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Summary
Systems such as the M/G/1 queue are of great interest in queueing theory. Techniques
such as Neuts’s block matrix methodology have traditionally been used on the more
complicated generalisations of this type of queue. In this thesis I develop an alternative
method which uses martingale theory and some renewal theory to find solutions for a
class of M/G/1 type queues.

The theory, originally applied by Baccelli and Makowski to simple queueing
problems, derives its key result from Doob’s Optional Sampling Theorem. To make use
of this result some renewal theoretic arguments are necessary. This allows one to find
the probability generating function for the equilibrium distribution of customers in the
system.

Chapter 2 develops the renewal theoretic concepts necessary for the later parts
of the thesis. This involves using the key renewal theorem on a modified type of Markov
renewal process to obtain results pertaining to forward recurrence times.

Chapter 3 contains the martingale theory and the main results. The type of
processes that can be dealt with are described in detail. Briefly these consist of processes
where the busy period is broken into a series of phases. The transitions between phases
can be controlled in a number of ways as long as they obey certain rules. Some examples
are: phases ending when there are more than a certain number of customers in the
system or when the busy period has continued for a certain number of services. The
behaviour of the server can be different in each phase. For instance, the service-time
distribution or the service discipline may change between phases. The main result uses
Doob’s Optional Sampling Theorem and so we must establish a number of conditions on
the martingale used. We establish a simple criterion for these conditions to hold. Finally
in this chapter we examine the simplest case, the M/G/1 queue.

The following chapters contain a number of examples. Standard probabilistic
arguments are used to obtain the necessary conditions and results to use the theorems of
Chapter 3. The examples considered include cases with two, three, four and an infinite
number of phases. The theoretical results are supported by a number of simulations in
the latter case.

Finally we have some suggestions for possible future work and the conclusion.

ix



Chapter 1

Introduction

Aim

The aim of this thesis is to apply a martingale technique to queueing theory. Martingales

have been used successfully in financial modelling and elsewhere and there is a well
developed theory built around them.

One of probability’s great achievements is in its use in the study of queues and
so it is surprising that such a powerful area of probability such as martingale theory has
only been slowly taken up in queueing theory.

In order to redress this we have demonstrated how a technique suggested by
F. Baccelli and A.M. Makowski can be extended to solve some queueing problems of

interest,

The Technique

The amount published on the use of martingales in queueing theory, compared to the

total amount of literature on queueing theory, is minimal. Where martingales have
been used they tend to be deployed on a particular part of a larger problem and not
as a general technique for solving problems. Some examples where this is not true
are Rosenkrantz (1983), Kella and Witt (1992), Ferrandiz (1993), Baccelli (1986) and
Baccelli and Makowski (1985,1986,1989,1991). In these papers the approach is to solve a
problem or problems using martingales as the fundamental means. We are particularly

interested in the papers of Baccelli and Makowski.
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Baccelli and Makowski’s technique was first used, in the literature, to demon-
strate stability conditions (1985,1986) and later to provide probability generating func-
tions for the equilibrium number of customers in simple queueing systems, (1989,1991).
The only problem with these was that the systems investigated were the well-known
M/G/1 queue (1985,1989) and the single-server queue with Markov Modulated Poisson
Process input (1986,1991). This was criticised in Mathematical Reviews (92k:60202)

where the reviewer stated,;

A number of papers including this one (Baccelli and Makowski, 1991) have
appeared in recent years wherein martingale methods have been used to
derive reasonably well-known results derived initially by other, less abstract
methods. It is not clear to the reviewer that our understanding of the related

queueing systems has been advanced by these very technical papers.

The only other direct use of this technique, known to the author, is the master’s thesis
of Park (1990). This also examines a well-known system, the M* /G /1 queue.

This thesis addresses this criticism. We use the four papers of Baccelli and
Makowski as a basis for all of the theory herein. The idea is extended to cover a major
group of useful and interesting problems.

The technique involves using Doob’s Optional Stopping Theorem on the discrete-
time process, embedded at departure epochs. This theorem allows one to relate the
behaviour of the queue at arbitrary time points to the behaviour of a renewal process
embedded at specific epochs of the queue’s history. This is the most important part of
all of the theory to follow, a large part of the remainder merely being support for this
result. In Baccelli and Makowski’s papers the ends of the busy periods form the renewal
epochs of interest. In this extension other time points are allowed to have significance in
the queue, and these are then included in the relationship. This considerably complicates
the renewal process of interest and we require a new result because of this complication.

One final note to make about this technique is that it is underutilised in this
thesis. Baccelli and Makowski derive stability criterion and transient results for the
systems they investigate. I have chosen only to look at the equilibrium probability

generating function of the number of customers in the systems. The stability criterion
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is omitted because in the general case examined here the stability criterion depend on
the nature of the specific problem. The transient results are not provided in order to
keep this thesis as concise as possible, as the transient results for many of the problems

investigated are extremely complicated.

The problems

The class of systems to which this method is applicable is a generalisation of the M/G/1
queue. The single server is retained, as is the Poisson input, and what we call the server’s
behaviour is modified. The queue, during the course of a busy period, progresses through
a series of phases. In each phase the server’s behaviour may be different. For instance
the service-time distribution, the service discipline or even the probability of blocking
an arrival may vary between phases. (Note that our concept of a phase is different from
the phase-type distribution of Neuts (1989).)

The phases must obey certain rules in order that the theory may be applied. In
some cases, processes whose phase structure does not obey these rules may be remodelled
so that the new phase structure does obey the rules. Through remodelling such as this

a great number of problems are included in this class of queues.

Motivation

The M/G/1 queue and variants thereof form one of the largest fields of study in queueing
theory. Many computing, communication and manufacturing systems can be modelled
by M/G/1 models. There are too many articles on this subject to go into all of them
here. The following brief list indicates some of the very recent papers in this area:
Borst et al (1993), Ferrandiz (1993), Takine et al (1993), Schormans et al (1993) and
Yashkov (1993). A good initial starting point for investigating all single-server queues is
Cohen (1969).

Many interesting systems fit into the class of systems investigated. Later in this
thesis a number of simple examples are presented. These, while still perhaps too simple
to be used directly, point quite clearly to some of the types of problems that can be
solved. An example is a system with state dependent arrival and service processes as

1

described in Courtois and Georges (1971). Numerous papers which deal with problems
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of this nature could be listed. A small sample of recent papers in this vein:

J. Dshalalow (1989),

W. Gong, A. Yan and C.G. Cassandras (1992),

0.C. Ibe and K.S. Trivedi (1990),

M. Kijima and N. Makimoto (1992a,b),

R.O. LaMaire (1992),

J.A. Morrison (1990),

J.A. Schormans and J.M. Pitts and E.M. Scharf (1993),

T. Takine, H. Takagi and T. Hesegawa (1993)

and H. Takagi (1992).
Furthermore there is an entire theory developed around precisely such problems. This
is the block-matrix methodology of Neuts et al described in Neuts (1989). Given that
this theory exists why have I presented an alternative? For a start many problems
easily soluble by the martingale technique may be solvable in the Neutsian scheme, but
not easily, and vice versa. Furthermore the martingale technique can provide elegant
analytical results and in addition it can in some situations provide, as a byproduct,
results in addition to those initially desired.

Further motivation is given by the examples presented in this thesis.

Outline

This thesis consists of two major parts. The general theory is covered in the following
two chapters. Chapter 2 covers renewal theory. Because of the complex nature of the
renewal processes which I use in this theory they need to be described in detail. Also
a renewal result is given which to the author’s knowledge is not to be found in the
literature.

Chapter 3 gives the technical definition of the type of processes investigated and
how these processes are modelled. The martingale (and related probabilistic elements)
that are used are given, as is a set of stopping times which are crucial to the results.
It is vital that these stopping times be regular with respect to the martingale and in
condition (*) (page 40) a condition for this is provided.

The martingale and stopping times are then used in Doob’s Optional Stop-
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ping Theorem to provide a set of results which when used in conjunction with those
of Chapter 2 provide the probability generating function of interest. The penultimate
section of Chapter 3 deals with all of the possible generalisations of the basic model to
which this technique can be applied, along with some of the potential pitfalls. Finally
the technique is applied to the simple M/G/1 queue.

The second major part of this thesis consists of a number of examples. Chapter 4
contains the first set of examples, and for this reason is the most detailed. These are
all two-phase examples, that is, M/G/1 queues where the busy period can be broken
into two parts, with different server behaviour in each. We describe this by saying that
the first phase ends when some threshold is crossed. Three major types of threshold
are considered. The first is when there are more than a certain number of customers in
the system, the second when a geometrically-distributed number of customers have been
served in the busy period and the third when a fixed number of customers have been
served in the busy period.

The individual solutions for each of these cases requires a reasonable amount
of work, using standard probabilistic techniques, before a result can be obtained. This
involves showing that condition (x) is satisfied and investigating the behaviour of the
queue at the thresholds. Remarkably, all three solutions are in the same form. The
form of the probability generating function for the number of customers in the systems
is closely related to the form of that of the M/G/1 queue with a correction term that
depends on the difference in behaviour in the two phases. A number of subsidiary results
such as the equilibrium probability of each phase are calculated using Little’s law.

Chapter 5 extends one of the examples of Chapter 4 to the case with three phases
by including a second threshold. This chapter also introduces a new type of threshold.

Chapter 6 describes and solves a four phase model which can be used to model a
M/G/1 queue which can break down. While this is an unsophisticated breakdown /repair
model it demonstrates how a more sophisticated model could be formed.

Finally, the example in Chapter 7 considers what happens in a case with an
infinite number of phases. This can happen if two service regimes may alternate an
infinite number of times during the busy period. It is difficult in this case to prove

condition (*) and so a number of numerical examples are provided to support the result.
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This type of model is then used to investigate the M/G/1 queue with a finite waiting
room.

The major part of the text is followed by Chapter 8, the conclusion, which
discusses further work that could be conducted in this field and block-matrix methods
and how they could be applied to some of the problems herein.

A number of appendices are included in this thesis. These cover some of the
basic theory used in queueing theory and martingale analysis. A great deal of this will be
known to the experienced reader but we include it for two reasons. Firstly it is desirable
for this thesis to be as self contained as possible. To this end the major results which we
call upon are included. Secondly, some of the results appear in several different forms in
the literature. For instance, while the major reference on martingales is Neveu (1975)
and we draw Doob’s Optional Stopping Theorem from this reference, Neveu does not
refer to this theorem as Doob’s Optional Stopping Theorem. This name appears in

relation to this theorem or related theorems in several places such as Williams (1991).



Chapter 2

Renewal Theory

2.1 Introduction

In this chapter we consider renewal processes. The results of this chapter provide the
probability generating function for the forward recurrence times of a type of renewal
process. By itself the result is of moderate interest. The results herein are more a means
to an end than an end unto themselves. However it is important that the nature of the
renewal process be understood before the more interesting parts of this thesis commence.

This chapter begins with a brief description of renewal processes, building up to
Markov renewal processes. This basic work on renewal processes and Markov renewal
processes is well known. Several references such as Wolff (1989), Cox (1962) and Pyke
(1961a,b) cover this. We have included it in order to build up to the type of process of
interest. Definitions such as that of forward renewal times are much easier in the simple
renewal process. The concept is then extended to more complex systems. Further the
arguments used to prove results may be clearer in the simple case. Thus it is to be hoped
that when extended the arguments remain clear.

Two points to note are that we shall be concerned with non-delayed processes
and also that we are interested in lattice processes. The reasons for this will become
evident when the results are put to use.

Once the survey of Markov renewal processes is done we look at what we call
generalised Markov renewal processes. By this we do not mean the same thing as Pyke.

We mean a Markov renewal process in which not all of the states are renewal states.

7
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This concept is explained in Section 2.3.2. This describes a process more general than
that needed for our results. Part of the reason for this is simply to provide a framework
for the case of interest. However the main reason is that it is to be hoped that the
results might be extended to the whole class of generalised Markov renewal processes.
This would enable simplification of the technique for examining some processes.

The important part of this chapter is that which describes the multi-phase
Markov renewal process. This is the motivating case and the process for which ori-
ginal results are produced. This can be thought of as a process in which the times
between renewals have been broken into a number of phases. The times spent in each of
the phases are not independent. Thus the recourse to the generalised Markov renewal
process. Each phase is considered to be a separate state in the Markov renewal process
with only one of the states being a renewal state. Entries to the renewal state correspond
to the renewals of the simple renewal process.

The two major results both connect the forward recurrence times of this process
to the sojourn times of the process, one of the results through the probability density
functions (Theorem 2.4) and the other through the probability generating functions
(Theorem 2.5). It is the second which is of major interest.

The final part of this chapter considers what happens if the number of phases

becomes infinite in such a process.
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2.2 Simple renewal theory

A simple renewal process is a process
Ny = ZI(Tn St),
n=1

where T,, = ¥, X; and the sequence (X,) of non-negative, independent, identically
distributed random variables have probability density function F(-). The times T}, are
the times of the renewals and N; counts the number of renewals to have occurred by
time ¢. Note that

TN, <t <Tny41,

so that T}, is the epoch of the last renewal before ¢ while T}, ;1 is the epoch of the next
renewal after . Also Ny, = n. The renewal process is said to be delayed if X, has a
different probability distribution function Fj(-) from F(-). We shall consider here only
non-delayed renewal processes but note that the limiting results can all be extended to
delayed processes. We take m = E [X,,]. The forward and backward recurrence times are
defined by

y=Tn1—t and x;=t—Ty,,

respectively. They are the time until the next renewal and the time from the last renewal
respectively.

We shall be concerned with the lattice or arithmetic case where all of the events
in the process occur on a set of lattice points. This occurs if F'(z) is a step function with
the steps on the lattice points kd, k € Z . If d is the largest such number then d is the
span of the system. We let d = 1 by taking a change in time and then we can define the
function f(n) = p{X; = n} for all i. We assume only one renewal can occur at a time

so that f(0) = 0. We define the renewal function
H(n) = E[N,].

Because we want a non-delayed renewal process we assume a dummy renewal that is not
included in N, occurs at time zero. We define h(n) = p{a renewal occurs at time n} for

n € Z1 and thus
0, ni= 0,

h(n) =
o H(n)—H(n—-1), n>0,
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so that .

H(n) = 2; h(3).
A number of limit theorems are associated with renewal theory. They can all be derived
from the Key Renewal Theorem. This theorem can be found in many places in several

forms. This version is the lattice version of Serfozo (1990). Once the renewal function

is defined the Key Renewal Theorem for the lattice case is as follows.

Theorem 2.2 (Key Renewal Theorem) If F is lattice with span d then

nh_)nolo Hxg(x+nd)=m™Y g(z+kd),
k=1

provided the sum is finite. In this H % g is the convolution of H and g and m™! is taken

to be zero for m = co.

A renewal equation is an equation involving the renewal function. Such equa-
tions arise often in this context due to the regenerative nature of the process. For instance

we can write a renewal equation for h(n),

ho) = £0) + 52 b =50 2.1

This equation arises from the two possible ways in which a renewal can occur at time n.
The first renewal subsequent to time zero could occur at time n with probability f(n).
Secondly the first renewal could occur at time [ < n which happens with probability f(1).
If this is the case we consider the process to have started again at this time and there
will be a renewal at time n with probability h(n — ). Summing over these possibilities
gives the result.

The Key Renewal Theorem can be applied to this renewal equation as follows.
The first term in this sum tends to zero as n tends to infinity and the second sum is the

convolution H * f(k) so that as n tends to infinity

hn) - mtY ()

= m

10
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Theorem 2.3 Given the above definitions the renewal equation for the forward recur-
rence times in the renewal process s
n—1
pa(r) = fr+n)+ > hn—=0f(r+1). (2.2)
=1

where pn(r) = p{p. = r}. Assuming aperiodicity, as n tends to oo
pa(r) — Z fr+1). (2.3)

Proof: We get the renewal equation for p,(r) in exactly the same way as in (2.1). The
forward renewal time from time n can be equal to r in one of two ways. Firstly the
first renewal can occur at time n 4+ r. Secondly if a renewal occurs before this time at
time n — ! (probability h(n — 1)) it can be followed r + [ later by a second renewal with
probability f(r + ). Summing gives (2.2). From the key renewal theorem we get the
limit as n tends to infinity of p,(r) to be

:iifr—i—l

L

11
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2.3 Basic Markov renewal theory

The concept of renewal theory as outlined above is not sufficient for our purposes here.
We need the more advanced concepts of Markov renewal theory. This is because the
renewal process we shall investigate will have a number of stages through which it pro-
gresses. It is natural to call these states and define a process on them as below. We shall
need to progress to a more general description again before we are ready to produce the
results necessary for the later theory.

Although the definitions are quite general the motivation comes from a simple
set of examples. The generality is preserved because it is to be hoped that in the future
more difficult problems might be tackled using these concepts.

We must first define what we mean by a Markov renewal process (MRP). If we
take a Markov chain on the countable set of states &, which we shall label 1,2,3,...,
with the probability transition matrix P = (p;;), and we take the set of probability
distribution functions F;;(t) defined for p;; > 0 (and arbitrary for p;; = 0) then we can
describe a Markov renewal process as follows. It is a process in which a certain time
is spent in each state before the transition to another state. The choice of transitions
between states is governed by the matrix P and the time spent in state ¢, conditional on
a transition from this state to state j, is determined by probability distribution function

F;;. Formally we may consider the two dimensional process {(Jn, X,,) : n > 0} where

J, = the state after n transitions,

X, = the time spent in state J,_; before the transition to J,,

such that if the filtration G, = 0((Jm,Xm) : 0 < m < n), (see page 148) and the vector
of initial probabilities is a = {a;}
P{Jg S 2} = a,,
P{Jn+1 = zlgn} = P{Jn+1 = zlJn}

= DPJ.i

P{Xn+1.<_m|Jn:i)Jn+1:j} = Fij(m)’

12
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where F;;(x) is a probability distribution function such that
F;;(z) =0, Ve <0.

The reason for this being called a renewal process is simply that the future of the queue
at a transition epoch, is independent of the history of the process, except through the
current state. Thus at transitions the process renews itself. An alternative name is a
regenerative process.

Pyke (1961a) approaches the definition of these processes in a slightly different
manner. It can be shown that the two definitions are equivalent by considering the
matrix valued function Q : R — RN xRY. Q = (Q;;) which is called a matriz of

transition distributions if the @);; are non-decreasing functions satisfying
Q,;j(:l:) = 0, T S 0

N

and H;(z) = ) _Q:j(z) is a probability distribution function for 1 < j < N. This agrees
J=1

with our definition if we take

Qij(z) = pi;Fij(e),
or alternatively,
pi; = lim Qy(x),

pi_leij(m)’ pij > 0,

arbitrary, Py =

i(T) =
In Pyke’s notation

P{Jny1 =k, Xpp1 <2(Go} = Qy, 1(z), as.

forall z € R and 1 < k < N. Pyke defines the process in terms of Q(-). For our
purposes it is more natural to consider P and F(-) due to the simplicity of the matrix
P in the process we shall investigate.
The things that are normally investigated in Markov renewal theory are the
counting processes defined by
N(t) = sup{n >0|T, <t}, (2.4)

N(2)
N;(t) = X_:II(Jn:j), (2.5)

13



Chapter 2: Renewal Theory

where Ty = 0 and 7;, = 3.7, X;. Note that the counting functions N,(t) do not record
the value of Jy. The process N(t) = (N1(t), Na(t),...) will be referred to as the Markov
renewal process determined by (S,a,P,F). Where no ambiguity exists we shall refer

simply to this as the MRP. We can also define a process (Z;) by
Zy = JIng-

This gives the state of the MRP at time ¢.

Just as in the theory of Markov chains the states of a MRP may be classified as to
whether they communicate, are (positive or null) recurrent or transient. For classification
we use the following, defined for all 4,5 € S,

Gut) { p{N; () > 0|Zo = i}, ?f t>0,
0, ift <0.

Also we define y;; the mean time between transitions to state ¢
Pii = / t dG(t).
0
The following classifications are used.

Definition 2.1 The following definitions are used herein.

(a) States i and j communicate iff G;;(c0)Gi(c0) >0, ori =7j.

(b) The disjoint classes of communicating states are denoted by {C;}.

(c) A MRP is said to be trreducible iff there is only one class.

(d) A state i is said to be recurrent iff G;;(00) = 1, and is said to be transient
otherwise.

(e) A state is said to be null recurrent iff it is recurrent and p; = oo while it is said
to be positive recurrent iff it is recurrent and p; < 00.

(f) If all of the states i € S have one of the preceding properties then we say that the
MRP has this property.

Theorem 5.1 of Pyke (1961a) means that the irreducibility and recurrence of the pro-
cess can be based on the corresponding properties of the Markov chain defined by the

transition matrix P. We also define a renewal function for the Markov renewal process

by M(t) = (M;;(t)) where M;;(t) is
M;;(t) = E[N;(t)|Zo = 1].

14
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Note that we can still use a version of the Key Renewal Theorem. However we shall
not be directly interested in N(t) and M(t), we shall be more interested in forward
recurrence times, the previous theory being necessary for definitions and background.

The epoch of the next recurrence of state j after time ¢ is given by
7 (t) = inf{s > t| N;(s) > N;(t)}.
From this we define the forward recurrence times for state j by

_ 0, ift =5, and J,, = j for some n,
pE) =9 o , ,
/ I(Z, = i)ds, otherwise.

t

These are the total times spent in states ¢ € S before the next recurrence of state j.

2.3.1 Delayed Markov renewal processes

Delayed Markov renewal processes are called generalised Markov renewal processes by
Pyke but we shall reserve this terminology for a later stage. These are processes with
a different set of probability distribution functions describing the time spent in the
initial state. Thus we get a new process which we call the delayed MRP determined by
(8,a,P,F,F)

P{JO = 2} = a,,
P{Jn+1 == 7’|Jn} = DPJ.;is
P{Xi <allo=i,Ji=j} = Fy(a),
P{Xpi1 <z|Jp=1,Jny1 =3} = Fjz), forn>1.
Note that if we take a; = ;' where 7; is the mean time spent in state ¢ and
- ¢
Fiy(t) = o [ 11— Fyldy,

we get a stationary process. (Pyke, page 1256). For the remainder of this thesis we shall
be considering non-delayed renewal processes. It is important to note that our reason for
doing this stems from our choice, in later chapters, of initial conditions for the queueing
systems considered. An alternative choice might well result in a delayed renewal process

but this will have no effect on the limiting behaviour of the systems.

15
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2.3.2 Generalised Markov renewal processes

We now consider a process such as the one above with the modification that the epochs
of entry to some states do not constitute renewals. We call this a generalised Markov
renewal process (GMRP). If the state space of the process is S and the non-renewal
states are $* C S then it is clear that we can no longer simply define @, for ¢ € S*
because

P{Jn+1 :j)Xn—i—l < mlgn} # P{Jn+1 = j)Xn—I—l < w|Jn}a

for J, € §*. There are a number of ways of approaching this. The approach taken by
Nakagawa and Osaki (1976) follows from Pyke’s definition of a MRP and is to define the
functions

Efl’kz’"’k’”)(m) = P{after entering 1 € S\S* the process next makes transitions through
states k1, ko, ...,k € 8* and finally enters state j € S,

in a total amount of time < z},

We shall instead preserve the transition matrix P and define the functions

kit yeeoskom,
Fi(jl )(xo,ml, corZm) = P{Xo <20, Xpi1<z1,..., Xnim < Ty

|Jn . i) Jn+1 . kl) FiE- |5 J’ﬂ+m . km’ Jn+m+1 = ]}’

for 4,7 € S\S* and ky, .., kn, € S*. We call the (zg,1,...,2,) state sojourn lifetimes
conditional on the states (i, ky, ..., kmn, J). Fgcl’“"km) is then the joint probability distri-
bution function of the times spent in each state prior to a renewal, given the initial state
i, the other states prior to the renewal (ky,...,k,,) and final state j.

We can arrive at the notation of Nakagawa and Osaki (1976) by simply consid-

ering
(k1k2 o bm) ¢\ (k1 oo sfr)
Qij mem (.’B) = Pik1 Pkiky * * * Phpnj n_n Fij B (170, L1y 7wm)dw0 diE]_ e dwm
NI

This definition limits the dependence upon the history of the process (beyond
dependence on the current state) to the times spent in states and not the actual states.
Thus the process describing the series of state transitions is still a Markov chain.

In such a process Definition 2.1 still holds. In order to establish the relationship
between the MRP and the Markov chain that describes the transition states we shall use

16
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Theorem 5.1 of Pyke. We do this by forming a Markov renewal process from the renewal
states S\S*. When the non-renewal states and corresponding transitions are ignored we

have a standard Markov renewal process and thus we can apply the theorem.

2.3.3 Discrete time

In most analyses of renewal processes it is assumed that the distribution functions are
non-lattice. We shall be using renewal theory to examine the behaviour of a discrete-
time process embedded in the queueing processes of interest. For this reason we shall
only consider lattice Markov renewal processes. If all of the functions Fj; or alternately
F,-(jkl""’k'") are lattice with integer spans we call the greatest common denominator of these
spans the span of the process. Herein we assume that the span is 1, which precludes

periodicity. We can then introduce the joint probability function

(Kt rrbim)

1] (’I:[),’L-l,...,'l:m) = P{Xn:'L.O,Xn+1:’i1,...,Xn+m:7:m|

Jn = 1:7 Jn-|~1 = kl, *neat] 3 Jn+m = k’n’n Jn+m+1 - .7} (26)

The process Z; = Jn(y) is replaced by Z, = Jy(n), the state of the process at time n.

17
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2.4 Multi-phase Markov renewal process

The case now described is the simplest non-trivial case of the generalised Markov renewal
process. It is called a Markov renewal process of type I in Nakagawa and Osaki (1976).
It is simply the case in which there are N states labelled 1,..., N with only state 1 a
renewal state and the states visited in sequential order. Thus the probability transition

matrix P is given by

010 ...00
001 ...00
P = ?
000..01
| 100 ...00]
Ignoring non-renewal states 2,..., N there is only a single state and hence the Markov

chain on this is obviously recurrent, so from Theorem 5.1 of Pyke the MRP must be
recurrent. Thus the multi-phase Markov renewal process must be recurrent. Furthermore
as all of the states communicate the process is irreducible.

We refer to this as a multi-phase Markov renewal process. The name refers to
the fact that the epochs of transitions to state 1 form a simple renewal process which is
then broken into phases, as we are interested in some of the internal behaviour of this
process. Each of the phases is simply a state in the GMRP. Because of the simplicity of
this case, much of the previous notation may be substantially abbreviated. Further this
allows us to use the Key Renewal Theorem in its simple form later in this chapter.

Note that the results of this section seem to be novel.

2.4.1 Definitions

We define Tij to be the epoch of the ith departure from state j and take 70 = TN | As
we consider the lattice case T/ € Z*. We call the interval [TN |, TN} the mth cycle.
The state sojourn times of the mth cycle are the times v/, = T/ — T~ the times spent
in each state during that cycle. We assume that the process is not delayed and the
vector of initial probabilities is a = e; = (1,0,...,0). By this we mean that the process

starts with a transition to state 1 (and a corresponding renewal). So Td' = 0 and the

18



Chapter 2: Renewal Theory

Figure 2.1: The Markov renewal process. O denotes a renewal point while () denotes

a non-renewal point

probability function for the initial transition times is the same as that for all of the other

transition times. In terms of the notation of Section 2.3 we have

Xm-nynyg = T3 =TI
J(m—l).N—f—j = ]

Due to the nature of renewal processes the joint distributions of /},,...,vN are

identical for all m. Thus we may drop the subscript and refer to the state sojourn times

v’. We may from this define the joint probability function f(i,4s,... ,in) of the state

sojourn times v!,...,v" by
f(’l:l,’iz,...,’l:N) = p{lll = ’il,l/z = 1:2,...,I/N = ’I,N}
= p{Xnm-141 =L XN m-t+2 = 2, -, XN.(m-1)4N = IN T,
2...N N . .
. fl(l )(1’177’21"')7'N)7

with f3™ as is defined by (2.6). We take p = E [1/1 +- 4 VN] and require that
vt +...+vN > 1 with probability one. The multi-phase MRP is positive recurrent when
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p < oo and null recurrent otherwise. This can again be seen by considering the renewal
process formed by transitions to state 1.

The times of interest are the times spent in each state before the recurrence of
state 1, the forward recurrence times p!. Mathematically these are as follows. Define

the N + 2 sequences of random variables (7;(n)), and (7(n)) for n € Z* as follows

inf{fk >n|k=TY, me IN}, if the set is non-empty,

00, otherwise,

sup{n < k < 7(n)|k =T,
7i(n) =

n, otherwise.

m € IN}, if the set is non-empty,

(Note the difference between 7; and 77/. The former is defined immediately above while
the latter is the epoch of the next recurrence of state j.) In this context we are only
interested in the recurrence of state 1 and so we drop the superscript and refer to the
following lemma. By the forward recurrence times we mean the forward recurrence times

for state 1 and we label these times by u;(n).

Lemma 2.3.1 (Forward recurrence times) For the multi-phase MRP the following

holds.
0, n=TN for somem € IN,

pi(n) =
7;(n) — 7;_1(n), otherwise,
Vie{l,...,N} andn € IN.
Proof: We defined the forward recurrence times for state j by
0, if n =T, and J,,, = j for some m € IN,

pi(n) = q o
> I(Z,=1i), otherwise,
k=n

where, as before, Z;, is the state of the process at time &k and
7 (t) = inf{s > t| N;(s) > N;(t)}.

Now for a multi-phase MRP the definitions of 7!(n) and 7(n) are equivalent. Thus

0, if n =T, and J,, = 1 for some m € IV,
1
pi(n) =4
> I(Zy =1), otherwise.
k=n
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As T, is the time of the mth transition and J,, is the state to which the mth transition
is made we can see that n = T,,, and J,, = 1 for some m € IN is equivalent to n = TV

for some m € IN. Also for a multi-phase MRP

17 if i— < k< 3 )
1(Z =) = if ;_1(n) 7:(n)

0, otherwise,

so that (dropping the superscript) we get

(n) 0, if n =TY for some m € IN,
Hi\n) =
7:(n) — 7,_1(n), otherwise.

O

Assuming that at time n, one is in the mth cycle and the current state is Z,, > 1, the

forward recurrence times are as follows for 1 <j < N,

0, Jj <k,
pi(n) = § Ti —n, ji=k, (2.7)
T —Ti71 >k
If the state at time n, Z, = 1, then there are two possibilities. The first is simply that

a renewal occurs at time n in which case y;(n) = 0 for all 1 < 7 < N. If this is not the

case then we get

Tl_ﬂ‘) .7:11

pi(n) = o ‘ (2.8)
T3 -Tit,  §>1L

Within the following sections we use the notation

Definition 2.2 Forl=1,...,N

D IRED o

[=0 11+1=0 i

r=X>- 3,

2

with the empty set in the latter, for | = 1, being interpreted as zero.

This is used to simplify notation in later parts of this chapter.
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We can define the joint probability functions

qn('rh'rZ) "7TN) = P{Hz(n) = Ti, (]- < 1 < N)}a (29)

p;(n,nﬂ, ceny T'N) = p{Zn—l = l, M,(n) =Ty, (l S ') S N)}, (210)

fl(ilail—}—l)"')iN) = Zf('il)i%"')iN)) (2]-]-)
Q1

g:—;(ilail-f—l)"')iN) - E Z f(ily"y'il—lyil+jail+1)"'>1:N)) (212)

5=1 ity =n—j

f@&) = > fliayis.in) (2.13)

i1+ tin=i
Note that g, (é,41,...,%n) is the probability that the first [ transitions in the process
take total time n + ;, the lth transition takes time > #; and transitions [ 4+ 1 to IV take
times 4,1 to iy respectively and p!,(r;, 7141, ...,7n) is the probability that at time n the

the last prior transition was to state [ and the the forward recurrence times py, ..., uyx

are ry,...,ry respectively. Also from the theorem of total probability we get for n > 1
N
qn(Tl,'I‘g,..,'I‘N) = prlﬁ("'l,'rl-i—l)--arN)- (214)
1=1

We can define the following probability generating functions

N .
F*(zy,29,...,25) = Z(Hwt) ft1,22, . 0n),

Ml \k=1
N .
Fl*(mz,.’ltl+1,...,.’171v) = E(HCL‘Z‘) fl('l:l,il+1,..,iN),
M \k=l
= F*(l,...,l,ibl,...,l'N),

when these converge. We take h(n) to be the probability of a renewal (subsequent to

time 0) at time n. Thus

h(n) = le{sz:n}.
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2.4.2 Results

Theorem 2.4 Given the above definitions the renewal equation is

n—1
phiry,...,rn) = gu(r,...,rn) + D h(n—K)gh(m,...,7n). (2.15)
k=1
Assuming aperiodicity, forl =1,...,N, and p < 00 asn = o0 we get
1
h(n) — -, (2.16)
P
1 0
p;(?"l,... ;Z 'I'l+k,...,'l"N). (217)

Proof: To obtain (2.16) we consider the simple renewal process formed by transitions
to state 1. This has probability density function given by f(-) defined in (2.13). This
will behave as in the simple renewal process of Section 2.2. Thus we get (2.16).

In order to obtain the renewal equation we follow the procedure of Theorem 2.3

and sum over all of the possibilities to get

n—1

ph(r,...,rn) = ghlr,...,rN) + > h(n- k)gh(ri,...,TN).
k=1

The lattice version of the Key Renewal Theorem gives

1 o0
Pr,...,rv) = =Y gi(m,...,7n).
P =1
Now
e8] oo k
ZQL(TL,---,T'N) = ZZ Z f(il)"')il—ly'rl+j,'rl+]_,...,T'N)
k=1 k=1j=1ld1+A4_1=k—j
[a o] [o 0]
= ZE Z f(ila"-,il—h'rl+j,Tl+1,...,TN)
J=lk=ji1+-+4_1=k—7j
[s o] o0
= 3.2, fle, . ,m+ 4,741, TN)
J=1k=0414+i_1=k
[o ¢}
= Zz.f(ilr--ail—l)'rl+j,7'l+1,...,T'N)
7=1 Q1
o0
= Y 44, ...,N)
7j=1
and so
1 Il = 1
p(r,...,rn) = ;Zf(rz+k,7‘z+1,...,rN)_ 0
k=1
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Remark: Intuitively this can be explained in the following manner. We consider the
process after a long time. We then consider all of the ways in which a set of for-
ward recurrence times can occur. In order to have the forward renewal times 7y, ..., 7y,
given the last transition prior to time n was to state [, we must have the sojourn times
{41 = T"41,.-.,tn = ry. The the only restriction on ¢; is that ¢ > r; + 1 and there will
be no restrictions on i3 to %_1. The probability of any particular set of sojourn times
i1,...,in will be f(¢1,...,i5). As we consider the long time limit, the probability of
a renewal at any particular time point is a constant 1/p. Thus the probability of a
set of sojourn times occurring in the context of our forward recurrence times will be
%f(il, .o.,in) when 4 > rm+ 1 and 441 = r41,...,iy = ry and zero otherwise. When
we sum over all of these probabilities we get the result. This alternative explanation is

more intuitive but lacks the rigour of the proof.

As we can now see that the limits exist we define

g(ri,ro,...,TN) = Jim q"(r1,...,7n), (2.18)
pry,...,ry) = Jim pL(r,. .. rN). (2.19)

The corresponding probability generating functions are

N
Q*(ml,xg, P ,:L‘N) = Z <H :sz> q('f'1,7'2,. - ,T'N),

o \k=1
N
P,*(wl, Ti41y--- ,:L'N) = Z (H (I:Z") pl('l'l,T'l_H,. .. ,T'N),
Al \k=l
and from (2.14) we get
N
Q*(z1,%2,...,zn) = > Pz, T4y, TN). (2.20)

=1

Theorem 2.5 Given the above definitions, VN > 1 and z1,x9,...,zy € [0,1),

1 i (@, on) = (@, 2n)

Q(-’Bl,iIZz,...,(UN) - pl ].—(L'l

(2.21)

Furthermore, tf Q* converges for some xy,xs,..., Ty not necessarily all in the interval

[0,1), then it converges to the right-hand side of equation 2.21.

Proof: From Theorem 2.4 and Definitions 2.19 and 2.11 we can see that

. . 1 . . Zil S
pl("’hzl—i—l,")zN) = ; {fl+1(7’l+17"')1'N) - fl(m71’1+1)"77'N)} . (222)
m=0
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Consider first the case with z1,...,zx € [0,1). Multiplying (2.22) by (Hszl w;:) and
summing over ¢ for k = [, ..., N we get the generating function P* on the left-hand side

and on the right-hand side we get the following

.Pl*(xl’a:H'l"”’:BN) = p{z (Hm )fl-l- 7'1—1—17 . 1:N)

k=l m=0

-Z (Hw ) i f‘(m,iz+1,..,z'N)}
= %{Z ( 11 wl") iﬂ?f'le(ilJrl,---,iN)

&1 \k=l+1 3=0

-3 (ﬁ ) >4 Zf m, i, ,zN)}

A+l \ k=111 4=0  m=0

- 2 (L) i (£
Ml+1 \k=I+1 ;=0
N . oo 00 )
- ( I1 -"’l") > fimyiyg, - in) (Z m?')}

M+1 \ k=141 m=0 ii=m

N
- % {o;l (k:lllm;“k> F e, i) (1 —1wl>
=D ( ﬁ wk) Zf m“ﬂv”“(l—wz)}

M1 \k=i+1 m=0
1 1 .
= e > H zt | 7 (o, in)

PL—Tt | ai+1 \k=i+1

—%3 (ﬁk> £ (i, ..,z'N)} ,

that is,

1 {'Fl)'—‘kl(mlﬁ—l)-'-)mN) —'Fl*(wl’-":mN)}

p e (2.23)

B (1, Tiy1,monyTN)
If @ converges for some set of x; > 1 then P must also converge for this set. Note that
if ¢; < 1 the proof of (2.23) remains unchanged. However if z; > 1 we must modify this
proof as follows.

Pz, @41, ..., TN) = 1 {Z (ﬁm") i £ zz+m,...,z'N)}

1 m=1

k= =
— { ( z ) ii 'fl zl+m ZN)}
al+1 =I+1 4=0m=1
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{ (kH xi") i ™ i i G 4 m, . ,z'N)}

14+1 m=1 =0

W= =

2
Z+ (kH a:i”) i ™ [i i fHa, ... i)

1+1 m=1 4=0

E lf .. ,Z'N)]}

71=0
1 N ) oo ) o
- 2 (1) S o
P a1 \k=t11 =0 m=1
N . 0 m—1
- Z ( H :Bi") Z ™ Zm;lfl(il""’ilv)}
M1 \ k=141 m=1 =0
) I{Z(ﬁwi“> i)
P o s k 3 ’Nl—mll
N E
Z ( ]:[ m'lk) z Z 3’ fl zl)"‘:iN)}
w41l \k=l+1 ii=0m=1i+1
l
— l
s (fe) oo
N . oo
-y ( II x) S fliyyin) 30 o m}
M1 \k=l+1 =0 m—i; +1
_ i o
— Z(ET ) 3;, ZN)]_—:L‘l_I'

oo o0
Z fl ’l,l,...,Z'N) Z :L'lvm
Qf-}l 41=0 m=1

_I_
1 N ”) . '
= x (TR
pl—wz‘l{%(ﬂf )Tt
N .
-2 Ty fl+1(i1+1,---,iN)}
M1 \k=lt1
_ 1 Froa(Tg, ..., 2n) — i (a, ..., zN)
P 1—.’1,'1 y

which again gives us (2.23). The case when z; = 1 can be seen to give

.Pl*($1,$1+1,...,:17N) S l{z ( H :l)ik) iifl ’l,l-i-k 'I,N)}

P ait1 \k=i+1 =0 k=1
1 N : oo (&)

= = Z H Ty Z Z c 5 EN)
P air1 \k=it+1 i1=0 k=i, 4
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1 N\ oo ket .
_{Z (H mk")ZZfl(’%---ﬂN)}
P | at+1 \k=i+1 k=14;=0

1 N . o5

- H oy Zkfl(k,...,iN)

P a1 \k=t41 k=1

dF;

Ea:—l(wl, cery mN) . 3

as we would expect from L’Hépitals rule. From (2.23) and (2.20) we get (2.21), that is

Q*((Bl,wz,. o ,:L'N) =

which is the desired result.

1 i Fra(mgy, - on) — B (2., 2w)
Pi=1 I =

y
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2.5 Multi-phase Markov renewal process with an in-
finite number of phases.

We consider here the case when N = co. These occur naturally in some circumstances.

In Figure 2.2 we present a GMRP that represents a situation we shall see in Chapter 7.

1 < 3

Figure 2.2: GMRP type II. O denotes a renewal point while (O denotes a non-renewal

point

This has two renewal states. Starting from state 1 we can return directly to state
1 or have a transition to state 2. From here the process may undertake any number of
transitions between states 2 and 3 before returning through state 3 to state 1. We shall
call this the GMRP type II.

We obtain a multi-phase MRP from this as follows. We start in state 1. If we
return immediately to state 1 we consider the multi-phase process to have traversed all
of the other states in zero time. If from state 1 we go to state 2 we proceed as follows.
We consider each subsequent entry into states two and three, before returning to state
1, to be a new state. In this case we may alternate an infinite number of times between

states 2 and 3, before the end of the busy period so there are an infinite number of
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states. The two phases alternate an infinite number of times with probability zero (as a
transition from 3 to 1 occurs with positive probability and so the process’s recurrence is
not adversely effected by this. When the transition to state 1 finally occurs we consider
the process to again traverse all of the unvisited states in zero time before returning to
state 1.

Thus we get the multi-phase MRP of Figure 2.3 with the states defined as follows.
States 2n+ 2 in the multi-phase MRP corresponds to the nth entry (before returning to
state 1) to state 2 of the GMRP type II while states 2n + 3 correspond to the nth entry
to state 3 in the GMRP type Il and state 1 corresponds to state 1. Upon return to state
one we begin this transition through states 2,3, ..., again. Note also that the positive
recurrence (or null recurrence) of state 1 (and hence the other states) in the multi-phase
MRP will be related directly to the positive recurrence (or null recurrence) of state 1 in
the GMRP type II.

Also we note that the odd numbered states would still appear to be renewal
states in this process. They are not, but only because when we finally have a transition
from state 3 to state 1 in the GMRP type Il in the equivalent multi-phase MRP we get a
transition through all of the remaining states in the process. This means that the times
spent in these phases are no longer entirely independent.

Finally N (t), the number of transitions that occur before time ¢, becomes infinite
after only one cycle through the phases of the multi-phase MRP. Thus p{N(t) < oo, V¢t >
0} = 0 and we can no longer define N;(t) as in (2.5). However if we define C(t) the
number of cycles that have occurred before time ¢ we can see that N;(t) will simply be
C(t) or C(t)+ 1 depending on the current state. Thus we can define all of the necessary
quantities in a sensible fashion. The epochs of transitions 77, will still be defined and

we can continue. We state without proof the following extension of Theorem 2.5.

Theorem 2.6 Given the above definitions and z1,xs,. .. € [0,1),

I & VG o) — B e
Q*(wlyw%---) == _Z l+1(wl+1) ) Fl (wl) ) (224)
P 1 —
Furthermore, if Q* converges for some x1, T2, ... not necessarily all in the interval [0, 1),

then it converges to the right-hand side of equation 2.2/.
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O~

Figure 2.3: Multi-phase MRP with an infinite number of phases. O denotes a renewal

point while (O denotes a non-renewal point
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Chapter 3

The Multi-phase M/G/1 Queue

3.1 Introduction

We shall consider a single-server queueing process in which the arrivals form a homo-
geneous Poisson process with rate A, and the service times are non-negative random
variables each with probability distribution function given by one of a set of probability
distribution functions {47() ;\r:l_ The queue size is unlimited. The service discipline
may be any non-preemptive discipline. The period during which 47(-) is chosen is called
phase j. Thus we have N phases labelled 1,...,N.

We assume that the phase changes occur at the end of services and are stopping
times with respect to the filtration generated by the queueing process. This essentially
means that the decision to change phase at time T is based only on the information up
until the time T', and not on any information about the future behaviour of the queue.
Also we assume that the times spent in two phases are independent if the two phases are
not in the same busy period. These limitations are necessary for the analysis to follow,
but are not unreasonable assumptions.

The motivating case and the case for which we calculate solutions is the case in
which the phases occur in some specific pre-defined order. We shall label the phases in
the order that they occur and call one transition through all of the phases a cycle.

It will also be convenient to consider each cycle of transitions between phases to
occur during one busy period. That is, we start the cycle (in phase 1) when an arriving

customer finds the system with no customers in it, and if the cycle is not complete by
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the time the system is again empty, we say the process spends zero time in the remaining
phases. Thus we enter each phase exactly once during each busy period. This and the
fact that the times spent in two phases in different busy periods are independent mean
that the ends of busy periods are still renewal points of the process. We shall call a
queue which satisfies all of the above the multi-phase M/G/1 queue.

This does not limit the systems considered as much as it may at first seem. For
instance, if a particular phase is skipped over, we may insert a transition through the
missing phase which takes zero time. Also if a phase may be visited more than once
during a cycle we may consider the second entry to that phase to be a new phase, say
N +1, and so on for future repetitions. This introduces the possibility of infinitely many
phases, which we shall not consider until Section 3.6.

As is the case with the usual M/G/1 queue we consider the embedded, discrete-
time process formed when one observes the number of customers in the system after
departures. In this case this embedded process does not form a Markov chain, as
with the standard M/G/1 case, without the additional complexity of a supplement-
ary variable to describe the current phase. We shall follow the approach of Baccelli and
Makowski (1985,1989) in defining a martingale with respect to the embedded process,
and from this we establish a relationship between the forward recurrence times in a
multi-phase Markov renewal process and the system size.

Before the results can be obtained we need to prove the regularity of all the
stopping times involved with respect to the martingale of interest. This is closely linked
with the stability of the queueing process as we shall see. The primary condition of
interest called condition (x) is considered in Section 3.2.2.

Then we get the fundamental relationship of this paper which is expressed in
Theorem 3.6. From an analysis of the multi-phase MRP, in Chapter 2, the limiting
probability generating function for the number of customers in the system in equilibrium
may be expressed in terms of that of the state sojourn times of the multi-phase MRP.
Helpful results for the calculation of these probability generating functions are found in
Corollary 3.7 and Theorem 3.8 using the martingale once again. A general form for the
equilibrium probability generating function of the system size can then be found. This

is expressed in Theorem 3.10.
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The example of the standard M/G/1 queue is examined using this technique
in Section 3.7. To obtain the final solution for a more complicated problem further
work must be done using conventional probabilistic arguments. Further examples are
examined in Chapters 4-7.

Note that in this chapter the exact nature of the transitions between phases is
not specified. We provide the constraints on what types of transitions are allowed but say
nothing about the actual way in which the transitions are governed. The theory allows
a quite general approach to these transitions. In Chapters 4-7 we consider a number of
possible cases. For instance in Chapter 4 we consider a process in which the transition
occurs when some threshold is crossed. This threshold could be a physical limit on the
queue size or a limit on the number of customers served after the busy period begins.
The scope for choice of this threshold is quite large. We shall often refer to the points in
the process at which transitions occur as a threshold. For more details the reader must
consider the examples presented in following chapters. These, however, are by no means
exhaustive.

We now describe the model used to examine these processes. The basic parts of

this model are described in Appendix C.
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3.1.1 The model

Take the number of customers in the system at time ¢ to be X(¢). We consider the
discrete-time embedded process X, where X,, is the number of customers seen by the
nth departing customer. Formally, if the departure epochs are ty,t,,... then X,, =
X (t,+). We shall assume that the queue starts at time 0 with a departure, thus X, =
0. The arrivals to the queue form a homogeneous Poisson process with rate X\. The
service-time distribution is a general service-time distribution chosen from a set of general
distributions according to the phase of the queue, where the phase is chosen from the
set {1,..., N}. The phases of the queue obey certain rules.

(i) The phase can change only on service completion.

(ii) The times at which phase changes occur are stopping times.

(iii) The times spent in two phases in different busy periods are independent.
For the examples we consider we also require the following three extra conditions on the
phases.

(iv) At the start of busy periods we are always in phase 1.

(v) The phases occur in order, so phase ¢ is followed by phase (: + 1) mod N.

(vi) Each phase is entered exactly once during a busy period.
We refer to the time from the beginning of phase 1 to the end of phase N as a cycle. Thus
a cycle corresponds to a busy period. We say phase(n) = 1, if after the nth departure,
the system is in phase 1.

We define the epochs at which the phase changes T/ € Z™, by
Tg = the time of the ith transition out of phase j,
with T? = T/V,. We define CJ in terms of T{ by

Ci = U (W) <n<T/()}
ielN
= U@ <n<m},

i€lN
so that C7 is the event that at time n the queue is in phase j. We use the usual indicator

notation

1; phase(n) = j,

0, otherwise.
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It is worth noting that the above does not preclude zero time being spent in a phase, as
Tij ~! might equal 77. In this case we still say Tij4 occurs before T7 .

During phase j the service times are random variables with distribution function
AJ(+). Service times are assumed to be independent of the arrival epochs. We take the
number of arrivals during the nth service time, given the queue is in phase j, to be the
random variable A7. These random variables form N independent, identically distributed

sequences of random variables (A47). We define a! = p{A} = i}. We take the probability

generating function

aj(z) = E[ZA{]

and note that (from Theorem C.4) it is given in term of the Laplace-Stieltjes transform
of A7(-) by
a;j(z) = A (A = X2).

We take p; = a;(1) which is the mean number of arrivals during a single service in phase
j and we call this the traffic intensity during phase j. Note that p; = A/u; where 1/u;
is the mean service-time during phase j. In the following text we shall use {;(z) defined
by

() = —

a;(2)
Given this model we can define N+2 sequences of stopping times (79(n)), (11(n)), ..., (v (n))

and (7(n)) for n € Z* as follows

inf{m > n| X,,, =0}, if the set is non-empty,
00, otherwise,

7i(n) = 7(n) Ainf{m > n|phase(m) > j}

N
ch:‘nzl},

= 7(n) /\inf{m >n
i=j+1

where A denotes the minimum (and V denotes the maximum). When j = N the sum is

empty and so 7y(n) = 7(n). Note then that

n="(n) <nm) < <7n) < <7y(n) =7(n),

35



Chapter 3: The Multi-phase M /G /1 Queue

with probability one. 7(n) is the epoch of the end of the current busy period at time
n. 7j(n) = n if the process has already been through phase j in the current busy period
and otherwise it is the time of the next transition out of phase j. Note that when the
busy period ends we consider the process to go through the remaining phases, spending
zero time in each. That 7(n) and 7;(n) are stopping times comes directly from the fact
that we only allow phase transitions at stopping times. We can also define the following

sequences of times

vi(n) = 7i(n) = 751(n), (3.1)
V'(n)7 Xn #0,
pin) = 7 )
0, X, =0,
for y = 1,...,N. We assume that there is a dummy service completion at time zero.

Thus we can take X, to be some random variable Z. For our purposes here it is convenient
to take X, = 0 a.s. and correspondingly phase(0) = 1. Hence T = 0. One of the results

of this is
VJ'(O)) .72 l)

0, J <l

#i(n-1(0)) =

3.1.2 Probabilistic elements

Of course the above model must be specified on some probability space (2, F, P). We
wish all of the random variables to be F-measurable. The phase at a given time, and the
number of customers in the system at a given time are sufficient to generate this space.

We may define the filtration F,, by
Fn=0(AL]0<m<n,j=1,.,N)

Clearly X,, is determined purely by A’ and I ci at times m < n. We chose the ends of
phases to be at stopping times, thus {T/ <n} € F, forallj=1,...,N and i € IN. As
F, is a o-algebra we can see also that {T/ >n} € F, forallj=1,...,N andi € IN (as
Fo is closed under complements). Now from this C} = U;en{T{ ' <n < Tf} € F, (as
F, is closed under intersections and countable unions) and hence I ci 18 Fp-measurable.

Thus X, is F,-measurable. Indeed we can see that for all m < n, X,,, I ci and A’ are
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all F,,-measurable. We then take

3.2 The martingale

We now define the martingale which will provide the majority of the results herein.

Theorem 3.2 The following (Mn(z)> ts a non-negative integrable martingale for z €
(0,1].

Mo(z) = 1,

( ) % ’rﬁl ZI(X,,#O)
M,(z) = 2™ —_—— |, n>1.
k=0 Zj'vzl Ic,’; a;(2)
}—,,]

fn], a.s.,

Proof: We have

n AXu70)
EMyu(2)F] = B2 ] | 77—

k=0 ;'V:l fc,{”;‘(z)
n I(X,#0)
= H Nz E[zxnﬂ
im0 \ Zj=11c145(2)

from the F,-measurability of CJ and I(X} # 0) for k = 0 to n. The following recurrence

relation gives X, 1 in terms of X,

N -
Xoy1=Xn+ Y IoiAny — 1(Xn #0).
=1

2
This simply states that during the busy period the number of customers left in the system
after a service completion is the number in the system before the service begins, plus
the number who arrive during the service, minus one for the customer who completed
service. When the queue is empty it must wait for a customer to arrive before it begins

service and so there is one extra arrival to the system, hence the I(X,, # 0) term. So

n 21X #0) Xt N I ;A I(Xa0)
E[Mn+1(Z),fn] = H E l:z i=1"¢] “nt1 n fn] alE
k=0 E;'vzl Ioiaj(z)
n I(X),#0 i
= Xa—I(Xa#0) H Nz R0 E lzzil Ic;”;An+1 fn:l o
k=0 Zj=1 Ici a;(2)
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Using the fact that the C7 are a disjoint, complete set for j = 1,.., N we get

.
p | F et

fn] == f:fci;E [zAiH] a.s.

By
N

= chiaj(z) a.s.
i=1

and so

x n1 ZI(XI:#O)
E[M,1(2)| F.] = z* —~——| as
(M 1};[0 zf:l Ic;gaj(g)

= M,(z) as.

It is trivial to show that M, (z) is non-negative, therefore E [|M,(2)|] = E [M,(2)] < 0o

and hence the martingale is integrable. ]

3.2.1 Stability and recurrence

In order for us to be able to find useful equilibrium results the processes investigated
must be stable. Furthermore in order for the martingale results to be of use we shall
relate them to the multi-phase MRP discussed in Section 2.4. To do this we require
the process to be recurrent. Lemma 3.2.2 provides a useful result based on the stability
of the M/G/1 queue and condition (*) presented in the following section is a sufficient
condition for stability but in general each situation must be considered on its merits.

The process should also be irreducible. That is, we want there to be no more
than one communicating class. In some types of queueing process (see Section 3.4 on
page 56) it is possible to have more than one communicating class. We wish to avoid
these possibilities. More will be said about this in Section 3.3.1.

The obvious criterion of use here is simply to require that 7(n) be almost surely
finite for all n € Z*. This means that state 0 will recur within a finite time almost
surely. Lemma 3.3.2 shows that it is sufficient to look at 7(0).

We need one further condition, that p; > 0. Simply stated, we require that the
traffic intensity during the first phase to be positive. This is because the busy system
enters phase one at the completion of each busy period. It cannot leave phase one until

there has been at least one service completion. Thus, if p; were zero, there would be
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no arrivals and hence we would never leave state 0. There are other similar conditions
which suffice, such as requiring that a maximum time can be spent in phase 1 before
switching to a phase with positive traffic intensity but these violate some of our rules for

phases, therefore we assume below that p; > 0.

Lemma 3.2.1 Given Xy =0, if 7(0) is almost surely finite then 7(n) and 7;(n) are also

almost surely finite fori=1,...,N and for allne€ Z*.

Proof: When Xy = 0, 7(0) being almost surely finite implies that the busy period is
almost surely finite. From this 7(n) must be a.s. finite. This is because all of the states
are reachable from state 0 in one transition. So, as 7(0) is almost surely finite, we return
to state 0 in an almost surely finite time. Hence no matter what state the process is in
it must return to state zero in an a.s. finite time. It is immediate that 7;(n) must also

be almost surely finite as 7;(n) < 7(n) almost surely. O

Lemma 3.2.2 If py > 1 and p{7x(0) — 75v_1(0) > 0} > 0 then the process is unstable.

Proof: We take 7y_1(0) < oco. In this case we have p{7y(0) — 7v_1(0) > 0} > 0 so over
a busy period there is a positive probability of spending time in phase N. Once in phase
N the queue behaves as an M/G/1 queue. Thus the stability conditions of the M/G/1

queue apply. Hence for py > 1, p{7n(0) < o0} < 1 and hence the queue is unstable. O

This last condition arises from the fact that the last phase ends when the system
empties. If py > 1 and the process is not already empty at the beginning of this phase

then, with positive probability, the process may never become empty again, and hence

the phase might not end.
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3.2.2 Regularity of the stopping times

In order to uses Doob’s Optional Sampling Theorem we must demonstrate that the
stopping times involved are regular for the martingale. This would be trivial if the
martingale were uniformly integrable, (from Neveu, IV-3-14) however it may not be.

Thus we must investigate the conditions under which we can prove regularity.

Condition (x) We take § = {1,2,...,N} and §* C S to be the set of all j
with p; > 1. The condition is that

E

1 f;-(z)ffw)*ff-lm)} <,

JjES*

for all z € [0,1]. When &* = ¢ the condition is automatically satisfied.

When 8&* = {3} so that p; > 1 and p; < 1 for all other j we can write this condition as
E [a”(o)*”‘l(o)] < 00,

where @ = sup,p 1) &(2). This will be the condition used in Chapter 4. Note that

condition (*) implies that 7(0) is almost surely finite, and hence the queue is stable.

Theorem 3.3 If () is satisfied then the stopping times 1o(n),...7n(n) and 7(n) are
regular for the martingale M, (2), z € [0,1],n € Z".
Furthermore when 7(n) = oo

Mr(n) (Z) =0.

Proof: We wish the stopping times 79(n),...7n(n) and 7(n) to be regular for the
martingale for n € Z™*. First we consider the case with §* = ¢. In this case Takdcs’s

lemma (C.5) implies that §;(2) < 1forall j =1,...,N. Hence
|Mn(2)] < 1,

which implies that (Mn(z)> is uniformly integrable (page 157). As (Mn(z)> is a positive

integrable martingale, condition (a) of Neveu IV-3-14 is automatically satisfied. When
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M, (2) is uniformly integrable so too must M,(z) I(7 > n) for all stopping times 7 and
so condition (b) of Neveu IV-3-14 is also satisfied. Hence any possible stopping time is

regular in this case. Next we show that 7(0) is regular for the case when &* = {i}.

Lemma 3.3.1 For p; < 1,Vj # 4, andp; > 1, if E [a”(o)‘”-l(o)} < o0 where a =
sup, ¢, &i(2), then 7(0) is regular for the martingale My(2), z € [0,1].

Proof: We use Neveu IV-3-16. Condition (1) of this proposition,

' M, )(2)]dP < o0,
Sy 0

is automatically satisfied for our martingale. Condition (2),
lim | My (2)|dP = 0,
nre0 J{r(0)>n}
is satisfied as follows. Noting that the martingale is non-negative we start with n > 0
from
n-1  I{X,#0}

M. (2)] = 2 ]] =f7———=
:.-1;[0 E_;v—l Ic;’;aj(z)

which because 7(0) > n gives

(r1(0)An)—1 (72(0)An)—1 (rv(0)An) -1
( 11 51(2))( I1 fz(z))"‘( II EN(Z)>

k=0 k=7 (0)An k=7n_1(0)An
£1(2) @A) g, () OAm)—(ra(OAn) g () (Tv-1(0)An)

| M (2)]

IA

a(Ti (O)An)—(Ti_l (0)/\’":)

IA

IA

o010 4 5 (3.3)
as a = sup,¢p,q &i(2) > 1. Now due to the almost sure finiteness of 7(0) implied by ()
Jim I(7(0) >n) = 0 as. (3.4)

Thus (3.3) and (3.4) imply |M,(2)| I(7(0) > n) tends to 0 almost surely as n tends to
infinity. Also from (3.3) we get

|M,(2)| I(7(0) > n) < a™O 710 45
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the right-hand side of which has finite expectation by the assumption. Thus we can use

the Dominated Convergence Theorem to show

n—0o0

lim B (|Ma(2)] 1(r(0) > )] = F | lim [Mu(2)] 1(7(0) > m)| =0,

from which we get condition (2) and thence the result. The latter part of the theorem
follows also from Neveu IV-3-16. O

The generalisation of §* is done in the same manner as the previous lemma with

the substitution of the more general condition.

Lemma 3.3.2 If 7(0) s reqular for the martingale then 7(n) and 7;(n) are also regular

for the martingale fori =1,...,N and for alln € Z+..

Proof: Given that 7(n) is regular, Neveu I'V-3-13 implies that 7;(n) must also be regular.
All we need to show now is that the regularity of 7(0) implies the regularity of 7(n).

7(n)—1

zI(Xk?EO)
M) = 20 T1 5 0>

N
k=0 j=1 fci a; (3)
= n(ﬁ—l LI(Xx7#0) T(ﬁ-l L(X47#0)
= 2%r(n) P M- — |
k=0 Z,f‘vzl ch“:‘ (2) k=n(n) Z;‘V:l fcg“j(z)
where n(n) = sup{m < n|X,, = 0}, the epoch of the beginning of the current busy

period. Now the latter product in this equation is the product over one busy period.

Due to the regenerative nature of this process at time n(n), for m > n

. r(i_)I—l L(Xi#0)
E |I(T(n) > m) 2%+ ————
k=n(n) Ej\]:l IC; a; (Z)
() > m—nm) X0 T (oo
= FE |I(7(0) > m —n(n)) z*©@ SO S
k=0 Zj'v:l Iciaj(z)

and also

n(ﬁ—l SI(X,#0) ( ( ) ) = 7(n)~1 LI(X4#0)
————— | and I{7(n) > m) z%*= T M B
2;\;1 Iciaj(z) 11 A

k=0 k=n(m) \ =11 o7 lns (2)

are independent. Thus for m > n we can write
E [|Me) (2)|(7(n) > m)]
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""(ﬁ‘l Jxa \] T () > m) ¥ T(ﬁ—l (X, #0)
= F —— || £ [I(7(n) > m) 277 R —
Ejy=1 Iciaj(z) ] D

j=1 IC; ij (Z)

| k=0 L k=n(n)
'n(ﬁ—l SI(Xk#0) } [ (0 ) ¥ r(ﬁ—l SI(Xk#0)

= F —w—— | | £ |[I(7(0) > m —n(n)) z°© —w = a1l
| k=0 Zj'\;l Iciaj(z) 1 1 k=0 Ef’:l IC,{“J‘(Z)

Now for fixed, finite n the first expectation is clearly finite and as m tends to infinity the
second equals lim F [I (7(0) > m) M) (z)] which tends to zero as m tends to infinity
from Lemma 3.3.1. So we have our result. a

This concludes the proof of Theorem 3.3. O

From here on we shall refer to the stopping time . By this we shall mean one
of the stopping times n, 7(n),...7v(n) or 7(n) for n € Z". Theorems which are said
to be true for stopping times « are also true for each of these stopping times. This is

expressed in the following definition.

Definition 3.1 The stopping time v will refer to each of the stopping times

7'0(”),- . -TN(n) or T(n) forne Z™.

Theorem 3.4 If (%) is satisfied then the stopping times 7o(7),...,7n(v) and 7(7y) are
reqular for the martingale M,(z), z € [0,1] and v defined in Definition 3.1.
Furthermore when 7(y) = 00

MT(,,)(Z) =0 a.s.

Proof: We proceed as in Lemma 3.3.1. We satisfy the conditions of Neveu’s Proposi-

tion IV-3-16. As before Condition (1) is automatically satisfied. Condition (2),

lim |Mo(2)| dP =0,

o0 J{r(y)>n}

is satisfied as follows.

o M, (2)|dP = lim oo [I(y < n) +I(y > n)| Mu(z) dP
= Jim | T <n)M(2)dP
+ lim - I(y > n)M,(z) dP
= lim - I(y € n)M,(z)dP
+ lim M,(z) dP. (3.5)

ne0 Jiy>n)
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When v = 7(m) the second term of (3.5) becomes

lim M,(z)dP = 0, (3.6)

"0 J{r(m)>n}

since we know from Theorem 3.3 that 7(m) is regular for the martingale and must satisfy

condition (2) of Neveu IV-3-16. Hence from (3.5) and (3.6) we get

lim M,(2)|dP = Ilim Iy <n)M,(z)dP
n—roo {T('1)>n}| ) oo J{r(y)>n} Y JMa(2)
= lim M, (z)dP,

oo Hy<n<r(n)}

when v = 7(m). In this integral 7(m) < n and so we can write

T(m)-1 (X #0) n—1 I(X ), #0)
2 z
M,(2) = — 2% = _1].
[H (Eﬁilfcz;aj(z))] [ AL (Eﬁilfczaf(z))]

As in Lemma 3.3.2 the two parts of this product are independent due to the regenerative
nature of the process. Furthermore the regularity of 7(m) implies that the former term
has finite expectation. The expectation of the second part can be shown to approach zero
as n tends to infinity by exactly the same method as is used to demonstrate condition
(2) of Neveu IV-3-16 in Lemma 3.3.1.

Thus the theorem is proven for ¥ = 7(m). When v = 7(m) we can see that
7(7(m)) > 7(7:(m)) almost surely and so from Neveu IV-3-13 we get the regularity of
all 7(7;(m)). This is the result we need. The latter part of the theorem again comes

directly from Neveu IV-3-16. m|
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3.2.3 Use of the Optional Sampling Theorem

Theorem 3.5 For z € [0,1), v as in Definition 3.1 and with () satisfied

N

H z)VJ (7)

} = zX"zI(X“fzo), a.s.

Proof: Consider Doob’s Optional Sampling Theorem (A.8) with stopping times v and
7(v). We know v < 7(v) a.s. and condition () gives the regularity of these stopping

times through Theorem 3.4 and so the following is true
E[M.)(2)| 7] = My(2), as.

Rewritten this is

" (7)1 (X1 #0) N 7ol L H(X#0)
T(v) =N 5 N = z™ e a.s.
I l N
k=0 E; =1 C,a,(z) ! k=0 2j=1 Ic;f“:‘(z),

There are two possibilities: 7(y) = oo in which case M,(,)(z) = 0 from Theorem 3.4 or

7(7) < oo in which case X,(,) = 0. The former case can make no contribution to the
-1 2 1(X)#0)
expectation so by using the fact that H

is F,-measurable we get
- OEJ 11 aa,(z) 7

T(y)-1 SI(Xy7#0)

E — e =
k=~ E;\le ICia‘]' (Z)

.'F,,jl = 2% as.

It is clear that X}, # 0 for k =y + 1 to 7(y) — 1 from the definition of 7(v). Thus

5 [ LIX,#0) T 2

.'IIV]-ICJGJ() '-fy+1z ]_ICJa](Z)

.?-"} = 2% a.s.

As 2IZ+#0) g also F.-measurable we can write this as

[ (7)1

I(X4#0)-1p _z |l = X
z = z a.s.
I H St lgias(2)|” 7] ’
T(ﬁl 3 - 1-I(X,=0) X
E ———| F,| = 27Tt as.
| k=7 Ejvzl ICi a; (Z) 7- ,

We note that 1 — I(X, # 0) = I(X, = 0) and

Ig; =

1, moa(y) <k <n(y),
0, otherwise,
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and so we get

F

Y

N 2 75 (1)-Ti-1(v)
FE
jl;Il (G'J'(z))

and by substituting the definitions of v;(-y) and £;(z) this gives

} = zI(X"ZO)zX", a.s.

E

N
I &(2)9
=1

f.,} = E=0X% s

which is the required result. 0

Remark: Note that at this point we may multiply by any F,-measurable random vari-

able such as I(7(0) > 7) to get

E [I(T(O) > ) (y < o0) ﬁ 5,-(z)"5(”’)

.7:1,] = I(7(0) > Y)I(y < 00)2!&E=0z%x " g5,
J=1

(3.7)

Theorem 3.6 For z € [0,1), v as in Definition 3.1 and condition () satisfied

E[zXV} = F

N

H gj(z)w(v) )
i=1

Proof: From Theorem 3.5 we get

E

N
H gj(z)vg-(v)
j=1

.'F,,} e zX”zI(X”zo), a.s.

Due to the F,-measurability of X, we may multiply both sides of the equation by
I(X, # 0) and write

E

N
I(X, #0) [ & (=)™ ]-Z,] = I(X, #0)z%7I*=0 g4,
j=1

We may then take expectations of this equation

E I:I(X'y # 0) ]_If[lgj(z)yjm] = k& [I(X'r # O)ZXA’] '

J
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Noting that X, # 0 implies that p;(y) = () for j = 1,..., N and adding p{X,, = 0}
to both sides gives

(%, =01+ B |10 £0) LT (7| = p{X, =0+ B[10X, £ 0}
=
The right-hand side is equal to E [zXV]. The events
X, = 0] [45(0) =0, j = 1,.., N],
are equivalent, by (3.2) and so
[X, # 0] ¢ [15(0) # 0, for some ],
which implies

p{u;j(n) =0, Vj} + F

=1

I{3j, st: p;(n) # 0} ﬁ gj(z)m(v)} - E [ZXA,} ,

and so finally

which is the desired result. 0

Corollary 3.7 For z € [0,1), condition (x) satisfied and ! > 1
N

sfior] - sie]
=1

Proof: The proof is simply a matter of putting v = 7_1(0) in the preceding theorem

and noting that we assume Xy, = 0 and so

wi(-1(0)) :{ v(0), § 21,

0, J <l

Remark: Note that the case with | = 1 is excluded as when ! = 1, 1,_1(0) = 75(0) = 0
and p;{0) = 0 because Xy = 0. Thus the result would not hold. Instead we resort to the

following theorem.
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Theorem 3.8 For z € [0,1) and condition (x) satisfied

E

ﬁsj(zr’f@] =

j=1

Proof: Simply taking v = 0 in Theorem 3.5 and taking expectations gives us

E

N
ny’(z)yj(o)] = E[zX°zI{X°=0} )
J=1

which, as we assume Xy = 0 gives

E

N
I Ej(z)”"“’)} = =
7j=1

3.2.4 Martingale arguments for stability

In this section we examine martingale stability arguments. From Lemma 3.3.2 it is
sufficient to consider 7(0) when X, = 0. As before it is sufficient to discuss the behaviour
of 7(0) when X, = 0. When condition (*) is satisfied we know that p{7(0) < co} = 1.
Thus condition (*) is a sufficient condition for the stability of the queueing process (and
hence the recurrence of the MRP).

It would be nice to have necessary and sufficient conditions for stability as Bac-
celli and Makowski provide in the examples they have considered. Their results however
revolve around the following type of technique. They provide a traffic intensity p for
the system of interest and then the condition for stability is simply that p < 1. The
traffic intensity in the M/G/1 case is the standard intensity A/u (Baccelli and Makowski,
1985). In the case with Markov modulated input the traffic intensity is a weighted sum
of the intensities during each of the input states (Baccelli and Makowski, 1986).

We can see that this approach would give us a traffic intensity in our type of
process as well. It is not, however, easy to see how this would benefit us in this case. In

our type of process we could take the approach of setting
N
p=2_ pidi,
j=1
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where ¢; is the probability of finding the system in phase j during equilibrium. In order
to have the probabilities p; we must assume the existence of the equilibrium solution.
Thus any argument based on this would be inherently circular. This occurs because the
time spent in phase j may be strongly dependent on p;. Thus we may have a situation
where during one of the phases p; is very large but a phase shift occurs if too many
customers arrive during one service and so the length of the phase is very small, so the
two balance. We may not however assume this balance.

It is thus not clear as yet how to provide the type of elegant stability criterion
that is commonly used in many other situations. It is to be strongly suspected that
condition (%) is related to the necessary conditions. It would not be surprising if condition
(%) is in fact also a necessary condition for stability. One approach to this problem would
be to use Rosenkrantz (1989) which deals with ergodicity conditions for two-dimensional
Markov chains. Qur queueing processes can be represented by a two-dimensional Markov
chain by taking the number of customers in the system and the phase to be the two
variables. If the conditions of Rosenkrantz could be related to condition () this might
provide the desired result.

Another related question is that of null recurrence. Even though 7(0) < oo
almost surely we may still have

E[(0)] = co.

In other words the length of the busy period is almost surely finite but the mean length of
the busy period is infinite, this is the null recurrent case. Although in the null recurrent
case our martingale arguments will still work the equilibrium results will be inherently

uninteresting. We shall not consider these cases in most examples.
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3.3 Relationship with the MRP

The connection between the multi-phase MRP and the multi-phase M/G/1 queueing
process will by now be obvious. Each phase of the queueing process is associated with a
state in the multi-phase MRP. Transitions between states in the MRP are at the same
times as changes in phase in the queueing process. Because phases change only at the
end of services we use the embedded process and consequently the multi-phase MRP has
discrete or lattice time. We must resort to a generalised multi-phase MRP because there
is no requirement that the time spent in each phase be independent of the times spent
in each of the other phases. However, we do assume that the times when the system is
left empty do constitute renewals. This means the times spent in phases during different
busy periods must be independent. Also because we assume the queue begins with a
dummy service leaving it empty (Xo = 0) we have a non-delayed renewal process.
Given this description it becomes clear that the yu,(n) are forward recurrence
times in the multi-phase MRP as can be seen in Lemma 2.3.1, and the v;(0) are sojourn

lifetimes in the multi-phase MRP. With this relationship

Q*(&1(2),6(2),...,¢én(2)) = lim E

n—oo

].I—VI €J' (z)”j (n)jl ’

j=1

F*(fl(z))&(z)"‘ . ’gN(z)) = K [Ilgj'(z)yj(o)jl )

F(&(2) &2(2),. - n(2)) = B I:Iléj(Z)"j(o)],

where Q* is defined in (2.20) and F* and F}* are as defined in Section 2.4. Thus Theor-
ems 3.6 and 3.8 and Corollary 3.7 imply respectively that

Q" (&1(2),&(2), .. n(2)) = Jlim B [z%], (3.8)
F*(£1(2),62(2), ... én(2) = 2, (3.9)
F(&(2),611(2), .. én(2)) = E[F=0]. (3.10)

From these we deduce the following

Theorem 3.9 For z € [0,1) and (*) satisfied

i xa] _ 1 Y Fa(&a1(2), -, €n(2)) — B (&(2),. .., En(2
lim B [z }_EE[ (611(2) El(_))&(z) (&(2) s())]

n—00
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where m acts as a normalising constant.

Proof: The result comes directly by substituting (3.8) in Theorem 2.5. a

Theorem 3.10 For z € [0,1) and (x) satisfied

1 [& E[F0) - B[Fma0]  EFae] -
E[zx] - E lz:; l—fg(z) ir 1 —fl(z) ’

where m acts as a normalising constant and X (t) — X almost surely as t — co.

Proof: We substitute (3.9) and (3.10) into the preceding theorem and then use the
dominated convergence theorem (A.4), PASTA (page 167) and Theorem C.2 to see that

lim E [zX"] = lim F [zX(t)] ;

- 00 t—oo

From this we get the result. 0O

3.3.1 Discussion

A number of points deserve some further discussion before we continue on to some ex-
amples. The first point to note is that we have looked only at the system size distribution.
From this we may use the arguments of Section C.5 to calculate the waiting time distri-
butions for a first-in, first-out (FIFO) queue. For other service disciplines this may be
more difficult.

Also it is of some interest to consider the origin of these results. We have con-
sidered three processes on different time scales: the queueing processes itself, a discrete-
time queueing process embedded at departure epochs and a further process embedded
in this at the epochs of phase changes. |

Given sufficient conditions on the queueing process considered, one interpreta-
tion of the Optional Sampling Theorem is that the process Mg, (z) (where Qun4; = T¥)
is also a martingale and from this we derive our relationships. The epochs @, are the
transition epochs of the multi-phase MRP of Chapter 2 and so we can obtain limiting

formulae using the renewal techniques.
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The results of this chapter are quite general but may be extended. The following
section documents some of the ways in which the results can be generalised still further.
Two major extensions are proposed. The first considers the server’s behaviour. We have
until now assumed that only the service-time distribution can change between phases but
there are other types of behaviour that can be used. The second proposal (in Section 3.5)
concerns the rules which limit the types of phase transitions allowed.

It is also worth noting here that many processes which might not appear to have
the required phase structure actually can be considered in this mold. This is considered

in Section 3.6.
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3.4 Generalisations of server behaviour

In the processes considered so far we have considered service times. We have said that the
service-time distribution changes between phases. There are, however, other plausible
models with which this technique deals with equal facility.

We can vary a whole range of server behaviour between phases without affecting
the results obtained thus far. The results we have obtained need only the probability
generating function for the number of arrivals during a single service in each phase. So
we may, for instance, change service discipline between phases with no alteration of the
results (so long as the discipline remains non-preemptive).

In the following we elucidate a number of examples. We give the relevant prob-
ability generating function and some motivation for each example. Throughout this
discussion we mean by blocked that a customer is either lost or rerouted. Customers

who are blocked do not return for service at a later time.

(i)
During phase j a customer waits a random period of time before beginning service. If

the extra time has probability distribution function B’(-) then
a;(z) = A™*(A(1 — 2))B™*(A(1 — 2)).

This is an example of the service time for a customer being extended and so the probab-
ility distribution function for the service time is a convolution of A’(-) and B’(-). Thus
the Laplace-Stieltjes transform of the new service time is the product A7*(s)B’*(s) and
hence from Theorem C.4 the result.

This type of behaviour is likely to occur if the service time of a customer who
arrives at an empty server is different from the service time of a customer who arrives at
a busy server. This might occur if the server has some warmup time when it starts up
at the beginning of the busy period or if the server can take vacations when unoccupied.
In this case the modified behaviour occurs in the first phase which lasts but one service

time.
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(ii)
During phase j a customer waits until M; arrivals have occurred before commencing
service. In this case

aj(z) = M A™*(A(1 - 2)).

This also might occur for one service at the start of the busy period but for a
different reason. If the server has some overhead associated with starting and stopping
service it is better to reduce the frequency of these events. To do this the busy period
must be increased in length. One way to do this is to allow a backlog to build up before

beginning service. This then minimises the number of times the server switches from

idle to busy states. This is called the N-policy queue by Neuts (1989).

(iii)
During phase j only the first IV; arrivals during any particular service are allowed to join

the queue, any further arrivals being blocked. In this case
Nj_l o N = 5
aj(z) = Y dz+2Y Y d
i=0 i=N;

Nj-1 Nj-1
= > alz'+zM (1— > a{)

=0 =1
N;—-1 ‘

= Y d (zi —zNﬂ') + 2N,
=0

where a{ is the probability of ¢ arrivals occurring during one service time in phase j.
This also might occur as part of a control strategy. However the reason for
using such a strategy might be to limit the number of customers in the system (thus

minimising waiting times).

(iv)

During phase j arrivals are blocked with probability p;. The arrivals are still Poisson

with new rate Ap; and so

a;(z) = A™(Ap;(1 — 2)).
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This could also occur as part of a control strategy. For instance if the arrival
process is the superposition of several independent Poisson streams with rates J;, it will
itself be a Poisson stream with rate > A;. If these streams are then assigned different
priorities then we can block some of the streams on the basis of their priority during
phase j in order to limit congestion for the higher priority arrivals. This would give us

the situation above.

(v)
Batch arrivals. If the batch size is given by the random variable B where b; is defined
by
b = p{B =1},
then
aj(z) = A”(A[1 - B(2))),
where B(z) is the probability generating function for the batch sizes. This is from Park

(1990) in which Baccelli and Makowski’s technique has been shown to work for the simple
MX /G/1 queue. The derivation from Park follows.

aj(z) = Y. P(A,=k)z*dA(t)
k=0
_ o) io: Zk: e—)\t(At) b{m de]( )
imom=o ™
— / Z i e—)\t AtB(z)dAj( )
0 k=0m=0

= A"(M1-B()),

where b,(cm) is the m-fold convolution of b(k) with itself. Note that for such a system the
initial service of the busy period will also have a slightly different form. Thus for the

simple batch arrival queue
Xni1=Xn+ B I(X,=0)+ A4, -1,
where B, is the batch size of the first arrival during a busy period after the nth service

if X,=0
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(vi)

In all but (ii) of the above examples the service times are still independent of the arrival
epochs. This is an important assumption and may only be relaxed with care. An example
of a case in which this assumption does not hold would be if the server terminates
service only after N arrivals have occurred during the service. This example could cause
problems. For example a server that terminates service after exactly one arrival would
result in the process sticking in a certain state. Other problems such as reducibility of
the state space or periodicity of the states could occur given this type of service. We
shall avoid these possibilities throughout with the exception of case (ii). We allow this
in the situation described for its use, that is, for one service at the beginning of the busy
period. In this case it cannot cause any problems for regularity. Further problems can

occur in PASTA (page 167) if this independence is not maintained.

3.4.1 Blocking versus zero service time

We have considered the possibility that p; > 1 in our discussion of regularity, and
these cases must be dealt with on an individual basis. Mostly it will be obvious from
the stability of the queue when the stopping times are regular. However we have not
considered the case when p; = 0. Given a normal service with probability distribution
function A7(-) this would imply that A [{°(1 — A7(¢))dt = 0. One way this can occur
is if the mass of A7(-) is concentrated at zero, that is the services take zero time with
probability one. This could be the case if the server serves the customers in the queue
instantaneously. We shall refer to this as discarding a customer. The customers are
discarded in the order of service. Thus in a FIFO queue the customer at the front of the
queue is discarded. This suggests that an alternative service discipline might be used in
different phases. For example FIFFO in the normal phases and LIFO in the phase with
zero service time, in order to discard customers from the end of the queue.

This is different from the other situation in which p; = 0. This is the case when
A = 0 or all arriving customers are blocked. If all of the customers arriving at the queue
during a phase are blocked upon arrival, then the arrival rate becomes zero and traffic

intensity also becomes zero. The service times, however, can still be positive.
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It is noteworthy that the case with blocking does not immediately lead to the
solution for the M/G/1 queue with a limited waiting room. This is the normal model
chosen for such a system but in our model we are limited to changing phase at the ends
of services. Thus the limit of the waiting room might be reached and exceeded during a
service without any blocking occurring. This could be overcome with difficulty by having
a separate phase for each state of the queueing system with each phase allowing only a
certain number of arrivals chosen to make sure the limit of the waiting room was not
exceeded. We can however model the M/G/1 queue with a limited waiting room using
the case with zero service times. This is discussed in Section 7.5.

We might note also that although there are subjective differences in what we
may mean by having p; = 0 the resulting solution is identical. Thus once we decide upon
the model being used we may then ignore this for all further purposes.

These possibilities, with p; = 0, may occur in a sensible fashion, as is described
above, but there is a case where it does not. If p; = 0 and the queue starts empty the
queue will remain empty forever. While this case is not impossible it is clearly trivial.
Such trivial cases are easily avoided and so we shall say no more about them here.
Throughout the rest of this we shall assume that they are excluded from any discussion.

Finally we make the observation that while customers who are blocked never
enter the queue, they are still considered to have entered the system. Thus our results,
which are arrived at from the equilibrium distribution that departing customers see,
will include the number of customers left in the system by a departing customer that is

blocked as well as the number left in the system by a customer who receives service.

3.4.2 Later modifications

Later in this text we shall present a number of examples. For the most part we shall
assume the varying service-time description of the processes. We shall consider the other
cases only briefly. However, once the modified form of the generating functions a;(z) is
noted the only major difference in the computations occurs in the calculation F [z"ﬂ' (0)}
for j = 1,...,N — 1 and then only in some cases. We shall give more details in the

examples.
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3.5 Generalisations of the phases

To understand possible generalisations of the phase structure of these processes we must
first understand why we have chosen the restrictions on phase structure. We have chosen
the rules governing the phases so that the phase transitions are as general as possible
while still allowing us to work with our model. To this end the rules restrict the behaviour
of the phases. Rule (i) is a result of considering the embedded process. We desire
the restriction in order that the embedded process’s behaviour characterises that of the
queueing process. Rule (ii) is necessary in order that Doob’s Optional Sampling Theorem
can be applied at the relevant time points. Rules (iii) and (iv) are required so that the
ends of busy periods are renewal points of the process. Finally we require rules (v) and
(vi). These are required in order that the structure of the renewal process we consider
is that of a multi-phase MRP.

Rule (ii) is therefore crucial to the whole idea of using a martingale argument.
Rules (iii) and (iv) are requirements for the Markov renewal results. Thus we must retain
these rules in all of the generalisations that can be considered.

Rules (v) and (vi) are required to enforce the multi-phase nature of the renewal
process. If we could obtain an equivalent result to that of Theorem 2.5 for generalised
Markov renewal processes that are not of the multi-phase form we could modify or
remove these two rules. This is suggested as a direction for continued work in Section 8.1.
However, in the next section we shall see that this is not a necessary area of expansion as
equivalent multi-phase Markov renewal processes can be found for generalised Markov
renewal process.

One possible area of expansion that has not yet been considered is processes
which change behaviour between service completions. An example of this is the single
server queue with Markov modulated Poisson input. This has been considered in Baccelli
and Makowski (1986,1991) using a modification of their technique for the M/G /1 queue.
Thus we can expect that it will be possible to modify the results herein to cover such
cases. If we were to consider this type of process in our model it violates rules (i), (iv),
(v) and (vi). However we have an extra condition which is simply that the time spent in

each phase is independent of the times spent in all other phases. This will require some
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further work before it can be dealt with through the multi-phase method, if it can.

A more profitable approach would be to modify the multi-phase technique in the
same way that Baccelli and Makowski modify the simple technique for the M/G/1 queue
to cover Markov modulated arrivals. This also is mentioned in the section on possible
further work.

We have mentioned a number of relaxations of the phase transition rules which
can be considered. These have been left for future work as they require a great deal
of theoretical work before becoming practical and because the resulting complexity of
the theory might make this thesis somewhat unwieldy. The following section presents a

more fruitful way of extending the systems that can be considered.
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3.6 Infinitely-many phases

We have until now only considered systems with a finite number of phases. Now we
consider some reasons for considering processes with an infinite number of phases. Some
cases with more complex structure require that we modify how we consider them in
order that they fit into the form of sequential phases each occurring once during the
busy period. A simple example is one where one or more phases do not necessarily occur
during every busy period. We deal with this by inserting transitions through the missed
phase which spend zero time in the phase. An infinite number of phases can easily be
dealt with in this case as long as the original process under consideration has only a
finite number of phases occur during the busy period, with probability one.

A more difficult example is when a phase may be entered more than once during
the busy period. This may be modelled by considering each subsequent entry into this
phase during a single busy period to be a new phase. Clearly in cases where two phases
may alternate an infinite number of times before the end of the busy period, this results
in an infinite number of phases. In Chapter 7 we shall see an example of a situation in
which this occurs. The two phases alternate for ever with probability zero and so the
processes recurrence is not adversely effected by this.

Note that when we use this procedure the probability generating functions a;(z)
(and hence &;(z)) will be the same for a number of the new phases. This will allow a
great simplification in the problems using this technique.

In all of these cases we simply generalise the results of this chapter replacing N

with infinity.
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3.7 A single-phase example

In this section we consider the simplest example of this type, the M/G/1 queue. This
is one of the problems that this technique was originally applied to by Baccelli and
Makowski (1989). Thus the results here are exactly the same as theirs with some slight
modifications due to the notation. The solution to the ergodic M/G/1 queue is well
known and can be derived by a number of means (Cooper (1972)). It is given by
E[ZX]=(1- p)%, (3.11)

where a(z) is the probability generating function for the number of arrivals during a
service.

Note that in our notation this is a single-phase M/G/1 queue and the result is
obtained directly from Theorem 3.10 with N = 1. It is simply

2] - alen
grwm—ay

m| ai(z)—z
where m = 1/(1— p1), which is the expected answer. It is worth noting that Theorem 3.8
gives

F*(&1(2)) = 2. (3.12)

This may then be used both to calculate m and to provide the generating function for
the number of customers served during the busy period (Baccelli and Makowski, 1989).

Namely for each § € [0,1) the equation in the unknown variable z

z = a(z),
has the unique solution Z(£) in the interval [0, 1]. From Baccelli and Makowski (2.14)

F*(y) = Z(y). (3.13)
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Two-phase examples

In this chapter we consider the simplest non-trivial case of the type of process described
in Chapter 3. This is the case with only two phases and hence two possible service-time
distributions A!(-) and A?%(-). As in the general theory of Chapter 3 the times at which
the service-time distributions switch must be stopping times. Also the two phases each
occur exactly once during a busy period and always occur in the same order. We call
the point at which the transition from phase 1 to 2 occurs a threshold. When the queue
is empty we start with service-time distribution A!(-). When the threshold is reached
the server switches to distribution A2(-) and as would be expected it switches back to
the initial distribution when the system becomes empty.

As there are only two phases we shall use A and B instead of A! and A? with

the corresponding changes in notation listed below.

A = A, Bl) = 4°%),

A, = AL B, = A2,

a(z) = ai(z), b(z) = ax(z), @
€a(2) = &(2), &(2) = &(2),

a = a, b; = a,

Pa = P1, b = P2

We assume that p, > 0 throughout otherwise the solution is trivial. The results we use
demonstrate the connection between the queueing process and a discrete-time two-phase

MRP of the type described in Chapter 2. This process is illustrated in Figure 4.1.
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T1(0)

- - -

T(0)

Figure 4.1: The two phase, Markov renewal process (state 2 is the non-renewal state).

We shall consider three major types of threshold in this chapter.
(i) We call the first a fixed upward threshold. This is when the phase change occurs at
the first time immediately after a customer finishes service when there are more than
a certain number of customers in the system. We shall label this critical number of
customers by k.
(ii) The second is when the phase change occurs after a random number of customers
have been served in the busy period. We will consider the case when the number of
customers served before the phase change is geometric with parameter p and thus we
call this the geometrically-distributed random-time threshold.
(iii) The third is a fixed-time threshold. This is when the phase change occurs after a
set number of customers are served during the busy period. We shall label this number
of customers by S.

In Section 4.5 we briefly consider some other random thresholds.

4.0.1 Motivation

The motivation for each of these examples is slightly different. There are three funda-
mental reasons for considering problems of this sort. The first reason is simply to model
systems which may have some peculiarity which fits this structure.

The second reason is control. By allowing some sort of control over the system
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through service times (or arrival blocking, etc) we can optimise a performance measure
of the system. For instance we may wish to constrain the average waiting time for a
customers while at the same time maximising the proportion of time in which server is
busy in order to make the most of the server.

In the standard M/G/1 model these two objectives are not compatible. In the
M/G/1 queue the probability of there being no customers in the system is 1 — p. The
mean number of customer in the system has a term proportional to 1/(1 — p) in it. Thus
if we constrain this (and hence the mean waiting time) we may be forced to have an
unacceptably high probability of the system being empty. Note also that the length of
the busy period is 1 divided by the probability of the server being empty (from renewal
theory). Thus the longer the busy period, the greater the server utilisation.

Because of this incompatibility we introduce elements such as we have described
to give further control over the queue. This is the aim of a fixed upward threshold. The
server may serve slowly during the first phase in order to lengthen the busy period and
thus increase the utilisation of the server. However if the number of customers in the
system becomes too large (and hence waiting time becomes too long) the queue switches
to a faster service rate to remove the excess customers. In this case the queue is cleared
before returning to the slower service rate. A more desirable situation is that the faster
service continues only until enough customers are removed from the system to remove
the problem. This will be considered in Chapter 7.

Such stochastic control over a queue is not an unusual idea, for instance Dshala-
low (1989) uses this concept. In most problems the basis for the control is assumed to
be state-dependent and otherwise independent of the history of the process. This is the
novel part of the problem considered here. The phase depends on the history of the
process, not just the current phase.

The fixed-time threshold is a cruder type of control. The server serves slowly
for the first S services in order to build up a backlog which will then increase the length
of the busy period and thus server utilisation. This is mentioned in Neuts (1989) and is
closely related to the E-limited service discipline of LaMaire (1992).

The final reason given here for considering such situations is to model a server

which may breakdown (or exhibit some similar phenomena). In such a situation there
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are many possible descriptions for the way in which the breakdown occurs. The one we
shall look at is when the server breaks down at the end of a service with probability p
which is a constant. We assume in this particular model that the server must then alter
its behaviour until the queue is emptied and the server can be repaired. For instance the
queue might simply discard all of the customers present at the time of the breakdown.
This is not a very good model for breakdowns. For a start we have assumed
that the repair takes zero time and requires the queue to be empty. Other descriptions
of breakdowns include features such as the server breaking down during the service or
even when the server is idle. Further the time until a breakdéwn might depend on the
number of customers served since the last breakdown or since the last checkup of the
server. We shall address some of these criticisms in Section 4.5 and other aspects of the
problem in Chapter 5 where we consider problems with four phases. We might note also
that these examples are provided to demonstrate the utility of this method, not to be
an end unto themselves. With some further work a suitable model for breakdowns could
be constructed but the specifics will depend on the mechanisms involved in the system.
We call this case the geometrically-distributed random-time threshold because
the breakdown occurs after a geometrically distributed number of customers have been

served in the busy period.

4.1 Results

Theorem 4.2 The following results hold for the relevant thresholds described above.
(t) For a fized upward threshold condition (%) holds for allk € IN if p, < 1.

(ii) For a geometrically-distributed random-time threshold condition (x) holds for
1
pE (1——,1) and py, <1,
o

where a = sUp,¢(o,1) €a(2)-

(i) For a fized time threshold condition () holds for all S € IN if p, < 1.

Proof:
(i) See Lemma 4.3.1 in Section 4.2.
(ii) See Lemma 4.4.1 in Section 4.3.
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(iii) See Section 4.4.

For the rest of this chapter we shall use the following matrix defined for k € IN.

a1 ap

ay a1

as

az

0 ap aq

\00

0

66

Q-1

A \

Ap—2 Gg-1

ap—-3 Qg2

ap

aj )

0

(4.2)
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Theorem 4.3 Given either k € IN, p € (1 — %, 1) or S € IN for each type of threshold
respectively the following results hold.
(i) For py > 1 the queue is transient.
(i) For p, = 1 the queue is null recurrent.
(141) For py < 1 the queue is positive recurrent and the probability generating function
for the equilibrium distribution of customers in the queue is given by
p[) - L lb(le —2)+ ffES)__f(z)} zRgF%z)} |
for z €[0,1) and with the mean length of the busy period m given by

S [1+{pa1—-_p;}bRgF)(1)],

where RgF )(2) is a non-negative function bounded above on the interval [0,1] that is
determined by the specific type of threshold between the phases. F specifies the type of

threshold used and q is a parameter associated with that type of threshold. Thus we write

U, a fized upward threshold at k, ¢g=ke N,
F = G, a geometrically-distributed random-time threshold, q=p € (1 — %, 1) )
T, a fized-time threshold at S, g=S5¢€ .

The actual values for R‘_(IF)(z) are given by
1
RY(z) = e (I- P2, (4.3)

where Py is the k x k matriz defined in (4.2),
z—F(1-p)
z—a(z)(1 —p)’

where F*(z) is the probability generating function for the number of customers served

RO(z) = (4.4)

during the busy period of the M/G/1 queue with service-time distribution A(-) (see 3.13

on page 61).
(M (,) — €a(2)° =1 _ (1=19s1) £ £a(2)° =1 o)
e T e e ¥l e e U
where

o p=AZ( N a1
46 — / 0 40y,
0

il
AG)(.) being the i-fold convolution of A(-).
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Proof: We use the notation from (4.1) and definitions from Chapter 3 so that

MO(Z) — 1’

- . 1.,1:[1 L(Xi#0)
(% = 2" )
im0 \Lera(z) +Ic2b(2)

is the martingale for n € INV.

If po > 0 and py > 1, Lemma 3.2.2 demonstrates that 7(0) = oo with positive
probability. Thus the queue is unstable in the sense that X,, — oo as n = oco.

If however p, > 0 and py < 1 we must show that condition (%) holds so that the
stopping times we use are regular for the martingale. If p, < 1 the condition is trivial

and if p, > 1 the condition becomes (noting that p, < 1)
E [a”(o)] < 0, (4.6)

where a = sup, ¢ 1) &a (2). This must be shown with respect to each specific threshold.
Theorem 4.2 is provided to point to the relevant proofs as they are located in the sections
dealing with their respective thresholds.

Theorem 3.10 gives the probability generating function for the number of cus-

tomers in the system at equilibrium to be

x 1 [1=E[Z0] B[] -2
o] = &[22l
_ 1 [ 1-2 +E[zxﬂm)} -z E[z'xnlﬂll _,
m _1"'&7(25) 1 —&a(2) l-—-&,(z)
— l l1—=2 + [ga(z) - Eb(Z)] [E [ZXH(O)] — z}
T om(1-6l T -LE)I-aE)
_ 1 [ae)—2)  {bE)—a@)}z [B[0] -4
B G A O O R R

In order to find the final result we must calculate
E o] - g,

but this will be different for each threshold considered and so we will consider each in a
separate section below. However, we may note that this solution will exist for p, > 1 and

in this case there will be some 2 € (0, 1) such that a(zy) = 2y and hence the denominator
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in the second term of (4.7) will be zero. Therefore, in order that the generating function
exist we must have the numerator equal to zero at this point as well. For this to be so
we shall write

E [zXf1(°)] — z = (a(z) — 2)R(2),
for some function R(z) bounded on [0, 1]. Then we can write the solution as

B[] = 1 [b(z)(l —2) +{b(z) — a(2)} 2R(z)|

m b(z) — z

(4.8)

Note that we have yet to demonstrate that an R(z) of this form can be found but we shall
do this in the following sections. As the particular function R(z) depends both on the
type of threshold and its relevant parameter we shall write it as RgF )(2) where I gives
the type of threshold and ¢ gives the relevant parameter. For proofs of the expressions
for RgF)(z) see Theorems 4.4, 4.5 and 4.7.

The value of m may be calculated in two ways. The first is to note that m is
given by the renewal results to be the mean number of customers served in the busy
period. This can be calculated through use of the generating function F*(zy,z3). The
alternative, which we use here due to its ease, is to note that F [zX ] is a probability
generating function and in the limit as z tends up to 1 it must be 1. Hence m can be
viewed as a normalising constant. Taking the limit as z tends up to 1 using L’Hopital’s
rule the left-hand side is equal to one, and hence multiplying both sides by m gives

[+ {e(1) — a3} REV(QL) + {b(1) — a(D} REVQ) + {¥(1) — d(1)} RgF)(l)]
b(1) -1 ,

where noting that a(l) = 1, /(1) = ps, b(1) =1 and /(1) = py gives

1+ {pa — po} RV (1)
1—ps

Note that as p, T 1, m tends to infinity and so when p, = 1 the process is null recurrent. O

Remarks: (i) The generating function in the solution is interesting in itself as it suggests
that the solution can be written as the normal solution to the M/G/1 queue plus a

correcting term that depends on the difference between a(z) and b(z) and the type of
threshold.

69



Chapter 4: Two-phase examples

(i) Note that m is insensitive to the actual distribution B(-) except through p,
and when p; = pp, m is insensitive to both distributions A(-) and B(-) except through
Po and py.

For each type of threshold considered we must now prove that condition () is
satisfied and calculate R{")(z). It will be seen that conditions (%) is satisfied without

restriction except in the case of the geometrically-distributed random-time threshold.
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4.2 Fixed upward threshold

In this case the threshold is a fixed number of customers, say k. If more than this number
of customers are in the system at the end of a service then the queue switches from phase

1 to phase 2. We take

7(n) Ainf{m > n|X,, > k}, if phase(n) = 1,
n(n) =

n, if phase(n) = 2,
= Igi [7(n) ANinf{m > n|X,, > k}] + Icn.

If at time n the process is in phase 1 then 7y(n) is the time of the next transition to
phase 2. (Note that when the queue empties we assume a dummy transition through
phase 2.) When at time n the process is in phase 2, 71(n) is defined to be equal to n in
order to be consistent with our definitions. When n = 0 we have assumed the process

to be in phase 1 and so
7(0) = 7(0) Ainf{m > 0|X,, > k}. (4.9)

In order to apply the results of Section 3.2.3 and 3.3 we must first prove the
regularity of the stopping time 7(0). To do this we must satisfy condition (*).

Lemma 4.3.1 For a threshold as described above with k € IN, p, > 0 and p, < 1

condition () is satisfied. Furthermore
E[wnO] =14 w=-1)es (T-wPy)'1,
for allw € [0, a].

Proof: Condition (*) is
E [a’l(o)] < 0,

for @ = sup, g 1 §a(2). We write, for w € [0, a] the expectation
E [w’l(o)] = Y 'p{n(0) =i}
i=1

= 3 up{n(0) =i, X1 = 5}

i—1 =0
= wp{n(0) =1} +
; ;wi p{mi(0) = i|X;_1 = j, m1(0) > 4} p{Xi-1 = 5,m(0) > 4}. (4.10)
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Now we can see that p{71(0) =1} =ao+ X%, ;qyand fori >1andj=1,...,k

p{n(0) =i|X;—1 =4,m(0) > i} = (0051;' + > al~j+1>

I=k+4+1

I=(j-1)v1
where a; = p{A; = i} as defined by (4.1). We shall define g; by

k

9i = (1_ Z al‘j-H)!

I=(j—1)v1

and from this we form the vector g. Substituting these in (4.10) we arrive at

k o
E [w’l(o)] = wgr+w), gy wp{X;=7m(0) >}
=1 =1
In order to find 32, w'p{X; = j, 71(0) > i}, we define the vector
vi = (p{Xi = 1,m(0) > i}, p{Xi = 2,71(0) > },...,p{Xi = k,7u(0) > 4}), (4.11)

the sub-stochastic probability transfer matrix Py as in (4.2) and v! = (aj,as,...,a),

the probability vector of initial probabilities given a transition from Xy = 0. Then
v = viPil,
We seek conditions under which
o0
3 WP
i=1
converges. From Property B.3 of norms and Theorems B.2 and B.3 the series converges

if |w| |P|| < 1 for some matrix norm |P].

We use the matrix norm defined in (B.6), for z € (0,1] by

for a matrix A = (aj;;). Then

k k k
IPef- = ma’x{zaj'z]_l’ Zaj,lzj‘z, Zaj—%’]—g, . }
j=1 =2
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so that
1 2

—_— > —
IPxl: ~ a(2)

Thus there exists a 2y € [0, 1) such that

2 N 1
sup }
z€[0,1) a(z) ||Pk||zo

Thus a|Pg|,, < 1 and hence the series converges for w € [0,]. This proves that

E [a’l (0)] < 00. For the second part we can note that we now have

E [wn(O)] = w {91 +wv1 (Z wipi) gt} ’
i=0
when the sum converges. The previous result means that this sum converges for all

w € [0,a] and we know from Theorem B.3 that it must converge to (I — wP})~! and so

E [w”@] = w {gl +wvt (I- ka)_lgt} :

1

Now v' = e; P, and so Lemma B.1.2 means that

W V1 (I — ka)_l = we Pk(I - ka)Al

= —e; +e; (I - ka)_l,
which gives

E[wﬂ(o)] _ W{gl—elgt+el (I - wPy )—lgt}

= w{91—91+el (I—wPg)” }
Now g* = (I — P;)1" so that we get (again using Lemma B.1.2) that

E[w"®] = wey(I—wPy) (I-Py)1*
= e;(I—wP;) }(wI —wPp)1t
= e (I—wP) I —wPp)1 +e; (I —wPy) (I —I)1t
= 14 (w—1e; (I—wP;) 11t

This is the desired result. O
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Remark: It can be seen that this has the desirable properties of a probability generating
function. When w =1, [w’l(o)] = 1 and when we take the derivative with respect to

w at w = 1 we get the mean time until the threshold is reached
E[n(0)] = e (I-Py) 11,

which agrees with (4.29) of Section 4.6.1.
Note that we now have the constraint necessary for the almost sure finiteness and

regularity of 7(0). Next we provide the value of R,(GU)(z) from the value of £ [zXf:l (0)] —z.

Theorem 4.4 For p, >0, z € [0,1), Xo = 0 and the threshold k € IN we get
E [zXﬁ(")] —z =[a(z) — 2] R,(CU)(z),
where
@) 1 1
R () = ;el(I——Pk) ZI
and Py, is the k x k sub-stochastic matriz defined in (4.2).

Proof: We can write E [zXfl(")] as

E [er1(0)] — ;;)E[ ’I 7'1 )| Xi—l :j,Tl(O) > 2] p{Xikl :j,Tl(O) > ’L}

- E [zXII(T (0) = 1)|X0 = 0] p{Xo = 0}
+222E[ % I(r1(0) = 4)| Xi 1= 5,7(0) > i] p{Xi-1 = 4, 71(0) > i}

= E [lef(ﬁ(o) = 1)| X, = 0]

+ZZE[ X (ny 0)—z)| Xio1 = §,m1(0) > i] p{Xi 1 = 4, 7(0) 2 i}

i=2 j=
as we have Xy =0. Nowfor¢=1and j =0, F [ X I(1(0) = z)l i1 =17,7m(0) > z] is
E[ 2% I (r(0) = 1)|X0 = 0] = a+ Y a2

I=k+1

k
= a(2) = > az
1=1
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For ¢ > 1 and 7 = 1 the result is

B[XI(n(0) =) X1 =1,n(0)21] = e+ Y a
l=k+1

k
= a(2) =Y a?,
1=1
and for j >1and i > 1itis

E [ZXiI(Tl(O) = ’l,)le 1= _],7'1(0) > ’I:] = Z al_,-+1zl
I=k+1

= z’ 1 Z alﬁ,ﬂz
From the previous two equations we get for y = 1,...,k and ¢ > 1 the following

k

B[ (0) = )| Xi1=4,m(0) 2] = a(@) "= Y @,
I=(j-1)v1

which we shall call g;(z). Thus we arrive at the equation
k
FE [ZX"'I(O)] = (a(z) — Zalzl)
oo k ) k
+2 > a7 = 3 a,_le’) p{X; =34,7(0) > 4}

i=1j=1 I=(j-1)v1
= Z) +§ (ZP{X - .7)7-1(0) > z}gj (z))

In order to find Y p{X; = j,71(0) > i} we define v* and Py as in (4.11) and
=1
(4.2) respectively and v! = (ay,ay, ..., a;). These are respectively the probability vector

after the ¢th transition in phase 1, the sub-stochastic probability transfer matrix and
the vector of initial probabilities for the subset {1,2,...,k}, of the state-space of X,.

Immediately from this we get
vi=viPi L
Theorem B.3 shows that summing this from ¢ = 1 to co gives
Z vi = viI-Py) .
Now v! = e; P, and so we can see (using Lemma B.1.2) that
VI(I-Py)™! = e P(I-Pp)!
= —e; +e (I- Pk)_l. (4.12)
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Take g(z) = (91(2), 92(2), - -, gx(2)) and g(z)* the corresponding column vector and we

get

E[Fno| = gl(z)+§:(

which from (4.12) gives

= [el +vi(I- Pk)_l] g(2),, (4.13)

E [zXfl(o)] = (el —e; +e; (I— Pk)_l) g(2)*

= e; (I-P) "g(2)t.

Now we can simplify g;(z) and hence g(z)* as follows

alz) .
g; (Z) = —(z)zj — € Pk Zt,
= g(z)t — @Zt . Pk Zt.

Hence we can write E [zXfl(")] as

E [;;Xrl(o)]

using Lemma B.1.2. This leads easily to the desired result.

e; (I-P)™* (a—(zzlzt ~-P zt>

@ e;(I-P) 'z —e; (I—Py) 1Pz

@ e;(I-P,) 2" +e;1z"' —e, (I—-Py) 12
@ er(I-Py) 'zt +2z—e (I-P ) 'z

(9% — ) es(I-Py)'z" 42

1

p (a(z) —2) e1 (I —Py) 12" + 2,
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4.2.1 Some limiting cases

There are several special cases of this system which have been examined in detail in
the literature, the simplest of which is the M/G/1 queue. The probability generating
function for the equilibrium number in the M/G/1 queueing system is expressed in (3.11).
In the following special cases we expect the same solution as in the M/G/1 model. If
a(z) = b(z) the solution is immediate. If k¥ — oo and p, < 1 we also expect (3.11).
As k — oo, F*(1,y), which is the generation function for the time spent in phase 2,
approaches 1. This is because the probability that zero time is spent in the second phase
approaches one. Hence
E[zX]:i[ 1-2z ] _lax)(1-2)
m

m|l-& a(z) — z

We shall next consider what happens if a customer arriving at an empty server
has a different service-time distribution from that of customers arriving when the server
is busy. The solution to this type of problem can also be found in Yeo (1962). The result
given by Yeo is

=)
where m = lﬂl”:“—p_;ﬂ’). This might occur if there was some overhead associated with
restarting the server or if there are server vacations. The two-phase M/G/1 queue with
a fixed upward threshold should be the same as this when k& = 0. We have not included

this in the previous results but it is an easy case since Corollary 3.7 gives F*(1,y) as

F* (1, W;) = B [%n0],

the right-hand side of which is a(z) in this case. Once F*(1,y) is known we can write

the solution using Theorem 3.9 as

(a(z) —2)(1 — 55) + (1 —a(2))(1 - F5)
-0 —55)

29522

1

E[z*] = —[

m
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4.2.2 Modifications

As noted in Section 3.4 some modifications may be needed to deal with other possible
descriptions of the server’s behaviour. We shall consider here some such modifications.
(I) Modifications during phase 1.

If we consider properties other than the service-time distribution of the server to vary
between phases then we may need to modify the previous work slightly. We use the
relevant expression for a(z) in the solution. However we must, in some cases, make further
modifications to the solution. Cases (i), (ii) and (iv) require no further modification to
the solution. Case (v) is covered by Park (1990) for a queue with one phase and can be
dealt with here by an obvious extension. Case (vi) will not be used. This leaves (iii) as
the interesting example and we shall consider this here.

(iii) During phase 1 the server allows only the first N; > 1 arrivals during each service,
the remaining arrivals (if there are any) are blocked. (We shall simply write N = N;

here.) In this case

The only other modification necessary in the calculation of F [zXfl(")]. We define the

sub-stochastic probability transfer matrix yPy for 1 < N < k by

( ap Gz *°r GN-1 XioNG 0 ves Q)
ap ai -+ AGN-2 GAN-1 on@ -+ O
NPy = 0 ap -+ an—3 an-2 any_1 - 0 . (4.14)
\ o o0 --- 0 0 0 eoay

Note that when NV > k this modification is trivial as yPx = P;. Having done this, the

same procedure as in Theorem 4.4 produces the result
1
E[Fno] -2 = —(a(2) = z) e T —yPy) ',

which gives the solution

1 [b(E)(1 = 2) + 8(2) = a(2)} 2 ¥BP )
m b(z) — z ’

E [zX] =
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where

1+ {Pn — pb}NR}cU)(]‘)

and

(IT) Modifications during phase 2.

Modifications to the behaviour in phase two are relatively inconsequential. We take b(2)
as defined in the relevant part of Section 3.4 and then p, = b'(1). The condition for
recurrence, pp < 1, remains the same. With b(z) given by the relevant function the

solution remains the same as that in Theorem 4.3.
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4.3 The geom.-distributed random-time threshold

This is the case in which the switch between the two service-time distributions occurs
at a random time. We assume that the probability of the switch occurring at the end of

a service is p. That is to say given the process is in phase 1 at time n and X, ;1 # 0
p{n(n) =n+1} =p,
where p is a constant 0 < p < 1. Thus we can write, at some time n € Z™*

7(n) A (n + R), if phase(n) = 1,
ni(n) = .
n, if phase(n) = 2

= IC}; [T(n) A (n + R)] + IC,{n)

¥

where R is a random variable with the geometric distribution

p{R=i}=(1-p)'p

Thus we could consider the threshold to occur at a random time which is geometrically

distributed. From this we can write
71(0) = 7(0)AR. (4.15)
The following lemma provides the constraint necessary for regularity.
Lemma 4.4.1 When p, >0, p, <1 and
p>1-— l,
a

condition (x) is satisfied and furthermore for w € [0, @]

wp + (1 —w)F*(w(1 —p))
1—w(l-p) ’

where F*(§) is the unique solution to the equation z = £a(z) in the interval [0, 1).

E [wﬁ([))] —

Proof: When p, < 1 and hence o = 1, condition (%) is trivially true. When p, > 1 and

hence a > 1 the following is true
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therefore
E[a"®] < E[o”]
= Z aip{R el
i=1
= 2 o(l-p)7p
i=1
= pa) [o(l-p))
=0
S— e S—
1—a(l —p)’
when this converges. It converges for a(1 — p) < 1 and so
1
p>1——.
a

For the second part of the proof we consider

E[wn®] = i B [w"O| R =n|p{R = n}
n=1

= LpiE[ nOI(7(0) 2 R)|R=n| (1 - p)"
+Lp§jE[ nO[(r(0) < R)|R=n] (1-p)"
n=1

When 7(0) > R, 71(0) = R so that
E[w"®I(7(0) > R)|R=n] = w"p{r(0) > RIR =n}
S (1 - zj p{7(0) = i}) :
I(r(0) < R) =% I (;(0) =) so we get
1

and
E [w”(o)] = p ni::l ( — T:Z_lp{’r(ﬂ) =iR = n}) w*(1 —p)*

gD E [ O1(7(0) = )| R=n] (1 - p)",

n =

When 7(0) < R, 71(0) = 7(0)

1
which when we rearrange and swap the order of summands gives

0] = %iw"( —pr

p'L 1
Z=3 Y v p{r(0) =ilR = n}(1 —p)"
pz:ln—z—l—l
——Z > W p{r(0) = i|R = n}(1 - p)"
p'f. 1n=1+1
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When n > i, p{7(0) = {|R = n} is simply p{7'(0) = ¢} where 7/(0) is defined by
7'(0) = inf{m > 0|X], = 0},
where X!, is the process formed by X = 0 and
X1 = Xpn + Amn — I(X, # 0),

for all m € Z*. Hence we get

n] wp P S i) — 1 N n
E[w (0)] = Toa P - 1_p;p{7(0)_z}n§rlw (1—p)
o L@ =i ) (-

4 wp SN o i
1—w(l—p) - 1= w(l—-p) ;p{T(O):z}w (1 -p)

+i p{r'(0) = i}oi (1 — p)

wp |1 — E |(w(1 - p))" w
- | 1_-[w(1_p) H+E[(w(1—p))’“].

As X, is analogous to the embedded process of the M/G/1 queue we can see that 7/(0)

is the number of customers served during the first busy period and so £ [wT'(D)] = F*(w),
where F*(z) is the probability generating function for the number of customers served
during the busy period of the M/G/1 queue with service-time distribution A(-) (see 3.13
on page 61). Thus we get
wp [1 = F* (w(1—p))] + F* (w(1 — p)) [1 - w(1 — p)]
1 -w(l-p)

wp + (1 — w)F* (w(1 - p))

1 —w(l—p) ’

which is the desired result. 0

E [w”(o)} =

Note that the condition p € (1 - %, 1) is a sufficient condition, not a necessary
one. We have said nothing about the case when p < 1 — % It provides regularity and
recurrence as does Lemma 4.3.1 in Section 4.2. It is important for us to note also that
this is the only one of the three examples in which there is a constraint placed upon the

threshold parameter p. Because, however, we have chosen this as a model for a server
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which may breakdown this causes no problems. In such a system p, would be the normal
traffic intensity of the system and as such would normally be chosen to be less than one.
Hence £,(z) < 1 for z € [0, 1] and hence a@ = 1. This means that for such an example
there is only the restriction that p be positive. This is a trivial restriction as when p =0

we have a degenerate case with only one phase. We next proceed to find the value of

R (z).
Theorem 4.5 For p, >0, p>1— i with a = sup, ¢ 1 1(2) and z € [0, 1),
E [zXfl(")] —z = [a(2) — 2] RI9(2),

where

z— (1 —p)
z—a(z)(1 —p)

and F*(§) is the unique solution Z(§) to z = £a(z), for z € [0, 1).

Proof: First forn € IV

E [zXfl(") R = n] = F “I(T(O) < n)+ I(7(0) > n)] %@ | R = n]
= E[I(7(0) <n)| R =n]+E [I(r(0) > n)z*n®| R = n]
= p{r(0) <n|R=n}+FE [I(T(O) >n)z%*| R = n] :

because when 7(0) < R, X, (o) = 0 and when 7(0) > R, X,, (o) = Xg. As in the previous
proof we use the process defined by Xj = 0 and

i1 = Xp+ Anya —I(X;, #0),

where the random variables A, are the number of arrivals during the nth service given
that the process is in phase 1. We have X| = X, for n < 71(0). Thus if we define
7'(n) = inf{m > n|X], = 0} when this set is non-empty and 7'(n) = co when the set is

empty we can see that p{7(0) < n|R =n} = p{7'(0) < n} which gives

B [ 2X51(0)

R= n] = p{7(0)<n}+E [I(T(O) > n)z%n

R=n].  (416)

Now we consider X, for n < R and 7(0) > n. In this case X,, = X! Thus we can use
the following process slightly modified from Baccelli and Makowski (1989). We define
for the standard M/G/1 queue (a single-phase queue with embedded process X)

9(y,n) = E [y I(r(0) > n)] .
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We can use the Remark on page 47 to show (in a similar manner to Theorem 3.6) that
9(6a(2)m) = B [X41(7(0) > n)] .

Thus we get

R:n}t“ = ZE[z >n)]t

2::1 g (fa(z)’ n) "

which is defined to be G* (fa(z),t> — 1. Now Baccelli and Makowski also show (2.30)
that

i

P (y) — P ()

Gy,t) =1+ —

From this we can deduce that

o e g e ) — )P
EIE[I( (0) > n)z*"| R =n|t e
Lo 1)
as F*(£,(z)) = z from (3.12). We can also write
Srr@<ne = 3 z";p{f'(m =ije
= ; =4}t Zt”’ :
— l—l-i =i}t
- = it ) (4.18)
We note that
E [zXfl(")] — i E [zXfl(") R= n] p{R =n}
= i_o:lE [zxfl(") R= n] p(1 —p)”*1
e o B — ] (1 — o1
= = nX_: E [Xno J(1-p)

= T EP{T'(O) <n}(l-—p)"
ZE[ (7(0) > n)2*

= n] (1 _p)"7
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from (4.16). If we now substitute the results of (4.18) and (4.17) with ¢t = (1 — p) we get

X.@] - P F(-p) p (-pz—E&(EF(1-p
Ble] = -7 p I-p  &@-(-p

This may be simplified in the following manner (where we have written for brevity

§= Ea(z))

B[Fnw] -z = F*(1=p)l€ = (1 =p)l +p(1 —p)z —pF*(1—p)
1-p)(¢-(1~p))
_ FA-p¢-1)10-p)+p(1l—p)z—2(1—p)({ - (1 —p))
1-p)(€—-(1-p))
_ A-p)-1)(1-p)+ (1 —p)z—2(1-p)}
(1=p)(¢—(1~p))
_ FrA-p)€-1)+z—2¢
{—(1-p)
_ [=F(-pl1-¢
£—(1-p)
_ z2=F(1-p) .
- &=(1-p (=4
_ z—F*(1-p) al2) — 2
T z—(1-pla(z) (a(2) — 2), (4.19)
which is the required result. O

Remark: From (3.13), F*(1 — p) is the unique solution to

2= (1-p)a(2)

for unknown z € [0,1). Thus when the denominator of (4.19) is zero the numerator is

also zero.

4.3.1 Some limiting cases

When p, <1 and hence a = 1 the condition is simply that p > 0. If we then take the
limit as p | 0 we should get the result for the standard M/G/1 queue with p = p,. From
the solution we get

1 [b6(2)(1 = 2) + 2 {b(z) — a(2)} ZEGES
m b(z) — 2

E [zX] =
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which when we take the limit as p | 0 gives

a1 [6E =) + 2 {b(z) — a(2)} 2=k
E[z] T m b(z) — = “}

_ 1 [ = 2)(alz) = 2) + 2{b(z) — a(2)} (1 - Z)]
m (a(2) = 2)(b(2) — 2)

1 [{e)(a(2) — 2) + 2b(z) — za(2)} (1 — 2)

= COEBICOED

1 _{b(z)a(z) - za(z)} (1-— z)]

= m | @@ -90m -2

_ 1 [0() —2)a()(1 - Z)]
m | (a(2) = 2)(b(2) - 2)

_ 1[0
m| a(z)—z |’

which is the solution we expect for the M/G/1 queue. When p = 1 the system is the
same as the M/G/1 queue with a different service-time distribution when a customer

arrives at an empty server. From the result we get

X 1 |6(2)(1 — 2) + 2 {b(2) — a(z)} =L
B[] - al()( >+b({z)<_>z (2)} =% ]
Now F*(0) = 0 so that we get
X _ LU= 2) + 2 {b) - ()}
E[z] N E[ b(z) — 2 ]
_ 1 [b(z) — za(z)
- m[ b(z) — 2 ]’

which is what we expect.

4.3.2 Modifications

No modification to the solution is necessary for any of the examples of modified server be-

haviour except using the correct generating functions for a(z) and b(z) from Section 3.4.
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4.4 Fixed-Time Threshold

In this case the threshold is passed after a fixed number of customers have been served
during the busy period. We label the number of customers served before the switch by
S € IN. Note that if the system clears before this threshold is reached then it is reset
when the next busy period begins. This is so that times spent in phases in different busy

periods will be independent. We can write

n(n) = { 7(n) A (n +8 - x(n)) ,  if phase(n) = 1,
n, if phase(n) = 2,
= 7(n) A [n + (S — x(n))+] )

where x(n) is the number of customers served since the beginning of the current busy

period. The second equation occurs as (S — x(n)) will be negative when phase(n) = 2.

Thus
n1(0) = 7(0)AS. (4.20)

It is worth noting at this point that condition (*) is trivially satisfied for this type of

threshold. This can be seen as when a > 1 we have @® > a™(% with probability one.
Theorem 4.6 For p, >0, S € IN and z € [0,1] we arrive at
E[%n0)] ~ 2 = [a(z) — 2]RS(2),
where RgT)(z) can be defined recursively by
REL(2) = 2 {BP (2)a() — B} +1,
and R (2) = 1.
Proof: We use the stopped process Z,, defined in the following way.
Zn = Xnpr(0)-

Note that
FE [zXfl(O)] =K [zzs]

)
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so we shall consider Zg rather than X, () throughout this proof. When S =1
E [zxfl(")} -2z = F [zzl] —z
= K [zAl] —z
= a(z) — 2,
where A; is the number of arrivals during the first service. Clearly then RgT)(z) =1
This provides the starting point for an inductive proof. Assume the lemma is true for
S =mn>1,so that
E[z%] - z = [a(z) - 2] RD(2).
Consider the case S = n 4+ 1. We want to show that
B [s%+] — 2 = [a(z) — 2] R 1(2).
Now we can see for S = n + 1 that

E [zXfl(O)] —z = F [zz’“f‘] -z

=0

Zn=i|p{Zn =i} -

We deduce that

FE [zz"+1

Zla(z), >0
Zn:?:] — { () ’ ,

1, 1 =0,
from the fact that when Z, = 0, Z,,; must also be zero and when Z, = ¢ > 0 then

Zpt1 =t+ Apyg — 1 where A,y is the number of arrivals during the (n + 1)th service.

This means that
E[zz"“] -z = p{Z,=0}+a(z Zz‘ p{Z, =i} -2

= p{Z, =0} + Z){E[ " = p{Z =0} -

We can see that p{Z, = 0} will be a,R{)(0) and we have assumed F [zzn} — z to be
la(z) — 2] B{D(2) so

] =2 = aok®(0)+ %2 {la() - 4RO () + 2 - R (0) - 2
= lafs) - A7 | popm) - L0 oy,
T (2)a(z) agRD
- - )00 )
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with some rearrangement. Thus we have inductively proved that E [zXfl (0)] — 2 contains

a factor of a(z) — z and also demonstrated the stated recursion. O

We still require a closed form for R (z) for Theorem 4.3 equation (4.5). The

following theorem provides it.

Theorem 4.7 For the process discussed above

@), 1 =£a2)" (=) = 1 =& (2)° " 4®
B = e —&(z))] > l AE TRy R
and
RD©O) = L3 a®,
@0 =1
where

00 o— AT k—1
a® = /0 %d!ﬂk)(w),

A®)(.) being the k-fold convolution of A(-).

Proof: When we consider the geometrically-distributed random-time threshold the solu-

tion for & [zXf1(°)] — z could be written as

NgE

E [zXfl(")] —z = > [E' [ r1(0) ] ]p{R =n}
o
= p i [ [ Xri(0)

— z] (1—p)™

P =1 N n]

Now [E [zXfl(D)

R = n} —z] is just (a(z) — z)R{)(2) where R{T)(2) is defined for a
fixed-time threshold at S = n. Thus we can write

RO(2) o) =4 ¥ BO ()1 o)
ik fp la(z) — 2] R(z,1 — p), (4.21)

where
(z,p) = Z RI)(2)p™.
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By comparing this with the answer in Theorem 4.5 which states

X z—F*(1-
Blrae] s = ZTCE o) ),
we get
_1—p z—F*(1-p)
MEl=r) = - pato)
R(z,p) = lﬁp’z:ga((f))'

This in itself is interesting but it also gives us a way of calculating R{)(z) explicitly,
namely by expanding the right-hand side in terms of p and equating coefficients of p.
First we expand 1/(1 —p) as p < 1 to get

_ _p z=Fp)
R(z,p) - ]-"'P z—pa(z)
= pZ%p ;;g))-

Next we expand Tl(z)/z which we can do for some interval [z, 1] as when z tends to

one, a(z)/z tends to one and p < 1. This gives

1

R(z,p) = ;DZP Z(P—)j{l—;F*(p)}

= 50 3 () {1~ tro)
DY [1——_(‘1&} {1—§F*(p)}-

=1

Now from Takacs’s lemma
. o0 oo e Ae()\p)k1
Fe)=3 " | _Lk!)_dAU“)(w),
where A (-) is the k-fold convolution of A(:) with itself. We shall write
—Az( ) k-1
w _ [~ e () (k)
a® = /0 o dA™ (z).

Thus

*(p)

a(z) oo _ (@)
re = S [ s

z z
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o0 1— () oo 1 — (e’
=27 1—(%1) I 1(2) Zpa(k)
J ) e at =)™
o dE u‘zp[ |

By equating coefficients we get

— («=2)" JJ""“
R&T)(Z) = !11(2)] 1_573)’;[ 1( ) ]a(’“)’

_ (Iiz! (1 z

z

for z € (zo, 1] where pa(z9)/2z, = 1. Now as R{T)(z) should not in any way be dependent
on p we can take the limit as p tends to zero. Thus the above is true for z € (0, 1]

To get R{T)(0) we can use the fact that R(T)(z) satisfies the recursive relationship
RO(2) = = [AD (2)a(z) — RO (0)ao] +1
with R{)(z) = 1. This can be used as follows. We set
Rep) = Y EPEP
n=1

= p+ Z RO (2)p"

- p+§:{ Ry ()—RLTL(mao]H}pn
- p—|—i iz[R(T) — R ()ao];ﬂ"-l-ip"

2
p n
= p+ 45 X RO ) - BP0 p
n=1

- = +p7 [R(zp)a(z) = B0, p)ac]p",

which with some rearrangement gives

R(z,l—P){l—Pﬁ} = p[%—;R( p)]

1 - 2p0,1-p)]
1

— —_ ) LP
R(z,1-p) = p o

iz% —apR(0,1 — p)}
z — pa(z)
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From the geometrically-distributed random-time threshold we have (4.21)

E [er1(°)] -z = {’%pR(z, 1 —p)la(z) — 2]
_ z—papR(0,1 —p) Bl —
= 222000 fo) -, (422

By comparing (4.22) and Theorem 4.5 we see that

payR(0,1—p) = F*(1—p),

and so
ROP) = ——F(p)
= 135 pra®
@0 i=0 k=1
Y 0]
0 i=1 k=1
By equating coefficients we get
RO©) = — 3 a®,
a0 k=1
which is the required value. O

4.4.1 Some limiting cases

The case of the M/G/1 queue with a different service-time distribution for customers
arriving at an empty server is the same as the case with S = 1. In this case we get

RgT)(z) = 1 so that the solution is simply

B[] = 1 lb(z)(l — 2) + {b(2) — a(2)} z}

m b(z) — 2
- 2f

which is as expected.

4.4.2 Modifications

As before no modifications to the solution are necessary for any of the examples save

using the correct generating functions for a(z) and b(2).
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4.5 Other random thresholds

We would like to be able to find a solution if the random variable R is not geometrically
distributed, for instance if the time of a breakdown in the system depends in some way
on the number of customers served in the current busy period.

If the random variable R has probability function h(-) then the solution will be

of the form

x L |b(z)(1—2 b(z) —a(z zR,(lR)z
p] = 4 [H0=2 60— sep )]

for z € [0,1) where
RP(z) = 3 h(n)RD(2),
n=1

providing we can satisfy condition (*). Condition () is easily satisfied if there exists an
N such that h(n) = 0 for all n > N. Otherwise it might be difficult to provide condition

(*). This would have to be dealt with on an individual basis.
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4.6 The probability of a given phase

One thing that may be of use in these results is the probability of being in a given phase.
For example in order to calculate the cost of running the queue, given the costs for
running it in phase 1 and 2. This might be used to optimise a queueing system. Another
situation in which this information might prove useful is the breakdown model, in which
we may want to know how many customers are affected by a breakdown. In this section

we shall use Little’s law to calculate these probabilities. Little's law (1961) states
L = AW, (4.23)

where L is the mean number of customers in the system, A is the arrival rate to the
system and W is the mean time spent by a customer in the system. If we apply this
to the server alone we can see that L is the probability that there is a customer in the

system and W is the mean service time so

L = p{X#0}=1-—,
m
W = ﬂ_*_ﬂ,
Ha Hy

where ¢ is the probability of of being in phase 2. We have from Theorem 4.3 that

1+ {pa — m} R{V(1)
' 1 —py

m )

where R&F )(2) is determined by the specific type of threshold between the phases. Thus

po + (pa — )R (1)
1+ (pa— Pb)Rc(zF)(l) ’
AW = ¢(po — pa) + po.

L =

Substituting in (4.23) we get an equation for ¢ (when p, # p)

s — [pb + (pa — pp)RO(1) ] 1
1+ (pa — )RS (1) P| oo — pa
[Pb — Pa+ (1 = pa)(pa — pb)Rf,F’(l)] 1
1+ (pa — p) RSV (1) Po— Pa
1+ (pa — 1)RI(1)

T 1+ (pa— ) RPO(1) 20

Il
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This is the probability of being in phase 2. It is worth noting that this is insensitive
to the actual distribution B(-) except through py, the traffic intensity during phase 2.
Because of this insensitivity we can calculate ¢ even when p, = p, by taking a set a
distributions such that lim p, — p, and using L’'Hopital’s rule in the previous working
to get

¢ =1+ (pa — R{(1).

As an example we investigate the random threshold where
F
Rg N2) = RI(JR)(z)

z—F*(1-p)
z—(1=pla(z)’

which when we take z = 1 gives
RP(1) = —11—F*1—
¢ (1) p[ (1 —=p)l.

When we substitute this back into (4.24) we get

p+ (pa — )[1 = F*(1 —p)]

? T el —F-p)

In the breakdown model where all of the customers in the system at the time of a
breakdown are discarded p, = 0. In this case ¢ is the probability that a customer is
discarded because of a breakdown and it is given by

p+(pa— V{1 - F*(1 -p)]

P+ pall — F*(1 = p)]
1 - F*(1—p)

S ptpl—F(1-p)]

¢:

4.6.1 The length of the phases

Another thing that might be of interest is the time spent in each of the two phases. As we
have seen in the previous sections the generating functions E [z’l(o)] are quite complex
and depend on the specific threshold and we may suppose the same about E [z”(o)].
We shall just consider the averages which are relatively easy to calculate. 14(0) and

2(0) give the number of customers served during phase 1 and 2 respectively of the busy
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period. We calculate the expected values which are given by equations (4.29) and (4.30).

ol )
v1(0) v2(0)—1

(i)™
v (0)—1

o) ]

%{F* (ﬁﬁ)] = (=P O]+ (L= p) Em(0)],  (4.25)
Z 17 (155)] L - a-mEwmo (4.20)

The calculation of these values is as follows
il ()] = ()
() e

£l - (o)

from which we get

Now we have, from previous working, the following two equations

A
ol LN
(a(z)’ b(z)) .

F* (l,ﬁ) = [a(2) — 2] RgF)(z) + 2.
Taking the derivatives of these and taking liﬁl we get from equations (4.25) and (4.26).
(1= p)B1(0)] + (1~ ) Bln(0)}, = 1, (a.27)
(1= p)E[r2(0)] = (pa —1)RI(L) + 1. (4.28)
Substituting (4.28) into (4.27) and then using the resultant expression for E[v;(0)] in

(4.27) we arrive at

En(0)] = Rle)(l), (4.29)

Eln(0)] = 1+(pa1—_13:'3 E‘F}(l)' (4.30)

Note that by adding (4.29) and 4.30) together we get

1+ (pa = p) BRI (1)
L—pp ’

Ev(0)] =
which agrees with our value for m.
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4.7 Summary

As this chapter contains solutions to problems using the technique described in Chapter 3
now would seem an appropriate moment to summarise what has been done so far.
Chapters 2 and 3 provide a powerful result using Markov renewal theory and some
martingale results. This has been applied to a number of different two-phase problems
in this chapter. The equilibrium probability generating functions for three problems are
given in Theorem 4.3. In this chapter, three examples, each with a different type of
threshold between the phases, are considered and a general form of solution is found.
The three thresholds considered are the fixed upward threshold, the fixed-time threshold
and a geometrically-distributed random-time threshold. Each of these has a different
technique for finding the final solution and so each is considered in its own section of
this chapter. For each of the thresholds two major results must be obtained.

The first is simply to demonstrate when condition () is satisfied. This condition
being sufficient to use the results of Chapter 3. In conjunction with this result we have
also calculate the values of F [w’l(o)] the probability generating function for the length
of the first phase.

The second result necessary for a useful solution is the value of E [zxﬁ (0)] — z.

This can be given in each case in the following form
E [zXfl(")] —z = [a(z) — 2] R(2),

and so we have throughout used the notation R{")(z) to denote R(z) where F gives the
type of threshold and ¢ is replaced with the type of parameter relevant to the threshold.
Both this and the previous result are proven using a number of standard probabilistic
techniques.

The results we have obtained are then used to calculate a number of quantities
of interest in the study of such systems, namely the probability of being in a particular
phase during equilibrium and the mean number of customers served in each phase during
a busy period.

Finally we shall comment upon the solutions obtained. The final result is in an

elegant form. The equilibrium distribution of customers in the queue is given by the
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probability generating function

x] 1 [b(z)(1 =2) +{b(2) — a(z)} 2R (2)
E’[z] N E[ b(z) — 2 ]’

for z € [0,1) and with

_— [1 +{pa — o} RSF’(l)] ’
L—ps
where RgF )(2) is a non-negative function bounded above on the interval [0, 1] and is
determined by the specific type of threshold between the phases. The value F' specifies
the type of threshold used and ¢ is a parameter associated with the type of threshold.
A standard M/G/1 queue with service-time distribution given by B(-) would have the
probability generating function for the equilibrium distribution of customers in the queue
given by
b(z)(1 —z
E [ZX] = (L—p) [—_—(b()z() —z)] .
Thus we can see that our solution is a modification of this solution. The modification
is proportional to the difference of the probability generating functions b(z) and a(z).
This can be seen to make sense by considering the following. Our systems are all simply
M/G/1 queues with modified initial behaviour. (The behaviour during phase 1.) Thus we
should expect the solution to be that of a M/G/1 queue with some sort of modification.
That this modification is proportional to b(z) — a(z) is of some interest.
We should, at this time, note the work of Fuhrmann and Cooper (1985) which
deals with the stochastic decomposition of the M/G/1 queue with generalised vacations.
This is an M/G/1 queue in which the server is unavailable for certain periods of time.

For certain of these systems they obtain a result which states;

The (stationary) number of customers in the system at a random point in time
is distributed as the sum of two or more independent random variables, one
of which is the (stationary) number of customers present in the corresponding

M/G/1 queue at a random point in time.

We might, using some imagination, rearrange the scheme we have used herein to describe

multi-phase M/G/1 queues in terms of generalised vacations. To do this the queueing
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system must satisfy Assumptions 1-5 of Fuhrmann and Cooper. However, Proposition 2
of Fuhrmann and Cooper‘s paper require a further assumption, Assumption 6, which our
systems violate and it is not clear how the other propositions could be usefully applied.
(This assumption requires the number of arrivals during a vacation to be independent of
the number of customers in the system at the start of the vacation.) We have, in a sense,
obtained our own decomposition result however. This is not in terms of independent
random variables but dependent random variables as we sum two generating function,
not multiply. This could in itself be of interest in future research.

The solutions may look complex but they are not computationally hard to calcu-
late. For instance the solution for the fixed upward threshold requires the inversion of a
k x k matrix, however, the matrix is already in lower Hessenburg form. Putting a matrix
into Hessenburg form is a major part of one of the better computational procedures for
inverting matrices (Golub and van Loan (1983)) and so this matrix inversion is roughly
an order of magnitude easier than an ordinary inversion. The solution for the fixed-time
threshold is not difficult either. It can be done through a set of discrete convolutions
using the fact that a® is 1/k times the probability that there are (k— 1) arrivals during

k services so that

a(l) = Qy,
a(z) = Qajaop,

3 2 2
a( ) = ajag + asaiay,

Also the geometrically distributed random threshold relies on F™*(z) which is a standard
function for the M/G/1 queue, the probability generating function for the number of
customers served during the busy period. Thus the results are in a useful form for
calculation.

In the next chapter we shall consider the slightly more complex case of three

phases.
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In this chapter we consider an example with three phases. This is a simple extension of
the fixed upward threshold example considered in the previous chapter. In this case we
have two fixed upward thresholds at k; and k;. The ends of phases 1 and 2 correspond
to the times at which the system has more than k; and ks customers in it respectively.

We also describe a new type of threshold in Section 5.2, the fixed downward
threshold. This is the case when a phase ends if there are fewer than a certain number
of customers in the system immediately after a service completion.

We use a three-phase MRP which is shown in Figure 5.1 and we use the standard

notation defined in Chapter 3. Throughout this chapter we use the matrix

f & v 3 i i
a Gy az - a1 G, \
ioi i i
ay a; Ay - Gp, o Qp, 4
Py = | 0 a af -+ ai_, ai , |, (5.1)
\ 0 0 0 - ab a§ )

which is analogous to the matrix P}, in the previous chapter. Several of the proofs that
follow are also analogous to those in the previous chapter because each of the thresholds

is not qualitatively different from the single upward threshold in Section 4.2.
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Figure 5.1: A three-phase MRP. O denotes a renewal point while () denotes a non-

renewal point
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5.1 Two fixed upward thresholds

In this case we take the end of phase 4, (i=1,2) to be when the system first has more than
k; customers in it immediately after a service, or of course the end of the busy period.

So we can write

n(n) = Ig ['r(n) A inf{m > n|X,, > kl}] + <IC% + IC%) n
T(n) = (I(;% + Ioﬁ) [T(n) Ainf{m > n|X,, > kg}] + Igsn.
If p1 > 0 and p3 > 1, Lemma 3.2.2 shows that the queue is unstable. Thus we

shall consider the case with p3 < 1. We must show that condition (*) is satisfied. We

do this in the following lemma.
Lemma 5.1.2 For p; >0, ps > 0 and p3 < 1 condition () is satisfied.

Proof: In this case condition (*) is satisfied if F [ 1020 71(0)] < 00, where

Qi = SUP,[o,1 &i(2).

b0 [a? (0)a;2(0)—ﬁ(0)]

|
.Mg

-
Il
o

B a7 oz OO 1 (X, ) = i)

B[ap 01X = )] 2 [ap® O I(Xﬁ' 0=,

Il
.Mg

.a
Il
=3

as the times 71(0) and 72(0) — 71(0) are independent given the value of X, (o). We know
from Lemma 4.3.1 that & [ 2l )] exists and is finite and therefore F/ { n07 (Xn) = z)]
also exists and is finite. It can be shown in exactly the same fashion as in Lemma 4.3.1

that F [a’z'z(o)_n(o)_f (Xr(0) = 1,)] exists and is finite and so we have condition (*). O

Theorem 5.2 For p; > 0, po > 0 and p3 < 1, z € [0,1) the probability generating

function for the equilibrium number of customer in the system is

plr] = L[R2+ {al) @R + sl — ()RR

m ag(z) — z

where R,(g)(z) is defined in Theorem 4.3 and
uU I
RJQ() = w(I-Py)'2,
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= (p{XTl(o) =1}, p{ Xm0 =2} .. p{ X = kz}), Py, is defined by (5.1) and

1+ {p1 — ps} Rl(c?)(l) + {p2 — p3} R’(ﬂllj.gz( )]
1—ps

Proof: Note that as condition (%) is satisfied (Lemma 5.1.2), Theorem 3.10 gives

(E Xm0 | -2z  E|z%=0| - E|zXn0| 1-E[z%n0
B[] = % 1—&a() 1]_§z(z)[ L 1 —[g3(z) ]]
1 (E[Xno)l -2 FE :zXf1(°)] —z
m i 1— fl(z) 1 — &(2)
E [zxfz@)] -z F [zsz(*‘)] ~ & 1—2
R ) R WY e gg(z)]

[&4(2) — &(2)] [B [%0)] = 2]
(1= &(2)(1 = &(2))
[6(2) — &(2)] [B [%0] - 4] l"z]

T eE)(-6@) T 1-&0)
1|2 {az(z) - al(z)} [E [z f1(°)] - z]
-

(a1(z) — 2)(az(2) — 2)

#{as(2) ~ @} [B[20] - 2] ag(z)1-2)
(a2(2) — 2)(as(2) — 2) ag(z) — 2

The following lemma gives the important values of [zXfl (0)] —zand F [zsz(O)] —z.

(5.2)

Lemma 5.2.1 For p; >0, z € [0,1], Xo = 0 and the thresholds 1 < ky < ko we get
E[%n0] -~z = (a(z) — 2) RY(2),
E[%®] =z = (a1(2) — 2) RY(2) — (aa(2) — 2) RY D) (2),
where R,(g)(z) is defined in Theorem 4.3,
R G() = wi(I-P,) "2
and w* = (P{Xn(O) =1} p{Xn =2}, ., p{ X0 = kz}) and Py, is defined by (5.1).

Proof: The derivation of E [zXfl (0)] remains unchanged from Theorem 4.4 in Section 4.2

except for the slightly altered notation. Hence
B[2%n0] -z = (ai(z) —2) RZ(2),
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where R,(f)(z) =S i e; (I — Py, )1zt and Py, is the k; x k; sub-stochastic matrix defined
in (5.1). However E [zXTz(O)] must be dealt with slightly differently.
There are three possible outcomes for X, .

(i) Xr) =0 which implies X, (o) = X, o) = 0.

(ii) X (0) > k2 which implies X, (o) = X, (0)-

(i) X0 = k1 +1, ..., k.

Thus we arrive at the following result.
F [zsz(U)] —z = F [zXﬁ(O)] —

k
+ Z p{ X 0) = i} {E [zxfz(")
i=ky+1

X0 = Z] -F [zXfl(O)

Xou0) = i) }

ks
= @) -BP @+ X plXnw = H{E [0

X"r:l(O) = 'L] —_ Z":} 5

Now for ¢ = k1 + 1,..., ks we can write F [zsz(O)

X0 = i] as

(o] k
> Y E[FI(n(0)= m)l Xm-1=§,1(0) >m —1,X,,) =1
m=71(0)+1 j=1

X p{Xm,1 = j,’Tz(O) >m — 1|XT1(0) = ’L}

Thus we arrive at the equation

oo k
E [ZX’2(°) X)) = Z] = > (ZP{Xm =74,72(0) > m| Xy, () = 73}9?@)) :

m=m(0) \s=1

Now p{X, = j, 72(0) > m|X, (o) = i} is the probability of being in state j and still in
phase 2 after the mth service, given that m > 71(0) and X, oy = ¢ fori=ky+1,..., ko.
In order to find io: p{Xm = J,72(0) > m| X, (o) = i} we define v* as the row vector

m=71(0)

( p{Xm =1,12(0) > m|X;, ) = i},
vit = P{Xm = 2,72(0) > m| X, o) = 1} (5.3)
yor s P{Xm = k2, 72(0) > m| X o) = i} ),
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which is the probability vector for phase 2 after the mth transition given that X)) =1

m (0)

and m > 71(0). The initial probability vector v e;. If Py, is the sub-stochastic

probability transfer matrix defined by (5.1) then

V?(O)—l—m = € 7:;7
so that
2. PHXn=57m0)>m-1|X; =i} = e Y Pp
m=m(0) m=0
= ¢ (I-Py) .
Taking g(2) = (91(2), 92(2), -+, 9k (2)), we can see that
E|Zno|X,q =i = e (I-Py) 'g%2)" (5.4)

We can simplify g2?(z)* as in the proof of Theorem 4.4 to get

gZ(z)t — CLQEZ) Zt _ sz Zt

Hence we can write F [zsz(O) X = z] as

Yo =i = e (1-Po)* (2Eat—p,, ),

which can be simplified as in Theorem 4.4 to get

B [ 2Xrs(0)

I

E [zsz(o) XT1(0) S 1,] = ; (ag(z) — Z) €; (I - sz)_lzt -+ Zi.

(Note that we get 2* not just z as the extra term.) Now using this result gives us
B |Xno] = () = )RD(2)

+ _; 1P{Xnm) = %}[ (a2(2) — z)e; (1 —Py,) 2" + 2* — ]

k2
(a1(2) — 2)RE(2) + = (az(z) —2) ) p{Xo0 =i}e;(I-Py,) "2,
=1
because for ¢ = 1,...,k; we get p{X,, ) =4} = 0. From this we get
1
B[] = (@) = DR () + (a2) - 2) S0l (T - Py,) ',
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where w! = (p{XTl(o) =1} p{Xn0 =2}, ..., p{Xn) = kz}) Thus we get the result
E[n0] =2z = (a(2) - 2R (2) + (a2(2) — 2)RE ) (2),

which proves Lemma 5.2.1. O

Now substituting the results of Lemma 5.2.1 into (5.2) we get

a1 _ 1 [le@-a@)]z(@@E) - 2R @) | |a() - ax(z)] 2(a(z) — 2)RY(2)
B[] = ;[ (a1(2) — 2)(az(2) — 2) * (az(2) — 2)(as(z) — 2)
|as(2) — as(2)] = (a2(2) — )R () ag(z)(1 — 2)
T @@ -dm@ - asm—z‘
1 [[(am — a1(2))(as(2) — 2) + (as(2) — a3(2)) (a1 (2) — 2)] 2 RY(2)
T om (a2(2) = 2)(as(2) — 2)
as(2) —a2(2)] 2 RYZ) | ag(2)(1 - 2)
N as(z) — 2 += as(z) — z ]

(a2(2) — 2)(as(2) — 2)
() — @] 2REDE) | ag(z)(1 - z)}

(13(2) —Zz ag(z) -z

1 [ |a2(2)a3(2) + 2a1(2) — as(2)as(2) — 2a3(2)] = B (2)

1 [(as(2) — a1(2))(aa2(2) — 2))] 2 B (2)
T om (a2(2) — 2)(a3(2) — 2)

[5(2) — @(2)] e B(E)  ay(z)(1 — 2)
+ as(z) — z * az(z) — 2 ]
1 ![03(3) —a(@)] 2R | [6l) - @] RERE) | ez~ 2)
m asz(z) — 2 az(z) — z az(z) — z
which proves Theorem 5.2. a

Remark: In order to make use of this result we need to calculate w! in the above
solution. Now p{X,, ) =4} =0fori=1,...,k; and for i = k; +1,..., ky the following
holds

. &
p{Xno =i} = SE[ZFn0] .
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Now we know that
E [zXf1(°)] = (a1(?) —z)R(U)( )+ z.
When we differentiate this ¢ times we get

P{Xn(O) = i} : l i »-i! il (Rl(g)(z)) di-i_m (al(z) - Z)zzo + i1

il =y ml(i —m)! dzm =0 dzi=™

_ i '1 dam ( (U)( )) ., (a}_m(i —m)! — 5,;,,1,1) + d;1.

Zymi(i —m)! dzm

Now R,(fl])(z) =1e; (I-Py,) '2' so we get
am (U) €1 (I—Pkl)_lem+1m!, m:O,...,kl -1,
e ( (2 )) = , (5.5)
Z z=0 0, otherwise.

Thus as ¢ = k3 +1,...,k; we have « > k; — 1 and hence i — m > 1 whenever (5.5) is

positive and also ¢ > 1 (as we assume k; € IV) and hence

p{XT1(0) = ’l,} — Z -—- 761 (I = Pk1)¥lem+1 m! (a}_m - &;m,l) + 5,;1

This can then be used to perform the necessary calculations as we have already inverted
(I =Py, ). This could also be calculated directly using probabilistic arguments but as we
need R,(:l]) (2) in the solution it makes sense to use this.

The obvious extension to this chapters result, although not proved here, is

Proposition 5.2 For n thresholds at ky < ko < -+ < k,, we find

ple] < L[mnE=2)+ Slen () — sl ALE)
V4 ] - - o 3
m an—l—l(z)—z
where
B9, (2) = cuf (I - Py) 2

and w' = (p{X,i(o) =1}, p{ Xm0 =2},. .. ,P{Xn(O) = ki+1}> and w’ = e; .
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5.2 Downward thresholds

One type of threshold has not been mentioned in previous examples, the fixed downward
threshold. This threshold occurs when the number of customers in the system becomes
less than or equal to say [ € IN.

We did not consider this type of threshold in Chapter 4 for the simple reason
that it makes little sense to consider this type of threshold in isolation. The busy period
begins with the number of customers in the system being zero and hence the threshold
would automatically be passed before the process even began. Thus processes with two
phases and hence only one threshold have little use for the fixed downward threshold.

We shall consider this type of threshold in the following context. The transition
from phase 1 to phase 2 will have a threshold of the fixed upward type at k. The
transition from phase 2 to phase 3 will occur at the first time subsequent to the process
entering phase 2 at which there are no more than ! customers in the system. The system
then continues in phase three until the end of the busy period.

We shall limit our investigation to the case when ! < k. This is because if
[ > k the process would be equivalent to one with { = k and so the case with [ > k is
unnecessary. Further it makes little sense to consider the case with [ = 0 as this will
simply be the two-phase case because the third phase always takes zero time.

From the description above we are able to see that

ni(n) = Ig [T(n) Ainf{m > n| X,, > k}] + (IC% +IC,1> n,
n(n) = Ig [T(n) Ainf{m > n| X, <l Ica = 1}}

e [ 7(n) Ainf{m > n| Xm < z}] + Igs .

This type of process has an interesting feature. The GMRP that corresponds to
the phase structure of the process is shown in Figure 5.2. In this GMRP state 3 is also
a renewal state. This is because the embedded process obtained from considering the
queueing process at departures is skip-free to the left. This means that if we consider
the embedded process to be a random walk, the walk never skips a state while moving
to the left. This is the result of only one customer being served at a time. If the process

begins above state ! it must pass through state ! before entering any lower state and

108



Chapter 5: Three-phase examples

hence in this case X,y = [. State 3 is then a renewal state because the time spent in
this state will no longer be in any way dependent upon the time spent in states 1 or 2.
The alternative is that the system never passes the first threshold. If this is the

case then it cannot pass the second threshold either and hence X, () = 0 and X, 0 = 0.

X >K X.<L

N

X,=0

Figure 5.2: The MRP for one upwards and one downwards threshold.

When we convert this GMRP to a three-phase MRP by considering transitions
from state 1 to state 1 to pass through states 2 and 3 spending zero time in each we
loose this renewal structure. However, it is still sufficient to enable some simplification
of the results. The resulting three-phase MRP is shown in Figure 5.3

One further thing to note is that in this process neither ps nor p3 can be greater
than one if the queue is to be stable. Thus this is not perhaps a queue of great interest.
What is more interesting is the process which may make repeated transitions between
phases as it passes above and below the thresholds. We shall consider this type of process
in Chapter 7. Thus we shall consider a few results here which will contribute to that
later problem but we shall not bother to obtain the probability generating function for

the equilibrium behaviour of the system.
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X >K X< L

X,=0

Figure 5.3: The three-phase MRP for one upwards and one downwards threshold. O

denotes a renewal point while () denotes a non-renewal point

It is obvious that X, (o) = 0 implies that X,y = 0. Also when X, 0 # 0 we
can see from the skip-free to the left nature of the embedded process that Xry0) = L.

Hence we get
E [zxfz“’)] = p{Xn =0} + 7 (1 ~ p{Xn0) = 0}).
We can calculate p{X;, ) = 0} from the following

p{Xn@ =0} = E[*n0]

From this we could obtain the solution but it would be of little use at this stage and so

we shall adjourn this discussion until Chapter 7.
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Chapter 6

A breakdown /repair model

In this chapter we consider a four-phase M/G/1 queue. This is intended to model a
simple breakdown /repair queue. We have a single-server queueing process with generally-
distributed service times, with probability distribution function A(-), and Poisson arrivals
with rate A. The process considered is one in which a breakdown occurs after a random
number of customers has been served in the busy period. A major assumption we make
here is that the server can only breakdown once per busy period. This may be a realistic
approximation if the probability of a breakdown is small. If not, a more complex model
must be considered.

We assume that during each idle period the server is checked and any necessary
repairs are made. Thus at the beginning of the busy period we can ignore how many cus-
tomers have previously been served, making the beginning of the busy period a renewal
point. This checkup takes a random time with distribution S(-). Checking the server can
in many cases be considered to be a set task or sequence of tasks, such as checking certain
components and replacing them if worn. Each task in this sequence takes either zero or
a deterministic amount of time and so we may consider the checkup-time distribution to

be a probabilistic mixture of deterministic distributions. That is S(t) = > p:6(z; —t).

A breakdown occurs during a service with some probability which is dependent
on how many customers have been served in the current busy period. When the server
breaks down, the service currently in progress is interrupted and a repair is begun. The

repair time has probability distribution function R(-). When the repair is completed the
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interrupted service may begin again in two ways. It may resume where it left off or it may
have to repeat the work done before the interruption. In these cases the Laplace-Stieltjes

transform of the total time spent during the service and repair is

(i) resume: B*(s) = A*(s)R*(s),
(ii) repeat: B*(s) = A*(s)R*(s)C*(s),

where C(-) is the probability distribution function for the amount of work done before a
breakdown. The function C(-) will depend on the service time and where in this service
the breakdown occurs. For our purposes here it is easier and more natural to use the
resume model.

Once the breakdown and repair have occurred the process continues normally
until the end of the busy period.

We use, for this process, a four-phase model. The first phase is only a single
service long. A customer arriving at the empty queue must first wait until the server’s
check is completed before it can begin service. Thus we add to this customer’s service
time the remaining checkup-time. The Laplace-Stieltjes transform of this remaining time
is \ i

N e A%
3*(s) = z ‘S’_—A
From this we get A*(s) = A*(s)5*(s).

The second phase is the normal service period with a random threshold. During
this phase customers are served normally. Thus 4%*(s) = A*(s) where A(-) is the service-
time distribution. This phase ends at the breakdown. Phases must obey the rules of
Chapter 3 but we have said that breakdowns may occur during services in this model.
In this case phase rules (i) and (ii) appear to be broken. We can get around this by
saying that when a breakdown occurs during a particular service, the decision that the
breakdown occurs during that service is made before the service begins. Thus the phase
change occurs before the service in which the breakdown occurs. With this model in
mind we take the probability of the phase change occurring between the nth service and
the (n + 1)th service of a busy period to be h(n).

The third phase is a repair phase, consisting of a single service in which the

customer waits for the repair time and then has its normal service. Thus A3*(s) = B*(s).
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As we are assuming the service resumption model of bpeakdowns it does not matter at
what point the breakdown occurs during the service time.

The final phase is again a normal phase which ends when the system is empty.
Hence A*(s) = A¥(s) = A*(s). We define the traffic intensity during this phase and
phase 2 to be p,.

We shall consider only the case when p, < 1. It makes sense to do this because
we are considering an M/G/1 queue that may break down. For this to be stable the
corresponding M/G/1 queue without breakdowns must also be stable.

One final assumption we make to simplify the problem is to assume that a
breakdown will not occur during the first service of a busy period. (i.e. A(0) = 0) This is
not an unreasonable assumption as we have assumed the server gets checked during the
idle period. This is to avoid the possibility that the first service has extra time added to
it from the left over checking and repair. Removing this assumption makes the problem
harder but not insoluble.

If po < 1 we might still have a case when p; > 1 or p3 > 1 in which case we must
consider condition (). However as phases 1 and 3 last only one service each, condition
(%) is easily satisfied. The equilibrium distribution of customers in the system is then

given by the following theorem.

Theorem 6.2 For p, <1 and z € [0, 1)

X as(2) — zay(2) + (a2(2) — a3(2)) (2 — a2R{P(0)
E[z] - é ( as(z) — 2 )( )

+ R{P(2) (aa(2) - ag(z))} ,

where R},H) (2) is defined to be 5021 h(n)R{T) (2) where R (2) is defined by the recursive

relationship
R() = {RS,.T”(z)a(z) — aR{(0)} +1

and R(T) = al)=z  Also the mean length of the busy period is given b
Yy

T ay(z)—z"

L+ (p1— p2) + (ps — p2) [1 — aZRYY (0)]
1—po

m =
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Proof: From Theorem 3.10 we get the the equilibrium probability generating function

to be
1 [E [zXn(o)] —z E[*m0|-F [zXT1(0)]
B = ol imaw - &(2)
E [zXfa(O)] - FE [erz(o)] 1-F [zX"'a(D)]
¥ - &) TTIAR
Now because the first phase lasts for only one service
E [zXfl(")] = a(2).
Thus we get
1 fae)—z B0 —a(z)
Bl] = [11_ a) " 1-60)
E[z%no| - E[zXn0] 1-F [z%es00)]
R T R A7) }

Using £2(z) = &4(2) and rearranging we get

1

e = 2 fug o EEL=El)

1— 62 (Z)
E [ZXTa(O)] - F [ZX"'Z(O)] 1— al(z)]

+

- &(2) T1-60)

which, as in similar arguments, gives

1 (E [ers(o)] -F [erz(o)]) z (az(z) - ag(z)) as(2) — zay(2)
m (@) — (@) —2) tTam-s |° &Y

E [zX ] =
Now, since X,(p) = 0 implies that X, o) = 0, we get

K [zXTa(O)] - F [zX‘rz(O)] =F [ZXﬂ*(D)I(sz(O) ?é 0)] - F [erz(O)I(X.,.Z(O) 75 0)] . (62)

Furthermore we spend exactly one service time in phase 3 and so 73(0) = 72(0) 4+ 1. This

means that when X, ) # 0 we get X, 0) = X0 + Ai(0)+1 — 1 so that

E [zXf:,(o)_[(AXT2 © + 0)] - B [erz(0)+A32(o)+1~1I(XTZ(0) £ 0)] '
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Now A3, ;)1 is independent of X, (o) so that
E [zXfa(o)I(XTI(O) 7,5 0)] - B [ZXTZ(O)I(XH(O) 71__ 0)] E [zAf—z(u)ﬂ] z_l,

and £ [zAiz@Hl] 271 = a3(2) /2 so we get

E[zX-ra(o) (X #0)] = a3£Z) B [Fno [(Xn) #0)] .

Using this result in (6.2) we get

E[zx‘ra(o)] —E[zx"‘z(o)] = 1
rA4

(as(2) = 2) B [ I(X 0 # 0)]. (6.3)
By the same arguments used in Section 4.5
BFa0] =2 = (aalz) - 2) 3 hmRT(),
n=1
where by the same recurrence arguments of Theorem 4.6 we can show that
REE) = - (R (R)a(z) — a0 BT (0)) +1,

and R{™ (z) = @812 The different initial value R{"’(z) arises from the different

az(z)—z"

behaviour of the server during the first service of a busy period. We shall write R,(ZH)(z) =

>, h(n)RT(z) and so
E[e*no] = (ax(2) — 2) RV (2) + 2.
From the fact that p{X,,0) =0} =F [zsz@)]z:O we get
P{Xno =0} = aR{(0),
and so
B [%n0 (X0 #0)] = (a2(2) —2)RY (2) — a2RV(0) + 2.

Substituting this into (6.3) and thence into (6.1) we get
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Chapter 6: A breakdown /repair model

1 (ag(z) — z) ((az(z) — 2)R{P (2) — 2R (0) + z) z (ag(z) - ag(z))

x] - 1
E [z ] T om (a2(2) — 2)(a3(2) )
as(2) — zay(z2)

* az(Z) -z J
_ 1 r((az(z) _ Z)R;‘H) (=) - ang‘H)(O) + z) (az(z) - a3(z)) + az(z) — zay(z)
-om az(z) —2Z
_ 1 -az(z) —zay(2) + (az(z) — ag(z)) (z — agRgH)(O))
- om I ax(2z) — z

+ R (2) (aa(2) — ag(z))J .
If we now take the limit as z 1 1 then we shall get an expression for m. This is

N 14 (p1— p2) + (p3 — p2) [1 - agRgH) (0)]
N 1 —po

4

as desired. ]

Remarks:

(i) Asin Theorem 4.7 we could obtain a closed form for R{T")(2) and thence write R (2)
explicitly. For brevity we have omitted such a derivation in this case.

(ii) It is noteworthy that if we take the repair times to be zero with probability one then
a3(z) = aa(z) and so the solution is

B[] = 1 [az(z)—zal(Z)J}

m | ax(z)—z

which is the expected result for a queue with a different service-time distribution for a

server arriving at an empty server. (See Section 4.2.1.)
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Chapter 7

A two-threshold, infinite-phase

example.

In Section 5.2 we described the downwards threshold. Used in conjunction with an
upwards threshold this can produce an interesting example. We noted in Section 5.2
that the three-phase process with an upwards threshold at k and a downwards threshold
at ! is of limited interest. The process we are interested in is the one in which the
server can switch between service-time distributions each time a threshold is crossed
and not just the first time the thresholds are crossed each busy period. This presents
a problem, the thresholds can be crossed an infinite number of times during one busy
period, admittedly with probability zero. Thus the process we are interested in has an
infinite number of phases. Another way of viewing this is given below.

The example can be considered as a process with two regimes. In regime one the
service-time distribution is A(-) while in regime two the service-time distribution is B(-).
If the process starts at time zero with no customers in the system and in regime one then
we can describe the transitions between regimes in the following way. The first time the
system has more than K customers in it at a service completion epoch it enters regime
two. When next the queue has no more than L customers in it at a service completion
epoch it returns to regime one. It makes sense to take only values of L, K € IV such
that L < K. If L = 0 then we simply have the system of Chapter 4 with a fixed upwards
threshold. If L > K transitions to the second regime (which spend a positive time in

that regime) would only occur when there were more than L customers in the system at
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Chapter 7: A two-threshold, infinite-phase example.

the transition point and so we may as well increase K so that it equals L.
We can model this process by a three state GMRP as in Figure 7.1. This is

a natural description of the process involved. This, however, would not fit the general

Xa=0

1 < 3

X.=0

Figure 7.1: GMRP type II. O denotes a renewal point while ) denotes a non-renewal

point

theory we have developed. Thus we consider a different process in which each subsequent
transition past a threshold is represented by a transition into a new phase. This procedure
results in the multi-phase MRP of Figure 7.2. We obtain this multi-phase process by
using the procedure of Section 3.6 on the GMRP of Figure 7.1.

Thus we consider an infinite-phase process. Clearly phases 1,3,5,... will all
correspond to the system being in regime 1 and hence A'(-), A3(-), A%(-),... = A(")
while phases 2,4,6, ... correspond to regime two and so A%(-), 4%(-), 4%(-),... = B(\).

Thus we can write, by extending the notation,

AL A3 45 = A, A2, 48 48 = B
al(z),d®(2),d%(2),... = a(2), a%(z),a%(2),a(2),... = b(2),
£1(2),83(2),65(2), .. = &l(2),  &(2),&u(2),&(2),... = &(2), (7.1)

al,a?,al,... = a al,at,ab,... = b,
P1,P3:P5, -« = Pa, P2; P4, P8, = Po.
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Chapter 7: A two-threshold, infinite-phase example.

Figure 7.2: Multi-phase MRP with an infinite number of phases. O denotes a renewal

point while O denotes a non-renewal point

In this example we have not demonstrated that condition (*) is satisfied. When
Pa < 1it is satisfied but when p, > 1 there are problems. It is easy to prove the regularity
of the stopping times 7;(0) (when p, < 1) using the same type of arguments as used in
Section 4.2 but in this case it is hard to show that 7(0) is regular, due to the infinite
number of phases. Thus we present the results we get for this problem in the proposition
below. In Section 7.3 of this chapter we provide a number of numerical examples to
support the result. While these do not prove the proposition it is to be hoped that they

remove any immediate doubts about its veracity.
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7.1 Motivation

There are several reasons for studying such systems. The case where K = L appears in
the literature. For instance, Morrison (1990) investigates a system in which the service
times are negative exponentially distributed and instead of changing this between the
two regimes he allows two servers to operate in the second regime. Because of the
exponential service times, two servers are equivalent to one server with twice the service
rate (for the purpose of queue length calculation). Another example is Gong et al (1992).
In this case they consider the system with the arrival rate dependent on the number of
customers in the queue. The example in this chapter, with K = L is a particular case
of this. A major reason why such models are considered is to allow customer balking.
This is when a customer can refuse to enter a queue if it believes the queue is too long.
A way of modelling this is by giving the customers a probability of balking when the
queue has more than a set number of customers in it. Another reason for considering
such a problem is if more than one type of customer arrives at a system. If these types
have different priorities we may wish to block some types when the queue has more than
a certain number of customers in it.

The unusual feature, in terms of queueing theory, of this chapter’s example is
that L can be less than K. What is particularly unusual about this is the fact that the
embedded process is no longer a Markov chain as in most conventional examples. We
might want L < K because in the case with K = L it is possible that the system will
spend much of its time switching between the two regimes, for example if p, > 1 and
py << 1. If there is an overhead associated with swapping between regimes it is desirable
for frequent swapping to be avoided. An alternative to changing the traffic intensities is
to have L < K which will minimise the number of swaps between regimes.

This type of policy occurs in inventory problems, for example Morse (1967). We
consider the queue to be a store of some resource and the service times to be the times
between orders for the resource. The store does not want to run out of the resource, but
neither does it want to store more than is necessary. A possible policy is to start ordering
when the store falls below a certain level L, and stop ordering when above another level

K. Note however, that the Poisson process is not normally used for ordering resources.
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7.2 Results

Proposition 7.1 For the process above the following hold

(i) When p, > 0 and p, > 1 the process is transient.

(i) When p, > 0 and py = 1 the process is null recurrent.

(iit) When p, > 0 and py < 1 the probability generating function for the equilibrium

number of customers in the system is given by

pla] = L {b(z)(l — 2) + {b() — a(2)}2RE(2) } |

m b(z) — 2
for z €10,1), where

RUD(z) = %[(el+ (1}11;1) eL> (I- Pk)‘lzt],

h = 1—aoeL(I—Pk)_161t,

hl = 1- ap€ (I— Pk)_le]_t

and m, the mean number of customers served in one busy period, is given by

1+ {pa — p}REP (1)
L — pe '

Proof: (i) When p, > 0 there is a positive probability that the process will get to the
second regime at some stage in the busy period. While in regime two the traffic intensity
is pp > 1 and so the probability that the number of customers in the system goes below
L again is less than one (from the behaviour of the standard M/G/1 queue). Thus in
the long term the process will be unstable.

(ii) This follows from the value of m as p; 1 1.

(iii) From Theorem 3.10 we get the solution to be

1 | E [ZXT1(°)] -2 FE [zX*z(")] - F [zXfl(O)}
m| 1-a(k - &(2)

We take h, = p{X;, ) > 0}, the probability that phase n + 1 is reached before the end

E[zX] R

of the busy period. The process is skip-free to the left so that the transitions below L
will always be to L and so

h2n — p{XTzn(O) :L}7
h‘2n+1 . p{szn.H(O) > K}
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It is easy to see that the thresholds must alternate. Thus a jump above K is always

followed by a jump down to L at some time before the end of the busy period so that
hon = han_1.
Also from the theorem of total probability we can write

hontt = P{Xnnin0) > K| Xp,0) = LYp{Xr,.0) = L}

+P{X 11000 > K| Xr0(0) = 0} p{ X0 (0) = 0}

I
0
- p{X72n+1(0) > KIXTzn(O) = L} h2n

. p{XT2n=1(0) > K|X'r2n(0) = L} h‘2n—1-

Thus if we set h = p{X,,..0) > K|Xr.(0) = L} then

hont1 = hih™,
h2n+2 — h2n+1
- hl h™.

For n > 1 we get

5 [zxm(o)] - E [zxm(o) I(Xr_0) = 0)] L E [meuu I(Xr_y0) # o)]
= p{X;._.0=0}+ +p{Xr._.0) # O}E [sz(O) Xroi(0) # 0]
B (]. — hn—l) + h, 1 F [sz(O) X-rn—1(0) > 0] . (7.2)

From (7.2) this gives

E [ZXTZn(O)jl =S (1 . h2n—1) + hzn_lzL, n >0,
FE [zXfl(")] , n =0,

Xrmg100) | = -
E [Z an+1(0 ] (1 _ hzn) + hy E [er2n+1(0)|an(0) S L] , n>0.

As in Lemma 4.4
E [zXfl(U)] -z = [a(z) - z] RY(2),
We can see that for n > 0

E [zX"'2n+1(0)

X'rzn(O) = L] = r(z),
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where 7(z) is independent of n. Now this means that for n > 0

E [zXf2n+1(°)] - E [zszn“’)] = (L= hgn) + honr(2) = (1 — hgn_1) — hon_12"

= honr(2) — hop_12"
= hh" Y r(2) = 25),

E [‘.‘,Xﬁwz(o)] — F [erzn+1(o)] = (1 — han) + h2n+12L — (1 — hzn) — hznr(z)

= —hons1+ hong12" + hon — honr(2)
= hb* H{—h bt 41— r(2)}
= hh* (1= h) + b R = r(2)}

We can now write the probability generating function for the number of customers in

the system as follows.

E [zX] =

_;_ {E [erl(o)] % . B [zsz(O)j[ —E [zXq(o)] }

1 —&1(2) 1 —&(z)

1 = (E :zxrml(o): — B [erzn(o)]
i { - &(2) }

l 00 E :zX'2n+2(°): —F [ZXTZH—I(O)}
Tm T,,E:; { 1 —&(2) | }
—1_ FE [zXfl(O)] -z (L- hl) +hizt — B [zxrlto)]
m) 1-&(z) - &) }

1 = (At (r(z) — zL)
e -6l

1 & [k (1= k) + kit Rt — r(2)}
+m ngl { 1-— fz(z) }
1 (5] -z 1-sfe] ey
m{ 1-¢&1(2) + 1 —&(2) T 1 —&(2) }
+% {hl 'I"(Z) } f: hn_l

1 hl 1—h)+h1 {hz —T' Z)} -1
+E{ 1 —&(2) }nz::.{h
L[] s 1-B[Fe] oy
m{ —&l T 1-&6) | 1-60) }
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L {hl (r(2) —zL)}

m(1 — h) 1 —&(2)
L1 hi(1— h) + hy {h2t —r(2)}
m(1 — h) 1 —&(2) '

Now the first two terms in this are the same as in the M/G/1 queue with a single fixed
threshold at K (apart from the different normalising constant m). We shall replace these
two terms with Y(z) for the moment.

E [zX] _ Y(Z) + hl T'(Z) - ZL

m m(1—h) | 1—¢&(2)
+hl e | n hy (1 - h) + {th - T(z)}
mI—&()  m(i—h) = &)

Y(2) " hy {r(z) — 2L }

m  m(l—h) | 1-E&(2)
. hy (=11 -h)+Q1Q-h)+ {th - r(z)}
m(l i h.) 1-— EQ(Z)
_ Y(2) hy r(z) — 2F
B nz+ma—m{1—ma}
hy 24(1 — h) + hzt —r(2)
+m(1 —h) { 1 —§&(2) }
_ Y(2) hy r(z) — 2- hy L —r(2)
T Tm TmI—h) {1—51(Z)}+m(1—h) {1—52(2)}

Y(2) hy { (r(z) — 2")[6(2) — &2(2)] }
m m(l—=h) | (1-£&(2)(1—é&(2)

_ Y(2) hy {2(7"(2) —2)[b(2) — a(2)] }
m  m(l—h) (a(z) — 2)(b(z) — 2) '

We must now calculate r(z). As before we expect r(z) = (a(z) — z)R(z) + 2% for some

(7.3)

bounded function R(z). We use the technique used in Section 4.2, Theorem 4.4 of

expanding the expectation to get
He) = B[] Xy = I
= 2 v'e(2),
i=0

where we take g(2) = (g1(2), 92(2),- -, 9x(2)),

9i(z) = (a(z)z"_1 - i al—j+121) :

I=(j-1)A1
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and v* = (vi,v},...,v%) where
U;" = p{ X (0)+i = J» Ton+1 > Ton + 4| X,y 00 = L}

Again we use the sub-stochastic transition matrix P}, defined in (4.2) with the initial

0 — e;. Now as before we can write

vt = V(I-Pp)?
i=0

. eL(I - Pk)ﬁla

vector v

g(z)t = Mzt-}—szt.

z

Then we can see that

'r(z) S ﬁ (eL(I - Pk)-l) zt — (eL(I . Pk)*l) P.z'

z

= @ (eL(I — Pk)_l) zt + (eL(I - Pk)_l) (I-Py)z — (eL(I - Pk)‘1> zt
= % {a(2) = 2} er(T = Py) 2t + 2L, (7.4)

Substituting (7.4) into (7.3) we get
x1 _ Y(?) hy {a(z) — z}er(I - Pi)~'2" [b(2) — a(2)]
EP]“vn+ma—m{ (a(z) —2)((2) — 2) }

Y(z) M {@ur—dwkdl—Pw*f}.

= Tm Tmi-n (b(z) —2)

Now Y(z) is given by

¥(2) = {E [zXfl(O)] -z 1-F [ZX"'I(O)] } |

+
1—4&(2) 1—&(2)
which we know, from the M/G/1 queue with a single upwards threshold at X, to be

Y(2) = {b(z)(l = 2) +{b() —a()} es (1= Py) -'lz‘} ,

b(z) — 2
and so
x] 1[0 =2)+{b(z) —a(2)} [(e1 + () er) (1 - Py) 2]
’ [z ] T om b(z) — 2 '

m is calculated as before by taking lim,; and using L’Hépital’s rule. From this we get

B lun+4wn—¢unﬂ%%n}
"o v(1) -1
_ 1+ e - 03REP W)
1—py '

125



Chapter 7: A two-threshold, infinite-phase example.

Now from the definitions of h and h; we get

b = 1-E[%no

% (a(2) —2)e1 (I—-Py) 2" + z];:o

= 1- ap€eq (I — Pk)‘lel t,

Xo = 0];:0

= 1—

h = 1—-F [ZX"'zn+1(°)

Xy = L] _,

= 1— E {a(2) — 2} es (1= Py) 2t + zL]

= 1-— apey, (I - Pk)‘lel t.

z=0

Thus we have the proposition. O

Remark: Note that as condition (%) is automatically true for p, < 1 and p, < 1 the
proposition has been proved over this range. It would be nice to be able to prove it is
true for p, > 1. This, however, is somewhat elusive. If the connection between regularity
and stability could be made into a necessary and sufficient relationship then this problem
would be solved as this queue we have described above remains stable when p, > 1 so

long as py < 1.
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7.3 Numerical examples

In this section we investigate a number of numerical examples. As was noted in the pre-
vious section the conditions necessary for the result have not all been proved. However,
we shall support the conclusion with a number of examples. Obviously these do not form
any sort of proof of the result but they lend support to our proposition.

We show in the graphs the probabilities of having zero to twelve customers in
the system. The dots show the results as calculated using our method, while the bars
show 95% confidence intervals for these probabilities, produced through simulations of
the systems involved. We calculated the probabilities from the generating functions using
Maple. This is a matter of expanding the generating function as a Taylor series about
z2=0.

I have tried to present a spectrum of results. Each page has a different combin-
ation of service-time distributions and values of the thresholds K and L. Also within
this I have varied the value of p, the traffic intensity during the first regime. All of the
examples are limited to p, = 0.5 in order that comparisons between different systems
might be made.

Of interest might be the fact that these show some nice behaviour in some cases.
For instance the probability of having the system empty is quite small in some cases while
the probability of having more than say ten customers is equally small. This type of
control over the system was one of the stated aims of using this type of threshold and

so these results are encouraging.
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Figure 7.7: The two-regime process with K=6, L=3 and negative exponential service

times.
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7.4 'The probability of a given regime

We can extend the technique of Chapter 4 for finding the probability of a given phase to
finding the probability of a given service regime, the technique is almost the same. We

apply Little’s law to the server so

1

b =1—-—

L= p{X#0}=1-1,
wo= =¥, ¥
Ha Hy

where ¢ is the probability of of being in the second regime. For the case we have

described
po+ (pa— P)REL (1)

1+ (pa — p) R (1)
AW = $(po — pa) + pa

L =

Substituting in (4.23) we get an equation for ¢ when p, # p

Y =

[ s+ (pa — pb)R(UD (1) ] 1

| 14 (pa — o) RED(1) Pb — Pa

'm—m>(ummm—mﬂw%q i
1+ (pa—ps)R (UD)( 1) Po — Pa

1+ (po — DRED (1)

L+ (pa — po)REL(1)

(7.5)

This is the probability of being in regime 2.

When K = L this gives the special result, the probability that there are more
than K customers in the system. This can be used in the M/G/1 queue to calculate the
equilibrium distribution of customers in the system. Note that we can consider ¢ = ( Py)
as the only dependence on B(:) is through p,. If we then take a series of distributions

such that p, = p, we get
$(pa) = 1+ (pa~ DRI (D).

When B(t) = A(t) for all t € IR this simply gives the probability that there are more than
K customers in the M/G/1 queue. Note that this is insensitive to the actual distribution
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B(-) except through its mean. We can then immediately deduce that w,, the probability

that there are n customers in the system, is given by
wo = (1— pa), (7.6)
UD UD
we = (1= pa)[Rik (1) = R (1), (7.7)
with R(5™)(1) = 1. ( When K = L = 0 we have the situation where a customer arriving

at the empty server has a different service-time distribution from all other customers. In

Section 4.2.1 the solution is given for this and in order to be consistent with this we set

RGP (1) =1)
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7.5 The M/G/1/N+1 queue

The M/G/1/N+1 queue is the M/G/1 queue with a finite waiting room. Any arrivals
that occur when the waiting room is full are blocked. If we take the maximum queue
size to be N then the maximum number of customers in the system is N + 1. As in
the previous examples we consider the process embedded at departure epochs. When
we consider a departure we include customers who are blocked and leave the system
immediately. After a customer that receives service leaves the queue there can be no
more than N customers in the system and so the probability that there are N + 1
customers in the system will give the blocking probability.

We shall not model this in the standard way. We take the system to be an multi-
phase M/G/1 queue as described in this chapter with L = K = N. The probability

generating function for the service times during the second regime is given by

0, t<0,
1, t>0.

B(t) =

This means that when the process is in regime two customers are served in zero time.
This is equivalent to blocking the customers, except that the customer involved spends
some time in the queue before being expelled.

Note that this would in fact give us a queue in which arrivals can stay in the
system when there are more than N customers in the queue because the system must
walit until the end of the current service before expelling any excess customers. Also the
excess customers are be expelled in the order of service. Thus, as we want to expel the
customers in the correct order (that is, remove those customers who arrived when the
buffer size was exceeded and not those already in the system), the service discipline must
be the non-preemptive last in first out discipline. We can however swap disciplines as
well as service-time distribution at transition points and so we can always swap to this
discipline when needed. Furthermore the service discipline does not effect the number
of customers in the system only the waiting time distribution for those customers.

The extra arrivals during the service will affect the results. Obviously if we
allow more than N + 1 customers in the system this will affect the distribution for the

number of customers in the system. However, if we note that when there are more

139



Chapter 7: A two-threshold, infinite-phase example.

than N customers in the queue the extra customers are all served in regime two and
hence correspond to blocked customers, then we can see that the blocking probability
will simply be the probability of being in regime two. We can get this probability from
Section 7.4.

Proposition 7.2 The blocking probability in the M/G/1/N+1 queue, ¥, is given by

14 (pa — DR (1)
1+ p,RYD(1)

REP W) = (e + (25) en) - o) 1.

Proof: From Proposition 7.1 for 0 < 2 < 1 and p, < 1 the generating function for the

1/):

?

where

equilibrium behaviour of the queueing process described above is given by

B[] = i{b(z)(l—zH{b(z)—a(z)} “’D’()}

T om b(z) — z

where m, the mean number of customer’s served in one busy period, is given by

[tz

L—py

Now b(z) = 1s0 p, =0 and

x] _ 1 (1—2)+{l—a(2)} 2RYN(2)
. [z ] - (UD) 11— : (7.8)
L+ paRyy (1) 2
Note that from (7.5) we get the probability of being in the second regime v by
o~ L= DREDQ)
L+ (pa — p)RiA (1)
_ 1+(—DREY (M)
1+ p ROV (1)
where
hy
REY(1) = (e - (1 h) eN> (I—-Py) 1%
This is the blocking probability. |
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Now in our multi-phase M/G/1 queue we know that the probability that there
are more than N customers in the system is the blocking probability, which in turn is
the probability that there are more than N customers in the M/G/1/N+1 system. Also
the probability that there are zero customers in the system is the same for both systems.
Furthermore the behaviour of the two systems when the number of customers in the
system is less than IV 41 is identical. Thus the equilibrium distributions for the number
of customers in the systems, given this number is less than NV + 1, are the same. Thus

we have a successful model of the M/G/1/N+1 queue.

7.5.1 A check of the blocking probabilities

In order to check this result we use some results from Cooper (1972) and Cohen (1969).
We define
pn = p{ a customer leaving the M/G/1/N+1 queue leaves n customers behind},

gn = p{ acustomer who receives service in the M/G/1/N+1 queue leaves n customers},

w, = p{ a customer leaving the M/G/1 queue leaves n customers}.

Note that p, includes customers who are blocked and therefore leave N + 1 customer

behind. Cooper, pages 179-182 gives us

Pn = , 0<n<N,
do + Pa
PNt1 = DZfa o =L
- go + Pa
Cohen, 6.26, page 560 gives for 0 < n < N that
wn
In =

From (7.6) and (7.7) we get

wy = (l—pa),
wa = (1= pa)[RED(1) — BT, 1(1)),

and so
Y D (D
Zown = (1 - pa) + Z 1 - pa [R(U )( ) - Rn—l,)n~1(]')]

= (1—pa) + (1~ pa)[REP (1) = REP)(1)]
= (]‘ - pa)R(UD)( )
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Substituting back we get

(1— Pa)
(1— pa)R§N (1)
1

and from this we get from Cooper, 179-182,

9 =

‘”"” (1)

Po =
+ Pa

_'_an]m
1

L+ paRiyn (1)’

which agrees with the value of py derived from py = 1/m. We also get

q0+pa_]-
q0+pa
+pa_1

+ pa

PN+l —

R(UD}(I)

Rf\‘,’l\‘,”u)
14 (po — )RED (1)
14 p RO (1)

which agrees with our blocking probability.
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Chapter 8

Conclusion

8.1 Further work

There are a number of ways in which this work can be generalised. In this section we
investigate some of the potential areas for future work. The most obvious is further use
of the results of Chapter 3 to examine more problems. The examples of systems that
we have considered here are, in some cases, a little too simple to model real situations.
There are many possible systems which fit the multi-phase model and examination of
these cases is not trivial as they require work to obtain condition (*) and the values of
E [ X7 (0)]'

One of the examples that might prove interesting immediately are the extension
of the results of Section 4.2 to deal with n upward thresholds at ky,...,k,. A suggested
result is given for this case in Proposition 5.2, but we have not proved this here.

Another example of interest would be that of Chapter 7 extended to multiple
upward and downward thresholds at ky,...,k, and l4,...,,. This would link up nicely
with the previous case.

Further examples could be considered with different thresholds. One possibility
is the combination of two or more thresholds in some way. For instance if we take the
first time either one of two different conditions is satisfied. One way of dealing with this
might be to add in extra phases, with the same service-time distribution in order to take
account of the two different thresholds.

Considering other types of system may provide motivations for various types of
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thresholds and blocking patterns. For example it may be useful to consider the systems
with discrete time services and batch arrivals. This has been suggested as a model for
some parts of ATM networks. For instance we consider packets arriving as a Poisson
stream containing a number of cells, and the server takes unit time to serve each packet.

Another direction for continuation of this work is simply to consider processes
based on queues other than the M/G/1 queue. This is more difficult as it requires more
theoretical results. However, in simple cases they should be analogous to the results in
this thesis.

A further area that needs work is condition (x). We have shown in Section 3.2.2
that this is a sufficient condition for the regularity of the relevant stopping times. We
have yet to find a necessary condition for the types of process considered. This would
be a worthwhile task. Closely related to this is the issue of stability. When condition
(%) is satisfied the queue is stable. It would be both elegant and useful to demonstrate
that the reverse is also true, or to provide some other condition for which this holds.

~ One final and important way is to generalise the results of Chapter 2 from multi-
phase MRPs to GMRPs. This would allow the calculation of results without the need
to resort to modifying the phase structure to give a multi-phase MRP. It would also
eliminate a large proportion of the infinite phase examples, making it easier to obtain
results. This would be invaluable but requires some work. Namely the multi-phase
MRP results must be extended and the results of Chapter 3 must also be extended. The

hardest part of this seems to be finding an equivalent condition to condition ().

8.2 Block-matrix geometric techniques

The type of problem we have considered in this thesis has strong similarities with many
of the systems discussed by Neuts. One important point to make is that we use ‘phase’
slightly differently herein. Phase often refers to phase-type distributions for the service
times or arrival process. This is not the same as our use of phase which refers to the
phase of the whole process.

Secondly we note that many of the problems considered herein could be ex-

amined through block-matrix type methods.
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States 0 il 2 k k+1 k+2
0 ag 0 ai 0 ag 0 Qg 0 0 k41 0 k2
0 0 0 0 0 0 0 0 0 0 0 0
1 (21y) 0 ai 0 [¢5) 0 ay 0 0 Qi1 0 A2
bg 0 0 b1 0 bz 0 bk 0 bk+1 0 bk+2
9 00 Qg 0 aq 0 ap_1 0 0 ag 0 Ap11
00 0 b 0 b 0 bpy 0 by 0 b
k 0 0 0 0 00 a; 0 0 as 0 as
00 0-0 00 0 b 0 by 0 b
00 00 00 0 0 0 0 0 0
E+1
0 0 00 00 0 b 0 b 0 by
00 00 00 0 0 0 0 00
k+2 .
0 0 00 00 00 0 b 0 b

Table 8.1: The transition matrix for the two-phase M/G/1 queue with a fixed-upward
threshold at k. '
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For example in the single fixed-upward threshold case we could write the trans-
ition matrix as in Table 8.1 where in this matrix the state is the number of customers
in the system and the substates give the current phase. Even in this simple case this
matrix is not trivial. Block matrix methods could be applied by some partitioning of

the state space but this would be quite complex, especially in more complicated cases.

8.3 Dénotiement

In conclusion there are three main points I would like to make.

The first is that we have succeeded in our aim, which was to apply a martingale
technique to queueing theory. The main part of the theory, developed in Chapter 3, and
supported by Chapter 2, provides a major new technnique for investigating single server
queues with some sort of phase structure.

The second point I would like to make is that we have proved the utility of this
method. We have done this by considering a number of example in Chapters 4 to 7.
Further we have mentioned several recent papers in which processes which fit our model
are investigated.

Finally I would like to note that this is a fruitful area for further study. In the
Section 8.1 we point out just a few of the areas in which this theory has potential for

expansion.
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Appendix A

Probability and Martingales

In this appendix we examine some of the basic concepts and theorems upon which the
work in this thesis is based. The experienced reader will find this to a large degree
uninteresting. It is included for completeness and to remove any possible doubt about
the form of various theorems or notation.

In most cases the theorems herein are presented without proof but reference to
the proof is provided.

The basic theory can be found in many places. We have used here as the chief

reference Williams (1991) with smatterings from Neveu (1975) and Brémaud (1981).

A.1 Elementary probability theory and notation

Take a set ). A sigma-algebra F on this set is any collection of subsets of @ which
satisfies the following properties.

(i) Qe F.

(ii) F is closed under complements, that is, A € F = Q\A € F.

(ili) F is closed under countable unions, that is, 4, € F,n€ IN = {J, 4, € F.
Note that property (ii) combined with properties (i) and (iii) implies

() g€ F,

(ii) F is closed under countable intersections, that is , 4, € F, n € IN

=N, A, € F,

respectively. A o-algebra generated by a collection of subsets C of  is the smallest

147



Appendix A: Probability and Martingales

o-algebra that includes all of the subsets in C, and is written o(C).

We define a set-function P : F — [0, 1] to be a probability measure if it satisfies
the following properties.

(1) P(O) =1,

(ii) For all series A, n € IN, of disjoint members of F,

P (U An> =Y P(4,).

Note that these properties imply P(¢) = 0. A F-measurable subset of , is any set
A € F. The F-measurable subsets of Q are called events. P(A) is called the probability
of event A, VA € F. We shall also write this as p{-} where {-} € F. The triple (Q, F, P)
is then called a probability space. Throughout, where it is not explicitly stated, we assume
that all stochastic elements have some underlying probability space. An event A, is said
to be almost sure (a.s.), or to occur with probability one (w.p.1), if P(A) = 1. We assume

also that all o-algebras are completed, that is, if A € F with P(4) = 0 and A’ C A then
AeF.

A.1.1 Random variables
A function h : Q@ — IR is called F-measurable if A1 : B — F, where we define h~! by
h1(B) = {w € Q|h(w) € B}, VBeB,

and B denotes the Borel sets of the real line. This may be simplified slightly to the

condition that
h~!(B) = {w € Q|h(w) € B}, for all intervals B of the form (—oo, a,

as the mapping preserves intersections and unions and a o-algebra is closed under such
operations. A real-valued F-measurable function X, on Q is called a random variable.
That is, a function X : @ = IR such that {v € Q|X(w) < z} € F. Given a family
(X4|y € C) of maps X, : @ — IR we define the o-algebra generated by the family,

f = U(X’Yh/ € C):

to be the smallest o-algebra F on Q such that all of the maps X, (y € C) are F-

measurable.
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A random variable X is called lattice if p{w|X(w) = b+ kn,n € Z} = 1.
Written simply a random variable is lattice or discrete if X = b+ kn, n € Z almost
surely. If k is the largest number for which this is true then k is called the span of the
random variable.

We define a random variable called the indicator function I, of an event A € F,
by

Iy(w) = { 1, weA,
0, wégA
In some cases we shall write I(A) for [, where A € F.

Given a random variable X on (2, F, P), we can define the probability distribu-

tion function F' : IR — [0, 1] of the random variable X by

F(a) = p{X <} = p{wlX(w) < o).
F(z) must satisfy the following properties,
(i) limgy oo F'(z) = 0.
(ii) limg 0o F'(x) = 1.
(iii) £ (z) is non-decreasing.
(iv) F(z) is right-continuous.
If F(z) is differentiable we define f(z) = %L to be the probability density function of X.

Where ambiguity exists we shall write Fx(z) for the probability distribution function of
X.

A.1.2 Independence

Independence of random variables and o-algebras will be important in a number of

places. Simply, we call two random variable’s X and Y independent, if
P{X <z,Y <y} = P{X <z}P{Y < y}.

More technical definitions are included here to cover events and c-algebras.
(i) Events

Events Fy, Fy, E3, ... are independent if for i1, .., € IN distinct,

P(E,'l N Eiz N---N E,;n) = H P(Eik)-
k=1
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(ii) o-algebras
Sub-o-algebras Gy, Ga, Gs, . .. of F are called independent if VG, € G;, (i € IN) and
i1, ..ty € IN distinct, the events G;,,G,,,...,G;, are independent.

(iii) Random Variables

Random variables X3, X5,... are independent if the o-algebras o(X;),0(X5),... are
independent.

(iv) Combinations

Combinations of the three above, are said to be independent if the relevant combinations
of o-algebras are independent. For instance, a random variable X, and an event F, are
said to be independent if ¢(X) and £ are independent, where & = {¢, E, Q\E, Q}, the
o-algebra generated by E.

A.1.3 Expectation

If we have probability space (§2, F, P) then the expectation of a F-measurable random
variable X, is simply the integral of X on 2 with respect to P. That is

E[X] = L XdP = /Q X (w)P(dw)
where this is defined.
As in all measure theory this integral must be defined through a series of ex-
tension from the basic measure P(A4) where A € F. Briefly this is done in the following
way.

(i) Simple random variables

A simple random variable is a non-negative random variable which can be written

X = f:aiIA“

=1

for oy, € [0, 0] and Ay € F. The expectation of such a random variable is simply
E[X] = Z a,-P(Ai),
i=1

where 00.0 is defined to be 0.

(ii) Non-negative random variables

The monotone convergence theorem is used here to show that

E[X] = sup{P(Y)|Y simple,Y < X}

?
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is a valid integral for non-negative random variables. This is done by showing that any
non-negative F-measurable random variable X is the limit of a series of simple random
variables.

(iii) F-measurable random variables

We now write a F-measurable random variable X as X = X* — X~ where X*(w) =
maz(X(w),0) and X~ (w) = maz(—X(w),0). Note that |X| = XT + X~. A random
variable for which E[|X|] < oo is said to be integrable and we denote the family of
F-measurable, integrable random variables by £1(Q,F, P). For all random variables

X € £Y(Q, F, P) we can write the expectation as follows
E[X]=EXT|-E[X)].

Also even if only one of the conditions E[X ] < o0 or E[X ™| < oo is satisfied then the

expectation is defined as above. Notationally we take, for A € F and integrable random

variable X,
E[XI4] = /Q XI4dP = A XdP.

For a Borel measurable function f : IR — IR we define a new random variable
f(X): Q= Rby f(X)(w) = f(X(w)). When f(X) € L! we define the expectation as

before.
BIf(X)] = [ f(X)dP

By Theorem T15 of Brémaud (1981) we arrive at the Lebesgue-Stieltjes integral
for the expectation in terms of the probability distribution function of a random variable

Explicitly stated this gives,

Blo()] = [ 9(X@)P(d) = [ g(e)dFx(a),

Theorem A.2 (Jensen’s Inequality) Ifc: H — IR is a convex function on an open

sub-interval H of the real line, and X is an integrable random variable such that
p{X € HY =1, Ble(X)[] < oo,

then
Ble(X)] 2 o(B[X]).
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Definition A.1 For 1 < p < oo we say that X € LP = LP(Q, F, P) if
E[| X[} < oo,

and define
1X1lp = {B[IX]7]}7 .

Definition A.2 (Laplace-Stieltjes transform) The Laplace-Stieltjes transform of a
random variable X , on the probability space (Q, F, P) is

E [e*sx] = /_o:o e **dFx(z).

Definition A.3 (Probability generating function) The probability generating func-

tion of a lattice random variable X, is

E [zx] = i 2"p{X = nd},

n=—0co

where d is the span of the random variable.

Given a probability distribution function F(z) which is non-lattice or lattice we
can define its Laplace-Stieltjes transform or probability generating function respectively,
as above, and we denote this by F*(s) or F*(2) respectively. (The probability generating
function is a special case of the Laplace-Stieltjes transform.)

If we take the random variable given by the sum of two independent random

variables X and Y the the probability distribution function for this is given by

Fxyy(z) = /_ Fx(z —y)dFy(y).
Definition A.4 We define the convolution of two independent probability distribution
functions Fx(z) and Fy(y) by

Fx % Fy(z) = /

— oK

Fx(z —y)dFy(y).

This is the probability distribution function for the sum of X and Y. The n-fold convo-
lution of Fx is simply denoted F" (z).

Note that the Laplace-Stieltjes transform of the convolution Fx * Fy is simply

the product of the respective transforms of Fy and Fy.
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A.1.4 Convergence

There are a number of different types of convergence. The two used herein are

(i) Almost sure convergence

Suppose that (X,,) is a sequence of random variables and X is a random variable then

we say that X, — X almost surely if, as n — o0,
P(X,— X)=1

(ii) Convergence in mean

Suppose that (X,,) is a sequence of random variables and X is a random variable then

we say that X,, — X in mean (in expectation, in £!) if, as n — oo,
E[|Xn — X]] =0,

and thence as n — o
E{| Xna]] — E[IX]).

The following theorems relate the two types of convergence.

Theorem A.3 (Monotone Convergence Theorem) If (X,,) is a series of random

variables and X is a random variable such that 0 < X,, 1 X a.s. then
E[X,] 1t E[X].

Proof: Williams pages 211-213. a

Theorem A.4 (Dominated Convergence Theorem) If (X,,) is a series of random
variables and Y is a random variable such that | X, (w)| < Y (w) for all (n,w) and E[Y] <

oo then (X,) converges to some random variable X in mean as n — co.

Proof: Williams page 55. a

Theorem A.5 (Bounded Convergence Theorem) If(X,) is a series of non-negative
random variables bounded above by M < oo, for all (n,w) then (X,) converges to some

random vartable X in mean as n — co.

Proof: This theorem is an immediate consequence of the Dominated Convergence the-

orem. O
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A.1.5 Conditional expectation

We can define the conditional probability of an event A € F given event B € F of

positive probability by
P(AN B)
P(B)

This can be seen to form a new probability measure on (2, F). From this we may naively

P(A|B) =

define a new expectation, the expectation of X given the event B, by
E[X|B] = /Q X (w)P(dw|B)
- ﬁ/ﬁX(w)P(dwnB)
- F(IF) /;5 X (w) P(dw)

N % [ IsX(@)P(de)
E[X1Ig]

P(B) -
A useful result for dealing with such expectations is as follows. If Ag, Ay, As,... is a
complete system of events (i.e.: mutually exclusive and exhaustive) then for a random

variable X
EX]= E E[X|A,|P(A,).

n=0

This naive definition of conditional expectation does not in general suffice and so we

must use a more technical definition.

Theorem A.6 (Conditional Expectation) Let (2, F, P) be a probability space, and
X an integrable random variable Let G be a sub-o-algebra of F. Then there exists an

integrable G-measurable random variable Y such that for every set G € G we have

/ YdP — / XdP.
G G

Moreover if V is another random variable with these properties then Y =Y a.s. The
random variable Y is called a version of the conditional expectation, E[X|G] of
X given G. We write

Y = E[X|G], a.s.
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Proof: Proof that such a random variable exists and is unique (except for a set of
measure 0) can be found in Williams, page 85. 0
Notationally we normally identify all of the versions of the conditional expectation. In
general we use the notation E[X|G]| where X is a random variable to mean the naive
concept of conditional expectation and E[X|Y] where X and Y are random variables to
mean the random variable E[X|o(Y)].
Properties of conditional expectation:

(1) Jensen’s inequality, the monotonic convergence theorem and the dominated
convergence theorem all hold for conditional expectations.

(ii) If Y is any version of F[X|G] then E[Y] = E[X].

(iii) If X is G-measurable then E[X|G] = X, as.

(iv) linearity, Elai X1 + asX,|G] = a1 E[X1|G] + aa E[X,|G], as.

(v) positivity, if X > 0 then E[X|G] > 0, ass.

(vi) If H is a sub-o-algebra of G, then

E[E[X|G||H] = E[X|H], a.s.
(vii) If Z is a G-measurable, bounded random variable then,
E[ZX|0] = ZE[X|G], a.s.
(viii) If X is independent of H then

E[X|H] = E[X], as.
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A.2 Martingale theory

This is the essential part of the background theory, but still is only a very small sub-
set of martingale theory. We shall only consider discrete-parameter martingales for a
start. Although many theorems on discrete-parameter martingales can be generalised to
continuous-parameter martingales they require more rigour. We take a probability space
(R, F, P) as before. We then take a set of increasing sub-g-algebras of F, (F, : n € INV).
That is

FoCHC---CF.

We define

Foo=0 (U]-",,) C F.
We call (F,) a filtration on the probabilitynspace and write (Q, F, (F,), P). A process
(Xn : n € IN) is called adapted if for each n, X, is F,-measurable. In most cases
if we have a stochastic process (X, : n € IN) we define F, = o(Xp, X31,...,X,) and
F = Fy. Thus {F,} is automatically a filtration and the sequence (X,,) is adapted to
this filtration. We shall refer, in such a case, to (F,,), as the history of the process.

Definition A.5 (Martingale) A process X = (X,,) is called an integrable martingale
with respect to ({F,}, P) if

(i) X is adapted.

(i) E(|X,|) < o0, Vn e N.

(i11) B[ Xpi1|Fn] = X, a.s., Yne IN.

Submartingales and supermartingales are defined in the same way except that (iii) is

replaced by E[X,11|Fa] > X, and E[X,,1|F,] < X,, respectively.

Properties (of martingales)
(i) E[X,] = E[X,] for all n € IN.
(i) E[Xnsm|Fa] = Xn, a.5.,¥n,m € IN.

Definition A.6 (stopping times) A map T : @ — IN U {0} is called a stopping
time if {T < n} if F,-measurable. That is,

{T <n} ={w|T(w) <n} € F,, Vne N.

156



Appendix A: Probability and Martingales

Intuitively the idea is that at some point in the process you stop. Your decision
to stop (or not stop if T = oo0) can be based only on the information you have up to
that time. Thus your decision to stop the process is made on the basis of the history of
the process up until time n. Note that if .S and T are stopping times then so also are

S+T,S5ATand SVT. For a stopping time T" we define the o-algebra Fr by
Fr={A e Fo|lAN{T <n} € F,, ¥n > 0}.
Now if § and T are two stopping times then
{$<T}H{S<T}{S=T}HL{S>T}and {S>T} e Fr,
and by symmetry also in Fgs.

Definition A.7 A class C of random variables is called uniformly integrable if given

€ > 0, there exists K € [0,00) such that
E [|X| 1(1x] > K)] <e VX EC.

Sufficient Conditions (for the class to be uniformly integrable.)
(i) It is bounded in LP, p > 1.

(ii) It is dominated by another integrable random variable.
Theorem A.7 Let M be a uniformly integrable martingale then
M, = lim,_ oM, exists a.s. and in L.

Moreover, for everyn,

M, = E[Mx|F], a.s.

Neveu uses the term regular to denote uniformly integrable martingales (Pro-
position IV 2-3). We shall use the latter appellation here. However he also uses regular

in the following way.

Definition A.8 (Regularity) A stopping time 7, is regular with respect to a martin-

gale M, if the martingale formed by M., is uniformly integrable.
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This definition is in Neveu, Proposition IV 3 12. Also in this proposition is the following
theorem which is the fundamental result used herein in order to obtain the result crucial
to this thesis. It is a surprisingly elegant theorem referred to elsewhere as the optional
stopping theorem, the optional sampling theorem, or either or these two versions prefaced
by Doob's, after its originator. Versions of this theorem come in several form as well.

Essentially they are either equivalent to or simple corollaries to the following version.

Theorem A.8 (Doob’s Optional Sampling Theorem) If the process M, is an in-
tegrable martingale and T is a regular stopping time then for every pair of stopping times
71 and T2 such that 11 < 1 < 7 almost surely the random variables X, and X,, both

ezist, are integrable and satisfy
Xr, = B[ Xn| Fr].

Proof: Neveu, Proposition IV-3-12. a
Essentially this means that given a sequence of stopping times (77,) which satisfies certain
properties on a martingale M, then the process formed by Mz, is also a martingale. Two

results from Neveu that are of use are also given here.

Theorem A.9 (Corollary IV-3-13) Let 11 and 7» be two stopping times such that
71 < 7 almost surely. For a giwen martingale (M,), the stopping time 7 is regqular

whenever the stopping time 1, ts reqular.

Theorem A.9 shows that for a uniformly integrable martingale all stopping times are

regular.

Theorem A.10 (Proposition IV-3-16) Let (M,) be an integrable martingale. In or-

der that the stopping time T be regular for the martingale and that also li_I)Il M, =0
n—co

almost surely on {T = o}, it is necessary and sufficient that the following two condi-

tions be satisfied:
(%) Jir<ooy | Xr|dP - < o005
(i) lim firm | XaldP = 0.

Note that from Neveu, Proposition IV-3-14 condition (i) is satisfied for all positive

integrable martingales.
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Vectors and matrices

A certain amount of the work presented in this thesis relies on matrix notation and a
number of theorems. For simplicity this section details those parts of matrix theory used
herein. The work on norms presented here is based on Barnett and Storey (1970) and
Householder (1964), while the probabilistic parts come from Gantmacher (1959). Other
specifics are referred to within the text. The norm which we present in (B.6) and use in
Lemma 4.3.1 is the only original part of this Appendix.

Throughout this thesis boldface capitals refer to matrices {(eg: A) while boldface
lowercase letters denote row-vectors (eg: v). We will be for the most part only concerned

with real square matrices. The following common notational conventions are used.

P' = P to the power of i,
P° = I, the identity matrix,
P! = the inverse of P,
P’ = the transpose of P,
v® = the column vector corresponding to v,

0 = the zero vector or matrix depending on the context.

Matrix products and determinants are standard and the scalar product of two vectors v

and w is v.w = vw’. We can specify a matrix by its elements in the following way

A = {a;},
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where a;; is the element in the ¢th row and jth column. The following standard vectors

will be used throughout.

(
(51'1751:27"'761271)’
z = (Z,ZZ,Z3, __’Zn),

1)

Also the following lemma will be of use later on.

0)07"')0)170)"'70)
1

1 = (1,1,

Lemma B.1.2 For any matriz P such that (I— P)~! exists

P(I-P)'=(I-P)'P=—I+(I-P).

Proof: The proof is trivial. |

B.1 Eigenvalues and eigenvectors

For any nxn matrix A a scalar XA and vector v that satisfy the equation
VA = v, (B.1)

are called the eigenvalue and corresponding eigenvector of A, respectively. Note, because
we are working with row vectors by default, we use the left-eigenvector of A. This alters
some of the later work from the texts but only notationally. It is easily seen that the
values X satisfy the equation

det(AI — A) = 0.
This is called the characteristic equation of A. The left-hand side of this equation is
clearly a polynomial of degree n in X and thus a nxn matrix has at most n (possibly

complex) eigenvalues. We define the spectral radius of the nxn matrix A to be
p(A) = max [X(A)],

where |X;(A)| is the absolute value of the ith eigenvalue of A. Note that A(A") =

A(A)™ and hence the same is true for the spectral radius, namely p(A™) = p(A)". Also
AMI—A)=1-A(A).
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B.2 Norms

A matrix norm is a single non-negative real-valued scalar that provides a measure of the
magnitude of a matrix (or vector), in some sense of magnitude. In general we say that
a real-valued function |A| of the elements of the matrix A is a norm if it satisfies the

following four properties.

A#0 = |A] >0, (B.2)
AL = AllA] (B.3)
|A+B| < |A]+[B], (B.4)
[AB] < [AllBI, (B.5)

for all nxn matrices and A € IR, while a vector norm is a real-valued function of the
elements of a vector x, that satisfies the first three properties above. A vector norm is

said to be consistent with a matrix norm if
IxA] < |x[lA],
for any A and x.

Theorem B.2 If | A| is a matriz norm consistent with vector norm || then the spectral

radius p(A) of a matriz A satisfies the inequality
p(4) <|A].
A norm of later use is the norm |P|, for z € (0, 1) which is defined by
IPl. = max [Z lpijlz""'] . (.6)
|

It satisfies the properties as follows for nxn matrices P and Q and scalar ).
(B.2) (this is obvious)
(B.3)

PPl. = max LZP\Pijlz’”‘]
o |
= M max, !Z |Pij|zj_i]
1 =il
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(B.4)
[ £ . .
||P+Q||z - ;’-l_-.l}axn leij +qij|z7_‘
thae ] _j:l
[ e T
< | Dleald )+ mar [Zlqwlz"‘}
J=1 =
(B.5)
[PQ[. = max Z szk%, 2 1]
< P Z |pix| (ZI‘Ikﬂzj_k) z’“*i]
=1,..,n = =

10l s |3 o
" k=1

klzk—i] )

In a similar manner it can be seen that the vector norm

Il = 3 feile, B7)
i=1
satisfies properties (B.2), (B.3) and (B.4) for z € (0,1) and
||XA||Z e Z Zwkaki Zj_l
i=1 lk=1
< D0 lwellarilz !
k=14=1
= Z o2t (Z |aki|zi_k>
i=1
<

hence the norms are consistent.

B.3 Non-negative matrices

Z |zel2* AL,
k=1

The following sections are from Gantmacher (1959). A matrix with real elements is

called non-negative if and only if all of its elements are > 0. We write this as A > 0. A

square matrix A = {a;;} is called reducible if the

two complimentary sets 41,...,%,; k1,. ..
aiakﬁ =0 (CM = ].,...
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otherwise the matrix is called irreducible.
This may also be expressed as follows. A matrix A is called reducible if there is

a permutation (of the rows and columns) that puts it in the form

v _[BC
o D)’

where B and D are square matrices. Otherwise A is called irreducible.

We shall for the most part only be concerned with irreducible matrices. It should
be noted that most results can be generalised in some manner to reducible matrices. A
theorem of Frobenius is used implicitly a great deal. The main result in this context is
that the spectral radius of a non-negative matrix is one of the simple eigenvalues of that
matrix, and that this eigenvalue has a corresponding eigenvector that is positive. We

now state the most useful theorem of this section

Theorem B.3 For any matriz P such that p(P) < 1
z PL - (I - P )ﬁl’
i=0

and if p(P) > 1 then the series does not converge.

B.4 Matrices and probability

If we consider a system with transitions between states that occur at a countable set of
times we may model this system by a series of random variables (X,), n € IN where X,
is the initial state of the system and X,,, for n > 0, describes the state of the system
immediately after the nth transition. We take X, to have values in Q, where 2 is the
state space of the process.

We can then make the further assumption that the process has the Markov

property (or memoryless property). This is essentially
p{Xn—H = .’DIX(), s ,Xn} = p{Xn—H . m'Xn}7
for all z € 2. Also we assume the process is homogeneous, that is

P{Xn+1 = len} = p{Xn+2 = leTH—l}’
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for all n > 0. The theorem of total probability (Takacs, pg 230) essentially implies that
for a system with a finite state space (Q = {1,...,k}) the above equation reduces to the

matrix equation.

Pn+1 = p.P.
where p,, = (p{Xn =1} p{Xn=2},...,p{Xn = k:}) and P = {p;;} where

pij = p{Xn11 = j|Xn = i}.

By extending this we arrive at

P, = PoP",
where p, is the vector of initial probabilities of the system. We call P a probability
transition matrix or stochastic matrix. Clearly its elements are all non-negative and its

rows must each sum to 1. Hence a stochastic matrix will always have eigenvalue 1 with

corresponding right-eigenvector 1. Also if we define the matrix norm
n
|A]- = max > |ay]
z_l,..,njzl

we can see that |P|, = 1 for any stochastic matrix. Hence as p(P) < |P|, = 1 and there
is an eigenvalue at 1 we can see that p(P) = 1.

If we consider the behaviour of the system on a subset B = {i1,4,,...,%,}, v < n,
of the state space we get

d, = q,Q",

where q,, = (p{Xn =i},p{X, =t2},...,p{X, = 1,,,}) and Q is the appropriate trans-
ition matrix. Q is now a sub-stochastic matrix. Its rows must each sum to less than 1.
Clearly, using the same norm we can see that p(Q) < 1.

Of interest in such systems is often equilibrium behaviour. This can be charac-
terised by lim, ., P".

For our purposes later in this thesis we will be interested in the total time spent

in a subset of the state space before leaving that subset. This may be written
> 9, = (ZQ‘) :
i=0 =0
Thus we need conditions for this to converge, and then determine what it converges to.

We know p(Q) < 1 and so we can see from Theorem B.3 that this converges and that it

converges to qo(I — P)™1,

164



Appendix C
Queueing theory

One of the major uses for stochastic processes is in the study of queues. In this chapter
we describe some of the basic queueing theory which is necessary for the work herein.
In fact this is the principal use of this thesis. Parts of this section are drawn from
Takacs (1962), Cohen (1969), Wolff (1982), Kleinrock (1975), Neuts (1989). Again it is
not intended to be anything like a complete survey. We shall concentrate here on the
M/G/1 queue. This has been one of the most studied queues and consequently there
are no shortage of references to it and many of its variants. We shall not attempt to
document these. We devote our time to some standard techniques in order to lay the
groundwork for the results of this thesis. Both in terms of supplying solutions to some

problems and providing the basic models used throughout.

C.1 The Poisson process

Consider a counting process A(t) : t > 0 on Z*. We take A(0) = 0 and say that A can
only increase by 1, at any particular time. If A(t) increases at the times 7;, ¢ > 0, (with
79 = 0) then

Alr) =1.
For technical reasons we desire A to be right-continuous and have left limits. We define

0n = Tn — Tu—1 for n > 0 to be a series of independent, identically distributed (i.i.d.)
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random variable with p.d.f. F(z). If F(z) is given by

l—e = 2>0,

0, <0
then we say that A(t) is a homogeneous Poisson process with rate X. (We can define this
more generally, see Brémaud (1981), but this is unnecessary for our purposes). This is
a very commonly used process. For our purposes we shall use it as an arrival stream to
the queue. It is useful to note that if we remove the time epochs 7,, with probability p
from the Poisson process of rate A we are left with a Poisson process of rate Ap. This

is particularly useful when we consider a Poisson arrival process in which an arrival is

blocked with probability p.

C.2 Queues

A queue, in general, is a stochastic process on the integers, which gives the number of
customers in the system at a given time. The notion of a customer includes such concepts
as a computer job. The process, which can be characterised by a series of arrivals and
departures, usually has the following characteristics. Arrivals increase the number of
customers in the system by one. (In some cases arrivals may come in batches which
increase the number of customers by more than one.) Departures decrease the system
size by one, except for batch departures. The most common reason for a departure is
that a customer has received service although customers may depart for reasons such as
not enough space in the queue. A general form of Notation can be used to describe a
large number of queues. This is the Kendall notation (Kendall, 1951) which is as follows.
Arrival Process/ Service Times/ Number of servers/ Max no. of customers.

Where in the first two places we write , M for Poisson arrivals or Negative exponential
services, GG for generally distributed arrivals or services and D for deterministic arrivals
or services. This is just the simplest form of this notation but it is all we use herein.
Note that where a number is omitted it is assumed to be infinity. Some examples are

o GI/M/s - General independent arrivals, Negative exponential service times, s servers.

¢ M/G/1/n - Poisson arrivals, General service times, 1 server, maximum number of

customers in the system n.
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The system of primary interest to us here is the M/G/1 queue and its variants.

C.2.1 Queue discipline

The queueing discipline is the way in which customers get chosen for service from the
queue. Possibilities include First-in First-out, Last-in First-out, and Random Order. We
shall assume throughout that the queueing discipline is non-preemptive. That is, once
a customer is in service it remains there until it is finished. Other customers do not
pre-empt it.

Essential in the idea of waiting times is the concept of non-scheduled service
disciplines. Basically these are disciplines in which the order of service does not depend
on the amount of service each customer requires. Thus when it gets to the server each
customers service time is taken as a random variable with whose service time is inde-
pendent of the other customers in the queue. All of the above are of this type. An
example of a service discipline that is scheduled is one in which the customer with the
smallest service time in the queue is served first.

When considering queue lengths, the choice of discipline is irrelevant except for
the proviso that it be non-scheduled and non-preemptive, which is necessary for the

analysis of the embedded process.

C.3 The embedded process

We use one of the most common approaches to this type of problem which consists of
considering the process at departures epochs. We say that we observe the system size
distribution that the customers see on departure. The equilibrium number of customers
seen on departures in the stationary distribution can be seen by the following argument
to be the same as the equilibrium number of customers in the system.

A very useful rule called PASTA, Poisson arrivals see time averages, can be used
to see that the distribution seen by arrivals is the same as the stationary distribution of
the queue. (A fact that is not true for general arrivals.) Note that a very neat proof of
PASTA that uses martingales appears in Wolff (1989).

In Cooper (1972) pg 154 the following theorem appears.
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Theorem C.2 x(t) is a stochastic process whose sample functions are (almost all) step
functions with unit jumps. Let the points of increase after some time t = 0 be labelled
consecutively t,, and points of decreaset,, o =0,1,2,.... Let x(t,+) be denoted by &,

and x(t,—) be denoted by {,. Then if either lim, o, P{{, < k} or lim, ,o P{(, < k}

extsts, then so does the other and they are equal.

Because of PASTA and Theorem C.2 considering the queue immediately after
departures is quite valid. By doing this we reduce the problem to the consideration
of a discrete-time stochastic process. This process which we call (X,,) is in the case
of the M/G/1 queue a Markov process. In the cases we consider it is not in general
a Markov process although a Markov process can be constructed from it by adding
‘supplementary’ variables. That is by considering a new process (X,,Y,,) where Y,, adds
some information about the history of the process to the state. This is the normal
approach in such modifications to the M/G/1 queue and results usually in the matrix

geometric techniques of Neuts.

C.4 Useful theorems

There a number of useful theorems which we draw upon in this thesis.

Theorem C.3 (Little’s Law) For any queueing process the following relationship holds
L =W,

where L is the mean number of customers in the system, X\ is the arrival rate to the

system and W is the mean waiting time of a customer.
Proof: Little (1961).

Theorem C.4 If a(z) is the probability generating function for the number of Poisson
events of rate A during a positive time interval with probability distribution function I (x)
then

a(z) = F*(A = \z2),

where F™* is the Laplace-Stieltjes transform of F.
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Proof:
a(z) = iz" /oo ;('At)ldA(t)
_ /‘ e M( Atz) dA(t)

_ / At Z /\tz)

— \/0 e—/\teMsz(t)

_ / T MEDgA(Y),
0

We use Lemma 1 from Takacs (1962) page 47 at one point in this thesis. For
brevity we do not include this here. We shall however include a direct result of this

lemma.

Theorem C.5 If a(z) is as in theorem C.4 then a(z) > z for all z € [0,1) if and only
ifa'(1) < 1.

Proof: from Takécs (1962) page 47. 0

This could also be derived from convexity arguments.

C.5 Waiting times

In many applications it is useful to know the time spent by a customer before it receives
service. We want to calculate the waiting-time distribution for the system. To do this we
must specify the service discipline. For the First-in, First-out or order of arrival services
there is a neat way of doing this. If we call this waiting-time distribution function W(-),
then its Laplace-Stieltjes transform can be written as
. S*(s
W) = S
where A(-) is the service-time distribution and S(-) is the sojourn time distribution.

The sojourn time is the time spent by a customer in the system, clearly the sum of the
) y
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waiting time and the service time.) From Theorem C.4 we can see that the probability
generating function of the number of arrivals during the sojourn time of a customer,
s(2), is given by

s(z) = S*(A(L = 2)).

For an order of arrival service discipline it is easy to see that the number of customers
left in the queue by a customer who is departing is the number of customers that arrive
during the customer sojourn time. This means that in s(z) = g(z) where g(2) is the
p.g.f. for the number on the system in equilibrium. For the M/G/1 queue this is

A*(A(1=2)(1 —2)
A*(A1=2))—2

9(2) = (L= p)

Thus we can easily get the Laplace-Stieltjes transform of the waiting time distribution

by taking s = A(1 — z2),

* . 1 A*(S)§
w (3) - (l_P)A*(s) A*(s)—1+§
= U=y

This technique can be used for all single server ‘order of arrival processes’. In order to
get the actual distribution the Laplace-Stieltjes distribution must be inverted.

This concludes our work on basic theory.
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