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Abstract

The formulation of QCD on a discrete space-time lattice allows us to study the

non-perturbative aspects of QCD with numerical simulations. This thesis investigates

the spectrum of baryon resonances in quenched lattice QCD.
Our investigation begins with high precision studies of the spectrum of nucleon

and A resonances on a large 203 x  }lattice. We use the Luscher-Weisz plaquette plus

rectangle gauge action and the FLIC fermion action for near continuum results at finite
lattice spacing. We extend this work to include a search for evidence of the N(1440)

"Roper Resonance" in quenched lattice QCD, which should appear as the first even

parity excited state of the nucleon. A correlation-matrix analysis with a basis of three

nucleon interpolators is considered.

With a strong foundation in the study of nucleon resonances on the lattice, we

extend our work to search for evidence of the existence of the ,S : *1, O+ pen-

taquark having minimal quark content (uuddí). Observations of the O+ pentaquark

were reported in several photo-production experiments, which caused tremendous in-

terest from theorists in the field of high energy physics. Later, several non-observations

of the O+, particularly in high statistics experiments conducted by the CLAS collab-

oration have cast doubt on its existence. Currently there is no known law of nature

that excludes the possible existence of a pentaquark state. It is therefore important
to determine if the theory of QCD does allow the existence of the O+. As a "first
principles" approach to QCD, the lattice provides an unique opportunity to do this.

Key to this work is the formulation of a robust signature of a resonance on the

lattice that can discriminate a O+ pentaquark from other possible two-particle states'

In our study we consider what we refer to as the standard lattice resonance signature,

which is evidence of an attractive interaction between the constituents. We see that this

resonance signature is universally observed in lattice studies of the nucleon resonances'

We explore the widest possible space of quantum numbers, with both spin-l/2 and

spin-3/2, using an extensive set of local pentaquark interpolating fields. A highlight
of this work is our exploratory study of the O+ with spin-3f 2, which was the first of

its kind. We find evidence of the standard lattice resonance signature in the I(JP):
0Ql2+) channel.
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1

Introd uction

In this thesis we complete a thorough study of the spectrum of spin-l/2 and spin-3/2
states of the nucleon and A. With this study as a solid foundation we expand the
universe of particles we can simulate on the lattice with a calculation of the spectrum
of both spin-1/2 and spin-3 f2 frve-quark states.

With the identification by the LEPS Spring-8 collaboration [1] of a strangeness *1
baryon, labeled the O+ pentaquark, with minimal quark content uudds, there has been
extensive theoretical and experimental interest in the possible existence of pentaquark
states. Lattice QCD provided an important theoretical framework for investigating
pentaquark states from a first principles approach. At the time that the putative
evidence of the O+ was discovered, the field had extensive experience in calculating
the mass spectrum of hadron states contained within the quark model. But the search
for the pentaquark on the lattice marked the beginning of a concerted effort to search
for states beyond the standard quark model. It became clear early on that in the study
of spin-1/2 pentaquark states on the lattice, a robust lattice resonance signature was

required to discriminate a possible pentaquark state from possible multi-hadron states.
As one of the earlier studies into pentaquarks on the lattice, we proposed a lattice
resonance signature inspired by our experience in the study of excited baryons on the
lattice, which we discuss in Chapter 3.

Those experimental studies that did identify the O+ were only able to measure
its mass and strangeness. The spin, isospin and parity of the O+ remains unknown.
Consequently we implemented an exhaustive search for the O+ over the largest range
of quantum numbers possible, including, at the time of writing, the first of only two
studies of possible spin-312 states.

In Chapter 2 we present our study of the excited states of the nucleon and A baryons
at light quark masses in quenched QCD (QQCD). In Chapters 3 and 4 we present our
search for the O+ pentaquark in QQCD. Our findings are summarised at the end of
each chapter and in Chapter 5.

1 .1 Quantum Chromodynamics
Quantum Chromodynamics (QCD) is a gauge theory that describes the strong inter-
action, which is largely responsible for the masses of particles in the hadron spectrum.
Inspired by the success of the quark model in explaining the spectrum of mesons and
baryons in terms of composites of valence quarks, in the quantum field theory each
quark fre\d þ carries colour charge, (red, green, blue) and a flavour (up, down, strange,
charm, top, bottom), The QCD (CP conserving) Lagrangian density that defines the
theory is,

L : tþ(il|Dt, - rn)ú -'Ur*r*. (1.1)

With Dp : 0, - igAr, 1p is a gamma matrix (in the Bjorken and Drell representation,
see Appendix A), g is the coupling of the fermions to the gauge field, and F' is the
field strength tensor. \Me demand that the Lagrangian is invariant under a local gauge
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transformation by an arbitrary element of SU(3), ,þ(*) - exp (-ia"(")+)rþ("), where
a"(r) is some arbitrary function of spatial coordinates r and the Gell-mann matrices
À are the generators of the group SU(3). Demanding invariance under the local gauge
transformation on the fields also requires that,

,\"Drrþ --+ exp (-i,a"(r)
2 )Dr'þ,

1

(1.2)

(1 3)

where f"b" are the structure constants of SU(3). The field strength tensor is,

Fi, : orA!, - a"Ai + gl*"ATA",. (1 4)

Because the gauge fields in QCD are non-Abelian, the term F2 in the Lagrangian
gives rise to terms like ,4.3 and Aa which describes a three and four gluon vertex, giving
QCD a rich vacuum structure. Furthermore since there are eight generators of the
group SU(3) the gauge fields (gtuons) come in eight varieties.

Observables in quantum field theory are obtained from vacuum expectation values.
The vacuum expectation value of a time ordered operator < CIl"OlCI > is evaluated
with a path integral over every possible field configuration of 1þ,1þ and every possible
gauge orbit weighted in importance by the exponential of the QCD action i I darLqcn,

-^lÂln- 1 f ^,, \^7/ \^ ¡ t ¡ Aò1,14+f^^^ /< F\1 ù¿l(.,1ù¿ ,: 
4 J 

urp\r)u1p\:r)uftp\r) Ue'' - --vvu. (I.Ð/

The integral is normalized by a factor Zs,

zo : I oþ@)ofi(r)DAr(r)ei I daæLqco (1 6)
J

As a specific example let the operator be the time ordered product of fermion field
creation and annihilation operators. Then the amplitude,

< AIT tþ (n 1)rþ (rr) ...1þ (r\)tþ (r r) ...10 >
TI
h J 

o O r(n)D tþ (r)Drþ (*)tþ (* r)rþ (*r) ...rþ (r r)tþ (r r) ... ¿i I da t Lqco 
( 1, Z)

The Grassman integration over the fermion fields demands a sum of all possible con-
tractions of the fields r/(r¿) and ,þ(r'). Each contraction of the fermions fields leaves
a quark propagator M-t(ro,ø!), wheie M is the fermionic matrix M : (¿1upt, - mq).
Thus the above expression simplifies to

Alp \ra"(r) + f"b"A?d"(r) ,

: 
à I DAr(r)der(M(Ar))et I d4t-îFt"'Fþ'

- M-'(rr,r'r)M-r(r1,nL).... 
) 

(1 8)

a
ItA --+

I

< AlTtþ (r y)Iþ (rr)..:ú (" r)rþ (r r),.. I 
O >

2

X M-'(*r, r'r)M-r (r2, n'r)
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1.2 Lattice QCD
The formulation of the electro-weak theory as a quantum field theory describing the
interactions of fermions with photons and Z0 and W+ bosons, is well understood using
a perturbative expansion for a small coupling, This approach is successful because
the coupling of the fermion fields to the gauge bosons is small in electroweak theory.
Similarly because QCD is asymptotically free at a large energy scale the coupling
g becomes small and processes like deep inelastic scattering is successfully described
by perturbative QCD. For an energy scale less than - 1GeV, the coupling becomes
large and so a non-perturbative approach is required to compute such things as the
hadron mass spectrum and other properties of hadrons such as the electro-magnetic
form factors directly from QCD.

Here we discuss the basic formulation of lattice QCD, which is a non-perturbative
approach to solving QCD with numerical simulations. Following Wilson [2], the central
approximation of lattice QCD is the replacement of space-time with a discrete lattice
in Euclidean space. Derivatives are therefore replaced by differences and integrals by
sums. Note that discrete space-time introduces a natural momentum cut-off, so a
regularisation scheme is built in, The quark fields r/(ø) reside on the lattice sites and
the gluon fields are encoded in SU(3) colour matrices U¡r, F: I,2,3,4 called links that
can be thought of as residing between lattice sites. We refer to a set of link operators
for every lattice site as a gauge field configuration.

The gauge fields are encoded in the link operator, which is a parallel transport
operator on a straight line contour connecting neighboring lattice sites. The link oper-
ator, along the contour parametrized by t, has the property that under a local gauge
transformation U(r),

u(t,tù---u(t)u(t,to)uIþù. (1.9)

The path ordered product of parallel transport operators along a contour is equivalent
to an overall parallel transport operator,

U (t, to) : U (t, u)U (u, ts) (1.10)

Under an arbitrary local gauge transformation the product of link operators transform
like

U(t,u)U(u,ts) u(t,u)tlI @)U(u)u(u,ts) ut þr)
U(t,u)U(u,tùUt fto)
u(t,tùtlI (to) . (1.11)

On the lattice the link operator is a path ordered exponential of the integral of the
gauge field along a straight line contour between neighboring lattice sites parametrised
bv À,

Ur(r) : Pe-is Ït ù'Ar(t+)'þ) - "-ioaA¡'(r*i) 
(1.12)

Here the p index on the link labels the direction of the straight line contour from lattice
site at r to the lattice site at r+ u. The product of link operators around a unit square
on the lattice is called a plaquette,

[Jp : Ur(r)U"(r + aþ)U[(r + aû')Uj(r). (1.13)
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Because the plaquette is a closed contour it has the transformation property,

(Jp --+ U(r)UpUt @)

The plaquette described explicitly in terms of link operators is,

(J p - ¿(- ie a A, (n)) 

"(- 
i s aA" (x * a þ') 

"(i 
s a A u @ t ù) 

"(i 
o a A 

" 
(a)).

Using the Baker-Campbell-Hausdorf formula to second ordcr in ø,

eAeB : e(A+B+lA,Bl+...),

(Ip : 
"-iga2(arA,-0,A¡'-glA¡",A"1+o(a2))

Up : 
"-';'ga2(F,"+o(a2))'

(1.14)

(1. 15)

(1.16)

(1.17)

Therefore as the gauge fields can be thought of as being encoded in the link operators,
the field strength tensor is encoded in the plaquette. By expanding this exponential,

up : L-i,ga2Fr,+|o',onFwFp,+O(ou), (1.1S)

1 . .o2 'l

t - Lrnerr[ue) : 
"letrrt]r*Ft", + o(o')1. (1.19)

Note that there is no implied sum over indices p, and u. The trace is over colour indices
which are suDDressed. The qlr:on action on the lattice is defined '¡¡ith the condition a-'-- --rf-

priori that it reconstruct the correct form in the limit a --+ Q,

sc : þf Dtt -'un"rr¡ur1¡, (1.20)

"l'l
! ir a sum over every Plaquette.
P

: PDIrt -!n"r,¡u,1¡,
xP

: PDD#;rrlFWF¡,,+o(a2)1. (1.21)
û ll'v

In the last line we realize that F2 is purely real. In the limit that the lattice is removed
o*0,

Ð- ilo^''
O(a2) -- g

,sc- Unt lo^"
1

2
TrlF*F¡",) (t.22)

Thus to satisfy the condition ø priori, that the lattice action is equivalent to the con-
tinuum action in the continuum limit,

P:2. (1.23)
s3',
4
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As in the continuum limit we demand that the lattice gauge action is invariant under
an arbitrary local gauge transformation, using Eq. (1.9),

Up --+ U(r)upt/t@) ,

rrtupt I i;:i,1.¿i,i"l!;ll ,

: Trlupl . (L24)

Similarly we can write down the Wilson fermion action for the lattice,

s# : 
Ðr*++r){(r)þ(r) - iftrþ

tþ(")(, - tr)Ur(r)lþ(, + i¿) (1.25)

+ $(r)(r + 1r)u)(r - t"),þ(r- t )) , (1.26)
)

which is just a discrete version of the continuum fermion action plus the irrelevant
terms multiplied by the Wilson parameter r. These terms are included in the lattice
action to remove the fermion doublers that appear in the discrete space-time. Naturally
rv\¡e are free to introduce additional terms in our lattice action provided there exists the
correct continuum limit. The \Milson parameter is arbitrary, so we choose r : L. Using
Eq, (1.9) rù/e see that this action is also invariant under a local gauge transformation.

Core to this study is the computation of the baryon two-point correlation function,
which can be expressed in terms of a time ordered product of quark fields. \Me complete
the integration over the quark fields, which are grassman variables, using the Wick
reduction discussed in Eq. (1.5). This leaves us with an integration over the gauge fields
of the product of quark propagators. In lattice QCD the integration over gauge fields
is approximated by a discrete sum over a finite ensemble of gauge field configuratiors.
An uncorrelated ensemble of gauge field configurations is generated using Monte Carlo
techniques, with samples weighted in importance by a factor det(M[U])e-scÍu), where
Sclul is the lattice gauge action in Euclidean space. In quenched QCD (QQCD)
the determinant of the fermionic matrix is set to 1 to reduce the computational cost

of the simulation. Quantifying the impact of quenching on the determination of a
particular observable is non-trivial. However we expect that we can still obtain an
understanding of QCD in the quenched approximation, particularly at larger quark
masses. An excellent description of a Monte Carlo algorithm can be found in [3].
For this study our gauge field configurations are generated using the Cabibbo-Marinari
pseudoheat-bath algorithm t4].

A complete description of how we evaluate the baryon two-point function can be

found in Chapter 2 and similarly a description of how to evaluate the pentaquark can
be found in Chapter 3. A complete description of how we extract the hadron spectrum
from the two-point correlation functions can be found in Chapter 2.

Finally, our numerical simulations generate dimensionless quantities, Dimensionful
quantities can be extracted with knowledge of the physical scale of the lattice ø. This
is not a direct input to the simulation. A dimensionless quantity IîI generaled in our
simulations, corresponding to a physical observable with dimensions of. (mass)d is given
a physical value M, by the physical scale of the lattice ¿

Iî[:odM. (L27)

So every observable which is simulated on the lattice must be combined with the lattice
spacing a to give a dimensionful result.

5
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1.2.1 Scale Determination
As discussed in the previous section, observable quantities calculated in our numerical
simulations are dimensionless, but we can extract dimensionful quantities with knowl-
edge of the lattice spacing. Making an accurate determination of the lattice spacing is a
vital step in any lattice simulation. In principle we can compare the lattice calculation
of a given observable to its known empirical value to deduce the lattice spacing. How-
ever this approach incorporates quenching artifacts (in quenched simulations), scaling
violations, finite volume effects and possible ambiguity in the chiral extrapolation, into
the determination of the scale. A better approach is to compare the static quark po-
tential calculated on the lattice, see [5], with phenomenological models of the hear,y
meson systems. At short range the tree-level interaction between a qQ pair gives a
coulombic potential. At long range QCD has a linear confining potential [2], although
the inclusion of quark loops makes this slightly ambiguous in full QCD. However the
flux tube picture is well established in quenched lattice QCD for static meson and
baryon systems [6,7]. Combining these qualitative features of the quark potential in a
phenomenological model gives a heavy quark potential,

V(r):V,+or-9. (1.28)r
With the requirement that we restrict ourselves to heavy quark systems (charmonium
or heavier), the parameters of this equation can be determined by fitting the energy
levels of a non-relativistic Schroedinger equation solved with this potential to the ex-
norirnpntqllr¡ dotarrninorl ono"or,'lo.¡als nf haqrrr, -oo^-o [Rl

On the lattice we derive the quark potential for static quarks from the product of
link operators around some closed contour, commonly called the \Milson loop. For a
full description of how we extract the static quark potential from the Wilson loops
see [5].

The Lattice Ansatz

(1.2e)

This expression is derived using the continuum tree-level gluon propagator. An ansatz
for a better model of the potential computed on the lattice uses the lattice tree-level
gluon propagator [9-11],

In the Fermi-Breit scheme the static quark potential at short range is,

V(r): -'+ '3r

v(r) :vs* or- 
" li] .,,[l] -i ) (1.30)

Where the lattice coulomb potential is derived from the tree-level lattice gluon propa-
gator, which is the Fourier transform of the momentum space gluon propagator of the
static quarks in the Breit frame,

ll] 
: I ï^rcos(k 

r)Dss(o'k) (1 81)

The lattice gluon propagator in Landau gauge is given by [12],

DT,!,(k):uriu^"0. (1.32)' lc2

6
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In this thesis rü/e use the O(a2)-Symanzik improved lattice action [13]. The momentum
variable for the improved action [12] is,

(1.33)

This model has lattice artifacts built in and hence is a better model of the potential
calculated in a lattice simulation. The term l(li] - i) is designed to correct for lattice
artifacts beyond tree-level. The purpose of this is to improve agreement between the
short range behaviour of the potential and the simulation results. In the limit that
the lattice spacing is removed [i] : ], h"n." this model reproduces Eqn (1.28) in the
continuum limit.

By fitting the static quark potential data generated from the Wilson loops to the
above ansatz, the parameters 7¡, e, o and I are determined. The Sommer scales 16 and
11 lI4] are alternative quantities that can be extracted from the static quark potential.
These scales are defined by the condition,

'ov-?)-r^ :.. (1.34)rí All'": c'

The scales re and ?"1 âr€ defined D,t c:1.65 and c : 1.00 respectively. The phenomeno-
logical values of 16 and 11 that we use are [14],

ro : 0.49 fm , (1.35)

rr :0.35 fm . (1.36)

-)t^ 
--fùu - -,a sin2 )(

lrþ

2
* å't^t?l

In the continuum limit Eq. (1.30) provides,

-r7V (r) ,

'c ôr lrc rf;o + e, (1,37)

( 1.38)c,

Which implies,

(1.3e)
o

If we label the scale set by re and ?"1 âs o¡ and ø1 respectively then by using the values

obtained by fitting the potential ansatz Eq. (1.30) to the lattice potential data,

c- e
,c

Ag

Q1

0.49

I "-"v;
0.35
t-I C-ev;

fm

fm

(1.40)

(1.41)

The Sommer scales ø6 and a1 ãle defined at an intermediate quark separation, between
the Coulombic and linear behaviours of the static quark potential. Using these quan-
tities to set the scale has an advantage over setting the scale with the string tension
because they are well defined irrespective of the quenched approximation. We choose to
set the scale with 16 for easy comparison with most contemporary lattice calculations.

a
I
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1.3 Lattice simulations parameters
In Sec. L.2 we described the Wilson quark and gauge actions as a part of a basic outline
of lattice QCD. By construction these actions have the correct continuum limit. But
at finite lattice spacing they contain lattice artifacts of O(a) and O(a2) respectively,

The cost of our lattice simulation is strongly dependent on the size of the lattice
spacing and number of lattice sites, and we require a large physical volume to study
the hadron spectrum. F\rrther lrye are free to use different gauge and fermion actions
provided that there exists the correct continuum limit. So in this section we provide a
brief description of the improved lattice gauge and fermion actions that we use to obtain
continuum like results at finite lattice spacing. Note that a more detailed account of
the actions has been given by Zanotti et al. ll5].

Gauge action

We use rhe O(a2) improved Luscher-Weisz mean-field improved plaquette plus rectangle
gauge action [13]. Which is given by

p
t2uf;^ec: Tf !n"t¡,-u.o(r)l

sq
T.*o"ft12 -tl.*,(")l , (7.42)
rect

where the operators [/,o(r) and [/.""¡(z) are defined as

U"o@) : Ur@) U,(r i ¡t) u)(r + î,) U)(r) ,

(I,ut(r) : Ur(r) U,(r * t") U,(, + î, + þ) U[(n + 2î,) U)(r + 0) U)(r)
+ Ur(r) Ur(r * t')U"(* + ztt) U[(r + t' + ù)u[(r + t)uj(r) (1.48)

The link product U,."t(r) denotes the rectangular 1 x 2 and 2 x 1 plaquettes, and for
the tadpole improvement factor we use the plaquette measure,

'.: (åo't'(no¡)'/n (t.44)

The gauge configurations are generated using the Cabibbo-Marinari pseudoheat-bath
algorithm with three diagonal SU(2) subgroups looped over twice. The simulations are
performed using a parallel algorithm with appropriate link partitioning, as described
in Ref. [16].

The calculations are performed on a large 203 x 40lattice at B :4.53. As discussed
above, the scale is set via the Sommer scale r¡ obtained from the static quark potential
[11]. Recall that we use the phenomenological value of ro:0.49 fm, the lattice spacing
isø:0.128(2) fm.

Fat-link irrelevant fermion action

For the quark fields, we use the Fat-Link Irrelevant Clover (FLIC) fermion action

[15], which provides a nerv form of nonperturbative O(a) improvement [17]. This
action has previously been used to study hadronic masses [15], as well as the excited
baryon spectrum [18]. Here fat links are generated by smearing links with their nearest
transverse neighbours in a gauge covariant manner (APE smearing). This has the

8
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effect of reducing the problem of exceptional configurations common to \Milson-style
actions [19], and minimising the effect of renormalisation on the action improvement
terms. Since only the irrelevant, higher-dimensional terms in the action are smeared,
while the relevant, dimension-four operators are left untouched, the short-distance
behaviour of the quark and gluon interactions is retained. The use of fat links [20]
in the irrelevant operators also removes the need to fine tune the clover coefficient in
removing all O(a) artifacts.

The smearing procedure involves replacing a link, Ur(*), with a sum of the link
and a times its staples 121,22],

4

ur(r) -- u'r(r): (1 - a)ur(r) * 
ä t lr"ølur(r * ua)ui(r + pa)

í+L

+ Uj(r - ua) Ur(* - ua) (J,(r - ua I pù) ,

followed by projection back to SU(3). The unitary matrix I/f,L which maximises

Retr lri" ,';l

is selected by iterating over the three diagonal SU(2) subgroups of SU(3). The entire
procedure of smearing followed immediately by projection is repeated rz times. The fat
links used in this work are created with o :0.7 and r¿ : 6, as discussed in Ref. [15].
The mean-field improved FLIC action is given by [15]

iCsw Kr
2(uït)n

cFL 
- 

aFLrJsw - rrw - þ(r) op, FrytÞ(r) , (1.45)

where F*is constructed using fat links, and the plaquette measure u['L is calculated
via Eq. (I.44) using the fat links. The factor Csw is the (Sheikholeslami-Wohlert)
clover coefficient [23], defined to be 1 at tree-level. The quark hopping parameter is
n:Il(2m*8r), and we use the conventional choice of the Wilson parameter,r:L.
In Eq. (1.45) the mean-field improved Fat-Link Irrelevant Wilson action is given by

sr,l : D, ú@),þ(,)+' D,ú{ùlt,(Tro + tò - 
y+ør(" 

- r,))
trþ

_ * (UlL{r\ UFLI(r - fu) ^,.,_ ..,\l(ïf'þ@ + t"l + T'þ@ - r) )) (1 46)

As shown by Zanotti et al. [15], the mean-field improvement parameter for the
fat links is very close to 1, so that the mean-field improved coefficient for Csy¿ is

adequate. A further advantage is that one can nol¡/ use highly improved definitions
of. Fr, (involving terms up to ul2), which give impressive near-integer results for the
topological charge [24,25]. In particular, we employ an O(aa) improved definition of
F¡",, ãs used by Bilson-Thompson et al. [24,25].

A fixed boundary condition in the time direction is implemented by setting U^i, Nù :
0 V d in the hopping terms of the fermion action, and periodic boundary conditions
are imposed in the spatial directions. Gauge-invariant Gaussian smearing [26] in the
spatial dimensions is applied at the source to increase the overlap of the interpolating

I
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operators with the ground states. The source-smearing technique [26] starts with a
point source, tþo(io,ú6), at space-time location (do,úo) : (1,1,1,8), and proceeds via
the iterative scheme,

,þn(r,t) :+F(n,x') rþn-r(*' ,t) , (1.47)

where

F(r,r'): 1 r" 0'3
F a (u,,*' * ä Ð lur(r) 6r'.'rî + u[(r -û) õ,",-î,]) . tr.aa¡

Repeating the procedure ,|y' times gives the following fermion field

,þN(r,Ð : 
+ 

F* (r, r') Eo(r' ,t) . (1.49)

The parameters .ðy' and o govern the size and shape of the smearing function and in
our simulations we use .lü : 35 and a:6. This level of smearing enhances the overlap
of our interpolating fields with the ground state, while still allowing the study of the
Iow lying excited states.
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2

Excited Baryons in Lattice QCD

2.1 lntroduction
Extracting the hadron spectrum in lattice QCD allows us to gain insight into the
underlying dynamics which govern the theory of QCD. In [18] and l27l we establish
the formalism for extracting both spin-tl2 and spin-3/2 exited states of the nucleon
and A. Here we work with a larger lattice volume (Z.f fm here compared to 1.95 fm
in [18,27]), reducing finite volume effects and enhancing our statistics. \Me probe
closer to the chiral limit with lighter quark masses, here we have a pion mass as light
as 300 MeV compared to 560 Mev in [18,271, and we enhance our spin-3/2 nucleon and
A interpolating fields by including a sum over all possible Lorentz indices. Moreover
this calculation serves as an important proof of method for extracting the spectrum of
spin-1/2 and spin-3 f 2 states on the lattice and provides the basis of our analysis of the
spectrum extracted with our pentaquark interpolators [28] and [29].

The quenched approximation and unphysically large quark masses used in our sim-
ulation makes direct comparison with the known hadron spectrum difficult, However
in this calculation rve are interested in reproducing the correct ordering of states in the
spectrum of the nucleon and A. We will look for hyperfine and spin-orbit interactions
on the lattice by calculating the mass of the odd-parity spin-1/2 ¡/(1535) and spin-3/2
¡/(1520) states and the odd-parity spin-l/2 A(1620) and the A(1700).

Finally we wish to explain the conspicuous absence of the first even-parity excited
state of the nucleon, the Roper resonance, in earlier quenched lattice QCD simulations

[18,30].
Using a variety methods, existing lattice studies that have identified both the first

and second even-parity excited states of the nucleon include, [31] using Bayesian anal-
ysis, [32] using the maximal entropy method, and [33] using and correlation matrix
analysis with three different source and sink smearing prescriptions to create an ex-
tended basis of nucleon interpolators.

In this study we apply the standard correlation matrix analysis techniques over our
basis of three nucleon interpolators in an attempt to extract the first and second even-
parity excited state of the nucleon. Our previous study [18] showed that the /1 a\d 12
interpolators did not have significant overlap, Following the approach used in [30] we

extend this analysis by including the X3 interpolator that was used in 127) to extract
spin-3/2 nucleon excited states.

2.2 Lattice Techniques
As discussed in the introduction, Chapter 1, this analysis is based on an ensemble
of 400, gauge-field configurations on a 203 x 40 lattice, using the mean-freld O(az)-
improved Luscher-Weisz plaquette plus rectangle gauge action [13]. The lattice spacing
is 0.128 fm, set with r¡ : 0.49 fm. For the fermion propagators, rù/e use the FLIC
fermion action [15], an O(a)-irnproved fermion action with excellent scaling properties
providing near continuum results at finite lattice spacing [34].

11
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A fixed boundary condition in the time direction is implemented by setting Ut(i, Nr) :
0 V t in the hopping terms of the fermion action. Periodic boundary conditions are
imposed in the spatial directions, To explore the effects of the fixed boundary condition
we have examined the effective mass of the pion correlation function and the associ-
atedy!0", obtained in various fits, The pion is selected as it has the longest correlation
Iength and will be a worst case scenario for the boundary effects. We frnd that the
fixed boundary effects are only significant after time slice 30, which is the limit of our
analysis of the correlation functions presented below.

Gauge-invariant Gaussian smearing [26] in the spatial dimensions is applied at
the fermion source at ú : 8 to increase the overlap of the interpolating operators
with the ground states. Eight quark ma^sses are used in the calculations, with rc :
{0.12780,0.12830,0.12885,0.12940,0.12990,0.13025,0.1306,0.1303} providing o,rnÍ:
{0.540,0.500,0.453,0.400, 0.345,0.300, 0.242,0.192}. The strange quark mass is taken
to be the third largest (rc : 0.12885) quark mass. This rc provides a pseudo-scalar
mass of 697 MeV which compares well with the experimental value of $M{ - M} :
693 MeV motivated by leading order chiral perturbation theory. The error analysis is
performed by a second-order, single-elimination jackknife, with the X2 per degree of
freedom obtained via covariance matrix fits, Further details of the fermion action and
simulation parameters are provided in Refs. [15,34] and [28,29] respectively.

2.2.1 lnterpolating Fields
in this siudy we use the nucieon anci ¿\ interpoiating frcicis cstabiishc<i in [18,27]. W-c

also consider a correlation matrix analysis with the nucleon interpolators. The nucleon
interpolating fields are,

xt(r) : e"b"(ur"(r)cldb (r))u"(r)
xz(r) : e"b"(ur"(r)cdb (r))1su'(r)
xt@) : e"b'(ur"(r)cry1pdb(r)hu""("). (2 1)

The A interpolating field is,

xL**@) : e"b"(ur"(n)cfub(r))u'(r) (2.2)

A review of how the nucleon and A interpolators transform under proper Lorentz trans-
formation is shown in Appendix B. Note that use the Bjorken and Drell representation
of the 7-matrices, see Appendix A, in all of our phenomenology.

2.2.2 Excited baryons on the lattice
\Me begin our discussion with a detailed review of how to extract the masses of even
and odd-parity states with the spin-Ll2 X1 and X2 interpolators. On the baryon level,
the two-point correlation function in momentum space is

ç(t,ù : D, e-¿øt Qlr y@) I(o) lo) (2.2)
i

V/here the interpolator y(fr) annihilates(creates) baryon states to(from) the vac-
uum.

12



2.2. Lattice Techniques

First, in our lattice simulations we satisfy the time ordering operator in Eq. (2.3)
because we only consider the amplitude for the hadron to propagate forward in time. A
fixed boundary condition at time slice 40 in the time direction prevents contamination
from the backwards propagating signal.

Next we continue our derivation by inserting a complete set of intermediate mo-
mentum, energy and spin states lB,F,ù,

1: t lB,F,,s)(B,i,,rl . e4)
B,p ,,s

g(t,p): t \e-t'ø't (ol x(r) lB,F',s)(B,p-',sl ¡(0) l0) , (2,5)
s,F',8 i

where the state B has mass Ms and energy En : JMTTF. This sum over all
possible states B with a given set of quantum numbers includes a large tower of reso-

nances and those multi-hadron states created by our interpolators in QQCD. Taking
advantage of the relation X@) : "'ic''y(0)e-';r'' 

(with four-momentum P),

ç (t, ù 
: "p,ï::r,".,;::,:,;::i; ;;, i ;, r 

r 
r,T;u, u,0,,:î,

: 'î 
"-0""U*, 

(Ol X(0) lB,F', s)(8,y'', sl ¡(0) l0)

: î'ï-"*D(or x(o) rB,F,r)(B,F,sr ¡(0) r0) , (2.6)
Ba

where on the last line of the above equation we replace iú with Euclidean time ú.

Next we simplify this expression by evaluating the matrix elements. Here we con-

sider the even parity contributions to the correlation functions, Iabeled with a *-sign.
The overlap of X and I with the even-parity baryons, for example the nucleon, can

be expressed as,

M*r,r*
(ol x(o) lNt/r*(p-, t)) À¡¡r/2+ u(PNr,"*, s)

(Nr/r*(pr, t)l X(0) l0) À¡v),/2+

Mn"1/2+ - / \
o u\PNr,r¡ts) t
D^t

" L/2+

(2.7)

where u(p, s) is a Dirac spinor and l(À) are couplings of the interpolators at the sink

(source), We note that p*r/r* is on shell with po : * *k,,"* We use the

standard convention that under parity quark fields transform like q(p, s) - *'yoq(þ, s
with þ : (po, -p) .o our interpolators in Sec. 2.2.I each transform as scalars. The

lM)
normalisati"" \,f 

'æi is chosen such that ú,(p,s)u(p,s) :1. Note that because we

smear the fermion source to optimise overlap of our interpolators with the ground state,
À is not the adjoint of À.

13
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2.2. Lattice Techniques

We identify the contribution to the correlation function from the even-parity states
by substituting the identify,

4"r,s)ú(p,E:9ffiÐ, (2.s)

into our master formula Eq. (2.6),

ç(t,Ð : !À3*À¡* "-"'*'(Y 
'p-! Ma*) 

+ ... . (z.g)
B+ Z'ÚB+

we see that at F : d, the even-parity part of the signal propagates in the (1,1) and
(2,2) spinor components of the correlation function.

We have constructed the X1 and y2 interpolators, Eq. (2.1), such that they transform
like scalars under parity. However the interpolators are composite of quark fields.
Because quarks propagate from the source to sink through all possible paths, there
will exist contributions to the two-point function from configurations of quarks with
some relative.angular momentum, Some of these wavefunctions will be spatially anti-
symmetric under parity transformations. Thus our interpolators will also couple to
odd-parity states. On the hadronic level the matrix element,

(ol x(o) lN'p-(pî,')) À*r,r_
E*r,"_ 1su(PNr,r-,s) , (2.10)

has the opposite parity transformation properties of Eq(2.7). Similarly for the adjoint
or X,

(N'p-(p-,')l t(0) l0) À*r,r_

Using the identity Eq. (2.8),

\*u(n,s)a(p, s)75

Mn
"112- -

E* u\PNr,"- t s)1s
"L/2-

(2.11)

(2.12)?t'p+M)
2M

s

Finally we add the contributions of the odd-parity terms to the correlation function,

ç(t,Ð : fÀ"*Àr* "-øu¡t?Y'Ps-+-* 
MP+) *

B+ 
'Zl!3+

r^u_ Àr_e-Eø-tØ'p"- - Mp-) 
(2.13)

B-D"D- 2EP-

'We 
see that at F : d, the odd-parity states propagate in the (3,3) and (4,4) spinor

components of the correlation function. Because we use a fixed boundary condition in
the time direction \"/e can isolate contributions to the correlation functions from either
odd or even-parity states, at f :0-, by taking the trace of the correlation function with
the operator,

1 (1+ro).
2

fa
t4

(2.r4)



2.2. Lattice Techniques

Following from our discussion above, it can easily be shown that states with definite
parity can then be obtained from the spinor trace of the parity projected correlation
functions,

G+(¿,0-) : tr.o lt+ 
g(ú, Ð ]

: !.fu*Ãr+ exp (-86+ú)
B+

(2 15)

where 0+ Iabels the lowest energy state of the projected quantum numbers. Since
the contributions to the two-point function are exponentially suppressed at a rate
proportional to the energ-y of the state, at zero momentum the mass of the lightest
state, Ms+, is obtained by fitting a constant in time to the effective mass,

ú=- 
À¡+Às+ exp (-Msrú) ,

Mir*(t) In

,?_ 
Mo+ (2.16)

We extract the mass of the lowest energy state from a linear least squares fit of a
constant in time to the effective mass data. We use a single elimination Jackknife to
calculate the variance used in the least squares fit and to calculate the confidence in
the lattice data. For a review of the Jackknife estimate of the error see Sec. 4.2.1. As
the effective mass data is correlated in time, a covariance matrix is used to evaluate
the y2 of the fit, which rù/e use âs a measure of the goodness of fit. In extracting the
mass rü/e demand that the X2 per degree of freedom (X3*) is < 1.5, and - 1if possible.
For a complete review of the covariance matrix and our fit procedure see Appendix C,

Now we show how spin-712 and spin-3f2states with even and odd parity are ex-
tracted from the correlation functions with the interpolators Xf and XL**, which both
transform like pseudo-vectors. The two-point correlation function is,

gr" (t,Ð D ""p(-iF.i) (0lr y\(n) I"(0) l0) (2.17)
fi

Following our previous derivation, the analogue of Eq. (2.6) is,

çr" (t,ù Ie-¿"¿ I <ot xt'(o) lB,F, ')(B,F,sl ¡"(0) l0) . (2,18)
B

The Xf and y!o** interpolating fields overlap with both spin-I12 and spin-3 f2 states.
We proceed by evaluating the spin-Il2 components. To create the analogue of the
matrix elements Eqs. (2.7) and (2.10) here we have to ensure that we have the correct
transformation properties described in Eq. (8.6). Following l27l we make the coeffi-
cient of the spinor a linear combination of four-vectors. The four-momentum, which is
equivalent to a derivative in coordinate space is one possible coefficient. In general we
can also use one of the sixteen matrices {L,.yr,i.ls,yp.ys,op'lprr}, provided the expres-
sion still transforms as a pseudo-vector under parity. Thus the only other possibility
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2.2. Lattice Techniques

is 7ø. So our analogue of Eqs. (2.7) and (2.10) is,

(O 
I X' (O) 

I 
¡ft 

/ 2* (F,s) ) : (a N r,,* pPN r,,* I þ *, p*.yr)
Mn

"L/2+ /

E:: ^tsu(pN,,,*, s),
" r/2+

(0 
I x' (0) 

I 
N, p- (pr, t) ) : (a N,,,_ p'iu,, _ + g *,,,_ 1r)

Mn"t/2- / \

E;- u\PN,,,-'s)'
" L/2-

Mn"tl2+ -/ \

E;: u(p * r, "*, 
s) 1 s(a x, p* pK, 

¡ r* 
r þ *,,,*'y'), (2.21)

" r/2+

(2.1e)

(2.20)

(Nr/r* (p-, r)lÌr(0)10) : -

(N'p- (p-, s)l¡ø(o)lo) :

where the factors de, þa denote the coupling strengths of the interpolating field X,
to the baryon B, and similarly for the adjoint. Here the 75 sits next to the spinor
in the even-parity term because at the quark level Xf and X[** transform as pseudo-
vectors under parity and so this must also be true at the baryon level. Combining
these expressions with their respective adjoints,

Mn
f {olx'{o)lNrp*(pl, r)) (Nr/r*(p-, s)l¡'(0)10) : - E.r*Y@Nt¡z+ptlv1¡2+ 

* 0*,,"*^t') *

''l 'Pw * MNt zl
'ls

ZlViNr/r+
(o*r,r*P'*r,"* -f 0*r,r*^1") ,

MN.,^-

E;- ú(P*r,r-,s)(a¡,¡rp-plur,"-+0*r,r-1q), (2.22)
" r/2-

!{olx'10 )lNrp-Ø, ,)) (Nrp-(p-, s)l¡"(0)10) : 
ffr"r,z-plv,,,- 

* þNvz-^tt") x

'Y 'Pt¡r,r- * Mxr,"-

2M*r,"- -(axr,"-P"Nr,"- + 0*r,"-'Y") '

Next we evaluate the spin-3/2 terms. Up to this point in this chapter we have
been dealing with spin-If2 particles which we describe using spinors. Following [27],
spin-3f 2 particles are represented with the Rarita-Schwinger spin vectors up(p,s). The
matrix elements analogous to Eqs. (2.7) and (2.10) are,

(0lxr(0)lNt/r*(pî, r)) : ÀN,/,* (2.23)

(olxr(0)l^h p-(F, s)) À*",r_
Mn

"3/2- /

E:- 'YsuP(P¡'t'P- 
' 
s) 

'" 3/2-

(2.24)

(Nt/r*(p-, s)l¡r(0)10) : \*,,,* (2.25)

(Ntp-(p-, s)l¡r(o)lo) : -Ir,,,_ E*r,r-
(Pr,tr,"-, t)^lu (2.26)

The analogue of Eq. (2.8) is,

Dur@,s)a"(p,s): 9p,
1-5

s
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2.2. Lattice Techniques

Using E,q. (2.27) we can show that states of definite parity are extracted from the
correlation function Eq, (2.1S) using the parity projection operator Eq. (2.14) and

states of definite spin are extracted using the spin projection operators [27],

pi,@) 11: 9p" - glu'Y" - W
3: gp, - Pi"(p) ,

(Y 'P'YrP" I Pp"l"Y 'P) ,

(p) (2.28)

for spin-| and ], respectively, At zero momentum, where we evaluate the hadron
masses, the above spin projection operator is zero for þ : 4,u : L - 3 and ¡.1 :
1 - 3, u : 4. Hence rvr/e can reduce the computational cost of our calculation by

ignoring these terms of our correlation function.
Finally in this section we evaluate the two-point function at the hadronic level

for the (Alfy!X,10") and (Al?'y¡yllf") Q : I,2). It is important to note that these

correlation functions are not Lorentz scalars and so are dependent on the representation
of the 7 matrices. In this study r¡/e use the Bjorken and Drell representation of the 7
matrices in our phenomenology. The correlation functions are,

çln(t,ù : D ."p(- i,F. i) Qlr y!@) in(o) I 0)

i
Çfr(t,Ð : Ð ."p(- i,F' i) Plr y¿@) Xä(0) I 0) (2.2e)

i

Following the standard analysis we proceed by inserting a complete set of states and

evaluating the resulting matrix elements. We evaluate the set of matrix elements for
the former correlation function first.

Borrowing from Eqs. (2.19) and (2.7), the even-parity term in the master formula
becomes,

- 
MN.,^,

| {o I xä {o )l N, p*(p',') ) (N, /r*(p-, t) I Nn (0) 
I 
f-¿) : D #

a I "l/2r

ÀN'/"* (aNr,"*PKr,r* + P*r,r*l4) "ysu(pNr¡2+ts)u(p¡¡r,"*'s)' (2'30)

Using the identity Eq. (2.8), this becomes,

I (o 
I xí (o) 

I 
l/'7r* þ-,') ) (N, /r*(p-,') I xn (o) 

I 
rì) :
('Y 'PNr,r* * M*r,"*)

(2.31)\Nr/r* (o*r,r*Pïr/"* * gNr¡r*l') ls 2ENt¡r*

Note that by evaluating this expression at f :0' we find that, for þ : I the positive
parity states propagate in the real part of the (1,2) and (2,1) elements of the correlation
function. For ¡^l : 2 the positive parity states propagate in the imaginary part of the
(1,2) and (2,1) elements of the correlation function with a relative minus sign. For þ : 3

the positivè parity states propagate in the real part of the (1,1) and (2,2) elements of
the correlation function with a relative minus sign and for ¡t :4 the positive parity
states propagate in the real part of the (1,3) and (2,4) elements of the correlation
function. Similarly the odd-parity term in the master formula is,

| {o I xi {o )l N' p-(pr,') ) (N, p-(p-,') I rn (o) 
I 
c¿) :

L7



2.2. Lattice Techniques

\r,rr- (awr,r-P|r,r-1b*r,.nrrffi . (2.32)
" r/2-

Once again using the appropriate terms in Eqs. (2.19) and (2.7), the even-parity con-
tribution to the master formula of the (fll"x¿[31CI) correlation functions is,

\-tot x¡Q) lNtp*(p-,')) (Nr/r*(p-, s)ltä(0)10) :

_ÀNr/r* ?r'n*, I M*r,r*)
2E*r,r* 'Ys(awr,"*Pfrr,r* r þ*rtr*''.r). (2.33)

Similarly the odd-parity term is,

!tot x¡(p) lNtp-(p-,')) (N'p-(p-, s)l¡f (0)10) :
s

-ÀNr,r- 7s
(l'P*r,"- + M¡,t, ,"-)

2E*r,"_
(awr,"-PIvr,r- * þ*rp-'Y') . (2.34)

We use these functions to combine the appropriate elements of the correlation function
with a particular parity.

2.2.3 Mass splittings technique
As the standard analysis in this chapter, at quark masses below the SU(3) flavour limit
we fit the splitting between the effective masses at each quark mass and the next largest
quark mass. The mass splitting is then subtracted from the hadron mass determined
at the larger quark mass to extract the hadron mass at the smaller quark mass. As
discussed in [35], the advantage of this technique is the potential canceling of corre-
lated fluctuations and the possibility of a cancellation of excited state contamination.
Keeping the same selection of fit regime between the standard analysis and the quark
mass splittings analysis, the worst case scenario is that we do more computation in the
latter analysis than necessary. However where there is some canceling of excited state
contamination we have the opportunity to extract the ground state mass from our data
at smaller Euclidean times. This means that we have the potential for making a more
precise determination of the hadron spectrum than would otherwise be possible with
standard analysis techniques.

2.2.4 Correlation matrix analysis
In the previous section we described how the mass of the ground state is extracted from
the two-point correlation function by fitting a constant to the effective mass. Excited
state masses can be extracted either by fitting the correlation function with several
exponentials (which is, in general, quite difficult to do reliably), or by using more than
one interpolating field [36]. In the latter approach, which was implemented in the
Iy'* spectrum analysis in Ref. [18] and which we adopt in this work, a set of linearly
independent operators will, in general, overlap with more than one state. We use a
correlation matrix analysis to convert a set of lú linearly independent operators into a
set of l/ orthogonal operators.
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2.2. Lattiee Techniques

In principle, to access the entire spectrum of states one would require an extremely
large tower of operators. In practice rve use a2x2 or 3 x 3 correlation matrix which
should enables us to access two or three states in each channel. If the analysis is
performed at large enough Euclidean times, the contributions from the higher energy
excited states will be exponentially suppressed.

Generalising the two-point correlation function in Eqs. (2.3) or (2.L7) to the case

of two different interpolating fields \¿ and l¡ aI the sink and source, respectively, the
momentum-space two-point correlation function matrix G¿¡ (at p': 0') can be written
AS

N-1

Gn¡(t) \À7\7e-*"', (2.35)
a:0

where o denotes each of the l/ states in the tower of excited states, Àf and Àfr are the
couplings of the interpolator N¿ and X¡ ^t 

the source and sink respectively. Here we
have suppressed the parity labels. If the operators X¿¡ Xj are orthogonal, the matrix
G¿7. will be diagonal, with the only ú dependence coming from the exponential factor.
In general the operators will not be orthogonal, and a ne'\M set of operators must be
created from a linear combination of the old operators using the eigenvalue equation. In
the event that the number of states matches the number of interpolators, an orthogonal
set of interpolators can be constructed by diagonalising the correlation matrix subject
to the condition

Gij(t + Lt) ui : Ào G¿n(t) ui , (2.36)

oft

(C-'(¿) G(t + 4;t))ui uT : À" uT , Q.37)

where ul are real eigenvectors, and the corresponding eigenvalue is Àd: e-mo a¿. As
discussed in Appendix D, by averaging over the {U} and {U.} gauge fields with equal
weight, the spin and parity projected correlation function G¿¡ is purely real.

A real symmetric matrix is diagonalised by its eigenvectors. However, since our
smearing prescriptions are different at the source and the sink, the correlation matrix
is real but non-symmetric. Consequentl¡ one has to solve the additional left-eigenvalue
equation

ui G¿¡(t + A¿) : À" uff G¡'¡(t) , (2.3S)

for eigenvectors uoo, or equivalently

uy (c(t+aú) c-'(t))n¡ : À"rT . (2.3e)

The eigenvectors uo and o" diagonalise the correlation matrix at times ú and t + Lt,

ui G¿¡(t + LÐ uf : Ào uî Gni(t) uf : 
^P 

ui G¿¡(t) uf . (2.40)

Clearly if 
^' 

+ ÀÉ for d + P then this expression must be equal to zero. Therefore,

ui G¿¡(t + Á;t) uf o( õ"8 (2.41)
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2.3. Results

The projected correlation matrix uiG¿¡(t)ui thus describes the single state o,
In the present analysis, for each state considered, our aim will be to optimise the

correlation matrix analysis at every quark mass. We use the covariance matrix to find
where the y2f dof for a least squares fit to the efiective masses is < 1.5 for all quark
masses. Stepping back one time slice, we then apply the correlation matrix analysis.
If the correlation matrix analysis is successful,'i.e., the correlation matrix is invertible
and the eigenvalues are real and positive, r,¡/e proceed to the next step. If the correlation
matrix analysis fails, we take another step back in time, and continue stepping back
until the analysis is successful for a given quark mass.

The mass of the state derived from the projected correlation matrix is then com-
pared with the mass obtained using the standard analysis techniques. A.y mixing of
the ground state with excited states will result in masses from the unprojected opera-
tors which lie between the true ground and excited state masses. Therefore, in the case
of the ground state mass where the effective mass approaches a plateau from above,
if the new mâss is smaller then we use the result derived from the correlation matrix;
otherwise, we keep the standard analysis result. For an excited state on the other hand,
the result from the correlation matrix analysis is used if the ne\ry mass is larger than
what we might already obtain from the standard analysis.

2.3 Results
\7tla ctorf nrrr rlio.rroo;^- "';+1" +L^ ^-^1,,-i- ^f +L^ l^,,, 1.,|*- ^*:- 1 lq ^-À ^-:- Ð /o ^.^^^uDrv¡r vv¡urr urrv @rl@rJù¡ù vr urrc rvw IJIrtÉ ùyru-r/ L atL\l ùylr-ü/ ¿ Ðytru-

trum of the nucleon with our nucleon interpolating fields. As discussed in Sec. 2.2.2,
the ¡3 interpolator couples to both spin-l/2 and spin-3 f 2 states, with either even or
odd parity. States of definite spin and parity are extracted from the two-point correla-
tion function using the projection spin and parity projection operators Eq. (2.28) and
Eq. (2.la) respectively,

Then we will extend our analysis by applying correlation matrix techniques in an
effort to extract the additional spin-1/2 excited states of the nucleon. In particular we
are looking for the first even-parity excited state of the nucleon, the Roper resonance.
Then we will continue our analysis with the spectrum of states extracted with Xa++
Eq. (2.1). As discussed in Sec. 2.2.2, the Xa++ interpolator couples to both spin-l/2
and spin-3 f 2 states, with either even or odd parity, States of definite spin and parity
are extracted from the two-point co¡relation function using the projection spin and
parity projection operators Eq. (2.28) and Eq. (2.L4) respectively.

2.3.1 lsosp¡n-1/2 states
We begin our discussion with the spectrum extracted with the X1 and y2 interpolators,
and then continue with our analysis of the spectrum extracted with the ¡3 interpolator.

In Fig, 2.L we show the effective mass of the even-parity state extracted with the X1
interpolator. At the three largest quark masses we fit the effective mass data between
the dotted and dashed lines, at the five smallest quark masses shown we fit the effective
mass splitting between the dotted and dashed lines. The smallest X?aæ of each fit to the
data is 0.45 at the fourth largest quark mass and the largest XSor is 1.10 at the second
smallest quark mass. The mass of this state extracted at each quark mass is shown in
Fíg. 2.2 (crosses).
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Fig. 2.1: The effective mass of the lf2+ state extracted with the X1 interpolator, the
data correspond to rnn - 830MeV (top left), 770MeV (top right), 700MeV (second

row left), 616MeV (second row right), 530MeV (third row left),460MeV (third row
right), 370MeV (bottom row left), and 300MeV (bottom row right). The data are

illustrated only to the point at which the error bars diverge. At the five smallest quark
masses we plot the effective mass splittings.
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Fig.2.2: The nucleon mass spectrum from QQCD. The data correspond to mn - 820,
770,700,616,530, 460,370 and 300 MeV.

Next we show in Fig. 2.3 the effective mass of the even-parity state extracted with
lhe y2 interpolator. As with the findings of [18] , the y2 interpolator couples to a more
massive state than Xr. As in that study we find that the signal becomes dominated by
noise at relatively small Euclidean times. In each case rwe fit the data shown. Where
t> lI, the Xl.¡ for the fit to the data at the three largest quark masses is - 0.6, and

- 1.0 at the two smallest quark masses. In this study we limit our analysis to the five
largest quark masses after which we judge that the component of noise becomes too
large. The mass extracted is shown in Fig. 2.2 (plus signs). In Fig. 2.2 we also plot
the energy of the non-interacting l/ * zr in relative P-wave, which is the lowest energy
even-parity multi-hadron state. We note that the energy of multi-hadron states on the
lattice will be different than this non-interacting energy because of finite volume effects,
namely repulsive or attrative interactions. \Me see that the mass of the state extracted
with the ¡2 interpolator becomes larger than the non-interacting multi-hadron state
at the two smallest quark masses shown. By design, the standard analysis extracts
the lowest energy state that the interpolator couples to. In [18] it was shown that the
/1 aîd ¡2 interpolators have very little overlap, so we know that the X2 interpolator
does not couple to the ground state with any strength, but we expect that y2 should
have some overlap with the multi-hadron state. In Fig. 2.3 find no evidence of a trend
towards a lowcr energy state at the two smallest quark masses, which would âppear
as a trend towards a larger mass splitting. A higher statistics calculation may reveal
signal at larger Euclidean times where such a state may become manifest.

In Fig. 2.4 we show the effective mass of the odd-parity state extracted with the X1
interpolator. We fit the range of data shown between the vertical lines and find a XSao¡
between 0.5 and 1.0 at each quark mass except the second smallest quark mass where
the Xl"¡ is 1.36 which is near the limit of our selection criteria of the goodness of fit. A
fit to the data one time slice earlier and one time slice later each returns a mass that is
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2.3. Results

consistent with this fit. Therefore the selection of data to fit is reasonable. Interestingly,
at the smallest quark mass shown, we find that the mass splitting becomes large after
time slice 12, If we fit the data LI - 12 the Xl., is 0.55, if we include the data at
time slice 13 in the fit the Xlo, becomes 3.5. This indicates that the data at the larger
Euclidean times correspond to a lower energy state of the correlator. Following [28]
and [29] the appropriate procedure is to fix the upper bound of the fit at the limit of
the signal, which we judge is time slice 18 here, and then vary the lower bound of the
fit until we find an acceptable x!"r. In this case a fit to the data 13 - 18 returns a

X3a"t of 0.91 which is ideal, a more detailed discussion of this procedure can be found
in Chapter 4. The mass extracted is shown in Fig.2.2 (stars). Interestingly we find
that the mass extracted at the smallest quark mass shown is consistent with the lowest
energy odd-parity multi-hadron state in this channel, the S-wave ¡y' + 7T, which is also
degenerate in energy with the S-Wave N + n' in QQCDI. An analogas calculation of
the odd-parity state with the X2 interpolator returns equivalent masses so we omit
discussion of it in this study.

A correlation matrix analysis in this channel, as in [18], does not extract an excited
state in this channel. We attribute this to the large amount of smearing of the fermion
source done in this calculation, 35 sweeps compared to just 20 sweeps in [18]. In
each case the smearing fraction a was 6. It is possible that we have removed too
much of the excited state contributions to the correlation function in this channel. A
more thorough analysis of the dependence of the excited state signal on the source
smearing prescription is left as future work. The masses of the odd and even-parity
cfafoc pvfronforl rr¡ifh fho r,- ì¡to-^^lô+^r ^r^ -L^,,,^ i- rn^Ll^ o 1rr¡u¡¡ u¡¡v 

^I 
rr¡uvryvrouvt @lv o¡rvvv¡¡ rlt I@utç ¿.L

\Me continue our analysis with the excited states of the nucleon extracted with the
X3 interpolator. In Fig. 2,5 we show the effective mass of the even-parity, spin-Lf 2 state
extracted with the X3 interpolator at a range of quark masses. Recall that at the five
smallest quark masses we show the effective mass splittings between the effective mass
at each quark mass and at the next largest quark mass. Again in each case the dot and
dashed vertical lines indicate the range of data that we fit to extract the ground state
mass. At the five largest quark masses shown the ¡lo¡ for each fit is approximately
one, except at the fourth largest quark mass where it is 0.56. At the sixth largest
quark mass rve have to accept a X?aæ: 1.5 for a fit to the data shown, which is at the
limit of our selection criteria, because we do not find a better fit regime. At the two
smallest quark masses shown in Fig. 2.5 we fit the data at one time slice earlier and
find a X?aæ < 1.0. The extracted masses are summarised in Fig.2.2 (open circles). Our
simulation parameters and high statistics give use clean access to this state even at our
lightest quark mass, We find excellent agreement with the mass of the spin-l/2 even-
parity state extracted with the X1 interpolator, as one would expect based on the Fierz
transformation of X3. This observation highlights the inconsistency of the findings of
Zhou et al. [37], who argue that the full version of the X3 interpolators proposed by
Chung et al. [38] is required to extract the spin-l/2 state with accuracy.

In Fig. 2.6 we show the effective mass and effective mass splittings of the spin-1/2
odd-parity state extracted with the X3 interpolator, At the three largest quark masses
rvl/e see some systematic drift in the effective mass data towards time slice 14. Therefore
we fit the data shown where t > 14 at the five largest quark masses. In each case we find
an acceptable Xl.¡ ranging between 0.57 and 0.79. At the two smallest quark masses

l'We note that the S-wave ll+zr and S-Wave N +T'are degenerate in energy and therefore a small
negative metric 4/ contribution does not spoil the effective mass analysis.
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2.3. Besults

we find uX?oo, of 0.80 and 0.13 where we fit the data t> L2.Interestingly we find that
at the fifth largest quark mass the non-interacting lú * n decay channel is very similar
to the ground state mass that we extract with our interpolators. Clearly extracting the
mass of the odd-parity nucleon at the light quark masses will prove problematic where
it is not the lowest energy state that our interpolators couple. Our analysis is limited
to the six largest quark masses. The extracted masses are summarised in Fig. 2.2

(open triangles). Again we find precise agreement in the mass of the odd-parity state
extracted with ¡1 and ¡3.

In Fig. 2.7 show the effective mass and effective mass splittings of the odd-parity
spin-3/2 state extracted with our f,3 interpolator. In this channel the lowest energy
two-particle state is the .f/ + zr in relative D-wave or the A + n in S-wave. So unlike
the odd-parity spin-l/2 channel, finite volume effects mean that this state is bound on
our lattice at all quark masses used in this study. At the three largest quark masses

shown there is putative evidence of a second plateau at the larger quark masses. As
we discovered in our study of the spin-3f2 pentaquark states [29], we must be careful
to ensure that we do not cut data corresponding to a lower energy state at larger
Euclidean times. This remains to be true even if the data appears to have a large
component of noise. Therefore we fix the upper bound of fit regime at time slice 23,

after which we are confident that the signal is hidden by the noise. At the three largest
quark masses we find a X?¿æ : 1102, 1.14 and L.241or a fit to the data with a lower
bound fixed at time slice 14. In each case â lower bound of 14 returns the smallest

Xlo¡ out of all of the possible alternatives. At the next two smallest quark masses we

find that we can fit the effective mass splitting one time slice earlier at time slice 13

with a X?aot :1.0. At the sixth largest quark mass we find the smallest X?ao¡ :1.41 for
a fit to the data shown where ú > 13. Although this is near the limit of our selection
criteria for a good fit, the mass extracted is consistent with the mass a similar fit to
the data with a lower bound of 12 and 14. So we are confident that we have extracted
the ground state mass. At the two smallest quark masses we find X?¿o¡ : 0.52 and

0.97 respectively, for a fit to the data shown where ¿ > 13. The extracted masses are
summarised in Fig. 2.2 (closed triangles). In this channel there is no contamination
from a nearby decay channel, as was the case in the odd-parity spin-l/2 channel and
we find clean access to this state at our lightest quark masses. The physical mass of
the spin-l/2 and spin-3/2, odd-parity states is 1535 MeV and 1520 respectively. As
in nature, the mass of the two states is very similar in quenched lattice QCD, but the
ordering is reversed. It remains to be determined if this is a finite volume effect, a
quenching artifact or if the correct ordering is restored as \¡re approach the chiral limit.
We note that l27l comments that the ordering we observe is predicted by quark models
of the hyperfine interactions that splits the spin-1/2 and spin-3/2 states.

Finally, in Fig. 2.8 we show the effective mass and effective mass splittings of the
even-parity spin-3/2 states extracted with the X3 interpolator. In each case we fit
the effective mass and effective mass splitting data shown where ú > 11. At the four
largest quark masses we find a X?¿or for the fit ranging from 0.63 to 0.74. At the fifth
smallest quark mass the X?aor of the fit is 0.39 and at the three smaller quark masses the

X?aor = 0.1. As a general rule a small ¡2 is unlikely to represent a good fit, but in our
experience a large component of noise can suppress the estimate of the X2 calculated
with the covariance matrix. At the smallest quark mass the signal has become hidden
by the noise after only a few time slices. \Me find only putative evidence of a plateau
at time slice 11 and 12 which we fit to extract our best estimate of the mass. The

27



2.3. Results

10 1õ 20
ú

26 30

3.0

2.8

2.8

ç 2.4
o
9- z.zI

2.O

1.8

1.6

0.4

0.2

25
t

1õ10

3.0

2.8

2.6

;2.4o
9 z.z¡

2.O

1.8

1.8

30

-0.4

3.0

2.4

2.6

oo -00
I

Ç 2.4
0

P- z.zI
2.O

-o.2

oluLzt+lolÞ¿u

810t214161820

20
t

1.8

1.8

o,4

o.2

-0.0

-o.2

-0.4

0.4

o.2

-0.0

-o.z

-o.4

o(,

I

1C

0.4

o.2

-0.0

-o.2

-0.4

o(,

¡
oo
I

81012tl161820
t

8101214161820
t

Fig, 2.6: As in Fig. 2.5, but for the mass of the lf 2- state.

I

i

i

I

i

I

I

,lll

28



ltt oo
oo

o
bi

ub
irL

ì/ 
(c

ev
)

lf 
(G

ev
)

rt
t

oo
oo

o
È

'N
b¡

ùb

ltt
F

oo
oo

o.
É

 
ñ 

ã 
õ 

É
 

oN

Il 
(c

ev
)

l1
 (

ce
v)

lf 
(c

ev
)

F
N

¡b
bb

lf 
(c

ev
)

N
au

ts
¿

uN
À

)
i\¡

;È
bi

u¡
bb

b¡
.r

L
@ o N o o N o

@ o N o o N o

o
o

H qc N ìI Þ (t
) H rd qc ì9 þ ct + a F
f

d C
D H tt) C
A o H
r

c+ o N
f I

cn d c+ (D

t9 (o

or

+
N o

C
tl

+
N o (9 u ol o o

+
¡u o N u

N o cô o

ttt oo
oo

o
È

¿
!'o

i'o
È

i/ 
(G

ev
)

åå
åo

o
Li

\r
bä

ob

If 
(c

ev
)

N
N

1l
¡

ôb
bi

'o
L

O
N

È
o o I\' o o N o

o o N È o o ¿
\J o

o o N o o ¡u o

o

N þ I o C
D c (r
j

cô o



2.3. Results

extracted masses are shown in Fig, 2.2 (closed circles). We find that we have good
access to this state up to the smallest quark mass. At the smallest quark mass r¡,¡e

would prefer if possible to fit more than two data point to extract the mass. So a
higher statistics calculation is required to extract the mass of this state with more
confidence at our smallest quark mass, In this channel the lowest energy two-particle
state is the I/ f n (or N + rl') in P-wave. Here we find that our interpolators do not
appeax to be accessing the lower energy P-wave Iú * n two-particle state at the smaller
quark masses where the l-particle state is no longer bound. Similarly in our studies of
the even-parity pentaquark states 128,291we found that the mass of the state extracted
with our interpolators was generally more consistent with the S-wave ¡y'* + K rather
than the lower energy P-wave N + K.

Interestingly we see that the mass of the even-parity spin-3 f 2 state extracted with
X3 is consistent with the mass of the even-parity spin-lf2 state extracted with lhe y2
interpolator. According to the Particle Data Group [39], the lowest energ.y even-parity
spin-3/2 excited state of the nucleon has a mass of L720 MeV and the second even-
parity spin-If 2 excited state of the nucleon has a mass of 1710 MeV. This analysis
suggests that at large quark masses the y2 interpolator provides access to the second
excited state of nucleon rather than the elusive roper resonance in quenched lattice
QCD.

A summary of the masses extracted with the ¡3 interpolator can be found in Ta-
ble 2.2.
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2.3. Results

Table 2.1: The masses of the nucleon and the odd-parity excited state of the nucleon
extracted with ¡1, and the masses of the three states extracted with the 3 x 3 correlation
matrix analysis with X1, 12 and fts.

aMn oM'J'* a,MU2- "M'N "Mk oMsN

0.540(1)
o.5oo(1)
0.453(1)
o.4oo(1)
0.345(2)
o.3oo(2)
0.242(2)
o.Le7(2)

1 060(3)
1.012(3)
o e55(4)
0.8e5(5)
0.836(8)
0 7e7(e)
0.762(10)
0.752(12)

1.3e5(6)
1.35e(7)
1.31e(8)
1.278(10)
r.244(13)
1.224(t6)
1.060(43)

1.064(4)
1.015(4)
o.e60(5)
o.eo2(6)
0.847(8)
o.8oe(12)

t.644(27)
1.617(30)
1.5e1(35)

1.633(ls)
1.60e(21)
1.587(26)
t.577(34)
1.5e5(56)

Table 2.2: The masses of the spin-l/2 and spin-3 f 2 states of the nucleon extracted
with the X3 interpolator.

aMn oM'J'* aMU2- oMt/'* o"M3l2-

0.540(1)
o.5oo(1)
0.453(1)
o.4oo(1)
0 345(2)
o.3oo(2)
0.242(2)
o.rs7(2)

1.063(3)
1.015 (4)
o e6o(4)
0 e02(5)
0.848(7)
0.812(e)
0.776(13)
0.757(18)

1.3e4(16)
1.355(18)
1.311(23)
1.267(32)
1.234(44)
1.226(47)

1.655(10)
1.624(10)
1.5e0(11)
1.558(12)
1.531(13)
1.515(16)
1.512(le)
1.540(25)

1.430(12)
1.3e3(13)
1.353(15)
1.314(16)
1.278(18)
r.250(21)
t.223(24)
1.208(33)
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Fig. 2.8: As in Fig. 2.5, but for the 312+ state.
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2.3.2 Roper search
As we discussed in Sec. 2.2.4, we need a complete basis of interpolators to extract the
complete tower of excited states in a particular channel. Theoretically the set of ba-
sis interpolators would be very large. In practice, by taking advantage of exponential
suppression of the higher energy contributions to the correlation function and tech-
niques such as smearing the fermion source of the quark propagator, we can assume
that there is only a significant contribution to the correlation function from the lowest
energy states.

In our previous study [18] of the nucleon excited states, we used a2x2 correlation
matrix analysis with the N1 and X2 interpolators. We found that although the two
interpolators were largely orthogonal, which is what we wanted, the y2 couples to a
much higher energy state than we would expect to identify as the Roper. Indeed in the
previous section we find that a comparison with the mass of the spin-3/2 even-parity
state extracted with the X3 interpolator suggests that the state extracted with the y2
interpolator is the second even-parity excited state of the nucleon.

In Fig. 2.9 we show the effective mass of the lowest energy state projected from
the 2 x 2 correlation matrix analysis with the ¡1 and X3 interpolators as in Eq. (2.4L).
Where we fit the data shown for ú ) 17, we find a X?¿or = 1.0 at all quark masses.

The effective mass of the excited state extracted with this correlation matrix analysis
is shown in Fig. 2.10. Where rrve fit the data shown for ú ) 11, we find a Xlo, between
0.95 at the largest quark mass and 0.28 at the smallest quark mass shown. A summary
of the masses extracted from this data is shown in Fig. 2.11, along with the masses

extracted with the f1 and X2 interpolators individually. We find that the lowest energy
state extracted with the correlation matrix analysis is in excellent agreement with the
mass of the state extracted with the X1 interpolator, and that the mass of the excited
state from the X1, N3 analysis is in excellent agreement with the mass extracted with
the y2 interpolator. Since we know that the X1 interpolator is largely orthogonal to
the y2 interpolator, this calculation shows that the X3 interpolator has a significant
overlap with the state accessed by the y2 interpolator. If the ¡3 interpolator does

couple to a lower energy excited state, i.e. not the ground state of the nucleon, then
the couplin9 of Xs to this state must be small compared to its coupling to the second
even-parity excited state because r'¡/e do not find evidence of a lower energy state with
this calculation.

In Fig. 2.I2 we show the effective mass of the lowest energy state extracted with
a 2 x 2 correlation matrix analysis using the y2 and X3 interpolators. 'We find a Xlo¡
between 1.53 at the largest quark mass and 0.41 at the smallest quark mass. Although
the Xl.¡ of the largest quark mass is at the upper limit of our selection criteria, the
mass extracted with this fit is in excellent agreement with the masses extracted with
both the f,1 and X3 interpolators individually. So we accept this frt in this analysis. In
Fig. 2,13 we show the effective mass of the excited state extracted with this correlation
matrix analysis. Where we fit the data shown at t ) 11, we find a Xlo, between 0.61 at
the largest quark mass and 0,80 at the smallest quark mass. A summary of the masses
extracted with this analysis is shown in Fig. 2.14, along with the masses extracted
with the f1 and X2 interpolators individually. Once again the masses extracted with
the correlation matrix analysis are in excellent agreement with the masses extracted
with the f,1 and X2 interpolators individually. This indicates that the X3 interpolator
couples strongly to the ground state extracted with the X1 interpolator.

Therefore using the 2 x 2 correlation matrix analysis we find that the X3 interpolator
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Fig. 2.10: As in Fig. 2.9, but for the excited state extracted with the 2 x 2 correlation
matrix.
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Fig. 2.11: The masses extracted with a 2 x 2 correlation matrix with the 11 aîd ls
interpolators. For comparison the masses extracted with the X1 and X2 interpolators
are shown. The data correspond to mn - 830 MeV, 770 MeV, 700 MeV, 616 MeV,
530 MeV and 460 MeV.

has strong overlap with both the X1 and y2 interpolators, and that the coupling to the
even-parity Roper state must be relatively small, if it is non-zero.

The results of the 2 x 2 correlation matrix analysis suggests that X3 has significant
overlap with X1,2. Using the Fierz identity,

6oo, õBB, : 
å ttt, ),p,(ljt) 8., .

Where f is one of the matrices {L, 1¡u,.yp,.yp.ls,orrlrrr},

xls : -jt'nx^u. - lt'mXn t
|r"u" çu"' c'y t" ub ) d' - Tr"o' 

(u"r c o t'o u')'r ..d''

The interpolating fields Xyo6" and X4 are,

Xtofre : e"b"(u"r c1"u')'yu1.,d,"

xt : e"b" (u"T coo?ub)1looBd"

Each of these interpolators have been identified as linear combinations of X1 and X2 [40].
So we find that the Fierz transformation explains our finding that X3 is has a strong
overlap with both /1 aîd /2.

\Me proceed with a 3 x 3 correlation matrix analysis with X1 , y2 and X3 . Eigenvectors
for the projection of the correlation matrix are obtained from an analysis at ú - 10,
one step back from the onset of the plateau for y2l2ln Fig. 2.I5 we show the effective
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mass of the lowest energy state extracted with our correlation matrix. Where we fit
the data shown for ú ) 16 we find a X?¿ot = 1 at the five largest quark masses and a
X3aot:1.57 at the smallest quark mass. The masses extracted are shown in Fig. 2.16
along with the mass extracted with the X1, \2 aîd X3 interpolators individually. We
find that the three determinations of the ground state mass are in excellent agreement.

In Figs. 2.LT and 2.18 we show the effective masses of the two other states extracted
with the correlation matrix. Here we are limited to an analysis at the three largest
quark masses because of the large component of noise in these effective masses. In each
case we find a X?aor = 1 where we fit the data shown for ú ) 11. The masses extracted
with this analysis are shown in Fig. 2,76. In each case the mass extracted is consistent
with the mass extracted with the y2 interpolator. So we find that the couplings of the
interpolators to a Roper like even-parity excited state of the nucleon must be small if
non-zero because we find no evidence of such a state in this study in quenched lattice
QCD. As always, greater statistics may yet reveal evidence of the Roper if the coupling
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Fig. 2,16: As in Fig. 2.11 but for the 3 x 3 correlation matrix with the Xt,Xz and X3
interpolators.

is indeed small. A review of the impact of the fermion source smearing is warranted
as future work. We expect that a future study of the source smearing prescription
should also include the approach of [fe] who used a variety of source and sink smearing
prescriptions to expand their operator basis.

The masses of the three states extracted with the 3 x 3 correlation matrix are shown
in Table. 2.1.
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2.3. Results

2.3.3 lsospin-3/2 states
We continue our discussion with an analysis of the A baryon and its excited states in
quenched lattice QCD. As with the nucleon, exact isospin symmetry in our simulations
means that the A-,Ao,A+ and A++ are degenerate in mass. So we extract the mass
of the a baryon and its excited states using the a++ interpolator Eq. (2.2).

In Fig. 2.19 we show the effective mass and effective mass splittings of the spin-
3f 2, even-parity state extracted with our A++ interpolator. At the three largest quark
masses we find a X?ao¡ between 0.61 and 0.76 for a fit to the data shown where ú > 15.
At the next two smaller quark ma,sses we find aX?a"r - l where we fit the effective mass
splittings at two time slices earlier, where ú > 13. In each case we extract a mass that
is consistent with a similar analysis where t > 14 or ú ) 15. So we take advantage of
the opportunity to analyse our data at the earlier times. At the three smallest quark
masses we find that the signal is becoming hidden by the noise at smaller Euclidean
times, but we are fortunatly able to extract the mass splittings from the data where
t > LI. The Xl.¡ in each case is I.28,I.07 and 0.56. The extracted masses are shown in
Fig.2.20 (closed circles). Here we find that \rye are able to make a precise determination
of the spin-3/2, even-parity A with this simulation. In this channel the lowest energy
two-particle state is the -l/ + zr in relative P-wave, so the A is bound in this channel at
all quark masses considered in our simulation.

Next we analyse the odd-parity spin-3 f 2 state. In Fig. 2.2I we show the effective
mass and effective mass splittings of this state extracted with our A++ interpolator.
At the three largest quark masses there appears to be a systematic drift in the effective
mass data towards time slice 15. However we find a ¡1., between 0.36 and 0.56 for a
fit to the data shown where ¿ > 13, which suggests that is just a statistical fluctuation.
The effective mass splittings at the next three largest quark masses show no evidence
of such a systematic drift. We find a X?¿æ < 1, for a fit to the data where ¿ > 13. At
the two smallest quark masses the signal is degraded at smaller Euclidean time, but we
find a X|o¡:0.56 and 0.64 where we fit the data where ú > 10, In each case the mass
splittings is consistent with a fit to the data where t > n and ú > 12. The masses
extracted are shown in Fig. 2.20 (closed triangles). In this channel the lowest energy
multi-hadron state is the A++ + zr in S-wave, Thus the lowest energy odd-parity state
in this channel is bound in this study.

In Fig. 2.22 we show the mass of the spin-l/2 odd-parity state extracted with our
A++ interpolator. At each quark mass we find a X|aæ < 1 for a fit to the data where
¿ > 11, In some cases the X?aor - 0.1, where we attribute the small X2 to the large
component of noise in the data, \Mith the statistics of our calculation, the analysis is
limited to the seven largest quark masses. The lowest energy two-hadron state in this
channel is the S-wave N Í r, but we find no evidence that our interpolators couple to
this state. The masses extracted are shown in Fig. 2.20 (open triangles). The masses
of the odd-parity spin-Ll2 and spin-3 f2 states are consistent to within the error bars,
which is qualitatively the similar to the physical spectrum where the spin-1/2 state has
a mass of 1620 MeV and the spin-3/2 state has a mass of 1700 MeV. In nature the mass
of the spin-3/2 odd-parity A is very similar to the physical mass of the even-parity
spin-312 nucleon which is 1720 MeV. However in our lattice simulation the spin-3/2
odd-parity A has a much smaller mass at each quark mass. Indeed the mass of the
odd-parity spin-3f 2, the odd-parity spin-l 12 and the even-parity spin-r12 L baryons
display only a small quark mass dependence. In Chapter 3 we argue that binding
at quark masses near the physical regime is a lattice resonance signature. Here we
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Fig.2.20: The data correspond to rnn - 830, 770,700,616, 530, and 460 MeV

find evidence that these A resonances are more bound than the comparable nucleon
resonances at the quark masses used in our calculation.

Finally, in Fig. 2.23 we show the effective mass of the even-parit¡ spin-lf2 state.
There is a drift in the effective mass data towards time slice 14, but there is a large
component of noise, and we are able to fit the data where t > n. The extracted
masses are shown in Fig. 2.20 (open circles). The physical mass of the lowest energy
even-parity, spin-Lf 2 state is 1750 MeV, which is similar to the physical mass of the
odd-parity states in this channel. Here we find that the mass of this state is consistently
larger than the mass of the odd-parity states. Which is qualitatively consistent with
the physical mass spectrum. However the large component of noise in our correlation
functions maybe suppressing the y2 and so there maybe some excited state contam-
ination. The masses of the states extracted with the A++ interpolator are shown in
Table. 2.3.
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2.3. Besults

Table 2.3: The masses of the A++ and the spin-l/2 and spin-3/2 excited states of the
A extracted with the Xa++ interpolator.

aMn oM'/,'* aM!2- oMt/,'* eMu2-

0.540

0.500
0.453

0.400

0.345

0.300

0.242
0.I97

( 13)

( 15)

(17)

(20)
(25)
(33)
(42)

(1

(1

(1

(1

(2

(2

(2

(2

) 1.56e(36)

) 1.547(38)

) 1.525(41)

) 1 506(47)

) 1 4e5(54)

) 1.500(63)

) 1.532(8e)

) 1.52e(8e)

1.206(6)
r.172(6)
t.134(7)
1.0e8(e)
1.067(11)
1.046(11)
1.027(r2)
1.016(12)

1.455(1e)
r.422(23)
1.386(27)
1.347(36)
1.314(51)
1.274(74)
1.2e0(77)
1.346(78)

7.462
L.434
1.406

1.382

1.369

1.363

1.381
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2.4 Summary
In this study we have calculated the spectrum of spin-l f 2 and spin-3/2 nucleon and A
resonances in quenched lattice QCD on a large 203 x 40 lattice. \Me show that methods
for extracting the hadron spectrum developed in [18,27]are effective in extracting the
Iow lying spectrum at light quark masses.

\Me observe that the level ordering of the masses of the odd-parity spin-1/2 and
spin-3/2 states are similar which is consistent with the empirical spectrum, but that in
the case of the odd-parity nucleons the ordering is reversed. In [27] we comment that
this ordering of odd-parity excited states is predicted by quark models. It remains as

future work to rule out finite volume effects as the cause of this discrepancy. AIso,
full QCD simulations are vital for removing the artifacts associated with the quenched

approximation.
\Me have demonstrated that the ground and second even-parity excited state of the

nucleon can be extracted from a 2x2 corcelation matrix with either the X1 and y3 or y2

and X3 interpolators. \Mith the use of the Fierz identity we show that the X3 interpolator
does indeed have a large overlap with the f,1 and X2 interpolators. Continuing with a

3 x 3 correlation matrix analysis we find no evidence that our interpolators overlap with
the first experimentally observed even-parity excited state of the nucleon, the Roper
resonance. However we also find that the large amount of smearing of the fermion
source has removed overlap of our interpolators with the odd-parity excited states of
the nucleon which \ryere successfully extracted in [18] with the X1 and X2 interpolators.
It is possible that we may have more success at extracting excited states with these
interpolators with a different smearing prescription. Therefore a study to determine
the optimal amount of source smearing for the calculation of the spectrum of these

excited states remains as future work.
We find that the f,1 and X2 interpolators couple to a lower energy multi-hadron

state in the odd-parity spin-l f 2 channeL ln other channels we do not resolve overlap
of our interpolators with lower energy multihadron states. But we expect that with a

higher statistics calculation we will resolve signal in the correlation function at larger
Euclidean times, and that we will therefore access multi-hadron states in other channels.
Therefore an extension to our operator basis similar to [33] will be required to accurately
determine the spectrum of nucleon and A at our lightest quark masses.

Finally we calculate the mass of the A++ at our smallest quark masses with great
precision. Towards a pion mass of 300 MeV we are beginning to see chiral curvature in
the mass of the A++ as r,¡/e approach the chiral limit. We find that the ordering of the
odd-parity excited states of the A++ is consistent with the physical spectrum. We find
a mass of the even-parity spin-If 2 state that is similar to the masses of the odd-parity
states, which is an improvement upon our earlier study.
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3

Search for the g+ pentaquark

3.1 lntroduction

The reported observations of a baryon state with strangeness S : *1 some 100 MeV
above the l/K threshold has sparked considerable interest in excited hadron spec-
troscopy. Because this state has minimal quark content uudds, its discovery would be
the first direct evidence for baryons with an exotic quark structure - namely, baryons
whose quantum numbers cannot be described in terms of a three-quark configuration
alone.

3.1 .1 Phenomenology

Experimental evidence for a pentaquark was reported in real [1,41-43] and quasi-real
photoproduction experiments [44], and further positive sightings were reported in K-
nucleus collisions [a5], pp [46] and pA 147,48] reactions, and in neutrino [49,50] and
l^^^:-^l^^r:^ ^1^^r-^- ^^^rr^-:-- tErl t- r rLruçP lrvr.1,ùtrr'u trlEULIUlr bu¿luLeLIIIts [t).t1 , IOI'A I;Of,Al OI AfOUnO A OOZen pOSItlVe feSUltS.
Currently only the charge and strangeness of this state, which has been labeled O+,
are known; its spin, parity and isospin are as yet undetermined, although there are
hints [52] that it may be isospin zero. The mass of the O+ is found to be around
Ms+ :1540 MeV. However, its most striking feature is its exceptionally narror'¡/ width.
In most cases the width has been smaller than the experimental resolution, while
analysis of N K scattering data suggests that the width cannot be greater than - 1 MeV
[53-57]. Such a narrow state, 100 MeV above threshold, presents a challenge to most
theoretical models [58-61],

Subsequently, a number of null results have been reported from e+e- 162-671 and
pF [68] colliders, as well as from pp 169l,.yp [70], hadron-p [TL,T2], hadron-nucleus [73],
pA 174,75], p'A 176]| and nucleus-nucleus [77] fixed target experiments. The production
mechanism for the O+ in these reactions would be via fragmentation, and although the
fragmentation functions are not known, these results suggest that if the O+ exists, its
production mechanism, along with its quantum numbers, is exotic. In a more recent
high statistics experiment [78] the CLAS collaboration reported a non-observation of
the O+ in contradiction to their earlier analysis [42]. We note that the more recent
non-observation of the O+ by the CLAS collaboration has cast some doubt about the
existence of pentaquark states. For more detailed accounts of the current experimental
status of pentaquark searches see Refs. [7g-81].

While the experimental verification of the existence of the O+, and the determi-
nation of its quantum numbers await definitive confirmation, it is timely to examine
the theoretical predictions for the masses of ,9 : *1 pentaquark states. Numerous
model studies have been carried out recently aimed at revealing the dynamical nature
of the O+, ranging from chiral soliton models [82-84], QCD sum rules [85,86], hadronic
models [87,8S] and quark models [61,89-92], to name just a few.
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3.1 .2 Lattice pentaquark studies
While models can often be helpful in obtaining a qualitative understanding of data, we

would like to see what QCD predicts for the masses of the pentaquark states. Currently
lattice QCD is the only quantitative method of obtaining hadronic properties directly
from QCD, and several, mainly exploratory, studies of pentaquark masses have been
performed [93-102].

A crucial issue in lattice QCD analysis of excited hadrons is exactly what constitutes
a signal for a resonance. As evidence of a resonance, most lattice studies to date have
sought to find the empirical mass splitting between the O+ and the .fúK threshold
at the unphysically large quark masses used in lattice simulations. This leads to the
assumption that in the negative parity channel the O+ will be about 100 MeV above
the S-wave l/K threshold at these masses. However, as we will argue below, a signal
for a O+ resonance on the lattice, which holds for all other (non-exotic) excited states
studied on the lattice 118,27,103], would be the presence of binding at quark masses

near the physical regime, where the resonance mass would be below the lúK threshold,
The evidence of binding at quark masses near the physical regime, which survives in the
infinite volume limit, is a sufficient condition to indicate a resonance, but the absence

of such binding cannot rigorously exclude the possibility of a resonance at the physical
quark masses.

In the positive parity channel, where the I{ and K must be in a relative P-wave, in
a finite lattice volume the energy of the .l/K state will typically be above the mass of
the experimental O+ candidate. Observation of a pentaquark mass below the P-wave
l/11 threshold would then be a clear signal for a O+ resonance. In all of the lattice
studies, with the exception of Chiu & Hsieh [99], the mass of the positive parity state
has been found to be too large to be interpreted as a candidate for the O+.

One should note that in obtaining a relatively low mass positive parity state, Chiu
& Hsieh [99] perform a linear chiral extrapolation of the pentaquark mass in m2* using
only the lightest few quark masses, for which the errors are relatively large. Although
Iinear extrapolations of hadron properties are common in the literature, these invariably
neglect the non-analyticities in m2* arising from the long-range structure of hadrons
associated with the pion cloud [104, 105]. Csikor et al. l93l and Sasaki [94] use a
slightly modified extrapolation, in which the squared pentaquark mass is fitted and
extrapolated as a function of m?*. As a cautionary note, since the chiral behaviour
of pentaquark masses is at present unknown, extrapolation of the lattice results to
physical quark masses can lead to large systematic uncertainties, which are generally
underestimated in the literature.

The ordering of the l/1( and O+ states in the negative parity channel presents
some challenges for lattice analyses. Sasaki [102] and Csikor et al. ]0\ argue that if
the O+ is more massive than the l/K threshold, then one needs to extract from the
correlators more than the lightest state with which the operators have overlap. It has
been suggested [102] that if one can find an operator that has negligible coupling to the
.llK state, then one can fit the correlation function at intermediate Euclidean times
to extract the mass of the heavier state. The idea of simply choosing an operator that
does not couple to the l/K threshold is problematic, however, because there is no way
to determine a priori the extent to which an operator couples to a particular state. Our
approach instead will be to use a number of different interpolating fields, which will
enhance the ability to couple to different states. This approach has also been adopted
by Fleming [106], and by the MIT group [107].
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Extracting multiple states in lattice QCD is usually achieved by performing a cor-
relation matrix analysis, which we adopt in this work, or via Bayesian techniques. The
analysis of Sasaki [94] uses a single interpolating field and employs a standard analysis
with an exponential fit to the correlation function. Csikor et al. 1931, Takahashi eú

a/. [100] and Chiu & Hsieh [99] have, on the other hand, performed correlation matrix
analyses using several different interpolating fields. In the negative parity sector, these
authors extract from their correlation matrices both a ground state and an excited
state. In all of these studies the positive parity state is found to lie significantly higher
than the negative parity ground state.

Since the S-wave l/K scattering state lies very near the lowest energy state observed
on the lattice, the issue of extracting a genuine O+ resonance from lattice simulations
presents an important challenge, and a number of ideas have been proposed to distin-
guish between a true resonance state and the scattering of the free I/ and K states in
afinite volume [95-98]. Using the Bayesian fitting techniques, Mathur et at.l95)have
examined the volume dependence of the residue of the ground state, noting that each
state - the pentaquark, .ðú, and K - is volume normalised such that the residue of the
,^/K state is proportional to the inverse spatial lattice volume. The analysis suggests
that the lowest-lying state is the l/K scattering state, but leaves open the question of
the existence of a higher-lying pentaquark resonance state.

Using a single interpolating field, Ishii eú aL [96,97] have introduced different bound-
ary conditions in the quark propagators in an attempt to separate a genuine pentaquark
resonance state from the .¡/K scattering state. Here the quark propagators mix such
+L^+ +l^^ ^ff^^+:.,^ -^^^ ^f ¿L^ 

^¡T/, ^^^.LL^-:- -l------ -r-:r- rr r .
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resonance is unchanged. Again, the lowest-lying state displays the properties of an
I/K scattering state, but leaves open the issue of whether a higher-lying pentaquark
resonance exists.

In identifying the nature of excited states, one should also explore the possibility
that the excited state could be a two-particle state. Since we expect that our interpo-
lating fields may couple to all possible two-particle states to some degree, rù¡e compare
the results of our correlation matrix analysis to all the possible two-particle states. In
the negative parity sector this includes the S-wave NK, NK*, and AK* (isospin-l
only) channels, as well as the ly'/K, where l// is the lowest positive parity excitation of
the nucleon. In the positive parity channel we consider the S-wave ,ð{*K two-particle
state, where lú* is the lowest-lying negative parity excitation of the nucleon, in addition
to the P-wave l/K and ly'/f* states.

3.1.3 Lattice resonance signatures
Our approach to assessing the existence of a genuine pentaquark resonance is comple-
mentary to the aforementioned approaches. In the following we search for evidence
of attraction between the constituents of the pentaquark state, which is vital to the
formation of a resonance. Note that if a particle is a resonance in nature then we label
it as such in our discussion,

Doing so requires careful measurement of the effective mass splitting between the
pentaquark state and the sum of the free ,ô/ and K masses measured on the same
latti,ce. As discussed in detail below, attraction between the constituents of every
baryon resonance ever calculated on the lattice 1L8,27,103] has been sufficient to render
the resonance mass lowerthanthe sum of the free decay channel masses at quark masses
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near the physical regime. If the behaviour of the pentaquark is similar to that of every
other resonance on the lattice, then searching for a signal of a pentaquark resonance
above the l/K threshold at the large quark masses typically considered in lattice QCD
will mean that one is simply looking in the rñ¡rong place.

One might have some concern as to whether this lattice resonance signature should
appear for exotic pentaquark states where quark-antiquark annihilation cannot reduce
the quark content to a "three-quark state". Clearly the approach to the infinite quark
mass limit will be different. However, the heavy quark limit is far from the quark
masses explored in this investigation, which approach the physical regime, Evidence
of nontrival Fock-space components (such as those including qq loops) in the hadronic
wave functions is abundant. For example, the quenched and unquenched A masses
differ by more than 100 MeV at the quark masses considered here, with the mass lying
lower in the presence of dynamical fermions [104,10S]. We consider quark masses as

Iight as 0.05 GeV, which is much less than the hadronic scale, 1.5 GeV, associated with
pentaquark quantum numbers. In short, the traditional resonances explored in lattice
QCD cannot be considered simply as "three-quark states", so that there is little reason
to expect the lattice resonance signature to be qualitatively different for "ordinary"
and pentaquark baryons.

In the process of searching for attraction it is essential to explore a large number
of interpolating fields having the quantum numbers of the putative pentaquark state.
In Sec. 3.2 we consider a comparatively large collection of pentaquark interpolating
fields and create new interpolators designed to maximise the opportunity to observe
attraction in the pentaquark state. We study two types of interpolating fields: those
based on a nucleon plus kaon configuration, and those constructed from two diquarks
coupled to an 5 quark,

The technical details of the lattice simulations are discussed in length in Chapter 1

and outlined briefly in Sec. 3.3. It is essential to use a form of improved action, as

Iarge scaling violations in the standard Wilson action could lead to a false signature
of attraction. Recall from Chapter 1, our simulations are therefore performed with
the nonperturbatively (?(ø)-improved FLIC fermion action [15,19,34], which displays
nearly perfect scaling, providing continuum limit results at finite lattice spacing [34].
The simulations are carried out on a large, 203 x 40 lattice, with the O(a2)-tadpole-
improved Luscher-Weisz plaquette plus rectangle gauge action [13]. The lattice spacing
is 0.128 fm, as determined via the Sommer scale, ro : 0.49 fm.

In Sec. 3.4 we present our results for the even and odd parity spin-j pentaquark
states, in both the isoscalar and isovector channels. As we will see, there is no evidence
of attraction in any of the pentaquark channels considered. On the contrary, we find
evidence of repulsion at finite volume, with the energy of each five-quark state lying
higher than the sum of the free decay channel energies. Thus, the standard lattice
resonance signature of the resonance mass lying lower than the sum of the free decay
channel masses at quark masses near the physical regime is absent. As we conclude in
Sec. 3.5, we find no evidence supporting the existence of a spin-| pentaquark resonance
in quenched QCD.
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3.2 lnterpolating Fields
In this section we review the interpolating fields which have been used in recent pen-
taquark studies, in both the QCD sum rule approach and in lattice QCD calculations.
We then propose new interpolators designed to maximise the opportunity to observe
attraction between the pentaquark constituents at large quark masses. Two general
types of interpolating fields are considered: those based on an "NK" configuration
(either nK* or pK0), and those based on a "diquark-diquark-F" configuration. We
examine both of these types, and discuss the relations between them.

3.2.1 M-type interpolating fields
The simplest "Iy'K"-type interpolating field is referred herein as the "colour-singlet"
form,

1
Xttx: *

e"b'(ur"C1ua\ {u'(,*t1ud") + (u r- d)} , (3 1)

where the a corresponds to the isospin 1 : 0 and 1 channels, respectively. One can
easily verify that the field X¡¡6 transforms negatively under the parity transformation
Q + 'Yoq, and therefore the negative parity state will propagate in the upper-left Dirac
quadrant of the correlation function, contrary to the more standard "positive-parity"
interpolators [103]. Note that the colour-index sum here corresponds to a "molecular"
(or "fall-apart") state with both the ".ly'" antd "K" components of Eq. (3.1) colour
singlets. For negative parity the field Xryr couples the ( large x large ) x large x (
large x large ) components of Dirac spinors, and should therefore produce a strong
signal. For the positive parity projection (see Sec, 3.3.1 below), it involves one lower
(or small) component, coupling
(large x large) x small x (large x large ), which is known to lead to a weaker signal
in this channel [103].

Some authors [93,100] have argued that X¡¿r is a poor choice of interpolator for ac-
cessing the pentaquark resonance, and that an interpolator that suppresses the colour-
singlet l/K channel may provide better overlap with a pentaquark resonance, should
it exist. Csikor et al.l93l, Mathur et al.l95l, Takahashi et al.]00] and Chiu et al.l99]
(in lattice calculations), and Zhu [86] (in a QCD sum rule calculation), have considered
a slightly modified form in which the colour indices between the lú and K components
of the interpolating field are mixed,

xñ-x: \r"u"çu,"C.,rsd.b) {u.(s"i1sd.) + (u *- d)} , (8.2)Ã t/z

for 1 : 0 and 1, respectively. We refer to this alternative colour assignment as a
"colour-fused" interpolator, whereby the coloured three-quark and qQ pair are fused
to form a colour-singlet hadron. Of course, for Il3 of the combinations the colours e

and c will coincide, so that the "colour-singlet"-"colour-singlet" state will also arise
from the field X6p. Upon constructing the correlation functions associated with each
of these interpolators, one encounters a sum of (3! x 3)2 : 324 colour combinations
with a non-trivial contribution to the correlation function, However, only 1/9 of these
terms will be common to the colour-singlet and colour-fused correlators.
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In Zhu's QCD sum rule (QCDSR) calculation [86] interpolating fields based on the
Ioffe current were also considered, such as

^y. vEPSR : \eou.çuroC.,truo).yuyd,"(ffi5d,") + (, *- d.) . (3 3)tu /\NK ,/r"
It is well known that the Ioffe current,

e"b"(uT"C1,ub)-ys.yt d", (3,4)

can be written as a linear combination of the standard lattice interpolator,

e"b"(uT"C15du)u" , (B b)

and an alternate interpolator whose overlap with the ground state is suppressed by a
factor of - 100 [40]

e"b"(ur"Cd,)-yuu", (3 6)

In the QCD sum rule approach, the interpolator of Eq. (3.6) can be used to sub-
tract excited state contributions, while the nucleon is accessed via the interpolator
of Eq. (3.5) [40,109]. However, in the lattice approach, the interpolator of Eq. (3.6)
plays little to no role in accessing the lowest-lying state properties for either positive
or negative parities [18].

3.2.2 Diquark-type interpolating fields
The other type of interpolating field which has been discussed is one in which the
non-strange quarks are coupled into two sets of diquarks, together with the antistrange
quark. Jaffe and Wilczek [89] suggested that the lowest energy diquark state would
have two scalar diquarks in a relative P-wave coupled to the 5. The lowest mass
pentaquark would then be one containing two scalar diquarks. The configuration of
two isospin .I : 0 diquarks gives a purely I :0 interpolating field,

Xtw : ,abcrael ubsh(ur.Cy¿1)@roCydn)C{" . (3.7)

If the interpolating field is local, the two diquarks in Xtw are identical, but because
their colour indices are antisymmetrised, this field vanishes identically. The freld X¡w
would be non-zero if the diquark fields were non-local. On the other hand, the use
of non-local fields significantly increases the computational cost of lattice calculations.
While this remains an important avenue to explore in future studies, in this work we
focus on the construction of pentaquark operators from local fields.

A variant of the scalar freld y¡ry can be utilised by observing that the antisymmetric
tensors in Eq. (3.7) can be expanded in terms of Kronecker-ô symbols,

,abcrd,ec : 5ad5be _ 6o.6UO ,

which enables the interpolating freld y¡6r to be rewritten as

xtw : e"b'(ur"c15a\ {fur'clsd") - (ur'cyd")} c{"
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One can then define two interpolating fields,

Xss :

Xls

I 
-ob"

\/2
(3.10)

(3.11)

(ur " c ludb) (ur " c 11"d') c s",

(ur " C ydb) (ur " C 15d') C t' ",

which are equal but do not individually vanish. Clearly these fields transform negatively
underparity, and, aswithX¡¡¡ç andX67, couple (largex large) x (Iargex large) x
Iarge components for negative parity states, making them ideal for lattice simulations

[103].
To determine the isospin of Xss, one can express the second diquark as a sum of

colour symmetric and antisymmetric components,

Xss : ft r"0"{ur"c.yud,o) 
{}@r""rrd" - 

ur"c1ld")

+ |{u'"cxd: + ur'c15a)} cs'". (3.12)

The first term in the braces in Eq. (3.12), which is isoscalar, is equivalent to the field
l¡rry, a,îd vanishes for the reasons discussed above. The second term, which does not
vanish, is isovector, so that the field Xss is pure isospin .I : 1.

An interesting question is how much, if any, overlap exists between the diquark-type
fieid Xss anci the ,VK-iype fieìds in Sec. 3.2.i. This can be acìciressed by performing a
Fierz transformation on the fields. For the field Xss, one finds:

xss : )e"b"(ur"Cndb){ - (s"u")yd," + (s.1ru").yr.trd." + }{s.o*u.)op,15d"
* (f1¡5u')"t'd" - (fyu')d"\. (3.13)

The last two terms in Eq. (3.13) resemble ,l/K-type interpolating fields, similar to
those introduced in Sec. 3.2.1, while the second term corresponds to an .ð/K*-type
configuration.

Note that for the l/K-like terms in Eq. (3.13) the colour structure corresponds to
the colour-singlet operator Xry¡¡. It has been suggested that the colour-singlet l/11
interpolating field would have significant overlap with the I/K scattering state and
hence not couple strongly to a pentaquark resonance. On the other hand, Fierz trans-
forming the field X5 , in analogy with Eq. (3.13), would give rise to an l{K-like term
corresponding to the colour-fused X¡7 operator. Since the fields Nss and Xg-s are
equivalent, however, this demonstrates that selection of the operatot X3..s (with the
colour-fused NK configuration) over the operator Xss (with the colour-singlet.l/K
configuration) would be spurious.

Several authors 194,96,97,99] have also used a variant of the fr.eld y¡s in lattice
simulations, in which a scalar diquark is coupled to a pseudoscalar diquark [85,94],

Xps : ,abcuaef ,bsh@r.Cdt¡(urscydh)C{. . (3.14)

In this case the two diquarks are not identical and so the field does not vanish. Since
both diquarks in /ps are isoscalar, this field has isospin zero and transforms positively
under parity. For positive parity it couples ( large x small ) x ( Iarge x large )
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x large components of Dirac spinors and is therefore suitable for lattice simulations.
For the negative parity projection, it couples ( large x small ) * ( large x large) x
small, so that the signal will be doubly suppressed relative to the other negative parity
state interpolators. Since it has been used in the literature, for completeness we also
include Xps in our analysis. To be consistent with the parity assignments of the other
interpolating fields discussed above, one can use a modified form,

Xps --+ 'ls Xps , (3.15)

which then transforms negatively under parity. The effect of this is merely to switch
the positive and negative parity components propagating in the {(1,1),(2,2)} and

{(3,3), (4,4)} elements of the correlation function (see Chapter 1).

3.3 Lattice Techniques
In this section we discuss the techniques used to extract bound state masses in lattice
calculations. We first outline the computation of two-point correlation functions, both
at the baryon level, and at the quark level in terms of the interpolating fields introduced
in Sec. 3.2. To study more than one interpolating field, we perform a correlation matrix
analysis to isolate the individual states, and describe the basic steps in this analysis.
Finally, we present some details of the lattice simulations, including the gauge and
fermion actions used.

3.3.1 Two-po¡ntcorrelation functions
Here we reiterate the key features of our analysis of the two-point functions that we dis-
cussed at length in Chapter 1. This time our interpolators transform as pseudo-scalars
under parity exchanging the locations of positive and negative parity contributions. Let
us define a function, Ç, of the interpolating field X at Euclidean time ú and momentum

das

ç(t,ù : D u"p(- iF' i) plr y@) X(0) I 0) , (3.16)
i

where we have suppressed the Dirac indices. Inserting a complete set of intermediate
momentum, energy and spin states lB,p',s),

ç(t,ù: t f exp(-ly''d) (01 x@) lB,p',s)(B,p', sl ¡(0) l0) , (3.17)
srPt,B i

and using translational invariance, one can write the function Ç as

ç(t,ù : !exp(-ø¿t) (ol x(o) lB,p,')(B,p,sl ¡(0) l0) , (3.18)
srB

where Ep : V/ MTTF is the energy of the state lB) and MB is its mass.

Despite transforming as pseudo-scalars by construction, the interpolating field X
has overlap with both positive and negative parity states. The overlap of ¡ with the
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intermediate state lB+), where the superscript denotes parity -1 or *1, at the source
can be parameterised by a coupling strength ls+,

(3.le)

(3.20)

where EB* and MB+ correspond to the energies and masses of the negative and positive
parity states, respectively. Note that in Eq. (3.20) the matrix l5 premultiplies the
spinor u(pn*, s), since the interpolating fields that \rye use in this analysis all transform
negatively under parity. This is in contrast to the more standard case where the fields
have positive parity [103], in which case the definitions of À¡+ in Eqs. (8.19) and (3.20)
are interchanged.

At large Euclidean times the function Ç can be written

ç(t,Ð --+ À"-)r- Lt'p'- + MB-)-ffiexP(-E¡-ú)
-l ÀB+l¡ 

(l 'P"* - MB*).ffiexP(--Es+ú) , (3.21)

where p is the on-shell four-momentum vector, and À6+ is the coupling strength of the
field X at the source to the state lB+). In our lattice simulations the source is smeared,
so that À¡+ and À¿l+ are not necessatily equal. With fixed boundary conditions in the
time direction, one can project out states with definite parity using the matrix [18,110]

r+:* (t*Pr^\ . (2.22)
2 \ EB+'=)

The parity-projected two-point correlation function can then be expressed as the spinor
trace of the function Ç(t,p),

G.(t,Ð : trlt+Ç(t,fl1 (3.23)

Ð À"*¡"+ exp (-.86çú) . (3.24)2u

Because of the exponential suppression (at large Euclidean times) of states with en-
ergies greater than the ground state energy, in the large-ú limit the correlation function
for f :0 (which \rye use in practice in this analysis) will be dominated by the ground
state with mass rnf,,

C+(t, o¡ ¿-1- 
Às+Àe+ exp (-Me*) , (3.25)

where À¡+ and À¡+ are the ground state couplings for the negative and positive parity
states at the source and sink, respectively. The effective mass of the baryon B+ is then
defined in terms of ratios of the correlation function at successive time slices,

M"tuQ): '"(#gõ) (326)

In the large-t limit one therefore picks out the state with the lowest mass,

' M.Tuþ) ¿=- Mo. . (3.27)
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3.4. Results and Discussion

In order to study masses of excited states, one can in principle attempt to fit the
correlation function at finite ú with a sum of exponentials corresponding to the ground
state plus one or more excited states. In practice this is difficult. An alternative
approach is to use several interpolating fields, and extract masses of an orthogonal set
of operators using a correlation matrix analysis, as \Me discussed in Sec. 2.2.4 above.

The two-point correlation functions discussed above are all derived at the hadronic
level. They can be expressed in a form suitable for actual lattice simulations by substi
tuting the interpolating fields in Sec. 3.2 and performing the appropriate Wick contrac-
tions of the time-ordered products of fields. The general formulae for the correlation
functions expressed in terms of the quark propagators can be found in Appendix D.

Six quark masses are used in the calculations, and the strange quark mass is taken
to be the third largest (n : 0.t2885) quark mass in each case. At this rc the sS

pseudoscalar mass is 697 MeV, which compares well with the experimental value of

JîMT -M: 693 MeV motivated by leading order chiral perturbation theory. The
smallest pion mass considered is mn : 464 MeV. We have also considered two smaller
masses, but find that the signal for these becomes quite noisy, and do not include them
in the analysis. The analysis for the l/K-type interpolators is based on a sample of
200 configurations and the analysis for the P^9 and SS-type interpolators is based on
an ensemble of 340 configurations. The error analysis is performed by a second-order,
single-elimination jackknife, see Sec, 4.2.!, with the X2 per degree of freedom obtained
via covariance matrix fits, see Appendix C.

3.4 Results and Discuss¡on
In this section we present the results of our lattice simulations of pentaquark masses,

in both the JP : +- and j+ channels, and for isospin .I : 0 and 1. In addition
to extracting the masses, we also study the mass differences between the candidate
pentaquark states and the free two-particle states. This analysis is actually crucial in
determining the nature of the states observed on the lattice, and the identification of
true resonances.

3.4.1 Signatures of a resonance
At sufficiently small quark masses, the standard lattice technology will find, at large
Euclidean times, the ,¡/K decay channel as the ground state of all the five-quark in-
terpolating fields discussed in Sec. 3.2. In previous analyses of pentaquark masses,

the observation of a signal at a mass slightly above the l/K threshold has been in-
terpreted [93,94] as a candidate for a pentaquark resonance. A test that has proven
useful in studies of excited baryons is a search for binding as a function of the quark
mass. The presence of binding at quark masses near the physical regime has been
observed in every lattice study of the ly'* spectrum in every channel. This feature is
central to the study of the electromagnetic properties of decuplet baryons [111] and
their transitions !LL2-L141in lattice QCD.

As an example, consider the JP : |- odd parity partner of the nucleon, namely
the I/.(1535) baryon, in lattice QCD. In the continuum, the l/*(1535) is a resonance

which decays to a nucleon and a pion. On the lattice, however, the ll-(]-) is stable
at the (unphysically) large quark masses where its mass is smaller than the sum of
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Fig. 3.1: Mass difference between the lowest-lying negative parity excited nucleon
bound state, the I(JP): å(å-) ¡f.(1535), and the S-wave.ð/+zr two-particle scattering
state.
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Fig. 3.2: Mass difference between the I(J") : Ê(È*) L(I232) and the P-wave l/ + zr

two-particle scattering state.

I
I

T

T

60



3.4. Hesults and Discussion

the nucleon and pion masses [18]. To illustrate this we show in Fig. 3.1 the mass

splitting between the,a{-(}-) and the non-interacting S-wave.lú+zr two-particle state,

calculated on the same lattice. For all values of mn illustrated the mass of the ¡f.(å-)
is below that of the lü * n. The mass difference clearly increases in magnitude with
increasing rnrr.

In other words, the binding becomes stronger at larger quark ma,sses. This trend
is expected to continue into the heavy quark mass regime, where quark counting rules
can be considered. As the ¡/.(1535) has a three-quark Fock space component, and the
l/+zr must contain at least five quarks, the mass rutio M(3q)l¡ut(Sq) will approach
3/5 in the infinite quark mass regime.

A similar behaviour is also observed in the case of the A(1232) isobar. The mass

difference between the JP : |+ resonance and the lowest available P-wave l/ + zr two-
particle energy, shown in Fig. 3.2, is negative, and, as in Fig. 3.1, increases with rnfl.
In fact, this pattern is repeated in every other baryon channel probed in lattice QCD,
such as lhe JP: ]+ and t- channels (see, e.g,, Refs. 118,27,103]). In the case of the

A and ¡/-(å-) baryons featured here, the binding is seen to become stronger at larger
quark masses. Indeed, from the minimal quark content in the heavy quark limit, one

expects to recover a resonance to //7r mass ratio of 3/5. In the case of a pentaquark
resonance, the analogous mass ratio will be 1 in the heavy quark limit and the mass

splitting will vanish relative to the hadronic mass scale in the heavy quark limit. Hence

a lattice resonance signature which might be observed for a pentaquark resonance is

binding (a negative mass splitting) at quark masses near the physical regime, with a

general trend of binding as a fraction of hadron mass towards zero as the heavy quark
limit is approached.

3.4.2 Negative par¡ty isoscalar states
We begin our discussion of the results with the isospin-O, negative parity states. The
lowest energy of a system with a nucleon and a ka,on would have the Iú and K in a
relative S-wave, in which case the overall parity is negative. Isoscalar states can be
constructed with the l/K-type interpolating fields, N7y¡ç and Xfi-'ç, as well as with the
PS-type field Xps.

The effective mass for the colour singlet X¡y¡¡ field is shown in Fig, 3.3 for several
representative pion masses. The results for the colour fused operator Xç_-* of. Fig. 3.4 are

very similar to those for y¡¡¡'. (Note that to avoid clutter in the figures we do not show
the points at the larger ú values which have larger error bars, and have little influence
on the fits.) To determine whether these operators have significant overlap with more
than one state, a correlation matrix analysis is performed. However, we find that it is
not possible to improve the ground state mass as described in Sec. 2.2.4. Consequently
the results using the standard (i.e., non-correlation matrix) analysis techniques are

reported in this channel. For comparison, in Fig. 3.5 we also show the effective mass of
the negative parity Xps diquark-type field. As expected, because of the presence of two
smaller components of Dirac spinors in Xps compared with X,¡y¡¡ and X¡7 , the signal
here is much noisier than for either of the ,n/Ií-type fields. This is despite the fact that
almost twice as many configurations are used for the Xps than for the l/K-type fields.

The pentaquark masses are extracted by fitting the effective masses in Figs. 3.3-3.5
over appropriate ú intervals, chosen according to the criterion that the X2 per degree
of freedom is less than 1.5, and preferably close to 1.0, For the X¡tx a\td X6p fields,
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Fig. 3.3: Effective mass of the I(JP) : 0(å-) colour singlet ll.K-type pentaquark
interpolator, X¡¡x. The data correspond to mn - 830 MeV (squares), 700 MeV (circles),
and 530MeV (triangles).
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Fig. 3.4: As in Fig. 3.3, but for the /(JP) : 0(å-) colour fused llK-type pentaquark
interpolator, Xñ1x.
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Fig. 3,5: As in Fig. 3.3, but for the /(-rP) : 0(å-) P^9-type pentaquark interpolator,
Xps

fitting the effective mass in the window t: !9 - 23 is found to optimise the y2f dof..

For the Xps field, the signal is lost at slightly earlier times, and consequently we flt in
the time interval ú : 18 - 20. The results for the masses corresponding to the y¡¡y,
X7y¡. and Xps fields are tabulated in Table 3.1.

The pentaquark masses are compared with masses of several two-particle states,
which are reported in Table 3.2. The lowest-energy two-particle states in the I(JP) :
0(å-) channel are the S-wave N + K, the S-wave ,f{ * K*, the P-wave ¡{* + K, where
.fy'* is the lowest negative parity excitation of the nucleon, and the S-wave N' + K,
where .f/' is the first positive-parity excited state of the nucleon. The contributions to
the correlation function from the P-wave states are likely to be suppressed, however,
because there is a contribution to the P-wave signal from two small components of the
spinors. We therefore focus on the S-wave states in Table 3.2.

The positive parity ly'/ state, which is calculated from the interpolating field ¡2, is
known to have poor overlap with the nucleon ground state, as well as with the low-
lying j+ excitations, such as the Roper ¡/-(1440), In fact, it gives a mass greater than

- 2 GeV, significantly above the low-lyitrg å* excitations [18]. We expect, therefore,
that our pentaquark fields will not have strong overlap with the N' + K state either.

The results for the extracted masses from Table 3.1 are displayed in Fig. 3,6 as a
function of m?*. The masses of the pentaquark states extracted from the Xxxt Xfila
and Xps fields agree within the errors (the X¡y¡¡ and yç---* masses in particular are
very close), although the errors on the Xps become large at the smaller quark masses.
The pentaquark masses are either consistent with or lie above the mass of the lowest
two-particle state, namely the S-wave N + K, for all of the quark masses considered.

The mass differences AM between the low-lying pentaquark states and the two-
particle scattering states can be better resolved by fitting the effective maris for the
mass difference directly. This allows for cancellation of systematic errors since the
pentaquark and two-particle states are generated from the same gauge field configura-
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3.4. Results and Discussion

Table 3.1: The pion mass and the masses of the I(Jr): 0(å-) states extracted with
the colour singlet ,|y'K, colour fused frk and P,S-type pentaquark interpolating fields
for various values of rc.

eMn aMxx oMî-x aMps

0.540(1)
0.500(1)
0 453(1)
0.400(1)
0.345(2)
o.3oo(2)

1.612(17)
1.53e(17)
r.44e(20)
1.34e(28)
1.236(50)
r.145(67)

1.625(16)

1.553(16)

1.461(20)
1.361(2e)
1.245(48)
1.138(80)

1.601(21)
t.532(23)
t.458(27)
1.3e6(37)
1.372(72)
1.442(17r)

Table 3.2: Masses of the S-wave N + K, N + K*, L+ K* and.fl'* K two-particle
states.

aMn 
"Mf,-i,?" atwf,-i,il" 

"MX-ií?:" 
aMf,;ifi"

0.540(1)
o.5oo(1)
0.453(1)
0.400(1)
0.345(2)
0.300(2)

1.553(10)
1.485(11)
1.404(13)
1.314(18)
r.216(32)
1.130(52)

1..762(14)

1.704(16)
1.635(1e)
1.561(26)
1.485(41)
1.421(68)

1.8e3(13)
1.848(14)
1.7ee(16)
1.751(1e)
r.70e(24)
1.682(2e)

2.180(27)
2.136(32)
2.0e2(3e)
2.061(54)
2.056(87)
2.0e3(r44)

Table 3.3: Mass differences between the I(JP) : 0(å-) states extracted with the ,¡{K
and P,S-type pentaquark interpolating fields and the S-wave N + K two-particle state.

aMn aMxx - "Ml,-iri"" øMps - "MR åi"'
0.540(1)
o 500(1)
0.453(1)
0.400(1)
0.345(2)
o.3oo(2)

0.056(e)
0.052(11)
0.048(13)
0.043(17)
0.025(30)
-0.011(67)

0.051(1e)
0.052(21)
0.060(25)
0.086(37)
0.148(75)
0.286(r77)
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Fig. 3.6: Masses of the I(J'): 0(å-) states extracted with the colour singlet .l/K,
colour fused frÉ and P,S-type pentaquark interpolating fields as a function of rn|. For
comparison, the masses of the S-wave N + K, N + K* and .fy''-11( two-particle states
are also shown. Some of the points have been offset horizontally for clarity.
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Fig. 3.7: Effective mass difference between the I(J'):0(å-) state extracted with the
colour singlet NK-type pentaquark interpolator, XNK, and the S-wave .ô/ + K two-
particle state. The data correspond to mn - 830MeV (squares), 700MeV (circles),
and 530 MeV (triangles).
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Fig. 3.8: As in Fig. 3.7, but for the I(-rP) : 0(å-) P^9-type interpolating field, Xps.
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Fig. 3.9: Mass difference between the I(J'): 0(å-) state extracted with the lú/í-type
pentaquark interpolating field and the S-wave N + K two-particle state.
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Fig. 3.10: Mass difference between the I(J'): 0(å-) state extracted with the P,9-type
pentaquark interpolating field and the S-wave N + K two-particle state.

tions, and hence their systematic errors are strongly correlated. Figures 3.7 and 3.8

illustrate the effective mass plots for the mass differences. Note that the scaie of these

figures is enlarged by a factor of six compared with Figs. 3.3-3.5. The mass difference
between the state extracted from the colour singlet .l{K interpolator and the S-wave

N + K two-particle state is fitted at time slices ú : 19 - 21, while that between the
P,9 extracted state and the N + K state is fitted at t:18 - 20.

The results of the mass difference analysis are presented in Table 3.3, and in Figs. 3.9

and 3.10 for the Niy¡¡ and ¡ps fields, respectively, We see clearly that the masses derived
from the .ô/K pentaquark operator are consistently higher than the lowest-mass two-
particle state. The mass difference AM is - 100 MeV at the larger quark masses, and

weakly dependent on m?^. Note the size of the error bars for the mass difference is

reduced compared with the error bars on the masses in Fig. 3.6.

Since the difference between the reported experimental O+ mass and the physical
N + K continuum is - 100 MeV, naively one may be tempted to interpret the results

in Figs. 3.8 and 3.9 as a signature of the O+ on the lattice. On the other hand, the
positive mass difference observed in this range of pion mass differs from what is seen

for all the l/* states studied on the lattice. This suggests that the observed signal
is unlikely to be a pentaquark. Indeed, the volume dependent analysis in Ref. [95]
concluded that their signal, which is consistent with our results, corresponds to an
.l/K scattering state.

3.4.3 Negative par¡ty isovector states
For the isospin-l, negative parity sector, we consider three operators which can create
I(J'):1(å-) states: the isovector combinations of the colour singlet f,7y¡a and colour
fused X67., and the ^9S-type operator, Xss. As for the isoscalar case, we perform a

2x2 correlation matrix analysis for the l{I(-type fields, and here we do find improved
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Fig. 3.11: Effective mass of the /(JP) : 1(å-) state corresponding to the lúK-type
pentaquark "state 1" for several values of rrln, ntÍ = 830MeV (squares), 700MeV
(circles), and 530MeV (triangles).

access to the lowest lying state.
Using the paradigm for optimising the ¡esults described in Sec. 2.2.4, we perform

the correlation matrix analysis for the largest 4 quark ma,sses starting at t :20 with
Aú : 3. Here the ground state mass is found to be lower with the correlation matrix
than with the standard analysis, indicating that the contamination of the ground state
from excited states is reduced. For the second lightest quark mass we fit at ¿ - 18,
and for the lightest quark mass at t : 17, with Aú : 3 in both cases. For these
two lightest quark masses) the ground state mass is not lowered, so here the standard
analysis techniques are used. For the excited state, the masses from the correlation
matrix are all higher than with the naive analysis for all quark masses, thus improving
the analysis.

The effective masses for the two projected l/K-type correlation matrix states, which
we refer to as "state 1" (for the ground state) and "state 2" (1or the excited state), are
shown in Figs. 3.11 and 3.12, respectively. For comparison, we also show the effective
mass plot for the ,S^9-type field Xss in Fig. 3,13. The ground state mass extracted with
the l/K-type interpolator is fitted at time slices ú :22- 26, while the mass extracted
with the S,S-type interpolator is fitted at time slices ú : 19 - 28.

The resulting extracted masses are tabulated in Table 3.4 and shown in Fig, 3.14. A
clear mass splitting of - 400 MeV is seen between the ground state and the excited state
for the //K-type operators. The ground state mass is consistent with that obtained
from the Nss operator for the four smallest quark masses, but is slightly smaller for
the two largest quark masses. As for the isoscalar channel, the ground state masses are
either consistent with or slightly above the masses of the lowest two-particle state, the
S-wave N + K. The excited state lies slightly above the S-wave two-particle N + K*
threshold, which suggests that it may be an admixture of I/*y'(* and L+K. scattering
states.

3.5
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Fig. 3.12: As in Fig. 3.11, but for the /(JP) :1(å-) l/K-type pentaquark "state 2".
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Fig. 3.13: As in Fig. 3.11, but for the /("rP) : 1(å-) .9^9-type interpolator, Xss
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Table 3.4: Masses of the I(J'): 1(å-) states extracted with the I/K and ^9,9-type
pentaquark interpolating fields for various values of rc.

aMo øM¡vx(t) aMssaMxxe)
0.540(1)
0.500(1)
0.453(1)
0.400(1)
0.345(2)
0.300(2)

1.64e(15)

1.578(18)

r.4e7(27)
1.408(48)

1.313(66)

r.25r(t44)

1.85e(22)
r.7e7(25)
1.720(31)
r.62e(47)
r.577(77)
1.554(175)

1.6e2(8)
1.61e(e)
1.530(11)
1.434(16)
1.334(26)
1.245(51)

4.6

4.O

(¡)o 3.0

E
2.6

2.O

1.5

3.5

0.0 0.2 0.4 0.6 0.8
m*2 (Geyz)

Fig. 3.14: Masses of the I(J') : 1(å-) states extracted with the l{K and ^9^9-type
pentaquark interpolating fields as a function of m?n, compared with the masses of the
S-wave N + K, N + K* and A * K* two-particle states. Some of the points have been
offset horizontally for clarity.
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Table 3.5: Mass differences between the I(JP) : 1(;-) states extracted with the .^rIK
and ,S,S-type pentaquark interpolating fields and the S-wave N + K, N + K* and .ð/*K
two-particle states, respectively.

aMn o,M¡vx(t) - "M*-:ri"" aM¡vx(z) - allf,-lrii" aMss - "Mf,-i,|"
0.540(1)
o.5oo(1)
0.453(1)
0.400(1)
0.345(2)
0.300(2)

0.067(e)
o 063(13)
o.o5e(21)
0.056(35)
-0.006(53)
-0.161(223)

0.10e(16)
0.106(18)
o.oee(24)
0.082(3e)
0.102(76)
0.146(176)

o.1oo(11)
0.oeo(15)
0.071(20)
0.048(26)
-0.030(78)
-0.021(75)

The fitted mass differences between the pentaquark and two-particle state effective
masses are summarised in Table 3.5, where we quote the differences between the l/K-
type "state 1" and the S-wave N + K, between the l/K-type "state 2" arrd the S-wave
N + K*, and between the ^9S-type and the S-wave N + K. These mass differences
are illustrated in Figs.3.15,3.16 and 3.17, for the three cases, respectively. As for
the isoscalar channel, the mass differences for the ground state are clearly positive,
and weakly dependent on m?*. For both the l/K-type and S,S-type ground states,
the pentaquark masses are - 100 MeV larger than the S-wave ¡/ + K two-particle
state. Similarly, the difference between the excited ,n/K-type pentaquark and the S-

wave -|y' + K* is - 150 MeV and approximately constant with m?*. A,gain, the small
positive AM, observed on our finite volume lattice, could be a signature of repulsion
in this channel. There is thus no evidence of attraction and hence no indication of a
resonance in the I(J"):1(å-) channel which could be interpreted as the O+.

3.4.4 Positive parity isoscalar states
While each of the pentaquark operators considered above transforms negatively under
parity, they nevertheless couple to both negative and positive parity states, as discussed
in Sec. 3.3.1. Here we consider whether any of the operators f.¡y¡4, X¡_-.. or f,ps couple
to a bound state in the isospin-O, positive parity channel. \Me compare the pentaquark
states with the masses of the lowest energy two-particle states, which correspond to
the P-wave I/ * K and N I K*, and the S-wave ¡/* + K states.

A two-particle state in a relative P-wave can be constructed on the lattice by adding
one unit of lattice momentum (p : Zn ll,) to the effective mass, Eefr : J M.TTF,
of each particle. This effectively raises the mass of the two-particle state relative to a
positive parity pentaquark. This finite volume effect will clearly aid in the search for
a bound pentaquark state below the lowest P-wave scattering state.

As in the negative parity channel, we perform a correlation matrix analysis using
the two ,n/K-type fields in order to isolate possible excited states. While the analysis
suggests the presence of an excited state, the signal in the positive parity channel is
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Fig. 3.15: Mass difference between the I(J'): 1(å-) state corresponding to the l/K-
type pentaquark "state 1" and the S-wave N + K two-particle state.
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Fig.3.16: Mass difference between the I(J'):1(å-) state corresponding to the l/11-
type pentaquark "state 2" and the S-wave N + K* two-particle state.
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Fig, 3.17: Mass difference between the I(J'): 1(å-) state extracted with the,S,S-type
pentaquark interpolating field and the S-wave N + K two-particle state.
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Fig. 3.18: Efiective mass of the /(JP) : O(å*) colour singlet l/K-type pentaquark
interpolator, XNK, f.or mn - 830MeV (squares), 700MeV (circles) and 530MeV (tri-
angles).
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Fig. 3.19: As in Fig. 3.18, but for the I(JP) : O(å*) P^9-type pentaquark interpolator,
Xps

considerably more noisy than for negative parity. Consequently, in practice for this
channeì we revert to the standard analysis method and extract only the ground state.
Since the colour singlet and colour fused operators return the same ground state mass,
we present the results for the colour singlet operator since the signal here is less noisy.

The effective masses for the l/K and P,S-type interpolators are shown in Figs. 3.18
and 3.19, respectively, The signal clearly becomes noisier at earlier times, and we fit
the effective masses for the N K-type field at ú : 15 - 17, while those for the PS-type
interpolator are fit at t: 79 - 21.

The results are tabulated in Table 3.6 and shown in Fig. 3.20. The masses of the
positive parity states extracted with the ,^/K and PS-type interpolating fields are very
different. The mass extracted with the ,n/K-type interpolator is similar to both the
S-wave N* + K mass and P-wave N + K* energy, whereas the mass extracted with the
P,9-type interpolator is consistent with the P-wave N + K energy, which are given in
Table 3.8. The signal obtained with the P^9-type interpolator is rather noisy where we
fit the effective masses, and we therefore only present results for the four largest quark
masses for this operator. As mentioned in Sec. 3.4.2, the reason the signal is so poor
is that our operators do not couple strongly to the P-wave states due to the additional
small component of the interpolating field spinors contributing to this state.

For the differences between the pentaquark and two-particle state masses, we also
fit the effective masses at t : L5 - 77 for the l{K-type field, and ú : 19 - 2L for
the P,9-type field. The results are shown in Table 3.8, and in Figs. 3.21 and 3.22 for
the differences between the masses extracted with the (l/K and P^9-type) pentaquark
interpolating fields and the P-wave N + K two-particle state. The mass obtained with
the l/K-type field is - 300 MeV heavier than the lowest energy two-particle state
(P-wave ¡ú + ¡f) for all quark ma^sses considered. The mass obtained with the P,S-type
field is consistent with the the lowest energy two-particle state (P-wave l/ + K) for
all quark masses considered. Once again this suggests that there is no binding in the
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Table 3.6: Masses of the I(J'):0(å*) states extracted with the colour singlet I/K,
and P,S-type pentaquark interpolating fields for various values of rc.

aMn aMpsaMxx
0.540(1)
0.500(1)
0.453(1)
o.4oo(1)
0.345(2)
o soo(2)

1.e35(40)
1.867(50)
1.782(66)
1.681(e0)
1.561(126)
1.427 (170)

1.72r(57)
r.642(76)
1.547(11e)
1.458(207)

Table 3.7: The masses of the P-wave N+K, N+K* and the S-wave ¡{.+K two-particle
states.

aMn "M'*¡î?" auf,-;ril" aMfi,;iff
0.540(1)
0 500(1)
0 453(1)
0 400(1)
0.345(2)
o.3oo(2)

r.6e2(7)
1.62e(8)
1.558(8)

1.483(10)
1.414(13)
1.363(17)

1.8e1(27)
1.830(32)
1.760(3e)
1.684(53)
1.5e4(85)
1.433(134)

1.873(e)
1.818(e)

1.755(10)
1.6e0(11)
1.631(14)
1.588(17)

Table 3.8: Mass differences between the I(JP) : 0(å*) states extracted with the
colour singlet l/K and P^9-type pentaquark interpolating fields and the P-wave N + K
two-particle state,

aMn aM¡vx - "M'**Yi"" 
aMps - "M'*l'i?""

0 540(1)
0.500(1)
0 453(1)
0.400(1)
0.345(2)
o.3oo(2)

0.228(38)
0.223(48)
0.20e(65)
0.183(eo)
0.132(128)
0.040(174)

0.035(57)
0.021(78)

o.oo3(122)
-0.003(210)
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Fig. 3.20: Masses of the I(J'): O(å*) states extracted with the colour singlet .ô{K
and PS-type pentaquark interpolating fields as a function of m?^. For comparison, the
masses of the P-wave N + K and l/ * K* and S-wave ¡y'* + K two-particle states are
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Fig. 3.21: Mass difference between the I(J'): O(å*) state extracted with the l[K-
type pentaquark interpolating field and the P-wave N + K two-particle state.
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Fig. 3.22: Mass difference between the I (J'): O(å*) state extracted with the P,S-type
pentaquark interpolating field and the P-wave N + K two-particle state.

Table 3.9: Masses of the I(J'): f (å*) states extracted with the colour singlet lúK
and .9S-type pentaquark interpolating fields for various values of rc.

aMn &M¡vx aMSs
0 540(1)
o soo(l)
0.453(1)

r.732(48)
1.651(57)
1.536(71)

1.e56(133)
1.e3e(158)
7.e54(2r4)

I(JP): 0(å*) channel, and hence no indication of a O* resonance

3.4.5 Positive parity isovector states
For the isovector, positive parity channel analysis, we find that the correlation matrix
does not produce improved results for the ground state masses compared with the
standard analysis. In the case of the largest three rc values the algorithm requires that
we step back three or more time slices before the correlation matrix analysis works.
The use of a correlation matrix analysis on these data is inappropriate due to large
errors in the data.

The effective masses for the l/Il-type and ,S,S-type interpolating fields are illus-
trated in Figs. 3.23 and 3.24, respectively. Because the signal for the positive parity
is rather more noisy than in the corresponding negative parity channel, we only show
the effective mass for the smallest and third-smallest values of rc. For the l/K-type
pentaquarks, the colour-singlet Xryr and colour-fused X67 fields are found to access
the same ground state, and in Fig.3.23 we show only thäìesults of the former.
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Fig. 3.23: Effective mass of the I(-rP) : 1(å*) colour singlet l/I1-type pentaquark
interpolatot, X¡vx. The data correspond to mn - 830MeV (squares) and 700MeV
(circles).
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Fig. 3.25: Masses of the I(J'): 1(å*) states extracted with the colour singlet -l{K
and S,9-type pentaquark interpolating fields as a function of m?*. For comparison, the
masses of the P-wave N + K, S-wave ¡{* + K and P-wave N + K* two-particle states

are also shown. Some of the points have been offset horizontally for clarity.

The effective masses for the I/K and S^9-type interpolators are fitted at time slices

t : 20 - 22 for the three largest quark masses. The results for the extracted masses

and the corresponding two-particle states are shown in Table 3.9 and in Fig. 3.25. The
ground state masses for the l{/l and ^9,9-type fields are again very different. The mass

extracted with the l/.K-type interpolator is consistent with the P-wave N + K energy,

whereas the mass extracted with the ,S^9-type interpolator is consistent with both the
S-wave ¡{* + 1l mass and P-wave l/ * K* energy.

The results of the mass splitting analysis are shown in Table 3.10, and illustrated in
Figs. 3.26 and3.27. The mass difference between the l/K and ,S,9-type pentaquarks and

the P-wave N + K two-particle state is positive for the largest quark masses suggesting
possible repulsion associtated with finite volume effects. In all cases, the masses exhibit
the opposite behaviour to that which would be expected in the presence of binding.
We therefore do not see any indication of a resonance that could be interpreted as the
O+ in this channel.

3.4.6 Comparison w¡th prev¡ous results
To place our results in context, 'vr/e summarise here the results of earlier lattice cal-

culations of pentaquark masses, and compare those with the findings of this analysis.
Table 3.11 presents a concise summary of published lattice simulations, together with
the results of this analysis, including the actions and interpolating fields used, anal-
ysis methods employed, and some remarks on the results, In every case, the general

features of the simulation results are consistent with our findings.
The isoscalar negative parity channel was originally presented by Csikor et al.l93l

and Sasaki [9a] as a candidate for the O+. We therefore summarise in Fig. 3.28 the
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Table 3.10: Mass differences between the I(J'): 1(å*) states extracted with the
colour singlet I/K and S,S-type pentaquark interpolating fields and P-wave N + K
two-particle state.

aMn aM¡vx - "M'*¡]/?" aMss - "M'*-*ïi"'
0.540(1)
o.5oo(1)
0.453(1)

0.0e3(43)
0 o7e(53)
0.034(70)

0.135(58)
0.117(61)
0.084(6e)

0.3

oü

ts 0.1

0.0

0.0 0.2 0.4 0.6 0.8
m*z (Geyz)

Fig. 3.26: Mass difference between the I(J'): 1(å*) state extracted with the l/K-
type pentaquark interpolating field and the P-wave N + K two-particle state.
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Fig. 3.27: Mass difference between the I(J'): 1(å*) state extracted with the,S,S-type
pentaquark interpolating field and the P-wave N + K two-particle state.
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Fig.3.28: Compilation of results for the lowest-lyine I(JP):0(å-) state from lattice
QCD pentaquark studies.
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3.4. Results and Discussion

results in this channel from the previous lattice simulations. At the larger quark masses
the results of our analysis are in excellent agreement with those of Mathur et al. 195],
Csikor et al.193] and Ishii et al.196,97]. In our analysis, and also in that of Mathur eú

a/. [95], improved fermion actions were used, and the results are in agreement at the
smaller quark masses. The results from Csikor et al. [93] lie slightly lower than the
others at small quark masses, which may be due to scaling violations of the 'Wilson

fermion action.
The central issue in all of these analyses is the interpretation of the data. The

earlier work of Csikor et aL l93] and Sasaki [94] identified the 0(å-) channel as a
possible candidate for the O+ based on naive linear extrapolations and comparison
of quenched QCD with experiment, Later work by Mathur et al. 195] analysed the
volume dependence of the couplings of the operators to this state and determined that
the lowest energy state in this channel was an ,ðy' f K scattering state. Using hybrid
boundary conditions Ishii eú aL 196,97] also found that this r¡/as an N + K scattering
state. Our work is consistent with the findings of both of these studies.
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3.5 Summary
We have performed a comprehensive analysis of interpolating fields holding the promise
to provide good overlap between the QCD vacuum and low-lying pentaquark states. In
the region of pion mass which \¡¡e are able to access, we see no evidence of the attraction
that would be associated with the existence of a resonance. This is in contrast with
what has been seen for all baryon resonances studied in lattice QCD. Rather, evidence
of repulsion may be inferred from the correlation functions giving rise to the lowest-
Iying five-quark states. It will be essential to explore the volume dependence of this
repulsion, as described by Luscher [115,116], to unambiguously establish the absence
or existence of a pentaquark resonance in lattice QCD.

The observation of repulsion is particularly evident in the I(Jr): 1(å-) state
and in the more precise results for the 0(å-) state. Similarly, both positive parity
states show a positive mass splitting between five-quark and two-particle states, again
suggesting repulsion as opposed to attraction. Moreover, in every case where an in-
terpolating field was constructed to favor JP : L+ states, which are more exotic than
the colour-singlet pairing of 1l and .ly', the approach to the lowest-lying state r,¡¡as com-
promised. In most cases, the same ground state mass was recovered in the correlation
function analysis, but with increased error bars. This provides further evidence that
the lowest-lying state is simply an N K scattering state.

An interesting extension of this work would be to consider non-local interpolating
fields. In particular the correlator of the P-wave scalar-scalar diquark interpolating
field inspired by Jaffe and Wilczek [89] could be explored (see also Ref. [117]).

In the case of the /(JP) : 1(å-) state, the colour-fused lr/K interpolator of Eq. (3.2)
had sufficient overlap with an exited state to allow a successful correlation matrix
analysis. Similarl¡ the exotic colour-fused ¡/K interpolating failed to produce evidence
of the attraction one might expect if a pentaquark existed. The scalar diquark-type
interpolating field of Eq. (3.10) also produced effective masses that lie higher than those
recovered from the colour-singlet lúK-type interpolating field of Eq. (3.1). Again, a low-
lying pentaquark state was not observed. In short, evidence supporting the existence
of a spin-| pentaquark resonance was not found in quenched QCD over the quark mass
range and interpolating fields considered.

This result makes it clear that a similar analysis in full dynamical-fermion QCD is
essential to resolving the fate of the putative pentaquark resonance. 'We 

have resolved
mass splittings of the order of 100 MeV, and one might wonder what effect the dynamics
of full QCD could have on this state. As differences between baryon masses in full and
quenched QCD of order 100 MeV or more have been observed [104], one cannot yet
rule out the possible existence of a pentaquark in full QCD.
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'Wilson

domain wall

Wilson

WiIson

overlap

Wilson

WiIson

FLIC

XNx, Xfi"1a

XNx, Xfi--¡¡, 
o

Xps

Xps

Xps

XNx, Xç-y

Xps

Xwx, Xfi-y

XNx, Xç-¡a,

Xss, Xps

2 x 2 correlation matrix;
volume dependence

3x3correlationmatrix

volume dependence

hybrid bo,undary conditions;
Bayesian analysis

volume dependence

standard analysis

2 x 2 correlation matrix;
mass ratio with NII

2 x 2 correlation matrix;

mass splittings analysis with
NK, NK*

Table 3.11: Summary of published lattice QCD pentaquark studies, including the fields used, a brief description of the analysis techniques,

and some observations
Group
Lasscock et al-

Csikor et aI. [93]

Sasaki [9a]

the work.
Action Operators Analysis methods Observations

IQ\ : L(l ) NK scattering states;

IQP): o(å-) Nlf scattering state;

o( *) N*1{ scattering state

0(å-) NI( degenerate state;

o( -) excited state, 0( +) deemed too massive

o(

o(

1
2
-) above S-wave N1{;
*¡ uborr" P-wave N.[(

Mathur et al. [95) 0,1(å-) Nlf scattering state;

0,1 + P-wave N,K degenerate

Ishii eú aI.196,971 o( -) NIf scattering state;

o( +) deemed too massive

Alexandrou eú a/. [98] 0(å-) more consistent with single particle state;
l/K scattering state not seen

Chiu eú ø1. [99] 0(å-) N/( scattering state;
ground state 0( ) less massive than 0(

Takahashi et aI.l00l NIf scattering state;

excited state;
+ N* K scattering state

oThe NK-type fields used by Chiu et ø1. [99] differ by a 75 in the nucleon part of the operator from the other groups listed, which efiectively reverses the
intrinsic parity of the operator.
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4

The Sp¡n-å Pentaquark, Lattice
Resonance Signature

In our first exploratory study of spin-3/2 pentaquarks [29] we find evidence of the
binding, i.e. the mass of the pentquark state becomes less than its lowest energy decay
channel, in the spin-3/2, isoscalar even-parity channel.

Here we refine our analysis to include additional terms in the .fúK* pentaquark
interpolator, we include a new vector-diquark scalar-diquark pentaquark interpolator
to study spin-3/2 pentaquark states and we extend the size of our ensemble from
290 configurations, to 396 configurations. These results further support our discovery
of attraction in the even-parity, isoscalar, spin-3/2 pentaquark channel, vital to the
formation of a pentaquark resonance.

Fundamental to this work is the discrimination of a resonance state from possible
scattering states. Several groups have sought to distinguish the resonance and scatter-
ing states by comparing the masses at different volumes [95,100,117-119]. The volume
dependence of the residue of the lowest lying state has also been proposed as a rü/ay

to identify the nature of the state [95,118]. Alternatively, hybrid boundary conditions
have been used in Refs. [96, 97,120) to differentiate the resonance in the odd-parity
channel from the S-wave l/1( scattering state. In the even-parity channels, as we dis-
cuss in Sec. 4.2, the energy of the P-wave two-particle scattering states are explicitly
volume dependent. By comparison, we might assume that the volume dependence of
a resonance mass on a lattice with a large physical volume should have only small
volume dependence, Therefore measuring the volume dependence of the mass of an
even-parity state is also an alternative resonance signature.

In Ref. [28,29] we employed a computationally inexpensive approach to investigate
pentaquark resonances by searching for evidence of sufficient attraction between the
constituents of the pentaquark state such that the resonance mass becomes lower than
the sum of the free decay channel masses. We labeled this pattern as "the standard
lattice resonance signature" because this signature is observed for conventional baryon
resonances studied on the lattice [L8,27,I03,L2L,L22]. By comparing the masses of
the five-quark states to the mass of the decay channel we found evidence of binding
in the spin-3/2, isoscalar even-parity channel, but otherwise not. The limitation of
this resonance signature is that absence of binding cannot be used to exclude the
possibility of a resonance as the attractive forces simply may not be strong enough to
provide binding. On the other hand, the presence of binding would provide a compelling
resonance signature.

F\rrther, \¡r'e commonly find evidence of a repulsive interaction in the five-quark
baryon-meson states. That is the mass or energy of the two-particle state created
with our five-quark interpolators is larger than the non-interactive two-particle state
because of a repulsive interaction, which is a finite volume effect [115]. It is possible
that the same maybe true but with an attractive interaction, making the mass or
energy of the two-particle state less than in the non-interacting state, but perhaps
insufficient attraction to produce a resonance. An analysis of the volume dependence
of the standard resonance signature is therefore vital in determining the fate of the O+.
However an important advantage of this resonance signature is that it is effective in
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the study of even-parity states, where the data typically contains a larger component
of noise than in the odd-parity channel. A precise determination of the residue of the
pole is difficult in the best of circumstances.

We discover in [29] the existence of a double plateau structure in the even-parity,
isoscalar, spin-3/2 channel, Careful determination that we are not excluding, in our
analysis, true signal at large Euclidean times is vital in the determination of the ground
state mass of the correlator. In this study we review our techniques for testing that
we are not discarding true signal at large Euclidean times and find the application
of these techniques crucial in extracting the ground state mass in the analysis of the
I(J") : 7(312-), \ll2+) and t(312+) states extracted with our vector-diquark scalar-
diquark interpolator and in the analysis of the 0Ql2+) state extracted with the l/K*
interpolator. We argue that the rea,son for the discrepancy in the I(J,):0Q12+)
mass extracted with the l/K* interpolator between our work [29] and Doi et al. [120],
is because we fit our effective mass data at larger Euclidean times to recover the true
ground state mass.

In Sec. 4.1 we review our spin-3/2 pentaquark interpolating fields. In Sec. 4.2 we
describe our analysis techniques. An addition to this work is a review in Sec. 4.2.1
of our jackknife estimate of our confidence intervals. \Me make a comparison between
two alternative algorithms for calculating the confidence intervals. Our results are
presented in Sec. 4.3, where we discuss in detail the mass splittings between the pen-
taquark and two-particle scattering states. As in [29] we find evidence of binding in
the spin-3/2, isoscalar, even-parity channel. In Sec. 4.3.2 we discuss the discrepancy
between our calculation of the ma-ss of the spin-.3/2, isoscalar, even-parit;r state and
the corresponding calculation by Doi et al. [120]. Finally, conclusions and suggestions
for future work are summarised in Sec. 4.4.

4.1 lnterpolating Fields
The simplest .f/K-type interpolating field used in lattice simulations, referred to in
Ref. [28] as the "colour-singlet" ly'K field, has the form,

1
XNx: ¿

e"b'(ur"C15db) {u"(s"l1ud') + (u <- d)} ,

where the - and * corresponds to the isospin 1 : 0 and 1 channels, respectively.
This field has spin |, and transforms a pseudo-scalar under the parity transformation
Q +'YoQ.

One can access spin-$ states by replacing the spin-0 K-meson part of ¡.¿y¡¡ with a
spin-l K* vector meson operator,

L
X'¡vK* (ur"Cydb) {u'(flryPd') + (u -' d)} ,

I ,ob"

'/Z

(4.1)

(42)

where again the - and * corresponds to the isospin I : 0 and 1 channels, respectively.
The field Xfirr. transforms as a vector under the parity transformation, and has overlap
with both spin-] and spin-t pentaquark states. States of definite spin can be projected
from y!**. by apptying appropriate projectors, as discussed in Chapter 1.

Following our previous work with spin-l/2 SS and PS interpolators, Eqs, (3.10)
and (3.14), we propose a vector diquark-diquark type interpolator that accesses spin-t
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4.1. lnterpolating Fields

states,

x*v: t=rou"çurocyl,db)(ur"cyd'¡cfr 
(4.3)

. ,"Ly 
,/Z

It can be easily shown that this field does not have definite isospin by rewriting the
second diquark in this field in terms of colour symmetric and colour antisymmetric
components,

^,lt 
I .ob" ¡.,Ta(1^,-n,þ,1 

( I
xîr : \/r- -,o, *') t { i{("t"c'y5d")-(u"c'yud")}+

t 
{{u'"trud") + (ur"cya")}\cs"r . (4.4)

The colour antisymmetric components in the previous equation is pure isoscalar, as

can be shown using isospin raising and lowering operators,

I-{(uiQ15)"Bd"B) - ("'"(Cx)"8d"ù} : {(di@y)"Bdþ) - (dZQx¡"Bdþ)}
: {(dzQm)"pd"p) + (d.p(c%)"pd."))
: {(diQry)"Bdþ) - (dþ(cÈB"dï)}
: 0. (45)

Similarly this term vanishes under the isospin raising operator, Therefore since this
term vanishes under both raising and lowering operations it is isoscalar. The colour
symmetric term can be shown to be isovector by once more using the isospin raising
and lowering operators,

r_{(ui(c1u)"Bdeù + (ui(cy)"pd"ò) : {(dL(cx)"pd'p) + (di(cy)"Bdþ)}
: {(diQy)"Bdþ) - (dþ(cÈ"Bdï)}
: {(dzQx)"pdep) + (dþ(cy)B"di)}
: 2(di(Cy)"pdep) . (4.6)

With the isospin raising operator the result is the same, but with (u +-> d,). F\rr-
thermore, this term will vanish under successive raising or lowering operations, which
impiies that it is purely isovector.

Based on this information we formulate a vector diquark-diquark style interpolator
based on Eq.(4.3), which has definite isospin with the following,

#r"0"(r'oc'yr^t'db) { 
(ur"crd') + (dÏ"cru')} cs'r

1

,Æ
e"b'(ur"c1u'y,d\ { (ur'cyd") + (u'"cnd")} cf' , (4.7)

where - and f corresponds to isoscalar and isovector channels. To show that this
interpolator is pure isoscalar/isovector we act on it with an isospin lowering operator,

I-xlv : hr"*( 
(droc^tu^trd\ { @r"ctsd.) + (ur"cyd.) ) +

(u'"c'yu'y'db){@r"ctsd")+(dr"cysd")} )ct*. (4.8)

Since e"b"(F"C75lpdb): 0, and the colour anti-symmetric/symmetric term is zero/non-
zero under the isospin lowering operation, and similarly under an isospin raising op-
eration, y7y has definite isospin. Note that the isoscalar component of X¿y does not
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vanish as in the case of the SS interpolator because, as in the case of the PS interpolator,
the diquarks are not identical.

The vector diquark in the ,LY interpolator mixes an additional small component of
the spinors. This makes the LY interpolator less suited to the analysis of pentaquark
states compared to the .ô{K* interpolator. \Me find in our analysis of nucleon interpo-
lators that the X2 interpolator, with its pseudo-scalar diquark, does not provide access
to the ground state. The l{K* interpolator still holds the most promise for isolating a
low-lying pentaquark state.

4.2 Lattice Techniques
Here we highlight the relevant formalism we introduced in Chapter 1. The masses of
the spin-j and spin-f pentaquark states are obtained from the two-point correlation
function,

ç," (t,Ð : Ð "*o(- 
iF. i) (0lT yp(r) X'(0) I 0) . (4 e)

To project states of definite ,Oå ,ro* the correlation functi on Çp,(t,flwe apply the
spin projection operators [27],

_a 1 1pi,(p) : 9p, - ¿lrl" - ?or0'p'ypp, i pr^t,'y 'p) ,

lc
P,],(p) : 7t,-P,],(p), (4.10)

for spin-t and ], respectively. Note here we are again using the Bjorken and Drell
representation of the 7-matrices.

The spin-projected correlation function receives contributions from both even and
odd-parity states. The use of fixed boundary conditions in the time direction enables
states of definite parity to be projected using the matrix [18,110],

r+:1(t+þr,\, (4.11)
2 \-- En* ''/ '

for odd and even parities, respectively, Masses of states with definite spin and parity
can then be obtained from the spinor trace of the spin and parity projected correlation
functions,

G(t'Ð : gilíij2fl:;iii
'Ê- lã,Io.*p ?*ot) . (4.12)

This function is a sum over all states, B, with energy EB, and ÀB and ÀB are the
couplings of the state B to the interpolating fields at the source and sink, respectively.

Since the contributions to the two-point function are exponentially suppressed at a
rate proportional to the energy of the state, at zero momentum the mass of the lightest
state, ms, is obtained by fitting a constant in time to the effective mass,

M'u(t) : t"(-ruO-¡
\G(ú + r,0) )
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Table 4.1: Lowest energy decay channels for each pentaquark state on the lattice, where
the A baryon is bound.

I (J') Decay channel

) ^9-wave lü + K
) P-wave ll + K

,S-wave N + K*
,S-wave L + K

) P-wave I{ * K

0, 1(å

o, 1(å*
0(i-)
1(å-)

1,0(å*

(4 13)

Following our previous work 128,291, we search for evidence that the resonance mass
has become smaller than the sum of the free decay channel mass for pentaquark states
created by our interpolating fields. For this purpose it is useful to define an effective
mass splitting. For example, in an ,S-wave decay channel,

LM"n þ) : Måi@ - (M"Ê@ + M#(t))
¿¿* rnsq (*" + mm) , (4.L4)

where M# (t) and Mfff (t) are the appropriate baryon and meson effective masses for a
specific channel. For a P-wave decay channel, the effective masses are combined with
the minimum nontrivial momentum on the lattice, 2r f L, to create the effective energy,
E"u(t):W,foreachdecayparticle,where^Listhelatticespatial
extent. The advantage of this technique is that it measures a correlated mass difference,
thereby suppressing the sensitivity to systematic uncertainties (such as using different
fitting ranges).

For a pentaquark resonance we shall consider the mass splittings between the pen-
taquark state and the corresponding baryon and meson free two-particle scattering
states. The signal we are searching for is evidence of a pentaquark bound state at
quark masses near the physical regime. In Table 4.1 we summarise the lowest energy
decay channels for the various isospin, spin and parity quantum numbers considered in
this analysis. In Table 4.2 we summarise the masses and energies of the two-particle
state that are relevant to our present study.

4.2.1 Error analys¡s
We use the Jackknife technique [123] for estimating the confidence intervals, variance
and the covariance matrix in our calculation of the X2 ol our fit. The mean extracted
for a Jackknife subensemble is calculated with one of the configurations excluded,

t+oo
Tn'g

n
1

" n,-7 D*t (4.15)

i+i,
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in Chapter 1. The mass of the lowest energy state is extracted with a linear least

squares fit of a constant in time to the effective mass Eq. (2.16). We estimate the X2

per degree of freedom (X?oà of this fit using a covariance matrix analysis and ideally
we demand that the ¡1.¡ - 1 and < 1.5. We must be cautious when applying this
criteria though because if we include data points in our fit where the signal has become

hidden by noise we can add degrees of freedom to the fit without adding additional
constraints. This suppresses the Xl.¡ and may provide a false positive in the selection

of a fit regime.

Another concern in blindty applying the above criteria to our selection of data to fit
was identified in our previous work [29] where we identify a double plateau structure
in the effective mass of the /(JP) : O(Sl2+) channel. We find a X?ao¡ - 1 for a fit to
a limited selection of our data, but that the Xlo, becomes large when we include data
from larger Euclidean times. This indicates that the interpolator couples relatively
weakly to the lower energy state. Indeed, Doi et al. [120] failed to consider this issue

in their analysis. The asymptotic limit in Eq. (2.16) demands that we fit the data at
the larger Euclidean times, even though the data has a larger component of noise.

With these issues in mind, we will plot the effective mass data up to one data point
after we judge that the signal has been lost, or up to time slice 30. We will fix the upper
bound of the fit at this point. In some cases the loss of signal means that the next
effective mass data point would not appear within a sensible scale in our figures. In
this case the extra data point is not shown. The restriction on the ¡1., will determine
the lower bound of the fit. In this way \rye can be confident that we satisfy Eq. (2.16)

in our extraction of the ground state mass.

In this study'ù/e compare the 68% confidence interval given by the two alternative
Jackknife estimates Eq. (a.16) and Eq. (4.18). In Fig. 4.1 we compare two estimates of
the 68% confidence interval in the effective mass of lhe 312+ state extracted with the
,ð{11* interpolator (top) and the pion (bottom), one based on Eq. (4.16) and the other

obtained by sorting the inflated Jackknife subensembles Eq. (4.18). In each case the

data corresponds to mn - 700 MeV. We see that the former Jackknife estimate of the

68% confidence interval in the effective mass of the 312+ state is typically larger than
the 68% confidence obtained by sorting the subensembles. This is because outliers at
Iarge distances from the mean. As we evolve to large Euclidean times the component
of noise becomes larger and the standard Jackknife estimate of the error becomes more

and more dominated by the outliers. The signal has clearly become hidden by the
noise where ú ) 24, and this data is not included in our analysis. For comparison,

in Fig. 4.1 the two Jackknife estimates of the 68% confidence interval in the effective

mass of the pion are calculated on the same ensemble. The box contains 68% of the
inflated subensembles and the outliers connected by a solid line contains 95% of the
inflated subensembles. Here we find the two methods are in excellent agreement. Note
in Fig. 4.1 that the fixed boundary effects appear to become important where ú > 30.

To be cautious we do not include these data points in our analysis of pentaquark states,

In Fig. 4.2 we show a histogram of the inflated jacknife subensembles of the masses of
tlne 312+ state extracted with the l/11* interpolator and the pion used in our estimates

of the error. The difference in the two scales of the horizontal axes is 100:1. The
distribution of subensembles for the pion is a good approximation to a Gaussian. The
distribution of the subemsembles of the 312+ state is much broader than the pion and

there are more outliers. Clearly far more samples of the functional integral of lhe 3f 2+

state are needed to reproduce the precision of our calculation of the pion mass where
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4.3. Results

the sort and cut and the standard Jackknife estimate of the error agree. \Me will use
the more robust sort and cut Eq. (4.18) method to estimate the confidence intervals in
the extracted masses.

4.3.1 lsoscalar, negat¡ve parity channel
We begin the discussion of our results with the isoscalar, odd-parity channel. Isoscalar
states can be constructed with the l/K* and LY interpolating fields, Eqs. (4.2) and
Eq. (a.S) respectively. We extract the mass of the I(J") :0(Ll2-) state with the l/K.
interpolator with a fit to the effective mass data shown in Fig. 4.3 where ú > 18 at all
quark masses. At the three largest quark masses, the y!o.¡ - 1 at the fourth largest
quark mass the X?aot :0.53, which is acceptable. At the two smallest quark masses the

X3.r is 0.33 and 0.22 respectively.
Continuing our analysis of the isoscalar, spin-l/2 state we fit the effective mass

extracted with the ,LY interpolator, Fig. 4.4. If we fit the data at the where t > L9 at
the three largest quark masses we find aX2 = 1. At the next two largest quark masses

we find a plateau at ú ) 18 and a small y!o* f.or each fit. \Me find that this analysis and
an analysis of the data where ú > 19 are consistent, so fitting the data at the earlier
euclidean time is appropriate. At the smallest quark mass our best estimate of the
ground state mass is extracted with a fit the the data where t > t7, where the ¡2 is

0,43.
Next we calculate the mass of the 3f2- state extracted with the ly'K* interpolator

with a fit to the effective mass data of Fig. 4.5, where ¿ > 18 is selected at each quark
mass. In each case we cut the data where we the signal has become hidden by noise.
In particular at the three smallest quark masses the next data point after the last one
shown is not contained in the scale of the vertical axes, and so is clearly dominated
by noise. At the five largest quark masses the Xl., - 1. At the sixth smallest quark
masses the Xl"¡ of the fit is 0.20, which is not an ideal. Alternatively if we fit the data
where t > 14 at this quark mass we find an acceptable Xfior, but the mass extracted
is much larger than in our initial analysis. So we use our former analysis as our best
estimate of the ground state mass at this quark mass) because it is more consistent
with the asymptotic limit required in Eq. (2.16).

In the 3f 2- channel the LY interpolator mixes (small x large)(large x large)(small)
components of the spinors. The extra small components suppress the signal relative to
the l/11. interpolator, which mixes all large components in this channel. Consequently
the effective mass data extracted with the LY interpolator, Fig. 4.6, has a larger com-
ponent of noise compared with the effective mass extracted with the .ð/K. interpolator,
Fig. 4.5.

We see in Fig. 4.6 for the 0(312-) state extracted with the IY interpolator, that
the effective mass has an apparent plateau at tirnes 14- 16 and then another apparent
plateau for ú ) 18. If we limit the analysis to the data points at ú : 14 - 16 then we
find a X1aor : 1.14 for our fit to the data at the largest quark mass. ril/hen the data
points at t : 18 - 20 are included in this fit, the Xlo, becomes large, as shown in Fig. 4.7
(left). This suggests that there is still a component of signal a! ú ) 18, reflecting the
true ground state of the correlator which must be included in the fit. To determine
the appropriate range of data to fit we have to choose an upper bound of our fit. We
find that the size of the error bar in the effective mass data shown in Fig. 4.6 (top left)
becomes large after time slice 21. Since the contribution of each data point to the fit
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is weighted by a factor o11.f o2, excluding the data at 22I will have a negligible effect

on the extracted mass. Therefore we find a suitable upper limit to our fit at time slice
2L. InEig.4,7 (right), for the largest quark mass we fix the upper bound of the fit to
the data at time slice 21 and show the Xl", for a selection fits with the lower bound of
the fit shown on the horizontal axes. Here we find an acceptable Xlor with the lower
bound of the fit set to time slice 18. We find the same qualitative behaviour at the
next largest quark mass. At the third largest quark mass the X?¿"r :0.57.

In Fig. 4.8 we show the mass extracted with both a fit to the data at the earlier
plateau time slices 14 - L6 (crosses), and another at the larger Euclidean times 18 - 2L

(closed triangles). Both fits have an acceptable Xl.r. The fit at the larger Euclidean
times is similar to the lowest energy two-particle state that we know the interpolator
must couple to and is also consistent with the mass extracted with the -l/Il* interpo-
lator. In other words, it is the latter fit that correctly accesses the the ground state of
the correlator.

The mass extracted with the fit to the data at time slices 14- 16 is much larger than
both its lowest energy decay channel and the mass extracted with the l/K* interpolator.
This fit does not satisfy the asymptotic limit in Eq. (2.16) and so is not the correct
ans\ryer, Fortunately there is a clear signal at the two largest quark masses indicating
that a naive fit to the first plateau is wrong. Inclusion of the data at larger Euclidean
times caused a divergence in the Xfior. Thus we must fit the data shown where ú > 18

to extract the mass of the I(J") :0(312-) state. Our analysis of the 3/2- state with
the LY interpolator is limited to the three largest quark masses because the signal has

become hidden by noise at the smaller quark masses.

This careful examination of the3l2- state obtained from the LY interpolator serves

as a proof of principle in the correlation function analysis. In this case, the correct
answer is known from the .ly'K* interpolator and it is now clear that one cannot simply
ignore visually unpleasing data when the Xl", is inflated through the inclusion of such

data.

Table 4.3 summarises masses of the odd-parity states extracted with the ,fy'K* and
LY interpolators, In Fig. 4.8 we also show the masses of the spin-l/2 state extracted
with the ly'K* interpolator (open circles), the spin-l/2 state extracted with the,LY
interpolator (open triangles), and the mass of the spin-3/2 state extracted with the
ly'K* interpolator (close circles). For comparison we include the masses of the non-
interacting S-wave N + K (solid line) and N + K* (dashed line) two-particle states.
We find that the mass of the /(.rP) : 0(Il2-) state extracted the .LY interpolator is

slightly less than the mass extracted with the .ðy'K* interpolator at the three largest
quark masses. The discrepancy in the calculation of the mass is about 3% at three
largest quark masses. The I(JP) : 0(312-) state extracted with the LY interpolator is

also slightly smaller than the mass extracted with the l/K* interpolator, We attribute
these small differences to excited state contamination in the .ðy'K* case.

To search for evidence of binding we must accurately measure the splitting between
the mass of the pentaquark state and its lowest energy decay channel, summarised in
Table 4.1. To accomplish this we fit a constant in time to the effective mass splitting
Eq. (4.14), in each case we find a good Xlo, where we use the same fit regimes discussed

above. The results are presented in Table 4.4. The masses of the 1/2- states are

consistently more massive than the non-interacting S-wave I/ * K mass, which is
consistent with our findings in [28,29]. The mass of tlne3l2- state extracted with the
,ôy'K* interpolator is consistently more massive than the non-interacting S-wave N + K*
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mass, which is consistent with our findings in [29]. We find that the mass of fhe 312-
state extracted with the LY interpolator is consistent within error bars to the mass of
the non-interacting S-wave N + K* mass. Therefore we find no evidence of binding in
the isoscalar odd-parity channel.

Table 4.3: The masses of the I(J') :0(Ll2-) and /(JP) : 0(Zl2-) states extracted
with the ly'If* and ,LY interpolators.

aMn "Mll?; "M'rç-"Mlç
0.540(1)

o.5oo(1)

0.453(1)

o.4oo(1)

0.345(2)

o.3oo(2)

t o¿s13:33á

1 57213 339

t ¿s913:333

t.¡9s13:333

t so¡13:3i1

t.244!33i?

1 5ee13 333

t.szs13:331

t.¿¿r13:311

t sz¡13:313

t.sotIS:333

1.26713 3;å

1 82213 333

t.zsg13:333

1.68713 31?

t.otz13:311

t.¡0913:3å3

t.sas13:333

-t ,z,t,z*0.057L.t+t_0.062

t ooo13:333

t.sgs13:138
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Table 4.4: The splitting between the mass of the I(J') :0(Ll2-) and I(JP) :0(312-)
states extracted with the l/K* and ,LY interpolators and the relevant two-particle
states.

aMn "LMrltr. aLMLç- eLMsJ'z; aLMlç-
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Fig. 4.8: The masses of the isoscalar, spin-I12 state (open symbols) and spin-3 f 2 state
(closed symbols) extracted with the LY and l{K* interpolators. The data correspond
lo rnn - 830, 770,700,616, 530, and 460 MeV. The data points corresponding to the
spin-Lf? states and the spin-3f2 state extracted with the LY interpolator have been
offset horizontally for clarity.

A
A
o
a
x

L

x
x

x

o

t
I T

f
Ft

I
o

A

tY l(Jì-0(y2-)
tY l(r1-0(s/2-)
NK'I(¡1-o(y3)
rK' I(Jl-o(8/2J
tY (11-0(3/2-), (t-1¿-18)
S-favc lI*X'
S-taY. lI+K

101



4.3. Results

4.O

3.5

3.0

o
<t 2.5

II
oo

4.O

3.5

3.0

2.5

2.0

1.õ

1.0

4.0

3.6

3.0

2.5

2.O

1.5

1.0

4.0

3.5

1n

2.5

2.O

1.5

1.0

o(,
Þq,

o

2.O

1.5

1.0

4.O

3.5

3.0

2.6

2.O

1.5

1.0

10

10

30

30

10

10 16 20
t

30

2õ 30

2620
t

152620
t

15

¡I

2520
t

15

e)o
ì

10 15 ro 25 30

Fig. 4.9: The effective mass of the I(J') : 0(IlZ+) state extracted with the .ð/K*
interpolator, the data correspond to mn - 830 MeV (top left), TT0 MeV (top right),
700MeV (middle left) and 616Mev (middle right) 530Mev (boftom left).

4.3.2 lsoscalar, pos¡t¡ve par¡ty channel
\Me continue our analysis with the isoscalar, even-parity channel. The mass of the
spin-lf2 state is ext¡acted with the.ðy'/í* interpolator with a fit to the effective mass
data shown in Fig, 4.9 for t > 17 at each quark mass. At the four largest quark masses
we find a X?aor- 1. At the smallest quark mass shown we find a X?¿ot : 0.27.

Continuing our analysis of this state with the LY interpolator in Fig. 4.10 we find
an apparent plateau starting at time slice 14. A fit to the data shown where t > L4
returns an ideal X?¿ot = 1 at the four largest quark masses, and a XSaot:1.31 and 0.58
for the two smaller quark masses. The mass extracted for this fit is consistently larger
than the mass of the same state extracted with the ÀtrK. interpolator. Repeating the
calculation with a fit to the data where t > 17 we find X,2¿o¡ 

:0.b3,0.28,0.12,0.20 and
I.45 at each quark mass respectively. The ¡1"¡ in this analysis is generally less ideal
than our initial analysis, however there is some systematic drift in the effective mass
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Fig. 4.11: As in Fig. 4.9 but for the \Ql2+) state extracted with the l{K* interpolator
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to time slice 17, The mass extracted for ú ) 17 is consistent with the mass extracted

with the .lúK* interpolator. So we present this analysis as our best estimate of the

lowest energy state that this interpolator couples to in this channel.

Next we consider the spin-3/2 state extracted with the -ly'K* interpolator. Similar
to our analysis of the I(J') : 0(312-) state extracted with the LY interpolator, we

find the same double plateau structure in the effective mass data, Fig. 4.11 at time

slices 13 - 17. To determine the correct fit regime here we focus on our analysis of

data at the third largest quark mass, At a glance at Fig. 4.11 (middle left), it may be

tempting to fit the apparent plateau in the effective mass at t:13 - 17' However we

will demonstrate that such a fit does not describe the lowest lying state.

Figure a.12 (left) displays the y2 per degree of freedom for a selection of fits to the

effective mass data Fig. 4.11 (middle left), where the lower bound of the fit is fixed

at time slices 13 or 14, 4 or 5 time slices from the source respectively. The upper

bound of the fit is displayed on the horizontal axis. We see that when the data at

ú > 18 is included in the fit, the X2 per degree of freedom becomes large. 'We must

therefore conclude that the data at time slices 18 onwards is true signal, reflecting
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ible fits with a lower bound fixed at time slice
nd an upper bound shown on the horizontal
ible fits with the upper bound fixed at time

the horizontal axis. The data correspond torrLr = 700MeV. The horizontal lines correspond to XSot of 0.b,1.0(ideal) and 1.b.

the ground state of the correlation function and therefore must be included in thefit' This "double plateau" structure can occur when the interpolator couples stronglyto a more massive state and relatively weakly to the lower energy state, the formerdominates at earlier times, then due to exponential suppression the latter dominatesat later times. In this study we als
0(3/2-), \1/2+) and, r(J/zi) srates
the correct consideration of the data

r time slice 22. We note that since we use a
asses from the effective mass, contributionsto the extracted mass at each timeslice is weighted by a factor

wi_th a relatively large component of noise 
"u' hu,n" the effect ocalculated in Eq. (C.B), see [124], but has negligible effect onextracted mass.

Having fixed the upper bound of the fit at time slice 22, we proceed with determiningthe lower bound' In Fig- 4.72 (right) we show tl" iZ* of a series of fits to the datawith the upper bound of the fit fixeá to time .ri.u ál]"Lrd the lower bound of the fitshown on the horizontal axes.

dicates that the fit of a constant to the data
the effective mass data has not reached a

data is not well motivated. Alternatively
be due to a large component of noise in

desirable features of the covariance matrixanalysis is discussed in [r2a] odness of fit we calculatethe probability that another
For a good fit this probabilit ave a larger or equal xfior'

In Fig' 4'72 (right) we find that a fit with a lower bound of 1g-20 has an acceptable
x?¿o¡' rn Fig' 4'13 we present a summary of the extracted mass corresponding to each of

a
a

a a

a

o
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Fig. 4.13: The 0(3/2+) mass extracted with a selection of fits with an upper bound

fixed at time slice 22 and a lower bound shown on the horizontal axes. The data

corresponds to mn - 700 MeV.

these fit regimes. The extracted mass corresponciing to the seiection of a lower bound

of time slices 18 - 20 agree to within - 68To confidence interval. We choose time slice

18 as the lower bound of the fit, because for this fit the X?aor = l.
For the same reasons discussed above, we extract the mass of the spin-3/2 state

with the NK* interpolator with a fit to the data shown in Fig. 4.11 where ú > 18 at

the four largest quark masses and where t > 17 at the smallest quark mass. In each

case rü/e find Xl.¡ - 1. At the smallest quark mass I¡/e also examined an alternative

fit to the data where ¿ > 18, in this case the X?aot :0'55' The mass extracted with
both analyses agree to within errors) so we use the former analysis. Our analysis is

restricted to the five largest quark masses after which we judge that the ground state

signal has been hidden by the noise.

Next we consider the spin-3/2 state extracted with the ,LY interpolator. Here we

find a systematic drift in the effective mass data extracted with the .LY interpolator,

shown in Fig. 4.L4, towards time slice 21. At this large time the data is beginning to
be dominated by the noise. However we have a sufficient signal at the three largest

quark masses to fit the data shown where t > 2L. The Xl"¡ for a fit to the data where

t> 27 at the three largest quark mass is 0.85,0.65 and 0.46 respectively. In Fig' 4.15'

at the two smallest quark masses we graph the effective mass data point at time slice

21 because we judge that the signal is lost at time slice 22.

Unlike the analysis of the I(J') : 0(312-) state extracted with the LY interpolator
and the 0@12+) state extracted with the ,ð/K* interpolator, the Xlo, test does not

exclude a fit to the data at earlier times. We can repeat this analysis at smaller times

and fit the data where t > Lg. In this case we find Xl"¡ - 1 at the three largest quark

masses, and, yl¿o¡: 0.32 and 0.02 at the two smaller quark masses. In each case we find

a mass consistent with the energy of the non-interacting P-wave N + K two-particle

state.
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4.3. Besults

The mass extracted from these two approaches are not consistent and therefore
clearly better statistics is required to resolve the ground state mass with greater con-

fidence. Whilst we report the mass extracted with both fit procedures, the systematic
drift in the lattice results suggests the more cautious fits for t > 2L will provide a

better estimate of the ground state.mass.
A summary of the masses are shown in Fig.4.15 along with the relevant two particle

states. We find that the mass of the spin-l/2 states (open symbols) are consistently
larger than the lowest energy two-particle states,_the.l/ * K in P-wave (solid line),
which is consistent with our findings in [28,29], In this case the interpolators appear
to couple more strongly to either the S-wave N* + K (dashed line) or P-wave N + K.
(dotted line), which unfortunately have similar energies on our lattice.

The mass of the spin-3/2 state extracted with the LY interpolator (closed triangles)
in our analysis with a lower bound of the fit starting before time slice 21, is consistent
with the lowest energy decay channel. But the mass extracted with the LY interpolator
with a fit to the data at t > 2I (crosses), is smallerthan the non-interacting two-particle
energy of the P-wave N + K state at each quark mass. The mass extracted with the
latter analysis is likely a better estimate of the ground state mass as the qualitative
behaviour of the effective mass suggests excited state contamination before time slice

2t.
Similarly.the mass extracted with the -ðy'K* interpolator (open circles) becomes

smaller than the non-interacting two-particle energy of the P-wave N + K state at the
two smallest quark masses shown. This is consistent with our findings in [29]. At large
qua.rk ma.sses, the mass extracted with the trY interpolator is consistently smaller than
the mass extracted with the .lúK* interpolator, indicating that the .ly'K* interpolator
has a stronger coupling to one or more excited states.

We make â, more accurate determination of the binding energy by calculating the
mass splittings defined in Eq. (4.L4). The mass splittings are shown in Fig. 4.16 and
summarised in Table 4.6 In this case the l/ * K in relative P-wave is the lowest energy
state of both the sprn-If 2 and spin-312 frve quark states. The discrepancy between
the mass splittings between the spin-3/2 state extracted with the two interpolators
and the two-particle energy of the P-wave N + K state is likely due to excited state
contamination. With vastly improved statistics a correlation matrix analysis would be
beneficial.

As discussed in the previous section and in Ref. [28], the transition of a resonance

at light quark masses to a state which lies below the free particle decay channel at
quark masses larger but near the physical quark masses is the standard resonance

signature in lattice QCD. Moreover the approach to the heavy quark limit is in accord
with expectations. Recall that in the case of the O+, which has a "fall-apart" decay
mechanism, quark counting indicates that the O+ to N + K mass ratio will approach
1 as the heavy quark limit is approached. At intermediate quark masses, however, one

expects the resonance signature analogous to the A baryon 128,29). The pentaquark
mass extracted with the ,l/If* interpolator at the two smallest quark masses lies below
the scattering state, indicating attraction, vital to the formation of a resonance.
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4.3. Results

Table 4.5: The masses of the I(Jr): O(å*) and O(]+) states extracted with the I/K*and LY interpolators.

aMn .MtJ:r: "M'rç. "Mirl;; "Mlç.
0 540(1)

0.500(1)

0.453(1)

0.400(1)

0.345(2)

r gos13313

t.goo13:31å

r.824!333i

1 72013 333

t.¡4013:3ää

1.ee213 3;l
1eß!3331

1 88113 33?

1 7ee13 3Í3

1 88613333

r 77r!3313

t.sgg13:3Í3

1.334+0.053
-0.059

t. toaiS:3ãl

t.o¡gt3:333

1 55713 33?

t ¿0013:3á3

ß74!3??l

t 257!31[är.673+0.061
-0.075

Table 4.6: The splitting between the mass of the I(Jr) :0(3/2+) states extractedwith the ly'K* and ¿Y interpolators and the .n"rgy oí tn" non-interacting p-Wave
N + K two-particle state.

eMn aAMHI aLMl"Ç. 
"LMsJl aLMsrÇ.

0.540(1)

0.500(1)

0.453(1)

0.400(1)

0.345(2)

0 41113 31Í

o 417!3311

o 4L5!3323

0 3e413 33å

0ffi1339å

o.zgs13:331

0 31113 333

0 32113 3t3

0 31413 31ä

0 25813 3På

0 1e713 333

0.r46!331t

o o4e13 3Í3

-0. tso13:33i

_0 227!3393

-0.044!333?

-ooæ1333?

-0. toa13:3á3

-0.103
+0.095
-0.t17

-0 t45!3ttrt
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Fig. 4.15: As in Fig. 4.8, but for the isoscalar, even-parity states.
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Fig. 4.16: The mass splitting between the /(JP) : 0(312+) state extracted with the

l{K* (closed circles) and LY (crosses) interpolators and the P-wave N+K energy.
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Besponse to criticism made by Doi et.al
We feel that it is necessary to respond in this thesis, to criticism made in Ref, [120] ofour analysis in this channel [2g]. euoting Ref. [120]:

Now, several comments are in order. (1) Reference [62] reported the
existence of a low-lying 5Q state in the .IP : Jl2+ channei 

"ri"g 
the l/K*-

type interpolating field. However, we have not observed such ã low-lying
5Q state in our calculation. There are a number of differences in the lattice
QCD setup between the current studies and Ref. [67], such as the g"uge ,rrd
the quark actions, and the implementation of the smeared source. However,
we consider that, rather than being a consequence of these differences, the
discrepancy mainly comes from the low statistics adopted in Ref. [67]we emphasize again that spin-B/2 pentaquark correlatorc ur" quite noisy,
and therefore require better statistics. (2) Recall that, except for a single
calculation [59], lattice QCD calculations indicate that the JÈ : Ll2+ state
is heavy [b7,b8,60-66], for instance mse =2.25 Gev in Ref. [61]. i]om the
viewpoint of the diqrr¿¡]ç picture, it could be natural to obtain such massive
5Q states in lle ,JP 

: 3/2+ channer. If there were a low-rying 5e state
in the JP : 3f2+ channel, then the diquark picture could suggest also a
low-lying 5Q state in the JP : Ll2+ channel nearby. r ""

In response to comment (1), it is well known in the field that in calculating the
two-point correlation function in momentum space one takes a Fourier transform which
includes a sum over all spatial lattice sites. Therefore where the hadron fills the lattice,
the size of the error bar depends on the volume of the lattice times the number of
configurations. Currently the only other study on of spin-B/2 pentaquarks, Ref. [120],is on a 723 by g6 anisotropic lattice with an ensembie of to00 

"onfig,r.uiior,r. 
This

is to be compared to our original calculation Ref. [29] on a 203 uy-ao lattice with
an ensemble of 290 configurations, which in fact *¡i.tr 

"orr".porá 
s b 25To higher

statistics' Therefore Ref' [29] is the most precise pubiication of ìpin-Jf2 pentaquarks
at the time of writing. The data presented in thisìtudy correspond to an ensemble of
396 configurations, that is - 35To greater statistics than Ref. [1^zo] and we still find the
resonance signature.

The reason that the size of the error bar in the mass of the 0(Jl2+) state in ourprevious study [29] is larger than in the study [120] is because the latter chose to
analyse the data at the smaller Euclidean times. i" nig. 4.LT we compare the analysis
of [120] with an analysis of the effective mass data in"[2g] where *u fit at time slices
14 - 77 ' We find both calculations are in excellent agrelment and that the size of our
error bar is smaller as argued above. But we stress ih"t, th. quality of the fit is not
determined by the size of the error bars, but in this case it is determined by the y2
goodness of fit and the extent to which we satisfy the asymptotic limit in Eq. (2.16)".

commenj (2) brings up the absence of evidence of â j" : l¡il;;*", ro the
candidate JP :312+ pentaquark state. Firstly, the evidence of binding in this channel
does not necessarily imply the existence of a-JP : Zl2+ pentaquark. An alternative

4.3. Results

1To find the relevant reference in this study, translate Ref. [67] to our paper Ref. [2e], Ref. [57]corresponds to Ref. [93], Ref.
corresponds to Ref. [gb], Ref.

[58]
[61] corresponds

corresponds
to Ref. [96], Ref. I

to Ref. [94], Ref. [b9] corresponds to Ref.
62] corresponds

[99], Ref. [60]

corresponds to Ref. [28], Ref. [64]
to Ref. [119], Ref. [68]to Ref. [118j, Ref. [65]Ref. [66] corresponds to Ref. [126]

corresponds
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Fig. 4.17 A comparison between the mass of the 0Gl2+ state extracted with the l/K*
interpolator from [120] and for comparison a fit to the effective mass data in [29] at
time slices 14 - L7,

explanation for the evidence of binding in this channel is that this is also a N + K
scattering state where the interaction is attractive, but not sufficiently attractive to
give rise to a resonance. If this were true then the non-observation of the JP : Il2+
state is of no consequence.

Secondly there has been no lattice calculation that has proved that a JP : Ll2+
state does not exist in quenched lattice QCD. In our study in Ref. [28] does not have

sufficient precision to rule out such a state. F\rrther we have stressed that the lack of
evidence of the standard lattice resonance signature cannot disprove the existence of a
pentaquark state. What we have done is identify the 0(3/2+) channel as a promising
channel for further study of pentaquark existence. As such, the 0(Il2+) channel is also

worthy of a high precision analysis.

Finally we explain the discrepancy between the two calculations. An examination
of Fig. 6b in Ref. [120] reveals evidence of the double plateau structure we observe in
the effective mass in our study. In their analysis however the authors choose to fit the
earlier Euclidean times 23-28, which corresponds a time evolution of 1.04- 1.26 fm
from the source, compared to our analysis where we fit at 2.4 - 2 .9 fm from the source.

Further, the authors make no comment about the validity of a fit including data from
time slice 29 onwards. Nor do they make any comment about why the mass they extract
is not consistent, up to finite volume effects, with the lowest energy two-particle state
in this channel, the P-wave N + K.

Therefore a correct explanation for the discrepancy between the results of Ref. [120]
and Ref. [29] is that Doi et al. simply did not evolve to sufficiently large Euclidean
time to extract the lowest lying state. To support this hypothesis, in Fig.4.18 (top)
we include the current 0Ql2+) mass extracted with the l/K* interpolator, where we

fit effective mass at time slices L3 - 17. Note that the Xl"¡ is acceptable for this fit
rtz

tr NK'0(3,/2ì, Pbys. Rav. D??, 0?4õ03 (2005)
P-tav€ N+K, Phys. Rw. D??, 0?4õ03 (2006)

a NK'0(3¿l2+),t=14-1? Baead on Phys. Bsy, DrZ 2006, 0?,1õ0?
P-tàY€ N+K

T
T +Ã'E



4.3. Results

regime, see Fig. 4.12 (left), provided we exclude data at time slice 18 and beyond. The
extracted mass subject to this fit regime and the mass reported by Ref. [120] agree well
given that the lattice volume used in each case is different. Note that the analysis of
Doi et al. is restricted to relatively large quark masses. However we have shown that
this is notthe lowest energy state. It cannot be the lowest energy state because at the
very least we should access) up to finite volume effects, the lowest energy two-particle
state in this channel which is the P-wave N + K.

By comparison in Fig. 4.18 (bottom) we show the two calculations of the 0(312-)
mass extracted with the l/K* interpolator. In this channel both calculations are in
excellent agreement.

To summarise, the discrepancy in the mass of the3l2+ state between Doi et al. [120]
and our studies in this channel is because we fit our data at larger Euclidean times to
isolate the ground state. For a fair comparison with our work, the authors of Ref. [120]
must increase the precision of their calculation, probe lighter quark masses below the
SU(3) flavour limit where evidence of binding is the most significant, and demonstrate
that their fit regime does not exclude real signal at larger Euclidean times. The quality
of the fit is not a function of the size of the error bars. Nor should visually displeasing
data be cast aside without serious consideration.

4.3.3 lsovector, negative parity states
We continue our analysis with the isovector odd-parity states. The effective mass of
the Il2- state extracted with the .ð/K* interpolator is shown in Fig. 4.19. At the two
smallest quark masses shown the last data point represents the point at which we judge
that the signal has become hidden by noise. This data point is not included in the fit.
We extract the mass of the Lf 2- state with the ly'If* interpolator with a fit to the data
shown for ú ) 19. The X?a"r = 1 at the five largest quark masses and 0.25 at the lightest
quark mass. An alternative analysis finds an acceptable Xl.¡ at the lightest quark mass
shown where we fit the data for ú ) 17. In this case the mass extracted is'much larger
than in our former analysis. Therefore rve use our former analysis as our best estimate
of the ground state mass. The effective mass extracted with the LY interpolator is
shown Fig. 4.20. As with our analysis of this state with the .lúK* interpolator, the last
data point at the two smallest quark masses represents the point where the signal is
lost and so is not included in the fit. \Me extract the mass of this state with a fit to
the effective mass data shown for ú I 19, and in each case Xlo¡ - 1.

Next we consider the 312- state. The effective mass extracted with the I/11*
interpolator is shown in Fig. 4.21. There is a clear systematic drift in the effective
mass data towards time slice 19. So we extract the mass with a fit to the data shown
for ú ) 19. As with our analysis of the spin-If 2 state, at the three smallest quark masses
we judge that the last data point shown is noise and is not included in the analysis,
For these fits we find a X2aor = 1 at the five largest quark masses and Xlol : 0.33 for
the fit to the data at the smallest quark mass shown. The X?¿ot at the smallest quark
mass is not ideal, but is our best estimate of the ground state mass.

The effective mass extracted with LY interpolator is shown in Fig. 4.22. As dis-
cussed in Sec. 4.3.1 the -LY interpolator mixes two extra small components of the
spinors in this channel, compared to the ,fy'K* interpolator. So the component of noise
relative to the signal is much larger. Consequently our analysis is limited to the three
Iargest quark masses. For a fit to the data shown we find a X?a* - 1 where we fit
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Fig. 4.18: (top) The I(J') :0G12+) mass extracted with the .ðr/11* interpolator and
the P-'Wave N+K decay channel energy. The data correspond to Ref. [120] (squares),
an alternative fit to our data at time slices L3 - 17 (open circles) and our calculation of
the ground state mass (closed circles). (bottom) For comparison we show the mass of
the I(JP) : 0(312-) state extracted with the I/K* interpolator and the S-Wave N+K
decay channel energies from the same two studies.
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the data shown from ú > 15. As in the isoscalar channel we see an apparent double
plateau structure in the effective mass, however unlike the isoscalar channel the Xl"¡
test favours the fit at the smaller Euclidean times. The mass extracted with the trY
interpolator is much greater than the lower energy two-particle states, and we can rea-
sonably conclude that there is significant contribution to the correlation function from
excited states. Clearly this interpolator is not suitable for studying this state.

Table 4.7 summarises the mass of each state extracted with our interpolators. These
masses along with the relevant two particle states are shown in Fig. 4.15. Here the
lowest energy decay channel of the 3f2- state is the S-wave L+ K. We see that the
mass of the 312- state extracted with the I/K* interpolator (closed circles) is consistent
with the A + K (dashed line) at the two smallest quark masses shown. However the
calculation of the mass splitting between the five-quark state and the L+ K in Table 4.8
reveals no evidence of binding.

The masses of the lf 2- states extracted with the lfff* and .LY interpolators are
very similar, but as in the isoscalar channel the mass extracted with theIY interpolator
is consistently less than the mass extracted with the i/K* interpolator. Here the
discrepancy is - 1.5%. We attribute this discrepancy to excited state contamination.
The mass of this state extracted with these interpolators is consistently larger than the
respective mass of the 112- state in the isoscalar channel. In our previous study [28] we
used a 2 x2 correlation matrix, with the "colour singlet" and "colour fused" variations
in the colour assignment of the l/K interpolator, to study the isovect or If 2- state. 'We

found that the correlation matrix returned a smaller ground state mass than the "colour
singlet" l/K interpolator alone, and that the mass of the isoscalar and isovector, Lf2-
states, were the similar to - 1o. So we presume that the isovector If 2- states reported
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4.3. Hesults

here are larger than the isoscalar If 2- states because of the additional excited state
contamination from the two particle states with the A, which the isoscalar interpolators
do not couple to.

The splitting between the mass of the 1/2- states and the mass of the S-wave N + K
particle state and the splitting between the mass of the 3f2- states and the mass of
the S-wave N + K* particle state are summarised in Table. 4.8. In each case we find
no evidence of binding.

4.3.4 lsovector, positive parity states
We finish our analysis with the isovector, even-parity states. The effective mass of the
If 2+ state extracted with the ,ôy'K* interpolator is shown in Fig. 4.24. In each case

we omit the last data point in our fit. When we fit the data shown for ú ) 17 the

XSor is 0.25,0.29 and 0.58 at each quark mass respectively. Our analysis of this state is
limited to the three largest quark masses after which we judge that the ground state

signal has become hidden by noise.

The effective mass of the lf 2+ state extracted with the -LY interpolator is shown
in Fig. 4.25. Again',¡/e see an apparent plateau in the effective mass data at time
slices 15 - 17 and another at larger times. In Fig, 4,26 (left) we show the Xlo, for a

series of fits to the data at the largest quark mass, where the lower bound of the fit
is fixed at time slice 15 and the upper bound is shown on the horizontal axes. We

see that as soon as the data from time slice 18 onwards is included in the analysis the

Xlo¡ becomes large, indicating that there is true signal corresponding to a lower energy

stateatú>18.
In Fig. 4.25 (top left) the effective mass data point at time slice 25 is not contained

within the vertical scale of the figure, because the signal is lost in the noise. Therefore

we select time slice 24 as the upper bound of the fit in our analysis. In Fig. 4.26 (right)
we show the Xl., for a series of fits to the data at the largest quark mass, where the
upper bound of the fit is fixed at time slice 24 and the lower bound is shown on the
horizontal axes. We frnd that the X?aot = 1 where for a lower bound is fixed at time
slice 19. Based on this argument we fit the data shown in Fig. 4.25 for t > 19 at the
three largest quark masses and ú à 18 at the three smallest quark masses, For this
analysis at the four largest quark masses the ¡1"¡ - 1 for each fit. At the two smallest
quark masses the Xl"r:0.19 and 0.01. However despite the small X2 at these quark
masses this analysis remains our best estimate of the ground state mass.

The effective mass of the 3f 2+ state extracted with the .ôy'K* interpolator is shown
in Figs. 4.27. We extract the mass of this state with the .fy'K* interpolator with a

fit to the data shown where t > tT at all quark masses. At each quark mass the

X?ao¡ : 0.25,0.14,0,13,0.08 and 0.17 respectively. A fit to the data where ¿ > 16

returns a mass much larger than in our original analysis, which we find is inconsistent
with the mass extracted with the LY interpolator in this channel, and much larger
than the lowest energy two-particle state. Given the systematic drift in the effective
mass, our former analysis provides our best estimate of the ground state mass in this
channel.

The effective mass of the 3f 2+ state extracted with the trY interpolators is shown in
Fíg.4.28, at each quark mass the last datapoint shown is considered to be dominated
by noise and is not included in our analysis. Again we find that the effective mass
plateaus around time slices l5 - 17, before transitioning to lower energy plateau at
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4.3. Results

Table 4.7: The masses of the I(J,) : l(Ll2-) and I(JP) : I(gl2-) states extracted
with the ly'K* and .LY interpolators.

aMn "M'11. "MLç- "Mil'K- "Mtç-
1 7261333å

t. os¡13:339

1 57413 333

t.¿9t13:311

t.¿ts13:313

t.sss13:33å

0.540(1)

o.5oo(1)

0.453(1)

0.400(1)

0.345(2)

0.300(2)

t.ogs13:33Í

1 62713 33å

t ¡¿013:339

t.¿¡913:333

t.sss13:313

1 32413 313

1 7e513 313

t.zs¿13:313

r.ooo13:319

1 568133ål

t.+ss13:331

t.427!33t3

2 206!331t

z.trt13:313

2 oeL!337+

Table 4.8: The splitting between the mass of the I(J") : t(Ll2-) and /(/P) : L(glz-)
states extracted with the l/K* and lY interpolators and the relevant two-particle
states.

aMn aLM#'zK. anUrrlr2- aLMTl'zK. aLMlç-
0.540(1)

0.500(1)

0.453(1)

o.4oo(1)

0.345(2)

0.300(2)

0 14413 33?

o 13513 33¡

0 11713 313

0 08513 3å1

0 07313 333

0.147!33:41

0 11313339

o. tos13:33å

o.tos13:333

o oe413 31å

o oe113 3;;

o tso13:331

o.ozs13:3??

0 06813 31Í

0 05813 3åB

o.ozo13:33J

-o o3o13 3å?

-0 06213 å3á

o roz13:3å6

o 5oe13 3å3

o ¡t t13:33ä
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Fig. 4.23: The masses of the odd-parity, isovector spin-l/2 state (open symbols) and
spin-3/2 state (closed symbols) extracted with the LY and .ðy'-K* interpolators. The
data correspond to mn - 830, 770, 700, 616, 530, and 460 MeV, The data corre-
sponding to the spin-Lf 2 state extracted with the .ðlK* interpolator has been offset
horizontally for clarity.
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Fig. 4.26: (left) The yloo, for a series of possible fits of the 1(Il2+) state with a lower
bound fixed at time slice 15 and an upper bound shown on the horizontal axis. (right)
The Xl"¡ for a series of possible fits with the upper bound fixed at time slice 24 and the
Iower bound is shown on the horizontal axis. The data correspond to n-¿r - 830 MeV.
The horizontal lines correspond to X?aæ of 0.b,1,0(ideal) and 1.b

later times. As in the /(-rP) : 0(312-) and t(Il2-) states extracted with the ,Ly
interpolator and the /("rP) : O(Zl2+) state extracted with the .l{K* interpolator, we
must be careful to satisfy the asymptotic limit in Eq. 2.16 to recover the correct ground
state mass. In Fig. (4.29) (left) we show the yloo, for a series of fits at the largest quark
mass, where the lower bound of the fit is fixed at time slice 15 and the upper bound is
shown on the horizontal axis. As soon as the data from time slice 18 is included in the
fit, the X2 becomes large. This indicates that the data at the larger times is true signal
dominated by a lower energy state. In Fig. 4.28 (top left) the next data point after
time slice 25 is not contained on the scale and so is lost to noise. Therefore an upper
bound of the fit fixed at time slice 25 is reasonable. In Fig. 4.29 (right) we show the
y!o* for a series of fits with an upper bound fixed at time slice 25 and a lower bound
shown on the horizontal axis. We find a X?¿or :1.b where the lower bound is time slice
18, which is acceptable. Following these arguments we select a fit to the data shown for
> 18. The Xl"¡ - I.52,1.39,0.92, 0.47 and, - 0 respectively. Although most of these X2
values are not ideal, this analysis returns our best estimate of the asymptotic ground
state mass.

Table 4.9 contains the masses of the even-parity, isovector, spin-l/2 and spin-3/2
states extracted with the LY and ly'If* interpolators. They are summarised in Fig. 4.1b
along with the relevant two particle states. We find that the mass of the B/2+ state
extracted with the ly'y'(* interpolator (closed circles) is slightly larger than the mass
of this state extracted with lhe LY interpolator (closed triangles). Possible excited
state contamination in the mass extracted with the l/.tl* interpolator might explain
the small discrepancy. In each case the mass extracted is much greater than the lowest
energy two-particle state with these quantum numbers, namely the P-wave N + K
(solid line). So unlike the isoscalar 3f 2+ state we clearly find no evidence of binding
despite the use of the same analysis techniques to obtain the true ground state.

In.the I(Il2+) channel we find that the masses extracted with the .[Y (open tri
angles) and -ly'K* (open circles) interpolators are in agreement. Given the greater
precision in our calculation achieved in this study, r,¡/e are able to fit the effective mass
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4.4. Summary

data extracted with the //K* interpolator at larger Euclidean times compared to [29].
This new analysis extracts a ground state mass of the even-parity spin-lf2 isovector
which is more consistent with the P-wave N + K. It is also consistent with the ground
state mass extracted with the spin-l/2 interpolator in chapter 3.

For comparison we also show the mass of the isovector, even-parity, spin-1/2 (plus
signs) and spin-3/2 (crosses) states extracted with the ^LY interpolator where we in-
correctly fit the effective mass data at time slice 15 - 17. We find that in each case the
mass extracted is significantly more massive that both the lowest energy two particle
state and mass of the same state extracted with the l/K* interpolator, and so the mass
extracted with the ,LY interpolator, with the alternative naive fit to the data at the
earlier time slices is clearly not the ground state mass.

Table 4.10 contains the mass splitting between the non-interacting P-wave N + K
two particle state and the mass of the 712+ state extracted with the LY and ly'K*
interpolators. As with the 3f2+ state in this channel we find no evidence of binding.

4.4 Summary
We have extended our initial study of spin-3/2 pentaquark interpolators [29] to include
the additional terms in the correlation function given by Eq. (2.8) with p - 1- 4,u :
1- 4 and have expanded the ensemble from 290 to 396 configurations. We also include
an analysis with the y¡y interpolator that also accesses spin-3/2 states. We find
evidence of the standard lattice resonance signature in the 0(312+) state extracted
with the l/K* interpolator in quenched lattice QCD. We find that the efiective mass
of the same state extracted with LY interpolator displays a systematic drift to values
consistent with the ly'K* results at light quark masses. This evidence of binding is now
confirmed.

We have reviewed our Jackknife estimate of the standard error and. found that the
"sort and cut" method of estimating the error is better than making the standard
assumption that the distribution of Jackknife samples is Gaussian.

We demonstrated that the discrepancy between the extraction of the mass of the
0Ql2+) state with the l/1(* interpolator in the work of Doi et al. [120] and our earlier
work [29] is entirely due to Doi et al. [120] fitting the effective mass data at earlier
Euclidean times than our in study. We demonstrate that the criticism [120] that our
analysis [29] has poorer statistics is incorrect because the size of the error bar depends
on the lattice volume times the number of configurations. We show that a fit to our
effective mass data in [29] at time slice 13 - 17 extracts a mass consistent with the
calculation in [120], has smaller error bars and is not consistent with the asymptotic
limit in Eq. (2.16). Otherwise in the 0(312-) channel the two studies [120] and [29] are
in excellent agreement.

We have shown that the double plateau structure f'ound in the effective mass data
of the 0(312-), 1(Il2+) and 7(312+) states extracted with the .LY interpolator and
the 0(312+) NK'. interpolator makes it essential to test for true signal at the large
Euclidean times in order to recover the ground state mass. We review our analysis
methods that deal with this test and once again stress that we must not judge the
quality of the fit based entirely on the size of our error bars or the visual nature of the
data.

We explored isoscalar and isovector, spin-l f 2 and spin-3/2, even and odd-parity
726



4.4. S

Table 4'9: The -*::r_ of the I(J') : t(tr2+) and 1(Jp) : r(Jl2+) stares exrracred
with the Iy'K* and,LY interpolators.

aMn "MH'.: "Mlç. 'MtJ;; "Mlç.
1 e5713 313

t. sgg13:311

1 ffi013 3l?

t.s¡013:3?å

t 77e!3339

t.oao13:333

1 61013 3å3

t.¿9s13:3Él

t. gag13:31å

t.ggs13:311

t.szs13:3?3

1 80e13 3åÍ

1 75113 33¡

0.540

0.500

0.453

0.400

0.345

0.300

L e25!337t

t.s¡013:33å

r zzo13 3å?

1 67513 331

1 604131?ã

7.362+0.074
-0.104

Tlble 4.70: The splittings between the mass of the /(Jp) : r(r/2+) and /(.rp) :
L(312+) states extracted with the ly'If* and trY interpolators and the relevant two-
particle state.

aMn oLMtlr*. aLMlrÇ. a^Mill aLM!f,.
0.540

0.500

0.453

0.400

0.345

0.300

o 4oo13 31?

0.41013 31;

o.¿t913:31#

o. too13:333

0.t54!333t

o. tszl3:333

0.13e13 3?ã

o. toz13:3ál

0 03113163

o.zgs13:31á

o.so¿13:31?

0.31413 3;l
o.szo13:3ål

0 34113 331

o.oo¿I3:3?l

0 05213 3t3

o.os¿13:333

o.ooz13:3Í3

-0.00313 ?33
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4.4. Summary

five quark states with the ly'K* and trY interpolating fields in quenched lattice QCD.
In our analysis of the spin-If2 states we find a small discrepancy at the largest quark
masses between the mass extracted with the ly'K* and trY interpolators. We also
find that the mass of the isoscalar spin-If2 states extracted with the NK* and LY
interpolators are consistently larger than in our previous study [28], where a correlation
matrix was used to access the lowest energ-y state. We conclude here then that these
small discrepancies are due to excited state contamination. In a future study of five
quark states with these interpolators it will be important therefore to use a correlation
matrix to remove the excited state contamination.

As in [28,29] we search for evidence of binding to identify favourable quantum
numbers for the existence of the O* resonance on the lattice. \Me emphasize that lack
of evidence of binding does not exclude the possible existence of the O+ in the other
channels we explored. We find clear evidence of binding in the 0Ql2+) state extracted
with the l[K* interpolator and a confirmation of this via the trY interpolator. An
analysis of the volume dependence of this signal remains to determine if this evidence
of binding suggests a0(312+) O+ candidate in quenched lattice QCD.Of course, it is
important to repeat these calculations in full QCD, so we can determine if the evidence
of binding persists in the full theory.
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4.4. Summary
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Fig. 4.30: As in Fig. 4.23 but for the isovector even-parity pentaquark states. Here the
states extracted with the LY interpolator have been offset horizontally for clarity.
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Conclusions

In this thesis we have performed a comprehensive analysis of the nucleon and A spec-
trum and of the spectrum of pentaquark states in QQCD. In Chapter 2 of this thesis
we have extended the earlier work of [18] and [27] with a high statistics calculation of
the spectrum of nucleon and A resonances with a large volume lattice. We provide
a complete review of how we extract baryon masses in lattice QCD. We extend the
earlier work with 2 x 2 and 3 x 3 correlation matrix analyses over a basis of our three
nucleon interpolators.

With a precise calculation of the nucleon spectrum, see Fig. 2.2,we find that the
level ordering of the odd parity spin-If2 and spin-3 f2 states on the lattice is reversed
at our larger quark masses compared to the physical spectrum. We noted that it is
indeed this reversed ordering that is predicted by quark models. Another interesting
feature of this calculation is the observation of a mass consistent with the S-wave N +r
and S-wave N +n'multi-hadron state in the odd parity spin-If 2 channel at our second
smallest quark mass. The realisation of a transition to lower energy multi-hadron state
at light quark masses must guide future calculations as we move closer to the chiral
limit.

With our correlation matrix analyses we find that the X3 interpolator has a strong
overlap with both the X1 and y2 interpolators. Pursuing this further with a Fierz
transformation, we find that the X3 interpolator can be expressed in terms of X1 and
¡2, plus other terms. In our analysis of the 3 x 3 correlation matrix, see Fig. 2.16, we
find no evidence of a Roper like excited state of the nucleon. Therefore what overlap
the nucleon interpolators have with such a state must be small if non-zero.

In the odd parity channel we do not find evidence of the excited state reported
in [18]. Our conclusion is that the large amount of fermion source smearing employed
in this study has removed evidence of this excited state. A careful study of the optimal
source smearing prescription for extracting the excited hadron spectrum remains as
future work. In practice this should be combined with an expansion of our interpolator
basis with variations of the source and sink smearing prescriptions, as in Burch et al.
[33],

In our analysis of the A resonances, see Fig. 2.20, we find that the level ordering of
the odd parity states is consistent with the physical spectrum. With improved statistics
over earlier calculations, we also find that the mass of the even parity spin-1/2 A is
more consistent with the masses of the odd parity states, as in the physical spectrum.
Finally, as v/e probe closer to the chiral limit we begin to see the chiral curvature in
the mass of the A++ that has been predicted by chiral effective field theory.

With a strong foundation in the analysis of the spectrum of nucleon and A res-
onances we extend our study to an analysis of the pentaquark spectrum. Central to
this work is the formulation of a robust lattice resonance signature. In the study of
conventional resonances the standard lattice resonance signature is binding at quark
masses near the physical regime. This evidence of attraction is universally observed in
our study of nucleon and A resonances. 'We note that the absence of binding cannot
rule out the existence of the O+ pentaquark. However, the presence of attraction is
vital to the formation of a resonance.

In Chapter 3 we search for evidence of the O+ spin-l/2 state using a comprehensive
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basis of local pentaqqark interpolating fields. We include a correlation matrix analysis
with the //K and l/If pentaquark interpolators Eqs. (3.1) and (3.2) in the odd puiity
channels. In the isovector channel we extract two states. The ground state has a mass
similar to the S-wave N +K. The excited state has a mass similar to the S-wave ¡/+K*.
In each case the mass of the state extracted is larger than the multi-hadron state, which
is evidence of a repulsive interaction due to the finite volume of the lattice, Similarly
we find evidence of repulsion in the other odd parity channels with every interpolator
used' In the even parity channels we find that the mass extracted is génerally much
larger than the lowest energy multi-hadron state. The exception is the mass of the
0(112+) state extracted with the P^9 interpolator, which we find is consistent with the
P-wave N + K energy, but binding is not ruled out.

In Chapter 4 we expanded our search for the O+ with an analysis of spin-3/2 states.
Using the formalism developed in Chapter 2 we extract the masses of spin-t/Z and spin-
3/2 states with our -Öy'K* and .LY interpolators of Eqs. (4.2) and (4.8i. It was with the
former interpolator that we originally uncovered evidence of attraction in the 0(3/2+)
channel in our first study [29]. In this thesis we reaffirm the evidence of binding with
the mass extracted with the l/K* interpolator and confirm it with the LY interpolator,
see Fig. 4.15.

In our analysis of the effective mass data extracted with each interpolator we con-
sistently find what we describe as a double plateau structure. An important feature of
this double plateau structure is that a limited fit to the effective mass data at small
Euclidean times can have an acceptable Xlor, but one does not extract the ground
state mass, Vy'e conclusively demonstrate that we must not ignore the signal 

"t lurg"
Euclidean times purely on the basis of aesthetics. A rigorous analysis of the effect on
the Xl", of including data at larger Euclidean times is mandatory in correctly extract-
ing the ground state of the correlator. F\rrther we show that the discrepancy between
our calculation of the mass of the 0(312+) state and the analysis of Doi et al, [120] is
because Doi et al. fit the data at much smaller Euclidean times and ignore the large
Euclidean time points.

We have clearly established that the 0ß12+) channel is worthy of future study. As
a priority we should focus our attention on measuring the volume dependence of the
resonance signature' This analysis should include an effort to improve our statistics
so that rve can probe closer towards the chiral limit. Clearly we must also repeat this
simulation in full QCD to see if the resonance signature persists in the full theory.
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A

Tmatrix Representations

In this appendix we review the representations of the 7-matrices we use in this thesis.
In each case the 7-matrices obey the Clifford algebra,

{l',1"} - 2gP' . (A 1)

In our phenomenology v/e use the Bjorken and Drell representation of the 7-matrices,

lt o\ ( o oo\ -r:(o 1\zo:(o t) t':(_; ";), -y 
\1 o). (42)

Where o¿ a're the Pauli matrices and 1 is the 2 x 2 id,entrty. In the Bjorken and Drell
representation the charge conjugation matrix C : i^10.y2.

However in our lattice calculations at the quark level, it is convenient to have a
Hermitian representation. In the sakuarai representation,

lf : -i,li , 'ys¿ : lo , 'yis : -.y5. (A.3)

The charge conjugation matrix in the Sakurai representation is exactly equal to the
charge conjugation matrix in the Bjorken and Drell representation. Of course with the
Sakurai representation C : .y¿.y2.
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B

Transformation properties of the
interpolating fields

Here we briefly discuss the Lorentz transformation properties of the interpolators con-
tinuous with the identity, As an example we show how Xf (z) transforms to illustrate
the utility of the charge conjugation matrix C. The quark fields transform as spinors,
SO

u(r)--,9(À) u(Aø) , (8.1)

where the ^9(,4.) 
: ¿-iøp'o¡"'. So we transform each of the quark fields in y! inøq. (Z.t),

xl@) --- eob"(uro(Âø) ^9(.4.)" C.'ts-r, S(,4.) ab(Âr))zu S(^) u"(trr) . (B 2)

In this expression ,S(^)t C is C ^9-t(^) because

S(^)"C: 
"-iøu"o[''Ç: ccr G - iup"ol, - (au"o[,), + ....) c

: ç 
"-iuuvc 

o[, cr . (8.3)

'We evaiuate the expression in the exponent,

C;T"C, : -or,, (B 4)

So simplifying Eq. (8.3),

ç 
"-iuuvC 

o[, Cr ¡- oliuPu o¡r,

: C ,s-1(^) . (B 5)

So we can write Eq. (B.2),

xl@) --+ e"b"(ur"(ltr) CxS-'(^)2, ^9(Â) db(Àr))ru ,s(^) u"(lrr)

^l 
S(^) e"b" (ur"çltr) C.ys^t" ab(trr))y u'(/tr)

^l 
s(A) xt(^r). (B 6)

We use the identity ,S-t(^)frl ,S(^) : l\f,.|', where Af is the lorentz transt'ormation f'or
four-vectors. Therefore Xf transforms as a vector times a spinor under proper Lorentz
transformations. Similarly rd\¡e can trivially show that the interpolators such as f1 and

X2 transform like spinors.
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C

The Covariance Matrix

As discussed previously, we fit a constant in time to the effective mass data to extract
the masses from our correlation functions. The appropriate procedure for the effective
mass data is to minmise the function

x' : I \Qw.u (rn) - m) . (tw"u (tn) - rn) , (C.1)
7oí

with respect to the parameter m. The standard measure of the frt is the X2 per degree of
freedom (X]r). The Xl.¡ should generally be - 1 for an ideal fit. However the effective
mass data is correlated in time, and it has been shown by 17271that the probability
of finding a plateau over a number of time slices is small. Therefore it is necessary to
include a contribution from the correlations in the data in the calculation X2. So we

minimise,

x' :l{u"u(¿n) - ^) 
. cu' ' (u"u (t¡) - rn) , (c 2)

xrJ

to find the value of X2 which we use as our measure of the fit. In our analysis we use

the jackknife estimate of the covariance matrix,

r1rn1nlrLcoþ: \-1zn(t.) -;t r¡ft.)) .(¡n(tò -;Drj(tp)). (c,3)
XJJ

We use a singular value decomposition to invert the covariance matrix in Eq. (C 2).
The number of degrees of freedom of the fit is then the number of time slices, less

the number of fit parameters, less the number of singularities encountered in inverting
the covariance matrix. As discussed in [124], the mass extracted with Eq. (C,2) may
not coincide with the effective mass data, which is counter intuitive. So the correct
procedure is still to use Eq. (C.1) to calculate the mass, but keep the value oL y2 in
Eq. (C.2) as the measure of the fit.
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D

The two-polnt functions at the quark
level

A general nucleon interpolator is,

Xt : e"b"(uloAoBaþ)B.rru"d

xt, : r"b"uf,i,,t (cI %)r.,, (*ì @r) B,.,r!,1)
: e"b.uf;l, (1o7r.yo) 0,.r, (dnB, ØoDI n) 8,.,a!,)
: e"b"ufri,õ6,,,, (daB,õB,r,n{¡ , (D 1)

where A,B,C,D are some arbitrary products of 'y-matrices, the letters (a,b,c) label the
colour indices and the Greek letters label the spinor indices. Above we have made the
replacement õ : ç1oOt7o) and õ : (lo7rTe). Èxtracting the correlation function with
the y1,/2 and X3 interpolators is done by selecting the appropriate combinations of
7-matrices A,B,C and D. The general solution for the nucleon style two-point function
is,

G'r"r'(t,Ð :
(f e-i\'¡ (BU*'õ)ry,Trl(ADbb'ñ¡'u,""'1+ (B(J"'(ADbb'õ)r(Joo'õ)rr,) , {o.rl
'Ít

where the capital U and D indicate up and down-quark propagators from the source
to the sink.

An arbitrary A interpolator is,

Xt : e"b"(ufrAopuþ)B.rdu3

Xt, : ea'b'c'ul:j (CT.lo)0,r, çu!f! qnt¡u,.,u!)7
: e"' 

b''' 
u"u!, (1sCl 1s) 6, r, (n'f, QoDl n) B, r, a"*)

: e"'b'.'ugl,iu,,r, (a,bf,õB,o,ú,*) , (D 3)

again A,B,C,D are some arbitrary products of 7-matrices, with the condition that the
diquark is isovector._ This requires that the matrices A and D be symmetric. If D
is symmetric then D is also symmetric. The general formula for the A correlation
function is,

G',','(t,P) : \,e-ø'r
r

2(Bu*' õ).,r.t,Trl(Aubb' ñ¡'u""'1 + A(Bu."'ñçtruu'¡, o[J""' õ)r.,, (D.4)

Next we discuss the general formula for the correlation functions extracted with the
X¡vx,Xñ_-x or /¡¡y*. The l/K style of pentaquark interpolator, Eq. (3.1), has two terms
with a relative sign which is chosen depending on the isospin of the interpolator. The
first part of the I/K interpolator is like a proton and 110 interpolator coupled together,
we label this as Xpxo. The second part of the interpolator is like a neutron and a
K+ interpolator coupled together, we label this as Xwx+, The correlation function
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has four terms, the diagonal terms PKolPKo and NK+fNK+ and the cross term
P Ko Iw N+ and N K+ f P K0 . Because we have isospin symmetry in our simulation we

need only evaluate one of the diagonal terms and one of the cross terms to construct
the correlation functions. 'We proceed here by evaluating the PKÙlPKo contribution
to thè correlation function at the quark level. The general PKo style of interpolator
is,

e"b' (u"o A o B dþ) B, dui (4 c 
" pdi)

e"' 
b' 

"' (dd, (1 s DI 1 s) r, o, s":,) af;i, Q o nI y) r r, (dnB, (l o Fr %) B, ., u{,)

€"' 
b' 

"' (dl, ñ 
o, o, r'|,) ufri, ñ6, r, @nB, Fp,,, a!r) .

The general formula of the correlation function is,

GrÍo/r*o (t,Ð :

XIOO :
xl,*' :
^-.PKoX1'

(

(

l. "-0, 
r ¡ - Trl(6sr.."' .y,)(C D"o ñ),1*7r

(BU*' É).,t.,,Tr1(ADbu' fi¡rgaa'\ - (BLt""' (Aouu' fi¡r (J"'' E)Ty,

+ ( BU *' É).,.,, T r1(C D'u' F)' (l u s*"' 1 u) (A Db'' fi¡r 9 ""'

-((B(I'"')(C D'b' F)r ?yus*"'', ^tu) (ADb" õ)r (U"'' E))rr,

(D 5)

l

)) to'r

We have used the relation (.yus"' (r,0)lùlr,: ,S"'"(0, r)o,o to evaluate the anti-strange
quark propagator, labelled capital ,S.

Next we evaluate the PKoINK+ cross term.

xI,o* : '"'u'"'7u'i'ñp'o'sl,) 
dgi'86"r' çdauíp'.'a"*¡ ' (D'7)

The general formula of the correlation function is,

Gr\o/*o* (t,Ð : le-t'øt
((BU*' ñ)(lus*"'' %)r çç D'b' F)¡¡aa'r (ADb"' E)).,.r,

+ ((BU*' ñ)(yrs*""' -yu)' çc D""' ñ¡).,.,, Trl(Apuut fi¡r¿¡aa'1

+ ((BU'"')(C D"o' F)'?yuS*"' .yu)(u"' õ)r (ADb'' E¡.,.,,

To compute the colour fused style, l/K interpolator we interchange the colour indices
in the general formulae.

Finally we discuss the general formula for the diquark-diquark style of interpolating
field that v/e use to extract the correlation functions with the Xps,Nss and y¡y. TJ:te

general diquark-diquark style interpolating field is,

xlo : e"b"(ulAoBdh)@7A"ed,þ ctú
Xl,o :,a'b'c' re',(loDt lo)u,.r, @¿QonI %) p,o,u":,) (dnp,(lopt lo¡ B,.,a!,)

: ra'b' c' re',fi 0,.y, (dT,Ee, o,ú":¡ 6a;,Fp,o,u{,)
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The general formula for the correlation function is,

I e-t'ø.e (C.yuS*."' .yuñ).,r,,
Í

T rl(B D"' E¡r U 
*' 

1r r ¡lADbbt F)r ¡¡ aøt 
l

T rl(B D""' É¡r u'"' çA Dua' fi¡r ¡¡act 
1

Tr[(BD'b' F)rU*' (ADu"' 6jr¡¡""'j
+ Trl(BD"b'F¡ru""'lrr[çADb" E)ru*']] \ . (D.10)/ - ')/

The different colour assignments required to evaluate the correlation function with ,Ly
interpolator is accomplished by relabeling the colour indices in the general formula.

Following spin and parity projection, the correlation functions are made real by
including both thð [/ and U* gauge field configurations in the ensemble averaging.
This provides an improved unbiased estimator which is strictly real. This is easily
implemented at the correlation function level by observing that,

M'({u;}) : lcx M-, ({ur}) (cru)-']. , (D.11)

holds for quark propagators. For a more detailed discussion of this issue see Refs. [18,
1281.
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