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where the transpose of the Tableau {3; 2i is {2;2;1}. The decomposition thus becomes:
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Using the Pieri formula, it can be seen that:

rr I {4; 1; 1} : {5; 1;1} O {a;2;1} O {a; 1;1;1}

: {s; t; t} O {a;2; i} O {3}
rz I {4; 1; 1} : {5;2;1} e {5;1; 1;1} O {a;2;2} @ {a;2;I;I}

: {s; z; t} O {4} o {a;2;2} Ø {3; 1},

where the tableaux containing columns of 4 elernents have been reduced.

The final tensor product rule between the tableaus is:

{3; 2} a {4; 1; 1} : {a; a;3} O {5; t; 1} O {3; 3; 1} O {6; 1} e {3; 2;2} Ø 2{5;2}

O{5; s;3} o {a;3} o i7;3; 1} O 2{a;2;1} o {5; 4;2} Ø {6; a; 1}

0{6;3;2}'

which in terms of weights is:

(1, 2, 0) I (3, 0, 1) : (0, 1, 3) e (4, 0, 1) O (0, 2, 1) O (5, 1, 0) O (1, 0, 2) O 2(3, 2, 0)

o(2,0,3) o(1,3,0) o (4,2,t)Ø2(2,1,1) o (t,2,2) e(2,3,1) O(3,1,2). (3.2.66)

See [32] for a review of Young Tableaus and the Pieri and Giambelli formulas.

Level Truncation to find the ,f,nf-)* Fusion Rules

^In .9tl(,nf)*, while the affine weights do not have Young Tableaux themselves, there is

a procedure for multiplying the Young Tableaux of the finite weights they correspond

to. This procedure is the truncated Pieri formula [52].

The truncated Pieri formula contains an extra summation condition pt - pN 1 lc

which reflects that the product of a fundamental representation with another repre-

sentation in the fundamental chamber cannot contain fusion products of level greater

than k.

The Giambelli formula (eqn (3.2.64)) also picks up the condition that the transposed

tableaus can have no more than k ro'vvs, ie, s ( k 1521.

x)

69





Resulting from the fact that the characters evaluated at any general point obey the

tensor product rules of the finite dimensional Lie algebra, at the point (o a relation

between the coefficients of the fusion rules and the tensor products can be found:

D ¡rí,*,(("): I ¡oí,^"(("). (3.2.Tr)

"ePf\ v€P+

where the notation in eqn (3.2.52) has been used.

To relate these two summations it is necessary to alter them so that they sum

over the same range. The left sums over the affine funclamental chambet P-Í1), for a
particular value of k, whereas the right sums over the infinite number of representations

in the finite dimensional algebra's fundamental chamber P-,.. The two summations can

thus be related by a shifted affine Weyl reflection (see Appendix G.2 for details on such

reflections). A"y weight in P.,, can be reflected and shifted into Pjl) with respect to

the shifted action of some element ,ìt e fr, the affine Weyl group. Weights lying on

the botrndary of fj.*) to. which the all the weights obey D!=, oo Ào - k + 1 are reflectecl

into themselves via the reflection soo with a reflection signature e(soo) - -1 and thus

their character- at fo is zero and such representations can be ignored. This reflection

can be statecl as:

= 
tk efr s.t. {u .î,, : (v; k,; 0), (J.2.TZ)

where u e P¡ and í,' e Plk) This allows eqn (3.2.71) to be rewritten as:

D .vírr,(€") : t t NY,',' x-.,,(eo), (3.2.73)

,epf) ùeelk) - í'rl*

where u) .u' denotes the finite part of the affine weight ,1 .t'obtained by projecting

out the imaginary roots.

Using the fact that the Weyl transformation acts on the character as:

X-.r(e,) : e(tî:)Yr(e"), (3'2'74)

(where again w . ¡t is the finite part of ,h . lt) the relation between the fusion coefficients

can be derived:

hr:|': t Ni,'e(u,). (s.2.75)

-,"Íå*

This is the I(ac-Walton formula, which has the advantage of clearly showing that, as

k -) oo, the ftrsion coefficients approach the tensor product coefficients. This will be

made clearer with the example to follow.

The basic algorithm for using the Kac-Walton formula is to first derive the tensor

product rules for all the representations whose affine extension appear in the affine

fundamental chamber.
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The second inequality is true if (t+rv+t) can be expressed in terms of a sum of the

dimensions where the dimensions have integer coefficients. It indeed can be, and is

given by:

I

k+¡r+1
J

k+ M +1
k

N+1--?

i=I

i=O

N+1-i
j: I (-r)o-' dim(kA1 * Â;). (3.12.8)

Below this relation shall be proven. Begin by substituting the first equation in eqn

(3.12.5) into eqn (3.12.8) and dividing both sides by the binomial on the LHS.

(----)ä.r)'-'#( i):', (3 12e)

where M : N + 1 - j. This has the advantage of concentrating the variables l{ and j
into a single variable, which allows the result to be induced over M instead of l/ and

j separately.

This is re-expressed using fr :1 - Ë and the binomial relation:

M
ù'l

(3.12.10)

to give:

*(r***)iru'#('i):' (3 12 11)

This relation is true for NI: 0 for k e Z¡, and thus can be used as the basis of an

induction over fuf, where eqn (3.12.11) is the incluction assumption.

Investigate the induction conclusion:

k(k * y * t) i,-t)'-: (* * t) : ,. (r.r2.r2)
\ k /3' 'k+i\ i )

f{-t¡'

)lå,-')'6¡((ï) -'(,ï,)) . ]

Use the binomial relation

to express eqn (3.12.12) as

(-: ') : (T) * (01,), (3.12.13)
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where ( e b., the dual Cartan subalgebra (ie, the set of roots).

Let us study the character of a representation with highest weight w' ' À

Xutt.\
Ð-r- ,(.)e-@''À+o)

Ð-ew e(w)e-o

Ð. ew e(w) e-@' (\+ P) - P+ P)

Ð-ew e(u)euo

Ð.r* e(w)e-*'(\+o)

Ð-ew e(u)ewo

Ð w,, ew e(w" ) e(w' ) e'" (À+ P))

Ð-r* e(w)euo

e(ru')ys . (G.1.13)

Due to the fact that the dimension of a representation can be determined by eval-

uating the character in the limit:

crimÀ : 
|,13x^(tr, 

: 
"ll i#fl (c.1.14)

this transfers into a symmetry of the dimensions as rvell.

See [32, 45,46) for reviews on this topic.

G.2 Affine Weyl Group

The following is a review of the relevant points of the affine lVeyl groupfr ¡251.

The extension of the Weyl group W to fr fo, the untrvisted affine Lie algebras is

straightforwarcl. The main extensions are that the simple lVeyl reflections are aug-

mented by an extra reflection corresponding to the affine root os, and that the roots

and weights being reflected by the Weyl group now contain an extra label corresponding

to this simple root.

The weights and roots in the afine Lie algebra can have contributions from the

imaginary root of the algebra ô. Therefore a finite weight ) becomes:

i:À1n6, n€2, (G.2.15)

and a finite root a becomes:

neL/, (G.2.16)

The notation used to describe such weights and roots is:

i : (À; k¡;n¡), (G.2.17)

where À is a finite weight, n¡ denotes the level of ô contributions and kr is the affine

level of the weight ()o : k^ - D[, À;aY).

ã:a*n6,
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