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ABSTRACT 

 

 

This thesis focuses on the investigation of the effect of flowing medium on the transient 

response of a pipe due to dynamically applied loading. The topic is very important in 

many industrial and military applications including offshore structures, oil and gas, 

power stations, petrochemical and defence industries where critical pipe components 

transporting a gas or liquid can be subjected to impact loading due to an accident. In 

many previous studies, such effects were largely ignored, simplified or considered 

negligible. The conducted study demonstrated that in many practically important cases, 

the influence of flowing medium on transient response is not small and has to be taken 

into consideration. 

 

In the current work, the classical Bernoulli-Euler beam theory is adopted to describe the 

dynamic behaviour of an elastic pipe and a governing equation of a slender pipe 

transporting gas or liquid was derived. This governing equation incorporates the effects 

of inertia, centrifugal and Coriolis forces due to the flowing medium. This equation can 

be normalised to demonstrate that only two non-dimensional parameters govern the 

static and dynamic responses of the system incorporating a pipe and flowing medium. 

Therefore, these non-dimensional parameters can be utilised to investigate various 

dynamic phenomena using reduced size or scale physical models. Such scale models 

would be adequate if the values of these parameters were kept the same for the scale 

model and the real system. This is expected to result in substantial benefits if the 

experimental approach is adopted for the investigation of the problem under 

consideration.  

 

The main effort in this thesis is devoted to the development of an analytical procedure 

utilising the perturbation method and numerical approach adopting a central finite-

difference scheme to analyse the dynamic response of the system due to impulsively 

applied loadings. This is then followed by a validation study against previously 

published data as well as between both approaches, analytical and numerical. Further, a 

detailed investigation was carried out on the effects of the flowing medium on the 
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transient response. It revealed two principally different types of behaviour of a pipe 

subjected to impulse loading: stable decay and unstable associated with so-called pipe 

whip.  

 

Special attention is given to the above phenomena, pipe and flow characteristics, which 

cause growing unlimited displacements of the pipe regardless of how small the value of 

the applied loading is. Experiments were also conducted to support the theoretical 

results and were found to follow the theoretically predicted tendencies. The developed 

theoretical methods provide a framework for analysis of many other dynamic problems 

of pipes with flowing media subjected to arbitrary boundary and loading conditions. 

Lastly, the overall conclusion of the conducted research was provided and future work 

was identified for further investigations, which follows from the obtained results.  
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1.1 Background and Significance 

 

The purpose of the research presented in this thesis is to investigate the effect of the 

flowing medium on the transient response of pipes transporting liquid or gas subjected 

to impulse loading. This will provide a better understanding of the consequences of a 

failure so that they can be minimised.  

 

Long flexible pipes such as the one shown in Figure 1.1 are used extensively across 

many industries to transport liquid or gas or their mixtures. The failure rate of gas or oil 

pipelines differs significantly, with variances in design factors, construction conditions, 

maintenance techniques, and the environmental situation.  

 

 

Figure 1.1: Typical aboveground pipeline in Australian outback 

 

The European Gas Pipeline Incident Data Group presents an overall failure rate of 0.575 

per 1000 kilometres/year based on the experiences over 1.47 106 kilometres/years of on-

shore gas pipelines [1]. A survey of 185 accidents involving natural gas [2] showed that, 

of the total, 131 were caused during transportation, by road, railway, ship or pipeline. 

The analysis of these data clearly shows the relatively high frequency of accidents in 

pipes: 127 of them occurred in piping systems. The most frequent causes of the 

accidents were mechanical failure, impact failure, human error and external events. 

Amongst the accidents arising from impact failure (39 accidents), the most frequent 

specific cause was excavating machinery (21 accidents), followed by vehicles (5 
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accidents) and heavy objects (5 accidents). Other specific causes due to external events 

were ground subsidence (4 accidents) cases and sabotage/vandalism (4 accidents) cases.  

  

Failures from impact loading often caused by third party mechanical interference can be 

immediate or may occur sometime later due to fatigue. This type of failure is likely to 

have severe consequences. Historically, some of the most serious pipeline accidents 

resulting in ruptures have been caused by such incidents. In general, failure of the 

pipeline can lead to various outcomes; some can pose a significant threat of damage to 

people and properties in the immediate vicinity of the failure location.  

 

Prior to the recent release of AS 2885.1-2007, Australian pipeline standards mandated 

burial for all cross-country pipelines carrying gas. The reason was not stated explicitly 

but would appear to be related to the hazard of   pressure in a fluid that could lead to 

devastating consequences if an aboveground gas line were to rupture. The 2007 revision 

of AS 2885.1 includes a new section (5.8.3) on ‘Pipeline with reduced cover or 

aboveground’, which makes it clear that pipelines may be installed aboveground. The 

reason for this revision was probably motivated by economical considerations, as 

aboveground gas pipelines can offer significant benefits while posing relatively low 

risks. Some gas producers are interested in application of aboveground gas lines so that 

they could have this option available for production flowlines in remote areas. Hence, 

the issues surrounding safety and dynamic behaviour of aboveground gas pipelines are 

very important, specifically for Australia.  

 

On the other end of the structural length scale, various sensor technologies have been 

develop recently based on in micro-pipes carrying fluid. These technologies involve the 

use of dynamic measurements. Therefore, there is now a growing interest in studying 

the transient response of pipes with flowing media caused by dynamic loading.  

 

The behaviour of pipes subjected to dynamic loading has been extensively studied in the 

past, through analytical, numerical and experimental approaches [15-82]. Many 

previous studies were focused on the development of theoretical techniques for 

investigation of linear or non-linear dynamic response within simplified one-

dimensional models [17, 33, 35, 59]. However, not many investigations were focused 
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on the effect of the flowing medium on the dynamic response of pipes. The flowing 

medium can produce substantial forces on the pipe walls and affect the dynamic 

response of the whole structure, and at the same time, the pipe response, in turn, can 

change the flow characteristics in a very complicated manner. Due to the complex 

coupling of fluid-structure interactions, it is not surprising that in many previous 

theoretical works that have focused on the impact loading of pipes, the internal flow 

effects were simply ignored or only partially incorporated into the governing equations, 

utilising oversimplified assumptions. For example, a number of published theoretical 

one-dimensional models describe the effects of the transported liquid by means of an 

attached mass model in which an additional mass is distributed along the pipe with the 

linear density equal to the one of the liquid [35,44]. The distributed mass is then 

introduced into the corresponding governing equations. Such simplification could be 

adequate if the flow velocities and rates of loading are comparatively low; however, at 

higher flow speeds or rates of loading, such theoretical models can produce large errors 

in the quantitative assessment of the pipe transient behaviour when it is subjected to 

dynamically applied loading. For the same reason, which is complexity of the 

mechanisms governing the transient response, there were no numerical attempts or 

experimental studies, to focus on the effect of the flowing medium on the transient 

behaviour of pipes.    

 

The possible large errors in theoretical predictions of pipe response to dynamic loading 

are not the only reason behind the proposed study. Another major concern, if one 

disregards the effect of the internal flow in pipes, is that many critical (from a safety 

point of view) phenomena could be completely neglected, leading to incorrect design 

decisions. For example, the existence of critical values of the flow was demonstrated, 

such as flow density and speed, at which any small external disturbance leads to 

growing unbounded deflections of the pipe. Such behaviour is linked to the dynamic 

instability of pipes with flowing medium. This behaviour is seen familiarly in the chaos 

caused by an unrestrained garden hose with running water under relatively high 

pressure, phenomena called pipe whip. For example, in the case of a full bore failure of 

an aboveground pipeline, the pipe whip can represent a potential threat to structures and 

people in the vicinity of the pipeline. Therefore, when designing aboveground pipelines, 



5 

 

the possible instability mechanisms have to be avoided or some special measures have 

to be undertaken to avoid or minimise the consequences of pipe failures.   

 

The main objective of the thesis is the analytical, numerical and experimental 

investigation of the effects of the flowing medium on the transient response of a circular 

pipe carrying gas or liquid, which are subjected to impact loading. These effects can be 

very important in modern high-pressure pipelines, which now, in accordance with the 

Australian standards, are permitted to be constructed above ground. Indeed, the 

potential energy density accumulated in such pipelines is comparable with the energy of 

some explosive substances. The research will provide a better understanding of the 

consequences of a failure so that they can be minimised. Further, an attempt is made to 

provide a theoretical basis for the development of design criteria that avoid possible 

unstable behaviour of pipes in the case of an accident.   

 

 

1.2 Aims and Objectives 

 

The overall objective of this research project is to investigate, using analytical, 

numerical and experimental approaches, the effect of the flowing medium on the 

transient response of a pipe transporting gas or liquid and subjected to impact loading. 

In order to achieve this objective, the following specific aims were formulated for the 

project: 

• Aim 1: Derive simplified governing equations of a pipe model with flowing gas 

or liquid subjected to external loading. 

• Aim 2: Develop an analytical procedure for analysis of the flowing medium 

effects on the transient response of a pipe, which utilises the perturbation 

approach. This approach is expected to be accurate at relatively small influence 

of the internal flow on the overall response.  

• Aim 3: Develop a computational tool adopting the central finite-difference 

scheme for determining the dynamic response of a pipe with flowing medium 

subjected to arbitrary dynamic load. 
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• Aim 4: Validate the developed theoretical approaches against known analytical 

and numerical solutions. 

• Aim 5: Using analytical and numerical approaches, analyse the dynamic 

response of a pipe transporting liquid or gas and estimate the internal flow 

effects. 

• Aim 6: Investigate critical parameters of the internal flow leading to the 

initiation of pipe instability. Estimate the effect of support conditions and 

develop simple criteria avoiding the initiation of dynamic instability. 

• Aim 7: Design an experimental rig for studying the transient response of pipes 

with flowing medium subjected to impact loading.  

• Aim 8: Conduct experimental investigations on the effect of the internal flow on 

the transient response of pipes transporting liquid. 

 

 

1.3 Outline of Thesis 

 

The remainder of this thesis is structured as follows. Chapter 2 provides an in-depth 

critical literature review of the previous research related to the current research topic. 

This includes a review of major previous studies of the transient response of pipes with 

and without flowing media and pipes subjected to low speed impact. Due to the great 

number of articles on the topic, this review is restricted to a summary of the current 

state of the art in this area including main results and general analytical, numerical and 

experimental approaches to analysis of such types of problems. 

 

Chapter 3 introduces the governing equation of a long flexible pipe with flowing 

medium that takes into account the forces generated by the internal flow due to inertia, 

centrifugal and Coriolis accelerations. Due to the approximate nature of the 

mathematical modelling, a number of assumptions and simplifications have to be 

introduced. It is assumed, for example, that the flow velocity and density in the pipe are 

not affected by the pipe transient response but the pipe itself is subjected to the 
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additional external forces as a result of the pipe lateral deflections that change the flow 

direction. Small and, hence, linear deformations are also assumed in the pipe as well as 

all assumptions utilised in the classical Bernoulli-Euler beam theory. Thus, there is no 

consideration of plastic deformation, fracture or other phenomena that might 

accompany the impulse loading of pipes. Further, a scaled transformation of variables is 

conducted to demonstrate that only two dimensionless parameters affect the transient 

response. These parameters represent dimensionless combinations of the elastic 

properties of the pipe, pipe geometry and flow characteristics. In the case of a small 

influence of the flowing medium on the overall mechanical response of the whole 

system, the governing equation can be solved using an analytical approach, which is 

based on the standard perturbation technique. Several examples demonstrating the 

effectiveness of this approach for particular problems are considered in detail. The 

asymptotic approach developed in this chapter can be generalised relatively easy for 

other boundary conditions as well as for arbitrary applied loading.  

 

Chapter 4 presents a numerical method using central finite-differences scheme. In this 

chapter, the consideration is given to validate the earlier developed analytical approach 

and the numerical method against published results and classical solutions. Further, as 

expected, both the approaches, asymptotic and numerical, produce essentially the same 

results in situations in which the internal flow has a small influence on the mechanical 

response; for example, this happens at low flow speeds or large moments of inertia of 

the pipe.   

 

As mentioned above, only two dimensionless parameters fully control the transient 

response of the system within the adopted assumptions and simplifications. In Chapter 

5, a comprehensive investigation of the effect of the flowing medium on the dynamic 

response of pipes is conducted. Special attention is paid to the conditions that initiate 

dynamic instability associated with pipe whip phenomena. A simple criterion to avoid 

such dangerous behaviour is proposed and can be used in the design of aboveground 

pipelines.  

 

In Chapter 6, a rig is described for experimental investigation of the effect of flow 

parameters on the dynamic response of circular pipes. The rig essentially represents 
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encastre pipe with water flowing through it. A laser sensor was used to measure the 

deflection at the mid-point of the pipe which was impacted by a load cell device. This 

chapter also presents the results of the experimental investigations followed by a 

discussion.  

 

Finally, Chapter 7 presents the overall conclusions of the conducted research, along 

with recommendations for future work.  
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2.1 Introduction 

 

The aim of this chapter is to provide a general overview of problems, methods and 

solutions related to the dynamic behaviour of long flexible pipes transporting liquid or 

gas. A substantial number of sources were reviewed and a brief summary will be 

provided here. This literature review is comprised of several sections covering various 

aspects of dynamic behaviour of long flexible pipes having circular cross-sectional area. 

The present chapter is not intended to provide a comprehensive review of problems and 

complex phenomena associated with dynamic behaviour of pipes, specifically, vibration 

and vibration control of pipes conveying gas or liquid, curved pipes and pipes of non-

circular cross-section. Instead, it focuses on specific issues that are important for the 

current study.  

 

Pipes are widely utilised in many industries and across many applications [3] to 

transport, process, transmit and store fluids and materials that, sometimes, can be 

hazardous, volatile and flammable. For example, in oil and gas installations (whether 

on-shore or offshore) circular pipes are commonly used for the conveyance of either 

crude or products. An accident leading to the loss of the pipe integrity could pose a 

serious threat to property, environment and people in the close vicinity of the accident 

location [4]. Therefore, it is not surprising that there were many investigations 

conducted in the past two decades that are related to the dynamic behaviour, safety and 

integrity of pipelines and pipe systems [5]. 

 

The importance of safety and integrity issues associated with pipelines and pipe systems 

was highlighted by a number of very serious accidents in the past [6–12]. Figure 2.1 

illustrates an example of a pressurised piping system that is in close proximity to 

mechanical, electrical and electronic equipment and instruments of a power generation 

aggregate [13]. Mechanical damage to the pipe system could result in a disastrous 

consequence and severe damage to the power generator and the personnel. 
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Figure 2.1: The close proximity of piping system to mechanical and electrical 

equipment in a power generation aggregate [13] 

 

Another typical example is a petrochemical industrial plant, which often incorporates 

thousands of pipes for various technological purposes, which can potentially fail due to 

many reasons. The cost of such failures is often much greater than the cost of the initial 

failed component. Consequences of a pipe failure on the petrochemical plant are shown 

in Figures 2.2a and 2.2b. These figures display images of the aftermath of an accidental 

toxic vapour cloud that was discharged following a failure of a pipe component. The 

initial failure resulted in an explosion that was followed by a series of other explosions 

that resulted in a US$1.5 billion loss and 23 deaths at the facility [13].  

 

 

Figure 2.2a: Accidental release of toxic vapour [13] 
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Figure 2.2b: Aftermath of an accident [13] 

 

As part of the safety precaution measures, effective protection solutions against possible 

impact loading have to be implemented to any potentially dangerous piping system or 

pipeline. Subsequently, safety engineers or safety authorities have to demonstrate the 

proper and adequate design strength not only against quasi-static loading but also in the 

case of abnormal events such as that caused by impact loadings because this sort of 

loading is rather frequently found in practice. It can be associated with accidents such as 

collision with a moving object, struck by a falling object or acts of vandalism.  

 

Numerous surveys carried out on high-pressure pipelines have confirmed that that the 

impact loading is one of the main reasons of heavy accidents. It is interesting to note 

that although the accidents due to impact loading are less frequent than, for example, 

accidents due to mechanical failure, the most serious pipeline accidents [14] resulting in 

high financial, property or human life losses have been caused by incidents associated 

with impact. Amongst the accidents arising from impact failure, the most frequent were 

machinery accidents, followed by vehicles and heavy objects. Other specific causes of 

such accidents due to external events were ground subsidence and acts of 

sabotage/vandalism.  

 

The purpose of the current project is to gain a further understanding of dynamic 

behaviour of pipes under impulse loading (impact-like loading). The study is focused on 

the investigation of the effects of the internal flow on the dynamic response of pipes, 



13 

 

which was often ignored in many previous studies. Special attention is given to the 

condition leading to dynamic instability of pipes. Such conditions can occur during an 

accident resulting in a full bore fracture of a high-pressure pipeline with a relatively 

small diameter. In this case, the pipe transporting gas or liquid can become unstable and 

generate substantial damage due to chaotic movements, similar to what almost everyone 

has experienced when watering a garden with an unrestrained hose. The next section 

will provide a brief review of simplified one-dimensional theories of pipes based on 

Bernoulli-Euler assumptions, which will be also utilised and further extended in the 

current study.  

 

 

2.2 Bernoulli-Euler Beam Equation 

 

This section will begin with considerations of the classical Bernoulli-Euler beam theory, 

which is the most popular theory for modelling the transient response of long flexible 

structures. Many previous studies utilised this theory and many interesting results have 

been obtained in the past. It was also demonstrated in many previous studies that for 

sufficiently flexible structures it provides an excellent correlation with experimental 

results. The Bernoulli-Euler beam theory will be further extended and utilised to model 

effects of the internal flow on the transient response of pipes.  

 

 

2.2.1 Review of Bernoulli-Euler Beam Theory and Its 

Modifications 

 

The Bernoulli-Euler beam theory can be formally derived from the classical linear 

theory of elasticity using well-developed asymptotic techniques, energy or variational 

approaches. In general, the theory provides a way to calculate the load-carrying capacity 

and dynamic deflections of long and flexible beams subjected to various support 

conditions. Bernoulli-Euler beam theory is also known as simplified beam theory or 

classical beam theory or engineer’s beam theory. This theory can reasonably be applied 

only for the laterally loaded beams without taking into account the sheer deformation in 
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the material in contrast to more complicated theories, such as Timoshenko beam theory, 

which will be briefly discussed later in this chapter. The Bernoulli-Euler beam theory 

relates to the case of small lateral deflections, which must be much smaller than the 

characteristic size of the cross-sectional area. The out-of-plane (or transverse) 

displacement ���� of a statically loaded beam is described within the Euler-Bernoulli 
beam theory by the following ordinary differential equation:  

 

./.�/ 0�� 1/�1�/ 2 � 3                                                                                                                    �2.1� 
 

where 3 is the distributed loading (force per unit length) acting in the same lateral or 
transverse direction as �, � is the Young’s modulus of the beam’s material (in Pa), and � is the area moment of inertia of the beam’s cross-section (in m4). If � and � (or 
product of these variables) do not vary with � along the length of the beam, then the 
beam equation simplifies to the especially simple form: 

 

�� 16�1�6 � 3                                                                                                                              �2.2� 
 

which is well known from many engineering textbooks. 

 

This formulation also assumes that the internal damping, externally imposed tension, 

inertia and pressurisation effects are either absent or can be neglected in comparison 

with the elastic restoring reaction of the beam under the applied external loading 

[15,16,17].  

 

The quasi-static theory can be generalised immediately to the case in which the inertia 

force is not negligible. In this case, the transient deflections, ���, �� of a long flexible 
beam will be described by the following partial differential equation (PDE), which 

incorporates the inertia term (the second term on the left side of the equation below) as 
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�� 16���, ��1�6 7 � 1/���, ��1�/ � ���, ��                                                                              �2.3� 
 

where ���, �� is already a function of � and �. The first term represents the flexural 
elastic restoring force and the second term is the lateral inertia force of the beam, where � is the mass per unit length of the beam (in kg/m). The right-hand side term ���, �� ,  � 
is a function of span location and time; it represents the external applied force per unit 

length (in N/m). In the above equation � is the spatial coordinate along the length of the 
beam, and � is time. The origin of the coordinate system and time can be selected 
arbitrary and does not affect the solution of this equation.  

 

Many studies utilised the Bernoulli-Euler beam theory to investigate the dynamic 

response of beam due to transversely moving point mass [18]. These studies were 

strongly motivated by the rail industry demands and other industrial applications. In this 

case, the governing equation can be written in the following form: 

 

�� 16���, ��1�6 7 � 1/���, ��1�/ � ����  !�                                                                      �2.4� 
 

where � is the intensity of the applied point force and ���  !� is the ordinary Dirac 
delta function. The product of the intensity and Dirac function represents the moving 

point mass at location �  !, which also changes with time. For example in [18], the 
effect of the force travelling velocities, boundary conditions and the ratio of the moving 

mass to the mass of beam on the dynamic and vibration response of the beam were 

comprehensively studied.  

 

The Bernoulli-Euler beam framework was subsequently utilised to develop more 

complicated formulations for analysis of the transient behaviour of long flexible beams 

[19] incorporating damping. An example of extension of the classical beam theory with 

linear damping can be written as: 
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�� 16���, ��1�6 7 � 1/���, ��1�/ 7 : 1���, ��1� ; ���, ��                                                      �2.5� 
 

In this equation (2.5), the third term represents damping with : is a positive constant 
characterising the damping effect; : in this equation in (kg/ms). 
 

The Bernoulli-Euler beam theory was also extended to long flexible pipes having an 

internal flow of gas or liquid. The linearised equation of motion for a horizontal pipe 

conveying fluid in the case of negligible damping can be written as:  

 

�� 16�1�6 7 =>/ 1/�1�/ 7 2=> 1/�1�1� 7 �= 7 ?� 1/�1�/ � ���, ��                                  �2.6�  
 

where = is the mass of fluid per unit length, flowing with a steady flow velocity  >, ? 
is the mass of the pipe per unit length, � is the lateral deflection of the pipe, � and � are 
the spatial coordinate and time, respectively; and the right-hand side term is ���, ��  
represents the external dynamic loading. The various terms in the above equation can be 

identified, sequentially, as the flexural restoring force, a centrifugal force, a Coriolis 

force, and the inertia force. This equation represents the simplest governing equation 

taking into account the effect of the internal flow on the structural response of the 

system (pipe–internal flow) [20]. Formally, this equation can also be further extended 

[21] to incorporate the viscous damping effects, for example, as follows: 

 

�� 16�1�6 7 =>/ 1/�1�/ 7 2=> 1/�1�1� 7 �= 7 ?� 1/�1�/ 7  : 1�1�  � ���, ��                 �2.7� 
 

The equation (2.7) was used in [21] to investigate the transient vibrations of a fluid-

conveying pipe. The results from experimental and numerical simulations demonstrated 

that Coriolis force may have a significant damping effect at moderate flow velocities 

and the damping of the flow in a pipe can be effective and may have potential in 

engineering applications as a vibration controller. It was also demonstrated that the 
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damping effect may be exploited to control the vibration of a light and resonant 

structure, if the pipe carrying the fluid is used as a controller in a cantilever pipe.  

 

Another simplified model was developed to incorporate the axial tensile forces. When 

such forces are significant, the motion of a pipe can be described by the following 

fourth order partial differential equation (PDE): 

 

�� 16�1�6  BCD  =>/E 1/�1�/ 7 2=> 1/�1�1� 7 B= 7 =�E 1/�1�/ � 0                        �2.8� 
 

where CD the effective axial force representing the combined effect of an initially 
imposed force CD, which will be negative when it is compressive. The effect of the fluid 
flow produces a centrifugal force due to curvature of the span, and a Coriolis force due 

to combined flow and rotation of the fluid elements. The centrifugal force is equivalent 

to a compressive end load, and in vibration problems leads to the reduction of the 

natural frequencies of the pipe. The Coriolis force causes an asymmetrical distortion of 

the classical mode shape. The last equation is based on the assumptions that the 

dynamic deflections are small so that only linear terms are significant. The other 

assumptions are that mass densities are uniform, transverse shearing and damping are 

negligible and the fluid velocity and pressure are constant along the pipe.  

 

In [22], the effect of fluid velocity on buckling instability of a pipe with the cantilever-

type boundary conditions was investigated. The effect of the axial load H, was analysed 
utilising the following governing equation:  

 

�� 16�1�6 7 �=>/ 7 H� 1/�1�/ 7 2=> 1/�1�1� 7 �= 7 ?� 1/�1�/ � 0                                 �2.9� 
 

where, as previously, the first term describes the flexural elastic restoring force, the 

second term the centrifugal force term together with the effect of axial compression, the 

third tem takes into account the Coriolis force and the fourth—the inertia term. This 
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study revealed that flutter or divergence instability may occur, depending on the 

combination of velocity and axial loading.  

 

There was also an interest to study the stability of a tensioned clamped-pinned pipe 

conveying fluid. [23]. The study has proven that for small fluid velocities, the pipe is 

stable. The pipe loses stability by divergence at relatively high fluid velocities. The 

equation of motion governing the lateral in-plane motion of the pipe without internal 

and external fluid as a function of the axial distance, � and time, �, [23] it was taken in 
the following form: 

 

�� 16�1�6 7 C 1/�1�/ 7 ?J 1/�1�/ � �KL*��, �� 7 �M)*��, ��,                                               �2.10� 
where �� is the bending stiffness of the pipe, ?J is the mass of the pipe per unit length, C is a prescribed axial tension, �KL*��, �� and �M)*��, �� are forces acting on the pipe 
from inside and outside, respectively. The internal fluid flow is approximated as a plug 

flow, as if it were an infinitely flexible rod travelling through the pipe, all points of the 

fluid having a velocity > relative to the pipe. This was accepted as a reasonable 
approximation for a fully developed turbulent flow profile [24].  

 

 

2.2.2 Influence of Shear Deformations 

 

The effects of shear deformation, which are neglected in the classical beam theory, have 

been extensively investigated in literature. The Timoshenko’s beam theory, for 

example, can be used to allow for the effect of transverse shear deformation and 

constitutes an improvement over the standard beam. A numerical example for the 

supported-clamped pipe was considered by Huang [25]. The influence of rotary inertia, 

shear deformations, internal dissipation (the dissipation in this work was simulated 

within Kelvin-Voigt model) on the dynamic response of pipes transporting fluid were 

studied by Bratt [26]. Stack et al. [27] and Lin and Tsai [28] presented a finite element 

(FE) approach for non-linear vibration analysis of Timoshenko pipes conveying fluid. 
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The results of the simulations were partially validated using data from experimental 

studies available in the literature.  

 

A vast majority of the previous studies on the investigation of the effect of shear 

deformations on the transient response of pipes utilised the Timoshenko theory of 

beams subjected to transverse loading and were conducted using computer-based 

techniques. Considering an elastic Timoshenko beam of length �, uniform cross-section 
area $, and moment of inertia �, subjected to specified boundary conditions at the left 
and right ends of the beam and applying Hamilton’s principle, one can derive the 

coupled Euler–Lagrange governing equations in the absence of body forces as 

 

NO P1/���, ��1�/  1Q��, ��1� R  S 1/���, ��1�/ � 0                                                    �2.11T� 
�� 1/Q��, ��1�/ 7 NO$ U1���, ��1�  Q��, ��V  S� 1/Q��, ��1�/ � 0                        �2.11W� 
 

where ���, �� is the transverse deflection function and Q��, �� the slope of the 
deflection curve due to bending. Parameters �, O and S represent the Young’s modulus, 
the shear modulus, and the material mass density, respectively; N represents the 
Timoshenko shear coefficient that is introduced to account for the geometry-dependent 

distribution of shear stress. One can rewrite the above system of PDEs as a fourth order 

single PDE. 

 

Chao et al. [29] developed a set of coupled-non-linear PDEs of motion for pipes with 

flowing medium using the continuity and momentum equations of unsteady flow as 

well as Timoshenko beam theory. However, the governing equations are too 

complicated to allow any analytical solution or simple analysis of various effects. They 

will not be given here.  

 

Timoshenko beam theory was implemented to study the transient response and stability 

of relatively pipes transporting fluid by Pramila et al. [30]. The hydro-elastic stability of 

short simply supported pipes was studied by Tani and Doki [31] also within 
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Timoshenko beam theory. These researchers investigated the effects of shearing loads 

and support conditions on the dynamic behaviour. It was demonstrated that an increase 

in the shearing load reduces the critical velocity leading to pipe instability and raises the 

number of the corresponding hoop waves. A change of the boundary conditions was 

found to influence significantly the short pipe dynamics. The dynamics and stability 

issues of short pipes were re-examined by means of Timoshenko beam theory for pipes 

and a three-dimensional fluid-mechanical model for the fluid flow [32, 33]. These short 

pipes were subjected to clamped-clamped or cantilever-type boundary conditions.  

 

 

2.2.3 Mechanics of Non-linear Problems 

 

The linear models were found incapable of describing dynamics of pipes with flowing 

medium when the flow velocity approaches a critical value leading to static or dynamic 

instability [34]. The non-linear dynamics of pipes transporting liquid or gas and 

subjected to various boundary conditions has been investigated extensively in recent 

years due to wide applications of the relevant problems in many industrial situations, 

such as heat exchangers, nuclear reactor piping, power stations and pipelines. 

 

The non-linear equations of pipes with flowing medium are normally derived using the 

Hamilton’s principle or from Newton’s second law. An example of a non-linear 

governing equation derived by Semler et al. [35] in a relatively simple form is given 

below. It is based on the energy and Newtonian methods and can be written in the 

following form:  

 1/X1�/ 7 16X1Y6 7 Z 1[X1�1Y6 7 !/ 1/X1Y/ 7 2!\� 1/X1�1Y 7 � 1X1Y 
7 ]1X1Y^/ P!/ 1/X1Y/ 7 2!\� 1/X1�1Y 7 �2 1X1YR 
7 ]1 7 Z 11�^ P16X1Y6 ]1X1Y^/ 7 4 1X1Y 1/X1Y/ 1_X1Y_ 7 ]1X1Y^_R 
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7 ]\� 1!1�  �^ �1  Y� P1 7 32 ]1X1Y^/R 1/X1Y/ 

 1/X1Y/ `a a UP 1/X1�1YR/ 7 1X1Y 1_X1Y1�/Vb
c

d
b

.Y.Ye 

e7 a P12 \� 1!1� ]1X1Y^/ 7 2!\� 1X1Y 1/X1�1Y 7 !/ 1X1Y 1/X1Y/Rd
b

.Yf 

7 a UP 1/X1�1YR/ 7 1X1Y 1_X1Y1�/V .Y � 0                                                                           �2.12�b
c

 

 

where X � � �⁄ , � is the lateral deflection of the pipe, � is the pipe length, Y � � �⁄  is 

the dimensionless spatial variable, ! � h� \= ��⁄⁄  is the flow parameter, h is the fluid 
velocity, which can vary with time, �� is the pipe flexural rigidity, 

� � �\�� �= 7 ?�⁄ �/⁄  is dimensionless time, Z � :\�� �= 7 ?�⁄ �⁄ , : is the 
coefficient of Kelvin-Voigt damping of the pipe material, � � = �= 7 ?�⁄  is the mass 

ratio of the linear densities of the pipe and pipe with fluid, and � � �= 7 ?�i�_ ��⁄  is 

a gravitational parameter. 

 

The first term in the above equation is the linear inertia, the second term is the linear 

stiffness, and the third term is due to the Kevin-Voigt damping. All terms involving the 

square the fluid flow speed !/ are due to the centrifugal force, while those having linear 
term ! are due to the Coriolis acceleration. All terms including � represent the effect of 
gravity. The terms in the third line represent the non-linear stiffness due to non-linear 

curvature; the fifth and the last lines represent non-linear inertial. Terms with time 

derivative of the flow velocity take into account the unsteady mature of the internal 

flow. A systematic comparison of the derived equation with previous studies was 

conducted. However, no quantitative analysis of the governing equation or investigation 

of the effect of various controlling parameters have been carried out. 

 



22 

 

The governing equations near the critical fluid velocity above which the lateral 

deflections become self-excited and unbounded (within the linear theory) were derived 

by Yoshizawa et al. [36]. The beating phenomena, as predicted by the theory, were 

observed experimentally at slightly above the critical fluid velocity. Miles et al. [37] 

demonstrated that as flow through the non-linear stiffened cantilever pipe increases, 

phase-coupled harmonics of the power-spectral primary frequency grow. For parameters 

close to those associated with chaotic movements, sub-harmonics become phase 

coupled to the primary frequency. Cross-bi-spectra indicated that both sum and 

difference interactions result in non-linear phase coupling and energy exchange between 

vibration modes. 

 

 

2.3 Effect of Internal Flow on Dynamic Behaviour of 

Pipes 

 

The effect of the internal flow on the dynamic behaviour of pipes conveying fluids is 

essentially based on the interaction of inertia, centrifugal forces and Coriolis forces of 

the fluid with the pipe structure [38]. The centrifugal and Coriolis forces occur from the 

fluid flow, while the inertia force is a combination of the fluid and pipes inertias. As 

mentioned above, the centrifugal force arises from the fluid flowing in a pipe that is 

curved due to lateral deflection.  If the element of the pipe rotates, this rotation 

generates a gyroscopic or Coriolis force that is proportional to the fluid velocity. From 

the previous studies, it was highlighted that the Coriolis force has a marked influence on 

the dynamic pipe behaviour. 

 

Most of the earlier contributions to the dynamics of pipes neglected most of the above 

mentioned interactions effects. However, later, it was realised that at sufficiently high 

internal pressure and flow speed in a relatively flexible pipe these effects are significant 

and can totally change the dynamic or static behaviour of pipes [17,35,39–51]. For 

example, for a sufficiently high flow velocity, the centrifugal force can overcome the 

flexural restoring force and the pipe can buckle in its first mode, provided that gravity 

and external damping are relatively small. This phenomena is also known as divergence 
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[52,53]. It was also recognised that when the fluid is stationary (the flow speed is 

negligible or zero) [54], the pipe response as a classical beam to an initial disturbance. 

 

If the centrifugal force in the pipe acts in much the same way as compressive forces in  

the classical beam theory, the Coriolis force acts to restabilise the pipe after divergence 

before flutter, or dynamic instability, finally destabilises the whole pipe. Once the pipe 

becomes unstable, the non-linear effects associated with relatively large pipe 

displacements become very important and the linear theory is then not applicable 

beyond this critical flow velocity associated with the initiation of the dynamic 

instability [55, 56].  

 

The interesting findings are that the pipe systems can be categorised into two types: 

gyroscopic conservative and non-conservative type system. Gyroscopic conservative 

systems refer to the pipes not being allowed to move at the downstream end, and it was 

concluded that such pipes cannot absorb fluid energy. Non-conservative systems take 

place when the downstream end is allowed to move and fluid energy can be absorbed by 

the pipe. In the subcritical flow range, the pipe systems of different types response 

differently. In a gyroscopic conservative system, the Coriolis force does not contribute 

to damping hence the damping values do not increase because of the increase of flow 

velocity. In a non-conservative system, the Coriolis force will lead to the generation of 

dissipation forces for certain modes of pipe oscillation.  

 

Propagation of free harmonic waves in a periodically supported infinite pipe has been 

studied in [57]. Due to the presence of the Coriolis force from the fluid flowing in a 

curved path, it was found that the elastic waves travelling in positive and the negative 

direction propagate at different speeds. As a result of this, no classical deflection modes 

present in the dynamic response of the pipe.  

 

In simplified beam theories, the centrifugal force acts in the same manner or equivalent 

to a compressive end load [17]. This can be realised by comparing the governing 

equation of a pipe taking into account the internal flow,  
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�� 16�1�6 7 =h/ 1/�1�/ 7 2=h 1/�1�1� 7 �= 7 ?� 1/�1�/ � 0                                      �2.13�      
 

with the classical governing equation describing dynamic behaviour of a pipe subjected 

to a compressive load P at the pipe’s ends. 

 

�� 16�1�6 7 H 1/�1�/ 7 ? 1/�1�/ � 0                                                                                    �2.14�  
and �, � are the axial coordinate and time, respectively, �� is the flexural rigidity of the 
pipe, = is the mass of fluid per unit length, flowing from the fixed end to the free one 
with a steady flow velocity h, ? is the mass of the pipe per unit length, and ���, �� is 
the lateral deflection of the pipe.  

 

The first term in both equations is the flexural restoring force with �/� ��/⁄ ~ 1 k⁄ , 

where k is the local radius of curvature. The second term in the former equation is 
associated with the centrifugal forces as the fluid flows in curved portions of the pipe 

[24]. The third term is recognised as being associated with the Coriolis acceleration, and 

the last term represents the inertial effects. In this way, with increasing the flow speed, h, the effective stiffness of the system is diminished, and for sufficiently large h, the 
destabilising centrifugal force may overcome the restoring flexural force. The resulting 

divergence is known as buckling or fire-hose instability.  

 

For sufficiently small h, the dynamics of the system is dominated by the Coriolis force 2=h �/� ����⁄ , and the system is subjected to the flow-induced damping. For 

sufficiently large h, the centrifugal force =h/ �/� ��/⁄ , which may also be viewed as 

a compressive follower force, overcomes the Coriolis damping effect, and the system 

can lose stability from single-mode flutter [24]. 

 

If the pipe vibrates with periodic motions of period C, it was shown in [58,59,60] that 
the work done by the fluid on the pipe is equal to: 
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∆� �  =h a 0]�l�� ^m
/ 7 h ]�l�� ^m ]�l�� ^m2n

c
.� o 0                                                   �2.15�     

where ��l ��⁄ �m and ��l ��⁄ �m are, respectively, the lateral velocity and slope of the 
free end (for the case of a fixed-free pipe). For small magnitudes of the velocity of the 

internal flow �h p 0�, the first term dominates, and the work done is negative; hence, 
the pipe loses energy to the flowing fluid, and free pipe motions are damped. However, 

for the high enough velocities, h, the second term will dominate. If the slope and 
velocity of the free end have opposite signs over a period, or  

 

]�l�� ^m ]�l�� ^m q 0,                                                                                                             �2.16�     
 

then the work done may be positive, and energy flows from the fluid, to the pipe, 

resulting in amplified oscillations. The fluid is a source of unbounded energy. The 

opposite-sign characteristic of the free-end slope and velocity corresponds to the 

dragging and lagging modal form of flutter, observed in experiments and commented in 

many studies including [61,62,63]. With the situation of h q 0, for example an 
aspirating system, exactly the opposite conclusions may be reached by consideration of 

the same equation [24]. 

 

In [64] it was concluded that in the case of free motions, the pipe absorbs energy from 

the fluid for all sufficiently small |h| and is therefore subject to flutter. For relatively 
higher flow speeds |h|, the pipe loses energy to the fluid, and hence it is stabilised and 
its motions are damped. The startling conclusion is that the system is unstable for 

infinitesimally small |h| or if energy dissipation is taken into account, for very small |h|.  
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2.4 Numerical Techniques 

 

The effect of the flowing medium and stability conditions for circular pipes transporting 

fluid or liquid has been studied with different numerical approaches, such as the FE 

method and the spectral element approach. In Langthjem [65], an FE method was 

developed for a cantilever pipe to investigate the critical conditions when pipe loses 

stability and experience chaotic movements. The FE method was used by Liang and 

Tang [66] to examine the dynamic response and stability issues of simply supported 

pipe. Shizhong and et al. [67], Wang et al. [68], Cui and Tani [69] and Hongwu and 

Junji [70], used FE to solve the solid-liquid coupling damping matrix and a symmetrical 

solid-liquid coupling stiffness matrix. The first several natural frequencies of pipes were 

determined. 

 

Another popular method, a spectral element approach, is often used to predict the flow-

induced vibrations accurately. Lee and Oh [71] developed a spectral element model that 

was formulated from the exact wave solution of the governing equations. It was claimed 

that the spectral element approach provide much better accuracy in comparison with FE 

for the uniform pipes regardless its length. Later, Lee and Park [72] derived coupled 

governing equations for a pipe transporting liquid using Hamilton’s principle and the 

classical governing equations of uncompressible fluid. The obtained non-linear 

equations were liberalised about the steady-state solution using the frequency-domain 

approach for the linearised equations. 

 

Stein and Tobriner [73] presented a numerical solution to the governing equations of a 

pipe conveying fluid and resting on an elastic foundation. An ideal gas and infinite pipe 

approximations were utilised by Mizoguchi and Komori [74] to investigate the vibration 

and stability of pipes. This study took into consideration the effect of the fluid boundary 

layer. The frequencies of pipes were obtained for a wide range of the internal flow 

velocities ranging from 10 m/s to Mach 3. 
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Wang and Bloom [75] formulated an analytical model to study the dynamics of 

submerged and inclined concentric pipes of different length and subjected to different 

boundary conditions. The discretised dynamic equations were solved numerically.  

 

Lee and Chung [76] suggested a non-linear approach for a clamped-clamped pipe 

transporting fluid using the classical Euler-Bernoulli beam theory described in the 

previous section of this chapter and the non-linear Lagrange strain theory. Similar to the 

previous study, the governing equations were discretised, linearised and solved 

numerically. Yang and Jin [77] applied the Galerkin method with improved truncation 

term and Maalawi and Ziada [78] presented a mathematical model for a pipeline 

composed of uniform modules. As a case study, the developed model was applied to a 

simply supported pipeline consisting of two and more modules. 

 

The influence of stochastic uncertainties of flexible cantilever pipe material properties, 

such as Young’s modulus, densities was investigated by Ganesan and Ramu [79]. The 

statistical information was presented in terms of average values, variance and 

autocorrelation functions. The stochastic equations were solved for the moments of 

characteristic values and effect of the stochastic uncertainness on the dynamic 

behaviour was investigated. 

 

 

2.5 Experiments Investigations of Pipes subjected to 

Impact Loading 

 

Many experimental studies have been conducted in the past investigating various 

aspects of pipe integrity and pipe behaviour under dynamic and impulse loading. Many 

of these studies were driven by industry or military applications. The purpose of this 

section is to provide a brief overview of key studies focusing on the development of test 

equipment.  
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Figure 2.3: Setup of drop-weight impact test [80] 

 

In the laboratory environment, the simulation of impact loading ranges from low 

velocity drop-weight tests to high velocity ballistic missile tests. For example, the 

experiment conducted in [80] studied impact response of pipes by setting up a drop-

weight test to simulate low velocity impact. The test setup, shown in Figure 2.3, 

included an instrumented drop weight and data acquisition system. The aims of the 

experimentations were to relate the mechanical behaviour of the pipe to the loss of 

kinetic energy of the impactor under low velocity loading conditions. It also aimed to 

build a standardised test method for low velocity impact studies, since at that time, there 

were no acceptable standard testing procedures for pipes [80].  

 

A quasi-static behaviour of buried pipelines under localised radial (impact-like) loading 

was undertaken in [81]. This study was motivated by numerous accidents during pipe 

excavation. The pipelines were pressurised and radial impulse contact loads were 

applied on the pipe. This study shows that the response of flat plates can approximate 

the mechanics of local indentation of pressurised pipes when the indenter is of small in 

comparison to the diameter of the pipeline. However, the results of this experimental 

study are limited by the small range of considered geometries and loading condition.  
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In a number of experimental and theoretical papers, it was demonstrated that the 

structure-fill medium interactions significantly influence the dynamic behaviour. An 

experimental study carried out indicated that the critical perforation energy and 

deformation of the wall of the pipes were significantly influenced by the presence of the  

fluid (water) and fluid pressure [4]. Figure 2.4 depicts the experimental setup. 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.4: Schematic arrangement for the impact test on pressurised pipes [4] 

 

The experiment reported that irrespective of pipe thickness, the limit perforation energy 

of empty pipes was greater than that filled with water. When the thin wall tube was 

filled with water and not pressurised, the limit perforation energy dropped by 20–30%, 

but the energy drop in thick wall tubes are smaller. Figure 2.4 is referred and stated that 

the ballistic limit of the tubes impacted by a hemispherical-nose indenter is greater than 

that of the tubes impacted by the blunt and conical ones under the same impact 

conditions. The thickness of the wall is also an important parameter in perforation of the 

tube wall with the ballistic energy of the thick wall tube about three times that of the 

thin-walled pipes. The fill liquid tends to retain the circular shape of the pipe walls and 

localised the impact point. This change may lead to an increase of the perforation limit.  

 

The experimental studies on pipes with flowing medium were conducted mainly with 

rubber pipes conveying water or air and with very thin-walled metal pipes conveying 

oil. The experiments were also extended to a cantilever pipes fitted with various nozzles 

at the free end [82]. 
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Figure 2.5: Schematic diagram of the apparatus used for experiments with rubber 

tubes conveying water. [82] 

 

Figure 2.5 shows the apparatus used in experiments with rubber pipes conveying water. 

The rubber tube was glued to a suitable length of rigid metal pipe that was clamped 

securely in a horizontal position. The pipe was supported by a number of thin threads 

hung from the ceiling and of sufficient length to ensure that at least for motions of small 

amplitude, the tube effectively moved in horizontal plane. The centrifugal pump was 

used in some cases to boost the available mains pressure. The water, after leaving the 

flexible pipe, was collected in a tapered duct leading to a tank resting on weighing 

scales. The apparatus for experiments with air flowing in rubber tubes was essentially 

the same except that a volumetric flow meter was inserted in the air supply line. The air 

pressure was always sufficiently low for compressibility effects to be neglected. The 

experiments appear to prove that neglecting internal friction in the material of the tube 

and the effect of the surrounding fluid, a universal stability curve is constructed 

corresponding to conditions of neutral stability and hence separating stable and unstable 

regimes. It was shown that damping, associated either with energy dissipation in the 

tube material or with energy transfer to surround fluid, in certain cases may have 

destabilised the system [82]. 
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2.6 Summary 

 

From a wide study of the literature, a few gaps in knowledge were identified: 

1. There is a lack of analytical approaches and analytical solutions that can 

explicitly provide the estimate of the effect of the internal flow on the dynamic 

response of pipes and serve as a benchmark for numerical solutions. Meanwhile, 

the speed of the flow represent a suitable parameter for the development 

perturbation approaches to the investigation of the pipe dynamics. 

2. Most of the previous studies were focused on vibration problems in pipes 

including the calculation of natural frequencies and vibration control. Despite 

the fact that the vibration and impact loading problems are closely related, it was 

surprising that not much research has been conducted to investigate the dynamic 

response of pipes to impulse loading, especially to understand how the internal 

flow changes the maximum deflections of the pipe. 

3. Despite the fact that many previous studies comprehensively investigated 

problems of stability of pipes conveying fluid or gas, there were no engineering 

criteria suggested to avoid unstable behaviour. With the recent release of the AS 

2885.1-2007 standard, which clearly states that pipelines may now be installed 

aboveground, such criteria are vital and must be established. In addition, the vast 

majority of these studies were focused on a particular type of boundary 

conditions, namely, cantilever-type boundary conditions. 

4. A similar gap was found with the previous experimental studies. The focus of 

these studies was on the investigation of the effect of the internal flow on the 

integrity or fracture under impulse loading. Many studies were focusing on the 

investigation of the critical flow speed, which causes the dynamic instability. 

However, it seems there are no experimental studies on the investigation of the 

effect of the flowing medium on the impact response of circular pipes conveying 

fluid or gas.    

 

The current study will partially address these gaps. In the next chapter, an analytical 

perturbation approach will be developed and validated via a numerical method 

based on central-difference scheme. It will also present an experimental rig and the 
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results from the experimental study. This method and validation study will be 

described in Chapter 4. A detailed study on the effect of the flowing medium on the 

transient response of pipes subjected to impulse loading will be presented in Chapter 

5. A general conclusion will be provided in Chapter 7. 
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3.1 Introduction 

 

In this chapter, a simplified governing equation is formulated that describes the dynamic 

response of a long flexible pipe carrying gas or liquid and subjected to transverse 

impulse loading. This equation is developed from the simplified classical Bernoulli-

Euler beam theory. Further, a scaling transformation of the governing equations is 

conducted to demonstrate that the dynamic response within the adopted assumptions 

and simplifications is controlled by only two parameters. These parameters represent 

dimensionless combinations of the elastic properties of the pipe, pipe geometry and 

flow characteristics. In the case of a slight influence of the flowing medium on the 

overall mechanical response of the whole system, the governing equation can be solved 

using an original analytical approach that is based on the standard perturbation 

technique. Several examples demonstrating the effectiveness of the developed in this 

thesis approach for particular problems are considered in detail. The development of the 

asymptotic approach presented in this chapter is quite general and can be generalised 

relatively easily for other boundary conditions as well as for arbitrary applied loading.  

 

 

3.2 Simplified Classical Bernoulli-Euler Beam Theory 

 

This section describes a simplified mathematical model based on standard assumptions 

for bending long flexible beams also adopted in [83,84,85] and many other papers. This 

model will be utilised throughout this thesis (1) to analyse the transient response of a 

pipe with flowing medium when the pipe is subjected to transverse impulse loading, and 

(2) for investigation of the effects of parameters of the internal flow (density and 

velocity) on the overall mechanical response. The classical Bernoulli-Euler beam theory 

is adopted as a starting point of modelling and this theory is then further extended to 

incorporate the contribution of flowing medium into the mechanical behaviour of the 

system. Indeed, the lateral displacement of the pipe leads to the additional forces due to 

flow inertia, centrifugal acceleration, and Coriolis force because the flow follows along 

the curved deflected pipe. All these forces will be incorporated into the pipe governing 

equation. The derived governing equation represents a fourth order non-homogeneous 
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PDE and will be solved using asymptotic and numerical approaches in Chapter 4. The 

outcomes of the theoretical investigation are also validated by experiments presented in 

Chapter 6.  

 

 

3.3 Mathematical Modelling of Beam with Flowing 

Medium 

 

Consider a pipe element of length .�� as shown in Figure 3.1.  
 

 

          

 

 

Figure 3.1: Deformation of pipe with flowing medium 

 

Let � and �� be the medium and pipe densities per unit length (say 1 meter). In the 
case of the pipeline’s transverse motion, the element is subjected to the inertia force of 

intensity  

 

 1/��1��/ B� 7 ��E    .                                                                                                                 �3.1� 
As the flow rotates with angular speed 1/�� �1��1���⁄ , the Coriolis force acting on the 

element .��  is given by 
 

 2 1/��1��1�� �h.��      ,                                                                                                                  �3.2� 
 

��  

�����, ��� 

.�� �� 
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where V is the velocity of the medium. With the same sign, we can write the centrifugal 

force acting on the element due to the flow that follows along the curved deflected pipe:  

 

 1/��1��/ �h/.��   .                                                                                                                �3.3� 
 

It is assumed for simplicity that the dynamics of the pipe do not affect significantly the 

flow characteristics such as flow velocity and density. Thus, we can decouple the 

structural and flow mechanisms of the problem. Taking also into account the elastic 

response of the pipe element, .��, the governing dynamic equation can be written in the 
following form:  

 

�� 16��1��6 7 1/��1��/ B� 7 ��E 7 2 1/��1��1�� �h 7 1/��1��/ �h/ � ����,� ���                          �3.4�
 

 

where � represents Young’s modulus and � is the second moment of inertia of the pipe. 
The right-hand side term ����,� ���  represents a driving force per unit length. We assume 
that the length of the pipe is finite and 0 s �� s � and �� t 0. 
 

 

3.4 Scaling Transformation of the Dynamic Governing 

Equation 

 

It is always advantageous and often necessary to rewrite a governing equation in a 

dimensionless form. To do so, the following scaling transformations are introduced: 

 

� � ��� ,                  � � ��� ,                   ���, �� � �� ��, ���                                                  �3.5� 
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where � is a parameter that will be defined in equation (3.8a). Then, equation (3.4) can 
be rewritten as  

 

���_ 16�1�6 7 B� 7 ��E��/ 1/�1�/ 7 2 h�� 1/�1�1� 7 h/�� 1/�1�/ � ����, �� .                          �3.6� 
 

It is straightforward to show the dimensional consistency of the equation. To proceed 

with the solution of the governing equation, it is convenient to recast this equation into a 

more compact form. Dividing both sides by �� �_⁄ , we obtain 

 

16�1�6 7 B� 7 ��E�6���/ 1/�1�/ 7 2 h��_��� 1/�1�1� 7 h/��/�� 1/�1�/ � ���, ��  .                    �3.7� 
 

Introduce characteristic time, �.  
� � �/u�� 7 ���    .                                                                                                                 �3.8T� 
Now we define the following dimensionless parameters  

 

" � h��
v��B�� 7 �E                                                                                                                �3.8W� 

and 

# � h�u�� 7 ���                                                                                                                    �3.8:� 
and 

���, �� � �_�� ����, ��  .                                                                                                            �3.8.�
 

 

Then equation (3.6) becomes 
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�,)))) 7 �,** 7 "B2�,)* 7 #�,))E � ���, ��  .                              �3.9� 
In the last equation, the following notation for the derivative: 1� 1� ; �,)⁄  was 

introduced. The similar rule is applied to the variable � as well as throughout higher 
order derivatives. Observe also that following the scaling transformation (3.8) and (3.9), 

the space variable � varies between 0 and 1. Finally, to solve the problem, the initial and 
boundary conditions must be imposed.  

 

In the derivation of the governing equation (3.9), the effect of axial forces on the 

transverse movements was also omitted; this can be developed in the pipe as a result of 

the viscosity of the flow or reactions in the pipe supports. Such forces can also 

contribute to the dynamic response at large values of pipe deflections or slopes of the 

deflection curve. However, in the following analysis, it is assumed that the deflections 

are small and the effect of the axial forces (due to flow viscosity and support reactions) 

on the transverse movements is negligible in comparison with other forces.   

 

It is important to stress that, within the developed model, only two parameters, " and # 
fully control the transient response of the system. Therefore, the derived governing 

equation (3.9) can be utilised to investigate various dynamic phenomena using reduced 

size or scaled physical models. Such scaled models would be adequate if the values of 

the governing parameters " and # are kept the same for the scaled model and the 
reference system. This can potentially result in substantial benefits if the experimental 

approach is adopted for the investigation of the problem under consideration.  

 

 

3.5 Asymptotic Solution: Cantilever Beam 

 

A boundary-value problem for the governing equation (3.9) can be solved by means of a 

standard perturbation approach utilising the smallness of parameter ". To demonstrate 
the application of the perturbation approach for the analysis of the transient behaviour 

of pipes, specific boundary conditions at the ends of the pipe � � 0 and � � 1 must be 
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prescribed. In this sub-section, consideration is given to the cantilever-type boundary 

conditions, as shown in Figure 3.2, or 

 

at � � 0:  � � �,) � 0, �3.10a� 
 

which correspond to zero displacement and zero slope at the fixed end (� � 0), and  
 

at � � 1:  �,)) � �,))) � 0, �3.10b� 
 

which means zero resultant bending moment and shear force at the free end (� � 1). 
 

 

 

 

 

 

 

 

Figure 3.2: Cantilever beam subjected to impulse loading 

 

 

3.5.1 Solution of Non-homogeneous Classical Beam Equation 

 

The transient analysis of the derived equation (3.9) in the previous section is 

commenced with a consideration of the classical non-homogeneous beam equation 

subjected to the boundary conditions given in equations (3.10a) and (3.10b):  

 �,)))) 7 �,** � ���, ��  . �3.11� 
 

1 

W 
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Assumption is made that the pipe was stationary at � q 0, meaning that the applied 
driving load distribution 

 

 ���, �� ; 0 at � q 0  �3.12� 
 

Several solution techniques can be applied to analyse the beam’s transient response to 

an impulse loading, including Laplace-Laplace transforms, the method of undetermined 

coefficients, variation of parameters, and the Joint transform scheme [86] and [87]. An 

exact analytical solution of equation (3.11) with boundary conditions (3.10) can be 

obtained by the standard separation of variables technique and an application of Laplace 

transform [87]. It can be written as 

���, �� � ~ �%��� a �%�!� a ��!, ��*
c

d
c

∞

%�d
sinB�%��  ��E�% .�.!                                    �3.13� 

where �% � �%/ . In the previous equation, Yk are a set of normalised eigenfunctions 
corresponding to the solution of the homogeneous equation, i.e. �,)))) 7 �,** � 0, 
subjected to the specified boundary conditions [87]: 

 

�%��� � $%�Bcosh��%��  cos��%��E  :%Bsinh��%��  �����%��E�            �3.14�
           
where 

:% � cosh��%� 7 cos��%�sinh��%� 7 sin��%�                                                                                                     �3.15� 
 

with �d � 1.8752, �/ � 4.6942, �_ � 7.8849, �6 � 10.9956, �[ � 14.1373 and �% �N t 6� � �2N  1� � 2⁄  [13,14].  

 

The coefficients $% in Eq. (3.14) are the normalisation constants that ensure the 
eigenfunctions are not only orthogonal but also orthonormal. For N s 12, $% � 1, 
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while for N p 12,  $% departs from unity and must be determined (see for example 
[87]). 

 

Equation (3.13) provides the general analytical expression for the transient spatio-

temporal dynamics of a cantilever beam driven by arbitrary load distribution, ���, ��. 
As an example, consider a spatio-temporal impulse driving force at time � � 0 with a 
magnitude �� (in scaled variables). We use Dirac’s time-and-space delta function to 
model this impulse. Then, ���, �� takes the form 
 ���, �� � �����  �&�����  �3.16� 
 

where �& represents the position along the pipe at which the driving impulse is applied. 
Carrying out the space and time integrations and invoking the basic properties of 

Dirac’s delta function, we obtain 

 

���, �� � �� ~ �%����%��&��
%�d   sin��%���%   .                                                                      �3.17� 

 

The above solution is also well known in the literature and describes the mechanical 

response of a cantilever beam subjected to a spatio-temporal impulse [88–93]. This 

relationship (3.17) also describes the exact analytical solution of the corresponding 

problem for a pipe with flowing medium (3.9) when parameters " as well as # are 
limited to zero. Such situations, for example, correspond to the case when the velocity 

of the flowing medium is negligible, or when the pipe has a large bending stiffness (EI). 

 

 

3.5.2 Perturbation Approach 

 

The case of a cantilever pipe with flowing medium can be related to a practically 

important situation in which, for example, the pipe is ruptured circumferentially due to 

an accident such as fracture propagation and is subjected to a dynamic loading. In this 
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case, the simplified governing equation (3.9) was derived in the previous section and, 

for convenience of the reader, is rewritten below:  

 

�,)))) 7 �,** 7 "B2�,)* 7 #�,))E � ���, �� . 
 

In contrast to the previously considered case (the classical Bernoulli-Euler beam 

equation neglecting the internal flow considered earlier), an attempt at a standard 

separation of variables approach to determine the dynamic response fails because it is 

impossible to satisfy the boundary conditions with a nontrivial solution. However, as 

was mentioned in Section 3.4.1, at fixed #, (3.18) reduces to the classical Bernoulli-
Euler equation when " is limited to zero. Alternatively, the problem can be solved as a 
regular perturbation problem developed by the candidate in [83] with, " as a small 
parameter; that is, the solution has the form 

 � � �c 7 "�d 7 "/�/ 7 � "��� 7 �  .               �3.18� 
 

If the expansions (3.18) are substituted into (3.9) and like powers of " are equated, then 
the following expressions for the transverse deflection of W, correct up to order "�, are 
obtained: 

 �c ,)))) 7 �c ,** � ���, �� 
�d ,)))) 7 �d ,** � �c��, ��          �c��, �� �  2�c ,)*  #�c ,)) 
�/ ,)))) 7 �/ ,** � �d��, ��           �d��, �� �  2�d ,)*  #�d ,))                          �3.19�

 

... 

�� ,)))) 7 �� ,** � ���d��, ��        ���d��, �� �  2���d ,)*  #���d ,))  .  

 

These equations are subjected to the specified boundary conditions such as (3.10). This 

sequence of equations can be considered a recurrent system of differential equations that 
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can be solved through a step-by-step integration using the general solution for the 

cantilever beam subjected to arbitrary load distribution (3.13). This solution can also be 

written using the earlier considered solution for the classical Bernoulli-Euler beam 

(3.13) as 

 

����, �� � ~ �%��� a �%�!� a ���d�!, ��*
c

d
c

∞

%�d
sinB�%��  ��E�% .�.!  .                        �3.20� 

 

The above recurrent equations (3.19) and general solution for non-homogeneous beam 

equation (3.20) provide an analytical tool for the analysis of the effect of the flowing 

media on the transient response of pipes. Next, the different boundary conditions are 

considered to demonstrate further the developed approach. 

 

 

3.6 Asymptotic Solution: Simply Supported Beam 

 

For this sub-section, consideration is given to the simply supported type of boundary 

conditions, as illustrated in Figure 3.3, or 

 

at � � 0:  � � �,)) � 0, �3.21a� 
 

and 

 

at � � 1:  � � �,)) � 0 . �3.21b� 
 

These conditions correspond to zero displacement and bending moment enforced at 

both ends of the pipe. 
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Figure 3.3: Simply supported beam subjected to impulse loading 

 

 

3.6.1 Solution of Non-homogeneous Classical Beam Equation 

 

Similar to sub-section 3.4, the driving load distribution ����, �� � 0 at � q 0 is assumed. 
First, consideration is given to the solution of the non-homogeneous equations for the 

classical Bernoulli-Euler beam corresponding to the prescribed boundary conditions 

(simply supported pipe). This solution will be further utilised in the asymptotic 

approach for a pipe with flowing medium. An analytical solution of equation (3.11) 

with boundary conditions (3.21) can also be obtained by the separation of variables 

technique and Laplace transform [86] and can be written as 

���, �� � ~ �%��� a �%�!� a ��!, ��*
c

d
c

∞

%�d
sinB�%��  ��E�% .�.!                                    �3.22� 

where �% are the set of normalised eigenfunctions corresponding to the solution of the 
homogeneous equation �,)))) 7 �,** � 0, subjected to the specified boundary 
conditions: 

 

  �%��� � √2 sin �%� ,                  �% � N�                             �3.23� 
 

and  

 

0 F�t� 
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�% � �/% � �N��/  .                                       �3.24� 
 

The coefficient √2 in eigenfunctions, equation (3.23), is a normalisation constant that 
ensures that the eigenfunctions are not only orthogonal but also orthonormal. Further, 

the perturbation approach is developed for the simply supported beam. 

 

 

3.6.2 Perturbation Approach 

 

Similar to the cantilever case considered previously, the problem can be solved as a 

regular perturbation problem with ε  as a small parameter; that is, the solution has the 

form 

� � �c 7 "�d 7 "/�/ 7 � "��� 7 �  .                                                                    �3.25� 
If this expansion is substituted into (3.9) and like powers of " are equated, then the 
similar recurrent expressions for the transverse deflection of W, correct up to order "�, 
can be obtained: 

 �c ,)))) 7 �c ,** � ���, �� 
�d ,)))) 7 �d ,** � �c��, ��          �c��, �� �  2�c ,)*  #�c ,)) 
�/ ,)))) 7 �/ ,** � �d��, ��           �d��, �� �  2�d ,)*  #�d ,))              �3.26�

 

... 

�� ,)))) 7 �� ,** � ���d��, ��        ���d��, �� �  2���d ,)*  #���d ,))  .  

Based on the similar approach as adopted in the case of cantilever pipe and omitting 

computational details, the expansion series terms are 

 

����, �� � 2 ~ sin��%�� a sin��L!� a ���d�!, ��*
c

d
c

�
%�d

sinB�%��  ��E�% .�.!  .        �3.27� 
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The above recurrent equations (3.26) and general solution for non-homogeneous beam, 

equation (3.27) with �% as given by (3.23), provide an analytical procedure for the 
analysis of the effect of the flowing media on the transient response of simply supported 

pipes. Further, several examples are considered to demonstrate the developed approach. 

For example, first consider a harmonical impulse driving force at time � � 0 with a 
magnitude �L (in scaled variables); that is  

 ���, �� � �L sin��L�� ����     �3.28� 
 

where � is a positive integer number and �L  is defined by equation (3.24). 
Then, in accordance with equations (3.19),  

�Lc��, �� � �L sin��L�� sin��L���L                                                                                      �3.29� 
which also describes the transient response of pipe with a stationary filled media. In 

accordance with equation (3.24), 

�Lc��, �� �  2�L�L cos��L�� cos��L�� 7 # sin��L�� sin��L��  .   �3.30� 
Then, carrying out all integrations and after simplifications, the first-order correction of 

the deflection function can be written as a sum of two terms: 

 �Ld��, �� � �Ld�DJ��, �� 7 �Ld�ML��, �� ,                                                                           �3.31� 
where  

�Ld�DJ �  4�L�L ~ sin��%��∞

%�d P N�1  � 1�L�%���N 7 ���N  �� cos��%��  cos��L����L 7 �%���L  �%�R            �3.32� 
and

 

�Ld�ML��, �� � #�L2�L/ sin��L�� �sin��L��  cos��L���L��  .                                          �3.33� 
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The first term, �Ld�DJ��, ��, represents the contribution of Coriolis force and the second 
term, �Ld�ML��, �� is due to the centrifugal acceleration of the flowing media through the 
curved pipe. It is interesting to note that the first term, �Ld�DJ��, ��, is limited in time; 
however, the second term, �Ld�ML��, ��, in the first-order correction is growing with 
time, and is thus demonstrating a synergetic effect of the flowing media in the structural 

response of the system. Both terms are continuous functions with zero values at � � 0. 
This means that the effect of the flowing medium on the transient response is small 

within relatively small time intervals from the start of the impulse loading. This effect is 

characterised by the dimensionless parameter � (see equation (3.8)). In the case of an 
arbitrary driving impulse force, the spatial component can be represented in Fourier 

series as  

���, �� � ���� ~ �L sin��L��∞

L�d   .                                                                                        �3.34� 
Using the principle of superposition, the general solution can be found by the simple 

summation of the particular solutions for each harmonic. For example, if the system is 

subjected to a spatio-temporal impulse driving force, i.e.  

 ���, �� � �� · ���&����� �3.35� 
where �� is the amplitude of the driving impulse and �& is the point at where the force is 
applied, then, the "c - order solution for the pipe deflection is 
 

�c��, �� � 2�� ~ sin��L��∞

L�d sin��L�&� sin��L���L   .                                                       �3.36� 
The first-order correction of this solution, which incorporates the flowing medium 

effects, can be found from equation (3.31) as  

 

�d��, �� � ~ �L�Ld��, ��∞

L�d    ,                                                                                             �3.37� 
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where �Ld  is given by Eq (3.31) and �L � 2�� sin��L�&�. 
 

In the next chapter, a numerical approach is presented for the solution of equation (3.9) 

in the case of arbitrary (not small) controlling parameters and the obtained analytical 

solutions are used to validate the numerical approach.  

 

 

3.7 Summary 

 

In this chapter, the governing equation was derived for a long flexible pipe with flowing 

medium based on the classical Bernoulli-Euler beam theory. After that, scale 

transformations were conducted to demonstrate that only two parameters, (" and #), that 
govern the transient dynamics of the pipe. This finding can be utilised to investigate 

various dynamic phenomena using reduced size or scaled physical models. Such scaled 

models would be adequate if the values of the governing parameters " and # are kept 
the same for the scaled model and the reference system. Of course, the physical models 

have to meet all other conditions corresponding to the adopted assumptions in 

mathematical modelling. For example, the pipe has to be sufficiently long and flexible, 

and the loading should not significantly affect the internal flow characteristics. 

 

Further, an asymptotic approach was developed to investigate the transient response of 

pipes subjected to impulse loading. The approach is based on the standard perturbation 

technique. The solution represents a recurrent system of equations, each term of which 

can be obtained by integration. The application of this approach was demonstrated to 

obtain the first-order correction to the classical solution for the corresponding problem 

of both a cantilever beam and a simply supported pipe transporting gas or liquid. 

However, if higher order terms are required, the analytical procedure could become 

quite cumbersome and time-consuming. Therefore, the derived asymptotic solutions 

will be used mainly to validate important results obtained by a more comprehensive 

numerical method to be developed in the next Chapter.   
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CHAPTER 4 

 

 

NUMERICAL APPROACH AND 

VALIDATION STUDY 
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4.1 Introduction 

 

In Chapter 3, an analytical perturbation approach was developed to obtain solutions for 

particular problems and analyse the governing equation describing dynamic response of 

a circular pipe transporting gas or liquid. Due to the asymptotic nature of the developed 

approach, it has obvious limitations. In particular, the perturbation approach is only 

applicable to the situations in which the influence of the parameters of the flowing 

media on the transient response of the pipe is relatively small. Such situations, for 

example, take place when the velocity and density of the internal flow are low or when 

the flexural rigidity of the pipe is relatively high. It seems, that other analytical 

approaches, such as the Fourier transform approach or integral equation method, for 

analysis of the governing equation, which represents a forth order PDE, are too 

cumbersome and can lead to significant technical difficulties. Therefore, a more 

simplified numerical approach is developed, which will be used in the next chapter, 

Chapter 5 to investigate comprehensively the dynamic response of pipes subjected to 

impulse loading as well as to study the effects of the flowing medium on the dynamic 

response.   

 

The numerical approach to be developed in this chapter is based on the central finite-

difference scheme. This numerical scheme including convergence and accuracy issues 

is well investigated and widely described in the literature. It was previously applied to 

study similar dynamic problems, see for example [87]. In this scheme, the spatial-

temporal domain of interest is partitioned with a rectangular uniform grid of mesh 

size:  ∆� � ∆�, where ∆�
 
represents the spatial grid size and ∆�

 
denotes the temporal 

grid size. The upper bounds of the grid point in the spatial and temporal directions will 

be denoted by () and (*, respectively. Consequently, the spatial domain is limited by 
points � � 0 and � � (); and the time domain spreads from ? � 0 to ? � (*. The 
discredited two-dimensional spatial-temporal domain is shown in Figure 4.1. The 

inclusion of additional spatial points at � q 0 and � p 1 is often necessary to 
implement the specified boundary conditions, which will be discussed later in this 

chapter.  
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The following notations are used: the transverse deflection of the beam at a grid point ��L, ��� will be denoted as ���L, ��� or, simply as �L,�.  
 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.1: Finite-difference grid 

 

The dynamic deformation behaviour of the pipe with flowing medium within the 

adopted assumptions and simplifications is given by equation (3.9), which can be 

written in a dimensionless form; and it is repeated below: 

�,)))) 7 �,** 7 "B2�,)* 7 #�,))E � ���, ��       ,                                                         
where the first term in this equation B�,))))E  represents the elastic response of the pipe, 
the second term B�,**E   is a contribution from the inertia force of pipe material and 
flowing medium; B2"�,)*E is the contribution from the Coriolis force on the pipe 
behaviour, B"#�,))E represents the contribution from the centrifugal force of the flow 
on pipe because the flow follows along the curved deflected pipe, and the right side of 

this equation, ���, ��, is the applied impulsive force.  
 

In the following the above dimensionless PDE will be discredited and solved using the 

central finite-difference scheme for various boundary conditions specified at the ends of 

the pipe, i.e. at points � � 0 and � � 1. 
 

0 

C�?� 

�3T:� -1 1 ()  () 7 2 � 

�L,�  

∆� 

∆� 

? 

1 
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4.2 Central-Difference Numerical Scheme 

 

To implement the central finite-difference scheme, we will first write down the discrete 

representation of the derivates comprising equations (3.9) or �,)))), �,**, �,)* and �,)).
 

Using Taylor series expansion, we obtain the following representation of the partial 

derivatives: 

�,*��, ?� ; ����, ?���  

          �  ���, ? 7 ∆��  ���, ?  ∆��2∆� 7 0�∆�/� 
          �  ���, ? 7 1�  ���, ?  1�2∆�                                                                          �4.1� 

and 

�,**��, ?� ; �/���, ?���/  

                    �  ���, ? 7 ∆��  2���, ?� 7 ���, ?  ∆��∆�/  

           �  ���, ? 7 1�  2���, ?� 7 ���, ?  1�∆�/                                                 �4.2� 
and 

�,))��, ?� ; �/���, ?���/  

                     �  ��� 7 ∆�, ?�  ���, ?�  ���, ?� 7 ���  ∆�, ?�∆�/  

                     
�  ��� 7 1, ?�  2���, ?� 7 ���  1, ?�∆�/   .                                                              �4.3� 
In a similar vein, the spatial derivative term is approximated as  



53 

 

�,)*��, ?� ; �/���, ?�����  

                      �  ��� 7 1, ? 7 1�  ��� 7 1, ?  1�4∆�∆�   
                  ���  1, ? 7 1�  ���  1, ?  1�4∆�∆�                                                             �4.4� 
and 

 
�,))))��, ?� ; �6���, ?���6  

                           �  ��� 7 2, ?�  4��� 7 1, ?� 7 6���, ?�∆�6   
                             4���  1, ?� 7 4���  2, ?�∆�6    .                                                        �4.5� 
Substituting the above equations into the governing equation (3.9) the final discrete 

representation of the partial deferential equation can be written in the following form 
 

          �L,��d  � "2 ]∆�∆�^ ��L�d,��d  �L�d,��d� 
 ] ∆�∆�/^/ ��L�/,�  4�L�d,� 7 6�L,�  4�L�d,�7�L�/,�� 

7�2�L,�  �L,��d� 7 "2 ]∆�∆�^ ��L�d,��d  �L�d,��d� 
                            7#" ]∆�∆�^/ ��L�d,�  2�L,� 7 �L�d,��

7 ∆�/���, ��  .                      �4.6�       
             

The central-difference scheme under consideration has a truncation error of 0�∆�6 7∆�/�. The sufficient condition for stability of this scheme is the condition that 
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∆� ∆�/ q 0.5⁄ , which indicates that the finite-difference method is stable if the error 

goes to zero as the truncation error goes to zero. Further, when the both governing 

parameter, " and #, equal to zero, we can derive the classical dimensionless form of the 
beam governing equation (3.11): 

�,)))) 7 �,** � ���, ��  .                 
The finite-difference representation of the last equation is  

�L,��d �  ] ∆�∆�/^/ ��L�/,�  4�L�d,� 7 6�L,�  4�L�d,�7�L�/,�� 
                                    7�2�L,�  �L,��d� 7 ∆�/���, ��                                              
           �4.7� 
which is a particular case of the derived equation (4.6). 

 

 

4.3 Initial and Boundary Conditions 

4.3.1 Initial Conditions 

 

In the following sub-section, consideration is given to three types of boundary 

conditions. These are fixed support, free end and simply supported boundary conditions. 

The initial conditions (deflection and the velocity of the pipe) for all cases are assumed 

to be zero: 

���, 0� � 0                                            �4.8� 
and �*��, 0� � 0  .                                �4.9�

 
 

In the finite-differences representation, the initial conditions are reduced to the 

following expressions: 

�L,d � 0 �4.10� 



55 

 

and 

�L,/ � 0  . �4.11� 
Next, consideration is given to the boundary conditions for all cases under 

consideration.
 

 

 

4.3.2 Boundary Conditions 

 

At the fixed end (which is assumed to be the left end), the deflection and slope have to 

be zero. It means that for any time � 
��0, �� � 0 �4.12� 
and

 �)�0, �� � 0  . �4.13�
 

In terms of finite-differences representation, these can be expressed as follows:  

�c,� � 0 �4.14� 
and 
��d,� � �d,� �4.15�

 

which is valid for any time step ?.  
 

The boundary conditions at the free end (without losing the generality, we will assume 

that these conditions apply to the left end of the pipe or at � � 0) are 
�))�0, �� � �)))�0, �� � 0                �4.16� 
which means that the bending moment and shear force have to be zero. These 

conditions can be expressed in terms of the finite differences as 
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�d,�  2�c,� 7 ��d,� � 0 �4.17� 
and

 

d/ �/,�  �d,� 7 ��d,�  d/ ��/,� � 0  . �4.18�
 

Finally, for simply supported boundary conditions, the deflection and bending moment 

have to be zero, or  

��0, �� � 0   �4.19� 
and

 �))�0, �� � 0 .�4.20� 
The corresponding finite-differences representations of these conditions are 

�c,� � 0 �4.21� 
and �d,�  2�c,� 7 ��d,� � 0  �4.22� 
 

One can see that many boundary conditions include virtual special points � �  1 and � �  2 for the left end of the pipe. The similar points have to be introduced for the 
right part of the part, or at � � () 7 1 and � � () 7 2 to model the appropriate 
boundary condition. They are shown as dashed line in Figure 4.1.  
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4.4 Computational Flow 

 

In this section, the matrix approach is introduced to obtain a computational numerical 

solution. Once the central finite-difference scheme has been established, the evolution 

equation (4.6) is set in a matrix form. The number of unknowns must match the number 

of equations and for this reason, the initial and boundary conditions are merged with the 

main numerical scheme of equation. The matrix forms of the equations are developed 

for the three earlier considered boundary conditions: fixed end, free end and simply 

supported end. The evolution equation together with the boundary conditions is 

combined into the global evolution matrix + and it is then programmed in MATLAB 

and solved numerically as follows:  

+ � � -   �4.23� 
�+��+� � � +�� - �4.24� 
and 
,� � +��- �4.25� 
where , is the identity matrix and - represents the applied loading ���, ��, which is a 
function of the position and time. The complete MATLAB code is listed in Appendix C.  

 

As mentioned above, for solution using the finite-difference scheme, the natural grid 

(the natural domain boundaries are within the bold lines in Figure 4.1) must include 

virtual grid points (on vertical dashed lines) to accommodate the appropriate boundary 

conditions. By examining the boundary condition, one needs to extend the natural grid 

of size () � (* by introducing the virtual nodes. These grid nodes correspond to indices � �  1 and � �  2 on the left-hand side of the spatial grid representation, and 
to � � () 7 1, (* 7 2 on the right-hand side. 
 

To generate the first �L,_ grid point, the central-difference scheme must be combined 
with known initial and boundary conditions. The computational flow proceeds as 

follows. First, the initial conditions require that these equations be evaluated, where the 
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range of the space index, �, extends from  1 or  2 to () 7 1 or () 7 2 (depending on 
the boundary conditions). Then, the time increment evolution begins. For each 

successive time step ?, starting ? � 3, the general formulation in equation (4.9) is 
applied to compute �L,��d. For this expression, the spatial component index varies 
between 1 and (). Thereafter, the boundary equations specified by the boundary 
conditions, equations (4.12) to (4.22), are applied. In order to complete the list of data 

needed to compute numerical results from either analytical formula or the finite-

differences scheme, we need to specify the grid parameters. In this study, the scaled 

values selected ∆� � 0.025 and ∆� � 0.00005. These results in stability factor of 0.08, 
much lower than the minimum required ∆�/∆�/ q 0.5. The time step ∆� � 0.00005 
was selected to insure convergence of the numerical results with 5% error in the time 

interval0 q � q 1. 
 

A shifted spatio-temporal delta impulse is modelled as a point load applied to a specific 

grid node within a short period, normally ∆� � 0.025. A comparison of the finite-size 
spatio-temporal load impulse with analytical results obtained for delta impulse, which 

will be presented later in this chapter, demonstrated that the results are similar. The total 

number of simulation time steps is arbitrary. However, as time progresses, numerical 

error accumulate, resulting in a slight time lag due to the well-known limitations in 

accuracy of the finite-differencing numerical schemes. The computational flow is 

shown in Figure 4.2. 
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Figure 4.2: Computational flow 

 

 

4.5 Validation Study 

 

Before conducting the study on the effect of flowing media parameters on the dynamic 

response of a pipe in Chapter 5, it is first necessary to validate the developed numerical 

and analytical approaches. This will be achieved through the comparison of the 

numerical results with the known analytical solutions described in Chapter 3, as well as 

by comparison of the numerical method results with the perturbation method, which is 
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possible at small values of " and #, where the perturbation approach can be applied to 
model the dynamic response of the pipe. Below, the consideration is given to the three 

particular cases that demonstrate the accuracy of the developed approaches. 

 

 

4.5.1 Numerical Approach versus Exact Analytical Solution 

 

In this sub-section, the results of the calculations are compared using the developed 

numerical approach with the exact analytical solution presented in Section 3.6. Recall 

that the dynamic behaviour of the pipe is controlled by two dimensionless parameters " 
and #. In the case of a finite value of parameter # and when " � 0, the governing 
equation (3.9) can be reduced to the classical beam equation; and the dynamic 

deflection of pipe (beam) can be obtained analytically. It can be written in the form of a 

series as described in Chapter 3, equation (3.13) and given below: 

 

���, �� � ~ �%��� a �%�!� a ��!, ��*
c

d
c

∞

%�d
sinB�%��  ��E�% .�.!                                     

where �% � �%/ , N number of modes in the series solution. In the previous equation, Yk 
are a set of normalised eigenfunctions corresponding to the solution of the 

homogeneous equation, i.e. �,)))) 7 �,** � 0. For a cantilever 
�%��� � $%�Bcosh��%��  cos��%��E  :%Bsinh��%��  �����%��E�         ,                 
:% � cosh��%� 7 cos��%�sinh��%� 7 sin��%�         ,       
with �d � 1.8752, �/ � 4.6942, �_ � 7.8849, �6 � 10.9956, �[ � 14.1373 and �% �N t 6� � �2N  1� � 2⁄ .  

 

The numerical calculations are conducted for a pipe with fixed left end �� � 0� and 
while the right end �� � 1� is free. The corresponding boundary conditions are given by 
equations (4.12) to (4.22). The results of the numerical and analytical calculations are 
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shown in Figure 4.3 for the displacement of the pipe’s free end (� � 1) for the total of 2 
and 10 first terms in the analytical series solutions (3.16). In this figure, the pipe 

displacement W was normalised by the magnitude of the applied load. The impulse 

loading of magnitude, ��, is applied at the half-way point along the pipe length (�& �0.5) for duration of ∆� � 0.025. The analytical solution based on first 10 term series 
expansion agrees very well with the results obtained from the numerical approach with 

the spatial and time steps: ∆� � 0.02 (or () � 40) and ∆� � 0.00005, respectively. In 
this case, the both graphs are virtually not distinguishable, which indicates a very good 

accuracy of the numerical approach as well as applicability of the finite-size spatio-

temporal distribution adopted in the numerical approach to model impulse loading.    

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.3: Comparison of the exact analytical (3.16) and numerical solutions for      

ε = β = 0 

 

As time increases, the error in the numerical solution starts to build up due to the 

numerical approximations and the finite spatial and temporal grid sizes. Reducing the 

grid sizes will further improve the numerical results; however, this will be at the cost of 

increased computational requirements.  
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4.5.2 Numerical Solution versus Asymptotic Analytical 

Approach 

 

For small values of the controlling parameters, the developed perturbation approach via 

equations (3.18) to (3.20) is implemented. Figure 4.4 displays the first-order 

perturbation correction (only one term was retained from the analytical asymptotic 

solution) for the case of " � 0.2 and # � 0.1, along with the numerical results. 
Calculations were performed for a cantilever pipe the left end of which was fixed and 

the right end is free. The results shown in Figure 4.4 are for the pipe free-end 

displacements in the case of an impulse load applied as described previously at the pipe 

mid-point. The numerical and analytical results again match well with any differences 

being due to only using the first-order perturbation correction and, as before, the finite 

approximations of the numerical approach. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.4: Comparison of the analytical and numerical solutions for ε =0.2 and 

β = 0.1, analytical solution for ε = β = 0 is given for comparison only 
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The following results describe the transient response of a simply supported pipe. The 

impulse load of magnitude, ��, is applied, in this case, again at the half-way point along 
the beam length (�& � 0.5). Figure 4.5 displays the first-order perturbation correction 
calculations for the case of " � 0.2 and # � 0.1, along with the numerical results, for 
the displacements in the centre of the pipe. In this figure, the pipe displacement W has 

been normalised by the magnitude of the applied load, ��, and the following 
computational parameters: ∆� � 0.02 (or 40 subdivisions) and ∆� � 0.00005 is used.  
 

As can be seen from Figure 4.5, the numerical and analytical results match very well. 

Although both graphs are almost not distinguishable, as time increases, the error in the 

numerical and analytical solutions starts to build up due to the numerical 

approximations, and the asymptotic nature of the perturbation approach.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.5: Comparison of the analytical and numerical solutions for ε =0.2 and β 

= 0.1 (the numerical and perturbation graphs are not distinguishable in this case) 
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4.6 Summary 

 

In this chapter, the central finite-difference scheme was developed for the analysis of 

the governing equation describing the dynamic behaviour of pipes with flowing 

medium. The variables in this approach, such as the time step and number of spatial grid 

points, were selected from computational results testing the convergence and stability of 

the numerical scheme. Further, a validation study was completed that demonstrated a 

high accuracy and good convergence of the numerical approach. The numerical 

approach was also used to validate the previously developed perturbation approach (see 

Chapter 3). This demonstrated that both approaches are in agreement and can be 

confidently applied. Due to technical difficulties with the development of analytical 

solutions using perturbation approach as well as its limitations (the assumption that the 

flow has a relatively small influence on the pipe response), the numerical approach 

developed in this chapter will be a major tool for the investigation of the effect of 

parameters of the flowing medium on the transient response of the pipe to be presented 

in Chapter 5.  
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CHAPTER 5 

 

 

EFFECT OF THE INTERNAL FLOW 

ON DYNAMIC RESPONSE 
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5.1 Introduction 

 

This chapter presents a systematic study of the effect of the flowing medium on 

dynamic response of circular pipes subjected to impulse loading. The numerical 

approach developed in the previous chapter is used to investigate the influence of the 

boundary conditions, flow speed and its density on the dynamic behaviour of pipes. It 

was demonstrated in Chapter 3 that within the adopted assumptions and simplifications, 

the dynamic response of a pipe transporting gas or liquid is governed by two 

dimensionless parameters       

 

" � h��
v��B�� 7 �E                                                                                                                �3.8W� 

and 

# � h�u�� 7 ���                                                                                                                    �3.8:� 
where � and �� are the   fluid and pipe densities per unit length; � represents Young’s 
modulus of the pipe’s material, � is the second moment of inertia of the cross-sectional 
area of the pipe, � is the characteristic length of the pipe and h is the speed of the 
flowing gas or liquid or their mixture. 

 

Therefore, the effect of the flowing medium on the dynamic response of pipes will be 

expressed through these two parameters. An increase of the flow speed or its density 

will lead to the increase of " and #. While parameters " and # are proportional to the 
flow speed, the change of the flow density (linear density) is proportional to the product 

of " and #. 
 

First, general features of the dynamic response of pipes will be investigated and 

characterised. After that, a sensitivity study will be carried out to quantify the effect of 

the above dimensionless parameters on the dynamic response of the pipe subjected to 

impulse loading. Then, an important dynamic effect, a possible unstable behaviour of 
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the pipe, so-called pipe whip, will be investigated numerically and analytically. The 

effect of the boundary (support) conditions will be studied leading to a simple 

engineering criterion that can be used to avoid the unstable behaviour of a pipe during 

accidents such as, for example, full bore rupture of a high-pressure pipeline. Further 

examples will demonstrate that the developed criterion is relevant to the typical high-

pressure aboveground pipelines, which are now allowed to be built in remote areas.  

 

 

5.2 General Features of Dynamic Response 

 

The numerical simulations with various controlling parameters " and # reveal two 
principally different types of behaviour of a pipe subjected to impulse loading: stable 

decay behaviour (a typical response is shown in Figure 5.1) and unstable behaviour (a 

typical response is shown in Figure 5.2). As in the previous chapter, the impulse load of 

magnitude �� was applied at the mid-point of the pipe. The figures plotted below 
represent the normalised deflection of the tip mid-point of pipes as a function of the 

non-dimensional time.  
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Figure 5.1: Example of stable response of a cantilever pipe with flowing medium 

(at �=0.5 and �=10) 

 

The numerical results were obtained with a spatial grid size of ∆� � 0.02 and time 
step, ∆� � 0.00005, this provides the stability factor of 0.125, which is well below the 
critical factor, 0.5. From the validation study in the previous sections, it was 

demonstrated that these parameters ensure stability of the numerical finite-difference 

scheme as well as good accuracy.  

 

The stable type behaviour (see Figure 5.1) is associated with a transient response of the 

pipe having a magnitude that decays with time. The effect of the flowing medium in this 

case is that it provides a damping on the transient pipe response.  

 

  

1 

 

0

0.4

-0.2

2 3 4 � 0 

��1, ����  

Non-dimensional time 

N
o

rm
a

li
se

d
 t

ip
 d

e
fl

e
ct

io
n

 



69 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.2: Example of unstable response of a cantilever pipe with flowing medium 

(at ε =0.5 and β = 60) 

 

The opposite takes place for the unstable type of dynamic behaviour. In this case, the 

presence of the internal flow serves as a source of an additional energy, powering the 

development of growing unbounded deflections, i.e. dynamic instability (see Figure 

5.2). It was found numerically that the unstable behaviour is a property of the system 

(pipe-flowing medium) and is independent of the location and amplitude of the applied 

impulse loading regardless of the location of the applied force. It means that regardless 

of the magnitude and location of the applied dynamic loading, the pipe will experience 

growing and unlimited deflections. Of course, in practical situations, the amplitude of 

the pipe deflections will be limited due to non-conservative energy consumption 

mechanisms, such as friction or thermal dissipation. 

 

Later in this chapter, the critical conditions of the dynamic instability will be 

investigated in detail using numerical and analytical approaches. Further, the effect of 

variation of the dimensionless controlling parameters on the dynamic response will be 

systematically studied. 
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5.3 Effect of Dimensionless Parameters and Boundary 

Conditions on Dynamic Response 

 

Figures 5.3 and 5.4 show the transient beam deflection of the tip of the cantilever pipe 

(fixed-free support condition) subjected to impulse loading for various combinations of 

dimensionless parameters " � and #. 
 

 

 

 

 

 

 

 

 

 

Figure 5.3: Transient response of a cantilever pipe for various values of � while 

parameter � is kept constant (� � ��� 
 

Figure 5.3 depicts a transient response of a cantilever pipe for various values of " while 
parameter # is kept constant. From this figure, one can see that the magnitudes of the 
normalised deflections are decreased with increase of ". Thus, this parameter can be 
associated with damping properties of the system and the increase of this parameter 

leads to a faster dissipation of the energy supplied by the impact loading.  
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Figure 5.4 shows a transient response of a cantilever pipe for various values of # while 
dimensionless parameter " (both parameters are defined in the beginning of this chapter 
as well as in Chapter 3) is kept constant. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.4: Transient response of a cantilever pipe for various values of � while 

dimensionless parameter � is kept constant (� � �. 	� 
 

In the above figure, the parameter # was set at 0, 10, 20 and 30 with " � 0.5. In contrast 
to the previous numerical test, the magnitudes of the normalised deflections are 

increased with time with the increase of the magnitude of #. Thus, higher values of 
parameter # lead to decreasing the damping properties and, likely to lead to the 
initiation of the dynamic instability of the system.  

 

To confirm these general tendencies, a number of simulations will be presented for 

different boundary conditions, which encastre pipe, propped cantilever pipe and simply 

supported pipe. 
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5.3.1 Encastre Pipe 

 

Figure 5.5 shows a transient response of an encastre pipe (fixed-fixed support 

condition), for various values of " while parameter # is kept constant. 
 

 

 

 

 

 

 

 

 

 

 

Figure 5.5: Transient response of an encastre pipe for various values of � while 

parameter � is kept constant (� � ��� 
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Figure 5.6: Transient response of an encastre pipe for various values of � while 

dimensionless parameter � is kept constant (� � �. 	� 
 

From Figures 5.5 and 5.6, one can see that the effect of flow damping when changing 

dimensionless controlling parameters is significantly weaker in comparison with the 

previous case (cantilever pipe). This is obviously connected with the boundary 

conditions, which in the current case provide more resistance against any unstable 

behaviour, similar to the classical theory of instability of long flexural beams. However, 

the general tendencies essentially stay the same: an increase of parameter " leads to a 
faster dissipation of the energy supplied by the impact loading and an increase of 

parameter # leads to a reduction of the dissipation due to the internal flow.  
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5.3.2 Propped Cantilever Pipe 

 

Figure 5.7 shows a transient response of a propped cantilever pipe (fixed at the left end 

and simply supported at the right condition) for various values of " while parameter # is 
kept constant. All simulations are limited by dimensionless time � � 1, after this time, 
the dynamic behaviour is essentially the same; however, the magnitude of the 

deflections steadily decays. One can see two major modes of the dynamic response: one 

is associated with global mode of vibration of the pipe and the second mode is related to 

the transient response of the pipe to impact loading.  

 

 

 

 

 

 

 

 

 

 

 

Figure 5.7: Transient response of a propped cantilever pipe for various values of � 
while parameter � is kept constant (� � ��� 

 

Figure 5.8 shows a transient response of a propped cantilever pipe for various values of # while dimensionless parameter " (both parameters are defined in the beginning of this 
chapter and in Chapter 3) is kept constant. 
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Figure 5.8: Transient response of a propped cantilever pipe for various values of � 

while dimensionless parameter � is kept constant (� � �. 	� 
 

 

5.3.3 Simply Supported Pipe 

 

Figure 5.9 shows a transient response of a simply supported pipe for various values of " 
while parameter # is kept constant and Figure 5.10 shows a transient response of the 
same type of boundary conditions for various values of # while dimensionless 
parameter " is kept constant. 
 

Figure 5.9 also shows the transition from stable behaviour at " � 0 and 0.5 to unstable 
behaviour, which takes place at " � 1. This is characterised by an unlimited deflection 
of the pipe. 
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Figure 5.9: Transient response of a simply supported pipe for various values of � 
while parameter  � is kept constant (� � ��� 
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Figure 5.10: Transient response of a simply supported pipe for various values of � 

while dimensionless parameter  � is kept constant (� � �. 	� 
 

 

5.4 Initiation of Instability (Pipe Whip) 

 

The stability of pipes conveying a fluid was first recognised by Marcel Brillion in 1885, 

[85,90], but it did not attract much attention from the research community until the 

1950s, when RH Long, Jr began his pioneering investigations [91]. However, his 

approach pertained to the pipes with relatively small velocities of the internal flow, 

considerably below the threshold of instability. In fact, it seems he was unaware of an 

instability threshold. Instead, he perceived and confirmed by experimentation that, in 

contrast to simply supported pipes, forced motions of cantilevers are damped by internal 

flow at relatively low flow velocities.   

 

In 1963, Gregory and Paidoussis [91–93] became the first researchers to confirm both 

theoretically and experimentally that at sufficiently high flow velocities, cantilevered 

pipes are subject to oscillatory instability (flutter) behaviour. They also pointed out that 
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at zero flow velocity, the cantilever pipe system under consideration was lightly damped 

with the pipe oscillated in its first dynamic mode. At a somewhat higher flow velocity, 

the system became critically damped. At higher flow velocities, the system became less 

heavily damped and the pipe oscillated in its second mode. With a further increase in 

flow velocity, the pipe eventually became unstable spontaneously. Gregory and 

Paidoussis [91–93] reported further that decreasing the flow velocity to the point where 

instability first occurred did not avoid the oscillation in progress. These facts, along 

with the reported results that show the onset of instability depended upon the amplitude 

of the applied excitation displacement, vividly demonstrate the non-linear behaviour of 

the cantilever system.  

 

The conditions discussed above of the initiation of the dynamic instability for a 

cantilever are also very important in the aerospace industry, when designing nozzles of 

rocket engines. The nozzle of a rocket engine can be viewed as a cantilever with 

variable flexibility along the length, and the high speed of the gas, which is a product of 

burning reaction in the chamber of the rocket engine, passing through the nozzle can 

cause the similar dynamic instability of the rocket engine [15,84]. 

 

A new impulse for more thorough investigations of possible unstable behaviour of pipes 

was caused by the recent release of AS 2885.1-2007. Before this release, the Australian 

pipeline standards mandated burial for all cross-country pipelines carrying gas. It was 

realised that in the case of a full bore failure of an aboveground pipeline, the unstable 

behaviour of the pipe can represent a potential threat to structures and people in the 

vicinity of the pipeline. Therefore, when designing aboveground pipelines, the possible 

instability mechanisms must be avoided at the design stage or, alternatively, special 

measures have to be undertaken to avoid or minimise the consequences of pipe failures. 

Such an engineering criterion will be formulated later in this chapter.  

 

First, it will be demonstrated that the unstable behaviour of pipes transporting gas or 

liquid is possible for other boundary conditions then those considered earlier in previous 

studies (i.e. for cantilever pipe).  
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Figures 5.11 and 5.12 demonstrate the development of dynamic instability for a propped 

cantilever pipe and simply supported pipe, respectively. Therefore, the unstable 

behaviour is also possible in the case of other boundary conditions.  

 

 

 

 

 

 

 

 

 

 

 

Figure 5.11: Unstable behaviour (initiation of dynamic instability) of a propped 

cantilever pipe at � � � and � � 	 
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Figure 5.12: Unstable behaviour of a simply supported pipe characterised by 

dimensionless parameters � � � and � � �� 

 

In the next section, an analytical approach to the instability of pipes transporting gas or 

liquid will be presented and validated through numerical simulations. This analytical 

approach will result in the formulation of an engineering criterion to avoid the possible 

unstable behaviour of high-pressure pipelines. 

 

 

5.5 Analytical Modelling Approach to Instability in 

Pipes  

 

In this section, consideration is given to conditions corresponding to the initiation of the 

dynamic instability of the pipe. For the convenience of the reader, the homogeneous 

governing equation of a pipe with the flowing medium is presented again below: 
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�,)))) 7 �,** 7 "B2�,)* 7 #�,))E � 0. (3.9) 

 

Further, assuming the solution in the form  

���, �� � l�����¡�K¢�* , (5.1) 

then the governing equation (5.1) can be rewritten as  

l,)))) 7 �X 7 ���/l 7 "B2�X 7 ���l,) 7 #l,))E � 0 . (5.2) 

Mathematically, the dynamic instability takes place when the real part of exponent 

index X 7 �� of the assumed solution (5.1) takes positive values. In this case, 
theoretically, the amplitude of oscillations can grow unbound with time. However, in 

practice, the amplitude of oscillations is limited and controlled by the damping 

properties of the pipeline structure, which always exist in real conditions. Neglecting 

the damping, the problem is reduced to determination of the domain of parameters " and # variation, at which X > 0. Thus, at fixed " and # = 0, we need to determine minimum # that satisfies equation (5.2) with an additional condition 1 X # p 0⁄  that corresponds 

to the transition from stable conditions to dynamic instability characterised by the 

growing amplitude of oscillations with time.  

 

Following [83, 94, 95] we represent the solution in the interval 0 s � s 1 in the 
following form 

l��� � ~ £L�L  .∞

L�c                                                                                                                   �5.3� 
From the boundary conditions at the left end (fixed end) follows that £c � £d � 0. The 
remaining boundary conditions (free end) take the form 

~ £L���  1� � 0                                                                                                               �5.4a�∞

L�c  

and 
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~ £L���  1���  2� � 0∞

L�c     .                                                                                           �5.4b� 
Now, we transform the complex form of equation (5.2) to the real-valued one. 

Representing solution l as 
l � ld 7 �l/ (5.5) 

and complex coefficients 

£L � $L 7 �¤L , (5.6) 

such that 

ld � ~ $L�L                                                                                                                        �5.7T�∞

L�c  

and 

l/ � ~ ¤L�L∞

L�c  ,                                                                                                                     �5.7W� 
where $L and ¤L are real constants, which can be obtained by substituting equations 
(5.5) to (5.7b) into equation (5.2) producing the following recurrent equations for the 

coefficients $L and ¤L:   
$L � 1���  1���  2���  3� ¥ "#$L�/��  2���  3�e 

 2"X$L�_��  3� 7 ��/  X/�$L�6 
e                                                         72"�¤L�_��  3� 7 2X�¤L�6¦                               �5.8T� 
and 

¤L � 1���  1���  2���  3� ¥ "#¤L�/��  2���  3�e 
 2"X¤L�_��  3� 7 ��/  X/�¤L�6 

e                                                           2"�$L�_��  3�  2X�$L�6¦   .                          �5.8W� 
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With these equations, the boundary conditions (5.4a) and (5.4b) can be rewritten as 

T£/ 7 W£_ � 0                                                                                                                        �5.9T�     
 

and  

 :£/ 7 .£_ � 0                                                                                                                        �5.9W� 
where a, b, c, d are complex constants.  

 

Specifying, for example, £d � 1 ($d � 1 and ¤/ � 0), and £_ � 0 ($_ � ¤_ � 0), from 
equations (5.4a) and (5.4b) we have 

 

T � ~ $L���  1� 7 �¤L���  1�∞

L�c                                                                               �5.10T� 
and 

: � ~ $L���  1���  2� 7 �¤L���  1���  2� .                                                �5.10W�∞

L�c  

 

Similar to the previous case, if we specify £/ � 0 and £_ � 1, i.e. we set $/ � ¤/ �¤_ � 0, $_ � 1, then we obtain 
W � ~ $L���  1� 7 �¤L���  1�∞

L�c                                                                               �5.11T� 
and 

. � ~ $L���  1���  2� 7 �¤L���  1���  2�  .                                               �5.11W�∞

L�c  

where $L and ¤L are given by recurrent equations (5.8a) and (5.8b). 
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The condition of existence of a nontrivial solution for the homogeneous system of linear 

algebraic equations (34) is that the determinant formed from the coefficients must be 

equal to zero or  

det ¨T W: .© � 0                                                                                                                 �5.12� 
from which the critical parameters of the initiation of the dynamic instability can be 

obtained by means of a simple numerical procedure for determining the roots of a non-

linear algebraic equation. 

 

The analytical approach assumes the cantilever-type boundary conditions. However, it 

can be easily generalised for other boundary conditions. Below, a particular problem 

relevant to pipeline industry will be considered. Namely, what would be conditions to 

avoid the dynamic instability in the case of full bore rupture of an aboveground high-

pressure pipeline? As it is always difficult to model boundary conditions accurately for 

real problems, two limiting cases will be considered: pinned and clamped supports at 

the left end of the pipe, as shown in Figure 5.13.   

 

 

 

 

 

 

Figure 5.13: Dynamic instability 

 

As explained previously, the strategy is to determine minimum # (at fixed " and # = 0), 
which satisfies equation (5.2). An additional condition is 1 X # p 0⁄ , which corresponds 
to the transition from stable conditions to dynamic instability characterised by the 

growing amplitude of oscillations with time. Results of the analytical calculations for 

two different support conditions are shown in Figures 5.14 and 5.15, where the region 

of the unstable behaviour is located above the solid line. 
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Figure 5.14: Critical parameters corresponding to the initiation of the dynamic 

instability when one end of the pipe is pinned and another one is free 

 

 

 

Figure 5.15: Critical parameters corresponding to the initiation of the dynamic 

instability when one end of the pipe is clamped, and another one is free 
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These results show that for gas pipelines (when parameter " #⁄ � � B� 7 ��E⁄  is 

small) the criterion to avoid the initiation of the pipe whip, regardless of the support 

conditions, can be written as 

 

\"# � h�u��� q 4                                                                                                        �5.13� 
 

The results of analytical calculations are also supported by numerical calculations using 

the approach developed in the previous chapter (see Figure 5.16). From this figure, one 

can see some differences between the analytical and numerical solutions, which are 

likely caused by the error in the numerical calculation and a criterion of instability 

implemented the numerical solution. The area below the curves corresponds to the case 

when flowing medium generates the damping effect and in the area above the 

theoretical curves, it powers the development of unstable and unbound deflections.   

 

 

Figure 5.16: Critical conditions for initiation of dynamic instability for cantilever 
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5.6 Discussion and Conclusion 

 

A numerical method to analyse the effect of flowing medium on the elastic transient 

response of a pipe transporting gas or liquid and subjected to dynamic loading was 

systematically employed in this chapter. It was previously demonstrated above that the 

dynamic response is governed by two non-dimensional parameters, namely " and #, 
incorporating mechanical properties of the pipe and characteristics of the flowing 

medium. It was found that the first parameter �"� increases the damping properties of 
the system and the increase of its value leads to the faster dissipation of the energy 

supplied by the external loading (impact). The other non-dimensional parameter �#� 
acts in the opposite way. An increase of its value reduces the damping properties of the 

system and can lead, eventually, to the initiation of dynamic instability. 

 

As an example of the usefulness of the obtained results, the initiation of dynamic 

instability investigated in this work has to be considered a major risk factor for high-

pressure aboveground pipelines as a full bore failure can provoke the development of 

such behaviour. In this case, significant damage can be expected due to chaotic 

movements of the pipe. The derived conditions of the initiation of instability can be 

considered a conservative estimate, as the present mathematical model does not take 

into account other important factors, for example, friction or gravity, which can 

contribute significantly into the damping properties and energy absorption mechanisms.  

 

To assess the relevance of the derived conditions of the initiation of instability to 

practical problems, consider, for example, a full bore failure in a hypothetical 

aboveground gas flowline of a diameter ªK � 160 ?? and wall thickness � � 4  ??, 
subjected to operating pressure Hc � 10 =HT. Let the gas density at operating 
conditions be Sc � 100 Ni ?_⁄  and the specific heat ratio of the gas, � � 1.3, which 
represent typical values for raw natural gas. The velocity of the gas flow through the 

orifice can be roughly estimated using the simplified gas dynamics model presented 

[89] and this is found to be around 350 m/s. The gas flow density behind the 

decompression wave is approximately 60 kg/m3. Further, we can find the ratio 

# " � «¬�«« � 15 ® . The line # � 15" intersect the critical curve (see Figure 5.16) at 
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" � 1.25. From equation (5.13), the critical length of the pipe is found to be around 15 
meters.  

 

This example explicitly demonstrates that the pipe whip phenomena or dynamic 

instability is relevant to the typical operating conditions normally occurring in high-

pressure aboveground pipelines of relatively small diameter; and to avoid this 

potentially dangerous dynamic effect, the pipe has to be restrained against lateral 

movements, in the case considered above, every 15 meters. The anchor spacing can be 

increased by selecting pipes with large moment of inertia (lager diameter and wall 

thickness) and by reduction of the operating pressure or gas density.  

 

The equations derived here may also be useful in reducing potential damage from other 

equipment working under high-pressure conditions. The criterion (equation 5.13) can be 

applied, for example, when designing pipe attachments, exhausts or dispensers of 

relatively small diameter or flexible connections.  

 

It is important to mention that the derived model represents a simplest extension of the 

Bernoulli-Euler beam theory, and, of course, cannot capture all mechanisms and effects 

associated with pipe-flow interactions and more sophisticated models might be required 

for more accurate assessments. The latter will be a subject of further investigations.  
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CHAPTER 6 

 

 

EXPERIMENTAL STUDY 
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6.1 Introduction 

 

An experimental study was conducted to gain a further understanding of how the 

characteristic of the internal flow affects the transient response of circular pipes. The 

scope of the experimental study was limited to the case of a long flexible pipe with 

fixed-fixed support conditions or encastre pipe, as schematically shown in Figure 6.1.  

This configuration was selected because of the simplicity of the rig design and an ability 

to modify relatively easy the speed of the flow. The speed of the flow leads to the 

change of the dimensionless controlling parameters " and # introduced in Chapter 3. All 
other parameters of the test rig including the pipe cross-section and span were kept 

constant. The dynamic response of the pipe to impulse loading was measured using a 

displacement sensor for a range of flow speeds. This will be discussed in detail in the 

following sections. This chapter first outlines the setup and experimental approach and 

then discusses the results derived from the experimental measurements.  

 
 
 
 
 
 
 

 
 
 
 
 
 

Figure 6.1: The schematic diagram of impact experiments  
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6.2 Experimental Setup 

6.2.1 Flow Tank 

 

Two flow tanks with the closed loop system have been designed and fabricated. The 

experimental rig consists of a supply tank that delivers fluid, which is tap water, to an 

open receiver tank through a 2 m long pipe section. The pipe section forms the working 

area to be used in the experimental study. This pipe section was fixed from both ends.  

 

The supply tank is made from 10 mm thick PVC plates and the receiver tank is made 

from 10 mm clear acrylic plates to allow visualisation of the flow. Figure 6.2 shows a 

photo of the experimental setup and Figure 6.3 is the schematic diagram of the flow 

facility. 

 

 

Figure 6.2: The experimental setup 



 

Figure 6.3: The schematic diagram of the flow facility

 

Flow circulation is achieved via a 2 hp 240 V Onga pump as shown in Figure 6.4. The 

pump delivers fluid through the supply tank to the pipe working section. The fluid 

(water) then flows into the receiver tank, out through a flow meter and back into the 

supply tank (see Figure 6.3). The pump is operated by a variable frequency controller 

that provides pump speeds from 0 to 25 Hertz.

 

The supply tank was designed to provide a low turbulence flow with uniform velocity 

distribution across the cross
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Figure 6.3: The schematic diagram of the flow facility

Flow circulation is achieved via a 2 hp 240 V Onga pump as shown in Figure 6.4. The 

pump delivers fluid through the supply tank to the pipe working section. The fluid 

(water) then flows into the receiver tank, out through a flow meter and back into the 

ply tank (see Figure 6.3). The pump is operated by a variable frequency controller 

that provides pump speeds from 0 to 25 Hertz. 

  

Figure 6.4: A 2 hp 240 V Onga pump 

The supply tank was designed to provide a low turbulence flow with uniform velocity 

ribution across the cross-sectional area of the pipe. This was achieved using a 

 

Figure 6.3: The schematic diagram of the flow facility 

Flow circulation is achieved via a 2 hp 240 V Onga pump as shown in Figure 6.4. The 

pump delivers fluid through the supply tank to the pipe working section. The fluid 

(water) then flows into the receiver tank, out through a flow meter and back into the 

ply tank (see Figure 6.3). The pump is operated by a variable frequency controller 

The supply tank was designed to provide a low turbulence flow with uniform velocity 

sectional area of the pipe. This was achieved using a 



 

carefully designed flow distributor at the inlet, followed by perforated plates and flow 

screens, discharging into a large settling chamber. 

 

Figure 6.5: The supply tank with the top removed, showing

 

The flow entered the pipe through a contoured inlet, designed according to guidelines

provided [96–101]. A 10

30 bolts. A rubber seal is used to prevent pressure leakage. Figure 6.5 is a photo of the 

supply tank with the top removed, showing the flow conditioning features. 

 

A 20 mm inside-diameter pol

Young modulus E = 3.4 GPa, and the density, 

was 2 m with the ends clamped to simulate the fixed

it should be noted that rubb

movement. In general, it is very difficult to achieve the ideali

practice. This represents a major source of discrepancies between analytical or 

numerical studies and e

and supply tank. Figures 6.6 (a), (b) and (c) show the connection of the PVC pipe. The 

material of the pipe (PVC) was selected to ensure sufficient flexibility of the pipe

was demonstrated in Chapters 3 and 4 

the pipe has high bending stiffness
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carefully designed flow distributor at the inlet, followed by perforated plates and flow 

screens, discharging into a large settling chamber.  

 

Figure 6.5: The supply tank with the top removed, showing the flow conditioning 

features 

The flow entered the pipe through a contoured inlet, designed according to guidelines

]. A 10 mm thick PVC plate is affixed to the top of the supply tank by 

30 bolts. A rubber seal is used to prevent pressure leakage. Figure 6.5 is a photo of the 

supply tank with the top removed, showing the flow conditioning features. 

diameter polyvinyl chloride (PVC) pipe was used (with relatively low 

= 3.4 GPa, and the density, ρ = 1.38x106g/m3). The pipe length,

m with the ends clamped to simulate the fixed-fixed support conditions. Although 

it should be noted that rubber-O-rings at the pipe connection to the tanks did allow some 

movement. In general, it is very difficult to achieve the idealised boundary conditions in 

his represents a major source of discrepancies between analytical or 

numerical studies and experiment. The test pipe is connected between the receiver tank 

and supply tank. Figures 6.6 (a), (b) and (c) show the connection of the PVC pipe. The 

pipe (PVC) was selected to ensure sufficient flexibility of the pipe

ted in Chapters 3 and 4 that the effect of the internal flow is negligible if 

the pipe has high bending stiffness. 
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Inlet Contour 

Flow Distributor 

carefully designed flow distributor at the inlet, followed by perforated plates and flow 

 

the flow conditioning 

The flow entered the pipe through a contoured inlet, designed according to guidelines 

mm thick PVC plate is affixed to the top of the supply tank by 

30 bolts. A rubber seal is used to prevent pressure leakage. Figure 6.5 is a photo of the 

supply tank with the top removed, showing the flow conditioning features.  

yvinyl chloride (PVC) pipe was used (with relatively low  

= 1.38x106g/m3). The pipe length, L, 

fixed support conditions. Although 

rings at the pipe connection to the tanks did allow some 

boundary conditions in 

his represents a major source of discrepancies between analytical or 

xperiment. The test pipe is connected between the receiver tank 

and supply tank. Figures 6.6 (a), (b) and (c) show the connection of the PVC pipe. The 

pipe (PVC) was selected to ensure sufficient flexibility of the pipe, as it 

the effect of the internal flow is negligible if 
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Figures 6.6 (a), (b) and (c): Fixed-fixed PVC pipe section 

 

The flow velocity of the fluid was measured using a Solarton-Morbrey Crawley 1/d"
 

series no KS012342-2 variable-area flow meter (as shown in Figures 6.7 (a) and (b)). 

This provided a value for the volumetric flow rate, which was converted to flow 

velocity. The flow meter is driven by a variable frequency controller starting from 0 to 

25 Hertz. 
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Figures 6.7 (a) and (b): A Solarton-Morbrey Crawley �
�"
 series no KS012342-2 

variable-area flow meter to measure the flow rate. 

 

 

6.2.2 Data Acquisition 

 

To enable the investigation of the flowing medium the pipe response, it was necessary 

to measure the displacement of the pipe after it had been loaded by an impact force. 

This section discusses the transducers and data logging equipment used for the 

experiments. 

 

A laser sensor, Wenglor YP05MGV80, was used to measure the deflection at the mid-

point of the pipe. The reflex sensor has a working range of 43–53 mm (10 mm 

measuring range) and a resolution of less than 20�?. The output of the sensor was a 0-
10 V signal, which is proportional to the measured lateral deflection of the pipe. The 

sensor was placed on the pipe. This was chosen to be the mid-point where the maximum 

deflections are expected. The use of this sensor is justified by a very easy procedure for 

the alignment and measurements. The deflection-measuring laser setup is shown in 

Figures 6.8 (a), (b) and (c). 
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Figures 6.8 (a), (b) and (c): Sensor laser to measure deflection 

 

The pipe was loaded by hitting it with a specially designed impact device. The device 

consists of a load cell attached to an aluminium handle. The load cell used was a WMC 

Miniature Sealed Stainless Steel load cell with a measuring capacity of ±50lbf. The load 

cell utilised strain gauges in a full bridge, which provides for temperature compensation 

and maximum sensitivity. Figures 6.9 (a) and (b) shows how the load cell is screwed 

onto the aluminium handle. When the handle is to be used to impact the pipe, the cover 

is taken off.  

 

 

Figures 6.9 (a) and (b): Load cell is screwed onto the aluminium handle 
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Figure 6.10 shows the load cell that is fitted to the handle used to impact the pipe. The 

pipe was impacted at the mid-point along its length. 

 

 

 

Figure 6.10: Load cell that is fitted to the handle and used to impact the pipe 

 

The load and deflection data was recorded using a Measurement Computing USB-

1208FS acquisition board. The data acquisition system, USB-1208FS, shown in Figure 

6.11 was a low cost, USB-based module with four channels of 12-bit differential input. 

The load cell was connected to a bridge amplifier before passing to the data acquisition 

card. The laser sensor connected directly to the data acquisition card. All data was 

recorded at a sampling frequency of 500 Hz for later processing. 
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Figure 6.11: Data acquisition system—USB-1208FS 

 

 

6.3 Experimental Procedure 

6.3.1 Filling/Emptying the Tank System 

 

Before conducting the program of experiments, the tanks have to be filled in according 

to a special procedure, which was developed to meet the necessary electrical safety 

precautions. To fill the tank, the drain line valves A, B and C are first closed as shown 

in Figure 6.12. The supply tank vent V1 is opened to bleed out air from the receiver 

tank. The main water supply tap then is opened so that the supply and receiver tanks are 

filled with water. When both tanks are sufficiently full, the main water supply tap is 

turned off.  
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Figure 6.12: Filling two-tank facility 

 

When water in the supply tank has displaced the air, vent V1 is closed. Vent V2 is then 

opened to bleed out air from the pump. The filling time of the tanks takes approximately 

20–30 minutes. The facility should be monitored during filling to ensure no water leaks 

and overflows. The filling procedure is shown in Figure 6.13. 

  

Valve A 

Valve B Valve C 

Vent V1 
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Figure 6.13: Process of filling two-tank facility 

 

To empty the system, the main water supply is closed. The drain line valves A, B and C 

are opened. Vent V1 is opened and air is bled from drain pump P2 via bleed valve V3. 

Then valve D is opened (see Figure 6.14) and the drain pump P2 is turned on (see 

Figure 6.15). When the supply and receiver tanks are empty, pump P2 is switched off 

and valve D is closed. It takes about 10 minutes for the tanks to be emptied of water. 

The process of emptying two-tank facilities is shown in Figure 6.16. 

 

 
Figure 6.14: Valve D  

Valve D 
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Figure 6.15: Pump P2 via Vent V3 

 

 
 

Figure 6.16: Process of emptying two-tank facility 

 

 

6.3.2 Operating the System Pump (P1) 

 

The pump controller can be seen in Figure 6.17. Before operating the pump, air is bled 

from the pump casing via vent V2 as shown in Figure 6.18. In operation, a pump is not 

allowed to be void of water. It is important to ensure the system pump P1 is turned off 

in the event of water overflowing the tanks. Pump P1 is turned off and valves A, B and 

C are opened. Water supply to the facility should be turned off.  

Vent V3 
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Figure 6.17: Pump controller 

 

 

Figure 6.18: Position of Vent V2 

 

 

6.3.3 Experiments 

 

The impact test was conducted when water has filled the supplier tank and water was 

flowing in the pipe. The pump was operated at various frequencies so that various flow 

rates are obtained. A photo of the test setup during experiments is shown in Figure 6.19. 
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Figure 6.19: The test setup during use 

 

The dynamic response of the pipe was then measured using a displacement sensor for a 

range of flow conditions as shown in Table 6.1. 

 

Table 6.1: Different range of flow conditions 

 

No. Velocity (m/s)  "  # 
1 0.19 0.0653 0.0718 

2 1.21 0.4137 0.4548 

3 2.22 0.7620 0.8377 

4 3.01 1.023 1.1250 

 

As one can see, the selected design of the test rig provides a wide range of the 

controlling parameters, which can be changed to investigate the internal flow effects. 

However, both controlling parameters change simultaneously with the change of the 

speed of the water flow and with the current experimental set up it was unachievable to 

vary these parameters independently.  
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6.4 Results and Discussions 

 

An impulse load was applied to the centre point of the pipe. Figure 6.20 shows a typical 

diagram of load intensity normalised by its maximum value �� ���)⁄ � as a function of 
dimensionless time, �, introduced in Chapter 3: 
 

� � ��� 
where �� is the actual time in sec and 

� � �/u�� 7 ���      
� and �� be the medium and pipe densities per unit length, � is the pipe length, � is 
Young modulus and � is the second moment of inertia of the pipe’s cross-section. � is 
the characteristic time and can vary in a wide range, say from 1 for the laboratory tests 

and up to  103  for high-pressure pipelines. 

 

 

Figure 6.20: Load intensity as a function of time 
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The next four figures show the transient response of the pipe, normalised deflections at 

the mid-span, to the quasi-impulse loading. 

 

 

Figure 6.21a: Transient response of pipe mid-section at V = 0 m/s 

 

Figure 6.21b: Transient response of pipe mid-section at V=1.21 m/s 
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Figure 6.21c: Transient response of pipe at mid-section at V=2.22 m/s 

 

Figure 6.21d: Transient response of pipe at mid-section at V=3.0 m/s 
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All four sets of experiments were combined in a single diagram shown in Figure 6.22. 

The first resonant frequency dominates in the dynamic response of the system. This is 

caused by the internal damping, which always exists in real systems. The resonant 

frequency of the pipe is almost not affected by the flow speed, at least at the first few 

oscillations. 

 

From the comparison, one can see a significant influence (up to 30% in terms of the 

normalised deflections) of the parameters of the internal flow on the transient response 

of the pipe. It can be clearly seen from this figure that the increase of the flow speed 

leads to the increase of negative damping effect. This effect tends to increase or, at least, 

to support the intensity of pipe deflections at higher speeds of the internal flow. As 

discussed in the previous sections, the Coriolis force is responsible for the ‘negative’ 

damping effect. 

 

 

Figure 6.22: Transient response of pipe at mid-section at various speeds of the 

internal flow 
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In the previous chapter, the numerical simulations predicted the similar effect for the 

fixed-fixed boundary conditions as well as for other support conditions. Due to a very 

high internal damping due to friction, gravity and non-ideal support conditions, it was 

impossible to conduct a more detailed experimental investigation of the effects of the 

internal flow on the transient response of pipes transporting liquid, In particular, it was 

impossible to study higher harmonics of the transient response and the conditions 

corresponding to the initiation of pipe instability predicted analytically and via 

numerical modelling. This is something that was very difficult to predict at the earlier 

stage of the rig design. Nevertheless, it was demonstrated that even with a high positive 

damping the flow effects can be significant. In addition, the tendencies obtained from 

the experiments (the effect of ‘negative’ damping) fully agree with the previous 

analytical and numerical studies. 

 

Further improvements and modifications of the test rig are required. This could involve  

redesign of supports and use of a more powerful pump to achieve higher flow speeds. 

Unfortunately, a comparison between experimental studies and analytical/numerical 

results was not conducted as the scale physical system had completely different 

properties to the idealised.  However, this will be a subject of further work.   
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CHAPTER 7 

 

 

SUMMARY AND CONCLUSION 
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The main objective of this project was to investigate effect of the flowing medium on 

the transient response of pipes conveying fluid or gas and subjected to impulse (impact-

loading). To achieve this ambitious objective, analytical, numerical and experimental 

studies were conducted. This chapter presents a brief summary of the work conducted 

and the main results, and draws overall conclusions. 

 

The selected topic is very important in many industrial and military applications such as 

offshore structures, oil and gas, power stations, petrochemical and defence industries 

where the critical pipe components transporting gas or liquid can be subjected to impact 

loading due to an accident, for example. On the other end of the structural length scale, 

in the last few years, micro-pipes carrying liquid or gas have been gaining popularity in 

various sensor technologies, which involve some dynamic measurements. Therefore, 

there is now a growing interest in studying the transient response of pipes with flowing 

media caused by dynamic loading.  

 

However, the main motivation behind the current study was the recent release of AS 

2885.1-2007, which includes a new section (5.8.3) on ‘Pipeline with reduced cover or 

aboveground’. It makes it clear that pipelines may be installed aboveground. The reason 

for this revision was probably economical considerations because aboveground gas 

pipelines can offer significant benefits while posing relatively low risks. Some gas 

producers are interested in the application of aboveground gas lines so they can have 

this option available for production flowlines in remote areas. Hence, the issues 

surrounding safety and dynamic behaviour of aboveground high-pressure gas pipelines 

are very important, specifically for Australia.  

 

A careful literature review was conducted, which indicated a significant amount of 

literature on the topic. The literature review presented in this thesis was limited to the 

issues that represent an interest for the current project. It was found that the previous 

studies mostly focused on vibration problems in pipes including the calculation of 

natural frequencies and vibration control. Despite the fact that the vibration and impact 

loading problems are closely related, it is surprising that not much research has been 

conducted on the dynamic response of pipes subjected to impulse loading, especially to 

understand how the internal flow changes the maximum deflections of the pipe.  
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Other gaps in the literature include a lack of analytical approaches and analytical 

solutions that can explicitly provide an estimate of the effect of the internal flow on the 

dynamic response of pipes and serve as a benchmark for numerical solutions. Driven 

mainly by the power chemical industries, the previous experimental studies mostly 

focused on vibration issues and vibration control of pipes conveying liquid; and not 

much work has been completed to investigate the response of pipe to impact (except the 

ballistic impact experiments on damage and perforation).  

 

In Chapter 2, mathematical models describing a pipe conveying fluid were reviewed. It 

was found that the most popular models for long flexible pipes are based on Bernoulli-

Euler beam theory. Many previous attempts to incorporate shear deformation using 

Timoshenko model or non-linear behaviour led to a significant complication of the 

governing equations, which make it virtually impossible to derive analytical solutions or 

validate numerical simulations. Therefore, the present work is based on the most simple 

yet reasonably accurate model utilising the classical beam theory.  

 

In the third chapter, the governing equation for a long flexible pipe with flowing 

medium based on the classical Bernoulli-Euler beam theory was presented and 

analysed. After that, new scale transformations were conducted to demonstrate that only 

two parameters govern the transient dynamics of the pipe. This fact can be utilised to 

investigate various dynamic phenomena using reduced size or scaled physical models. 

Such scaled models would be adequate if the values of the governing parameters are 

kept the same for the scaled model and the reference system. Of course, the physical 

models have to meet all other conditions corresponding to the adopted assumptions in 

mathematical modelling. For example, the pipe has to be sufficiently long and flexible, 

and the loading should not significantly affect the internal flow characteristics.  

 

Further, an original asymptotic approach was developed to investigate the transient 

response of pipes subjected to impulse loading. The approach is based on the standard 

perturbation technique widely applied elsewhere. The solution represents a recurrent 

system of equations, each term of which can be obtained by integration. The application 

of this approach was used to obtain the first-order correction to the classical solution for 
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the corresponding problem of both a cantilever beam and a simply supported pipe 

transporting gas or liquid. However, when higher order terms are required, the 

analytical procedure may become quite cumbersome and time-consuming.  

 

In the fourth chapter, a central finite-difference scheme was developed for the fourth 

order governing equation and a validation study was completed. This demonstrated that 

the both approaches are free from errors and can be confidently applied to investigate 

the effect of parameters of the flowing medium on the transient response of pipes 

subjected to impulse loading. 

 

A systematic study of these effects was conducted in Chapter 5. The suggested method 

of scaling of the governing equation proved very efficient, as there was significant 

controversy surrounding the effect of the flow speed on the dynamic behaviour of pipes. 

In some cases, it leads to negative damping, but in other cases, it leads to positive 

damping. With the introduced dimensionless parameters, which combine elastic, 

geometric properties of the pipe as well as properties of the internal flow, there was 

observed two tendencies. One of the non-dimensionless parameters increases damping 

properties of the system and the increase of its value leads to the faster dissipation of the 

energy supplied by the external loading (impact). The other non-dimensional parameter 

acts in an opposite way regardless of the boundary conditions and loading. An increase 

of its value reduces the damping properties of the system and can lead, eventually, to 

the initiation of dynamic instability.  

 

The conditions of the initiation of dynamic instability were investigated using an 

analytical approach as well as the numerical central-difference approach. As stated in 

the literature review, the developed liberalised approaches are capable of determining 

the critical conditions for the initiation of dynamic instability. However, they are not 

capable of describing the dynamic behaviour near these conditions. As an example of 

the usefulness of the obtained results, a simple engineering criterion avoiding the 

dynamic instability of pipes conveying fluid or gas was suggested. The derived criterion 

of the initiation of instability can be considered a conservative estimate as the present 

mathematical model does not take into account other important factors, for example, 

friction or gravity, which can contribute significantly into the damping properties and 
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energy absorption mechanisms. The critical conditions derived in this chapter may also 

be useful in reducing potential damage by designing some measures from the pipe 

equipment working under high-pressure conditions.  

 

In the sixth chapter, an experimental study was conducted to gain a further 

understanding of how the characteristics of the internal flow affect the transient 

response of circular pipes. The scope of the experimental study was limited to the case 

of a long flexible pipe with fixed-fixed support conditions. It was found the first 

resonant frequency of the pipe dominated in the dynamic response of the system. This is 

caused by the internal damping, which always exists in real systems. The resonant 

frequency of the pipe is almost unaffected by the flow speed, at least at the first few 

oscillations. From the comparison of the dynamic response of the pipe when all 

parameters were fixed and only fluid speed was varied, a significant influence of the 

parameters of the internal flow on the transient respond of the pipe was observed. It can 

be clearly seen that the increase of the flow speed leads to the increase of negative 

damping effect. As discussed in the literature review, the Coriolis force is responsible 

for the negative damping effect.  

 

Due to very high internal damping due to friction, gravity and non-ideal support 

conditions, it was impossible to conduct a more detailed experimental investigation of 

the effects of the internal flow on the transient respond of pipes transporting liquid. In 

particular, it was impossible to study higher harmonics of the transient response and the 

conditions corresponding to the initiation of pipe instability predicted analytically and 

via numerical modelling. This is something that was very difficult to predict at the 

earlier stage of the rig design. Nevertheless, it was demonstrated that even with a high 

positive damping, the flow effects can be significant. In addition, the tendencies 

obtained from the experiments (the effect of negative damping) fully agree with the 

previous analytical and numerical studies summarised in the literature review. Further 

improvements and modifications of the test rig are required and specified in the 

conclusion section of Chapter 6. However, this will be a subject of further work.  

 

Overall, the current work demonstrated the applicability of various approaches, 

analytical, numerical and experimental, to the investigation of extremely complex 
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phenomena. An excellent correlation between the analytical asymptotic approach and 

numerical approach was found. Unfortunately, a comparison between experimental 

studies and analytical/numerical results was not conducted as the scale physical system 

had completely different properties to the idealised. In particular, the test pipe had a 

very high internal damping, which was difficult to model analytically. Nevertheless, the 

result demonstrated a significant effect of the internal flow on the transient response of 

pipes.  

 

A number of journal and conferences papers resulted from this work and were published 

in local and international journals and conference proceedings. One of the conference 

contributions won a prize for best student work at ACAM 7. This also represents one of 

main outcomes of the PhD project.  

 

It is believed that the current theoretical and experimental work has made a notable 

contribution to the field of research. It has allowed a better understanding of the 

dynamic of pipes and the outcomes can be directly utilised to improve the safety of 

pipelines or develop more advanced procedures for analysis of the dynamic behaviour 

of pipes conveying gas or liquid. It is also believed that the current work can be further 

extended and new useful results can be obtained as a result of further in-depth study. 

The main area of the further research seems to be in the experimental field. Further 

improvements and modifications of the test rig are required. This could involve redesign 

of supports and use of a more powerful pump to achieve higher flow speeds and fully 

validate the theoretical models and solution presented in this thesis. However, full-scale 

experiments with high-pressure pipelines can be quite expensive and not feasible 

without an industry support.   
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APPENDIX C 

 

fixed-free condition 

  
clear all; clc 
clc 
mm=20001; 
nn=51; 
%V=250; 
L=10; 
do=0.2; 
di=0.19; 
I=3.142/64*(do^4-di^4); 
densp=7850; 
densf=1000; 
pvol=3.142/4*(do^2-di^2)*L; 
fvol=3.142/4*(di^2)*L; 
E=200e9; 
force=5; 
eta = 1.22807; 
%alpha = 0; 
  
%Mass of pipe and fluid 
mp=pvol*densp; 
mf=fvol*densf; 
twt=mp+mf; 
  
miu=twt/L; 
gamma=2*sqrt(E*I*miu)*eta/L^2; 
alpha=0; %gamma*L^2/sqrt(E*I*miu); 
delx = 1/(nn-1); 
delt = 0.00005; 
%f(44,mm)=0; 
  
lambp=densp/L; 
lambf=densf/L; 
  
  
eps=0.5 
%eps=V*L*mf/L/sqrt(E*I*miu); 
%eps=V*L*mf/sqrt(E*I*miu); 
beta=0 
%beta=V*L*sqrt(miu/E/I); 
  
for n = 1:nn+1 
    for m = 1:mm 
        f(n,m) = 0; 
    end 
end 
F = L^3*force/E/I; 
f(ceil(nn/2),500)=F/delx/delt; 
  
%eta = 1.22807; 
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A = eye(nn+3); 
A(1,3) = -1; 
A(nn+2,nn) = 1; 
A(nn+2,nn+1) = -2; 
A(nn+3,nn-1) = -0.5; 
A(nn+3,nn) = 1; 
A(nn+3,nn+1) = 0; 
A(nn+3,nn+2) = -1; 
A(nn+3,nn+3) = 0.5; 
for i = 3:1:nn+1; 
        A(i,i-1) = -eps*delt/delx; 
        A(i,i) = 2+alpha*delt; 
        A(i,i+1) = eps*delt/delx; 
end 
Ainv = minv(A); 
  
%Boundary and initial conditions 
for n = 1:1:nn+3; 
    W(n,1) = 0; 
    W(n,2) = 0; 
end 
  
R(1:2,1)=0; 
R(nn+2:nn+3,1)=0; 
W(2,1) = 0; 
  
  
for m = 2:1:mm; 
      W(2,m) = 0;  
       
      for n = 3:1:nn+1; 
            R(n,1) = -2*(delt^2/delx^4)*(W(n+2,m)-
4*W(n+1,m)+6*W(n,m)... 
                     -4*W(n-1,m)+W(n-2,m))+2*(2*W(n,m)-W(n,m-1))... 
                     +eps*(delt/delx)*(W(n+1,m-1)-W(n-1,m-1))... 
                     -2*beta*eps*(delt^2/delx^2)*(W(n+1,m)-2*W(n,m)... 
                     +W(n-1,m))+alpha*delt*(W(n,m-1))+2*delt^2*f(n,m);  
      end 
   
  
Sol = transpose(Ainv*R); 
        for n = 1:1:nn+3; 
            W(n,m+1) = Sol(n); 
        end 
  
end 
        
%CSVWRITE('Data-Eps_10-Beta_11',W) 
  
  
%figure() 
m=1:1:mm; 
plot(m,W(nn+1,m)/F) 
n=2:1:nn+1; 
%plot(n,W(n,1000)/F) 
hold on; 
xlabel('m','Fontweight','Bold'); 
ylabel('w','Fontweight','Bold'); 
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title('Scaled deflection at n=10, Eps=0.35','Fontweight','Bold'); 
  
grid on; 
hold on; 
  
tip = max(W(nn+1,m)) 
mid = max(W(ceil(nn/2),m)) 
 

 

Fixed-fixed condition 

  
clear all; clc 
clc 
mm=20001; 
nn=51; 
%V=250; 
L=10; 
do=0.2; 
di=0.19; 
I=3.142/64*(do^4-di^4); 
densp=7850; 
densf=1000; 
pvol=3.142/4*(do^2-di^2)*L; 
fvol=3.142/4*(di^2)*L; 
E=200e9; 
force=5; 
  
eta = 1.22807; 
%alpha = 0; 
  
  
%Mass of pipe and fluid 
mp=pvol*densp; 
mf=fvol*densf; 
twt=mp+mf; 
  
miu=twt/L; 
gamma=2*sqrt(E*I*miu)*eta/L^2; 
alpha=0; %gamma*L^2/sqrt(E*I*miu); 
delx = 1/(nn-1); 
delt = 0.00005; 
%f(44,mm)=0; 
  
lambp=densp/L; 
lambf=densf/L; 
  
eps=0.5 
%eps=V*L*mf/L/sqrt(E*I*miu); 
%eps=V*L*mf/sqrt(E*I*miu); 
beta=30 
%beta=V*L*sqrt(miu/E/I); 
  
for n = 1:nn+1 
    for m = 1:mm 
        f(n,m) = 0; 
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   end 
end 
F=L^3*force/E/I; 
f(ceil(nn/2),500)=F/delx/delt; 
  
A = eye(nn+1); 
A(1,3) = -1; 
A(nn+1,nn-1) = -1; 
  
  
for i = 3:1:nn-1; 
        A(i,i-1) = -eps*delt/delx; 
        A(i,i) = 2+alpha*delt; 
        A(i,i+1) = eps*delt/delx;         
         
end 
Ainv = minv(A); 
  
  
     
for n = 1:1:nn+1; 
    W(n,1) = 0; 
    W(n,2) = 0; 
end 
  
  
  
R(1:2,1)=0; 
R(nn:nn+1,1)=0; 
W(2,1) = 0; 
W(nn,1)= 0 
  
for m = 2:1:mm; 
      W(2,m) = 0;  
       
      %for n = 3:1:40; 
      for n = 3:1:nn-1; 
            R(n,1) = -2*(delt^2/delx^4)*(W(n+2,m)-
4*W(n+1,m)+6*W(n,m)... 
                     -4*W(n-1,m)+W(n-2,m))+2*(2*W(n,m)-W(n,m-1))... 
                     +eps*(delt/delx)*(W(n+1,m-1)-W(n-1,m-1))... 
                     -2*beta*eps*(delt^2/delx^2)*(W(n+1,m)-2*W(n,m)... 
                     +W(n-1,m))+alpha*delt*(W(n,m-1))+2*delt^2*f(n,m);  
      end 
   
  
Sol = transpose(Ainv*R); 
        %for n = 1:1:42; 
        %    W(n,m+1) = Sol(n); 
        %end 
         
        for n = 1:1:nn+1; 
            W(n,m+1) = Sol(n); 
        end 
end 
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%figure() 
m=1:1:mm; 
plot(m,W(nn+1,m)/F) 
n=2:1:nn+1; 
%plot(n,W(n,1000)/F) 
hold on; 
xlabel('m','Fontweight','Bold'); 
ylabel('w','Fontweight','Bold'); 
title('Scaled deflection at n=10, Eps=0.35','Fontweight','Bold'); 
  
grid on; 
hold on; 
  
tip = max(W(nn+1,m)) 
mid = max(W(ceil(nn/2),m)) 
 

 

fixed ss condition 

 
clear all; clc 
clc 
mm=20001; 
nn=51; 
%V=250; 
L=10; 
do=0.2; 
di=0.19; 
I=3.142/64*(do^4-di^4); 
densp=7850; 
densf=1000; 
pvol=3.142/4*(do^2-di^2)*L; 
fvol=3.142/4*(di^2)*L; 
E=200e9; 
force=5; 
eta = 1.22807; 
%alpha = 0; 
  
  
mp=pvol*densp; 
mf=fvol*densf; 
twt=mp+mf; 
  
miu=twt/L; 
gamma=2*sqrt(E*I*miu)*eta/L^2; 
alpha=0; %gamma*L^2/sqrt(E*I*miu); 
delx = 1/(nn-1); 
delt = 0.00005; 
%f(44,mm)=0; 
  
lambp=densp/L; 
lambf=densf/L; 
  
  
eps=1.5 
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%eps=V*L*mf/L/sqrt(E*I*miu); 
%eps=V*L*mf/sqrt(E*I*miu); 
beta=10 
%beta=V*L*sqrt(miu/E/I); 
  
  
%for n = 1:42 
for n = 1:nn+1 
    for m = 1:mm 
        f(n,m) = 0; 
    end 
end 
%f(20,500)=L^3*force/E/I; 
  
F=L^3*force/E/I; 
f(ceil(nn/2),500)=F/delx/delt; 
  
%eta = 1.22807; 
%A = eye(42); 
A = eye(nn+1); 
A(1,3) = -1; 
%A(42,40)=1 
A(nn+1,nn-1) = 1; 
  
%for i = 3:1:40; 
for i = 3:1:nn-1; 
        A(i,i-1) = -eps*delt/delx; 
        A(i,i) = 2+alpha*delt; 
        A(i,i+1) = eps*delt/delx; 
end 
Ainv = minv(A); 
  
  
%Boundary and initial conditions 
%for n = 1:1:42; 
for n = 1:1:nn+1; 
    W(n,1) = 0; 
    W(n,2) = 0; 
end 
  
R(1:2,1)=0; 
%R(41:42,1)=0; 
R(nn:nn+1,1)=0; 
W(2,1) = 0; 
%W(41,1) = 0 
W(nn,1) = 0 
  
for m = 2:1:mm; 
      W(2,m) = 0;  
       
      %for n = 3:1:40; 
      for n = 3:1:nn-1; 
            R(n,1) = -2*(delt^2/delx^4)*(W(n+2,m)-
4*W(n+1,m)+6*W(n,m)... 
                     -4*W(n-1,m)+W(n-2,m))+2*(2*W(n,m)-W(n,m-1))... 
                     +eps*(delt/delx)*(W(n+1,m-1)-W(n-1,m-1))... 
                     -2*beta*eps*(delt^2/delx^2)*(W(n+1,m)-2*W(n,m)... 
                     +W(n-1,m))+alpha*delt*(W(n,m-1))+2*delt^2*f(n,m);  
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      end 
   
  
Sol = transpose(Ainv*R); 
        %for n = 1:1:42; 
        for n = 1:1:nn+1; 
            W(n,m+1) = Sol(n); 
        end 
  
end 
        

ss ss condition 

 
clear all; clc 
clc 
mm=2000; 
nn=51; 
%V=250; 
L=10; 
do=0.2; 
di=0.19; 
I=3.142/64*(do^4-di^4); 
densp=7850; 
densf=1000; 
pvol=3.142/4*(do^2-di^2)*L; 
fvol=3.142/4*(di^2)*L; 
E=200e9; 
force=5; 
eta = 1.22807; 
%alpha = 0; 
  
%Mass of pipe and fluid 
mp=pvol*densp; 
mf=fvol*densf; 
twt=mp+mf; 
  
miu=twt/L; 
gamma=2*sqrt(E*I*miu)*eta/L^2; 
alpha=0; %gamma*L^2/sqrt(E*I*miu); 
delx = 1/(nn-1); 
delt = 0.00005; 
%f(44,mm)=0; 
  
lambp=densp/L; 
lambf=densf/L; 
  
  
eps=0.5 
%eps=V*L*mf/L/sqrt(E*I*miu); 
%eps=V*L*mf/sqrt(E*I*miu); 
beta=10 
%beta=V*L*sqrt(miu/E/I); 
  
for n = 1:nn+1 
    for m = 1:mm 
        f(n,m) = 0; 
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    end 
end 
F = L^3*force/E/I; 
f(ceil(nn/2),500)=F/delx/delt; 
  
 
%for n = 1:42 
    %for m = 1:mm 
        %f(n,m) = 0; 
    %end 
%end 
%f(20,500)=L^3*force/E/I; 
  
%eta = 1.22807; 
  
  
%A = eye(42); 
A = eye(nn+1); 
A(1,3) = 1; 
%A(42,40) = 1; 
A(nn+1,nn-1) = 1; 
  
%for i = 3:1:40; 
for i = 3:1:nn-1; 
        A(i,i-1) = -eps*delt/delx; 
        A(i,i) = 2+alpha*delt; 
        A(i,i+1) = eps*delt/delx; 
end 
Ainv = minv(A); 
  
  
%Boundary and initial conditions 
%for n = 1:1:42; 
for n = 1:1:nn+1; 
    W(n,1) = 0; 
    W(n,2) = 0; 
end 
  
R(1:2,1)=0; 
R(41:42,1)=0; 
R(nn:nn+1,1)=0; 
W(2,1) = 0; 
W(nn,1)= 0 
W(41,1)= 0 
  
for m = 2:1:mm; 
      W(2,m) = 0;  
       
      %for n = 3:1:40; 
      for n = 3:1:nn-1;      
            R(n,1) = -2*(delt^2/delx^4)*(W(n+2,m)-
4*W(n+1,m)+6*W(n,m)... 
                     -4*W(n-1,m)+W(n-2,m))+2*(2*W(n,m)-W(n,m-1))... 
                     +eps*(delt/delx)*(W(n+1,m-1)-W(n-1,m-1))... 
                     -2*beta*eps*(delt^2/delx^2)*(W(n+1,m)-2*W(n,m)... 
                     +W(n-1,m))+alpha*delt*(W(n,m-1))+2*delt^2*f(n,m);  
      end 
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Sol = transpose(Ainv*R); 
        %for n = 1:1:42; 
        for n = 1:1:nn+1;     
            W(n,m+1) = Sol(n); 
        end 
  
end 
        
  
%figure() 
m=1:1:mm; 
plot(m,W(nn+1,m)/F) 
n=2:1:nn+1; 
%plot(n,W(n,1000)/F) 
hold on; 
xlabel('m','Fontweight','Bold'); 
ylabel('w','Fontweight','Bold'); 
title('Scaled deflection at n=10, Eps=0.35','Fontweight','Bold'); 
  
grid on; 
hold on; 
  
tip = max(W(nn+1,m)) 
mid = max(W(ceil(nn/2),m)) 
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