(K'+r - Ksz)

K+e

Kzt

K+z

Kgt

(r)

In the Ee¡þ wal¡ 8s for so( 3) çe har¡e dete:mlned a global nap

fron SO(4) to the coverlng gror4r gg(z) x SU(z). fn thls ca,Be hovever

the epLnor representations do not appear because we haye eonel'lered

only s¡nnretrlc representatfons. We can see noü¡ that the e:dstence of

the operatore (e) an¿ (6) |s dr¡e to the existence of a suitable

coverlng groqp, ffid the fact that such operatore do not' generalf'ze to

hlgher D r €ta vas found ín Chpt. VI r Ls because the coyerlng gror4rs clo

uot gener alLze sutt ablY.

53. MaDþ to Cor¡erfng Groups

It 1e r.¡sefuL to know e:çlleltIy the operators which nap the

space carrying only tensor representatlons of the orthogpnal SrorÐr

lnto the representatlon Bpace of the coverl.ng group. lfhe napplnç

nay be for¡¡dl systematLcaÌ'ty in ttre folJ'owing wey'

Firstly we equate the correspontlfng generators as ln (5) ar¡¿

(f ); we can then wrlte rtcnm the etatee of higþest velght 1n tere of

%(e1r - Ezz)

t(ESS - E,rr*)

Etz

ßzt

E e,*

E+s
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the eqÍìe set of 1abeIs. Bv conparing these etates, r¡|¡trich ur¡st be

mappedt into each other, ve obtain the uapplng for a1 ¡à12¡

Telcing n = 3 for exarPJ-e, we have

f ru*.t ' orzL lo, = u,19 lot

so that el = dl2 (fgnorfng constef¡t facùore). Nor'¡ ve requlre that at

be an So(3) vector 1.e.

[*r¡'Ç = ôJn olp 
"p - 6u. oJp 

"p

whlch nr¡st stll-l holcl vtren the corresponcllng generaÈo:re of the

cover{ng g1ot¡p are substltutect. In thig way we flncl a2 = /2 ato'Z '
83 = - *22, ancl the traceless eondition ls neceegarily satisfiecl'

because the representatlona are l'rreclucible' For

SO(h) * SU(z) x SU(2) rre have

lr"x.t = ¿rml-mz ^rz^2 lot , m2Þ o

= srml+m2 crml-m2 lot

so that a1 = d1o3, &lz - a1z ancl agaín, wing propertles as vecùors we

obtatn (6). We note that rrith the napping al2 -' a!2 ve ma¡r allow m2

to talce seul-i'nteger values. Erçresslone for "lJ = tf OJ - a, bt are

reaiu.ly obtafneð and so $e may eoLve for all br. It is posslbl'e only

toelqlresstheb'elnter¡nsofan]roneofthem,btea$'.}Ieflntl
0l {14

bo=_+_bl-Cl303
d2

bs = õbt
Cl2(lt+ dZ

b4=-"rr3tt-G '

lfhe varlables aü whic?r actual-Iy qppear are nevertheless lnctepenclent

of b1' The a's an¿l b's found in thle r¡a¡r satlsfy the traceless eon-

dltlons l.e. ala4 + azag = 0, b1b4 + b2b3 = O' albr+ + a2bg + a3b2 +

aqbt=O.fnfacttheysatfsfynoretha¡rthle,becausewebar¡e
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a1b4 + a3b2 = o = a4bl + aZbg. fhls Le b€eauBe al3 ancl a2r¡ are zero

1u the Bpace for whlch m2 Þ O. llhen mZ < 0 the e:c¡rresaf onE for the

bfg are 04
bo = - 

br'(l3
{t2 cl3

-oa = --ol 
+ 

-" ol ' 0l
dzcrb cl4

b4=-"rr3ur-äJ i

e,ncl then &!z = 0 = t3,. .

f'or SO(5) "1, 
bf f = 1, .. 5 are e:çressed ln telms of

nodlffletl bosons oi, ßl ror Sp(l+) whlch satlef$ tpq. op Bn = o, i'ê'

otZ t ct34 = O. The corresponclence between the Senerators of Sp(b)

and So(5) fs a,E follo$s, where

srJ = rfp opõJ * rJp opõt * "rp ßpdJ * rJp ßpBt l,J = 1,..b

are the generators of Sp(l+):

szt

s+s

Å ru,
/z
1

/z
1

/z

ssz

ssr

À ru,
/z

4 szz

- L. Sr+,+

-%srr
% sgs

K51 + K42

Ksr - K+z

Ks¡

Kqg

Ksr

Ksz

Ks+

Ksz

Kzt

K,+ r
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The operato* 1* bt wb'lch har/B alt tùe re+uhe¿ propertfee are

aI = cI 3r a2 - - ctl4, &3 = /Z o¡2r ê4 = ct23¡ a5 = o24 '
ol2 014

tz=ãîî-ã;ut
ctld3 at2

¿"=/z ol3 dt 3

og2 dzg
b4 = - ãñ-* Ç'br

cl02 03c14 cl24

bs=-rr, -"r, *6ã"t

for S0(6) the operators air bi, "l i = L, " 6 are expresEed in

terms of orclÍna,r¡¡ bosons r¡hictr appear for SU(h). Ttre reer¡Ite for at

a,real=al|r&2=c13r&3=o23râ4=oIqra5=-ü24t&6=G3t+'

gl+. Conetruction 1n a I(on-Harnonic SÞaee

"r,Ie can e:çloit or:r conpJ.ete knowlefue of the repregentatlons

of SU(2) to fincl a neaÍ¡s of construcüing the epinor representatlone

of SO(3) fn a for^n ntrleh cen be generallzecl. lle d'o thta by carr:flng oub

a stereographlc proJectlon, from the representatlon Epace of SO(3)

cor¡sistlng of functlor¡e defllned on a sphere of racllus r, onto the

SU(z) fr¡nctione ctefinedt on the tr¡o-dinenslonal plane'
2,2

Insteacl of tço conplex variables zl, zZ we nay u8e z = 4 ""

a varlable on vhich to itefine the fr¡nctlons of the SU(2) repreeentatforn

space. Thle rea.llzation has been clescribecl by Vilenkfn (t 491 , Ctrpt III)'

Honoçneor:s polynornlaLs f(z.rz2) are related to the f\mcttons 0(z)

clefinect oA z = *"" ¡(zy,z2\ = ,tL 0(z), where c ie the dtegree of f'

aad ls also the Su(2) Iabe1. The operatols a"re

rr=%(- "'#+e'z+*)
rz = -41Ç zz fr+ n', - *")

ï3= z*-ru .
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Nor¡ ve raenr enLarge the repr.eeentatÍqr EIlsße to consfst of fi.¡nctlons

î(zrZ) fn Z ae çell as z, gfvins a reducLble representatLon. F w"11i-

be a polyno¡dal of uaximr.m ctegree L Ln z ancl of ¡na^:dnr¡n tÌegree l,'

ln Z. From z, ã we car4f out the stereographlc proJectlon onto the

sphere of radir:s r by roeens of the fortula

xl + ixz
z,=,-;;' where 12=*r2+:x22 +x32

The space of ft¡nctlons on xl r x2, x3 w111 be reclueible antl \fe can

choose an lrretlucibte subspaee in ser¡eraI $aürs. ff rre Choose the

subspace clete:mlnetl by l, = ß'çe reeover the fanil'iar S0(3) basfs

states as the polynomfals (r - *3)¿ f(2,â) vinlc}- can be shown to be

the sol-ic1 epherLcal har¡nonLes. ftre generators when acblng on these

fr¡nctions take the usual form.

Another subspace is obtalnecl by pr:tting 9,' = O. Tnsteatl of the

fi¡r¡etione F(z) ve may consid'er (r - x3)g F(z) whfch is a homogpneous

polynonlal fn x1 ¡ x2¡ x-3 of clegree 0. lJhen ac'tlng on theee fr¡nctlons

the generators tahe the folJ.owlng foru:

rr=i(., jb-*rå -,;.rL#l
rz=L(., å- *3 ufo*tu Hl (B)

13 = 1(* å- *r # +\ts)

lfe har¡e clerfi¡ecl these e:çresslons wlthor¡t eiving cletalls ' bú

It ts reactt3.y cÌ¡eckedl clfrectly that the eounutatLon relatlons

J x¡-- t J are eatisflecl. NowJ*= Jl * i J-takes the ugual fotn'

sl.ncetheter.nsinvo1ving#eance1.Thestateofhlgþestwe1gþt

ls therefore the usual fl¡nction Ira*.t = (xt + lxz)L (ttre e:q¡resglon

from IV. 1T 1e slieþt1y dlfferent, dlue to a smelJ. change ln the cleflnl-

tLon of the generatore). By applylng J3 to thls state ve flnct that the
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elgenvalue, whlch is a,lso the representatLon label, 18 mI = 
'9"' 

ThlS

neansthatmlcanbeaeemi-integerrffidweobtalnaLlspinorandl

tenaor representations. The mlnlmr¡m etate is Itfn't = (r - x3)¿ nnntctr

is annihllatett by J - J1 I Jz' The general state viIl be a

honogeneow polynonlel ln x!, x2, x3 but wllI be clifferent from the

spherical harmonJ.e fr¡r¡ctfons. r¡rhle ls beeause the geRera+'ore (8) ao

not eomube wÍth the Laplaclan, so thsb basis fur¡ctlone are not har-

nonie. The general state is

lÐ = (xt + !x2)m+*t (r - xs)tt-t
(n1 = l0)

Thegenerators(8)areinaformwhiehcanbegenerelt'zeclto

allorthogonalgroupE.T?tevq¡thlsnishtbecloneeanbeseenfroma

elnilarconstruetloninChptlX,búr¡ewillnotcarryoutthis
generallzatlon.Althcugþthis\ùoulclenebLetheeonstrucùLonofall

spinor representatlons there wor¡Ld be tvo tlefeets' The basls fi'rnetions

wor¡Itt not be haruonic, ffid the generators nroul-d ctepentl on the repre-

eentatlon Leibel- ar¡tl so worrl-it need to be redefinetl for eaeh representa-

tlon.Thetensorr€preEentationsarecongtrtrcteclwithor¡tthese

clefleiencies, and a8 is shsnn 1n Chpb IX the Ealne can be ctone for the

epinor rePresentatlons'

$5. Bealfzatlons vlth Fermions

Ttre fr¡ntlamental splnor r€presentatlon lc l"abelled' (4'4 " 
')

for o(2v+l-) 8na (Ðr,le ,. t 4) for o(2v), It ls known hor¡ to construct

these representatfons uslng the CLlffordl algebra (t Sl+l C?rpt VIII) '

Ttrls fornulatlon ean be earrled out r:slng fermlone; for o(3) we

Ito

require on\r one ferrnlon c, and its conJwate a"satlefflng o¿ = o'

*it
{ora } = 1. llhegenerators are J*= c,J-=o r J3=t4 - oo' andl
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and the basls etates are = lor ancl

ls the feruLon va,cuum state-

lïe ea¡r forlln 8n erbltrary spl.nor repreeentatfon by talrlng the

clirect prottuct of a teneor repreBentation lrlth the fi¡nclanenta'I spfnor

rep:resentatlon, &d reclucLng the result:

(r) X (',") = (n + 4\.+ (f, - t)

The representation space {s conetrueted vith noctiflecl bosons anil

ferd.ons, rhlclr co¡muþe. Tþe contlltfons uhicþ characterlze the basis

fr¡ncÈlons of each irreflucLble sqbspaee are for¡ncl by requlrlng that

the caslmir invarlant be dlagonal. It is posslble then to cletermine

operaÈors whlclr carljr us ¿lfrectly lnto eadr lrrediuclble subspace'

Hcnever these operators, beLng a cogibLnation of fernlons anct mocliffetl

bosons, do aot satistr einpLe co¡onutation relatione. As a result

this approach does not lead. to a silç1e conetructlon of all spÍnor

representatlons , althougþ it t¡iLL generalJ'ze suitably for orbhogøtaÌ

groupg of ocl.cl dlrension. The constructlon of the f\¡clanental spinor

representatlon onlï, wlth fernions, !s a sinple forr¡ul-atlon ondl Ls

wefrrl- ln sote aPPllcatlons.

,,,

\ )
'À-41 = o* lo> wtrere lot
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CIIAPTER 8

REI.,ATION BEN,IEEN TITE BOSOI{ CA],CIJLIJS AI{D

ZIIEI¡BENKOIS MEIIHOD

51. Zhelobenkors ¡bthod

Tt¡e method of the boson ealcrrl-us has been e:<tengLvely dleveJ-opetl

for the conetnrctlon of flnlte-clfrensionaL irreclucLble tensor repre-

sentatlone of u(n) , 8¡1d çe har¡e shown in ctrpt III ho'¡ to extencl thls

ealer¡!¡s so as to appty to O(n) end Sp(n). As there is e.lready in

existence a ful1y ctevel"oped. fornal-ism for construetlng these repre-

eentatLons, tlue to Zhelobenko [ 56J , it !s of lnterest to estebllsh

the connecúlon betseen the tr¡o nethotls. In adtclltlon, the fo:ruaLl'em

of Zhel-obenko lnclucles 1n a naturel way the constructlon of all

apinor representotlone of O(n), ffid so üe hope to carry over this

constmctlon so as to apply to the boson caleulr¡s. Sone cllscuesLon

of the relationship between the tvo rnethocls 1s glven by Zhelobenko

in the paper referred to, if the boson calcrrlr.¡s is lnterpreted as the

constructlon of lrnecluctble tensor representaÈlons n but ue u'11-1 glve

a ¿etallecl eorrespondence shøring exactLy ho¡ to r"elate the polynonlal

basee whlch oecur in both æthod.s. In this vq¡ we are able to transfer

eastly from one formalLsm to the other, tafttng aclvantage of the

resr¡.ltE çhicTt ntght be shoItrn more ea811y 1n one.

The formallsm of Zhelobenko s.ppearË to be Ûor€ approprlate !n a

nathematlcal context, elnee the constnreËlon ernpJ-oye a smaller

honogeneoug space, nhlch alJ-one more econony ln the r¡se of the baslc

varlôles, buü whlctr still al1qe¡s the conetructlon of all lrrecluclble

repreeentatlons. On the other hand. the boaon calculus ls of greater

Lryortance from the physlcal vlevpolnt, slnce the l¡asts fr¡r¡ctlone are

tenEorE or mr¡ltiveetors whf cÌ¡ ca¡¡ be lnterpreted as physfcal obJects.
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Thls wfg be apparent in the case of O(3), where the basis fi¡nctions

are the spherieal haroonics, bú thicÏ¡ in ZheLobenkots rethodl appear

a,B nonoldals r¡ith e Étrueture intlistlngulehabì-e frorn SU(2) tasts

fi¡nctlons. In general the boson caleult¡s has the aclvantage aleo that

the scalar products, ffid consequently r¡rttary representatlo¡¡s, are

very eesily clefinecl.

Zhelobenlco has consitlered the finite- dlnensional representatione

of the couplex classLcal groqps, wlthout iteflning a sca[ar prodluct Blnce

the repreeentatlons nu8t be non-unltarl¡, whereas the boson ealculus

fs q,sual]y concernetl with the constructf on of unitarT :representatfons

of r¡nttaqr grot46 (lnctudlng the r¡nltary orbhosone1 and syq)lectlc

groq)s). ilower¡er nany of the consideratlons invoLvetl in the construc-

tlon of the flnfte-tlirenslona1 rep:resentatlons ar€ inclifferent to

arhether a conçIex group or one of +.he res.l or colçact for:ns 1s being

conelçlered., ancl so long as questions of atfolnt operators and scalar

proatucts tto not ar{.se, one me¡r discrrsB representatlons vlthor¡t wor4flng

erbout whlctr parbicuLar flelc[ of nr:nbers fg clrogen' 0r:r procedh:re then

iE to apply the boeon calelrlu8 to the eolQlex groupB 1n order to

clenonstrate the relatLonship, ulth the knoçleclge that the restrlcûlc¡¡r

to the coüpact form Ls ea8ily carrieal out for the boson caLculue'

The star.ring polnt of bcrth uethocts ls to consider, Earyr for the

groqp ct(n) ' polynoml'ale ln the matrlx elerpnts gtJ ' ffid to ileflne a

representation by the rfght reguJ-ar representatl'on:

Te f(g') = f(e'e)

Instead. of the fu1l- grorp nanlfolcl of Gt(n) ' one may dloo6e the
,/

horu>geneouÊ Epace Ot'(úy'O(n) vhere Z ls a l-cnrer triangular groq) $fth

r¡nit ctlagonal elernents ancl D is a dlagonal netrlx, üd then the poly-

nonial f(g') is repS-aced by an lnhomogeneous polynomlal f(z) where z'
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ar€ tbe eJæugnte of æ u14tcr ù:Iatgul"ar nøtrrlx, :dflch 9eñ9 t'o l'ab€I

the rleht eosets. Then multlpller reBre¡entdlo¡rs of GL(n) moy be

cþrinetl by rlgþt translatlons on this epaee according to

Te f(z) = a(ze) r(z"e) (r)

where z"g f,Eans the rlgþt conrponent ln the Gar¡sg tleconposltt.on of the

eleænt zg e GL(n). Thls is ttre basis of Zhelobenkors rnetbocl, antt it

le ful-ly ctlscuseecl fn [ 56] .

In lts si¡4¡llfied fo::m the boson ca-lculus etarts ç1th an n-

cllnenslonal r¡ector (ar), i = 1r .. rr, whlch tranaforæ according to

the fi:nd.a.r¡ental n-dlnenelonal representation of GL(n) , houogeneous

potynord.aLs f(a) in the (ar) are eonstrucÈecl, a,ntl a representatlon Ls

cleflned by

re f(a) = f(ae) Q)

rf we wrlte r(a) = "rtt ,tþ , then fs a fir¡etion over the

honogeneouo spaee Ot(n)/H r¡bere H fs the subgror4r for r¡hÍeh BLl = 0'

I > 1, anct ln this elnpl,e case we Bee thaü the bogon caLculus ls aLeo

concerned r¡ith a horcgeneouft Ëpaee tÙeflned by a lower trlangUlar sub-

group. A more dletallett exnmlnation gJ.ven ln the subeeqr:ent sectlons

shcnts that the general boson calcuLr¡s can be e:<preesed in terns of

po\ynonlals ove? exactly the ea¡le honogeneous space as th6f, er¡ployecl

by Z,lrelobenko.

Zhelobenkors neôhod reltes on the existence for the groç G

of e Gar¡ss cleco!æoaftlon, ln whLch G can be factorlzecl as G = ZDZ'

For the classlcal grot4)B , Z(Z resp. ) ts the eubgror4r of r:pper (toner)

trlangular matrices w'tth untt cllagonal elements, alrd D fs the sub-

grotæ of tllagonal ¡natr"Lces. The representations of D are l-tllnenslonal

anð are aLL kno¡n; theee are wecl to lnctuce representatl'ons of G of

tf¡e forn (1). An l4rortant theorem, fLrst noteilby Gocternent [8?l ' 1É
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etatecl by Zhelobenko as follofs:

ttgvery lrreduclble representatfon of a g:roup G is lnclucecl

by soæ character o(ô) of the subgror¡p D; two lrrecluclble

representatlons of G lntlucect by the charaeters a1 and tr2 are

equlvalent if a¡rcl only lf oI = d2 ."

Tt¡r¡s ve obtain all irrettuclble flnite-dlænsiona.l repreeentatlons of

the complex groups and therefore also of the coryact groì¡pB, and l-n

pa,rtlcular for O(n) t¡ts theorem enaures that the spLnor representa-

tl.ons appear naturally ln thls fornallsm.

For the cl-eselcal groupõ the r"epresentation (f) takee the forn

ml -m2 m

Tg f(z) = Àr ' -' þs) .. Ào-n (ze) t(Ï) (¡)

rrhere A, (zg) ls the diagonal nlnor of zg and 2 = ,"g ha5 elenentg

ZrJ =fl , where or¡ l" the minor obtatnecl fron a, by substltutlng

the eo¡¡nn rrlth the nu¡ùer J in place of the colunr¡ wlth the nrrter l.

Tl¡e reetrlctlons on the exponents *l - ti*l, whiclt shcÉ¡ rthat repre-

eentatlons are belng constructed, are obtainecÌ by consiclerlng the süb-

group St(?rC). AecordLng to the theorem above r¡e cibtain all' repre-

sentatLons, a,nd so thÍs approach solves the problem of the cle^sslf,lca-

tlon of the ff.nlte-tlLnenglonal !.rreduclble repreaentations of the

elassical g.oups, a Broblen flrst solr/ed by Cartan using clifferent

æthocl¡.

The furcblørs of the representation Bpece are po\ynomlal-s on

Z, and, ane eÌ¡aracter"Lzect conplete\y as ,the nr:J-l Space of a eystem

of dlLfferentla-l operators. On the other hand, for the boeon caLctrluE

we r¡111. ehcr,t that the basie figrctlqrs m4r be regarclecl as belng cleflnecl

on the subglorp DZ, anct are homogeneous polynoniaLe whlch tor O(n)

andl SP(n) are aleo harrcnt c.
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92. Ttre Unit arv a¡d Linear Gror¡P

lùe car¡ deecrLt,e the lr¡ettuelble Epace of the boeon caleulue

for U(n) and GL(n) ln the fol]-owlng,lfgtrrr shoiing exactly vhlch

varlebles appear ln the basls f\.¡netfons, In thfs deserfpüfon tbe

repreaentation labels appear in the forn

tl = rl - rl*1 for i = 1, .. n(noa1 = o) . (lt)

In general we require n sets of bosons "ro{tro' = 1, " n) vlth

ad.Joints ãra ln orcler to obtain sufflcíent po\ynomlals. It rl1'1 be

conrrenLent to thlr¡k of theee operators as n2 complex variableg, 1'e',

.lo = nLo , ,nr, rllth aQlolnts ãro = ;þ , 8¡1d the vecuun etete
O'T

lOt becmes the constant 1. The representatfon sPace coneists of

polynonlars honogeneow of degree qk Ín the n variables ark, for

k = 1r .. ' . We ean forn an lrrerlucible representation of U(n) 1n

the subspace of these polynonials ln whlch ttre boson" "1o, 
for f1¡<ect

c, a,ppear only fn antleymetrf e conbinat'ions with arrc', 'rro''' "

a- I. 1'hie subspace R apBearg througþ the appLlcatfon of the Young-i"n
syrmetrlzer to ar¡ arbl.tre^r1¡ pol¡fnonlal-, Ìttllch ruay be regardleil 6s a

teneor rrncþr u(n) transforüatf one, to procluce a Bolynornf al (teneor)

of a certafn eymetry. The lrreituclble space ncr¡ consiets of polJ¡-

nodal-s hornoçneow of cùegree rn in the varlabl-es art..i* , for

k = l-¡ .. n (r* cteflneit by (b)).

In thls spac€ R, r,re tÌeflne the lrreiluclble repreeentatlon Te by

(2) where ttattno¡¡ etancls collectLr¡eÌ.y for the varlables atl..lk t

anct ag etanitjs for the aare varl.ables, ln vtrlctr each ard has been trane-

fo¡secl to (adg), = rno*pi. In thls representaÈlon the geueratore Of

U(n) t¡ave tbe fom
EU = rrn ãJn (s)
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Ìle wteh to clenonetrote the relatlon of these re¡rasentatlonE to

thoee obtatned by Zhelober*o [ 561 !n a dÌffferent formalfsm' In order

to clo thfs r.te rri11 obtaln anorbher reallzatlon of the repreEentaÈ1on

Tg, 1n a proJeeb!'ve apece Pn whieÏr Ls set up ln the followlng f'ry

(eee e.g. Herannn f88l ). Two non-zero tengor¡ a and a' are Eafdl to

be equlvalent lf there le a non-zero acalar À such th¿t a = À8" Pn

Le then deftnetl to be the eet of all- these equlvalence eltxeee, eo that

a pofnt of Pn le aa equlvalence elase of Eucb tencors. A fi.uetf on f

ctefinedt * P' rnr¡st then satfefy f(fa) = f(a) 1.e., le hornogeneoue of

zeroth clegree. llhese fr¡nctlons can be co'r¡stnrctetl by talclng fi¡rtctlor¡s

ln the lnhomogeneoua coordlnates
ti rir. .

^r2"k

for k = 1r..n. Tlrege coordlnates a,re noù dleftnecl everywhere, but on

those pofnte for tr?rleh ^tZ..xl 
o. To each homogeneow polynonlal

tteffnedt ln Rn there eorresponds a slngle polynoniat ôcfÌLnedl on Prr'

slnee usfng the proper.Èles of f e Rr, * a honogeneous polynonÍaI we

can wrl.te

f(ar,arrrr, .., alr.. lr,) = arml-m2 a1rm2-m3" tl2..n t

*f#,1i1"..,*, (6)

The fr:nctlone on Pn are obtained by dtvicttng the honogeneous poly-

nonla.ls by the state of higþest weight. In thls way the representatLon

Bpace can be eharaeterlzed not as the spaee Rn of polyno¡úals horcgen-

eor¡e in the varlables a, but as the epaee of polynonlals on the pro-

Jectlve space P". tÌrLe oonstruction has been clescrlbecl before for

SU(z) and SL(2,C) (Vllenkln [ \9,89] ). tr'Ie have obtalnect the fr¡nctlons

on Pn fron the spaee Rn, in which the po\ynonial degreee a are aleo
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the :r.epreeentatlon labeIe. Ho*eryer tbere are ottb3f, ìlÜJF -to earry

or¡t the constrtrction tescrlbett, 1n whlct¡ the dlegrees tltk are ncË tl¡e

representatlon labels thenseltes'

The coordinate fi:nctlons of P.

"i' .. t-^ at* , k = 1, .. n tfr,¡ .. ß

are not lnctepend'ent, but an lnclepentlent set may be taken as

"w.. 1 - u lrJ = 1r " n 'zu ^w i-1i
This follco¡s from the ldentitles

m+l , .m2+l-+o
u12..^ "rrír..i, ir+l = 

nl, 
t-' * 

"lr"ip-lfp*t " trrt

* al .. nip . (r)

usfng these ldentlties for m = 1¡ .. ll - l suecesslvely' ve Bee

using (6), that eact¡ *1, to
at .. k

can be e:cPressecl Ln ter:ns of

"i2..n-11 form=1r',k.
^!2-.m-l-rn

Eq. (t) fs proved by consftlerfng the follorlng 2m + L x 2m + 1 cleter-

¡d.nant. The upper lefb m x m block has elements t/tJ = { ¡ the

l¡pPerrtehtmxm+].bloclÉiszero;thelowerlefbrr+lxnblock

has elerents \,
ka.
J

; antl the lower rfght m + 1 x m + 1 bloclç has

Ttre value of this dtetemlnant i" "12..r 
tit..fn+lelenents

ka.
1

J

Ll(

as 1s sbown by carrying out a Lapl-aei8n e)q)snslon e.ccortllng to the

flrst m anclthe last m+ l- rowe (see Aitken t90l)' Nol¡ replace the

ith "*, by the lth ,.* rninr:s t¡e (1 * r)th row, for 1= L, .. m. lt¡e

J
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tletermlne¡rt ls unehilBed, tut the uppen left m x m bloch 1s now t';erþ,

ancl the ræper rlght m + 1 x rn block has elerent¡ - k
'L¡=-"Tr. Agafn

carry out a Laplaelan e:çanslon, êfld r¡e obtein the rlgþt hand sltlo of

(?).

The funetion
tJ ,J,,6, t1

.. lI

on Pn ean now be writte I 8a a f\.¡nctfon $ of the varlù}es zrr. Hence

tbe correspondence (6) nay nov be wrltten

û
r(a) = arml-mz al2m2-m3 Ae..r, 

n +(u) (8)

vhere f e Rr, and. $ is deflne

trlangular. Ttre frurction 0g

f(ae) = utml-m2 uO..ntt O*

m

= (ae)rtl-tz (ae)1rnz-m3 .. 1as)t2..r, t \(ae), .. Lt

1s upper

then glven by

alz u)z

,,(ae), .. Jr

m

ô

ml-m2 m2-m3
m

n
.n-al

I a,g 1..1

fherefore tbe irrettucLble representatLon Tg deflned on the spaee of

fr¡ncblons ô m Pn ls given by
EI

n

Te +(z) =

(ae)
12. .n G)

*r-a 
. . r,

n ag
0

ô(Ï) ,

nhere Ï t" tt" r¡atz{.x r¡lth elenents

4r (ae)rr..i - lJ /lae)u..i - lt
"!J= "**_* /ñ'
(ae)

Tlre facto"" -Æ for k = 1, .. n are f\¡nctlons of zrr, the*12..k

e4rllclt forro of wblct¡ is given by
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( ue) 12..k
\("e) (ro)

(u)

"ta. .tt

r¡here ln(zS) ls the minor forred from the flret k rowe and coLururs

of the ma,lrlx zg. To prove thi.e, consfcler the k x k determlnant D

r¡ith elenents

o*J = oLz, .i - 1q. Bq.J - 'rz..i - 1i "tq. Bq.J (q s''med)

whieh has tÌ¡e value

D = a1 a12 . . tlp..k an(zs)

VJe wll} shon that the (t,J ) elenent of D rna¡¡ be wr{tten as

af, *-, "L2,.i-L , wlthout changing the value of D' This 1s clearly

true for 1= L (r¿ttr the eonventlon that arr..l-l- = l for 1= 1)'

Suppose it ie t¡¡e for f = L¡ .. Itr - L. SIe carry or¡t' the foll-owlng row

operatlone on the rth ** leaving the deter¡oinant r¡nclrangect. Ftrstly

note that by erçandlng the cleterminant \2.,n-1 q dor¡n the ,rth 
"o1lr*r,

ve can lrrlte
m-1
Iâ=*tz..m-l q

o**L2..rpL ."cqr
In

a
çt r=1

for sone coeffl.clent C, (dtepenclins ott u[, g # q). Therefore

l_m-
orz .r m - :. q. gqJ = { *n¡ ^tz .. m - t * rl,

uq 8qJ

Nov reprace the ¡rth row of D by

(tr'" *th row) - Ït = 

t" 
- 

(tt¡e 
"th "on') 'Ë1 412..r-1

Tl¡e elernert D"J (for r ( n - r) fs i *", ,Lz.,r-1, Bo that now tbe

the elernent D* is equal. t" *ä 8qJ "æ..D-L. 
By lnductlon, and by

br{nglng or¡b the factor u12..1-1, for I = 2 '. k, ue ffnd that D*

1s equal to a1 a12 "12..t-1 
multlpllecl by the dete:minant wlth

T cr
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elerænts al
çl

En, whleh is (ae)rr..n. Thfs prorrcs (ro). rf a*r(ze)

ie the minor obtalned from Ar(re) ¡y substitutfng the coh¡mrt vlth the

nusiber J in place of the columl wlth the nu¡nber í, then the sa¡æ

proof shoúre that

fhe irredueíble representation Tg can no¡ be r¡ritten

Te ô(z) = Ar(zg)nr-mz Ãz(zg)az-ßs,. orr(zg) n 
O(?)

where noÌr rÍe nry write ïrJ = arr(zg)/nr("e) . In thJ"e forrn we

can see that the repreeentatfon Tg ts the same as that obtainedl by

Zhelobenko by a dlfferent rnethod. The results he has obtainecl can

be l¡nnetlfately appllect to our eaee çhere tt¡e fiurctLons Ô are tleflnecl

on the Bpace P- , wlth coorclinateB z-. = þ . or¡ the other hand,_-___ _n, _ lJ u]rZ..L

fn the fornalism of Zhelobenko, the ft¡rcblone 0 are dteflnetl on Z , the

subgroup of GL(n) conelstlng of upper trlanguler natrLces vrlth elements

"tJ. Houer¡er Ì¡e ear¡ e>rhibft Pr, * a homogeneous Bpace of GL(n) , *d

iðeuütfl¡ p' with the coset spa,ee Ct(n)/H, where H = ZD(n) 1e the sub-

group of loner trlangrilar matrlces referred to ln $1. Iæt us tleteruine

the fsotropy stjbgt¡oq H of GL(n) at the pofnt fn P' ileterqrined by the

teneors, ilenoted a, wlth the valr¡es â,, ' = 0 except "12..k = 1' for
L1..rk

k = 1r .. n. Í'be matrlx g leaves the polnt ln Po llxect lf there e:dst

Dotl-z€ro ecalars À -- À(k) such that a€ = Àa ' Firstly' we ehow that

{=o J>m, antl {=t. Clearlythlslstrueforn=1. If it

le trræ for m = lrz .. k - J., then uritlng "u..to-tJ 
as a k x k dlet'er-

nrlnant n ve tlnd

^
(ue) =1J

l2
=ale2

k-l k
\-r uJ412..k-1¡ =0 for J>k¡=1 for J-k
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lflre result folfolrs by lntlucülon. Nc¡gt the conttLtlon æ = ì\a luplies

the result 8*J = O J > m,wlth qr*# 0' Thls lg tnre form= L'

because (ua), = r(1) "i = tp %r = 81i = r(r) ôrr ' Ilenee 8u = o

f > 1, antl 811 = tr(1) fs Don-zêro' Srrppose the resr¡lt ls true for

m = l-,2, .. k - l-. The ag = Àa neans

1ae)v..k-u=r(t)tr-2..k-1¡=o for '1 
>k'=l(k) for J=k'

Wrtting 1ae)p..k-U as a iþterrnlnant' tte Bee tt¡at eleneate above the

tllagonal &re zero. Ítrerefore

(as)u..h-U = 8rL822 " %-r t-r å.J = 0' J > k

=t(tc)#0, J=k.

Hence å.J = O for J > k, üd qok # 0' By lnductfon then r¡e

har¡e eholrn that H is the s'bgroup of Gt(u) consLstLng of lorer trl-

angular matr"Lcee anil ue can prrt Pr, = GL(n)/H' Thts demonstrates the

assertecl. f ilentlty of the two nethocts for m(n) '

sle can ffnct the homogBneous Bpa,ces whlctr are used tn the boeon

ca1cul.¡e by puttlng f (t) = L ln the above anaSysls, Md Ûe see that

the repreeentatlon fi¡letLons a¡¡e tteflnecl on Ot(n)/Z lnsteaö of Gt(n)/

ZD(n) as for Zhel<¡benkors uethod. As Zhelobenko has noted' (t561 p6[)

tbe boeon calcult¡s lB "a rr:alizatlon ou the gror4l DZ' and afüer a

necegEer^¡¡ normalization also on the group 2". Ttris nomallzatf on ls

carriecl ouÈ by ilf.rrtctlng by the etate of hlgþest weigþt, as ehoøt I'n

(8), ttcar¡slng a tcontractlonr of all clonlnant vectors to a eln'le

pofnttt.

53. Orthogonal and FyryIeetl'c Groups

In ortþr to consi¿ler the Sroups r¡Íth a uetrlc sol0e changeÉ are

necessarlr, The nethotts for O(n) ar¡d Sp(n) arre the Ba¡IF' and ean be
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eouibl.necl wing the netrlc p Lntnoù¡aed ln Clrpt ÎfI. Zhelober¡ko

cÏ¡ooees, for o(n), e = o and for Sp(n) p = ç 
-[) , "tn"e 

lt ls then

poeelble to carry out a Gaues decolçosltíon, for the coryIex 8¡.o1Ð8r

fnto stibgroì¡ps of rpper and lorer tr'!.angu1er natrlees, aE for Ot(n) '

We flnct !.t convenientn but not at a.Ll necessa4r, to use a'leo thls

ct¡olce of P r Bince then the states of hlgþest weleht take the sf4:Iest

posslbJ.e fo1a, and. the napplng betr¡een the trvo æthoats Ís correepond-

lnely s1ryler. Generally therefore plJ = t ôl 
rn+l_-¡ 

.

As before, the repreeentatfons of G(n) (= O(n) or Sp(n)) are

reallzecL in a apace H' of honogeneoue polynonÍals. In ortler to ensure

that these r€pregentatlone are frreduclble " the va:dóIes

.f tf, = 1, .. n) on whlch the po\ynonlaLs are deflnetl nust be eon-

etralneilulththeconttltiononn{{=0.ltrisislnorderthatthe

tensors of the reBresentatlc¡n spaee are traceleee, or fron the sme

rrlevpolnt, the polynomials vhich a,ppear are har¡nonLc betr¡een aIL

variables. We ûtll think of the "l * r¡octifLecl bogone, l.e. ¡

*î = ,î - 2(zP,rn)o?ånl (or)pis 
a

wlth a{Joints ãl = jã , bú there are other posslbllftles.
è,L

In this sBace Hn we clefllne tl¡e irreducible representatlon Tg

by lDg f(a) = f(ae) r g € G(n), f e En. Ttre generatore then have the

fom
*iJ = orn '3 äT - on, "r* 

tÏ

For Sp(n) the state of hidreet veight is (for tl¡t's netrlc)

m

lrr*.r = 6rml-m2 a1rm2-m3 '. ur,..u u lo'

Tlre var'!.ab1ee of the space wllI ttren be arr..llcr aüd the polynomtals

wIIl be honogÊneor¡s of clegree rt = \ - \*f to utr..lk, for k = 1' " u
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(mu+l = o). For O(n) Itan.t is glven by lV, (Z), (7'). For so(zu)

çe ¡¡ill not consider the ease mv ( 0 since the situatlon 1g entlrely

analogor:s to that for nu Þ o. Again the varfables of the space w111

b" uLr..i. for k = 1, .. ve appearing wlth ctegree r¡r exeept ln the

ease of the fr¡lI orthogonal grorao* ûhen a" , for k = 1¡ .. n vLllat..lk

appear.

Nor¡ r¡e tlefine a proJectlve space Pr, 1n the same vay a,s before '
i.e., a point of P' ls an equival-ence cless of tensors, where two

teneor.e &, &' are dleflnetÌ to be equtvalent if a, = la' for a non-zero

eealar À. Fr¡rCtlons or P' are constructed from the coordlnates

Here_we let f ,J = 1, .. t-¡, but lf tlr..rn Uo"" not appear ln H' for

sone vaLue of k, the eorreapr:nitfng z' wlll not be an lntlepenclent

varlable, aB we shal-L see below. TÌre polynonlals Q on P' are obtalnetl from

thoee fn Il accorðLng to
n

r
f(a) = atrl uLz..v u O(r) , (rz)

(for the case mv > O) t.e., b]' ctfvidine by the state of hlghest ¡¡eteht.

The ars here are constructed from mod.lflect bosons ancL wflL be nanlpu-

latecl fornally, btÉ the poJynorrlale vhich actua3-ly appear a¡e uelI

cteflned as t¡efore becar¡se the varfabLes arr..k s.ppe€,rlng Ln lma:c.t nay

be regartlect as orttlnan: bosons (*s showb tn IV, $3).

The zil dlefl.nedl as above are not a-11 lntlependent, and' the

relatl.ons between these variables are expressed fn the restrlcË1on

that z ts p-orthogonal, f .e., zpzt = p. ** onn u.p"Jq,= 0U holtls

litentlcally for f Þ n + 1- J because z ls rrpper trlangular, wlth rurlt

cllagonal elements. For L < n + 1 - J we need to ehow

oBq u1,.i-1 p ut..J-t q. = o '
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ar¡d thls follol¡s lmediately fron III. 20. Theee relatlons between

the z' are the s$ne as those betûèen the z' whlcÌ¡ appea'r in the

for"mallsm cleeerlbed by Zhelobenko. The representatlons obtafnecÌ ln

both approachee are therefore the saun, ç1th the sane representatLon

spaces, í.e., we harrc

re ó( z) = ùrrl(zs) tutu{"e) o(})

shere in our fornaLlgn
("u)rr..n

k = 1, .. v.1(ze) t12..k

l|e haye cøts|¿Iered here tÏ¡e case when the state of hlgþeet
r

weigþt takes the form Ira*., - "1"1 ul'..u t 
lOt so tfrat (fZ)

applies, bú the seme proceclure stil-I holdls when lma¡.> takes a

dlfferent form e.g. çhen the ctrolce of metrie 1e atifferent, or when

n. { 0 for O(2v). In these ca€es we cttvltte elenents of IIo bV
v

f r"*., and look for a rnapping such that the matrlx z = (zrr) ls rqrper

trtengr.¡lar and serblsfles ,¡rt = o,

In the sa¡æ çay as for ø(n) rre calÌ ehor'r that the honogeneou8

Bpaees en¡lloyect ln boùh æthocls a.e the EaEe ' anil the ex¡¡iictt napplng

for z' then ttemonetra¡es exactJy the relatlonshlp of the two æthocle.

I{e can use the luportant reeults obtafned' by Zhelobenko, ontl' apply

then to our ca,sei ln partlcuì-arwe can transfer back to II' fn euch a

ïry as to tOelntlc both eplnor and tensor representatlons togetber ln

a naturaL rra¡r.

,
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CHAPTER 9

SPINOR REPRESENT IfIIONS TN HAìMONTC SPACES

91. In of .An l'Íoment Generat

Irle har¡e cleve1_opetl the boson calcullJs 8o 8a to apply to all

tensor representations of O(n) and Sp(n), ard ve now wish to cerry

out a further developnent vhieh wll] inclutle alI the splnor r€pre-

sentatÍons of O(n), for arbÍtrary n. This means we muet try to

reallse the eplnor repreBentatLons 1n the same harncnic space used

for the tensor representatlong, einee then basls fr¡nctlons ean be

e:çreased ae polynonf als in mocltfied bosons, md the operators lûhlch

act wlthin thlg sBace, such as the generatore r lfll-l a18o be e)q)reË-

slble vlth tnodifLecl bosons.

Iæt us see now exactly vhy the const:rtrct'lon ln Chpt IV of the

tensor repreeentatlons fatl-s for the splnor repreaentations. Taking

n = 3 for exa,nple, the etate of hlgþest weígþt fs lt*.t - ul0 lot

vhiet¡ ls d.efined only for fntegral valuee of the labe1 f,. Ho¡er¡er

by wrltlng a1 aB a ttlfferentlal operator' antt changing to the

spherlcal polar eoorcllnates alefined by (IV. L5), Inax.> becomes equal

to 
"100 

slnlo whieh is definetl for senf-integer [. By applylng

r- = u-lo(- ãi + r coto fi)
to lnalr.> we obtaLn a set of fr¡nctlons Y*r(0,0) itefinecl for both

lntegral and seni-lntegral 0. Ttris representation ls realized in a

(ag+f)-AiuensLonal space of complex vah¡ecl fi.¡ncblone, ao that it ie

necesEal-T for J_ 
"Or_O 

to be lclentically zero. ft 1s reacllly dreekedl

that thie eondltion, whictr of eourse holds for integral C, is not

satlselecl 1n the caseg r¡hen 1, takes senri-integer valuee; therefore

this constructlon of the splnor representatfon fails.
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Penctres ([ gf rgZl ) ¡as atten¡rted to overcor¡e thle fact by lnter-

preting Qør-ø-1 = J- Yør-, êS a "representatLOn" of the zero r¡ector'

Ttre property rctlvatlng this lnterpretatlon ls rnalnly that QO ,-L-L,
antl 1n general the fi¡nctlons QUo, = J--0-m 

"O r-O 
are orÈhogOnat to all

TOr, whlch nr¡st be the case for all elgenvecúors of the hetmitean

olnrator J3. Pandree has ctefÍnecl a "scalar procluct". a bllinear

napping which s atísfles

(Qor,Qo.rm,) - o = (Yomrïu,r^.1 ,

(tu.,Yo.r-) = ôc*,, ô*. .

Ifower¡er thfs napBlng 1s no¡t a true scalar product, becawe the

regufrenent (Ur{,) = 0 + ü = O tùcee not ho}it. A cloee examLnatl'on

of Pandres t argrment showe that thls requlrerent has been used 8s

the cleflnitlon of a zero vector i.e., rir ls "eseenttallyrt zero lf

(ü,,t,) = 0¡ and thlg u111 then apply to ü = Qßr. fn thie way

Q0r_1,-L 1s lnterpretecl as beingtbesenttallyt' zero, &d the fr¡netlone

Y^_ for sernl-lnteger C, m Eìre clai¡rect to span a st¡[table Bpace,
tLÃ

lJe r.eJecù thle argrment beeause the QU* nrnctlone are ner¡ertheless

non-zero ln the no:mal sense, so that the representatlon Bpace Le not

fìl.nlte-ctlængloaal âE ïe requlre. I^Ie note that aleo the questLons of

or"thogonallty are frrelevant, because ln a repæsentatfon Epace where

no gcalar produet has been cleflneô lt fs etl'}f neeessary that J

annlhllates the mlninr¡m etate (see for exampl.e Mfller t 4?] ).

I{e can Bee norü that ¡rtren the generators of 0(3) tate the r¡sua1

form as the angular norenttrr operators '

rrr=- (.,4-1ü , (r)

the spfnor representattone eanncrt be constructecl. Thls 1g becauee

ffrst\y these operators consertre particle nr¡mber 1.e., basls ft¡tctlons
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ïl-11 b9 hoütossæor¡c p<rlvnoüißIs /, eo¿ tç/ - g* vtte¡ne N - N- # tYp

aecmtl\y theee polynomlal-s will alqo be elgenfgnctíons of the CasinLr

fnvariant ¡2 = rzi2 - N(N+f), wlth eigenvalue g(l, + 1), an¿ltherefore

the polynonlale f0 ntrst also be harrnonfc. But ae çe have seen aborrc'

1t fs norb posslble to construet spinor representatlons in the harnonfc

Epace r¡hen the'generators t'ake ttre forn (1)'

!tre neecl to look for other reallzatlons of the gror4r 6enerators.

l{e r+l'tll clc this by tahing actvantage of Zhe]obenkors eonstnretion'

r+?rlch we have cteecribed. ln Chpt VIIÍ usfng as a stert{ng potnt the

formalLe!û of tbe boson caleulrrs ¡ by transferrfng back to this forna-

Lism $e shcrhl that the spaee of harsonic horogeneoug poJynonials 1e a

Eultable spa,ee wlth whlch to carry the spinor representatlons' T|rls

{s achlevect by fLnding reallzatlong of the Lle al-gebra of 0(n) çhlch

are new. Ttre nethods used here lead also to new realizatlone of the

Lle alçbra of U(n). It le 1lkely that these realizatfons wlll be

iuportont in obtalning lnfinite dtrenslonal representatlons of the

non-cotrpact groups, especLally conslclering that our epproach 1s ' ln

the words of Zhelobenko "the theory of ftnite-itinensional repreeenta-

t1ons fron the lnfinfte-dtfnensdonal polnt of vlelttt.

92. Transfer ms

tle har¡e showü fn Cþpt VIII horr to constrarct rnulttplier repre-

eentatior¡s ln the spaêe of fi¡r¡ettons 0 on a set of n x n r4lper trl-

angular matrices z with elemente zrr. The firnctlons 0' horogeneous

of zeroth clegree, a,re eonstructed b¡i' tatçfng ratlonal fi¡ncùlong ln

moctlflecl boson operators atd(i, o = 1 . ' n) , and the eoordlnate

fi:netlons ,tJ o* be Brrt equeL t. ffi ' rf r(a) ts a

harnor¡lc plynonla3-, hornogeneous of ilegree tL = \ - %*f la att..lf
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(for k = 1, .. V, mv+l = 0), then the 1-1 corr€Êpondlenc'e between f(a)

and ó(z) is gÊræn by

ml-m2 m--mmv-].vV
"12..u-r "12..uf(a) = ar 0(z) (z)

lu(ze) =
2(. re). Ît¡e firncln.rpntal spinor representetlon labe1lecl by

o

(4h ., '4) can noe¡ be constructed aecordtlng to Sg 0(z) = Clo{",g) O(}) ,

[he repreeentatlon Tg ln the space of fr¡ncbtons Ô ls glven by

Inl-m2 m

Te o(z) = ar ' ' .. a' v o(ï) , (:)

vhere \(rre) le the mlnor fomed fron the firct k rous and' col-unns

of the matrix zg and ls equal ,o 
(l*)tt"n 

, and Ï f" t known functlon
"12..k

of z. The llpor.bant results whlch Zhelobenko has obtalned ancl whfeh

êpplJ to Tg deftnecl ty (S) ar€ aa follor¡s:

For n = 2u*1 there exlstE a polynomiat(2obrg) on P' such that

where Sg is a representatLon in the sense that Sg1g2 = ! SgtSgz. Íhe

utrltipller for ar¡ arbltraty representation Tg ls now written

o'rr-r, a _nv_r-\ tj 
tru 

(tl)
'V-IO

so that t, W be a seml-lnteger, Ln whlcfr ease m1, .. Bv-l are also

send-fntegerE.

For n ¡ 2v there exist two polynonlaLs on Pn,5- *d5*

such that a" r-
nu-r(zs) = Ü-(z,e) L2(z,e)

¡-)
au( ze) = \];L'( z ,e)

Ttre two fr¡ndte¡nental splnor repnesentatlone, label}ed by (l¡rk, ,,, !41

a¡e conetrusbect according to Sg 0(z) =

mrlttpÌ1er has the fott
þë) and Ín general thet

A1
ml-m2

au_a u-2 \-t Õ_nu-l-mv 
g \-ft' (5 )
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Agaln üu, hv_I ean be eenf-lntegers elnrultaneouefy, Ln whlch case

ü1, .. ov-2 are a.ll eemi-integers. In the toÏ.n (5) tf¡e representa-

tfon ineludes naturally the case for vhlch tu ' 0' even thou6þ the

transfer (e) to the frÍ¡ctfons ô has t¡een esrrledt or¡t from polynon{als

f for ul¡teh tu Þ 0 only' ff we hacl begrlr wlth fi¡nctfons f for which

ru .0, then we wor¡.1-ct reaeh the sa¡æ Bpace of fi¡¡cÈlons O(z) ty

putting
ml-mz

f(a) = ar
m -+mU-I V412..v-L

"r-

-mv
. .v-lv+L ö(z)

lr1th

,JÞv+z(uvu*l =#ft=ottz..v - uzvI a]P..v - lv + 1

as before).

lle rrish to transfer baek to the harmonlc Êpace Hn ln such a way

as to retaín this con¡tructlon of the epinor representaül'ons' Ìle

obtain a polynotÉaf f(a) fn Ho fro¡r 0(z) by nrrltlBlyfng 0 wlth a

eertain polynornf al wtrlch becoÍes the state of hlgþeet wefgþt ln Hrr.

Tlris 1s e:çressed. in the fornr¡la (Z) rùicf¡ holdls ln the case when the

ctegfeeer, of f(a) e H' a,ne eorurected l¡'fth the representatfon labels

tt by ti = tl - tir1. As pneviously noted, the fomr¡la (2) restricts

each m, to non-negative lntegral values. Dfcre generally however ve

can also transfer back to Hn by nultip\yfng each O(z) øtn a poly-

nomlal of ilegrees r, such that r, 7 
^l - ni*l' !Íe cto thie tn the

foLloulng ua¡r. In the representation spaee of polynonlale 0(z) on

P'we replace eactr mtby ni -ÞL = ßr, for i = 1' " v, so that the

representatlon labels are nolt [i = tL - pi' Now tranefer back to

H . the Epaee of ha¡monlc polynonia,lE ln the ars nlth tùegreee rt
n'

where r, ls ncÊ equal to ß, - 0l*1 - (t, - tt*t) - (n, - P1ç1) æ

before, bìfr "i = tl - ti*1. Thls traasfer ls carriect orrt by nrrltlplying
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mt-m2
each ô(z) wlth the polytorolal a1

mv
u12. .u 1.e. (2) stlll

holtls, but no¡r the ml are no longer the repregentatlon labele ' We

ean be sr¡re that f(a) obtainedl aecorcting to (a) fe actual-ly a poly-

nonial ln the a's ff tl - nl*Lt (nt - pf) -(ni+t - P1*r) for

1 = 1r .. v (ny+1 = o), l.e. ff pl Þ pzÞ.' Þ pu Þ 0' slnce the

tl - Pl ar€ representatlon labets they satisfy

ut -ptÞ^Z-ÐzÞ ..ntu-PuÞ0 n=2v* 1

anfl

rnr-Þràmz-pz>,.>lou-Prl n=2r' (6)

Ttre n, are lntegers, henee tl¡e P1 are eLther all integers or all

eenl-lntegers.

In this wel¡ lre obtaln the representatLone ([t, '. lu) ln tle

Bpace of harnonie polynontals hOnogeneor¡s of dlegrees ri = ti - ti*l'

By clrooelng pl euftably rfe can obtain an¡¡ of the permiselble vah:es

of (&t' .. nu). AlL the tensor representatlons for 0u Þ 0 a¡e obtalnecl

by pr¡ttfng Pi = O for all 1, anð a1'1 the spinor representatlor¡e for

[u Þ o by p'tttng Fl = 4 for at], i. Ì,Ie eor¡l-d a-leo obtain, for n = ãr,

all repneeentatLone for whf cb 0u . 0 br¡t these are eonstnreted ¡nore

eonvenfent\y tn the space H' for r¡hídr tu t 0'

The repreeentãtlon Tg in the apace of f\¡rctlørs Ô(z) nas ttre

fom (pr¡tting n, + ni - Pl)

re o(z) - {or't-o' ,. ou'u +(})} [r]nt-nz [utn"

ou [uì]n'-n' [uï]n" '

lfe transfer back to Ho anct wlng thp faet that þg correspondls to

r(ae) endl a* = T*ve 
find. thet re 

's 
iteftnect 1n H'bv

t12. .u l
%)te..',rJ

r ar 'tÞr-Pz
rg r(a) = 

Lf *fl (

pv

r(as) (r)



For n = 2v + 1 thls na¡r be çrltten
pl-p2

"tz..u - 1 -l P.¡-1-P1
(-) -âp

1u6

v r(ae)

(B)

vhfle for n = 2u we have

Pr-Þz

a8)

*12..u - 2J Pv-2-Dv-1 
15ev-ev-r

ref(",=[#]

ref(a)=[+J
r(ae)l

e1

J
12..v - 1

ae):'2..v -

$*-nu-t-nv r( as)
ole*. t,- u

are polynonial-e tn oAZ .. t - ll

l
2

(g)

whcrc t

llhe space Hr, ls lnvarlant under Tg pmvlcled the paraneters pt

are restrlcted. to the values lnctlcsbed above. From Tg we can ealcu-

late the form of the generators. Hcsever we rrill flnct lt easfer to

r¡se the correEpondence (e) to celcr¡late the ctependence of tbe EBueraF

tore on m' ln the space of fincùlons t|, ffid then to prrt nl * 'i - pi

ancl transfer baclc to IIrr. If

rcrr(a) = oig -al - oJq, "nt 
uiD

çt

then the generatore rrr(z) acË1ng on 0(z) are ttetertined by

rrr(a) f(a) = r*r(a) alBl-m2 .. a,,..u\ O

ml-82 m

= 8r te..v 
v KtJ(z) o(z) . (ro)

îhe dependence of K*r(z) on tn; nt, whfctr le found frron the scblon

of KtJ(a) on alml-nz .. W,.e 
u, is estabuEhed. in thle va¡¡ for

lntegral' n, brrt r¡lu also holct ln the case çheu m' talree senl-fnteger

vah¡es. The clasEíflcatlon of the ntJ * ralslng or lovrerin$ $enêra-

tors, or weigþt generators, hâ5 been gfven ln IIf ' 26' ftre raislng
ml-m2 t,

gPnerators coroute vlth a1 ol2..v t and therefore r¡hen acting

t1

k lk
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on ô(z) arc indepenitent of nr, lletge t?rcy a:¡e r¡nehs¡¡geê in Hrr. llhe

veÍgþt generaÈotE are Hi = Kn+l-irl *d r¡sfng (to) ve eee tbsñ

Kn+l-f ,1(z) = ^i 
n Ðr(z) r*¡ere D, ie a dj.fferentlal operator tî z,

fndlepenttent of trl, . . mv. Pr:ttlng *t * tl -' P, ancl traneferring to

H' we bave that Kn+L_i,t(") ts replaced. by Kn+1-1,1(") - P1. rn

orcler to epeeif) the changee necessarJr for the Lonering generatore

tt Ís sufflelent to consf cter only the generators corresponcllng to tbe

elryle roots, Binee all obher lovrering generators are obtaÍned from

these by conmntation. For n = 2u + l the Lowerlng generators coræs-

poncling to the sluple rooùg *" K2u*l-j,J for J ' 1' " v' We f[nd

Kav+l-J,J(") = (tJ tJ*r)"JJ+l + Ùih) for sone D" IIence in H'

Kzv+l_¡ 
,J 

( 
") is repl-aeed W

a.l
Ka,*r_¡,J(*) - (n¡ - r,¡*r) ffi , J = 1, v.

For n = 2v a].L lowering generaÈors cârt be obtainecl fYon KAu 
rJ

J = 1¡ .. v - 1 a,r¡cl Kv,u-l. lle flnct nru-J ,lþ) = (nJ - tJ*r),JJ+l +

+ Dj'(z\ ancl Ku,u_l(o) = (nv_t * *u)"u-lu*r+ Dj"(z) for

dlifferentf a1 opereÈoîa D", D"', Ilence ln Hn

a.r !
*ru-J,J(") * *2u-J,J(t) - (n.t - P¡+1) ffi

anil
tl .. v - 2v + 1

er- ." v - 2v - 1

These rep3-acenents arp consldlerebly stnpllfled in the ea,ee

Þf = 0 (tensor repreaentetlons) and PL=% (epinor representetlonE)'

Althougþ the generetors lnr¡olve ratfos of the varlables "fr..lL thelr

Ku,u_l(a) + Ku,u-l(a) - (ru-l + pv)



raDgp ls a crrbepaoe of IIn agÊ üo reÈfor¡s} l\Áctl-oli at- ror$ruodsls

appes.re prorritled the P, sattsfy (6) and Pr >-'P2> " Þ pu ) 0' The

repneserrtstforp conetn¡cbed ane not r.mÍtarT 1n generaL, although they

are equivatent to rrnitary representetlone. Ttrey can be ¡¡ade r¡¡1ta4r

byrecteflnÍngthescalaÍproduetlnH',whlchcanalwaysbe.lone

becar¡se SO(n) is corçact (see vilenktn f b9l ph\)'

ItisposslbletoflndreallzationsofthetypeJrrsttlescrlbeô

for the generatoræ of U(n) a1so. l{e een eonstnrct representaùlons

l-abeLl-etl by øi = mi - pi (1 = 1, .' n) Ln ttre spaee of honogsneoÌ¡E

Bolyuornials of ilegree "k = tL. - t +f ln tÌ¡e vard'abJ-es at " i* for

k = le .. !t, where uro '"u nol orclinary bosons' lÙe requlre

ptÞ pz..2 PnÞ 0 rftrere the P* are all- lntegers' and a'lso

nt-plÞm2-g2..ttn*Þn.

ls gfven tY

The representatlon Tg 1n thLs epace

pt-p2 p
n

Ts f(a) =
tal I
¡rø-,1

f( ae)

1l+8.

(rr)

(re)

antt tt¡e generators En, satlafylng

ItrJ,\.ol = 6¡k Ern tf, %¡

ane sPeclfled bY

EiJ = rrn ãrn, J > I (ratsíng generators)

ô

Hl = Elt = ale ãrn - n,

-1_1+1
E1+1,r = "l*r ãrn - (nr. - Pr*r)

"1 .. I - tt
( lower{ng generatore ).

Thle conetnrctÍon leacls to no nert representatlms except thet ncfit

thelabele[lcer¡benegatlrrclna'Cl.ÉtiontotheÌ¡sualnon-
negatlve vaLuee.

a1 .. i
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53. Resulte for o(3)

fn orcter to ilLr¡stra;te the conetarcùlon cþec:rtbeô above we wfll

wrlte tlo¡n the reeu.lts e:rpllcftly tor SO(3). I'Ie begin ln the Epace

H of ha^r.sÞníc høogeneou6 polynonJ.als of clegree mt 1n the al r'there

mt = C 1s ¿'leo the representatlon }abel, üd the a, are uodlfledL

boeons vltlr 2a1a3 + 8zz = O, l{e have

J+ = K3z = alaz.. azag

J =Kzl=azal-a3az

Jg=Kgl=alal-4343

anct an arbttrary basis state Ls }tre put

a2 a3

zl2 =;; = "o 
so that ã = - %22 ancl then

f(at,ae,a3) = attl f(t' ä' ä)

= at 1 +(")

vhere
0(z) = f(Lrz, _ rrz2l ,

1[be repteeentation Tg fn the spaee of fr¡nctlona 0(z) le glven by

reo(z)=[S]"*¡9 lH.
I{on g = (etJ) Eatlefles gsgt = ü' so thaÈ if g11, g12 ¡ 821 a¡e taken

to be lnclepentlent, we harre

Eztz ev2
631=-ñ, 8rg=-ãgrr '

e,;.ïztz *zL eztgtz? 8r2gzs=--T-E;r'
,, 2gtt8gz 4Anz Blr

g2 I 912
+1.glr

l-
grt8zz B3g =

2

(rs)
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Henee

i.e. ,

Aleo

therefore

= gtt + zgZt + 422

ân1

( ag) r â,.

rt =ñ8p1='1pBpl

Bzt2

ñ
2gzr

=[/etr*"+)
2'/gtt

r¿i, zgzt
t 
-ri(z,Bl = /grr + 

ñ,.

*=(/e,,.'#r*,*ã*, Ì
8¡z8zt ,

2grrlgr r

812g;21
gtz + z t z ãIl

0
( rt+¡

g +'4zg
l1 2l

Íf¡e basis fi¡ncûlons ^r" ,L-t for - ß ( n ( l, and' the generators a're

ãï, J-=ml ,-4^'*, J3=nt -,*

ml can nov be a se!01-lnteger. Puttlng ml + ml - P = 0t ntrere p can

bave sny of the valr.¡eg Or\., .. mt endl transferrlng back to H, ue

finct the gpneratorr l¡ar¡e the fotm

J* = ø'¡a2 - e2a3

d2 (r:)J_=a2a1-aga2-pãi

J3=alal-e3e3-P.

Tg is ttefinecl Ln H bY

2a¡/g¡¡ "p f( ae)[e f(a) = ?atgtt + a281t

I{e obter.ln aLL teneor repre8er¡tatlons by puttlng p - 0, and alÌ

spl.nor repreeentatlons by puttlng 9 = Z'

re 0(z) = (/err .2:' I
2'/gtt

( 16)



The baels states al¡e

whicÏ¡ are the solid spherical barmonics

Iv, g5). The minlnun state is

L5t

t[*P Y (0,ô) (Eho,¡n in
0+p,mþ

9,- 9,+m +

n \ ûÞD 9"-

; ) = B'r*P 'z*"' lo'

9,

-9' = *r"P rro-n lot for p { l,

= ^r'*L ur'u lo, forpÞf' '

antl of couree ie a¡mlhilatedl bY J

These representatione we have eonstruetecl a,re non-r¡:ita,ry

becarrse J* íe not the heruitean a(Joirrt of J-, but they can be nade

r:nltalry by redeflning the scalar proctuet in H. To tlo this it !s

eufflcfent to speclff the ecalar proclucù between the basis stetes '
antl from the requirement that

r-lå)=[%'lll
ve find,

tlå: =ô
9"9,

,6nÍl

!{e see that ít has been neceBgarXr only to renoma^l12e the apherfcal

harmOnics. the b¿¡sfE states har¡e the necesÉtaly orthogonallty

prope¡bles çlth the fomer sce.lar procluet because the labelllng

operabors J3, and J2 = J3(,f3 + I) + 2 J_ J* are herr¡ltean. 11¡le ls
4,2

becawe - 
J^ = az-a1 + Zagag le hennitean.

aI+
Íle have noted that p rnr¡st tske non-negatlve senl-lnteger valueg

1n ortler that H be Ínvariant r¡ncler the ppnerators ' llosrer¡er lt le

posslble to a.l"l-ov p to be negatlrrc, Ðd we obtain tþen Lnhomogeneous

vz
baeis states Ínvo!.ving ;j , nøtf"U clo not belong to II but rÈrlch st1Il
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cr¡t off suitably' For p = - '0 the basís states un 
'L-^ 

ruhere

az
z = - . and. in thls ray we can cl¡oose p Bo as to trar¡sform pa,rttally

Ð,¡

or corqpletely to the space of polynonlals employed' by Zhelcbenko'

The cperators (f¡) satle{y the O(3) comr¡tation relatlons

becauee of the propeytles of rnodifled bosons aÊ O(3) vecüors' Ortlln-

a.rXr boeons aJso poêsesg thege propertlee, and. so if tÌ¡e are tn (15)

are aII ortllnaxxr bosons tbe cømrtatlon relatlons are stilL eatlsfied''

A satLsfaetory representatlon spg,ce eannot be construetedl rrlth thls

reallzatlon, but lf we Ptrb

J*="tù-",&
r- = rr å - ,s #. n'# (rz)

r- d' clTg=ztdzt-23ú-P

sultabl-e T¡asls statee ean be calculated. l'Ie ean transfer fron tbis

Epace to H sln¡rly by substltubfng for th.e z?e wfth noclifled' bosons

(r*¡en r becones zero) and ve regain (ff). ft¡e reallzatLon (fZ) fs 
,

Boeelble only if p is equal to the representation label" ml ' ar¡cl we

then obtefn the saoe nea.Llzatlon äescribedl lo chpt. vlI, exce¡rb for
r '22 2zg

the cllfferent uetr{c (note arso that T = 6;\ ' rt çoulcl seem

possible to generallze (17) to arbltrar¡r n as has been dlone for (t5),

but as ex¡llainecl 1n Chpt VII euch reallzeûlons are not entirely satls-

faetory. I{e ean generalJ.ze (ft) u'ithln O(:) as foLlot¡s:

- al dt -T-22-i*='rú-22ú-qT

J -z,2 d
dzy -23 ( rs)

J3 = ,r å - ".
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ff¡ig r€nll ?.grtLol hes been eÐoountâred' before in pol¡¡ eoorctlnete¡ t0¡

Hurst t 931 , with p = tav = - q. fn thie case hcffer¡er the Eplnor rep-

resentatlons do not appear becanse 2q nr¡st be an integer, tr.dthere-

fore u = p - q le an integer' Modlfliecl bosons can be substitutedt

fn (fB) to obtainwhat appears tobe a generallzatfon of (f5)' bub

1n faeb nothing ls l-oet by pubtlng q = 0 '

Ttresereeulteclonotclepenctontheformuehar¡etakenforthe

netric o; 1f we put o = I, the lctentlty' then we vouLcl har¡e

z = õ+iõ 
This fonnallsn also ineldtee nat'raIly the representa-

tLons of the flrl1 orühogonal group O(3), by entarglng the repreeentar

t1ør space to lncl-ucle axial tensol's. llt¡e stote of ht$oeet weLgLrt is

then vrltten
l¿r g+p-l

l;) = ar*'P-' ar2 lo' '

ancÌ the generators have a sfnllar form as (f:)'

Althoueþ su(2) is the coverlng group of so(s) rt 1e not obvious

hcfil Tg ctefined¡y (rh) ie a repreeentation of g e su(z)' In fact lre

can recover the 
'suaL 

erçreeslon for Tgr I E su(2) by subatltuülng

for a1 , dz, a3 nlth V.iÍ, 2' llhen ' =l;= /zftvhere cl' d2 are

ortllnary bosons. tJith the natrlx

u=d ål , lol2+ lol2=r'

vhicïr belongs to SU(2) ve lclentifV g e s0(3) dÞtennined by

glr = a2 , gzL = - /z qE t gr2 = /2aß. Then ttot (rl+) T' talces the

2mtg 0(z)=(o-62) ô
¿ßtäzrtTlo-Bz

t
u

.rrhic¡ ls the fa.mtltar elçression for nepresentaÊlone of SU(Z) ln ttre

space of polyncmla']s 0 of one varl'able z"
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