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The odd-parity ground state of the � baryon lies surprisingly low in mass. At 1405 MeV, it lies lower

than the odd-parity ground-state nucleon, even though it has a valence strange quark. Using the PACS-CS

ð2þ 1Þ-flavor full-QCD ensembles, we employ a variational analysis using source and sink smearing to

isolate this elusive state. For the first time we reproduce the correct level ordering with respect to nearby

scattering thresholds. With a partially quenched strange quark to produce the appropriate kaon mass, we

find a low-lying, odd-parity mass trend consistent with the experimental value.

DOI: 10.1103/PhysRevLett.108.112001 PACS numbers: 12.38.Gc, 14.20.Jn

The JP ¼ 1=2� ground-state resonance of the � baryon
�ð1405Þ lies anomalously low in mass. At
1405:1þ1:3

�1:0 MeV [1], it not only lies lower than the first

positive-parity excited state, but also lower than the
negative-parity ground state of the nucleon—even though
it has a strange valence quark. Lattice QCD is the only first-
principles, nonperturbative method for investigating low-
energy QCD. However, no lattice QCD study to date has
successfully identified the mass suppression associated
with the �ð1405Þ [2–4]. For example, recent work by
Takahashi and Oka [4] identified two nearly degenerate
states at around 1.6 GeV.

The CSSM Lattice Collaboration has recently developed
an effective technique for investigating the low-lying nu-
cleon spectrum, using local operators that have been
smeared with gauge-invariant Gaussian smearing at both
the source and sink, together with a variational analysis
[5,6]. We use the same techniques to investigate the
negative-parity, spin-1=2 spectrum of the �, and report
the identification of low-lying states associated with the
physical states of nature. For the first time, we identify
states low enough to be associated with the �ð1405Þ.

The variational analysis takes advantage of the extra
information found by calculating cross-correlation func-
tions for different operators at the source and sink to isolate
individual states [7,8]. Such an analysis is necessary as the
lowest three JP ¼ 1=2� states of the � all lie within a
400 MeV range, at 1405.1, 1670, and 1800 MeV [1].
Because SU(3) flavor symmetry is broken by the heavier
strange-quark mass, all three of these states will survive
until the signal is buried in noise. Hence the long-time
approximation usually used to extract ground states
will only be able to resolve a mixture of these low-lying
states [9].

In comparison to the Roper resonance, where significant
finite-size effects develop through avoided level crossings
between the baryon and the multiparticle scattering states,
the odd-parity�ð1405Þ is relatively independent of the box
size. The lowest multiparticle scattering states, �� and

�KN, lie, respectively, below and above the�ð1405Þ, and do
not cross for the lattice volumes depicted in Fig. 1. As such,
finite-size effects are benign in this analysis.
Consider a set of N operators �iðx; tÞ. Using these, we

can construct the N � N correlation matrix of cross-
correlation functions,

G�
ij ðp; tÞ ¼

X

x

e�ip�xtr½��h�j�iðx; tÞ ��jð0; 0Þj�i�; (1)

where the trace is taken over the (implicit) spinor indices
and �� are the parity projection operators used to project
into definite positive or negative parity. Working at zero-
momentum, �� :¼ ð�0 � 1Þ=2, and

G�
ij ð0; tÞ ¼

X

x

tr½��h�j�iðx; tÞ ��jð0; 0Þj�i�

¼ X

�

���
i

����
j e�m�

� t: (2)

Here,� enumerates the energy eigenstates of parity�with
mass m�

� , and ���
i and ����

j are the couplings of the

operators �i and ��j to these eigenstates.

FIG. 1 (color online). Energy spectrum of the I ¼ 0, S ¼ �1,
JP ¼ 1=2� meson-baryon sector obtained from the �KN Jülich
model of hadron exchange [10], showing small finite-size effects
for the �ð1405Þ. Adapted from [10].
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With the t dependence only in the exponential terms, we
look for a linear combination of operators �� ¼ P

iv
�
i �i

and ��� ¼ P
iu

�
i ��i such that

G�
ij ðt0 þ�tÞu�j ¼ e�m�

��tGijðt0Þu�j and

v�
i G

�
ij ðt0 þ �tÞ ¼ e�m�

��tv�
i Gijðt0Þ (3)

for sufficiently large t0 and �t. Rearranging this, we
construct left and right eigensystems for the matrix
G�ðt0 þ �tÞG�ðt0Þ�1:

G�ðt0Þ�1G�ðt0 þ �tÞu� ¼ e�m�
��tu�;

v�TG�ðt0 þ�tÞG�ðt0Þ�1 ¼ e�m�
��tv�T:

(4)

Moreover, the eigenvectors u� and v� diagonalize the
correlation matrix at times t0 and t0 þ�t, and allow us
to construct the eigenstate-projected correlation functions,

G�
� ðtÞ :¼ v�

i G
�
ij ðtÞu�j : (5)

We then analyze these parity and eigenstate-projected
correlation functions using standard effective mass tech-
niques, m�

� ¼ ln½G�
� ðtÞ=G�

� ðtþ 1Þ�. More details can be
found in [5,11].
Given that the� baryon lies in the center of approximate

SU(3)-flavor, there are a variety of operators that will
couple to it, corresponding not only to the usual various
Dirac structures but also to the different possible flavor-
symmetry structures. To initially investigate the spectrum,
we use the so-called ‘‘common’’ operators �c

1ðxÞ and �c
2ðxÞ

[12], which are constructed using the terms common to
both the octet and singlet operators. �c

1ðxÞ has a Dirac
structure of ðqTC�5qÞq, while �c

2ðxÞ has ðqTCqÞ�5q.
FIG. 2 (color online). The kaon mass plotted against m2

� in
lattice units on the PACS-CS ensembles, as quoted in [14].
Extrapolating to the physical limit using m2

K ¼ �þ �m2
�, the

kaon is approximately 60 MeV higher than the physical kaon
(the point on the dashed line).

FIG. 3 (color online). Comparison of the mass as extracted
from the eigenvalues (left) and from fitting the projected effec-
tive mass (right) with �u;d ¼ 0:137 70 for t0 2 f17; . . . ; 21g and
�t 2 f1; . . . ; 5g. The numbers of the abscissa indicate t0 with �t
increasing within each t0. Complex eigenvalues are not dis-
played.

FIG. 4 (color online). Comparison of the lowest-lying masses
extracted from fitting the projected effective mass for �u;d ¼
0:137 27 over bases formed from combinations of either or both
common operators �c

1 and �c
2 and all smearing levels.
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These isospin-0 interpolators make no assumptions about
the flavor symmetry, and couple to all states of the �
baryon. We will also consider the analogous flavour-octet
and -singlet interpolators [12]. Similar to the investigation
of the nucleon spectrum, we employ gauge-invariant
Gaussian smearing [13] at both the source and sink to
create our operator basis. We consider 16, 35, 100, and
200 sweeps of smearing.

We use the PACS-CS ð2þ 1Þ-flavor full-QCD ensem-
bles [14], available through the International Lattice Data
Grid [15]. They are 323 � 64 lattices with � ¼ 1:90, giv-
ing a lattice spacing of 0.0907(13) fm. There are 5 light
quark masses available, with hopping parameters �u;d ¼
0:137 00, 0.137 27, 0.137 54, 0.137 70, and 0.137 81, corre-

sponding to pion masses ranging from 702 down to
156 MeV. The strange-quark mass is the same for all light
quark masses, with hopping parameter �s ¼ 0:136 40.
However, this is slightly too high to reproduce the physical
kaon mass. Plotting the kaon mass data provided in [14]
against m2

� (Fig. 2) and extrapolating to the physical limit,
we see that the kaon lies approximately 60 MeV too high.
We calculate the �s required to reproduce a physical-mass
kaon using two methods: first, by requiring the correct
mass for the �ss pseudoscalar meson, and second, by requir-
ing the correct kaon mass at the lightest available light
quark mass through the Gell-Mann–Oakes–Renner rela-
tion. Both methods produce almost identical hopping pa-
rameters, and so we average them to obtain �s ¼ 0:136 65.
We first perform our variational analysis using the dynami-
cal �s and then again after partially quenching the strange-
quark sector by shifting the strange valence �s ¼ 0:136 40
to �s ¼ 0:136 65.
We begin our analysis of the negative-parity � by in-

vestigating the dependence of the spectrum on variational
parameters t0 and �t, and operators included in the corre-
lation matrix. The masses extracted from both the eigen-
values and from fitting the projected effective masses are
examined. We consider the ensemble with �u;d ¼
0:137 27, and select the dimension-6 operator basis com-
prised of �c

1 and �
c
2 together with 16, 100, and 200 sweeps

of smearing to determine the optimal variational parame-
ters (Fig. 3). While the eigenvalues show a significant
dependence on the variational parameters, the fitted pro-
jected effective masses are stable and show little parameter
dependence for sufficiently large t0 and �t. We select
t0 ¼ 18 and �t ¼ 2 (with the source located at t ¼ 16)
as representative.
Using these parameters, we investigate the dependence

on the operator basis in Fig. 4. We find that we require both
�c
1 and �c

2 to resolve the lowest states; otherwise only a
mixed state is extracted. We cannot resolve the three

FIG. 5 (color online). The lowest-lying eigenstate-projected
masses plotted against m2

�, along with �� and �KN multiparticle
scattering thresholds. A correlated error analysis indicates the
lowest-lying odd-parity state lies more than 1 standard deviation
below the �KN scattering threshold at the lightest quark mass.
The ordering of the states is in accordance with nature.

FIG. 6 (color online). The lowest-lying eigenstate-projected
masses after partial quenching of the strange quark to reproduce
the physical kaon mass. An extrapolation of the trend for the
lowest-lying state to the physical limit reproduces the physical
value for the �ð1405Þ.

FIG. 7 (color online). The lowest-lying eigenstate-projected
masses (partially quenched) using SU(3)-flavor-symmetry–spe-
cific operators �1, �8

1, and �8
2 plotted against m2

�.
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low-lying states that are present in the physical spectrum
with any combination of these operators. For combinations
which contain sufficiently large amounts of smearing, there
is little to separate them, so we proceed with the basis with
�c
1 and �

c
2 along with 16, 100, and 200 sweeps of smearing.

Now that we have identified the optimal variational
parameters and operator basis, we repeat the analysis for
the remaining quark masses. By plotting the fits to the
lowest-lying projected effective masses against m2

� in
Fig. 5, we can see that our results do trend toward the
physical values. However, the lowest-lying state sits too
high to approach the �ð1405Þ in the physical limit, espe-
cially since finite-size effects are expected to be negligible.
As the heavy strange-quark interferes with a direct com-
parison with the physical values, we consider the multi-
particle scattering thresholds for the �� and �KN states
(plotted on the same figure). Our lowest-lying odd-parity
state lies between the scattering thresholds as in nature.
This indicates we have isolated the �ð1405Þ.

Using the same variational parameters and operator
basis as above, we repeat our analysis using the partially
quenched strange quark for the lightest two quark masses.
This gives us insight into the dependence of each state on
the strange-quark mass, and allows us to determine if our
lowest extracted state approaches the 1405 MeV in the
physical limit. This data is plotted in Fig. 6. As expected,
all states have decreased in energy, and now an extrapola-
tion of the trend to the physical limit reproduces the
physical value.

Up to this point, we have used the common operators,
which make no assumptions about the SU(3)-flavor-
symmetry properties. While we have identified two of the
three low-lying states, we are unable to resolve all three.

Thus, we extend our analysis to include the conventional,
purely octet (�8

1 and �8
2) and purely singlet (�1) operators

[12] to isolate all three states. The results are presented
from the dimension-9 basis formed from �1, �8

1, and �8
2 at

16, 100, and 200 sweeps of smearing in Fig. 7. Comparing
the masses obtained from using just the common interpo-
lators, we find that the lowest two states remain constant
within errors (indicating they are unmixed energy eigen-
states), while a third state appears corresponding to the
third state in the physical limit. The lowest state is pre-
dominately flavour singlet while the next two states are
predominately octet, dominated by �8

2 and �8
1 for the

second and third states, respectively. All results are sum-
marized in Tables I and II
This is the first investigation of the low-lying JP ¼ 1=2�

spectrum of the � baryon at near-physical pion masses,
and the first to demonstrate the isolation of the elusive
�ð1405Þ. Whilst we have used a partially quenched strange
quark, the error associated with this is expected to be small.
Importantly, we have identified a low-lying �ð1405Þ using
conventional three-quark operators, and the techniques
demonstrated here can be used to further investigate other
properties of this unusual state.
While the partial quenching of the strange-quark mass is

expected to be a very small effect, a future avenue of
investigation should fine-tune the dynamical-QCD simula-
tion parameters to reproduce the quark masses of nature
and thus avoid the partial quenching of the strange quark.
Having discovered a low-lying state consistent with the
�ð1405Þ, a thorough examination of lattice volume effects
is now warranted. While we have used a nonperturbatively
OðaÞ-improved fermion action, it would be prudent to
explore a variety of lattice spacings and fermion actions
to take the continuum limit in a robust manner. One could
also further extend the operator basis to include five-quark
meson-baryon operators to explicitly include the multi-
particle scattering states in the correlation matrix analysis.
We thank the International Lattice Data Grid and the
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available and enabling this project. We also thank the
NCI National Facility in Canberra, Australia, which
is supported by the Australian Commonwealth
Government, and eResearch SA. This research is supported
by the Australian Research Council.
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