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“An idea that is not dangerous is unworthy of being called an

idea at all."

— Oscar Wilde: The Critic as Artist



Abstract

This work explores the infrared behaviour of the strong running cou-
pling a; in Quantum Chromodynamics (QCD). We propose that ¢ runs
non-perturbatively to an infrared fixed point a; for three light quark
flavours u,d,s. At the fixed point, we show that the quark conden-
sate spontaneously breaks scale and chiral SU(3), x SU(3)z symmetry.
Consequently, the low-lying spectrum contains nine pseudo-Nambu-
Goldstone bosons: 7, K,n and a scalar-isoscalar QCD dilaton o. We
argue that o may be identified with the f,(500) resonance, a pole at a
complex mass with real part S mg. For low-energy expansions in a;
about a , we replace chiral SU(3); x SU(3) perturbation theory with a
new model-independent theory y PT, based on approximate scale and
chiral SU(3); x SU(3)g symmetry.

We examine the phenomenological consequences which arise from this
framework by constructing effective Lagrangians which simulate strong,
weak, and electromagnetic interactions. We also study the convergence
properties of the effective theory, wherein we find that y PT, converges
much better than y PTj; in the presence of both scalar-isoscalar chan-
nels and O(mg) extrapolations in momentum. We achieve this without

spoiling the successful leading order predictions of y PT; elsewhere.

In our phenomenological investigations, we show that the AT =1/2 rule
for non-leptonic K-decays emerges as a consequence of yPT,, with a
Kso coupling fixed by data for yy — nr and Ks — yy. This constitutes

our most important result.

We also apply the electromagnetic trace anomaly to QCD at the infrared
fixed point and obtain the estimate Rz ~ 5 for the non-perturbative

Drell-Yan ratio R =o(ete~ — hadrons)/o(ete™ — utu~) at ay.
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Chapter 1

Prelude

There is nowadays a consensus of theoretical and experimental evidence that Quan-
tum Chromodynamics (QCD), the SU(3) gauge theory of coloured quarks and glu-
ons, may be regarded as the theory of the strong interactions. At energies much
higher than the scale of hadrons ~ 1 GeV, the theory becomes asymptotically free
and perturbation theory in the strong running coupling a; = g2/4m is applicable. In
this domain, QCD explains a wide range of phenomena including jets, scaling viola-
tions in deep inelastic scattering, and the production of vector bosons in Drell-Yan
processes. At low-energy scales u < m; ., however, the situation is considerably
more complex: the theory becomes strongly coupled, the physical states (hadrons)
are comprised of quarks and gluons confined in the form of SU(3) colour singlet
states,! and chiral symmetry for the light quarks u,d, s is believed to be sponta-
neously broken by the formation of a quark condensate (Gq)vac # 0. Under these
conditions, the relationship between the elementary degrees of freedom and the
physical spectrum cannot be discerned through perturbative expansions in «;, and
thus non-perturbative techniques are required.

One such technique (which will be analysed in Chapter 2 of this thesis) is chi-
ral SU(3), x SU(3)r perturbation theory yPT3, which is the relevant framework to
undertake a systematic analysis of the low-energy Green functions and scattering
amplitudes of QCD. As an effective field theory, y PT; describes the interactions be-

tween the pseudoscalar octet of mesons 7, K, 1, and is easily extended to include

IFurthermore, there are no thresholds for the excitation of coloured bound states of quarks and
gluons.
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octet baryons. The light mass of these mesons — relative to some typical hadronic
scale like the mass of the p meson or proton — identifies 7, K, 1 as the pseudo-
Nambu-Goldstone bosons of spontaneously broken chiral SU(3),; x SU(3)z symme-
try. Consequently, low-energy amplitudes involving these states may be expanded
as an asymptotic series in powers of O(mg) momentum and light quark masses
Myas = O(mi), with m, ;/m; held fixed. A convenient method to calculate the
terms in this series is to construct the most general effective Lagrangian consistent
with the underlying symmetries of QCD. This forms the starting point of y PT; anal-
yses, and the method has made considerable progress in charting the low-energy
structure of QCD.

It has been observed [1] however, that y PT; expansions are afflicted with a pe-
culiar malady, viz., they typically diverge whenever both the J”¢ = 0*+ channel is
present and O(mg) extrapolations in momentum are made. Well studied exam-
ples include the branching ratio B(K; — 7% ), with a chiral one-loop prediction
[2] which is approximately a factor of three smaller than the measured value [3];
the cross-section for yy — n%7°% with O(mx) momentum, where the leading order
prediction [4, 5] of a linear rise in energy from threshold is not compatible with the
data from the Crystal Ball experiment [6]; and the dominance of 77t interactions
[7, 8] in the final-state of K., decays [9] and non-leptonic K [10, 11] and n [12, 13]
decays. The problem is that in order to obtain a good representation of the data,
the next-to-leading order amplitudes must be larger than the leading order predic-
tion — the hallmark of a diverging series. The discrepancy is extreme for Ks — 7,
where in order to explain the observed factor of 22 enhancement in the I =0 chan-
nel (AI =1/2 rule), a scalar amplitude generated at next-to-leading order must be
70 times the expected < 30% correction.

In this thesis, we solve the convergence problem of y PT; expansions by mod-
itying the leading order of the three-flavour theory [14]. Our solution is based on
an old idea [15, 16] that the chiral condensate (G q)v.c 7 0 may also be a condensate
for scale transformations in the chiral SU(3) x SU(3) limit. In Chapter 3, we show
that this scenario can occur in QCD if at low-energies, heavy quarks z, b, c decouple
and «a; of the resulting three-flavour theory runs non-perturbatively to an infrared
fixed point a;. At the fixed point, the QCD f3-function vanishes, so the gluonic term

~ G G in the strong trace anomaly is absent at a,. It follows that in the chiral
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SU(3). x SU(3)g limit, (§q)vac induces nine Nambu-Goldstone bosons: 7, K, and
a 0™+ QCD dilaton o. With a mass set by the strange quark, the obvious candidate
for o is the fy(500) resonance, which arises as a pole of complex mass with real part
Smg [17,18].

In Chapter 4, we discuss the construction of a model-independent chiral-scale
perturbation theory y PT, for low-energy amplitudes expanded in «; about a ;. Its
effective Lagrangian summarises soft-{r, K, n, 0} meson theorems for approximate
chiral SU(3); x SU(3)r and scale symmetry, with results for strong interactions sim-
ilar to those found originally [15, 16]. Effective weak operators are then added to
simulate non-leptonic K-decays. The main result is a simple and (in our view) ap-
pealing explanation of the Al = 1/2 rule for kaon decays: In lowest order of y PT,,
there is a dilaton pole diagram Ky — o — mrt which accounts for the dominant / =0
amplitude. This allows the direct 8 and 27 K7t vertex amplitudes gg and g7 to be
of similar magnitude.

We are also able to extract the oyy coupling from yy — n°7° and relate it to
the electromagnetic trace anomaly [19, 20] at the QCD infrared fixed point a; = ayz.
Our conclusions for yy — n°7% and Ks — 7 with gg ~ g»7 are consistent with the
standard explanation [21, 22] of K5 — 77.

We conclude in Chapter 5 with a summary of results and a discussion on the
significance of the work and the limitations of y PT,. Directions for future research

are presented.



Chapter 2

Chiral Perturbation Theory

In this chapter we discuss the salient features of chiral SU(3); x SU(3) perturbation
theory yPTj;, with digressions to the SU(2), x SU(2)g theory yPT, where required.
The intent is to establish our notation and conventions, and most importantly, ex-
amine the underlying principles upon which y PT; is based. Section 2.1 is a review
of well known facts about chiral symmetry. In Section 2.2 we discuss the notion of
perturbing about a Nambu-Goldstone symmetry and note the connection to effec-
tive chiral Lagrangians. Section 2.3 reviews the construction of the lowest order La-
grangian for the strong interactions. The functional methods pioneered by Gasser
and Leutwyler [13] are reviewed in Section 2.4 and the next-to-leading order La-
grangian is presented. This is followed by a discussion on the scale which governs
the convergence of y PT; expansions. We review the construction of the weak effec-
tive Lagrangian in Section 2.5 and emphasise the role of vacuum alignment in elimi-
nating |K) — |[vac) amplitudes in leading order. (This minimisation procedure plays
an important role in Chapter 4 where we present our original research.) The oldest
problem in particle physics — the Al =1/2 puzzle in non-leptonic decays — is re-
viewed. We conclude in Section 2.6 with a discussion on the lightest scalar-isoscalar
resonance fy(500) and draw attention to the fact that y PT; expansions divergewhen

both this channel is present and O(m ) extrapolations in momentum are made.
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2.1 Chiral Symmetry

Chiral symmetry plays an important role in making sense of QCD at low energy

scales u < m, ., where the three-flavour theory is described by the Lagrangian!

1 .
L=—GiG™ + > qliD—mg)q

q=u,d,s
1 a auv =~ 3 = 7 =~ —~
:_ZGHVG Y+ Z 1G0iDqL~+ qrildgr — my(Grqr+ Grqr)} - (2.1)
q=u,d,s

Here q/r = %(1 F7s)q and [D,, D,] = igGy, T, where D, is the covariant deriva-
tive and {T“} generate the colour SU(3) gauge group. In the limit where the quark
masses vanish m, — 0, the left- and right-handed quark fields decouple from one
another
. 1 a auv = = s
Lo L==2GnG™ + D {GiBqi+driBar}, (2.2)

g=u,d,s
and thus QCD becomes invariant under the global SU(3), x SU(3)g transformations
qgr—Lqg,, LeSUB), and ggx—Rqx ReSUB). 2.3)

The conserved Noether currents associated with SU(3); x SU(3)z are
J=1qy"Alq,,  and  J=laprtAlgr,  i=1,...,8, (2.4)

where A’ are the Gell-Mann matrices with normalization Tr(A‘A/) = 26%. If we de-
fine the vector- and axial-vector currents V# and A’ through the linear combina-

tions

Vit =+ I =1ar g, (2.5)
A=t — T =1gytysAiq, (2.6)

1Ghost and gauge-fixing terms are understood. We have also neglected to include the 8 param-
eter associated with the strong-CP problem as this term is known to be extremely small |6] < 10710
from measurements of the electric-dipole moment of the neutron [23].
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then the chiral charges Q!, = f d’xVi®and Qi = f d’x A form a closed Lie algebra,
Q@ =if%Qy,  [Q,Qu=ir7Qy,  [Q.Ql=if""Q}. @7

In the 1960s, these commutation relations were the cornerstone of current algebra
analyses [24] and were exploited along with general principles like partial conser-
vation of A’* (PCAC) at a time when there was no field theory of strong interac-
tions. Then as now, it was evident that the chiral symmetry generated by (2.7) is not
manifestly realised in the hadronic spectrum. The observed hadrons could be ar-
ranged into multiplets of approximate flavour SU(3), symmetry, but the odd-parity
partners were (are) conspicuously absent. It was also noted that the octet of pseu-
doscalar mesons 7, K, 7 were much lighter than other hadrons like the p meson or
the proton.

To reconcile these empirical facts, one concludes that the axial transformations
generated by Q' are not a symmetry of the ground state, and thus the chiral SU(3); x

SU(3)r symmetry is spontaneously broken
SU(3), x SU(3)g — SU(3)y . (2.8)

In QCD, this pattern of spontaneous symmetry-breaking is understood to be due to

the formation of a quark condensate
lim ([Q}, G752 dDvac X< (GG )vac 0, q=u,d,s. (2.9)
mq—>

Since there are eight broken axial charges, Goldstone’s theorem implies there
should be a massless SU(3)y octet of Nambu-Goldstone (NG) bosons with odd-
intrinsic parity and zero baryon number. The obvious candidates for these states are
7, K, 1, whose small but non-zero masses can be understood as due to an explicit
breaking of SU(3); x SU(3)r symmetry through the quark masses m,, 4 ;. Naturally,
all of this was well known to practitioners of current algebra, but the calculations
became prohibitively complex as the number of external legs or intermediate states
increased. It was clear that a method to analyse corrections to the low-energy theo-
rems was needed.

Such a method exists and is known as chiral SU(3); x SU(3)r perturbation the-
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ory! yPTs. Itis an effective field theory which describes the low-energy interactions
of m, K,n in a systematic and precise manner. Despite the name, yPT; is a non-
perturbative technique for it does not rely on expansions in the strong running cou-
pling a; = g?/4m. Instead, the method relies on the notion of perturbation theory
about a NG-symmetry [30, 31, 32, 33], viz., low-energy scattering amplitudes and

matrix elements can be described by an asymptotic series?
A={Aro+ Anro + Axnio +...3 (2.10)

in powers and logarithms of O(m ) momentum and quark masses m, 4, = O(m%),
with m, 4/m; held fixed. The amplitudes may be calculated from an effective La-
grangian L., whose construction is guided by a “folk" theorem due to Weinberg
[34]:

Theorem. For a given set of asymptotic states, the most general Lagrangian
containing all terms allowed by the assumed symmetries will yield in per-
turbation theory the most general S-matrix elements consistent with an-
alyticity, perturbative unitarity, cluster decomposition and the assumed

symmetry principles.

A proof for the general SU(Nf); X SU(Ny)g case has been provided by Leutwyler [35].
The remainder of this chapter concerns the construction of L. for the low-energy

interactions of the Standard Model of particle physics.

2.2 Perturbations about a Goldstone Symmetry

A large part of this thesis is concerned with the structure of y PT expansions of the
type given by Eq. (2.10). The purpose of the present section is to review the main
ideas which give rise to the notion that NG-symmetries may be studied as pertur-
bations in some symmetry breaking parameter. Following Dashen and Weinstein

[32] (see also [25]) we consider the case of chiral SU(2); x SU(2)g symmetry in the

IFor reviews see e.g. [25, 26, 27, 28, 29].

2Recall that a series Z?:o anypn(x) constructed from a sequence of functions {¢,} gives an
asymptotic expansion of the function f(x) if for every N, we have f(x)— ZII:O anpn(x)=0(pn+1)as
x —0.
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isospin limit m, = m,. (The generalisation to the SU(3), x SU(3)r case is straight-

forward.) In general, the QCD Hamiltonian is of the form
H=Hin+mH, (2.11)

where Hi,y is SU(2), X SU(2)g invariant while the explicit symmetry-breaking term
H = f Ex(au+dd) belongs to the (2,2) @ (2,2) representation. Since the explicit
breaking parameter 11 = %(mu +my) is small relative to the mass scale of (say) the p
meson, we seek a perturbative expansion in 2 about the chiral limit 17 — 0. There is
however, a complication since the physical spectrum contains a triplet of massless
NG bosons 7+, % 7~ in this limit. This is a problem because the Gell-Mann-Oakes-
Renner relation m2 o i [36] implies that the expansion parameter appears in ma-
trix elements involving the divergence of the axial-vector current 8“AL =m2F;m. As

aresult, there is an ambiguity in the ordering of terms such as

m2E, Oo(m) for g2>m?2,
T ~{ () q T 2.12)

q*—m? 0(1) for 0<g*><<m?.

Dashen and Weinstein [32] showed that by carefully removing the 7r-poles, one can
resolve this ambiguity, and thus construct a well defined perturbation theory. A
simple example [25, 32] suffices to show how such a procedure works. First, we

denote the Fourier transform of the axial-vector current and its divergence as
AL(CI) = J d*x ei"'xAL(x), and dA'(g)= f d*x ei"'xﬁ"AL(x). (2.13)
Evidently, matrix elements between hadronic states @, f obey the relation

(aldA'(@)IB) =—iq"(a|A,(@)IB), (2.14)

both sides of which contain poles due to the pions,

. im2F; .
(A B = st ISIB), 2.15)
i __ Gulx i
@A) | =~ et i asIB), 2.1
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for scattering matrix S. Subtracting the poles from both sides of Eq. (2.14), one finds

for the remainder

) (2.17)

rem.

Fla+7(@)ISIB) =" (@A (@)l)]  + (alda’|p)

and thus the second term on the right-hand side is O(777) unambiguously. In general,
the matrix element (a|A L(q)l B) ’ may have an O(q~!) singularity as g, — 0, but the

prefactor of g# ensures that this term is either calculable or vanishes in the 77z — 0

limit. The result is a soft-7 theorem,

}]irré E.(a+ m%(q)|S|B) = {calculable} + O(g*) + O(r1). (2.18)

m—0

As shown by Dashen and Weinstein [32], and later made systematic by Weinberg
[34] and others [13, 37], the above low-energy theorem (2.18) can also be obtained by
constructing the most general effective Lagrangian allowed by chiral SU(2), xSU(2)g
symmetry up to the desired order in g and 7z, and computing the relevant ampli-
tude in the tree approximation. Because of its convenience, it is the latter approach
which has become the standard for performing calculations and is commonly re-
ferred to as chiral SU(2); x SU(2)g perturbation theory y PT,.

2.3 Effective Lagrangians for Strong Interactions

To examine the consequences of the assumed spontaneous symmetry-breaking pat-
tern
SU(3), x SU(3)g — SUB3)y, (2.19)

it is convenient to introduce an SU(3) field U = U(¢), where the octet of pseu-
doscalar NG bosons ¢; parametrise the coset space (SU(3). x SU(3)r)/SU(3)y with

group action

U—RUL', where ReSU@B): and LeSU(3),. (2.20)
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For stable vacua (U)v.c = I, the ¢; can be treated as field fluctuations, to wit U =

exp(iA;¢;/F;), where F, ~93 MeV is the pion decay constant! and

104 1
i ST+ =0 i K+
— = - —5m+%n KO . (2.21)
V2 B o -
K R —/2n

In accord with the dictates of Weinberg’s theorem [34], one constructs the most
general effective Lagrangian L. consistent with the symmetries of QCD. In y PTj,
this is achieved by arranging the terms in L in increasing powers of derivatives

d =0(mg)and O(m,)= O(m%) quark masses,?

LU, U= Loy=Lo+Li+Lo+.... (2.22)
n=1
In the leading order (LO) of yPT;, the strong interactions of 7, K, 7 mesons are de-
scribed by

2
L= Z”Tr(é’u UoruN+T(MU+UMY), (2.23)
where the second term on the right-hand side belongs to the (3,3) & (3, 3) represen-

tation, M is proportional to the quark mass matrix
M = 3 F?Bydiag(m,, mq, my), (2.24)
and the low-energy constant B, is related to the quark condensate

_FﬁBOZ(a U )vac = (A d )vac = (58 )vac - (2.25)

From the chiral symmetry-breaking term in (2.23) follow a number of important

results, including the Gell-Mann-Oakes-Renner relations [36] which relate the quark

1As a low-energy constant, F; is not fixed by chiral symmetry. The quoted value is obtained from
the leptonic weak decay nt — utv,,.

2The absence of odd-numbers of derivatives is a simple consequence of the intrinsic odd-parity
of the NG bosons ¢;.

10
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and pseudo-NG boson masses,

m%izszo, miozszo—E‘f‘O(Ez),
mi.. =(my +mg)By, mi, =(ma+mg)By, (2.26)

m2 = 5(1i +2m)By+ e+ 0(€?),

where By (my — m

m:%(muntmd), EZZOHL;S—_’;. 2.27)
Evidently, in the chiral SU(3); x SU(3)g limit the meson masses vanish and 7, K, n
become genuine NG bosons. By combining Eq. (2.25) with the expression for m?,
in (2.26), it is possible to relate the meson and quark masses directly to quark con-
densate [36]:

FPm?. =—miiu+dd)ye. (2.28)

T T

Similarly, if we neglect the tiny O(¢) isospin-breaking effects in (2.26), the Gell-Mann-
Okubo sum rule [38, 39]

3m, =4my —m; (2.29)

is obtained, which predicts the physical 7 mass to within 4% and provides a strin-

gent test on the mode of quark condensation [40].

2.4 Functional Methods and Gauge Interactions

The most convenient way to simulate electromagnetic (or weak semi-leptonic) in-
teractions in y PTj is to make use of the background field method [41, 42]. Pioneered
in y PT3; by Gasser and Leutwyler [13, 37], this formalism has the added benefit of
providing a) the means to calculate Green functions and their associated Ward iden-
tities in a manifestly chiral invariant way, and b) a method to study higher-order
unitarity corrections in a systematic manner.

The starting point is to extend the chiral symmetric Lagrangian L of Eq. (2.2) to

include Hermitian matrix-valued external fields v,(x), a,(x), s(x), p(x),

£°—>£ext:£°+c7y“(vﬂ+aﬂr5)q—c7(s —ipys)qg.- (2.30)

11



2. Chiral Perturbation Theory

In the presence of these external fields, the generating functional Z[v, a, s, p] is de-
fined in terms of the transition amplitude from the vacuum state in the asymptotic

past |Qi,) to the vacuum state in the asymptotic future |Qq),

eXP{iZ[Ur as, P]} = (Qout/in) v,a,p,s,

= f [Dq][DG][DA,] exp{if d*x Eext}. (2.31)

If one perturbs Z about the point v, = a, = s = p =0, then L, reduces to ED, and
thus the chiral-limit Green functions of QCD are obtained. On the other hand, it is
a simple matter to simulate non-zero quark masses and electroweak gauge interac-

tions by setting p =0 and expanding about

rn=vyt+a,=—eQA,+..., (2.32)
e

lu:V‘u—d’u:—eQA‘u—m(%+T++h.C.)+..., (2.33)

s =diag(m,, mgy, mg)+..., (2.34)

where Q is the quark-charge matrix and the relevant Cabibbo-Kobayashi-Maskawa

(CKM) matrix elements V;; are included within T}

0 0 0 Via Vis
Q=10 - 0 |, Ti=|0 0 0 (2.35)
0 0 —3 0 0 0

Note that the external field formalism formally promotes SU(3); x SU(3)r to a
local symmetry, so that R, L become spacetime dependent matrices. Consequently,
the left- and right-handed gauge fields [, and r, transform non-covariantly under
SU(3)r x SU(3)r,

r,— Rr,R'+iRO,R", (2.36)
l,— LI, L' +iLo,L", (2.37)
s+ip—R(s+ip)L'. (2.38)

12



2. Chiral Perturbation Theory

This leads to the introduction of a covariant derivative
v,U=9,U-ir, U+iUl,, VMUHRVMULT, (2.39)
and field strength tensors

glrza“rv—é’”r“—i[r“yrv]» (2.40)

=0k oV I* —i[IM1"]. (2.41)

At low energies, the Green functions of QCD are expanded in powers of the ex-
ternal momenta and quark masses. In the path integral representation (2.31), this
is equivalent to expanding in derivatives of the external fields. It follows that the

low-energy representation of Z is given by [13]

eiZ:J[DU] exp{in4x£eff}, (2.42)

and thus the generating functional factorises
L=Lo+Z4+..., (2.43)
where Z, = fd4x L, denotes the classical action. The locally invariant Lagrangian

L, is obtained from Eq. (2.23) by replacingd - Vand M — y = %Fg By(s+ip):

2

L,= I”Tr(vu UVFUN+ Ty U + Uy, (2.44)

Electromagnetic transitions can then be calculated in LO by simply expanding the

external fields in £, about the physical point (2.34).

2.4.1 Next-to-Leading Order Effects

In the tree approximation, one can simply read off the scattering amplitudes A by

inspection of vertices contained in £,. However, these amplitudes are purely real

13



2. Chiral Perturbation Theory

and thus to preserve the unitarity of the theory
SmA~|A]?, (2.45)

chiral loop diagrams are required at next-to-leading order (NLO) in the derivative
and quark mass expansion (2.22). Indeed, the non-renormalizable nature of L
manifests itself through the fact that at NLO, new vertices different from those of £,
are introduced into the effective theory. Therefore, the full theory requires an infi-
nite set of counterterms. Nevertheless, at a fixed-order in y PT; the divergences can
be absorbed through appropriate counterterms, and the truncated theory renor-
malized. It is here that the functional methods described above become indispens-
able.

At NLO in yPTj3, the generating functional Z receives contributions from the

following.

(@) One-loop graphs constructed from vertices in £,.

(b) The most general effective Lagrangian £, in the tree approximation.

(c) The Wess-Zumino-Witten (WZW) construction of the chiral anomaly [43, 44].

The explicit form of contributions (a) and (b) have been calculated by Gasser and

Leutwyler [13], with the result for the latter given by

Ly=LTe(V,UV*U"? + L, Te(V, UV, UNTH(V* UV U")
+ L3Te(V,UVF UV, UV U + Ly Te(V,VFUNTH(y U+ Uy ")
+ LsTe(V,UVFU (y U+ Uy ")+ LeTe(y UT+ Uy )
+ LTy U = Uy VP + LeTe(U y TU T+ 4 Uy U)
— iLyTe(f,, VFUV"U" + f,, VRU'V"U) + Lo Ti(U £, U" f")
+HT(f, fz +f fr )+ HaTi(y ). (2.46)

The numerical values of the low-energy constants L; are not determined by chiral
symmetry alone and parametrize our limitations in solving the dynamics of QCD

directly. They have been determined either empirically [13], through models which

14



2. Chiral Perturbation Theory

resemble QCD [45], via meson-resonance saturation [46], or on the lattice [47]. The
external field terms involving H; are of no physical relevance [13].
For a given amplitude with L loops and N, vertices with d powers of O(mig)

momentum, it is convenient to keep track of the chiral dimension D [34],

D=2L+2+ Z 2(d —2)N,;. (2.47)
de2N

This allows us to arrange the successive terms in L as follows,

D=2: {L=0, d=2, 2 = [d"x Ly;
D4 L=0, d=4, Zfe =fd4x£4+ZWZW,
=4: Lzl, d:2, Zzl_lOOp :fd4X£;_100p.

The effect of terms with D > 6 is less important provided the momentum of a given
amplitude satisfies
{momentum}/y. <1, (2.48)

where the infrared mass scale y., ~ 1 GeV is set by the chiral condensate (Gq)yac-
This forms the basis behind the expectation that NLO corrections should be 30% at
most,

| Anro/ Aol S0.3. (2.49)

From Eq. (2.47) we see that D increases with L, so to maintain a fixed mass dimen-
sion for a given amplitude, each loop comes with a factor of F-2. Combined with
the standard geometric loop factor (47)~2, this leads to an estimate for the scale of

chiral symmetry-breaking [48, 49],
Yeh =4mF, ~1.2GeV. (2.50)

Note that y, also sets the scale of hadrons which don’t belong to the NG sector

{r, K,n}. For example, the Goldberger-Treiman relation for the nucleon mass My,
gnNNFﬂngMN; (2.51)

clearly shows that My remains massive in the chiral SU(3); x SU(3) limit. Given
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2. Chiral Perturbation Theory

this fact, it is odd that the scale Aqcp ~ 200 MeV for ultraviolet expansions in the
asymptotic free domain
{momentum}/Aqcp > 1, (2.52)

is commonly taken as the relevant scale for all applications of QCD. Although strong
gluon fields are presumably responsible for Agcp and yq, this does not imply that
the ratio

Xeh/Aqep A5 (2.53)

must be unity.

2.5 Effective Lagrangians for Weak Interactions

In the electroweak sector of the standard model, the strangeness-changing |AS|=1

non-leptonic transitions are induced by the current-current interaction!

G
Lul)=—" >

g=u,c,t

q*s Vaa f d4y ATy " qr)csy2(Gryu dr)c—yp}+hec., (2.54)

where G ~ 10—5M;2 is the Fermi coupling, V is the CKM matrix, and

1 . 1
Aly)= ‘geldy — — 2.
) (27'5)4Jd 7¢ 1—qg?*/m2, (2:59)

is the Lorentz-scalar part of the W-boson propagator in the ‘t Hooft-Feynman gauge.

The heavy states W, t,c,b can be decoupled from the theory at low energies u <
m; . using operator product expansion techniques. The result is that the slightly
non-local interaction (2.54) is expanded in a set of local four-quark operators O;

and scale dependent Wilson coefficients c¢;(u),

. G
Lw(x)~ L5 (x, ) = WF‘ V* Via Z ci()Oy(x) +h.c.. (2.56)

1

The precise form of the c¢;(u) and O;(x) is given in [51, 52, 53].

In terms of effective degrees of freedom 7, K, ), the chiral structure of the weak

1See e.g. [50, Sec. VIII-2] for a review.

16



2. Chiral Perturbation Theory

currents constrains the number of allowed operators. Consider for example [50]
the product (§py#u)(éi1y,d 1), which contains two SU(3); octets of differing isospin

and hence the decomposition

SU(?))L (8L®8L)|sym:8L®27L» (257)

I i 1®1 153 (2.58)

SOSpIn : —=—-0 . .
p 2 2 2

Other products in (2.56) have either the same chiral/isospin structure as above or
are pure octet and isospin—%. Thus ﬁfff:l transforms in the (8, 1z) ® (27, 1) repre-
sentation of SU(3), x SU(3)g. These symmetry properties must also be reflected in

the effective weak Lagrangian of y PT3, to wit the LO expression

»Cweak[U) UT] = g8Q8 + g27Q27 + Qmw + h.C. (259)

contains an octet operator [54]

Qs=Ti3T1 — TosT1, Ty =(U,UM); (2.60)

the U-spin triplet component [51, 55] of a 27 operator

Q27=j13~721+%u723.711 (2.61)

and a weak mass operator [56]
Qmuw=Tr(As — iA7)(guMU" + g, UM?"). (2.62)

In general, the low-energy coefficients g;, gy and g, are complex.

It is important to note that the weak mass operator Q,,, introduces tadpole
graphs which destabilise the ground state |(2) of the theory. Crewther [55] has em-
phasised that the correct procedure is to consider field fluctuations about the true
vacuum |vac), obtained by minimising the combined strong and weak interaction
potential

V[U, U =-TrtMU" —Q,,,, + h.c.. (2.63)
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At LO in Gy, this is achieved by noting that the mass matrix

my 0 0
m=M+(gurs-ir+ &yreriIM=3F'By| 0 maq 28y |, (2.64)
0 2gi my

can be diagonalised through a suitable chiral SU(3); x SU(3)g rotation [55],
m = LyMR]+O0(G>M). (2.65)
As aresult, the potential is given by

V=-Tr(mU +Um")
=-Ti(MU"'+UM")+0(G:M), (2.66)

where U is chirally rotated with respect to U,
U=LUR,. (2.67)

Evidently, it is the rotated field U which satisfies (U),,c = I and thus allows us to
adopt the parametrisation

U(¢)=exp(iri¢i/F),  where  (¢)vac=0. (2.68)

Note that in the true ground state |vac), all trace of Q,,,, has been removed from V

at LO, i.e. one has the no-tadpoles theorem [55]
(K| Hweaklvac) = O(m2 —m?). (2.69)

Thus, in the LO of y PT; there are only two effective operators which contribute to

physical processes,
Eweak - Eweak[ﬁ» OT] = gBQB + 827627 + h.C. ) (270)

where the tilde indicates that these operators are now functions of U.
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2.5.1 The AI =1/2Puzzle

Starting from Eq. (2.70), one may study the rich phenomenology of K-mesons. There
is however a severe problem — so old that new solutions are rarely attempted — as-

sociated with the decays of the short- and long-lived states
Kg— mm, K;—-nnmr. 2.7

Experimentally, there is a large enhancement of the isospin—% decays. This phe-
nomenon is particularly striking in the S-wave 77 mode, where the measured rates
[3] exhibit the ratios

_I(Ks—ntn™)

_ I(Ks— %)
(Kt -t n0)

~ 463, =~ "
Yoo ['(K+— ntno)

T 205, (2.72)
which are in gross disagreement with the naive expectations y;_ ~ O(1) ~ 7o from
perturbative electroweak calculations. It is useful to translate the above in terms of
isospin amplitudes A; for the n7 final-state. The I = 1 state is forbidden by Bose

symmetry and thus the transition amplitudes can be parametrized as [57]

2 . f2
A(Ks —ntn )= ﬁAoelﬁo + gAzelﬁz, (2.73)
0,0 2 i0 2 i
A(KS —TUT ): nge 0 — ﬁAge 2, (274)
3 .
AKt - ntn%) = EAze“’Z, (2.75)

where the t7t-scattering phase shifts 0 arise as a consequence of Watson’s theorem.
Comparison with the data in (2.72) leads to the AT =1/2 rule for kaons!

Re|Ag/As| 22, (2.76)

whose origin remains a mystery despite five decades of theoretical investigation.
In the leading order of y PT3, Ay and A, are given by the coefficients gz and g7
of Eq. (2.70) which are clearly not fixed by chiral symmetry. The problem then is to

1A similar rule is observed in the non-leptonic hyperon decays [58, 59].
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explain why
|gs/g2rl 22 (2.77)

is so large compared with simple quark-model estimates which work for Al = 3/2
amplitudes. It has been suggested [53] that penguin diagrams may be responsible
for this ‘octet dominance’. Other approaches to the problem make use of a variety
of techniques including the many colour N, limit [60, 61, 62, 63, 64], QCD sum rules
[65, 66, 67, 68], and direct evaluation on the lattice [69, 70, 71], with varying degrees

of success.

2.6 The Lowest QCD Resonance: Problems with Chiral
SU(3). x SU(3)r Expansions?

The indication that the hadronic spectrum may contain a light J¢ = 0** resonance
pre-dates QCD, and was originally introduced in the 1960s to improve the descrip-
tion of N N-scattering by models based on the ‘one boson exchange’ potential [72].
At the time, there were additional hints of a broad state €(700) hiding in the S-wave
of mr-scattering. The large width however, posed a serious technical difficulty in in-
terpreting the results from phase-shift analyses of the data. Determinations of the
0** pole, deep in the complex s-plane, were either model-dependent or sensitive to
a chosen parametrisation of the data on the real axis [73, 74]. The €(700) remained
in the PDG tables until 1974 [75], and as a result it became generally accepted that
the hadronic spectrum did not contain 0** states below ~ 1 GeV. In 1996, Térnqvist
and Roos [76] introduced the f,(500) resonance (a reborn €(700)), but it was still
clear that the interpretation of the data was model-dependent at best.

The situation changed dramatically in 2006, when Caprini et al. [17] observed
that the general principles of quantum field theory, viz., unitarity, analyticity, and
crossing symmetry, allow the Roy equations [77] to be complexified. As a result, the
mass and width of the f(500) resonance could be determined precisely. For 77-

scattering, these requirements allow a representation of the S-matrix element!

S; =1, exp(2i6,), (2.78)

1We have for isospin I and angular momentum ¢, the elasticity nl{ and phase-shift 6 [I .

20



2. Chiral Perturbation Theory

in terms of a twice-subtracted dispersion relation. The scattering amplitude is ana-

lytic in the s-plane except for cuts along the real axis:

Right-hand cut: 4m?2 <s <oo,
d (2.79)

Left-hand cut: —-o00o<s<0.

By projecting S, onto partial waves t;, one obtains a set of integral equations derived

by Roy [77], which for I =0 =/ are given by

2 o0 00
t2(s)=a+(s—amH)b+ Y > | ds’KY(s,8)3mel(s"). (2.80)
I=0 (=0 Y4m

2
T

The kernels KEI,// are known algebraic expressions of s,s” and m, [17], and thus the
input into (2.80) is just the imaginary part of #/ (determined from data) and the two
subtraction constants a and b. The latter can be related to the S-wave scattering
lengths

a=a), b=(2a)-5al)/12m?, (2.81)

and are known from jy PT, calculations to great precision [78]. With these inputs, the
solution to (2.80) gives the full mr-scattering amplitude. As shown by Roy [77], (2.80)
is valid for real s in the interval —4m2 < s <60m?. The key insight by Caprini et al.
[17] was to note that the Roy equations may be analytically continued to complex
values of s, thereby evading the aforementioned difficulties in performing extrapo-
lations from the real axis. They made use of the fact that unitarity relates S-matrix

elements on the first I and second I Riemann sheets,
So(s)'=1/8)(s)", (2.82)

and thus determined the f,(500) pole by solving the Roy equations (2.80) subject
to the constraint S)(s)! = 0. Their model-independent results for the complex pole
mass and residue,

my, =44111°— 272",

MeV, |8 forrl =3.317032 GeV, (2.83)

-0.15

have been confirmed by subsequent analyses [18] which relax the chiral constraints
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on ag and a%. We note that in all determinations of this kind, the real part of m , is
less than m.

Now that the existence of a light 0"+ resonance has been established, can one
do away with the octet dominance hypothesis (2.77) and argue that the large I =0
enhancement in Kg — 77t is due to a dominant fy-pole? This line of investigation
was considered long ago [79, 80, 81, 82] and the formalism of y PT; was extended to
include a scalar field in a chiral invariant fashion. The problem remains [1] that low-
est order predictions from y PTj; are in general found wanting for amplitudes which
involve both a 0** channel and O(m ) extrapolations in momenta, i.e. y PT5 expan-

sions diverge. Notable processes where y PT; expansions fail include the following.

1. The transition K, — n%y, with a chiral one-loop prediction for the rate [2]

which is approximately 1/3 the experimental value [3].

2. The cross-section for yy — %7, where the lowest order prediction [4, 5] of
a linear rise in energy from threshold (Fig. 2.1) is incompatible with the data

from the Crystal Ball experiment [6].

NOTE:
This figure/table/image has been removed
to comply with copyright regulations.
It is included in the print copy of the thesis
held by the University of Adelaide Library.

Figure 2.1: Plot of the chiral one-loop prediction [4, 5] (dashed line) for the cross-
section o (yy — m°n%) as a function of the momentum transfer /s. Also shown is the
data from Crystal Ball [6], although we note that the data point at /s =0.275 GeV is
not consistent with the available phase space.
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3. Ky4 decays [9] and non-leptonic K [10, 11] and n [12, 13] decays are known to
receive final-state 77t interactions [7, 8] which are important or even domi-

nant relative to purely chiral contributions [1, 7,9, 10, 11, 12, 13]

To examine the problem in more detail, consider the process K; — n%yy at NLO

in yPT3, with amplitude
A(Ky — )= { Ao + Anio} pr, - (2.84)

Since A1 predicts too small a rate, depending on the relative phase, a reasonable
fit to the data can be obtained if

|-ANLO|){PT3 = ‘/ElALO|xPT3 . (2.85)

Clearly, (2.85) is at odds with the usual expectation (Sec. 2.4.1) that NLO corrections
in yPT5 are at most 30%,
| Axto/ Arol pr, S 0.3. (2.86)

The discrepancy is extreme for Ks — 7, where in order to explain the observed
factor of 22 enhancement in the I =0 channel, a dominant f; amplitude generated
at NLO must be 70 times the expected < 30% correction.!

How are we to make sense of this? In any effective field theory, the validity of
a chosen perturbative expansion depends crucially on a clear separation of scales
between the heavy and effective degrees of freedom. The success of yPT; then de-
pends on the distinction between the light pseudo-NG bosons 7, K, and the non-
Goldstone sector {fo, p, w,K*,N,n’,...}. Evidently, y PT; expansions fail when the
0** channel is present because f sits right in the middle of {r, K, n} (Fig. 2.2).

It is this problem which we seek to solve. In this thesis, we take the view that
the systematic failure of yPT; expansions in the 0t* channel can and should be
corrected by modifying the lowest order of the three-flavour theory (with no change
to yPT,). As we discuss in the next chapter, our solution is closely connected to the

infrared behaviour of the strong running coupling «;.

IProvided | gg| 2~ |g27| > O(1), as many calculations [60, 61, 62, 63, 64, 65, 66, 67, 68] indicate.
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NG bosons p-p'=0(m%)

0
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xPT3

f()
!

1
K N

P
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Not NG bosons ———»

Figure 2.2: Spectrum of hadrons in yPT;. Note that there is no scale separation
because the non-NG boson f((500) lies within the NG sector {7, K,n}.
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Chapter 3
Asymptotia

This chapter reviews elements of the renormalization group, in particular, the no-
tion of an effective charge a in Quantum Electrodynamics (QED) (Section 3.1) and
its generalisation a; in Quantum Chromodynamics (QCD) (Section 3.1.1). In the
latter case, we present a selection of definitions for @ from the literature before ex-
tending our discussion in Section 3.2 to include non-perturbative definitions based
on lattice QCD or solutions to the Dyson-Schwinger equations. In Section 3.3, we
examine the theoretical evidence for “freezing" in the infrared, viz. the idea that
QCD possesses an infrared fixed point. This enables us to present the underlying
premise of this thesis that the strong coupling a;(u) of three-flavour QCD may run
non-perturbatively to a nontrivial, stable fixed point in the infrared limit u — 0. The
implications arising from this scenario are briefly discussed, with a detailed discus-

sion reserved for Chapter 4.

3.1 Effective Charges

A well known feature of perturbative quantum field theory is the inherent ambiguity
associated with the definitions of the renormalized couplings and masses. For in-
stance, two different theorists may adopt different renormalization prescriptions R
and R’ for the same physics (described by the same Lagrangian £). At a fixed-order
in perturbation theory, the difference between R and R’ may arise because differ-

ent subtraction points are used for a given type of coupling constant, or the finite
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parts of the counterterms may be different. Stiickelberg and Peterman [83] were the
first to consider transformations of the kind R — R’ and called these mappings el-
ements of the renormalization group. Although it really has nothing to with group
theory, the name arose because R — R’ — R” implies that R — R” belongs to this
class of transformations. In this language, the requirement that physical observ-
ables be independent of a chosen prescription or scheme implies that £ is renor-
malization group invariant.

As experiments grow ever more precise, the arbitrariness of the renormaliza-
tion procedure can cause serious confusion in the interpretation of results based on
truncated perturbative expansions. Take for instance QCD [84], where the choice of
renormalization scale y in the strong running coupling a(u?) is the main source of
uncertainty in perturbative predictions for observables such as the Drell-Yan ratio

o(ete~ — hadrons)

R(Q*)= oo o) (3.1)

In any scale-setting procedure, one must guess the effect of the omitted higher-
order terms. Typically, this is done by setting u = Q of order the momentum transfer
in the physical process and then varying the scale over some range of momenta.
The problem with this approach is that the resulting prediction is strongly sensitive
to the choice of renormalization-scheme (RS).

There is however, a way to reformulate perturbation theory in a RS-invariant
way, even though the theory is not solved to all orders. The price to be paid for
such a formulation is that results now become process dependent. The originators of
this approach were Gell-Mann and Low [85], who in a remarkably prescient paper
on the short-distance behaviour of Quantum Electrodynamics (QED), established
the relevance of the renormalization group to the asymptotic behaviour of physical
processes. A key part of their analysis was the introduction of a quantity known
as an effective charge, which is an all-order resummation of perturbation theory. In
general, effective charges provide a physical definition for the fundamental coupling
of a quantum field theory, and as such they possess the desirable properties of being
independent of the RS and analytic when defined relative to spacelike momentum

scales.
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For example, in QED the renormalization of the dressed photon propagator!

I1,,+(q) involves a function d(g?; a, m),

Hw(q):—i%d(qz;a,m}l—qﬂqy terms, (3.2)
where a = a(u?) = e?(u?)/4n and m = m(u?) refer to the renormalized coupling
and electron mass.? By summing the Dyson series of one-particle-irreducible (1PI)
insertions of the photon self-energy I1(g?; 2, m), one obtains a definition of the ef-

fective charge a(qg?; @, m) for the theory,

a

—I—H(qz;a,m)' (3.3)

a(q*a,m)=ad(q*a,m)=

This represents a physical coupling since @ can be determined by measuring the
potential V(r) (or rather, its Fourier transform) between two heavy test charges.

From the definition (3.3), we can show that & possesses the following important

properties [85]. Firstly, electric charge normalization I1(0; ¢, m) = 0 implies that &

reproduces the fine-structure constant at zero-momentum,
lim a(g*;a,m)=a=~1/137. (3.4)
q-—0

Secondly, since II is gauge-invariant to all orders of perturbation theory, so too is a@.
Thirdly, the QED Ward identity Z; = Z, for wave function renormalization implies
that the combination

aDyy(q) = aoDo uv(q) (3.5)

is not renormalized. Thus @ is also renormalization group invariant,

a(q? a, m)=ad(q* a, m)= aydo(q*; ao, mo)

=independent of u and scheme R. (3.6)

The existence of the massless theory — valid perturbatively, and assumed to be true

in the non-perturbative case — means that we may adopt with impunity a mass-

'TLongitudinal terms « g,,q, can be eliminated by a gauge transformation, so they are unphysical.
2Bare quantities will be denoted ey, m, etc.
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3. Asymptotia

independent scheme such as minimal subtraction (MS or MS) in dimensional reg-
ularization and hence obtain the ‘improved’ Callan-Symanzik equation due to ‘t
Hooft [86] and Weinberg [87]

0 0 0
{Mza_uz +Bla) g +rn(@m 5o fala'iam) =0, 3.7)

where the f-function and anomalous mass dimension 7,

Jda Jdlnm
ﬁ(a)=uza—M2 and  yp(a)=p’ 2

(3.8)

are determined by the RS, but are independent of the physical quantity @. In the
Euclidean region, the asymptotic limit —g?/m? — oo corresponds to massless QED,
and thus the asymptotic function @, — obtained by subtracting terms of the form
(m?/g?)In"(—g?/m?) at each order of perturbation theory — depends on only one

kinematical scale ¢,
Aas = Aus(t, ), where t =In(—g*/u?). (3.9)

In this limit, the Callan-Symanzik equation (3.7) becomes

0 o .

{E—ﬁ(a)%}aas(t,a)—m (3.10)
whose solution may be found by introducing a running coupling a, = a,(t), defined
by

“ dz
t =In(—qg?/ 2):f —. (3.11)
TR, @

It follows from the boundary condition a,(f = 0) = @, that the general solution to
(3.10)
das(t: a): das(o; at(t))y (3.12)

relates the effective charge to the running coupling in the asymptotic limit:

lim  a(g%a,m)=a.(r). (3.13)

—q2/m?—00
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3. Asymptotia

As is well known, the -function provides important information on the asymp-
totic behaviour of a theory in the ultraviolet and infrared regimes. It is however, a
RS-dependent quantity and thus it is often convenient to work with the renormal-

ization group invariant, but process dependent Gell-Mann-Low function ,

(3.14)

3.1.1 Effective Charges for QCD

The Gell-Mann-Low method of effective charges described above has been gener-
alised to QCD by Grunberg [88, 89, 90]. To minimise the number of technical com-
plications, we shall restrict our discussion to massless QCD and we refer the reader
to [89, Sec. V] for the more general case. The details of the approach can be sum-
marised as follows.

By analogy with @,s, we consider a dimensionless physical (or renormalization
group invariant) quantity o(Q?), which depends on only one kinematical scale Q2.

In general, QCD predictions for o(Q?) at large Q? have the form

0(Q*)=A+ Bas(p*)[1+01(Q*/u*)as(u) + 02(Q*/uP) e (p*) + O(e))],  (3.15)

where A and B are constants. The coefficients o ;(Q?/u?) depend on both the defini-
tion of a;(u?) and the scale-setting procedure for u. Clearly, there is no ambiguity if
the right-hand side of Eq. (3.15) is calculated to all-orders. For all practical purposes
however, a truncation must be made and thus the prediction for o(Q?) becomes
RS-dependent.

Grunberg observed that this dependence can be greatly simplified if one makes
use of the dimensional transmutation property of QCD [91], where a(u?) is related
to some low-energy scale A.! The key idea is to consider a different asymptotic ex-
pansion of (Q?) = F(Q?/A?) in powers of 1/In(Q?/A?). Summing the leading loga-

Note that A is not necessarily the scale Aqcp &~ 200 MeV extracted from perturbative expansions
of B in the asymptotically free regime. In general, A can be any mass scale which is generated dy-
namically, e.g. the proton mass or pion decay constant F;.
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3. Asymptotia

rithms via the renormalization group, one gets [89]

1 o.(1)+Cp2— InIn(Q?/A?
U(QZ):A+B[ 2 2] L QOB B/BIn@Q/AY]
B1In(Q?/A%) B1In(Q*/A%)
where the QCD analogue of the -function (3.8) reads
_29P _ 2 3 4
Blp)=u a—uz——fo’lp —Bep”+0(p%), (3.17)
where p = a,(u?)/4n and for N; quark flavours, the first two coefficients
f1=11-:N;, and  f,=108—3LNy, (3.18)

are scheme independent. The constant C is determined by the definition of A.
The important thing to note here is that all trace of a;(u?) has vanished: the RS
dependence of 0(Q?) is now characterised in terms of a single number A, which
parametrises the freedom to redefine A — A = AA (or Q — Q = Q/A). By consid-
ering the expansion of the inverse function F~!(o) = Q?/A?, the remaining scheme
dependence of A or Q can be eliminated by a simple rescaling. By definition, F~!(0)

depends solely on the physical quantity considered, i.e.
F~Y(o)=RS-invariant, even when the series (3.16) is truncated. (3.19)

We now seek an appropriate expansion parameter for Q?/A?. Since o(Q?) is RS-
invariant, Grunberg advocates for the particular choice where all higher-order cor-
rections can be absorbed into the definition of an effective charge a(Q?) associated
with o(Q?):

o(Q*)=A+ Ba,(Q?). (3.20)

As in the QED example, the prediction for a;(Q?) can be obtained in terms of a gen-

eralised Gell-Mann-Low function 3, defined by

——=B(p)=—Pip*— B:p*— Bsp’ +0(p°). (3.21)

Note that the first two coefficients f; » coincide with those from the QCD f-function
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3. Asymptotia

(Eq. (3.18)), but the higher-order ones ;>3 depend on the quantity o(Q?) consid-
ered. The exact solution to (3.21) is given by [89]

’511“@_2“+Zf

1 B1 B ] (3.22)

b
In(B1p)+ K1+ fo dz [; - E; + B(2)
where Kj is a constant determined from the NLO correction to p(Q?) at u? = Q2.
Eq. (3.22) is the final necessary ingredient, which when compared with (3.20) yields
the required expression for F~!(o). So we see that the problem of RS dependence
in perturbative QCD calculations can be overcome in a systematic manner. Instead
of focusing on the ‘best’ RS, the pertinent question now becomes: what is the ‘best’
choice of an effective charge in QCD? The answer is yet to be established and some

popular examples from the literature are given below.

(a) By close analogy with QED, one can define an effective charge a(Q?) as the
coefficient in the static limit of the scattering potential between two infinitely

heavy quarks [92, 93]

2
V(Q*)=—4nCr aV(? ) : (3.23)
Q
where the momentum transfer is Euclidean Q? = —g? > 0 and Cr = 4/3 is the

Casimir operator in the fundamental representation of colour SU(3).

(b) A direct attempt to generalise the resummation procedure of 1PI graphs in the
photon propagator to the gluonic case is the pinch technique [94, 95, 96, 97, 98].
In QCD, the Ward identity result Z; = Z, does not hold and thus obtaining a RS-
and gauge-invariant result after Dyson-resummation is rather complicated. The
result from rearranging the contributions to scattering amplitudes is a struture

of the form

a mch(Q )_ g (324)
’ 1-TI(QY)

(c) A physical coupling az(Q?) can obtained directly from high precision measure-

ments of the Drell-Yan ratio at momentum transfer Q?,

Re*e’(Qz) = lz le

(3.25)

n (ZR(QZ)] ,
T
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3. Asymptotia

where the sum is over the charges Q; of the active quark flavours.

Similarly, for fixed values of the kinematical scale, hadronic 7-decays of the type
7~ — v, + hadrons allow one to define an effective charge a, [99] through the

ratio of the hadronic to leptonic decay channels

R.(m2)=RC|1+ (3.26)

af(mi)]

T

where Rg is leading order QCD prediction and 0 < m. < m, refers to some
hypothetical T mass.

While each of the above represents a perfectly well-defined, RS-invariant defini-
tion of the strong coupling, it is clear that in order to probe the infrared limit of QCD,
genuine non-perturbative techniques are required. The keywords in this domain
are lattice QCD and Dyson-Schwinger equations. Examples of both are discussed

below.

3.2 Non-perturbative Determinations of the Strong Run-

ning Coupling

3.2.1 Schrodinger Functional Scheme

The Schrodinger functional was proposed by Liischer et al. [100, 101] as a means
to study the scaling properties of QCD in a Euclidean box of volume L*, and hence
obtain a strong running coupling ag(L) = g%(L)/4n from numerical simulations on
the lattice.

In the context of QCD, much of the theoretical effort has been directed towards
the interpolation between the non-perturbative (large L) and perturbative (small
L) regimes of the theory, with the aim to express (say) a;(M ) entirely in terms of
low-energy quantities such as the string tension or Sommer scale [100, 101]. On the
other hand, the Schrodinger functional scheme has been used to explore the be-
haviour of strong-coupling extensions to the Standard Model such as technicolour,
with the aim to determine the critical number of fermion flavours in some repre-

sentation of SU(N) which induce a scale invariant phase of the theory [102]. Due to
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3. Asymptotia

computational limitations [103], it cannot be said that the deep infrared limit L — oo
has yet been probed in a realistic simulation of QCD with Ny =3.

To see how g?(L) is defined in this approach, we follow Liischer et al. [101] and
consider pure SU(3) Yang-Mills theory! with gauge fields Az(x) and Euclidean action
in the temporal gauge,

1
S[A]l=—— | d*xG* G, 3.27
[A] 4g§f xGy, (3.27)

where g is the bare coupling and G, = ,A¢ — 6,Af + fPeAL A is the gluon field

strength. The Schrédinger functional refers to the path integral
Z[C,C|= f D[A,]e~SA, (3.28)

where periodic boundary conditions are imposed in all spatial directions and C, C’
refer to fixed boundary values of Az(x) at times ¢ = 0 and ¢ = T respectively. The
boundary values are chosen such that the gauge field configuration (or induced
background field) B[j(x) which minimises (3.27) is stable, and unique up to gauge
transformations. In the presence of this background field, Z can be calculated at
weak coupling by using the saddle-point evaluation of the effective action I'[B] =

—In Z about Bg(x). The result is an asymptotic series
I'[B] =g, To[B]+1I1[B]+ g.T2[Bl+..., (3.29)

where the leading term is proportional to the action I'([B] = gZS[B]. In general,
there are many ways to define g?(L) and most lattice studies choose Bj to depend
on a dimensionless parameter 1. For practical reasons [101], this is usually imple-
mented by requiring that the boundary values of the background field are spatially

constant and diagonal,

0 0 ¢ 0 0 ¢

IThe inclusion of quarks in a lattice regularized Schrédinger functional is formally straightfor-
ward [104], but dependent on the way in which one simulates chiral fermions (see e.g. [102] for an
analysis with staggered fermions).
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The angles ¢, and ¢/, are constrained to be real and must sum to zero to ensure that
the matrices are elements of SU(3). A particular choice [105] which ensures that Bj

corresponds to a stable solution of the field equations is

pr=n—m/3 p!=-n-mn
$P2=-n/2 ¢, =n/2+m/3 (3.31)
¢3=-n/2+m/3 ¢L=n/2+2m/3

Subject to the boundary conditions specified above, the quantity

I'[B] = ir[B] :—ian (3.32)
an an

is renormalization group invariant and thus the renormalized coupling

k 0
—InZ (3.33)

g on |
depends only on the box size L, i.e. §2(L) (or equivalently, ag(L)) defines a running
coupling. The constant of proportionality k =I'y[B] is chosen so that one recovers
g? = gy in the leading order of perturbation theory. From the definition (3.33), a

B -function can be defined in the obvious manner

dagy
oL

Blag)=—L (3.34)

An important consistency check of the SF coupling is that it can be perturbatively

related to other schemes, e.g. the MS scheme. If we define

g*(L)
47T

ase(Q)= , where Q=1/L, (3.35)
then the relation between the two approaches is given by [105]

Oy = asp + kg, + O(ay), (3.36)

where both couplings are evaluated at the same momentum Q.
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3.2.2 Dyson-Schwinger Equations

In this approach, non-perturbative definitions of a; are given by constructing renor-
malization group invariant quantities from two- and three-point functions of the
theory. The analytic expressions for these quantities (and hence a;) are in turn ob-
tained by solving truncated systems of Dyson-Schwinger equations. A well studied
example is provided by the ghost-gluon (gh) vertex in Landau gauge SU(NN,) Yang-
Mills theory [106, 107, 108]. Here the renormalized ghost and gluon propagators are

described in terms of the dressing functions G(p?) and Z(p?),

G(p?) PuPv ) Z(p?)

2y 2y _ _
Do(p) === Dulp?)= (B == ) = ) (3.37)

where p refers to Euclidean momentum. The propagators D¢ and D,,, and cou-
pling g are related to their bare counterparts through the multiplicative renormal-

ization constants
Z3Dg =Dgy, Z3Dyy = Do v, Zs8 =8o- (3.38)

In non-abelian gauge theories like QCD, the Ward identities must be replaced by

Slavnov-Taylor identities such as
7 =2,7:7,%, (3.39)

for the gh vertex. This identity defines a renormalized coupling ag,(u) = g*(u)/4m,

a=ay——. (3.40)

A running coupling can be defined by noting that the renormalized dressing func-

tions (3.37) are related to their bare counterparts through

Go(p?*)=G(p*)Zs,
Zy(p*)=Z(p*)Z,, (3.41)
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and thus in Landau gauge Z; = 1, the quantity
aG*(pY)Z(p*) = Gy (p*)Zo(p?) (3.42)

is renormalization group invariant. By evaluating the left-hand side of (3.42) at uy?

and u? = p?, one obtains from the gh vertex the definition [106],

agn(p?) = an(U®)G*(p?, u>)Z(p?, u?). (3.43)

Similar definitions can be obtained for the three-gluon (3g) and four-gluon (4g) ver-

tices, whose dressing functions Hfg and Hfg each define a running coupling [108]:

sg(p?) = asg(U) [HE (p?, u)]* 23 (p? u?), (3.44)
aig(p®) = aag (W) [HY¥ (p?, u?)] “Z*(p*, ). (3.45)

3.3 \Varieties of Asymptotic Behaviour

As we have seen above, there is a large number of suitable definitions for a;. How-
ever, once a particular definition is chosen, it is possible to formulate precise hy-
potheses about B (or ) for the whole theory. It is the purpose of this section to
examine the possibilities which may occur in QCD.

To be specific, we restrict our discussion to low energies u < m, ., where heavy
quarks t, b, ¢ are decoupled from the theory. There are then two logical possibilities!

for the resulting three-flavour theory (Fig. 3.1):
1. Growth without bound. If the integral?

* dz

— 3.46
@ (3.46)

IThe analogous case for QED is discussed in [109].
?In a slight abuse of notation, we denote ay = a,(uj) for some reference scale .
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NOTE:
This figure/table/image has been removed
to comply with copyright regulations.
It is included in the print copy of the thesis
held by the University of Adelaide Library.

Figure 3.1: Varieties of asymptotic behavior for the QCD -function with three light
quarks u,d,s. The dashed line shows the case when the running coupling a(u?)
undergoes continued growth with decreasing scale u (scenario (1) in text), while the
solid line shows a(u?) flowing to an infrared fixed point a;; (scenario (2)). For com-
pleteness, we also include the case where a(u?) diverges at a finite value of u (dot-
ted line), but we emphasize that this scenario is of no physical relevance since it pro-
duces poles in Green’s functions in the spacelike momentum region (i.e. a tachyon
or “Landau ghost") [110, Chapter 6].

is divergent, then the solution to the renormalization group equation

As

dz

. % (3.47)

Inp?/ug =
implies that as u decreases, a; experiences continued growth, becoming infi-
nite in the infrared limit In y?/u2 — —oo.

2. Infrared fixed point at finite coupling. In this scenario, the integral

a
IR dz

. % (3.48)

diverges because of a zero in f3(z) at z = a;. As shown in Fig. 3.1, f is negative
in the physical region

0<as<ay, (3.49)

and positive thereafter. The finite value a; is known as an infrared fixed
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point! since Eq. (3.8) dictates that as u decreases, a; will increase in the phys-
ical region (3.49) and decrease for a; > a;. In either case, a; runs to a; in
the infrared limit u — 0. About this point, the -function and the anomalous
dimension of the quark mass operator y,, = u?d Inm, /0 u? may be expanded

in the series

Blay)=p'(ag)as —ag)+0((as —ag)), (3.50)
rm(as) =1mlag)+7 (ap)as —ag)+0((as —ag)), (3.51)

where '=08/0as andy! =0Jy,/0a; are evaluated at a.

It is worth emphasizing that it is unclear from the literature which scenario is
actually realized in QCD, and in particular, how sensitive the results are to the num-
ber N; of active quark flavours. Part of the problem resides in the fact that precise
knowledge of 8 (or ) is largely restricted to the perturbative domain where ex-
pansions about the ultraviolet fixed point a; = 0 converge sufficiently rapidly. For
instance, Banks and Zaks [112] have made the observation that if N lies within the
‘conformal window’

855 <Ny <163, (3.52)

then at two-loop order, 8 possesses a so-called perturbative infrared fixed point
dr " =—Pi/ P2, (3.53)

where the coefficients f; are those of Eq. (3.18). The difficulty with this picture is
that for Ny < 8% (i.e. QCD as currently understood), the infrared zero in B disap-
pears and a Landau pole is generated (Fig. 3.1). Nevertheless, there is a large body of
work [89, 95,99, 113, 114, 115,116, 117, 118, 119, 120, 121, 122] based on perturba-
tive extrapolations of this type, which makes use of effective charges or alternative
schemes. Results from these approaches indicate (almost without exception) that
a; “freezes" in the infrared, i.e. QCD possesses an infrared fixed point as described

by scenario (2).

Note that to be considered a fixed point, a;; must produce a sufficiently strong zero so that
(3.48) diverges. For example, a simple zero (as shown in Fig. 3.1) B(a,) ~ const.(as; —a;) is sufficient,
but the weaker zero f(a;) ~ const.|a; — a;|'/? is not [111].
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Naturally, a fully non-perturbative framework is required to settle the matter,
and thus running couplings of the type described in Sec. 3.2.2 become the rele-
vant objects of study. Unfortunately, the question about whether a; behaves like
scenario (2) or (1) is far from settled. Indeed, some results from the literature are
contradictory.

For instance, from the SF definition of aj, the result for Ny = 0 shows that  be-
comes linear at large «;, i.e. the running coupling of pure Yang-Mills is unbounded
(scenario (1)). This is to be compared with the results from Dyson-Schwinger anal-
yses [108, 123] of the gh, 3g, and 4g vertices of Egs. (3.43-3.45), all of which find that
a is finite in the infrared limit p2 — 0:

1

. 2y __ 1 . 2\ — C2
;%r_l)loagh(p )= N’ Llilgasg(l? )= N

c Cc

, lim tg(p®) = ;/.—C (3.54)
where the c¢; are non-zero constants whose value depends on the definition of the
running coupling. Similarly, for Ny # 0, the conclusion from SF analyses [102] of
Ny < 8 is that there is no infrared fixed point. How can this be reconciled with the
Ny =3 Dyson-Schwinger analysis [124] which arrives at the opposite conclusion?
The origin of this conflict can be traced to the fact that a non-perturbative defi-
nition for a; must be chosen, and thus comparing results from different approaches
is rarely straightforward. Despite the lack of consensus, we take the view that an in-
frared fixed point in QCD (scenario (2)) should be taken seriously. The underlying
assumption which forms the basis of this thesis, is contained in the following state-

ment.

Proposal. There exists a physical definition of the strong running cou-
pling a; which is analytic, non-negative, and monotonic. Atlow-energies
u < m; . afterheavy quarks have decoupled, the resulting three-flavour
as runs non-perturbatively to a finite, non-trivial infrared fixed point

Ag-

The requirement of analyticity follows from the properties of physical amplitudes
at spacelike momentum. Monotonicity is required so that ‘false zeroes’ are avoided.
This refers to the disastrous case when «; runs to a value a, such that f(a.) =0,

before the infrared limit is reached. After ., a decrease in u implies a decreasein the
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strength of a;, reaching the ‘true’ fixed point at a;; = a;(u? =0). A simple example

is shown in Fig. 3.2.

0.6
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Figure 3.2: Plot of a strong running coupling a(u?) = 1/[(u?—4)?+2] with the turning
point a, = a,(u?> = 4) giving rise to a ‘false zero’ in the QCD fS-function. As the
scale u? is decreased from the ultraviolet (UV) region, a; increases in strength as it
approaches a,, but switches and becomes weaker as it approaches the ‘true’ infrared
fixed point at a3 = a;(u? =0).

In Chapter 4, we scrutinise the implications for low-energy phenomenology in
the proposed picture. The key observation is that the gluonic term ~ GﬁvG“W in the

trace anomaly of the energy-momentum tensor 6, [125, 126, 127, 128, 129],!

_ Blay)
O = dq

GEGU + (1+ym(as)) Y. medq (3.55)
q=u,d,s

is absent at the fixed point a;; and thus 6,,, becomes traceless in the chiral limit

9/5‘ :(1+?’m(a1R))(muuu+mdd_d+m55_'8)

QAs=0p

—0, SU(3);, x SU(3)g limit. (3.56)

Naively, one might consider this scenario a phenomenological disaster: does a trace-

1'We have [Dy,Dy] =i ngw, T4 where D, is the covariant derivative, {79} generate the gauge
group, a, = g2/4n is the strong coupling, and B = u?da,/ou? and y,, = u?d1Inm,/0u? refer to a
mass-independent renormalization scheme with scale u.
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less 6 not imply invariance under scaling transformations & : x — e‘x and hence
a continuous mass spectrum? In QCD, the answer is in the negative since the at-
tendant strong gluon fields form a quark condensate (Gq)vac # 0. The notion that
(dq)vac may also be a scale condensate in the scaling limit (3.56) can be deduced

from the fact that gq is not a singlet under scale transformations

where we have denoted D as the generator of the symmetry group. It follows that

for scale current D, = x" 6, the time-ordered amplitude

Lu(g)= f d*x " T(Dy(x)44(0))vac (3.58)
at a;y is non-vanishing in the zero momentum limit:

LILI%q“r‘u(Q) = l([D» Elq])vac

=B- Ym(aIRx(/_]q)Vac
#0. (3.59)

In this limit, we see that I',(¢) has an O(g~!) singularity, viz., there is a massless 0+

QCD dilaton o coupled to D,,. This is nothing more than a statement of Goldstone’s

theorem and thus we conclude that at ay;, there are nine NG bosons: 7, K, 1, 0.
The remainder of this thesis is devoted towards the development of an effective

field theory which describes the interactions of this alternate NG sector.
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Chapter 4

Chiral-Scale Perturbation Theory

about an Infrared Fixed Point

With this chapter, we present the bulk of original research in this dissertation. Our
intent is to examine in quantitative detail, the phenomenological consequences
which arise from our proposal in Chapter 3 for an infrared fixed point o in three-
flavour QCD. In Section 4.1, we review a part of the history regarding a dilaton o
in the strong interactions and argue that, in our proposal, the f,(500) resonance is
the most likely candidate for such a state. Section 4.2 introduces the combined ex-
pansion about the chiral SU(3), x SU(3)r and a; — a;; limits. We then review the
rules for constructing chiral-scale operators, which feature in the construction of
our subsequent effective Lagrangians.

In Section 4.3, we replace ordinary chiral SU(3); x SU(3)r perturbation theory
x PT5 with a new model-independent theory y PT, based on approximate scale and
chiral SU(3); x SU(3)z symmetry. In leading order and next-to-leading order, we
construct the most general effective Lagrangians for the strong interactions. The re-
lationship to the y PT; expressions is discussed. We present the equations of motion
for yPT, and apply them to construct the ‘improved’ energy-momentum tensor in
the effective theory. By extending the functional methods of Gasser and Leutwyler
[13] to include local scale invariance, we calculate a closed form expression for the
one-loop effective action.

Important low-energy constants of the new theory are fixed in Section 4.4, where
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we derive expressions for the o mass and effective o coupling. We show that the
quark mass anomalous dimension at a; can be related to the 7N sigma commu-
tator X, ; and comment on the apparent contradiction between the y PT, estimate
for the strange sigma term X and lattice determinations. We then test the conver-
gence of our chiral-scale expansion by adding dilaton loop diagrams to the standard
analysis of t-scattering by Manohar and Georgi [48, 49]. We find that there are two
scales which govern the convergence of the chiral-scale expansion.

In Section 4.5, we derive an explicit relation between the non-perturbative Drell-
Yan ratio and the effective oyy coupling. We then make use of dispersive analyses
of data on yy — n°7° to obtain the prediction Rr ~ 5. To our knowledge, this is the
very first determination of Ry in a fully non-perturbative framework of QCD.

Section 4.6 concerns the weak interactions in y PT,. We construct the leading
order Lagrangian and show that vacuum alignment induces an effective Kso cou-
pling. By making use of data on yy — n°7° and K5 — yy we determine the value
of this coupling and discover that the Al = 1/2 rule emerges as a consequence of
¥ PT,. We believe that our proposed explanation for this long standing problem

stands as our most important result.

4.1 Historical Overview and Modern Developments

The idea that scale invariance may be an approximate symmetry of the low-energy
strong interactions is certainly not new. Before the formulation of QCD, there was
some interest in the scale symmetric counterpart of PCAC, partially conserved di-
latation current (PCDC), and its phenomenological consequences. It could be com-
bined with existing techniques such as current algebra and low-energy effective La-
grangians, and hence the validity of a particular framework or model tested against
experiment.

Naturally, chiral symmetry featured prominently in these investigations and con-
siderable effort was directed towards the development of models which combined
both symmetries in a consistent formalism. In this regard, the manner in which
chiral symmetry was realized — that is, in the Wigner-Weyl or NG mode — led to
important observable differences, for it is not possible for both modes to be real-

ized simultaneously [130].
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The starting point of this thesis lies in an approach [15, 16] which considered
the possibility that (Gq)v.c 7 0 may also be a condensate for scale transformations
in the chiral SU(3); x SU(3)g limit. The resulting dilaton' o was associated with the
€(700) resonance whose mass and width could — by analogy with 7, K, mesons
— conceivably originate from the u, d, s current quark masses. Approximate chiral
and scale invariance [15, 16] implied a dominant derivative o7t coupling

LD = F-1g (|9 7tf* + O(m?)|m|?) (4.1)

OTTT

consistent with a broad 0"+ resonance yet with a small effect on 77t scattering in the
SU(2), x SU(2)g limit & = O(m,), as observed. Here F, is the coupling of o to the
vacuum via the energy momentum tensor 8,,, ‘improved’ [137] when spin-0 fields
are present:

(T (@O Ivac) = (F, /3)(qudts — Eur d?) - (4.2)

Subsequently it was shown [19, 20] that, given the Drell-Yann ratio

o(ete~ — hadrons)

R(Q*) = , 4.3
Q) olete-—utu’) (4-3)
there is a trace anomaly? (Ra/67)F,, F*¥, and hence a oy coupling
Ra
preQCD _ uv
,CUW = 6r L, o F,, F"". (4.4)

Interest in dilatons waned when QCD arrived in 1972-73: there had to be a glu-
onic version ~ G G of the trace anomaly and hence (it seemed) no scale invari-
ant limit and no dilaton. The all-orders formula for QCD followed a few years later
[125, 126, 127, 128, 129],

g B@)

u 4q,

Gy, G + (1+71m(as)) Z mg,qq (4.5)
q=u,d,s

1To avoid confusion with the linear o-model [131], we reserve the term dilaton and notation o
for a NG boson due to exact scale invariance in some limit. Furthermore, we are not talking about
scalar gluonium [132, 133, 134, 135], or “walking gauge theories” [136] where 3 is small but never
Zero.

2For electromagnetic field strength F,, and fine-structure constant o ~1/137.
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s Ny = 3 proposal

S
\/a I R

Figure 4.1: Proposed three-flavour 8 function with an infra-red fixed point ay;.

by which time, the €(700) resonance had faded away.

Nowadays however, the situation is rather different. The lowest QCD resonance
has been reinstated in the PDG tables as f,(500) and its existence is now generally
accepted.! As noted in Chapter 2, this change of fortune is largely due to the first-

principles determination of its pole on the second sheet at [17, 18]
my, =441 —1i272MeV. (4.6)

Consequently, precise knowledge of m , has allowed the radiative coupling of f;
to two photons to be determined with similar accuracy. Dispersive analyses [139]
applied to data [6] on yy — %70 allow one to extract the two photon width, with the
updated determination [140] given by

I(fo—71y)=1.98"23keV. 4.7)

—0.24

These developments surrounding f, and its effect in non-leptonic decays [81],
provide the motivation on our part to propose the existence of an infrared fixed
point q;; in the three-flavour B function. As noted in Chapter 3, this conclusion

refers to low energies, where for Ny = 3 light flavours (Fig. 4.1):

B(ay)=0, Ny=3. (4.8)

1Although for some controversy on this interpretation, see [138].
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At the fixed point, Eq. (4.5) implies

H;lj = (1+ymlar))(myau+madd + mgss)

—0, SU(3); x SU(3)g limit (4.9)

and hence a dilaton due to quark condensation, as in the pre-QCD theory [15, 16].
With the explicit breaking term in (4.9) dominated by the strange quark, the obvi-
ous candidate for this state is f; and its interactions with 7, K, n are described by a
chiral-scale perturbation theory y PT,, based on expansions in a; about a;;. This
proposed replacement for y PT; possesses some desirable features, the foremost be-

ing:

1. Since fj is a broad flavour singlet coupled strongly to 7, K, mesons, f, pole
terms dominate low-energy scattering of these mesons, including 77t scat-
tering with! O(my) momenta. We argued in Chapter 2 that in this respect,
x PT;3 fails because it classifies these pole terms as non-leading. That prob-
lem is solved in y PT, because f, = o is part of the NG sector and thus con-
tributes in the leading order (LO) of y PT, expansions (Fig. 4.2). Note that this
is achieved without upsetting successful LO y PT; predictions for amplitudes
which do not involve the 0** channel; that is because the yPT; Lagrangian
equals the o — 0 limit of the yPT, Lagrangian. In NLO, new chiral loop dia-

grams involving o need to be checked.

2. The AI =1/2 rule for K-decays emerges as a consequence of the effective the-
ory, with a dilaton pole diagram (Fig. 4.3) accounting for the large I = 0 am-
plitude in Kg — 77r. Here vacuum alignment of the effective potential induces
Ks-0o mixing, with an effective coupling g, fixed by data on 7°7° — yy and

Ks—ry.

3. The yy channel constrains the radiative o coupling, and hence by employing

results such as (4.7), one obtains a prediction for the non-perturbative Drell-

1But not for O(m,) momenta in our scheme, because the o7 coupling turns out to be mostly
derivative, as in Eq. (4.1). Ordinary chiral SU(2); x SU(2)g perturbation theory y PT,, with pions as
NG bosons and no dilaton, remains valid. Because of the relatively large term m,3§s in Eq. (3.55) for
0!7 , y PT, is not sensitive to the behaviour of .
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NG bosons | scale :
pp= O(ynf_): separation je—— Not NG bosons ——
1 1 9
xPTy (=J I L lI I I (mass)
™ oK

NG bosons p-p'=0(m?%)

. T T (mass)®
Q K N
xPTs
Jo p
— ! (mass)?
0 ——— Not NG bosons ————
NG bosons p-p'=0(m%) ; scale. i NotNG
0 1 separation 17 1 0con¢
SOIs 2
XPT; o T . —— — (mass)
T fo KT p

Figure 4.2: Scale separations between Nambu-Goldstone (NG) sectors and other
hadrons for each type of chiral perturbation theory yPT discussed in this thesis.
Note that scale separation in the two-flavour theory yPT, (chiral SU(2) x SU(2),
top diagram) is ensured by limiting extrapolations in momenta p, p’ to O(m,) (not
O(mg)). In conventional three-flavour theory yPT; (middle diagram), there is
no scale separation: the non-NG boson fy(500) sits in the middle of the NG sec-
tor {7, K,n}. Our three-flavour proposal yPT, (bottom diagram) for O(my) ex-
trapolations in momenta implies a clear scale separation between the NG sector
{m, K,n,0 = fy} and the non-NG sector {p, w, K*,N,n/’,...}.

Yan ratio at a:

There are however, a number of subtleties involved in both the construction of
x PT, and the derivation of results such as those listed above. Given the broad width
of fy, can one define a sensible power-counting scheme in the effective theory? If
so, what sets the chiral symmetry-breaking scale of the theory? How is the gluonic
anomaly incorporated? The purpose of this chapter is to answer precisely these
questions and present a detailed exposition on the construction of y PT,.

We shall also use y PT, to explore phenomenological implications beyond Ks —
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Figure 4.3: Role of a QCD dilaton o = f in Ks — 77 with couplings g, and ggnx
derived from the effective theory y PT,.
AR
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Figure 4.4: Example of leading order 7w+, K= loop graphs for Ks — yy, which are finite
in the chiral limit [21, 22].

ntrt. For example, in the two-photon channel, we encounter the surprising property
that charged 7, K loops — in Kg — 17y (Fig. 4.4) for example — are finite at one-loop,
and thus enter at the same order as o -pole diagrams. These graphs do not affect the
electromagnetic trace anomaly at a;, but the pre-QCD result (4.4) for the effective

1.

oy coupling must be amended by the replacement Rig — Rir —

(R — 3)a

8oyy = 37F, 4.11)

We present a derivation of this result in Sec. 4.5.1.

4.2 Broken Scale Invariance

Our first step is to construct a chiral-scale perturbation theory y PT, for low-energy

amplitudes expanded about the combined limit

Myas~0 and a; S a (4.12)

IR"
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This is the relevant infrared regime where amplitudes are expanded in powers and

logarithms of the external momentum,
O(my) {momentum} < yp - (4.13)

Recall thatin y PTs, ycn is 47 F;; a similar result is derived for y PT, in Sec. 4.4.3.

To calculate the terms in the perturbation series, we need to construct the most
general effective Lagrangian consistent with approximate scale and chiral SU(3), x
SU(3)r symmetry. This is achieved by employing a set of rules [16, 141, 142] which
generate chiral-scale effective Lagrangians from chiral invariant operators. (Explicit
symmetry-breaking terms are easily accommodated within the formalism.) These
rules were developed long ago and are based on the formal theory of conformal
invariance [130, 141, 143, 144]; in particular, the use of the non-linear realization to
study spontaneous symmetry breaking.!

Scale transformations (or dilatations) correspond to changes in the spacetime
coordinates,

J;’:xu—>e5xu, EeR, (4.14)

under which particle fields ¢(x) transform as follows
£:p(x)— e p(esx), (4.15)

where d is the scale dimension of . If we denote D as the dilatation generator, then

the infinitesimal version of (4.15) reads
o:p=1i[D,p]l=(d+x-0)p. (4.16)

For Lagrangian operators of dimension d, the above transformation law generalizes
in the obvious way:
0:Lg=0"(x,Lq)+(d—-4)La, (4.17)

and thus we recover the well known result that — up to a total divergence — only

d =4 operators are allowed in a scale-invariant theory. Note that in these theories,

1For an elegant exposition, see [145, Chapter 3].
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scale invariance of the free-field massless Lagrangians
10,90"¢ and iy @y (4.18)

becomes manifest if one assigns d, = 1 and d, = for the boson and fermion fields
respectively.

To obtain dynamical information on (exact or broken) scale symmetry we need
the corresponding current. It is well known that the energy-momentum tensor is
not uniquely defined in a quantum field theory. Callan, Coleman, and Jackiw [137]
advocated for a redefinition, or so-called ‘improvement’, of the symmetric Belin-

fante tensor which allows one to define a dilatation current
Dy(x)=x"0,.(x). (4.19)

The advantage of this procedure is that the divergence of D, is given purely by a

sum of scale-breaking d # 4 Lagrangian operators L,

91Dy(x)=0"(x)= > (d—4)Lq. (4.20)
a

Notice that the connection between exact scale invariance and a vanishing trace 0/
is now manifest. Furthermore, note that the added terms required to obtain the
‘improved’ ,,, do not contribute to space integrals of moments like ,, and hence
leave the Poincaré generators and their commutation relations intact [146].

The situation when the right-hand side of (4.20) is non-zero forms the basis for
what is known as the PCDC hypothesis [146, 147]. By analogy with PCAC, one as-
sumes that 6 acts as an interpolating field for f,, with 6, matrix elements domi-
nated by the 0** pole. Many of the pre-QCD results [15, 16] involving dilatons were
derived under this hypothesis.

In non-linear realizations of scale symmetry, a chiral invariant field o appears

as terms ~ J o in covariant derivatives. It transforms as
§:0— 0+ Fylog|det(dx'/ox)| (4.21)

under conformal transformations x — x’. The infinitesimal transformation law is
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then given by
o:o=F+x-00, (4.22)

and thus the field exp(o/ F;) transforms covariantly with d = 1:
o:lexp(o/F;)]=(14+x-0)exp(o/F;). (4.23)
By combining powers of e/ with chiral Lagrangian operators such as
KU, U" = F*T(g,Ua"U"), (4.24)

or the dilaton kinetic energy K, = %@aﬁﬂa, chiral-scale operators of the desired
dimension are formed. For example, these operators become scale invariant with

d =4 after the rescaling
K—Ke*Ft  and K,—Kye?/f, (4.25)

Note that o and ¢; do not have conventional scaling properties. Indeed, by
(4.21), o scales inhomogeneously, while the dimension of ¢; (and hence U) must
be zero to ensure that the chiral charge algebra of Eq. (2.7) remains consistent un-

der scale transformations! [16, 142].

4.3 Chiral-Scale Lagrangian

We would now like to construct an effective field theory of approximate scale and

chiral SU(3), x SU(3)r symmetry in the physical region
0<as<ag. (4.26)

In the infrared regime a; < ay;, the most general effective Lagrangian is composed
of three pieces
Llo,U,UN=:£3=44 L84 4 <t . (4.27)

inv anom mass "’

1Alternatively, if one considers the general transformation law & : ¢;(x) — e ¢;(e¢x), then for
d #0, the dilatation current is not chiral invariant [148].
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where each term is characterised by the manner in which they preserve or break
chiral and scale symmetry, and the colons refer to normal ordered operators. Here
Liny is an SU(3); x SU(3)g singlet and carries dimension d = 4, while L,,ss contains

the quark mass matrix (2.24)
M = 3 F? Bydiag(m,,, ma, my), (4.28)

and hence belongs to the (3,3) @ (3,3) representation. The operator dimension of
L mass satisfies 1 < d,ss < 4 as in the pre-QCD theory! [15, 16] but with

A nass =3 — Ym (aIR) ’ (4.29)

as a result of expanding about a; (cf. Eq. (3.51)). The term Lanom simulates the
gluonic anomaly, whose dimension is found by noting that the operator insertion of

G, G corresponds to the f§ 0/0 a; term in the Callan-Symanzik equation

{—+/3(as) +ym(as)2mqa }A—o (4.30)

for renormalization-group invariant QCD amplitudes .A. Taking 0 /0 a;, we find

_ Z az{Ym(as)A}

, 4.31
dm,0a, ( )

{ _+ﬁ(as) +ﬁ( s)}

so for a; S ap, Lanom has a positive anomalous dimension equal to the slope of 8 at
the fixed point:
danom =4+ B (ap) > 4. (4.32)

As a; — agy, the gluonic anomaly vanishes, however this does not uniquely deter-
mine the chiral-scale power counting of terms in £,,om. In principle, we could have
constructed a chiral-scale perturbation theory with m, and mg as independent ex-
pansion parameters, but that would make sense only if there were a fourth light

quark or different low-energy scales for chiral and scale expansions. Fig. 4.2 pro-

IThe upper bound on d s is required so that PCAC holds when SU(3); x SU(3)g symmetry is
spontaneously broken; the lower bound is a consequence of the Killén-Lehmann spectral represen-
tation of the two-point function [149].
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vides clear confirmation that the choice m, = O(m ) is sensible.
The above considerations, combined with the machinery developed in Sec. 4.2,
lead to an explicit formula for the y PT, Lagrangian (4.27) in LO:

L= =1, K+ Ky + c3e?7 o} e/ Fo

inv,LO
ﬁgriﬁn,LO ={(1 - c)K+(1 = c2)Ky + cse®7/ T} 7157
Eizgs,m =Te(MU"+UM"e®1m/% (4.33)

where 8’ and 7, are the anomalous dimensions f’(az) and 7,,(a;z) of Egs. (4.32)
and (4.29). Note that in the limit o — 0, (4.33) reduces to £, of Eq. (2.23), and thus
LO predictions for y PT; without a 0** channel are preserved. (As claimed.)
Characteristically of effective field theories, the low-energy constants c; are not
fixed a priori by symmetry arguments alone. However, the requirement of a stable
vacuum in the o direction (no tadpoles) implies that c; and ¢, depend on how the

field o is chosen. For expansions about o =0, all terms linear in o must cancel:

=(ym—3)F2(my+3m?). (4.34)

Because of our requirement £L,,,m = O(2, M), both ¢3 and ¢, are O(M).

4.3.1 Local Scale Invariance

We are now in the position to extend the functional methods of y PT; to include the
additional invariance under scaling transformations (4.14). This can be achieved by
noting that under local resizings, the particle fields ¢(x) and (flat) metric' g,, obey

the following transformation laws (see e.g. [150])

28(x)

p(x)—e®Mp(x),  g" —eXWgh, (4.35)

10ur metric signature is (+———).

53



4. Chiral-Scale Perturbation Theory about an Infrared Fixed Point

where d is the scale dimension (or conformal weight) and £(x) the conformal factor.

The local nature of (4.35) implies the introduction of a covariant derivative
D,p=30,9+dS,p, (4.36)
which transforms as D, ¢ — e4<)D, ¢ provided the vector field S, transforms as
Sy—Su—09,&(x). (4.37)

In the case of QCD, we then need to extend the chiral symmetric Lagrangian £ of
Eq. (2.2) to include the additional external field S,

Lew=L+Gr"(vy+ a,rs)qg —G(s — ipys)q +S,D*, (4.38)

so that the generating functional Z[v, a, s, p,S] is now defined through the path in-
tegral

eXp{ ZZ[ v,a,s, P» S]} = (Qout|Qin) v,a,p,s,S
_ f [Dq)[DG][DA,] exp{if d*x £ext}. (4.39)
Expanding about the point v, = a, = s = p =§ =0 then gives us the Green functions

of QCD in the chiral-scale limit (4.9). For the low-energy representation, it is very

convenient to introduce the field
X=EFE,e, (4.40)

so that D, X =(g,+S,)X tranforms covariantly with weight d = 1. Note that the chi-
ral SU(3); xSU(3)r covariant derivative V, associated with the U fields is unchanged
by (4.35) since U is a singlet under scale transformations.

Just like the external fields r, and [, contained in V,, the external field S, is

counted as O(J = m) in chiral-scale power counting, with field strength

Sy = 0uSy — &S, (4.41)
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The low-energy representation of Z is then given by

el — J [DU][DX]exp {zf d*x Leff} , (4.42)
and thus the generating functional factorises in the same fashion as y PTj,

In this formalism, the scale dimension of a given operator can be deduced by
explicitly writing out the metric contractions; for example, the O(92) terms (D, X)?

and Tr(V,UV*U") have conformal weight 4 and 2 respectively,

(DyX)?*= g" D,XD,X, T«(V,UV*U") = g Te(V,UV,U"). (4.44)
N N =~ —~— N =
d=2 d=1 d=1 d=2 d=0 d=0

A simple rescaling of the low-energy coefficients c,..., ¢, appearing in Lq,

Cy C3
21= 7, Z2=20C2, Z3=—,
2 4
FO' FO'
1—C1 ].—C2 Cy 1 (4 45)
4= 7 Z5 = 7 Z6— 7 7= ) .
2+ 4+ 3—
F*P Fy Fy*P F

allows us to rewrite the o dependence in terms of X, to wit the LO Lagrangian of

local scale and chiral SU(3); x SU(3)r symmetry is

LIS =21 KX+ 225 (D XY + 23X, (4.46)
L=z, KXPP + 25 (D XPXP + 26X, (4.47)
LISt =z Te(y UT+ Uy X3, (4.48)

4.3.2 Equations of Motion

The equations of motion for the U and X (or o) fields play a useful role in construct-
ing the trace of 0, in the effective theory and also in applications of the background

field method. Here we simply list the results; a derivation is provided in Appendix
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B. For the U field we get at LO (noting the additional term involving J,X),

0=[(V*V, DU — U(V*V,U"[z:X* + 2, X**7']
4
+ ﬁzﬂU}(T — U +3Te(y U= Uy X7
T

+[(VFO)U' = U(VFUN[22: X +(2+ Bz, X"1F')0, X, (4.49)
while the X field satisfies

0=(DuD"X)[z2+ 25 X"+ B’ 25 2(DXP XP ' = K[22: X +(2+ )24 X"HF']
—425X° — (44 Bz X3 — (B3 =y )z Te(y U T+ Uy HX*Tm (4.50)

4.3.3 Trace Anomaly in the Effective Theory

Because of Egs. (4.20) and (4.32), the critical exponent 8’ normalises the gluonic

term in the trace of the effective energy-momentum tensor,
anom mass *

O =B Lo = L+ Tm) LR (4.51)

We derive the explicit expression for (4.51) by adapting the prescription of Coleman
et al. [137] to nonlinear realizations of scale symmetry. Consequently, derivative

terms in the canonical energy-momentum tensor are scaled by the factors
l/)l :Z1X2+Z4X2+ﬁ/ and ¢2=ZZ+Z5Xﬁ/, (4.52)

while the ‘improvement’ term for spin-0 fields takes the form

1
TwlX]= 6(gWD2 — DMDV){ZZXZ + T

z5X2+ﬂ’} ) (4.53)

The coefficients in Z,, are fixed by the requirement that the trace be expressed in
terms of explicit scale-breaking operators (Eq. 4.20). By combining these factors in

the appropriate manner, we arrive at the LO expression for the ‘improved’ energy-
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momentum tensor

0‘1_“)

= BTV, UV U~ g K — g Trz(y U+ Uy ")
+ Ly + {DuXDy X — 8y 3 (Da X }1p2 — g {23 + 26 XP }X* 1, (4.54)

with the trace obtained via the X equations of motion:

— . >4 d<4 .
0.5 eff_ : ﬁlﬁan>0m - (1 +Tm)£m§ss :

=: B {2, KX*F + z5%(DHX)2Xﬁ/ +zeX* P}
—(14+71m)zTe (MU +UMNHX3Tm + (4.55)
Y

4.3.4 The Next-to-Leading Order Lagrangian

The technique used to obtain Eq. (4.33) from yPT, also works for O(24, M 2?2, M?)
terms in £ (and in Ly, below). At next to leading order, the most general effective
Lagrangian

LaiolU, UT, X] =: LET8+ L8+ L858 (4.56)

contains 38 distinct terms, where L3 is assigned unprimed low-energy constants
{1;,hi,s:}, L8784 primed {1/, R),s7}, and L£&=3 double-primed {I/, h?,s/}. To keep
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track of the scale dimensions we write out the metric factors for each term:

L8 =1L[g" Te(V, UV, UNP + gt g"* [ LTV, UV, UNTH(V,UV,U")
+ L,T(V,UV UV, UV, UN] + g [LTe(V, UV, UNTe(y U + Uy ")
+ TV, UV, U (y U+ Uy N X2+ [IsTe( U+ Uyt
+ LTy U = Uy + T Uy Uy + y Uy U] X
—gh g ilaTa(f 3, Vo UVIU' + f1L Vo UV U) = hoTi(U £, U f)
— T f 5, [+ fr fo)] + B Te(y g X+ ha g 878y Sun
+hig" g S Tr(fE + fL)+ 518" D XDy XTr(3 U+ Uy")

+5,8" 8" S, Te(V UV, UY), (4.57)
L8 =XxP' i (4.58)

(i hoysifotlLH s}
LA =X [TV, UVFUNTY(y U+ Uy )
+ L Te(V,UVFU (U + Uy )] + X377 [0 Te(y UT+ Uy Ty
+UT (U= Uy P+ T Uy Uy + y U U+ B Te( )] (4.59)

The requirement that the NLO expression above reduces to the yPT; result [13]
in the 0 — 0 limit (or equivalently X — F,) implies that the coefficients are not

totally independent. By comparison with £, from Eq. (2.46), we find

L+UFF=L;, i=123.9,10, (4.60)

h+ W, Ff' =H,, (4.61)
L+UFF+1/Fmm=L;,  i=4,..,8, (4.62)
ho+ W, FF + h]F: " = H,. (4.63)

Note that to the extent allowed by data for soft-o amplitudes, O(9*) coefficients can
be predicted by saturation by non-Goldstone resonances — like y PT3 [46], but with
fo excluded.
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4.3.5 The One-Loop Effective Action

We now extend the method of Gasser and Leutwyler [13] so that the effective ac-
tion is computed by expanding about spacetime-dependent solutions U(x) = u?(x)
and X(x) to the classical equations of motion (4.49-4.50). In yPT,, we consider the

expansion in terms of fluctutation fields £ = £?A? and p,

U=ue“u=u(l+i&—-1+. u, (4.64)
X=Xe’ =X(1+p+1ip*+..), (4.65)

where cubic or higher order terms in the fluctuation fields are not shown explicitly.
To quadratic order in £ and p, the following Lagrangian operators read (where d is

some scale dimension)

To(V,UV*UNX =Te(V,OV*UNX? +iL: X + dpTx(V,UV*U")X?
+idpL:X*+Q: X"+ 1d*p*Tx(V,UV* U)X, (4.66)
Tr(y U+ Uy DX =Tr(y U + Uy X4+ iTr(EXT)X?
+dpTi(y U+ Uy "X +idpTi(EL7)X? — JTe(E*EH)X?
+3d*p*Tr(y U+ Uy HX?, (4.67)
5(DX)X? = 2(D, X)X +(2+ d)p 3(D, X)X +(D,p D' X)X
+3(d +2)p* (D XY X? +(2+d)p(Dyp D' X)X+
+3(Dup X, (4.68)

where we have defined the following,

Y =uytutu'yu',

L:=Te(V,U'V*(u&u)—Te(V (u'Eu"VFO), (4.69)
Qe =Tr(V,(u' EuN\VH(uEu)) — 3Te(V, U VH (1 u)) — 3 Te(V,OVH(u' 2 uh)).
(4.70)

The terms linear in £ and p vanish from the lowest order action by the equations of

motion; see Appendix C. However, one must keep track of the mixed terms of O(&p).
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Collecting each of the quadratic pieces gives

S

o= f dx {iF;Qg(zJ@ + 2, X)) =z,  Tr(EP ) X3 } (4.71)

| = —iJ d*x p{iF;Lg(Zlez + @2+ BNz XY+ (83— )z TH(EX )X Tm } ,
(4.72)

S

2= f d*x { —1pD'Dup (22X + 25 X)) + L p? [K(42, X2 + z4(2+ B/ X*HF')
+1625X" +(4+ 'Y 26X — L(D' D, X)(22: X+ (2+ )25 X' *F)
+ %(DMX)Z(ZZZ +2+B)2sXP )+ B =y PTe(y U+ Uy HX3 7] }
:Jd4x{—%(z2X2+z5X2+ﬁ')pD“Dup +%App2}, (4.73)
where A, denotes the coefficient of the quadratic term in p which does not involve

any derivatives. Following [13], we can write the expressions (4.71-4.72) in a more

compact formalism by introducing the anti-hermitian matrices

%[u*,ﬁuu]—éiuTrMu—%iululﬂ, (4.74)

Ty
Ay=su'V,0u'=—2uv,0'u, (4.75)

and defining a covariant derivative for &:

du&=09,&+ &l (4.76)

In this notation, one finds
L: =—4Tr(A,d"E), (4.77)
Q: =Tr(d,Ed"E —[Ay, E][AK,ED), (4.78)
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and by shifting the derivative d,, through integration by parts, we find

S

S

n=" f d'x {1 FPTHE A" dy & + (A, EIAY, E)(2a X + 2, X5)

+ 223 TH(EPEN X — LF2TH(E?) [(221 + (24 B)(1+ )24 XP ), X)?
— (22, X+ (2+ B2, X040, X] ), (4.79)

S

S

= —iJ d4xp{F7fTr(AHd“§)(2z1X2 + (24 Bz, X
—(B=y )z THET )X } : (4.80)

By writing out the components &’

E=E0A0,  Tr(AIA))=267, (4.81)
and defining
. F? _ e ) o
Allgl = I”(lez + 2z, X )ard,ET+ AT ET (4.82)
2
Al = E"{Tr([ﬂ, AL, A (21 X2+ 24 XHHP) + %Tr({)ti, AYEH)X3Tm
—26"[(2z1+ 2+ B)1+ Bz XP )0, X)
— @z X+ 2+ Bz X )34 8, X] } 4.83)
B=(zX*+2z:X*""\D'D,p — A, (4.84)
C'=-23—1m)z;TH(A'Z) X3, (4.85)
D =2FTr(AMA')(22, X2 + (2 + Bz X, (4.86)

the quadratic terms in & and p can be collected in the formal expression

s = f d'x{e'AE +pBp+iple'C'+D"d,E ]}, @8
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where C’ and D* are vectors which are independent of £ and p. Collecting the

fluctuation fields into a vector vT=(£4, p) further simplifies the action,

AlliCe
sooo— 1| giptor, o= A ¢, (4.88)
2 iDitd, B

Now, the 1-loop effective action Z'~1°°P is in terms of a generating functional,

@i Z1-100p — f [DE[Dp] exp{ — %lf d*x vTOv} , (4.89)
so Wick rotating and performing the Gaussian integral gives the formal result
Z'7°? = 2ilndetO, (4.90)

thereby reducing the analysis to calculating the eigenvalues of O.

We have not been able to regularize detO. The standard heat kernel method is
typically applied to polynomial field theories, without the added complication aris-
ing from the off-diagonal terms in O. One possible way forward is to block expand
the determinant, i.e.

detO = BdetA” + D/*d, detC’, (4.91)

and then isolate the divergences from det A%/ and det C? through standard methods.

Clearly this warrants further investigation.

4.4 Strong Interactions

In phenomenological applications of y PT, presented in this thesis, we either work

in the tree approximation or study one-loop amplitudes which are finite in the chiral-
scale limit. Consequently, either (4.33) or (4.46-4.48) may be used, although we feel

that the former description makes the NG nature of o rather clear. For this reason,

we shall adopt (4.33) as the starting point in all the phenomenological analyses we

discuss.

To that end, we take Lg, and expand e?/s to collect terms quadratic in o and
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thus obtain the dilaton mass
m2E:=F(m%+3m2)B—1mn)1+7m)— B4+ )cs. (4.92)

Note that at a3, 0 becomes a true Goldstone boson in the SU(3), x SU(3)g limit
because of our requirement that ¢, = O(M). Similarly, we find for the effective g,
coupling

Lomr={2+1—c))p)onf —(B—ym)m’|nl}o/(2F,). (4.93)

Both (4.92) and (4.93) resemble pre-QCD results [15, 16, 142, 151] but have extra glu-
onic terms proportional to #’. Precluding any accidental fine-tuning in the theory,
we assume that the unknown coefficient 2+ (1 — ¢;)B’ in Eq. (4.93) does not vanish.
This preserves the key feature of the original work, that L, is mostly derivative: for
soft 7 scattering (energies ~ m ), the dilaton pole amplitude is negligible because

the ot vertex is O(m?), while the or vertex for an on-shell dilaton
8orr=—(24+(1—c))B")m’/(2F;)+0O(m?) (4.94)

is O(m?2), consistent with o being identified with the broad resonance fj.

4.4.1 Sigma Terms

It is instructive to examine how the decomposition of the nucleon’s mass differs
between yPT; and yPT,. In y PTs, there is no infrared fixed point and thus no limit
in which the gluonic piece of the trace anomaly may be considered small. This fact
underlies the widely held belief that the gluonic anomaly is responsible for most of

the nucleon’s mass,

My = <N|05|N> XP: ﬂ(as)

T3 s

(NIG;, G IN) + O(m%). (4.95)

Note that this interpretation relies on the implicit assumption that f,(500) pole am-
plitudes ~ 1/ mj%o provide a negligible contribution to M. Since the f, mass is much
lighter than other members of the non-Goldstone sector, a negligible effect can be
obtained only if f, couples weakly to the operators Gy, G and gq. On the other
hand, we have seen in Chapter 2 that the small f; mass means that yPT; has no
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9JoNN

Figure 4.5: Dominant o-pole diagram in y PT, for (N |9,f |N).

scale separation, which is a problem because f; couples strongly to other particles.

Now consider the relation between hadronic masses and 6, in yPT,. Since
B(ay) is small near a, the gluonic trace anomaly is small as an operator, but it can
produce large amplitudes when coupled to dilatons. For example, consider how My
arises in y PT, (Fig. 4.5). From Eq. (4.2) we see that like other pseudo-NG bosons, o

couples to the vacuum via the divergence of its symmetry current 9“D,, = 6y,
(0|95|Vac):—m§F0:O(m[27), my — 0. (4.96)

The nucleon remains massive in the scaling limit because the c NN coupling
Lonn = gonnT NN (4.97)

and crossing symmetry imply that the m, dependence in (4.96) is cancelled by a

o -pole at zero momentum transfer (Fig. 4.5). Explicitly, we have

My = (N|95|N) = (NNIH;‘Ivac)

~(NNlo) 57— (alHﬁlvac)
q-— o lg®=0
#0, my—0. (4.98)
This corresponds to the well known analogue
—F,8onNn > My (4.99)

of the Goldberger-Trieman relation (2.51).
Now consider contributions to Egs. (4.96) and (4.99) from the gluonic anomaly
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and the quark mass term in Eq. (3.55) for 6. In general, there are two independent

low-energy constants F;2 and Fj,, defined by

Bla)f(4a)(o |G, G vac) = —m Fy:

{147 m(as)} Z mg(olGqlvac) =—m? Fy,. (4.100)
q=u,d,s

Evidently, both constants can contribute to
E, = Fg 4+ E;, #0 (4.101)

and hence to
My ~ Fg2gonn + Fjg8onn (4.102)

in the chiral-scale limit (3.56). That is because m?2 is O(m%)=0(m,) in yPT,.

In yPT,, we can relate the ratio Fs2/F;, to the mass dimension
Amass =3 =T m(ag) (4.103)
and the N sigma term
Yua=(N|(myitu+madd)|N)conn. (4.104)

The explicit formula is found by noting that the state |o) in Eq. (4.100) approximates
an SU(3)y singlet

(o|laiu|vac) ~ (o|dd|vac) ~ (o|5s|vac), (4.105)

so for LO o -pole amplitudes, we find

Fiq8onn A {1+ 1 m(a )} (14+ms/2m) %, a, (4.106)
and hence
My ~ {1+ 1 m(a )} (1+ Fz Eyq) (4.107)
(L+my/2m) g L T T % G/ 5qa) - '

Note that in y PT,, the range of estimates of ¥, ; from lattice QCD [152, 153]

30 MeV < X, S 75 MeV (4.108)
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constrain the right-hand side of Eq. (4.107):
1S {1+ymlag)}(1+ Foe[Fig) S2.5, (4.109)

Since 0 < 147y, < 3, Eq. (4.109) would appear to support y PT, in that the ratio
FZ/F;, is not large, indicating that (§q)v.c sets the scale of the chiral-scale expan-
sion.

We note however, that lattice methods have not yet been able to isolate the
fo(500) resonance [154, 155]. The difficulty is due to the reliance on phase-shift
analyses of lattice data, which as we have seen in Chapter 2 is complicated by the
fo’s broad width. That may explain why lattice estimates ~ 50 MeV [152, 153] for the
strange sigma term!

2s = (N[my5s|N)conn (4.110)

contradict the yPT, expectation that X be rather large. It is likely that the SU(3)y
singlet f, plays an important role in this matrix element. It may also explain why it
is hard to obtain conclusive results for the three-flavour -function. So we do not

believe that current lattice results provide evidence either for or against y PT,.

4.4.2 Determining F;

To make quantitative predictions from y PT,, we need (like F; in yPT;) an estimate
for the low-energy constant F,. The simplest way to do this is to compare NN-

scattering with the relation (4.99)
_Faga'NNNMN- (4.111)

The best analysis to date is due to Calle Cordon and Ruiz Arriola [156, 157], who
combine the ‘one boson exchange’ potential with large-N, arguments. They find
from the N N-scattering data a mean value g,yy ~ 9 and hence F, ~ —100MeV, but

with an uncertainty which is either model dependent or very large (~ 70%). That

1We note that the distinction between ‘sea’ and ‘valence’ quarks is a parton concept which is only
valid in the ultraviolet region (2.52) where the relevant scale is Aqcp.
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accounts for the large uncertainty in
13512+Q—-c)p’IS6 (4.112)

when we compare Eq. (4.94) with |g,,:| =3.317)32 GeV [18] and m,, ~ 441 MeV.

4.4.3 The Scale of the Chiral-Scale Expansion

For any effective field theory, the validity of the perturbative expansion depends
crucially on a clear separation of scales between the effective and heavy degrees of
freedom. We have seen in Chapter 2 that for y PT; expansions, the series diverges
whenever the f| is present with O(m ) momenta because this state is not part of the
NG sector. This is to be compared with y PT, (Fig. 4.2), where the rules for counting
powers of mg are changed: f, = o pole amplitudes are promoted to LO (NLO in
x PT3). This fixes the LO problem for amplitudes involving 0+ channels and O(m)
extrapolations in momenta. At the same time, yPT, preserves the LO success of
 PTs5 elsewhere.

We can test the convergence of our chiral-scale expansion by adding o -loop di-
agrams to the standard analysis [13, 48, 49] for yPT;. These involve the (as yet)
undetermined constants 3/,7,,, 1. 4: for example, corrections to g, involve the
ooo and oo nr vertices derived from Eq. (4.33). However, when we apply the di-
mensional arguments of Manohar and Georgi [13, 48, 49] to our scheme, we find
that there are two yPT, scales y, = 4nF; and y, = 4nF,, which are numerically
similar (E, ~ E).

The calculation is a straightforward analysis of w7r-scattering at NLO, which in
x PT, involves one-loop graphs of the type shown in Fig. 4.6. Approximate chiral
and scale symmetry ensures that any quadratic divergences arising from the loop
amplitudes simply renormalize the low-energy constants c;_4 in £. There are also

logarithmic corrections to consider, with each diagram in Fig. 4.6 contributing a
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Figure 4.6: Example of next-to-leading graphs for nr-scattering in the chiral-scale
expansion of yPT,. Each vertex is generated by £ in leading order. There are ad-
ditional diagrams (not shown) involving the self-energy of the o propagator, and
internal o -lines which connect one external 7t-leg to another. Similar diagrams are
found for the - and u-channels.

factor of order?!

PPl (X PPl og(X), L (X (4.113)
— og|l— |, ogl = |, = og|l—|, .
F? (4m)? & u? F2F2 (4m)? & u? F} (4m) & u?

where A is some ultraviolet cutoff which preserves chiral symmetry, u is the renor-

malization scale, and the 47 are geometric factors associated with loop integrals.
These contributions are to be compared against the amplitudes generated from

higher derivative operators (4.59) such as
LTV, UV UV, UV,U") and [Te(V,UV*UNTH(y U +UyNef 7/ (4.114)

where the coefficients I, ~ F?/y2 and I; ~ 1/ 2 are suppressed by two independent
mass scales y, and y,. These operators yields diagrams such as those in Fig. 4.7,
with amplitudes of order

4 4
P and P

_ (4.115)
FZyk 2yl

By the arguments of Georgi and Manohar [48, 49], changes in u can be compensated
by a redefinition of the couplings (F2/y2) or (1/ x2). For example, an O(1) change in
 is accompanied by a change of order (47)~! in (F?/» 2). Thus, we find the following
relations

AnF; =)o, and AnF, = Yr, (4.116)

!In general, one must also take into account powers of m#%. To streamline the argument however,
we will concentrate on just the momentum dependence.
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Figure 4.7: Amplitudes generated by next-to-leading Lagrangian operators such as
(4.114), with a small square labelling the O(p*) vertex from Ly 0.

which are numerically similar,
AnFE, ~4nF, ~1GeV, (4.117)

and hence y PT, possesses a suitable separation of scales between m, and the non-
NG sector.
It is important to note that the small value of F; < y,, implies a o width

3

2 m
| T 1877 ~—2_ ~ 250 MeV (4.118)
16mm, 167F?

which is numerically misleading: I'; . is O(m?) and hence non-leading relative to
the mass m,. So tree diagrams produce the leading order of yPT,, as in yPT, and
xPT;. Beyond leading order, and in degenerate cases like the K;—Kg mass differ-
ence, methods used to estimate corrections at the Z° peak [158, 159, 160, 161, 162,

163] and the p resonance [164] may be necessary.

4.5 Electromagnetic Interactions

As in yPTj3, electromagnetic interactions can be studied in y PT, by setting the ex-
ternal fields [, and r, to the values in Eq. (2.34). In the absence of semi-leptonic

weak interactions, the covariant derivative becomes

V,U=08,U+ieA,[Q,U]. (4.119)
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4.5.1 The Electromagnetic Trace Anomaly

It has been shown [19, 20] that there is an anomalous Ward identity which relates

the three-point vertex

Aa/a’(p» —P) = f d4x f d4J/ eip-x T(]a(x)]ﬁ (0)95(3/))\/% (4-120)

to the photon vacuum polarisation

Ha[)’(py —P) = lf d'xe'P™ T(]a(x)]ﬁ(o))vac; (4.121)

where J, is the electromagnetic current. The existence (or absence) of an infrared
fixed point does not affect the calculation of the anomaly [19, 20],

o4

Ra
— AU - uv
L =0, + - Fn " (4.122)

strong+e'mag

but it does alter the precise relationship between Rjg and g,,,. The purpose of this
section is to derive the correct result (4.11) for y PT,.

We begin by defining the effective oyy coupling by the interaction Lagrangian'
Loy =580yy0 Fu F*. (4.123)

As in the pre-QCD calculation, we can expect that the quantities R;z and g, are

related via the matrix element
(r1,7210/(0)lvac) = (€1 - €2k1 - k2 — €1 - kz€2- k1) F(s), (4.124)

where s = (k; + k»)? is the usual Mandelstam variable. Our task is to calculate both

sides of this expression in the limit of zero momentum transfer. The expression for

'The sign of L5y, must be chosen to be consistent with the positivity of the form factors which
arise in deep-inelastic scattering [109]. In our conventions, the relation (a’IH[f (0)0) = —m2F, is
negative, hence the difference in sign between our interaction Lagrangian and that of [20].
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o o) A A o
g ﬂ
- ]
7TiT K* l\ /\ R 7\ :, ) ,
Y 0
(a) (c) (d) (e)

o o

M & f"*m f\

Figure 4.8: Leading order contributions to (r1,72/6,/(0)lvac) in yPT,. Diagram (a)
represents the contact term proportional to g,,,, while diagrams (d), (e), (h), and
(i) are each accompanied by an additional crossed amplitude (not shown). The ver-
tices for the 6, insertions are derived from Eq. (4.55) and given in Appendix A.

the form factor F(s) is known [19, 20],

1
F(0)= —gﬂaf d'x f d'y (G- YITUP()T5(0)0 (1 vac

2Ra
=—, (4.125)
3

where J, is the electromagnetic current. Note that like other observables in y PT,,
the right-hand side of (4.125) reduces to 2Rjga/37 in the infrared regime as a result
of expanding in a, about a;. The remaining calculation of (y;, yzlé)[f (0)vac) follows

by considering each the following contributions shown in Fig. 4.8:
1. A contact term for o — 7y.

2. 12 one-loop diagrams (6 for both 7% and K*) coupled to a o-pole at zero-

momentum. These graphs sum to a finite value in the chiral-scale limit.

3. Similarly, the 12 one-loop diagrams coupled directly to the vacuum via 6}

sum to a finite answer.
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In the first two cases, 9,7 acts on |[vac) to create an on-shell o, and thus the amplitude

due to the o-pole factorises,

> Ho ()82 0)vac). (4.126)

o

r12lo(s)]

S§—m

The contact term contributes an amplitude
(€1-€2ky-ko—€1- ko€ k1 )(—2i80yy) (4.127)

to the matrix element (y1,y2|o(s)), while the loop graphs coupled to o and H[f share
a similar Lorentz structure. Loop graphs of this type have been considered in y PT3
for processes such as Ks — 7y [21, 22], K, — n%y [2], and 7°7° — y7y [4, 64]. The
techniques employed therein are readily extended to y PT, and thus our calculation
is of a similar nature. By explicitly calculating the diagrams (b)-(e) from Fig. 4.8 (see
Appendix D), we find

A = (8" k- k2 — k5 kY) Gy (s), (4.128)

where for ¢ =%, K#, the scalar part is
_ ia 9 , 1+2]¢
G¢(s)—7_[—FU{m¢[1—7’m—(1—cl)[3]}{T}. (4.129)

Here I, is the integral over Feynman parameters,

m; —z21(1—21)k? — 25(1 — 2,) k2

2z1z5(ky - ka) +z1(1 = z1)k? + z5(1 — z) k2 — mj, +ie’
(4.130)

whose solution is given in [4]. From a completely analogous calculation of the am-

1
I¢ :f dZ]deO(]. — 21 —Z2)
0

plitudes in diagrams (f)- (i) we find
Bg” = (8" ki ko —ky k})Gy(s), (4.131)

where

N

G¢(s):%{Zm;[l—ym—(l—cl)/s’] —amz}{ (4.132)

The final step is to relate G,(s) and G¢(s) to (4.125). This is achieved by Taylor ex-
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panding the integrand of I for small s,

N

1+2ly =~ +0(s?), (4.133)

2

2m¢

and noting that each of the 7* and K* contributions sum to give

j 1— m— 1— /
GM(O):—g[ fo = )]

Grerl0) == —{2[1 =70 — (1= 1)) —4}. (4.139)

)

Comparison with Eq. (4.127) yields

(rl,yZIH:(O)lvac) =(€1-€2ky-ky— €1 ko€ k1)
X {Grei(0) +(Grak(0) — 2i gy im2 ) (—~m2 Fy )}
=(e1-€2k1-ky—€1- ko€ k1) {a/3m+285.0}
=(€1-€3k1-ko—€1-kr€5-k1)2Rra/37, (4.135)

and hence the desired result

oy = (RIR_l)- (4.136)
" 3nE, 2

4.5.2 The Drell-Yan Ratio in the Infrared Limit

A prediction for Rjg can be obtained by considering dispersive analyses of data which
involve f, — yy. Currently, the most precise data comes from a measurement of
the yy — n%7° cross-section by the Crystal Ball Collaboration [6]. Unfortunately,
the broad width of f,(500) makes a direct determination of the width I',, from this
experiment (and others) either unfeasible or subject to large model-dependent un-
certainties (see “Note on Scalar Mesons Below 2 GeV" in [3]). Instead, one must

combine the narrow width formula for the scattering amplitude A,,

AP

C 32nmy,

Ly (4.137)
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with precise knowledge from 7 7t-scattering [17, 18] to predict the residue at the f-
pole in yy — n97° [139, 140, 165]. The most precise determination via this method
is [140]

I, =1.9873% keVv. (4.138)

—0.24

As noted in Eq. (4.118), the width I, is O(m3) and thus NLO. So in the LO of y PT,,
the narrow width approximation of Eq. (4.137) is valid.

We shall use these results to estimate Rig. The relevant diagrams for A,, are
essentially those shown in (a-e) of Fig. 4.8, but with o treated as an asymptotic state.
Evidently, the results in Egs. (4.129) and (4.127) provide us with A,,,

AYV = (61 . Ezkl . kz — €1 k2€2 . kl)(Gn(S)—f— GK(S) - zigo'y')/)- (4139)

Although this expression contains four unknown parameters 7 ,,, 8/, c1, and ggyy,
the first three appear only in the contribution from the 7%, K* loops, in the combi-
nation
C=l—-yn—(10-c)p' = :i:,r_”l -2+ -c1)p). (4.140)
1<dmass<4
It should be possible to match the Lagrangian vertices which give rise to these terms
to dispersive analyses of data on yy — n°7°. Presumably, the dispersive effects from
the 7+, K* loops are damped relative to the contact term involving g,,, and hence
may be neglected. It is left as further investigation to establish this quantitatively.
To proceed, we note that — provided the sign of (24 (1 — ¢;)f’) is positive — these
dispersive contributions are consistent with zero by Eq. (4.112), and so we shall as-
sume C =~ 0. This allows us to extract g,,, via determinations of I',,. From (4.138),
the result is
|goyy| =0.034+0.003GeV !, (4.141)

where the uncertainties have been added in quadrature. Within the large uncer-
tainty due to that in F;, we find:

Note that this constitutes a fully non-perturbative prediction at a3 and should not
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be compared against the free-field formula for Ny =3
R(a;=0)=N, Z{quark charges}® =2 (4.143)

in the ultraviolet asymptotic limit (Fig. 4.9).

5 Ny=3

N T—"N\

Ryy =2 Ry =5

Figure 4.9: Proposed f-function with comparison between determinations of the
Drell-Yan ratio in the ultraviolet R,;, and infrared Rz regimes. Since each quantity
is calculated in the respective asymptotic limit, the two predictions are in no way
related.

4.6 Weak Interactions

As for the strong interactions, we obtain the weak Lagrangian in LO by adjusting the

operator dimensions of Qg, Q.7, and Q,,,, (from Egs. (2.60-2.62)) by powers of e?/%v,

Leak = Qs Z 8sn e(Z—}’g,,)a/Fg + g27Q27e(2—727)0/Fa
n

+Qmwe(3_7'mw)0'/Fo' +h.C, (4,144)

noting that Qg represents quark-gluon operators [53] with differing dimensions at
ar. In yPTs5, we saw that although Q,,,, is a pure isospin—% operator, it cannot con-
tribute to Ks — 7t due to vacuum alignment. In y PT,, the outcome is entirely dif-
ferent. The key point is that the scaling dimension (3 —7,,,,) of Q,,,,, is not the same

as the dimension (3 —7,,) of L., so the o dependence of Q,,,,e®~7m«)/Fs cannot
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LY N

(
I | |

Figure 4.10: Leading order diagrams for Ks — yy in yPT,, including finite loop
graphs [21]. The grey vertex contains %, K* loops as in the four y PT; diagrams to
the right. An analogous set of diagrams contributes to yy — 7%7°.

be eliminated by a chiral rotation. Instead, after aligning the vacuum, we find
li
L8 — Oy Z gane 210 e g (3, @ 10 Es
+ Qmw {e(s_anw)U/Fa — e(s_YM)U/Fa } + h.C. , (4.145)

where the tilde indicates that the 8 and 27 operators are now functions of the rotated
field U. As before, it is this rotated field which satisfies (U)vac = I and allows us to
treat the NG fields ¢; as perturbations about the ground state. Consequently, there

is aresidual interaction Lx,, = g ko Ks Jo which mixes Ks and o in leading order
g](sg = (Ym - me)Re{(zmi - mi)g_M - mi-gM}Fn/ZFo (4.146)

and produces the Al =1/2 amplitude A;.po1e Of Fig. 4.3.
An estimate for this coupling can be obtained by comparing Eq. (4.141) with
Ks — yy (Fig. 4.10). Clearly, this vertex can be used to extract g, from Ks — 77,

where the scalar part of the amplitude
-Auv :(g,uvs _Zkz,uklv)-A(s) (4-147)
receives three contributions

As) = Alree 4 Aloop 1 AP (4.148)
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The explicit expressions are

Atree:i ngUgUﬂi ,
o s—m2+ie
m2(1+421;)+ mi(1+42Ik)
s

aC ngO'
nF, s—mZ+ie
m2(1+21)+mi(1+ 21@]

loop _ _
AP =—i

)

(4.149)
N

a
Alo? =—i——(8s+ &27)
o nF3

where C =1—17,, — (1 —c;)B’ as in Eq. (4.140). Note that unlike our determination
of R, we can fix g, , without making any assumptions about the value of C. This

is because At + AP is proportional to the combination
Gr(s)+Gk(s)—2igoyy (4.150)

of Eq. (4.139) which can be determined directly from data onI',, (Eq. (4.137)). From
Eq. (4.138), we find

|Gr(m?2)+ Gy(m?)—2i gy, =0.068+0.006 GeV ', (4.151)

and thus estimate
|8 k.ol 44X 10° keV? (4.152)

to about 30% precision, where we have neglected the contributions involving gg »7.

Thus, to the extent that g,yy and hence F, can be determined, we find

|Agpote| 7 0.34keV.. (4.153)

This accounts for the large I =0 w7 amplitude A, [3]
| Aglexpt. = 0.33keV (4.154)

compared with A,. So we conclude that the observed ratio |Ay/A,| ~ 22 is mostly due
to the dilaton-pole diagram of Fig. 4.3, that gs = ) gs, and g,; may have similar
magnitudes as simple calculations indicate, and that only g,; can be fixed precisely

(from K+ — 1+ 70).
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Consequently, the leading order of y PT, solves the Al =1/2 problem for kaon
decays. The chiral Ward identities which relate the on-shell K — 27 and K — 7 am-
plitudes have extra terms due to o poles, but the no-tadpoles theorem (Eq. (2.69))

is still valid:
(K|Hweaxlvac) =0(m? —m?), K onshell. (4.155)
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Chapter 5

Discussion and Directions for Further
Research

5.1 Summary of Results

In this thesis, we have explored the conditions under which the low-energy struc-
ture of QCD may be considered to be approximately scale and chiral SU(3), xSU(3)r
invariant. We put forth the proposal that such a scenario may conceivably occur in
QCD if the strong running coupling a; for the three light quarks u, d, s runs non-
perturbatively to an infrared fixed point ;. As noted in Chapter 3, the theoretical
evidence for this picture is (as yet) unclear due to the technical challenges associ-
ated with comparisons between different approaches in defining a;. What is clear
however, is that to avoid the introduction of theoretical artifacts, non-perturbative
definitions are required: extrapolations based on fixed-order perturbation theory
are afflicted with unphysical features like Landau singularities.

Taken as a working hypothesis, we showed that the absence of the gluonic term
in the trace anomaly at a;; does not necessarily imply that QCD becomes scale in-
variant in the Wigner-Weyl mode, as commonly assumed in discussions on fixed
points in quantum field theory. The underlying dynamics must always be taken into
consideration. In QCD we know with some degree of confidence that strong gluon
fields are responsible for setting the infrared mass scale y«, ~ 1 GeV through the
formation of a quark condensate (Gq)v... As argued in Chapter 3, we are unaware

of any physical reason why the same should not occur at a;;. Since the operator
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5. Discussion and Directions for Further Research

qq is not a singlet under scale transformations, we concluded that scale and chi-
ral SU(3); x SU(3)r symmetry is spontaneously broken in the infrared a; — a; and
massless limit m, — 0. It was then a simple application of Goldstone’s theorem to
show that in this limit there are nine Nambu-Goldstone bosons: 7, K,n and a 0"+
QCD dilaton o.

We argued that the small explicit breaking of scale invariance due to the quark
mass term m,qq — in particular, that of the strange quark — is responsible for most
of the o’s mass. It was then natural for us to identify o with the lowest QCD reso-
nance fy(500), whose O(m ) mass and width are now known rather precisely.

For low-energy amplitudes, we constructed in Chapter 4 a chiral-scale pertur-
bation theory yPT, based on expansions in a; about a;;. At leading and next-
to-leading order in the expansion, we constructed the most general effective La-
grangians for strong interactions of 7, K, 1, o consistent with approximate scale and
chiral SU(3), xSU(3)r symmetry. We achieved this by making use of well established
techniques which abstract chiral-scale effective operators from those found in the
chiral Lagrangians of y PT;. In leading order, we found that compared to y PTs, the
of which we were only able to fix F, ~ 100 MeV from analyses of N N-scattering.

We extended our scope to include background fields whose presence, subject to
appropriate transformation properties, rendered QCD (and hence yPT,) formally
invariant under local scale and chiral SU(3); x SU(3)z symmetry. In this formal-
ism, we obtained expressions for the equations of motion and the effective trace
anomaly in the leading order of yPT,. Through a simple extension of the back-
ground field method applied by Gasser and Leutwyler [13] to y PT3, we were able to
calculate a closed form expression for the one-loop effective action.

The convergence of y PT, expansions was tested by extending the arguments of
Manohar and Georgi [48, 49] to account for the enlarged symmetry group. Since F;
and F; are a priori independent of each other, it was found that there are two scales
o and y, which govern the rate of convergence. Since F, ~ F, numerically, we
concluded that in y PT, there is a clear separation of scales between {7, K, 1,0 = fo}
and its non-Goldstone sector {p, w,...}.

Through an analysis of the electromagnetic trace anomaly, we derived a rela-

tionship between the effective oyy coupling and the non-perturbative Drell-Yan
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ratio Ry at a.

In the weak interaction sector, we constructed the leading order effective La-
grangian and showed that unlike yPTj;, vacuum alignment does not remove the
weak mass operator Q. We showed that as a consequence, Ks mixes with o through
an effective coupling gk,o-

Regarding phenomenological applications of yPT,, we showed that in leading
order, a dominant o-pole in Ks — mm accounts for the Al = 1/2 rule. Using our
result from the electromagnetic trace anomaly, we also obtained the estimate Ry ~
5.

5.2 Implications of this Work

In this thesis we have presented a serious proposal to explain the Al =1/2 rule in K-
decays, a puzzle of almost 60 years standing. While this is certainly our most impor-
tant result, there is a sense in which it may be considered a special case of our more
general idea to include f; = o in the Nambu-Goldstone sector {r, K,n,0} so that
fo amplitudes contribute in the leading order of low-energy expansions with O(m )
extrapolations. Despite a seemingly radical change to the structure of low-energy
QCD, our proposal is in fact rather conservative: we modify y PT; only where it fails
and preserve its successful leading order predictions elsewhere. We have shown that
xPT, is the appropriate model-independent framework to study the low-energy
strong, weak, and electromagnetic interactions of these mesons, and it is the gener-
ality of the method which we consider to be our most significant achievement.

The proposed replacement for yPT; relates amplitudes in the physical region
0 < a; < ay to high-energy quantities like y,,(az) and Rz characteristic of massless
QCD at a;. This may imply that QCD simplifies in that limit and, unlike QED [166,
167], allows B’ # 0 at the fixed point.

We also note that in attempts to extend the AdSs/CFT (or “gauge-gravity") dual-
ity to QCD [168, 169], the infrared mass scale y is typically introduced through a
hard IR cutoff on the string modes in the radius of AdSs. This procedure however,
implicitly assumes that scale condensates like (Gq)vac are absent. If our view is cor-

rect, the construction and application of gauge-gravity models may be subject to
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modification.

5.3 Limitations of the Theory

While y PT, has some clear advantages over y PT;, we must acknowledge that there
are new challenges associated with the proposed theory.

Thelarge number of low-energy constants in y PT,, place practical limitations on
the theory’s predictive power. This problem is particularly acute at next-to-leading
order, where the effective Lagrangian (4.59) contains O(40) parameters whose values
are unknown a priori. The scant data on processes such as f; fo-scattering means
that the empirical determination of many of these couplings is likely to remain out
of reach for the foreseeable future.

A related problem is one of computational complexity. At one-loop order, the
number of graphs to calculate is considerably larger in y PT, compared with y PTs;.
Take for instance the classic example of 7-scattering in the s-channel. In yPT;
there is a single one-loop graph to calculate. On the other hand, in yPT, there are
0(20) diagrams which must be evaluated! Clearly, this limits the degree of precision
one may hope to achieve in observables of interest.

Another limitation is that while yPT, works for non-leptonic K-decays, our
analysis does not shed any light on the failure of heavy baryon yPT [170] (or stan-
dard yPT [171]) to simultaneously explain the S- and P-wave data of the hyperon

sector.

5.4 Directions for Future Research

Despite the aforementioned limitations, there is a rich phenomenological vista to
be explored in yPT,. Some potentially fruitful areas of investigation include the

following.

1. An investigation of other reactions where f; is present would be worthwhile.
In particular, it would be interesting to examine the decays K; — 7%y, K* —

ntn-etv,, and n — nrw, where the leading order predictions from y PT; are
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known to fall short of the experimental data by a factor of 2 or more in the rate
[172, 173).

. With octet dominance not required in y PT, (see Sec. 4.6), a number of CP
violating observables associated with the decay modes of K-mesons need to
be re-examined. This provides an important testing ground on the internal
consistency of the theory and furthermore, offers the exciting possibility to
make progress beyond the predictions of y PT;. Reactions where the o-pole
is important include K; — nr, K, — 37, and rare K decays with two leptons

in the final state.

. Arelated line of research would be to examine the predictions of y PT, for the
CP violation parameters € and €’. This involves the calculation of quantities
such as the K;-Ks mass difference Am = m — ms, the phase shifts 6; from
nr-scattering with O(mg) momentum, and the isospin amplitudes A; from
K — nrt. The yPT, predictions for these quantities will differ from those of
x PT3, and it would be worthwhile establishing whether progress can be made

in calculating € and ¢’ from the new effective field theory.

. The existing calculations [174, 175, 176, 177] of the scalar exchange contri-
bution to hadronic light-by-light scattering require the use of models whose
precise connection to fj is unclear. Can yPT, do better in this regard? Pre-
sumably so, since the model dependence in this picture is strictly limited to
the form factors F,,+ and F,y++, not on the underlying dynamics of the f,

resonamnce.

. By analogy with 7, K,n, it should be possible (in principle) to test our hy-
pothesised Nambu-Goldstone interpretation of f, on the lattice. Naturally,
the technical complications associated with f;’s broad width must be over-
come (extrapolations based on phase shift analyses will be model-dependent
at best). This raises the following question. Can the Roy equations, analyti-
cally continued to complex momenta, be implemented in lattice simulations?
An answer in the affirmative should allow one to isolate the elusive f;, and

irrespective of the view presented in this thesis, test its effect in Ks — 7.
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Appendix A: Feynman Rules

Here we provide for reference, the Feynman rules for the o¢ ¢ and oyy vertices
obtained from y PT, and used extensively in Chapter 4. Given an interaction vertex
L, our convention is to define the Feynman rule by i (L), where the brackets imply

that the fields are to be omitted. The relevant expressions are shown in Fig. 1.

¢
A
X o
— = —Z[(2 + (1 — Cl)ﬁl)pl -p2 + (3 - ’Y’m)m?ﬁ]/zF(f
A
/
G2
g
o
= —Qigaw/(gw/kl . /{32 - kétklll)
72

Figure 1: Feynman rules for vertices involving o with all momenta flowing inwards.
In our notation, 7; = 7(€;, k;) represents a photon with polarization €; and momen-
tum k;, while ¢; represents 7+ or K* with momentum p;. The flow of electric charge
is indicated by the arrows.

Furthermore, we provide the amplitudes for the 6, insertions which arose dur-
ing our treatment of the electromagnetic trace anomaly in Chapter 4. The explicit

expressions are given in Fig. 2.
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ot
\‘\ o
Gg,wvvv\, = —e(py —p-) (1 —c)p
»
4
o' gl
\*\
or, =229 (1 — ) B
*,
o~ !
ot
\*\ ;
> = (s P )1 = ) — (1 + )
y3
o

Figure 2: Amplitudes for insertions of the effective 6}; operator in amplitudes involv-
ing photons y and charged ¢ = 7, K mesons. The flow of momentum and electric
charge is indicated by the arrows.
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Appendix B: Equations of Motion

We obtain the equations of motion for the U and X fields! by the standard method,
i.e we look for stationary points of the action integral

S[U, U*,X]:fd“xﬁ[U, Ut X]. (1)

For reference, we reproduce the LO expression for L,

LIS =21 KX+ 223 (Du XY + 23X, 2)
LI =2 KX + 255(D XY XP 4 26 XM, 3)
LIt =zTe(y UT+ Uy HX>7m, (4)

where K = iFTfTr(VH UVH+UY), X=F,e/f, and y = %FﬁBo(s +ip). Under variations
in U we get

F2 ,
6,5S= f d*x { — I”Tr(VM(? UVFU +V,UV*EU" (21 X% + 24 X*HF)

+z7Tr(;(5U*+5U;(*)X3—7m}, 5)

IThe equations of motion for yPT; are derived in [29].
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where the derivatives V, can be shifted via integration by parts (taking care to in-

clude the X contribution) to get,

F? ,
=~ 6,8= J d'x {I”Tr(—é UV, VU = (V,VFU)S U2, X% + 2, X**F")
+z:Te(y 6 U+ 86Uy X377

F2 ,
- ZTEUVA U+ (VU UN 22 X + (2 + 20X )aux} . ©6)

For infinitesimal variations, 6 U = iA‘A'U, where A!(x) are real functions and A’ are
the Gell-Mann matrices. Combined with §U" = —U'6 UU", the condition 6,S=0
yields fori =1,...,8,

0=Tr (A"{[(v“vﬂ U)U" = U(VPV UM (21 X% + 2, X3P
+[(VFOUT = UV*UN[22: X+ (2+ Bz XF10, X}

4
+ Uy = U ). @)

T

Since any 3 x 3 matrix A can be decomposed as

8
A= (A) L+ 1 THA AN, 8)

i=1

the above can be expressed as an operator equation

0=[(V*V, DU — U(V*V,U"[z:X* + 2, X**7']

4 1
+ ﬁzﬂUﬂ — U+ gTr()( Ut—uyhxsrm

+[(VFD)U" = UV*UN[22: X + (24 B')z. X P10, X . 9)
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Similarly, for the X equations of motion we find the variations

oL
d(D,X)

a;c /7 /7
X" 22\ KX +425X° + (24 B2 KX + B/ 255(D, XY X!

+(4+ Bz X3 + (3 —y 1)z Te(MU + UM X> T,

= z,D"X + z5(D*X) X",

from which one immediately obtains

0=(0"8,X) 22+ 25X" |+ ' 255 (DL XX — K[22: X+ (2+ /)24 X" ']
—4723X% — (44 )26 X>P — (3 =y )z Tt(MU' + UM X?7Tm
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Appendix C: Tadpole Cancellation in

the Background Field Method

To ensure that the background fields U and X are stable solutions to the classical
field equations, it is necessary that terms linear in the fluctuation fields & and p
vanish (no tadpoles). First we consider the O(£) terms in the notation of Sec. 4.3.5,
to wit

F? _ i _
S|, =i f d4x{an5(le2+z4X2+ﬁ )+Tr(§Z_)X3_7’"}, (13)

S

where we reproduce the expressions

L:=To(V,U'V*(uiu)) - Ti(Vu(u'EuVHT), (14)
Yr=uytututyu'. (15)

We can show that the right-hand side of (13) vanishes by first using integration by

parts to shift the derivative in L,

J dxL:X=— J d'x {Tr((VV, 0" g u) - (u' Eu )y, 0) X

+dTe (VO uEu) - (u'Eu )V 0) X113, X} (16)

89
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By inserting appropriate factors of u"u = I, we obtain the desired result,

2
S|;, = l%f d*x {Tr(u@'u’r[(vﬂvul‘])[]’r _ U(V“VHUT)])(lez + Z4X2+ﬂ/)
+Tr(uu' (VDT — OV ON]) (221 X+ 2+ )z, X )0, X
' Fiﬁzm(”w[ffﬂc* - 20"}

=0, 17)

since U satisfies the classical equations of motion (Eq. (4.49)). Similarly, the O(p)

terms

S|p = J d*x {plC(Zzl)_(2 + (24 B2 X*F) + 22 [p(D, X)? + (Dyp D* X)X]

+4z5pX 4+ (44 Bzep X + (3 —y)pTe(y U+ Uy HX3Tm
+ 252+ B)p (D XPXP +(D,p D" X)X } (18)

can be shown to vanish through a judicious use of integration by parts
f d*x [p(D,X)*+(D,p D*X)X] = —f d*xpXD"D,X, (19)
f d'x [2+ B)p (DX X +(Dup D' X)X ]

=— f d'x p[B'3(D,X)XP +X"*F' D'D,X]. (20)
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Making use of the X equations of motion, we get

S|, = J d'x p{ - X(D"D,X)(z2 +25X7) - B'2s3 (DX

+ K22, X2+ 2+ Bz X P+ 4z5p X!
+ (44 Bzep X +B—1,)pTr( U + T yHX31m }
=0. 21
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Appendix D: Cancellation of UV

Divergences in the Yy Channel

In this appendix we show how the ultraviolet divergences are cancelled in the yy
channel with charged 7, K loops, leaving a finite answer. Our case example is the
calculation of diagrams for the matrix element (y;, 7|6 |vac) in yPT,. We recall
these contributions were part of our derivation for the effective oyy coupling. As
noted in Chapter 4, the one-loop amplitudes in Fig. 3 share a similar Lorentz struc-

ture. In particular, one can combine into a single expression the diagrams
(b) with (¢), (d) with (e), (f) with (g), (h) with (i).

This can be seen as follows. We label the loop momenta for graphs (f-i) as shown in

Fig. 4, and introduce the notation
M=01-c)p (ay) and Ao=1+ymlag). (22)

The explicit expressions for the amplitudes are then given by
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14 1 1 14 14
o o o o o

: | i

7t ]Xi’ \

f’“m g EHJ'

A ) @
- = A -
/ /
/ \ /A !
+ g+ ]
= K \ ) Lo / \ //
M = TN f
’ (h) (i)

Figure 3: Leading order contributions to (y1,72|60;/(0)|vac) in y PT,. Diagram (a) rep-
resents the contact term proportional to g,,,, while diagrams (d), (e), (h), and (i) are
each accompanied by an additional crossed amplitude (not shown).

B o [ 44 [220€- (L + k1 + k) +222m |
=(- ie? g )J (27-[)4 [KZ ¢+l€][(£+k1+k2)2 2+i6],
v . . a*t A
L' =(2ie?g" )J(zn)‘*ﬁ— ;He,
_(ie?) a*t (Al — k) (€+k2)+/12m 128 — k426 + ko)¥
U (2m)* | [€2— ¢+16][(€+k2)2 +le][(£ kl)z—m +ie€]

uv
Lh1+h2

+ (ke p) = (kz,V)},

da*( M2 = k) (20 — k)Y
uv 2 —
Ly, =(—ie )J on )4{ B S T e + k1 ch}}. (23)

To combine the various amplitudes we make use of the shift symmetry in dimen-

sional regularization. For example, to combine (f) with (g), we first shift the mo-
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" w w
0 1 ¢ 1 9#
—~—~

/ \ A A

¢4 H—h—b kal/ \€+k2 /7@/ \FJrkl

m ﬁh*a /f>°<i\

I3 I 1
ol o5 ol

() (ir) (i2)

Figure 4: Flow of loop momenta for one-loop graphs (f-i) in Fig. 3.

mentum ¢ — ¢ — k, and rewrite the resulting numerator in (f) as!,

We then shift the momentum in (g) so that?

dnt 1 N 1

H(Zn)” (£+k1)2—m;+ie (K—kz)z—mé+ie

_(ie*g" I, [(€ +k1)> — m} +ie]+ (L — ko) —m7 +ie] 05)
M(ZTC)” [(€+k1)2—mj,+ie][(é—k2)2—mj,+ie] ’

LY =(ie*g"

1For simplicity, we consider on-shell photons: k% = 0= k2. Keeping them off-shell does not affect
the final result.
2In our notation for dimensionally regularized integrals, f# =yt f
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from which we immediately deduce that the divergent terms cancel between (f) and

(g). The combined result is,

o l g

dn
(1,2 2 —

To combine (h) with (i), we first factor out 1/2 from the amplitude and rewrite the

terms in the numerator,
20— k) (U + ko) = M {[(€ = k)P = m3 ]+ [+ ko)’ —mi)+2mi),  (27)

with a similar expression for (h,). We then halve each (i; ») term and shift appropri-

ately, i.e.,
v i62 d"f 11(25 - kl)ﬂ(ZZ - kl)v
IM=____ ~ |
i1 2 ,u(Zn)n{[gz_mé-i_ie][(g_kl)z—mé-i-ie] +{f €+k1}}
uv ie? any )(,1(22 — k2)‘u(2£ _ kz)v
. = —— . | 2
iz 2 H(Zn)n [gz_mé+i6][(£_k2)2—m§,+ie] +{l — 0+ ko} (28)

Combining the terms with common denominators yields the integrals,

al (20 — Ky )H
I = ]C k v ’
hy+iy (k14 k2) J;(zﬂ)n [62_m;+i€][(£—k1)2—mé+i€]
ane (20 + ko)
T = k Jeo W ’
iy = (K +kz) L(zn)n [€2 = m} +i€][(b+ k2)? — m] + ie]
dart (20 + Ky )#
I ih = k k v ’
i = (k1 + ko) L(ZTC)” [€2 = m +i€ll(b+F)? — m] + ie]
an/t (Zﬁ—kz)”

T i:_k ko M ’
ho+iz ( 1+ k) L(Zn)n [EZ_m$+i6][(£—k2)2—m2+l’6]

(29)
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all of which are odd in ¢ (and hence vanish) under the shift symmetry. Thus the only

surviving terms are combined to form,

L =—(ie’2m? (1 - As)
ant (20 + Kk )M20 — ko)

X ) 30
” (2m) [0 — mé +ie][(l+k,)?— mi +ie][(l —ky)? — mg) +i€] (30)
and the complete matrix element reads,
L‘;V = (iez)ij)(Al —A2)
das/ g (e? — mj) +ie)— (204 ki )M20 — k)Y
. 31
X (2m)* [¢2 — mé +ie][(l+ k)2 — mé +i€e][(l —ky)?— mi +i€] (81)
I
The (finite) integral /#¥ can now be calculated with standard techniques,
—i | (g™ (ki-k2)—kykY)
" = 1+21,). 32
[167‘52] ks (1+21,) (32)
An analogous approach for the diagrams (b-e) in Fig. 3 yields the expression
uv e? 2 v
N :—(F—U)2m¢(7t1—7t2+2)1” , (33)

which when combined with the PCDC relation leads to a cancellation of the terms

proportional to (1 -y, +(1 —¢1)B’).
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