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Chapter 6 

6 Transverse Imaging of Multiple Rectangular Jets

6.1 Introduction 

The low aspect ratio of the primary jet (AR=1.2) implies that it has similarities to a square jet.  

As described in Section 2.4.3 the main transient structure is a vortex ring, which initially fits the 

general contour of a square or rectangular profile before being contorted further downstream. 

Upon exiting a square nozzle, the high curvature of the velocity exit profile in proximity to the 

corners causes the corners of the ring to move ahead of the rest of the ring, slightly angling 

corners of the ring towards the jets axis as illustrated in Figure 6.1.  Further downstream the ring 

recovers shape and switches axis by 45 degrees (Husain, 1988).  The rolling of the vortex rings 

and subsequent deformation causes braid vortices to form between the rings, as can be seen in 

Figure 6.1.  These braids curve outwards into the shear layer of the jet and their counter rotating 

motion causes smaller ‘rib’ vortices to form.  The work of Grinstein (1993) reported that similar 

structures dominate the flow in a rectangular jet with an aspect ratio of 2:1.  The main difference 

being that the minor axis side of the rings move ahead of those on the major axis side.  This 

implies that there is a faster growth on the side of the minor axis.  As the vortex ring progresses 

downstream, the braid vortices curl around the vortex ring’s corners, causing further distortion.  

The ring’s corners move into the shear layer where smaller ‘break-away’ eddies are formed, 

engulfing the surrounding fluid and entraining it back into the bulk fluid flow.

Hart (2001) used large eddy simulation to predict velocities and visualise coherent structures in a 

similar rectangular jet configuration to Figure 3.4 with a full secondary jet and of a one-half 

primary jet (this was done to reduce convergence times) operating at =1.  He found that, 

although the primary jet is of an aspect ratio close that of a square jet (AR =1.2) the braids on the 

side of the major axis appear to be longer than those on the side of the minor axis.  Hart’s 

observations of the secondary jet revealed that an increase in aspect ratio to 2.2 caused the sides 

of the vortex ring parallel to the minor axis to be dragged ahead of the sides parallel to the major 

axis. 
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The nature of the vortex rings in the secondary jet caused the braids adjacent to the corners of the 

ring on the minor axis side to be drawn into other structures, implying that only four braids exist 

rather than the eight observed for the primary jet, and thus retarding the point at which axis 

switching occurs.

The ‘rings’ are the largest structures in rectangular, square and elliptical jets (Gutmark and 

Grinstein, 1999) and have the greatest role in transporting momentum (Hart, 2001).  When two 

rectangular jets are located in close proximity to one another, the rings tend to merge to 

eventually form a single entity.  This phenomenon was observed by Nathan et al., (2006) who 

observed that an oscillating forced refinery flare issuing from a pipe perturbed by an array of fuel 

distribution spokes had a single dominant coherent motion.  According to Hart (2001) the two 

rings came into contact, the sub-atmospheric region between them caused both rings to lag in 

development.  The primary jet’s larger cross section implies that the primary vortex ring has 

greater momentum than the secondary, causing the latter to disintegrate (based on the 

assumption that the velocities are equal). 

To understand the mechanisms at play between multiple rectangular jets, an in-depth quantitative 

analysis of the transverse motions of the jet structure was performed which includes quantitative 

time-averaged information.  The temporal resolution is insufficient to resolve the full 

instantaneous concentration.  The transverse analysis facilitates three dimensional modelling of 

the jet mixture fraction as a function of velocity ratio.  From the qualitative analysis in Chapter 4 

it is apparent that a transition region in the primary jet occurs at 2<x/D<4, and that the extent of 

this region increases with the velocity ratio.  A transverse flow analysis was undertaken to 

deliver more insight into the physical mechanisms at play.   
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NOTE:  This figure is included on page 166 of the print copy of the 
thesis held in the University of Adelaide Library. 

 

 
 
 
 
 
Figure 6.1:  Vortices formed in free rectangular pipe jet (Gutmark and Grinstein, 1999). 
 
 
 
 
 
 
6.2 Experimental Design and Conditions 

 

The experimental equipment, procedures and methods are described in Chapters 3 and 5. For 

the transverse imaging, the, laser sheet was orientated perpendicular to the flow. Either the 

primary or secondary jets were seeded with sodium fluorescein. The secondary to primary jet 

velocity ratios to be investigated were λ = 0, 0.55, 1.4, 2.8, 3.6 and ∞, and the axial stations 

to be imaged were x/D = 0.1, 0.2, 0.5, 1, 2, 4, 6 and 8. Table 6.1 presents the calculated 

secondary to primary jet momentum and momentum flux ratios for the experimental 

conditions with the corresponding velocity ratios. 

 
 
 
 
 
 

Table 6.1:  Secondary to primary jet momentum flux and momentum ratios with 
corresponding velocity ratio to be investigated with the transverse imaging. 
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6.3 Quantitative Analysis 

6.3.1 Primary Jet 

6.3.1.1 Planar Data 

Figures 6.2 to 6.9 plots the time-averaged normalised concentration of the primary jet at the axial 

stations x/D =0.1, 0.2, 0.5, 1, 2, 4, 6 and 8 for =0, 0.55, 1.4, 2.8 and 3.6.  At x/D=0.1 an increase 

in the velocity ratio causes the distortion of the jet in the corners, with the presence of small 

secondary structures.  These structures increase in size with higher velocity ratios in Figure 6.2 

and shown schematically in Figure 6.12.  The presence of the corner structure visibly alters the 

shape of the primary jet structure as the velocity ratio is increased from 0.55 to 3.6 at axial 

stations of x/D =0.2, 0.5 and 1 (Figures 6.3, 6.4 and 6.5 respectively).

Studies on the vortex dynamics of square jets by Grinstein et al., (1995) and rectangular jets by 

Grinstein (2001) and Miller et al., (1995) illustrate by means of vorticity that counter rotating 

vortices or ‘braids’ exist at each corner of a square-rectangular jet.  Vorticity is either a vectorial 

or scalar quantity of the measure of velocity gradient, which is the driving force of vortices.  For 

a three dimensional system the vorticity vector and magnitude is defined as; 
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The actual driving force in vortex formation is the difference in velocity gradient, i.e. 
z

v

y

u

and
x

w

z

u
.  Figures 6.10 and 6.11 are diagrams of the transverse velocity gradients of the 

primary jet at =0 and the primary and secondary jet at >0.  Regardless of the velocity ratio the 

presence of the secondary jet will affect the velocity gradients of the primary jet.  However, it is 

the velocity ratio that is responsible for the degree of change.  A plausible mechanism for the 

change in shape of the primary jet with an increase in velocity ratio is that the velocity gradient 

is altered to a point where it is affecting the nature of the counter rotating vortices.  In Figure 

6.12 (x/D =0.1) an increase in velocity ratio causes each vortex adjacent to the sides of the major 

axis to possibly increase in size and strength, thus deforming the time-averaged structure of the 

primary jet fluid in the corners.  The schematic diagrams in Figures 6.13 and 6.14, at x/D =0.5 

and 1 show that the vortices adjacent to the major axis side of the primary jet have increased in 

size, and consequently in strength, with an increase in , thus causing the primary jet to 

significantly deform in shape leading to the situation in Figure 6.15, where the primary jet at 

x/D=2 and =2.8-3.6 no longer resembles the original rectangular form which is still preserved at 

=0 at this axial position. 

This “phenomenon” of the corner vortices of the primary jet altering the flow with downstream 

distance plays an important role at =2.8 and 3.6 and has only mild effects at =0.55 and 1.4.  

The contractions of the primary jet observed in Section 4.4.3 through Plane A and C between 

1<x/D< 6 ( =2.8 and 3.6) are a direct result of this. 
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a) b)

d) 

e)

c)

d)

Figure 6.2: Time averaged normalised concentration of the primary jet at x/D =0.1, for a) =0, b) 

=0.55, c) =1.4, d) =2.8, e) =3.6.  The white arrows highlight the coherent vortices 

on corners of the primary jet.

a) b)

d) e)

c)

Figure 6.3: Time averaged normalised concentration of the primary jet at x/D =0.2, for a) =0, b) 

=0.55, c) =1.4, d) =2.8, e) =3.6.  The white arrows highlight the change in jet 

structure at the corners of the primary jet. 
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C

cC
C



Chapter 6 Transverse Imaging 

A A Scarsella Ph.D. Thesis    The University of Adelaide

170

a) 

b) 

b)

d) 

e)

c)

d) e) 

Figure 6.4: Time averaged normalised concentration of the primary jet at x/D =0.5, for a) =0, b) 

=0.55, c) =1.4, d) =2.8, e) =3.6.  The white arrows highlight the change in jet 

structure vortices at the corners of the primary jet.  The red arrows outline the shortening 

of the primary jet in the y-direction.

a) b) c) 

d) e)

Figure 6.5: Time averaged normalised concentration of the primary jet at x/D =1, for a) =0, b) =0.55, 

c) =1.4, d) =2.8, e) =3.6.  The white arrows highlight the change in jet structure at the 

corners of the primary jet.  The red arrows outline the contraction of the primary jet in the 

y-direction.

cC
C
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C
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a) b) c) 

d) e)

Figure 6.6: Time averaged normalised concentration of the primary jet at x/D =2, for a) =0, b) 

=0.55, c) =1.4, d) =2.8, e) =3.6.  The red arrows outline the contraction of the 

primary jet in the y-direction.

a) b) c) 

d) e)

Figure 6.7: Time averaged normalised concentration of the primary jet at x/D =4, for a) =0, b) 

=0.55, c) =1.4, d) =2.8, e) =3.6.  The white arrows highlight the expansion with 

respect to x/D =2 (Figure 6.6) in the y-direction, the red arrows outline the contraction of 

the primary jet in the z-direction.

cC
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a) b) c) 

d) e) 

Figure 6.8: Time averaged normalised concentration of the primary jet at x/D =6, for a) =0, b) =0.55, 

c) =1.4, d) =2.8, e) =3.6.  The red arrows outline the contraction of the primary jet in 

the y-direction.  The white arrows highlight the progressive expansion of the primary jet in 

the z-direction with respect to x/D =4, =3.6 (Figure 6.7 e). 

a) b) c) 

d) e)

Figure 6.9: Time averaged normalised concentration of the primary jet at x/D =8, for a) =0, b) 

=0.55, c) =1.4, d) =2.8, e) =3.6.  The white arrows highlight the progressive 

expansion of the primary jet in the z-direction with respect to x/D =4, =1.4, 2.8 and 

3.6 (Figures 6.7 c, d and e).

cC
C
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C
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Figure 6.10: y and z-direction velocity gradients of the primary jet alone
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Figure 6.11: y and z-direction velocity gradients of the primary and secondary jets.
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deformation of primary

jet corners with velocity

ratio

Corner Vortex Coupling

Corner vortex coupling

shows that the change in

velocity gradient favours the

outside vortex which grows

in strength with velocity ratio

L
=0 L

=0.55
L

=1.4
L

=2.8,3.6

Figure 6.12: Sketch of the progressive formation of the coherent corner vortices on the primary jet for =0,

0.55, 1.4, 2.8 and 3.6, x/D=0.1.

L L

Deformation of primary jet

corners with velocity ratio

L L L L

Corner Vortex Coupling

Corner vortex coupling

shows that the change in

velocity gradient favours the

outside vortex which grows

in strength with velocity ratio

Figure 6.13: Sketch of the progressive development of the coherent corner vortices on the primary jet for 

=0, 0.55, 1.4, 2.8 and 3.6, x/D=0.5.  The terms L =0.55, L =1.4 L =2.8 L =3.6 are the length scales of 

the corner vortices.
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deformation of the primary jet

structure with an increase in

velcoity ratio

L L L L

Secondary structure on the

minor axis has superior

length scale and strength thus

favouring axis switching

Secondary structure on the

major axis gains superior

length scale and strength with

the change in velocity

gradient altering the axis

switching process

Figure 6.14: Sketch of the progressive development with  of the coherent corner vortices on the primary jet 

for =0, 0.55, 1.4, 2.8 and 3.6, x/D=1. The terms L =0.55, L =1.4 L =2.8 L =3.6 are the length scales of 

the corner vortices.

Change to an Elliptical

Structure

Figure 6.15: Sketch of the progressive development of the primary jet for a progressive increase in velocity 

ratio from =0 to 3.6 at x/D =2. 
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6.3.1.2 Primary Fluid Mixture Fraction on the Jet Axis 

The inverse concentration of primary fluid on the jet axis is plotted for =0, 0.55, 1.4, 2.8 and 

3.6 in Figure 6.16.  The results are compared with the free round jet results obtained during the 

validation in Section 5.5 and with those of Parham (2000).  A feature of the primary jet data is 

that it is linear for x/D >4, suggesting self-similarity in the near field for each .  The gradient of 

the inverse mixture fraction in the self-similar region increases with .  A steep gradient 

indicates high rates of dilution.  For =3.6, the linear region gradient is within x/D =2 and x/D=4.

Using the inverse mixture fraction decay law in Equation 2.23, the values of the first order decay 

constant and first order virtual origin were fitted to the self similar regions and are tabulated in 

Table 6.2.

For =0.55 and 1.4 the values of K1 are broadly comparable with the round pipe jet (Section 

5.5.4) and the results of Parham (2000).  It is noted that K1 is less at =0.55 than at =1.4.  The 

greater dilution of the primary jet under higher co-flowing conditions is also observed when 

plotting K1 versus  in Figure 6.17.  The correlation between K1 and  shows that it does 

significantly decrease with .  Higher values of K1 causes the centerline mixture fraction to 

decrease, implying higher rates of dilution on the centerline. 
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Figure 6.16 Inverse centreline mixture fraction versus dimensionless axial distance for the primary jet at 

velocity ratios of =0, 0.55, 1.4, 2.8 and 3.6 compared with round pipe jet data (Current 

results, Section 5.5.4 and Parham, 2000).  The straight line represents the linear fits in the 

self-similar region. 
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Figure 6.17 Correlation between K1 of the primary and the secondary to primary velocity ratio. 
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K1 xo1/D

0 26.88 25.27 

0.55 5.41 1.09 

1.4 7.41 3.10 

2.8 2.56 -0.79 

3.6 1.66 -1.86 

Table 6.2: Measured values of the Centreline decay 

constant K1 and the primary virtual origin 

of the primary jet as a function of velocity 

ratio obtained between 4<x/D <8. 

6.3.1.3 Primary Jet Cross Stream Mixture Fraction 

The radial distribution of time-averaged normalised concentrations of the primary jet at various 

cross stream planes are shown in Figures 6.18–6.23 for the axial stations of x/D =0.1, 0.2, 0.5, 1, 

2 and 4, through different planes of z/D.  Figures 6.25-6.27 at x/D =1, 2 and 4, through different 

planes of y/D.  A complete set of the cross-stream normalised concentration profiles in the y and 

z direction for the primary and secondary jet at all experimental velocity ratios are provided in 

Appendix B. 

Figure 6.18 shows the variation in normalised concentration with y/D at various z/D near to the 

nozzle exit plane (x/D =0.1).  The normalised concentration exhibits a sharp concentration 

gradient in the far shear layer at the edge of the jet for all .  This concentration profile 

approximates a top hat profile.  However, near to the corners (z/D~0.35, y/D ~ 0.37) sharp peaks 

in the mean concentration are found at  =1.4, 2.8 and 3.6.  This is further evidence of change of 

the coherent corner vortices.  These peaks are also present at x/D =0.2, and x/D =0.5 in Figures 

6.19 and 6.20 at =1.4, 2.8 and 3.6, but are less evident in these Figures (although the vortices 

are still present in the jet). 

The planar data in Section 6.3.1.1 shows that the higher co-flowing conditions cause the coherent 

corner vortices to extend the primary jet in the z-direction, which consequently changes the 

cross-stream concentration profiles.  The cross-stream profiles in Figure 6.21 and Figure 6.22 at 

x/D =1 and 2, show that there is an increase in concentration gradient from velocity ratios =0.55

to 3.6.  This corresponds to the progressive contraction of the primary jet observed at x/D =1 and 

x/D =2 at =1.4 – 3.6 in the time-averaged planar data in Section 6.3.1.1.  In Figure 6.23 at x/D
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=4 an increase in concentration gradient is only observed up to =2.8.  Using the concentration 

of the linear region (manually determined using a line of best fit with maximum R
2
 value) at z/D

=0 from Figures 6.21 to 6.23, the concentration gradient was calculated and is compared for all 

velocity ratios.  Figure 6.24 presents the dimensionless absolute value of the concentration 

gradient in the y-direction 
y

C

C

D

c

 at x/D = 1, 2 and 4 versus velocity ratio.  There is a distinct 

correlation between 
y

C

C

D

c

 and , for x/D =1 and 2, but the correlation is weak at x/D =4.

The cross-stream concentration profiles versus z/D through different planes of y/D are illustrated 

in Figures 6.25-6.27 at x/D =1, 2 and 4.  Changes in concentration gradients are observed in all 

figures starting from the higher co-flowing conditions from =0.55 to 3.6 at x/D =1 where a 

slight increase in slope is observed in the linear region of the Gaussian profile.  The cross-stream 

concentration profiles at x/D = 2 and 4 in Figures 6.26 and 6.27 show that the concentration 

gradient increases from =0.55 to 2.8 and decreases from =2.8 to 3.6.  These results are 

consistent with the analysis of the planar images of the primary jet in Section 6.3.1.1.  Plotting 

the dimensionless concentration gradient in the z-direction 
z

C

C

D

c

 versus in Figure 6.28, 

shows that there is a decline in gradient with  at x/D =1, implying that the jet is expanding in 

the z-direction, on the contrary at x/D =2 where the gradient is increasing with , corresponding 

to a contraction, which are also consistent with observations from sections 6.3.1.1 and 4.4.3. 
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Figure 6.18: Normalised Concentration of the primary jet versus y/D through different z/D planes, at x/D

=0.1, a) =0, b) =0.55, c) =1.4, d) =2.8, e) =3.6.  The black arrows highlight the peaks 

corresponding to the distortion of the exit jet by the emergence of the corner vortex. 
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Figure 6.19: Normalised Concentration of the primary jet versus y/D through different z/D planes, at x/D

=0.2, a) =0, b) =0.55, c) =1.4, d) =2.8, e) =3.6.  The black arrows highlight the peaks 

corresponding to the distortion of the exit jet by the emergence of the corner vortex. 
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Figure 6.20: Normalised Concentration of the primary jet versus y/D through different z/D planes, at x/D

=0.5, a) =0, b) =0.55, c) =1.4, d) =2.8, e) =3.6.  The black arrows highlight the peaks 

corresponding, to the coherent corner vortices of fluid in close proximity to the corners of 

the primary jet. 

a) b)

c) d)

e) 

cC

C

cC

C

cC

C



Chapter 6 Transverse Imaging 

A A Scarsella Ph.D. Thesis    The University of Adelaide

183

0

0.2

0.4

0.6

0.8

1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6

y/D
z/D=0 z/D=0.1 z/D=0.2 z/D=0.3
z/D=0.4 z/D=0.37 z/D=0.5

0

0.2

0.4

0.6

0.8

1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6

y/D

z/D=0 z/D=0.1 z/D=0.2 z/D=0.3
z/D=0.4 z/D=0.37 z/D=0.5

0

0.2

0.4

0.6

0.8

1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6

y/D

z/D=0 z/D=0.1 z/D=0.2 z/D=0.3
z/D=0.4 z/D=0.37 z/D=0.5

0

0.2

0.4

0.6

0.8

1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6

y/D

z/D=0 z/D=0.1 z/D=0.2 z/D=0.3
z/D=0.4 z/D=0.37 z/D=0.5

0

0.2

0.4

0.6

0.8

1

1.2

0 0.1 0.2 0.3 0.4 0.5 0.6

y/D

z/D=0 z/D=0.1 z/D=0.2 z/D=0.3
z/D=0.4 z/D=0.37 z/D=0.5

Figure 6.21: Normalised Concentration of the primary jet versus y/D through different z/D planes, at x/D

=1, a) =0, b) =0.55, c) =1.4, d) =2.8, e) =3.6.  The black arrows outline a progressive 

increase in concentration gradient with an increase in co-flowing conditions ( ).

a) b)

c) d)

cC

C

cC

C

e) 

cC

C



Chapter 6 Transverse Imaging 

A A Scarsella Ph.D. Thesis    The University of Adelaide

184

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1

y/D

z/D=0 z/D=0.1 z/D=0.2 z/D=0.3

z/D=0.4 z/D=0.5 z/D=0.6 z/D=0.7

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1

y/D

z/D=0 z/D=0.1 z/D=0.2 z/D=0.3
z/D=0.6 z/D=0.7

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1

y/D

z/D=0 z/D=0.1 z/D=0.2 z/D=0.3
z/D=0.4 z/D=0.5 z/D=0.6 z/D=0.7

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1

y/D

z/D=0 z/D=0.1 z/D=0.2 z/D=0.3
z/D=0.4 z/D=0.5 z/D=0.6 z/D=0.7

0

0.2

0.4

0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1

y/D

z/D=0 z/D=0.1 z/D=0.2 z/D=0.3
z/D=0.4 z/D=0.5 z/D=0.6 z/D=0.7

Figure 6.22: Normalised Concentration of the primary jet versus y/D through different z/D planes, at 

x/D =2, a) =0, b) =0.55, c) =1.4, d) =2.8, e) =3.6.  The black arrows outline a 

progressive increase in concentration gradient with an increase in co-flowing 

conditions ( ).
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Figure 6.23: Normalised Concentration of the primary jet versus z/D through different y/D planes, at x/D

=4, a) =0, b) =0.55, c) =1.4, d) =2.8, e) =3.6.  The black arrows outline a progressive 

increase in concentration gradient with an increase in co-flowing conditions of =0.55, 1.4 

and 2.8.  The white arrows highlight a decrease in concentration gradient at =3.6.
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Figure 6.24: Absolute value of the dimensionless concentration gradient in the y-

direction versus velocity ratio of the primary jet, for z/D =0.
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Figure 6.25: Normalised Concentration of the primary jet versus z/D through different y/D planes, at x/D

=1, a) =0, b) =0.55, c) =1.4, d) =2.8, e) =3.6.  The black arrows outline a progressive 

decrease in concentration gradient with an increase in co-flowing conditions ( ). 
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Figure 6.26: Normalised Concentration of the primary jet versus z/D through different y/D planes, at 

x/D =2, a) =0, b) =0.55, c) =1.4, d) =2.8, e) =3.6.  The black arrows outline a 

progressive increase in concentration gradient with an increase in co-flowing 

conditions from =0.55 to 1.4 and 2.8.  The white arrows highlight a decrease in 

concentration gradient at =3.6.
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Figure 6.27: Normalised Concentration of the primary jet versus z/D through different y/D planes, at 

x/D =4, a) =0, b) =0.55, c) =1.4, d) =2.8, e) =3.6.  The black arrows outline a 

progressive increase in concentration gradient with an increase in co-flowing 

conditions of =0.55, 1.4 and 2.8.  The white arrows highlight a decrease in 

concentration gradient at =3.6.
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Figure 6.28: Absolute value of the dimensionless concentration gradient in the z-direction 

versus velocity ratio of the primary jet for y/D =0.

6.3.1.4 Discussion 

The secondary structures embedded within a rectangular jet are strongly influenced by the 

resultant velocity gradient of the primary and secondary jets and become strong features in the 

mean flow field causing distortion of the jet structure at higher velocity ratios with respect to 

=0.  These flow structures are very important to flow development.  Downstream these 

structures progressively increase in size as the shear layer of the primary jet also increases 

through mixing, causing them to be attracted to one another on each side of the major axis and 

causing the jet to expand in the z-direction and contract in the y-direction further downstream at 

approximately x/D =2.  This expansion/contraction effect observed at x/D =2 becomes more 

apparent with higher velocity ratios, also having effects on the concentration gradients in the y

and z directions. 

The dilution of centerline jet fluid is a good indication of when the primary/secondary jet 

interaction becomes momentum controlled, because the concentration of the jet on the centerline 

is determined by the vortex ring.  Centerline mixture fraction data reveals that the region 

between x/D =2 and x/D =4 primary and secondary jet mixing becomes momentum controlled.  
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The extent of dilution of the primary jet on the centerline is strongly controlled by the secondary 

to primary velocity ratio.  This is supported with conclusions drawn from Chapter 4. 

6.3.2 Secondary Jet 

6.3.2.1 Planar Data 

Figures 6.29 to 6.36 present the time averaged normalised concentrations of the secondary jet 

fluid at axial stations of x/D =0.1, 0.2, 0.5, 1, 2, 4, 6 and 8 for =0.55, 1.4, 2.8, 3.6 and .  The 

coherent corner vortices observed for the primary jet in the near field are also present in the 

secondary jets and is highlighted by white arrows in Figures 6.29, 6.30, 6.31 and 6.32.  The 

coherent corner vortices are first observed in proximity to the corners of the secondary jet at x/D

=0.1and 0.2, =0.55 and 1.4 and is highlighted with white arrows in Figures 6.29 and 6.30.  At 

x/D =0.5 and 1 (Figures 6.31-6.32) the coherent vortices are still very much a characteristic of 

the flow.  However the rectangular jets start to assume a rhombus-like shape, which is 

highlighted with black arrows.  At axial stations of x/D =4, 6 and 8 and a velocity ratio of =0.55 

the secondary jets in Figures 6.34a) 6.35a) and 6.36a) deviate significantly from their geometric 

axes (white arrows).  The secondary jets appear to be fully merged at x/D =8 for all  however 

further upstream at x/D =6 only at =0.55 (Figure 6.35a) do the jets appear to have merged.   

Figures 6.37-6.39 are schematic diagrams of the corner vortices and their change with .  The 

presence of corner vortices or braids on rectangular and square jets has been well documented by 

a number of authors (Grinstein et al., 1995, Grinstein, 2001 and Miller et al., 1995) and as for 

the primary jet, they play an important role in the distortion of the secondary jets with .  Figure 

6.37 (x/D=0.1) shows how the change in velocity gradient when  <1 favours the change in the 

corner vortices of the secondary jet, particularly at  =0.55, where the corner vortices adjacent to 

the side of the major axis are larger and increase in size thus causing jet distortion.  These 

distortions experienced at x/D =0.1 are only minor because the shear layer has not yet developed.  

In Figure 6.38 however, where x/D=0.5 the change in velocity gradients cause the corner vortices 

which share an interface with the primary jet to increase with size and strength at =0.55.  The 

distortion at =0.55, x/D =0.5, however, is not only limited to the primary secondary jet 
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interface, the corner vortices on the opposite side, adjacent to the minor axis side which also 

increase in size and strength contribute to the overall distortion of the secondary jets.  

Figure 6.29: Time averaged normalised concentration of the primary jet at x/D =0.1, for a) =0.55, b) 

=1.4, c) =2.8, d) =3.6, e) = .  The white arrows highlight the mean field distortion 

by increased strength of corner vortices of the secondary jets. 

a) 
b)

c) d)

e) 
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Figure 6.30: Time averaged normalised concentration of the primary jet at x/D =0.2, for a) =0.55, b) 

=1.4, c) =2.8, d) =3.6, e) = .  Mean field distortion by increased strength of corner 

vortices of the secondary jets. 

c) 

b)

d)

e) 
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Figure 6.31: Time averaged normalised concentration of the primary jet at x/D =0.5, for a) =0.55, b) 

=1.4, c) =2.8, d) =3.6, e) = .  Mean field distortion by increased strength of corner 

vortices of the secondary jets.  The black arrows outline a deformation of the secondary 

jet from a rectangular structure to a rhombus like shape. 

a) b)

c) d)

e) 
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Figure 6.32: Time averaged normalised concentration of the primary jet at x/D =1, for a) =0.55, b) 

=1.4, c) =2.8, d) =3.6, e) = .  Mean field distortion by increased strength of corner 

vortices of the secondary jets.  The black arrows outline a deformation of the secondary jet 

from a rectangular structure to a rhombus like shape. 
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Figure 6.33: Time averaged normalised concentration of the primary jet at x/D =2, for a) =0.55, b) 

=1.4, c) =2.8, d) =3.6, e) = .   

a) b)

c) d)

e) 
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Figure 6.34: Time averaged normalised concentration of the primary jet at x/D =4, for a) =0.55, b) =1.4, c) 

=2.8, d) =3.6, e) = .  The white arrows highlight the deviation of the secondary jets from 

their geometric axis when =0.55. 

a) b) 

c) d) 

e) 
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Figure 6.35: Time averaged normalised concentration of the primary jet at x/D =6, for a) =0.55, b) 

=1.4, c) =2.8, d) =3.6, e) = .  The white arrows highlight the deviation of the 

secondary jets from their geometric axis when =0.55.
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d) e) 
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Figure 6.36: Time averaged normalised concentration of the primary jet at x/D =8, for a) =0.55, b) 

=1.4, c) =2.8, d) =3.6, e) = .  The white arrows highlight the deviation of the 

secondary jets from their geometric axis when =0.55.
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d)
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c =2.8, 3.6, inf

Distortion in jet shape

Corner vortex on the major

axis side increases in size and

gains strength due to change

in velocity gradient

a)

Distortion in jet shape, but

less with repsect to the

distortion observed at =0.55

b)

The secondary jets have

sufficient velocity so that the

corner vortcies are not altered

by the change in velocity

gradient by the presence of

the primary jet

Figure 6.37: Sketch of the progressive development with  of the coherent corner 

vortices on the secondary jet for = 0.55, 1.4, 2.8, 3.6 and , x/D=0.1.
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in velocity gradient
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Distortion in jet shape, but

less with repsect to the

distotion observed at =0.55

b)

Corner vortex on the major

axis side increases in size and

gains strength due to change

in velocity gradient

Distortion is now observed at

=2.8,3.6-infinity

Corner vortex on the major

axis side increases in size and

gains strength due to change

in velocity gradient, however

thier influence on the flow is

not as great with respect to

=0.55, and 1.4 because the

sec ondary jets have an

increased velocity

Figure 6.38: Sketch of the progressive development with  of the coherent corner 

vortices on the secondary jet and their effect on general jet distortion, for =

0.55, 1.4, 2.8, 3.6 and , x/D=0.5.
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a)

Distortion in jet shape, but
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distortion observed at =0.55

b)
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axis side increases in size and

gains strength due to change

in velocity gradient
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=2.8,3.6-infinity

Corner vortex on the major
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in velocity gradient, however

thier influence on the flow is

not as great with respect to

=0.55, and 1.4 because the

sec ondary jets have an

increased velocity

Figure 6.39: Sketch of the progressive development with  of the coherent corner vortices on the 

secondary jet their effect on general jet distortion, for = 0.55, 1.4, 2.8, 3.6 and ,

x/D=1.

6.3.2.2 Secondary Fluid Mixture Fraction on the Jet Axis 

The inverse mixture fraction on the centerline of the secondary jets is shown in Figure 6.40.  It 

reaches self-similarity at approximately x/D =2 regardless of the flow conditions.  The higher 

velocity and momentum of the primary jet at =0.55 results in greater dilution of the secondary 

jet for x/D >2 due to entrainment of the ambient fluid by the primary jet.  Values of the decay 

constant K1 calculated form the linear portion of Figure 6.40 are shown Figure 6.41 versus the 

inverse velocity ratio and tabulated Table 6.3.  For =0.55 K1 has the lowest value of all the 

cases, due to the greater dilution of the secondary jet.  For =1.4 to =3.6 the values of K1

progressively decrease from 10.85 to 7.46.  In comparison, the absence of the primary jet ( = )

decreases the rate of dilution, (K1 = 11.70). 
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Figure 6.40 Inverse centreline mixture fraction versus dimensionless axial distance for the 

secondary jet at velocity ratios of =0.55, 1.4, 2.8, 3.6 and .  The straight lines 

represent the linear fits in the self-similar region. 
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K1 xo1/D

0.55 3.30 1.18 

1.4 10.85 9.57 

2.8 9.71 7.27 

3.6 7.46 4.53 

 11.70 10.54 

Table 6.3: Calculated values of the Centreline decay 

constant K1 and the primary virtual origin 

of the secondary jet as a function of 

velocity ratio. 

6.3.2.3 Secondary Jet Cross Stream Mixture Fraction 

Figures 6.42 to 6.46 show the normalised concentrations of the secondary jet versus y/D at 

different values of z/D at axial stations x/D =0.1, 0.2, 0.5, 2 and 4 respectively and velocity ratios 

of =0.55, 1.4, 2.8, 3.6 and .  Similarly, Figures 6.48 to 6.50 show the normalised 

concentrations of the secondary jet versus z/D at different values of y/D at axial stations of x/D

=4, 6 and 8. 

The effect of corner structures identified in section 6.3.2.1 on the concentration is highlighted 

with black arrows in Figures 6.42, 6.43 and 6.44.  In Figures 6.39 a) – d) there is significant 

evidence to suggest that at x/D =0.1 the coherent corner vortices are present at velocity ratios of 

= 1.4, 2.8 and 3.6.  At x/D =0.2 peaks corresponding to the presence of coherent vortices appear 

only at =0.55 and =1.4.  At x/D =0.5 in Figure 6.44 the presence of the coherent structure is 

only present at =0.55.  The higher co-flowing conditions affect the concentration gradient of 

the primary jet in the y-direction at x/D =2 and x/D =4 in Figures 6.45 and 6.46.  Figure 6.47 is a 

plot of the dimensionless concentration gradient versus 1/ , at x/D =2 and 4, distinctly shows 

that there is an increase in concentration gradient with higher velocity ratios. 

Normalised concentration profiles through planes parallel to the minor axis (y-direction) 

illustrates how the co-flowing conditions may affect the merging of the two secondary jets.  At 

x/D =4, = , the black arrows (Figures 6.48e) highlight the secondary jets as they start to 

merge.  At =  without, the presence of the primary jet, the secondary jets show a greater 

tendency to merge than for other .  At x/D =6 (Figures 6.49) the black arrows highlight the 
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merging of the secondary jets, illustrating how at =0.55 the secondary jets appear to be fully 

merged.  At x/D =8 (Figures 6.50) the secondary jets appear to be merged for all cases. 
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Figure 6.42: Normalised Concentration of the secondary jet versus y/D through different z/D

planes, at x/D =0.1, a) =0.55, b) =1.4, c) =2.8, d) =3.6, e) = .  The black 

arrows highlight the peaks corresponding, to the coherent corner vortices in close 

proximity to the corners of the secondary jet. 
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Figure 6.43: Normalised Concentration of the secondary jet versus y/D through different z/D

planes, at x/D =0.2, a) =0.55, b) =1.4, c) =2.8, d) =3.6, e) = .  The black 

arrows highlight the peaks corresponding, to the coherent corner vortices of fluid 

in close proximity to the corners of the secondary jet. 
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Figure 6.44: Normalised Concentration of the secondary jet versus z/D through different y/D

planes, at x/D =0.5, a) =0.55, b) =1.4, c) =2.8, d) =3.6, e) = .  The black 

arrow highlights the peak corresponding, to the coherent corner vortex in close 

proximity to the corners of the secondary jet. 
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Figure 6.45: Normalised Concentration of the secondary jet versus y/D through different z/D

planes, at x/D =2, a) =0.55, b) =1.4, c) =2.8, d) =3.6, e) = .  The black 

arrows outline a progressive increase in concentration gradient with an increase in 

co-flowing conditions. 
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Figure 6.46: Normalised Concentration of the secondary jet versus y/D through different z/D

planes, at x/D =4, a) =0.55, b) =1.4, c) =2.8, d) =3.6, e) = .  The black 

arrows outline a progressive increase in concentration gradient with an increase in 

co-flowing conditions. 
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Figure 6.47: Absolute value of the dimensionless concentration gradient in the y-
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Figure 6.48: Normalised Concentration of the secondary jet versus z/D through different y/D

planes, at x/D =4, a) =0.55, b) =1.4, c) =2.8, d) =3.6, e) = .  The black 

arrows highlight a favoured merging between the two jets for = .

a) b)

c) d)

e) 

cC

C

cC

C

cC

C



Chapter 6 Transverse Imaging 

A A Scarsella Ph.D. Thesis    The University of Adelaide

211

0

0.2

0.4

0.6

0.8

1

1.2

1.4

-3 -2 -1 0 1 2 3
z/D

y/D=0 y/D=0.1 y/D=0.3 y/D=0.5
y/D=0.7 y/D=1 y/D=1.2 y/D=1.5

0

0.2

0.4

0.6

0.8

1

1.2

1.4

-3 -2 -1 0 1 2 3

z/D

y/D=0 y/D=0.1 y/D=0.3 y/D=0.5
y/D=0.7 y/D=1 y/D=1.2 y/D=1.5

0

0.2

0.4

0.6

0.8

1

1.2

1.4

-3 -2 -1 0 1 2 3
z/D

y/D=0 y/D=0.1 y/D=0.3 y/D=0.5
y/D=0.7 y/D=1 y/D=1.2 y/D=1.5

0

0.2

0.4

0.6

0.8

1

1.2

1.4

-3 -2 -1 0 1 2 3

z/D

y/D=0 y/D=0.1 y/D=0.3 y/D=0.5
y/D=0.7 y/D=1 y/D=1.2 y/D=1.5

0

0.2

0.4

0.6

0.8

1

1.2

1.4

-3 -2 -1 0 1 2 3

z/D

y/D=0 y/D=0.1 y/D=0.3 y/D=0.5
y/D=0.7 y/D=1 y/D=1.2 y/D=1.5

Figure 6.49: Normalised Concentration of the secondary jet versus z/D through different y/D

planes, at x/D =6, a) =0.55, b) =1.4, c) =2.8, d) =3.6, e) = .  The black 

arrows highlight the merging point between the two jets for =1.4, =2.8, =3.6, 

and = .
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Figure 6.50: Normalised Concentration of the secondary jet versus z/D through different y/D

planes, at x/D =8, a) =0.55, b) =1.4, c) =2.8, d) =3.6, e) = .  The black 

arrows highlight the merged jets for =2.8, =3.6, and = .

a) b)

c) d)

e) 

cC

C

cC

C

cC

C



Chapter 6 Transverse Imaging 

A A Scarsella Ph.D. Thesis    The University of Adelaide

213

6.3.2.4 Discussion 

As for the primary jet, the secondary jets possess a pair of counter-rotating corner vortices, 

which are heavily affected by the local velocity gradients.  Lower velocity ratios reveal that the 

primary jet exerts a change in velocity gradient, which cause not only the vortices on the primary 

jet side but also those on opposite corners to change in size and strength causing jet distortion.  

The centreline mixture fraction of the primary jet reaches self-similarity at x/D =4, whereas the 

analysis of the data in Section 6.3.2.2 reveals that the secondary jets are self-similar for x/D >2.  

Sfier (1976) and Sforza and Stasi (1979) who investigated the centerline decay of a passive 

scalar of a range of rectangular jets of different aspect ratios, found that lower aspect ratio jets 

reach self similarity before higher aspect ratios.  This general conclusion can be also drawn from 

Sfier (1979) and Krothpalli et al., (1981) who focused on the centerline decay of velocity rather 

than passive scalars.  There is also evidence that jet to jet interaction alters the individual 

structures of the secondary jets, even at = , altering the concentration profiles in the x-

direction.

The converging and merging regions established by Lin and Sheu (1991) for multiple parallel 

rectangular jets are applicable to this study.  The time averaged images in Section 6.3.2.1 reveal 

that the presence of the primary jet retards merging between the secondary jets.  The momentum 

of the primary jet is sufficient to retard merging of the secondary jets, in a similar fashion to the 

penetration of the primary jet through the re-circulation region of a co-annular jet.  Merging of 

the secondary jets is also facilitated by higher , for instance at =2.8 and 3.6 the high appetite 

for entrainment of the secondary jets facilitates their interaction. 

6.3.3 Axis Switching 

Axis switching is a result of the faster growth rate of the jet’s shear layers in the minor axis plane 

compared to those in the major axis plane.  Factors influencing axis switching are upstream 

geometry, nozzle shape at the exit plane and aspect ratio.  Comparison of the work of Gutmark 

and Grinstein (1999) Sfeir (1976) Krothpalli et al., (1981) Sforza et al., (1966) by Gutmark and 

Grinstein (1999) reveals that the axial position of the cross over points are proportional to the 

aspect ratio, AR (complete data set in Figure 6.53); 
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ARX c           Equation 6.3 

Although Equation 6.3 identifies the aspect ratio as the major contributing factor to the location 

of crossover, the effect of upstream geometry should not be neglected.  Tsuchyia et al., (1986) 

observed that axis switching varied between 1 and 25 diameters downstream for rectangular jets 

issuing from an orifice with aspect ratio varying between 1 < AR < 5.  Quinn (1992) located the 

cross over point from x/D = 1 to 20 for rectangular jets issuing from a contoured nozzle having 

aspect ratios between 1 and 20.  After the first axis switch the original major axis side grows at a 

faster rate than the minor side resulting in a second axis switch.  The location of the second axis 

switching is much less sensitive to aspect ratio (Gutmark and Grinstein, 1992).  No 

measurements have been made to date on the effect of co-flowing streams on the position of axis 

switching in rectangular jets. 

Figures 6.51 shows the dimensionless widths (z/D) and heights (y/D) of the primary jet as a 

function of axial distance (x/D) at velocity ratios =0 to 3.6.  Similarly, Figure 6.52 shows the 

dimensionless widths and heights versus x/D of a secondary jet at velocity ratios =0.55 to .

The jet width and height is representative of the progressive downstream expansion of the minor 

and major axes.  The numerical values of W and H were measured using the ‘edge’ function in 

the Matlab image processing toolbox (2004) on the planar time averaged images in Sections 

6.3.1.1 and 6.3.2.1.  The edge function is programmed to look for the local maxima of the 

gradient in the time-averaged image.  The gradient is calculated using the derivative of a 

Gaussian filter.  The method uses two thresholds, to detect strong and weak edges. 

The axis switching of the primary jet at =0, shown in Figure 6.51a) occurs at x/D = 5.6.  The 

presence of the secondary stream at =0.55 moves the point of axis switching to x/D =5.  For 

=1.4 (Figure 6.51c) the jet switches axes twice at x/D = 4.8 and 6.7, similarly at =2.8 (Figure 

6.51d) the jet switches at x/D = 4.8 and 6.5.  However, at =3.6 axis switching is not observed at 

all.  There is evidence that the presence of the secondary flow, for =0.55 to 2.8, controls the 

cross-over point of the major and minor sides.  The observations from the time averaged planar 

data of the primary jet (Sections 6.3.1.1) conclude that there is a forced shortening of the primary 

jet in the y-direction (height) between 1 < x/D < 4.
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Using the data retrieved from the literature and shown in Figure 6.53, a linear model was applied 

to the data of Gutmark and Grinstein, (1999) Sfeir, (1976) Krothpalli et al., (1981) and Sforza et 

al., (1966).  All the data-sets have similar slopes ranging from 3.1 to 4 but with quite different 

intercepts.  The only comparable point of axis switching in the current data to the values in the 

literature was for =0 at xc/D = 5.6 because it is not influenced by a co-flowing stream.  The 

extended linear models from the literature data revealed that for a rectangular jet with AR = 1.2, 

only the data of Krothpalli et al., (1981) delivers a comparable cross over point at xc/D =5.1.

The dimensionless widths and heights of the secondary jets, shown in Figure 6.52 for =0.55 to 

 show no apparent cross over in the region between 0 < x/D < 4.  It is not feasible to compare 

cross-over points of the secondary jet with the data in Figure 6.53, as the secondary jets always 

operate in a multiple jet arrangement, unlike the primary jet at =0.
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Figure 6.51: Normalised lengths of the major and minor axis sides of the primary jet as a 

function of downstream distance, x/D, a)  =0, b)  =0.55, c)  =1.4, d)  =2.8, e), 

=3.6.  The black arrows show positions of axis switching. 
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NOTE:  This figure is included on page 218 of the print copy of the 
thesis held in the University of Adelaide Library. 

 

 
 
 
 
 
Figure 6.53:  Point of cross-over between the major and minor axis lengths versus aspect 

ratio various rectangular jets, illustrating the strong linear correlation between 
the first point of axis switching and jet aspect ratio (Gutmark and Grinstein, 
1999). 

 
 
 
 
 
6.3.4 Bulk Entrainment 
 
 
The amount of fluid entrained in a moving jet is usually assessed by plotting the relative 

mass flow rate of a jet (m/m0) versus x/D. Knowledge of the relationship of the relative mass 

flow is important in combustion modelling, for instance, Jenkins and Moles (1981; 1988) 

successfully used the relative mass flow rate developed by Ricou and Spalding (1963) for 

enclosed round jet flames for combustion modelling in rotary kilns. 

 
 m  = CE

  x  + 1        Equation 6.4 
 m0     D 
 
 
where CE is the entrainment coefficient. In order to determine the relative mass flow of the 

primary/secondary jet system it is necessary to calculate the mean mixture fraction within the 

time averaged jet flow. Several methods measure the mass flow rate of jets, the first was the 

entrainment shroud of Ricou and Spalding (1961) more recently it has been directly 

measured using PIV by Han and Mungal (2001). Using a specified window of the time 

averaged mixture 
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fraction of WxH dimensions consisting of a total of IxJ pixels, the bulk mixture fraction is 

determined as; 

I J

jiB
IxJ

1 1

,

1
         Equation 6.5

As for Section 6.3.3 the numerical values of W and H were measured using the ‘edge’ function in 

the Matlab image processing toolbox (Mathworks, 2004) on the planar time averaged images in 

Sections 6.3.1.1 and 6.3.2.1.  For =0.55, 1.4, 2.8 and 3.6 where there are two streams flowing at 

once, the total bulk mixture fraction is the sum of the primary and secondary jet bulk mixture 

fractions; 

SBPBTB           Equation 6.6

In jet flow like any other flow, mass is conserved; 

TB
om

m 1
.

.

          Equation 6.7 

where 
.

m is the mass flow of a jet system at a downstream distance x/D, om
.

 the mass flow rate at 

the nozzle exit plane.  Figure 6.54 is the relative bulk-entrainment of the combined primary and 

secondary rectangular jets for =0, 0.55, 1.4, 2.8, 3.6 and  as well as a direct comparison to a 

round turbulent pipe jet (Ricou and Spalding, 1961).  However, for the case when =0 and 

higher relative rates of entrainment are observed.  It may be possible that smaller relative rates of 

bulk-entrainment of ambient fluid, observed for the cases when all jets are operating, is due to 

entrainment of the lower momentum jet by the higher momentum jet at the expense of ambient 

fluid.  The entrainment mechanism has been explained in Chapter 2 and Section 4.1.  The 

entrainment coefficient used by Ricou and Spalding (1961) and examined in more detail by Hill 

(1972) was calculated by measuring the slope of the linear region of data in Figure 6.54.  Figure 

6.55 reports the entrainment coefficient versus velocity ratio for the primary and secondary jets 

under different co-flowing conditions, and shows how the presence of the secondary jet from =

0 to =0.55 causes the entrainment coefficient to drop from 1.19 to 0.58, and remain more or less 

constant thereafter. 
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system for =0, 0.55, 1.4, 2.8, 3.6,  and round pipe jet (Ricou and Spalding, 

1963).
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6.4 Conclusion

Time averaged images in Section 6.3.1.1 reveal that large-scale deformations of the primary jet 

occur between 1<x/D <4 for =2.8 with respect to the primary jet with no co-flow ( =0).

The driving force in the deformation from the original jet structure, be they small scale in the 

near field (velocity controlled), or large scale in the intermediate field (momentum controlled) is 

the amount of velocity or momentum exchanged between the primary and secondary jets, or the 

net difference.  The exchange in velocity or momentum changes the local velocity gradients, 

hence the vorticity.  This changes the nature of the counter rotating corner vortices of both the 

primary and secondary jets.  For >1.4 the amount of velocity and momentum exchange is 

sufficient to change the nature of the corner vortices on each of the corners on the primary jet.  

The corner vortices of the primary expand with size at x/D =0.5 and cause an expansion of the jet 

in the z-direction before turning the primary jet into an elliptical shape at approximately x/D =2.  

This observation is consistent with contraction of the primary jet through Plane C in Section 

4.4.3.  The corner vortices of the secondary jets also undergo change with velocity ratio causing 

a significant degree of distortion.  However, this is favoured by higher primary jet velocities, i.e. 

at <1.

The characteristic decay constant, K1, of the primary jet for different  is a quantitative measure 

of the dilution of primary fluid in the momentum-controlling region.  As stated above the general 

nature of the structures of the primary and secondary jets are controlled by vorticity hence by 

velocity exchange.  A clear dependence between K1 and  exists in the self similar region where 

supposedly mixing is controlled by momentum or momentum exchange.  It is appropriate at this 

stage to introduce some new scaling parameters when performing low Reynolds number 

modelling of this type, which may achieve similar flow characteristics in full scale boilers.  

These parameters are based on the driving force in the near and intermediate mixing fields of co-

flowing streams respectively, i.e. such as velocity and momentum difference rather than velocity 

and momentum ratio.  Equations 6.7 and 6.8 are the modified secondary to primary velocity and 

momentum ratios ' and ' .
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Chapter 7

7 Mathematical Modelling of the Mean Scalar Mixing Field of Rectangular 

Jets

7.1 Introduction 

Empirical models have been developed by many experimentalists to describe the mean turbulent 

mixing of jets.  Albertson (1950) derived analytically semi-empirical relationships that predicted 

the volume of fluid entrained by a round jet in the near and far regions.  Ricou and Spalding 

(1961), Hill (1972) and Wyganski and Fielder (1969) all derived one dimensional empirical 

relationships quantifying the amount of entrained fluid as a function of downstream distance in 

round turbulent jets.  Wall et al. (1980) derived and validated semi-empirical relationships for a 

co-annular jet.  These examples are all empirical models applied to real experimental data.  

However other alternatives exist such as computational fluid dynamics (CFD) for single phase 

flow where numerical methods are employed to solve the full set of continuity and Navier Stokes 

equations in turbulent form with relevant closure models.  It is the nature of these closure models 

which determine the computational time of the model and the length scale of calculated turbulent 

structures.  Traditionally the Eddy-stress and Reynolds stress models were used in the early 

periods of CFD (1970’s-1980’s) but were insensitive to small scale turbulence (Wilcox, 1998,  

Miller et al., 1995).  Direct Numerical Simulation, which is the resolution of full set of Navier 

Stokes and continuity equations down to the turbulent structure of the smallest length scale is 

also used to study the properties of non-circular turbulent jets.  This approach be-it highly 

effective, requires super-computers and long compilation times.  Recently a turbulent closure 

model called Large Eddy Simulation (LES) has been readily used for a number of studies.  For 

instance Grinstein et al., (1995) and Grinstein, (1993; 2001) used LES on simulations of 

turbulent square and rectangular jets, Hart (2001) and Hart et al., (2004) used LES on the 

primary/ secondary rectangular jet groups found in the Yallourn Stage 1 boilers.  LES does not 

possess the ability to resolve the turbulent structure of the smallest length scale like DNS, but 

solves the continuity and Navier-Stokes equations within more acceptable time frames.   
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Although CFD is a very important tool in turbulence studies, it still constitutes high computation 

times with single-processor desktop computers and hence is unfeasible for inputs for an overall 

combustion model which assesses the effects of fuel change on brown coal fired boilers and is 

used as a preliminary design tool. 

Measurements on the scalar mixing field of the round simple jet has also been performed by a 

number of experimentalists and reviewed in detail in Section 2.4.1.  Becker et al. (1967) who 

was the pioneer of passive scalar measurement in jets, modelled the centerline concentration of 

the round unconfined free jet using spline regions of 1
st
 order polynomials and modelled radial 

profiles using the Gaussian error curve.  This type of analysis was extended to a co-annular jet 

by Grandmaison et al., (1996) and to a high aspect ratio rectangular jet by Grandmaison and 

Pollard, (1991).  Scalar distributions of multiple co-flowing plane jets were described in a similar 

manner by Grandmaison and Zettler (1989) and Ng and Grandmaison (1989).  

Reproduction of three dimensional scalar characteristics, as is required for combustion 

modelling, can be performed for unconfined round jets by linear interpolation between scalar 

measurements at two different radial positions.  However, in rectangular and multiple co-flowing 

systems linear interpolation between two radial positions for determining the concentration at 

specific downstream positions is not straight forward due to the non-axisymmetric nature of 

rectangles.  Sforza et al., (1966) interpolated using elliptical isovels (elliptical curves) between 

each radial position in order to obtain a three dimensional map of the flow field of rectangular 

jets.

A different approach to representing or approximating three dimensional data from a complex 

system has been used in the current work.  It uses a two dimensional regression of a scalar 

variable of specific transverse cross-sections of the flow field.  Rather than model the 

longitudinal scalar characteristics of the flow, which is what has traditionally been done in the 

past, multiple transverse planes (cross-sections) are used to build up longitudinal values and 

thereby reproduce the three-dimensional characteristics of the jets.   
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7.2 Model Development 

Section 3.2 identified and defined the independent variables of the current study as, x, y, z and .

A model was developed using these variables. 

7.2.1 Model Selection 

As stated in section 6.1 the mean jets were mapped in the transverse direction yielding scalar 

matrices of concentration as a function of y and z.  A series of candidate systems of three 

dimensional equations were trialed such as Gaussian error curves, polynomials, Gompertz model 

etc.  Their ability to fit the data accurately and then be used to reproduce the three dimensional 

characteristics of the data were assessed.  The modified version of the Gaussian error curve was 

employed: 

e

o

d

o

c

zDz

b

yDy
a

//
5.0exp        Equation 7.1 

where a, b, c, d, e, yo and zo are all empirical constants.  The choice of this model was based on 

the fact that it could map the high concentration gradients experienced in the shear layer close to 

the nozzle associated with rectangular and square jet flows.  The constant ‘a’ represents the local 

maximum, of an ixj matrix, representing of time-averaged scalar mixture fraction. 

Figure 7.1 is a schematic diagram representing the effect of the b, c, d and e terms on the 

modified Gaussian error curve.  The constants ‘b’ and ‘c’ characterize the upper curvature or the 

intersection associated with oblique asymptote and the upper horizontal asymptotes as y/D or z/D

.  The constants “d” and “e” characterize the curvature or the intersection of the oblique 

asymptote and lower horizontal asymptotes (as y/D or z/D.  The terms y

0

o and zo are the virtual 

origins of the jet in the y and z direction.
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Figure 7.1: Schematic diagram of a form of the modified Gaussian error curve 

(Equation 7.1) with upper and lower tangential intersections 

illustrating the effect of parameters b, c, d and e on the modified 

Gaussian error curve.

7.2.2 Regression Procedure 

Equation 7.1 was fitted to the time-averaged data of the primary and secondary jets described in 

Chapter 6.  The curve fitting toolbox in Sigma Plot 9.0 (System Stat, 2006) which uses the 

method of weighted variables was applied.  The normalised concentration with respect to the 

concentration on the centerline for each transverse image was used in preference to the mixture 

fraction because it has a local maximum of 1 anywhere in the flow field, whereas the mixture 

fraction does not, making the normalised concentration more sensitive to weighted regression 

techniques.  The result is shown in equation 7.2.

e

o

d

o

c
c

zDz

b

yDy
a

C

C //
5.0exp       Equation 7.2 

The downside of using the normalised concentration is that the centerline mixture fraction of 

both the primary and secondary jets are required to complete the model.  The centerline mixture 

fraction of the jets follow the inverse power law, introduced in Chapter 2, in the self-similar 
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region,  However, the results in Chapter 6 show how a co-flowing stream, such as the secondary 

jet, alters the centerline concentration.  A 2
nd

 order polynomial provides a good fit for the 

centerline mixture fraction data: 

D

x

D

x

C

C

c

o

c

2
1

        Equation 7.3 

where the terms , ,  are the regression constants.  The mixture fraction at any position in the 

flow is given by combining Equations 7.2 and 7.3: 

D

x

D
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zDz
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e
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d

o

2

//
5.0exp

      Equation 7.4 

The empirical constants b, c, d, e  , are represented for all x/D and , and were modelled 

accordingly, whereas the terms , ,  were only modelled as a function of .  A series of sub-

models were obtained, which are presented in full in Appendix E.  Several correlating methods 

such as the Chuchill-Usagi method (Chuchill and Usagi 1974) were attempted to derive 

appropriate relationships for the constants x/D and .  However, simple numerical regression was 

chosen for it’s ability to fit non linear equations to data-sets without requiring manual 

optimisation of parameters. 

oy oz

The data was reduced from 512*512 pixel images to 22*22 pixel images because of the large 

virtual memory required in the regression process.  The reduction was performed by cropping the 

image to remove outside the jets, and then alternate columns and rows to conserve image 

integrity whilst reducing the amount of data.  The procedure decreases the resolution of the 

cropped image as it is reduced to 22*22 pixels. Figure 7.2 shows a) the original time averaged 

primary flow image at x/D =0.1 for =0, b) the cropped image, and c) the reduced image 

respectively.  The secondary jet image matrices were bisected by a centerline at z/D =0.  The 

images were then reduced in a similar manner to the primary jet images.  The terms a, b, c, d and 

e remained the same for the left hand and right hand secondary jets for each condition, whereas 

the terms yo and zo did not and had to be separately curve fitted. 
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The regression procedure delivered values for a, b, c, d, e  and  for all experimental 

conditions, These values were then modelled as a function of x/D and  using polynomial, 

exponential and spline fitting techniques.  The centreline mixture fractions were then curve fitted 

as a function of x/D using 2

oy oz

nd
 order polynomials.  The terms , and , were then modelled as a 

function of , again using spline-fitted polynomials.   

a) b)

c)

Figure 7.2: A time averaged primary flow image at x/D =0.1 for 

=0 a) the original image, b) cropped image and c) 

reduced image.
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7.3 Model Results

7.3.1 Assessment of Mean Axial Data 

Figure 7.3 compares the measured and interpolated centerline mixture fraction of the primary jet.  

The interpolated centerline mixture fraction has an absolute error of mostly between 0.3 and 

11%.  The only exception is for =1.4 and x/D>6 where the regression model under-predicts the 

actual mixture fraction by 20-25%. 

The absolute errors associated in the interpolation of centerline mixture fraction of the secondary 

jet (Figure 7.4) generally does not exceed 20%, with the only exception being for =1.4 and 

x/D>4, where errors exceed 70%.  Interpolation of the centerline mixture fraction is only a small 

portion of the field of the regression model’s capabilities.  Table 7.1 tabulates the errors in 

interpolated centreline mixture fraction over all x/D for each .
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Figure 7.3: Comparison of measured and predicted values of centreline mean mixture fraction 

of the primary jet at velocity ratios of =0, 0.55, 1.4, 2.8 and 3.6. 
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Figure 7.4 : Comparison of measured and predicted values of centreline mean mixture fraction 

of the secondary jet at velocity ratios of =0.55, 1.4, 2.8, 3.6 and .

Jet 0 0.55 1.4 2.8 3.6 

Primary ±8.2% ±5.70% ±8.5% ±8.6% ±6.8% NA

Secondary NA ±11.5% ±37.6% ±15.2% ±17.6% ±19.6%

Table 7.1: Average estimated error between measured and predicted centreline mixture 

fraction for the primary and secondary jets. 

7.3.2 Assessment of Cross Stream Concentration Profiles 

Figures 7.5 to 7.12 show direct comparisons between the measured and predicted normalized 

concentrations of the primary jet at axial stations of x/D = 0.1, 1, 2 and 8 and at velocity ratios of 

0 and 3.6.  Only the positive values of z/D are reported in Figures 7.5-7.12 due to the 

symmetrical nature of the primary jet. 

In the near field specifically at x/D=0.1 and =0 (Figure 7.5) the predicted normalized 

concentration in the bulk mixing region of the jet are within 25% of the measured values.  Better 

predictions are achieved at low absolute values of z/D, such as z/D =0 and 0.15.  However, even 

these cases have errors of approximately 25 % in the far shear layer.  For a velocity ratio of 

=3.6 (Figure 7.6) the bulk mixing characteristics are still well predicted, with errors only rarely 
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exceeding 10%.  However, in the intermediate shear layer, for -0.4<z/D<-0.35 and 0.4>z/D>0.35,

errors exceed 100%.  These high errors are due to primary fluid peeling off at each corner of the 

primary jet as detailed in Chapter 6.  The peeling off effect produces peaks in normalised 

concentration at z/D =-0.35 and 0.35, and at y/D =0.37 and -0.37.  The modified form of the 

Gaussian error curve used is not well suited so cannot cope with this sort of sharp transition in 

concentration. 

At x/D =1 and =0, Figure 7.7 shows comparisons between normalized measured and predicted 

values.  The prediction improves slightly in the shear layer.  The normalized concentration in the 

bulk flow is well predicted, (-0.4<z/D<0.4) with the absolute error rarely exceeding 20%.  

Similar results were obtained at  = 3.6 (Figure 7.8). 

Reasonable agreement is still achieved in the bulk fluid flow for x/D =2, =0 in Figure 7.9.  For 

–0.4<z/D<0.4 and –0.6<y/D<0.6 predictions are not over estimated by more than 20%, however 

moving down progressively to y/D =-0.5 and 0.5 errors reach 30% and maximize to 80% for y/D

=-0.8 and 0.8.  For z/D<-0.4 and z/D>0.4 all points in the flow are overestimated by 60%.  A 

change in velocity ratio to 3.6 alters significantly the fluid-dynamic nature of the flow, with the 

elongation of the primary jet in the z-direction and shortening in the y direction.  The comparison 

of the predicted and measured normalized concentration at x/D =2 and =3.6 in Figure 7.10 

shows how the regression model has problems predicting beyond y/D=0.3.  The elongated shape 

of the primary jet in the z-direction requires a shortening in the y-direction, causing a steep 

concentration gradient in the shear layer.  Consequently, in the region between –0.6<z/D<0.6 and 

y/D>0.3, the concentration is overestimated by values of no more than 30%, for y/D<0.3, 

absolute errors are less than 15%. 

Concentration in the bulk fluid region for the primary jet at x/D =8 and =0 in Figure 7.11, (the 

bulk fluid region being –1.8<z/D<1.8 and y/D<2) is predicted within 20% and estimation of the 

concentration in the far shear layer (ie –1.8> z/D, z/D>1.8 and y/D>2) is achieved within 40% 

error.  These trends in associated errors are also observed at a velocity ratio of 3.6 (Figure 7.12). 

Figure 7.13 is the average relative error versus z/D for all the measured data-model comparisons 

in Figures 7.5-7.12.  The results indicate that for 0.1 < x/D < 2, relative errors are below 40 % 

and are concentrated in the regions where bulk-fluid flow is encountered.  For more extreme 

values of z/D heading further towards the shear layer, higher errors are encountered; this can be 
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attributed to the regression model’s difficulty in reproducing data for flows with high 

concentration gradients in the shear layer.  For x/D =8 most errors are kept below 50%, due to 

the more ‘relaxed’ concentration gradients. 

Similarly Figures 7.14-7.21 are the comparisons between measured and predicted normalized 

concentrations for the secondary jet at axial stations of x/D=0.1, 1, 2 and 8, for velocity ratios of 

=0.55 and 3.6.  In Figures 7.14 and 7.15 at a downstream distance of x/D=0.1 and velocity 

ratios of =0.55 and 3.6, show that the normalized concentration in the bulk-fluid region is well 

predicted whereas in the far shear layer, predictions become less reliable.  For =0, the region 

comprising between 0 < y/D < 0.4, -1.79 < z/D < -0.59 and 0.71 < z/D < 1.32 the normalized 

concentration was estimated within 30 % error.  For =3.6, the region comprising between 

0<y/D<0.4, -1.14<z/D<-0.7 and 0.69<z/D<1.14 the normalized concentration was estimated also 

within 30 % error. 

Further downstream in Figures 7.16, 7.17, 7.18 and 7.19 for axial stations of x/D =1 and 2 

respectively, the nature of the shear layer becomes more developed particularly from x/D =1 to 

x/D=2.  This characteristic is felt throughout the regression model.  In Figures 7.16-7.17, for y/D

< 0.45, -1.08 < z/D < -0.45 and 0.2 < z/D < 1.17 all are within 40% error.  Conversely in Figures 

7.18 and 7.19 at x/D=2 and =0 and 3.6 respectively, errors are within 40% in the bulk flow 

region of y/D < 0.8, -1.4 < z/D < -0.62 and 0.74 < y/D < 1.48 for =0 and y/D < 0.8, -1.27 < z/D

< -0.5 and 0.2 < y/D < 1.07 for =3.6.

In the far flow region of Figures 7.20 and 7.21 at x/D =8 at =0 and =3.6 where the jets have 

fully merged, the bulk fluid region comprising between y/D < 2.5 and –2.39 < z/D < 3.78 is over 

estimated by 30%. 

Figure 7.22 is the calculated average relative error between the measured and predicted 

normalized concentration of the secondary jet for versus y/D for x/D=0.1, 2 and 8.  The high 

concentration gradients in the near field at x/D =0.1 illustrate how the average error at y/D =0.3 

is 60%, this increases progressively with y/D to 80 % and above.  The intermediate region at x/D

=2 provides small relative errors with measurements being predicted within 40%.  The far region 

at x/D =8 also provides a relatively good fit within a 30% error range for y/D<1 with a 

progressive increase as observations are made further into the shear layer. 
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Errors between measured and predicted values can occur for several reasons such as sharp 

concentration gradients in the near field and the inability of the regression model to capture these 

gradients.  Measurements with poor signal to noise ratios also contribute to errors.  For instance 

in Figures 7.5 and 7.6 (primary jet, x/D =0.1, = 0 and 3.6 respectively) differences exist 

between the measured and predicted values because the large concentration gradients observed 

for 0.3<z/D <0.35 which is typical as the jet has not yet developed.  The modified Gaussian 

curve (Equation 7.4) has difficulty representing data in this region for the y and z–directions and 

is best suited for more developed flows as observed at x/D=1 and 2 in Figures 7.7 to 7.10.  

Another factor that can cause error between measured and predicted values is low quality 

experimental data.  Figure 7.20 (secondary jet, x/D=8, =0.55) is a prime example of poor 

experimental data that has consequently altered the output of the regression procedure.  The 

measured flow at x/D =8 has been diluted through entrainment to the point that the emitted signal 

is weak and susceptible to low signal to noise ratios, consequently rather than a ‘smooth’ 

Gaussian profile a noisy one is encountered, which can affect the regression procedure.  The 

outcome of this is the large variance between measured and predicted values is illustrated in 

Figure 7.20. 
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Figure 7.5: Comparison of the measured and predicted normalised concentration of the primary jet 

varying z/D at =0, x/D=0.1. 
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Figure 7.6: Comparison of the measured and predicted normalised concentration of the primary 

jet varying z/D at =3.6, x/D=0.1. 
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Figure 7.7: Comparison of the measured and predicted normalised concentration of the primary jet 

varying of z/D at =0, x/D=1. 
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Figure 7.8: Comparison of the measured and predicted normalised concentration of the primary jet 

for different values of z/D, =3.6, x/D=1.
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Figure 7.9: Comparison of the measured and predicted normalised concentration of the primary jet 

for different values of z/D, =0, x/D=2.
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Figure 7.10: Comparison of the measured and predicted normalised concentration of the primary jet 

varying of z/D at =3.6, x/D=2. 
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 Figure 7.11: Comparison of the measured and predicted normalised concentration of the primary 

jet for different values of z/D, =0, x/D=8. 
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Figure 7.12: Comparison of the measured and predicted normalised concentration of the primary jet 

varying z/D at =3.6, x/D=8. 

Figure 7.13: Relative Error of model predictions of the primary jet at axial stations of 

x/D = 0.1, 1, 2 and 8, for =0 and 3.6.
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Figure 7.14: Comparison of the measured and predicted normalised concentration of the secondary 

jet varying z/D at =0.55, x/D=0.1.
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Figure 7.15: Comparison of the measured and predicted normalised concentration of the 

secondary jet for varying z/D, =3.6 at x/D=0.1. 
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Figure 7.16: Comparison of the measured and predicted normalised concentration of the 

secondary jet for different values of z/D, =0.55, x/D=1. 
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Figure 7.17: Comparison of the measured and predicted normalised concentration of the 

secondary jet for different values of z/D, =3.6, x/D=1.
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Figure 7.18: Comparison of the measured and predicted normalised concentration of the 

secondary jet for different values of z/D, =0.55, x/D=2. 
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Figure 7.19: Comparison of the measured and predicted normalised concentration of the 

secondary jet for different values of z/D, =3.6, x/D=2.
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Figure 7.20: Comparison of the measured and predicted normalised concentration of the 

secondary jet for different values of z/D, =0.55, x/D=8. 
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Figure 7.21: Comparison of the measured and predicted normalised concentration of the secondary 

jet for different values of z/D, =3.6, x/D=8. 
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Figure 7.22: Relative Error of model predictions of the primary jet at axial stations of 

x/D = 0.1, 1, 2 and 8, for =0 and 3.6. 

7.3.3 Analysis of Variance 

Analysis of variance can be used to test the significance and accuracy of the regression model.  

The analysis of variance compares the regression model to the fitted data by means of a series of 

statistical tests.  The first step when statistically analyzing a regression model is an analysis of 

the residuals.  The raw residuals from any regression model are defined as; 

^

iii yye           Equation 7.5 

where yi is i
th

 the observed variable and  is the predicted response from the regression model.  

Other forms such as ‘studentized’ and ‘press residuals’ exist (Montgomery, 1999) and are widely 

used, however in the current work the standardized residual was used: 

^

iy

MSE

e
d i

i           Equation 7.6 
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where the term MSE is the ‘mean squared error’, and will be defined later.  Residuals which fall 

in of the interval -2 < di < +2 are deemed “outliers” (Montgomery, 1999).  Figures 7.23 and 7.24 

show the standardized residuals for the centerline mixture fraction of the primary and secondary 

jets respectively.  The scatter of the standardized residuals for both jets indicates whether the 

associated errors are random or systematic.   

The error sum of squares, SSE is dependant on the difference between the measured output, yi

and the model’s response , and the number of observations, N:
^

iy

N

i

iiE yySS

1

2
^

         Equation 7.7 

The total corrected sum of squares is similarly related to the difference measured or observed 

variable and the mean measured variable over the data pool, .
_

y

N

i

iT yySS

1

2
_

         Equation 7.8 

The regression sum of squares is then defined as; 

N

i

iR yySS

1

2
_^

         Equation 7.9 

Hence;

SSRSSESST          Equation 7.10 

The mean square error, MSE, and mean square regression, MSR, are defined as; 

2n

SSE
MSE           Equation 7.11 
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1m

SSE
MSR           Equation 7.12 

where the terms n and m are the degrees of freedom in the error and regression response 

respectively.  The coefficient of determination, or ‘R-squared’ can be calculated from the sum of 

error squared and total corrected sum of squares; 

T

E

SS

SS
R 12

          Equation 7.13 

The maximum obtainable value of R
2
 is 1.  This indicates a perfect fit between measured and 

predicted values.  Evaluation of the mean square error of a particular data set as well as 

calculation of R
2
 quantifies the ‘goodness of fit’ of a regression model to data, and the model’s 

ability to re-produce intermediate values.   

Hypothesis testing using the F-test is another method that can be applied to test model adequacy.  

For example, when fitting data to an equation such as y=mx+q by linear regression two possible 

null hypotheses are: 

0: mHo

0:1 mH

If Ho is true, a curve with slope m=0, will fit the data more accurately than a curve with m=0.  To 

test this hypothesis the F-test is conducted.  The F value is the ratio of the mean square 

regression and mean square error: 

MSE

MSR
Fo           Equation 7.14 

The hypothesis Ho would be rejected, and H1 accepted, if: 

2,1, nmo fF           Equation 7.15 
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where  is the tabulated f-value (Montgomery, 1999) for a given confidence value ,  and 

degrees of freedom m and n.  Null-hypothesis testing such as this can be applied to a complex 

regression model such as Equation 7.4, for example, for the term a.

2,1, nmf

0: aHo

0:1 aH

Other null hypothesis tests exist such as the Mann-Whitney U test (Mann and Whitney, 1947), 

Wilcoxon signed-rank test (Wilcoxon, 1945) and the student t-test.  However, these have not 

been applied here because the MSE, R
2
 and F-tests are sufficient to determine whether the model 

is adequate. 

An analysis of variance was conducted on some of the data detailed in Section 6.3, specifically 

the centreline and cross-stream mixture fraction at a range of axial stations.  Total mean R
2
 and 

MSE values were calculated for each time-averaged data point. 

Table 7.2 shows the results for the primary jet.  Visual comparisons between the measured and 

predicted data for the primary jet, illustrated in Figure 7.3, indicated that the regression model 

can adequately reproduce centreline data.  The analysis of variance concurs with the observation 

for most velocity ratios.  All values of MSE are <0.05, and most R
2
 values are acceptable.  The 

critical F-value is approximately 2.4 for a confidence interval of  =0.05.  Hence the null 

hypothesis, ie that a = 0 may be rejected for most values of .  The secondary jet model 

demonstrates acceptable values of MSE and R
2
 for centreline mixture fraction for = 0.55, 3.6 

and  (Table 7.3).  The null hypothesis is accepted for =1.4 and 2.8.

The observed values of R
2
 on the primary and secondary jet centreline for =0 in Table 7.2 and 

=1.4 in Table 7.3 are negative. A data point which has a negative R
2
 quite often represents a 

poor fit, this does not necessarily mean that the regression model is inadequate just that it is not 

well represented around the region of that particular data point.  In order to gain minimum 

variance between measured and predicted values splines were used for certain regions of , x/D,

y/D and z/D.  It is sometimes possible that part of or the entire splined region yields a less than 

perfect fit, which is what is being observed with the current regression model. 
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Negative values of R
2
 and have been cited in the literature by a number of authors.  Casella 

(1983) studied the statistical difference between models passing through the origin and stated 

that it is possible for R
2
 to be negative and will occur when the error sum of squares (SSE) is 

large, indicating a poor fit.  Park (1978), who statistically evaluated the value of exposure to 

television in humans, explicitly came across R
2
 < 0, and observed that the error sum of squares 

was greater than the total corrected sum of squares (SST).  Willems et al., (2007) used regression 

models to study the interaction of electricity firms found circumstances where R
2
 < 0 and stated 

that in the case R
2
 < 0, the average value of the experimental data ( y ) may be regarded as a 

more suitable predictor.  Nielsen (1999) who studied the parametric and non-parametric methods 

of regression also encountered R
2
 < 0 and came to the same conclusion based on theories 

developed by Kvalseth (1985) who states that R
2
 can very well be negative however it’s 

occurrence is attributed to either a poor fit or the presence of outliers in an otherwise robust 

regression model.  According to Neter and Wasserman (1996), R
2
<0 can occur when a regression 

model with data through the origin is incorporated.  As an extension to the statement made by 

Neter and Wasserman (1996), Becker and Kennedy (1992) verify that R
2
 <0 can also arise when 

poor fits are obtained with regression models which were developed without incorporating any 

data through the intercept (i.e. not using any data when x=0). This is the case for the current 

regression model since no measurements were taken at x/D =0, y/D =0 or z/D =0 because it is 

impossible to shine the laser at these coordinates, as significant reflection would occur as a 

result.

Figure 7.25 shows the R
2
 values in the primary jet as a function of cross-stream position. The 

data shows that the best model predictions are made near the centreline, and that worse 

predictions occur in the shear layer.  At x/D =8, a greater amount of scatter is encountered.  This 

is due to the reduced signal to noise ratio as jet fluid is being diluted.  Tables 7.4 to 7.6 present 

calculated Fo values in the primary jet.  The associated values of Fcritical are given in the table 

captions.  The Fo values substantiates the validity of the model in the majority of the flow field.  

For the region outside the shear layer the regression model generates a zero mixture fraction; this 

incurs errors when compared to the non-zero values of the experimental background images due 

to the presence of noise.  Figure 7.26 shows that localised R
2
 values in the secondary jets reduce 

with increasing y/D.  The Fo values in the secondary jet (Tables 7.7-7.9) correspond to the 

rejection of the null hypothesis in the bulk fluid flow region.  A complete set of the data obtained 

from the localised analysis of variance can be found in Appendix F.
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An analysis is required over a larger range of data points so that the overall regression model 

performance can be assessed.  Figures 7.27 and 7.28 show the averaged mean square error for 

the primary and secondary jets, respectively, over a 512*512 pixel array.  The MSE were 

calculated from the measured and predicted normalised concentration and then averaged over 

512*512 pixels.  Larger mean square errors in the near field for both jets confirm the results 

from the localised analysis of variance, that the model has difficulty coping with the large 

concentration gradients in the shear layer.  Figures 7.29 and 7.30 show the mean R
2
 values for 

the primary and secondary jets, respectively over a 512*512 array.  Values of R
2
 between 0.6 and 

0.8 are found in the near field for x/D<1, except for some lower values very close to the exit 

plane.  The downstream dilution of the jet causes the signal intensity to decrease thus increasing 

the signal to noise ratio and slightly reducing R
2
 values.

In summary, the analysis of variance indicates that the regression model adequately fits the 

measured data, particularly in the intermediate field. 
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Figure 7.23: Standardised residuals versus normalised axial distance for the primary jet. 
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Figure 7.24: Standardised residuals versus normalised axial distance for the secondary jet.

Sum of 

squares

Mean

Square Fo R
2

0

Regression -0.11 -0.03 -0.92 -1.60 

Error 0.18 0.03 

Total 0.07 

0.55 

Regression 0.45 0.11 17.58 0.92 

Error 0.04 0.01 

Total 0.49 

1.4 

Regression 0.26 0.07 4.49 0.75 

Error 0.09 0.01 

Total 0.35 

2.8 

Regression 2.90 0.73 15.92 0.91 

Error 0.27 0.05 

Total 3.17 

3.6 

Regression 6.73 1.68 49.05 0.97 

Error 0.21 0.03 

Total 6.93 

Table 7.2: Analysis of variance results for the measured and predicted 

centreline mixture fraction of the primary jet.
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Sum of 

squares

Mean

Square Fo R
2

0.55 

Regression 4.06 1.01 12.61 0.91 

Error 0.40 0.08 

Total 4.46 

1.4 

Regression -6.02 -1.51 -1.16 -12.70 

Error 6.50 1.30 

Total 0.47 

2.8 

Regression 0.03 0.01 0.10 0.08 

Error 0.36 0.07 

Total 0.39 

3.6 

Regression 0.25 0.06 0.48 0.28 

Error 0.66 0.13 

Total 0.91 

Regression 1.05 0.26 3.50 0.74 

Error 0.38 0.08 

Total 1.43 

Table 7.3: Analysis of variance results for the measured and predicted 

centreline mixture fraction of the secondary jet.
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Figure 7.25: Localised R2 versus y/D for the primary jet at x/D =0.1, 2 and 8 for 

velocity ratios of =0 and =3.6.
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Figure 7.26: Localised R2 versus y/D for the secondary jet at x/D =0.1, 2 and 8 for 

velocity ratios of =0 and =3.6.
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Figure 7.27: Averaged mean square error versus x/D for the primary jet at velocity 

ratios of =0, 0.55 1.4 2.8 and 3.6.
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Figure 7.28: Averaged mean square error versus x/D for the secondary jet at velocity 

ratios of =0.55 1.4 2.8, 3.6 and .
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Figure 7.29: Averaged R2 values versus x/D for the primary jet at velocity ratios of 

=0, 0.55 1.4 2.8 and 3.6.
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Figure 7.30: Averaged R2 values versus x/D for the secondary jet at velocity ratios of 

=0.55 1.4 2.8, 3.6 and .
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=0 =3.6 

z/D Fo z/D Fo

-0.25 23.12 0 10.55 

0 106.82 0.4 -11.62 

0.3 31.52 -0.4 -10.43 

0.35 -7.39 -0.3 101.98 

-0.35 14.02 0.3 246.42 

-0.35 12.21 

0.35 -8.01 

0.37 -8.11 

Table 7.4: Calculated values of Fo for the 

primary jet x/D =0.1, =0 and 

=3.6, with Fcrit (a=0.05) =2.61, Fcrit

( =0.1)=2.

=0 =3.6 

z/D Fo Fo

-0.7 -17.86 22.40 

-0.6 11.26 105.02 

-0.5 83.75 258.39 

-0.4 191.88 359.93 

-0.3 514.11 615.69 

-0.2 566.73 587.16 

0 504.58 947.43 

0.2 482.65 658.04 

0.3 457.09 394.50 

0.4 229.35 212.30 

0.5 93.25 112.67 

0.6 13.91 54.36 

0.7 14.57 

Table 7.5: Calculated values of Fo for the 

primary jet, x/D =2, =0 and 

=3.6, with Fcrit ( =0.05) =2.45, 

Fcrit ( =0.1)=2.0.

=0 =3.6 

z/D Fo Fo

-2.2 -13.97 5.83 

-1.8 10.68 -3.74 

-1.5 -1.12 19.09 

-1 8.56 81.66 

-0.5 -0.02 245.57 

0 15.01 138.32 

0.5 -6.44 118.21 

1 -8.33 5.78 

1.5 -8.46 13.21 

1.8 -8.46 -16.98 

2.2 -12.58 

Table 7.6: Calculated values of Fo for 

the primary jet x/D =8, =0 and =3.6, with 

Fcrit ( =0.05) =2.45, Fcrit ( =0.1)=2.0.

=0 =3.6 

y/D Fo Fo

0 131.68 194.08 

0.3 90.41 254.22 

0.4 10.77 213.95 

0.425 -6.08 95.92 

0.45 -0.02 -50.29 

Table 7.7: Calculated values of Fo for 

the secondary jet, for x/D =0.1, =0 and =3.6, 

with Fcrit ( =0.05) =2.37, Fcrit ( =0.1)=1.85.

y/D Fo Fo

0 19.17 194.24 

0.3 4.52 204.99 

0.4 13.78 183.73 

0.5 25.11 175.27 

0.6 42.11 135.34 

0.7 -60.67 55.27 

0.8 -69.60 -27.81 

Table 7.8: Calculated values of Fo for 

the secondary jet, for x/D =2, =0 and =3.6,

with Fcrit ( =0.05) =2.37, Fcrit ( =0.1)=1.85.

y/D Fo Fo

0 19.15 186.96 

1 25.86 68.84 

1.5 75.95 74.51 

2 84.44 29.19 

2.5 -93.98 -31.43 

Table 7.9: Calculated values of Fo for 

the secondary jet, for x/D =8, =0.55 and 

=3.6, with Fcrit ( =0.05) =2.37, Fcrit ( =0.1)=1.85.

A A Scarsella Ph.D. Thesis The University of Adelaide
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7.4 Applicability of the Mixing Model to an Overall Combustion Model for Coal Fired 

Boilers

The current mixing model, developed in cold flow, can be used in a non-isothermal 

mathematical boiler model provided a number of scaling factors are accounted for.  Firstly it is 

important to conserve geometric ratios.  The current model does not precisely preserve the 

secondary to primary geometric ratios that are present in full-scale Latrobe Valley boilers, but is 

representative of them.  Important considerations are required in the use of data retrieved from 

isothermal geometrically similar jets whilst predicting the characteristics of jets in full scale 

furnaces.  According to Spalding (1963) complete combustion modelling using all parameters is 

in most cases, impossible.  It is however important to understand what sort of implications occur 

when applying isothermal data to a non isothermal system, scale up from experimental nozzle to 

full size nozzles and the possible implications of density and confinement.   

Jets can be considered free (unconfined) if the jet diameter is one twentieth or less of the furnace 

diameter.  For unconfined jets, mixing models can be applied without the need for a diameter 

correction, such as the Thring – Newby parameter.  The Thring- Newby parameter (Thring and 

Newby, 1953) accounts for the expansion and density changes that occur in flames, and for the 

influence of the confining furnace.  It has been widely used when applying cold modelling 

results to reactive environments (Sunavala et. al., 1959, Chesters, 1959 and Thurlow, 1959).  It 

requires that the scaled diameter, D be replaced by a corrected diameter D', and is dependent on 

the density of entrained furnace gas, e, and nozzle exit fluid, o.

e

oDD'           Equation 7.16 

Parham et al., (2005) developed a modified form of the Thring-Newby correction diameter 

which accounts for the effects of confinement for a precessing jet.  Equations 7.17-7.20 are the 

values of K1, xO,1, K2 and xO,2. developed by Parham et al., (2005) as a function of the Duct 

diameter (Dduct), co-flow velocity (Ua) and precessing jet velocity (Ue-PJ).
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where  and  are the mass-flow rates of confined and precessing jet fluid and D
.

am
.

om PJ is the 

diameter of the precessing jet.  Although these relationships do not provide any information on 

the effect of confinement of the rectangular jets, the effect of confinement can be experimentally 

studied and relationships developed between the confinement geometry and the constants in 

Equation 7.4.

7.5 Sensitivity Analysis 

A sensitivity analysis investigates the effect of a change in input parameter on the output of 

mathematical, chemical and physical models.  Sensitivity methods have been widely used in 

chemical reaction kinetics (Saltelli et al., 1999; 2000; 2005, Turanyi, 1990, Rabitz et al., 1983).  

The response of a model’s output factor, Yi, with respect to a given input, Xi, is given as (Saltelli 

et al., 1999); 

i

i
i

X

Y
R           Equation 7.21 
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To compare different types of input the response Ri is normalised with the average of the output 

and input, hence the sensitivity is;  

i

i

i

i
i

X

Y

Y

X
S          Equation 7.22 

This term is more commonly known as the localised sensitivity.  An analytical solution for Si is 

possible for simple models.  However for the one illustrated in Equation 7.4 numerical methods 

must be applied.  Several methods exist, which solve for Si, such as the method of Miller and 

Frenklach (Miller and Frenklach, 1983 Frenklach and Miller, 1985 and Frenklach, 1984) the 

direct method (Buhman, 1969), the Green function method (Dougherty et al., 1979) and  the 

polynomial approximation method (Hwang, 1983).  The method applied here however is a finite 

difference extension of Equation 7.21; 

i

ii
i

X

YY
R 1           Equation 7.23 

Sensitivity of the mean mixture fraction (Equation 7.4) to changes in velocity ratio has been 

studied.  The sensitivity analysis was performed on the bulk mixture fraction of the primary jet. 

The velocity ratio was varied in increments of 0.5.  Figure 7.31 presents the dimensionless 

sensitivity of the model response as a function of x/D for various perturbations in   For 

example, for a change in  from 1 to 1.5, the sensitivity at any given x/D, is: 

5.0

25.1 bulk

bulk

x

where bulk  is the bulk mixture fraction at that x/D, and bulk  is the change in bulk mixture 

fraction due to the change in .

In the near nozzle region, the mean mixture fraction is very sensitive to a perturbation in velocity 

ratio particularly near to x/D =1.5 and for a velocity ratio interval of 1-1.5.  This finding concurs 

with qualitative results from Chapters 4 and 6, which indicated that around x/D=2 the primary jet 
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significantly changes in structure with an increase in velocity ratio.  In conclusion the model’s 

response to perturbation in velocity ratio is at it’s most sensitive in the velocity ratio region 

1<  at 1.8<x/D<2.  This suggests that there is a fundamental change in the mixing 

characteristics of the primary jet when there is a change in velocity ratio in this critical region.  

The mixing in this area may be momentum controlled hence a specific velocity ratio exists 

between 1< <1.8 at which the higher momentum flux of the secondary jets may start to 

dominate the flow.  The outcome of the sensitivity analysis shows, as the flow is highly sensitive 

under these conditions, the model accounts for this response adequately. 
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Figure 7.31: Dimensionless sensitivity of the response of bulk mixture fraction change with a 

change in secondary to primary velocity ratio versus downstream distance x/D of 

the primary jet.

7.6 Conclusion

A model has been developed that interpolates the scalar mixing field of similar primary and 

secondary jets geometrically similar to those in the Yallourn W1 furnaces.  The model 

interpolates mean scalar quantities for =0 and =0.55 to 3.6 for the primary jet and =0.55 to 

3.6 and  for the secondary jet.  The model is capable of predicting primary and secondary bulk 

fluid concentrations within 30 and 40 %, respectively, of the measured values.  Higher errors are 
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encountered in the far shear layer due to the regression model’s default zero value, where the 

observed measurements have a weak signal to noise ratio. 

The analysis of variance shows that the model is highly representative of the localised and bulk-

mean concentrations.  Sensitivity analyses reveal that the model is highly sensitive for velocity 

ratios between 1 <  < 1.8 and 1.5 < x/D < 2.  The conclusions from Chapter 6 reveal that mixing 

changes from being controlled by the primary jet to being controlled by the secondary jet in this 

region.  The sensitivity analysis indicates that the regression model is fully capable of handling 

this change in physical flow characteristics. 

A A Scarsella Ph.D. Thesis The University of Adelaide



Chapter 8 

8 Conclusions and Further Work 

8.1 Overview 

Non-reacting isothermal conditions have been used to study the physical mixing mechanisms of 

co-flowing rectangular jets.  Mixing characteristics such as jet spread, centreline decay and 

dilution of jet fluid in the cross-stream directions are all affected by velocity ratio.  A three 

dimensional regression model of the primary and secondary jets has been developed.  The 

regression model has been used in conjunction with data from a 1:30 cold flow geometrical 

model of the Yallourn stage 2 boiler to model reaction rates and heat transfer characteristics.  

Together they are a part of a boiler heat transfer model that will allow computation of heat 

release rates, local and total heat transfer to the tube walls together with other boiler 

characteristics to be assessed in a matter of minutes without resorting to the long computational 

times of computational fluid dynamics.  Together with an understanding of the reactivity of the 

dewatered lignite and an understanding of the mixing and combustion characteristics, the amount 

of greenhouse gas formation can be assessed.  This is extremely important as it is one of the most 

talked about topics of the new 21
st
 century. 

8.1.1 Mixing Characteristics of Rectangular Jets under different Co-flowing Conditions 

8.1.1.1 Qualitative Description of mixing Characteristics 

The mixing characteristics of rectangular jets present in brown coal fired boilers were 

investigated by conducting isothermal experiments in water.  A single colour Planar Laser 

Induced Fluorescence flow visualisation technique was used to investigate the effect of varying 

secondary to primary velocity ratio.  It was applied in planes bisecting the primary and 

secondary jet axes (longitudinal) and planes perpendicular to the direction of flow (transverse).
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A quantitative Planar Laser Induced Fluorescence technique was used to measure the 

concentration of jet fluid and quantify the effects of varying secondary to primary velocity ratio. 

The flow visualisation experiments show that velocity ratio has strong effects on the primary and 

secondary jet mixing characteristics.  For either >1 or <1 it seems that one jet has a 

“dominating” effect over the nature of the other.  The cycle of the vortex ring and braid 

development is explained in Chapter 4 for the rectangular jet, however is may be possible that 

the nature of these structures and their frequency are coherently affected by the co-flowing 

conditions.  It has been identified using the coherent structure analysis of Dahm and Dimotakis 

(1987) and sinuous motion analysis of Yoda et al., (1994) that different co-flowing conditions 

change the nature of the main coherent structures of the primary and secondary jets through 

planes A, B and C.  Many experimentalists (Gutmark and Grinstien, 1999, Grinstein, 1993; 

1995; 2001 etc.) have identified the main structure of the rectangular jet as the “vortex ring” 

which is responsible for momentum transport (Gutmark and Grinstein, 1999).  Through the 

conclusion in Chapter 4, it is reasonable to suggest that, at a certain downstream distance, the 

primary and secondary rectangular jet flows become momentum controlled.  However, further 

investigations are required to confirm this, for instance, manipulation of the momentum ratio 

independently to the velocity ratio. 

8.1.1.2 Quantitative Description of the Control of Mixing Characteristics 

According to Gutmark and Grinstien, (1999), Grinstein, (1993; 1995; 2001) and Hart et al.,

(2004) the vortex ring in rectangular jets with AR <5 does not form until x/D ~ 1-1.5.  The 

quantitative transverse images showed that, at axial stations very close to the nozzle, the shape of 

the primary jet changes for >1 and the secondary jet for <1.  It would seem reasonable to 

suggest that the pairs of “braids” or vortices are responsible for the witnessed jet deformation.  

The different co-flowing conditions inherently alter the velocity gradients and hence the 

vorticity.  A change in local vorticity may imply that a vortex may change in size and strength.  

In the case of the current rectangular jets it appears that on specific corners of the primary and 

secondary jets one vortex will dominate over it’s adjacent structure thus distorting the whole jet.   
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Unlike the vortex rings, the corner vortices have a minor role in momentum transport and are 

more likely to be velocity controlled.  This contradicts the suggestions made in Section 8.1.1.1 

where the mixing of the primary and secondary jets is momentum controlled.  Without any 

certainty it is very well possible that the mixing in the near region is velocity controlled and 

further downstream momentum controlled.  This concept has been demonstrated for turbulent 

co-annular jets (Beer and Chigier, 1972).  An independent evaluation of the momentum ratio to 

velocity ratio would confirm whether mixing is velocity controlled, momentum controlled or 

both and if the latter, where the transition point occurs and whether or not it is influenced by 

velocity ratio. 

8.1.2 Three Dimensional Modelling of Rectangular Jets under Different Co-flowing 

Conditions

The planar transverse quantitative data of the primary and secondary jets was used with the 

method of weighted squares to develop a 3-D regression model of the scalar-mixing field.  The 

regression model reproduces scalar quantities for =0 and =0.55 to 3.6 for the primary jet and 

=0.55 to 3.6 and  for the secondary jet.  The model is capable of predicting primary and 

secondary bulk fluid concentrations within 30 and 40 % of the measured values, respectively.  

Higher errors are encountered in the far shear layer due to the regression model’s default zero 

value, where the observed measurements have a minor background signal. 

An analysis of variance was conducted on the regression model.  It demonstrated that the model 

is highly representative of the localised and bulk-mean concentrations.  A sensitivity analysis 

was also conducted on the primary jet revealing that the regression model is highly sensitive for 

velocity ratios between 1 <  < 1.8 and 1.5 < x/D < 2.  Conclusions from Chapter 6 reveal that 

mixing is highly sensitive to changes in  in this region.  The sensitivity analysis concluded that 

the regression model is fully capable of handling this change in physical flow characteristics.
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8.2 Recommendations for Further Work 

8.2.1 Variation of the Momentum Ratio Independently of Velocity Ratio 

In order to determine whether the flow of the primary and secondary jets is momentum 

controlled or velocity controlled or both, it would be opportune to investigate the effect of the 

variation of momentum ratio on jet mixing independently from velocity ratio.  The momentum 

ratio is a function of velocity ratio, cross sectional area of the primary and secondary jets as well 

as jet density; 

2

11

22

A

A
          Equation 8.1 

It would not be possible to alter the secondary to primary jet cross sectional ratio ( ) as 

geometric similarity would no longer be maintained.  However, concentration studies on co-

flowing jets using different density ratios has been done in the past by a number of 

experimentalists such as Forstall and Alpinieri (1950) who studied the concentration of turbulent 

co-annular jets using helium as the working fluid of the central jet and air in the annular section 

or Chigier and Beer (1964) who used methane as central jet fluid.  By using the same velocity 

ratios as displayed in Table 3.3 the momentum ratio can then be changed by altering the density 

ratio, so that flow visualisation and concentration studies may be conducted and then compared 

to the iso-density results in Chapters 4 and 6. 

12 / AA

8.2.2 Velocity Measurements 

The present work offers insight into the mixing between rectangular jets like those present in 

brown coal fired boilers.   A more in depth analysis of the large and small scale flow structures 

could be obtained from velocity data.  One useful technique is Particle Imaging Velocimetry 

(PIV) a planar technique that is able to diagnose the instantaneous and time averaged 2-D 

components of turbulent velocity.  Although PIV is a very powerful technique it is only two-

dimensional and therefore incapable of providing out of plane Data, which can be used for 
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quantification of vorticity.  Determination of vorticity is required to isolate individual dominant 

flow structures and observe the interaction between the flow structures.  Computational fluid 

dynamics can be used to simulate three dimensional data.  Large eddy simulation has been used  

for the rectangular jets by Hart (2001).  He simulated one full secondary jet and an adjacent 

bisected primary jet.  The use of a similar technique to the whole tri-jet formation would yield 

invaluable information.  In conclusion, further work should consider the use of both 2-D velocity 

measurements as a means of validity of a CFD model and a CFD model of the tri-jet formation. 

8.2.3 Quantification of Fluctuating Scalar Statistics 

Fluctuating statistics in turbulent jet flows are important in identifying the movement of 

turbulent structures.  For the current rectangular jets, knowledge of the random mean square 

concentration or the time-dependent fluctuating concentration would be a valuable addition to 

the mean concentration mixing model, allowing for greater accuracy when performing 

combustion computations.  

The current Planar Laser Induced Fluorescence technique employed a continuous wave laser 

together with a non-triggered response and no-gain controlled camera.  This technique did not 

have the temporal resolution to quantitatively resolve the flow field for statistical quantification 

of fluctuating concentration.  In order to achieve higher temporal resolution a pulsed laser with a 

triggered amplified photomultiplier imaging system is required. 

8.2.4 Variations in Geometry 

In Appendix D the qualitative Planar Laser induced Fluorescence procedure was extended to 

investigating rectangular jets with base plates fitted at 90 degrees to the direction of flow and 

with a 60 degree inclination.

The 90 degree base plate only caused distinct differences in the primary jet at velocity ratios of 

=1.4 at x/D>6.  The most plausible physical mechanism behind this is that the higher secondary 

velocities cause the jets to increase their appetite for entrainment.  The fluid entrained from the 

surroundings enters the secondary jets further downstream and at a different angle, causing the 

jets to move away from their geometric axes, in turn causing the primary jet to expand. 
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The inclination of the base plate only affects the primary and secondary jets through planes C 

and B respectively.  The change in entrainment patterns causes the jets to move from their 

geometric axes towards the side of the plate with the acute angle to the burners.   

Changes in geometry can be investigated to extend the current investigation.  For example, 

nozzle aspect ratio could be varied since not all the rectangular jets in brown coal fired boilers 

have the same aspect ratios as the main burners of the Yallourn W’ boilers.  Other geometrical 

characteristics that could also be quantified include the addition of recess around the jets, the 

angle with the boiler wall, and change in upstream geometry.  The influence of upstream 

geometry has barely been mentioned in any of the studies on rectangular jets for lignite boilers.  

Velocity measurements of some of these variations in geometry have been taken by hot wire 

anemometry (Perry and Pleaseance, 1983a; 1983b), and modelled by large eddy simulation (Hart 

et al., 2004 and Ahmed et al., 2003).  However, no one to date has quantified the passive scalar 

statistics of such jets.
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