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Abstract

The formulation of QCD on a discrete space-time lattice allows us to study the
non-perturbative aspects of QCD with numerical simulations. This thesis investigates
the spectrum of baryon resonances in quenched lattice QCD.

Our investigation begins with high precision studies of the spectrum of nucleon
and A resonances on a large 20° x 40 lattice. We use the Luscher-Weisz plaquette plus
rectangle gauge action and the FLIC fermion action for near continuum results at finite
lattice spacing. We extend this work to include a search for evidence of the N(1440)
“Roper Resonance” in quenched lattice QCD, which should appear as the first even
parity excited state of the nucleon. A correlation-matrix analysis with a basis of three
nucleon interpolators is considered.

With a strong foundation in the study of nucleon resonances on the lattice, we
extend our work to search for evidence of the existence of the S = +1, ©F pen-
taquark having minimal quark content (uudds). Observations of the ©1 pentaquark
were reported in several photo-production experiments, which caused tremendous in-
terest from theorists in the field of high energy physics. Later, several non-observations
of the ©1, particularly in high statistics experiments conducted by the CLAS collab-
oration have cast doubt on its existence. Currently there is no known law of nature
that excludes the possible existence of a pentaquark state. It is therefore important
to determine if the theory of QCD does allow the existence of the ©1. As a “first
principles” approach to QCD, the lattice provides an unique opportunity to do this.

Key to this work is the formulation of a robust signature of a resonance on the
lattice that can discriminate a ©% pentaquark from other possible two-particle states.
In our study we consider what we refer to as the standard lattice resonance signature,
which is evidence of an attractive interaction between the constituents. We see that this
resonance signature is universally observed in lattice studies of the nucleon resonances.

We explore the widest possible space of quantum numbers, with both spin-1 /2 and
spin-3/2, using an extensive set of local pentaquark interpolating fields. A highlight
of this work is our exploratory study of the ©F with spin-3/2, which was the first of
its kind. We find evidence of the standard lattice resonance signature in the I(J*) =
0(3/2%) channel.
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Introduction

In this thesis we complete a thorough study of the spectrum of spin-1/2 and spin-3/2
states of the nucleon and A. With this study as a solid foundation we expand the
universe of particles we can simulate on the lattice with a calculation of the spectrum
of both spin-1/2 and spin-3/2 five-quark states.

With the identification by the LEPS Spring-8 collaboration [1] of a strangeness +1
baryon, labeled the @' pentaquark, with minimal quark content uudds, there has been
extensive theoretical and experimental interest in the possible existence of pentaquark
states. Lattice QCD provided an important theoretical framework for investigating
pentaquark states from a first principles approach. At the time that the putative
evidence of the ©T was discovered, the field had extensive experience in calculating
the mass spectrum of hadron states contained within the quark model. But the search
for the pentaquark on the lattice marked the beginning of a concerted effort to search
for states beyond the standard quark model. It became clear early on that in the study
of spin-1/2 pentaquark states on the lattice, a robust lattice resonance signature was
required to discriminate a possible pentaquark state from possible multi-hadron states.
As one of the earlier studies into pentaquarks on the lattice, we proposed a lattice
resonance signature inspired by our experience in the study of excited baryons on the
lattice, which we discuss in Chapter 3.

Those experimental studies that did identify the ©% were only able to measure
its mass and strangeness. The spin, isospin and parity of the ©% remains unknown.
Consequently we implemented an exhaustive search for the ©* over the largest range
of quantum numbers possible, including, at the time of writing, the first of only two
studies of possible spin-3/2 states.

In Chapter 2 we present our study of the excited states of the nucleon and A baryons
at light quark masses in quenched QCD (QQCD). In Chapters 3 and 4 we present our
search for the ©%1 pentaquark in QQCD. Our findings are summarised at the end of
each chapter and in Chapter 5.

1.1  Quantum Chromodynamics

Quantum Chromodynamics (QCD) is a gauge theory that describes the strong inter-
action, which is largely responsible for the masses of particles in the hadron spectrum.
Inspired by the success of the quark model in explaining the spectrum of mesons and
baryons in terms of composites of valence quarks, in the quantum field theory each
quark field v carries colour charge, (red, green, blue) and a flavour (up, down, strange,
charm, top, bottom). The QCD (CP conserving) Lagrangian density that defines the
theory is,
-, 1

L= "/)(/L’YMDM - m)¢ - ZF[.LVF;I.V' (11)
With D, = 0, —igA,, 7" is a gamma matrix (in the Bjorken and Drell representation,
see Appendix A), g is the coupling of the fermions to the gauge field, and F,,, is the
field strength tensor. We demand that the Lagrangian is invariant under a local gauge

1



1.1. Quantum Chromodynamics

transformation by an arbitrary element of SU(3), 1(z) — exp (—ia®(z)3-)¥(z), where

a®(x) is some arbitrary function of spatial coordinates z and the Gell-mann matrices
A are the generators of the group SU(3). Demanding invariance under the local gauge

transformation on the fields also requires that,

a7
Dy — exp(~ia®(z)5)Dud, (1.2)
1
AL — AZ—; .%(z) + fabCAj;aC(x), (1.3)

where f2¢ are the structure constants of SU(3). The field strength tensor is,
Fy = 0,4, -0,A) + gf“bCAZA,C, . (1.4)

Because the gauge fields in QCD are non-Abelian, the term F? in the Lagrangian
gives rise to terms like A% and A* which describes a three and four gluon vertex, giving
QCD a rich vacuum structure. Furthermore since there are eight generators of the
group SU(3) the gauge fields (gluons) come in eight varieties.

Observables in quantum field theory are obtained from vacuum expectation values.
The vacuum expectation value of a time ordered operator < Q|TO|Q > is evaluated
with a path integral over every possible field configuration of 1,4 and every possible
gauge orbit weighted in importance by the exponential of the QCD action 4 [ d*zLgep,

A 1 . A (1
<00l >= / Dy () D () DAu(x) Oeif #2Lacn (1.5)
0
The integral is normalized by a factor Zj,
Zo= [ Do(@)DHE)DA o) #oiac (1.6)

As a specific example let the operator be the time ordered product of fermion field
creation and annihilation operators. Then the amplitude,

< OITY(@y(z:) FE)).. 10> =
7/ DA, () DP(e) DY) (@1 ) (z2).. (e, (). F akacn . (1.7)
The Grassman integration over the fermion fields demands a sum of all possible con-

tractions of the fields ¢(z;) and ¢(z}). Each contraction of the fermions fields leaves

a quark propagator M~(z;, z;), where M is the fermionic matrix M = (iy*D, —my).
Thus the above expression simplifies to

<OUTY@)W(@a) BT > = 5 [ DALa)det(M(A,))eiS 5L

><{M‘l(xl,:cll)M'l(arg,xg)... — MY (xg, z) ) M~y 25)... + } . (1.8)
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1.2 Lattice QCD

The formulation of the electro-weak theory as a quantum field theory describing the
interactions of fermions with photons and Z° and W= bosons, is well understood using
a perturbative expansion for a small coupling. This approach is successful because
the coupling of the fermion fields to the gauge bosons is small in electroweak theory.
Similarly because QCD is asymptotically free at a large energy scale the coupling
g becomes small and processes like deep inelastic scattering is successfully described
by perturbative QCD. For an energy scale less than ~ 1GeV, the coupling becomes
large and so a non-perturbative approach is required to compute such things as the
hadron mass spectrum and other properties of hadrons such as the electro-magnetic
form factors directly from QCD.

Here we discuss the basic formulation of lattice QCD, which is a non-perturbative
approach to solving QCD with numerical simulations. Following Wilson [2], the central
approximation of lattice QCD is the replacement of space-time with a discrete lattice
in Euclidean space. Derivatives are therefore replaced by differences and integrals by
sums. Note that discrete space-time introduces a natural momentum cut-off, so a
regularisation scheme is built in. The quark fields ¥ (z) reside on the lattice sites and
the gluon fields are encoded in SU(3) colour matrices U,, p = 1,2, 3, 4 called links that
can be thought of as residing between lattice sites. We refer to a set of link operators
for every lattice site as a gauge field configuration.

The gauge fields are encoded in the link operator, which is a parallel transport
operator on a straight line contour connecting neighboring lattice sites. The link oper-
ator, along the contour parametrized by t, has the property that under a local gauge
transformation U(z),

Ul(t, to) — UR)U(t, to)UT (to). (1.9)

The path ordered product of parallel transport operators along a contour is equivalent
to an overall parallel transport operator,

U(t, to) = U(t, w)U(u, to). (1.10)

Under an arbitrary local gauge transformation the product of link operators transform
like

Ut,w)U(u,to) — UGB, WU (W)U (u)U (u, to) U (to)
u(t)U(t’ U’)U(u: tO)Z/{Jr (tO)
= URU(t, to)U (to) . (1.11)

On the lattice the link operator is a path ordered exponential of the integral of the
gauge field along a straight line contour between neighboring lattice sites parametrised
by A,

UM(CE) _ 'Pe_igfoa dAAu(z+Ai) ~ e—igaAﬂ(z+%) ) (1‘12)

Here the p index on the link labels the direction of the straight line contour from lattice
site at x to the lattice site at z + 1. The product of link operators around a unit square
on the lattice is called a plaquette,

Up = Up(2)U, (2 + ap)Ul(z 4 ad) U] (2). (1.13)
3



1.2. Lattice QCD

Because the plaquette is a closed contour it has the transformation property,
Up — U(z)UpU' (z)
The plaquette described explicitly in terms of link operators is,

Up = ¢~1904u(@)) o(~igady (@+aR) p(igady(w+0) (igads (2). (1.14)

Using the Baker-Campbell-Hausdorf formula to second order in a,

edef = eATBHABI.) (1.15)
Up = e—iga2(6uAv"avAu—g[Au:AV]+O(“2)), (1.16)
Up = e 992 (Fut0(?). (1.17)

Therefore as the gauge fields can be thought of as being encoded in the link operators,
the field strength tensor is encoded in the plaquette. By expanding this exponential,

1
Up = 1- z‘gasz, + §gza4Fu,,Fu,, + 0(a%), (1.18)
1 19 1 2
1- gRBTT'[UP] = a gTT[EFwFuV + O(a®)] . (1.19)
Note that there is no implied sum over indices x4 and v. The trace is over colour indices

which are suppressed. The gluon action on the lattice is defined with the condition a
priori that it reconstruct the correct form in the limit a — 0,

Se = ﬁ; 2};(1 _ %ReTT[Up]), (1.20)

Z is a sum over every Plaquette.
P
1
= 1— -ReTr|U
/Bzw:XP:( 3Re 7‘[ P])’

a‘g? 1
=833 %ETT[FMVFW +0(a?)] . (1.21)
TRV

In the last line we realize that F? is purely real. In the limit that the lattice is removed
a— 0,

1
Se — g d*zsTr{FuFu) (1.22)

Thus to satisfy the condition a priori that the lattice action is equivalent to the con-
tinuum action in the continuum limit,

B=—. (1.23)

..[;glol@



1.2. Lattice QCD

As in the continuum limit we demand that the lattice gauge action is invariant under
an arbitrary local gauge transformation, using Eq. (1.9),

Up — U(x)UpUi(z) ,
TrlUp] — TriU(z)Usld!(z)],

= Tru'(z)uU(z)Us| ,
= Tr[Up| . (1.24)
Similarly we can write down the Wilson fermion action for the lattice,
S = Slam+4)0@) - 35§ Hr - Vel + ) (129
T T,
+ 5@+ WU~ B - )} (1.26)

which is just a discrete version of the continuum fermion action plus the irrelevant
terms multiplied by the Wilson parameter r. These terms are included in the lattice
action to remove the fermion doublers that appear in the discrete space-time. Naturally
we are free to introduce additional terms in our lattice action provided there exists the
correct continuum limit. The Wilson parameter is arbitrary, so we choose r = 1. Using
Eq. (1.9) we see that this action is also invariant under a local gauge transformation.

Core to this study is the computation of the baryon two-point correlation function,
which can be expressed in terms of a time ordered product of quark fields. We complete
the integration over the quark fields, which are grassman variables, using the Wick
reduction discussed in Eq. (1.5). This leaves us with an integration over the gauge fields
of the product of quark propagators. In lattice QCD the integration over gauge fields
is approximated by a discrete sum over a finite ensemble of gauge field configurations.
An uncorrelated ensemble of gauge field configurations is generated using Monte Carlo
techniques, with samples weighted in importance by a factor det(M[U])e=5¢lV] where
Sc[U] is the lattice gauge action in Euclidean space. In quenched QCD (QQCD)
the determinant of the fermionic matrix is set to 1 to reduce the computational cost
of the simulation. Quantifying the impact of quenching on the determination of a
particular observable is non-trivial. However we expect that we can still obtain an
understanding of QCD in the quenched approximation, particularly at larger quark
masses. An excellent description of a Monte Carlo algorithm can be found in [3].
For this study our gauge field configurations are generated using the Cabibbo-Marinari
pseudoheat-bath algorithm [4].

A complete description of how we evaluate the baryon two-point function can be
found in Chapter 2 and similarly a description of how to evaluate the pentaquark can
be found in Chapter 3. A complete description of how we extract the hadron spectrum
from the two-point correlation functions can be found in Chapter 2.

Finally, our numerical simulations generate dimensionless quantities. Dimensionful
quantities can be extracted with knowledge of the physical scale of the lattice a. This
is not a direct input to the simulation. A dimensionless quantity M generated in our
simulations, corresponding to a physical observable with dimensions of (mass)® is given
a physical value M, by the physical scale of the lattice a,

M =a®M . (1.27)

So every observable which is simulated on the lattice must be combined with the lattice
spacing a to give a dimensionful result.



1.2. Lattice QCD

1.2.1 Scale Determination

As discussed in the previous section, observable quantities calculated in our numerical
simulations are dimensionless, but we can extract dimensionful quantities with knowl-
edge of the lattice spacing. Making an accurate determination of the lattice spacing is a
vital step in any lattice simulation. In principle we can compare the lattice calculation
of a given observable to its known empirical value to deduce the lattice spacing. How-
ever this approach incorporates quenching artifacts (in quenched simulations), scaling
violations, finite volume effects and possible ambiguity in the chiral extrapolation, into
the determination of the scale. A better approach is to compare the static quark po-
tential calculated on the lattice, see [5], with phenomenological models of the heavy
meson systems. At short range the tree-level interaction between a g7 pair gives a
coulombic potential. At long range QCD has a linear confining potential [2], although
the inclusion of quark loops makes this slightly ambiguous in full QCD. However the
flux tube picture is well established in quenched lattice QCD for static meson and
baryon systems [6,7]. Combining these qualitative features of the quark potential in a
phenomenological model gives a heavy quark potential,

V)=V, +or— ; . (1.28)

With the requirement that we restrict ourselves to heavy quark systems (charmonium
or heavier), the parameters of this equation can be determined by fitting the energy
levels of a non-relativistic Schroedinger equation solved with this potential to the ex-
perimentally determined energy levels of heavy mesons [8].

On the lattice we derive the quark potential for static quarks from the product of
link operators around some closed contour, commonly called the Wilson loop. For a
full description of how we extract the static quark potential from the Wilson loops
see [5].

The Lattice Ansatz

In the Fermi-Breit scheme the static quark potential at short range is,

Vir) = —23? . (1.29)

This expression is derived using the continuum tree-level gluon propagator. An ansatz
for a better model of the potential computed on the lattice uses the lattice tree-level
gluon propagator [9-11],

V(r) = Vo +or —e H + H - %) | (1.30)

Where the lattice coulomb potential is derived from the tree-level lattice gluon propa-
gator, which is the Fourier transform of the momentum space gluon propagator of the
static quarks in the Breit frame,

[{l =/ dk cos (k - r)Dgo(0, k) . (1.31)

r (2m)3
The lattice gluon propagator in Landau gauge is given by [12],
) 5ab
ab . v
Dy (k) = = (1.32)

6



1.2. Lattice QCD

In this thesis we use the O(a?)-Symanzik improved lattice action [13]. The momentum
variable for the improved action [12] is,

ro 2 ackuy 1 gk
k, = \/Sln(2)+3sm(2). (1.33)

This model has lattice artifacts built in and hence is a better model of the potential
calculated in a lattice simulation. The term I([1] — 1) is designed to correct for lattice
artifacts beyond tree-level. The purpose of this is to improve agreement between the
short range behaviour of the potential and the simulation results. In the limit that
the lattice spacing is removed [%] e %, hence this model reproduces Eqn (1.28) in the
continuum limit.

By fitting the static quark potential data generated from the Wilson loops to the
above ansatz, the parameters Vp, e, o and [ are determined. The Sommer scales 7o and
r1 [14] are alternative quantities that can be extracted from the static quark potential.

These scales are defined by the condition,

oV (r)
2 .
s By = =Te:

(1.34)

The scales ry and r, are defined at ¢ = 1.65 and ¢ = 1.00 respectively. The phenomeno-
logical values of ry and r; that we use are [14],

ro = 0.49 fm , (1.35)
ry =0.35 fm . (1.36)

In the continuum limit Eq. (1.30) provides,

r2 i) e ric +e, 1.37
or
= @ (1.38)
Which implies,
re = 4] —2. (1.39)
o

If we label the scale set by ro and r; as ag and a; respectively then by using the values
obtained by fitting the potential ansatz Eq. (1.30) to the lattice potential data,

0.49
ag = fm , (1.40)
a; = e fm . (1.41)

[

The Sommer scales ag and a; are defined at an intermediate quark separation, between
the Coulombic and linear behaviours of the static quark potential. Using these quan-
tities to set the scale has an advantage over setting the scale with the string tension
because they are well defined irrespective of the quenched approximation. We choose to
set the scale with ry for easy comparison with most contemporary lattice calculations.

7



1.8. Lattice simulations parameters

1.3 Lattice simulations parameters

In Sec. 1.2 we described the Wilson quark and gauge actions as a part of a basic outline
of lattice QCD. By construction these actions have the correct continuum limit. But
at finite lattice spacing they contain lattice artifacts of O(a) and O(a?) respectively.

The cost of our lattice simulation is strongly dependent on the size of the lattice
spacing and number of lattice sites, and we require a large physical volume to study
the hadron spectrum. Further we are free to use different gauge and fermion actions
provided that there exists the correct continuum limit. So in this section we provide a
brief description of the improved lattice gauge and fermion actions that we use to obtain
continuum like results at finite lattice spacing. Note that a more detailed account of
the actions has been given by Zanotti et al. [15].

Gauge action

We use the O(a?) improved Luscher-Weisz mean-field improved plaquette plus rectangle
gauge action [13]. Which is given by

50— 1 g 1
SG = ? Z gRC tr[l - Usq(m)] - F Z gRe tI‘[2 - UreCt(w)] ’ (142)
sq Up rect

where the operators Uy(z) and Upee(z) are defined as

Ug(z) = Uu(a)U(z+p) Uz +2)Ul(z),
Ureet(z) = Uu(@) Uu(z + i) Uy(z + 0 + ) Ul (z + 20) U(x + 0) UJ(x)
+ Uu(2) Uu(z+ ) Up(z + 20) Ul(z + po+ 2) Ul(z + 2) Ul(z). (1.43)

The link product Uset(z) denotes the rectangular 1 x 2 and 2 x 1 plaquettes, and for
the tadpole improvement factor we use the plaquette measure,

o = <%Retr(Usq)>l/4 . (1.44)

The gauge configurations are generated using the Cabibbo-Marinari pseudoheat-bath
algorithm with three diagonal SU(2) subgroups looped over twice. The simulations are
performed using a parallel algorithm with appropriate link partitioning, as described
in Ref. [16].

The calculations are performed on a large 20% x 40 lattice at 3 = 4.53. As discussed
above, the scale is set via the Sommer scale ry obtained from the static quark potential
[11]. Recall that we use the phenomenological value of o = 0.49 fm, the lattice spacing
is a = 0.128(2) fm.

Fat-link irrelevant fermion action

For the quark fields, we use the Fat-Link Irrelevant Clover (FLIC) fermion action
[15], which provides a new form of nonperturbative O(a) improvement [17]. This
action has previously been used to study hadronic masses [15], as well as the excited
baryon spectrum [18]. Here fat links are generated by smearing links with their nearest
transverse neighbours in a gauge covariant manner (APE smearing). This has the

8



1.3. Lattice simulations parameters

effect of reducing the problem of exceptional configurations common to Wilson-style
actions [19], and minimising the effect of renormalisation on the action improvement
terms. Since only the irrelevant, higher-dimensional terms in the action are smeared,
while the relevant, dimension-four operators are left untouched, the short-distance
behaviour of the quark and gluon interactions is retained. The use of fat links [20]
in the irrelevant operators also removes the need to fine tune the clover coefficient in
removing all O(a) artifacts.

The smearing procedure involves replacing a link, U,(z), with a sum of the link
and « times its staples [21,22],

4
Up@) = Up(@) = (1 = ) Uu(@) + = > |Un(e) Uz +va) Ul e + pa)
vEn
+ Ul(z — va) U,(z — va) U,(z — va + ua)] ,

followed by projection back to SU(3). The unitary matrix U, E L which maximises
FL 7't
Retr [US U]

is selected by iterating over the three diagonal SU(2) subgroups of SU(3). The entire
procedure of smearing followed immediately by projection is repeated n times. The fat
links used in this work are created with a = 0.7 and n = 6, as discussed in Ref. {15].
The mean-field improved FLIC action is given by [15]

1Csw Kr -
Sg\%v = S\F);’L - '%i\vw 1/)(56) Ouv va'l/)(x) , (145)

where F},, is constructed using fat links, and the plaquette measure uSL is calculated

via Eq. (1.44) using the fat links. The factor Csw is the (Sheikholeslami-Wohlert)
clover coefficient [23], defined to be 1 at tree-level. The quark hopping parameter is
k = 1/(2m + 8r), and we use the conventional choice of the Wilson parameter, r = 1.
In Eq. (1.45) the mean-field improved Fat-Link Irrelevant Wilson action is given by

z Tz — [
st= T @+ o390 (2o +p) - EE By )
g FL( FLt (2 — [
-7 <U‘;g£ )1,0(23 + o)+ (—]’L—Hw(x - ﬂ))] . (1.46)

As shown by Zanotti et al. [15], the mean-field improvement parameter for the
fat links is very close to 1, so that the mean-field improved coefficient for Cgsw is
adequate. A further advantage is that one can now use highly improved definitions
of F,, (involving terms up to u}?), which give impressive near-integer results for the
topological charge [24,25]. In particular, we employ an O(a*) improved definition of
F,., as used by Bilson-Thompson et al. [24,25].

A fixed boundary condition in the time direction is implemented by setting U;(Z, N;) =
0 V Z in the hopping terms of the fermion action, and periodic boundary conditions
are imposed in the spatial directions. Gauge-invariant Gaussian smearing [26] in the
spatial dimensions is applied at the source to increase the overlap of the interpolating

9
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operators with the ground states. The source-smearing technique [26] starts with a
point source, (%, to), at space-time location (Zo, %) = (1,1,1,8), and proceeds via
the iterative scheme,

Yi(z,t) =Y F(z,7) i (2, 2), (1.47)
where
, 1 : R
F(JJ,CIJ ) = m(éz,z’ + % ; [Uu(x) 6m’,:c+ﬁ + U;I(CC - ,U') 69:',95—12]) : (1'48)

Repeating the procedure N times gives the following fermion field
Yn(z,t) = > FN(z,3) (', 1) (1.49)

The parameters N and o govern the size and shape of the smearing function and in
our simulations we use N = 35 and o = 6. This level of smearing enhances the overlap
of our interpolating fields with the ground state, while still allowing the study of the
low lying excited states.

10



Excited Baryons in Lattice QCD

2.1 Introduction

Extracting the hadron spectrum in lattice QCD allows us to gain insight into the
underlying dynamics which govern the theory of QCD. In [18] and [27] we establish
the formalism for extracting both spin-1/2 and spin-3/2 exited states of the nucleon
and A. Here we work with a larger lattice volume (2.5 fm here compared to 1.95 fm
in [18,27]), reducing finite volume effects and enhancing our statistics. We probe
closer to the chiral limit with lighter quark masses, here we have a pion mass as light
as 300 MeV compared to 560 Mev in [18,27], and we enhance our spin-3/2 nucleon and
A interpolating fields by including a sum over all possible Lorentz indices. Moreover
this calculation serves as an important proof of method for extracting the spectrum of
spin-1/2 and spin-3/2 states on the lattice and provides the basis of our analysis of the
spectrum extracted with our pentaquark interpolators [28] and [29].

The quenched approximation and unphysically large quark masses used in our sim-
ulation makes direct comparison with the known hadron spectrum difficult. However
in this calculation we are interested in reproducing the correct ordering of states in the
spectrum of the nucleon and A. We will look for hyperfine and spin-orbit interactions
on the lattice by calculating the mass of the odd-parity spin-1/2 N(1535) and spin-3/2
N(1520) states and the odd-parity spin-1/2 A(1620) and the A(1700).

Finally we wish to explain the conspicuous absence of the first even-parity excited
state of the nucleon, the Roper resonance, in earlier quenched lattice QCD simulations
[18,30].

Using a variety methods, existing lattice studies that have identified both the first
and second even-parity excited states of the nucleon include, [31] using Bayesian anal-
ysis, [32] using the maximal entropy method, and [33] using and correlation matrix
analysis with three different source and sink smearing prescriptions to create an ex-
tended basis of nucleon interpolators.

In this study we apply the standard correlation matrix analysis techniques over our
basis of three nucleon interpolators in an attempt to extract the first and second even-
parity excited state of the nucleon. Our previous study [18] showed that the x; and X2
interpolators did not have significant overlap. Following the approach used in [30] we
extend this analysis by including the 3 interpolator that was used in [27] to extract
spin-3/2 nucleon excited states.

2.2 Lattice Technigues

As discussed in the introduction, Chapter 1, this analysis is based on an ensemble
of 400, gauge-field configurations on a 203 x 40 lattice, using the mean-field O(a?)-
improved Luscher-Weisz plaquette plus rectangle gauge action [13]. The lattice spacing
is 0.128 fm, set with ro = 0.49 fm. For the fermion propagators, we use the FLIC
fermion action [15], an O(a)-improved fermion action with excellent scaling properties
providing near continuum results at finite lattice spacing [34].

11
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A fixed boundary condition in the time direction is implemented by setting Uy (Z, NV;) =
0 V Z in the hopping terms of the fermion action. Periodic boundary conditions are
imposed in the spatial directions. To explore the effects of the fixed boundary condition
we have examined the effective mass of the pion correlation function and the associ-
ated x3,¢ obtained in various fits. The pion is selected as it has the longest correlation
length and will be a worst case scenario for the boundary effects. We find that the
fixed boundary effects are only significant after time slice 30, which is the limit of our
analysis of the correlation functions presented below.

Gauge-invariant Gaussian smearing [26] in the spatial dimensions is applied at
the fermion source at ¢ = 8 to increase the overlap of the interpolating operators
with the ground states. Eight quark masses are used in the calculations, with K =
{0.12780,0.12830, 0.12885, 0.12940, 0.12990, 0.13025, 0.1306, 0.1308} providing am, =
{0.540, 0.500, 0.453, 0.400, 0.345, 0.300, 0.242,0.197}. The strange quark mass is taken
to be the third largest (x = 0.12885) quark mass. This s provides a pseudo-scalar
mass of 697 MeV which compares well with the experimental value of \/2M2 — M2 =
693 MeV motivated by leading order chiral perturbation theory. The error analysis is
performed by a second-order, single-elimination jackknife, with the x? per degree of
freedom obtained via covariance matrix fits. Further details of the fermion action and
simulation parameters are provided in Refs. [15,34] and [28,29] respectively.

2.2.1 Interpolating Fields

In this study we use the nucleon and A interpolating ficlds established in [18,27]. We
also consider a correlation matrix analysis with the nucleon interpolators. The nucleon
interpolating fields are,

xi(@) = e*ul*(2)Crd’(¢)u(z)

Xa2(z) = €®(u'*(z)Cd(z))vsu(x)

X5(@) = e*(u(z)Cysyd(z))ysu’(z) . (2.1)
The A interpolating field is,

Xars(@) = e®(u(z)Cr"u’(z))u’(x) (2.2)

A review of how the nucleon and A interpolators transform under proper Lorentz trans-
formation is shown in Appendix B. Note that use the Bjorken and Drell representation
of the y-matrices, see Appendix A, in all of our phenomenology.

2.2.2 Excited baryons on the lattice

We begin our discussion with a detailed review of how to extract the masses of even
and odd-parity states with the spin-1/2 x; and . interpolators. On the baryon level,
the two-point correlation function in momentum space is

G(t,p) = Zel (0| x(z) x(0) |0) . (23)

Where the interpolator x(¥) annihilates(creates) baryon states to(from) the vac-
uum.

12



2.2. Lattice Techniques

First, in our lattice simulations we satisfy the time ordering operator in Eq. (2.3)
because we only consider the amplitude for the hadron to propagate forward in time. A
fixed boundary condition at time slice 40 in the time direction prevents contamination
from the backwards propagating signal.

Next we continue our derivation by inserting a complete set of intermediate mo-
mentum, energy and spin states | B, p/, s),

1= > |B,§",s)(B,i",s| . (2.4)
B,;p’.s

Gt = D > e (0 x(z) |B,F",5)(B, ", 5| X(0) |0}, (2.5)

S,ﬁ/,B z

where the state B has mass Mp and energy Eg = /M% + p?. This sum over all
possible states B with a given set of quantum numbers includes a large tower of reso-
nances and those multi-hadron states created by our interpolators in QQCD. Taking
advantage of the relation x(z) = e*"*y(0)e~**"® (with four-momentum P),

gt,7) = 3 3 e (0] ePox(0)eP* |B,5", 5)(B, 5", | %(0) [0)

S,f)‘,,B z

= Y e Bty T (0] x(0) B, 5, )(B,5, | X(0) [0)
3151)B z

= > e %5 (0| x(0) |B,7",5)(B, 5", 5| X(0) |0)
8,p",B

= > ey " (0] x(0) |B,7,s)(B, 53| x(0) |0) (2.6)

8

where on the last line of the above equation we replace ¢t with Euclidean time ¢.
Next we simplify this expression by evaluating the matrix elements. Here we con-
sider the even parity contributions to the correlation functions, labeled with a +-sign.

The overlap of x and ¥ with the even-parity baryons, for example the nucleon, can
be expressed as,

=~ MN1/2+
<0| X(O) ‘N1/2+(p78)> — )\N1/2+ u(pN1/2+7S)

: o i My,
(Nijo+ (B,8)] X(0) [0) = Aw, 4 UPN, 1 5) (2.7)

where u(p, s) is a Dirac spinor and A(\) are couplings of the interpolators at the sink
(source). We note that py is on shell with py = ,/p? +M12v1/2+- We use the

1/2+
standard convention that under parity quark fields transform like ¢(p, s) — +v¢(P, s),
with p = (po, —p) so our interpolators in Sec. 2.2.1 each transform as scalars. The

MN1/2+

normalisation is chosen such that @(p, s)u(p,s) = 1. Note that because we

It 1/2+
smear the fermion source to optimise overlap of our interpolators with the ground state,
A is not the adjoint of .

13



2.2. Lattice Techniques

We identify the contribution to the correlation function from the even-parity states
by substituting the identify,

o ptM)
> ulp, s)u(p, s) = o (2.8)

8

into our master formula Eq. (2.6),

_ 3 B, (Y P+ Mp+)
g(t,m e ZAB+)\B+€ B+T

B+t

(2.9)

We see that at 7 = 0, the even-parity part of the signal propagates in the (1,1) and
(2,2) spinor components of the correlation function.

We have constructed the x; and x» interpolators, Eq. (2.1), such that they transform
like scalars under parity. However the interpolators are composite of quark fields.
Because quarks propagate from the source to sink through all possible paths, there
will exist contributions to the two-point function from configurations of quarks with
some relative angular momentum. Some of these wavefunctions will be spatially anti-
symmetric under parity transformations. Thus our interpolators will also couple to
odd-parity states. On the hadronic level the matrix element,

My,
(O] x(0) |Ny2- (B, 5)) = Aw,,- B /’ 2_ Vsu(PN, 5+ S) (2.10)

has the opposite parity transformation properties of Eq (2.7). Similarly for the adjoint
of x,

- Y Y Nl/z— _
(N1jo- (P, 5)| x(0) [0) = __)‘Nl/z— mu(le/z_,S)’)@, : (2.11)
Using the identity Eq. (2.8),
_ —v-p+ M
D vsulp, )a(p, s)ys = (7+M) : (2.12)

Finally we add the contributions of the odd-parity terms to the correlation function,

T : + Mp+)
t — FE +t(7 pB+ B
g( ,ﬁ) BE+ )\B+)\B+6 B 2EB+ +

Z/\B_ XB—B_EB_t (,Y ‘PB- — MB_) . (213)
B-

2Eg-

We see that at § = 0, the odd-parity states propagate in the (3,3) and (4,4) spinor
components of the correlation function. Because we use a fixed boundary condition in
the time direction we can isolate contributions to the correlation functions from either
odd or even-parity states, at 5= 0, by taking the trace of the correlation function with
the operator,

r, = %(11%). (2.14)

14



2.2. Lattice Techniques

Following from our discussion above, it can easily be shown that states with definite
parity can then be obtained from the spinor trace of the parity projected correlation
functions,

Ge(t,0) = try [Fig(t,ﬁ)]

= Z)\Bd:S\B:t exp (—EB:I:t)
BE
t;oo )\0:(: 5\0:!: exp (—Mo:i:t) i (215)

where 0% labels the lowest energy state of the projected quantum numbers. Since
the contributions to the two-point function are exponentially suppressed at a rate
proportional to the energy of the state, at zero momentum the mass of the lightest
state, My, is obtained by fitting a constant in time to the effective mass,

Gi(t,'ﬁ)
ME@) = In|—
e () H(Gi(t+1,0’))
2 Mos . (2.16)

We extract the mass of the lowest energy state from a linear least squares fit of a
constant in time to the effective mass data. We use a single elimination Jackknife to
calculate the variance used in the least squares fit and to calculate the confidence in
the lattice data. For a review of the Jackknife estimate of the error see Sec. 4.2.1. As
the effective mass data is correlated in time, a covariance matrix is used to evaluate
the x? of the fit, which we use as a measure of the goodness of fit. In extracting the
mass we demand that the x? per degree of freedom (x%;) is < 1.5, and ~ 1 if possible.
For a complete review of the covariance matrix and our fit procedure see Appendix C.

Now we show how spin-1/2 and spin-3/2 states with even and odd parity are ex-
tracted from the correlation functions with the interpolators x5 and x/s .+, which both
transform like pseudo-vectors. The two-point correlation function is,

G (t,p) = Y, exp(—ip- &) (0IT x*(z) X(0) |0) . (2.17)

—

T

Following our previous derivation, the analogue of Eq. (2.6) is,
GH (t,p) = Ze e Z (0 x*(0) |B,p,s)(B,p,s| x(0) [0) . (2.18)

The x4 and x/y++ interpolating fields overlap with both spin-1/2 and spin-3/2 states.
We proceed by evaluating the spin-1/2 components. To create the analogue of the
matrix elements Eqgs. (2.7) and (2.10) here we have to ensure that we have the correct
transformation properties described in Eq. (B.6). Following [27] we make the coeffi-
cient of the spinor a linear combination of four-vectors. The four-momentum, which is
equivalent to a derivative in coordinate space is one possible coefficient. In general we
can also use one of the sixteen matrices {1, v*, iys, Y75, 0**|u>v }, provided the expres-
sion still transforms as a pseudo-vector under parity. Thus the only other possibility
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2.2. Lattice Techniques

is v*. So our analogue of Egs. (2.7) and (2.10) is,

My
(OB O Ny (7,8)) = (amy e B, +B, e V)| Tl 5o, 8),  (2:19)

EN1/2+

u N M 1/2_
(0]x*(0)|N1j2- (7, 5)) = (an 1,2_171\/1/2_4-/3N1/2_’)’ ) En u(pn, ,-,8),  (2:20)

Ny o~
<N1/2+( ,8)[x*(0)]0) = 1/2+ pN1/2+7 75(aN1/2+pN /2++/8N1/2+'7 ), (2.21)

1/2+
— = N I - P2l
(Noya- B FHONO) = 4| ™ alow, e, 5) (@, By, +Bv,00") (229
1/2—

where the factors ag, Bp denote the coupling strengths of the interpolating field X
to the baryon B, and similarly for the adjoint. Here the -5 sits next to the spinor
in the even-parity term because at the quark level x4 and /. transform as pseudo-
vectors under parity and so this must also be true at the baryon level. Combining
these expressions with their respective adjoints,

My, .
520D Oy 7, 0) Mo (B OI0) = =5 a2, + B ) X
’ 1/2
Y PNyt + MN ~ , - )
Y5 ;]2\4'1\, = 172+ ’}’S(aNll,2+pN1/,2+ +5N1/2+’Y 3 o
1/2
19 — . o M/ )
SO OV (B (M- G OI0) = T (vl + B )
’Y'len_ +MN/2_ ~ , _ )
2Mn 1 (aNl/z_le/z— +/6N1/2—7 ) .
1/2—

Next we evaluate the spin-3/2 terms. Up to this point in this chapter we have
been dealing with spin-1/2 particles which we describe using spinors. Following [27),
spin-3/2 particles are represented with the Rarita-Schwinger spin vectors uu(p, s). The

matrix elements analogous to Egs. (2.7) and (2.10) are,
<0|XH(O)|N3/2+ (ﬁ, S)) 3/2+ 3/2+ pN3 +5) (223)
Ny, /
3/2+
(0[xu(0)|N3j2- (7, 8)) = An,,,- Mo Ysuu(PN, o1 5) 5 (2.24)
/ ) /
3 2-

(N3j2+ (P, 5)|Xu(0)]0) = Ny ot { Nopot. o Bu(DN, e 8) (2.25)
a/2+
My, ,,

(Naja= (@ 8)1Xu(0)I0) = A,y [ T Tu(PN, 5 5)% - (2.26)
3/2_

The analogue of Eq. (2.8) is,

. (y-p+m 1 ., 2pupy  DuYe — DY,
Zu“(p,s)u (p,s) = Tl guu—gfyﬂfy - 3:12 + £ 3am : (227)
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2.2. Lattice Techniques

Using Eq. (2.27) we can show that states of definite parity are extracted from the
correlation function Eq. (2.18) using the parity projection operator Eq. (2.14) and
states of definite spin are extracted using the spin projection operators [27],

g 1 1
PL(p) = guw— 3TN — @(v DYy + PuVY D)
1 3
P,fp(p) = Gu — Puzu(p) ’ (228)

for spin—% and %, respectively. At zero momentum, where we evaluate the hadron

masses, the above spin projection operator is zero for 4 = 4,v = 1 -3 and p =
1 —-3,v = 4. Hence we can reduce the computational cost of our calculation by
ignoring these terms of our correlation function.

Finally in this section we evaluate the two-point function at the hadronic level
for the (QTx5x:|Q) and (QTx:x51Q2) (¢ = 1,2). It is important to note that these
correlation functions are not Lorentz scalars and so are dependent on the representation
of the < matrices. In this study we use the Bjorken and Drell representation of the v
matrices in our phenomenology. The correlation functions are,

gi(t,m) = Y exp(—ig- Z) (0|T x5(z) %:(0) |0)

=

T

B(t,7) = Y exp(—ip- Z) (0| xi(z) x5(0) |0) . (2.29)

—

T

Following the standard analysis we proceed by inserting a complete set of states and
evaluating the resulting matrix elements. We evaluate the set of matrix elements for
the former correlation function first.

Borrowing from Egs. (2.19) and (2.7), the even-parity term in the master formula
becomes,

MN o
3= ODEO Nz (7, 5)) (Nojzr (7, ) X (Q)I2) = 3 5
3 1/2+

s —_
)\N1/2+ (aN1/2+p}1<71/2+ == 16N1/2+’7“) '75“’(le/2+ ) S)ﬂ(le/2+ ) S) ; (230)

Using the identity Eq. (2.8), this becomes,

> (015 (0) | N1 y2+ (B, 9)) (N1 2+ (5, 8) |3 (0)12) =

(v PN, e T MN1/2+)
2Ey '

XN1/2+ (aN1/2+puN1/2+ +BN1/2+7”) 5 (2.31)

1/2+

Note that by evaluating this expression at p' = 0 we find that, for g = 1 the positive
parity states propagate in the real part of the (1,2) and (2,1) elements of the correlation
function. For u = 2 the positive parity states propagate in the imaginary part of the
(1,2) and (2,1) elements of the correlation function with a relative minus sign. For y = 3
the positive parity states propagate in the real part of the (1,1) and (2,2) elements of
the correlation function with a relative minus sign and for 4 = 4 the positive parity
states propagate in the real part of the (1,3) and (2,4) elements of the correlation
function. Similarly the odd-parity term in the master formula is,

> (0IX5(0) | N1z~ (B, 8))( N1y (7, 8)| x:(0)I€2) =

8
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2.2. Lattice Techniques

(v pn, e — My, )
2EyN

1/2—

D G A ) (2.32)

1/2—

Once again using the appropriate terms in Egs. (2.19) and (2.7), the even-parity con-
tribution to the master formula of the (Q|Tx;¥3|€2) correlation functions is,

D (00 x:(0) [N12+ (7, ) (Nyjo+ (5, ) 4(0)]0) =

8

(y “PNyjge T MN1/2+)

AN, 5+
/2
2EN1/2+

V(N ) Py, By e ¥) - (2:33)

Similarly the odd-parity term is,

Z(O‘ Xi(0) |N1jo- (7, 8))(Nyja- (7, 5) |5 (0)[0) =

8

(v-pN,,.. + My )
—A 1/2 1/2
M BT o By

1/2—

(@n,,, P, ,_ + B, ), V") - (2:34)
We use these functions to combine the appropriate elements of the correlation function

with a particular parity.

2.2.3 Mass splittings technique

As the standard analysis in this chapter, at quark masses below the SU(3) flavour limit
we fit the splitting between the effective masses at each quark mass and the next largest
quark mass. The mass splitting is then subtracted from the hadron mass determined
at the larger quark mass to extract the hadron mass at the smaller quark mass. As
discussed in [35], the advantage of this technique is the potential canceling of corre-
lated fluctuations and the possibility of a cancellation of excited state contamination.
Keeping the same selection of fit regime between the standard analysis and the quark
mass splittings analysis, the worst case scenario is that we do more computation in the
latter analysis than necessary. However where there is some canceling of excited state
contamination we have the opportunity to extract the ground state mass from our data
at smaller Euclidean times. This means that we have the potential for making a more
precise determination of the hadron spectrum than would otherwise be possible with
standard analysis techniques.

2.2.4 Correlation matrix analysis

In the previous section we described how the mass of the ground state is extracted from
the two-point correlation function by fitting a constant to the effective mass. Excited
state masses can be extracted either by fitting the correlation function with several
exponentials (which is, in general, quite difficult to do reliably), or by using more than
one interpolating field [36]. In the latter approach, which was implemented in the
N* spectrum analysis in Ref. [18] and which we adopt in this work, a set of linearly
independent operators will, in general, overlap with more than one state. We use a
correlation matrix analysis to convert a set of N linearly independent operators into a
set of N orthogonal operators.
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2.2. Lattice Techniques

In principle, to access the entire spectrum of states one would require an extremely
large tower of operators. In practice we use a 2 x 2 or 3 X 3 correlation matrix which
should enables us to access two or three states in each channel. If the analysis is
performed at large enough Euclidean times, the contributions from the higher energy
excited states will be exponentially suppressed.

Generalising the two-point correlation function in Egs. (2.3) or (2.17) to the case
of two different interpolating fields x; and y¥; at the sink and source, respectively, the
momentum-space two-point correlation function matrix G;; (at p'= 0) can be written
as

N-1
Gij(t) = ) AAZe ™!, (2.35)

a=0

where o denotes each of the IV states in the tower of excited states, A{ and 5\;?‘ are the
couplings of the interpolator x; and x; at the source and sink respectively. Here we
have suppressed the parity labels. If the operators x;, x; are orthogonal, the matrix
Gi; will be diagonal, with the only ¢ dependence coming from the exponential factor.
In general the operators will not be orthogonal, and a new set of operators must be
created from a linear combination of the old operators using the eigenvalue equation. In
the event that the number of states matches the number of interpolators, an orthogonal
set of interpolators can be constructed by diagonalising the correlation matrix subject
to the condition

Gij(t + At) uf = X* Gi(t) uyy (2.36)
or,
(G )G+ At))ij uf = A%uf (2.37)

where ug are real eigenvectors, and the corresponding eigenvalue is A* = e™™= At As
discussed in Appendix D, by averaging over the {U} and {U*} gauge fields with equal
weight, the spin and parity projected correlation function G;; is purely real.

A real symmetric matrix is diagonalised by its eigenvectors. However, since our
smearing prescriptions are different at the source and the sink, the correlation matrix
is real but non-symmetric. Consequently, one has to solve the additional left-eigenvalue
equation

Uf‘ Gij(t + At) = \® ’U? ij(t) , (238)
for eigenvectors v, or equivalently

v (G + AL GTH)),, = A¥uf . (2.39)

J J
The eigenvectors u® and v* diagonalise the correlation matrix at times ¢ and ¢ + At,
v Gy (t + At) uf = A Gy(1) uf = Mo Gi;(t) uf . (2.40)
Clearly if A* % M for o # 3 then this expression must be equal to zero. Therefore,

v Gyt + At)uf o 5 (2.41)
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2.3. Results

The projected correlation matrix vi*G;;(t)ug thus describes the single state a.

In the present analysis, for each state considered, our aim will be to optimise the
correlation matrix analysis at every quark mass. We use the covariance matrix to find
where the x2/dof for a least squares fit to the effective masses is < 1.5 for all quark
masses. Stepping back one time slice, we then apply the correlation matrix analysis.
If the correlation matrix analysis is successful, i.e., the correlation matrix is invertible
and the eigenvalues are real and positive, we proceed to the next step. If the correlation
matrix analysis fails, we take another step back in time, and continue stepping back
until the analysis is successful for a given quark mass.

The mass of the state derived from the projected correlation matrix is then com-
pared with the mass obtained using the standard analysis techniques. Any mixing of
the ground state with excited states will result in masses from the unprojected opera-
tors which lie between the true ground and excited state masses. Therefore, in the case
of the ground state mass where the effective mass approaches a plateau from above,
if the new mass is smaller then we use the result derived from the correlation matrix;
otherwise, we keep the standard analysis result. For an excited state on the other hand,
the result from the correlation matrix analysis is used if the new mass is larger than
what we might already obtain from the standard analysis.

2.3 Results

We start our discussion with the analysis of the low lying spin-1/2 and spin-3/2 spec-
trum of the nucleon with our nucleon interpolating fields. As discussed in Sec. 2.2.2,
the x3 interpolator couples to both spin-1/2 and spin-3/2 states, with either even or
odd parity. States of definite spin and parity are extracted from the two-point correla-
tion function using the projection spin and parity projection operators Eq. (2.28) and
Eq. (2.14) respectively.

Then we will extend our analysis by applying correlation matrix techniques in an
effort to extract the additional spin-1/2 excited states of the nucleon. In particular we
are looking for the first even-parity excited state of the nucleon, the Roper resonance.
Then we will continue our analysis with the spectrum of states extracted with xa++
Eq. (2.1). As discussed in Sec. 2.2.2, the ya++ interpolator couples to both spin-1/2
and spin-3/2 states, with either even or odd parity. States of definite spin and parity
are extracted from the two-point correlation function using the projection spin and
parity projection operators Eq. (2.28) and Eq. (2.14) respectively.

2.3.1 Isospin-1/2 states

We begin our discussion with the spectrum extracted with the y; and x» interpolators,
and then continue with our analysis of the spectrum extracted with the s interpolator.

In Fig. 2.1 we show the effective mass of the even-parity state extracted with the x;
interpolator. At the three largest quark masses we fit the effective mass data between
the dotted and dashed lines, at the five smallest quark masses shown we fit the effective
mass splitting between the dotted and dashed lines. The smallest X2 of each fit to the
data is 0.45 at the fourth largest quark mass and the largest x2. is 1.10 at the second
smallest quark mass. The mass of this state extracted at each quark mass is shown in
Fig. 2.2 (crosses).
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Fig. 2.1: The effective mass of the 1/2% state extracted with the x; interpolator, the
data correspond to m, =~ 830 MeV (top left), 770 MeV (top right), 700 MeV (second
row left), 616 MeV (second row right), 530 MeV (third row left), 460 MeV (third row
right), 370 MeV (bottom row left), and 300 MeV (bottom row right). The data are
illustrated only to the point at which the error bars diverge. At the five smallest quark
masses we plot the effective mass splittings.
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Fig. 2.2: The nucleon mass spectrum from QQCD. The data correspond to m, ~ 830,
770, 700, 616, 530, 460, 370 and 300 MeV.

Next we show in Fig. 2.3 the effective mass of the even-parity state extracted with
the xo interpolator. As with the findings of [18], the - interpolator couples to a more
massive state than x;. As in that study we find that the signal becomes dominated by
noise at relatively small Euclidean times. In each case we fit the data shown. Where
t > 11, the x3; for the fit to the data at the three largest quark masses is ~ 0.6, and
~ 1.0 at the two smallest quark masses. In this study we limit our analysis to the five
largest quark masses after which we judge that the component of noise becomes too
large. The mass extracted is shown in Fig. 2.2 (plus signs). In Fig. 2.2 we also plot
the energy of the non-interacting N + 7 in relative P-wave, which is the lowest energy
even-parity multi-hadron state. We note that the energy of multi-hadron states on the
lattice will be different than this non-interacting energy because of finite volume effects,
namely repulsive or attrative interactions. We see that the mass of the state extracted
with the x, interpolator becomes larger than the non-interacting multi-hadron state
at the two smallest quark masses shown. By design, the standard analysis extracts
the lowest energy state that the interpolator couples to. In [18] it was shown that the
X1 and x2 interpolators have very little overlap, so we know that the . interpolator
does not couple to the ground state with any strength, but we expect that o should
have some overlap with the multi-hadron state. In Fig. 2.3 find no evidence of a trend
towards a lower energy state at the two smallest quark masses, which would appear
as a trend towards a larger mass splitting. A higher statistics calculation may reveal
signal at larger Euclidean times where such a state may become manifest.

In Fig. 2.4 we show the effective mass of the odd-parity state extracted with the
interpolator. We fit the range of data shown between the vertical lines and find a x32;
between 0.5 and 1.0 at each quark mass except the second smallest quark mass where
the xj; is 1.36 which is near the limit of our selection criteria of the goodness of fit. A
fit to the data one time slice earlier and one time slice later each returns a mass that is
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Fig. 2.3: As in Fig. 2.1, but for the mass of the 1/2% state extracted with the xa

interpolator.
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consistent with this fit. Therefore the selection of data to fit is reasonable. Interestingly,
at the smallest quark mass shown, we find that the mass splitting becomes large after
time slice 12. If we fit the data 11 — 12 the x2; is 0.55, if we include the data at
time slice 13 in the fit the x3; becomes 3.5. This indicates that the data at the larger
Euclidean times correspond to a lower energy state of the correlator. Following [28]
and [29] the appropriate procedure is to fix the upper bound of the fit at the limit of
the signal, which we judge is time slice 18 here, and then vary the lower bound of the
fit until we find an acceptable x2;. In this case a fit to the data 13 — 18 returns a
Xor Of 0.91 which is ideal, a more detailed discussion of this procedure can be found
in Chapter 4. The mass extracted is shown in Fig. 2.2 (stars). Interestingly we find
that the mass extracted at the smallest quark mass shown is consistent with the lowest
energy odd-parity multi-hadron state in this channel, the S-wave N + 7, which is also
degenerate in energy with the S-Wave N + 7’ in QQCD*. An analogas calculation of
the odd-parity state with the x, interpolator returns equivalent masses so we omit
discussion of it in this study.

A correlation matrix analysis in this channel, as in [18], does not extract an excited
state in this channel. We attribute this to the large amount of smearing of the fermion
source done in this calculation, 35 sweeps compared to just 20 sweeps in [18]. In
each case the smearing fraction o was 6. It is possible that we have removed too
much of the excited state contributions to the correlation function in this channel. A
more thorough analysis of the dependence of the excited state signal on the source
smearing prescription is left as future work. The masses of the odd and even-parity
states extracted with the x; interpolator are shown in Table 2.1.

We continue our analysis with the excited states of the nucleon extracted with the
X3 interpolator. In Fig. 2.5 we show the effective mass of the even-parity, spin-1/2 state
extracted with the x3 interpolator at a range of quark masses. Recall that at the five
smallest quark masses we show the effective mass splittings between the effective mass
at each quark mass and at the next largest quark mass. Again in each case the dot and
dashed vertical lines indicate the range of data that we fit to extract the ground state
mass. At the five largest quark masses shown the x2; for each fit is approximately
one, except at the fourth largest quark mass where it is 0.56. At the sixth largest
quark mass we have to accept a x3,; = 1.5 for a fit to the data shown, which is at the
limit of our selection criteria, because we do not find a better fit regime. At the two
smallest quark masses shown in Fig. 2.5 we fit the data at one time slice earlier and
find a x3,; < 1.0. The extracted masses are summarised in Fig. 2.2 (open circles). Our
simulation parameters and high statistics give use clean access to this state even at our
lightest quark mass. We find excellent agreement with the mass of the spin-1/2 even-
parity state extracted with the y; interpolator, as one would expect based on the Fierz
transformation of x3. This observation highlights the inconsistency of the findings of
Zhou et al. [37], who argue that the full version of the x3 interpolators proposed by
Chung et al. [38] is required to extract the spin-1/2 state with accuracy.

In Fig. 2.6 we show the effective mass and effective mass splittings of the spin-1/2
odd-parity state extracted with the x3 interpolator. At the three largest quark masses
we see some systematic drift in the effective mass data towards time slice 14. Therefore
we fit the data shown where ¢t > 14 at the five largest quark masses. In each case we find
an acceptable x3, ranging between 0.57 and 0.79. At the two smallest quark masses

1We note that the S-wave N + 7 and S-Wave N +1' are degenerate in energy and therefore a small
negative metric 7’ contribution does not spoil the effective mass analysis.
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Fig. 2.4: As in Fig. 2.1, but for the mass of the 1/2~ state.
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Fig. 2.5: The effective mass of the 1/27 state extracted with the x3 interpolator.
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we find a X% of 0.80 and 0.13 where we fit the data ¢ > 12. Interestingly we find that
at the fifth largest quark mass the non-interacting N + 7 decay channel is very similar
to the ground state mass that we extract with our interpolators. Clearly extracting the
mass of the odd-parity nucleon at the light quark masses will prove problematic where
it is not the lowest energy state that our interpolators couple. Our analysis is limited
to the six largest quark masses. The extracted masses are summarised in Fig. 2.2
(open triangles). Again we find precise agreement in the mass of the odd-parity state
extracted with x; and xs.

In Fig. 2.7 show the effective mass and effective mass splittings of the odd-parity
spin-3/2 state extracted with our x3 interpolator. In this channel the lowest energy
two-particle state is the N + 7 in relative D-wave or the A + 7w in S-wave. So unlike
the odd-parity spin-1/2 channel, finite volume effects mean that this state is bound on
our lattice at all quark masses used in this study. At the three largest quark masses
shown there is putative evidence of a second plateau at the larger quark masses. As
we discovered in our study of the spin-3/2 pentaquark states [29], we must be careful
to ensure that we do not cut data corresponding to a lower energy state at larger
Euclidean times. This remains to be true even if the data appears to have a large
component of noise. Therefore we fix the upper bound of fit regime at time slice 23,
after which we are confident that the signal is hidden by the noise. At the three largest
quark masses we find a x3; = 1.02, 1.14 and 1.24 for a fit to the data with a lower
bound fixed at time slice 14. In each case a lower bound of 14 returns the smallest
X3.r out of all of the possible alternatives. At the next two smallest quark masses we
find that we can fit the effective mass splitting one time slice earlier at time slice 13
with a x2; = 1.0. At the sixth largest quark mass we find the smallest x2 = 1.41 for
a fit to the data shown where ¢ > 13. Although this is near the limit of our selection
criteria for a good fit, the mass extracted is consistent with the mass a similar fit to
the data with a lower bound of 12 and 14. So we are confident that we have extracted
the ground state mass. At the two smallest quark masses we find x%; = 0.52 and
0.97 respectively, for a fit to the data shown where ¢ > 13. The extracted masses are
summarised in Fig. 2.2 (closed triangles). In this channel there is no contamination
from a nearby decay channel, as was the case in the odd-parity spin-1/2 channel and
we find clean access to this state at our lightest quark masses. The physical mass of
the spin-1/2 and spin-3/2, odd-parity states is 1535 MeV and 1520 respectively. As
in nature, the mass of the two states is very similar in quenched lattice QCD, but the
ordering is reversed. It remains to be determined if this is a finite volume effect, a
quenching artifact or if the correct ordering is restored as we approach the chiral limit.
We note that [27] comments that the ordering we observe is predicted by quark models
of the hyperfine interactions that splits the spin-1/2 and spin-3/2 states.

Finally, in Fig. 2.8 we show the effective mass and effective mass splittings of the
even-parity spin-3/2 states extracted with the x3 interpolator. In each case we fit
the effective mass and effective mass splitting data shown where t > 11. At the four
largest quark masses we find a x% for the fit ranging from 0.63 to 0.74. At the fifth
smallest quark mass the x2; of the fit is 0.39 and at the three smaller quark masses the
X3t = 0.1. As a general rule a small x? is unlikely to represent a good fit, but in our
experience a large component of noise can suppress the estimate of the x? calculated
with the covariance matrix. At the smallest quark mass the signal has become hidden
by the noise after only a few time slices. We find only putative evidence of a plateau
at time slice 11 and 12 which we fit to extract our best estimate of the mass. The
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Fig. 2.7: As in Fig. 2.5, but for the mass of the 3/2~ state.
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extracted masses are shown in Fig. 2.2 (closed circles). We find that we have good
access to this state up to the smallest quark mass. At the smallest quark mass we
would prefer if possible to fit more than two data point to extract the mass. So a
higher statistics calculation is required to extract the mass of this state with more
confidence at our smallest quark mass. In this channel the lowest energy two-particle
state is the N + 7 (or N 4+ ) in P-wave. Here we find that our interpolators do not
appear to be accessing the lower energy P-wave N + 7 two-particle state at the smaller
quark masses where the 1-particle state is no longer bound. Similarly in our studies of
the even-parity pentaquark states [28,29] we found that the mass of the state extracted
with our interpolators was generally more consistent with the S-wave N* + K rather
than the lower energy P-wave N + K.

Interestingly we see that the mass of the even-parity spin-3/2 state extracted with
X3 is consistent with the mass of the even-parity spin-1/2 state extracted with the ys
interpolator. According to the Particle Data Group [39], the lowest energy even-parity
spin-3/2 excited state of the nucleon has a mass of 1720 MeV and the second even-
parity spin-1/2 excited state of the nucleon has a mass of 1710 MeV. This analysis
suggests that at large quark masses the y, interpolator provides access to the second
excited state of nucleon rather than the elusive roper resonance in quenched lattice
QCD.

A summary of the masses extracted with the x3 interpolator can be found in Ta-
ble 2.2.
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Table 2.1: The masses of the nucleon and the odd-parity excited state of the nucleon
extracted with i, and the masses of the three states extracted with the 3 x3 correlation
matrix analysis with x;, x2 and xs.

aM, aMJIV/2+ aMll\,/z_ aM}V aM]%, aM]%,
0.540(1) 1.060(3) 1.395(6) 1.064(4) 1.644(27) 1.633(18)
0.500(1) 1.012(3) 1.359(7) 1.015(4) 1.617(30) 1.609(21)
0.453(1) 0.955(4) 1.319(8) 0.960(5) 1.591(35) 1.587(26)
0.400(1) 0.895(5) 1.278(10) 0.902(6) 1.577(34)
0.345(2) 0.836(8) 1.244(13) 0.847(8) 1. 595(56)
0.300(2) 0.797(9) 1.224(16) 0.809(12)
0.242(2) 0.762(10) 1.060(43)
0.197(2) 0.752(12)

Table 2.2: The masses of the spin-1/2 and spin-3/2 states of the nucleon extracted
with the ys interpolator.

aM, aM ;/ . aM ]{,/ 2 aMf{,/ 2" Mi,/ 2

0.540(1) 1.063(3) 1.394(16) 1.655(10) 1.430(12)
0.500(1) 1.015(4) 1.355(18) 1.624(10) 1.393(13)
0.453(1) 0.960(4) 1.311(23) 1.590(11) 1.353(15)
0.400(1) 0.902(5) 1.267(32) 1.558(12) 1.314(16)
0.345(2) 0.848(7) 1.234(44) 1.531(13) 1.278(18)
0.300(2) 0.812(9) 1.226(47) 1.515(16) 1.250(21)
0.242(2) 0.776(13) 1.512(19) 1.223(24)
0.197(2) 0.757(18) 1.540(25) 1.208(33)
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Fig. 2.8: As in Fig. 2.5, but for the 3/2% state.
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2.3.2 Roper search

As we discussed in Sec. 2.2.4, we need a complete basis of interpolators to extract the
complete tower of excited states in a particular channel. Theoretically the set of ba-
sis interpolators would be very large. In practice, by taking advantage of exponential
suppression of the higher energy contributions to the correlation function and tech-
niques such as smearing the fermion source of the quark propagator, we can assume
that there is only a significant contribution to the correlation function from the lowest
energy states.

In our previous study [18] of the nucleon excited states, we used a 2 x 2 correlation
matrix analysis with the x; and y, interpolators. We found that although the two
interpolators were largely orthogonal, which is what we wanted, the x, couples to a
much higher energy state than we would expect to identify as the Roper. Indeed in the
previous section we find that a comparison with the mass of the spin-3/2 even-parity
state extracted with the y3 interpolator suggests that the state extracted with the o
interpolator is the second even-parity excited state of the nucleon.

In Fig. 2.9 we show the effective mass of the lowest energy state projected from
the 2 x 2 correlation matrix analysis with the y; and y3 interpolators as in Eq. (2.41).
Where we fit the data shown for ¢ > 17, we find a x3,; ~ 1.0 at all quark masses.
The effective mass of the excited state extracted with this correlation matrix analysis
is shown in Fig. 2.10. Where we fit the data shown for ¢ > 11, we find a x3; between
0.95 at the largest quark mass and 0.28 at the smallest quark mass shown. A summary
of the masses extracted from this data is shown in Fig. 2.11, along with the masses
extracted with the x; and y, interpolators individually. We find that the lowest energy
state extracted with the correlation matrix analysis is in excellent agreement with the
mass of the state extracted with the x; interpolator, and that the mass of the excited
state from the x1, x3 analysis is in excellent agreement with the mass extracted with
the x2 interpolator. Since we know that the x; interpolator is largely orthogonal to
the xo interpolator, this calculation shows that the y; interpolator has a significant
overlap with the state accessed by the y, interpolator. If the )3 interpolator does
couple to a lower energy excited state, i.e. not the ground state of the nucleon, then
the coupling of x3 to this state must be small compared to its coupling to the second
even-parity excited state because we do not find evidence of a lower energy state with
this calculation.

In Fig. 2.12 we show the effective mass of the lowest energy state extracted with
a 2 X 2 correlation matrix analysis using the x, and x3 interpolators. We find a x%;
between 1.53 at the largest quark mass and 0.41 at the smallest quark mass. Although
the x2.; of the largest quark mass is at the upper limit of our selection criteria, the
mass extracted with this fit is in excellent agreement with the masses extracted with
both the x; and x3 interpolators individually. So we accept this fit in this analysis. In
Fig. 2.13 we show the effective mass of the excited state extracted with this correlation
matrix analysis. Where we fit the data shown at ¢t > 11, we find a x%; between 0.61 at
the largest quark mass and 0.80 at the smallest quark mass. A summary of the masses
extracted with this analysis is shown in Fig. 2.14, along with the masses extracted
with the x; and x2 interpolators individually. Once again the masses extracted with
the correlation matrix analysis are in excellent agreement with the masses extracted
with the x; and x, interpolators individually. This indicates that the 3 interpolator
couples strongly to the ground state extracted with the x; interpolator.

Therefore using the 2 x 2 correlation matrix analysis we find that the 3 interpolator
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Fig. 2.9: The effective mass of the lowest energy 1/2% state extracted with the 2 x 2
correlation matrix (x1, x3). The data correspond to m, ~ 830 MeV (top left), 770 MeV
(top right), 700 MeV (middle left), 616 MeV (middle right), 530 MeV (bottom left) and
460 MeV (bottom right).
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Fig. 2.10: As in Fig. 2.9, but for the excited state extracted with the 2 x 2 correlation
matrix.
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Fig. 2.11: The masses extracted with a 2 x 2 correlation matrix with the y; and xs
interpolators. For comparison the masses extracted with the y; and ; interpolators
are shown. The data correspond to m, ~ 830 MeV, 770 MeV, 700 MeV, 616 MeV,
530 MeV and 460 MeV.

has strong overlap with both the x; and x, interpolators, and that the coupling to the
even-parity Roper state must be relatively small, if it is non-zero.

The results of the 2 x 2 correlation matrix analysis suggests that y3 has significant
overlap with ;2. Using the Fierz identity,

1 _
SactOppr = 7 D (T)ap (T7")per -
J

Where I' is one of the matrices {1, s, Y4, Yu¥5, Opvlu>v }

1 1
X5 = —Z’Y“’YsXIOffe - g’)’“’Yf;XA +
1 .
_éeabc(uachpub)dc _ %6abc(uaTCauauc),yadc

The interpolating fields xog. and x4 are,

Xloffle = 6abc (UaTC’)/aub)’)’g,’Yadc
XA = Gabc(UUTCUaﬁub)’y50'aﬁ de .

Each of these interpolators have been identified as linear combinations of x; and x2 [40].
So we find that the Fierz transformation explains our finding that ys is has a strong
overlap with both x; and x».

We proceed with a 3 x 3 correlation matrix analysis with x4, x2 and x3. Eigenvectors
for the projection of the correlation matrix are obtained from an analysis at ¢ = 10,
one step back from the onset of the plateau for x;¥x2 In Fig. 2.15 we show the effective
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Fig. 2.12: As in Fig. 2.9, but for the ground state extracted with the 2 x 2 correlation
matrix (x2, X3)-
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Fig. 2.13: As in Fig. 2.12, but for the excited state extracted with the 2 x 2 correlation
matrix.

3.0 LI I T 1 T T T
* N1/2% x,
[ °© XXy State 1 7
s N1/2%

25 [ 2 xxy State 2 I I u I 33 .
r>\ B .
)]

W 20 | -
= : ]

1.5 | 2 = _

De
Ga
g 5 i
1.0 i | L | f | |
0.0 0.2 04 0.6 0.8
m_? (GeV?)

Fig. 2.14: As in Fig. 2.11 but for the 2 X 2 correlation matrix with the y; and x3
interpolators.
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Fig. 2.15: The effective mass of the lowest energy 1/2% state extracted with the 3 x 3
correlation matrix (xi,x2,x3). The data correspond to m, ~ 830MeV (top left),
770 MeV (top right), 700 MeV (middle left), 616 MeV (middle right), 530 MeV (bottom
left) and 460 MeV (bottom right).

mass of the lowest energy state extracted with our correlation matrix. Where we fit
the data shown for ¢t > 16 we find a x3; ~ 1 at the five largest quark masses and a
X3o¢ = 1.57 at the smallest quark mass. The masses extracted are shown in Fig. 2.16
along with the mass extracted with the x1, x2 and x3 interpolators individually. We
find that the three determinations of the ground state mass are in excellent agreement.

In Figs. 2.17 and 2.18 we show the effective masses of the two other states extracted
with the correlation matrix. Here we are limited to an analysis at the three largest
quark masses because of the large component of noise in these effective masses. In each
case we find a x3.; ~ 1 where we fit the data shown for ¢t > 11. The masses extracted
with this analysis are shown in Fig. 2.16. In each case the mass extracted is consistent
with the mass extracted with the y. interpolator. So we find that the couplings of the
interpolators to a Roper like even-parity excited state of the nucleon must be small if
non-zero because we find no evidence of such a state in this study in quenched lattice
QCD. As always, greater statistics may yet reveal evidence of the Roper if the coupling
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Fig. 2.16: As in Fig. 2.11 but for the 3 x 3 correlation matrix with the x;, x. and x3
interpolators.

is indeed small. A review of the impact of the fermion source smearing is warranted
as future work. We expect that a future study of the source smearing prescription
should also include the approach of [33] who used a variety of source and sink smearing
prescriptions to expand their operator basis.

The masses of the three states extracted with the 3 x 3 correlation matrix are shown
in Table. 2.1.

40



2.3. Results

3.0 » T l( T T "i T 3-0 T i' T v T T
28 o i - 28 | g | -
|
28 - i } ] - 28 | ! E -
o 24 F I 4 £o24t ? g
E : i % o i
Szt : {1 Ceaz} i .
N i X '
20 | . 20 | ! .
I |
18 i E 18 | E
18 | ! L 16 b ! .
i L L L i L A 1 L L 1 1 1 i
8 10 12 124 18 18 20 8 10 12 14 18 18 20
t
a-o ¥ T 'F' T ¥ T e T
28 | i !
L
28 | : { .
T24 | k -
S 0 !
o2t i E
: .
20 | ! B
!
18 | 4
16 |- : . .
i L i i il 1
B 10 12 14 18 18 20
t

Fig. 2.17: As in Fig. 2.15, but for an excited state extracted with the 3 x 3 correlation
matrix.
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2.3.3 Isospin-3/2 states

We continue our discussion with an analysis of the A baryon and its excited states in
quenched lattice QCD. As with the nucleon, exact isospin symmetry in our simulations
means that the A™, A% A+ and At are degenerate in mass. So we extract the mass
of the A baryon and its excited states using the A** interpolator Eq. (2.2).

In Fig. 2.19 we show the effective mass and effective mass splittings of the spin-
3/2, even-parity state extracted with our A++ interpolator. At the three largest quark
masses we find a X3¢ between 0.61 and 0.76 for a fit to the data shown where ¢ > 15.
At the next two smaller quark masses we find a Y2 ; ~ 1 where we fit the effective mass
splittings at two time slices earlier, where ¢ > 13. In each case we extract a mass that
is consistent with a similar analysis where ¢t > 14 or ¢ > 15. So we take advantage of
the opportunity to analyse our data at the earlier times. At the three smallest quark
masses we find that the signal is becoming hidden by the noise at smaller Euclidean
times, but we are fortunatly able to extract the mass splittings from the data where
t > 11. The x3 in each case is 1.28,1.07 and 0.56. The extracted masses are shown in
Fig. 2.20 (closed circles). Here we find that we are able to make a precise determination
of the spin-3/2, even-parity A with this simulation. In this channel the lowest energy
two-particle state is the NV + 7 in relative P-wave, so the A is bound in this channel at
all quark masses considered in our simulation.

Next we analyse the odd-parity spin-3/2 state. In Fig. 2.21 we show the effective
mass and effective mass splittings of this state extracted with our A** interpolator.
At the three largest quark masses there appears to be a systematic drift in the effective
mass data towards time slice 15. However we find a x2; between 0.36 and 0.56 for a
fit to the data shown where ¢ > 13, which suggests that is just a statistical fluctuation.
The effective mass splittings at the next three largest quark masses show no evidence
of such a systematic drift. We find a Xﬁof < 1, for a fit to the data where t > 13. At
the two smallest quark masses the signal is degraded at smaller Euclidean time, but we
find a x3,; = 0.56 and 0.64 where we fit the data where ¢ > 10. In each case the mass
splittings is consistent with a fit to the data where ¢ > 11 and ¢ > 12. The masses
extracted are shown in Fig. 2.20 (closed triangles). In this channel the lowest energy
multi-hadron state is the A*+ + 7 in S-wave. Thus the lowest energy odd-parity state
in this channel is bound in this study.

In Fig. 2.22 we show the mass of the spin-1/2 odd-parity state extracted with our
A™T interpolator. At each quark mass we find a X2t < 1 for a fit to the data where
t > 11. In some cases the x4 ~ 0.1, where we attribute the small 2 to the large
component of noise in the data. With the statistics of our calculation, the analysis is
limited to the seven largest quark masses. The lowest energy two-hadron state in this
channel is the S-wave N + 7, but we find no evidence that our interpolators couple to
this state. The masses extracted are shown in Fig. 2.20 (open triangles). The masses
of the odd-parity spin-1/2 and spin-3/2 states are consistent to within the error bars,
which is qualitatively the similar to the physical spectrum where the spin-1/2 state has
a mass of 1620 MeV and the spin-3/2 state has a mass of 1700 MeV. In nature the mass
of the spin-3/2 odd-parity A is very similar to the physical mass of the even-parity
spin-3/2 nucleon which is 1720 MeV. However in our lattice simulation the spin-3/2
odd-parity A has a much smaller mass at each quark mass. Indeed the mass of the
odd-parity spin-3/2, the odd-parity spin-1/2 and the even-parity spin-1 /2 A baryons
display only a small quark mass dependence. In Chapter 3 we argue that binding
at quark masses near the physical regime is a lattice resonance signature. Here we
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Fig. 2.19: The effective mass of the 3/2% state extracted with the xa++ interpolator.
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Fig. 2.20: The data correspond to m, ~ 830, 770, 700, 616, 530, and 460 MeV.

find evidence that these A resonances are more bound than the comparable nucleon
resonances at the quark masses used in our calculation.

Finally, in Fig. 2.23 we show the effective mass of the even-parity, spin-1/2 state.
There is a drift in the effective mass data towards time slice 14, but there is a large
component of noise, and we are able to fit the data where ¢ > 11. The extracted
masses are shown in Fig. 2.20 (open circles). The physical mass of the lowest energy
even-parity, spin-1/2 state is 1750 MeV, which is similar to the physical mass of the
odd-parity states in this channel. Here we find that the mass of this state is consistently
larger than the mass of the odd-parity states. Which is qualitatively consistent with
the physical mass spectrum. However the large component of noise in our correlation
functions maybe suppressing the x? and so there maybe some excited state contam-
ination. The masses of the states extracted with the A** interpolator are shown in
Table. 2.3.
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Fig. 2.22: As in Fig. 2.19, but for the 1/2~ state.
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Fig. 2.23: As in Fig. 2.19, but for the 1/2% state.
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2.3. Results

Table 2.3: The masses of the A™ and the spin-1/2 and spin-3/2 excited states of the
A extracted with the ya++ interpolator.

aM, oM® oMY oMY aM??

0.540(1) 1.569(36) 1.462(13) 1.206(6) 1.455(19)
0.500(1) 1.547(38) 1.434(15) 1.172(6) 1.422(23)
0.453(1) 1.525(41) 1.406(17) 1.134(7) 1.386(27)
0.400(1) 1.506(47) 1.382(20) 1.098(9) 1.347(36)
0.345(2) 1.495(54) 1.369(25) 1.067(11) 1.314(51)
0.300(2) 1.500(63) 1.363(33) 1.046(11) 1.274(74)
0.242(2) 1.532(89) 1.381(42) 1.027(12) 1.290(77)
0.197(2) 1.520(89) ..  1.016(12) 1.346(78)
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2.4 Summary

In this study we have calculated the spectrum of spin-1/2 and spin-3/2 nucleon and A
resonances in quenched lattice QCD on a large 20% x 40 lattice. We show that methods
for extracting the hadron spectrum developed in [18,27] are effective in extracting the
low lying spectrum at light quark masses.

We observe that the level ordering of the masses of the odd-parity spin-1/2 and
spin-3/2 states are similar which is consistent with the empirical spectrum, but that in
the case of the odd-parity nucleons the ordering is reversed. In [27] we comment that
this ordering of odd-parity excited states is predicted by quark models. It remains as
future work to rule out finite volume effects as the cause of this discrepancy. Also,
full QCD simulations are vital for removing the artifacts associated with the quenched
approximation.

We have demonstrated that the ground and second even-parity excited state of the
nucleon can be extracted from a 2 x 2 correlation matrix with either the x; and xs or x2
and 3 interpolators. With the use of the Fierz identity we show that the 3 interpolator
does indeed have a large overlap with the x; and x» interpolators. Continuing with a
3 x 3 correlation matrix analysis we find no evidence that our interpolators overlap with
the first experimentally observed even-parity excited state of the nucleon, the Roper
resonance. However we also find that the large amount of smearing of the fermion
source has removed overlap of our interpolators with the odd-parity excited states of
the nucleon which were successfully extracted in [18] with the x; and ), interpolators.
It is possible that we may have more success at extracting excited states with these
interpolators with a different smearing prescription. Therefore a study to determine
the optimal amount of source smearing for the calculation of the spectrum of these
excited states remains as future work.

We find that the x; and xp interpolators couple to a lower energy multi-hadron
state in the odd-parity spin-1/2 channel. In other channels we do not resolve overlap
of our interpolators with lower energy multi-hadron states. But we expect that with a
higher statistics calculation we will resolve signal in the correlation function at larger
Euclidean times, and that we will therefore access multi-hadron states in other channels.
Therefore an extension to our operator basis similar to [33] will be required to accurately
determine the spectrum of nucleon and A at our lightest quark masses.

Finally we calculate the mass of the At* at our smallest quark masses with great
precision. Towards a pion mass of 300 MeV we are beginning to see chiral curvature in
the mass of the AT as we approach the chiral limit. We find that the ordering of the
odd-parity excited states of the A** is consistent with the physical spectrum. We find
a mass of the even-parity spin-1/2 state that is similar to the masses of the odd-parity
states, which is an improvement upon our earlier study.
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3
Search for the ©* pentaquark

3.1 Introduction

The reported observations of a baryon state with strangeness S = +1 some 100 MeV
above the NK threshold has sparked considerable interest in excited hadron spec-
troscopy. Because this state has minimal quark content uudds, its discovery would be
the first direct evidence for baryons with an exotic quark structure — namely, baryons
whose quantum numbers cannot be described in terms of a three-quark configuration
alone.

3.1.1 Phenomenology

Experimental evidence for a pentaquark was reported in real [1,41-43] and quasi-real
photoproduction experiments [44], and further positive sightings were reported in K-
nucleus collisions [45], pp [46] and pA [47, 48] reactions, and in neutrino [49,50] and
deep inelastic electron scattering [51], for a total of around a dozen positive results.
Currently only the charge and strangeness of this state, which has been labeled O,
are known; its spin, parity and isospin are as yet undetermined, although there are
hints [52] that it may be isospin zero. The mass of the ©* is found to be around
Me+ = 1540 MeV. However, its most striking feature is its exceptionally narrow width.
In most cases the width has been smaller than the experimental resolution, while
analysis of N K scattering data suggests that the width cannot be greater than ~ 1 MeV
[53-57]. Such a narrow state, 100 MeV above threshold, presents a challenge to most
theoretical models [58-61].

Subsequently, a number of null results have been reported from ete~ [62-67] and
pp [68] colliders, as well as from pp [69], yp [70], hadron-p [71,72], hadron-nucleus [73],
pA [74,75], nA [76], and nucleus-nucleus [77] fixed target experiments. The production
mechanism for the ©% in these reactions would be via fragmentation, and although the
fragmentation functions are not known, these results suggest that if the @1 exists, its
production mechanism, along with its quantum numbers, is exotic. In a more recent
high statistics experiment [78] the CLAS collaboration reported a non-observation of
the ©F in contradiction to their earlier analysis [42]. We note that the more recent
non-observation of the ©* by the CLAS collaboration has cast some doubt about the
existence of pentaquark states. For more detailed accounts of the current experimental
status of pentaquark searches see Refs. [79-81].

While the experimental verification of the existence of the ©F, and the determi-
nation of its quantum numbers await definitive confirmation, it is timely to examine
the theoretical predictions for the masses of S = +1 pentaquark states. Numerous
model studies have been carried out recently aimed at revealing the dynamical nature
of the ©F, ranging from chiral soliton models [82-84], QCD sum rules [85,86], hadronic
models [87,88] and quark models [61,89-92], to name just a few.
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3.1.2 Lattice pentaquark studies

While models can often be helpful in obtaining a qualitative understanding of data, we
would like to see what QCD predicts for the masses of the pentaquark states. Currently
lattice QCD is the only quantitative method of obtaining hadronic properties directly
from QCD, and several, mainly exploratory, studies of pentaquark masses have been
performed [93-102].

A crucial issue in lattice QCD analysis of excited hadrons is exactly what constitutes
a signal for a resonance. As evidence of a resonance, most lattice studies to date have
sought to find the empirical mass splitting between the ©% and the NK threshold
at the unphysically large quark masses used in lattice simulations. This leads to the
assumption that in the negative parity channel the ©1 will be about 100 MeV above
the S-wave N K threshold at these masses. However, as we will argue below, a signal
for a ©7 resonance on the lattice, which holds for all other (non-exotic) excited states
studied on the lattice [18,27,103], would be the presence of binding at quark masses
near the physical regime, where the resonance mass would be below the N K threshold.
The evidence of binding at quark masses near the physical regime, which survives in the
infinite volume limit, is a sufficient condition to indicate a resonance, but the absence
of such binding cannot rigorously exclude the possibility of a resonance at the physical
quark masses.

In the positive parity channel, where the N and K must be in a relative P-wave, in
a finite lattice volume the energy of the N K state will typically be above the mass of
the experimental ©% candidate. Observation of a pentaquark mass below the P-wave
NK threshold would then be a clear signal for a ©" resonance. In all of the lattice
studies, with the exception of Chiu & Hsieh [99], the mass of the positive parity state
has been found to be too large to be interpreted as a candidate for the ©7.

One should note that in obtaining a relatively low mass positive parity state, Chiu
& Hsieh [99] perform a linear chiral extrapolation of the pentaquark mass in m2 using
only the lightest few quark masses, for which the errors are relatively large. Although
linear extrapolations of hadron properties are common in the literature, these invariably
neglect the non-analyticities in m2 arising from the long-range structure of hadrons
associated with the pion cloud [104,105]. Csikor et al. [93] and Sasaki [94] use a
slightly modified extrapolation, in which the squared pentaquark mass is fitted and
extrapolated as a function of m2. As a cautionary note, since the chiral behaviour
of pentaquark masses is at present unknown, extrapolation of the lattice results to
physical quark masses can lead to large systematic uncertainties, which are generally
underestimated in the literature.

The ordering of the NK and ©* states in the negative parity channel presents
some challenges for lattice analyses. Sasaki [102] and Csikor et al. [101] argue that if
the ©7 is more massive than the NK threshold, then one needs to extract from the
correlators more than the lightest state with which the operators have overlap. It has
been suggested [102] that if one can find an operator that has negligible coupling to the
N K state, then one can fit the correlation function at intermediate Euclidean times
to extract the mass of the heavier state. The idea of simply choosing an operator that
does not couple to the N K threshold is problematic, however, because there is no way
to determine a priori the extent to which an operator couples to a particular state. Our
approach instead will be to use a number of different interpolating fields, which will
enhance the ability to couple to different states. This approach has also been adopted
by Fleming [106], and by the MIT group [107].
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3.1. Introduction

Extracting multiple states in lattice QCD is usually achieved by performing a cor-
relation matrix analysis, which we adopt in this work, or via Bayesian techniques. The
analysis of Sasaki [94] uses a single interpolating field and employs a standard analysis
with an exponential fit to the correlation function. Csikor et al. [93], Takahashi et
al. [100] and Chiu & Hsieh [99] have, on the other hand, performed correlation matrix
analyses using several different interpolating fields. In the negative parity sector, these
authors extract from their correlation matrices both a ground state and an excited
state. In all of these studies the positive parity state is found to lie significantly higher
than the negative parity ground state.

Since the S-wave N K scattering state lies very near the lowest energy state observed
on the lattice, the issue of extracting a genuine ©% resonance from lattice simulations
presents an important challenge, and a number of ideas have been proposed to distin-
guish between a true resonance state and the scattering of the free N and K states in
a finite volume [95-98]. Using the Bayesian fitting techniques, Mathur et al. [95] have
examined the volume dependence of the residue of the ground state, noting that each
state — the pentaquark, NV, and K — is volume normalised such that the residue of the
NK state is proportional to the inverse spatial lattice volume. The analysis suggests
that the lowest-lying state is the NK scattering state, but leaves open the question of
the existence of a higher-lying pentaquark resonance state.

Using a single interpolating field, Ishii et al. [96,97] have introduced different bound-
ary conditions in the quark propagators in an attempt to separate a genuine pentaquark
resonance state from the NK scattering state. Here the quark propagators mix such
that the effective mass of the NK scattering state changes, while the mass of a genuine
resonance is unchanged. Again, the lowest-lying state displays the properties of an
NK scattering state, but leaves open the issue of whether a higher-lying pentaquark
resonance exists.

In identifying the nature of excited states, one should also explore the possibility
that the excited state could be a two-particle state. Since we expect that our interpo-
lating fields may couple to all possible two-particle states to some degree, we compare
the results of our correlation matrix analysis to all the possible two-particle states. In
the negative parity sector this includes the S-wave NK, NK*, and AK* (isospin-1
only) channels, as well as the N'K, where N’ is the lowest positive parity excitation of
the nucleon. In the positive parity channel we consider the S-wave N*K two-particle
state, where N* is the lowest-lying negative parity excitation of the nucleon, in addition
to the P-wave NK and NK* states.

3.1.3 Lattice resonance signatures

Our approach to assessing the existence of a genuine pentaquark resonance is comple-
mentary to the aforementioned approaches. In the following we search for evidence
of attraction between the constituents of the pentaquark state, which is vital to the
formation of a resonance. Note that if a particle is a resonance in nature then we label
it as such in our discussion.

Doing so requires careful measurement of the effective mass splitting between the
pentaquark state and the sum of the free N and K masses measured on the same
lattice. As discussed in detail below, attraction between the constituents of every
baryon resonance ever calculated on the lattice [18,27,103] has been sufficient to render
the resonance mass lower than the sum of the free decay channel masses at quark masses
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3.1. Introduction

near the physical regime. If the behaviour of the pentaquark is similar to that of every
other resonance on the lattice, then searching for a signal of a pentaquark resonance
above the VK threshold at the large quark masses typically considered in lattice QCD
will mean that one is simply looking in the wrong place.

One might have some concern as to whether this lattice resonance signature should
appear for exotic pentaquark states where quark-antiquark annihilation cannot reduce
the quark content to a “three-quark state”. Clearly the approach to the infinite quark
mass limit will be different. However, the heavy quark limit is far from the quark
masses explored in this investigation, which approach the physical regime. Evidence
of nontrival Fock-space components (such as those including ¢ loops) in the hadronic
wave functions is abundant. For example, the quenched and unquenched A masses
differ by more than 100 MeV at the quark masses considered here, with the mass lying
lower in the presence of dynamical fermions [104,108]. We consider quark masses as
light as 0.05 GeV, which is much less than the hadronic scale, 1.5 GeV, associated with
pentaquark quantum numbers. In short, the traditional resonances explored in lattice
QCD cannot be considered simply as “three-quark states”, so that there is little reason
to expect the lattice resonance signature to be qualitatively different for “ordinary”
and pentaquark baryons.

In the process of searching for attraction it is essential to explore a large number
of interpolating fields having the quantum numbers of the putative pentaquark state.
In Sec. 3.2 we consider a comparatively large collection of pentaquark interpolating
fields and create new interpolators designed to maximise the opportunity to observe
attraction in the pentaquark state. We study two types of interpolating fields: those
based on a nucleon plus kaon configuration, and those constructed from two diquarks
coupled to an § quark.

The technical details of the lattice simulations are discussed in length in Chapter 1
and outlined briefly in Sec. 3.3. It is essential to use a form of improved action, as
large scaling violations in the standard Wilson action could lead to a false signature
of attraction. Recall from Chapter 1, our simulations are therefore performed with
the nonperturbatively O(a)-improved FLIC fermion action [15,19,34], which displays
nearly perfect scaling, providing continuum limit results at finite lattice spacing [34].
The simulations are carried out on a large, 20% X 40 lattice, with the O(a?)-tadpole-
improved Luscher-Weisz plaquette plus rectangle gauge action [13]. The lattice spacing
is 0.128 fm, as determined via the Sommer scale, ro = 0.49 fm.

In Sec. 3.4 we present our results for the even and odd parity spin—% pentaquark
states, in both the isoscalar and isovector channels. As we will see, there is no evidence
of attraction in any of the pentaquark channels considered. On the contrary, we find
evidence of repulsion at finite volume, with the energy of each five-quark state lying
higher than the sum of the free decay channel energies. Thus, the standard lattice
resonance signature of the resonance mass lying lower than the sum of the free decay
channel masses at quark masses near the physical regime is absent. As we conclude in

Sec. 3.5, we find no evidence supporting the existence of a spin—% pentaquark resonance
in quenched QCD.
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3.2 Interpolating Fields

In this section we review the interpolating fields which have been used in recent pen-
taquark studies, in both the QCD sum rule approach and in lattice QCD calculations.
We then propose new interpolators designed to maximise the opportunity to observe
attraction between the pentaquark constituents at large quark masses. Two general
types of interpolating fields are considered: those based on an “NK” configuration
(either nK* or pK?®), and those based on a “diquark-diquark-3” configuration. We
examine both of these types, and discuss the relations between them.

3.2.1 N K-type interpolating fields

The simplest “NK”-type interpolating field is referred herein as the “colour-singlet”
form,

Xk = = e (uT*Cred?) {u (S insd®) F (u o )} | (3.1)
V2

where the F corresponds to the isospin I = 0 and 1 channels, respectively. One can
easily verify that the field xyx transforms negatively under the parity transformation
q — 7 ¢, and therefore the negative parity state will propagate in the upper-left Dirac
quadrant of the correlation function, contrary to the more standard “positive-parity”
interpolators [103]. Note that the colour-index sum here corresponds to a “molecular”
(or “fall-apart”) state with both the “N” and “K” components of Eq. (3.1) colour
singlets. For negative parity the field xyx couples the ( large x large ) x large x (
large x large ) components of Dirac spinors, and should therefore produce a strong
signal. For the positive parity projection (see Sec. 3.3.1 below), it involves one lower
(or small) component, coupling

(large x large ) x small x ( large X large ), which is known to lead to a weaker signal
in this channel [103].

Some authors [93,100] have argued that xyx is a poor choice of interpolator for ac-
cessing the pentaquark resonance, and that an interpolator that suppresses the colour-
singlet NK channel may provide better overlap with a pentaquark resonance, should
it exist. Csikor et al. [93], Mathur et al. [95], Takahashi et al. [100] and Chiu et al. [99]
(in lattice calculations), and Zhu [86] (in a QCD sum rule calculation), have considered
a slightly modified form in which the colour indices between the N and K components
of the interpolating field are mixed,

1 .
Xvg = —ﬁﬁabc(UT“C%db) {u*(5%5d?) F (v d)} (3.2)

for I = 0 and 1, respectively. We refer to this alternative colour assignment as a
“colour-fused” interpolator, whereby the coloured three-quark and ¢ pair are fused
to form a colour-singlet hadron. Of course, for 1/3 of the combinations the colours e
and c will coincide, so that the “colour-singlet”—“colour-singlet” state will also arise
from the field x53. Upon constructing the correlation functions associated with each
of these interpolators, one encounters a sum of (3! x 3)* = 324 colour combinations
with a non-trivial contribution to the correlation function. However, only 1/9 of these
terms will be common to the colour-singlet and colour-fused correlators.
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3.2. Interpolating Fields

In Zhu’s QCD sum rule (QCDSR) calculation [86] interpolating fields based on the
Ioffe current were also considered, such as

1 be/ Ta e mic
- X}%?{DSR - Ee b (u,T C7uub)75 Yud (8%5d°) + (u < d) . (3.3)

It is well known that the Ioffe current,
Eabc(,uTaC,y” w)ys yud®, (3.4)
can be written as a linear combination of the standard lattice interpolator,
e (uToCys d)us, (3.5)

and an alternate interpolator whose overlap with the ground state is suppressed by a
factor of ~ 100 [40]

e (uTeCd®)ys uc . (3.6)

In the QCD sum rule approach, the interpolator of Eq. (3.6) can be used to sub-
tract excited state contributions, while the nucleon is accessed via the interpolator
of Eq. (3.5) [40,109]. However, in the lattice approach, the interpolator of Eq. (3.6)
plays little to no role in accessing the lowest-lying state properties for either positive
or negative parities [18].

3.2.2 Diquark-type interpolating fields

The other type of interpolating field which has been discussed is one in which the
non-strange quarks are coupled into two sets of diquarks, together with the antistrange
quark. Jaffe and Wilczek [89] suggested that the lowest energy diquark state would
have two scalar diquarks in a relative P-wave coupled to the 5. The lowest mass
pentaquark would then be one containing two scalar diquarks. The configuration of
two isospin I = 0 diquarks gives a purely / = 0 interpolating field,

xow = e®eefeboh(yTeCr d!)(uTICYysdh)C5Te . (3.7)

If the interpolating field is local, the two diquarks in xsw are identical, but because
their colour indices are antisymmetrised, this field vanishes identically. The field
would be non-zero if the diquark fields were non-local. On the other hand, the use
of non-local fields significantly increases the computational cost of lattice calculations.
While this remains an important avenue to explore in future studies, in this work we
focus on the construction of pentaquark operators from local fields.

A variant of the scalar field x s can be utilised by observing that the antisymmetric
tensors in Eq. (3.7) can be expanded in terms of Kronecker-§ symbols,

6abcedec o= 5ad6be _ 6ae5bd (38)
which enables the interpolating field x s to be rewritten as

Xow = €(uT*Crsd®) {(uT°Cr5d°) — (uT°Crysd®) } C57e . (3.9)
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One can then define two interpolating fields,

1

Xss = %eabc(uTac,YSdb)(uch,ste)CgTe, (310)
1

X5z = ~\/—§e“"°(uT“075d”)(uTenyg,dc)CETe, (3.11)

which are equal but do not individually vanish. Clearly these fields transform negatively
under parity, and, as with xyx and x5, couple ( large x large ) x ( large x large ) x
large components for negative parity states, making them ideal for lattice simulations
[103].

To determine the isospin of xgg, one can express the second diquark as a sum of
colour symmetric and antisymmetric components,

1 1
Xss = 5 e*(u?*Cysd”) {ﬁ(UTCC’ste — uT*Crpsd®)
1
+ §(UTCO’)’5de + uTec,stc)} OgTe . (312)

The first term in the braces in Eq. (3.12), which is isoscalar, is equivalent to the field
XJw, and vanishes for the reasons discussed above. The second term, which does not
vanish, is isovector, so that the field xgg is pure isospin I = 1.

An interesting question is how much, if any, overlap exists between the diquark-type
field xss and the N K-type fields in Sec. 3.2.1. This can be addressed by performing a
Fierz transformation on the fields. For the field xsg, one finds:

1 1
Xss = 7€CWORE){ - Fu)pd® + (FERu N nd + (5 0wu)o ysdt
+ (Fyursu)rHde —~ (Fysuf)d} (3.13)

The last two terms in Eq. (3.13) resemble N K-type interpolating fields, similar to
those introduced in Sec. 3.2.1, while the second term corresponds to an NK*-type
configuration.

Note that for the NV K-like terms in Eq. (3.13) the colour structure corresponds to
the colour-singlet operator ynyx. It has been suggested that the colour-singlet NK
interpolating field would have significant overlap with the NK scattering state and
hence not couple strongly to a pentaquark resonance. On the other hand, Fierz trans-
forming the field x5z, in analogy with Eq. (3.13), would give rise to an N K-like term
corresponding to the colour-fused x gy operator. Since the fields xss and xgg are
equivalent, however, this demonstrates that selection of the operator xgg (with the
colour-fused NK configuration) over the operator xss (with the colour-singlet NK
configuration) would be spurious.

Several authors [94,96,97,99] have also used a variant of the field x w in lattice
simulations, in which a scalar diquark is coupled to a pseudoscalar diquark [85,94],

xps = el doh(yTeCdl)(uTICysdh)C5Te . (3.14)

In this case the two diquarks are not identical and so the field does not vanish. Since
both diquarks in xpg are isoscalar, this field has isospin zero and transforms positively
under parity. For positive parity it couples ( large x small ) x ( large X large )
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X large components of Dirac spinors and is therefore suitable for lattice simulations.
For the negative parity projection, it couples ( large X small ) x ( large x large ) X
small, so that the signal will be doubly suppressed relative to the other negative parity
state interpolators. Since it has been used in the literature, for completeness we also
include xpg in our analysis. To be consistent with the parity assignments of the other
interpolating fields discussed above, one can use a modified form,

XPS — 75 XPS, (3.15)

which then transforms negatively under parity. The effect of this is merely to switch
the positive and negative parity components propagating in the {(1,1),(2,2)} and
{(3,3),(4,4)} elements of the correlation function (see Chapter 1).

3.3 Lattice Techniques

In this section we discuss the techniques used to extract bound state masses in lattice
calculations. We first outline the computation of two-point correlation functions, both
at the baryon level, and at the quark level in terms of the interpolating fields introduced
in Sec. 3.2. To study more than one interpolating field, we perform a correlation matrix
analysis to isolate the individual states, and describe the basic steps in this analysis.
Finally, we present some details of the lattice simulations, including the gauge and
fermion actions used.

3.3.1  Two-point correlation functions

Here we reiterate the key features of our analysis of the two-point functions that we dis-
cussed at length in Chapter 1. This time our interpolators transform as pseudo-scalars
under parity exchanging the locations of positive and negative parity contributions. Let
us define a function, G, of the interpolating field x at Euclidean time ¢ and momentum
D as

G(t,7) = Y exp(—ip- ) (0|T x(z) x(0) |0) , (3.16)

-

T

where we have suppressed the Dirac indices. Inserting a complete set of intermediate
momentum, energy and spin states |B,p’, s),

G(t,p) = Y > exp(—if- &) (0] x(z) |B,p',s)(B, ¥, s| x(0) |0) (3.17)

—

s,p/,B T

and using translational invariance, one can write the function G as

G(t,7) = Y_exp(~Egt) (0| x(0) |B,p,s)(B,p,s| x(0) |0) (3.18)

s,B

where Fg = /M52 + p? is the energy of the state |B) and M3 is its mass.
Despite transforming as pseudo-scalars by construction, the interpolating field x
has overlap with both positive and negative parity states. The overlap of x with the
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intermediate state |B), where the superscript denotes parity —1 or +1, at the source
can be parameterised by a coupling strength Ag=,

OXOIB"p8) = Ao/ 5 ulps-9) (3.19)
OXOIB*2,8) = Mgy 25 26 o) (3:20)

where Eps and Mp= correspond to the energies and masses of the negative and positive
parity states, respectively. Note that in Eq. (3.20) the matrix s premultiplies the
spinor u(pg+, s), since the interpolating fields that we use in this analysis all transform
negatively under parity. This is in contrast to the more standard case where the fields
have positive parity [103], in which case the definitions of Ag+ in Egs. (3.19) and (3.20)
are interchanged.

At large Euclidean times the function G can be written

: S+ M
G(t,7) — Ap-dp L — ) exp(~Ep-1)
ppe — M
+ ageipe O pgjw - BY) o (—Epat) | (3.21)
B

where p is the on-shell four-momentum vector, and Ag= is the coupling strength of the
field x at the source to the state |B¥). In our lattice simulations the source is smeared,
so that Apz and Ap= are not necessarily equal. With fixed boundary conditions in the
time direction, one can project out states with definite parity using the matrix [18,110]

1 MB;{:
Sp— )
=2 <1:i: Fos 74> : (3.22)

The parity-projected two-point correlation function can then be expressed as the spinor
trace of the function G(t, p),

GF(t,5) = t[[FG(t, )] (3.23)
= Z)\B:FS\B:F exp(—EB;t) . (324)

Because of the exponential suppression (at large Euclidean times) of states with en-
ergies greater than the ground state energy, in the large-¢ limit the correlation function
for p'= 0 (which we use in practice in this analysis) will be dominated by the ground
state with mass mg,

G:F(t, 6) t—=>oo )\Q:F;\oqz exp (—M():F) 5 (325)

where A\gx and A= are the ground state couplings for the negative and positive parity
states at the source and sink, respectively. The effective mass of the baryon BT is then
defined in terms of ratios of the correlation function at successive time slices,

F(t.0

ME@®) = WSO ) (3.26)
GF(t+1,0)

In the large-t limit one therefore picks out the state with the lowest mass,

ME®) "= Mo . (3.27)
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In order to study masses of excited states, one can in principle attempt to fit the
correlation function at finite ¢t with a sum of exponentials corresponding to the ground
state plus one or more excited states. In practice this is difficult. An alternative
approach is to use several interpolating fields, and extract masses of an orthogonal set
of operators using a correlation matrix analysis, as we discussed in Sec. 2.2.4 above.

The two-point correlation functions discussed above are all derived at the hadronic
level. They can be expressed in a form suitable for actual lattice simulations by substi-
tuting the interpolating fields in Sec. 3.2 and performing the appropriate Wick contrac-
tions of the time-ordered products of fields. The general formulae for the correlation
functions expressed in terms of the quark propagators can be found in Appendix D.

Six quark masses are used in the calculations, and the strange quark mass is taken
to be the third largest (k = 0.12885) quark mass in each case. At this x the s3
pseudoscalar mass is 697 MeV, which compares well with the experimental value of
V2MZ — M2 = 693 MeV motivated by leading order chiral perturbation theory. The
smallest pion mass considered is m, = 464 MeV. We have also considered two smaller
masses, but find that the signal for these becomes quite noisy, and do not include them
in the analysis. The analysis for the N K-type interpolators is based on a sample of
200 configurations and the analysis for the PS and SS-type interpolators is based on
an ensemble of 340 configurations. The error analysis is performed by a second-order,
single-elimination jackknife, see Sec. 4.2.1, with the x? per degree of freedom obtained
via covariance matrix fits, see Appendix C.

3.4 Results and Discussion

In this section we present the results of our lattice simulations of pentaquark masses,
in both the J¥ = %_ and %+ channels, and for isospin I = 0 and 1. In addition
to extracting the masses, we also study the mass differences between the candidate
pentaquark states and the free two-particle states. This analysis is actually crucial in
determining the nature of the states observed on the lattice, and the identification of
true resonances.

3.4.1 Signatures of a resonance

At sufficiently small quark masses, the standard lattice technology will find, at large
Euclidean times, the NK decay channel as the ground state of all the five-quark in-
terpolating fields discussed in Sec. 3.2. In previous analyses of pentaquark masses,
the observation of a signal at a mass slightly above the NK threshold has been in-
terpreted [93,94] as a candidate for a pentaquark resonance. A test that has proven
useful in studies of excited baryons is a search for binding as a function of the quark
mass. The presence of binding at quark masses near the physical regime has been
observed in every lattice study of the N* spectrum in every channel. This feature is
central to the study of the electromagnetic properties of decuplet baryons [111] and
their transitions [112-114] in lattice QCD.

As an example, consider the JP = %_ odd parity partner of the nucleon, namely
the N*(1535) baryon, in lattice QCD. In the continuum, the N*(1535) is a resonance
which decays to a nucleon and a pion. On the lattice, however, the N *(%_) is stable
at the (unphysically) large quark masses where its mass is smaller than the sum of
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Fig. 3.1: Mass difference between the lowest-lying negative parity excited nucleon
bound state, the I(J¥) = 2(3~) N*(1535), and the S-wave N+ two-particle scattering
state.
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Fig. 3.2: Mass difference between the I(J¥) = %(%+) A(1232) and the P-wave N + 7
two-particle scattering state. :
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the nucleon and pion masses [18]. To illustrate this we show in Fig. 3.1 the mass
splitting between the N*(17) and the non-interacting S-wave N + 7 two-particle state,

calculated on the same lattice. For all values of m, illustrated the mass of the N*(1")
is below that of the N + 7. The mass difference clearly increases in magnitude with
increasing m,.

In other words, the binding becomes stronger at larger quark masses. This trend
is expected to continue into the heavy quark mass regime, where quark counting rules
can be considered. As the N*(1535) has a three-quark Fock space component, and the
N + 7 must contain at least five quarks, the mass ratio M(3q)/M(5¢) will approach
3/5 in the infinite quark mass regime.

A similar behaviour is also observed in the case of the A(1232) isobar. The mass
difference between the J* = %+ resonance and the lowest available P-wave N 47 two-
particle energy, shown in Fig. 3.2, is negative, and, as in Fig. 3.1, increases with m2.
In fact, this pattern is repeated in every other baryon channel probed in lattice QCD,
such as the J¥ = %+ and 3~ channels (see, e.g., Refs. [18,27,103]). In the case of the

A and N *(%_) baryons featured here, the binding is seen to become stronger at larger
quark masses. Indeed, from the minimal quark content in the heavy quark limit, one
expects to recover a resonance to N 7 mass ratio of 3/5. In the case of a pentaquark
resonance, the analogous mass ratio will be 1 in the heavy quark limit and the mass
splitting will vanish relative to the hadronic mass scale in the heavy quark limit. Hence
a lattice resonance signature which might be observed for a pentaquark resonance is
binding (a negative mass splitting) at quark masses near the physical regime, with a
general trend of binding as a fraction of hadron mass towards zero as the heavy quark
limit is approached.

3.4.2 Negative parity isoscalar states

We begin our discussion of the results with the isospin-0, negative parity states. The
lowest energy of a system with a nucleon and a kaon would have the N and K in a
relative S-wave, in which case the overall parity is negative. Isoscalar states can be
constructed with the NK-type interpolating fields, xyx and x5, as well as with the
PS-type field xps.

The effective mass for the colour singlet xyx field is shown in Fig. 3.3 for several
representative pion masses. The results for the colour fused operator x 5% of Fig. 3.4 are
very similar to those for x k. (Note that to avoid clutter in the figures we do not show
the points at the larger ¢ values which have larger error bars, and have little influence
on the fits.) To determine whether these operators have significant overlap with more
than one state, a correlation matrix analysis is performed. However, we find that it is
not possible to improve the ground state mass as described in Sec. 2.2.4. Consequently
the results using the standard (i.e., non-correlation matrix) analysis techniques are
reported in this channel. For comparison, in Fig. 3.5 we also show the effective mass of
the negative parity xps diquark-type field. As expected, because of the presence of two
smaller components of Dirac spinors in xps compared with xyx and x5 , the signal
here is much noisier than for either of the N K-type fields. This is despite the fact that
almost twice as many configurations are used for the xpg than for the N K-type fields.

The pentaquark masses are extracted by fitting the effective masses in Figs. 3.3-3.5
over appropriate ¢ intervals, chosen according to the criterion that the x? per degree
of freedom is less than 1.5, and preferably close to 1.0. For the xyx and x5y fields,
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Fig. 3.3: Effective mass of the I(J¥) = 0(3~) colour singlet NK-type pentaquark
interpolator, xxx. The data correspond to m, ~ 830 MeV (squares), 700 MeV (circles),
and 530 MeV (triangles).

Fig. 3.4: As in Fig. 3.3, but for the I(J¥) = 0(37) colour fused NK-type pentaquark
interpolator, X 5%-
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Fig. 3.5: As in Fig. 3.3, but for the I(J¥) = 0(1") PS-type pentaquark interpolator,
XPs-

fitting the effective mass in the window t = 19 — 23 is found to optimise the x?2/dof.
For the xpg field, the signal is lost at slightly earlier times, and consequently we fit in
the time interval ¢ = 18 — 20. The results for the masses corresponding to the xnk,
X% and xps fields are tabulated in Table 3.1.

The pentaquark masses are compared with masses of several two-particle states,
which are reported in Table 3.2. The lowest-energy two-particle states in the 1(JF) =
0(3") channel are the S-wave N + K, the S-wave N + K*, the P-wave N* + K, where
N* is the lowest negative parity excitation of the nucleon, and the S-wave N’ + K,
where NV’ is the first positive-parity excited state of the nucleon. The contributions to
the correlation function from the P-wave states are likely to be suppressed, however,
because there is a contribution to the P-wave signal from two small components of the
spinors. We therefore focus on the S-wave states in Table 3.2.

The positive parity N’ state, which is calculated from the interpolating field 3, is
known to have poor overlap with the nucleon ground state, as well as with the low-
lying %+ excitations, such as the Roper N*(1440). In fact, it gives a mass greater than

~ 2 GeV, significantly above the low-lying %+ excitations [18]. We expect, therefore,
that our pentaquark fields will not have strong overlap with the N’ + K state either.
The results for the extracted masses from Table 3.1 are displayed in Fig. 3.6 as a
function of m2. The masses of the pentaquark states extracted from the nx, XN
and xps fields agree within the errors (the xyk and Xy masses in particular are
very close), although the errors on the xps become large at the smaller quark masses.
The pentaquark masses are either consistent with or lie above the mass of the lowest
two-particle state, namely the S-wave NV + K, for all of the quark masses considered.
The mass differences AM between the low-lying pentaquark states and the two-
particle scattering states can be better resolved by fitting the effective mass for the
mass difference directly. This allows for cancellation of systematic errors since the
pentaquark and two-particle states are generated from the same gauge field configura-
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Table 3.1: The pion mass and the masses of the I(J¥) = 0(3"

the colour singlet NK, colour fused NK and PS-type pentaquark interpolating fields
for various values of k.

) states extracted with

CL]W7r aMNK aMJVf( aMpS
0.540(1) 1.612(17) 1.625(16) 1.601(21)
0.500(1) 1.539(17) 1.553(16) 1.532(23)
0.453(1) 1.449(20) 1.461(20) 1.458(27)
0.400(1) 1.349(28) 1.361(29) 1.396(37)
0.345(2) 1.236(50) 1.245(48) 1.372(72)
0.300(2) 1.145(67) 1.138(80) 1.442(171)

Table 3.2: Masses of the S-wave N + K, N + K*, A + K* and N’ + K two-particle
states.

oMy aMRTR aMy R aMITR aMyRe
0.540(1) 1.553(10) 1.762(14) 1.893(13) 2.180(27)
0.500(1) 1.485(11) 1.704(16) 1.848(14) 2.136(32)
0.453(1) 1.404(13) 1.635(19) 1.799(16) 2.092(39)
0.400(1) 1.314(18) 1.561(26) 1.751(19) 2.061(54)
0.345(2) 1.216(32) 1.485(41) 1.709(24) 2.056(87)
0.300(2) 1.130(52) 1.421(68) 1.682(29) 2.093(144)

Table 3.3: Mass differences between the I(J¥) = 0(3~) states extracted with the NK
and PS-type pentaquark interpolating fields and the S-wave N + K two-particle state.

aM,  aMyg — aMy2"® aMps — aMy "
0.540(1) 0.056(9) 0.051(19)
0.500(1) 0.052(11) 0.052(21)
0.453(1) 0.048(13) 0.060(25)
0.400(1) 0.043(17) 0.086(37)
0.345(2) 0.025(30) 0.148(75)
0.300(2) -0.011(67) 0.286(177)
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Fig. 3.6: Masses of the I(J¥) = 0(37) states extracted with the colour singlet NK,

colour fused NK and PS-type pentaquark interpolating fields as a function of m2. For
comparison, the masses of the S-wave N + K, N + K* and N’ + K two-particle states
are also shown. Some of the points have been offset horizontally for clarity.

10 30

Fig. 3.7: Effective mass difference between the I(J¥) = 0(3") state extracted with the
colour singlet NK-type pentaquark interpolator, xnyk, and the S-wave N + K two-
particle state. The data correspond to m, ~ 830 MeV (squares), 700 MeV (circles),
and 530 MeV (triangles).
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Fig. 3.8: As in Fig. 3.7, but for the I(J¥) = 0(37) PS-type interpolating field, xps.
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Fig. 3.9: Mass difference between the I(J¥) = 0(3 ") state extracted with the NK-type
pentaquark interpolating field and the S-wave N + K two-particle state.
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Fig. 3.10: Mass difference between the I(J¥) = 0(5 ") state extracted with the PS-type
pentaquark interpolating field and the S-wave N + K two-particle state.

tions, and hence their systematic errors are strongly correlated. Figures 3.7 and 3.8
illustrate the effective mass plots for the mass differences. Note that the scale of these
figures is enlarged by a factor of six compared with Figs. 3.3-3.5. The mass difference
between the state extracted from the colour singlet VK interpolator and the S-wave
N + K two-particle state is fitted at time slices ¢ = 19 — 21, while that between the
PS extracted state and the N + K state is fitted at ¢ = 18 — 20.

The results of the mass difference analysis are presented in Table 3.3, and in Figs. 3.9
and 3.10 for the xnx and xpg fields, respectively. We see clearly that the masses derived
from the NK pentaquark operator are consistently higher than the lowest-mass two-
particle state. The mass difference AM is ~ 100 MeV at the larger quark masses, and
weakly dependent on m2. Note the size of the error bars for the mass difference is
reduced compared with the error bars on the masses in Fig. 3.6.

Since the difference between the reported experimental ©% mass and the physical
N + K continuum is ~ 100 MeV, naively one may be tempted to interpret the results
in Figs. 3.8 and 3.9 as a signature of the ©% on the lattice. On the other hand, the
positive mass difference observed in this range of pion mass differs from what is seen
for all the N* states studied on the lattice. This suggests that the observed signal
is unlikely to be a pentaquark. Indeed, the volume dependent analysis in Ref. [95]
concluded that their signal, which is consistent with our results, corresponds to an
N K scattering state.

3.4.3 Negative parity isovector states

For the isospin-1, negative parity sector, we consider three operators which can create
I(JP) = 1(37) states: the isovector combinations of the colour singlet xyx and colour
fused x5, and the SS-type operator, xss. As for the isoscalar case, we perform a
2 x 2 correlation matrix analysis for the N K-type fields, and here we do find improved
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Fig. 3.11: Effective mass of the I(JF) = 1(37) state corresponding to the NK-type
pentaquark “state 1”7 for several values of m,, m, ~ 830MeV (squares), 700 MeV
(circles), and 530 MeV (triangles).

access to the lowest lying state.

Using the paradigm for optimising the results described in Sec. 2.2.4, we perform
the correlation matrix analysis for the largest 4 quark masses starting at ¢t = 20 with
At = 3. Here the ground state mass is found to be lower with the correlation matrix
than with the standard analysis, indicating that the contamination of the ground state
from excited states is reduced. For the second lightest quark mass we fit at ¢t = 18,
and for the lightest quark mass at ¢ = 17, with At = 3 in both cases. For these
two lightest quark masses, the ground state mass is not lowered, so here the standard
analysis techniques are used. For the excited state, the masses from the correlation
matrix are all higher than with the naive analysis for all quark masses, thus improving
the analysis.

The effective masses for the two projected N K-type correlation matrix states, which
we refer to as “state 1”7 (for the ground state) and “state 2” (for the excited state), are
shown in Figs. 3.11 and 3.12, respectively. For comparison, we also show the effective
mass plot for the SS-type field xgg in Fig. 3.13. The ground state mass extracted with
the N K-type interpolator is fitted at time slices ¢t = 22 — 26, while the mass extracted
with the SS-type interpolator is fitted at time slices £ = 19 — 28.

The resulting extracted masses are tabulated in Table 3.4 and shown in Fig. 3.14. A
clear mass splitting of ~ 400 MeV is seen between the ground state and the excited state
for the N K-type operators. The ground state mass is consistent with that obtained
from the xgs operator for the four smallest quark masses, but is slightly smaller for
the two largest quark masses. As for the isoscalar channel, the ground state masses are
either consistent with or slightly above the masses of the lowest two-particle state, the
S-wave IV + K. The excited state lies slightly above the S-wave two-particle N + K*
threshold, which suggests that it may be an admixture of N+ K* and A+ K* scattering
states.
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Fig. 3.12: As in Fig. 3.11, but for the I(J¥) = 1(37) NK-type pentaquark “state 2”.

Fig. 3.13: As in Fig. 3.11, but for the I(J¥) = 1(37) SS-type interpolator, xss.
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Table 3.4: Masses of the I(JF) = 1(17) states extracted with the NK and SS-type
pentaquark interpolating fields for various values of x.

aMr  aMygay aMygke — aMss
(

0.540(1) 1.649(15) 1.859(22) 1.692(8)
0.500(1) 1.578(18) 1.797(25) 1.619(9)
0.453(1) 1.497(27) 1.720(31) 1.530(11)
0.400(1) 1.408(48) 1.629(47) 1.434(16)
0.345(2) 1.313(66) 1.577(77) 1.334(26)
0.300(2) 1.251(144) 1.554(175) 1.245(51)
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Fig. 3.14: Masses of the I(JF) = 1(37) states extracted with the NK and SS-type
pentaquark interpolating fields as a function of m2, compared with the masses of the
S-wave N+ K, N + K* and A + K* two-particle states. Some of the points have been
offset horizontally for clarity.
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Table 3.5: Mass differences between the I(J¥) = 1(3") states extracted with the NK
and S S-type pentaquark interpolating fields and the S-wave N+ K, N+ K* and N+ K
two-particle states, respectively.

S—wave S—wave S—wave
aMﬂ aMNK(l) _a’MN+K aMNK(2) —CLMN+K* aMSS—aMN+K

0.540(1) 0.067(9) 0.109(16) 0.100(11)
0.500(1) 0.063(13) 0.106(18) 0.090(15)
0.453(1) 0.059(21) 0.099(24) 0.071(20)
0.400(1) 0.056(35) 0.082(39) 0.048(26)
0.345(2) -0.006(53) 0.102(76) -0.030(78)
0.300(2) -0.161(223) 0.146(176) -0.021(75)

The fitted mass differences between the pentaquark and two-particle state effective
masses are summarised in Table 3.5, where we quote the differences between the N K-
type “state 1” and the S-wave N + K, between the N K-type “state 2” and the S-wave
N + K*, and between the SS-type and the S-wave N + K. These mass differences
are illustrated in Figs. 3.15, 3.16 and 3.17, for the three cases, respectively. As for
the isoscalar channel, the mass differences for the ground state are clearly positive,
and weakly dependent on m2. For both the NK-type and SS-type ground states,
the pentaquark masses are ~ 100 MeV larger than the S-wave N + K two-particle
state. Similarly, the difference between the excited NK-type pentaquark and the S-
wave N + K* is ~ 150 MeV and approximately constant with m2. Again, the small
positive AM, observed on our finite volume lattice, could be a signature of repulsion
in this channel. There is thus no evidence of attraction and hence no indication of a
resonance in the I(J”) = 1(3 ) channel which could be interpreted as the ©7.

3.4.4 Positive parity isoscalar states

While each of the pentaquark operators considered above transforms negatively under
parity, they nevertheless couple to both negative and positive parity states, as discussed
in Sec. 3.3.1. Here we consider whether any of the operators xnk, X% or xps couple
to a bound state in the isospin-0, positive parity channel. We compare the pentaquark
states with the masses of the lowest energy two-particle states, which correspond to
the P-wave N + K and N + K*, and the S-wave N* + K states.

A two-particle state in a relative P-wave can be constructed on the lattice by adding
one unit of lattice momentum (p = 27/L) to the effective mass, Eeg = /M2 + p?,
of each particle. This effectively raises the mass of the two-particle state relative to a
positive parity pentaquark. This finite volume effect will clearly aid in the search for
a bound pentaquark state below the lowest P-wave scattering state.

As in the negative parity channel, we perform a correlation matrix analysis using
the two N K-type fields in order to isolate possible excited states. While the analysis
suggests the presence of an excited state, the signal in the positive parity channel is
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Fig. 3.15: Mass difference between the I(JF) = 1(3") state corresponding to the NK-
type pentaquark “state 1” and the S-wave N + K two-particle state.
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Fig. 3.16: Mass difference between the I(JF) = 1(37) state corresponding to the NK-
type pentaquark “state 2” and the S-wave N + K* two-particle state.
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Fig. 3.17: Mass difference between the I(J¥) = 1(3") state extracted with the $S-type
pentaquark interpolating field and the S-wave N + K two-particle state.
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Fig. 3.18: Effective mass of the I{J¥) = 0(%+) colour singlet N K-type pentaquark

interpolator, xng, for m, ~ 830 MeV (squares), 700 MeV (circles) and 530 MeV (tri-
angles).
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Fig. 3.19: As in Fig. 3.18, but for the I(JF) = 0(%+) PS-type pentaquark interpolator,
XPs-

considerably more noisy than for negative parity. Consequently, in practice for this
channel we revert to the standard analysis method and extract only the ground state.
Since the colour singlet and colour fused operators return the same ground state mass,
we present the results for the colour singlet operator since the signal here is less noisy.

The effective masses for the NK and PS-type interpolators are shown in Figs. 3.18
and 3.19, respectively. The signal clearly becomes noisier at earlier times, and we fit
the effective masses for the N K-type field at t = 15 — 17, while those for the PS-type
interpolator are fit at ¢ = 19 — 21.

The results are tabulated in Table 3.6 and shown in Fig. 3.20. The masses of the
positive parity states extracted with the N K and PS-type interpolating fields are very
different. The mass extracted with the NK-type interpolator is similar to both the
S-wave N* 4+ K mass and P-wave N + K* energy, whereas the mass extracted with the
PS-type interpolator is consistent with the P-wave N + K energy, which are given in
Table 3.8. The signal obtained with the P.S-type interpolator is rather noisy where we
fit the effective masses, and we therefore only present results for the four largest quark
masses for this operator. As mentioned in Sec. 3.4.2, the reason the signal is so poor
is that our operators do not couple strongly to the P-wave states due to the additional
small component of the interpolating field spinors contributing to this state.

For the differences between the pentaquark and two-particle state masses, we also
fit the effective masses at ¢ = 15 — 17 for the NK-type field, and t = 19 — 21 for
the PS-type field. The results are shown in Table 3.8, and in Figs. 3.21 and 3.22 for
the differences between the masses extracted with the (NK and PS-type) pentaquark
interpolating fields and the P-wave N + K two-particle state. The mass obtained with
the NK-type field is ~ 300 MeV heavier than the lowest energy two-particle state
(P-wave N + K)) for all quark masses considered. The mass obtained with the PS-type
field is consistent with the the lowest energy two-particle state (P-wave N + K) for
all quark masses considered. Once again this suggests that there is no binding in the
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Table 3.6: Masses of the I(JF) = 0(%+) states extracted with the colour singlet NK,
and PS-type pentaquark interpolating fields for various values of k.

aM, aMygk aMpg

0.540(1) 1.935(40) 1.721(57)
0.500(1) 1.867(50) 1.642(76)
0.453(1) 1.782(66) 1.547(119)
0.400(1) 1.681(90) 1.458(207)
0.345(2) 1.561(126)
0.300(2) 1.421(170)

Table 3.7: The masses of the P-wave N+ K, N+ K* and the S-wave N*+ K two-particle
states.

P—wave S—wave S—wave
aMy; oMy %" aMy gl aMypTE

0.540(1) 1.692(7) 1.891(27) 1.873(9)
0.500(1) 1.629(8) 1.830(32) 1.818(9)
0.453(1) 1.558(8) 1.760(39) 1.755(10)
0.400(1) 1.483(10) 1.684(53) 1.690(11)
0.345(2) 1.414(13) 1.594(85) 1.631(14)
0.300(2) 1.363(17) 1.433(134) 1.588(17)

Table 3.8: Mass differences between the I(J¥) = 0(%+) states extracted with the
colour singlet NK and PS-type pentaquark interpolating fields and the P-wave N + K
two-particle state.

P—wave P~
aM;  aMyg —aMy %" aMps — aMy %™

0.540(1) 0.228(38) 0.035(57)

0.500(1) 0.223(48) 0.021(78)

0.453(1) 0.209(65) 0.003(122)
0.400(1) 0.183(90) -0.003(210)
0.345(2) 0.132(128)

0.300(2) 0.040(174)
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Fig. 3.20: Masses of the I(JF) = 0(%+) states extracted with the colour singlet NK
and PS-type pentaquark interpolating fields as a function of m2. For comparison, the
masses of the P-wave N 4+ K and N + K* and S-wave N* + K two-particle states are
also shown. Some of the points have been offset horizontally for clarity.
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Fig. 3.21: Mass difference between the I(JP) = 0(1") state extracted with the N K-
type pentaquark interpolating field and the P-wave N + K two-particle state.
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Fig. 3.22: Mass difference between the I(JF) = O(%+) state extracted with the PS-type
pentaquark interpolating field and the P-wave N + K two-particle state.

Table 3.9: Masses of the I(J¥) = 1(1") states extracted with the colour singlet NK
and SS-type pentaquark interpolating fields for various values of .

alM, aMyk aMgg
0.540(1) 1.732(48) 1.956(133)
0.500(1) 1.651(57) 1.939(158)
0.453(1) 1.536(71) 1.954(214)

I(JP) = 0(}") channel, and hence no indication of a ©* resonance.

3.4.5 Positive parity isovector states

For the isovector, positive parity channel analysis, we find that the correlation matrix
does not produce improved results for the ground state masses compared with the
standard analysis. In the case of the largest three k values the algorithm requires that
we step back three or more time slices before the correlation matrix analysis works.
The use of a correlation matrix analysis on these data is inappropriate due to large
errors in the data.

The effective masses for the NK-type and SS-type interpolating fields are illus-
trated in Figs. 3.23 and 3.24, respectively. Because the signal for the positive parity
is rather more noisy than in the corresponding negative parity channel, we only show
the effective mass for the smallest and third-smallest values of x. For the NK-type
pentaquarks, the colour-singlet xnx and colour-fused X5 fields are found to access
the same ground state, and in Fig. 3.23 we show only the results of the former.
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Fig. 3.23: Effective mass of the I(JF) = 1(%+) colour singlet N K-type pentaquark

interpolator, xyx. The data correspond to m, ~ 830 MeV (squares) and 700 MeV
(circles).
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Fig. 3.24: Asin Fig. 3.23, but for the I(JF) = 1(%+) S S-type pentaquark interpolator,
Xss-
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Fig. 3.25: Masses of the I(JF) = 1(%+) states extracted with the colour singlet NK
and SS-type pentaquark interpolating fields as a function of m2. For comparison, the
masses of the P-wave N + K, S-wave N* + K and P-wave N + K* two-particle states
are also shown. Some of the points have been offset horizontally for clarity.

The effective masses for the NK and SS-type interpolators are fitted at time slices
t = 20 — 22 for the three largest quark masses. The results for the extracted masses
and the corresponding two-particle states are shown in Table 3.9 and in Fig. 3.25. The
ground state masses for the N K and SS-type fields are again very different. The mass
extracted with the N K-type interpolator is consistent with the P-wave N + K energy,
whereas the mass extracted with the SS-type interpolator is consistent with both the
S-wave N* + K mass and P-wave N + K* energy.

The results of the mass splitting analysis are shown in Table 3.10, and illustrated in
Figs. 3.26 and 3.27. The mass difference between the N K and SS-type pentaquarks and
the P-wave N + K two-particle state is positive for the largest quark masses suggesting
possible repulsion associtated with finite volume effects. In all cases, the masses exhibit
the opposite behaviour to that which would be expected in the presence of binding.
We therefore do not see any indication of a resonance that could be interpreted as the
©T in this channel.

3.4.6 Comparison with previous results

To place our results in context, we summarise here the results of earlier lattice cal-
culations of pentaquark masses, and compare those with the findings of this analysis.
Table 3.11 presents a concise summary of published lattice simulations, together with
the results of this analysis, including the actions and interpolating fields used, anal-
ysis methods employed, and some remarks on the results. In every case, the general
features of the simulation results are consistent with our findings.

The isoscalar negative parity channel was originally presented by Csikor et al. [93]
and Sasaki [94] as a candidate for the ©1. We therefore summarise in Fig. 3.28 the
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Table 3.10: Mass differences between the I(JF) = 1(%+) states extracted with the

colour singlet NK and SS-type pentaquark interpolating fields and P-wave N + K
two-particle state.

P—wave P-—wave
aM,r aMNK—aMN+K CLMSS—G,MN+K

0.540(1) 0.093(43) 0.135(58)
0.500(1) 0.079(53) 0.117(61)
0.453(1) 0.034(70) 0.084(69)
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Fig. 3.26: Mass difference between the I(J¥) = 1(%+) state extracted with the NK-
type pentaquark interpolating field and the P-wave N + K two-particle state.
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Fig. 3.27: Mass difference between the I(JF) = 1(3") state extracted with the SS-type
pentaquark interpolating field and the P-wave N + K two-particle state.
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Fig. 3.28: Compilation of results for the lowest-lying I(J¥) = 0(3") state from lattice
QCD pentaquark studies.
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results in this channel from the previous lattice simulations. At the larger quark masses
the results of our analysis are in excellent agreement with those of Mathur et al. [95],
Csikor et al. [93] and Ishii et al. [96,97]. In our analysis, and also in that of Mathur et
al. [95], improved fermion actions were used, and the results are in agreement at the
smaller quark masses. The results from Csikor et al. [93] lie slightly lower than the
others at small quark masses, which may be due to scaling violations of the Wilson
fermion action.

The central issue in all of these analyses is the interpretation of the data. The
earlier work of Csikor et al. [93] and Sasaki [94] identified the 0(3") channel as a
possible candidate for the ©% based on naive linear extrapolations and comparison
of quenched QCD with experiment. Later work by Mathur et al. [95] analysed the
volume dependence of the couplings of the operators to this state and determined that
the lowest energy state in this channel was an N + K scattering state. Using hybrid
boundary conditions Ishii et al. [96,97] also found that this was an N + K scattering
state. Our work is consistent with the findings of both of these studies.
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3.5. Summary

3.5 Summary

We have performed a comprehensive analysis of interpolating fields holding the promise
to provide good overlap between the QCD vacuum and low-lying pentaquark states. In
the region of pion mass which we are able to access, we see no evidence of the attraction
that would be associated with the existence of a resonance. This is in contrast with
what has been seen for all baryon resonances studied in lattice QCD. Rather, evidence
of repulsion may be inferred from the correlation functions giving rise to the lowest-
lying five-quark states. It will be essential to explore the volume dependence of this
repulsion, as described by Luscher [115,116], to unambiguously establish the absence
or existence of a pentaquark resonance in lattice QCD.

The observation of repulsion is particularly evident in the I(JF) = 1(37) state

and in the more precise results for the 0(%_) state. Similarly, both positive parity
states show a positive mass splitting between five-quark and two-particle states, again
suggesting repulsion as opposed to attraction. Moreover, in every case where an in-
terpolating field was constructed to favor J¥ = %+ states, which are more exotic than
the colour-singlet pairing of K and N, the approach to the lowest-lying state was com-
promised. In most cases, the same ground state mass was recovered in the correlation
function analysis, but with increased error bars. This provides further evidence that
the lowest-lying state is simply an N K scattering state.

An interesting extension of this work would be to consider non-local interpolating
fields. In particular the correlator of the P-wave scalar-scalar diquark interpolating
field inspired by Jaffe and Wilczek [89] could be explored (see also Ref. [117]).

In the case of the I(JF) = 1(37) state, the colour-fused NK interpolator of Eq. (3.2)
had sufficient overlap with an exited state to allow a successful correlation matrix
analysis. Similarly, the exotic colour-fused N K interpolating failed to produce evidence
of the attraction one might expect if a pentaquark existed. The scalar diquark-type
interpolating field of Eq. (3.10) also produced effective masses that lie higher than those
recovered from the colour-singlet N K-type interpolating field of Eq. (3.1). Again, a low-
lying pentaquark state was not observed. In short, evidence supporting the existence
of a spin—% pentaquark resonance was not found in quenched QCD over the quark mass
range and interpolating fields considered.

This result makes it clear that a similar analysis in full dynamical-fermion QCD is
essential to resolving the fate of the putative pentaquark resonance. We have resolved
mass splittings of the order of 100 MeV, and one might wonder what effect the dynamics
of full QCD could have on this state. As differences between baryon masses in full and
quenched QCD of order 100 MeV or more have been observed [104], one cannot yet
rule out the possible existence of a pentaquark in full QCD.
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Table 3.11: Summary of published lattice QCD pentaquark studies, including the fields used, a brief description of the analysis techniques,

and some observations from the work.

Group Action Operators Analysis methods Observations
Lasscock et al. FLIC XNK» XNE» 2 X 2 correlation matrix; I(JP) = 1(%1) NK scattering states;
Xss, Xps | mass splittings analysis with | I(JP) =0(37) NK scattering state;
NK, NK* 0(%+) N*K scattering state
Csikor et al. [93] Wilson XNK; XN 2 x 2 correlation matrix; 0(%_) NK degenerate state;
mass ratio with NK 0(17) excited state, 0(2 ") deemed too massive
Sasaki [94] Wilson XPs standard analysis 0(37) above S-wave NK;
O(é+) above P-wave NK
Mathur et al. [95] overlap XNEK» XNE volume dependence 0,1(37) NK scattering state;
0, 1(%+) P-wave NK degenerate
Ishii et al. [96,97] Wilson XPs hybrid boundary conditions; | 0(3 ) NK scattering state;
Bayesian analysis 0(—%4—) deemed too massive
Alexandrou et al. [98] | Wilson XPS volume dependence 0(3 ™) more consistent with single particle state;
N K scattering state not seen
Chiu et al. [99] domain wall | XNk, X%, * | 3 X 3 correlation matrix 0(37) NK scattering state;
XPs ground state 0(3 ") less massive than 0(%+)
Takahashi et al. [100] Wilson XNK» XNE 2 X 2 correlation matrix; 2 NK scattering state;
volume dependence 17 excited state;
%+ N*K scattering state

“The NK-type fields used by Chiu et al. [99] differ by a 5 in the nucleon part of the operator from the other groups listed, which effectively reverses the

intrinsic parity of the operator.
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The Spin-3 Pentaquark, Lattice
Resonance Signature

In our first exploratory study of spin-3/2 pentaquarks [29] we find evidence of the
binding, i.e. the mass of the pentquark state becomes less than its lowest energy decay
channel, in the spin-3/2, isoscalar even-parity channel.

Here we refine our analysis to include additional terms in the NK* pentaquark
interpolator, we include a new vector-diquark scalar-diquark pentaquark interpolator
to study spin-3/2 pentaquark states and we extend the size of our ensemble from
290 configurations, to 396 configurations. These results further support our discovery
of attraction in the even-parity, isoscalar, spin-3/2 pentaquark channel, vital to the
formation of a pentaquark resonance.

Fundamental to this work is the discrimination of a resonance state from possible
scattering states. Several groups have sought to distinguish the resonance and scatter-
ing states by comparing the masses at different volumes [95,100,117-119]. The volume
dependence of the residue of the lowest lying state has also been proposed as a way
to identify the nature of the state [95,118]. Alternatively, hybrid boundary conditions
have been used in Refs. [96,97,120] to differentiate the resonance in the odd-parity
channel from the S-wave N K scattering state. In the even-parity channels, as we dis-
cuss in Sec. 4.2, the energy of the P-wave two-particle scattering states are explicitly
volume dependent. By comparison, we might assume that the volume dependence of
a resonance mass on a lattice with a large physical volume should have only small
volume dependence. Therefore measuring the volume dependence of the mass of an
even-parity state is also an alternative resonance signature.

In Ref. [28,29] we employed a computationally inexpensive approach to investigate
pentaquark resonances by searching for evidence of sufficient attraction between the
constituents of the pentaquark state such that the resonance mass becomes lower than
the sum of the free decay channel masses. We labeled this pattern as “the standard
lattice resonance signature” because this signature is observed for conventional baryon
resonances studied on the lattice [18,27,103,121,122]. By comparing the masses of
the five-quark states to the mass of the decay channel we found evidence of binding
in the spin-3/2, isoscalar even-parity channel, but otherwise not. The limitation of
this resonance signature is that absence of binding cannot be used to exclude the
possibility of a resonance as the attractive forces simply may not be strong enough to
provide binding. On the other hand, the presence of binding would provide a compelling
resonance signature.

Further, we commonly find evidence of a repulsive interaction in the five-quark
baryon-meson states. That is the mass or energy of the two-particle state created
with our five-quark interpolators is larger than the non-interactive two-particle state
because of a repulsive interaction, which is a finite volume effect [115]. It is possible
that the same maybe true but with an attractive interaction, making the mass or
energy of the two-particle state less than in the non-interacting state, but perhaps
insufficient attraction to produce a resonance. An analysis of the volume dependence
of the standard resonance signature is therefore vital in determining the fate of the ©*.
However an important advantage of this resonance signature is that it is effective in
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the study of even-parity states, where the data typically contains a larger component
of noise than in the odd-parity channel. A precise determination of the residue of the
pole is difficult in the best of circumstances.

We discover in [29] the existence of a double plateau structure in the even-parity,
isoscalar, spin-3/2 channel. Careful determination that we are not excluding, in our
analysis, true signal at large Euclidean times is vital in the determination of the ground
state mass of the correlator. In this study we review our techniques for testing that
we are not discarding true signal at large Euclidean times and find the application
of these techniques crucial in extracting the ground state mass in the analysis of the
I(JF) =1(3/27), 1(1/2%) and 1(3/2%) states extracted with our vector-diquark scalar-
diquark interpolator and in the analysis of the 0(3/2%) state extracted with the NK*
interpolator. We argue that the reason for the discrepancy in the I(J¥) = 0(3/2%)
mass extracted with the NK™ interpolator between our work [29] and Doi et al. [120],
is because we fit our effective mass data at larger Euclidean times to recover the true
ground state mass.

In Sec. 4.1 we review our spin-3/2 pentaquark interpolating fields. In Sec. 4.2 we
describe our analysis techniques. An addition to this work is a review in Sec. 4.2.1
of our jackknife estimate of our confidence intervals. We make a comparison between
two alternative algorithms for calculating the confidence intervals. Our results are
presented in Sec. 4.3, where we discuss in detail the mass splittings between the pen-
taquark and two-particle scattering states. As in [29] we find evidence of binding in
the spin-3/2, isoscalar, even-parity channel. In Sec. 4.3.2 we discuss the discrepancy
between our calculation of the mass of the spin-3/2, isoscalar, even-parity state and
the corresponding calculation by Doi et al. [120]. Finally, conclusions and suggestions
for future work are summarised in Sec. 4.4.

4.1 Interpolating Fields

The simplest /NK-type interpolating field used in lattice simulations, referred to in
Ref. [28] as the “colour-singlet” NK field, has the form,

1 -
Xni = —=e?(uCrsd’) {u(5%5d?) F (u e d)} (4.1)
V2

where the — and + corresponds to the isospin I = 0 and 1 channels, respectively.
This field has spin %, and transforms a pseudo-scalar under the parity transformation
q49—"4.

One can access spin—% states by replacing the spin-0 K-meson part of xyx with a
spin-1 K* vector meson operator,

Xire- = 5™ 09d) (W& d) F (e D} (42)
where again the — and + corresponds to the isospin I = 0 and 1 channels, respectively.
The field xy - transforms as a vector under the parity transformation, and has overlap
with both spin—% and spin—% pentaquark states. States of definite spin can be projected
from xA . by applying appropriate projectors, as discussed in Chapter 1.

Following our previous work with spin-1/2 SS and PS interpolators, Egs. (3.10)
and (3.14), we propose a vector diquark-diquark type interpolator that accesses spin—-g-
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states,
1
Xoy = —=e (" Cpeyd’) (u"*Crysd®) C5T (4.3)

V2
It can be easily shown that this field does not have definite isospin by rewriting the
second diquark in this field in terms of colour symmetric and colour antisymmetric
components,

_ 1 abc/, Ta b 1 Tec 2 Te .
Xy = 5w Cm“d)x{i{(u Crysde) — (u"*Cysd) }+

HWT O + (O} T (44)

The colour antisymmetric components in the previous equation is pure isoscalar, as
can be shown using isospin raising and lowering operators,

I_{(ua(Cs)apdg) — (Ua(Cs)apdp)}t = {(da(C1s)apds) — (da(C5)andp)}
{(da(Crs)apds) + (da(Cs)apda)}
- ({)(dZ(CVS)aﬂdE) _(d,?i(C'YS)ﬁadz)}(Ll 5)

Similarly this term vanishes under the isospin raising operator. Therefore since this
term vanishes under both raising and lowering operations it is isoscalar. The colour
symmetric term can be shown to be isovector by once more using the isospin raising
and lowering operators,

I {(ug(C5)apds) + (ue(Cs)apdi)} = {(de(Cs)apdp) + (dalCs)apdp)}
= {(de(C5)apdp) — (d5(Cs)apda)}
= {(dg(Cv5)apdp) + (d5(C75)sade)}
= 2(dg(Cvs)apdp) (4.6)

With the isospin raising operator the result is the same, but with (u « d). Fur-
thermore, this term will vanish under successive raising or lowering operations, which
implies that it is purely isovector.

Based on this information we formulate a vector diquark-diquark style interpolator
based on Eq.(4.3), which has definite isospin with the following,

1
Xy = e W0y d) { W Csd") F (d70ru)} 05

1
%eabc(uT“C%'y“db) { (W™Csd®) F (uT*Csd°) } C5°T (4.7)

where — and + corresponds to isoscalar and isovector channels. To show that this
interpolator is pure isoscalar/isovector we act on it with an isospin lowering operator,

Il

1
Iy = e (@ 0my'd’) { (W *01sd) F (u"*Cred) } +
(T Crr ) { (dFeCrpd?) T (d7Crysd) } )OS . (48)
Since €2*¢(dT*Crysy*d?) = 0, and the colour anti-symmetric/symmetric term is zero/non-

zero under the isospin lowering operation, and similarly under an isospin raising op-
eration, xry has definite isospin. Note that the isoscalar component of xry does not
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vanish as in the case of the SS interpolator because, as in the case of the PS interpolator,
the diquarks are not identical.

The vector diquark in the LY interpolator mixes an additional small component of
the spinors. This makes the LY interpolator less suited to the analysis of pentaquark
states compared to the NK™* interpolator. We find in our analysis of nucleon interpo-
lators that the x; interpolator, with its pseudo-scalar diquark, does not provide access
to the ground state. The NK* interpolator still holds the most promise for isolating a
low-lying pentaquark state.

4.2 Lattice Techniques

Here we highlight the relevant formalism we introduced in Chapter 1. The masses of
the spin—% and spin—% pentaquark states are obtained from the two-point correlation
function,

GH(t,5) = Y exp(-ip- &) (0T x*(z) %(0) |0) . (4.9)

-

T

To project states of definite spin from the correlation function G#(t,p) we apply the
spin projection operators [27],

3 1 1
Pj,,(p) = Gu — 5'7;/71/ - 3—172(7 *DVuPy + DY 'p) )
Pfu(p) = Guw — Pfu(p) ) (4-10)

for spin-g and %, respectively. Note here we are again using the Bjorken and Drell
representation of the «-matrices.

The spin-projected correlation function receives contributions from both even and
odd-parity states. The use of fixed boundary conditions in the time direction enables
states of definite parity to be projected using the matrix [18,110],

1 MB:I:
MfF=-(14 4.11
5 (1 52) (4.11)

for odd and even parities, respectively. Masses of states with definite spin and parity
can then be obtained from the spinor trace of the spin and parity projected correlation
functions,

G(t,ﬁ) = trsp [P g“"(t,ﬁ) Puu(p)]
Z ABXEB exp (—Ept)
B

A% exp (=mgt) . (4.12)

t—;oo

This function is a sum over all states, B, with energy Eg, and A and AP are the
couplings of the state B to the interpolating fields at the source and sink, respectively.

Since the contributions to the two-point function are exponentially suppressed at a.
rate proportional to the energy of the state, at zero momentum the mass of the lightest
state, my, is obtained by fitting a constant in time to the effective mass,

Meff(t) = 111 (M)
G(t+1,0)
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4.2. Lattice Techniques

Table 4.1: Lowest energy decay channels for each pentaquark state on the lattice, where
the A baryon is bound.

I(JF) Decay channel
0,1(37) S-wave N + K
0,11%) P-wave N+ K
" 0(37) S-wave N + K*
137) S-wave A+ K
1, 0(%+) P-wave N + K
2 me . (4.13)

Following our previous work [28,29], we search for evidence that the resonance mass
has become smaller than the sum of the free decay channel mass for pentaquark states
created by our interpolating fields. For this purpose it is useful to define an effective
mass splitting. For example, in an S-wave decay channel,

AM() = M) — (M) + M)
b msq — (Mmp +mu) , (4.14)

where Mg (t) and M§¥(t) are the appropriate baryon and meson effective masses for a
specific channel. For a P-wave decay channel, the effective masses are combined with
the minimum nontrivial momentum on the lattice, 27/ L, to create the effective energy,
Eef(t) = \/(M*%(t))2 + (2r/L)?, for each decay particle, where L is the lattice spatial
extent. The advantage of this technique is that it measures a correlated mass difference,
thereby suppressing the sensitivity to systematic uncertainties (such as using different
fitting ranges).

For a pentaquark resonance we shall consider the mass splittings between the pen-
taquark state and the corresponding baryon and meson free two-particle scattering
states. The signal we are searching for is evidence of a pentaquark bound state at
quark masses near the physical regime. In Table 4.1 we summarise the lowest energy
decay channels for the various isospin, spin and parity quantum numbers considered in
this analysis. In Table 4.2 we summarise the masses and energies of the two-particle
state that are relevant to our present study.

4.2.1 Error analysis

We use the Jackknife technique [123] for estimating the confidence intervals, variance
and the covariance matrix in our calculation of the x? of our fit. The mean extracted
for a Jackknife subensemble is calculated with one of the configurations excluded,

_ 1 <
xi=n_12zj . (4.15)
J#i
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4.3. Results

Table 4.2: The masses and energies of the non-interacting two-particle states.

a M7r a M]% —+ v}r?ve N+v;?ye a M}% _wave M2+vl?ve M}\Df +v}v{ave aM¥t~
0.540(1) 1.560(4) 1.769(6) 1891(27) 1.606(9) 1.696(4) 1.873(8)
0.500(1) 1.490(5) 1.707(7) 1.830(31) 1.640(10) 1.631(5)  1.817(9
0.453(1) 1.408(6) 1.637(8) 1.760(39) 1.578(11) 1.557(5)  1.754
0.400(1) 1.321(7) 1.562(10) 1.683(53) 1.514(14) 1.478(7)  1.690
0.345(2) 1.236(11) 1.489(14) 1.594(84) 1.454(18) 1.401(10) 1.630(13
0.300(2) 1.169(16) 1.431(20) 1.433(133) 1.412(23) 1.342(15) 1.588(16

For a set of n data points, n Jackknife subensembles are generated with each element
deleted in only one of the subensembles. The Jackknife estimate of variance [123] is,

02_n—lz ~——Zx1 : (4.16)

If we are sampling from a Gaussian distribution then the 68.3% confidence interval
resides within one standard deviation either side of the mean.

Alternatively we can calculate our own confidence intervals by sorting the Jackknife
subensembles, Z;, [123]. For this procedure however we must be careful to include
the inflation factor v/n — 1, for the averaged subensembles. The inflated Jackknife
subensemble [123] centered around the average of the Jackknife subensembles is,

1 < 1 —
X,'= - . —i—_ T4 - —'. .
Vn=1-(z n;x,)+nzj::cj (417)

Following Efron [123] the confidence intervals are,

[Xlo; Xup] = [X(a) ’ X(l-a)] (418)

where o - 100% of the Jackknife subensembles are less than X@, o - 100% are greater
than X~® and thus (1—2a)-100% of the subensembles are contamed in this interval.
For the 68.3% confidence a = 0.1585. Of course this method does not rely on the
assumption of a Gaussian distribution and is therefore more robust.

4.3 Results

In this section we examine a class of pentaquark interpolators that access spin-3/2
states. The correlation functions extracted with the NK* and LY interpolating fields
contain contributions from even and odd-parity states with both spin 1/2 and spin 3/2.
We project out correlation functions of states with definite spin and parity using the
appropriate projection operators, as highlighted in Sec. 4.2 and discussed extensively
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4.3. Results

in Chapter 1. The mass of the lowest energy state is extracted with a linear least
squares fit of a constant in time to the effective mass Eq. (2.16). We estimate the x?
per degree of freedom (x3) of this fit using a covariance matrix analysis and ideally
we demand that the x3; ~ 1 and < 1.5. We must be cautious when applying this
criteria though because if we include data points in our fit where the signal has become
hidden by noise we can add degrees of freedom to the fit without adding additional
constraints. This suppresses the x2 ; and may provide a false positive in the selection
of a fit regime.

Another concern in blindly applying the above criteria to our selection of data to fit
was identified in our previous work [29] where we identify a double plateau structure
in the effective mass of the I(JF) = 0(3/2%) channel. We find a x3, ~ 1 for a fit to
a limited selection of our data, but that the x2; becomes large when we include data
from larger Euclidean times. This indicates that the interpolator couples relatively
weakly to the lower energy state. Indeed, Doi et al. [120] failed to consider this issue
in their analysis. The asymptotic limit in Eq. (2.16) demands that we fit the data at
the larger Euclidean times, even though the data has a larger component of noise.

With these issues in mind, we will plot the effective mass data up to one data point
after we judge that the signal has been lost, or up to time slice 30. We will fix the upper
bound of the fit at this point. In some cases the loss of signal means that the next
effective mass data point would not appear within a sensible scale in our figures. In
this case the extra data point is not shown. The restriction on the X3, will determine
the lower bound of the fit. In this way we can be confident that we satisfy Eq. (2.16)
in our extraction of the ground state mass.

In this study we compare the 68% confidence interval given by the two alternative
Jackknife estimates Eq. (4.16) and Eq. (4.18). In Fig. 4.1 we compare two estimates of
the 68% confidence interval in the effective mass of the 3/2% state extracted with the
NK* interpolator (top) and the pion (bottom), one based on Eq. (4.16) and the other
obtained by sorting the inflated Jackknife subensembles Eq. (4.18). In each case the
data corresponds to m, ~ 700 MeV. We see that the former Jackknife estimate of the
68% confidence interval in the effective mass of the 3/2" state is typically larger than
the 68% confidence obtained by sorting the subensembles. This is because outliers at
large distances from the mean. As we evolve to large Euclidean times the component
of noise becomes larger and the standard Jackknife estimate of the error becomes more
and more dominated by the outliers. The signal has clearly become hidden by the
noise where ¢t > 24, and this data is not included in our analysis. For comparison,
in Fig. 4.1 the two Jackknife estimates of the 68% confidence interval in the effective
mass of the pion are calculated on the same ensemble. The box contains 68% of the
inflated subensembles and the outliers connected by a solid line contains 95% of the
inflated subensembles. Here we find the two methods are in excellent agreement. Note
in Fig. 4.1 that the fixed boundary effects appear to become important where ¢t > 30.
To be cautious we do not include these data points in our analysis of pentaquark states.

In Fig. 4.2 we show a histogram of the inflated jacknife subensembles of the masses of
the 3/2% state extracted with the N K™ interpolator and the pion used in our estimates
of the error. The difference in the two scales of the horizontal axes is 100:1. The
distribution of subensembles for the pion is a good approximation to a Gaussian. The
distribution of the subemsembles of the 3/2% state is much broader than the pion and
there are more outliers. Clearly far more samples of the functional integral of the 3/2%
state are needed to reproduce the precision of our calculation of the pion mass where
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Fig. 4.1: The Jackknife estimates of the 68% confidence interval in the effective mass
based on Eq. (4.16) (upper) is compared with the 68% confidence intervals based on
Eq. (4.18) (lower). For clarity, we omit every second data point of the pion effective
mass.
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the sort and cut and the standard Jackknife estimate of the error agree. We will use
the more robust sort and cut Eq. (4.18) method to estimate the confidence intervals in
the extracted masses.

4.3.1 Isoscalar, negative parity channel

We begin the discussion of our results with the isoscalar, odd-parity channel. Isoscalar
states can be constructed with the NK* and LY interpolating fields, Egs. (4.2) and
Eq. (4.8) respectively. We extract the mass of the I(J¥') = 0(1/27) state with the NK*
interpolator with a fit to the effective mass data shown in Fig. 4.3 where ¢t > 18 at all
quark masses. At the three largest quark masses, the x4 =~ 1 at the fourth largest
quark mass the x3 ; = 0.53, which is acceptable. At the two smallest quark masses the
X3o¢ 18 0.33 and 0.22 respectively.

Continuing our analysis of the isoscalar, spin-1/2 state we fit the effective mass
extracted with the LY interpolator, Fig. 4.4. If we fit the data at the where ¢ > 19 at
the three largest quark masses we find a x2 ~ 1. At the next two largest quark masses
we find a plateau at ¢t > 18 and a small x3 ; for each fit. We find that this analysis and
an analysis of the data where t > 19 are consistent, so fitting the data at the earlier
euclidean time is appropriate. At the smallest quark mass our best estimate of the
ground state mass is extracted with a fit the the data where ¢ > 17, where the x? is
0.43.

Next we calculate the mass of the 3/2~ state extracted with the NK* interpolator
with a fit to the effective mass data of Fig. 4.5, where ¢ > 18 is selected at each quark
mass. In each case we cut the data where we the signal has become hidden by noise.
In particular at the three smallest quark masses the next data point after the last one
shown is not contained in the scale of the vertical axes, and so is clearly dominated
by noise. At the five largest quark masses the x2; =~ 1. At the sixth smallest quark
masses the x3.; of the fit is 0.20, which is not an ideal. Alternatively if we fit the data
where t > 14 at this quark mass we find an acceptable X%, but the mass extracted
is much larger than in our initial analysis. So we use our former analysis as our best
estimate of the ground state mass at this quark mass, because it is more consistent
with the asymptotic limit required in Eq. (2.16).

In the 3/27 channel the LY interpolator mixes (small x large)(large x large)(small)
components of the spinors. The extra small components suppress the signal relative to
the N K* interpolator, which mixes all large components in this channel. Consequently
the effective mass data extracted with the LY interpolator, Fig. 4.6, has a larger com-
ponent of noise compared with the effective mass extracted with the N K™ interpolator,
Fig. 4.5.

We see in Fig. 4.6 for the 0(3/27) state extracted with the LY interpolator, that
the effective mass has an apparent plateau at times 14 — 16 and then another apparent
plateau for ¢ > 18. If we limit the analysis to the data points at t = 14 — 16 then we
find a x3,; = 1.14 for our fit to the data at the largest quark mass. When the data
points at t = 18 —20 are included in this fit, the x3; becomes large, as shown in Fig. 4.7
(left). This suggests that there is still a component of signal at ¢ > 18, reflecting the
true ground state of the correlator which must be included in the fit. To determine
the appropriate range of data to fit we have to choose an upper bound of our fit. We
find that the size of the error bar in the effective mass data shown in Fig. 4.6 (top left)
becomes large after time slice 21. Since the contribution of each data point to the fit
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Fig. 4.6: As in Fig. 4.3 but for the 0(3/27) state extracted with the LY interpolator.
The data correspond to m, ~ 830 MeV (top left), 770 MeV (top right), and 700 MeV
(bottom left).
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is weighted by a factor of 1/0?, excluding the data a ¢t > 21 will have a negligible effect
on the extracted mass. Therefore we find a suitable upper limit to our fit at time slice
21. In Fig. 4.7 (right), for the largest quark mass we fix the upper bound of the fit to
the data at time slice 21 and show the x%. for a selection fits with the lower bound of
the fit shown on the horizontal axes. Here we find an acceptable x3; with the lower
bound of the fit set to time slice 18. We find the same qualitative behaviour at the
next largest quark mass. At the third largest quark mass the x3; = 0.57.

In Fig. 4.8 we show the mass extracted with both a fit to the data at the earlier
plateau time slices 14 — 16 (crosses), and another at the larger Euclidean times 18 —21
(closed triangles). Both fits have an acceptable x%;. The fit at the larger Euclidean
times is similar to the lowest energy two-particle state that we know the interpolator
must couple to and is also consistent with the mass extracted with the NK* interpo-
lator. In other words, it is the latter fit that correctly accesses the the ground state of
the correlator.

The mass extracted with the fit to the data at time slices 14— 16 is much larger than
both its lowest energy decay channel and the mass extracted with the VK* interpolator.
This fit does not satisfy the asymptotic limit in Eq. (2.16) and so is not the correct
answer. Fortunately there is a clear signal at the two largest quark masses indicating
that a naive fit to the first plateau is wrong. Inclusion of the data at larger Euclidean
times caused a divergence in the x3;. Thus we must fit the data shown where ¢t > 18
to extract the mass of the I(JF) = 0(3/27) state. Our analysis of the 3/2~ state with
the LY interpolator is limited to the three largest quark masses because the signal has
become hidden by noise at the smaller quark masses.

This careful examination of the 3/2~ state obtained from the LY interpolator serves
as a proof of principle in the correlation function analysis. In this case, the correct
answer is known from the N K* interpolator and it is now clear that one cannot simply
ignore visually unpleasing data when the X2 ; is inflated through the inclusion of such
data.

Table 4.3 summarises masses of the odd-parity states extracted with the NK* and
LY interpolators. In Fig. 4.8 we also show the masses of the spin-1/2 state extracted
with the NK* interpolator (open circles), the spin-1/2 state extracted with the LY
interpolator (open triangles), and the mass of the spin-3/2 state extracted with the
NK* interpolator (close circles). For comparison we include the masses of the non-
interacting S-wave N + K (solid line) and N + K* (dashed line) two-particle states.
We find that the mass of the I(JF) = 0(1/27) state extracted the LY interpolator is
slightly less than the mass extracted with the NK™ interpolator at the three largest
quark masses. The discrepancy in the calculation of the mass is about 3% at three
largest quark masses. The I(J¥) = 0(3/27) state extracted with the LY interpolator is
also slightly smaller than the mass extracted with the VK™ interpolator. We attribute
these small differences to excited state contamination in the NK* case.

To search for evidence of binding we must accurately measure the splitting between
the mass of the pentaquark state and its lowest energy decay channel, summarised in
Table 4.1. To accomplish this we fit a constant in time to the effective mass splitting
Eq. (4.14), in each case we find a good X3 where we use the same fit regimes discussed
above. The results are presented in Table 4.4. The masses of the 1/27 states are
consistently more massive than the non-interacting S-wave N + K mass, which is
consistent with our findings in [28,29]. The mass of the 3/2~ state extracted with the
N K* interpolator is consistently more massive than the non-interacting S-wave N + K*
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mass, which is consistent with our findings in [29]. We find that the mass of the 3/2~
state extracted with the LY interpolator is consistent within error bars to the mass of
the non-interacting S-wave N + K* mass. Therefore we find no evidence of binding in
the isoscalar odd-parity channel.

Table 4.3: The masses of the I(JF) = 0(1/27) and I(J¥) = 0(3/27) states extracted
with the NK* and LY interpolators.

aM;, aM;g/f{: aMll;é,?‘_ aMf:,/;: aM%,Z_

. . . 0.057
16432000 1.599 0008 1.8227568 17477008,

(1)

(1) 157270008 1.528885 1.759%058 1.660750%

0.453(1) 1.48974000 1.4457001% 1.687%00% 1.593109%8
(1)
(2)
(2)

0.400(1) 1.39870:%07 1.375%301% 1 617001
0.345(2) 1.30573%11 1.301+0:928 1 56940018
0.300(2) 1.24475018 1.26770:931 1.58310:039
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Table 4.4: The splitting between the mass of the I(J¥) = 0(1/27) and I(J¥) = 0(3/27)
states extracted with the NK* and LY interpolators and the relevant two-particle
states.

aM,  oAMYE.  aAMMIE  aAMYE aAMYE

0.540(1) 0.08813:9%% 0.03913:9% 0.065799% —0.006%0-%8
0.500(1) 0.08815903 0.039%3:99¢ 0.06579:908 —0.03270:08%
0.453(1) 0.08613902 0.04075:9% 0.06579-9%9 —0.02910-999
0.400(1) 0.08173:9% 0 06073913 0.07070:012
0.345(2) 0.075139%9 0.07175:922 (.09370:019
0.300(2) 0.09073:91 0.090+3927 0.167+9:939
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Fig. 4.8: The masses of the isoscalar, spin-1/2 state (open symbols) and spin-3/2 state
(closed symbols) extracted with the LY and NK* interpolators. The data correspond
to m, ~ 830, 770, 700, 616, 530, and 460 MeV. The data points corresponding to the
spin-1/2 states and the spin-3/2 state extracted with the LY interpolator have been
offset horizontally for clarity.
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Fig. 4.9: The effective mass of the I(JF) = 0(1/2%) state extracted with the NK*
interpolator, the data correspond to m, ~ 830 MeV (top left), 770 MeV (top right),
700 MeV (middle left) and 616 MeV (middle right) 530 MeV (bottom left).

4.3.2 Isoscalar, positive parity channel

We continue our analysis with the isoscalar, even-parity channel. The mass of the
spin-1/2 state is extracted with the NK* interpolator with a fit to the effective mass
data shown in Fig. 4.9 for ¢ > 17 at each quark mass. At the four largest quark masses
we find a X3¢ ~ 1. At the smallest quark mass shown we find a X2, = 0.27.
Continuing our analysis of this state with the LY interpolator in Fig. 4.10 we find
an apparent plateau starting at time slice 14. A fit to the data shown where ¢t > 14
returns an ideal 3, ~ 1 at the four largest quark masses, and a x%.; = 1.31 and 0.58
for the two smaller quark masses. The mass extracted for this fit is consistently larger
than the mass of the same state extracted with the NK* interpolator. Repeating the
calculation with a fit to the data where ¢ > 17 we find 2 = 0.53,0.28,0.17,0.70 and
1.45 at each quark mass respectively. The x3; in this analysis is generally less ideal
than our initial analysis, however there is some systematic drift in the effective mass
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Fig. 4.10: Asin Fig. 4.9, but for the 0(1/2%) state extracted with the LY interpolator.
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Fig. 4.11: As in Fig. 4.9 but for the 0(3/2%) state extracted with the VK™ interpolator.

to time slice 17. The mass extracted for ¢ > 17 is consistent with the mass extracted
with the NK* interpolator. So we present this analysis as our best estimate of the
lowest energy state that this interpolator couples to in this channel.

Next we consider the spin-3/2 state extracted with the NK* interpolator. Similar
to our analysis of the I(J¥) = 0(3/27) state extracted with the LY interpolator, we
find the same double plateau structure in the effective mass data, Fig. 4.11 at time
slices 13 — 17. To determine the correct fit regime here we focus on our analysis of
data at the third largest quark mass. At a glance at Fig. 4.11 (middle left), it may be
tempting to fit the apparent plateau in the effective mass at t = 13 — 17. However we
will demonstrate that such a fit does not describe the lowest lying state.

Figure 4.12 (left) displays the x2 per degree of freedom for a selection of fits to the
effective mass data Fig. 4.11 (middle left), where the lower bound of the fit is fixed
at time slices 13 or 14, 4 or 5 time slices from the source respectively. The upper
bound of the fit is displayed on the horizontal axis. We see that when the data at
t > 18 is included in the fit, the x? per degree of freedom becomes large. We must
therefore conclude that the data at time slices 18 onwards is true signal, reflecting
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Fig. 4.12: (left) The x2  for a series of possible fits with a lower bound fixed at time slice
13 (circles) and time slice 14 (triangles) and an upper bound shown on the horizontal
axis. (right) The Xios for a series of possible fits with the upper bound fixed at time
slice 22 and the lower bound shown on the horizontal axis. The data correspond to
My 2~ 700 MeV. The horizontal lines correspond to x3 ; of 0.5,1.0(ideal) and 1.5.

the ground state of the correlation function and therefore must be included in the
fit. This “double plateau” structure can occur when the interpolator couples strongly
t0 a more massive state and relatively weakly to the lower energy state, the former
dominates at earlier times, then due to exponential suppression the latter dominates
at later times. In this study we also find this behaviour in the effective mass of the
0(3/27), 1(1/2%) and 1(3/2%) states extracted with the LY interpolator. In each case
the correct consideration of the data at the larger times is vital in extracting the ground
state mass. To determine the appropriate upper bound for the fit, we begin by returning
to Fig. 4.11 (middle left). The rapid proliferation of the error bar suggests that the
signal is becoming hidden by the noise after time slice 22. We note that since we use a
linear least squares fit to extract hadron masses from the effective mass, contributions
to the extracted mass at each timeslice is weighted by a factor of 1/02. Fitting data
with a relatively large component of noise can have the effect of suppressing the x2 ;
calculated in Eq. (C.3), see [124], but has negligible effect on the magnitude of the
extracted mass.

Having fixed the upper bound of the fit at time slice 22, we proceed with determining
the lower bound. In Fig. 4.12 (right) we show the X3or of a series of fits to the data
with the upper bound of the fit fixed to time slice 22, and the lower bound of the fit
shown on the horizontal axes.

As a general rule a % ~ 1 and < 1.5 indicates that the fit of a constant to the data
is appropriate. A Xiof >> 1 indicates that the effective mass data has not reached s
plateau and therefore a fit of a constant to the data is not well motivated. Alternatively
Xor << 1is unlikely to be a good fit, but can be due to a large component of noise in
the effective mass data. A review of the undesirable features of the covariance matrix
analysis is discussed in [124]. For further analysis of the goodness of fit we calculate
the probability that another sample of random data would have a, larger or equal Moot
For a good fit this probability should be ~ 50% [125].

In Fig. 4.12 (right) we find that a fit with a lower bound of 18—20 has an acceptable
X3 In Fig. 4.13 we present a summary of the extracted mass corresponding to each of
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Fig. 4.13: The 0(3/21) mass extracted with a selection of fits with an upper bound
fixed at time slice 22 and a lower bound shown on the horizontal axes. The data
corresponds to m, ~ 700 MeV.

these fit regimes. The extracted mass corresponding to the selection of a lower bound
of time slices 18 — 20 agree to within ~ 68% confidence interval. We choose time slice
18 as the lower bound of the fit, because for this fit the x5, = 1.

For the same reasons discussed above, we extract the mass of the spin-3/2 state
with the NK* interpolator with a fit to the data shown in Fig. 4.11 where ¢t > 18 at
the four largest quark masses and where ¢ > 17 at the smallest quark mass. In each
case we find x%; ~ 1. At the smallest quark mass we also examined an alternative
fit to the data where t > 18, in this case the Xﬁof = 0.55. The mass extracted with
both analyses agree to within errors, so we use the former analysis. Our analysis is
restricted to the five largest quark masses after which we judge that the ground state
signal has been hidden by the noise.

Next we consider the spin-3/2 state extracted with the LY interpolator. Here we
find a systematic drift in the effective mass data extracted with the LY interpolator,
shown in Fig. 4.14, towards time slice 21. At this large time the data is beginning to
be dominated by the noise. However we have a sufficient signal at the three largest
quark masses to fit the data shown where ¢t > 21. The X3¢ for a fit to the data where
t > 21 at the three largest quark mass is 0.85, 0.65 and 0.46 respectively. In Fig. 4.15,
at the two smallest quark masses we graph the effective mass data point at time slice
21 because we judge that the signal is lost at time slice 22.

Unlike the analysis of the I(JF) = 0(3/27) state extracted with the LY interpolator
and the 0(3/2%) state extracted with the NK* interpolator, the x5 test does not
exclude a fit to the data at earlier times. We can repeat this analysis at smaller times
and fit the data where ¢ > 19. In this case we find x2; ~ 1 at the three largest quark
masses, and x2.; = 0.32 and 0.02 at the two smaller quark masses. In each case we find
a mass consistent with the energy of the non-interacting P-wave N + K two-particle
state.
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Fig. 4.14: As in Fig. 4.9 but for the 0(3/2+) state extracted with the LY interpolator.
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The mass extracted from these two approaches are not consistent and therefore
clearly better statistics is required to resolve the ground state mass with greater con-
fidence. Whilst we report the mass extracted with both fit procedures, the systematic
drift in the lattice results suggests the more cautious fits for ¢ > 21 will provide a
better estimate of the ground state mass.

A summary of the masses are shown in Fig. 4.15 along with the relevant two particle
states. We find that the mass of the spin-1/2 states (open symbols) are consistently
larger than the lowest energy two-particle states, the N + K in P-wave (solid line),
which is consistent with our findings in [28,29]. In this case the interpolators appear
to couple more strongly to either the S-wave N* + K (dashed line) or P-wave N + K*
(dotted line), which unfortunately have similar energies on our lattice.

The mass of the spin-3/2 state extracted with the LY interpolator (closed triangles)
in our analysis with a lower bound of the fit starting before time slice 21, is consistent
with the lowest energy decay channel. But the mass extracted with the LY interpolator
with a fit to the data at ¢t > 21 (crosses), is smaller than the non-interacting two-particle
energy of the P-wave N + K state at each quark mass. The mass extracted with the
latter analysis is likely a better estimate of the ground state mass as the qualitative
behaviour of the effective mass suggests excited state contamination before time slice
21.

Similarly .the mass extracted with the NK* interpolator (open circles) becomes
smaller than the non-interacting two-particle energy of the P-wave N + K state at the
two smallest quark masses shown. This is consistent with our findings in [29]. At large
quark masses, the mass extracted with the LY interpolator is consistently smaller than
the mass extracted with the NK* interpolator, indicating that the VK™ interpolator
has a stronger coupling to one or more excited states.

We make a more accurate determination of the binding energy by calculating the
mass splittings defined in Eq. (4.14). The mass splittings are shown in Fig. 4.16 and
summarised in Table 4.6 In this case the N + K in relative P-wave is the lowest energy
state of both the spin-1/2 and spin-3/2 five quark states. The discrepancy between
the mass splittings between the spin-3/2 state extracted with the two interpolators
and the two-particle energy of the P-wave N + K state is likely due to excited state
contamination. With vastly improved statistics a correlation matrix analysis would be
beneficial.

As discussed in the previous section and in Ref. [28], the transition of a resonance
at light quark masses to a state which lies below the free particle decay channel at
quark masses larger but near the physical quark masses is the standard resonance
signature in lattice QCD. Moreover the approach to the heavy quark limit is in accord
with expectations. Recall that in the case of the ©1, which has a “fall-apart” decay
mechanism, quark counting indicates that the ©% to N + K mass ratio will approach
1 as the heavy quark limit is approached. At intermediate quark masses, however, one
expects the resonance signature analogous to the A baryon [28,29]. The pentaquark
mass extracted with the N K™ interpolator at the two smallest quark masses lies below
the scattering state, indicating attraction, vital to the formation of a resonance.
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Table 4.5: The masses of the I(JF) = 0(%+) and 0(

and LY interpolators.

1) states extracted with the NK*

aM,

1/2+
cz]bij}(*

1/2+
ajbfi},

3/2%
aMNK*

3/2+
a]&fii,

0.540(1)
0.500(1)
0.453(1)
0.400(1)
0.345(2)

196815916
1.90610:018
1.82470.021
17200 023

158075942

1.99274 031
194379927
1.881755637
1.79910:046

1567350501

1.88610:028
deititell N
1.59910.042
1.33410:953

1.1687397

1.65910:022
1.557+9-028
1.46010-943
1.37473989

257

Table 4.6: The splitting between the mass of the [ (JP) = 0(3/2%) states extracted
with the NK* and LY interpolators and the energy of the non-interacting P-Wave
N + K two-particle state.

aM, aAMJ{,/Iz(t CLAMI%,2+ aAMf{,/;t CLAM%,2+
0.540(1) 0.41175512 0.298709%3  (.197+0030 —0.04410:922
0.500(1) 0.417*3617 0.31179%%  0.146+0057 —0.08373:929
0.453(1) 0.415155% 0.32170%80  0.049+0.048 —0.10810:042
0.400(1) 0.3947553% 0.31470048 —0.1367503 —0.103+0.0%5
0.345(2) 0.333150% 0.258709%8 —0.227+0070 —0.145+5174
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Fig. 4.15: As in Fig. 4.8, but for the isoscalar, even-parity states.
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Fig. 4.16: The mass splitting between the I(J¥) = 0(3/2+) state extracted with the
NK* (closed circles) and LY (crosses) interpolators and the P-wave N+K energy.
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Response to criticism made by Doi et al

We feel that it is necessary to respond in this thesis, to criticism made in Ref. [120] of
our analysis in this channel [28]. Quoting Ref. [120):

Now, several comments are in order. (1) Reference [67] reported the
existence of a low-lying 5Q state in the JP = 3/2% channel using the N K*-
type interpolating field. However, we have not observed such a low-lying
5Q state in our calculation. There are a number of differences in the lattice
QCD setup between the current studies and Ref. [67], such as the gauge and
the quark actions, and the implementation of the smeared source. However,
we consider that, rather than being a consequence of these differences, the
discrepancy mainly comes from the low statistics adopted in Ref. [67].
We emphasize again that spin-3 /2 pentaquark correlators are quite noisy,
and therefore require better statistics. (2) Recall that, except for a single
calculation [59], lattice QCD calculations indicate that the J? = 1 /2% state
is heavy [57,58,60-66), for instance msq =~ 2.25 GeV in Ref. [61]. From the
viewpoint of the diquark picture, it could be natural to obtain such massive
5Q states in the J¥ = 3/2% channel. If there were a low-lying 5Q state
in the J¥ = 3/2% channel, then the diquark picture could suggest also a
low-lying 5Q state in the J¥ = 1/2* channel nearby. !

In response to comment (1), it is well known in the field that in calculating the
two-point correlation function in momentum space one takes a Fourier transform which
includes a sum over all spatial lattice sites. Therefore where the hadron fills the lattice,
the size of the error bar depends on the volume of the lattice times the number of
configurations. Currently the only other study on of spin-3/2 pentaquarks, Ref. [120],
is on a 123 by 96 anisotropic lattice with an ensemble of 1000 configurations. This
is to be compared to our original calculation Ref. [29] on a 20% by 40 lattice with
an ensemble of 290 configurations, which in fact which corresponds to 25% higher
statistics. Therefore Ref. [29] is the most precise publication of spin-3/2 pentaquarks
at the time of writing. The data presented in this study correspond to an ensemble of
396 configurations, that is ~ 35% greater statistics than Ref. [120] and we still find the
resonance signature.

The reason that the size of the error bar in the mass of the 0(3/2%) state in our
previous study [29] is larger than in the study [120] is because the latter chose to
analyse the data at the smaller Euclidean times. In Fig. 4.17 we compare the analysis
of [120] with an analysis of the effective mass data in [29] where we fit at time slices
14 — 17. We find both calculations are in excellent agreement and that the size of our
error bar is smaller as argued above. But we stress that, the quality of the fit is not
determined by the size of the error bars, but in this case it is determined by the x?
goodness of fit and the extent to which we satisfy the asymptotic limit in Eq. (2.16).

Comment (2) brings up the absence of evidence of a JP — 1/2* partner to the
candidate J¥ = 3/2% pentaquark state. Firstly, the evidence of binding in this channel
does not necessarily imply the existence of a JP = 3/2% pentaquark. An alternative

To find the relevant reference in this study, translate Ref. [67] to our paper Ref. [29], Ref. [57]
corresponds to Ref. [93], Ref. [58] corresponds to Ref. [94], Ref. [59] corresponds to Ref. [99], Ref. [60]
corresponds to Ref. [95], Ref. [61] corresponds to Ref. [96], Ref. [62] corresponds to Ref. [119], Ref. [63]
corresponds to Ref. [28], Ref. [64] corresponds to Ref. [118], Ref. [65] corresponds to Ref. [117], and
Ref. [66] corresponds to Ref. [126].
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Fig. 4.17: A comparison between the mass of the 0(3/2" state extracted with the N K*
interpolator from [120] and for comparison a fit to the effective mass data in [29] at
time slices 14 — 17.

explanation for the evidence of binding in this channel is that this is also a N + K
scattering state where the interaction is attractive, but not sufficiently attractive to
give rise to a resonance. If this were true then the non-observation of the J¥ = 1/2%
state is of no consequence.

Secondly there has been no lattice calculation that has proved that a J© = 1/2%
state does not exist in quenched lattice QCD. In our study in Ref. [28] does not have
sufficient precision to rule out such a state. Further we have stressed that the lack of
evidence of the standard lattice resonance signature cannot disprove the existence of a
pentaquark state. What we have done is identify the 0(3/2%) channel as a promising
channel for further study of pentaquark existence. As such, the 0(1/2%) channel is also
worthy of a high precision analysis.

Finally we explain the discrepancy between the two calculations. An examination
of Fig. 6b in Ref. [120] reveals evidence of the double plateau structure we observe in
the effective mass in our study. In their analysis however the authors choose to fit the
earlier Euclidean times 23 — 28, which corresponds a time evolution of 1.04 — 1.26 fm
from the source, compared to our analysis where we fit at 2.4 — 2.9 fm from the source.
Further, the authors make no comment about the validity of a fit including data from
time slice 29 onwards. Nor do they make any comment about why the mass they extract
is not consistent, up to finite volume effects, with the lowest energy two-particle state
in this channel, the P-wave N + K.

Therefore a correct explanation for the discrepancy between the results of Ref. [120]
and Ref. [29] is that Doi et al. simply did not evolve to sufficiently large Euclidean
time to extract the lowest lying state. To support this hypothesis, in Fig. 4.18 (top)
we include the current 0(3/2%) mass extracted with the NK* interpolator, where we
fit effective mass at time slices 13 — 17. Note that the x?; is acceptable for this fit
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regime, see Fig. 4.12 (left), provided we exclude data at time slice 18 and beyond. The
extracted mass subject to this fit regime and the mass reported by Ref. [120] agree well
given that the lattice volume used in each case is different. Note that the analysis of
Doi et al. is restricted to relatively large quark masses. However we have shown that
this is not the lowest energy state. It cannot be the lowest energy state because at the
very least we should access, up to finite volume effects, the lowest energy two-particle
state in this channel which is the P-wave N 4 K.

By comparison in Fig. 4.18 (bottom) we show the two calculations of the 0(3/27)
mass extracted with the N K™ interpolator. In this channel both calculations are in
excellent agreement.

To summarise, the discrepancy in the mass of the 3/2% state between Doi et al. [120]
and our studies in this channel is because we fit our data at larger Euclidean times to
isolate the ground state. For a fair comparison with our work, the authors of Ref. [120]
must increase the precision of their calculation, probe lighter quark masses below the
SU(3) flavour limit where evidence of binding is the most significant, and demonstrate
that their fit regime does not exclude real signal at larger Euclidean times. The quality
of the fit is not a function of the size of the error bars. Nor should visually displeasing
data be cast aside without serious consideration.

4.3.3 Isovector, negative parity states

We continue our analysis with the isovector odd-parity states. The effective mass of
the 1/27 state extracted with the NK* interpolator is shown in Fig. 4.19. At the two
smallest quark masses shown the last data point represents the point at which we judge
that the signal has become hidden by noise. This data point is not included in the fit.
We extract the mass of the 1/27 state with the NK* interpolator with a fit to the data
shown for t > 19. The x4, ~ 1 at the five largest quark masses and 0.25 at the lightest
quark mass. An alternative analysis finds an acceptable x%; at the lightest quark mass
shown where we fit the data for ¢ > 17. In this case the mass extracted is'much larger
than in our former analysis. Therefore we use our former analysis as our best estimate
of the ground state mass. The effective mass extracted with the LY interpolator is
shown Fig. 4.20. As with our analysis of this state with the NK* interpolator, the last
data point at the two smallest quark masses represents the point where the signal is
lost and so is not included in the fit. We extract the mass of this state with a fit to
the effective mass data shown for ¢ > 19, and in each case x3%; ~ 1.

Next we consider the 3/27 state. The effective mass extracted with the NK*
interpolator is shown in Fig. 4.21. There is a clear systematic drift in the effective
mass data towards time slice 19. So we extract the mass with a fit to the data shown
fort > 19. As with our analysis of the spin-1/2 state, at the three smallest quark masses
we judge that the last data point shown is noise and is not included in the analysis.
For these fits we find a x3,; ~ 1 at the five largest quark masses and x3,; = 0.33 for
the fit to the data at the smallest quark mass shown. The x2; at the smallest quark
mass is not ideal, but is our best estimate of the ground state mass.

The effective mass extracted with LY interpolator is shown in Fig. 4.22. As dis-
cussed in Sec. 4.3.1 the LY interpolator mixes two extra small components of the
spinors in this channel, compared to the N K* interpolator. So the component of noise
relative to the signal is much larger. Consequently our analysis is limited to the three
largest quark masses. For a fit to the data shown we find a x%; ~ 1 where we fit
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Fig. 4.18: (top) The I(J¥) = 0(3/2%) mass extracted with the NK* interpolator and
the P-Wave N+K decay channel energy. The data correspond to Ref. [120] (squares),
an alternative fit to our data at time slices 13 — 17 (open circles) and our calculation of
the ground state mass (closed circles). (bottom) For comparison we show the mass of
the I(J¥) = 0(3/27) state extracted with the NK* interpolator and the S-Wave N+K
decay channel energies from the same two studies.
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Fig. 4.20: As in Fig. 4.19 but for the 1(1/27) state extracted with the LY interpolator.
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Fig. 4.22: As in Fig. 4.19 but for the I(JF) = 1(3/27) state extracted with the LY
interpolator.

the data shown from ¢ > 15. As in the isoscalar channel we see an apparent double
plateau structure in the effective mass, however unlike the isoscalar channel the oot
test favours the fit at the smaller Euclidean times. The mass extracted with the LY
interpolator is much greater than the lower energy two-particle states, and we can rea-
sonably conclude that there is significant contribution to the correlation function from
excited states. Clearly this interpolator is not suitable for studying this state.

Table 4.7 summarises the mass of each state extracted with our interpolators. These
masses along with the relevant two particle states are shown in Fig. 4.15. Here the
lowest energy decay channel of the 3/2~ state is the S-wave A + K. We see that the
mass of the 3/27 state extracted with the N K* interpolator (closed circles) is consistent
with the A + K (dashed line) at the two smallest quark masses shown. However the
calculation of the mass splitting between the five-quark state and the A+ K in Table 4.8
reveals no evidence of binding.

The masses of the 1/27 states extracted with the NK* and LY interpolators are
very similar, but as in the isoscalar channel the mass extracted with the LY interpolator
is consistently less than the mass extracted with the NK* interpolator. Here the
discrepancy is ~ 1.5%. We attribute this discrepancy to excited state contamination.
The mass of this state extracted with these interpolators is consistently larger than the
respective mass of the 1/2~ state in the isoscalar channel. In our previous study (28] we
used a 2 X 2 correlation matrix, with the “colour singlet” and “colour fused” variations
in the colour assignment of the NK interpolator, to study the isovector 1 /2 state. We
found that the correlation matrix returned a smaller ground state mass than the “colour
singlet” N K interpolator alone, and that the mass of the isoscalar and isovector, 1/2~
states, were the similar to ~ 1o. So we presume that the isovector 1/2~ states reported
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here are larger than the isoscalar 1/2~ states because of the additional excited state
contamination from the two particle states with the A, which the isoscalar interpolators
do not couple to.

The splitting between the mass of the 1/2~ states and the mass of the S-wave N+ K
particle state and the splitting between the mass of the 3/2~ states and the mass of
the S-wave N + K* particle state are summarised in Table. 4.8. In each case we find
no evidence of binding.

4.3.4 Isovector, positive parity states

We finish our analysis with the isovector, even-parity states. The effective mass of the
1/2% state extracted with the NK™ interpolator is shown in Fig. 4.24. In each case
we omit the last data point in our fit. When we fit the data shown for £ > 17 the
X3os 18 0.25,0.29 and 0.58 at each quark mass respectively. Our analysis of this state is
limited to the three largest quark masses after which we judge that the ground state
signal has become hidden by noise.

The effective mass of the 1/2% state extracted with the LY interpolator is shown
in Fig. 4.25. Again we see an apparent plateau in the effective mass data at time
slices 15 — 17 and another at larger times. In Fig. 4.26 (left) we show the x3. for a
series of fits to the data at the largest quark mass, where the lower bound of the fit
is fixed at time slice 15 and the upper bound is shown on the horizontal axes. We
see that as soon as the data from time slice 18 onwards is included in the analysis the
x3.; becomes large, indicating that there is true signal corresponding to a lower energy
state at ¢ > 18.

In Fig. 4.25 (top left) the effective mass data point at time slice 25 is not contained
within the vertical scale of the figure, because the signal is lost in the noise. Therefore
we select time slice 24 as the upper bound of the fit in our analysis. In Fig. 4.26 (right)
we show the x3; for a series of fits to the data at the largest quark mass, where the
upper bound of the fit is fixed at time slice 24 and the lower bound is shown on the
horizontal axes. We find that the x2; ~ 1 where for a lower bound is fixed at time
slice 19. Based on this argument we fit the data shown in Fig. 4.25 for ¢t > 19 at the
three largest quark masses and ¢ > 18 at the three smallest quark masses. For this
analysis at the four largest quark masses the x4, ~ 1 for each fit. At the two smallest
quark masses the x%; = 0.19 and 0.01. However despite the small x* at these quark
masses this analysis remains our best estimate of the ground state mass.

The effective mass of the 3/2% state extracted with the NK* interpolator is shown
in Figs. 4.27. We extract the mass of this state with the NK* interpolator with a
fit to the data shown where t > 17 at all quark masses. At each quark mass the
X3¢ = 0.25,0.14,0.13,0.08 and 0.17 respectively. A fit to the data where ¢t > 16
returns a mass much larger than in our original analysis, which we find is inconsistent
with the mass extracted with the LY interpolator in this channel, and much larger
than the lowest energy two-particle state. Given the systematic drift in the effective
mass, our former analysis provides our best estimate of the ground state mass in this
channel.

The effective mass of the 3/2% state extracted with the LY interpolators is shown in
Fig. 4.28, at each quark mass the last data point shown is considered to be dominated
by noise and is not included in our analysis. Again we find that the effective mass
plateaus around time slices 15 — 17, before transitioning to lower energy plateau at
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Table 4.7: The masses of the I(J¥) = 1(1/27) and I(JF) = 1(3/2") states extracted
with the NK* and LY interpolators.

aM, aM le/ 12{: aM 11;4,2 ) aMJB\’,/ IZ{_ aMz{f )
0.540(1) 1.72613008 1.69873002 1.795+0:019 2 9206+0017
0.500(1) 1.655%0g00 1.62710:9%% 1.73410:018 9 151+0.018
0.453(1) 1.5747000% 1.546739%8 1.66013:01 209179028
0.400(1) 1.491%3311 1.459+0.008 1 568+0017

0.345(2) 1.41573018 1.38310:912 1 458+0027

0.300(2) 1.353%3:92 1.324%0018 1 497+0.046

Table 4.8: The splitting between the mass of the I(JF) = 1(1/27) and I(JF) = 1(3/2")
states extracted with the NK* and LY interpolators and the relevant two-particle
states.

aM, aAMyr. oAMYY  aAMYE aAMYF
0.1441000% 0.1137390¢  0.073+3:299 0.507+00L7
0.13510.00; 0.10875:9%8  0.068+3:01 0.509+0019

(1)
(1)
0.453(1) 0.117%33% 0.103X539%  0.058739%5 0.511+0022
(1)
(2)
(2)

0.085+05% 0.0941301  0.026+0.027
0.073+302 0.0911002T _ 3010052

0.14779037 ,18670.938 _ gpot0-104
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Fig. 4.23: The masses of the odd-parity, isovector spin-1/2 state (open symbols) and
spin-3/2 state (closed symbols) extracted with the LY and NK* interpolators. The
data correspond to m, =~ 830, 770, 700, 616, 530, and 460 MeV. The data corre-
sponding to the spin-1/2 state extracted with the NK* interpolator has been offset
horizontally for clarity.
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Fig. 4.25: The effective mass of the I(JF) = 1(1/2%) state extracted with the LY
interpolator, the data correspond to m, ~ 830MeV (top left), 770 MeV (top right),
700 MeV (middle left), 616 MeV (middle right), 530 MeV (bottom left), and 460 MeV
(bottom right).
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Fig. 4.26: (left) The x3,; for a series of possible fits of the 1(1/2%) state with a lower
bound fixed at time slice 15 and an upper bound shown on the horizonta] axis. (right)
The x5, for a series of possible fits with the upper bound fixed at time slice 24 and the
lower bound is shown on the horizontal axis. The data correspond to m, ~ 830 MeV.
The horizontal lines correspond to x2. of 0.5,1.0(ideal) and 1.5

later times. As in the I(JF) = 0(3/27) and 1(1/27) states extracted with the LY
interpolator and the I(J”) = 0(3/2%) state extracted with the NK* interpolator, we
must be careful to satisfy the asymptotic limit in Eq. 2.16 to recover the correct ground
state mass. In Fig. (4.29) (left) we show the 2 ; for a series of fits at the largest quark
mass, where the lower bound of the fit is fixed at time slice 15 and the upper bound is
shown on the horizontal axis. As soon as the data from time slice 18 is included in the
fit, the x? becomes large. This indicates that the data at the larger times is true signal
dominated by a lower energy state. In Fig. 4.28 (top left) the next data point after
time slice 25 is not contained on the scale and so is lost to noise. Therefore an upper
bound of the fit fixed at time slice 25 is reasonable. In Fig. 4.29 (right) we show the
X3of for a series of fits with an upper bound fixed at time slice 25 and a lower bound
shown on the horizontal axis. We find a x3; = 1.5 where the lower bound is time slice
18, which is acceptable. Following these arguments we select a fit to the data shown for
> 18. The x4, = 1.52,1.39,0.92,0.47 and ~ 0 respectively. Although most of these x?
values are not ideal, this analysis returns our best estimate of the asymptotic ground
state mass.

Table 4.9 contains the masses of the even-parity, isovector, spin-1 /2 and spin-3/2
states extracted with the LY and N K™ interpolators. They are summarised in Fig. 4.15
along with the relevant two particle states. We find that the mass of the 3/27 state
extracted with the VK™ interpolator (closed circles) is slightly larger than the mass
of this state extracted with the LY interpolator (closed triangles). Possible excited
state contamination in the mass extracted with the NK* interpolator might explain
the small discrepancy. In each case the mass extracted is much greater than the lowest
energy two-particle state with these quantum numbers, namely the P-wave N + K
(solid line). So unlike the isoscalar 3/2% state we clearly find no evidence of binding
despite the use of the same analysis techniques to obtain the true ground state.

In the 1(1/2%) channel we find that the masses extracted with the LY (open tri-
angles) and NK* (open circles) interpolators are in agreement. Given the greater
precision in our calculation achieved in this study, we are able to fit the effective mass
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Fig. 4.27: As in Fig. 4.25 but for the 1(3/2") state extracted with the N K* interpolator.
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4.4. Summary

data extracted with the NK* interpolator at larger Euclidean times compared to [29].
This new analysis extracts a ground state mass of the even-parity spin-1/2 isovector
which is more consistent with the P-wave N + K. It is also consistent with the ground
state mass extracted with the spin-1/2 interpolator in Chapter 3.

For comparison we also show the mass of the isovector, even-parity, spin-1/2 (plus
signs) and spin-3/2 (crosses) states extracted with the LY interpolator where we in-
correctly fit the effective mass data at time slice 15— 17. We find that in each case the
mass extracted is significantly more massive that both the lowest energy two particle
state and mass of the same state extracted with the N K* interpolator, and so the mass
extracted with the LY interpolator, with the alternative naive fit to the data at the
earlier time slices is clearly not the ground state mass.

Table 4.10 contains the mass splitting between the non-interacting P-wave N + K
two particle state and the mass of the 1/2% state extracted with the LY and NK*
interpolators. As with the 3/2% state in this channel we find no evidence of binding.

4.4 Summary

We have extended our initial study of spin-3/2 pentaquark interpolators [29] to include
the additional terms in the correlation function given by Eq. (2.3) with pp=1—4,v =
1 —4 and have expanded the ensemble from 290 to 396 configurations. We also include
an analysis with the xpy interpolator that also accesses spin-3/2 states. We find
evidence of the standard lattice resonance signature in the 0(3/2%) state extracted
with the NK* interpolator in quenched lattice QCD. We find that the effective mass
of the same state extracted with LY interpolator displays a systematic drift to values
consistent with the N K™ results at light quark masses. This evidence of binding is now
confirmed.

We have reviewed our Jackknife estimate of the standard error and found that the
“sort and cut” method of estimating the error is better than making the standard
assumption that the distribution of Jackknife samples is Gaussian.

We demonstrated that the discrepancy between the extraction of the mass of the
0(3/27) state with the NK* interpolator in the work of Doi et al. [120] and our earlier
work [29] is entirely due to Doi et al. [120] fitting the effective mass data at earlier
Euclidean times than our in study. We demonstrate that the criticism [120] that our
analysis [29] has poorer statistics is incorrect because the size of the error bar depends
on the lattice volume times the number of configurations. We show that a fit to our
effective mass data in [29] at time slice 13 — 17 extracts a mass consistent with the
calculation in [120], has smaller error bars and is not consistent with the asymptotic
limit in Eq. (2.16). Otherwise in the 0(3/27) channel the two studies [120] and [29] are
in excellent agreement.

We have shown that the double plateau structure found in the effective mass data
of the 0(3/27), 1(1/2%) and 1(3/2%) states extracted with the LY interpolator and
the 0(3/2%) NK* interpolator makes it essential to test for true signal at the large
Euclidean times in order to recover the ground state mass. We review our analysis
methods that deal with this test and once again stress that we must not judge the
quality of the fit based entirely on the size of our error bars or the visual nature of the
data.

We explored isoscalar and isovector, spin-1/2 and spin-3/2, even and odd-parity
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4.4. Summary

Table 4.9: The masses of the I(JP) = 1(1/2+) and I(JF) = 1(3/2%)

with the NK* and LY interpolators.

aM,

1/2+
aMy g

1/2+
allIL},

ag3/2t
aMpy .

3/2+
a]&{Lyr

0.540 1.957+0:909
1.89975:919

1.83019:013

0.500
0.453
0.400
0.345
0.300

185619021
1.77913:928
168610928
161015939
1.49870-047

136280014

1.98910:018
1.93510:017
1.87370:023
1.80975:95¢

1.7511+0:067

1.92570-024
1.85610:031
1.77610-93¢
1.67510.054

1.604%575

Table 4.10: The splittings between the mass of the I (JP) = 1(1/2%) and I
1(3/2%) states extracted with the NK* and LY interpolators and the releva

particle state.

aMy aAMYE.  oAMYET aAMYE aAMYF
0.540 0.400%53%7 0.166700% 0.295+3014  0,064:0.026

0.500
0.453
0.400
0.345
0.300

0.41073012

0.419710:014

0.15410-023
0.137+9:926
0.13975:6%
0.1025:06%

0.03110:972

0.30425:017
0.31470:925
0.32670:03

0.34173:966

0.05273:952
0.03475:9%7

0.00273:958

—0.0037999
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4.4. Summary

five quark states with the NK* and LY interpolating fields in quenched lattice QCD.
In our analysis of the spin-1/2 states we find a small discrepancy at the largest quark
masses between the mass extracted with the NK* and LY interpolators. We also
find that the mass of the isoscalar spin-1/2 states extracted with the NK* and LY
interpolators are consistently larger than in our previous study [28], where a correlation
matrix was used to access the lowest energy state. We conclude here then that these
small discrepancies are due to excited state contamination. In a future study of five
quark states with these interpolators it will be important therefore to use a correlation
matrix to remove the excited state contamination.

As in [28,29] we search for evidence of binding to identify favourable quantum
numbers for the existence of the ©F resonance on the lattice. We emphasize that lack
of evidence of binding does not exclude the possible existence of the ©* in the other
channels we explored. We find clear evidence of binding in the 0(3/2%) state extracted
with the NK* interpolator and a confirmation of this via the LY interpolator. An
analysis of the volume dependence of this signal remains to determine if this evidence
of binding suggests a 0(3/2%) ©% candidate in quenched lattice QCD. Of course, it is
important to repeat these calculations in full QCD, so we can determine if the evidence
of binding persists in the full theory.
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4.4. Summary

NKY 10N =1(1/2%) I ' I '
NK* 1(I"=1(3/2%)
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Fig. 4.30: As in Fig. 4.23 but for the isovector even-parity pentaquark states. Here the
states extracted with the LY interpolator have been offset horizontally for clarity.
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5
Conclusions

In this thesis we have performed a comprehensive analysis of the nucleon and A spec-
trum and of the spectrum of pentaquark states in QQCD. In Chapter 2 of this thesis
we have extended the earlier work of [18] and [27] with a high statistics calculation of
the spectrum of nucleon and A resonances with a large volume lattice. We provide
a complete review of how we extract baryon masses in lattice QCD. We extend the
earlier work with 2 x 2 and 3 x 3 correlation matrix analyses over a basis of our three
nucleon interpolators.

With a precise calculation of the nucleon spectrum, see Fig. 2.2, we find that the
level ordering of the odd parity spin-1/2 and spin-3/2 states on the lattice is reversed
at our larger quark masses compared to the physical spectrum. We noted that it is
indeed this reversed ordering that is predicted by quark models. Another interesting
feature of this calculation is the observation of a mass consistent with the S-wave N 41
and S-wave N +n' multi-hadron state in the odd parity spin-1/2 channel at our second
smallest quark mass. The realisation of a transition to lower energy multi-hadron state
at light quark masses must guide future calculations as we move closer to the chiral
limit.

With our correlation matrix analyses we find that the x3 interpolator has a strong
overlap with both the x; and y, interpolators. Pursuing this further with a Fierz
transformation, we find that the x3 interpolator can be expressed in terms of x; and
X2, Plus other terms. In our analysis of the 3 x 3 correlation matrix, see Fig. 2.16, we
find no evidence of a Roper like excited state of the nucleon. Therefore what overlap
the nucleon interpolators have with such a state must be small if non-zero.

In the odd parity channel we do not find evidence of the excited state reported
in [18]. Our conclusion is that the large amount of fermion source smearing employed
in this study has removed evidence of this excited state. A careful study of the optimal
source smearing prescription for extracting the excited hadron spectrum remains as
future work. In practice this should be combined with an expansion of our interpolator
basis with variations of the source and sink smearing prescriptions, as in Burch et al.
[33].

In our analysis of the A resonances, see Fig. 2.20, we find that the level ordering of
the odd parity states is consistent with the physical spectrum. With improved statistics
over earlier calculations, we also find that the mass of the even parity spin-1 /2 Ais
more consistent with the masses of the odd parity states, as in the physical spectrum.
Finally, as we probe closer to the chiral limit we begin to see the chiral curvature in
the mass of the A™ that has been predicted by chiral effective field theory.

With a strong foundation in the analysis of the spectrum of nucleon and A res-
onances we extend our study to an analysis of the pentaquark spectrum. Central to
this work is the formulation of a robust lattice resonance signature. In the study of
conventional resonances the standard lattice resonance signature is binding at quark
masses near the physical regime. This evidence of attraction is universally observed in
our study of nucleon and A resonances. We note that the absence of binding cannot
rule out the existence of the ©1 pentaquark. However, the presence of attraction is
vital to the formation of a resonance.

In Chapter 3 we search for evidence of the ©F spin-1/2 state using a comprehensive
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basis of local pentaquark interpolating fields. We include a correlation matrix analysis
with the NK and NK pentaquark interpolators Egs. (3.1) and (3.2) in the odd parity
channels. In the isovector channel we extract two states. The ground state has a mass
similar to the S-wave N+ K. The excited state has a mass similar to the S-wave N +K*,
In each case the mass of the state extracted is larger than the multi-hadron state, which
is evidence of a repulsive interaction due to the finite volume of the lattice. Similarly
we find evidence of repulsion in the other odd parity channels with every interpolator
used. In the even parity channels we find that the mass extracted is generally much
larger than the lowest energy multi-hadron state. The exception is the mass of the
0(1/27) state extracted with the PS interpolator, which we find is consistent with the
P-wave N 4 K energy, but binding is not ruled out.

In Chapter 4 we expanded our search for the ©* with an analysis of spin-3/2 states.
Using the formalism developed in Chapter 2 we extract the masses of spin-1/2 and spin-
3/2 states with our NK* and LY interpolators of Egs. (4.2) and (4.8). It was with the
former interpolator that we originally uncovered evidence of attraction in the 0(3/2%)
channel in our first study [29]. In this thesis we reaffirm the evidence of binding with
the mass extracted with the N K* interpolator and confirm it with the LY interpolator,
see Fig. 4.15.

In our analysis of the effective mass data extracted with each interpolator we con-
sistently find what we describe as a double plateau structure. An important feature of
this double plateau structure is that a limited fit to the effective mass data at small
Euclidean times can have an acceptable X3, but one does not extract the ground
state mass. We conclusively demonstrate that we must not ignore the signal at large
Euclidean times purely on the basis of aesthetics. A rigorous analysis of the effect on
the x3,; of including data at larger Euclidean times is mandatory in correctly extract-
ing the ground state of the correlator. Further we show that the discrepancy between
our calculation of the mass of the 0(3/2%) state and the analysis of Doi et al. [120] is
because Doi et al. fit the data at much smaller Euclidean times and ignore the large
Euclidean time points.

We have clearly established that the 0(3/2%) channel is worthy of future study. As
a priority we should focus our attention on measuring the volume dependence of the
resonance signature. This analysis should include an effort to improve our statistics
so that we can probe closer towards the chiral limit. Clearly we must also repeat this
simulation in full QCD to see if the resonance signature persists in the full theory.
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v-matrix Representations

In this appendix we review the representations of the ~-matrices we use in this thesis.
In each case the y-matrices obey the Clifford algebra,

{77} =2¢" . (A.1)

In our phenomenology we use the Bjorken and Drell representation of the y-matrices,

(b0 v(5 5 (D e

Where o; are the Pauli matrices and I is the 2 x 2 identity. In the Bjorken and Drell
representation the charge conjugation matrix C' = iv%2.

However in our lattice calculations at the quark level, it is convenient to have a
Hermitian representation. In the Sakuarai representation,

Y=V, =, == (A.3)

The charge conjugation matrix in the Sakurai representation is exactly equal to the

charge conjugation matrix in the Bjorken and Drell representation. Of course with the
Sakurai representation C' = ~,7,.
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B

Transformation properties of the
interpolating fields

Here we briefly discuss the Lorentz transformation properties of the interpolators con-
tinuous with the identity. As an example we show how x4 (z) transforms to illustrate
the utility of the charge conjugation matrix C. The quark fields transform as spinors,
80

u(z) — S(A) u(Az) , (B.1)
where the S(A) = e=®"“w . So we transform each of the quark fields in x4 in Eq. (2.1),
Xi(@) — = (uTo(Az) S(A)T Cray* S(A) d(Az))rs S(A) w(Az) . (B2)

In this expression S(A)T C is C S71(A) because

SWT C = e ¢
CCT (1 iw‘“’a;f,, - (WL, +...)C

= Ce ™0 0" (B.3)

We evaluate the expression in the exponent,

Col,CT = -0y (B.4)
So simplifying Eq. (B.3),
C e~ W C of, cT  _ C et ouw
= CS7'A). (B.5)

So we can write Eq. (B.2),

X5(®) — *(uT(Az) CsS™HA)P S(A) d*(Az))s S(A) u(As)
= AJ S(A) e (u"*(Az) Cr57” & (Az))¥5 u(Az)
= Ay S(A) x5(Ax) . (B.6)

We use the identity S~1(A )'y“ S(A) = Ak+¥, where A¥ is the lorentz transformation for
four-vectors. Therefore x5 transforms as a vector times a spinor under proper Lorentz
transformations. Similarly we can trivially show that the interpolators such as x; and
X2 transform like spinors.
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The Covariance Matrix

As discussed previously, we fit a constant in time to the effective mass data to extract
the masses from our correlation functions. The appropriate procedure for the effective
mass data is to minmise the function

X = 30 S (1) —m) - (M(5) —m) (©1)
1: 1

with respect to the parameter m. The standard measure of the fit is the x? per degree of
freedom (x3,). The X2 should generally be ~ 1 for an ideal fit. However the effective
mass data is correlated in time, and it has been shown by [127] that the probability
of finding a plateau over a number of time slices is small. Therefore it is necessary to
include a contribution from the correlations in the data in the calculation x2. So we
minimise,

X =Y (ME() —m) - CF' - (M (t;) —m) (C.2)

Y]

to find the value of x? which we use as our measure of the fit. In our analysis we use
the jackknife estimate of the covariance matrix,

n

Cog = Y _(Tilta) — %Z z;(ts)) - (Zi(tg) — %Z z;(tg)) . (C.3)

i

We use a singular value decomposition to invert the covariance matrix in Eq. (C.2).
The number of degrees of freedom of the fit is then the number of time slices, less
the number of fit parameters, less the number of singularities encountered in inverting
the covariance matrix. As discussed in [124], the mass extracted with Eq. (C.2) may
not coincide with the effective mass data, which is counter intuitive. So the correct
procedure is still to use Eq. (C.1) to calculate the mass, but keep the value of x* in
Eq. (C.2) as the measure of the fit.
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D

The two-point functions at the quark
level

A general nucleon interpolator is,

Xy = ey aAaﬂd%)Bvéug
Xy = “bcug,T(CT’Yo)J' ‘ (dng(DT)ﬂ’a’ug’T)
= €™q, (7CM o)y (Cz?slf (YoD'0) o))
= a5 Cpy (dy Dyt , (D1)

where A,B,C,D are some arbitrary products of 7-matrices, the letters (a,b,c) label the
colour 1ndlces and the Greek letters label the spinor 1ndlces Above we have made the
replacement D = (voD'45) and C = (70C'). Extracting the correlation function with
the x1, x2 and x3 interpolators is done by selecting the appropriate combinations of
v-matrices A,B,C and D. The general solution for the nucleon style two-point function
is,

Gw’ (t, 15)

3 7% (BUC) Trl(ADY DU + (BU= (AD¥ B)TU*E),s ) , (D2)

T /

where the capital U and D indicate up and down-quark propagators from the source
to the sink.
An arbitrary A interpolator is,

Xy = e*(ugAapup)Bysus
Xy = € S CIT(CT'YO)J’W' (uﬁ' (DT)ﬂ’a’u ,T)
= v ’ﬁgf(joof%)&' (@ (YD o) prer W)
= ¥ IUJ’CJ’ ! (ﬂgﬁﬁ'a'ﬂg’) ’ (D'3)

again A,B,C,D are some arbitrary products of y-matrices, with the condition that the
diquark is isovector. This requires that the matrices A and D be symmetric. If D
is symmetric then D is also symmetric. The general formula for the A correlation
function is,

Gyy(t,P) = <Ze_iﬁf

=

xT

2(BU* C)y Tr((AUY D)TU'] + 4<BU°°’15<U“’)TAU““’@w>- (D.4)

Next we discuss the general formula for the correlation functions extracted with the
XNK; Xk O Xnk+- The NK style of pentaquark interpolator, Eq. (3.1), has two terms
with a relative sign which is chosen depending on the isospin of the interpolator. The
first part of the NK interpolator is like a proton and K° interpolator coupled together,
we label this as xpgo. The second part of the interpolator is like a neutron and a
K* interpolator coupled together, we label this as ynyx+. The correlation function
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has four terms, the diagonal terms PK°/PK°® and NK*/NK™ and the cross term
PK°/NK* and NK*/PK°. Because we have isospin symmetry in our simulation we
need only evaluate one of the diagonal terms and one of the cross terms to construct
the correlation functions. We proceed here by evaluating the PK®/PK? contribution
to the correlation function at the quark level. The general PK? style of interpolator
is,

XsKO = fabC(UgAaﬂd%)B'YJug (gicapdg)

- 0 1l ol el N —of 4 —a’

X5 = €V(dS (0D M0) por s5r) U (VB 0) sy (dp (oF 0) prov Uil

. 0 [ RPN g ’ B g = —a’

X,I:,K = ¢ be (d;l.Dp’U/sZ-I) ug,Eyﬂyl (J%,Fﬂfa:ua,) . (D.5)

The general formula of the correlation function is,

G P ) = <Z{ — Tr{(155" 1) (CD* D)) x

((BU“ By Tr{(ADY FYTU) - (BU (AD¥ YU By )

H(BU B) Trl(CD™ FYT (365" 1) (AD¥ )70

~(BU)(CD B (155"26) (AD* D (0 Bl | ) (D)
We have used the relation (55 (z,0)ys)*,, = S¢¢(0, 7)o7o to evaluate the anti-strange

quark propagator, labelled capital S.
Next we evaluate the PK°/NK™ cross term.

X$K+ = Galblc’(ﬂzllﬁpralsgl/) Jgﬁﬁw (Jgﬁg/a/a‘f,',) } (D.7)

The general formula of the correlation function is,

O/NK* —ipF
Giy{"/NK t,p) = <Ze 1 {

(BU* D) (155" 75)T (CD* F)U**T (AD* ),y
(BU* D) (755" 45)"(CD* E))y Tr[(AD¥ F)TU*]
(BUC NCDY F)T (755 45) (U D)T(AD* E),y

(BUca )(ADbb’ ) (Uae D)(’)’55*66”75)T(0D661E))77/}> ,

9 {GPKO/PKO o GPK°/NK+} . (D.8)

For

(
(
(
(

G'y'y’ (t, 15)

To compute the colour fused style, NK interpolator we interchange the colour indices
in the general formulae.

Finally we discuss the general formula for the diquark-diquark style of interpolating
field that we use to extract the correlation functions with the xpg, xss and xry. The
general diquark-diquark style interpolating field is,

00 = A ) O ,
XoP = et ('YODT'YO)& + (dy (’YOETVB)p'a'afr') (% (o F"v0) o ity
ach‘leJI.-y (d Epalu )(%/Fﬁlalﬂi/) (Dg)
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The general formula for the correlation function is,

GoP(tp) = —< Ze—iﬁ'i (CY55™ ¥5D) .y X {
Tr[(BDee E)TU|Tr[(ADY F) U]
_ TT‘[(BDee )TUca ( Dbb’F)TUac]
_ [(BDeb )TUcc (ADbe’ ~)TUaa’] |
+ Tr[(BD® F)TU*|Tr[(AD" )TU“]}> (D.10)

The different colour assignments required to evaluate the correlation function with LY
interpolator is accomplished by relabeling the colour indices in the general formula.

Following spin and parity projection, the correlation functions are made real by
including both the U and U* gauge field configurations in the ensemble averaging.
This provides an improved unbiased estimator which is strictly real. This is easily
implemented at the correlation function level by observing that,

T{UD =[O MU (€)Y (D.11)

holds for quark propagators. For a more detailed discussion of this issue see Refs. [18,
128].
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