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We extrapolate the first moments of the generalized parton distributions using heavy baryon chiral

perturbation theory. The calculation is based on the one loop level with the finite range regularization. The

description of the lattice data is satisfactory, and the extrapolated moments at physical pion mass are

consistent with the results obtained with dimensional regularization, although the extrapolation in the

momentum transfer to t ¼ 0 does show sensitivity to form factor effects, which lie outside the realm of

chiral perturbation theory. We discuss the significance of the results in the light of modern experiments as

well as QCD inspired models.
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I. INTRODUCTION

The study of hadron structure and, in particular, the spin
structure of the proton is one of the most exciting chal-
lenges facing modern nuclear and particle physics.
Through measurements of high energy scattering of elec-
troweak probes one can measure the parton distribution
functions (PDFs), which describe the number densities of
partons with momentum fraction, x, in the nucleon. The
study of the spin and flavor dependence of the PDFs has
provided a wealth of data which has proven critical to our
understanding of the structure of the nucleon [1].

In recent years, the extension of this concept to so-called
generalized parton distributions (GPDs) has attracted enor-
mous interest [2,3]. The GPDs are related to the amplitude
for deeply virtual Compton scattering where the initial and
final photons have different momenta. It is widely antici-
pated that the GPDs should provide even more information
concerning the internal structure of the nucleon. Of par-
ticular relevance to our present work is the link between the
low moments of the GPDs and the angular momentum
carried by each quark flavor within the proton [4]. This is
now widely considered essential to a satisfactory resolu-
tion of the famous proton spin crisis [5,6], because suc-
cessful models suggest that a great deal of the proton spin
is carried as quark orbital angular momentum [7–9].

There have been many theoretical and experimental
studies of the GPDs. On the theoretical side, much of the
work has centered on the most effective ways to parame-
terize them [10]. There has also been quite a bit of work on
phenomenological models, such as the MITand cloudy bag
model [11,12], the constituent quark model [13,14], the
Nambu-Jona-Lasinio model [15], the light-front model
[16,17], the color glass condensate model [18], and the
Bethe-Salpeter approach [19,20]. On the experimental
side, various groups have focussed on different kinematic
ranges. ZEUS and H1 measured the deep virtual Compton
scattering cross section for the first time, with xB in the

very low range 10�4 < xB < 0:02 [21,22]. COMPASS fo-
cussed on a little larger xB—from ’ 0:01 to ’ 0:1 [23]. The
data from HERMES is in the range 0:03< xB < 0:35
[24,25]. The study of the high xB domain, where valence
quarks should dominate, requires high luminosity and a
high energy electron beam.With the JLab 12 GeVupgrade,
xB will range up to 0.7, while the current JLab data is in the
range 0:15< xB < 0:55 [26–28].
The GPDs have a close relationship with the form

factors. By integrating the GPDs with different powers of
the momentum fraction x, the GPDs can be transformed
into Mellin moments. There has been important work on
the moments and form factors from various lattice QCD
collaborations [29–31], as well as chiral perturbation the-
ory [32–34]. As for many other observables computed in
lattice QCD, current lattice simulations have been concen-
trated at quite large pion mass. While chiral perturbation
theory is only expected to be convergent at quite low pion
mass [35,36], in order to relate the simulations at large
quark mass to experimental data, the lattice data has been
extrapolated using covariant and heavy baryon chiral per-
turbation theory with dimensional regularization—e.g., in
Ref. [29].
Based on the observation that all hadron properties show

a slow, smooth variation with quark mass above m� �
0:4 GeV, suggesting that chiral corrections (pion loops)
are strongly suppressed there [37], an alternative regulari-
zation method, namely, finite-range regularization (FRR)
has also been used to extrapolate the lattice data. It was first
applied in the extrapolation of nucleon mass and magnetic
moment [38–40]. The remarkably improved convergence
properties of the FRR expansion mean that lattice data at
large pion mass can be described very well, and the ob-
tained nucleon mass at physical pion mass is close to the
experimental value. Later, the FRR method was applied to
extrapolate the vector meson mass, nucleon magnetic mo-
ments, form factors, charge radii, and strange form factors
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[41–48]. Finally, we note that FRR has the unique advan-
tage that it provides a natural connection between physical
results and quenched lattice data [41,42,45,46].

In this paper, we will focus on the low moments of the
GPDs. The LHPC lattice data will be used as input for the
extrapolation. The contribution from the disconnected
quark loops has not been included in the lattice QCD
simulation, which means that part of the sea quark contri-
bution has been omitted [29]. While this contribution
cancels in the isovector moments, it could be very impor-
tant in the isoscalar moments. Extensive investigation of
other nucleon properties suggests that this omission might
be more important at the physical quark mass than at the
relatively heavy masses where the lattice calculations were
made [37]. If this were the case, the chiral extrapolation,
which does include contributions from disconnected dia-
grams, may yield a reasonable representation of the physi-
cal values, even for isoscalar quantities. This is indeed the
case for the octet magnetic moments [47,49], for example.
On the other hand, we are unable to quantify the error
associated with this procedure for isoscalar quantities, and
in the future, it would clearly be preferable to be able to
work with lattice simulations that include the disconnected
contributions.

The paper is organized as follows: In Sec. II, we briefly
introduce the chiral Lagrangian which is used for the
calculation of the first moments. The first isovector and
isoscalar moments will be derived in Sec. III. Numerical
results are presented in Sec. IV, and finally Sec. V presents
a summary of the results with some discussion.

II. CHIRAL LAGRANGIAN

The generalized parton distribution functions,Hqðx; �; tÞ
and Eqðx; �; tÞ, are defined as

Z d�

2�
ei�xhp0; s0jc

�
��n

2

�
n6 c

�
�n

2

�
jp; si

¼ Hqðx; �; tÞ �uðp0; s0Þn6 uðp; sÞ þ Eqðx; �; tÞ �uðp0; s0Þ

� i���n�Q�

2MN

uðp; sÞ; (1)

whereQ ¼ p0 � p, t ¼ Q2, � ¼ � 1
2n �Qwith n the light-

like vector satisfying n2 ¼ 0, 12n �Q ¼ 1. These GPDs can

be transformed into Mellin moments/form factors by in-
tegrating with different powers of the momentum fraction,
x. The zeroth order moments correspond to the Dirac and
Pauli form factors as

Z 1

�1
dxx0Hqðx; �; tÞ ¼ Fq

1 ðtÞ; (2)

Z 1

�1
dxx0Eqðx; �; tÞ ¼ Fq

2ðtÞ: (3)

The Dirac and Pauli as well as the electric and magnetic
form factors have been discussed widely in the literature.

In this paper, we focus on the first moments of the nucleon
GPDs:

Z 1

�1
dxxHqðx; �; tÞ ¼ Aq

2;0ðtÞ þ ð�2�Þ2Cq
2;0ðtÞ; (4)

Z 1

�1
dxxEqðx; �; tÞ ¼ Bq

2;0ðtÞ � ð�2�Þ2Cq
2;0ðtÞ: (5)

The form factors A, B, and C can be calculated with the
following equation:

ihp0j �q�f�D
$

�gqjpi ¼ uðp0Þ
�
Aq
2;0ðQ2Þ�f� �p�g

� Bq
2;0ðQ2Þ
2MN

Q�i��f� �p�g

þ Cq
2;0ðQ2Þ
MN

Qf�Q�g
�
uðpÞ; (6)

where the bracket, f. . .g, denotes the symmetrized and
traceless combination of all indices in the operator. MN

is the nucleon mass, and �p is the sum of the initial and final
momenta. As one can see from the above equation, the first
moments of the GPDs can be calculated by inserting into
the nucleon states a tensor current that interacts with the
external tensor field.
It is convenient to define the isospin scalar and vector

form factors X (X ¼ A, B or C) with the combination of
each quark’s contribution:

Xuþd
2;0 ðQ2Þ ¼ Xu

2;0ðQ2Þ þ Xd
2;0ðQ2Þ; (7)

Xu�d
2;0 ðQ2Þ ¼ Xu

2;0ðQ2Þ � Xd
2;0ðQ2Þ: (8)

In chiral perturbation theory, the interaction between ten-
sor current and the external tensor field as well as the
baryon-meson interaction can be written in a series of
powers of momentum of the tensor and meson fields
[32]. The lowest order Lagrangian is

L ð0Þ ¼ 1

2
�c N

�
i

�
av2;0
2

uyV3
��	

3uþ av2;0
2

uV3
��	

3uy

þ �av2;0
2

uyV3
��	

3u�5 �
�av2;0
2

uV3
��	

3uy�5

þ as2;0V
0
��

�
�f�D

$�g
�
c N; (9)

where Vi
�� and V0

�� are the isovector and isoscalar tensor

fields. The covariant derivative D
$

� is defined as D
$� ¼

~D� �D
 �, where ~D� ¼ D� ¼ @� þ 1

2 ½uy; @�u�. U ¼ u2

is the nonlinear realization of the Goldstone boson field. As
in Ref. [32], the parity-odd tensor interaction term is also
included. In the above equation, �av2;0 is only poorly

known, and it is related to the spin-dependent analogue
of the mean momentum fraction, namely h�xiu�d.
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The Oðp1Þ part of the interaction Lagrangian is ex-
pressed as

Lð1Þ ¼ �c N

�
i��D� �MN þ gA

2
���5u�

þ
�
ibv2;0
8MN

½D�; u
yV3

��	
3uþ uV3

��	
3uy�

� ��f�D�g þ H:c:

�

þ
�
ibs2;0
4MN

½@�; V0
�����f�D�g þ H:c:

��
c N; (10)

where u� is defined as u� ¼ iuy@�uy. The Oðp2Þ part of
the interaction can be written as

Lð2Þ ¼ F2
� Tr½@f�Uy@�gUx0�V

0
���

� cv2;0
2MN

�c N½Df�; ½D�g; uyV3
��	

3uþ uV3
��	

3uy��c N

� cs2;0
MN

�c N½@f�; ½@�g; V0
����c N; (11)

where the first part of this Lagrangian is the interaction
between the pion fields and the external isoscalar tensor
field. x0� is the momentum fraction of the pion carried by
quarks. Its value is less than 1 since some of the momentum
of the pion is carried by gluons. In the preceding equations,
av2;0, a

s
2;0, b

v
2;0, b

s
2;0, c

v
2;0, and cs2;0 are the low energy con-

stants, which can be determined from the lattice data.
In our calculation, we also include the � intermediate

baryon, which is known to be crucial in the calculation of
spin-dependent quantities. The interaction between the �
and the external tensor field can be written as

L � ¼ �iav;d2;0T
��f�D

$�gT�V
3
�� �

ibv;d2;0

MN

T�D
$�T
F3

�
� þ
bv;t2;0

2MN

ð �T��
D
$�D�c þ �c�
D

$�T�ÞF3
�
�

þ cv;d2;0

MN

T�½Df�; ½D�g; V3
����T� � ias;d2;0T

��f�@
$�gT�V

0
�� �

ibs;d2;0
MN

T�@
$�@�T
F0

�
� þ
cs;d2;0
MN

T�½@f�; ½@�g; V0
����T�;

(12)

where F3
�
� ¼ ½D�; V

3

�� � ½D
; V

3
��� and F0

�
� ¼½@�; V0

�� � ½@
; V0

���. The labels d and t in the low energy
constants stand for decuplet and transition, respectively. T�

are for decuplet fields which have three flavor indices (they
are not shown explicitly, see, for example, Ref. [50] for
details), defined as

T111 ¼ �þþ; T112 ¼ �þ;

T122 ¼ �0; T222 ¼ ��:
(13)

Within the framework of SUð6Þ symmetry, there are
relationships between the octet and decuplet coefficients.
For the isovector coefficients:

av;�
þþ

2;0 ¼ 3av2;0; av;�
þ

2;0 ¼ av2;0;

av;�
0

2;0 ¼ �av2;0; av;�
�

2;0 ¼ �3av2;0;
bv;�

þþ
2;0 ¼ 9

5
bv2;0; bv;�

þ
2;0 ¼ 3

5
bv2;0;

bv;�
0

2;0 ¼ �
3

5
bv2;0; bv;�

�
2;0 ¼ � 9

5
bv2;0;

cv;�
þþ

2;0 ¼ 3cv2;0; cv;�
þ

2;0 ¼ cv2;0;

cv;�
0

2;0 ¼ �cv2;0; cv;�
�

2;0 ¼ �3cv2;0:

(14)

For the isoscalar coefficients, we have

as;�
þþ

2;0 ¼ as2;0; as;�
þ

2;0 ¼ as2;0;

as;�
0

2;0 ¼ as2;0; as;�
�

2;0 ¼ as2;0;

bs;�
þþ

2;0 ¼ 3bs2;0; bs;�
þ

2;0 ¼ 3bs2;0;

bs;�
0

2;0 ¼ 3bs2;0; bs;�
�

2;0 ¼ 3bs2;0;

cs;�
þþ

2;0 ¼ cs2;0; cs;�
þ

2;0 ¼ cs2;0;

cs;�
0

2;0 ¼ cs2;0; cs;�
�

2;0 ¼ cs2;0:

(15)

With the Lagrangian, we can calculate the form factors.
In the case of the lowest moments, the electric form factor
is related to the contribution from the time component of
the vector current, while the magnetic form factor is related
to the space component contribution. For the first form
factors, similar as in the case of electric and magnetic form
factors, one can also get three form factorsA2;0,B2;0, and

C2;0 in the heavy baryon formalism, whose relationships to

the tensor current are

Jq00 � ihp0j �q�f0@
$
0gjpi ¼ 3 �p0

2
Aq

2;0ðQ2Þ þ Q2

2MN

Cq2;0ðQ2Þ;
(16)
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Jq33 � ihp0j �q�f3D
$

3gjpi ¼ �p0

2
Aq

2;0ðQ2Þ þ 3Q2

2MN

Cq2;0ðQ2Þ;
(17)

Jq03 � ihp0j �q�f0D
$

3gjpi ¼ i �p0

2MN

Bq
2;0ðQ2Þð ~�� ~QÞ3: (18)

Within the heavy baryon formalism these three form
factors are related to the commonly used alternative form
factors:

A q
2;0ðQ2Þ ¼ Aq

2;0ðQ2Þ � Q2

8MNðEþMNÞA
q
2;0ðQ2Þ

� Q2

4M2
N

Bq
2;0ðQ2Þ; (19)

B q
2;0ðQ2Þ ¼ Bq

2;0ðQ2Þ þ Aq
2;0ðQ2Þ

� Q2

8MNðEþMNÞB
q
2;0ðQ2Þ; (20)

C q
2;0ðQ2Þ ¼ Cq

2;0ðQ2Þ þ Q2

8MNðEþMNÞC
q
2;0ðQ2Þ: (21)

III. FIRST MOMENTS OF GPDS

In this section, we will derive the formulas for the
isovector and isoscalar form factors A2;0, B2;0, and C2;0.
The one loop Feynman diagrams are shown in Fig. 1. The
solid lines are for the nucleons and �. The dashed lines are
for the � meson, and the dotted lines are for the external
tensor current. Not all of the diagrams contribute to iso-
scalar or isovector form factors. From Eq. (11), one can see
that there is no corresponding interaction between the
pion and the isovector tensor field. This is because the 	
matrix is traceless. For the isoscalar form factors, the
contributions of the �þ and �� loops in diagram
Fig. 1(c) cancel. As a result, diagram Fig. 1(c) does not
contribute to either the isoscalar or isovector form factors.
The graphs Figs. 1(b), 1(d), and 1(f) are of order Oðm2

�Þ,
while graph Fig. 1(e) is of order Oðm3

�Þ. The order of
diagram Fig. 1(a) is dependent on the moments. Its order
is of Oðm3

�Þ for As
2;0, Oðm2

�Þ for Bs
2;0 and Oðm�Þ for Cs2;0.

We study the isovector form factors first. For the isovector
form factors, the diagrams in Figs. 1(a) and 1(c) have no
contribution and diagram Fig. 1(e) only contributes to
Av

2;0.

The contribution of Fig. 1(b), including wave function
renormalization (Fig. 1(f)), is expressed as

Av;bþf
2;0 ¼ Zav2;0 �

g2Aa
v
2;0

64�3F2
�

Z
d3k

~k2u2ð ~kÞ
!3ð ~kÞ

� 5C2av2;0
72�3F2

�

Z
d3k

~k2u2ð ~kÞ
!ð ~kÞð!ð ~kÞ þ �Þ2 ; (22)

Bv;bþf
2;0 ¼ Zbv2;0 þ

g2Ab
v
2;0

192�3F2
�

Z
d3k

~k2u2ð ~kÞ
!3ð ~kÞ

þ 5C2bv2;0
216�3F2

�

Z
d3k

~k2u2ð ~kÞ
!ð ~kÞð!ð ~kÞ þ �Þ2

þ gACbv2;0
90�3F2

�

Z
d3k

~k2u2ð ~kÞ
!ð ~kÞ2ð!ð ~kÞ þ �Þ ; (23)

Cv;bþf2;0 ¼ Zcv2;0 �
g2Ac

v
2;0

64�3F2
�

Z
d3k

~k2u2ð ~kÞ
!3ð ~kÞ

� 5C2cv2;0
72�3F2

�

Z
d3k

~k2u2ð ~kÞ
!ð ~kÞð!ð ~kÞ þ �Þ2 ; (24)

where uð ~kÞ is the ultraviolet regulator, and !ð ~kÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~k2 þm2

�

q
. � is the mass difference between the nucleon

and �. In the above equations, C is the nucleon-�-�
coupling constant [45]. The wave function renormalization
constant Z is expressed as

Z ¼ 1� 3g2A
64�3F2

�

Z
d3k

~k2u2ð ~kÞ
!3ð ~kÞ

� C2

24�3F2
�

Z
d3k

~k2u2ð ~kÞ
!ð ~kÞð!ð ~kÞ þ �Þ2 : (25)

The first integrals in the above formulas are from the
intermediate nucleon contribution, while the second inte-

                                                    

                                                    

                                                    

                                                    

                                                    

                                                    

                                                    

                                                    

                                                    

                                                    

                                                    

fe

c d

ba

FIG. 1. One loop Feynman diagrams for the first moments of
the GPDs. The solid, dashed, and dotted lines are for nucleon
(including �), � meson, and external tensor current, respec-
tively.
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grals are from the intermediate decuplet contribution. The
third integral in Eq. (23) is from the N �� transition. This
transition contribution only exists for Bv

2;0.

The contribution of Fig. 1(d) is obtained as

A v;d
2;0 ¼ �

av2;0
16�3F2

�

Z
d3k

u2ð ~kÞ
!ð ~kÞ ; (26)

B v;d
2;0 ¼ �

bv2;0
16�3F2

�

Z
d3k

u2ð ~kÞ
!ð ~kÞ ; (27)

C v;d
2;0 ¼ �

cv2;0
16�3F2

�

Z
d3k

u2ð ~kÞ
!ð ~kÞ ; (28)

Figure 1(e) only contributes to the form factor A2;0 ex-

pressed as

A v;e
2;0 ¼

gA�a
v
2;0

48�3F2
�MN

Z
d3k

~k2u2ð ~kÞ
!2ð ~kÞ : (29)

From the formulas one can see that in the heavy baryon
formalism, the lowest order loop contribution to the iso-
vector form factors are Q2 independent.

The total expression for the form factors can be written
as

Gv
2;0ðQ2; m2

�Þ ¼ Zðgv2;0 þ gv�m
2
� þ ðgvt þ gv�;tm

2
�ÞQ2Þ

þXf
i¼a

Gv;i
2;0; (30)

whereGv
2;0 stands forA

v
2;0,B

v
2;0, and C

v
2;0. g

v
2;0, g

v
�, g

v
t , and

gv�;t are the corresponding low energy constants which are

determined by fitting the lattice data. In particular, gv2;0 is

identical to av2;0, b
v
2;0, and cv2;0, correspondingly. The other

terms in the above equations are from the tree-level
Lagrangian of high order. For example, for Av

2;0, the m
2
�-

dependent term can be obtained from the interaction

�c Nf½uyV3
��	

3uþuV3
��	

3uy�h�þi�f�D
$�ggc N , where

�þ ¼ uy�uy þ u�yu and � ¼ 2BM. B is the chiral
condensate, and M is the quark mass matrix. h. . .i
denotes the trace in flavor space. The Q2-dependent term

comes from the interaction �c Nf½D�; ½D�; u
yV3

��	
3uþ

uV3
��	

3uy���f�D$�ggc N .

Since in the heavy baryon formalism, the loop contribu-
tion is Q2 independent, the Q2 dependence appears only in
the analytic part. One can also fit the data versusQ2 at fixed
pion mass. In that case Eq. (30) becomes

G v
2;0ðQ2Þjfixed m2

�
¼ Zðhv1 þ hv2Q

2Þ þXf
i¼a

Gv;i
2;0; (31)

where hv1 and hv2 are fitted independently for each pion
mass.
For the isoscalar form factors, Figs. 1(a), 1(b), and 1(f)

contribute, while Figs. 1(c) and 1(d) make no contribution.
The reason is that in Figs. 1(c) and 1(d), the �þ and ��
loops cancel each other exactly. The contributions from
Figs. 1(b) and 1(f) are

As
2;0 ¼ Zas2;0 þ

3g2Aa
s
2;0

64�3F2
�

Z
d3k

~k2u2ð ~kÞ
!3ð ~kÞ

þ C2as2;0
8�3F2

�

Z
d3k

~k2u2ð ~kÞ
!ð ~kÞð!ð ~kÞ þ �Þ2 ; (32)

Bs
2;0 ¼ Zbs2;0 �

3g2Ab
s
2;0

192�3F2
�

Z
d3k

~k2u2ð ~kÞ
!3ð ~kÞ

� 5C2bs2;0
72�3F2

�

Z
d3k

~k2u2ð ~kÞ
!ð ~kÞð!ð ~kÞ þ �Þ2 ; (33)

Cs2;0 ¼ Zcs2;0 þ
3g2Ac

s
2;0

64�3F2
�

Z
d3k

~k2u2ð ~kÞ
!3ð ~kÞ

þ C2cs2;0
8�3F2

�

Z
d3k

~k2u2ð ~kÞ
!ð ~kÞð!ð ~kÞ þ �Þ2 : (34)

Again, the first integrals of the above three formulas are
from the nucleon, and the second integrals are from the �
intermediate state.
To evaluate Fig. 1(a), we need to calculate the contribu-

tion of three components of the tensor current defined in
Eqs. (16)–(18). The expression for these components are

Js00 ¼ �
3g2Ax

0
�

128�3F2
�

Z
d3k

uð ~kÞuð ~k� ~qÞ½ ~k � ð ~k� ~qÞ�2
!2ð ~kÞ!2ð ~k� ~qÞ � C2x0�

48�3F2
�

Z
d3kuð ~kÞuð ~k� ~qÞ½ ~k � ð ~k� ~qÞ�2fð!Þ; (35)

Js33 ¼ �
3g2Ax

0
�

128�3F2
�

Z
d3k

uð ~kÞuð ~k� ~qÞ½4kzðkz � qzÞ � ~k � ð ~k� ~qÞ� ~k � ð ~k� ~qÞ
!2ð ~kÞ!2ð ~k� ~qÞ

� C2x0�
48�3F2

�

Z
d3kuð ~kÞuð ~k� ~qÞ½4kzðkz � qzÞ � ~k � ð ~k� ~qÞ� ~k � ð ~k� ~qÞfð!Þ; (36)

FIRST MOMENTS OF NUCLEON GENERALIZED PARTON . . . PHYSICAL REVIEW D 81, 114015 (2010)

114015-5



Js03 ¼
i3g2Ax

0
�

32�3F2
�

Z
d3k

uð ~kÞuð ~k� ~qÞk2zð ~�� ~qÞz
!ð ~kÞ!ð ~k� ~qÞ½!ð ~kÞ þ!ð ~k� ~qÞ� �

iC2x0�
24�3F2

�

Z
d3k

uð ~kÞuð ~k� ~qÞk2zð ~�� ~qÞz
½!ð ~kÞ þ ��½!ð ~k� ~qÞ þ ��½!ð ~kÞ þ!ð ~k� ~qÞ� ;

(37)

where fð!Þ is expressed as

fð!Þ ¼ !ð ~kÞ þ!ð ~k� ~qÞ þ �

!ð ~kÞ½!ð ~kÞ þ ��!ð ~k� ~qÞ½!ð ~k� ~qÞ þ ��½!ð ~kÞ þ!ð ~k� ~qÞ� : (38)

Both the intermediate nucleon and � states are included.
One can see that this diagram gives the Q2 dependence of
the form factors. The total isoscalar form factors As

2;0,
Bs

2;0 and Cs2;0 can be written in the same way as Eq. (30).
The corresponding low energy constants can also be de-
termined by the lattice data.

IV. NUMERICAL RESULTS

In the numerical calculations, the parameters are chosen
to be D ¼ 0:76 and F ¼ 0:50 (gA ¼ Dþ F ¼ 1:26). The
coupling constant C is chosen to be �2D, as estimated by
SUð6Þ relations—which gives a similar value to that ob-
tained from the hadronic decay width of the �. Here, the
finite-range regulator is chosen to take the dipole form

uð ~kÞ ¼ 1

ð1þ ~k2=�2Þ2 ; (39)

with � ¼ 0:8 GeV. The regulator has been applied in our
previous work on nucleon mass, magnetic moments, form
factors, charge radii, etc. The other two parameters in the
Lagrangian x0� and �av2;0 are chosen to be 0.7 [51] and 0.21

[32], respectively.
All the lattice data had been transformed to a scale of

�2 ¼ 4 GeV2. We first study the isoscalar form factors.
The form factor Auþd

2;0 is shown in Fig. 2. The lattice data

are from Ref. [29]. The solid lines correspond to fitting the
lattice data with Eq. (31) at each pion mass separately.
The dashed lines correspond to fitting the lattice data with
Eq. (30) for all of the pion masses. We can see from the
figure that the difference between the solid and dashed
lines is relatively small. Both of them can extrapolate the
lattice data very well. At each pion mass, the lattice data
shows a dependence on Q2, which is almost linear. In fact,
the result of Fig. 1 is Q2 independent except for Fig. 1(a),
which gives a little curvature to the line. It is interesting
that the momentum dependence of the first form factor is
not like the electromagnetic form factor, which has a
dipole behavior. For the m� dependence, it is not like the
electromagnetic moment either. For example, For the mag-
netic moment, Fig. 1(a) gives the leading order of the
Oðm�Þ contribution. For Auþd

2;0 , the leading order is of

Oðm2
�Þ. This is because in this case, Fig. 1(a) is of Oðm3

�Þ.
Figures 1(b) and 1(f) are of Oðm2

�Þ, which is the same for
the magnetic form factor. Therefore, the magnetic form

factor has a large curvature at small pion mass. At Q2 ¼ 0,
Auþd

2;0 increases with increasing pion mass.

The form factor Buþd
2;0 is shown in Fig. 3. The solid and

dashed lines have the same meaning as in Fig. 2. Again, the
lattice data can be described very well. Similarly toAuþd

2;0 ,

Buþd
2;0 has little curvature with increasing Q2. The form

factor is not sensitive to the pion mass. For this form factor,
all the diagrams in Fig. 1 are ofOðm2

�Þ, including Fig. 1(a).
At the physical pion mass, the value of Buþd

2;0 at Q2 ¼ 0 is

0:497� 0:089.
From Ji’s sum rule [52], the relationship between the

moments and the quark contribution to the total nucleon
spin is

Juþd ¼ 1
2½As

2;0ðQ2 ¼ 0Þ þ Bs
2;0ðQ2 ¼ 0Þ� ¼ 1

2B
s
2;0ðQ2 ¼ 0Þ:

(40)

With the extrapolated value of Bs
2;0ðQ2 ¼ 0Þ at the physi-
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cal pion mass, we find Juþd ¼ 0:249� 0:045. Since the
total spin of the nucleon is 1=2, it is interesting that only
50% of the nucleon spin is carried by quarks. This is
consistent with studies of the evolution of the total quark
angular momentum from a scale typical of a valence-
dominated quark model [9].

In Fig. 4, we show the form factor Cuþd2;0 . Once again the

Q2 dependence shows little curvature. However, this time,
the m� dependence has a visible curvature at the physical
pion mass and Q2 ¼ 0. This is because, unlike Auþd

2;0 and

Buþd
2;0 , Fig. 1(a) has a leading nonanalytic term of order

Oðm�Þ for Cuþd2;0 . The absolute value of Cuþd2;0 decreases with

increasing pion mass at Q2 ¼ 0.
Having discussed the isoscalar moments, which describe

the total contribution of the u and d quark, we now turn to
the isovector part. The isovector moments describe the
difference between the u and d quark contributions. In
this case, the diagrams in Figs. 1(a) and 1(c) have no
contribution and, as a result, the isovector form factors of
the loop are Q2 independent. The form factor Au�d

2;0 is

shown in Fig. 5. Just as for the isoscalar form factors, the
diagrams in Figs. 1(b), 1(d), and 1(f) are of Oðm2

�Þ.
Because Fig. 1(e) is of Oðm3

�Þ, the result is not sensitive
to the choice of �av2;0. For example, at Q2 ¼ 0, the values

of Au�d
2;0 are 0.156 and 0.153 for �av2;0 ¼ 0:21 (phenome-

nological value) and 0.144 (fit value), respectively [32,33].
For theQ2 dependence, from the figure one can see that the

0.0

0.3

0.6

0.9
mπ=353MeV

2,
0u+

d
2,

0u+
d

2,
0u+

d

Q2 ( GeV2 )

2,
0u+

d

mπ
2 ( GeV2 )

mπ=356MeV

0.0

0.3

0.6

0.9
mπ=496MeV mπ=595MeV

0.2 0.4 0.6 0.8 1.0 1.2

0.0

0.3

0.6

0.9

mπ=682MeV mπ=758MeV

0.0 0.2 0.4 0.6
0.0

0.2

0.4

0.6

Q2=0

Q2 ( GeV2 )

0.0 0.2 0.4 0.6 0.8 1.0 1.2

mπ=139MeV
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lines are well described by a linear dependence on Q2,
which comes from the choice of tree-level contribution.

In Fig. 6, we show the isovector form factor Bu�d
2;0 . At

Q2 ¼ 0, it increases with increasing m2
�. At the physical

pion mass its value is about 0:433� 0:071. Bu�d
2;0 is close

to Buþd
2;0 , which means that the u quark is dominant for the

proton spin, while the d quark gives little contribution. The
form factor Cv2;0 is shown in Fig. 7. The value of Cv2;0 is

around zero and not sensitive to either Q2 or m2
�.

The values of A2;0, B2;0 and C2;0 at the physical pion

mass and Q2 ¼ 0 are shown in Table I. Using Eqs. (19)–
(21), one can extract the form factors A2;0, B2;0, andC2;0. In

particular, at Q2 ¼ 0, A2;0 ¼ A2;0, B2;0 ¼ A2;0 þ B2;0,

and C2;0 ¼ C2;0. Compared with those in Ref. [29] extrapo-

lated with the formulas in Ref. [32], our numerical results
are close to their results, which used dimensional regulari-
zation. With the values for the isoscalar and isovector
moments in Table I, one can easily find the u and d quark
moments. For example, for the moment A2;0, the contri-

bution from the u quark is about as twice large as that from
the d quark. This is because in the proton, there are two u
quarks and one d quark. The values of the quark spin are
Ju ¼ 0:233� 0:04 and Jd ¼ 0:016� 0:04. The u quark
dominance for the moment B2;0 can be understood from

the naive quark model for proton, where the u quark spin is
as 4 times as large as the d quark spin. For C2;0, it seems

that the u and d quarks yield almost the same contribution.

We should mention that our extrapolation results depend
on the choice of the tree-level contribution. In the previous
fit, the order of the momentum dependence of the tree-level
contribution is up toQ2. This is supposed to be valid at low
momentum transfer. We know that for the electromagnetic
form factors, the momentum dependence has a dipole
behavior with a mass parameter around 0:71 GeV2. In
the case of the axial form factor, which is perhaps more
relevant for the spin distribution, the phenomenological
form factor is a 1 GeV dipole. Since the actual lattice
data extends over such a broad range of Q2, a purely linear
dependence onQ2 is difficult to justify. Therefore, we have
carried out another fit with a modified dipole form. TheQ2

dependence of the first moments, i.e. Eq. (31), is now
changed to the following expression:

G v
2;0ðQ2Þjfixed m2

�
¼ Zðhv1 þ hv2Q

2Þ
ð1þQ2=�2Þ2 þ

Xf
i¼a

Gv;i
2;0; (41)

where � is chosen to be 1 GeV. While a pure dipole form
would be preferred phenomenologically, we note that the
data from Ref. [29] tends to give much harder form factors
for the axial channel than those found in nature. The reason
for this is not understood but our modified form allows
room to fit the lattice data while still including some
physically reasonable Q2 dependence.
We show the momentum dependence of Au�d

2;0 and

Bu�d
2;0 atm� ¼ 758 MeV in Figs. 8 and 9. As a comparison,
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the solid and dashed lines with the previous linear fit are
also shown. The dotted lines correspond to the fit with the
modified dipole form at tree level. The lattice data can be
reasonably described with both forms. For Bu�d

2;0 , com-

pared with the linear fit, the dipole fit gives a larger value
at Q2 ¼ 0. The situation is similar for the other pion
masses. The curve of mass dependence of Bu�d

2;0 in Fig. 6

is shifted up in the dipole fit. As a result, the moment at the
physical mass is increased from 0.433 to 0.53. For Au�d

2;0 ,

the difference between two fits is not as large as for Bu�d
2;0 .

This is because the lattice data forAu�d
2;0 atQ2 ¼ 0 impose

a strong constraint in that case. At the physical pion mass,
its value changes from 0.156 to 0.17.

The dipole fit makes the absolute value of all the first
moments larger at Q2 ¼ 0. For A2;0, the difference is

about 10% with the help of the lattice data at zero momen-
tum. For B2;0 and Cuþd2;0 , the difference is about 20%. The

value of Cu�d2;0 is still around zero. The difference between

these two separate fitting procedures provides some indi-
cation of the systematic error in extracting this important
physical information from the lattice data.

V. SUMMARY

Chiral perturbation theory with finite-range regulariza-
tion has been applied to the problem of extrapolating
lattice QCD data for GPD moments to the physical pion
mass and zero momentum transfer. For the isovector form
factors, the one loop contribution is of Oðm2

�Þ. For the
isoscalar form factors, Auþd

2;0 and Buþd
2;0 , the leading order

is ofOðm2
�Þ, while for Cuþd2;0 , the leading order is ofOðm�Þ.

The lattice data were fitted both globally and separately at
each pion mass. At Q2 ¼ 0, the m� dependence of the first
moments (except Cuþd2;0 ) does not show a big degree of

curvature at small pion mass, which is quite different
from the zeroth moments (electromagnetic form factors).
Overall, the level of agreement between the extrapolated

TABLE I. Low energy constants and moments at physical pion mass. The results in the table are for the linear fit where the
momentum dependence of the tree-level term is up to Q2. For the dipole fit, the first moments at Q2 ¼ 0 are about 10%–20% larger.
The results of LHPC are also listed in the last column.

g2;0 g�(GeV
�2) gt(GeV

�2) g�;t(GeV
�4) G2;0ð0Þ GLHPC

2;0 ð0Þ
Auþd

2;0 0.489 0.152 �0:266 0.019 0:440� 0:033 0:520� 0:024

Buþd
2;0 0.496 0.005 �0:339 0.268 0:497� 0:089 0:425� 0:086

Cuþd2;0 �0:152 0.102 0.119 �0:159 �0:217� 0:103 �0:267� 0:062

Au�d
2;0 0.207 0.010 �0:139 �0:009 0:156� 0:020 0:157� 0:010

Bu�d
2;0 0.526 0.158 �0:298 0.111 0:433� 0:071 0:430� 0:063

Cu�d2;0 �0:001 �0:009 �0:025 0.062 �0:001� 0:050 �0:017� 0:041

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0

0.1

0.2

0.3

2,
0u-

d

Q2 ( GeV2 )

FIG. 8. The form factor Au�d
2;0 versus Q2 at m� ¼ 758 MeV.

The solid and dashed lines are for the linear fit as in Fig. 5. The
dotted line is for the dipole fit.
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results obtained using dimensional regularization and FRR
is satisfactory.

The Q2 dependence, especially of B2;0, is mainly deter-

mined by the tree-level Q2 behavior. In our first calcula-
tion, we retained only the tree-level terms up toQ2, that is a
linear dependence. On the other hand, the data has been
determined over a wide range of Q2, up to 1:2 GeV2.
Phenomenologically one knows that the physical form
factors exhibit a considerable variation with Q2 over such
a range—usually described by a dipole form. In order to
test the sensitivity to this problem, we have redone the fits
to the lattice data using a modified dipole form. In this case
the first moments at Q2 ¼ 0 are about 10%–20% larger
than those in the linear fit. We regard this as a measure of
one of the main systematic errors associated with extract-
ing information about the quark angular momentum.

In our calculation, the � contributions have been in-
cluded explicitly, because of its potential importance for
spin-dependent quantities. For the nucleon spin, the inclu-
sion of the � changes the result by 10% [7]. However, for
the extrapolation of the first moments of GPDs, if the � is
not included the low energy constants are different. Since
they are adjusted by fitting the lattice data, the extrapolated
moments at the physical pion mass change by less than
about 5% when the � is included.

Using the extrapolated moment B2;0, we can extract

information concerning the quark contribution to the nu-
cleon spin. Our results are consistent with the current JLab
and HERMES experiments [53,54]. On the other hand, the
experimental errors there are quite large at the present
time. The comparison with model predictions, such as
those of Refs. [7,9], is also quite satisfactory, especially
given the systematic errors associated with the Q2 depen-
dence of B2;0 (discussed above) and the dependence of the

proton axial charge on lattice volume. As for the other two
moments, the u quark contribution is twice as large as that
for the d quark in A2;0, while they give similar contribu-

tions to C2;0. In comparing the data, it is important to note

the possible sensitivity of isoscalar quantities to discon-
nected graphs, which were not included in the LHPC
simulation. In the next few years we can look forward
not only to more accurate data on GPDs but lattice QCD
data on larger volumes and at lower quark masses and,
ideally, including disconnected terms. All of this offers
enormous promise toward unravelling the proton spin
problem.
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