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4. Scale-free networks in complex systems
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4. Scale-free networks in complex systems
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4.3 Spin-glass behaviour of the antiferromagnetic Ising model on a scale-free
network
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4.3.1 Model and algorithm: the replica exchange method
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4.3 Spin-glass behaviour of the antiferromagnetic Ising model on a scale-free
network
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4. Scale-free networks in complex systems

=X,RAH,R0 
�� ��Ã 
�� � ��� � � � � � ����� ��8W=
`e¦ 
�� � 0 �H©�Ã ��

� ��� �`V¦�� � �(0 � © � ¦E�5h[�l©

E�8:,/. �`V¦�� � �(0 � ©ªÃ���¦ 0 � © � � 0}f52P¦�Ç 0 � 	a¦	� � ©X© � ¦E�5h 
<©
AC*1K���¦ 0 � ©®8W=¡,/.10�2BAC4X,/8:,/8W9<*�S[;1*5>7,R8:9<*eAH,¡,R.10��	����,/0DUV2s074RAH,/;14/0Hh��_0�>DAC*e,/.10D*VK107\1*10AC*�0QfT>@.BAC*5b<0�U]AH,/4/8 fuvp07,+E30D07*�,/.10¡4/0721GW8:>YAC=�8:*�9<;14$�jAH4/^C9t6�>@.1AC8W*�k�
$¦�� � �(0 � 
 �
� �(0��C©Qk,R.BAw,L8:=-,/.10e254/9<vBAHv18WG:8:,+I`,/9i=gE�8:,R>@.c,R.10e>D9<*5\1b<;14RAw,R8W9C*�� � AH,-,R.10V,R0DUV2p0D4RAw,R;14X0 0 �E�8:,/.£,/.10�>D9<*5\1b<;14RAw,R8W9C*��
�¤AH, 0��ThD�3Iq;5=/8W*5b¤,/.10�K107,RAC8WG:0DKqvBACGWAC*1>D0�>79<*1K18N,R8W9C*�k?4/0Qm
°l;18W4X0DK�,R9�^C070D2i,/.10�0D*',R8:4/0�=XI�=g,R0DU Aw,�07°l;18WG:8Wv14X8W;1U¤kl9<*¤,/.10�,R4/AC*1=/8N,R8:9<*�U]Aw,R4/8 f

`e¦ � � � � 
�� � �(0 � ��� � � � � 
��
� �(0�� ��� � � � ©���
$¦�� � �(0 � 
 �
��� 0��'©Ã `]¦ � � � � 
���� �(0 � ��� � � � � 
�� � �(0�� ��� � � � ©���
$¦��
� �(0 � 
 � � �(0��<© � ¦E�5h º'©
ACGW9C*1b�E�8:,/.iË¡°­h�¦E�1hg
<©}k5EF0�.BAY6C0-,/.BAH,


�¦	� � � 0 � 
 �
���(0��<©
�¦	�
� � 0 � 
 � � �(0��<© Ã 0}f52P¦�Ç � © � ¦E�5h T<©
E�.10D4X0 � Ã ¦ 0��VÇ 0 � ©7¦ 	a¦	� � ©ZÇ 	a¦��
�C©/©}h_�²8:,/.¢,R.10¤ACvp9t6<0�>D9C*1=X,/4RAC8:*1=�EF0�>DAC*>@.19�9<=/0F,/.10¬UeAH,R4X8Nf�>D9�0��V>78W0D*',/=¡AC>D>79<4/K58W*1bu,/9�,R.10F=X,@AH*1KBAC4XK
�i07,/4/9<2p9<GW8:=�UV07,/.19�K�AC*1K�k
,R.1074/0QS[9<4/0Hk1EF0-.BAY6<0


�¦	� � � 0 � 
 ��� �(0��<©�Ã�� Æ 8:S � � É��
0QfT2P¦gÇ � © 8:S � � É
� ¦E�5h ¹'©

)+*`9<;14r=/8:U�;1GWAH,R8:9<*�EF0�4/0D=g,R4X8W>7,�,R.10�0QfT>@.BAC*5b<0L,R9V,R07Ue2p0D4/AH,R;14X0D=�*10Qf�,�,/9]0YAH>@.`9C,R.50D4 �
,R.BAw,¡8W=7k<EF0�>D9C*1=/8:K10D4¡9<*5G:I-,R.10Z,R074/UV=�
$¦�� � �(0 � 
 � � � � �(0 � � � ©}h� Z.18:=¡>@.19<8:>D0Z8W=¡UV9C,/8Nm6HAH,R07Kev'I�,R.50rS�AC>Q,�,R.BAH,�,/.10uAH>D>D0725,@AH*1>D0r4RAH,/8W9�K107>YAYI�=F0QfT2p9<*107*l,/8nACG:G:I�E�8:,R.j¦ 0���Ç 0 � ©Qh Z.10�4/0D25GW8W>DA`0QfT>@.BAC*5b<0iUV07,/.19�Ka8W=�0}fT,/4/07Ue07G:Ia0	�e>78W07*l,�S[9C4�=/8WUL;1GnAH,/8W*1bi=XI�=X,/0DUV=
=/;1>@.]AC=¡=/258W*�b<GnAH=/=/07=Dk',R.1AH,�>YAC*�9C,/.10D4gE�8W=X0rvp0D>79<UV0¬S[4/9<J70D*V8W*�=/9CUe0Z2BAH4X,R8:>D;1GWAC4®>79<*5\BbHm
;14RAw,R8W9C*�AH,¡G:9�E�,/0DUV2s074RAH,/;14/07=®E�.10D*V;1=/8:*1b�A�=X,RAC*1KBAC4XK
�i07,/4/9<2p9<G:8W=¡ACG:b<9<4X8:,R.5UÅS[9<4�,R.50
>D9<*T\Bb<;14/AH,R8:9<*];12pKBAH,/0Ch¡)+*],/.18W=3>YAC=X0Ck5AC=3E30�GW9tE30D4ª,R.10r,R0DUV2p0D4RAw,R;14X0CkT,/.10u=gI�=X,R07U%>DAC*
vs07>D9<UV0�,R4/AC212p0DK¤8W*',R9VA�GW9�>YACGOUe8:*18WU�;5U�9HS�,R.50�S[4X0D0}m+0D*50D4/bHI�E�.10D4X0-,/.10�vBAC4/4X8W074/=�AC4X0
=/9�.58Wb<.V,R.BAH,3,R.10r,R8:Ue0r4/07°�;58W4/07K]S[9<4ª,R.10�=XI�=X,/0DU�,/9�UV9�6C0�,/9�AC*19C,/.10D4FACGWG:9tEF07K]4/07b<8W9C*
9CS�,R.10�>79<*5\BbC;14RAH,/8W9<*�=X2BAC>70VK58:6<074/b<07=�,R9�8W*T\B*18:,+IjAC=�AdS[;1*1>Q,R8:9<*�9CS�,R.10�=gI�=X,R07U�=/8:JD0Ch
)oS�,/.10�=XI�=g,R0DU�8:=¬,R4/AC212p0DK�8W*¤A�GW9�>YAHGOUV8W*18:U�;1UÊ,R.107*¤,/.10�0D4Xb<9�K18W>78:,+Ie>D9<*1K58:,R8:9<*�8W=F*19
GW9<*5b<0D4?S[;1G:\1GWGW07KLAH*1KL,R.50FUV0YAC=X;14/0F,/.BAH,�9<*10FUeAC^H0D=�vp0D>79<UV0D=®v18WAC=/07K�v'I�,/.10F21AC4X,/8W>D;5GnAC4
4/07b<8W9<*�9CSP,R.50�>79<*5\Bb<;54RAH,/8W9<*�=/21AC>D0�,R.BAw,�8:=Zvs078W*1b�=/ACUe25GW0DKOh7�ªI�;1=/8:*1b�,R.10-0QfT>@.BAC*5b<0
4/0721GW8:>YA�Ue0Q,R.19�K�kª8W*1=g,R0DACK�k3E30¤^C0D072 =XE�8N,R>@.18:*1bq,R.10�,R07Ue2p0D4/AH,R;54/0D=Vvp07,+E30D0D*¥,R.10 �
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4. Scale-free networks in complex systems
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4.4 Stochastic model of opinion formation on a scale-free network
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4. Scale-free networks in complex systems

-1

-0.5

0

0.5

1

x

-1

-0.5

0

0.5

1

x

-1

-0.5

0

0.5

1

x

0 10000 20000 30000 40000 50000
Time Steps

-1

-0.5

0

0.5

1

x

(i)

(ii)

(iii)

(iv)

µ�8WbC;14/0 �1h:ÆYÉ5«e Z8:Ue0e=/074/8W07=�9CS�,R.10dAt6C0D4/ACb<0�9<218:*18W9C*�k . k®S[9<4�K58:Ms0D4/07*',�6HACGW;107=�9CS�,R.50b<4/9C;12q8W*',R074RAC>Q,R8W9C*£=g,R4X0D*1bC,/.c21AC4RACUV07,/0D4 !B«e¦�8�© !`Ã$É
� ¹TkF¦[8W8n© !jÃ�Æ �g
Tk3¦�8:8W8�© !`Ã�Æ � ¹
AC*1K
¦�8N61© !�Ã ¾�� ½5h� Z.10c21AC4RACUV07,/0D4X=¤;5=/0DK¯S[9<4�,R.10£=/8:U�;1GWAH,R8:9<*1=�AC4X0C« � Ã ÆYÉ 	
*19�K10D=7k�>DGW;5=X,R074/8:*1b¥254/9<vBAHv18WG:8:,+I �ÅÃ É
�[V5k�8:*18:,/8nACG�*19TK50D=iAC*1K!G:8W*1^l=�2p0D4¤*107E *19TK50
���¢Ã � Ã 
aAC*1K(EF0�,RAC^C0�,R.50�;1212p0D4�vp9<;1*1K¯9CS�,R.10�K58W=X,/4/8:v1;5,R8:9<* 9CS�2p0D4/=X9<*BACG
4/07=/2p9<*1=/0�=g,R4X0D*1bC,/.1=�0D°l;BAHG�,R9d,/.10�b<4X9<;12`8:*',R0D4/AC>7,/8W9<*j=X,R4X0D*1bH,R.�kO,/.BAH,u8W= � Ã-!­hu Z.10
4/07=/;1GN,R=�8:*l6C9<G:6C0dÆtÉ]4X0YACG:8WJDAH,R8:9<*1=�9CS¡,R.50�=/>DACGW0LS[4X0D0�*507,+E39<4/^i0YAC>@.�K18:=/21GWAYI<0DK`S[9C48
CÉ<ÉCÉ
,R8:Ue0�=X,R0721=Dh�µ­9C4u6HACGW;107=�9CS !ibC4/0YAw,R0D4�,/.BAC*aÆ�Ad,R;54/v1;1G:0D*',XmoGW8:^C0L=g,@AH,/0Ck?>@.BAC4/AC>7,/0D4X8WJD07K
v'I�GnAC4Xb<0��B;1>Q,R;BAw,R8W9C*1=DkB=g,@AC4g,R=Z,R9VAC212p0YAH4r8:*d,R.10�214X9T>70D=X=�9CS�9<218:*18W9C*dS[9<4/UeAH,R8:9<*�h� Z.10
>DG:;1=X,/0D4/8:*1b�214X9<vBACv18:GW8N,+I �cÃ É
�[V5k�4/07GnAH,/0DK¢,/9q,/.10d,R4X8nACK¢S[9C4/UeAH,R8:9<*_8:*¢,R.10�*10Q,+EF9<4X^­k
\5fT0D=�,/.10�>DG:;1=X,/0D4X8W*1bd>79T0	�V>D8W07*',�,R9 � ��É
� ½�V5hu Z.18W=u6HACG:;10L8:=u=X8WUV8WGnAH4�,/9],R.1AH,uS[9<;5*1K
S[9<4ZUeAC*'Id4/0DACG�=XI�=g,R0DUV=L· ¨G�¬É'¾Tk n	�jÉ<¾w»�h



4.4 Stochastic model of opinion formation on a scale-free network
���

-15 -10 -5 0 5 10 15
x

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

P(
x)

a=0.8
a=1.5
a=1.8
a=2.3
Gaussian

µ�8Wb<;54/0
�1h:ÆCÆ<«4�]n�µ�=L9HS¬,R.10V,R8:Ue0�=/074/8:0D=�4X0DGnAw,R8:6C0V,/9`µ�8:b1h:�1hNÆtÉ5h� Z.10d=X.BAC2p0D=�9HS¬,R.10
K18W=g,R4/8:v1;5,/8W9<*1=->D9C*l6C0D4Xb<0d,R9�A�y-AH;1=/=X8nAC*_S[9C4L=/UeACG:G®6CAHGW;107=�9CS¬,/.10db<4X9<;12¢8:*l,/0D4/AC>7,/8W9<*
=X,R4X0D*1bH,R. !�Ã � h�¨ y�AC;1=X=/8WAC*�K18W=g,R4/8:v1;5,/8W9<*�8:=�ACGW=X9V25GW9C,X,R0DK�S[9<4Z>79<UV2BAC4/8:=/9<*Oh®¨uG:GO,R.10
��n�µ�=�8W*j,/.18W=�2BAC2p0D4�AH4/0L9Cv5,@AC8:*10DKjvlI`AY6<0D4/ACb<8:*1bd9t6<074N
CÉ]4/0DACGW8:JYAH,/8W9<*5=r9HSª,/.10�¼5µ ��h
)+*¢9<4/K50D4�,R9j>79<UV2BAC4/0�,R.50 �B;1>Q,R;BAw,R8W9C*1=�AH,�K18NMO074/0D*',�=/>DACGW07=Dk�,/.10e,/8WUV0V=X0D4X8W0D=�8W*q,R.10
21GW9C,�.1At6C0�vp0D07*i*59<4/UeACGW8:JD07Kd8W*�,R.50-;5=/;BACG�EFAYI¤AC>D>79<4/K58W*1b�,R9eË¡°­hP¦�¾Th ¾<©Qh



���
4. Scale-free networks in complex systems

-15 -10 -5 0 5 10 15
x

10
-6

10
-4

10
-2

10
0

P(
x)

κ=0
κ=a
κ=10a
κ=20a
Gaussian

µ�8WbC;14/0��1hNÆ�¾T«£ Z.10`8WUV2p9<4X,RAC*1>D0¤9CS�,/.10�2s074/=X9<*BACG�4/0D=X2s9C*1=/0Hk�4X0DGnAw,R0DK¥,R9¢,R.50`b<GW9CvBACG
9<218:*18W9<*e=X,/4/0D*5bC,R.�2BAC4/ACUV07,R074 � 8W=¬=X.19tE�*�vlIe,R.10�>@.1AC*1b<0�9HS�=X.BAC2p0D=Z9CS?,/.108�]n�µ�=FS[9<4
b<4/9C;12�8W*',R074RAC>Q,R8W9C*�=X,/4/0D*5bC,R. !�ÃÈÆ � ¹5h�µB9<4®GnAH4/b<0F6HACG:;10D=¡9HS � ,R.10¬,/8WUV0¬=/074/8:0D=¡9CSsb<GW9CvBACG
9<218:*18W9<*dAC21214X9'AC>@.107=�y�AC;1=X=/8nAH*�*19<8W=X0Ch¡ Z.10�,R8:Ue0�=/074/8W07=�9CS . .BAC=�vp0D07*i*19C4/UeACGW8:JD0DK��=/070-,/.10�>YAC25,/8W9<*�9HS¡µ�8:b1h��1hNÆ<Æ<h

,R.18:=�4X0Db<8:Ue0-8W=r4/0DAC>@.107K`S[9<4 � �
ÆYÉ !Bhr Z.50�b<4/9C;12j8:*l,/0D4/AC>7,/8W9<*1=r>D9C*l,/8W*l;10L,/9]21GWAYI¤AC*
8WUV2s9C4X,@AH*l,¬4/9<G:0�076C0D*iE�.50D*i,/.10-AY6<0D4/ACb<0�6HACGW;10�9HS �5ÁP8W=ZGWAC4/b<0u>D9<UV2BAC4X0DK�,R9E!Bh
)+*(9<4/K1074],R9c,R0D=g,d,R.50`4/07GW076HAC*5>D0`9CS�,/.10`*10Q,+EF9C4/^ =g,R4/;5>7,R;54/0�9<*±,/.10`214X9T>70D=X=�9CS

9<218:*18W9<*cS[9<4/UeAH,R8:9<*�k�,/.10�214/0Q6�8W9<;1=�=X8WU�;5GnAH,/8W9<*1=�.BAY6<0�vp0D0D* 4/072s0DAH,R07K�k�E�8:,R. A�GnAH4/b<0
*l;1U�vp0D4F9HS�*19�K10D=7k �ck5AC*1K � Ã/!BkTS[9<4ªK18NMO074/0D*',36CAHGW;107=39CS�,/.10u>7GW;1=g,R074/8W*5bL2BAC4/ACUV07,R074Dk
�Tk�AC*5K ,R.10i*19TK50Qm+07K1b<0`21AC4RACUV07,/0D47k ��h �².18:GW0�6CAH4XI�8W*1b �Tk�K19�0D=e*19C,dG:0YACK¥,R9aAC*'I
=/;1v5=X,@AH*l,/8nACG�K58:Ms0D4/07*1>D0-8W*�,/.10�K5I�*BACUV8W>D=�9CSP,R.50�UV9TK50DG�k�,R.10�8:*1>D4X0YAC=X0�9CSP,R.50�AY6C0D4RAHb<0
*l;1U�vp0D4�9CS�GW8:*1^l=�2s074�*19TK50Ck 		ÈÃ ¾���ku.BAC=¤AaK14/ACU]Aw,R8W>i07Ms0D>Q,j8:* ,R.10�,R;54/v1;1G:0D*',Xm
GW8:^C0�21.BAC=X0Ck�AC=-=/.19tE�*¢8:*cµ�8Wb1h1�5h:Æt½ThDqr0D4/0V,R.10�^l;14g,R9<=X8W=Dk¬¦�$ � Ã 
 . 	 � � 
 . � � �Yk?E�.10D4X0
 � � � � K10D*19H,R0D=�,/.10�,R07Ue2p9<4RAHG¡AY6<0D4/ACb<0Y©Qk?9CSª,R.10�,/8WUV0�=/074/8W07=�9CS�,R.10VAY6<074RACb<0�9<258W*18:9<*�k
;1=/07K£,/9�°l;BAC*',R8NS�I`,R.10�K5076�8nAH,/8W9<*`S[4X9<U A�*59<8W=X0�4/0DbC8WUV0CkO8:=�21GW9H,/,R07KqACb'AC8:*1=X,Od�hL)o,�8W=
076�8WK50D*',�,/.BAH,�AC*c8W*1>74/0YAH=/0V8W*�,R.10eAY6<074RACb<0e*l;1U�vp0D4-9CS¬G:8W*1^l=�2p0D4-*19TK50eb<8N6<07=-4X8W=X0V,/9
Ue9C4/0�,R;14Xv1;1G:0D*1>70i>@.BAH4RAC>Q,R0D4X8WJ70DK±v'I�GWAC4/b<074O�B;1>Q,R;BAH,/8W9<*5=]AC*5K¥v14X9'ACK1074V,RAC8WG:=�8W*�,R.50
�]n�µFh$^PAH4/b<0�=/>DACGW0e=XI�*1>@.14X9<*18:JYAH,/8W9<*1=�AC4X0eUV9<4/0VGW8:^C07G:I`,/9j9�>D>D;54-S[9<4-GnAH4/b<0���h� Z.18:=
vs07.BAY6�8W9<;1438W=ª8W*',R4X8W*1=X8W>DACGWGNI�4/07GnAH,/0DK],/9�,/.10�UV9TK107G­9CSPË¡°�=7h�¦!�1h:ÆY¹'©ªAH*1Kq¦E�5h:ÆPV<©Qh®)+*]S�AH>7,Yk
,R.10i,R;14Xv1;1GW07*',Xm+G:8W^H0i4X0Db<8:Ue0i8W=dAc>D9<*1=X0D°l;107*1>D0£9CS�,R.50`4RAC*5K19<U �B;1>Q,R;BAH,/8W9<*5=d9CS�,R.50
8W*',R074RAC>Q,R8:9<*j=g,R4/07*1bC,/.1=�vp07,+E30D0D*qAHb<0D*',R=�AC4/9<;5*1K�Aev58:S[;14X>YAH,/8W9<*�6HACGW;10�=/072BAC4RAw,R8W*5be,R.50
9<4/K50D4/07KjAH*1KiK58W=/9C4/K1074/0DK¤21.BAH=/0Ch



4.4 Stochastic model of opinion formation on a scale-free network
���

2 3 4 5 6 7 8 9
m

1

10

K
x

µ�8Wb<;54/0 �1hNÆt½5« n�0D2p0D*1K107*1>D0j9CSu,/.10i^l;14g,R9<=X8W=7k¬K107\1*10DK²AC= $ � Ã 
 . 	 � � 
 . � � �YkªE�.10D4X0
 � � � � K107*19C,R07=�,/.10V,/0DUV2s9C4RACG�AY6<074RACbC0Ck¡AC=�A¤S[;5*1>7,/8W9<*c9CSF,/.10]*19�K10}m+0DK5b<0e21AC4RACUV07,/0D4
��h�µ­9C4¬ABy�AC;1=/=X8nAC*�*59<8W=X0u214X9T>70D=/=%$ � Ã ½�E�.18WG:0uS[9<4 $ � �(½�GnAH4/b<0�K1076�8nAw,R8W9C*1=3S[4X9<U,R.10eAY6<0D4/ACb<0V=X,RAC4X,�,R9¤AC252s0DAC4DhV Z.10�\B*BACG®6HACG:;10�S[9<4�0YAC>@. � .BAC=�vp0D07*_9<v5,RAC8W*£AHS�,/0D4
,R.10¤AY6<074RACb<0�9t6<074(
HÉq>79<*5\BbC;14RAH,/8W9<*5=�9CS�,/.10�*107,+E39<4X^ph  Z.10¤>YACG:>D;1GWAH,R8:9<*1=�=/.19tE AC*
0QfT2s9C*10D*',R8WACG�8W*5>D4/0DAC=/0�S[9<4 $ � h



���
4. Scale-free networks in complex systems
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4.4 Stochastic model of opinion formation on a scale-free network
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4. Scale-free networks in complex systems
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4.4 Stochastic model of opinion formation on a scale-free network
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4. Scale-free networks in complex systems
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4.5 Discussion and conclusion
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4. Scale-free networks in complex systems
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5. Symbiosis in the Bak-Sneppen model for biological evolution
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5.2 Species living in symbiosis: the LIBS model
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5. Symbiosis in the Bak-Sneppen model for biological evolution
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5.5 LIBS model on complex topologies: beyond “democracy”
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5.7 Discussion and conclusion
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5. Symbiosis in the Bak-Sneppen model for biological evolution
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