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Append

Terms in decomposition of
(2.16)

This appendix gives the terms involved in the isolation of quantities that involve the

time index t — n in equation (2.16), where (2.16) is reproduced below as (A.1):
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As discussed in section 2.3.2, rewrite (A.1) as follows, keeping terms to third—order
only (p = 1):
Yk =Y+ Y vy xS ey oy (A2)

where the individual terms Y(<k) ey Yt(_>,é>’>) are listed in (A.3)-(A.23) overleaf.

A.1 First—Order terms
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Page 141




A.2 Third—Order Terms
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A.2 Third—Order Terms
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Appendix A

Terms in decomposition of (2.16)

and
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Append

Terms in (2.22) to
third—order

This appendix gives the terms AEZ_”;:) in (2.22) for a third—order (p = 1) Volterra series

model, where (2.22) is reproduced below as (B.1):
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For p =1, the terms A k) in (B.1) are as follows:
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Append

Terms in (2.27) to
third—order

This appendix gives the terms Ag k\)t . in (2.27) for a third-order (p = 1) Volterra series

model, where (2.27) is reproduced below as (C.1):
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For p = 1, the terms Ag k\)t ; in (C.1) are as follows, obtained from (B.2)-(B.7) by the
substitution of filtered FLSDFE estimators }A(t‘t for symbols X;:
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Appendix C Terms in (2.27) to third—order
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Append

Terms in (2.30) to
third—order

This appendix gives the terms AE k\)t ; in (2.30) for a third—order (p = 1) Volterra series

model, where (2.30) is reproduced below as (D.1):
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For p =1, the terms AE k|)t P = Agl_ ) AE k|)t ; in (D.1) are as follows, obtained from
(B.2)—(B.7) and (C.2)—(C.7):
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Appendix D Terms in (2.30) to third—order

n—k—1n—

k—
Z Z ll,n—k,jl)

11:0

A A*
X <Xt k—iy t k_jl _Xt—k—il‘t—k—il t—k—jl‘t—k—h)
n—

+ 2 Z ha (i, n —k, j1)

11 =0 ]1 n— k+1
* $ rx
X <Xt—k—i1Xt—k—j1 - Xt—k—i1\t—k—ilxt—k—jl\t—k—h)

N n—k—1
+ Z Z hg(n—k,iz,jl)
iy=n—k+1 j=0
X <Xt—k—i2Xz<—k—j1 - Xt—k—iz\t—k—izxf_k—jl\t—k—h)
N N
—+ 2 Z h3(n—k,i2,j1)

ip=n—k+1ji=n—k+1

* % rx
X (Xt—k—izxt—k—jl - Xt—k—iz\t—k—iZXt—k—jl\t—k—j1>’ (D.4)

n—k—1

k
Z hs(ip, n —k,n —k) <Xt—k—i1 - Xt—k—il\t—k—il)

0
N A
+ ), h(n—kiyn—k) <Xt—k—i2 — Xt—k—i2|t—k—i2>r (D.5)
ir=n—k+1
n—k—1
(2,0 . i o
Ag—k\)t—k = ), h(n—kn- kf11)< t—k—jy ~ Xt—k—h\t—k—h)
j1=0
N A
+ Y M=k —k i) (X = & ) (D.6)
j1:n—k+1
and
(21 _
At—k\t—k =0. (D.7)

Page 153



Page 154



Append

Terms in decomposition of
(2.51)

This appendix gives the terms involved in the isolation of quantities that involve the
time index t — n in equation (2.51). Retaining only third—order terms, we rewrite (2.51)

as follows,
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where, for ease of reference, (2.51) is reproduced below as (E.2):
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E.2 Second-Order terms

E.2 Second-Order terms
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Appendix E Terms in decomposition of (2.51)
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Append

Terms A;_; and B;_j In
(2.52)

This appendix gives the terms A; ; and B; j in (2.52), to third order, viz.
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Append

Terms At—kyt—k and Bt—kyt—k
in (2.53)

This appendix gives the terms A, _ K|tk and B,_ K|t—k In (2.53), to third order, viz.
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+ ) m(n—kn—kk)X, gtk
ks=n—k+1
N

N N
+ Y Y Y hs(ky, ko ks)

ky=n—k+1ky=ky ks=ky

X X kg |tk Kt —k—ka|t—k—ka Xt —k—ks|t—k—k3/ (G.1)
and
n—k—1
Bi_kj—k = h1(n —k Z ha (k=) Xy ki,
N A
+ Y, m(n—kk)X g kyfi—kk
ko=n—k+1
k—1n—k—1 ) A
+ )Y halk ke —K) Ry ke Kbk —k—k
k=0 ky—k;
n—k—1 N

+ )Y halknn—kks) Ry ke ek —k—ks
k1=0 ks=n—k+1

+h3(n—k,n—kn—k)

N N
+ Y ) (=K, ka) Kk kg Kt ks t—k—ks- (G2)
ko=n—k+1kz=ky
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Append

State Transition Probability
:n=20

This appendix derives the state transition probability given by (3.2).

The estimator Xth of chapter 2 is a function of the symbols X;, ..., X;_xn and the pre-
vious estimators Xt_1|t_1, X Njt—n- Pool these variables to form the state vector
Sy|t, with domain sy, € A%INH). Although given earlier in (3.1), the definition for S

is reproduced for convenience below as (H.1):

Xi
Spe=| N (H.1)
Xyt
EAN
For m € Z" we wish to determine the state transition probability
P(Syr = spelSe-1jp-1 =811 NSy mmjt—m = St—m|t—m)s (H.2)

and to subsequently show that S, is a first-order Markov process [50], in that

]P(Sm = St\t’St—l\t—l =St 110 NSt yjpom = St—m|t—m)

=P(Syr = s4elSe—1)t—1 = St—1)1—1)- (H.3)

The operator P in (H.2) and (H.3) is defined to be a discrete multivariate probabil-
ity distribution over the 2(N + m + 1) random variables X;_; and Xt_,-“_i, fori €
{0,..., N + m}, where the domain of each X;_; and }A(t_i‘t_l- is Apy.
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When one or more of the variables X;, ..., X;_n—m, }A{t‘t, ceey Xt_N_m|t_N_m is missing
from the argument of P, we understand this to mean that we have a marginal proba-

bility distribution. The state probability IP’(SW = st|t), for instance, is given by

P(Syr=sip) =P(Xe =20 NXe-N=x4-N
N Xt\t =%n---N Xt—N|t—N = £_Njt-N)

- T

xt-N-1€AM  X-N-m€AM
LN -N-1€AM B N—m—N—mEAM

P(Xt =x:0 - N Xy Nom = Xt—N—m
N Xt\t = ft\t AR Xt—N—m\t—N—m = J?t—N—m\t—N—m)/ (H.4)

where we have summed over the domain of each of the ‘missing” variables X;_n_1,

coos XtoN-ms Xt N-1t-N-1 - -+ Xt~ N—m|t—N—m-

For a given probability distribution [P, the conditional probability of an event A assum-
ing that B has occurred, denoted P(A|B), is given by [62]

P(ANB)

B(AIB) = )

(EL5)

Use (H.5) to write out (H.2) in full, where for brevity we denote the events X;_; = x;_;
by A;, and Xt_l-“_i = %;_j;_iby B;, fori € {0,...,N +m}:

P(Syr = syelSe—1)e—1 = 8—1)0—1 0 NV Sy_mjt—m = St—m|t—m)
]P)(St\t =Sy N NSyt = St—m\t—m)
CP(Sy_qpi—1 = Se—1j—1 0 O St = St—m|t—m)
P(AgN - - NANtm NBoN - - NByym)

= . H.6
P(Alﬂ--~ﬂAN+mﬂ31ﬂ"'ﬁBN+m) (H.6)

Using (H.5) again, isolate By in the numerator of (H.6):

P(AOOOAN.me]Bomm]BN_A,_m)
ZP(Bo|A0ﬂ---ﬂAN+mﬂIB31m"'QBN+m)
X P(Aoﬂ e NAN,NBL N - ~ﬂBN+m). (H.7)

Now remove the events An.1, ..., ANtm, Byi1, ..., BNy from the first term on
the right-hand side of (H.7), as }A{t‘t only depends on X;, ..., X;_n and }A{t_w_l, ceey
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Appendix H State Transition Probability : 7 =0

Xt_N“_N. We thus simplify (H.7) to

P(Aoﬂ--~ﬂAN+mﬂBoﬂ"'ﬂBN+m)
:P(Bo|A0ﬂ--~ﬂANﬂ131ﬂ"'ﬂBN)
XPAgN - NAN i NB1 N - NBNim)- (H.8)

Isolate By from the second term on the right-hand side of (H.8):

P(AgN - - NANtm NBoN - N Byym)

=P(BolAgN---NANNB N ---NBy)
XP(B|[AgN-- - NANm DB NN BN1m)
XP(AgN-- NANLmNBaN - - N Byym)- (H.9)

Remove the events Ay, Anio, ..., ANim, Byio, ..., Byoy, from the second term on the
right-hand side of (H.9), as Xt_l‘t_l only depends on X;_1, ..., X;_n_1 and Xt—z\t—zf
ceey Xt_N_l‘t_N_l. We thus simplify (H.9) to

P(AgN - NANtm NBoN - N Bypm)
=PBo|AgN---NANNB;N---NBy)
XP(B|AjN---NAN 1 NByN---NBNy1)
XP(AgN- - NAN m NBa N NBNm)- (H.10)

Observe that A is independentof A; N - - - N AN, NBy N - - - N B4, since X; is inde-
pendent of X;_1,..., X;_N_pn and Xt_z\t_zr . -th—N—m\t—N—m' Thus (H.10) simplifies

further to

P(AgN-- - NANtm NBoN - NBNim)
=P(BolAgN---NANNB N ---NBy)
XP(B|A;N---NAN 1 NBaN - - NBNy1)
X P(A)P(A1N---NAN i DB N - N BNam)- (H.11)

Now apply (H.5) to the denominator of (H.6), and isolate B;:

P(Alﬂ--~ﬂAN+mﬂIB§1ﬂ"'ﬂBN+m)
— P(By|A1 - N Ay By NN Bysm)
XPA N NAN  NBaN - - NBrwm)- (H.12)
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Remove the events Ax2, ..., ANim, Byy2, ..., BNt from the first term on the right-
hand side of (H.12), as Xt_1|t_1 depends only on X;_1, ..., X;_n_1 and Xt_2|t_2, ceey
Xt—N—l\t—N—l' We thus simplify (H.12) to

]P)(Alﬂ---ﬂAN+mﬂ31ﬂ"'ﬂBN+m)
— PBy|A1 NN AN By - N Byys)
XPATN- - NAN  NBaN - - NBrwm)- (H.13)

Finally, observe that the right-hand side of (H.13) is a factor of the right-hand side of
(H.11). From (H.6), (H.11) and (H.13), we thus obtain the result

P(Str = sesSt—1ji1 =Se—1—1 0V VSt mft—m = St—m|t—m)
=P(Ag)P(Bo|lAgN---NANNBN---NBy)
= P(X; = x)P(Xp; = 2| Xe =00 N X v = 20N

N Xt—l\t—l = ft—l\t—l M- Xt—N\t—N = ft—N\t—N)- (H.14)

Note that the right-hand side of (H.14) is independent of m € Z*, and thus (H.14)
holds for m = 1 as well as for arbitrary m € Z*. Hence (H.3) is true for all m € Z* and
Sy; of (H.1) is a first-order Markov process [50].

Setting m = 1 in (H.14) we have the state transition probability

]P)(St\t = St\t|st—1|t—1 = St—1|t—1)
= P(Xt = xt)IP)(Xt“ = ft\t|Xt =x;M---N Xt—N = Xt_N
NXi a1 = Foqp1 N N X NN = B nje-n)- (H.15)

The first term P(X; = x;) in the right-hand side of (H.15) is the a priori probability of
symbol value x; € Ap. P(X; = x¢) is the relative frequency at which the baseband
symbol x; is transmitted into the digital communication or data storage channel. The
second term gives the conditional probability of the filtered estimate £, € .Ap;, where
we have fixed values xy, ..., XN, £_14_1, --., {_n;—n for the variables X, ...,
Xt—N, Xt_1|t_1, oo X Njt—n of which }A{t‘t is a function. This functional dependence is
illustrated in section 2.3 for the case of MPSK and MQAM signalling, and 2.4 for BPSK
signalling. Note that the second term in the right-hand side of (H.15) is a probability
distribution function, rather than a deterministic expression, since thf also depends

on the additive noise variate V;, as shown in the models of chapter 2.
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Append

State Transition Probability
:ned{l,...,N}

This appendix derives the state transition probability given by (3.179).

Forn € {1,..., N} the smoothed estimator Xt_n|t of chapter 2 is a function of the sym-
bols X;, ..., X;—n_pn and the filtered estimators }A(t‘t, cee, Xt—n+1\t—n+1/ Xt_n_1|t_n_1,
o X N—n|t—N—n- Pool these variables, together with the ‘missing’ filtered estimator
)A(t_n‘t_n, to form the state vector S;_,|;, with domain sy, € A%f[\] 213 Although given

earlier in (3.178), the definition for S;_,,; is reproduced for convenience below as (I.1):
X
Stonjt = Xyt : (L.1)

Xt—N—n|t—N—n
Xt—n|t

For m € Z1 we wish to determine the state transition probability

P(St—n\t = 5t—n|t|st—n—1\t—1 =S p 110 NSyt = St—n—m|t—m)/ (1.2)

and to subsequently show that S, _,,; is a first-order Markov process [50], in that

P(St—n\t = St—n|t|st—n—1\t—1 = St_n—1[t—-1 M---N St—n—m|t—m = St—n—m|t—m)
= P(St—n\t = St—n|t|St—n—1|t—1 = St—n—l\t—l)' (1.3)

The operator P in (I.2) and (I.3) is defined to be a discrete multivariate probability
distribution over the 2N + 2n 4 3m + 3 random variables X;_;, }A(t_i‘t_,-, and X, , ilt—jr
wherei € {0,..., N+n+m}andj € {0,...,m}. The domain of each variate is the
baseband alphabet Aj;. (See (2.13) for MPSK signalling, for example.)
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Where one or more of the variables X;_;, }A{t_i‘t_i, and Xt_n_]"t_]' is missing from the
argument of P, we understand this to mean that we have a marginal probability distri-

bution. The state probability P(S;_,; = s;_,|;), for instance, is given by
P(Si—pjt = sp—nt) =P(Xe =20 N XN = X4-N-n Xt|t = XN

NXt Nonft-N-n =X N-nft-N-n N Xyt = xt—n|t)

Xt-N-n-1€AM Xt—N-n-mEAM

Y N-n-1t-N-n—1€AM B N_p—mt—N-n-mEAM

2 n_1jt—1€AM 2 n—m|t—mEAM

P(Xp =% 0 N X Nonm = X—Non—m N Xy = £ 0.

N Xt—N—n—m|t—N—n—m = J?t—N—n—m|t—N—n—m

n Xt—n\t =X o0 Xt—n—m\t—m = X4 n—m|t—m)s (1.4)
where the sums are over the set of possible values of the “missing” discrete random
variables X;_;, Xt_l-“_i and Xt_n_j“_j, respectively, fori € {N+n+1,..., N+n+m}
andje {1,...,m}.

For a given probability distribution [P, the conditional probability of an event A assum-
ing that B has occurred, denoted P(A|B), equals [62]

P(ANB)
_ L.
P(AJB) =~ 15
Use (I.5) to write out (1.2) in full, where for brevity we denote the events X; ; = x;_;

by All },\(t—i‘t—l‘ - xAt_i‘t_l‘ by Bl, and Xt—n—j\t—j - Q?t_n_]'“_]' by C], Wlthl € {0, e ,N +
n+m}andje {0,..., m}:

P(St_njt = St—njtlSt—n—1)t=1 = St—n—1)t=1 N " O St_p_ft—m = St—n—mlt—m)
]P)(St—n|t =StV NSy mft—m = St—n—m\t—m)
B IP)(St—n—l\t—l = St n—1)t-1 M---nN St—n—m|t—m = St—n—m\t—m)
P(AgN - NAN+ntm NBo N NBNyuim NCoN -+ - NCyy)

= . L6
P(A1N - NANsngm DB N N BNynem NC1N - - N Cpy) (16)
Using (I.5) again, isolate Cy in the numerator of (1.6):
]P)(Aoﬂ- NANLaem N By N - --QBN+n+mﬂC0ﬂ---ﬂcm)
= P(ColAg N+ N ANtnsm NBoN -+ NBrjnam NCrN - NCpy)
X ]P’(Aoﬂ s ﬂAN+n+mﬂB0ﬂ c 'ﬂBN+n+mm61 M- ﬂ@m) (17)
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Appendix | State Transition Probability : n € {1,...,N}

Now remove the events Any,11, -+, ANtntm B, Bnans1, -« BNynem and Cy, ...,
Cy from the first term on the right-hand side of (1.7), since FLSDFE output )A(t_n“ only
depends on variables Xy, ..., Xi_N—n, and Xy, oo, Xy pp1—ntt Kemn1ft—n—1/ -
}A(t_N_n‘t_N_n. We thus simplify (1.7) to
P(AgN - NANsnim NBo N - NBrynim N CoN -~ N Cpy)
= P(ColAgN---NANn NBoN - NBy_1NByy1N - NByn)
X P(Ag N - N AN em NBoN - NBNinam NCrN - NChy). (L8)

Isolate C; from the second term on the right-hand side of (L.8):

P(AgN - NANsnim NBo N - - N Bnynim NCoN - - N Cyy)
=P(ColAoN-- - NANn NBoN - NB_1 NByy1 N - NBygn)
x P(C1|AgN - NAN41nim NBo N - N BNipem NCoN---NChi)
X P(Ag N - NANem NBo N - NBrinem NCoN - -NChy). (1.9)

Remove the events Ay, Aniyio, -+, ANtnim Bo, But1, Bninao, -« o, Bninem and Cy,
..., €y from the second term on the right-hand side of (I.9), since FLSDFE output
Xt_n_l‘t_l only depends on variables X;_1, ..., X;_ny_,—1, and Xt_l‘t_l, cey Xt_n“_n,
Xt—n—Z\t—n—Zr cee, Xt—N—n—l\t—N—n—l- We thus simplify (1.9) to
P(AgN - NANsnim NBo N NBNynim N CoN - - N Cpy)
= P(ColAgN-- - NANt NBoN - NBy_1NByy1N - N Bygn)
x P(C1|A1N - NANtna DB N NBy NBuyn N N Bypnit)
X P(Ag N -+ NANrem N BoN - NBNinsm NCaN - NCp). (1.10)

Isolate By from the third term on the right-hand side of (I.10):

PAgN - NAN i m NBeN - NBNnim NCoN---NCyy)
=P(ColAoN---NAN,NBoN---NBy 1 NBry1 N+ NBNya)
XP(Ci{A N NAN 1 NB N NB, NByy2N - - NBriys)
X P(Bo|AgN - NAN pym NB1N - NBNypym NCoN - N Cyy)
XP(AgN - NAN pim NB1 N NBNipem NCoN---NCyy). (L.11)

Remove the events An1, ..., ANtntm BNi1, -+, BNanem and Cy, ..., Cy; from the
third term on the right-hand side of (I.11), as FLSDFE output variable Xt‘t only de-
pends on the variables X;, ..., X;_n and Xt_1|t_1, cey Xt_N“_N. We thus simplify

Page 169



(L11) to

PAgN - NANm NBeN - NBNinim NCoN---NCyy)
=P(ColAgN---NAN L, NByN---NB, 1 NB, 1N NByy)

X P(C1|A1N - NANtna NBIN - NBy N Bz N+ - N Bypnit)

X P(Bo|AgN---NANNB;N---NBy)

XPAgN - NAN i NB1 N NBNipem NCoN- - N Cyy). (L.12)

Observe that A is independent of the compound event
AN NAN e NBIN - NBNipem NCoN - - NGy, (L.13)

as the current symbol X; is independent of the previous symbols X;_1, ..., X N—n-m
al’ld the FLSDFE Outputs Xt—].“’—l’ ey Xt—N—n—m\t—N—n—m and Xf—l’l—2|f—2’ ey Xt—n—m|t—m'
Thus we can simplify (I.12) further to

PAgN - NANm NBeN - NBNipim NCoN---NCyy)
=P(ColAgN---NAN,NBygN---NB, 1 NB, 1N NBx1)
XP(Ci|A N NAN 1 NB N NB, NByoN - - NBNyyi1)
X P(Bo|AgN---NANNBiN---NBy) x P(Ay)
XPAITN- NAN i DB N NBNipem NCoN- - NCyy). (L.14)

Now apply (I.5) to the denominator of (1.6), and isolate C;:

P(A1 N NANsngm NB1 N - NBNynim NCrN - N Cyy)
=P(C1|A1 N N ANfngm N BN NBrgnam NCaN - - NCyy)
><]P’(A1ﬂ---ﬂAN+n+mﬂB1ﬂ---ﬂBN+n+mﬂC20---ﬂCm). (115)

Remove Anipni2, - ANtnam But1, Bnina2, -+, Byinam and Cy, ..., Cy; from the
tirst term on the right-hand side of (I.15), since FLSDFE output Xt—n—1|t—1 only de-
pends on variables X;_1, ..., X;_n_;—1, and Xt_w_l, ceey Xt_n‘t_n, Xt—n—z\t—n—zr ey

Xt—N—n—1|t—N—n—1' We thus simplify (1.15) to

]P)(Alﬂ---QAN+n+mﬂB1ﬂ---QBN+n+mﬂC1ﬂ---ﬂCm)
:P(Cl|A1ﬂ--'ﬂAN_HH_lﬂBlﬂ--'ﬂBnﬂBn+2ﬂ--'ﬂBN+n+1)
xP(AlﬂﬂAN+n+mﬂB1ﬂﬂBN+n+mﬂczﬂﬂ(Cm) (116)
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Appendix | State Transition Probability : n € {1,...,N}

Finally, observe that the right-hand side of (I.16) is a factor of the right-hand side of
(I.14). From (1.6), (I.14) and (I.16), we thus obtain the result

P(St_njt = St—njtlSt—n—1)t=1 = St—n—1)t=1 0 - O St_y_mjt—m = St—n—mlt—m)
=P(Ag) x P(Bo|AgN---NANNB;N---NBy)

X P(ColAgN---NAN s, NBeN---NB, 1 NB1N---NBNwy)
=P(X; = x)P(Xyp = 2| X =00 N XN = XN

N Xt—l\t—l =X qp1N-ee N Xt—N|t—N = £_Njt-N)

XP(Xoppe = Rl Xe = 20N XN = XN N Ky = Ryt

NN X 1)1 = 1 tn 1 VX1 = Xp1jt—n—1
Me--N Xt—N—n|t—N—n = ft—N—n|t—N—n)' (1.17)

Note that the right-hand side of (I.17) is independent of m € Z*, and thus (I1.17) holds
for m = 1 as well as for arbitrary m € Z". Hence (L3) is true for all m € Z* and S,_,,,

of (I.1) is a first-order Markov process [50].

Setting m = 1 in (I.17) we thus have the state transition probability

P(St—n\t = St—n|t|5t—n—1\t—1 = St—n—1\t—1)
=P(X; = x))P(Xyp = 2| Xe =00 N XN = XN
N Xt—l\t—l =X qp1N-ee N Xt—N|t—N = £_Njt-N)
X P(Xipp = Rl Xe = 2N N XN = X n-n N Ry = Ry

NN X 1)1 = 1 tn 1 VX 1)1 = Zp1jt—n—1
Me--N Xt—N—n|t—N—n = ft—N—n|t—N—n)' (L18)

The first term in the right-hand side of (I.18) is the a priori probability of symbol value
xt € Ay. P(Xy = xy) is the relative frequency at which the baseband symbol x; is

transmitted into the digital transmission or data storage channel.

The second term gives the conditional probability of the filtered estimate £,; € A,
where we have fixed values x;, ..., x;_, .’ft_l‘t_l, cee, J?t_N‘t_N for the variables X;, . . .,
Xt—N, Xt_l‘t_l, ceey Xt_N|t_N of which Xﬂt is a function. This functional dependence is
illustrated in section 2.3 for the case of MPSK and MQAM signalling, and 2.4 for BPSK
signalling. Note that the second term in the right-hand side of (I.18) is a probability
distribution function, rather than a deterministic expression, since Xt‘t also depends

on the additive noise variate V}, as shown in the models of chapter 2.
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The third term in the right-hand side of (I.18) gives the conditional probability of
the smoothed estimate Ri_up € Ap, where we have fixed values x;, ..., X(—N_n,
Rejer -0 Rengtft—nsv B—n—1)t—n—1 - -» F_N_njt—N—_n Of the variates X;, ..., X;_N_p,
}A(t‘t, e, Xt_n+1|t_n+1, Xt_n_1|t_n_1, ceey Xt_N_n|t_N_n of which Xt_n|t is a function.
As with the second term, the third term is a probability distribution function, rather
than a deterministic expression, as )A(t_n“ also depends on the additive noise variates
Vi, oo, Vien.
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Appendi

Program HANKEL

A computer program, HANKEL, was constructed to compute the complex acoustic pres-
sure field within a horizontally—stratified ocean. HANKEL was intended to provide re-
sults that were exact to within the limits of numerical quadrature, based upon equa-
tion (6.31) of Frisk’s treatise on ocean acoustics [32]. The principal use of HANKEL in
the present work is to provide benchmark solutions for demonstrating the effective-
ness of the simpler ray tracing models used in chapter 4. It is shown that ray tracing
provides an adequate physical model for use in many underwater acoustic communi-

cation channel simulations.

There is an extensive literature on computational ocean acoustics, and we direct the
reader to the work of Frisk [32] and Jensen et al. [36] as entry points. For our pur-
poses in the present work, we provide below only the theory relevant to the pressure
field formulae that are encoded in HANKEL. These formulae were derived from equation
(6.31) of chapter 6 of Frisk’s work [32].

Suppose we have a horizontal acoustic waveguide, with a stationary, uniform body of
fluid (the ocean) overlying a horizontally stratified basement (the bottom). By horizon-
tally stratified we mean that the only variation in material property is with depth z. We
consider the domain {(x,y,z) € R3}, but restrict our attention to the ocean, defined
by {(x,y,2) € R¥:0<z< h}, where h > 0 is the depth of the ocean. The depth
co-ordinate z is measured from the surface of the ocean, and is defined to be positive
downwards. We model the air only through the surface reflection coefficient Rg. The
surface of the ocean is the plane {(x,y,z) € R3: z = 0}, while the ocean bottom is the
plane {(x,y,z) € R3:z = h}. We assume the air, the acoustic medium occupying
{(x,y,z) € R3: z < 0}, to be a stationary, homogeneous fluid, serving only as a re-
flector of acoustic energy back into the ocean. We are interested only in the complex

acoustic pressure within the ocean.

Let there be a point monopole acoustic source S within the ocean at the cylindrical

(r,z) co-ordinates (0,zs). Assume that S emits a continuous complex unit-amplitude
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monochromatic pressure wave e~ '“!, of angular frequency w = 27f radians per sec-
ond. We say that S is a CW (continuous wave) source, otherwise known as an NB

(narrowband) source.

Set the density of water to be p; > 0 kgm ™2 and the speed of sound tobe c; > 0ms~1,

applying uniformly over {(x,y,z) € R3: 0 < z < h}. We allow the water to have a

material attenuation ay > 0 decibels per wavelength (dB/A).

Propagation of acoustic energy in the water is described in terms of the wavenumber
k = 2mtf/cq, which is composed of a horizontal component k, and a vertical compo-
nent k,. Note that the horizontal component is strictly real, with 0 < k, < co. The
vertical component is either purely real, given by k, = \/k* — k2 for k, < k; or purely
imaginary, given by k, = i\/kgfk2 for k, > k.

The complex acoustic pressure p = p(r;zg,zs) at a receiver R, with cylindrical co-

ordinates (7, zg), where 0 < zg < h, is given by [32, eq. (6.31)]

P _ 2/ lkZ|ZR ZS‘<RSR ) EZinkZh]()(krr)krdkr
n .
/ L Rgek2(zr2s)] (RsRz)" e o (k)
/ zkZ (zr+2zs) (RSRB>”eZinkzh]0 (kri’)krdkr

+ 2 [ o RaRse B (R )" gy, ()
n=070 *#z

where Rs = Rs(k;) and Rp = Rp(k,) are the complex surface and bottom reflection
coefficients, respectively, and Jy(.) is the Bessel function of the first kind of order 0 [62].
Note that (J.1) is strictly valid only for |[RgRs| < 1, which is the radius of convergence

of each of the four infinite series terms.
Define a complex propagation angle 8 = R(0) + i¥(0), with k, = ksin6 and k, =
k cos 6. Transform (J.1) into

p:i/%—iook;'ei(kcosﬂ)|zR—zS|(RSRB>”eZin(kcosf))h
n=0"0 ¢

0s 9

X Jo(krsin®) (k sin 0) (k cos 0)d6

Z—ioo

i(kcos@)2h—(zr+zs)] " 2in(kcos6)h
* Z/ kcosG B¢ (RSRB> ¢

X Jo(krsin0)(ksin 0)(k cos 6)d6
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Z—ico

i(kcos®)(zr+zs) " 2in(kcos6)h
* Z/ kcosG s (RSRB> ¢

X Jo(krsin0) (k sin 0) (k cos 0)d6

5 —ico

i(kcos®)[2h—|zr —zs]] " 2in(kcos6)h
- Z/ ——RgRse (RsRs) e

X Jo(kr sin0)(ksin 6) (k cos 0)d6, J.2)

where now Rg = Rg(0) and Rg = Rp(6).

The contour integrals throughout (J.2) are to be interpreted as over C = C; U Cp, where
Ci={ecC:0<RNO) <Z,30)=0tand G, ={0 e C:RN(O) =5, —0 < () <
0}. The first contour, C;, corresponds to real propagation angles 0 < () < 7, where
J(0) = 0 applies to propagation in the vertical direction (up or down), while () = 7
applies to horizontal propagation. The second contour, C,, describes diffraction, and
involves evanescent waves that propagate along the interfaces z = 0 and z = h (the
planes of discontinuity between adjacent media). We need to include contour C; to

provide the full solution to the Helmholtz equation.

The acoustic impedance of a medium is defined to be the product of its density and
speed of sound. Seawater has an impedance that is several orders of magnitude larger

than that of air. To a close approximation, then, we may use the simplification Rg(6) =
—1forallg € C.

Write the complex bottom reflection coefficient Rz(0) in polar form,
Rp(0) = |Rp(0)| ™", (1.3)

where |Rp(0)| is the magnitude and Pg(0) is the phase, respectively. With these sub-

stitutions, (J.2) becomes

s I _joo
p =ik Z(—l)n/z |Rp(0)|" ¢! (2nht|zr =25k cos 0,in®p(0) 1 (fep sin §) sin 40
n=0 0
+ ik i (=1)" /%_ioo |RB(9)|71—|—1 ol (2(n+1)h—(zr+25) )k cos 6 ,i(n+1)Pp(6)
n=0 0
X Jo(kr sin 0) sin 6d6
+ ik 12(_1)nJrl /_ IRp(0)]" e i(2nhtzg+2s)k cos 0 ,in®p(6 ]0(k1’81n9) sin 046
n=0
+ ik i( 1)n+1 /_ |RB(6)|n+1 i(2(n+1)h—|zr—zs|)k cos 0 ,i(n+1)Pg(0)
n=0
X Jo(kr sin 0) sin 6d6. (7.4)
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Note that contour C, can be parameterized as C; = {n1/2 —ia € C:a > 0}. We may
thus write integrals in 6 over (0, 71/2 — ico) as integrals in a over (0,00). Using this

parameterization of C,, and making use of the identities

¢'? = cos ¢ +ising, (J.5)

cos(7t/2 —ia) = isinha, (J.6)
and

sin(7t/2 —ia) = cosha, J.7)

we expand (J.4) into 24 infinite series terms as follows:

00 /2
p =ik Z (—1)”/0 IRp(0)|" cos((2nh + |zr — zs]| )k cos 0) cos(n®p(6))
n=0

X Jo(kr sin @) sin 646

+k i{)(—l)”*1 /Oﬂ/2 |Rp(0)|" cos((2nh + |zg — zs]| )k cos 0) sin(n®z(0))
o

X Jo(kr sin 0) sin 6d6

+k f:o(—l)’“rl /Oﬂ/2 |Rp(0)|" sin((2nh + |zr — zs| )k cos 0) cos(n®g(0))
e

X Jo(kr sin 0) sin 6d6

+ ik i)(_l)nﬂ /ON/Z |Rp(0)|" sin((2nh + |zr — zs| )k cos 0) sin(n®g(0))
-

X Jo(kr sin @) sin 646

+ik§o(—1)n /0°° |Rp(71/2 — ia)|" e~ 2t ER=2sksinha oo 1y (71/2 — ia))

X Jo(kr cosha) cosh ada

+k io(—l)”“ /O°° Rp(77/2 — ia)|" e~ (nhFlzr—zsDksinha gin (4@ (77/2 — ia))
n—

X Jo(kr cosh a) cosh ada

+ iknio(—l)” /07[/2 IRg(0)]" " cos((2(n + 1)k — (zg + z5) )k cos 0)

x cos((n 4+ 1)®gp(0))]Jo(kr sin ) sin 6d6

+k i)(_l)nﬂ /ON/Z IRg(0)" ! cos((2(n + 1)k — (zg + z5) )k cos )
-

x sin((n 4+ 1)®p(6))Jo (kr sin 6) sin 66
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Tk i yr+l /”/2 IRp(8)" sin((2(1 + 1)k — (2R + z5))k cos 0)
n=0

x cos((n 4+ 1)®p(0))]Jo (kr sinB) sin 6d6

+ik i( 1)+ /Om IRp(8)" sin((2(1 + 1)k — (2R + z5))k cos 0)

n—=

o

x sin((n + 1)®p(8))Jo (kr sin 8) sin 6d6
+ ik Z (_1)n /oo |RB(7T/2 — i(,‘[)|n+1 g_(z(”+1)h_(ZR+Zs))ksinha

x cos((n 4+ 1)®p(7/2 —ia))]Jo(kr cosha) cosh ada

\[\18

n+1/0 |RB(7T/2 )|n—|—1 —(2(n+1)h—(zr+zs) )ksinha

X sin (( 1)®p(7t/2 —ia))]Jo(kr cosha) cosh ada
+ ik i )it /ﬂ 2 |Rp(0)|" cos((2nh + zg + zs )k cos 0) cos(n®p(0))
X Jo(kr sin 0) sin 6d6
+k i (=1)" /07[/2 |Rp(0)|" cos((2nh + zg + zs)k cos 0) sin(n®g(0))
X Jo(kr sin 0) sin 6d6
+ k’i (=1)" /ON/Z |Rp(0)]" sin((2nh + zg + zg)k cos 0) cos(ndPp(0))
X Jo(kr sin 0) sin 046
+ ik i(—l)” /ON/2 |Rg(0)|" sin((2nh + zg + zg)k cos 0) sin(ndg(6))
X Jo(kr sin 0) sin 046
+ ik i(—wﬂ /O°° |Rp(71/2 — ia)|" e~ (ZMiFzrt2s)ksinha oo 1Py (77/2 — ia))
X Jo(kr cosha) cosh ada
+k i (—=1)" /OOO |Rg(71/2 — ia)|" e~ ZMht2rtzs)ksinha g (@ (77/2 — ia))
X Jo(kr cosh a) cosh ada
+ ik i (—1)r+t /ON/Z IRg(0)|" ! cos((2(n + 1)h — |zg — zs| )k cos 6)
o

x cos((n +1)®p(0))]Jo(kr sinb) sin 646
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/2
IRg(0)]" " cos((2(n + 1)k — |zg — 25| )k cos 6)

/2

FRL
x sin((n + 1)®p(0))]Jo (kr sin ) sin 0460
)of IRg(0)]" " sin((2(n + 1)k — |zg — 25| )k cos 6)

n+1)Pg(0))]o(krsinf) sin 046

/2
IRg(0)]" ™ sin((2(n + 1)h — |zg — zg|)k cos 6)

x sin((n +1)® ( ))Jo (kr sin 6) sin 646

2 n—|—1/ Rp(70/2 — ia)|"+1 e~ Q(r+1)h—|zr—zs| ksinha
0
x cos((n 4+ 1)®p(7/2 —ia))]Jo(kr cosha) cosh ada

+k i(—) / |Rp(71/2 — ia)|" Tt e~ B+ 1)h—|zr—25|)ksinha

n—=

0
x sin((n + 1)®p(7r/2 —ia))]Jo(kr cosha) cosh ada. J.8)

Each of the 24 integrals appearing throughout (J.8) is now a real integral, and may be
evaluated by standard quadrature routines. For the integrals over the finite domain
6 € (0,71/2), we isolate all zeros of the integrand and subsequently apply Gauss—
Kronrod-Patterson quadrature between each pair of zeros. Rules of order 10, 21, 43
and 87 are used in succession until a convergence criterion is met or the maximum
order (87) is reached. For the integrals over the infinite domain a € (0, o), we also use
successive zeros, but terminate the quadrature after a convergence criterion has been
reached. The infinite—domain integrals decay rapidly due to the negative exponential

terms.
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