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We study the spectrum of the even-parity excitations of the nucleon in quenched lattice QCD. We
extend our earlier analysis by including an expanded basis of nucleon interpolating fields, increasing the
physical size of the lattice, including more configurations to enhance statistics and probing closer to the
chiral limit. With a review of world lattice data, we conclude that there is little evidence of the Roper

resonance in quenched lattice QCD.
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I. INTRODUCTION

One of the long-standing puzzles in baryon spectroscopy
has been the low mass of the first positive parity excitation
of the nucleon, the JP = {’ Roper resonance, or
N*(1440). In constituent (or valence) quark models with
harmonic oscillator quark-quark potentials, the lowest-
lying odd parity (J* = %*) state naturally occurs below
the positive parity radial excitation (with principal quan-
tum number N = 2), whereas in nature the Roper reso-
nance is almost 100 MeV below the %_ N*(1535) state.
Without fine tuning of parameters, valence quark models
tend to leave the mass of the Roper resonance too high.

Over the years various suggestions have been made to
explain this anomaly, ranging from speculations that the
Roper resonance may be a hybrid baryon state with excited
glue [1,2], or a meson-baryon system [3], or in terms of
“breathing modes” of the ground state nucleon [4]. To
understand the nature of the Roper resonance in the context
of QCD, a number of studies have been performed recently
within lattice QCD.

The study of excited baryons on the lattice has had a
relatively short history, although recently there has been
growing interest in identifying new techniques to isolate
excited baryons, motivated partly by the experimental N*
program at Jefferson Lab. The first detailed analysis of the
positive parity excitation of the nucleon was performed by
Leinweber [5] using Wilson fermions and an operator
product expansion spectral ansatz.

In previous work by the CSSM Lattice Collaboration [6]
an analysis of the spectrum of octet baryons was performed
using the fat-link irrelevant clover (FLIC) fermion action.
In each channel, a 2 X 2 correlation matrix was used to
extract the low-lying states. This approach was found to be
successful in extracting the first excited state of the nega-
tive parity N*(1535) state, and in the analysis of the A
interpolating field. However, the identification of the Roper
resonance with this correlation matrix remained elusive.

In the present study we extend the earlier work in several
directions, while focusing on the even-parity nucleon spec-
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trum. In addition, we work with a larger lattice volume
(2.5 fm compared to 1.95 fm in Refs. [6,7]), reducing finite
volume effects and enhancing the statistics. Most impor-
tantly, we also use an expanded basis of interpolators
compared with that in Ref. [6], with the addition of the
spin-1/2 projected nucleon interpolator used in the calcu-
lation of the spin-3/2 hadron mass spectrum [7].

In the even-parity spin-1/2 nucleon channel it is well
known that the two standard interpolating fields, which we
label y; and y,, individually access the ground state and an
excited state, respectively. The application of a 2 X2
correlation matrix with these interpolators finds no evi-
dence of a state with a mass different from those that can
already be extracted with the two interpolators individually
[6]. Furthermore, the extracted excited state is found to be
too massive to be identified with the Roper resonance, and
is therefore more likely to have stronger overlap with the
next even-parity excited state of the nucleon with mass
1710 MeV —which we denote by N’(1710) (in general we
label even-parity nucleon excitations on the lattice by a
superscript “/”, and odd parity excitations on the lattice by
a superscript “*”’). These findings are consistent with a
similar correlation matrix analysis by Sasaki et al. [8].

At the larger quark masses typically used in lattice
calculations of the spectrum, we expect that the three
lowest-lying spin-1/2 even-parity states are the ground
state nucleon, the Roper, and the second even-parity ex-
cited state (the N’(1710)), the latter of which appears to
have strong coupling to the y, interpolator. One would
therefore naively expect that the addition of a third nucleon
interpolator to our basis should allow the mass of the Roper
to be extracted (in quenched lattice QCD). In Ref. [7] the
spectra of the nucleon and A were analyzed, including both
spin-1/2 and spin-3/2 excited states. For the nucleon
spectrum a mixed spin-1/2, spin-3/2 interpolating field
(labeled x3) was used. The spin-1/2 projected y3 interpo-
lator was found to have good overlap with the ground state,
and in the present work we use this interpolator as the third
interpolating field.

© 2007 The American Physical Society
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In a similar analysis, Brommel et al. [9] used the y; and
X interpolators with the time-component of the y; inter-
polator as a basis for a 3 X 3 correlation matrix analysis.
Even with the larger basis, Brommel et al. do not identify
the Roper on the lattice. The difference between that study
[9] and our present analysis is that we consider the spatial
components of the y; interpolator, with spin-1/2 projec-
tion as in Ref. [7].

In Sec. II we review existing lattice calculations of the
positive parity excited nucleon spectrum and attempts to
identify the Roper resonance on the lattice. Our lattice
techniques are outlined in Sec. III, where we firstly sum-
marize our simulation parameters and interpolating fields.
This is followed by a discussion of how to identify the
spinor indices in which the odd- and even-parity contribu-
tions to the correlation functions propagate. Our results are
reported in Sec. IV, and conclusions summarised in Sec. V.

II. EXISTING LATTICE RESULTS

In this section we review the findings of earlier lattice
studies of the spin-1/2, even-parity nucleon mass spec-
trum. Figure 1 shows a compilation of recent calculations
of the mass spectrum in quenched lattice QCD. Because
the masses of the excited states at small lattice volumes are
expected to suffer from significant finite volume effects,
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FIG. 1 (color online). Compilation of current lattice calcula-
tions of the spectrum of the even-parity spin-1/2 excited states
of the nucleon. In each study the ground state and excited state
masses are shown. Burch er al. (solid triangles) report two
excited states, one as the N’ the other as a Roper candidate.
Basak et al. (diamonds) report the masses of three excited states.
Note that the two data points with degenerate masses from Basak
et al. [13] have been displaced horizontally for clarity. To aid in
understanding the results, lines of best fit to the N’ and ground
state masses are included. The solid line is a line of best fit to the
N' excited state masses extracted in this study, and the studies of
Basak et al., Burch et al. and Brommel et al. The dashed line is a
line of best fit to the ground state mass for all of the data shown.
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we focus only on those results obtained on lattices with a
physical size = 2.0 fm.

In Fig. 1 the studies using Bayesian techniques—
namely, Sasaki et al. [10] (pluses) and Mathur et al. [11]
(crosses)—identify an excited state which is interpreted as
the Roper resonance. The physical size of the lattice in
these analyses is 3.0 fm and 3.2 fm, respectively, and both
use point sources. In both studies the mass of the odd-
parity excited state is found to be consistent with that of the
empirical N*(1535) resonance. At large quark masses, the
level ordering of the even- and odd-parity excited states is
reversed compared to the physical level ordering. However,
at small quark masses (m, as small as 180 MeV) Mathur
et al. [11] find that the correct empirical ordering appears
to be restored. However it is suggested by Mathur et al. that
greater statistics are required to determine if this is true.

The masses in Fig. 1 which are extracted using a corre-
lation matrix include the previous study by the CSSM
Lattice Collaboration [6] (open circles), Brommel et al.
[9] (squares), Burch et al. [12] (triangles), and Basak et al.
[13] (diamonds). The mass of the excited state extracted
with a 3 X 3 correlation matrix in the present analysis is
also shown (filled circles).

The previous CSSM work [6] used the y; and y, inter-
polators as a basis in the correlation, with a physical lattice
size of 1.92 fm. At the fermion source 20 sweeps of gauge-
invariant Gaussian smearing were used, with a smearing
fraction of 0.7. The findings strongly suggest that the mass
of the extracted excited state is too large to be identified
with the Roper resonance. These results sit somewhat high
because of the relatively small volume employed in the
analysis.

A larger basis of operators is considered by Burch et al.
in Ref. [12]. That study considers y;, x, and an interpo-
lator equivalent to the temporal component of y5 (up to an
overall factor of y,). To expand the operator basis, two
different fermion source and sink Jacobi smearing pre-
scriptions, labeled “wide” and “‘narrow,” are considered
for each quark. The narrow sources have 18 sweeps of
smearing with a smearing fraction of k = 0.210, while the
wide sources have 41 sweeps with k = 0.191. The physical
size of the lattice is 2.38 fm. In the analysis of Ref. [12] the
basis of operators is restricted to y; and the y;-like inter-
polator with three different smearing prescriptions for each
interpolator, making a total of six different operators.

In Refs. [12,14] Burch et al. argue that in the limit of
large quark mass, the state corresponding to the N’ can be
identified by comparison with the mass extracted with the
X interpolator. They consequently identify the largest
mass state with the N’ and conclude that the lower energy
state is therefore the Roper. We note that at the larger quark
masses the lower energy state, identified as the Roper with
the Bayesian techniques in Ref. [11], is similar to the mass
of the same state identified using a correlation matrix
analysis in Ref. [12]. However, the two techniques disagree
at the smaller quark masses.
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Basak et al. [13] take advantage of the discrete symme-
tries on the lattice and identify a large basis of local and
nonlocal operators [15]. The complete set of local and
singly displaced nonlocal sources is used as a basis of their
correlation matrix, and two distinct excited states are iden-
tified. The interpretation of Basak er al. [13] is that the
lower energy excited state corresponds to the N’. This state
is consistent with the higher energy state found by Burch
et al. [12], and our new results presented herein.

The best fit to the excited state data extracted on a lattice
with physical size ~2.5 fm using the correlation matrix
technique is shown by the solid line in Fig. 1. We fit the
data for the largest energy state extracted by Burch et al.
[12], along with the data from Basak et al. [13] and
Brommel er al. [9], and the results of the present study.
Our results are consistent with the masses extracted by
Brommel et al. and by Burch et al. at their largest quark
masses. At the smaller quark masses, the highest mass
states obtained by Burch et al. and Basak et al. lie on either
side of the line of best fit. Since these two analyses use
different gauge and quark actions, it is not possible to
determine whether the small discrepancy between their
masses is of any statistical significance. It is also likely
that the operators considered in each study have different
couplings to the N + 7 in P-wave (and equivalently the
P-wave N + 7' in quenched QCD) scattering state. We
know that as smaller quark masses are approached, the
level ordering between the lowest energy multihadron state
and the N’ state is reversed on the lattice.

ITI. LATTICE TECHNIQUES

The present analysis is based on an ensemble of 396
gauge-field configurations on a 20° X 40 lattice, using the
mean-field O(a?)-improved Luscher-Weisz plaquette plus
rectangle gauge action [16]. The lattice spacing is
0.128 fm, set with the Sommer scale ry = 0.49 fm. For
the fermion propagators we use the FLIC fermion action
[17], which is an O(a)-improved action with excellent
scaling properties, providing near continuum results at
finite lattice spacing [18]. A fixed boundary condition in
the time direction is implemented by setting U,(X, N,) =
0 V X in the hopping terms of the fermion action.
Periodic boundary conditions are imposed in the spatial
directions. We find that the fixed boundary effects are only
significant after time slice 30 [19], which is the limit of our
analysis of the correlation functions presented below.

We apply 36 sweeps of gauge-invariant Gaussian smear-
ing [20], with smearing fraction a = 0.7, in the spatial
dimensions at the fermion source (¢ = 8). Eight quark
masses are considered in this calculation, providing am . =
{0.540,0.500, 0.453,0.400, 0.345,0.300,0.242,0.197}. The
error analysis is performed by a second-order, single-
elimination jackknife, with the y? per degree of freedom
obtained via covariance matrix fits. Further details of the
fermion action and simulation parameters can be found in
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Refs. [17-19,21], respectively. We apply the variational
method as discussed in Refs. [6,21].

A. Interpolating fields

In the previous CSSM study [6] the y; and y, interpo-
lators were found not to have significant overlap with each
other. Following the approach by Brommel et al. [9], we
extend this analysis by including the y; interpolator that
was used by Zanotti er al. [7] to extract spin-3/2 nucleon
excited states. Our basis of nucleon interpolating fields is
then given by

X1(x) = €¢(uT(x)Cysd® (x))u(x),
X2(x) = e®(u(x)Cdb(x))ysuc(x), (1)
X5 (x) = € (u™ (x)CysyHdb (x))ysu(x).

In all of our phenomenology we use the Dirac representa-
tion of the y-matrices.

B. Excited baryons on the lattice

We begin our discussion with a review of how the
masses of even and odd parity states are extracted from
the correlation function using the spin-1/2 y; and y,
interpolators. On the baryon level, the two-point correla-
tion function in momentum space is

Gt p)= Y PHOTX RO, @

where the interpolator y(j) annihilates (creates) baryon
states to (from) the vacuum. Inserting a complete set of
intermediate momentum, energy and spin states |B, p’, s),

1= S 1B, 7, sXB, 7 sl 3)
B,p,s

we obtain

Gt =3 3 e TH0xWIB. B, sXB. B, sLUO)0),

sp.B *

4

where the state B has mass Mp and energy Ep =

+/M?% + p*. The sum over all possible states B with a given

set of quantum numbers includes a tower of resonances and
multihadron states created by our interpolators. Using
x(x) = e *x(0)e P, where P is the four-momentum
operator, we can write
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G p)= 33 e POl y(0)e 7B, B, s)

s,p',B X
X (B, i, s1%(0)/0)

= 3 Y E GO0 (0)IB, 7, 5)
s,p',B X
X (B, i, s1¥(0)/0)

= 3 e 85, 0L OIB. B, XB. 7 s YO0
s.p.B

— D e By OIx(O0)IB, p, s)XB, p, s1x(0)I0),  (5)
B s

where on the last line we make the replacement it — t for
Euclidean time.

Next we evaluate the matrix elements in Eq. (5), labeling
the even and odd parity contributions to the correlation
function by “+4” and ““—,” respectively. The overlap of y
and y with even- and odd-parity baryons, such as the
nucleon, for example, can be expressed as

N+
- U(PN]/W s),

N|/2+

OOy G ) = d, .

M
OIx(O)INy)2-(p, 5)) = ANI/Z—\ YSM(PN,/Z ,8)

ENI/Z’

LTSS
12+ E—u le/z*’ S)
\ 12+

- My, - _
<N1/2*(f7’ 5)1 x(0)[0) = _/\Nl/z— Ey = (pN1/2 ,5)7s,
1/27

(6)

where u(p, s) is a Dirac spinor and A(A) are couplings of
the interpolators at the sink (source). Note that the four-
5+ M12\71/2+ .
Because the fermion source is smeared, the coupling A is
not equal to the adjoint of A.

Substituting the appropriate terms and using the identity

(y- p+M)
oM

(N12+ (B, 9)1 ¥(0)]0) = Ay

momentum py . is on-shell, with p, =

Zu(p, $)i(p, s) = (7

the contributions of the even and odd parity terms to the
correlation function can be written as

(v pp+ + Mp+)

Gt p) = E Ag+Agre Ent! 2E,
N _ (v pp- — Mp-)
§ Ep-
+ P )\B* /\B* e ! 2EB* . (8)

The masses of states with definite parity can then be
obtained from the spinor trace of the parity projected
correlation functions,

PHYSICAL REVIEW D 76, 054510 (2007)
Gt(tr 6) = trsp[ri g(t: 6)]
= Z)\Bz /‘Bi exp(—EB: l)
Bi

X = Qg Ao exp(—=M=1),  (9)
where I', = 7“2‘1 is the parity projection operator at zero
momentum [22], and the subscripts 0~ label the lowest
energy state with the projected quantum numbers.

For the x4 interpolator the analogue of Eq. (5) is given
by

G (1, p) = Ze’E”’Z@I)(é‘(O)IB, P, s)

X (B, p, s| ¥5(0)|0), (10)
where now x4 overlaps with both spin-1/2 and spin-3/2

states. In this study we project spin-1/2 states using the
spin-projection operator discussed in Ref. [7],

(Y- PYuPy T PuYsY " D)
(11)

1 1
Pl (p) = 3YuY + 32

At zero momentum p = (M, 0, 0, 0), relevant to the mass
determination, the spin-projection operator has no hyper-
cubic lattice artifacts.

We proceed in our analysis of the x4 interpolator by
evaluating the analogue of the matrix element in Eq. (6).
Following Zanotti et al. [7], the coefficient of the spinor is
taken to be a linear combination of four-vectors. The
requirement that the matrix elements transform as pseudo-
vectors under parity restricts the coefficients to be propor-
tional to either the four-momentum or the matrix y*. The
analogue of Eq. (6) can therefore be written as

O OINy 2 (5. ) = (aw, . Pl + By, v*)

1/2%

MN]/2+

X os), (12
\En,.. ———vsulpy, .. 5), (12)

Olx5 )Ny - (p, 5)) = + By, YY)

)
(aNl/Z’ le/z*

M .
X\—M(le/z_,S), (13)

> - _ MNI/2+ _
<N1/2+ (P, S)|X3 (0)|0> = E— (PNlm, s)
\ Nyjp+
X ys(@y, . PN, . T+ B,y v

(14)
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1/27 = — "
#(pn,,-» SN @y, ,- Py, .-
ENI/Z* 1/2 1/2 1/2

+ By v, (15)

where the factors ag and By denote the coupling strengths
of the interpolating field x4 to the baryon B, and similarly
for the adjoint. Combining these expressions with their
respective adjoints, and using Eq. (7) for the energy pro-
jector, the contribution to the correlation function from
spin-1/2 states extracted with x4 is

2) — —E +t
G p) = BZE B (aNl/2+ P]’(rl/2+ + BN1/2+ Y”)

My
(N1~ (P, $)1 x5 (0)]0) = \—

VPN, My

12+

X Ys

2E Nyt

Xys(a@y, . Py, ,. t B, 7")
+ ZeiEB_t(a,Nl/zf pK]l/Z’ + ﬁNl/zf ')’V)
£

% Y PNy + MN]/z*
2Ey, .

(ay,, PN, T BN,/z— YY)
(16)

In this analysis we average over the contributions to the
spin-projected correlation function with u = 1-3 and v =
1-3. We need not evaluate the (u, ) = (k,0) or (0, k)
terms, where k = 1-3, as these do not contribute to the
correlation function after spin projection at p = 0.

Finally, we evaluate the two-point function at the had-
ronic level for the cross correlators (0|7 x4 ¥;|0) and
OIT x; x5 10), with i = 1, 2. It is important to note that as
these correlation functions are not Lorentz scalars they
remain dependent on the representation of the
y-matrices. The respective correlation functions are given
by

G4t p) = D exp(=ip - DOITXS ()%, 010), (A7)

G451 p) = Zexp(—iﬁ = X)OIT x;(x) ¥4 (0)[0).  (18)

As for the diagonal correlators discussed above, we pro-
ceed by inserting a complete set of states and evaluating the
resulting matrix elements. For the function Qfg, we can use
Egs. (6), (7), and (12) to write the matrix elements as

D {0Ix5 O)INy 2+ (B, XN, 2+ (B, )| %:(0)]0)

N
=\ M + H
AN1/2+ (aN1/2+ PN, ,3N1/2+ v*)

(v pw,,. +My,,.)

X 2 19
Vs 2EN1/2+ (19)
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Atp = 0, the positive parity states for u = 1 propagate
in the real part of the (1, 2) and (2, 1) spinor elements of the
correlation function. For u = 2, the positive parity states
propagate in the imaginary part of the (1, 2) and (2, 1)
elements, with a relative minus sign. For u = 3 the posi-
tive parity states propagate in the real part of the (1, 1) and
(2, 2) elements, with a relative minus sign, and for u = 0
they propagate in the real part of the (1, 3) and (2, 4)
elements.

Similarly, the odd parity contribution to the correlation
function is

D {0Lx5 O)INy /o~ (B, XN, 2~ (B, )| %:(0)]0)

_ 3 i
= Ay, (ay, ,- PN, T By, *)

(’y : le/z, - MNl/zf)

X
s 2Ey, .

(20)

Combining the even and odd parity contributions, we
obtain for the ““3i” correlation function

- _ _E 'Y
5t p) = Zf oAy, (e PNt By, Y™
B+

12+

)

(y- DNy + My
2Ey

12+

X ys

12+

—Eg i} u
+ Ze Ay, (ay,, PN, T Bnys- y*)
<

(y- PNy T MNI/Z—)
2EN]/2, '

X Ys 21

Using the appropriate terms in Egs. (6) and (12) in Eq. (18),
the ““i3” correlation function can be written:

(v pn,,0 T My,,.)

“ 2y — —E +t
i3(tr p) - Ze Bt AN1/2+ E
B* Ny jp+

X ys(ay, . le\L/l/2+ + BN]/2+ vH)

(v - pyre + Myi)
2Ey, -

X (@yir plhoe + By v*). (22)

These functions can then be used to relate the appropriate
elements of the correlation function to a particular parity.
To improve our statistics we will average the correlation
functions over the spatial components of 4.

+ ZeiEE_ t)lNl/r Ys
o=

IV. RESULTS

We begin our analysis of the spectrum by considering
the 2 X 2 correlation matrices with y; and x4, and with x,
and x4 The 2 X 2 correlation matrix with y; and y, has
previously been explored in Ref. [6]. To choose a time slice
at which to invert the correlation matrix, we determine the
earliest plateau available to the individual interpolators.
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Our initial time is taken to be one time slice earlier than
this. If this analysis fails, we invert the correlation matrix at
one time slice earlier. This algorithm is discussed in more
detail in Ref. [21]. Throughout our correlation matrix
analysis we only consider a shift of one time slice from
this inversion time.

Proceeding with the 2 X 2 correlation matrices, the ei-
genvectors for the projection of the y;, x4 correlation
matrix are obtained from an analysis at time slice r = 14,
which is two steps back from the onset of the plateau of the
effective mass extracted with x4, and six time slices after
the source. For the y,, x4 correlation matrix, the onset of
the plateau in the effective mass extracted with the y,
interpolator is at t = 11. Eigenvectors for the projection
of the x,, x4 correlation matrix are therefore obtained
from an analysis at t = 10.

The masses of the ground and excited states for each
correlation matrix are shown in Fig. 2, along with the
masses extracted with the y; and y, interpolators indi-
vidually. In each case we find that the mass of the ground
state extracted with the correlation matrix analysis is in
excellent agreement with the mass of the state extracted
with the y; interpolator. Furthermore, the mass of the
excited state extracted with the correlation matrix agrees
well with the mass extracted with the y, interpolator. The
previous CSSM study [6] showed that the y; interpolator is
largely orthogonal to y,. The present calculation shows,
therefore, that the x4 interpolator has a significant overlap
with the states accessed by both y; and y».

With this information in mind we need to determine if
the spin-1/2 projected x4 interpolator is a simple linear
combination of y; and y,. Using the Fierz identity,

1 _
Oua'Opp = Z;(FJ)Q,B/(FJ Dgars (23)
35 . . . . . . :
| e Ni/2% xt
O  x1x3 State 1
3.0 | 4 N1/2% x2 4
A x1x3 State 2
=25 | 'y i
% I I
9 L
N 20 .
o
15 | » o» i
»
» o
1.0 1 | 1 | 1 | 1
0.0 0.2 0.4 0.6 0.8
m_? (GeV?)
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where I' is one of the matrices in the Dirac representation
{LYs Y Yu¥s UW,IM>,,}, one can show that

Xé‘ — élieabc(uaTc,yJub),yg,y#dc

— €T CoPul) o, yrde. (24)

Acting on x4 with the spin-1/2 projector from Ref. [7], we
can write
Pl/zv_l I/+1(. + .)V
nr X3 _57/,(,’)/1//\/3 3—[72 Y pyMpV ’YVp,u’y PIX3-
(25)
Expanding the combination vy, x4 using Eq. (24), we ob-
tain

VoXs = €@ CyTu)y, v, v de
_ %eabc(uaTca.(rpub),yya.o_p,yvdc

= =€ TCy7ul)y d° = Yysxsg,  (26)

where we identify ysg from Ref. [5] as the linear combi-
nation 2(y, — x;). Substituting this result in Eq. (24), we
find

1 1
Plixs = < VuYsKse T 372(7 PYuPy + 2P uPXY

1
T (v PPLYsXSR)- @27
At zero momentum the spin-1/2 projected x4 can then be
written

P Xy = 57O = x2) + 3vovixs- (28)

Since we consider the spatial components of the spin-
projected correlation function, u = 1-3, the only new
information in the x4 interpolator is from x9J, i.e. the
time component of the x4 interpolator used by Brommel

3.5 . . . . . . :
|l e Ni/2% x1
O  xRx3 State 1
3.0 4 N1/2% x2 -
A xRx3 State 2
=25 o
9 L
N 20 T
L . -
15 + - i
o
L > »
1.0 L | L | L | L
0.0 0.2 0.4 0.6 0.8
m ? (GeV?)

FIG. 2 (color online). Masses extracted with a 2 X 2 correlation matrix with y; and x4 (left), and x, and x4 (right). For comparison
the masses extracted with the y; and y, interpolators are also shown. The data correspond to m, = 830 (rightmost points), 770, 700,

616, 530 and 460 MeV (leftmost points).
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3.5 T T T T T T T
| e Ni/2% x1 O x1x2x3 State 1
x  N1/2% x3 A x1x2x3 State 2
30 A4 Ni/2% x2 O  x1x2x3 State 3 —
—~ L o™ -
225  u o o8
SJ
X 20 .
- a0
15 & .
a0
xa3 XA
1.0 . 1 . 1 . 1 .
0.0 0.2 0.4 0.6 0.8
m_* (GeV?)

FIG. 3 (color online). As in Fig. 2, but for the 3 X 3 correlation
matrix with the y;, x» and x4 interpolators.

et al. [9]. Thus our analysis serves as an independent check
of Ref. [9].

The Fierz transformation of the x4 interpolator allows
us to verify that this has a strong overlap with both the y;
and y, fields. The question remains whether there is suffi-
cient additional information in the x4 interpolator to ex-
tract a second excited state. We proceed, therefore, with a
3 X 3 correlation matrix analysis with x;, x> and x5.
Eigenvectors for the projection of the correlation matrix
are obtained from an analysis at t = 10, one step back from
the onset of the plateau in the effective mass extracted with
the y, interpolator.

The extracted masses are shown in Fig. 3, along with the
masses extracted with the y;, x, and x4 interpolators
individually. All three determinations of the ground state
mass are found to be in excellent agreement, as are the
masses of the excited state extracted with the correlation
matrix, and the ), interpolator. At the two smaller quark
masses we only have sufficent statistics to fit two of the
three diagonal elements of the projected correlation matrix.
The masses extracted with the y; and )y, interpolators
individually are shown in Table I.

Our results show no evidence of a Roper-like even-
parity excited state, which suggests that the couplings of
the interpolators used in this study to such a state must be
either small or zero. On the other hand, using Bayesian
techniques the analyses in Refs. [10,11] do report a low-
lying state. If the Roper resonance exists in quenched QCD
near its experimental value, then it would appear that our
smeared sources have unfortunately poor overlap with this
state. However we note that Brommel et al. [9], Burch et al.
[12], and Basak et al. [13] all report results similar to ours
with different interpolating fields. It is difficult to under-
stand, therefore, if this state does actually exist, why it
would not be seen in any of these analyses.

In Fig. 4 we enlarge a portion of Fig. 1, adding the
energies of the noninteracting P-wave N + 7 for each

PHYSICAL REVIEW D 76, 054510 (2007)

TABLE I. The mass of the nucleon extracted with y; and the
even-parity spin-1/2 state excited state extracted with y,. For
comparison we show the mass of the even-parity spin-3/2 state
extracted with y;.

am, my My m?v/r
0.541(1) 1.061(3) 1.633(14) 1.655(9)
0.501(1) 1.012(4) 1.609(18) 1.624(10)
0.454(1) 0.955(5) 1.589(21) 1.590(11)
0.401(1) 0.895(6) 1.576(25) 1.557(13)
0.347(2) 0.836(9) 1.581(34) 1.531(13)
0.302(2) 0.790(12) . 1.515(16)
0.241(4) 0.755(13) 1.515(19)
0.197(5) 0.745(14) 1.545(26)

study, and the mass of the even-parity spin-3/2 nucleon
calculated here and in Ref. [13]. We show the mass of the
spin-3/2 state as a guide because it has a mass of
1720 MeV, similar to the mass of the N’. Further, at the
larger quark masses it is reasonable to expect that the
hyperfine splitting between the spin-1/2 and spin-3/2
states should be small. Recall that the energy of the
P-wave N + 7 threshold state will be larger than the
attractive scattering state mass due to finite volume effects
and that a stable state is likely to appear at sufficiently
heavy quark masses [19,21]. Note that for the data from
Ref. [13] labeled as spin-3/2, only one of the three degen-
erate masses corresponds to a spin-3/2 state, with the
others corresponding to higher spin states.

At the three largest quark masses, the mass of the excited
state calculated in this study is consistent with the highest-
lying excited state calculated by Burch et al. and with the

2.8

Basak ef al. (2.34 fm)
Burch ef al. (2.38 fm)
Lasscock ef al. (2.56 fm)
Brommel ef al. (2.4 fm)

ot

e hbe

2.6

¢ Basak ef al. P-wave N + 1

x Basak et al. J* = 3/2%
rrrrr Burch et al. P-wave N +
Lasscock et al. P-wave N + 1
o Lasscock et al. J" = 3/2*

0.2 0.4 0.6 0.8
m2 (GeV?)

FIG. 4 (color online). A summary of existing lattice calcula-
tions of the nucleon spectrum based on correlation matrix
techniques. The data points with degenerate masses from
Basak et al. [13] have been displaced horizontally for clarity.
P-wave two particle energies are illustrated by the two lines. The
difference in the energies reflects the difference in the lattice
volumes.
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spin-3/2 state. We also reproduce the mass of the excited
state calculated by Brommel et al.. As we approach smaller
quark masses, the mass of the observed excited state be-
comes larger than the energy of the noninteracting P-wave
N + m state. In this case the reported masses will include
some contamination from the N threshold, although the
spectral strength may be relatively weak. Even with this
low-mass contamination there is no evidence of a state
approaching 1440 MeV.

V. CONCLUSION

In this study we have attempted to extract the mass of the
first even-parity excitation of the nucleon in quenched
lattice QCD, using a basis of three nucleon interpolating
fields. We have demonstrated that the ground and second
even-parity excited states of the nucleon can be extracted
from a2 X 2 correlation matrix, with either the y; and x4,
or x, and x4 interpolating fields. With the use of the Fierz
identity, we showed that the spin-1/2 projected x4 inter-
polator does indeed have a large overlap with the y; and y»
interpolators, and with x3.

Extending the analysis to a 3 X 3 correlation matrix, we
found no evidence that our interpolators overlap with the
Roper resonance. Our results are in accord with other
correlation matrix based analyses using similar interpolat-
ing field constructs. The absence of a low-lying excitation
in any of these analyses raises the question of how this state
is seen in Bayesian analyses. Since the multiple-operator

PHYSICAL REVIEW D 76, 054510 (2007)

correlation matrix approach is an established method for
extracting excited state masses, further careful examina-
tion of the Bayesian analyses would seem appropriate.

By comparison with the mass of the even-parity
spin-3/2 state at large quark masses we identify the excited
state extracted in our correlation matrix as the N'(1710).
However we recognize that approaching the chiral regime
the level ordering of the N’ and the P-wave N + 7 (and
P-wave N + 1’ in quenched QCD) is reversed. This am-
biguity makes an analysis to discriminate scattering states
central to future calculations of the spectrum at light quark
masses.

On a final note we emphasize the need to bring these
advanced analysis techniques to bear on dynamical fer-
mion configurations. There is now ample evidence that this
is likely to be the key missing ingredient in creating and
observing the Roper resonance in lattice QCD simulations.
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