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A proposal by Lüscher enables one to compute the scattering phases of elastic two-body systems from

the energy levels of the lattice Hamiltonian in a finite volume. In this work, we generalize the formalism to

S-, P- and D-wave meson and baryon resonances, and general total momenta. Employing nonvanishing

momenta has several advantages, among them making a wider range of energy levels accessible on a

single lattice volume and shifting the level crossing to smaller values of m�L.

DOI: 10.1103/PhysRevD.86.094513 PACS numbers: 12.38.Gc

I. INTRODUCTION

Most hadrons are resonances. Lattice simulations of
QCD have reached the point now where the masses of up
and down quarks are small enough so that the low-lying
hadron resonances, such as the �ð770Þ and �ð1232Þ, can
decay via the strong interactions.

Extracting masses and widths of unstable particles from
the lattice is made difficult by the fact that resonances
cannot be identified directly with a single energy level of
the lattice Hamiltonian. Rather, the eigenstates of the
lattice Hamiltonian correspond to states that are character-
istic of the respective volume. In a series of papers [1],
Lüscher has derived the scattering phase shift in the infinite
volume from the volume dependence of the energy levels
of the lattice Hamiltonian.

The original derivation was given for systems of two
identical particles with vanishing total momentum. To
compute the scattering phases for a sufficiently large set
of energies on a rest-frame lattice, one would have to
repeat the calculation on several volumes, which is com-
putationally expensive.

If the total momentum of the resonance is nonzero,
however, a wide variety of energy levels are becoming
accessible on a single lattice volume, as has been realized
by Gottlieb and Rummukainen [2]. This is illustrated in
Fig. 1, where we show the expected ground state energy
level of the � resonance for several momenta at the physi-
cal pion mass, assuming an effective range approximation
for the scattering phase with g��� ¼ 6:0. At a lattice

volume of m�L ¼ 2 . . . 2:5 the ground state energy levels
of the four lowest momenta are found to cover the reso-
nance region already sufficiently well. Figure 1 tells us,
furthermore, that the energy levels of the interacting sys-
tem rapidly approach the free particle energy spectrum as

m�L increases. For zero total momentum this limits the
region of practical use to m�L & 2:5, while for nonvanish-
ing total momenta it extends to much larger values ofm�L.
Of particular interest to us are baryon resonances, which

so far have not been explored at all. The low-lying baryon
resonances have a much smaller phase space than, for
example, the � meson, which makes P-wave resonances,
such as the � and ��, especially hard to tackle. For zero
total momentum and Oð200Þ MeV pion masses one would
need volumes of L � 6 fm for the phase shift to cover the

FIG. 1 (color online). The ground state center-of-mass (CM)
energy levels of the � resonance at the physical point for various
momenta P ¼ ð2�=LÞd, together with the energy levels of the
noninteracting �� system. The horizontal, dashed line indicates
the physical m�=m� ratio.
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region � � �=2. The reason is that the pion mass is so
much smaller than the mass of the nucleon and the �. Not
so for nonzero total momenta though, which allows the
pion to have zero momentum. In this case, the avoided
level crossing of the energy levels is shifted towards much
smaller values of m�L. This is illustrated in Fig. 2, where
we compare the expected five lowest energy levels of the
�� resonance, that decays to��, for zero and nonzero total
momentum, assuming again an effective range approxima-
tion for the scattering phase with g���� ¼ 9:2.

Considering the difficulty of computing the properties of
resonances on the lattice, how was it possible that the mass
spectrum of the pseudoscalar and vector meson octet and
the baryon decuplet computed in Refs. [3,4], using stan-
dard techniques, agreed so well with the experiment? The
answer is given in Fig. 2. In smaller, favorable volumes the
ground state energy may agree well with the resonance
mass over a wide range of m�L. In larger volumes the
ground state energy will approach the energy level of two
free particles though.

Gottlieb and Rummukainen have extended Lüscher’s
work on meson resonances to nonvanishing total momen-
tum P ¼ ð2�=LÞe3. Their work was generalized further to
two-body systems of arbitrary mass by Davoudi and
Savage [5] and Fu [6]. Recently, Feng et al. [7] have
derived finite size formulas for the next higher momentum
P ¼ ð2�=LÞðe1 þ e2Þ, which has been generalized again
to particles of arbitrary masses by Leskovec and Prelovsek
[8]. In the case of unequal masses and nonvanishing mo-
menta the extraction of phase shifts from the energy levels
of the lattice Hamiltonian proves difficult, because the
partial waves of the individual scattering channels will
mix in general. Strategies of how to overcome this problem
have been discussed by Döring et al. [9] in the framework
of unitarized chiral perturbation theory, which is equivalent
to Lüscher’s approach in the large-L limit. In this work,
we shall derive phase shift formulas for meson and
baryon resonances for total momenta proportional to

P ¼ ð2�=LÞe3, P ¼ ð2�=LÞðe1 þ e2Þ, and P ¼ ð2�=LÞ�
ðe1 þ e2 þ e3Þ, including rotations of P. Our formulas will
cover all two-body S-, P- and D-wave meson and baryon
resonances.
Knowing the scattering phase shifts for general total

momenta, among others, we will be able to extract a great
variety of other hadronic observables, including elastic and
transition form factors of unstable particles, such as the �
form factor and the � to nucleon electromagnetic transition
form factors.
The paper is organized as follows. Section II deals with

the kinematics of two-particle states on the periodic lattice.
In Sec. III, we discuss the solutions of the Helmholtz
equation for noninteracting and interacting particles. The
Lorentz boost from the laboratory frame to the center of
mass frame deforms the cubic lattice, and only some sub-
groups (little groups) of the original cubic point symmetry
group remain. In Sec. IV, we discuss the symmetry prop-
erties of the various center of mass frames, including the
representations of the little groups. This is followed by the
reduction of the phase shift formulas according to spin,
angular momentum, and representation in Sec. V. In
Sec. VI, we give explicit expressions for the phase shifts
of the �, � and N?ð1440Þ (Roper) resonances, and in
Sec. VII we give a sample of operators that transform
according to some of the prominent representations.
Finally, in Sec. VIII, we conclude.

II. TWO-PARTICLE KINEMATICS ON A
MOVING-FRAME LATTICE

In this section, we discuss the kinematical properties of
two noninteracting particles of mass m1 and m2 in a cubic
box of length L with periodic boundary conditions.
Twisted boundary conditions will be discussed elsewhere.
Let us first consider the lattice or laboratory (L) frame.

We denote the 3-momenta of the individual particles by p1,

FIG. 2 (color online). The expected five lowest CM energy levels of the ��ð1385Þ resonance at a pion mass of m� ¼ 230 MeV [3]
for zero total momentum (left) and P ¼ 2�=Le3 (right). The dashed line indicates the anticipated m��=m� ratio.
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p2. The total momentum is denoted by P ¼ p1 þ p2. The
energy of two free particles is given by

W ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
1 þm2

1

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
2 þm2

2

q
: (1)

The lattice momenta pi are quantized to

p i ¼ 2�

L
ni; ni 2 Z3; (2)

and, similarly,

P ¼ 2�

L
d; d 2 Z3: (3)

Next, we consider the center-of-mass frame (CM),
which is moving with velocity

v ¼ P

W
; v ¼ jvj (4)

in the laboratory frame. We denote the CM (relative)
momentum by k and the energy by E. Momentum and
energy are obtained by a standard Lorentz transformation,

k ¼ �ðp1 � v
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
1 þm2

1

q
Þ ¼ ��ðp2 � v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
2 þm2

2

q
Þ;
(5)

where

�p ¼ �pk þ p?; � ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p ¼ W

E
(6)

and

p k ¼ v
vp

v2
; p? ¼ p� pk: (7)

Laboratory and CM frame energies are related by

W ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2 þ E2

p
; (8)

where

E ¼ E1 þ E2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

1

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

2

q
;

k2 ¼ ðE2 � ðm2
1 þm2

2ÞÞ2 � 4m2
1m

2
2

4E2
:

(9)

Defining

p ¼ 1

2
ðp1 � p2Þ ¼ p1 � 1

2
P ¼ �p2 þ 1

2
P; (10)

and expressing the laboratory frame energies in (5) by their
CM counterparts, the CMmomentum k can be rewritten as

k ¼ ��1p� ��1 m
2
1 �m2

2

E2

1

2
P;

��1p ¼ ��1pk þ p?:
(11)

This results in the quantization condition

k 2 �� (12)

with

�� ¼
�
kjk ¼ 2�

L
��1

�
n� 1

2
�

�
;n 2 Z3

�
;

� ¼ d

�
1þm2

1 �m2
2

E2

�
:

(13)

III. SOLUTIONS OF THE HELMHOLTZ
EQUATION

To compute the scattering phases of the interacting two-
particle system, we need to discuss the solutions of the
Helmholtz equation [10] in the CM frame first.
In the laboratory frame the two-particle state is de-

scribed by the wave function c Lðx1; x2Þ, where x1 ¼
ðx01; x1Þ, x2 ¼ ðx02; x2Þ are the space-time coordinates in

Minkowski space. For the moment we restrict ourselves
to particles of spin zero. The wave function can then be
written

c Lðx1; x2Þ ¼ e�iðWt�PXÞ	Lðx0; xÞ (14)

with

X ¼ m1x1 þm2x2
m1 þm2

; x ¼ x1 � x2;

t ¼ m1x
0
1 þm2x

0
2

m1 þm2

; x0 ¼ x01 � x02:

(15)

We are interested in the case where both particles have
equal time coordinates, x01 ¼ x02 ¼ t.
We denote the space-time separation in the CM frame by

r ¼ ðr0; rÞ. The transformation from the laboratory frame
to the CM is given by

r0

r

� �
¼ � �v

�v �

� �
0
x

� �
(16)

with

	Lð0; xÞ ¼ 	CMðr0; rÞ: (17)

In the case of unequal masses,m1 � m2, the (relative) time
coordinate r0 is no longer zero, even though x0 is.

A. Noninteracting particles

For noninteracting particles the CM frame wave func-
tion obeys the equation of motion�

�r2
r0
þr2

rþðE2�ðm1þm2Þ2Þ m1m2

ðm1þm2Þ2
�

�	CMðr0;rÞ¼0 (18)

with �
�irr0 �

E1m2 � E2m1

m1 þm2

�
	CMðr0; rÞ ¼ 0: (19)
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Equations (18) and (19) follow directly from the Klein-
Gordon equations of the individual particles. Writing

	CMðr0; rÞ ¼ e
i
E1m2�E2m1

m1þm2
r0
	CMð0; rÞ; (20)

the time dependence can be factored out, and we obtain the
Helmholtz equation

ðr2
r þ k2Þ	CMðrÞ ¼ 0 (21)

with 	CMðrÞ ¼ 	CMð0; rÞ, and k given by (13).
The laboratory frame wave function is periodic under

spatial translations

c Lðx01;x1;x02;x2Þ
¼ c Lðx01;x1þn1L;x

0
2;x2þn2LÞ; n1;2 2Z3: (22)

Equations (14), (17), and (20), together give

c Lð0; x1; 0; x2Þ ¼ e
iðPXþE1m2�E2m1

Eðm1þm2Þ PxÞ	CMðrÞ; (23)

where we have inserted r0 ¼ �vx ¼ Px=E. This leads to
the periodicity relation for the CM wave function

	CMðrÞ ¼ e�i�n�	CMðrþ �nLÞ (24)

with n ¼ n1 � n2. While for equal masses 	CMðrÞ is
either periodic (n even) or antiperiodic (n odd) with period
�L, this is no longer so for m1 � m2. In this case, the CM
wave function picks up a complex phase factor e�i�n�

when crossing the spatial boundary. We call this attribute
�-periodic.

B. Interacting particles

Let us now turn to the interacting case. We assume that
the two-body interaction has finite range and vanishes
outside the region jrj>R with L � 2R. In the exterior
region 	CMðrÞ satisfies the Helmholtz equation

ðr2
r þ kÞ	CMðrÞ ¼ 0 (25)

with

k 2 ¼ ðE2 � ðm2
1 þm2

2ÞÞ2 � 4m2
1m

2
2

4E2
� k2; (26)

where E now are the energy levels of the interacting
system.

We are now looking for solutions of the Helmholtz
equation (25). The (singular) case k 2 �� requires a sepa-
rate discussion, which we shall omit here. The Green
function

G�ðr; k2Þ ¼ ��1L�3
X

p2��

eipr

p2 � k2
(27)

is such a solution. An appropriate basis of solutions of the
Helmholtz equation is obtained from (27) by

G�
lmðr; k2Þ ¼ YlmðrÞG�ðr; k2Þ; (28)

where

Y lmðrÞ ¼ jrjlYlmðr̂Þ; r̂ ¼ r

jrj : (29)

Obviously, G�ðr; k2Þ and G�
lmðr; k2Þ are �-periodic. The

CM wave function can then be expanded as

	CMðrÞ ¼
X
l;m

clmG
�
lmðr; k2Þ; (30)

which may be interpreted as a partial wave expansion. The
functions G�

lm can be expanded in spherical harmonics

Ylmð
;’Þ and spherical Bessel functions [11] nlðkrÞ, jlðkrÞ

G�
lmðr; k2Þ ¼

ð�1Þlklþ1

4�

�
nlðkrÞYlmð
; ’Þ

þ X1
l0¼0

Xl0
m0¼�l0

M�
lm;l0m0jl0 ðkrÞYl0m0 ð
;’Þ

�
(31)

with

M�
lm;l0m0 ¼ ð�1Þl��1

�3=2

Xlþl0

j¼jl�l0j

Xj
s¼�j

ij

qjþ1
Z�
jsð1; q2Þ�Clm;js;l0m0 ;

q ¼ kL

2�
; (32)

where r ¼ jrj, 
, and ’ are the polar coordinates of r. The
generalized zeta function Z�

jsð1; q2Þ is obtained from

Z�
jsð�; q2Þ ¼

X
z2P�

YjsðzÞ
ðz2 � q2Þ� (33)

with

P� ¼
�
zjz ¼ ��1

�
n� 1

2
�

�
;n 2 Z3

�
(34)

by analytic continuation � ! 1. The coefficient Clm;js;l0m0

can be expressed in terms of Wigner 3j-symbols

Clm;js;l0m0 ¼ ð�1Þm0
il�jþl0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1Þð2jþ 1Þð2l0 þ 1Þ

q
� l j l0

m s �m0

 !
l j l0

0 0 0

 !
: (35)

In the Appendix, we give Z�
jsð1; q2Þ for arbitrary values of j

and s.
It is easily seen that�

zjz ¼ ��1

�
n� 1

2
�ðm1; m2Þ

�
;n 2 Z3

�

¼
�
�zjz ¼ ��1

�
n� 1

2
�ðm2; m1Þ

�
;n 2 Z3

�
: (36)

This results in

Z�ðm1;m2Þ
js ð�; q2Þ ¼ ð�1ÞjZ�ðm2;m1Þ

js ð�; q2Þ (37)

and
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M�ðm1;m2Þ
lm;l0m0 ¼ ð�1Þlþl0M�ðm2;m1Þ

lm;l0m0 ; (38)

as lþ jþ l0 ¼ even. Both M�ðm1;m2Þ
lm;l0m0 and M�ðm2;m1Þ

lm;l0m0 have

the same determinant and lead to the same results, so that
the order of m1 and m2 does not matter.

In the literature one often finds the expression [2,8]

M�
lm;l0m0 ¼ ð�1Þl��1

�3=2

Xlþl0

j¼jl�l0j

Xj
s¼�j

ij

qjþ1
Z�
jsð1; q2ÞClm;js;l0m0 :

(39)

Though not quite correct in general, it leads to the same
results for the phase shifts as the matrix (32). Indeed, if we

denote (39) by ~M, we find ~Mlm;l0m0 ¼ ð�1Þlþl0M�
lm;l0m0 ,

which has the same determinant as M (see the equations
for the phase shifts given in (54) and (55) below). In the
following we shall use the shorthand notation

wlm ¼ 1

�3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ 1

p ��1q�l�1Z�
lmð1; q2Þ: (40)

So far we have considered spinless particles only. Let us
now assume that one of the particles carries spin S. In the
outer region jrj> R, which we are concerned with here,

the spin operator Ŝ commutes with the Hamiltonian. The
spin-dependent part of the wave function can thus be
factored out. As we are mainly interested in meson-baryon
resonances, we consider S ¼ 1=2. In this case, we have

	CMðrÞ ¼
X
J;�
l;m;�

�
lm;

1

2
�jJ�

	
clmG

�
lmðr; q2Þ


1
2
�; (41)

where 

1
2
� is the two-component baryon spinor. This

amounts to an expansion of the CM wave function in terms
of spin spherical harmonics

YJl� ¼ X
m;�

�
lm;

1

2
�jJ�

	
Ylm


1
2
�: (42)

In this basis, the matrix M� reads

M�
Jl�;J0l0�0 ¼

X
m;�
m0 ;�0

�
lm;

1

2
�jJ�

	�
l0m0;

1

2
�0jJ0�0

	
M�

lm;l0m0 :

(43)

IV. SYMMETRY PROPERTIES

The Lorentz boost deforms the cubic box to a parallel-
epiped, in which the length scale parallel to the direction of
the boost vector is multiplied by �, whereas the perpen-
dicular length scale is left unchanged.

A. Boost vectors

We will consider boost vectors

d ¼ ðd1; d2; d3Þ; di ¼ 0;�1 (44)

and integer multiples nd, n 2 Z thereof. For that purpose it
is sufficient to consider

d ¼ ð0; 0; 0Þ � 0;

d ¼ ð0; 0; 1Þ � e3;

d ¼ ð1; 1; 0Þ � e1 þ e2;

d ¼ ð1; 1; 1Þ � e1 þ e2 þ e3:

(45)

The boost vectors (44) can be transformed into one of the
boost vectors (45) by a global rotation, which will leave
our final results unchanged. Results for multiples of (45)
are obtained by simply replacing d by nd in the formulas to
follow. In Fig. 3, we show two examples of the deformation
of the cubic box.

B. Properties of the functions wlm

In the following we shall use the shorthand notation

wl ¼ ðwll; wll�1; . . . ; wl�lþ1; wl�lÞ: (46)

As a result of (37),wlm is no longer zero for odd values of l
in the case of unequal masses. In general, we have

Z�
l�mð1; q2Þ ¼ ð�1ÞmZ�

lmð1; q2Þ�: (47)

0
1

2e1

1
2e 2

1

2

e3

0
1

2e1

1
2e2

1

2

e3

FIG. 3 (color online). A cubic box of unit length deformed to a parallelepiped with d ¼ ðe1 þ e2Þ (left panel) and d¼ðe1þe2þe3Þ
(right panel) for � ¼ 2.
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1. The case d ¼ ð0; 0; 1Þ
In this case, the system is symmetric under rotations

around e3 by �=2, which leads to

Z�
lmð1;q2Þ ¼ 0; for m � 0 mod 4: (48)

Furthermore, the system is symmetric under the inter-
change of axes 1 $ 2, as well as reflections e1;2 !
�e1;2. This leaves us with the following elements:

l wl

0 ðw00Þ
1 ð0; w10; 0Þ
2 ð0; 0; w20; 0; 0Þ
3 ð0; 0; 0; w30; 0; 0; 0Þ
4 ðw44; 0; 0; 0; w40; 0; 0; 0; w44Þ

2. The case d ¼ ð1; 1; 0Þ
In this case, the system is symmetric under the inter-

change of the axes 1 $ 2. Furthermore, the system is
symmetric under reflections e3 ! �e3. This leaves us
with the following elements:

l wl

0 ðw00Þ
1

ffiffiffi
2

p
Rew11ðei�=4; 0;�e�i�=4Þ

2 ðw22; 0; w20; 0;�w22Þ
3

ffiffiffi
2

p 

e�i�=4Rew33;0;e

i�=4Rew31;0;

�e�i�=4Rew31;0;�ei�=4Rew33

�
4 ðw44; 0; w42; 0; w40; 0;�w42; 0; w44Þ

3. The case d ¼ ð1; 1; 1Þ
In this case, the only symmetry that is left is the sym-

metry under cyclic permutation 1 ! 2 ! 3 ! 1. This
leaves us with the following elements:

l wl

0 ðw00Þ
1 w10ð�ei�=4; 1; e�i�=4Þ
2 w22ð1;�

ffiffiffi
2

p
e�i�=4; 0;� ffiffiffi

2
p

ei�=4;�1Þ
3



�

ffiffiffiffi
10

p
4 e�i�=4w30; w32;

ffiffi
6

p
4 ei�=4w30; w30;

�
ffiffi
6

p
4 e�i�=4w30;�w32;

ffiffiffiffi
10

p
4 ei�=4w30

�
4


 ffiffiffiffi
70

p
14 w40;�

ffiffi
7

p
2 ei�=4w42; w42;

1
2 e

�i�=4w42; w40;

1
2 e

i�=4w42;�w42;�
ffiffi
7

p
2 e�i�=4w42;

ffiffiffiffi
70

p
14 w40

�

C. Irreducible representations of the little groups

In the CM frame, the symmetry group of the cubic lattice
is the cubic group O for particles with integer spin, and its
double cover group 2O for particles with half-integer spin.
The group O consists of 24 elements Ri, i.e., rotation

matrices, which are characterized by the axis nðiÞ and angle
!i of rotation (with i ¼ 1; . . . ; 24). The rotation matrices
are given by

ðRiÞ�� ¼ cos!i��� þ ð1� cos!iÞnðiÞ� nðiÞ�

� sin!i����n
ðiÞ
� ; �; �; � ¼ 1; 2; 3: (49)

The 24 elements of O fall into five different conjugacy
classes. They are listed in Table I. The group 2O has 48
elements Ri. As for O, they are characterized by the axis

nðiÞ and angle !i (with i ¼ 1; . . . ; 48 now). The 48 ele-
ments of 2O fall into eight different conjugacy classes.
They are listed in Table II.
The full symmetry group includes space inversions I,

which commute with the elements of O and 2O. Choosing
TðIÞ ¼ �1,1 where TðIÞ denotes an element of any matrix
representation of I, the elements of O and 2O combined
with I form the product groups Oh ¼ O � f1;�1g and
2Oh ¼ 2O � f1;�1g, respectively. Irreducible matrix rep-

resentations of Oh and 2Oh have been given, for example,

in Ref. [12].

TABLE I. The elements of the cubic group, parametrized by
the rotation axis n ið Þ and rotation angle !i, divided into the
different conjugacy classes.

Class i n ið Þ !i

I 1 Any 0

8C3 2 ð1; 1; 1Þ= ffiffiffi
3

p �2�=3

3 ð1; 1; 1Þ= ffiffiffi
3

p
2�=3

4 (� 1; 1; 1=
ffiffiffi
3

p
) �2�=3

5 (� 1; 1; 1=
ffiffiffi
3

p
) 2�=3

6 (� 1;�1; 1=
ffiffiffi
3

p
) �2�=3

7 (� 1;�1; 1=
ffiffiffi
3

p
) 2�=3

8 (1;�1; 1=
ffiffiffi
3

p
) �2�=3

9 (1;�1; 1=
ffiffiffi
3

p
) 2�=3

6C4 10 (1, 0, 0) ��=2

11 (1, 0, 0) �=2

12 (0, 1, 0) ��=2

13 (0, 1, 0) �=2

14 (0, 0, 1) ��=2

15 (0, 0, 1) �=2

6C0
2 16 (0; 1; 1=

ffiffiffi
2

p
) ��

17 (0;�1; 1=
ffiffiffi
2

p
) ��

18 (1; 1; 0=
ffiffiffi
2

p
) ��

19 (1;�1; 0=
ffiffiffi
2

p
) ��

20 (1; 0; 1=
ffiffiffi
2

p
) ��

21 (� 1; 0; 1=
ffiffiffi
2

p
) ��

3C2 22 (1, 0, 0) ��

23 (0, 1, 0) ��

24 (0, 0, 1) ��

1Alternatively, we could have chosen TðIÞ ¼ 1. Both choices
are consistent with I2 ¼ 1.
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In the CM frame moving with velocity v ¼ P=W, P ¼
ð2�=LÞd in the laboratory frame, the symmetry group
reduces to certain subgroups of Oh and 2Oh, hereafter

referred to as the little groups. In the case of unequal
masses, the little group consists of elements Si ¼
fRi; IRig 2 Oh and 2Oh, respectively, which obey

Sid ¼ d: (50)

In the case of equal masses, the system is symmetric under
d ! �d, and the little group consists of elements Si, which
obey

Sid ¼ �d: (51)

In Table III, we list the elements Ri 2 O and 2O that
satisfy the condition Rid ¼ d and Rid ¼ �d for our three
choices of d, together with the corresponding little groups.
With Id ¼ �d, the action of the group elements Si on d is
now fully defined.
As we shall see, several of the irreducible representa-

tions of the little groups C4v,
2C4v,

2C2v, C3v and 2C3v in

Table III, namely E, G1, and G2, are two-dimensional.
Two-dimensional representations G1 and G2 can be built
from the matrices

ðYiÞ�� ¼ ðe�i
2n

ðiÞ�!iÞ�� ¼ ��� cos
!i

2
� iðnðiÞ�Þ�� sin!i

2
;

�; � ¼ 1; 2 (52)

with i ¼ 1; . . . ; 48.
For the two-dimensional representation E in the bosonic

case, it is convenient to introduce the matrices

X1 ¼ 1; X2 ¼ � 1

2
1þ i

ffiffiffi
3

p
2

�2;

X3 ¼ � 1

2
1� i

ffiffiffi
3

p
2

�2; X4 ¼ � 1

2
�3 �

ffiffiffi
3

p
2

�1;

X5 ¼ �3; X6 ¼ � 1

2
�3 þ

ffiffiffi
3

p
2

�1;

X7 ¼ i
1ffiffiffi
2

p ð�1 þ �2Þ; X8 ¼ 1ffiffiffi
2

p ð�1 � �2Þ:

(53)

In Tables IV, V, VI, VII, VIII, and IX, we list the
elements fSig of the little groups C4v,

2C4v, C2v,
2C2v,

C3v, and
2C3v, broken into the various conjugacy classes,

the irreducible representations � and characters 
ð�Þ of the
little groups. Note that the rotation matrices Ri are speci-

fied by the rotation axes nðiÞ and angles!i given in Tables I
and II for the bosonic and fermionic case, respectively. In
the case of the two-dimensional representations, we addi-
tionally list the matrices Xi, Yi corresponding to the re-
spective group elements. It is straightforward to check that
these matrices obey the group multiplication laws. Later on
we will need the whole information communicated in the
tables for the construction of basis vectors and operators
that transform according to the individual irreducible
representations.

TABLE II. The elements of the double cover group of the
cubic group, parametrized by the rotation axis n ið Þ and rotation
angle !i, divided into the different conjugacy classes.

Class i n ið Þ !i

I 1 Any 0

6C4 2 (1, 0, 0) �

3 (0, 1, 0) �

4 (0, 0, 1) �

5 (1, 0, 0) ��

6 (0, 1, 0) ��

7 (0, 0, 1) ��

6C0
8 8 (1, 0, 0) �=2

9 (0, 1, 0) �=2
10 (0, 0, 1) �=2
11 (1, 0, 0) ��=2

12 (0, 1, 0) ��=2
13 (0, 0, 1) ��=2

6C8 14 (1, 0, 0) 3�=2
15 (0, 1, 0) 3�=2

16 (0, 0, 1) 3�=2
17 (1, 0, 0) �3�=2
18 (0, 1, 0) �3�=2

19 (0, 0, 1) �3�=2

8C6 20 (1; 1; 1=
ffiffiffi
3

p
) 2�=3

21 (� 1; 1; 1=
ffiffiffi
3

p
) 2�=3

22 (� 1;�1; 1=
ffiffiffi
3

p
) 2�=3

23 (1;�1; 1=
ffiffiffi
3

p
) 2�=3

24 (1; 1; 1=
ffiffiffi
3

p
) �2�=3

25 (� 1; 1; 1=
ffiffiffi
3

p
) �2�=3

26 (� 1;�1; 1=
ffiffiffi
3

p
) �2�=3

27 (1;�1; 1=
ffiffiffi
3

p
) �2�=3

8C3 28 (1; 1; 1=
ffiffiffi
3

p
) 4�=3

29 (� 1; 1; 1=
ffiffiffi
3

p
) 4�=3

30 (� 1;�1; 1=
ffiffiffi
3

p
) 4�=3

31 (1;�1; 1=
ffiffiffi
3

p
) 4�=3

32 (1; 1; 1=
ffiffiffi
3

p
) �4�=3

33 (� 1; 1; 1=
ffiffiffi
3

p
) �4�=3

34 (� 1;�1; 1=
ffiffiffi
3

p
) �4�=3

35 (1;�1; 1=
ffiffiffi
3

p
) �4�=3

12C0
4 36 (0; 1; 1=

ffiffiffi
2

p
) �

37 (0;�1; 1=
ffiffiffi
2

p
) �

38 (1; 1; 0=
ffiffiffi
2

p
) �

39 (1;�1; 0=
ffiffiffi
2

p
) �

40 (1; 0; 1=
ffiffiffi
2

p
) �

41 (� 1; 0; 1=
ffiffiffi
2

p
) �

42 (0; 1; 1=
ffiffiffi
2

p
) ��

43 (0;�1; 1=
ffiffiffi
2

p
) ��

44 (1; 1; 0=
ffiffiffi
2

p
) ��

45 (1;�1; 0=
ffiffiffi
2

p
) ��

46 (1; 0; 1=
ffiffiffi
2

p
) ��

47 (� 1; 0; 1=
ffiffiffi
2

p
) ��

J 48 Any 2�
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The results hold for the general case of unequal masses.
For equal masses (integer spin) the representations are
merely ‘doubled.’ Let us explain this by giving a specific
example. Consider the representation A1 in Table IV. For
equal masses two representations emerge: Aþ

1 correspond-

ing to TðSÞ ¼ 1 for S ¼ R1, R14, R15, R24, R18, R19, R22,
R23, IR1, IR14, IR15, IR24, IR18, IR19, IR22, IR23, and A�

1

corresponding to TðSÞ ¼ 1 for S ¼ R1, R14, R15, R24, IR18,
IR19, IR22, IR23 and TðSÞ ¼ �1 for S ¼ IR1, IR14, IR15,
IR24, R18, R19, R22, R23. All other representations are
‘doubled’ in a similar manner.

V. PHASE SHIFTS

From now on we shall drop the superscript � from the
matrixM. Following Ref. [12], the scattering phase shifts �
are obtained from the determinant equation

detðMlm;l0m0 � �ll0�mm0 cot�lÞ ¼ 0 (54)

for meson resonances and

detðMJl�;J0l0�0 � �JJ0�ll0���0 cot�JlÞ ¼ 0 (55)

TABLE III. Rotations Ri that obey the condition Rid ¼ �d.

Group d Little group Rid ¼ d Rid ¼ �d

Oh (0, 0, 1) C4v fRiji ¼ 1; 14; 15; 24g fRiji ¼ 18; 19; 22; 23g
(1, 1, 0) C2v fRiji ¼ 1; 18g fRiji ¼ 19; 24g
(1, 1, 1) C3v fRiji ¼ 1; 2; 3g fRiji ¼ 17; 19; 21g

2Oh (0, 0, 1) 2C4v fRiji ¼ 1; 4; 7; 10; 13; 16; 19; 48g fRiji ¼ 2; 3; 5; 6; 38; 39; 44; 45g
(1, 1, 0) 2C2v fRiji ¼ 1; 38; 44; 48g fRiji ¼ 4; 7; 39; 45g
(1, 1, 1) 2C3v fRiji ¼ 1; 20; 24; 28; 32; 48g fRiji ¼ 37; 39; 41; 43; 45; 47g

TABLE IV. Character table of the little group C4v for integer spin. The top row shows the elements of C4v divided into conjugacy
classes. The bottom row shows the corresponding matrices for the two-dimensional irreducible representation E. The rows in between
list the characters of the various irreducible representations � of C4v.

fSig R1 fR14; R15g fIR18; IR19g fIR22; IR23g R24

I 2C4 2IC0
2 2IC2 C2

A1 1 1 1 1 1

A2 1 1 �1 �1 1

B1 1 �1 �1 1 1

B2 1 �1 1 �1 1

E 2 0 0 0 �2

E X1 f�X7; X7g fX5;�X5g fX8;�X8g �X1

TABLE V. The same as Table IV for the little group 2C4v and half-integer spin, together with the matrices of the two-dimensional
irreducible representations E, G1, and G2.

fSig R1 fR4; R7g fR10; R13g fR16; R19g fIR2; IR3; IR5; IR6g fIR38; IR39; IR44; IR45g R48

I 2C4 2C0
8 2C8 4IC4 4IC0

4 J

A1 1 1 1 1 1 1 1

A2 1 1 1 1 �1 �1 1

B1 1 1 �1 �1 1 �1 1

B2 1 1 �1 �1 �1 1 1

E 2 �2 0 0 0 0 2

G1 2 0
ffiffiffi
2

p � ffiffiffi
2

p
0 0 �2

G2 2 0 � ffiffiffi
2

p ffiffiffi
2

p
0 0 �2

E 1 f�1;�1g fi�3;�i�3g f�i�3; i�3g f�1;��1; �1;��1g f��2; �2;��2; �2g 1
G1 Y1 fY4; Y7g fY10; Y13g fY16; Y19g f�Y2;�Y3;�Y5;�Y6g f�Y38;�Y39;�Y44;�Y45g Y48

G2 Y1 fY4; Y7g f�Y10;�Y13g f�Y16;�Y19g fY2; Y3; Y5; Y6g f�Y38;�Y39;�Y44;�Y45g Y48
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for baryon resonances. Equations (54) and (55) relate the
phases � in the infinite volume to the energy levels of the
lattice Hamiltonian in a finite cubic box.

A. Reduction of the phase shift formulas

In the infinite volume, the basis vectors of an irreducible
representation Dl of the rotation group of total angular

momentum l are given by jlmi with Mlm;l0m0 ¼
hlmjM̂jl0m0i. In case of half-integer spin, the basis vectors
are given by

jJl�i ¼ X
m;�

��������lm;
1

2
�

	�
lm;

1

2
�

��������J�i (56)

with

MJl�;J0l0�0 ¼ hJl�jM̂jJ0l0�0i; (57)

where � ¼ �J; . . . ;þJ and l ¼ J � 1
2 . The vectors jlmi

and jJl�i are parity eigenstates with parity ð�1Þl.
In the case of the moving frame the basis vectors of an

irreducible representation � can be written as

j��lni ¼ X
m

c��nlm jlmi (58)

for integer spin and

j��Jlni ¼ X
�

c��nJl� jJl�i (59)

for half-integer spin, where � runs from 1 to the dimension
of �, and n runs from 1 to Nð�; lÞ, the number of occur-
rences of the irreducible representation � in Dl. The basis
vectors of the various frames and representations are given
in Tables X, XI, XII, XIII, XIV, and XV for l ¼ 0, 1 and 2.
The coefficients c��nlm and c��nJl� can be directly read off

from these tables.

TABLE IX. The same as Table IV for the little group 2C3v and half-integer spin, together with the matrices of the two-dimensional
irreducible representations E and G1.

fSig R1 fR20; R24g fR28; R32g fIR37; IR45; IR47g fIR39; IR41; IR43g R48

I 2C6 2C3 3IC4 3IC0
4 J

A1 1 1 1 1 1 1

A2 1 1 1 �1 �1 1

K1 1 �1 1 i �i �1
K2 1 �1 1 �i i �1
E 2 �1 �1 0 0 2

G1 2 1 �1 0 0 �2

E X1 fX3; X2g fX2; X3g f�X4;�X5;�X6g f�X5;�X6;�X4g X1

G1 Y1 fY20; Y24g fY28; Y32g f�Y37;�Y45;�Y47g f�Y39;�Y41;�Y43g Y48

TABLE VIII. The same as Table IV for the little group C3v and
integer spin, together with the matrices of the two-dimensional
irreducible representation E.

fSig R1 fR2; R3g fIR17; IR19; IR21g
I 2C3 3IC0

2

A1 1 1 1

A2 1 1 �1
E 2 �1 0

E X1 fX2; X3g f�X4;�X5;�X6g

TABLE VI. The same as Table IV for the little group C2v and
integer spin.

Si R1 R18 IR19 IR24

I C0
2 IC0

2 IC2

A1 1 1 1 1

A2 1 1 �1 �1
B1 1 �1 1 �1
B2 1 �1 �1 1

TABLE VII. The same as Table IV for the little group 2C2v

and half-integer spin, together with the matrices of the two-
dimensional irreducible representation G1.

fSig R1 fR38; R44g fIR4; IR7g fIR39; IR45g R48

I 2C0
4 4IC4 4IC0

4 J

A1 1 1 1 1 1

A2 1 1 �1 �1 1

B1 1 �1 �1 1 1

B2 1 �1 1 �1 1

G1 2 0 0 0 �2

G1 Y1 fY38; Y44g f�Y4;�Y7g f�Y39;�Y45g Y48
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The matrix elements of M̂ in the new basis are given by

h��lnjM̂j�0�0l0n0i ¼ X
mm0

c��n�lm c�
0�0n0

l0m0 Mlm;l0m0 (60)

for meson resonances and

h��JlnjM̂j�0�0J0l0n0i ¼ X
��0

c��n�Jl� c�
0�0n0

J0l0�0 MJl�;J0l0�0 (61)

for baryon resonances.

According to Schur’s lemma, M̂ is partially diagonalized
in the new basis,

h��lnjM̂j�0�0l0n0i ¼ ���0���0M�
ln;l0n0 ;

h��JlnjM̂j�0�0J0l0n0i ¼ ���0���0M�
Jln;J0l0n0 :

(62)

The phase shift formulas (54) and (55) then reduce to

detðM�
ln;l0n0 � �ll0�nn0 cot�lÞ ¼ 0;

detðM�
Jln;J0l0n0 � �JJ0�ll0�nn0 cot�JlÞ ¼ 0:

(63)

The partially diagonalized matrices M�
ln;l0n0 and M�

Jln;J0l0n0

are given below for l 	 2 and J ¼ 1=2 and 3=2.

B. Reduced matrices M�

1. d ¼ ð0; 0; 1Þ—integer spin

In this case Nð�; lÞ ¼ 1 for all representations, so that
we may drop the subscripts n, n0 fromM�

ln;l0n0 . The matrices

M� have the following entries:

ðM�
l;l0 Þ ¼

M0;0 M0;1 M0;2

M1;0 M1;1 M1;2

M2;0 M2;1 M2;2

0
BB@

1
CCA (64)

TABLE XI. The basis vectors of the irreducible representa-
tions � of the little group 2C4v and half-integer spin. � labels the

components of the basis vectors of the two-dimensional repre-
sentations G1 and G2.

� J l � Basis vectors

G1
1
2 0 1 j 12 ; 12i

2 �j 12 ;� 1
2i

G1
1
2 1 1 j 12 ; 12i

2 j 12 ;� 1
2i

G1
3
2 1 1 j 32 ; 12i

2 �j 32 ;� 1
2i

G2
3
2 1 1 j 32 ;� 3

2i
2 j 32 ; 32i

G1
3
2 2 1 j 32 ; 12i

2 j 32 ;� 1
2i

G2
3
2 2 1 j 32 ;� 3

2i
2 �j 32 ; 32i

TABLE XIII. The basis vectors of the irreducible representa-
tions � of the little group 2C2v and half-integer spin. � labels the

components of the basis vectors of the two-dimensional repre-
sentation G1.

� J l � Basis vectors

G1
1
2 0 1 j 12 ;� 1

2i
2 �ij 12 ; 12i

G1
1
2 1 1 j 12 ; 12i

2 j 12 ;� 1
2i

G1
3
2 1 1 j 32 ;� 3

2i
2 j 32 ; 32i

G1
3
2 1 1 �j 32 ; 12i

2 j 32 ;� 1
2i

G1
3
2 2 1 ij 32 ; 32i

2 j 32 ;� 3
2i

G1
3
2 2 1 j 32 ;� 1

2i
2 ij 32 ; 12i

TABLE XII. The basis vectors of the irreducible representa-
tions � of the little group C2v and integer spin.

� l Basis vectors

A1 0 j0; 0i
A1 1 1ffiffi

2
p ð�ij1;�1i þ j1; 1iÞ

B1 1 j1; 0i
B2 1 1ffiffi

2
p ðij1;�1i þ j1; 1iÞ

A1 2 j2; 0i
A1 2 1ffiffi

2
p ðj2;�2i � j2; 2iÞ

A2 2 1ffiffi
2

p ðj2;�1i � ij2; 1iÞ
B1 2 1ffiffi

2
p ðj2;�1i þ ij2; 1iÞ

B2 2 1ffiffi
2

p ðj2;�2i þ j2; 2iÞ

TABLE X. The basis vectors of the irreducible representa-
tions � of the little group C4v and integer spin. � labels the
components of the basis vectors of the two-dimensional repre-
sentation E.

� l � Basis vectors

A1 0 j0; 0i
A1 1 j1; 0i
E 1 1 1

2 ð1� iÞj1;�1i � 1
2 ð1þ iÞj1; 1i

2 � 1ffiffi
2

p ij1;�1i þ 1ffiffi
2

p j1; 1i
A1 2 j2; 0i
B1 2 1ffiffi

2
p ðj2;�2i þ j2; 2iÞ

B2 2 1ffiffi
2

p ðj2;�2i � j2; 2iÞ
E 2 1 1ffiffi

2
p j2;�1i � 1ffiffi

2
p ij2; 1i

2 1
2 ð1� iÞj2;�1i þ 1

2 ð1þ iÞj2; 1i
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with

MA1 ¼
w00

ffiffiffi
3

p
iw10 � ffiffiffi

5
p

w20

� ffiffiffi
3

p
iw10 w00 þ 2w20 i 2

ffiffiffiffi
15

p
5 w10 þ i 3

ffiffiffiffi
15

p
5 w30

� ffiffiffi
5

p
w20 �i 2

ffiffiffiffi
15

p
5 w10 � i 3

ffiffiffiffi
15

p
5 w30 w00 þ 10

7 w20 þ 18
7 w40

0
BBB@

1
CCCA; (65)

MB1 ¼
0 0 0

0 0 0

0 0 w00 � 10
7 w20 þ 3

7w40 þ 3
ffiffiffiffi
70

p
7 w44

0
BB@

1
CCA; (66)

MB2 ¼
0 0 0

0 0 0

0 0 w00 � 10
7 w20 þ 3

7w40 � 3
ffiffiffiffi
70

p
7 w44

0
BB@

1
CCA; (67)

TABLE XV. The basis vectors of the irreducible representations � of the little group 2C3v and half-integer spin. � labels the
components of the basis vectors of the two-dimensional representation G1.

� J l � Basis vectors

G1
1
2 0 1

ffiffi
6

p
3 j 12 ;� 1

2i þ 1ffiffi
6

p ð1� iÞj 12 ; 12i
2 � 1ffiffi

6
p ð1� iÞj 12 ;� 1

2i �
ffiffi
6

p
3 ij 12 ; 12i

G1
1
2 1 1 j 12 ; 12i

2 j 12 ;� 1
2i

G1
3
2 1 1 1ffiffi

6
p ð1þ iÞj 32 ;� 3

2i þ 1ffiffi
2

p j 32 ;� 1
2i þ 1ffiffi

6
p ij 32 ; 32i

2 � 1ffiffi
6

p j 32 ;� 3
2i � 1ffiffi

2
p ij 32 ; 12i þ 1ffiffi

6
p ð1þ iÞj 32 ; 32i

K1
3
2 1 �ð

ffiffi
3

p
6 ð1þ iÞ þ

ffiffi
6

p
12 ð1� iÞÞj 32 ;� 3

2i þ 1
2 j 32 ;� 1

2i þ
ffiffi
2

p
4 ð1þ iÞj 32 ; 12i þ ð

ffiffi
6

p
6 �

ffiffi
3

p
6 iÞj 32 ; 32i

K2
3
2 1 �ð

ffiffi
3

p
6 ð1þ iÞ �

ffiffi
6

p
12 ð1� iÞÞj 32 ;� 3

2i þ 1
2 j 32 ;� 1

2i �
ffiffi
2

p
4 ð1þ iÞj 32 ; 12i � ð

ffiffi
6

p
6 þ

ffiffi
3

p
6 iÞj 32 ; 32i

G1
3
2 2 1 1ffiffi

6
p j 32 ;� 1

2i þ 1ffiffi
6

p ð1� iÞj 32 ; 12i þ 1ffiffi
2

p ij 32 ; 32i
2 1ffiffi

2
p j 32 ;� 3

2i þ 1ffiffi
6

p ð1� iÞj 32 ;� 1
2i þ 1ffiffi

6
p ij 32 ; 12i

K1
3
2 2 �ð

ffiffi
3

p
6 ð1þ iÞ �

ffiffi
6

p
12 ð1� iÞÞj 32 ;� 3

2i þ 1
2 j 32 ;� 1

2i �
ffiffi
2

p
4 ð1þ iÞj 32 ; 12i � ð

ffiffi
6

p
6 þ

ffiffi
3

p
6 iÞj 32 ; 32i

K2
3
2 2 �ð

ffiffi
3

p
6 ð1þ iÞ þ

ffiffi
6

p
12 ð1� iÞÞj 32 ;� 3

2i þ 1
2 j 32 ;� 1

2i þ
ffiffi
2

p
4 ð1þ iÞj 32 ; 12i þ ð

ffiffi
6

p
6 �

ffiffi
3

p
6 iÞj 32 ; 32i

TABLE XIV. The basis vectors of the irreducible representations � of the little group C3v

and integer spin. � labels the components of the basis vectors of the two-dimensional
representation E.

� l � Basis vectors

A1 0 j0; 0i
A1 1 � 1ffiffi

3
p ij1;�1i � 1ffiffi

6
p ð1þ iÞj1; 0i þ 1ffiffi

3
p j1; 1i

E 1 1 1ffiffi
2

p ij1;�1i þ 1ffiffi
2

p j1; 1i
2 � 1ffiffi

6
p j1;�1i þ 1ffiffi

3
p ð1� iÞj1; 0i � 1ffiffi

6
p ij1; 1i

A1 2 1ffiffi
6

p j2;�2iþ 1ffiffi
6

p ð1� iÞj2;�1iþ 1ffiffi
6

p ð1þ iÞj2;1i� 1ffiffi
6

p j2;2i
E 2 1 1ffiffi

2
p j2;�2i þ 1ffiffi

2
p j2; 2i

2 �j2; 0i
E 2 1 1ffiffi

2
p j2;�1i � 1ffiffi

2
p ij2; 1i

2 � 1ffiffi
6

p ð1� iÞj2;�2i� 1ffiffi
6

p ij2;�1iþ 1ffiffi
6

p j2;1iþ 1ffiffi
6

p ð1� iÞj2;2i
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ME ¼
0 0 0

0 w00 � w20 � 3
ffiffiffiffi
10

p
10 ð1� iÞðw10 � w30Þ

0 � 3
ffiffiffiffi
10

p
10 ð1þ iÞðw10 � w30Þ w00 þ 5

7w20 � 12
7 w40

0
BB@

1
CCA: (68)

2. d ¼ ð0; 0; 1Þ—half-integer spin

In this caseNð�; lÞ ¼ 1 for all representations, so that we may drop the subscripts n, n0 again. The matricesM� have the
following entries:

ðM�
Jl;J0l0 Þ ¼

M1
20;

1
20

M1
20;

1
21

M1
20;

3
21

M1
20;

3
22

M1
21;

1
20

M1
21;

1
21

M1
21;

3
21

M1
21;

3
22

M3
21;

1
20

M3
21;

1
21

M3
21;

3
21

M3
21;

3
22

M3
22;

1
20

M3
22;

1
21

M3
22;

3
21

M3
22;

3
22

0
BBBBBB@

1
CCCCCCA (69)

with

MG1 ¼

w00 iw10 i
ffiffiffi
2

p
w10 � ffiffiffi

2
p

w20

�iw10 w00

ffiffiffi
2

p
w20 i

ffiffiffi
2

p
w10

�i
ffiffiffi
2

p
w10

ffiffiffi
2

p
w20 w00 þ w20

i
5w10 þ 9i

5 w30

� ffiffiffi
2

p
w20 �i

ffiffiffi
2

p
w10 � i

5w10 � 9i
5 w30 w00 þ w20

0
BBBBBB@

1
CCCCCCA; (70)

MG2 ¼

0 0 0 0

0 0 0 0

0 0 w00 � w20 i 35 ðw10 � w30Þ
0 0 �i 35 ðw10 � w30Þ w00 � w20

0
BBBBB@

1
CCCCCA: (71)

3. d ¼ ð1; 1; 0Þ—integer spin

The representation A1 occurs twice in D
l for l ¼ 2, NðA1; 2Þ ¼ 2. In all other cases Nð�; lÞ ¼ 1. The matricesM� have

the following entries:

ðM�
l½n
;l0½n0
Þ ¼

M0;0 M0;1 M0;21 M0;22

M1;0 M1;1 M1;21 M1;22

M21;0 M21;1 M21;21 M21;22

M22;0 M22;1 M22;21 M22;22

0
BBBBB@

1
CCCCCA (72)

with

MA1 ¼

w00 � ffiffiffi
6

p ð1� iÞr11
ffiffiffiffiffiffi
10

p
w22 � ffiffiffi

5
p

w20

� ffiffiffi
6

p ð1þ iÞr11 A22 A�
23 Aþ

24

� ffiffiffiffiffiffi
10

p
w22 Aþ

23 A33 A34

� ffiffiffi
5

p
w20 A�

24 �A34 A44

0
BBBBBB@

1
CCCCCCA; (73)

where rjs ¼ Rewjs and

A�
23 ¼

3
ffiffiffiffiffiffi
10

p
5

ð1� iÞr11 �
ffiffiffiffiffiffi
15

p
5

ð1� iÞr31 � 3ð1� iÞr33; A�
24 ¼ �

ffiffiffiffiffiffi
30

p
5

ð1� iÞr11 þ 6
ffiffiffi
5

p
5

ð1� iÞr31;

A22 ¼ w00 � w20 �
ffiffiffi
6

p
iw22; A33 ¼ w00 � 10

7
w20 þ 3

7
w40 � 3

ffiffiffiffiffiffi
70

p
7

w44;

A34 ¼ � 10
ffiffiffi
2

p
7

w22 þ 3
ffiffiffiffiffiffi
30

p
7

w42; A44 ¼ w00 þ 10

7
w20 þ 18

7
w40:

(74)

M. GÖCKELER et al. PHYSICAL REVIEW D 86, 094513 (2012)

094513-12



For the remaining representations we drop the subscripts n, n0 and obtain

MA2 ¼
0 0 0

0 0 0

0 0 w00 þ 5
7w20 � 12

7 w40 þ 5
ffiffi
6

p
7 iw22 þ 6

ffiffiffiffi
10

p
7 iw42

0
BB@

1
CCA; (75)

MB1 ¼
0 0 0

0 w00 þ 2w20 � 3
ffiffiffiffi
10

p
5 ð1þ iÞr11 � 4

ffiffiffiffi
15

p
5 ð1þ iÞr31

0 � 3
ffiffiffiffi
10

p
5 ð1� iÞr11 � 4

ffiffiffiffi
15

p
5 ð1� iÞr31 B33

0
BB@

1
CCA; (76)

MB2 ¼
0 0 0

0 w00 � w20 þ
ffiffiffi
6

p
iw22

~B�
23

0 ~Bþ
23 w00 � 10

7 w20 þ 3
7w40 þ 3

ffiffiffiffi
70

p
4 w44

0
BB@

1
CCA; (77)

where

B33 ¼ w00 þ 5

7
w20 � 12

7
w40 � 5

ffiffiffi
6

p
7

iw22 � 6
ffiffiffiffiffiffi
10

p
7

iw42; ~B�
23 ¼ � 3

ffiffiffiffiffiffi
10

p
5

ð1� iÞr11 þ
ffiffiffiffiffiffi
15

p
5

ð1� iÞr31 � 3ð1� iÞr33:
(78)

4. d ¼ ð1; 1; 0Þ—half-integer spin

In this case, we are concerned with the representation G1 only. We have NðG1; lÞ ¼ 2 for J ¼ 3
2 and l ¼ 1, 2 and

NðG1; lÞ ¼ 1 else. The matrix MG1 has the following entries:

ðMG1

Jl½n
;J0l0½n0
Þ ¼

M1
20;

1
20

M1
20;

1
21

M1
20;

3
211

M1
20;

3
212

M1
20;

3
221

M1
20;

3
222

M1
21;

1
20

M1
21;

1
21

M1
21;

3
211

M1
21;

3
212

M1
21;

3
221

M1
21;

3
222

M3
211;

1
20

M3
211;

1
21

M3
211;

3
211

M3
211;

3
212

M3
211;

3
221

M3
211;

3
222

M3
212;

1
20

M3
212;

1
21

M3
212;

3
211

M3
212;

3
212

M3
212;

3
221

M3
212;

3
222

M3
221;

1
20

M3
221;

1
21

M3
221;

3
211

M3
221;

3
212

M3
221;

3
221

M3
221;

3
222

M3
222;

1
20

M3
222;

1
21

M3
222;

3
211

M3
222;

3
212

M3
222;

3
221

M3
222;

3
222

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

(79)

with

MG1 ¼

w00 � ffiffiffi
2

p
G�

14 � ffiffiffi
3

p
Gþ

14 G�
14 �2iw22 � ffiffiffi

2
p

w20

� ffiffiffi
2

p
Gþ

14 w00 2w22

ffiffiffi
2

p
w20 � ffiffiffi

3
p

Gþ
14 �Gþ

14

� ffiffiffi
3

p
G�

14 �2w22 w00 � w20

ffiffiffi
2

p
w22 G�

35 G�
36

Gþ
14

ffiffiffi
2

p
w20 � ffiffiffi

2
p

w22 w00 þ w20 �Gþ
36 Gþ

46

�2iw22 � ffiffiffi
3

p
G�

14 Gþ
35 �G�

36 w00 � w20 � ffiffiffi
2

p
iw22

� ffiffiffi
2

p
w20 �G�

14 Gþ
36 G�

46 � ffiffiffi
2

p
iw22 w00 þ w20

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA
; (80)

where

G�
14 ¼ ð1� iÞr11; G�

35 ¼
6

ffiffiffi
5

p
5

ð1� iÞr33;

G�
36 ¼ �

ffiffiffi
6

p
5

ð1� iÞðr11 �
ffiffiffi
6

p
r31Þ; G�

46 ¼ � 2
ffiffiffi
2

p
5

ð1� iÞr11 � 6
ffiffiffi
3

p
5

ð1� iÞr31:
(81)

5. d ¼ ð1; 1; 1Þ—integer spin

In this case, we are concerned with two representations, A1 and E. The representation A1 occurs only once inD
l, and we

find
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MA1 ¼ ðMA1

l;l0 Þ ¼
M0;0 M0;1 M0;2

M1;0 M1;1 M1;2

M2;0 M2;1 M2;2

0
BB@

1
CCA

¼
w00

3
ffiffi
2

p
2 ð1� iÞw10

ffiffiffiffiffiffi
30

p
w22

3
ffiffi
2

p
2 ð1þ iÞw10 w00 � 2

ffiffiffi
6

p
iw22

~A�
23

� ffiffiffiffiffiffi
30

p
w22

~Aþ
23 w00 � 12

7 w40 � 12
ffiffiffiffi
10

p
7 iw42 � 10

ffiffi
6

p
7 iw22

0
BBBB@

1
CCCCA; (82)

where

~A�
23 ¼ � 3

ffiffiffiffiffiffi
10

p
5

ð1� iÞw10 þ 3
ffiffiffiffiffiffi
10

p
5

ð1� iÞw30 �
ffiffiffi
3

p ð1� iÞw32: (83)

The representation E occurs twice in Dl for l ¼ 2, NðE; 2Þ ¼ 2, and we obtain

ME ¼ ðME
l½n
;l0½n0
Þ ¼

M0;0 M0;1 M0;21 M0;22

M1;0 M1;1 M1;21 M1;22

M21;0 M21;1 M21;21 M21;22

M22;0 M22;1 M22;21 M22;22

0
BBBBB@

1
CCCCCA

¼

0 0 0 0

0 w00 þ i
ffiffiffi
6

p
w22 E�

23 E24

0 Eþ
23 w00 þ 18

7 w40 E�
34

0 E24 �Eþ
34 w00 � 12

7 w40 þ 6
ffiffiffiffi
10

p
7 iw42 þ 5

ffiffi
6

p
7 iw22

0
BBBBBB@

1
CCCCCCA; (84)

where

E�
23 ¼

3
ffiffiffi
5

p
5

ð1� iÞw10 þ 9
ffiffiffi
5

p
10

ð1� iÞw30;

E24 ¼ 3
ffiffiffi
5

p
5

ðw10 � w30Þ þ
ffiffiffi
6

p
iw32;

E�
34 ¼

5
ffiffiffi
6

p
7

ð1� iÞw22 � 9
ffiffiffiffiffiffi
10

p
14

ð1� iÞw42:

(85)

6. d ¼ ð1; 1; 1Þ—half-integer spin

In this case Nð�; lÞ ¼ 1 for all representations. The
matrices M� have the following entries:

ðM�
Jl;J0l0 Þ ¼

M1
20;

1
20

M1
20;

1
21

M1
20;

3
21

M1
20;

3
22

M1
21;

1
20

M1
21;

1
21

M1
21;

3
21

M1
21;

3
22

M3
21;

1
20

M3
21;

1
21

M3
21;

3
21

M3
21;

3
22

M3
22;

1
20

M3
22;

1
21

M3
22;

3
21

M3
22;

3
22

0
BBBBBB@

1
CCCCCCA (86)

with

MK1 ¼

0 0 0 0

0 0 0 0

0 0 w00 þ
ffiffiffi
6

p
iw22

�Bþ
34

0 0 �B�
34 w00 þ

ffiffiffi
6

p
iw22

0
BBBBB@

1
CCCCCA; (87)

where

�B�
34 ¼

�
� 3

ffiffiffi
2

p
5

� 3

5
i

�
w10 þ

�
3

ffiffiffi
2

p
5

� 12

5
i

�
w30

þ
�
�

ffiffiffiffiffiffi
30

p
5

� 2
ffiffiffiffiffiffi
15

p
5

i

�
w32; (88)

and

MK2 ¼

0 0 0 0

0 0 0 0

0 0 w00 þ
ffiffiffi
6

p
iw22 B̂þ

34

0 0 B̂�
34 w00 þ

ffiffiffi
6

p
iw22

0
BBBBB@

1
CCCCCA; (89)

where

B̂�
34 ¼

�
3

ffiffiffi
2

p
5

� 3

5
i

�
w10 þ

�
� 3

ffiffiffi
2

p
5

� 12

5
i

�
w30

þ
�
�

ffiffiffiffiffiffi
30

p
5

þ 2
ffiffiffiffiffiffi
15

p
5

i

�
w32; (90)

and finally
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MG1 ¼

w00

ffiffi
6

p
2 ð1� iÞw10

ffiffiffi
6

p
iw10 �2

ffiffiffi
3

p
iw22ffiffi

6
p
2 ð1þ iÞw10 w00

ffiffiffi
6

p ð1þ iÞw22

ffiffiffi
3

p ð1þ iÞw10

� ffiffiffi
6

p
iw10 � ffiffiffi

6
p ð1� iÞw22 w00 � i

ffiffiffi
6

p
w22

~G34

�2
ffiffiffi
3

p
iw22

ffiffiffi
3

p ð1� iÞw10 � ~G34 w00 � i
ffiffiffi
6

p
w22

0
BBBBBBB@

1
CCCCCCCA; (91)

where

~G 34 ¼ 6
ffiffiffi
3

p
5

iw30 �
ffiffiffi
3

p
5

iw10 � 3
ffiffiffiffiffiffi
10

p
5

w32: (92)

VI. THREE EXAMPLES

Let us now apply the formulas derived above to a few
concrete cases. A general feature of unequal mass particles
is that spin and angular momentum mix under the Lorentz
boost, which complicates the extraction of phase shifts
significantly. In the case of baryon resonances, nonvanish-
ing momenta prove most advantageous for the evaluation
of P-wave phase shifts, as we have seen in the
Introduction. For S-wave baryon resonances nonvanishing
momenta are of no big advantage as far as moving the level
crossing to smaller values of m�L is concerned.

Of primary interest are the � and the � resonance. The
calculation of the mass and the width of the � meson
provides a benchmark test, which has to be passed success-
fully before we can address more complex systems. The �
resonance is interesting for two reasons. First of all, it is
one of the very few elastic two-body baryon resonances,
and as such qualifies for a first extension of Lüscher’s
method to particles carrying spin. Secondly, being a
P33 wave, its phase �3

21
can be computed directly from

representations G2 and B1, B2. Finally, we consider the
N?ð1440Þ Roper resonance. Being a P11 wave and carrying
spin 1=2, it couples to the representation G1 only, which
mixes spin 1=2 with spin 3=2 and angular momentum
l ¼ 0 with angular momentum l ¼ 1.

A. The � resonance

In the case of equal masses and integer spin the situation
simplifies significantly. All matrices M� turn out to be

diagonal, and the phase shifts can be directly read off
from their eigenvalues. The phase shifts �1 of the � reso-
nance are given in Table XVI.

B. The �ð1232Þ resonance
Neglecting mixing with D waves (and higher), it is

straightforward to compute �3
21

for boost vector d ¼
ð0; 0; 1Þ from the representation G1 and for boost vector
d ¼ ð1; 1; 1Þ from representations B1 and B2, giving

d � cot�3
21

ð0; 0; 1Þ G2 w00 � w20

ð1; 1; 1Þ B1; B2 w00 þ i
ffiffiffi
6

p
w22

: (93)

In all other cases �3
21

mixes with lower spin and lower

partial waves.
The same formulas apply to the ��ð1385Þ resonance

(whose energy levels we have shown in Fig. 2), which is
a P13 wave.

C. The N?ð1440Þ Roper resonance
Let us consider the boost vector d ¼ ð0; 0; 1Þ and repre-

sentation G1. Alternatively we could consider the boost
vectors d ¼ ð1; 1; 0Þ and d ¼ ð1; 1; 1Þ. Neglecting mixing
with J ¼ 3

2 states for the moment, we need to solve

��������
w00 � cot�1

20
iw10

�iw10 w00 � cot�1
21

�������� ¼ 0; (94)

which leads to

cot�1
21
cot�1

20
� ðcot�1

21
� cot�1

20
Þw00 þ w2

00 � w2
10 ¼ 0:

(95)

The phase shift that interests us here is �1
21
. To compute �1

21

from (95) we need to know �1
20
, which is most easily

obtained from eigenstates of zero total momentum, d ¼
ð0; 0; 0Þ. It is not excluded that the spin-1=2 states mix with
the P-wave spin-3=2 state, though no resonance of that
kind has been reported by the Particle Data Group [13]. In
this case, we would have�������������

w00� cot�1
20

iw10 i
ffiffiffi
2

p
w10

�iw10 w00 � cot�1
21

ffiffiffi
2

p
w20

�i
ffiffiffi
2

p
w10

ffiffiffi
2

p
w20 w00 þw20 � cot�3

21

�������������¼ 0:

(96)

TABLE XVI. The phase shifts of the � resonance for the
various boost vectors and representations.

d Little Group � cot�1

(0, 0, 1) C4v A�
1 w00 þ 2w20

E� w00 � w20

(1, 1, 0) C2v A�
1 w00 � w20 � i

ffiffiffi
6

p
w22

B�
1 w00 þ 2w20

B�
2 w00 � w20 þ i

ffiffiffi
6

p
w22

(1, 1, 1) C3v A�
1 w00 � i2

ffiffiffi
6

p
w22

E� w00 þ i
ffiffiffi
6

p
w22
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To find out, and to solve (96), the phase �3
21
can be directly

computed from representation G2. It has to be extrapolated
to the appropriate value of q2 though.

VII. OPERATORS

Recently, several authors [8,14–16] have started to con-
struct operators projecting onto selected irreducible repre-
sentations of the little groups. In this section, we extend the
work to higher representations and/or particles with spin.

We start from (generally nonlocal) operators

O�ðx1; x2; tÞ. Under space rotations R̂ they transform like

ðR̂OÞ�ðx1; x2; tÞ ¼ S��ðRÞO�ðR�1x1; R
�1x2; tÞ; (97)

where R�1x denotes the rotated vector x, and the matrices
S��ðRÞ form a linear representation of the group SOð3Þ in
case of integer spin and SUð2Þ in case of half-integer spin.
The explicit form of S��ðRÞ is well known for scalar,

vector, and spinor fields. Under space inversions Î the
operators transform as

ðÎOÞ�ðx1; x2; tÞ ¼ I��O�ð�x1;�x2; tÞ (98)

with I2 ¼ 1. An operator O�
�ðx1; x2; tÞ, which transforms

according to the irreducible representation � of the little
group, is given by (see, for example, Ref. [17])

O�
�ðx1; x2; tÞ ¼

X
i


�
�ðSiÞðŜiOÞ�ðx1; x2; tÞ; (99)

where the sum runs over all elements Si of the little group,
which are either pure rotations Ri, or rotations combined
with space inversion IRi. The quantities 
�ðSiÞ denote the
characters in the representation �. The operators can be
trivially Fourier transformed to momentum space.

Below we will give a few examples of single-particle
and two-particle operators, which demonstrate the proce-
dure to be followed in the general case.

A. Single-particle operators

Let us start with the simple case of quark-antiquark and
three-quark operators, and discuss this case in detail.

1. The case d ¼ ð0; 0; 1Þ—scalar mesons

Consider the operator

Oðp; tÞ ¼ X
x

eipx �qðx; tÞqðx; tÞ: (100)

Under rotations and space inversions the operator trans-
forms as

R̂ð �qðx; tÞqðx; tÞÞ ¼ �qðR�1x; tÞqðR�1x; tÞ;
Îð �qðx; tÞqðx; tÞÞ ¼ �qð�x; tÞqð�x; tÞ: (101)

The projected operator takes the form

O�ðp; tÞ ¼ X
i


�
�ðSiÞ

X
x

eipx �qðS�1
i x; tÞqðS�1

i x; tÞ: (102)

Note that the sites R�1
i x and �x belong to the lattice if x

does. In the case of unequal masses, the momentum p is
left invariant by the elements of the little group, Sip ¼ p,
so that we have

O�ðp; tÞ ¼ X
i


�
�ðSiÞ

X
x

eipx �qðx; tÞqðx; tÞ

¼
�X

i


�
�ðSiÞ

�
Oðp; tÞ: (103)

Consequently, the operatorOðp; tÞ transforms according to
the trivial representation A1, for which

P
i


�
�ðSiÞ � 0.

In the case of equal masses, the number of irreducible
representations is doubled, � ! ��, and the momentum p
is left invariant by the elements of the little group up to a
sign, Sip ¼ �p. Accordingly, the operators O� should be
symmetrized, or antisymmetrized, with respect to
p $ �p. However, we may still work with the same
operators as for unequal masses. The advantage of these
operators is that they have definite momentum p. The
additional symmetry present in the case of equal masses
has solely the effect that even angular momenta do not mix
with odd angular momenta in the spectrum of the lattice
Hamiltonian.

2. The case d ¼ ð0; 0; 1Þ—vector mesons

Starting from the operator

Vðp; tÞ ¼
V1ðp; tÞ
V2ðp; tÞ
V3ðp; tÞ

0
BB@

1
CCA

Viðp; tÞ ¼
X
x

eipx �qðx; tÞ�iqðx; tÞ;
(104)

it can easily be checked that in the case of unequal masses
the operator

VEðp; tÞ ¼ X
x

eipx
V1ðx; tÞ
V2ðx; tÞ

0

0
BB@

1
CCA (105)

transforms according to the irreducible representation E. In
fact, one may use any linear combination of V1 and V2 to
project onto E. In contrast, the third component, V3, trans-
forms according to the irreducible representation A1,

VA1ðp; tÞ ¼ X
x

eipxV3ðx; tÞ: (106)

3. The case d ¼ ð1; 1; 1Þ—vector mesons

We start again from the operator (104). Instead of (105),
we now get

M. GÖCKELER et al. PHYSICAL REVIEW D 86, 094513 (2012)

094513-16



VEðp; tÞ ¼ X
x

eipx
2V1ðx; tÞ � V2ðx; tÞ � V3ðx; tÞ
2V2ðx; tÞ � V3ðx; tÞ � V1ðx; tÞ
2V3ðx; tÞ � V1ðx; tÞ � V2ðx; tÞ

0
BB@

1
CCA:
(107)

The components of VE are cyclic permutations, fi; j; kg ¼
f1; 2; 3g, of the operator 2Vi � Vj � Vk. Note that only two

of the components of VE are independent, in accord with
the representation E being two-dimensional.

The operator projected onto the prepresentation A1 is
given by

VA1ðp; tÞ ¼ X
x

eipxðV1ðx; tÞ þ V2ðx; tÞ þ V3ðx; tÞÞ: (108)

4. The case d ¼ ð0; 0; 1Þ—� resonance

We start from the interpolating operator of the �þ
resonance,

�þ
� ðp; tÞ ¼

�þ
1�ðp; tÞ

�þ
2�ðp; tÞ

�þ
3�ðp; tÞ

0
BB@

1
CCA (109)

with, for example,

�þ
i�ðp; tÞ ¼

X
x

eipxf2ðuTðx; tÞC�idðx; tÞu�ðx; tÞ

þ ðuTðx; tÞC�iuðx; tÞd�ðx; tÞg
¼ X

x

eipx�þ
i�ðx; tÞ: (110)

Under space rotations the operator �þ
i�ðp; tÞ transforms as

ðR̂�Þþi�ðx; tÞ ¼ S��ðRÞAijðRÞ�þ
j�ðR�1x; tÞ;

SðRÞ ¼
�SðRÞ 0

0 �SðRÞ

 !
;

(111)

where AðRÞ and �SðRÞ are 3� 3 and 2� 2 irreducible
matrix representations of SUð2Þ, respectively. Under space
inversions the operator transforms as

ðÎ�Þþi�ðx; tÞ ¼ ð�0Þ���þ
i�ð�x; tÞ: (112)

Applying (99), the operators projected onto the irreducible
representations G1 and G2 turn out to be

�þG1
� ¼ X

x

eipx

�þ
1�ðx; tÞ þ ið�3Þ���þ

2�ðx; tÞ
�þ
2�ðx; tÞ � ið�3Þ���þ

1�ðx; tÞ
2�þ

3�ðx; tÞ

0
BB@

1
CCA (113)

and

�þG2
� ¼ X

x

eipx

�þ
1�ðx; tÞ � ið�3Þ���þ

2�ðx; tÞ
�þ
2�ðx; tÞ þ ið�3Þ���þ

1�ðx; tÞ
0

0
BB@

1
CCA; (114)

respectively, where

�3 ¼
�3 0

0 �3

 !
: (115)

B. Two-particle operators

1. The case d ¼ ð0; 0; 1Þ—product of two
(pseudo)scalar fields

We start from the operator

Oðp; q; tÞ ¼ X
x;y

eiðpxþqðx�yÞÞ	1ðx; tÞ	2ðy; tÞ: (116)

In the case of unequal masses the operator that transforms
according to the irreducible representation � is given by

O�ðp; q; tÞ ¼ X8
i¼1


�
�ðSiÞ

X
x;y

eiðpxþðSiqÞðx�yÞÞ	1ðx; tÞ	2ðy; tÞ;

(117)

where

i Siq

1 ðq1; q2; q3Þ
2 ðq2;�q1; q3Þ
3 ð�q2; q1; q3Þ
4 ð�q1;�q2; q3Þ
5 ð�q2;�q1; q3Þ
6 ðq2; q1; q3Þ
7 ð�q1; q2; q3Þ
8 ðq1;�q2; q3Þ

(118)

From this expression one readily obtains, for example, the
operator that transforms according to the representation E,

OEðp; q; tÞ ¼ X
x;y

eipxðeiq?ðx�yÞ? � e�iq?ðx�yÞ?Þ

� eiqkðx�yÞk	1ðx; tÞ	2ðy; tÞ; (119)

where qk ¼ ð0; 0; q3Þ and q? ¼ ðq1; q2; 0Þ, and similarly

for x, y.

2. The case d ¼ ð1; 1; 0Þ—product of pion
and nucleon fields

This case is trivial, as only the irreducible representation
G1 contributes. Any operator, for example,

Oðp; q; tÞ ¼ X
x;y

eiðpxþqðx�yÞÞ�ðx; tÞNðy; tÞ; (120)

will transform according to G1.
Having the characters 
ð�Þ of the irreducible represen-

tations � of the little groups at hand, it should be no
problem to construct operators that transform according
to any other representation. Examples of meson-baryon

SCATTERING PHASES FOR MESON AND BARYON . . . PHYSICAL REVIEW D 86, 094513 (2012)

094513-17



operators projected onto representations G2 in the case of
d ¼ ð0; 0; 1Þ and B1, B2 in the case of d ¼ ð1; 1; 1Þ will be
given in a separate publication [18], together with numeri-
cal results.

VIII. CONCLUSIONS

In this work, we have extended previous work by
Lüscher [1] and others [2,6–8] on determining the scatter-
ing phases from the energy levels of the (lattice)
Hamiltonian in a finite volume to meson and baryon reso-
nances of arbitrary masses and arbitrary total momenta
P ¼ ð2�n=LÞðd1; d2; d3Þ with di ¼ 0, �1, n 2 Z.
Explicit formulas for the phase shifts have been given for
meson resonances with angular momentum l 	 2 and for
baryon resonances with spin J 	 3=2 and orbital angular
momentum l 	 2. That covers essentially all elastic two-
body resonances. There are several advantages to perform-
ing simulations with nonvanishing total momenta. This
includes making the avoided level crossing in P-wave
decays occur at a smaller volume, if the scattering particles
have different mass, and making a wider set of energy
levels available on a single lattice volume.

The drawback is that the individual partial waves will
mix in general. Neglecting D waves, this is the case for all
S-wave meson resonances and all S- and P-wave spin-1=2
baryon resonances. To compute the P-wave phase shift �1

21
,

for example, one will need input from �1
20
. One might be

lucky though and find the latter to be small, because no
low-lying positive parity S-wave spin-1=2 pion-nucleon
resonance has been reported [13]. This is one of the mys-
teries of baryon spectroscopy.

The success of the method depends on our ability to
construct operators that will transform according to the
desired representation of the little group. We have outlined
the general procedure of how to construct such operators
from the character tables, and given a few explicit ex-
amples of single-particle and two-particle operators.
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APPENDIX: ZETA FUNCTIONS

A valid representation of the zeta function for � ¼ 1 is
given by [10]

Z�
lmð1; q2Þ ¼

X
z2P�jzj<�

YlmðzÞ
z2 � q2

þ ð2�Þ3
Z 1

0
dt

�
etq

2
K��

lm ðt; 0Þ � ��l0�m0

ð4�Þ2t3=2
�
;

(A1)

where

K��
lm ðt; rÞ ¼ K�

lmðt; rÞ �
1

ð2�Þ3
X
z2P�jzj<�

YlmðzÞeizr�tz2 (A2)

and K�
lmðt; rÞ is the heat kernel of the Laplace operator on

the �-periodic lattice,

K�
lmðt; rÞ ¼

1

ð2�Þ3
X

z2P�

YlmðzÞeizr�tz2 : (A3)

This leads to

Z�
lmð1; q2Þ

¼ X
z2P�jzj<�

YlmðzÞ
z2 � q2

e�ðz2�q2Þ þ
Z 1

1
dt
X
z2P�jzj>�

YlmðzÞe�tðz2�q2Þ

þ
Z 1

0
dt

� X
z2P�

YlmðzÞe�tðz2�q2Þ � �
�

2
�l0�m0

1

t3=2

�

� �
�

4
�l0�m0 (A4)

with both integrals being well defined for a suitable choice
of �. Indeed, using the relationX
z2P�

YlmðzÞe�tz2

¼ �

�
�

t

�
3=2
�
i

2t

�
l X
n2Z3

e�i�n�Ylmð2��nÞe�ð2��nÞ2=4t;

(A5)

the sum over z 2 P� in the second integral can be ex-
pressed in terms of a sum over n 2 Z3, which finally gives

Z�
lmð1; q2Þ

¼ X
z2P�

YlmðzÞ
z2 � q2

e�ðz2�q2Þ þ �
�

2
�l0�m0FðqÞ

þ ��3=2
Z 1

0
dt

etq
2

t3=2

�
i

2t

�
l

� X
n2Z3
n�0

e�i�n�Ylmð2��nÞe�ð��nÞ2=t; (A6)

where

FðqÞ ¼
Z 1

0
dt

etq
2 � 1

t3=2
� 2 ¼ X1

n¼0

q2n

ðn� 1=2Þn! : (A7)
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