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Appendix I

Appendix l: Calculation of the Clebsch-Gordon Coefficient Sums

The algebraic expressions representing the Clebsch-Gordon coefficients used in this thesis are

those quote d in Zare "Anqular Momentun" (p 57, Table 2.4 C: iz = 1\^t .

Zare, "Anqular MomentLtm", (p 57), -lable 2.4:

<jt mt, jz mzl j,m>, Paft C: i, = 1"

.j., r-1,1 1 ljr+1 m>=
(l,t')'(j,tm+t)

Equation 1

(r'j,*t)'(2.i,+z)

.j., .-1 ,'l 1 ljr ht = Equation 2

.j., .-1,1 1lj1-1 m>= Equation 3
z.jt

.jr m, 1 0 lj.'+1 m> =
(i,-rn+t)'(ir+m+r)

Equation 4
(r.j, * t) (i' + t)

.j1 m, 1 0 lj1 m>
m Equation 5

(i' + t)

(i' t m)

z.jt

(j,'-')'(1.-'+t)

tm(r'

l1 1

1t2

+

.j1 m, 1 0 ljj-1 m> =-
(t,-.)'(i1 tm)

jr' 2.i, + 1

Equation 6

Equation 7

Equation I

<j1 m+1 ,'l -1 ljl+1 m> =

<.i1 m+1, I -1 lj,'rt =
(¡,'-')'(i,,r'+t)

z.¡,,.(¡.' + t)

(i,,r'+t)'(.i,'+m)
<j., m+1,1 -1 ljr-1 m>=

z.jt 2.j, + 1

Equation 9



Appendix I

The squares of the Clebsch-Gordon coefficients represent probabilities, while the Clebsch-Gordon

coefficients themselves represent probability amplitudes. For convenience, Zare's algebraic

expressions for the Clebsch-Gordon coefficients in the case of absorption or emission of a photon,

j2= 1,are repeated above.

Note that the selection rules for the above equations require that the combined state magnetic

quantum number, m, represents the algebraic sum of the two component magnetic quantum

numbers:

rTì = t¡1 + ¡2 Equation l0

The combined rotational quantum number, j, is the vector sum of the two component rotational

quantum numbers:

li' +lrl> j>lj, -Ll Equation 11

This requires that the Clebsch-Gordon coefficients for P (Aj = -1) transitions are zero for j1 = 0 and

T.and Q (n¡ = 0) transitions are zero for j1 = 0 for the case of absorption or emission of a photon

0z='l)-

For convenience, we rewrite these equations in terms of the magnetic quantum number of the

lower state, fiì1, of the transition. The restricted selection rules quoted above are stated directly in

the following expressions.

(ml=m-1,m=m1 +1)

R transition

.jr mr, 1 1l jr+1m1+1> - (j,*r,+t)'(lr+m,, +z)
Equation 12

2.i. + 1 2.i1+ 2

Q transition

<jr mr, 1 l lit m,+1> - l1=0,0,- Equation 13

Equation 14

P transition

<jr mr, 1 1li¡-1 ffi1+l> - 1 0

Linearlv polarised transitions (mr = m)

R transition

<jr mr, 1 0lj.'+'l ffi1>= Equation 15

2



Q transition

<jr mr, f 0 ljt m1> =

P transition

(mr=ft+1,m=ml'1)

R transition

<jt ffi1, 1 -1 lj,t+1 rYì1 - 1> =

Equation 17<jr ñr, 1 0lji-1 Íìr) =

<jr m1, 1 -1lh tnr - lt

<jr mr, 1 -1 ljl-1 rr1 - 1> =

Note that the right circularly polarised Clebsch-Gordon coefficients are equivalent, on replacement

of m1 by -1ìr, to the leftcircularly polarised Clebsch-Gordon coefficients.

3



Appendix I

Average of Right and Left Circularly Polarised Transition Clebsch-Gordon

Coefficient Squares

As discussed at the end of this Appendix, Teets, Kowalski, Hill, Carlson and Hansch calculate the

probability of absorption of a photon from the orthogonally polarised probe beam component þy

. For

convenience in the following calculations, we calculate here the average of the right and left

circularly polarised Clebsch-Gordon squares.

R transitions

(i,rn.t -tll,,+1 m'-1)

+(l m, t +11j, +1 m,, +1)

2

(i,, r, t -tli +1 m, -1)

*(i,m., t +11j,+1 m,+l)

1t J.[)]

)Ì

2
-1(i?+mf+3j,+2)- 2 (2j, +1)(j, +1)

Equation 21

Equation 22

Equation 23

Q transitions

(i r' t -11t, m, -t)
+(J,r m., 1+11,i, m,,+t) +m1+tXi -m.,) (i, -ffir *1)(j,, +m.)(i,

2

1t zir(ir+1) J.I 2jr(j,,+1)

(j, ., t -11t, m, -t)
*(i, r, t +11j, m., +1) 'l iî -nî * j',

2

P transitions

z i.,(jr+1)

(i r, t -1li -1 r' -1)

m., 1+11j,,-1 m,+1)+

(j., r.n, t -11j, -1 ., -1)

*(i., m, t +11.i, -1 m,, +1)

=åi['Ë##).[tuääir)]

_1(i? +mî - j,)-, 
¡,(z¡,+t)

2

2
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Appendix I

Calculation of the Absorption Cross-section Summations

state. ûr, m1). of the transition as (J,M)

com bi ned svsten0-U, m).

The squares of the Clebsch-Gordon coefficients represent rotational state transition probabilities

and are written âs or,.¡,¡-,¡¡,y., in this thesis where

i is the polarisation state required for the transition,

(J,M) is the lower quantum state of the transition, and

(J*,M*) represents the upper quantum state of the transition.

The superscript, ", represents either the superscript, ', referring to the upper quantum state of the

pump beam transition, or the superscript, ", referring to the upper quantum state of the probe beam

transition.

The following sections calculate, firstly, the absorption cross-section summations defined in

equations [21] and l22l of Chapter I and, secondly, the (J,J,,J,' and Z.¡,¡',¡" functions defined in

equations t251, t33l and [53] respectively of Chapter l. The summations are required to calculate

the induced dichroism of Teets, Kowalski, Hill, Carlson and Hansch's theory. All calculations for this

Appendix were determined using Mathcad Plus 5.0.

Teets oJ,J* Absorption Cross-section Summations

Transitions

J

Teets_o_summation ...

+ left_ci rc_R_tran sition

(J+M + 1)'(JtM t2) _1.(2'J+ 3)."
(2.J+1)'(2'J+2) 3 (2'Jt1)

"J,J+1=-2.J+1

c, ,

=-
2'J +'l

I
M=-J

J= 0, 0, I
M=-J

J,Jf 1

Equation 24

Equation 25

Teets o summation ...

+ left_circ_Q_transition

Teets-o-summation ... =if
+ left_circ_Q_transition

J

if

J,Jo,o,l c
3

Teets o summati
+ left_circ_P_tran

JI
5

J< I ,0,

M=-J



Appendix I

=ir[r. ',o,: fffi ",,,-,]

(r=0,0,] ",,r*,)

Teets_o_summation ..

+ left-circ-P-transition

Teets_o_summation ... =if
+ linear Q transition

Teets o summation ... =
+ linear P transition

Teets_o_summation ...

+ right_circ_R_transition

Teets_o_summation ...

+ right-circ-Q-transition

Teets_o-summation ...

+ right-circ-Q-transition

Teets_o_summation ...

+ righ!_circ_P_transition

it[r.r ,0,|ffi",,,-,]

r

J<1,0, I c1)2

M=-J

M=-J

c.r,¡
J<1,0, I2.J+1

M=-J

Equation 26

Equation 27

Equation 28

J,J+,I

J
J2 -M2

J'(2 J r 1)

Equation 29

(J- M t 1)'(J - M +2) _1.(2'Jt 3)."
(2.J+ 1)'(2'J+2) 3 (2'Jt 1)

J

Equation 30

Equation 31=n("r,0,1cr,.,)

,'t

J

2.J+1
- 

c¡,¡-,'
J=0, 0, I

M=-J

J

Teets_o_summation ... =
+ righ!_circ_P_transition

1(2J-1)
Equation 32

Note that the summation is defined with respect to all Zeeman levels of the lower rotational state of

the transition,

J=0, 0 'cr,.r-'t
3 (2.J t 1)

6



Appendix I

Calculation of the (¡,¡',¡" ãtrd Zt,,t',t" functions

The Ç,¿,,¡, and Z¡,¡,,¿" functions are related to the rotational cross-sections for probe beam

components with polarisations parallel and orthogonal to the pump beam polarisation. For the case

of a left circularly polarised pump beam, the orthogonal rotational cross-sectìon is the square of the

Glebsch-Gordon coefficient for a right circularly polarised probe beam transition. The parallel

rotational cross-section is the square of the Clebsch-Gordon coefficient for a left circularly polarised

probe beam transition. Here we assume that the pump and probe beams are co-propagating so

that a left circularly polarised pump beam has the same sense of rotation as a left circularly

polarised probe beam.

ln the case of a linearly polarised pump beam, the orthogonal cross-section is assumed to be

represented by the average of the squared Clebsch-Gordon coefficients for right and left circularly

polarised light.

To avoid excessive complication, the conditions represented by the restricted selection rules

defined in equation [11] are discussed after the derivation of the more general expressions below.

7



Appendix I

Right circularly polarised probe beam

R (probe). R (pump)

JI (J-Mr1).(J-Mr2)
(2'J+1)'(2'J+2)
(JrMr1)'(JtM+2)M=-J

+
(2.J+1).(2.J+2)

(¡,¡rr,¡rr=(2'J + 1)
J J

I I(J-M+1)'(J-M+2)
(2'J+1)'(2'J+2)

(J-M+1)'(J-M+2)
(2-J+1).(2'J+2)

Equation 33

Equation 34

3J=_'-2 (J+1)

o¡,¡+t'o¡,¡.|t

c¡,.r+t'G¡,¡+t

-1 .(2'J + 3)2. J
- 6 er + D' (J * 1)

M=-J

(J-M+1).(J-M+2)
(2'J+1)'(2'J+2)
(JrMr1)'(J+Mt2)

M=-J

(¡,.r+t,¡+t

Zt,t+'t,l+t

z,t,t+t,,t+'t

(¡+r,.,=[åffi] iå#il [;#

R (probel. Q (oump)

JI (J+M)'(J-M+1)
2'J.(J + 1)

M=-J
+-

(2.J+1\'(2'J+2)
(¡,¡,.rrr =(2'J + 1)

J J

I
M=-J

-.'
(.r,.r,.rr-r

2.(J + 1)

oJ, J'oJ,J+ ra-LJ,J,J+1- '(.r,.r,¡rt

(JtM)(J-M+1)
2'J'(Jt1)

(J-M+1)'(J-M+2)
(2-J+1)'(2'J+2)I

=(å) 
[

1 .(2.J + 3)

3 (2.J r 1)

M=-J

-3
2'(Jr1)

Equation 35

Equation 36

Itcr,.,'c

-1

J,J+1

(2'J + 3)
z.t,t,,t+'t 6 ((2'J+1)'(J+1))

8



R (pr,obe). P {oumpl

J
(J+M)-(J+M-1) (J-M+1)'(J-Mt2)

M=-J
+

(2-J+1)'(2'J+2'l
Çt,,t-t,¡*1=(2'J + 1)

J J

M=-J

(JtM).(JrM-1)
2'J'(2'J + 1)

(J-M+1).(J-M+2)
(2.Jr1).(2-J+21

Equation 37

Ç,,.,_,,,,.,=[: Ë#] lå ffi] (;)
-,t (2.J - 1)_.(2.J r 3)Z.t,.l-,t,1+r =;-'fr*,, 

r.

I



Appendix I

Q (probe). R (pump)

(JrM)(J-Mt1)JI (J-M+1)'(J-Mrz)
(2'J+1)'(2'J+2) 2'J'(J+1)

(-1)z(J-[r)'(J+M+1)
2-J.(J + 1)

M=-J
+-

(¡,¡+r,r=(2'J f 1)
J JI I(J-M+1)'(J-Mt2)

( 2.J + 1\-(2'J + 2',1

(JrM)-(J-Mf1)
2'J'(J+1)

M=-J

-3

(2.J r 3)
z.t,,t+'t,,t

6 ((2'J+1)'(J+1))

Q G¡robel, Q (pumo)

J

3 (2-J f 1) 2.(J+1)
-3

(J+M)'(J-M+1)
2'J'(J+1)

M=-J

(¡,.r+r,r=¡¡4 
r ¡

a -oJ,J+t'oJ,J , -lLt,J+t''= 
c,,r., .c.,r'ç;"1+l 'J-L l(å)[

(2 J + 3)

(å) t l

1

Equation 39

Equation 401

I (J+M)'(J-M+1)
2'J'(J + 1l

M=-J z(J-M)'(J+M+1)
2.J'(J+1)

+ -(-1 )

(¡,¡,¡=( 2'J + 1)
J JI I

M=-J

(J+M)'(J-M+1)
2.J.(Jr1)

(J+M)'(J-Mt1)
2'J'(Jt1)

M=-J
3(¡,.r,¡=ã.lLJ; 

r )
Equation 41

Equation 42

10



Q (probe). P (puFol

J (J+M)'(J-Mr1)

4,r,,t-r,r=(2'J + 1)
J J

M=-J
3

Ç.t,¿-t,J=ü

z,t,,t-,t,,=ffi .cr,r- r,=lå ffi
a _1 (2-J - 1\Lr,r-'t,J-6 

( (2aJ + I ){)

11



Appendix I

P (orobel, R (pumo)

JI (Jf M)'(J+M- 1)

2.J.(2'J + 1'l
(J-M)'(J-M-1)M=-J

+-
2'J-(2.J + 1)

Ç,t,t+'t,¡-t=(2'J + 1)

-3(¡,¡+r,.t- 
1

(J-Mr1).(J-M+2)
(2'J+1)'(2'J+2)

(JrM).(J+M-1)
2.J'(2'Jt1)

JJI I
M=-J M=-J

2

o¡,Jf t'oJ,J-'t r-5¡,¡+t,J- 1-
/- s\t_l
\zl

(2.J - 1)I

3

Equation 45

Equation 46

zt,t+,,.t-..

z,t,,t,,t-',

z,t,t,L- t
'l

c.r,.r+r'cr,.r- t (2'J + 1)

P (probe), Q (pumÐ

3
Çt,t,t-t

(J+M)'(J+M- 1)
JI

M=-J
2.J'(Z.J + 1)
(J-M).(J-M-1)

2-J-(2'J + 1)
+-

Ç¡,¡,¡-r=( 2'J + 1)
J JI I(J+M)'(J-M+1)

2'J'(J + 1)

(J+M)(J+M-1)
2.J'(2'J + 1l

M=-J M=-J

2'J

oJ,J'oJ,J- t T (2-J - 't',)

3 (2'J t 1)c¡,r'c¡,r-'' Çt,.t.t-,=(r,) 
I

Equation 47

Equation 48(2-J - 'l)
6 ((2'J + 1)'J)

12



P (orobeì. P (p:umn)

J
JTM ).(JrM-1)

M=-J

(J+M).(JrM-1)
2'J'(2'J + 1)
(J-M)-(J-M-1

(

+-
Ç¡,¡-r,r-t=(2'J+ 1)

J J
(JtM).(JrM-1)

2'J.(2.J + 1l

(JrM)'(J+M-1)
2'J.(2'J + f i

M=-J

Çt..t-t..¡-.,=fr'tJ + 1)

1.(2-r-1)llf,Jrl)l
3 (2.Jt1)ll2'J I

Equation 49

13



Appendix I

For a left circularly polarised pump beam

R (probe). R (pumpl

JI (JrM+1)'(JtM+2)
( 2'J + 1)'(2'J + 2)
(J-M+1)'(J-M+2)M=-J

+-
(2.J+1).(2.J+2)

(¡,¡tt,¡+t=(2'J + 1'l
J J

I I(J+M+1)'(J+M+2)
(2'J+1)'(2'J+21

(J+M+1)'(J+Mt2)
(2.J+1)'(2'J+2)

Equation 51

M=-J M=-J

6.r,¡rr,¡r1

zt,t+t,t+t

z,t,t+t,,t+.

R (probe), Q (pump)

3J
=_,-2 (J+1)

o.l,¡+1'o¡,¡+t

c,r,¡+r'c.r,¡+r

-l .(z't + s)2
-6 

er+1r' (JtÐ

3 (2.J + 1) 2 (J+1)

Equation 52

(J+M+1)'(J+M+2)
(2.J+1)'(2'J+2)
(J-M+1)'(J-M+2)

(¡,¡tr,,.,=[å91 
¡ ll

1 3J(2.J + 3)

JI
M=-J +-

(2-J+1)-(2.J+2)
(¡,¡,¡+t=( 2'J + 1)

J J

I I (JtMtl)(J+M+2)
(2.J+1)'(2'Jr2)

Equation 53

Equation 54

6¡,.r,.rr t

z,t,,t,,t+,

M=-J

Çt
1 .(2'J + 3)

3 (2'J + 1)

M=-J

-3
2.(J + 1)

-3
2.(J+1)

_ 
oJ,J'oJ,J+1

ItC¡,,

-'l

'c.r,.r+,

(2'J t 3)
z,t.t..t+1 6 ((2J+1)(Jt1))

14
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R (probel. P (pumo)

JI
M=-J

(J-M).(J-M-1)
2'J-(2'J + 1)

(JtM+1).(JrM+2)
(2.J+1)'(2'J+21
(J-Mf1).(J-M-F2)

Ç¡,¡-r,¡¡1-(2'J t 1)
J

M=-J

zt,.t-t,t+'t -1

J
(J-M).(J-M-1 (JtMtl)'(J+Mt2)

(2'Jr1)'(2'Jt2)
M=-J

a -oJ,J- 
I '6J,J+1 ., -lLJ,J- t,J+,t=;7'ÞJ,J - 1,.tt t -l

"J,J-î "J,J+1 L ll l(
1 (2-J - 1)

Equation 56

3 (2'J t 1)

15
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Q (orobe). R (pumpl

JI (- 1)
(J+Mr1)'(JtMt2)

(2'J+1)'(2'J+2)
2(J-M)'(J+Mt1)

J'(Jr1)
J-Mr1)

2'J'(J + 1)

M=-J
2

J + M)'((+-
Ç,t,,t+t,r=(2'J+1)

J JI (JiMr1)'(J+Mr2)
(2'J+1)-(2.J+2)

$ ,_n12.(J-M)'(JtMt1)
L \ r' 

,aJLJ+1)
M=-J M=-J

-3
Ç,t,t+'t."r=¡¡ * 1¡

Equation 57

Equation 58

oJ,¡+t'oJ,J (2'J + 3)
-J,J+1,J Çt,,t J=1

1

3cr,r+,

-1

C¡,, + (2-J +'l)

(2-J r 3)
z,t,,t+.,¿

6 ((2'J+1)'(J+1))

Q (probel, Q (pqmoì

M=-J
I ,_n12.(J-M)'(J+M+1)\ '' ,.JLJ+'D

(J+M)'(J-M+1)
L--

2'J'(J+1)

J

(¡,.r,¡=( 2'J + 1'l
J J

I z(J-M)'(J+M+1)(- 1)
2.J'(J+1) I z(J-M)'(J+Mt1)(- 1 ) 2'J'(J + 1)

M=-J

Equation 59

Equation 60

)(:) t

3

2'(Jr1)'J
,|

zt.t.t
(6.((J r 1)'J))

16



Q (orobe). P (oump)

J
J-M)-(J-M-1)

M=-J (JtM)'(J-Mt1)+-
6¡,¡-r,J=(2'Jt1)

J
(J-M)'(J-M- 1) (J-M).(JtM+1)

J

M=-J M=-J

1 (2-J - 1)
zt,.t-,

2 _'l (2.J-1)
LJ,J-1,.t-u 

,r¡ * 1¡.¡

17



Appendix I

P (probe), R (oumo)

Jr (J-M).(J-M-1)
2'J.(2.J + 1)
(JrM)'(J+M-1)M=-J

+-
2.J-(2.J + 1l

Ç,t,t+.,.r- I =( 2'J + 1)
J JI I(JrMt1)'(JtMt2)

(2'J+ 1)'(2'J+2'l
(J-M)-(J-M-1)

2.J'(2.J + 1)

Equation 63

M=-J M=-J

-3(r,r+t ,r- t 2

o¡,J+t'oJ,J- 
1a-LJ,J+l,J- 1-

z,t,.t,r-'t

z,t,,t,t- t
I

(2'J - 1)1 (2 J r 3)

r -/r\ [t el- trl /s \s¡,¡,J-,t-\ãi 
Lã (r..l + 1) I \zl/

r-5¡,¡+t,J- 1-
c¡,.1r-'t'G.r,.,- t 3 (2'J t 1) (2-J +'t)

z,t,,s+,,,-',=+ l#( 2 J t 3) Equation 64

P (probel. Q (pumo)

3
Çt,.t,t- t

Çt,¿,t-r=(2'J + 1)
J

JI z(J-M)'(J+M+1) (J-M)-(J-M-1)
(- 1 )

M=-J
2'J'(J+1) 2.J.(2'J + 1)

(JtM)'(JtM-1)
2.J'(2-J + 1)

+-

J

I 1-r¡'(J-M)'(Jilt1) I (J-M).(J-M-1)
2'J'(2.J + 1)

M=-J M=-J

2.J

oJ,J'oJ,J- 
1

c.r,r'c.r..r-'t

(2-J - 1)

Equation 65

Equation 66
6 ((2'Jt1)'J)

18



Appendix I

P (probe). P (oumpl

J
(J-M)'(J-M-r)

2'J'(2'J + 1)

(J-M).(J-M-1)
2.J'(2'J + 1)

+
(JrM)'(JtM- 1)

Ç.1,¡- I ,J- 1=( 2'J + 1)
J

M=-J

(J-M)-(J-M-1)
2'J'(2.J r 1)

(J-[,.l).(J-M-1)
2.J'(2-J + 1)

J

M=-J

- 3 (Jt1)
Ç¡,.r_ r ,r_, =;.î Equation 67

zr,r-r,r-,=ffi'6¡,¡-r,r-,=lå ##] t; ffi] t; +]
Equation 68

.J

l9



For a linearly polarised pump beam

R (probeì, R (pump)

(J+1)"-M'
(J + 1)'(2'J t- 1)

Appendix I

t (Í+e.r+u2+z)J 2 2I (J+1) -M
(J+ 1)'(2'J + 1) 2 ((2'J + 1)'(J + 1))

M=-J
(¡,¡+r,¡+r=( 2'J + 1)

J J

6¡,.r+r,rn,,=*1 { 2'J- 1)

I
M=-J

J

((2.Jr3).(Jf1))

(J + 1 )' - ¡¡'
(Jr1)'(2.J+1)

J

(Jtll'-¡rtt'
(J+1)'(2'J+1)

Equation 69

Equation 70

I
M=-J

--LJ,J+1,J+1-
oJ,J+t'o¡,¡tt

c¡,¡+t'c¡,¡rt

R (orobe), Q (oumo)

r -1 .(2.J + 3).f 1 .(2 J f 3)l
s¡,¡+t,¡+t-ã (2aJ+1) Lã (r.Jr1)l

Z,t,.t+'t,r*',=$'t 2'J + 3)'(2'J - 1)
(2'J+t)2.(¡rt)

I M.M

(J+1)'(2'J+1) 2 ((2'J +1)'(J+1))
(Jr1)

J'(J+1)
M=-J

I M.M (J+1)'-M'
(Jr1)(2Jr1)J.(J+1) I

M=-J M=-J

"-M' t (12+s'l+u2+z)J

(.r,¡,¡+r=(2'J t 1)
JJ

(¡,¡..r+r _-3.(2.J - 1)

-J,J,J + 1

10 (J+1)

oJ,J'oJ,J ¡ 1 (,,¡,¡+,=(:) [:#i] |
-3 (2'J - 1)

10 (Jt1)

Equation 71

Equation 72

c, ¡'cr,rrt

zt),.t+'l _- 1 .(2'J + 3) .(2.J - 1),

30 (2'J t 1) (J t 1)
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R (probe). P (pumol

10

i (-,)'rï,;5t
M=-J

(Jr1)'-ltlt ,l

J J

Equation 73

1(
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Q (orobeì. R (pump)

(Jt1)'-¡rtt'
(Jr1)'(2'J+1)

M'M t (Í-u2+¡)
J'(J+1) 2 (J'(Jt1))

Appendix I

Equation 75

Equation 76

Equation 77

Equation 78

JI
M=-J

Ç,t,¿+'t,r=(2'J + 1)
J J

I I(Jt1)'-M'
(J+1)'(2'J+1)

M=-J M=-J

3 (2'J - 1)
5J,Jr1,J-10 (J+1)

cr,r+','c.r,,
.. 1(2.J+3).í¡,.rrr .l=a en + 1)

_-1 .(2.J r 3).(2'J - 1)

30 (2.J + 1) (J t 1)

Q orobe. Q oump

o¡,J+l'c.l,J

É) t
-3 (2.J - 1)

10 (Jr1)zt,t+'t,,t

Zt,,t+t,.t

M.M M.M r (¡' - r'r2 + l)I J'(J + 1) J.(J+1) 2 (J'(J+1))
M=-J

J

(¡,¡,¡=( 2'J + 1)
J JI I M.M

J.(J+1)
M=-J M=-J

r _3 .((2'J+3)'(2'J-1))sl,¡.J-õ (J(J + 1D

oJ,J'oJ,J - /t\Z¿,¡,¡=õË'(i,J,J=\ãi
"J,J "J,J

/r\l_t
\g/

oJ,J'oJ,J

cr,r'c¡,,
zr,
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Q (orobe). P (oumol

2 J2- Mz M.M
(- r ) J-(Jt1) 2 (J'(Jtr))

M=-J

J

(¡,r- t,r=( 2'J t 1 )
J J

M.M

- --3 
(2'J + 3)

bJ,J-i,J-10-T Equation 79

Equation 80

oJ,J-1'oJ,J

(2'Jr1) J
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P (probe). R (oump)

J
2

;[]I (- 1)
(J r 1)'- ¡rtt'

(Jt1)'(2'J+1)
M=-J(¡,¡+r,¡-t=( 2'J + 1)

J JI
M=-J

?-9.¡,J+t,J-'t-

(J t 1)' - M'
(Jr1)'(2'Jt1)

Jz -M2I J'(2'J+1)
2(- 1)

M=-J

(¡,¡+r,.1- 
1

t-
-J,J+1,J- 1

3

10

oJ,¡+1'oJ,¡- l 1 (2'J + 3)

Equation 81

Equation 82

c.r,r+,''c¡,r-,' 3 (2.J f 1)

z,t,.t+t,,-,,=* 
å# 

e r - 1)

P lorobe). Q (oump)

JI M.M 2 J2 -M2 1
(- 1 )

J.(J + 1) J'(2'J + 1) 2
M=-J

(.1,¡,.1- r=( 2'J t 1 )
J J

Çtl,.t-t_-3.(2'J + 3)

I I (-1)

M=-J M=-J

-3 (2.J r 3)

2

10 J

J2 -M2
J.(2'J+1)

10 J

oJ,J'oJ,J-t
zt,.t,t-', ( ,, ¡-,=(,t) lå l;.:; lì] [

Equation 83

Equation 84

cr,.,'cr,r-,

a _ 1.(2.J-1).(2.Jt3)
'J,J,J-I-* ,r.¡ * 1¡ J
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P lprobe). P fpumo)

I ç1)2

M=-J
J.(2-J + 1)

1-1¡2. 
J2 -uz -1.

J'(2'J + 1) 2 ll
J

Ç,¡-r,r-'t=(2'J t 1)
J J,

I (-,)',Ír- " )
M=-J

J2 -nÊI ç1)2 J.(2.Jr1)
M=-J

((2'Jt3)'(Jtr))

1 3 ((2'Jr3)'(J+1))2 -oJ.J-r'oJ,J-r r . -[t.tz'¡-tll.fzt,¿-t,r-t=õ,r_ 
r.Cr,r_ r 

tt,t-t,r-t=¡¡'12..¡ +"¡ J'l

z ç1 (2J-O.(2.Jrr¡.(J+t)
'r.r-1,J-'t-ãõ' t^ "1)2 

J

It3 (2.Jr1) 10 ((2-J-1).J)
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Summary of the Ç.t,,t',.t" âÍld Zt,t',t" functions

We have summarised the (.r,¡',¡' and Z¡,¿',¡" functions below. The functions are subject to the

previously stated condÍtion, in the Case of i2= 1, that the functions are zero for:

. P transitions of pump and probe beams'lo¡ J = T"

. P and Q transitions of pump and probe beams for J = 0

where J is the rotational quantum number of the shared lower state of the pump and probe beam

transitions.

NOte thatWe haVe USed the COnVentiOn that Ao¡¡q¡t_"irc = crrÍsht- crteft = - Åt"ft-"ir".The (¡,¡',.1'andZ¿,¿',¿"

functions for left and right circularly polarised light are equal as defined.

For a right or left circularly polarised pump beam

R Transitions of t

R (probe), R (pump) (¡,¡rr,r*.,=f fr¡
z,t,t+t,,t+t -1 .(2.J + 3)2. J

Equation 87

Equation 88

Equation 89

Equation 90

Equation 91

Equation 92

R (probe), Q (pump) Çt,t,t+.t

zt,.t,.t+'t

6 p-J+t¡2 (Jr1)

-3
2.(Jr1)
-1 (2.J + 3)

6 (2'J r 1)'(J + 1)

-3
2

R (probe), P (pump) ÇtJ-,t,,t+,t
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-3
Q (probe), R (pumP) (¡,¡+r

2'(Jt1)
1 (2'J + 3)2=_

J'Jtr'J 6 ((2.Jr1)'(J+1))

Q (probe), Q (pumP)

P (probe), P (pump)

Appendix I

Equation 93

Equation 94

Equation 95

Equation 96

Equation 97

Equation 98

Equation 99

Equation 100

Equation 101

Equation 102

Equation 103

Equation 104

Q (probe), P (pumP) Çt,¿-'t,r=*

_ 1 (2.J-1)a 
=-.--J'J-r'J 6 ((2.J+1).J)

P (probe), R (pumP) (¡,.ltr ,,t-,,=+

-1 (2'J - 1',);.(2.J 
+ 3)z.t,.t+t,r-''=ã'¿ 

.J + 1).

3
P (probe), Q (pump) Çt,t.t-t

2'J

z.s,t,t
(6'(J'(Jr 1)))

1 (2.J - 1)
J,J,J- 1 6 ((2'Jr1)'J)z

Çt,,t-',,r-,, =fr 't J + 1 )

1atJ,J-1,J-1-6
1z.J r I ¡2..1

(2.J - 1)2 (J+1)
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For a linearly polarised PumP beam

R (probe), R (pump) i.l,.l+r ,r*.,=-a'( 2'J - 1) ( r.lT*.1 + 1 ) )

zt,t+t,r*,,=$'{2'J r 3)'( 2'J - 1)
(2'J+t)2'(¡+t)

R (probe), Q (pump) (¡,¡,¡+r _-3.(2.J - 1)

10 (Jt1)

_-1.(2'J+3).(2.J-1)
30 (2.Jf 1) (J+1)zt,,t,t+t

R (probe), P (pump) Çt,.t-t,r*,=fr

t t7b!.(2.J r 3)zr,r_,,.r*r=ãõ.= 
.J + 1)-

Q (probe), R (pump) ' --3 (2'J - 1)
e.l,¡rr,J-10 (J+1)

a _ 1.(z'Jt3).(2'J-1)
aJ,J+1,i-30 

en+D (J.1)

Q probe, Q pump (¡,.1,.1=
3 ((2.J+3)'(2'J- 1))

10 (J'(Jt1))

Q (probe), P (pumP) Çt,.t-t,t

zt,.t-t,t

Appendix I

Equation 105

Equation 106

Equation 107

Equation 108

Equation 109

Equation 110

Equation 111

Equation 112

Equation I 13

Equation 114

Equation 115

Equation 116

J

z,t,,t,,t =* t 'J+3)
J.(.1+ 1)

2- J -1\
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P (probe), R (pump) (¡,.r+r,r-,,=å

1

Equation 117

Equation 121

zt,,t+'t,,t-',
30 12.J + 1)2

P (probe), Q (pump) (.r,¡,¡-,=-1'(2 J-+ s)

z _ 1.(2'J-1).(2'Jt3)
¿J,J,J-r-30 

(zJ r 1) J

((2'Jf3)'(Jf1))
P (probe), P (pump) Ç¡,¡- t ,r-,, -å
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Addendum Aooendix l. The orthogonal Clebsch-Gordon coefficient required for

the case of a linearly polarised pump beam for the calculation of the induced linear

dichroism

The standard Clebsch-Gordon coefficients tabulated by Zare and listed in Table 1 below can be

interpreted as the probability amplitude for the state, Ûr, m), to have originated from the

combination of the two states, 0i, mi) and (1,m) (representing the lower rotational statel of the

target species and the interacting photon respectively). The m term in the second state represents

the polarisation state of the absorbed photon (+1; left-circularly polarised, 0; linearly polarised, -1;

right-circularly polarised). The Clebsch-Gordon coefficients listed in Table 1 assume that the

The theoretical model described in Chapter ll calculates the induced dichroism in terms of sums of

squares of Clebsch-Gordon coefficients for probe beam components polarised oarallel to and

orthoqonal to the polarisation direction of the pump beam. ln the case of a circularly polarised

pump beam (and a co-propagating geometry), the "parallel" and "orthogonal" probe beam

components correspond to circularly polarised light of the same and of opposite handedness to the

pump beam polarisation respectively. The right and left circular polarisation Glebsch-Gordon

coefficients from Table 1 may be used directly in the required summations. However, if we assume

the quantisation axis lies parallel to the pump polarisation axis for the case of a linearly polarised

pump beam, expressions for the Clebsch-Gordon coefficients for absorption of a photon with

polarisation axis normalto the quantisation axis are required to complete the required summations.

The Clebsch-Gordon coefficients of Table 1 are more accurately described as

(i)

, and

(i i)

The three component tables in Table 1 represent sets of Clebsch-Gordon coefficients selected by

the standard selection rules for absorption of right and left circularly and linearly polarised

photons(Am =1; left-circularly polarised, Am = 0; linearly polarised, Arrl = -1; right-circularly

polarised). The selection rules are determined by interpretation of the dipole moment matrix

1 The eoefficients have been rewritter¡ irr terrns of the lov'rer state of the transition fcr convetrience

ìn describing polarisaiion speetroscopy.
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element for the given geometrical relationship between the quantisation axis and the electric field of

the absorbed/emitted photon.

Left circularly polarised transitions (mr = m - 1, m = mr + 1)

R transition <jr mr, 1 1 lj,'+1 ffir+1>-
(i,*',+t) (i1 +m,+z)

(r.j, * t).(2.i,,+z)

Q transition <1.¡ m1, 1 llh ffi1+1>- I 0 0
(i, * ', r t) (j1 - r,,)

1
t

2.j1.(j1 r 1)

P transition <j1 m1, 1 1 |if1 t11+1> = ,i1< 1 ,0,
(j,. -'' - ,) (¡,' -',')

z.jt 2'i, + 1

Linearly polarised transitions (mr = m)

Rightcircularly polarised transitions (mr = m + 1, m = mr - 1)

R transition <jr mr, 1 -1 ljt+1 rr1 - 1> =
(j,, -', + 1)'(jr - m, + z)

2'i,, + 1 2.i, + 2

Q transition 4t mt, t -1 ljr Íì1 - 1> = j 0 0
(j., -',, r t) (Jr *',,)

1 2.it .i1 tt

P transition
(i,' r ',)'(i f m

1 -1
.j1 m1, 1 -1|jf1 rr1 - 1> = !1<1,0,

z.jt 2 1t.

Table 1: Clebsch-Gordon coefficients listed in Zare^1 rewritten in terms of the rotational and

magnetic quantum numbers of the lower state, j1 and m1.

R transition <jr m1, I 0lj.'+1 ffii)=
(j, -'., r 1) (j1 + m, t 1)

2.i. + 1 jt+t

Q transition
.j1 ml, t 0ljr firj> = l1=0, o,

ffi1

fr(r-,')

P transition <jr mr, 1 0lj1-f frr1> = j1<1,0,-
(¡, -',)'(jr t m.'¡

l,''(z'l' t r)

31



Appendix I

Quantisation
Axis

Figure 1: Convention for the spherical co-ordinates, (r,e,0), for this addendum

ln order to determine the required selection rules for the "orthogonal" Clebsch-Gordon coefficients

in the case of a linearly polarised pump beam, we consider a geometry with the usual spherical co-

ordinates, (r,0,ô), as shown in Figure 1 above. The rectangular Cartesian vector description of the

position vector, ¡, is written

z

r

Y

0

X

r:
rsin(0)cos(Q)

rsin(0)sin(0)

rcos(o)

Equation 1

Equation 2

Equation 3

where the Z axis is the quantisation axis for the magnetic quantum number

We can also write vectors representing the electric field (ignoring the common time dependent

component) of a probe beam component for four geometries:

Left circularly polarised probe beam component (m = I with respect to the Z quantisation axis)

Right circularly polarised probe beam component (m = -1 with respect to the Z quantisation axis)

E 
"t -r,"nd = 

=' [j]

Ersht-hano = 
=, f.],1

[oJ

32



Appendix I

Linearly polarised probe beam component polarised parallel lo the Z axis (m = 0 with respect to the

Z quantisation axis)

EE
Ll¡near z - Lo

E -Ell¡near x - Lo

@,' (o)=

0

0

1

Equation 4

Equation 5

Linearly polarised probe beam component polarised parallel to the X axis

1

0

0

The resultant scalar product of the position and electric field vectors in each case are

Left circularly polarised orobe beam comoonent (Âm = 1 with respect to the Z quantisation axis)

r 'E,"n,n"no : rEo sin(e)(cos(S) + isin(Q)) = rEo sin(O)eio Equation 6

Risht circularly polarised probe beam comoonent (Am = -1 with respect to the Z quantisation axis)

r .E¡snt-¡un¿ = rEo sin(0)(cos(0) - isin($)) = rEo sin(0)e-a Equation 7

(Am = 0 with respect to

the Z quantisation axis)

[ 'E',n"",-, = rEo cos(o) Equation 8

r'E,,n"",-* = rEo sin(O)cos(ù) Equation 9

The dipole matrix element, D, may be written in separable terms of the variables of the spherical

coordinate system as the function describing the state of the system is given by 
A2

y",,(r,O,f) = R", (r)@,, (0)o, (0) Equation 10

where, from normalisation,

2¡

J o, (O)o, (O) oO: I Equation 11

:
Jo, (e)o,'' (e)sin(e) oe = t Equation 12

jn;1r¡n, (r)l or = t Equation 13

0

and the spherical harmonic components of the state function are

@, (O) = ft.'^' Equation 14

(z¡+t)(¡-m)l
2(j+ m)r

ei (cos(e)) Equation 15
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where ei (cos(e)) is the associated Legendre function

The dipole matrix element in the four polarisation geometries considered above separate into the

following separable integrals which lead to the appropriate selection rules in each case

(Am = 1 with respect to the Z quantisation axis)

D,.t*,"n¿ : eE"þ; (r)R", (r)r'orio, (e)@j, (e)sin'?(e)oelo, (0)o, (O)e'toq Equation 16

(Am = -1 with respect to the Z quantisation axis)

D¡ghr-h"n¿ = eerjn; (r)R"' (r)r'arjor (e)o,. (e)sin'?(e)ue Õ; (0)o, (0)e-'to4 Equatíon 17

(Âm = 0 with respect to

the Z quantisation axis)

D,,n"",_. = ee, Jn, (r)n", (r)r3 or Jo, (0)@,, (e)sin(e)cos(e)d0 Jo, (q)o. (0)oO Equation '18

D,,n"",-, : er,ini (r)n", (r)13 orio, (0)@j, (e)sin'z(e)ae io, (ö)o, (6)cos(0)oö Equation 1e

00

Considering only the integrals corresponding to the spherical harmonics, we can see that the

selection rule for the magnetic quantum number for the linearly polarised probe beam component

polarised along the quantisation (Z) axis is Àm = 0. lt can also be seen that the selection rules for

the circularly polarised probe beam components, Àfn = 1 and Am = -1 for left and right circularly

polarised components respectively, are shared by the probe beam component polarised normal to

the quantisation axis, Âm = +1, in the case of a linearly polarised pump beam. lt is clear that the

electric field in the last mentioned case can be written as linear combination of right and left

circularly polarised components, as can the dipole moment matrix element leading to this selection

rule. The equivalent table of Clebsch-Gordon coefficients to Table 1 for the "orthogonal" probe

beam component in the case of a linearly polarised pump beam given this selection rule is given

below as Table 2.

The implication of the selection rule for the linearly polarised probe beam component polarised

normal to the quantisation axis in the case of a linearly polarised pump beam is that Teets,

Kowalski, Hill, Carlson and Hansch calculate the absorption of this component as the averaqe of

(proportional to the squares of the Clebsch-Gordon coefficients) for the

hotons. The calculation of the induced dichroism

according to equations t6l to t8l of Chapter I is now explicitly a sum over the possible absorption

routes allowed by the selection rules and weighted by the probability of each transition (i.e. by the

34
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square of the Glebsch-Gordon coefficients). For the case of a linearly polarised pump beam,

equation [6] of Chapter I now becomes

I"3:ï^r" (o:",::",í -(
-left_circ, -right-c¡rcuJ,J",M,M" 1 uJ,J',M,M"

2
))

= (z.t + t) M
Equation 20

l¡near_pump
seme eledronic stÉle

ãnd - sdiìe - vibrati-onal - manif old

Transitions for the case of a linearly polarised probe beam component polarised normal to the

quantisation axis (A m = + 1)

R transitions .jr mr, 1 -11j't+1ffi1 - 1> =
(i,-''rt) (ir-m,,+2)

(r.i., * t)-(,2-i,, +z)

.jr mr, 'l 1l j,t+lfit1+1> =
(i,,*r,+t) (11 tm,tz)

2.j,, + 1 2.j, + 2

Q transitions .jr mr, 1 -1lh rYì1 - 1> = .i1=0,0,

.j1 ffir, 1 1 lh Íì1+l> = j1=0,0,-
(i,, * '., + t)'(ir -',)

z.jt l+t

P transitions .jr mr, 1 -1|jl-1 ffi1 - 1> = )1<1 ,0,

"j1 fr1, 1 1 | j1-1 Ít1+1> = 11 <1,0,

f able 2.. Clebsch-Gordon coefficients rewritten in terms of the rotational and magnetic quantum

numbers of the lower state, jr and m1,

(which can be considered as a linear combination of right and left circularly polarised probe beam

components) axls'

References:
Â1 Zaie, R.N.,

John Wiley and Sons, lnc., New York, 1"tËd., '1998

A2 Cassels, J M., , (p 58 and followitrg). McGraw-Hill, London' New

York sydney Tcronto. Mexico, Johannesburg. Panama Singapore. 1970.
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Appendix ll

Appendix ll: Closed Two-level Rate Equation Model

N1

[do*n

No

Figure 1: Closed two-level sYstem

Consider a closed twolevel system as shown in the figure above, with lower state population

density, Ne, âfld upper state population density, N1. The transition rate from the lower to the upper

state may include both stimulated absorption and collisionaltransition rates and is denoted by the

term, ruo. The transition rate from the upper to the lower state includes spontaneous and stimulated

emission as well as collisional transition rates and is denoted by the term, r6o*n. The total transition

rate, r, is defined as

r = rup+ rdo,\ m. Equation 1

The time dependence of the population density, N(t)g, where t represents time, is given by the rate

equation

ftntr)o=-t p'N(t)o t rdo,"n'N(t)r Equation 2

which is equivalent to the equation

*L*(,)o=[-ruo.N(t)o 
r rd*n.(* - tuttlo)]=-r'N(t)o + roo,nn'N Equation 3

where N is the total population density defined as

N = N(t)e + N(t)r Equation 4

Equation [3] may be rewritten as the inhomogeneous equation

d N(t)o + r'N( t)o=roo*.,'¡ Equation 5

rup

dt
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The homogeneous solution is

f rdr

N( t )o-horos"n"ou, = N( o )o'e =N(0) 0'e
-r-t Equation 6

The particular solution, since the homogeneous solution is non-zero if N(O)o is non-zero, is given by

N( t )o-p"rt¡"ut", = 1r

N(t)o
+ unpopulated-upper-state

Ido*rr'N fdo*n'N
A-=1 L

N( o )o'e " r'N( 0)o

0

("'n - ,)
r¿rrn'N

- | 1-
r.N( 0)o

("'n - ,)

Equation 7

Equation I

Equation 9

We combine these two solutions to give the generalsolution

*,,,0=[*,,)0-ho.os"n"ou. 'N(t)0-particura, =N(o)o'e " 
l,, 

.*# (Jt - ,')]]

N(t)o=l\qo)o'd' .T * (l -;'n)

or

The population density of the upper state is then given by the equation

N(t)r=(* - *tt)o)=N - N(o)0'e'n- t"* H ('' - ;'n)

and the population density difference between the lower and upper stetes by

N(t)o-rv(t)r=[N(t)o-(ru-rvrtlo)=2.N(t)e-ru]=2'¡(0)o'd'nr2'rdo:n'N'(',' -;'n) -N

Equation 10

Equations tSlto t10l describe the general population densities for the lower and upper states, and

the population density difference between the upper and lower states. We now obtain solutions for

the case of an initially unpopulated upper states, where

N(Q).,=g and N( 0)o=¡ Equation 11

Equations [8]to [10] become

- r.t
N.e-t't t 'oo*n .*.(',

I

frp

f
('' - ;'n)-À

Equation 12
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Equation 13

N(t)r...
+ unpopulated_upper-state

N( t)o 
...

+ unpopulated-uPPer-state
+ linear_regime

]='',(+) 
(,-;'n)

(*t t lo - l¡( t )r ) u^poputated-upper-state
=2'N'e-t{ .. =N 1-2 'up

t
1 -ô - r.t)l

* z.too*-n.(t
I

-r.t
e -N

Equation 14

For ease of calculation of the steady-state solutions, we may rewrite equations [12] to [14] as

*"'lrnooo,,ated-upper-srate =- [e) . (+) (;'-)]

N(t)r =- l(l) - (1"'\ -'nl

+unpoputated*upper-state 
'L\'/ 

\;/ " l

(N(t)o - N(t)r)unpopurat"c-,pper-stare =- lg) (T) .,(+) '"]

Equation 15

Equation 16

Equation 17

Equation 20

Equations [15]to [17] give the three population density equations in the case of an initially, t = 0,

unpopulated lower state. We now investigate two limiting cases of this solution; for small

timescales w1h respect to the exponential terms of the solutions, rt << 1, where the exponential

function may be approximated linearly, and in the steady state regime, rt >> 1.

ln the linear regime, rt << 1, the following approximations may be made

- r.tâ =1 - r't Equation 18

and

I - e-tt=r.t Equation 19

The population density equations in the case of an initially unpopulated upper state in the linear

regime become

=l- [, (+) r'.,,]]=n (, _,,0,)
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"t"1;nooourated-upper-sta," 
'[- (+) t"']-* ('"0 

')
+ llnear_reglme

(*r,ro - r,r(t),),"pory,1:e^1-ueeer-state {- [,, 
- , (+) ,,',,]]=* (r - z r,o.t) Eouation 22

+ linear_regime L

Equation 21

Equation 23

The steady state solutions, where e-d = 0, in the case of an initíally, t = 0, unpopulated upper state

are

/too*n \N(t)0... =N'i _-l\rl
+ unpopulated_upper_state ... '
+ steady_state

/t,\t_i
\'/

N(t)r... =N
+ unpopulated_upper_state ...
+ steady,state

Equation 24

t. \

(*t,lo - N(t)r)unpopurared-upper-state ...=*'('oo*nt 
uo 

) equation 25

+steady-state \ r I

lf we explicitly state the transition rates in terms for the spontaneous, stimulated and collisional

transition rates, denoted A, BW and Q respectively, we may investigate different experimental

ranges. Typically the terms rup, rdown and r are represented by equations of the form

rup=Bo1.W + Qo1 Equation 26

rdo*n=A1o f B1o'W f Qro Equation 27

and

r=Aro + Bro'W + Bor'W + Qro + Qo,, Equation 28

where the subscripts indicate the direction of the transition.

The linear regime solutions, in the case of an initially (t = 0) unpopulated upper state become

N(t)o =r.r.[r - (to, 'w + oo, ).t] Equation 29

+ unpopulated_upper-state
+ linear_regime

=r.r.[ (so,, .w + oo, )'t] Equation 30N(t)r 
.

(*r, lo - N( t )r )rnpopurated-upper-state ... = ltl'[ r - t' (to','w + oo, )'t]

+ unpopulated_u pper_state

+ linear_regime

+ linear_regime

Equation 31
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For the case of negligible collisional transfer rates from the lower to ttre upper state populations,

Qor *< Bor VV, equationc [29]to [31] become

N( t)o ... - N'(1 - B0r 'w't) Equation 32

unpopulated-upper-strate ...

l¡neaÍ_ægime ...

neg ligible-upwards-eollisional-tranfer

N(t)o 
.

+ unpoPulated-upper-state,',
+ linear-regime .,.

+ negligible-upwardo-collisionql-tranfer

unpopulated-uppelstate
+ linear_regime ...

+ negligíble-upu,ards-colllslonaltranfer

=n-(r - 2'Bo1-W-t) Equation 34

The equivalent steady-state solutions do not simplify significantly unless the upper and lower states

are of equal degeneracy so that Bg1 = 810.
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Appendix lll: Projections of Complex Vectors

For real vectors, a and b, the inner or dot product is given by

=âr.br + ar-br+ a..br=l a l.l U l.cos(e )

/-\ /*\ /-\
=cr.(or) +"r.(or) r"..(0.)=l cl.l dl.cos(0)

where 0 ¡s the angle betlveen the two vectors. Note that as

cos(-0)=cos(0) Equation2

the inner product provides no information about the sign of the angle, 0, between the two vectors

ln the case of complex vectors, c and d, the inner or dot product is defined as

Equation 1

Equation 4

c

c1

c2

ca

Equation 3

where the line over the components of the vector, d, is used to indicate a complex conjugate. Note

also that this definition allows the angle, S, to be complex-

The complex dot oroduct is not Fultiplicativelv commutative, i.e. the order of the two vectors is not

interchangeable. lf we define the vector, d, to be a unit vector, the inner or dot product in equation

[2] indicates the complex "projection" of the vector, c, onto the vector, d.

Consider the case of two orthogonal unit vectors

d1

d2

d3

and h
1

1

-l

0

-E

representing left and right handed polarisations of light respectively for a beam travelling in the

posítion Z direction.

lf we wish to decompose the vector, k, which lies in the XY plane into components parallel and

perpendicular to the unit vectors, we write the vector equation

t<= (k.g) g + (k.h)¡ Equation 5

i.e.
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which, when recomposed, recreates the original vector'

Equation 6

Equation 7

lf we use the reverse order of vector inner product, i.e.

kr"u"r.. order = (g.k) g + (h.k) h

we find

1

^[;

k1

1

T,

k1

1

.¡
0

k1

k2

0

1

.1r+:
I

O ^,12

1

*')' -'
0

1

-i
0

1

1

-l

02

k2l'

k.euere orde, 2

k1

-k2 Equation B

0

i.e. the vector equation k,ru"o" order = (g.k) g + (h.k) h does not return the input vector on

ln conclusion, to decompose a vector, k. into components oarallel to a basis set of orthogonal unit

vectors, g, h ... , we must use the followinq order sensitive equation

l= (k.g) g + (k.h) h+... Equation 9

for definition of the inner or dot product for two unit vectors, c and d, as

c.d = cr .4*.r.4 *".'4 Equation 10

Note that if we used the ooposite order convention for the inner or dot product, i.e.

c.d = g -d' + c, .d, + q -d. Equation 11

the vector component order in the decomposition equation must be reversed

t<=(g.k)g+(h.k)h+... Equation 12
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Appendix lV: First Order Approximation to the Geometric Dependence of the

lnduced Linear Birefringence

Consider a coordinate system with probe beam propagating along the positive Z axis, i.e.

Probepropagation t

0

0

1

^kft-=ft ¡ 
-u2

k.=k - +

and

and

An4_

2'n

Ân
no=n + 

-
Ân

n"=n - Z

Equation 1

Equation 3

Equation 4

Equation 5

The probe beam propagates at the angle, q, to the optic axis, experiencing a birefringence

between extraordinary and ordinary rays, defined in equation [32] of Chapter ll as

^n=n(e)" 
- no=

t ¡2 t r2
(n') 'ln")

-no Equation 2

(no)2'sin{.p )t * (n")''cos( <p)2

which may be rearranged as

n(q)e - ho=

l:2
(no)

-no
2 2

cos(q) 'sin(q)t

n(q)e - ño=ño -no

lf the induced dichroism and birefringence are small, so that

cos(<p)2. (;)'",",*,'

Ao¿
c[o=c{, f 

-
Acro"=o - T

we can approximate the fraction

^n ^nn-- 1--r" 2 2'n

nÂn^no n+- 1+-
2 2'n

to first order by

\ rn 1Ln2l=1--t-.-
I n 4n'

An4_

2'n

h" 
^n-- 

| - -non ^n 
ñ"

-- 
| - -fho

t.e. Equation 6
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ho Ànand 1=1 +- i.e.
ñ"n

so that, to first order again

2
Ân

=1 - 2.-
n

2

=t + z'41
n

-no

Equation 7

Equation I

Equation 9

Equation 10

Equation 11

Equation 12

Equation 13

/"" \

h-/

On substitution of these approximations, our expression for the induced birefringence becomes

1
n(A)e - ño=îo

cos( 9 ) + 1 + 2.Ln
,2

srn(q)
-no

2

n

1

n( <p )" - ño= ho

sin(9)2 + 2'sin(q)2
An

n

-no
cos(,9)2 +

I
n(ç)" - oo=îo

2
^n
n

1 + 2'sin( q)

or approximately

n(q)" - oo=ño 1 - 2'sin(tp ño
.z An)'-

n

ln\. l_

nl
2

n(A)e - ño=Do 1 - sin(q) îo

Remembering that

^n 
ñ"

--t--ñño

this is

n(A)e - oo=ho 1 - sin(<p) 1
2

fìe

ho

n( q ), - ho=ño - no'sin( q )2 + sin( q

n(q)e - no-sin( q)2'n" - no'sin( 9)2
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sin(r)'cos(I)
-sin(r)'sin(1)
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Equation 14

Equation l5

Equation 16

Equation 17

Equation 18

n( q )" - no=sin ( <p ) ñ"-îo

The angle, <p, is the angle of propagation of the probe beam, measured from the optic axis (which is

identified with the pump beam polarisation). The pump beam propagates at the angle, 1, to the Z

axis, with polarisation direction inclined from the vertical axis by an angle, r. The polarisation

direction is then given bY

pump_polarisation=

cos( r )

sin(r)'cos(1)

-sin(r)'sin(1)

The cosine of the angle, g, is obtained from the dot product of the unit probe beam polarisation

direction vector and the unit pump beam polarisation vector.

cos ( q )= ( probe-propagation) '( pump-polarisation ) =

cos(q)=( probe-propagation ) ( pump-polarisation ) = -sin(r) sin(X)

sothat sin(<p)2 = 1 -cos( ç)2 = 1 -sin( r )2'sin( 1 )2

Substitution into equation [14], produces the first order approximation to a small induced

birefringence

n(q)" - ho=(r -.,n(rc)2'sín(x)')'(n" - n"¡ EquatÍon 19

Case 1. Vertical pump beam polarisation, r = 0

n(q)" - no=ne - no Equation 2o

For a vertical pump beam polarisation (i.e. normalto the pump/probe beam intersection plane), the

Case 2. Horizontal pump beam polarisation, r = nl2

n( q )e - no=cos( x )2'in" - no; Equation 21

For a horizontal pump beam polarisation (i.e. lying in the pump/probe beam intersection plane), the

of pumÞ and probe beams.
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Appendix V. Experimental Equipment Specifications

The experiments reported throughout this thesis involve minor variations on two

experimental arrangements. An overview of each experiment is given in each of the

experimental chapterc of this thesis. However, the detailed specifications of the

experimental equipment are included in this appendix for reference and to avoid

unnecessary repetition.

Schematics of the major experiments

The two major experiments are

r a PLPS experiment (either in an orthogonal or non-orthogonal pump/probe beam geometry) for

either a linearly or circularly polarised pump beam, and

o â coÍìbined PLPS/PLIF experiment designed to simultaneously image the same target volume

with both the PLPS and the PLIF techniques. This experiment was only ímplemented for a non-

orthogonal pump/probe beam geometry, once again, for either a linearly or circularly polarised

pump beam.

Schematic diagrams for orthogonal and non-orthogonal PLPS experiments are shown in Figures 1

and 2. The only change in the experiment to implement simultaneous PLIF and PLPS (Figure 3) in

the case of a non-orthogonal pump/probe beam geometry was to position a PLIF ICCD camera

normal to the pump sheet plane to collect the PLIF fluorescence. The PLPS and PLIF images are

then comparable as they both result from the pumped populatlons in the pump sheet plane and are

collected simultaneously.

Equipment

To avoid repetition, the major components of this and the following PLPS imaging experiments are

described below. A schematic diagram of the experimental arrangement is included in each

chapter to describe additional elements or variations on the basic experimental geometry.

The major experimental elements are

a

¡ the imaqinq and timing svstem,

. the burner/flame svstems, and

a

These elements are described below.
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Laser and Frequency Doubling System

The laser system consists of Nd:YAG (Continuum Surelite ll) pumped dye laser (Lambda Physik

Scanmate) operating with Rhodamine 101 to probe the A2l-X2fI (0-0) transitions of OH around

308 nm (see Table 1). The Lambda Physik frequency doubling unit produces the required UV

output with estimated linewidth, 0.4 cm-1, and pulselength, 3 ns. The dye laser output has linewidth

0.2 cm-1 " and pulselength 5 ns. The Nd:YAG output at 532 nm (to pump Rhodamine 101) has

linewidth 1 cm-1 and FWHM pulselength 46 ns b.

lmaging System

Two Princeton lnstruments ICCD-576E (576x384 pixel array) cameras were used to collect the

PLPS and PLIF image and single point data. The PLIF ICCD was operated with a f2 UV lens. The

pLPS ICCD operated without a lens attachment, relying on external UV lenses in a spatial filter

arrangement to collect and image the PLPS signal.

Beam
Dump

9oo
Prism

Spherical
polariser Telescope Beam

Dump
Probe

Focussing
Lens

lris g0oPrism
Cylindrical

Lens

ccD
Camera $ Circular polarisation

O Vedical polarisation

Figure 1: Schematic diagram of the orthogonal PLPS experiment for a vertically polarised pump

beam. The laser/doubling system produces a horizontally polarised pump beam. A half-wave rhomb

is placed before the pump beam polariser to rotate the plane of polarisation to vertical. The half-

wave rhomb is removed in the case of a horizontally polarised pump beam and, in that case, the

pump beam polariser is aligned with horizontal transmission axis. ln the case of a circularly

polarised pump beam, a quarter-wave rhomb is placed in the pump beam path after the polariser

and the half-wave rhomb removed. The probe beam is polarised al rl4 to the vertical.

* Lambda Ph'ysik Dye Laser Scanmate lnstruction Manual, Lambda Physik, 1993.

Þ Cqrrtinuum Surelite ll tvlanual Continuunr, 1992.

M Polariser Mirror

Lens

Polariser Rhomb Wedge Telescope/ Pellen

BeamClean"r Broco
Prism

. *Ï Horizontal polar.isation

f" \ Polarised at 45o to vertical

Nd:Yag
Frequency
DoublerDye Laser

Flame
Pu

47



Frequency
Doubling UnitNd:Yag Dye Laser
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Appendix V

Mirror

Pump Wedge Beam ExPander

Polariser BeamsPlitter /Cleaner

^+--+i Horizontal polarisation

".r 
\ Polarised at 45o to vertical

$ Circular polarisation

O Vertical polarisation

Pump Wedge Beam ExPander

Polariser BeamsPlitte¡ /Cleaner

Prism

Probe
lmag
Lens

ing Dump Bu

Beam
Cleaner

Analyser

90 Prism

Figure 2: Experimental system for non-collinear PLPS imaging for a horizontally polarised pump

beam. The probe beam is polarised at nl4 to the vertical.

Prism

ccD
Camera

Mirror

Pump
Beam

Beam
Probe

lmaging Dump
Lens

Pump
Sheet
Optics

Beam
Cleaner

Pump
Sheet
OpticsAnalyser

9P Prism A
<-.> j Horizontal polarisation

"t 
\ Polarised at 45o to vertical

$ Circular polarisation

O Vertical polarisation

Figure 3: Combíned experiment for simultaneous PLIF and PLPS imaging for a horizontally

polarised pump beam. The PLIF ICCD is placed normal to the plane of the pump sheet to collect

the PLIF fluorescence. The probe beam is polarised alnl4lo the vertical.
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Aux Delay Trigger
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Flashlamp
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lmaging

Computer

PLPS
lmaging

Computer
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PLPS
lmaging

Computer

Figure 4: Timing system for single ICCD camera mode operation.

Timi
Trigger

Computer

Triggger

ICCD Gate Trigger

PLPS
Pulser

PLIF Pulser

IGCD Gate Trigger

Aux Delay Trigger

Delay Trigger

Triggger

External
Sync.

PLPS
ICCD Controller

ExternalSync.

PLIF
ICCD Gontroller

Pulse Train Generator

PLPS ICCDPLIF ICCD

Laser
System:

Flashlamp
Q-switch

Figure 5: Timing system for simultaneous (dual system) PLPS and PLIF imaging
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Timing System

The timing of the experiment was controlled by a 'l Hz computer generated trigger based on a

Pascal program written by Greg Newbofd. The one second delay between successive pufses was

required to allow downloading of each ICCD image. The system was operated in single or dual

camera mode to allow simultaneous PLPS and PLIF imaging. The timing systems for single or dual

mode are shown in Figures 4 and 5 respectively. The input trigger was applied in series to two

ICCD pulser systems or, for single ICCD mode, to a one ICCD pulser. The pulser, in turn, triggered

the ICCD gate with nanosecond resolution to allow imaging with a minimum gating times of 5 ns.

The primary pulser in the series additionally sent delayed triggers to the flashlamp and Q-switch of

the Nd;YAG laser, synchronised with respect to the gate trigger, to allow the ICCDs to capture the

fluorescence (PLIF ICCD) and transmitted probe beam pulse (PLPS ICCD). A control program

written by David Johnston allowed remote scanning of the Scanmate dye laser synced to the

laser/ICCD system trígger signal. To allow temperature stabilisatÍon of the Nd:YAG laser, a

supplementary pulse train generator designed and built by Derek Franklin was connected between

the delayed trigger output of the primary pulser and the flashlamp trigger. The pulse train generator

triggered the flashlamp at 0.1 second intervals by generating nine equally spaced pulses between

each delayed trigger input. The flashlamp was thus maintained at the optimum pulsing rate, 10 Hz,

although the Q-switch was only triggered once a second by the imaging pulse.

Burner/Flame Systems for lmaging Experiments

The combustion experiments imaged the OH radicaldistribution in premixed naturalgas/O2 welding

torch type flames. The fuel oxidiser mixture for the imaging experiments was chosen to maximise

LpS signal and hence, it is assumed, the concentration of OH. A small modified glass-blowing

torch producing a purely premixed flame was used to create flame structures on the scale of the

polariser dimensions. The tip of the glass-blowing torch is shown in Figure 6. The tip of the torch

has outer diameter 6.2 mm and the main exit orifice has diameter 1.2 mm + 0.1 mm. There is a

secondary circle of small gas orifices surrounding the central 1.2mm orifice. The modifications to

the torch involved removing the standard fuel/oxidiser controls on the handle of the torch and

attaching the nozzle to the output of a externally controlled premixed natural gas/O, suppty. For the

OH PLPS flame images in this thesis, the fuet tean, Iaminar flame had a Reynolds number

estimated to be - 95. The flowratesÆ of the fuel, oxidiser and nitrogen lines were monitored via

Fischer and Porter 112" and 1/4" flowmeters. Pressure gauges were attached to each flowmeter to

determine the operating pressure. The temperature of the fuel flow was assumed to be ambient.

For safety, a flashback arrester was attached to the burner inlet port of either the fuel line or the

premixed fuel/oxidiser line. Safety blowotf values were also attached to the high pressure cylinders

to prevent the line pressure from exceeding safe operation levels for the glass flowmeter tubes .

50



Appendíx V

Figure 6: Tip of the modified glass-blowing bumer used in the imaging experiments'

K Pr P2 Qr Qz R1 R2

1 308.2557 307.9332 309.1367 307.2899 308.4943

2 308.7283 309.7245 308.0843 309.0756 307.1208 308.1123

3 309.208 310.049 308.2434 309.0756 306.9593 307.7919

4 309.7019 310.424 308.417',\ 309.1258 306.8129 307.526

5 310.2126 310.84s2 308.6089 309.2255 306.6864 307.3089

6 310.744 311.3081 308.8232 309.3681 306.5838 307.'t367

7 3't't.2982 311.8093 309.0629 309.5513 306.5077 307.0066

I 311.8788 312.3469 309.3288 309.7727 306.4613 306.9166

9 312.4848 312.9186 309.6227 310.0308 306.4453 306.8664

t0 313.118 313.5245 309.9483 310.3255 306.4613 306.855

Table 1: Wavelengths (in nm) of the A2l - fU (04) transitions of the hydroryl rad¡cal near

310 nm obtained from Dieke and Crosswhite26-
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Gas Supplies

The oxygen (lndustrial grade, 02OG) was supplied by BOC gases. The natural gas for the glass

bfowing torch was supplied by high pressure compressed naturaf gas cylinders (Boralgas).

General Optical Components

The most important optical components for polarisation spectroscopy imaging are the pump/probe

beam beamsplitter in the case of a single laser system, and the pump and probe beam polarisers

due to the dependence of the signal to background ratio on the polariser extinction ratio,

Glan-Taylor calcite polarisers (Karl Lambrecht) were used for the combustion experiments. An A

grade polaríser (quoted extinctíon ratio < 5x10'5) was used for the pump beam. Two E grade

polarisers were crossed in the probe beam path (quoted extinction ratio < SxtO-6). The clear

aperture of the polarisers was 20 mm.

The final polarisation component, a fused silica double Fresnel rhomb half wave redarder (Halbo)

with 10 mm aperture, was used in either double (half wave) or single (quarter wave) form to rotate

the pump plane of polarisation byr12or produce a circularly polarised pump beam.

The quatity of PLPS images is directly proportional to the quality of the probe beam profile. Typically

a small fraction (<- 4-10%) of the pump beam is split to form the probe beam in a single laser

system. This suggests using the reflection from the front face of a fused silica wedge to form the

probe beam. Two options for minimisation of interference fringes on the probe profile due to

reflections from front and back faces of the beamsplitter are to

. anti-reflection coat the back face of the beamsplitter plate, and to

. fully separate the front and back face reflections before selecting one component as the probe

beam by using a wedge beamsplitter.

An ideal solution would be to use antireflection coating on the back face of a wedge beamsplitter

unless it is desíred to use the back face reflection to monitor pulse-to-pulse energy. The

beamsplitters used in these experiments were 1" fused silica wedges (Casix) designed to deflect

the transmitted beam by 6" at 308 nm. No anti-reflection coating was used for the beamsplitting

wedges.

The additional optics shown in Figure 1 comprise fused silica lenses and prisms and uncoated UV

aluminium mirrors. Unless stated, the diameter of the lenses should be taken to be 1". One CaF2

lens was used as part of the imaging optics between the probe beam polariser and the imaging

lccD.
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The output of the laser/frequency doubling system was passed through a x4 beam

expander/cleaner (f1 = 50 mm, fz = 200 mm, pinhole diameter = 200 pm) and split into pump and

probe beams by the fused silica wedge. The pump beam polariser and either a lla or llrwave

rhomb was used to controlthe pump beam polarisat¡on. A cylindrical lens (fs = 340 mm) was placed

with focus at the burner orifice (or for the flat flame burner at the intersection of pump and probe

beams within the flame) to produce the pump laser sheet. Measurements of the polarisation state

of the pump beam before and after the cylindrical lens indicated that the lens produced negligible

change in pump beam polarisation state.

The probe beam was reflected by a UV aluminium mirror and passed through a further X2

telescope (h = 75 mm, f5 = 150 mm (2")) before transmission through the primary probe beam

polariser. The analyser was placed on the far side of the burner. A high resolution polariser rotator

(Oriel) allowed rotation of the analyser to t 0.003" or 5.2 x 10-5 radians. An inhouse designed

(Jason Peak) Allen key adjustment controlled the vertical and horizontal inclination of the analyser

to the probe beam direction.

A second, rectangular, aluminium mirror reflected the transmitted probe beam component towards

the PLPS ICCD camera, which was operated without a lens. The beam passed through a focussing

lens (f6 = 200 mm (2")) and an iris passed at the focal plane to minimise scattering from pump and

probe beams from reaching the ICCD. A imaging lens (GaF2 h = 25 mm) in an XY translation

mount allowed the flame image to be finely positioned with respect to the CCD array.

References:
t'tDieke, G H and Crossrvhite, H.M., "fhe U¿trsr;iolel!?AAd¡pf-CHl, J. Quant Spectrosc. Radiat

Transfer, 2, 97-199, 1962
26 Ccnvers¡on calculation methods for the 1/2" and 1/4'flow rates rvere found in the 

-V-elabialVgA
Flawnteter Handbçak. Voi. 1, Baslc: Rofa nteter Principles" , Flseher and Porter, Catalogue

104102'1 and "Handbaok. Tri-fl

l-ìsclier and Pofter, Hanclbook 1049CI10 respectitrely.
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Appendix Vl: First Order Approximation to the Geometric Dependence of the

lnduced Circular Birefringence and Optical Activity

Consider the uniaxial gas in the diagonalised geometry described in Appendix ll with the addition of

optically active behaviour along the optic axis. The displacement vector is related to the electric

vector via

D=e.E Equation 1

Equation 2

We set the optical activity õ vector to

and (for the uniaxial material)

ex=ey=eo

"z- "g

so that

Equation 4

Equation 5

ôx

ô,

õz

-i .ô 0

Equation 3

Equation 6co

0

0

te

Plane wave solution of Maxwell's equations requires that the following equation be satisfied

k2.E - k'(k.E) - (r,o)2'o=o Equation 7

We choose the principal section as the )(Zplane so that

t'=(t,)'n (*,)' kr=oAS Equation 8

lf the direction of propagation is at the angle I from the optical axis, we can write

kr=k'sin(e) Equation 9

kr=0 Equation 10
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k.= k 'cos ( rP )

and the defining equation becomes

It2."o"{q)2 - (ko)2',o]'e,- r'

In'- (*o)' '"]

Ir' - t''"os(,p)2 - r"' (r,o)

(*')

2,2/n 'cos(q) - (no

-i .õ

-i .ô 0 Ex

0 E, =Q

€e Ez

Equation 12

=Q Equation 13

Appendix Vl

Equation 11

Equation 14

Equation 15

Equation 16

Equation 17

Equation 18

Equation 19

E,

E,

Ê,

k'sin ( q )

0

k'cos ( tp )

k'sin ( <p )

0

k'cos ( q )

to

0

Ex

' Ey - (*o)t

Ez

to

i'ô

0

or

(*o)'sin(q)'cos(q)'E, + i

Ez2.2tx2n .srn(9) - (n")

2

)

a].sint.p)' * (t t cos(,rl')'(n"¡''(t,)']

.ô.E,

Dividing through by kot and replacing the e factors by their refractive index equivalents gives the

matrix equation

E, - i '(r.o)2'a.e*

'f.=, - k2'cos ( q )'sin ( q )'E,

i'ô -n2'sin(<p)'cos(q))'

ñ"

t x2
('n",)

Ex

2 / 12n - (no/

n")'* (n")'"ntq)']

0 E, =Q

-n2'sin(q)'cos(<p) 0

Setting the determinant of the left-hand matrix to zero to find the non-trivial solutions produces the

condition

ìr
sinl,p¡2]'no * [o'- (".)'] (:")

* (r * cos(el')'(n";' ("")'l "

2
=Q

Do

or

".n4tb'n2tc=o
where

a cos(<p)
2

(

)

)o

þ= -[u'- (n"

^2/ò -( ño

Def ning

(n")'=(r +r).(n")2

and

Equation 20
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ô=o no

þ=

-b
2 1+^ 1 + cos(<p)

( )'

1 t cos(q)
2

(1r^)

2

Appendix Vl

Equation 21

Equation 22

Equation 23

Equatíon 24

Equation 25

equations [17] to [9] become

"=- (n")2.(r * o'cos(.p)2)

,['

(z
\o

2

Do

îo

(

(

)o

1
)u

+
^

)

Noting that the term, 1 , may be simplified via

,]
2

z'Q + l'cos1.p¡2)
Io

1 + cos(.p12'l) + a - cos(,p)2'¡ - o2 to2'cos1q¡2]

2 1 t A'cos( <p )
2

2'a

-b
2'a

['(

r2
)

ño ¡2
)

-b 1+
2'a

îo

(o-o' tt2
(n')) stn .P )2

z.Q +¡'cos(.p)2)

the two solutions may be rewritten as

tl2{n ) ("' -,)'( 1 r 
^ 

l'(r * l'cos1,p¡2)

)'
1+ 1+

1- 1+

1 t cos(q)2
2

2
sin(<p) 2'o

2

2

1rA

Equation 26

and

l:2
(np/ -
t ,2-
(n",)

("' -,)'(1 + 
^l'(r 

* n'cos1e¡2)

1+^ (5d) -"¡":'Pr';]'
Equation 27
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Consider two limiting cases of the refractive index solutions.

to first order in A and o2 is

2Ato .2
=1 - o

(zrt-o')

(r * o'cos1,p¡2)

Appendix Vl

Equation 28

Equation 29

Equation 30

Equation 31

Equation 32

Equation 33

Equation 34

Casel:9=9.

!""J,=,r *or.[, *r[G'- d]=, *o
(n")-

and

/ \¿ I l-- |

(nP')-=11r0) 
L'' -J,r * (o'- r)l=r - o/ \¿

(n")

Case2: e=n12.
t"2ln ì\ c[./

)(

/z\
\A-o i

]l'.
2A+o

=1 +^
)' ( 22+L-oño

Do

f It 1-
( )

1
2 2

Any approxirnation must then take the second term to first order in A and o2, and the term under

the square root sign to second order in 
^ 

and o2.

The second term, m,

Â-o 2

m= sin(<p)
2

2

while the square root term, r,

("'-,).(1r^)
1+

1+^ /t tcos(,p)2\ - s¡n(<p)2.o2

\zlz l'
is approximated below
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I t cos(rp) sÍn(q) 2 * (o'- r).1r +¡l'(r +t'cos(.p)2)
2 2

l'
1+A' 1 t cos(q)2

Appendix Vl

Equation 35

Equation 36

1rA
2

'o

2

2

2
o

2.21¿.¿1+1++o-'cos(,p)- +; o'cos(ç) t¡ o - -'6

2
A

cos
2

( q

1+A 1 + cos(q)2
,2

srn( q )

1 t cos(9) sin(tp) 2'o
2 2

2'o
2 2

1rA
2 2

Taking only terms to second order in 
^ 

and o2 under the square root sign, this becomes

(t - z'cos1q)2 + cos1.e)t) +
* ("o"1q)a + t + 2'cos( rf) t'o

+ o2'cos(qp¡2 t (cos(<p)4 t 1 - z'cos(,p)')
4

o

4

(r - z'cos(q)2 + cos(rp Ð +
(co"1q)a + 1 - 2'cos(.pl') { o t 4'cos(q)2

+ o2.cos1,p)2 + (cos(.p)4 t t - 2'cos(.p)')'{,4

2
õ

-.42

sin(<p)

1+^ f 
t +cos(,p)2\- sin(,p)2.o2

\ 2 l-z
4

224
^(ro
-t-.^+-424

r cos(,pl''[t 2'L + r )'o.']

1 + cos(<p)2

2
lrA
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lz\
f A-o ì

¡¡= {- J 
.stn1q 

¡\21

Appendix Vl

Equation 37

Equation 39

Equation 40

Equation 41

Equation 42

Equation 43

t ^t2

H") + cos(.pl' [t2.^ + 1) 
",2]

4sin(q)

1+^ 1 + cos(q)2 sin( q ) 2
o

2

There are two regions where we can approximate this expression

Case 1: <p - 0, assuming A << 1

rapprox-i =cos ( tP )'o Equation 38

noting that the denominator is close to unity, while the numerator is of order, o, allowing us to

ignore the A term in the denominator.

Case 2: <p - nl2

2

rapprox-2 =sin( I )
2

where we use the same argument to disregard the denominator

Remembering that

2

the approximate solutions in the two cases become

Case 1: q - 0

2
sin( I ) ( 1 + cos( <p )'o')

approx_1

and

[,"(
Â-o

2

2
2

sin(<p) '( 1 - cos(q)'o)

and to lowest order

=1 t cos(rp)'o

and

0_approx_1
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with approximate birefringence, defined as n., - nU, given bY

=1- cos(<p)'o

1 t cos(q)'o ... =

Jo_approx_1 + 1- cos(rp)'o

Appendix Vl

Equation 44

=cos ( rp )'o

Equation 45

Equation 46

Equation 47

Equation 48

Equation 49

/n" - nu\

\.i )(

Case 2: cp - nl2

=[,,,(o;J) sin(rp)
)l

2 2
1 + sin(q)

i 
(l)'].,,,*-,=['' " (+)''n'*"] l' - s n(-" (+)]

and

and to lowest order

and

2A-o ^r=1+
2

O_approx_2

with approximate birefringence given by

approx_2

2
o

1 r a.sin
2

0 eDDrox 2- +- 1- o2'sin(q)2

'sin( <p)2= 1 - o2'sin( <p)2

lfl\'l =1 *(t- o" * ¡ +o2).sin(q¡2=r +r.sin1,p¡2

L\""i lo_"oo,.o,._, \ 2 2 I

2

/n* - nu\

\\/

2A+õ (q)2sin Equation 50
2

0_approx_2

The nature of the approximations to lowest order suggest we may look again at the full expression

for r and hence the general refractive index solution.

Taking only the lowest order terms in equation [37], the general approximation for r becomes

lz
/Ato
\'

r2
\ .22I +cos(q)'o

approx
sin(9)4 Equation 51
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w¡th general approximate refractive index solutions

Appendix Vl

Equation 52

n
d

;;

and

)']

I z\2¿/Af o \ .2 2sin(q) \ ^ 1 f cos(tP)'o
\zl

approx

approx

'(+)'+cos(<p¡2o 21- sin( q )

2
sin(rp) + sin( <p )

srn

Equation 53

and to lowest order

and

2

4 22f cos(A) 6 Equation 54

Equation 55

=1+

[ 
(i)'], 

",0,.*=, 

. (+) s n(e)2 -
I z\2

to)a \f-i 
+ cos( q)''o'

with approximate birefringence, no - hp, given by

I z\2
.¿iAf o \ ,2 2srn(Q)'i- ^-j +cos(9)'o

\zl
Equation 56

Note that the birefringence for propagation along the optic axis is due to the optical activity, while

the birefringence for propagation normal to the optic axis has components due to both the linear

birefringence and the optical activity, although the optically active component occurs to second

order only in this case.

Note also that for a non-optically active medium, õ = o = 0, the expression for the induced

birefringence reduces to

/l--f\ ="¡n(.p)2.A Equation s7
I n l0_approx ... 2\ "o /+non-optically-active

with maximum induced birefringence for probe propagation normal to the induced optic axis and

zero induced birefringence for propagation parallelto the induced optic axis.
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Equation 58

Equation 59

Equation 60

Equation 61

Equation 62

Calculation of the Electric Field Components

The electric field components may be calculated from equation [14]

2 '2 t x2 i.ô -n2'sin(rp)'cos(<p)n 'cos(q) - (no)

-i .ô n'- (no

-n2'sin(<p)'cos(rp) O

)' 0

2.2n 'srn(Q)

=Q

=Q

ha)'

ln' "or{o)2 
- (n")2]'=, * i'ô'Ey - n2'sin(ç)'cos(e)'E,

-i 'ô'Ex * [n' - ("")']'-,

In2.sin{v)2 - (n")2] e, - n2'sin(<p)'cos(q)'E*

which may be expanded to give

The second component gives the relationship

Er=i
ô

2 t 12n - (no)

2n-

Ex

îo

and the third

Ez Ex

Equations [60] and [61] assume that the denominators in each case are non-zero.

The unnormalised electric vector is then given by

-f n2'sin1e)'cos(e) l- -l n2'sin(<p)'cos(e) I-L.r-il,,eref1 -'-161

1

ô

)'

n2.sin1q)2 - ( 1 t 
^ 

)'(n")'

n2'sin ( rp ).cos ( <p )

Noting that we may write

where s (< 1, the Z component may be approximated by

Equation 63
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E.-"ppro,
sin(<p)'cos(9) sin(q)'cos(q)

sin(<p)
2 1+Â sin(q)2- (1ra)'(1- s)

1+s

E
sin(<p)'cos(<p)

7:Approx
sin(q)2-(1-s-t^-^'s)

and to first order

E',"ppro" Equation 64

For case 1: <p - 0, and cos(rp) - 1, this is approximately

Ez_0_approx_1 =- tan( e ) Equation 65

however, for case 2: q - nl2 and for the general case, the tollowing expression must be used.

Ez-o-approx-z
sin ( <p )'cos ( <p ) Equation 66

-cos(q) r (s - A)

The electric field vector may then be approximated by the vector

Eo-"op-, Equation 67

sin(q)'cos(q)

-cos(<p)2+(s-l)
or

cos(<p)2-(s-^)

tr=
-O_approx

o'[co"1,p)2 - (" - ^)] Equation 68

s

-sin(<p)'cos(<p)

where the terms (s - ¡) may be omitted if q - 0.

To eliminate infinities when the term, s, is zero, we multiply through by s so that

= 
sin(<p)'cos(q)

-cos(q)2+(s-Af^'s)

1

/:\
\"/

i
t

2 I,
ll

qcos (s-¡)

'- (" -Eo-"ppro, o cos(<p)
Equation 69

^)
-sin(<p)'cos(q)'s
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For case 1: <p - 0, the s functions defined in equation [62] are given by

scr_o_approx_l =cos ( <p )'o

sp-o-approx-l =- cos ( rP ) 'o

so that, using the full approximation in the new normalisation of equation [69]

Icos1,p12 - (cos(q)'o - 
^)]'cos(<p)'o

i'[o'["os1e)2 - (cos(e) " - ^)]]
-sin(q)'cos(rp)2'o

which, assum¡ng cos(q) )) õ,Â, becomes

Eo-o-approx-

Eo-o-appror-

Similarly

Ep-o-appro*-1 =

becomes

tr=
-0_0_approx-1

cos ( I )3'o

i'cos(q)2'o

- sin( q )'cos( q )

=o'cos ( q )2

=-o.cos(e)

cos( <p )

I

-sin(q)

cos(<p)

-i
-sin(<p)

Equation 70

Equation 71

Equation 72

Equation 73

Equation 74

Equation 75

Equation 76

Equation 77

Equation 78

2 'o

Icos1,p¡2 - (-cos( q )'o - ¡ )]'(-cos( q )'o)

i '[o'[cos1e¡2 - 1-cos( q)'o - 
^ 

)]]
-sin( 9 )'cos ( tp )'(- cos ( q )'o )

2

- cos ( rp )3'o

i 'cos ( tp )2'o

sin(<p)'cos(9)2'o

so that, in summary, for case l: <p - 0

2

cos(<p)

i

-sin(q)
Eo-o-appror-t -o'cos ( I )

and

Ep-o-"ppror-l =- o'cos ( <P )
2

cos( <p )

-i
-sin(<p)

The vector components of these two expressions represent orthogonal circular polar¡sation stateS

independent of the optically active constant, o.

For case 2: rp - nl2, the s functions defined in equation [62] are given by

scr_o_approx_2 =¡'sin ( q )2

' 'r(rp)'
sp_o_approx_z =-o 'slr Equation 79
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Eo-"pprot

Remembering that the unnormalised electric field vector is

["os(.p)'- (, - ¡l]'t

[''["o"ta)2 - (" - ^)]]
- sin ( tp )'cos ( q )'s

the approximate cr electric field component is then given by

which, approximating the (1 + A) terms by unity becomes

Appendix Vl

Equation 80

Equation 81

Equation 82

Equation 83

Equation 84

Equation 85

Equation 86

2

E

Eo_o_approx_z =A'cos ( tp )'sin ( g )

Similarly, the B electric field component is given by

Ico"1,p)' - (-o.''"in(q)2 - 
^)]'(-o2's¡n(.p)2)

i '[o'[cos1q)'- Go''sin(ql'- o)]]

- sin ( q )'cos ( ,p )' (- o' 'sin ( tp ¡2)

or, writlng

cos(<p¡2 + o2'sin(q)2 + a=cos(q)2 ('t - "') + c2 + L,

and approximating 1 - cz by unity, so that we may approximate

cos(<p¡2 + o2.sin1.p¡2 t a=cos(q)2 t o2 + 
^

we have

(cos(.p )' * o' t ¡)'Co2'sin(<p)

i '[o'("o"1 q)2 + o2 r 
^)]

-sin( tp )'cos( q )' Cot sin1,p ¡2)

p_0_approx_2

Ep-o-appror-2

2

or

Equation 87
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cos(q)2 t o2 t 
^cos(rp)

-.22cos(q) +o f 
^

Ep*0-appror-2 =- o2'sin ( <p )2'cos ( I )

Ecr-o-approx-2 = ¡'sin ( q )
2

Ep-o-.ppro*-z =- o'sin ( tP )

Appendix Vl

Equation 88

Equation 89

Equation 90

Equation 92

!
o cos(<p)'sin(q)2

-sin(q)

An infinity may occur in equation [88] for q = nl2or o = 0, so we rewrite equations [83] and [88] as

2
cos( <p )

- sin ( <p )'cos ( rp )

( .2 z .\
\cos(q) +o +^/'6

2
.,2 2cos(q) iõ +^

2sin(q)

-sin(q)'cos(q)'o

For q = nl2, the two unnormalised polarisation modes become

Eo_o_approx_2 -l .sin ( q ) 'cos(q) Equation 91

2
EÊ-o-appro*-2 =- o'sin ( I ) (o'* o)

We can see that the a polarisation mode lies along the Z axis of the diagonalised geometry, while

the p polarisation mode lies very close to the Y axis, with a smell X component due to the induced

circu la r bi refrin gence.

Summarising the results for the two cases and attempting to write them in the same format, we

have

Case l: tp - 0

Eo_o_appro¡_1 =o'cos ( g )

.,2cos(q)

i'cos(<p)

-sin(rp)'cos(q)

2

0

0

-1

and

Equation 93
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EP-o-rppror-t =- o'cos ( <P )

cos ( rp )2

-i 'cos(<p)

-sin(<p)'cos(<p)

Appendix Vl

Equation 94

Equation 95

Case2: q-nlz

Eo-o-approx-z = l'sin ( Q )

=1 t
0_approx

so that

cos(<p)
2

cos(q)2

sin( q )
2

-sin(<p)'cos(rp)

..2
cos( q )

2 t sin(q)4

2

2 ("
\;

t¿ì
\o +L)

Ep-o-rppro*-z =- o2'sin ( tP )2 + Equation 96

-sin(rp)'cos(q) -sin(p)'cos(tp)

The form of these equations suggest that a general electric fìeld vector may be obtained where

cos'1.p¡ )t G2, A and the polarisation modes lie in the plane of polarisation of the probe beam, i.e.

the Z component is proportional to sin(9) and the X component ís proportionalto cos(rp).

Remember ng that the genera refractive ndex so ut ons are

(5",) sin(e)2t sin(rp)
2

4 Ato
+ cos ( q)2'o2 Equation 97

2

Equation 98

2
22 Equation 99+ cos(q) 'o

)' Equation 100

2

and

I 
(i)'],=,0,.*=, . (+) s n(e)2 -

I z\2
sin( q)a'(l}j + cos( q)2'o2

2A-o
=-'stn ( Q )

2

2A-o
=-.stn( e )

2

so-o-approx

and

lz
.¿ /A f o'srn(Q)'\--

\z

2

)

2
sp-o-"pp.t oI(cost

the general electric field vectors, assuming cos'1q )) o2, a (and hence cos(9) > 0) are
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Eo-o-"ppro, i'o'cos(9)2

-sin(q)'cos(q)'scr

.o.2| .-'cos(Q)
sû

- sin ( <p )'cos ( rp )

cos( I )
2

_o,2| '-'cos( Q )

"p
- sin ( <p )'cos ( <p )
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Equation 101

Equation 102

Equation 103

Equation 104

cos( <p )
2

'S
ct

cos ( rp )2

c[

and

2

trl
-P_0_approx

cos(<p) tp

i 'o'cos ( tp )2

-sin( q)'cos( q )'sU

t"p

Note as cos(<p) > 0, we have no ditficulties with infìnities with the s factor in the denominator.

We now move from the above diagonalised axes and assume a variation on the usual polarisation

spectroscopy axes in order to apply the a and B induced birefringence to the two probe beam

polarisation mode components in an experimental configuration.

Let the pump beam propagate alongZ axis with polarisation axis parallelto

Aorro -

kprob" =

0

sin( 7¿ )

cos(x)

0

0

1

and the probe beam propagate at the angle, 1, to the Z axis on the YZ plane, polarised at an angle,

y, to the verticalX axis. The probe beam propagation direction is

and polarisation direction

Equation 105

where Eprobe_' is the magnitude of the probe beam electric fìeld incident on the primary probe beam

polariser.

The angle, 1, is equivalent to the angle, <p, between probe beam propagation direction and the

induced optic axis as the polarisation axis of the circularly polarised pump beam lies along its

direction of propagation,
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The primary probe beam polariser is assumed parallel to the probe beam polarisation

cos(y)

sin(y)'cos(1)

-sin(y)'sin(1)

with crossed analyser at

Appendix Vl

Equation 106

Equation 107

Aprobe -

^-' 'analyser

-sin(y)

cos(y)'cos(x)

-cos(y)'sin(1)

Consider the oeneral case where we assume that cosz(q) )> 02, A

We rearrange the general polarisation modes, swapping X and Y components to reflect this

geometry. We also ignore the coefficient, s, and divide through by the factor, cos(<p) (or cos(1) as rp

= I) as cos(<p) is not-zero for this condition.

The electric field components are then written

¡ 'A.cos(x )
s

ct
Equation 108E..-o-rppro*

cos( x )

-sin(2ç)

and

- P_o_approx

¡.l.cos(x)
"p
cos( 1 )

-sin(1)

Equation 109

The electric field of the probe beam must be expressed in terms of the cr and p electric field

vectors. As the vectors are not normalised, we write

F

=-oto" 
=t'Eo_0_"ppro, f 9'Ep_o_appro, Equation 110

Lprobe-O

Let us describe the system with respect to the distance, A, travelled along the cr and B ray paths.

After passage through a distance, Â, through the dichroism and birefringent region, the probe

beam is

F -!.n+¡ .r-..n -!'n+i ç'nEprobe-transmitted 

=f'Eo_0_"ppro *.u ' 
., 

t g'Ep o_"pprox 
'e 2 u 

Equation 111
Lprobe-O
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Letting

Âcr
o( =O( t-o2 ^kk =k+-d2

Akk-=k - 
-Þ2

Á.a 
^k--.^+¡ .-'^42

'e

Appendix Vl

Equation 112

Equation 1 13

Equation 114

Acr
CtD=Ct, - 

-
P2

the transmitted probe field is

Eprobe-transmitted 
-

Eprobe-o
f'Eo-o-"ppro,.

ELprobe-transmitted-analYser 
-

-

Lprobe-0

.^ct

2
e

i .k.A
e

+ g'Ep-O-approx
^0 ^k
-.^-¡ 

.-'A
42

e

The fraction of the probe beam transmitted through the crossed analyser is then

-oo.nti
f' (Eo-o-"oo.r'A"n",y."r)'t 

o

Àa

-.1\ 
-

Ak

2

^ki .-.^
2

c[

+ 9' (Ep-o-appro,'Aanatys 
"r)' 

e 
a

To determine the f and g factors, we rewrite equation [1101

¡ .3'cos(x 
) ¡'1'cos(x)

"p
cos( 2¿ )

-sin(1)

tg

cos(y)

sin(y)

c[

1 -i .l.cos(x)
sp

-1 i 'l.cos(x)
so

2 ¡ .k.^e' 'e' "" Equation 115

Equation 116

Equation 117

Equation 118

Equation 119

cos( 1 )

-sin(2¿)

giving the two simultaneous equations,

i 'o'cos(1) i 'o'cos(1)
so tÞ

11

cos(y)

sin(y)'cos(1)

-sin(y)'sin(1)

q

o'cos( 1)

[]

or

[;]=

[]

i .o 'cos(2¿) i 'o 'cos(2¿)
s

cos(y)

sin(y)
p

I 1

cos(y)

sin(y)
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-i' o'cos(x)'sin(y) 
+ cos(y)
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Equation 120

Equation 121

Equation 122

Equation 123

Equation 124

p
c[

o'cos( 1) s.,-sÊ
-1 i' o'cos(2¿)'sin(y) 

+ cos(y)
s

ü,

i.l.cos(x)

while

tr'A=
".-O_approx''analyser

and

Ep-o-"ppro*'A"naly"er=

so that

cos( 1 )

-sin(1)

i-l.cos(x)
"p
cos( 1 )

-sin(1)

-sin(y)

cos(1)'cos(1)

-cos(y)'sin(1)

-sin(y)

cos(y)'cos(1)

-cos(y)'sin(1)

C[
S

Eo_'_appror'A"n"tyr"r=-i' 
a'cos(I 

)'sin(y) t cos(y)
s

Ep-o-rppro"'A"n"ryser=-¡'a'cos(1 )'sin('¡ ) + cos(y )
-ß

f ' (Eo-o-"ooror' A"n"ty"r, )

i' ; 
*"(x)'sin(y) rcos(y,) ( ;"os(1)'sin(y) 

tcos(y)
(t tp

o'cos(1) so-sp

S

Equation 125

f' (E.,-o-"ooro"'A"n.tyr"r)
=-i .a.cos(1)'sin(y) 1.3'cos(1)'sin(y)

"p
+ cos(y)

+ cos(y) 2

2

(
C[

-i'a'cos(1)'sin(y) -t -i' o'cos(1)'sin(y)
tp so

f' (E.,-o 
"ooro*'A"n"ty""r)

o' (Ep-o-"ppror'A"n"ty""r)
H=cos( T )

so'sp

o'cos (1 ) so-sÞ + -i'cos(1 )'cos(y )'sin(y)

Equation 126

..2,2.cos(I)'srn(y)
s..'Sp

o'cos( 1) S
l" o
l-f-
\"p soct B

Equation 127
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giving the transmitted probe beam electric field

(i. +)"]

Appendix Vl

Equation 128

Equation 129

Equation 130

^

Equation 131

t Equation 132

E
Aa Ak-_.L+t -.L

e
Ak

2k^

¡c\.-l
4l

Ac¿

4

probe_0
H

/ t"'tu \
\t" - tr/

ct

2 ^-ie e +-e
o'cos( 1 )

Ëprobe-o
H e

-l

-e
.A

/ t.,'"u
\- -*\c¿ p

cf

2ie'e k^

o'cos ( 1 )

or

E

ll

H=cos(rl'- /:\'(" \ "or(x)2'sn(y)2 
- i 'cos(1)'cos(rl ,,ntrl (å

\tp/ \t"/ \'P

o

s
clS

Eprobe-o l*l_
\z ^

Âa

4
H 2i'sin t

q

2 k^,
e

o'cos(1)

The transmitted probe beam intensity is then

lprobe-transmitted-analyser

e

lprobe-o

'["'.[(ï. +) ^] ","[(+ i) ]],','

i(+ +) ^l

.i ""'"u ì'.o"^
\s" - "p/

f"o.(y)'- /:\ /
L \'p/ \

where

so that

(l H l)'=

Meanwhile, the factor

o

C[

o

I
2..2-2'cos(I)'sln(y) t cos(1)'cos(y)'sin(y)

"p
Equation 133

stn
t(

Ak

2
t Âcr

4 ^
may be expanded to

.SIN
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stn -sln

and, for small induced birefringence and dichroism, approximated by

2 2

"^l(+., i) ^] 
.'"[(+ +) ^]=(+)

l(
Acr

4^k
2

Aa

4

tl H ll'

rl s ll'
(o'cos(1))

¿.rl ¡r il'

Appendix Vl

Equation 134

Equation 135

Equation 137

Equation 138

Equation 139

Equation 140

Equation 141

^

t Âcr'À

1

1+x2

4

Remembering the relationship between the induced birefringence, Ân, and the induced dichroism,

Âcr, the expression for the signal strength becomes

lprobe-transmitted-analyser
4

. -o'À
lprobe o 'ê (o'cos(1))2

or, as

1
Âno Âoo

cùo

)'*] 
Equationl3G

c

2

)'I

2

)'][

2

(ùo

c

l¡l-
\W

Consolidating the geometric dependence of the signal strength (including the dependence inherent

in the induced birefringence and the pump/probe beam interaction region) into the factor,

J(y,q)o_"oo-", this becomes

lprobe-transmitted-analyser

lprob"-s'do^ (o'cos(1))2

or

lprobe-transmitted-analyser

T, ?( )o app¡e¡
/no'to\t_t\z'"i

2

Ittt-
\W

\r
, -n'A
lprobe-o 'e

where

J(y ,x )o_"ppro* =
+'tl H ll'

(o"cos(1))

+.tl n ll'

1+x2

2

/ "*'"u
\s - s^\cr Þ

/"o'"u
\."-%

)'

)'

r2

)

2 )'
J(y ,x )o_rppro, =

(o'cos(x)) sin(1)2
Êquation 142
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J(y ,x)o_"pp.o,.
¿'tl H l)2

(o'cos(1)'sin(1)) 2

Remembering that

n -n,.cr Þ- 1+s"- t r j-P2
s

ño

equation [143] becomes

rl H ll'

Case 1: q = X - 0

s<r-o-approx-l =cos ( X )'o

sp-o-approx-1 =- cos( X )'o

so that

Itl * l)']o 
"oo,o,.., 

=f "or1r)-L l'
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Equation 143

Equation 144

Equation 145

Equation 147

Equation 148

2
sin (y ) .. Equation 149

,11
2

J(y ,x )o _"00,o,

where

(o'cos(1)'sin(1)) 2
tps )'q,

rl u ll2

and

=[ cos( y )2 -
ù

o

2

) 
*.,2¡ )2.sin(y,']' * 

["""tx 
)'cos(y)'sin(y) (; . 

i)]'C[

Equation ,| 46

'cos(x)

+ cos(X)'cos(y)'sin(y)
oo

!

-cos(1)'o cos(1)'o

2

Itl t ll']o-"pprox-r =(cos1y)2 + sin(y)')'=, Equation 150

Equation 153

J(y,x)0_"ppror-r =---+ 
-r.(-o'."o"11¡')' 

Equation 151
- (o'cos(x)'sin(x))'

J(y , x )o_approx_.r =o2.cot( rc )2 Equation 152

Note that this expression is independent of the plane of polarisation of the probe beam defined by

the angle, y.

Case 2: q = I - nt2, butwith the proviso that cos2(1) tt o2, A

scr*o_approx_2 =l'sin ( x )2

so-o-approx-2 =- o2'sin ( I )2 Equation 154
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so that
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x 'stn .. Equation 155Itl u l)t]o_"oo,o,_r= cos(y) 2 22
cos v

*l"or(1)'cos(y)'sin(y)'l = " =.---: ^\L \-o'.sin(1)' 
^'sin()c)'i

Itl , ll']o a'prox 2 =f "o.tr,' . (+).cos(r )j.s¡"trl'l 
...sr'rY^-- 

L \a/ sin(x )* l

.l"o"ttl.cos(y).sin(yl l: - 1-\l'
fsin(1¡z \^ "/l

and

J(v,r)o-"oo,o*, =1o."o '[-o2'"intxl''(¡''¡n(x)')]'

2

Equation 156

lo¡_
\;

Equation 157

Equation 158

Equation 159

Equation 160

Equation 161

Equation 162

2

2 . lfl cos(x)1 r,n,r,
\a/ sin(x)a

J(Y,x )o_"ppror_2 = cos(y)

* | "ot( 
t' -cos( y ).sin(y)| -¿

Lsrn(X)

(¡( r, * )o-"pp-*-2 ),-=( o \'' L'"o.(

Let us consider three simple cases of this expression.

lf y = 0, equation [158] becomes

iÍ y = n¡2, equàtion [158] becomes

(r(r,, )o app,o,-2 ) -, = 
(1'*ttt l'

\ ---r' - '4 \^ 
"in11¡o

(¡t r, * )o-"pp,o*-2', 

*=(:î,Íii r' "'

(r( r,, )o-appror-2 )r*="o, 1 x)''o'

)'
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and if y = ¡/4, equation [158] becomes

(r(t,t)o app,ox-z ).,*=

Appendix Vl

Equation 163

Equation 164

Equation 165

Equation 166

Equation 167

Equation 168

Equation 169

Equation 170

Equation 171

2

2
2

1

-+
cos( 1 )

2 A sin(1)a
cos ( x )+
sin(X)

(J(, ,, )o-approx-2 ) *=I'4

[(o'rintx)4 t cos(11')'o]' ...

* ["os11)'sin( ù''(o' - o)]t
(sin(1)'cos(x))2

Consider also the more general case: all rp 1= x) such that cos2(<p) >> o2, L'

The general s functions may be written in the form

r
so-o-approx =a + db

c =â--p_o_approx

where
^6

2Â-o .2
a=--sln( )C )

2

and

sin(1)a (+)' r cos( x)2'o2

so-.-approx + sp-g-"ppro *=2'a=(o - "')'sin(1¡2

so-g-approx'sp-'-"ppro,. ="' -6=-[ (o'"in(x )a t cos(1 l')'"']

þ=

so that

so that

Itl H ll']_"pp.,=

and

f "o,t, f -(+\ .o.tr)2'sin(y)
L \a -bl
- 
l"*, 

1 )'cos(y)'sin(y, " Ë:)

,]'

t'
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Equation 172

Equation 173

J(y ,x )o_"ppro, =

J(y,x)o_"oo.o,

J(y ,x )o_"ppro, =

(o'cos(x)'sin(x)) 2

2
a ..2.2

- o'cos(x ) 'srn(T)
o

+ ( cos( 1 )'cos(y )'sin(y )'(2'a) )
2

(cos(1)'sin(7ç)) 2

[-cos(y¡2'(l'"in11 )a + cos(x )')'o - o'cos(1 )2'sin(y)']' ...

b2

]'
cos v

* ["o"11 )'cos(y)'sin(y l'[ (o - "' ) si"11¡2]]'z
Equation 174

(cos(1)'sin(1))2

[ ("o"ty)2'a'sin(1 )a t cos( *¡')'"f' ...

* [cos1x)'sin(1)2'cos(y)'sin(yl (o - "')]
2

J(y,x)o_"ooro,
( cos( 1)'sin( 1) )

lf y = 0, this becomes

(o'"¡n( 1 ¡o + cosl 2¿ ¡2)2
(r(t,r)o_"ooror)*o

(cos(1)'sin(1¡¡2

Equation 175
2

2 Equation 176

whichforl-0reducesto

(r( t, t )o 
"po,o, )r=o="o,{ x)''o' Equation 177

and for y- nl2 (such that cos21,p¡ >' o2, Â) does not reduce further and is given by

( .4 .z\2

(l(r,*)o-"oo,o')r=o= 
\A'sin(x)' tcos(¡ì-l 'oz Equation 178

( cos( 2¿ )'sin( 1 ) )'
showing the general extension to the expression derived for case 2 andy - nl2in equation [159],

t.e.

.6

(¡(r,r)o_"pp,o*_2 )r=o=o'.o'äft Equation 179

'o
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lf y = n¡2, equation [175] becomes

[(o'"'nt1)a + 2'costx l')'o]' ...

* ["os11)'sin(xl''(t - "')]'
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Equation 180

Equation 183

Equation 184

for all values of 1, where cos211¡ >> o2, 
^.,

while for y = nl4, equation [175] becomes

1J(Y, x )o-rooro, ) -" ="ot( x)2'o'v-

(¡(r,x )o-rooro, ) -,=)'ryr Equation 181

(cos(1)'sin(x))2

showing an extra factor of 2 in the first term in the numerator on the right hand side of the

expression when compared with the general extension to the expression derived for case 2 and y =

n/4 in equation [164], due to the more accurate definition of the induced dichroism (equations [165]

and [166]) in this case i.e,

(r( t,x, )o-"ppror-2 ),*=1. |-,

[ (o-.,nt x)a +cos(1 l')'"]' ..

n Icor11)'sin( ù''(o' - o)]'
2

Equation 182
(sin(1)'cos(X))

Note the derivation above is correct only for cos211¡ >> o2, A.

wenowconsidertheextremeof case2: q=r -nl2'cos21tp¡ "o2' Â'Thetreatmentismore

complex as the electric field components may not be expressed in forms clearly identifiable as lying

in the plane of polarisation of the probe beam.

Remembering to swap the X and Y components to match the polarisation spectroscopy geometry,

the electric field vectors may be written

/"\t-j\^/
Ec.-o-approx-2 = I'sin ( q )2

sin(<p)

..2
cos( q )

-sin(rp)'cos(q)

cos(q¡2ro2ra

Ep-o-"pprox-z =- o'sin ( q )

cos(<p)
2

2

sin(q)2

| .2 z \
\cos(9) -|-o +L)'o

- sin ( <p )'cos ( <p )'o

2

and approximated as, since cos211¡ <( 02, Â.
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Eo_0_approx_2 =À'sin ( <p )2'cos ( q )

/:\
\r/ sin(<p)

and

Ep-o-"pprox-2 == o'sin ( q )

Ep_o_approx_2

and

-sin(q)'cos(q)'o

=-o.sin( q) (o' * l)
oi 'sin(9)'cos(V)' ,o -|-A
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Equation 185

Equation 186

Equation 187

Equation 188

Equation 189

cos (q)
2

cos(<p)

-sin(tp)

(

or

2

2

ln the second case, the cr and p electric field components approach (as y- nl2)

E.r_0_approx_2 =^ 'sin ( <p )2 'cos ( g )

0

0

-1

Ep-o-"ppro*-2 =-o'sin( tP)2'i' (t' * o)

1

-l 'o

0

The c¿ component polarisation mode lies primarily aligned to the Z axis, while the p component lies

primarily along the X axis (the Y axís ín the oríginaldiagonalísed geometry). We may approxímate a

first solution to equation [110], in the limit of cos2(1) << o2, A by normalising the vectors to a

maximum value of unity along these axes when 1 = nl2 and setting the complex electric field

components to zero to describe the transmitted probe beam electric field as the propagation of

purely linearly polarised probe beam components under the action of the induced birefringence due

to the optical activity.
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Working from equations [164] and [163], we find the approximate linearly polarised solutions to be

0

cos( X )

sin( 1)
-1

Equation 190Ect-o-approx-2-l¡near =

and

Ep-o-approx-2-linear Equation 191

As a result, we assume the YZ probe components of the probe beam are subject to the cr refractive

index solution, and the X component of the probe beam is subject to the p refractive index solution

and rewrite equation [110] as

or

1

=Q
0

cos(y)

sin(y)'cos(1)

-sin(y)'sin(x)

probe_transmitted_ 
^ 

...

+ linear
sin(y )

Equation 193

Equation 194

Equation 195

0

cos( 1 )

-sin(1)

+ cos(y) 0

0

After passage through a distance, Â, through the dichroic and birefringent region, the probe beam

is

E

Ëproue-o

0

cos(1)

-sin(1)

t cos(y) 0

0

1
c

-j.n+¡ .r .n
2cl

-]n*' ç n

e
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Eprobe-transmitted-

+ linear

oß
--:.1\ +l

cos(y)'e 2 h^
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E cos(7¿)'sin(y) e
--Í^*' *,, n

-f.n+r .ro.n
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-sin(1)'sin(y)'e
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Acr.
ct,ô=c[ - 

-P2

the transmitted probe beam electric field is

Letting

Acr
cr =ü +-u2

Eprobe-transmitted-

^kft =[¡-s.2

t =t-ê!Þ2

Âu 
^k-.^.-i 

.^
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^0 ^k___.A+i ._.^
42

sin(y)'cos(X)'e
-^û 

^k
--./r 

+i .-.^
42

-sin(y)'sin(x)'e

Aa Ak:'^ -i -.^
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Equation 196

Equation 197

Equation 198

t.^

Equation 199

^
ü
2

e
i .k'^

e

The fraction of the probe beam transmitted through the crossed analyser is then given by

Áa 
^k

-'^-t.-.^cos(y)'e

+ l¡near

E probe_0

Eprobe-transmitted

+ linear
t

ELprobe-O

Eprobe-transmitted

+ l¡near

Eprobe-o

Eprobe-transmitted

+ linear

ÊLprobe-O

-sin(Y)

cos(y)'cos(r)

-cos(y)'sin(x)

ct

2

^cr ^k. .2 . 2\ --'h +t ¿'^
(x) tsn(X) )e

c¿

cos sin ( y )'cos (y )'e
i

e
2 .k^

(l

o

sin(y)'cos(y)'e e
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c¿
---A

^

Equation 200

+-1'e 4

^c¿ ^k--.^+¡ --A42À

Âc¡

4
.^-i ^k

2
-e 'sin(y)'cos(7)'e 2 d *^ equation 2ol

Eprobe-transmitted .^
+ linear

+ l¡near

Eprobe-o

Equation 202

or

Eprobe-transmitted

^k 
Âcr

24Eprobe-o
2i'sin

^
sin(y)'cos(y)'e 2 I'e

.k.^
Equation 203
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lprobe-transmitted

+ linear

This corresponds to the transmitted probe beam intensity
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Equation 204

sin(y)2'cos(ï)''d" n Equation 205

Equation 207

lprobe-o

lxr,
+ cos\7 

^

[.,'I [( ) "]].sin(y)2.cos(y)2'" 
o n

4

lprobe-transmitted

+ linear

lprobe-transmitted

+ linear

+ linear

+ linear

J(v,x) 0_approx_2
+ linear

For y = 0, this reduces to

Acr

4^k2
Ao

4
+

)'

^
stn

or

2

^k4
-'Alprobe-o 2

2

For small induced dichroism and birefringence, this may be further approximated to

sn

^

4 f Equation 206

lncluding the À and An dependence as for the case of cos211¡ )) a2, A, the geometric dependence

of the polarisation spectroscopy signal strength for a circularly polarised pump beam for <p - n/2 is

then proportional to the factor (as defined in equation [140] above)

J(y ,x)0_"ppror_2 ... =4'sin ( y )2'cos ( y ¡2
-np

lprobe-o

/¡t<t_
\z

.sin( y )2'cos( y )2'e 
*'n

^

2 2

n

^

(l

tro

J(y ,X)0_"ppror_2 ... =4'sin ( y )2'cos ( y )2
,f'

x Equation 208

Equation 209

Equation 210

... =4.sin (y ¡2.cos ( y ¡2'sin( 1 )2' (^lo2)
2

J(Y,x)o_"ppro"_2 ...

+ linear

=Q

y=o

for y = nl2,lo

J(Y,x)o 
"pp.r_2 

...

+ linear "=tl,2
=0 Equation 211
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andforY=nl4,Io

J ( y , X ) o_"ppro"_2 ...

+ linear

(cos(1)'sin(1))

which tends to infinity as cos(1) approaches zero.

For cos2(2¿) (( o2, À
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Equation 212

Equation 214

Equation 215

Equation 216

[ (4."in11¡''tan(1 ) + z'cot(r))'o]2 ..

+ lsin(x).(o - "')l'

2

\.2
i -,' 

=stn11 ¡

/4

ln Summary:

The polarisation spectroscopy signal strength dependence on the intersection angle of pump and

probe beams, 1, is given by

ForY=g

For cos2(1) tt o2, A

(r( t,, )o_roo.or)r=o
(o..in 11 ¡a + cos 1 I ¡2)2 o'= (o.sin(1 ¡2.tan1 1 ) + cot( ù)" .o2

2

Equation 213

J(y ,x)o_"ppror_2 ...

+ linear

=Q

y=0

For y = nl2,lhe signal strength dependence is given by

For cos2(¡¿) >> o2, 
^

(l(y ,x)o 
"ooro* 

) -^="ot( x)2'o2'' ,y-v

whieh tends to zero as eos(1) approaehes zero.

For cos211¡ << o2, a

J(y,x,)o_"pp.o*_2 
...

+ linear

=Q
'2

For y = nl4, the signal strength dependence is given by

For cos2(1) >> o2, 
^

[(o."int, ¡a + z'cosly¡2)'o

* [cos(r)'sin(xl' (¡ - o')
I'
l'/\1

(J(v,x)o 
"oo,o,. 

) _n= ,\ v-vtsF,- / "4, 4 (cos(1)'sin(1))2

1

4

Equation 217

which tends to infinity as cos(1) approaches zero due to the tan(1) function in the first term..
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For cos2(¡¿) << d, 
^

2
2

These expression predicts zero signal strength for orthogonal pump/plobe beam intersection is

obtaíned for probe beam polarisation angles oÍ y = O, nl2.

The is given bY

For cosz(r) >> d, Â

or

For cos2(¡¿) << d, A

or

J(y,X )o_rppro*-, ... =sin(2'y)2'sinl¡6 ¡2'

(cos(y)2'n'sin(x )2'tan(x ) r- cot(t ))'o]' ...

Isin( 1 ).cos(y)'sin( rl' (o - "') ]'

2
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Appendix Vll

Appendix Vll: Calculation of the Additional Clebsch-Gordon Coefficient Sums

The algebraic expressions representing the Clebsch-Gordon coefficients used in this thesis are

those quoted in Zare "Anoular Momentum" (p 57, Table 2.4 C, ir= 1¡41. The squares of the

Clebsch-Gordon coefficients represent probabilities, while the Clebsch-Gordon coefficients

themselves represent probability amplitudes.

Note that the selection rules for the Clebsch-Gordon coefficients require that the combined state

magnetic quantum number, m, represents the algebraic sum of the two component magnetic

quantum numbers:

m = m1 + mz Equation 1

The combined rotational quantum number, j, is the vector sum of the two component rotational

quantum numbers:

l.i,+!l>i>lj'-j'l Equation2

This requires that the Clebsch-Gordon coefficients for P (l¡ = -1) transitions are zero for j1 - 0 and

T, and Q (1j = 0) transitions are zero for j,r = 0 for absorption or emission of a photon Üz = 1).

For convenience, we rewrite these equations in terms of the magnetic quantum number of the

lower state, rrìr, of the transition. The restricted selection rules quoted above are stated directly in

the following expressions. To avoid unnecessary subscripts in the following derivation, we

represent the initial quantum state, (j1,m1), of the transition as (J,M). This is not to be confused with

the quantum state of the combined system, (j,m).

Note that the right circularly polarised Clebsch-Gordon coefficients are equivalent, on replacement

of M by -M, to the left circularly polarised Clebsch-Gordon coefficients.

Leftcircularly polarised transitions (M = m - 1, m = M + 1)

R transition <J M, 1 1 lJ+1 M+1> =
(J+Mrr).(JtMt2)

(2'J+1)'(2'J+2)
Equation 3

4
Q transition <J M, 1 1 | J M+1> = J=0, 0, -

4

(JrM+1)-(J-M)
2.J'(J t 1)

(J-M-1).(J-M)
2.J'(2'J + 1)

Equation 4

P transition <J M, 1 1 | J-1 M+1> = J<1,0, Equation 5
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Linearly polarised transitions (M = m)

(J-M+1)'(JtMr1)
(2'J+1)'(J+1)

Appendix Vll

Equation 6

Equation 7

Equation 8

Equation 9

Equation 10

Equation 11

R transition <J M, 1 0 lJ+1 M> =

Q transition <J M, 1 0 lJ M> = J=0,0,

P transition <J M, 1 0 | J-1 M> = J<1,0,-,'i
(J-M)'(JrM)

J.(2.J r 1)

Rightcircularly polarised transitions (M = m + 1, m = M - 1)

R transition <J M, 1 -1 | J+1 M - 1> =
(J-Mf1)'(J-Mt2)

(2.J+1)'(2'J+2)

4
Q transition <J M, 1 -1 | J M - 1> = 11=0, o,

(J-Mr1)'(J+M)
2'J'(J t 1)

(JfM).(JrM-1)
P transition <J M, 1 -1 lJ-1 M - 1> = i1<1,0'

4 2-J-(2-J + 1)

ln addition, we include the Clebsch-Gordon coefficients for the case of the orthogonal probe beam

componentdiscussed in Appendix f (M = m t 1, m = M T 1)

R transition

(112)Í<h m1, 1 -1 ljr+1 mr - 1> + <jr mr, 1 1l j,t+1ml+1>l= r (f +sr+ru2rz)
2 ((2.J +1)'(Jr1))

Equation 12

Q transition

(112)l<11 m1, 1 -1 ljr ml - 1> + <.i1 m1, I 1lh m1+1>]=
r (.1'- rvl2 +..1)

Equation 13
2 (J.(J + 1) )

P transition

(112\l<h m1, 1 -1 ljr-1 mt - 1> + <.i1 rh1, 1 1lir1 m1+1>l=

Equation 14

The following sections calculate firstly the additional (¡,¡,,¡' and Z¡,¡',,¡" functions defined in Chapter

lV. The summations are required to calculate the additional induced dichroisms not described in

Teets, Kowalski, Hill, Carlson and Hansch's collinear pump/probe beam theory. All calculations for

this Appendix were determined using Mathcad Plus 5.0.
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Calculation of the (¡,¡,,¡,, and Zr,r',r" functions

The derivations in this appendix mirror those of Appendix l. The additional (¡,¡',¡' and Z¿,¡',¡"

functions calculated represent

o the linear dichroism induced by a circularly polarised pump beam, and

o the circular dichroism induced by a linearly polarised pump beam.

For simplicity, the (¡,.,,,r,, and Z.¡,,¡',¡' functions of Appendix I are recalculated with linear pump beam

polarisation states in the M-sums replaced by circularly polarised pump beam descriptions (to

calculate the linear dichroism induced by a circularly polarised pump beam) and circular pump

beam polarisation states replaced by linearly polarised pump beam descriptions (to calculate the

circular dichroism induced by a linearly polarised pump beam). We make the same assumptions as

for the Z¡,,1',¡' functions of Appendix L

To avoid excessive complication, the conditions represented by the restricted selection rules

defined in equation l2l are díscussed after the derivation of the more general expressions below.
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Circular Dichroism lnduced by a Linearly Polarised Pump Beam

R Transitions of the probe beam, R,Q,P transitions of the pump beam

R (probe), R (pump)

(J-Mr1)-(J+M+1)
(2.Jr1).(J+1)

Appendix Vll

(J-M+1).(J-M+2)
(2.J+1)'(2'J+2)
(J+Mr1)(J+Mr2)

JI
M=-J

+-
( 2'J + 1\'(2'J + 2)

L"dd¡,¡tl,¡rr=( 2'J + 1\
J JI I(J-M+1)'(JtMt1)

(2.J+1)'(J+1)
(J-M+1).(J-M+2)

(2.J +'t)-.(2'J + 2)

Equation 15

Equation 16

Ladd¡,¡+r ,Jf 1=o

Z_add¿,¡¡t,¡+l =0

R (probe), Q (pump)

Ladd¡,.t,¡+r=(2'J + 1)

M=-J

(J-M+1)'(J-Mt2)
(2.J+1)'(2'J+2'l
(J+M+1)'(J+M+2)

M=-J

J ln¡'It-l
lJ.(J+1)lI

M=-J
+-

(2.J+1).(2.J+2')
JI J

2
M

J.(J + 1) I (J-Mr1)'(J-M+2)
(2-J+1).(2.J+2)

(J-Mt1)'(J-M+2)

M=-J M=-J

laddr,r,.,*,t =0

7-addr..,.r*,' =o

R (probe), P (pump)

Çaddr,r_ 1,¡+r =( 2.J + 1\

laddr,r- r ,..r+r =o

7_addr,r_t 
,.t¡1=0

Equation 17

Equation 18

IJ

JJ

M=-J
(2-J+1).(2'J+2)
(J+M+1)'(J+Mt2)

(2.J+1)'(2'J+2\
+

I I(J- M)'(JtM)
J.(2'J + 1)

(J-M+1)'(J-Mt2)
(2-J+1).(2'J+2)

Equation 19

Equation 20

M=-J M=-J
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Q Transitions of the probe beam, R,Q,P transitions of the pump beam

Q (probe), R (pump)

(J-Mr1)'(JtMtl)
(2.J+1)'(J+1)

JI (J+M)'(J-Mt1)
2.J.(J r 1)

+-(-1)z(J-M)'(JtMt1)
2-J.(Jr1)

M=-J

(addr,r*.,,r=(2-J t 1)
J JI I(J-Mt1)'(J+Mt-1)

(2'J+1)'(Jt1)
(J+M)'(J-Mt1)

2-J.(Jr1)

Equation 21

Equation 22

M=-J M=-J

Laddr,r*,,r=0

Z_addr,r*r,r=0

Q (probe), Q (pump)

laddr,r,r=(2'J + 1)

laddr,r,r=0

Z_addr,.,,r=0

Q (probe), P (pump)

(add,,,,=Q
J,J- I,J

Zadd., ,,=QJ,J- r,J

I (JrM)'(J-Mt1)
2'J.( J + 1)

J
M2

J'(Jr1)
M=-J

J JI M2 I (JtM)'(J-Mt1)
2'J.(J+1)

(JtM)'(J-Mt1)
2.J(J+1)

J.(J r 1)
M=-J

M=-J

M=-J
Equation 23

Equation 24

JI
+-(-1)2.

laddr,r_ r,r=( 2'J + 1 )
J JI I(J-M)'(J+M)

J.(2.J + 1)

(JtM)'(J-Mt1)
2'J.(J + 1)

M=-J M=-J

Equation 25

Equation 26
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P Transitions of the probe beam, R,Q,P transitions of the pump beam

P (probe), R (pump)

JI (J+M)'(J+M-1)

M=-J
2'J'(2'J + 1)
(J - M).(J - M - 1)

2'J'(2.J + 1')
+

Ladd¡,¡+r,¡- r =( 2' J + 1 |
J JI I(J-Mr1)'(JtM+1)

(2.J+1)'(Jt1)
(J+M)'(J+M-1)

2'J'(2'J + 1)

Equation 27

Equation 28

M=-J M=-J

laddr,r*1=0

Z_addr,,rr,r,J_ r =0

P (probe), Q (pump)

Çaddr,r,r_r=(2.J f 1)

laddr, r, r_ ., = 0

Zadd,,,,=QJ,rr,J- |

P (probe), P (pump)

laddr,r_.r,J_ r =0

Z_addr,r_,,,J_ r =0

(JrM).(JrM-1)
J I u'It_t

L.rt¡+t)lI
M=-J

2'J'(2'J + 1)
(J-M).(J-M-1)

2'J'(2'J + 1l
+-

JJ
M2I I (J+M)'(J+M-1)

2.J.(2-J + 'l)J'(J + 1)
M=-J M=-J

Equation 29

Equation 30

JI (JtM)'(J+M-1)

M=-J
2'J.(2-J + 1'l
(J-M)'(J-M-1)

2.J.(2'J + 1)
+-

faddr,r_ r,.r_ r=( 2'J + 1)
J JI I(J - M)'(J + M)

J.(2'J r 1)

(J+M)'(J+M-1)
2.J.(2.J +'t)

M=-J M=-J
Equation 31

Equation 32

reqime is zero.
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Linear Dichroism lnduced by a Right Circularly Polarised Pump Beam

R Transitions of the probe beam, R,Q,P transitions of the pump beam

R (probe), R (pump)

Appendix Vll

(Jr1)"-M' 1 (r2+s..t +u2+z)
(Jr-1)'(2'J+1) 2 ((2'J +1)'(J+1))

JI
M=-J

Ladd¡,.r+r,¡+r=( 2'J + 1)
JJI (J-M+1).(J-M+2)

(2.J+1)'(2.J+2)
(J+1)'-u"

(J+1).(2'J+1)

Equation 33

Equation 34

I
M=-J

ll-t,2.r-1, ' I
JLzo' ',((2-Jr3).(J+1))J

Z-addr,.,*.,,.r+r =*1'( 2'J + 3 )'( 2'J - 1 )
(2-J+t¡2.1.1+t¡

z-add,t,¡+t,t+t

R (probe), Q (pump)

o.r,J+'r'oJ,J+t

c.r,¡rr'c¡,r+,

M=-J

'laddr,r*r,r*,'

J
_7-J,Jf 1,J+1

2

JI 2(Jr1) -M
(J+1)'(2'J+1) 2 ((2'J +1)'(J+1))

r (¡2+s.lrvt2rz)2

Ladd.l,¡,¡rr=( 2'J r 1 )'
JJI I(J-M+1)'(J+M)

2J'(Jf1)
(J+1)'-M'

(Jr1)'(2.Jr1)

Equation 35

M=-J M=-J

aaoo.¡,.¡,¡¡r = 
rf,'

5J,J,J+1(2.J - 1)

(Jr1) 2

z-adr,t,t +, =ä#'laddr,r,r*, = (Ð lå ffi
3

20

(2'J - 1)

(J+1)

(2.J - 1)
_7
-J,J,J+1

(J+1) 2
Equation 36
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R (probe), P (pump)

Appendix Vll

t (¿2 +s.J r M2 + z)
JI (Jr1) -M2

(J t 1)'(2'J + 1) 2 ((2'J t 1)'(J+ 1))

2

M=-J
fadd.,,r_ r ,.1+r =( 2'J + 1)

JJI I(J+M)'(JtM- 1)

2'J'(2'J + 1)

(Jt1'l'-u'
(Jr1)'(2'Jt1)

Equation 37

M=-J M=-J

- 3 -(¡,¡- r,¡rt
laddr,r_., ,Jr1= 202

Z-addr,r-,,,r*, =}i-l...p.laddr,r- r,J+ 1 =
"J,J- I "J,J+1 It3 (2.J+1) 3 (2'J r 1)

(-s
\a

1 (2'J + 3)(2.J - 1) \

z-addr,,,-,,,,*,,=j ffi'(2.J r 3)
_7
'J,J-'l ,J+1

2

Q Transitions of the probe beam, R,Q,P transitions of the pump beam

Q (probe), R (pump)

Equation 38

M.M t (Í-rvr2rl)
J'(Jt1) 2 (J'(J+1))

JI
M=-J

çadd¡,.¡¡r,r=(2'J + 1)
JJI I(J-Mt1)'(J-Mt2)

(2-J+1).(2'J+2)
M=-J M=-J

L"dd¡,¡+r,.1=
3 .(2.J - 1)

20 (J+1)

3

20 (Jr1)

Equation 39

Equation 40

z-addr,r*,,,r=älä.Ladd,,r r,,,=å Ëg 1

(2'J - 1)

Z add,, . , ,- r .(2'J + 3) .(2'J - 'l) --Zt,t+'t,t¡r'Jtr'J 60(2.Jrl) (Jr1) 2
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Q probe, Q pump

JI M'M r (¡'- ri¡2 r ¡)
J-(J+1) 2 (J'(J+1))

M=-J
6_addr,r,¡=( 2'J + 1)

J JI
M=-J

L"dd¡,¡,¡
-3 (+-.t'14J-3) 5J,J,J

20 (J'(Jt1)) 2

Z-addr,r,r=*1
(q.Í*4J-3)

(J-M+1)'(JtM)
2'J'(Jr1) J.(Jr1)

M=-J

Equation 41

Equation 42

M.M 1 (f-rr,r'rr)
J'(Jt1) 2 (J'(J+1))

I M M

z-addr, r,r=ffi *o¿.,, r, r= (å
-s (e,.f + ¿.¡ - g)

20 (J.(Jr1))

(J.(Jr1))

_7.J, J, J

2

Q (probe), P (pump)

L"dd.l,¡_,' ,,

IJ
M=-J

faddr,r_ ,,r=(2'J + 1)
J JI

M=-J

z-addr,, -,,.,=ffi .laddr,r-, 
r= (l 

I

1 .(2.J - 1)

3 (2.J r 1)

3

20

(2'J r 3

J

Equation 43

Equation 44

)

(2.J+3) _7
-J,J-'l ,J

J 2
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P Transitions of the probe beam, R,Q,P transitions of the pump beam

P (probe), R (pump)

JI J2-M2(- 1 )
2

J'(2'J+1) 2
M=-J

Laddr,¡rr,¡_ r =( 2' J + 1 )
J JI (J-M-F1)'(J-M+2)

(2.J-F 1)'(2'J+2) I (- 1)
J2-M22

M=-J M=-J
J'(2'J + 1)

Equation 45

Equation 46

L"dd.r,r+t,r- t -- 
3--(¡,¡+r ,¡- r

20 2

z-addr., * r,, -, =j$'lad-d¡, ¡ ¡ r, u - r

"J,Jt1 vJ,J-1

I t e..tr g)l I i.e-J- 1)l /-3\z-addt,.'r',J-1=Lã (2¡* 1)l L¡ tr,., tl iøl
-1 (2,Jr 3) .e.J _,¡=-Zt,t*t,t-'tZ-addr,rnr,r-t=60'ì 

2.J + 1). 2

P (probe), Q (pump)

Çaddr,r,r_ ,,=(2.J + 1)-

JI
M=-J

JJI
M=-J M=-J

J'(2'J t 1)

Equation 47

Equation 48

(J-M+1)'(J+M)
2.J.(J + 1) I (- 1)

.f -u'2

oJ,J'oJ,J- l
Z_addr,r,r_ r= Ladd.r,.r,.r-,=(å) 

[ 3 (2'Jr1)
1 (2.J - 1) 3

20

(2.J r 3)

c.r,¡'c¡,.r- t
J

Z_add.,,r,r_., _1 .(2.J-1)
60 (2'J + 1)

(2.J r 3)
_7.J,J,J- 

1

J 2
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P (probe), P (pump)

I J2-Mz 1

J

1l

J J
(JtM).(JtM-l)

r1) J.(2.J+1)

20 ((2-J - 1).J)

ladd.,,r- r,r-,, =;'

z_add,.,_,,,_,=[å Ë;#] lå Ë#] t*

2

J
z_addr,r-,,,r-'r =# ffi ( 2.J + 3)
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Linear Dichroism Induced by a Left Circularly Polarised Pump Beam

R Transitions of the probe beam, R,Q,P transitions of the pump beam

R (probe), R (pump)

Appendix Vll

(Jr1 )' -M' r ("Ê*s'J+trlz+z)
(J+1)'(2'J+1) 2 ((2'J +1)'(J+1))

JI
M=-J

faddr,r*,',.t+r=( 2'J + 1)
J JI

M=-J

'Ladd¡,¡+r,¡+r

(J+M+1)'(J+M+2)
( 2'J r 1)'(2'J + 2)

(Jt1)'-u'
(Jr1)'(2'J+1)

Equation 51

Equation 52

I
M=-J

J

((2'J+3)'(J+1))
_7-J,J+1,J+1

oJ,J+t'oJ,J+'t

z-add,,,*,,,*,=å Ë# tå,r**î] [-u 
, 2 r - 1)

7-addt,t+t,.t+t
c.,,r+t'c¡,¡+t

Z_add¡,¡¡t ,J+1=
-1
60

(2-J+ 3)'(2.J- 1)
J

(2.J+r¡2'1.rrt¡ 2

R (probe), Q (pump)

J rlt (J+1 )' -M" r (l2ts'.lrtvt2rz)
(Jt 1)'(2'J t 1) 2 ((2'J + 1)'(J + 1))I

M=-J
Ladd¡,.l,.rtr=( 2'J f 1 )

Ladd.r,.r,¡+r

(J+M+1)'(J-M)
2.J.(Jr1)

(J+1)'-u'
(J+1)'(2.Jt1)

Equation 53

JJI I
M=-J M=-J

3

20 (Jr1)

s (2'J-1) -Ç,t,,t,.t+,

20 (Jr1\ 2

oJ,J'oJ,J +1

cr,.r'cr,r+''

- 1 .(2'J+3).(2'J- 1)--Z,t,t,t+t
60(2'J+1) (J+1) 2

rad-d,,,.,*, = (å) tå ËH]
(2.J - 1)

Z_^ddr,,t,rr,

Z_"ddr,¡,¡+,' Equation 54

96



R (probe), P (pump)

Appendix Vll

(Jr1)'-M' r (f rs'rrut2rz)
(J+1).(2'J+1) 2 ((2'J +1)'(Jt1))

JI
M=-J

faddr,r_1,J+1=( 2'J + 1)
J JI I(J-M-1).(J-M)

2'J'(2'J +'l)
(J+1)'-u'

(Jr1).(2'J+1)

Equation 55

M=-J M=-J

-3 -(¡,¡-r,¡+r
t add, ,J-1,J+1= 

^=-- 
, -

z-addt,t-1 ,J+l=
6J,J- 1'oJ,Jtt 'Laddr,r- 1,J¡1= 3 (2.J + 1)

(2.J f 3)
(2'J r 1)

-3
20

1 (2J-1)
l(

I
Q Transitions of the probe beam, R,Q,P transitions of the pump beam

Q (probe), R (pump)

c¡,.r- r'cr,.r¡t

M=-J

Equation 56

M'M 1 (/-u'+r)
J'(Jr1) 2 (J-(J+1))

J

aadd.¡,¡¡r,r=(2'J + 1)
JJI

M=-J

(JtM+1)(J+M+2)
(2'J+1).(2'J+2) I

M=-J

Ladd.r,¡+r ,r=*
bJ,Jf I,J(2.J - 1)

(Jr1) 2

Z_^ddt,t+t,
o.l,Jtt'o¡,J

c.r,.r+t'cr,,

Z_"dd¡,¡r.,,¡
1 (2.J + 3\

1 (2.J + sl /t
Ladd¡,¡+r,J=ã (2¡; 1 ) \ã)t

3

20 (Jr1)

Equation 57

Equation 58

(2 J - 1)

(2.J - 1)

60(2.J+1) (Jt1) 2

_7
-J,J+1,J
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Q probe, Q pump

Laddr,r,r=(2.J + 1 )

I M'M 1

/^ ^ \(¡'- rr¡'r ¡)
J.(J+1) 2 (J'(J+1))

J

M=-J

I
M=-J

JIJ
(JrMi-1)'(J-M)

2'J'(Jt1)
M.M

J'(Jr1)
M=-J

laddr,,
-3.=_

'20
(+.,t" *4.J - 3) bJ,J,J

Equation 59
(J'(J+1)) 2

z-addr,r, r=ffi *ddJ,¡,¡= (å) É)t
-z (+.,t2 t +.J - a)

20 (J'(J + 1) )

Zadd.,.
.r, J, J

-1

Q (probe), P (pump)

Ladd¡,¡_ ,,r=(2'J + 1)

laddr,r_., ,r=

60 (J'(J+1)) 2

(+',t' *4.J - 3) -zt,t,.t

M=-J

Equation 60

M'M 'I

J'(Jr1) 2 (J'(Jt1))

JI (l'-rr,r'+l)

JJI I(J-M-1)-(J-M)
2-J.(2.J + 1l

M=-J M=-J

3 (2'J + 3) -(¡,.r-t,,

--=-20J2

3 (2.J + 3)

Equation 61

Equation 62

z-addr,, - r,r=**.laddr, r- r, r= 
( !

-J,J-1-J,J t3 20J

(2.J + 3)
_7.J,J_1,J

J 2
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P Transitions of the probe beam, R,Q,P transitions of the pump beam

P (probe), R (pump)

+ (J+M+1).(JrMr 2).1 ,-n,r. J2 -M2 - 1.|- (f rn'z-t)l
L (2Jr1){2J+2) L\ 

t' JLr{+1J ã|1t1r¡.''r1
M=-J

L"dd¡,,+r,¡_ r=( 2'J + 1)
JJI (JrMr1)'(JtM+2)

( 2.J r 1).(2'J + 2) I (- 1)
J2-M22

-3 -(¡,.¡¡r,.t-1
M=-J

2 J2-M2

J'(2.J + 1)

Equation 63

Equation 64

Ladd¡,¡+r,.r- r

M=-J

202

z-add¡.¡ ¡ r, r-, =]]p.Laddr, r, r-,, =
"J,J "J,J- 1

z-addr,, n r,, -,, =ffi 'laddr, r,, -,' =Uå g

--1.(2'J - 1) --Zt,t,,t-'t
60 (2.J+l) 2

1)

(2'J r 1)

(2'J -

Z-"dd.r,¡,¡- t

P (probe), Q (pump)

JI 1(- 1)
J'(2.J+1) 2

M=-J
Ladd¡,¡,.r_f(2'J+1)

J JI (J+M+1)'(J-M)
2'J'(Jr1) I (- 1)

J2 -M22

L"dd.t,¡,r_, - 3.(2'Jf 3)--6¡,¡,¡-t
20J

M=-J

2

M=-J
J.(2.J f 1)

Equation 65

Equation 66

2 3

20

(2'J r 3

J(2.J + 1)

)1J

1 (2'J - 1) (2'Jr3)z zdd =--:-J'J'r-r 6o(2-J+1) J

- zt,t ,t- t

2
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P (probe), P (pump)

L"dd¡,¡- r,¿-.t

J-M-1).(J-M)
J

I

l'
I

I

I

I

M=-J
J,

I t-tr'rir-,Y',,
M=-J

(J-M-1).(J-M)

-3 ((2.J+3)-(J+1))
20 ((2-J- 1).J) 2

3

((2-Jr3)-(Jt1))

J 2

I
)
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Summary of the (¡,.1',¡', 
"nd 

Z,t,,t',t" Functions

We have summarised the Ç,¡',¡. and Z¡,¡,,¡" functions below. The functions are subject to the

previousfy stated condition, in the case ol jr= 1, that the functions are zero for:

¡ P transitions of pump and probe beams for J = /"

¡ P and Q transitions of pump and probe beams for J = 0

where J is the rotational quantum number of the shared lower state of the pump and probe beam

transitions.

Note that we have used the convention that Act¡¡g¡1-circ = oright - oleft and Âu¡"¡1-circ = -Aoright-

circ = rleft - Gright . The Ç,1',¡" and Z¡,¿',¿" functions for left and right circularly polarised light are

equal as defined.

For a circularly polarised pump beam

R Transitions of the probe beam, R,Q,P transitions of the pump beam

--3.(2'J- 1). J --(¡,¡+t,¡tt
20 (2.J +3) (J+1) 2

z-addr,r*,,r*.,=uf 't 2'J + 3)'(2'J - 1)
(2.J+t)2'(¡rt)

Ladd¡,¡+r,¡+r

R (probe), Q (pump)

Ladd.r.¡.¡tr

Z_add.l,¡,¡rr

- 3 .(2'J - 1)--(.r,¡,.rtt
20 (J+1) 2

= 
1 .(2.J+3).(2'J- 1)--Zt,¿,¿+1

60(2'Jr1) (Jr1) 2

J
_7

_ -J,J+1,Jt1

2

Equation 69

Equation 70

Equation 71

Equation 72

Equation 73

Equation 74

R (probe), P (pump)

Ladd.r,¡- r,r+r
-3 -6¡,¡- r,¡+t
20 2

z-addr.r-,,r*,=$ 
ffi.(2-J 

+ 3)
_7

-J,J-'l ,Jf 1

2
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Q Transitions of the probe beam, R,Q,P transitions of the pump beam

Q (probe), R (pump)

Ladd¡,.lrr,r=fr
bJ.J+1,J

Appendix Vll

Equation 75

Equation 76

Equation 77

Equation 78

Equation 79

Equation 80

Equation 81

Equation 82

Equation 83

Equation 84

(2'J - 1)

(J+1) 2

(2.J - 1',)
z-addr,r*',,r=* åfî

_7.J,J+1,J

(J+1) 2

-s G-Í + ¿'J - s) -(¡..r.¡
I zdd =-.' ' =--J'J'r' 20 (J'(J+1)) 2

Q probe, Q pump

Z_^ddr,t,,
-1 (+.Í*4J-3) -7-J, J, J

60 (J'(Jt1)) 2

Q (probe), P (pump)

Çaddr.r- ,,,r=* (2'J r 3) sJ,J- 1 ,J

J 2

J
Z-addr,r-,,,r=Uj ffi

(2.J + 3)
_7-J,J_ 1 ,J

2

P Transitions of the probe beam, R,Q,P transitions of the pump beam

P (probe), R (pump)

L"ddr,.r+.',.r-.'
-3 -Çt Jf 1,J- 1

20

Z_^ddr,,t+r,r_,
-1

60

P (probe), Q (pump)

L"ddt,¡,¡_.,
3 (2'J + 3) 'ÞJ,J,J- 1

Z_addr,r,r_,

20J2

= 
1 .(2'J - 1).(2'J + 3)- -2,t,,t,,t-',

60(2'Jt1) J 2

P (probe), P (pump)

-3 ((2'J+3)(Jt1)) 5J,J- 1,J- 1

laddr,r_.,,.,_., 20 ((2.J - 1)'J) 2
Equation 85
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Z_addr,r_,, ,r_,,
-1 (2.J - 1)

60 12..t r 1)2
'(2'J+s¡'(¡ftl

_7
-J,J- 1,J- I

Appendix Vll

Equation 86

Equation 87

Equation 88

Equation 89

Equation 90

Equation 91

Equation 92

Equation 93

Equation 94

Equation 95

Equation 96

Equation 97

Equation 98

2

For a linearly polarised pump beam

R Transitions of the probe beam, R,Q,P transitions of the pump beam

R (probe), R (pump)

Ladd¡,¡+t,Jrl=0

z-addr,rr,,J+r =o

R (probe), Q (pump)

Çaddr,r,r*1=0

Z-add.,.r,r*'t =o

R (probe), P (pump)

ladd..,,r- r ,¡+r =o

z-addr,t-r ,.rrr =o

Q Transitions of the probe beam, R,Q,P transitions of the pump beam

Q (probe), R (pump)

laddr,r*1,.¡=o

Z_addr,r*.,,r=0

Q (probe), Q (pump)

laddr,r,r=0

Z_addr,r,r=0

Q (probe), P (pump)

laddr,r_.,,.,=0

Zadd,, ,,=Q\r,J- r,J

P Transitions of the probe beam, R,Q,P transitions of the pump beam

P (probe), R (pump)

Ladd¡,¡+r,¡-r=o Equation 99
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aadd¡,¡¡r,¡-r=o

P (probe), a (pump)

Çaddr,r,r_.' =0

Zl.t,t-t=a

P (probe), P (pump)

laddr,r-, ,.r- r =o

Z-addr,r_., ,J_ I =0

ln summary, a linearly polarloed pump beam will not induce circular dichrolsm and

b¡ ngênce. Howeyer, a circularly poladacd pump beam can induce linear dichroi¡m and

bhuf?ingence due to a linearly potrrised pump beam.

ot Zare, R.N., Angular Momentum. Understanding SpatÌalAspects in Chemistry and Physics., John

Wiley and Sons, lnc., New York, 1st Ed., 1988.
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Appendix Vlll

Appendix Vlll: Derivation between equat¡ons [57] and [59] of Chapter Vlll

Working from equation [57] in Chapter Vlll,

Eprobe 
... Eprr"-y +i /a-o\ -I 

- 

t.l-.I / -DrcDe x\o I
_Âo

4

]"
+transmitted_À

-cr .^ -¡ .k .^.
ev evEo'e 'e

Eprob" 
...

2. b.cos ( 2¿ )

+-
Eprou"-y t Í

2'b'cos( 2¿ )

Ac'
/a-u\- I -o'" 

'
i-tsoro¡")(l-e -e

\ o I -l
Âc¿ 

^k
-.^ 

-t 
-'^42e'e

Equation 1

afb
o

Eprobe-x

E (+l
i 'o'cos ( ¡¿ )

a+b)'cos(1)
arb )'sin ( 1 )

probe_y

+- E ., ft).Eo'oo",.l'\ o I -.1

i 'o'cos( 1)
(a - b)'cos(1)

-(a - b)'sin(x)
probe_y

+ transmitted_ À

-o 'A
ev

bo'ê
-¡ .k .^

av 2'b'cos ( 1 )
'e

Writing

Equation 2

Equation 3

. /¡r m\| 'l-+l 
-l'^i-ó \2 4le '=e

equation [2]becomes

Eprobe 
...

/a-u\-
t- J'Eo.ob" t\ol

Eprot"3 ti
i .o.cos( 1 )

(a+b)'cos(x)
-(a b)'sin( 1)

+- Ep.n"j +¡

i 'o'cos(1)

( a - b)'cos( 2¿ )

-(a - O¡'sin(1)

/aro\
\o I

Eprobe-x ]'t' 
*

+transmitted 
^-û '^ -i 'k '^ev avtso'e 'e

2'b'cos ( 1 )

Equation 4
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ó

i.o'cos(1)
e (a+b)'cos(1)

-(a + b) stn (r)

i 'o'cos( 1 )

(a - b)'cos(1 ELprobe-y

-(a-b sin(1

E
-probe_x

-i óe" )

)

+

i 'o'cos(1)

(a- b)'"' o ( a + b)'cos( 7¿ )

-(a b)'sin(x)
i 'o'cos( 

2¿ )
is(a+b)'e a - b)'cos(1)

I

o

+-ELprobe

+transmifted 1r (a - b)'sin(x)
-0 av

tsoe
'^ -i

'e
.k^

av 2'b'cos ( 1 )

oe E

i 'o'cos(1)

(a t b)'cos(¡¿)

i 'o'cos(1)

(a - b)'cos(1)

Equation 5

probe_y

E

.0

-e

+ transmitted 1\

a + b)'sin(l)
í 'o'cos(1)

(a + b)'cos(1)

-(a t b)'sin(1)
i'o'cos(1)

(a + b)'cos(1)

-(a + b)'sin(1)

a - b)'sin( 1)
i 'o'cos(1)

(a - b)'cos(1)

-(a - b)'sin(1)
i 'o'cos(1)

(a - b)'cos(1)

-(a - b)'sin(x)

a
I

o
Eprobe-te

iô
e

-i .ö

probe_x

$+

+ bELprobe 
... o

-cr '^ -i 'k 
^av avEo.ê .e

2'b'cos(1)

i 'o'cos(x)'(exp(i 'O) - exp(-i 'S))

cos(1)'(exp(i 'ô) - exp(-i '0))'a...
+ cos(x)'(exp(i'0) + exp(-i'0))'b

(- sin ( x )'( exp( i 'O) - exp(- i '0) ) )'a ..

Equation 6

+ (-sin(x)'(exp(i '0) t exp(-i 'ó)))'b
i 'o'cos(x)'(exp(i '0) - exp(-i 'þ))

(cos(1)'(exp(i '0) - exp(-i '0)))a...
+ (cos(x)'(exp(¡'0) t exp(-i 0)))'b
(-sin(x)'(exp(i '0) - exp(-i '0)))'a...
+ (-sin(x)'(exp(i 'ö) + exp(-i 'O)))'b

i .o'cos(X)'(exp(i'0) texp(-i 0))
(cos(1)'(exp(i '0) + exp(-i '0)))'a ...

+ (cos(r)'(exp(i '0) - exp(-i 0)))'b
(-sin(1)'(exp(i '0) + exp(-i 'ó)))'a ...

+ (-sin(1)'(exp(i '0) - exp(-i '0)))'b

Ep.ob"-y

Eprob"-t
I

o
+

+ b
I

o
Eprobe-,

Eprobe ...
+transmitted Â

-d
AV

tso'e
.k^

av 2'b'cos(1 )

Equation 7
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i'o'cos(1 )'(2i'sin(Q) )

cos( 1 )'( 2i'sin( 0) )'a + cos( 1 )'( 2'cos( 0) )'b

sin(1)'( 2i'sin( 0) ) )'a t (-sin(1)'(2'cos( 0) ) )'b
i'o'cos(1 )'(2i'sin($) )

Eprobe-y

E

Eprobe-x 'b

+ ( cos ( 1 )'( 2i'sin( 0) ) )'a + ( cos( 1 )'( 2'cos ( ö) ) )'b
(- sin ( x )'( 2i'sin ( 0) ) )'a t ( - sin( 1 )'( 2'cos( 0) ) )'b

i'o'cos(1 )'(2'cos(0) )

( cos ( 1 )'( 2'cos ( 0) ) )'a + ( cos ( x )'( 2i'sin ( 0) ) )'b
(- sin( 2¿ )'( 2'cos( 0) ) )'a + (- sin( r )'( 2i'sin( 0) ) )'b

a'
o

o

probe_x

E
+

probe ...

+transmitted 
^

-c'^ -¡ *'^ev avtso'e .e

Ep.¡" 
...

2'b'cos(1)

Equation 8

- 2'o'cos ( 26 )'sin ( Q)

2.cos(l)'(i 'sin(0)'a t b'cos($)) Eprobrj

sin(2¿).(i 'sin(0)'a + b'cos(Q))

+

-2'o'cos(1)'sin(f)
2.cos(2¿ )'( i'sin(ö)'a t b'cos( ô) ) Eprobe-r' a

o
-2'sin ( r ).( ¡ 'sin( {)'a t b'cos( 0) )

+

2i'o'cos(2¿)'cos($)

2'cos(1)'(cos(0)'a + i 'b'sin($)) Ep.obe-, '(-b)
o

+transmitted Â -2'sin(1 )'(cos(0)'a + i'b'sin(0) )

Eo .e
-d ev A-i

'e
.k .^

AV 2'b'cos( 1)

-2'o'cos(1)'sin(f)

2.cos(¡¿ )'( i'sin(0)'a + b'cos(0) ) Eprobe-¡r "

Equation 9

Equation 10

- 2'sin (x).(¡'sin(S)'a t b'cos($) )

2'cos(x, )'Eprote_x'(-i'sin(0)'a t b'cos( $) )

+
-2.cos( r )'Eprone-x'sin( g)'( 

" - u¡' 
( 
" I u)

o

2'sin(1 )'Eprobe-x'sin( 0)'( a - b) 9-.!l
o

Eprobe 
...

+ transmitted 
^

-c[
^-i'eAV

.k .^
âV 2'b'cos(1)

Eo e
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+

- 1 'o'cos( 1)'sin( Q)

cos(2¿)'(i 'sin(0)'a + b'cos($))

- I'sin (x).(i .sin(S)'a t b'cos(S))
cos(1).(-i 'sin(0)'a + b'cos({))

-1.cos(1 )'sin(0).(a - b,'(a + b)

o

sin( 1).sin( S)'(a - b).( 
a + b)

o

Eprobe-y

Eprobe-,

-c¿ .A -i t '^ev avEo'e 'e

or

E

E

probe ...

+ transm¡tted 
^

probe ...

+transmitted_A

b'cos ( 1 )

-1'o'sin({)
(i -sin(0)'a + b'cos(0))

(i .sin(0)'a + b'cos(0))
cos( 1 )
(-i .sin(ö)'a + b-cos(0))

-1.sin(0).(a - u¡'(a t u)

o

Eprob"-y

Eprobe-x

Equation 11

Equation 12

Equation 13

+

sin(x) .",n(0).(a _ u¡.(" + o)

cos(1 ) o

-cr 'A -¡ 'k '^av av
Eo 'e 'e

E

Eo

(-i -sin(0)'a + b'cos({))

. ' (atb)
-1'sin(0)'(a- b)"

sin(x) ..,n(0) (a _ o¡.(a t o)

cos(1) o

b

_o.sin(ó).Eproue_y

( i .sin( ö).a r b-cos( 0) ).Ep_u"_v

-sin(1) .( i .sin( 0).a + b.cos( 0) )-Epro¡e¡r
cos (x)

+ Eprobe-x

probe ...

+ transmitted 
^-cr. .^ -i 'k '^av av'e 'e

b
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(- i sin( g).a + b.cos( 0) ).Eprob , x ...

+ -o.sin(0).Epro¡"_y

-srn(s).1 a - b)-( 
a t b).Eorou"

6
+ (i .srn(0)'a t b'cos(0))'Ep,o 

"_y

E
-s¡n( O).( a - b).t " I 

o'.torobe_x 
...

o
+ (i 'sin(S)'a r b'cos(0)).Epro¡e_y

probe ...

+transmitted A

-tr .À -¡ 'k .^av av'e 'e

Equation 14
b

Eo
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ff=

fl=

Appendix lX: Simplification of Combined Matrices

The combined Jones matrix

cos(r¡) -sin(1)

sin(rì) cos(1)

cos(r¡) -sin(l)
sin(l) cos(Tl)

may be simplified as shown below, into a series of simple 2 x 2 matrices

cos(-q) -sin(-îl)l
sin(-¡) cost-q) l
cos(î) sin(rr) I
- sin (r¡ ) cos ('q ) l

sin(î) cos(n)
fcos(n) -sin(

lsin11) cos(

cos(ri)2'("- d) +d cos(r1)'sin(r)'(a- d)

(1tcos(p))(a-d)td'2
sin(p)'(a - d)
-sin(p)'(c + b)

(1tcos(p))(c-rb)-b'2

sin(p)'(a-d) 
I

a'2- (1 tcos(p))'(a- d) I
-c'2 + ( 1 + cos(p))'(c t b)

sin(p)'(c t b)

Equation 1

Equation 2

Equation 3

Equation 4

Equation 5

Equation 6

Equation 7

:lt

:lt
li"

It:

" oI
0 dl
foË
l"o

fl=

fi=

fi=

+

cos(11) -sin(I)

q)

î)

cos(n )2'"+d - cos(r¡)2'd cos(r¡)'a'sin(î) - sin(r¡)'d'cos(¡)

a - cos(11 )''. +cos ( 11 )2'd
- c + cos(r1)2'c + coslr¡¡2'b

c_os( 11 )'a'sin( rl ) - sin( n )'d'cos( rl )

| -s¡n( ìt )'c'cos(t) - cos( t)'b'sin( tì )
I

I coslrr)2'c - b t cos(r¡)2'b
+

sin( r¡ )'c'cos ( rl ) + cos ( r¡ )' b'sin( q )

+
b)

b)

(1 tcos(2r))'(a- d) +d'2 sin(2'1) (a-d)
sin(2'r¡)'(a - d) a'2- (1 t cos(2'l))'(a - d)
-sin(2'r¡)'(ctb) -c'2+(1 tcos(2'l))'(c+b)

(1 t cos(2 tr))'(c + b) - b'2 sin(2 11) (c + b)

Letting Þ = 2t't

A

A'2=

,=[

+

+

1 (a+d)..
l
-1

0

0
(a - d) +

(c + b) t
0

[;
(c - b)
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d+a
l
-1

0

0

(c-b)
A

(a+d)

Equation I

Equation 9

Equation 10

Equation 11

Equation 12

Equation 13

cos( 2'q )

sin ( 2'q )

2

sin ( 2'q )

-cos(2'r) ],"-',.[:;]Ac b zero 2

Three cases are of interest.

Case 1: lnl << 1

For lnl << 1, the combined matrix may be approximated by

+

1

0

1

I

2,

t

2r1

I

10
(a-d)t

(c+b)+

'(a t d) ...

-11

o I 
t" - ul

n

(a - d)'n

q -1
-2'11

1 2'q

0

¡1",""'_nr=[] :] .I i'.',
whichforb=c=0becomes

[" ol lo
A( sman_¡)._o_.".=lo 

o l 
. 

1,,

A(small_q)

Case 2: n=nl4

The combined matrix is given by

2

a-d
ctb

1

0

srn 2

cos t;;l
n\
-l¿l

(r!
\¿

(a-d)+ (a+d)...

fi

þ

(,

cos

sin

4 0 -1
(c+b)+ (c-b)

10n\
Ã)

o /l\
\ql 2
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01

+

1 0

'l

0

1

0
0

0
(c + b)-t-

-1

01

2

The combined matrix is

,"-o,r[] i],"+d)

0

A

+

rïr
1

-1 0
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Appendix X: Calculation of the Combined Matrices: Linear lnduced Dichroism and

Birefringence

Calcu lation of a Polariser/Bi refrinqent-Dich roic Med ium/Polariser Matrix

The combined matrix is of the form

c=nþo*1)rcHn
)lt(

îtyo+i Equation 1

Equation 2

Equation 3

Equation 4

Equation 5

Equation 6

where

-l (u*o,*ou)]F=R

)'
l-"t-
\4

(l * *+ ro\.p\zl
t=*g)'R(av + 

^0 
)'Pimpede"t'R(-(Âv + Â0 )) R[-

imperfect

cfav

2
=e 'e

(;)l

R ', 
] 

-{;)
e

i kav^ */l\ lt' 
*

\4 i L o
linear

H=R ( AT)'P¡mp"rr"a'R(-( ny) )

Appendix lX showed that

The R(p) matrices represent rotation through the angle, p, âñd are given by

f cos(p) -sin(p) IntP)=Lsin(p) 
coslp¡ l

while the polariser matrices are written

f ,, ",IPi'n".r"a=1s., 
,, l

cos(2'¡ ) sin(2'n ) (atd)]1"-',.[;:]
i 1,"+b) 

rLi ;[" ¡l
n=R(n, 

L" o j *(-n I

orforlql.. 1,

s_in(2'r¡) -cos(2'¡ )

J-sin(z'n 
) cos(2'¡

Lcos(2'n ) sin(2'r¡
+ (c-b)

Equation 7
2

l.I
-(c+b) a-d

a-d c+b
f,=

ab
cd

'rl Equation I
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H=R ( AT )'P¡rp"rr"a 'R(-(^y ) )=R ( 
^y)

R(-(¡y))

which will be used to simplify the combined matrices in this appendix.

Using equation [8], equations [2]to [4] become

tr s2

s1 t2

H=ll il tÂy

t(ÁytÂ0)
(s. + sr)

tt-tz

Appendix X

Equation 9

Equation 10

Equation 11

Equation 12

Equation 13

Equation 14

Equation 15

Equation 16

Equation 17

tr-tz
s1 +s2

-TE

4
G=R

/"\s'.*,'R\?/

oäv
--'L -i '*"u

=e 'e
-l se

0

ei'o o

R
-n
4

"'- ] 
-{;)

/"\f_l
\¿/
/n\t_t
\¿i

ct
av--^

G=e 2
-l .k -^

av
e

cos

sine

stn

cos

/n\t_t
\¿/
/n\
F/

i.o

o"u
--.^ _i .k .n I

G=eo '" av 
I

L

where

^k 
Àct

$=--[ - i --.^'24

t2 -s1

-s2 t1
+(Ày+Â0)

s1 +s2

-(t'-")

0

slt

t,, - tr)
s2

cos( 0)

i 'sin($)

i 'sin(0)

cos( 0)

F=R

F=R

(,. r + re).e,.0"*". *l- (,. r. *)]
þ\
\zl

/"\t-t

\zl

R( Ây t 
^e 

) 'Pimperfe"t 'R(- ( 
^y 

+ Ae ) )

s2

l

)l

ll
F=R

t1 s2

s1 t2I (;)l-l

f=
+(s

We remember that only zero and first order terms contribute significantly to the transmitted

intensity, and, assuminq that \ rr 12, s1, s2 where s1 - s2 and all small variables, Ly, L0,t2lt1,

sl /tr , sr/tl, are the same order of magnitude , these three matrix combinations reducÆ to
tt,1tt-

].*',[;]]

t1 s2

sl 12

f{= Equation 18
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c¿
av--.^

G=e 2

t;;l
o

+ay(
ü

av--.^
G=e 2

Appendix X

Equation 19

Equation 20

Equation 21

Equation 22

Equation 23

-¡ .k .^
ev'e

i'0
i'o 1

12 -s1 0 -1
F + (Ây + 

^0 
)'t1

-s2 t1 -1 0

Letting s1 = s2 = s, ( = t2lt1 and o = s/t1 the equations above become

H

t1

1

o

Ç -o

-o1

.k^
av 1

i.0

+(Ây+Â0)

-l
e

i.ö
1

i:
-1

0

F

tr

The partial combined matrix, F.G.H, assuming identical polarisers, is then given by the equation

F'G'H
oau

-- A -i kâv'^ ,. \2e .e '(tr)

F'G.H (-o

-o1
(-o

-o1
0 -1

-1 0
0 -1

-1 0

"l
E]

01
10

10
0l

10
01

1

oav

2
e

-l -k^
eV /, t2'(tt) +e

10 1o
01 o(
10 01
01 10
01
10 o

Ay

(Ây+Â0)...

( Ay t À0 )'^y ...

Ay

+

+

(-o

-o 1

1 o

Ç

0

oç
01
10

1

0
o

+ ¡.0

01
10
01

1

1

+

+ 10
01

(-o
-o 'l

0 -1

-1 0
0 -1

-1 0

(Ây+Â0).

+ 10
( Ay f Â0 )'Ây

Equation 25
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F'G.H
ct

av
--'L -i kav'^

e'e

F,G.H

ç-o' o -ot('o -o'*(

Appendix X

i.0f
20E

-oç
1-o

-o -Ç

-1 -o
-1 0

0 -1

1-o 2

Ç-o
-o1
-1 -6

o-('o

'Ây ...

(^y+^0)...

-6

(t,)' ++ Ay

(^y+^0).. ++

+ ( Ây + A0 )'Ay +

-o -Ç
0 -1

-1 0
(Ay t A0 )'ay

Keeping only terms to first order in the smallexpansion terms, this becomes

.[: :], 'oau
--'A -i k"u

e'e

F.G.H

F'G.H
c[

ev
--'A -i 'kav'^

e'e

Equation 26

Equation 27

Equation 28

Equation 30

.^

(,,

(t,, )'

)' Ay

Ay+Â0

Ç0
-^0+i'0 (oav

--./{ _¡ .k .^
2eve'e

Remembering that

ó=ak-n - ¡ .9.n with i 'ô=i -ok'n r9.n Equation 29'2424
equation [28], representing the partial matrix, F'G'H, may be rewritten explicitly as

Ç

).( ^k
2

A

0

C

(,, )'
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Appendix Xl: Calculation of the Combined Matrices: Circular Induced Dichroism

and Birefringence

Calculation of a lariser/Birefrinoent-Dichroic Mediu ser Matrix

The combined matrix is of the form

C=R F'G.H.R/3 æ\t_t
\¿/

/ 3 rr'rl_ì

\ ¿,'
Equation 1

Equation 2

Equation 3

where

R(ay f 
^e).pmperfect.R(-(^y 

+^e),-l (;)]

4

)

AytÂ0
) 

P,n".r""t -[ (; r ^ï 
r 

^o)]

-(#) ,"."*( 3 '18

\f

b

H=R ( AT )'Pi.p.rrr.t'R(- ( Ay ) )

lotav
I - , 'n -¡ 'kav'^

\e 'e

where
(z\
\Â-o / .2a=-'stn(I)

2

or approximately

^.2a=-.srn()¿ )
2

and

b'cos(ö) + i 'a'sin($)
( z .z\

sin(S)'\a - þ /
o'cos( 1)

o'sin( 0)'cos( x )

b'cos({) - i 'a'sin($)
R

/-e'"\t_t
\¿ I

2

Equation 4

Equation 5

Equation 6

Equation 7

Equation I4 22'oþ= sin( x ) + cos(t)

or approximately

/¡\2 ,2 2

\z/ rcos(x)'oþ= sin(1) 4 Equation 9
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^'-b'=(+)'*,",r,0-l

so that

Appendix lX showed that

4 Â+o2 2

)

)

2
+cos(2¿) o

Appendix Xl

Equation l0

Equation 12

Equation 13

2
sin(1)

2

a2 - b2 =- L'oz'sin ( x)o - o2'cos ( 1 \' =- o''(cos 1 1 )' + t sin ( 1 ¡a) Equation 11

The R(p) matrices represent rotation through the angle, p,

icos(p) -sin(p)l
ntP)=Lsin(p) 

coslp¡ l
and the polariser matrices are written

f ,., ", 
'l

Pirn"rr"a=ls, 
,, l

cos( 2'q ) sin( 2'r )
df

It ol
(a- o) +lo ,, l 

("

] 
,".', .1: ; ]la b I

A=R(n, 
L" o l'*t-n 

l=

orforlnl<<1,

s_in(2'rt) -cos(2'r¡)
l-sin(2'rl ) cos(2'q
I

I cos( 2'n ) sin( 2'n
+ (c-b)

Equation 14

fi=
ab
cd l.l (c+b) "-oln

I L a-d c+bl

2

R(-(ly))

Equation 15

Equation 16

Equation 17

which will be used to simplify the combined matrices in this appendix.

¡t=R ( Ay )'Pirp"rr""t'R(-( Ay ) )=R ( 
^y 

)

t1 s2

sr 12

n tr)

l2
,=l

tjs2

sl t2

tt-tz
s1 +s2

Cf \
- k ,f lavlel

AV

2
b'cos($) t i 'a'sin($)

( z .z\
sin(Q) \" -11

o'cos ( I )

o'sin(0)'cos(x)

b'cos(Q) - i 'a'sin(S)
e

G
b

Equation 18
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Equation 19

Equation 20

where

and

so that

l.J
e

1

T,

1

E

2.b

-1 -1
1 -1

-1 1

-'t -1

-l .k
ev

c¿
av

")
Il

b'cos(S)+i'a'sin($) o'sin(0)'cos(x)

b'cos(S) - i 'a'sin(Q)

2

-1

-'l
-1

1

-1
1

-'l

1

-1

-1
1

-1
1

-rl

1 -1 -1

1 -1

-1 -1

1 -1

e

-1

Equation 21

G -1 b'cos({) + i 'a'sin(S)

0
0 o'sin( $)'cos( 1)

0

) - i .a'sin($) Itc¿
av

2
e

-f
'e

'k^
av

1

-1
b'cos (

-1 -1

2'b
+

+

1 -1

-1 -1

1 -1

0

0

.A .k -^
av-l

-1

Equation 22

(b'cos(Q) t i 'a'sin($)) Equation 23

'(b'cos(Q) - i'a'sin(0)) ...

ê -1

-1

11

-1
1

.;l
1-1

ol
ol
00
01
01
00
00

2.b

+

+

+

-'l
-1
-1

-1
-1

-1

1 -1
-1 -1

1 -1
-1 -',|

1 -1

'(o'sin($)'cos(1))

[''""#]10
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^)

ct av
--.4 _t .kru

e'e
2.b

(b.cos(0) + i'a'sin(0)) .

Appendix Xl

Equation 24

Equation 25

Equation 26

Equation 27

Equation 2E

Equation 30

G
1

1

+

1

1

] 
,0 .*, Q) - i 'a'sin(O) ) . .

.(o'sin( þ)'cos( x ) ) ...

][''",'#]

-1 1

-1 1

-1 1

+

+
-1 -1

11

where

F=R

/"\f_ì
\zl

/n\t_t
\zl

t2

-s2 t1

t1 s2

^k 
Aa0=2n-,'?.^

r=*(; r Ây r *) t { (;*o'*o')]
l"t_
\z

l2

F=R

s1

lmperfect

R(Ay + Â0 )'Pi*p"*.a'R(-(Ây + Â0 ))'R )l

ll
- (s., t sr) t1 - .It(^y+40)

s1 t2 s1+s2t2t1

p= t(^ytA0)
s1ts2

- (tt - tr)

intensiV, and, assuminq tha!t1 tt t2,s1,52 where s1 - s2 and all small variables, Ay, Â0, t2lt1,

stl|.t, scltr, are the same order of magnítude , these three matrix combinations reduce to
I t' - I'

f,,, "rl lo rlt=Lr, trl.ot"'Lr ol Equation2e

c
av

e ^)2
*

av
e

2.b
G

1

1

1

'l

,|

+

(b+i 'a$)...

-(b-i'a'0)...1

-1 1

-1 1

+ (o'$'cos(x))..
-1 1

-1 -1

11
+
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f=
12 -s1

-s2 t1

0 -1
t (Áy + 

^0 
)'t1

0
o'cos(1)

Appendix Xl

Equation 31

Equation 32

Equation 33

Equation 34

Equation 35

by the equation

Equation 36

-1 0

Lettinq 51 = 52 = S, ( = t2lt1 and X = s/t1 the equations above become

H

t1 l;;l +Àv l;;l
lo\/ãv\
{ -, n -i .r"u'n]

\e'el 11
11

(b + i 'a'ó)

(b - i 'a'ö)

( o'Ö'cos (x ) )

2.b

I=l t -> 
l+ r¡v +rlL-r 1J

and the matrix, G, may
lo\tavt

o=\" 7n."' u*n]

+

+

1 -1

'l 1

11
-1 1

-1
+

1'l
0 I

^0) -1 0

be rearranged as

1

e'-'0
b

il
o 11.

;'ll

0

+

+

2 .2a -þ-1 -1

11

t' _\'

(
+

o'cos( X)'2'b

The partial combined matrix, FGH, assuming identical

( F.G'H)
CI'

av .k .A
av (,,)'2

e +(Ay+40)

'(
-r 1

0 'l
e

where g'=

-1 0

1

0

-1 -1

1'l

+

+
o -6'cos( 1)

2'b
.2
þ

2
a

+ o
2'b'o'cos ( 1 )
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or

( F.G H)

-l
'e

.k
av

-) 1

r-s

-r 1

l' _s

+(AytA0)

0 -1

-1 0
0

-1

0 l>

0 -1

-1 0

0 -1

-1

-1

-1 -1

'l- Åy

ray

+Ly

t(^y+^0)

t(AytA0)

1

0 1 t

0

1CT
AV

2
e

0

1 0

-1

0
+

+

n'(,',)'
q

(
1

;l
t

0

t

0

1

t

0
+^y

'l
la o'"o"t*l)\2'b I

2 - b')a
+ 11 t 2.b,o,cos(1)

Equation 37

+(Ay+40) +AT
1

10-1 0

Keeping only terms to first order in the small expansion terms, this becomes

( F'G.H)

.k
av

e

^0
(^y

].
01

_s

I
0

Ç t
1

0
1

0

_s

0 -1

-1 0 llt;
0

1 Itt :ltl

( z .2\e - b

1 t 0

çc[
AV

2
e

0

1

1

e'-'0
b

10

:l
0

0

0

(t,, )'

(,, )'

+

+

10
-1

01
00
01
00

6 
'6'cos( 1 )

2-b
-1 -1

+ 01

(+(-x-ay-Ae)'(t+^y)
_^e

0 2.b.o'cos( 1)
Equation 38

('(> t 
^y) 

+ (-t - Ây - 
^0 

)'(
(r(-t-Ây-40)'(tt^y)

1

( F'G H)
c¿

av--.z\ _i .k .^
zeve'e +

+

ol
l.l

oJ_
ol
ol

:11

0

1

0

-1
0

1

cos( 1 )

- b')
+

'cos( 1)
Equation 39
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which approximates further to

( F.G'H)
ct

av- z'n -i 'ku
e'e

( F.G.r-r)
(I

ev--.^ _¡ .k .^
2ave'e

( F.G'H)

Appendix Xl

Equation 40

Equation 41

Equation 44

Equation 45

Equation 46

q0
-^0

"'(,,)'

(t,, )'

+

+

00
10

a

b
0

00
-1 0

o ol
1 ol

cos( 1 )

- b')
+

'cos(1)

or

0 ]-*. (;4

0

(,

lf the intersection angle of pump and probe beams is small, the terms, a and b, may be

approximated by

a=O Equation 42

and

b=o'cos(I) Equation 43

and the equation above simplifies to

(l

(0
-^0-0 qãv

which is very similar to that in the case of a linearly polarised pump beam

( F.G.H )tinear (0
-^e+i.ö (

(t, )

The F'G'H matrix becomes, writing the factor, þ, explicitly

ct
av

--.1\ _i .k .^
2AVe'e

( F.G'H)
(0

/lt\acrlA0+=-^l+i.-.À ç
\214

2

ct
av

--'L -¡ 'kav'^

(,, )'e e
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Appendix Xll: Calculation of the Combined Matrices: Linear lnduced Dichroism

and Birefringence and Linearly Birefringent lnter-Polariser Optical Elements

Calcu lation of a Polariser/Birefri nqent-Dich roic Med ium/Pola riser Matri x

for a Linearlv Po Pumo Beam with Inter-oolariser Birefrinoent Ootical

Elements

Consider linearly birefüngent optical elements placed between the probe beam polarisers and

surrounding the region of induced dichroism and birefringence. Let the ordinary axes of the

birefringent elements lie at the angles, nl4 + ai and nl4 + at, to the induced ordinary polarisation

axis which lies at the angle, yo, to the vertical X' axis. The combined matrix may then be written as

whe

F=R

p=

/ -\ I I
c=R(ro + 1, r nen,.c.RBR¡.H.RL 

lr, 
- 

ä)l

(;. ^, 
* ot)'Pimperrecr -[ (;. t t *)]

Fr) 
-,av + a0) P¡,p"*ea'R(-(^v r 

^0), 
-[ (;)]

/--\ ,t\- -+^.j, '*ru'n.*l-n
o=*\;/'Br,n"", *\äi=" ' 'e du '' 

\o

re

R

Equation 1

Equation 2

Equation 3

Equation 4

Equation 5

Equat¡on 6

0

I
e

rl;' t

/lo

c[
AV--^ _i .k .^

G'2=e ' 'e av

"'t'][

0
srncos

cosnsie

/"\t-t
\4/

lr\
\4/

/"\f-l
\+l
/"\t-l
\4/

i$

11
-1 1

1 -1
11l["'

^ -+^ -i .kav.A I cos(0)
G=e 'e 'l

li 'sin(S)

H=R ( Ây )'P¡rp"rr""t'R(- ( ly ) )

i 'sin ( $)

cos( 0)

Equation 7
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and introducing the birefringent matrices via

]='. [1 
'+j 

b 
, -0, o ]='. [[; ;] t; î] ']

u' o 
o

o ei'b

Appendix Xll

Equation I

Equation 10

Equation 11

Equation 12

Equation 13

Equation l5

Equation 16

where the factor, 80, represents the effects of absorption, and is close to unitv, and the exponent,

b, may be complex to represent both dichroism and birefringence.

The birefringent terms may then be written

RBRi n(a,)'e,.nf a,) "') 0

B=80

RBT

BO

and

RB&

BO

slncos -1 0

01
cos

stn

(-,ll

,]')b
RBR'-f1 ol, f-tin(",)' 

+co"(",)2 2'cos(a,)'sin(a,)

ao -lo '' I 
- 

L 2'cos (a ) sin (a,) -cos (a,)2 r sin (a,)

Itt;

f 
cos(a,) -sin(",) I lr o I f 

cos(-a,) -sinft-al¡]

lstn(a,) cost",) lLo r l'l sinl-a,) cos(-a,)
'f*ì(a,) -"*(",) ll-,, ô1f"""(-",¡ -sin(ja,)

" 
I sin ça,) "o" (",; I L o r I 

l_ 
sin (- a,) cos (- a,)

I t o I f cos (2'a,) sin (2'a,) I

Lo ,r 
I 
. 

Lsin (2 a,) -"o. (z ",¡ I 
i b

)

sin

cosIacostns

9Equat¡0n

("')

("')

(
"¡)

",) rl
t"')
(-a)¡BO BO

RBRi

BO

(-i )'b¡

1

0

0

1 l.I
sin (z a,)

-cos (z'ar)
i 'br

Using the results of Appendix lX for s1 - s2 and \ ,, 12,and for small induced dichroism and

birefringence, the matrices, F, G and H may be written as

|-,.' r, I lo rlt=lr., 
,, I 

* ov tt 
Lr o I Equation 14

o"u
--.^ _i .k 

^^2AVG=e .e
1i0

i.0

| ,, -.,, Ir=l lr(ay+Â0).t,'
L-", t1 I

1 l

t: ;l
and we may calculate the combined matrix to zero and first order in the small variables

125



RBRf-G.RBR¡
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Equation 17
c

av
--^-i .k .^

tav
B0,.B0r.e

1 0l
t...

1l
cos (z'a,)

sin (z'a,)

E

E

'li
,t]g=

i'0

+ .l
sin (z-a)

-cos (z ar)
bf

sin (z-ar)

- cos (z'ar)
i 'bt

Equation 18

which, to first order in the smallfactors, is given by

RBRf'G.RBRi ö

B0¡.80f

(l
av

--.^ _i .k .^
2eve'e

sin (z'a,)

-cos (z.a)

sin (2.a,)

- cos (2.a,)
+ i 'bi

or

Equation 19

Equation 20

Equation 22

RBRf'G-RBR|

B0¡.Bof '

ü,
AV

--.^ _i2'e'e

Lettinq s1 = s2 = S, 6 = t2lt1 and o = s/t1 the equations for F and H above become

Hfr"l foil
ï=1" l.tll ol Equation2l

F (-o 0 -1t(ayta0)
t1 -o1 -1 0

The partial combined matrix may be written as

r'(nanr'o.RBRi).H

Bo'Bor.(,,,)'.t
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+(ÂyfA0)

ca, av--.^
where L=e 2

-1 0

-i .k .^
AV'e

/o,.sin (t +) \
\+ u,'sin (z'a,) )

Appendix Xll

Equation 23

Equation 24

Equation 25

Equation 26

Equation 27

-o

t1

il, /b,.cos (z +) .. \
\* u, cos (z a,) )

1

t:o1
10

l

J=

0 -1 1

+ +ÀT
0

0

1

-1 0

+
I

0
I

Once again, we eliminate second order factors as they occur in the equations below

r.(nanr.c'nen,).H ( -o' 1

:llBoi .Bor. (,, )' 
.t

+
-o 'l 0 ll Ii- ,'][[: ;].'[:

'(u,'co" (r'E) * b, -cos (, ",))]

(u,.sin (, q) 
" 

u,.sin (2.a,))]

+

+

(-o
-o 1 lr

Ii
(-a

q+i'(-o-Ây-40)'0...
+ (i'('0- o - Ay - A0)'(o tÂy)

-o-Ay-^0f i'0...

-o1

Of1)'(o+ay)

-l .k^
av

((+ i'(-o - ay - 
^e)'0)'(o 

tay)
+(i '('0-o-Ay-^e)'(

(-o - ay - 
^e 

r i .o)'(o rÂy) ..

+ (i'(-o - ay - 
^0)'0+ 

1)'6

m=

+

t (u,.sin (r.*) * n,.sin (2.a,))]

which, after replacing the factor, L, becomes to first order

r.(nanr'c.nen,)'n

(o,.cos (2.a,) + b,'cos (2 ",))]

( ol
-^e+i.0+(orly) (l
.[i (u,.cos (z'a,) + b,'cos (, ",))]
.li .(u,.sin (r.q) " 

o,.sin (z'a,))]

+

+

0

0
0

0
lr

(,,)'Boi'Bof

C¿
ev--.^
2

e e
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or

r-(nanr'o-RBR').H Ço
-^0f i'0 ( ] 

. li : ] r (u, sin (' +) * u, sin (z a,))l

-¡*-^av'e

and in its finalform reads

F.

ct
av--.^
2

(+^-^t) ", (4!nrb,'sin(r'+) 'u,'sin(z'a,)) 
E

Ç

Equation 28

Equation 29

0

-i .k .^
avÁ
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Appendix Xlll: Calculation of the Combined Matrices: Circular lnduced Dichroism

and Birefringence and Linearly Birefringent lnter-Polariser Optical Elements

Calculation of a Polariser/Birefrino chroic Medium/Polariser M atrix

for a Circula Polarised Pump Beam with Linearlv Birefrinqent lnter-oolariser

By comparison with Appendix Xll, we define the ordinary axis of the two linearly birefringent

matrices to lie at the angles, nl4 + ai and nl4 +âf, to that of the region of induced birefringence and

dichroism

The birefringent matrices can then be written in the form

*("*î) 
'{ (".;)]

l:;l -|-
"""I [, (" .;)sin

[,("

)]] '","1*(", 
.;) ' -[

l

)l

;) 
-,Àv + a0 )'P,p",r"a'R(- ( rv r 

^0 
) , -[ (;)]

BO

-sin(2.a) cos(2'a)

cos ( 2'a ) sin ( 2'a )

i .b Equation 1

Equation 2

Equation 3

Equation 4

Equation 6

n

4
+cosstn

*("*ä) 
'{ (".î)] 10

01

Br'R

l.I i.b
BO

The combined matrix from Appendix Xl is rewritten as

C=R (ï) ','n'r'*( +)

î, ** ou)'Pmperrea { g * o, * ot)]

where

F=R

F=R

BGB
na.+-'4 t(^t* o

where

B.ir.=

c¿ av
---h -i 'kav'A

e'e
b

b'cos( ö) ... o'sin( 0)'cos( I )

+ i 'a'sin($)

l2 .Z\
sin(0)'\" - o I b'cos(þ) ...

o'cos(¡¿) +-i .a.sin(öì

H= R ( AT )'Pirp".r""t'R(- ( 
^y 

) ) Equation 7
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and the factors, a and b, have been defined in Appendix Xll

l:ll) t.,r*/r\\4 t \4t

ca
ev

,'r.=" 7'n'ti 't"u'n

0
av--.^ _¡ .k .A

_2avts"¡r"=€ 'e

t+i.3.6 o.6.cos(1)
bb

lz .z\\a -þ I Aó. ì ---- 1-r'-'ô' o'cos( 1 )'b b '

Appendix Xlll

Equation I

Equation 9

Equation 10

Equation 11

Appendix X showed that

'=ll ;]"1î'-.,:'' :; ;;]
and

f= +(Ayt^0)
12 -sl

-s2 t1

s1 +s2

- (tr - tr)

il
(z

(z

srn

cos

leaving us to determine the matrix description of BGB to zero and first order

BGB
-9

-- 

l\

Boi'Bof

where

8",r"

i 'br li a)

'ai

cos

ìl
(r^

b¡
stn 2

and the induced birefringence/díchroism component may be approximated by

)
'a

1 0

'l

1

0
0

0

+

l
0

-1
o

b00
00
10

a\.-'ö 
Ibl

1

,)
,)

+

+

Q'cos ( 1

("'- o

o'cos( 1 )'b

Our matrix

BGB

-=R

Boi'Bof
(M)'R-3'n

4

where
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N=

fg) r*r*lr)\4 t \4t

(rE
E) cos (z'a)
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Equation 12

Equation 13

Equation 14

Equation 15

n

0

1

si

a

'a

(z

(z

bf

0
[Vl= B"irc

is then approximated to zero and first order by

;Ìl
cos (z

sin (z

(r ")
(t'",)
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lf the intersection angle of pump and probe beams is small, the terms a and b may be

approxímated

by a=0 Equation 26

and b=o.cos( t ) Equation 27

and the equation above simplifies to
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Appendix XIV: Calculation of the Combined Matrices: Linear lnduced Dichroism

and Birefringence and Circularly Birefringent lnter-Polariser Optical Elernents

Calculation of a Polariser/Birefrinqent-Dichroic Med ium/Polariser Matrix

trcu Polarised Pu Beam

Elements

Consider circularly birefringent optical elements in the probe beam path placed between the probe

beam polarisers and surrounding the region of induced dichroism and birefringence. Let the

birefringent elements be aligned with respect to a marked axis at the angles, nl4 + â¡ and nl4 + at,

to the induced ordinary polarisation axis which lies at the angle, yo, to the vertical X' axis. The

combined matrix may then be written as
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and introducing the birefringent matrices via
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]="'[[; ;].l: ;]'] Equa'.nI-¡ 'b

where , and the exponent,

b, may be complex to represent both dichroism and birefringence. Note that the,introduced ohase

difference between the two probe beam components is 2b.
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The birefringent terms may then be written
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From the results of Appendix lX, we have
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and for small induced dichroism and birefringence, the matrix, G, may be written as
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Lettinq 51 = s2 = s, ( = t2lt1 and o = s/t1 the equations for F and H above become
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Appendix XV: Calculatíon of the Combined Matrices: Circular lnduced Dichroism

and Birefringence and Circularly Birefringent lnter-Polariser Optical Elements

Calculation of a Polariser/B -Dichroic MediumiPolariser Matrix

P Beam with Linea Bi lnter-

Optical Elements

XIV and can be written in a form where we use the factor, p, to avoid confusion with the a and b

factors below

å=[: i].1

The combined matrix is then written

0 -1
10

p

where

F=R

"=-(ï) F(BGB,'-lï)

(;. *+ re) e,o"n"o *[- (;. ^r. 
*)]

(;) -, Àv + Â0 ) 'P¡,pe.r"ct 'R(- ( 
^v 

* o, I I *[

,nr=*i-t ").r,.ro-.r, -(i)

Equation 1

Equation 2

Equation 3

Equation 4

Equation 5

R / e'"\
\./

(ÐlF=R

BGBl-

Boi'Bof .L

where

b'cos( 0) ... o'sin( þ)'cos( 1 )
+ i 'a'sin($)

(z .z\. . . \a -þ /
sin( 0)' '- , , b'cos( $) ...

o'cos(1) + -i .a.sin(ô)
J=R

/- e'"\f_t\¿ I b

140



oav
--.^ _¡ .k .^

,2evL=e 'e

and

H=R ( ÂT )'P¡rp"r¡""t'R(- ( Af ) )

The factors, a and b, are defined in Appendix Xll

Appendix lX showed that the matrices, H and F, may be written

Appendix XV

Equation 6

Equation 7

Equation 8

Equation 9

fl=

and

f=

tl s2

s1 12

(s., r sr) t,t - tz

t,,-1, st ts2

t2 -s1 6l+s2

(t' - ç)
t (Â7-r A0 )

tr)

"r)

- (t'' -
-("' n-s2 t1

For small induced dichroism and birefringence, the B'G'B matrix may be approximated by

tri'a'4 9'ô'cos(x)
bbBGB

-=R

Boi.Bof.L

or

BGB -R
B0¡.80f .L

/- s'"\t_l
\¿ I

1 1

1
b

1

;l
0-

+

;l
0 -1

R
/s."\
[.i

/s'"\t-t\+/

0

0

I
+

2 2
)a a

-'ob

0

t

0
0r

o'cos ( 1 )'b
0

Þi

Equation 10

l-s."t_
\4

0

1

0;l
0 -1

l
0

0-
01
00
00
1 0 o'cos(1)'b

R

Equation 1l

1 0
Þr +

+

+

0

l(
_1"t-

\o

[-

a\
E0/

cost 1 ¡)

^' - ø')

141



BGB 
=R

Boi.Bof'L

BGB

-=l{

Boi.Bof .L

o'cos(1)'b

ÞttÞ¡

Appendix XV

Equation 12

Equation 13

Equation 14

:ltt;

)l

0

1

which to ze¡o and first order is approximated by

t Êr
0

ïr
/- s."\t_l\+ I

I
0

1

o

b

o

,))

b')
(z
\a-

1

0

0

0

:l
0

-1

;l
ol
ol

1

0

+

+

-3'n
+

4
,|

0
0

0

0

1
0+

o'cos( 1 )'b

-1 -1

1 -1t;

\,
g
bïl

:ll

BGB.2

Boi.Bof.L -'l -'l

or

BGB'2

q'cost 1l)

("'- o')

0

-1 1

1

-1
1

-1
1

-1
1

-1

1

0
0

0

0

'l

0

t;
l. a
ll'-
\b

+

+

+

+
o'cos ( 1 )'b

0

0 -1
-1 10

-1 -1

'l -1
(Pr * P,)

-1

-1 lttl
-1

-1

1

f - r

L,'
-1

0

0

01
,|

1

1

B0í-Bof .L

-1

-1
-1

-1
-1

-1

+

+

+

1

0 -1

:ll
::l

r,)
o')

-1
-1

o'cos( 2¿ )'b

o'6 
cosl

b
/z
\a-

1

-1

1 1

142

Equation 15



BGB 10 0 -1
Boi.Bof .L 0 1

1

10
-1 I

-1 1

-1

11

(p' * p')

Appendix XV

Equation 16

Equation 17

Equation 18

Equation 20

Equation 21

01"I
0

+

,]

+

+

Remembering that

H=tl ; ]. ^,,, [; :]

l: :'l.rnvrnert,IL-t, t1 l

2 o'cos(1)'b

0 -1

-1 0

and lettinq 51 = 52 = s, ( = t2lt1 and t = s/11, the matrices, H and F may bewritten as

H fAy
01
10

1>
\.rt1

Equation 19

;=l : ;].(Â7+Âo)
0 -1

-1 0

The partialcombined matrix, FBGBH, assuming identical polarisers, is then given by the equation

( F.BGB.H) 
=

l.no,'nor'(t.')2

r -s
-8 1

e9
b2

0

+

0

1

0

1

-1

-1
-1

1

,)

b")

x

/z\a-

(p' * p,) .

o'cos ( 1 )'b

0 -1
+(Ây+Å0) -1 0

+

+

'cos

q
2

143



or, to first order
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which is finally approximated to first order by
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lf the intersection angle of pump and probe beams is small, the terms a and b may be

approximated by

a=0 Equation 27

and
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and the equation above simplifies to1
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